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ABSTRACT OF THE DISSERTATION

High-dimensional Inference for Dynamic Treatment Effects and Adaptive Split

Balancing for Optimal Random Forests
by
Weijie Ji
Doctor of Philosophy in Mathematics with a Specialization in Statistics

University of California San Diego, 2023

Professor Jelena Bradic, Chair

The first two chapters consider the estimation and inference of the dynamic treatment effect
when the confounders are possibly high dimensional. Chapter 1 proposes a sequential dou-
bly robust Lasso (S-DRL) estimator using ¢;-regularized nuisance estimates with DR-type
imputations. The proposed method achieves consistency as long as at least one nuisance
function is appropriately parametrized for each exposure time and treatment path. The key
to achieving these results is the usage of DR representations for intermediate conditional

outcome models, which offers superior inferential performance while requiring weaker as-

xil



sumptions. We establish root-n inference based on the S-DRL estimator is guaranteed when
two product-sparsity conditions are satisfied. Chapter 2 further provides root-n inference for
the dynamic treatment effect even when model misspecification occurs. We provide valid in-
ference based on a “sequential model double robust” solution as long as one of the nuisance
models is correctly specified at each time spot. Chapter 3 proposes a novel construction
for random forests, incorporating cyclic modification of the selection of splitting directions
with the goal of achieving a faster consistency rate for the integrated mean squared error
(IMSE). Setting o = 0.5 leads to the proposed cyclic forest degenerating into cyclic median
forests, obtaining a minimax optimal rate for IMSE within the Lipschitz class. We further
extend our exploration to local polynomial regression within each leaf, formulating cyclic lo-
cal polynomial forests as generalizations of the cyclic forests. When o = 0.5, our cyclic local
polynomial forests attain a minimax rate for IMSE, marking the first instance of achieving
minimax optimal rates for random forests within the Holder class. Furthermore, we establish

minimax optimal rates for the uniform convergence rate.
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Chapter 1

High-dimensional inference for

dynamic treatment effects

1.1 Introduction

The complexity of a given disease or economic policy often manifests in the diversity
and size of the personal characteristics pertaining to each individual or economy under con-
sideration, causing a considerable degree of heterogeneity in observed outcomes. However,
the utility of randomized control trials (RCTSs), especially over time, is frequently curtailed
by prohibitive costs or ethical concerns. In contrast, the accessibility of time-varying ob-
servational studies has burgeoned of late. The ubiquity of data-driven decision-making is
evident in various aspects of daily life, such as the continuous monitoring of individuals’
health using mobile devices and consequential medical interventions, tracking of online pres-

ence and real-time measurement of economic and social policies implemented to enhance



public health. The present study contributes novel insights to the literature by proposing a
novel framework to construct confidence intervals pertaining to dynamic treatment effects
amid high-dimensional observations. In a Job Corps real-data analysis, our novel framework
provides more accurate estimates of the long-term impact of additional schooling over time
on wages, which has important practical implications for designing effective policies aimed
at increasing educational attainment and improving economic outcomes.

In light of intricate notational complexities, we exemplify our ideas and findings
for two-stage trials while affirming that the same theoretical framework and methodology
developed are extensible to multiple-stage trials; see, e.g., Section 1.5. Consider a two-
stage series of binary treatment assignments, denoted by A; and Ay, and an outcome of
interest, Y € R. Alongside this, a set of possibly high-dimensional sequential pre-treatment
covariates S; € R and S, € R%, possibly of different dimensions, are also observed. The
potential or counterfactual outcomes, Y (a), refer to the outcome that a participant would
have experienced had they followed a particular treatment sequence, a = (ay, as) € {0,1}?,
which may differ from the treatment they were observed with. Our parameter of interest is
the dynamic treatment effect (DTE) between two treatment paths, a and a’, which is defined

as follows:

0 := E[Y(a)] — E[Y(d')] = 0, — 0, with 6, := E[Y(a)]. (1.1)

Estimating the DTE is a challenging task when there are multiple exposures involved.
The influence of past treatments on future confounders and treatment choices complicates the
identifiability of # [RR83]. Adjusting for confounders may not have a causal interpretation,

even when all confounders are measured and the regression is correctly specified [DCDS*13].



In this context, alternative methods such as Sequential Multiple Randomized Control Trials
(SMART) [HSHD"16], Structural Nested Mean (SNM) [Rob97], and Marginal Structural
Mean (MSM) models [MvdLRGO1] have become the gold standard for addressing these
challenges. This paper contributes to the field by establishing robust MSM model estimations

with new effective rates.

1.1.1 The doubly robust representations

Throughout this work, we assume that any treatment-specific variable can only be
affected by past treatments or past covariates; and not the future. This is sometimes called

temporal ordering. We also assume a “no interference” setting and Assumption 1.1 below

[Rob87, Rob00a, Mur03].

Assumption 1.1. (a) (Sequential Ignorability) Y (ai,a2) 1L Ay | Sy and Y(ay,as) 1L Ay |
S,A; = a; where S = (S{,S;)" € R? with d := dy + dy. (b) (Consistency of potential
outcomes) Y = Y (Ay, As). (¢) (Overlap) Let ¢y € (0,1/2) be a positive constant, such that
Pco < mo(S1) <1—c¢y) =1, and P(cy < po(S) < 1—co) = 1. Here, the propensity scores

are defined as m,(s1) := P[A; = a1]S1 = s1] and p,(s) := P[As = as|S = s, A1 = a4].

The following lemma provides a doubly robust (DR) representation of 6,. This result
is consistent with previous studies in the literature, including works by [vdLG12, ORR10,
MvdLRGO01,BR05]. We consider the MSM models where we adjust for confounding variables
that may affect both the treatment assignment and the outcome of interest. In an MSM, the
treatment assignment and the outcome of interest are modeled separately using propensity

scores T,(s1) and p,(s) together with the first-time and second-time conditional means,



ta(s1) == E[Y(a)|S; = s1] and v,(s) := E[Y(a)|S = s, A; = a1]. Throughout this work,
we use 7. (-) and p’(-) as well as p(-) and v!(-) to refer to the working models, i.e., the

population-level approximations of the propensity scores and conditional means, respectively.

Lemma 1.1 (A DR representation of 6,). Let Assumption 1.1 hold. Suppose that at least
one of ui(-) and 7i(-) is correctly specified, and at least one of vI(-) and pi(-) is correctly
specified, i.e, (a) either pi(-) = po () or wi(-) = m,(+), but not necessarily both and (b) either

Vi) = va() or pi(-) = pal-), but not necessarily both. Then

' va(S) = 1a(S1) Y - vi(S)
0o = E | 1a(S1) + Liay=ar} 7(S1) + H{Alzaw‘b:az}m

a

(1.2)

Based on Lemma 1.1, consistent estimates of 6, are expected as long as at least one
nuisance model is correctly parametrized at each exposure time. However, this goal has not
been achieved yet; see [BRR19| for an overview. The main obstacle is the estimation of
interlocking nuisance functions, especially the first-time conditional mean, as it cannot be
identified directly through the observable variables as p,(s1) = E[Y (a)[S; = s1] # E[Y|S; =
s1, A1 = a1]. Under Assumption 1.1, existing DTE literature typically considers the following

nested representation of p,(+),
,LLa(Sl) = E[Y(a)\Sl = Sl] = E[VQ(S)|Sl = 81, Al = al], (13)

and suggests a nested regression (NR) of the conditional means — as long as an estimate
Ua(+) of v4(+) is obtained, one can use 7,(S;) as the imputed outcomes and perform re-
gression to construct i, ng(+); see, e.g., [MvdLRGO1]. We formalize these properties under
high-dimensional linear working models, naming the resulting DTE estimator the “dynamic
treatment Lasso” (DTL) estimator. We show that the nested-regression approach faces cer-

tain limitations and fails to attain the DR property equivalent to Lemma 1.1. Among the



multiple factors contributing to this, the biggest one is arising from a peculiar model misspec-
ification that we identified arising from the nested representation in Equation (1.3). In the
event of a misspecified linear working model v}(-), the corresponding p(-) will inevitably
be misspecified as well, leading to p(-) # pa(-), even when p,(-) is itself linear. Besides
the linearity of y,(-), additional conditions on v,(-) are necessary for the correctness of the
nested-regression-based linear working model, as discussed in Section 1.2.3.

This issue necessitates the use of specialized methods for which we propose a new DR
representation of the first-time conditional mean function p,(-); see (1.4) below. It provides
tools to quantify the DR property of the resulting DTE estimate and to develop correction
techniques that can mitigate the DR gap by achieving the estimation under model conditions

equivalent to Lemma 1.1.

Theorem 1.1 (A DR representation of p,(+)). Suppose that either vi(-) = v,(-) or pi(-) =
pa(+) holds. Let Assumption 1.1 holds. Then, for any s; € R4,

Y —v*(S
ta(s1) = E |V (S) + ﬂ{Agzag}Wg) |S1 =581, A1 =ay|. (1.4)

Utilizing the two DR representations (1.2) and (1.4) simultaneously, we propose a
sequential doubly robust Lasso (S-DRL) estimator. The proposed estimator is consistent as
long as either the conditional mean function is truly linear or the propensity score function is
truly logistic (or both) for each exposure time. To the best of our knowledge, this is the first
estimator that matches Lemma 1.1 conditions empirically. The inverse probability weighting
(IPW) methods [Rob86, Rob00a, HBR0O1, Rob04] require all the propensity score models to
be correctly parametrized. The covariate balancing methods [KS18,YS18, VB21] require all

the conditional mean models to be correctly parametrized. Perhaps unexpectedly, the stan-



Table 1.1: Consistency of the S-DRL, DTL, and MR estimators in two-stage
trials.

Nuisance models Consistency
logistic p,(-) | logistic m,(+) | linear p,(-) | linear v,(-) | S-DRL | DTL | MR
v v v v v v v
X v v v v v v
v X v 4 4 v v
v v X v v v v
v v v X v v v
X X v v 4 v v
X v X v v v X
v X v X v X v
v v X X v v v

dard low-dimensional DR methods [Rob00b, MvdLRGO01, BR05, YvdL06] and the targeted
maximum likelihood estimation (TMLE) [vdLG12| require either all the propensity score
functions or all the conditional mean (or density) functions to be correctly parametrized.
The “multiply robust” (MR) estimator of [BRR19] reaches better robustness than all of the
aforementioned methods. In general T-stage trials, they allow for the first ¢ conditional mean
models and the last T" — ¢ propensity score models to be correctly parametrized for any ¢.
The DTL estimator allows the first ¢ propensity score models and the last T" — t conditional
mean models to be correctly parametrized. Our S-DRL estimator is strictly more robust in

terms of consistency; see Table 1.1 and Remark 1.1 for further details.

The S-DRL estimator demonstrates superior estimation rates in high-dimensional
contexts when compared to the DTL estimator; see Table 1.2 as well as Remark 1.5. Root-

sample-size inference based on the S-DRL estimator is guaranteed when two product-sparsity



conditions are satisfied, whereas the DTL method requires three product-sparsity conditions,
as demonstrated in Theorems 1.3 and 1.5. The errors in nuisance estimation at different
stages have a parallel effect on the estimation; see the consistency rate in Theorem 1.6.

The estimation of the in-between outcome models is intrinsically linked to regression
with imputed outcomes. We have developed a novel cone-set analysis of imputed Lasso
estimates that is of independent interest to other imputed, high-dimensional regressions.
Existing Lasso proof techniques provide conservative bounds only; see Section 1.4. Our
results are adaptive to the imputation error and can be used to guide the selection of tuning
parameters in high-dimensional regression models with imputed outcomes.

In the multi-stage exposure setting, we extend our method and develop DR represen-
tations to identify both the expected potential outcomes and conditional means, as shown in
Section 1.5. While the consistency rate and asymptotic normality require intricate proofs,
we anticipate they hold analogously to those in the two-stage case. It is worth noting that
Theorem 1.11 provides new DR representations that are independent of any specific para-
metric models, allowing the sequential doubly robust (S-DR) method to be utilized with

non-parametric nuisance estimates, which enhances its versatility.

1.1.2 Organization of the paper

In Section 1.2, we introduce the DR estimators of the DTE, including the proposed S-
DRL estimator, the DTL estimator, and a general DR estimator. The theoretical properties
of the considered DTE estimators are established in Section 1.3. In Section 1.4, we formalize
the supporting theoretical discoveries, including a general theory for imputed Lasso estima-

tion and the consistency results of the nuisance estimates. We further extend our setting



to the case of multi-stage treatments and provide general DR representations for the inter-
mediate conditional means in Section 1.5. Section 1.6 presents numerical results, including
simulation studies and an application to the National Job Corps Study. Further discussion

is provided in Section 1.7.

1.1.3 Notation

For any a > 0, let 9,(+) denote the function given by ¢, (z) := exp(z®) — 1, Vo > 0.
Then the ¢,-Orlicz norm || - ||, of a random variable X is defined as || X||y, := inf{c >
0 : E[Ya(|X]/c)] < 1}. Two special cases of finite ¢,—Orlicz norm are given by s(x) =
exp(z?) — 1 and ¢ (z) = exp(x) — 1, which correspond to sub-Gaussian and sub-exponential
random variables, respectively. The notation ay < by denotes ay = o(by), and ay > by
denotes by < ay as N — 0o. The notation ay =< by denotes cby < ay < Cby forall N > 1
and with constants ¢, C' > 0. Define g(u) = exp(u)/{1+exp(u)} as the logistic function and

o(u) = log(1 + exp(u)) as the corresponding link function throughout.
1.2 The doubly robust estimators

We observe a collection of independent and identically distributed (i.i.d.) samples
D = {W;}¥, = (Yi, Sy, Ars, Saiy Agy) Y, drawn from the same distribution as (Y, Sy, A;, S,
Ay). In the following subsections, we present three DTE estimators: the new sequential
doubly robust Lasso (S-DRL) estimator, the dynamic treatment Lasso (DTL) estimator,

and the general DR estimator.



1.2.1 The sequential doubly robust Lasso (S-DRL) estimator

We focus on the high-dimensional scenario, and consider linear (working) models
for the conditional means p,(-) and v,(-), along with logistic (working) models for the
propensities m,(-) and p,(-). The population minimizer approximating m,(s;) is defined as
75(s1) = g(v'y*) with v = (1,s] )T, whereas that of approximating p,(s) is pi(s) = g(u' &)

with u = (1,s")". Here

v =argmin E [¢(V'y) — Lia,=ay V' y], V=(1,8])" € R**! and (1.5)
7€Rd1+1
52 = EfsrgRIglnE [ﬂ{Alzm} [¢(UT6) - IL{AQ:(JLQ}IJT(sH , U= (17 S)T S R (16)
€

One can also consider a feature map ¢(s;) (e.g., a polynomial basis) and a working model
75(s1) = g(p(s1)"~!) with some ~* defined correspondingly. We focus on ¢(s;) = v,
although the results apply more broadly. The above working models can be estimated
with many regularizations. Throughout this work, we focus on the ¢;-regularization, al-
beit the theoretical developments apply more broadly. With a subset of training data

Dy ={W.}tics C D, where J C {1,..., N}, we define

~ ~ .1
Fa 1= Ha(Dyg) = argmin — > [6(V]7) = Lay—ay ViV 25 11 (1.7)
yeRM T T ieT

A~ ~~ . 1
0, := 0,(D7) = argmin — E Tiay=ar} [(b(UZT(S) — l{AQi:CLQ}UZﬂ—l—)\gHéHl, (1.8)
SERAT1 |j’ ieT

with tuning parameters A\, As > 0. Observe that for 7,, we utilize all of the observations

regardless of its treatment path, whereas for ga, only those whose treatment path matches

ay regardless of what ay is. The best linear working model for the second-time conditional



mean v,(-) = E[Y|S, A1 = a1, A3 = as] is denoted as

vi(s)=u'a}, af:=argminFE [ o am0}(Y — U a)?]. (1.9)

acRd+1

An estimator of (1.9) can be obtained similarly with A, > 0:

acRd+!

~ o1
a, := a,(Ds) = argmin m Z Ty —ar Ai—an} (Yi — Ul @) + Aol e]1. (1.10)
eJ

Algorithm 1 Sequential Double Robust Lasso (S-DRL)

Require: Observations D = {W;}¥, = (Y, Sy, A, Soi, Aoi) Y, treatment path a, and
control a’.

1: For any K > 2, let £ = {1,2,..., K}. Randomly split Z = {1,..., N} into K equal-

sized |Z| = n. Define Z_j, := Z\Zj, and further split Z_; into two equal-sized sets Z_j
and Z_j 5.

2: Let W = {Witiez_, and Wy := {W;}iez_, , for each j € {1,2}.
3: for k=1,2,...., K do
4: for ¢ € {a,d'} do
5: Using W_,, construct estimates 4., 3\6, and &, through (1.7), (1.8), and (1.10),
respectively.
6: Using W_j 1, construct estimates 8. and @&, through (1.8) and (1.10), respectively.
7 For each i € Z_ o, set YDR as defined in (1.14) with &, and &, from Step 6.
8: Compute ,8071 through (1.15) based on the training samples W_j 5.
9: Exchange W_j 1 and W_j, o, repeat Steps 6-8 and obtain 3072 analogously. Com-
pute
Be = (Bea1 + Be2)/2. (1.11)
10: end for

11: Let 7. = (ac,ﬁmﬁc, gc) Using the DR score (1.16), compute §*)

00 =T 7> (Wi ila) — o (Wi )]

1€Ty

12: end for return The S-DRL estimator and the variance estimate

51: K_l Z é(k), 32 = N_l Z [¢a<Wi; ﬁa) - wa’(VVi; ﬁa’) - ‘/9\]2 : (112)

kel kel ieZy,
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Estimation of the first-time conditional mean y,(-) Recall that 7 and o are defined

in Equations (1.6) and (1.9), respectively. We propose the following DR imputed outcome

Y -U'a?

YPR.=U'ar + 1 gl ——————.
a, + 1{ay=as} g(UTdé)

With this in mind, we consider a linear working model for the first-time conditional mean

pi(s1) =v' B, Bii=argminE [1ia . (Y™ = VIB)?]. (1.13)

BeRd1+1
To estimate the best linear slope 3; based on a subset of training data D; C D, we consider
an additional sample splitting with D; = Dy U Dy, where J; and J» are disjoint subsets
of J. Using the first half of the subsamples Dy, we first obtain the second-time nuisance
estimates &, := ga<Dj1) and &, := a,(D,) as (1.8) and (1.10), respectively. Then, for each

1 € Jo, we construct a DR imputed outcome

~ _ Y, -U'a,
VPR = U Gy + Lpay gy . (1.14)
9(U; da)
Based on the DR imputed outcomes ?%R = {?Z-DR}iej2, we propose a DR estimate:
3 — 3. (D. VDR — ; L 1 yoR v ? A 1.15
ﬁa . IBa( T2 L 7, ) argimnin Z {Ai=a1} i i ,3 + ﬁ”ﬁ”lv ( . )
BERMT! |72 i€

where A\g > 0. To regain full sample size efficiency, we can always swap the samples D5 and

D,, repeat the procedure, and average the results.

The S-DRL estimator of the DTE For each ¢ € {a,d’} and for any n = («, 3,7, 9),

define the DR score function based on the DR representation (1.2):

Ula-V'3 Y —UTa
TN T~ + 1{A1=C1,A2=C2} T T :
g(VT) g(VTv)g(UTé,)

Pe(Win) =V B+ T a,=c,) (1.16)

11



We propose the sequential doubly robust Lasso (S-DRL) estimator of 6:

N
é\ = Nil Z[waa/vz’ ﬁa) - wa’(VVi; ﬁa')L
=1

where 7. 1= (&, Bc, 7., 0.) are the nuisance estimates of (1.10), (1.15), (1.7), and (1.8),

respectively. A cross-fitting technique is used. The details are provided in Algorithm 1;

see [CCDT18,SRR19] where the cross-fitting leads to weaker sparsity restrictions than those

without it, such as [Farl5, Tan20].

1.2.2 The dynamic treatment Lasso (DTL) estimator

Algorithm 2 Dynamic Treatment Lasso (DTL)

Require: Observations {W;}¥,, number of cross-fitting subsets K > 2, treatment path a,

1:

and control «’.
For any K > 2,1let £ = {1,2,..., K'}. Randomly split Z = {1,..., N} into K equal-sized
|Zk| = n with I,k = I\Ik and Wfk = {Wi}iEI,k-
for k=1,2,..., K do
for ¢ € {a,d'} do
Using W_j, construct estimates 7, 8., and &, through (1.7), (1.8), and (1.10),
respectively. R
Compute B.xr as (1.19) based on the training samples WW_; and the nuisance
estimate ..
end for
Using the DR score (1.16) and let 7. xn = (@, BC,NR, Ye, gc), compute 9](3’% as

é](Z)IEF)L = |Ik|_1 Z [%(Wi; ﬁa,NR) - @Da’(Wi; ﬁa’,NR)] .

€Ly
end for return The DTL estimator and the variance estimate
- 5 o 72
Oprr = K Z Ql(akT)La UgTL =N"" Z [¢a(Wi§ ﬁamﬁ) - Q/Ja’(VViQ 77a’,NR) — o
kek kEK icTy
(1.17)

In this section, we formally define a dynamic treatment Lasso (DTL) estimator based

on the DR score (1.2) of 8, and the nested representation (1.3) of yu,(-). Here, ¢;-regularized

-~

nuisance estimates ¥,, d,, and @, will be the same as before; see (1.7), (1.8), and (1.10)

12



above. Estimation of the first-time conditional mean model is different. Based on the best
linear approximation v*(s) = u'a;, (1.9), of v,(+), we introduce the following nested “best

linear working model”:

MZ,NR(Sl) = VTﬂ;,NR7 /BZ,NR = argmin £ [ﬂ{x‘h:m}(UTa: - VTIB)2] . (1'18)

ﬁERd1+1
Note that the two linear working models p;; . (+) and 1 (-) are not necessarily the same; see

Section 1.2.3 for detailed comparisons. We consider the following imputed Lasso estimate of

defined as ,Ba NR = ﬂa sw(D7, @) with

aNR7

=~ 2
IBa,NR = argmln ’j‘ Z ]]-{A11—a1}<U aa VTIB) +)‘ﬁ||/6||1 (119)

,BERdl+1
Now we introduce the dynamic treatment Lasso (DTL) estimator of 6:
R N
Oore = N1 Y [a(Wis an) = Yar (Wi s )
i=1
where ¢.(+;-) is defined in (1.16) and 7. xr := (@, ﬁc NR» Ve s .) are the nuisance estimates as

n (1.10), (1.19), (1.7), and (1.8), respectively; see Algorithm 2 for details.

1.2.3 Comparisons between the first-time working models ()
and p1 . ()

In the dynamic treatment setting, the relationship between the linear conditional
mean function, p,(-), and its corresponding approximations, p; () and j; . (+), obtained via
different identification strategies, is not straightforward. Specifically, a linear p,(-) is only
a necessary condition for correctly specified linear working models; it does not guarantee
equality. Additional conditions are required to ensure that 1 (-) = pa(-) and g . (-) = ta(-).

In the following, we will discuss these necessary conditions in detail.

13



The working model pf(-) The proposed S-DRL approach utilizes the following identifi-
cation p,(s1) = E[YP® | S; = s1, A1 = a4]. This representation remains valid for a linear
ta(+) as long as either p,(-) is truly logistic or v,(-) is truly linear and not necessarily both.

In this case, we also have the following equivalent expressions of 3;:

B; = argmin E [(Y (a) — ViB)?| A = a1| = argmin E [(1q(S1) — ViB)?| A = ar] .

BERI1H1 BeRd1+1
That is, p’(s;) = v' 37 satisfies p’(-) = po(+). Hence, p(-) = ua(-) whenever (a) uq(-) is
a linear function and (b) either p,(-) is a logistic function or v,(-) is a linear function. It
is worth noting that Condition (b) is already a prerequisite for the identification of DTE,
as stated in Lemma 1.1. Consequently, there is no need to introduce any other conditions

beyond those outlined in Condition (a).

The working model p; () The DTL estimator relies on the nested-regression iden-
tification for which Conditions (a) and (b) above are insufficient for j (1) = pa(-); see
Example 1.1 below. Additional conditions are needed. For instance, p}; ((-) = pta(-) if we

further assume the following;:

(¢) Under the treatment groups (A;, Ay) = (a1, a2) and A; = ay, the best linear slopes are

the same while regressing Y (a) on U, i.e., ! = &}, with a defined in (1.9) and

a; = argmin E [(Y(a) - U'a)’|4; = a1] .

a
aERdel

One sufficient but not necessary condition for (c) is that the second-time conditional mean

function v,(-) is also linear; see further justifications in Section 1.8.1.
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The misspecification errors of 1 (-) and i, (x(-) Now we consider the case where yi,(-)
is possibly non-linear and compare the misspecification (approximation) errors of the linear

working models j;(-) and p (. (+). As long as Condition (b) above holds, we have

Ertyy = E [(1a(S1) = V' B wn)? 41 = a1

a,NR

= E[(1a(S1) = V8|41 = 1] + E (V' (B} xw — B3))?| AL = a4

Z EITDR =F [(,U,a<81) — VTﬁ;t)QlAl = al] .

Hence, we have the following conclusions. (1) When v,(-) is linear, p} (.(-) = pi(-), and
both of them are the best linear approximations of the true conditional mean f,(-) among
the group A; = ay, i.e., Erryg = Errpg. (2) When v,(+) is non-linear and p,(-) is logistic,
to (1) # pg(+) and B; i # B; in general. If Assumption 1.3 holds, the strict inequality
above holds in that Erryy, > Errpgr as long as ﬁ;,m{ # 3%, That is, the nested “best linear
approximation”, p% .(+), is in general sub-optimal. If we further consider the case where

e (+) is linear, then we have Errp, = 0 and possibly Errygz > 0; see also an illustration in

Example 1.1 below.

Example 1.1 (A misspecified linear model when the truth is indeed linear). In what follows,
we turn our attention to the nested-regression approach and offer an illustrative example that
demonstrates how i, \.(-) # pa(+) for a linear piq(+), a logistic pa(-), a non-linear v,(-), and
a non-logistic m,(-). To facilitate our discussion, we consider the case where both Sy and
S are one-dimensional covariates with supports in R. We assume Sy follows a uniform

distribution on [—1,1], and consider an independent § that follows a Bernoulli distribution
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with a probability of success 0.5. We further assume

P(A1:a1 | Sl) :Sl/2+05, 82281(25—1),

P(Ay =ay | S, A1 = a1) = g(S2) = exp(Sa)/[1 + exp(Sq)], Y(a) =20 — 1.

It is not difficult to verify that pa(-) = 0 and i (1) = V' By, where B, = (—0.09,0.3)".
Notably, the nested-regression approach based on a linear working model 1}, . (-) is misspeci-
fied, even though the true conditional mean is linear. Furthermore, because both the first-time
conditional mean and propensity score models are misspecified, the DR representation of 0,
in Equation (1.2) is no longer valid when the nested-regression-based working model p; .(-)
is considered. However, since the second-time propensity score p,(-) is truly logistic, the S-
DRL approach leads to 1i5(-) = pa(-) = 0 and the incidental validity of the DR representation

of 8, through Equation (1.2).

1.2.4 The general DR DTE estimator

In this section, we present a general doubly robust (DR) estimator of the DTE. We
assume that we have access to estimators U, (), 14 (+), Ta(+), and pa(+) of v4(+), pa(+), ma(+), and
pa(+), respectively. The functions v,(s), m,(s1), and p,(s) can be directly estimated using
observable variables, while the remaining nuisance function p,(-) can be identified using
either the proposed DR representation (1.4) or the usual nested representation (1.3). We
consider flexible estimation strategies for all nuisance functions, including both parametric
and non-parametric methods. Using the DR representation of 8, given by (1.2), we propose
a general DR estimator of the DTE through a cross-fitting procedure. For any K > 2,

randomly split Z = {1,..., N} into K equal-sized parts with |Zy| = n = N/K. For the sake
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of simplicity, we consider n as an integer. Based on the training samples W_;, construct

~

Ve —1(+)y He—k(+), Te—x(+), and p._x(-) as estimates of the nuisance functions v.(-), p.(+), m(-),

and p.(-), respectively. For each ¢ € {a,a’}, let

Ve, 1(S) — fe,#(S1)
/ﬂ\-c,fk(sl>

Y — /V\c,—k(S)
—k(S1)Pe,—1(S)

wcﬁk(W) = ﬁcﬁk(sl)—i_ﬂ{fh:q} +1{A1=C1,A2=C2}% (1'20)

The general DR DTE estimator and the corresponding variance estimate are then defined

with A_() = Yo —k(-) — Y —4(-) and K = {1,--- , K} as

~ 1 ~ R 1 —~
buen = D AaW),  To=7 D [Ba(Wh) = O] (1.21)
keK i€y

kEK €Ty,

1.3 Asymptotic properties

Here we establish consistency and asymptotic normality of the S-DRL, DTL, and the

general DR estimator.

1.3.1 Properties of the S-DRL estimator

We use sa, == [[glo, 58, = [IBillo, 540 := [[7allo, and s5, := |87 [0 to denote sparsity
levels of the nuisance parameters as defined in (1.9) , (1.13), (1.5) and (1.6), respectively.
The number of covariates, d; and d, are possibly much larger than N; for simplicity, we
consider d; <X dy < d :=d; + ds.

Assumption 1.2. Define (o := Lia,—a,,45=a0} (Y (@) =15 (S)), €a = Lia,—=ay3 (V5 (S) — 115 (S1))
and let ¢ := Cq + Cor, € 1= €q + €or. Suppose that there exist positive constants oo < oo and

0. < 00, such that ¢ and ¢ are sub-Gaussian, with ||C||y, < oo¢, ||€]ly, < 0oe, and

0? = E[u(Win2) — v (Win) — 6, (1.22)

17



where Y.(-;-) is defined in (1.16) and n} = (a, BL, i, 7).

c’) ¢

Assumption 1.3. Let U be a sub-Gaussian vector such that || Uy, < oullz|l2 for @ €

R and 0, > 0. Let Apin(E[UU " La,—03]) > K1 for any ai € {0, 1}, with k; > 0.

Assumptions 1.2 and 1.3 are fairly general even among the high-dimensional literature.
As N — oo, we allow ¥9-norm bounds of ¢ and ¢ to diverge or to shrink to zero. When all
the nuisance models are correctly specified, under the overlap condition in Assumption 1.1,
02 < E[C*] + E[e*] + E[¢%] > max{E|[(?], E[?]}, where £ := 11,(S1) — ptar (S1) — 0 denotes the
centered conditional effect at the first exposure. A sufficient condition for Assumption 1.2 is
1/ E[C |y, < 0¢ and ||e//E[e|ly, < 0., i.e., the “normalized” residuals have constant
hp-norms. Note that, we allow 0 = oy to be dependent on N while assuming o, and o,
to be constants independent of N; ¢ — 0 and ¢ — oo are both allowed as N — oo. The
following Assumption 1.4 is an overlap condition for the working propensity score models,

which is additionally required only when model misspecification occurs.

Assumption 1.4. Let 7}(-) and p%(-) be such that P(co < 7(S1) < 1—1¢p) =1, Py <

pE(S) <1—1c¢) =1, for a fivred constant co > 0.

The following theorem characterizes the consistency rate of the S-DRL estimator of

Theorem 1.2 (Consistency of the S-DRL). Suppose that at least one of pi(-) and 7k (-) is
correctly specified, and at least one of the models vi(-) and pi(-) is correctly specified. Let
Assumptions 1.1-1.4 hold. Assume that max{Sa,, S8, s Sva: 56, } l0g(d) = o(N), and either (a)

1S1]lse < C almost surely, with a constant C > 0, or (b) ss, log*(d) = O(N). Then the
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sequential DR Lasso (S-DRL) estimator, 5, as defined in Algorithm 1, satisfies

R 1 1 1
0—0=0, (0—81 og(d) , ,,[o2loeld) 0) ,

N N

as N,d — oo, with sy := max{\/5a,56,,\/58.5va} and 8y = Max{Sa, Lz £pa}> S8a L{xzstma}s

Sy Ly #p1a} > S8 ]]-{l/;;éya}}.

We categorize bounded and unbounded covariate support and add a log(d) restriction
to ss, for the latter. The DR imputed outcome (1.14) has an unbounded ,-Orlicz norm
for any a > 0. Yet, if S; has bounded support, no extra sparsity condition is required as
the inverse probability weighting is stable and the DR imputation has a well-behaved tail

distribution.

Remark 1.1 (Comparison with low-dimensional DR DTE estimators). [LS21] applied debi-
ased machine learning and g-estimation techniques in the framework of SNM models. How-
ever, the “blip functions” ~v1(s1,a1) and ~2(s,a1,as) — which are defined as EY (a1, as) —
Y (0,a9)|A1 = a1,S1 = s1] and E[Y (a1,a2) — Y(a1,0)|A; = a1, Ay = a9, S = s]|, respec-
tively — are considered low-dimensional and correctly specified for consistent estimation.
MSM models with low-dimensional confounders have been studied extensively, with signif-
icant theoretical advancements made in the seminal work of [TS12]. Additionally, [Rob00b],
[MvdLRGO01], [BROS5], and [YvdL06] explored DR DTE estimation with low-dimensional nui-
sances, proposing consistent and asymptotically normal DTE estimators given that either (a)
all conditional mean models are correctly parametrized or (b) all propensity score models are
correctly parametrized. More recently, [BRR19] proposed a multiple robust (MR) estimator

that allows for an additional model misspecification scenario (c), where only the first-time
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conditional mean model and second-time propensity score model are correctly parametrized.
However, all of the aforementioned approaches require low-dimensional, parametric nuisance
estimates that are root-N consistent.

Qur proposed method accommodates high-dimensional and possibly non-parametric
nuisance estimates, which may not necessarily be root-N consistent. This approach allows
for a consistent estimate of the DTE even in challenging scenarios where only the second-
time conditional mean and first-time propensity score models are correctly specified (misspec-
ification scenario (d)). This scenario is more common in practice due to the difficulty of

T is linear, as

identifying the first-time conditional mean model. When v,(s) = vi(s) =u
per (1.3), a linear g (-) would require E[U" |S1, A1 = ai] to be linear in Sy — an unlikely

scenario if any of the So are binary or discrete.

When all the nuisance models are correctly specified, we further establish asymptotic

normality results and the corresponding rate DR property of the S-DRL estimator.

Theorem 1.3 (Asymptotic normality of the S-DRL). Suppose that all the nuisance models
wh(-), vi(s), mi(4), and pi(-) are correctly specified. Let Assumptions 1.1-1.3 hold. Assume
that max{se,, S8, , S~.: 56, } 10g(d) = o(N), and either (a) ||Si||cc < C almost surely, with
some constant C > 0, or (b) ss, log®(d) = O(N). Additionally, assume the following product-

rate condition:
max{s., 53, , 55,5, } 10g°(d) = o(N). (1.23)

Then, with o* in (1.22) and 5% in (1.12), the S-DRL estimator satisfies 0~'v/N (0 — 6) ~»

N(0,1) and 6-"VN (6 — 6) ~ N(0,1) as N, d — .
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Theorem 1.3, as per [BR05], indicates that the S-DRL estimator achieves the semi-

parametric efficiency bound when all nuisance models are correctly specified.

Remark 1.2 (Comparison with static ATE estimators). We compare sparsity conditions
in Theorem 1.3 with the literature on estimating ATE through DR for a single exposure.
The ATE can be seen as a special case of the DTE where we assume that S; and A; are
completely random. This allows root-N estimation of p,(-) and w,(-). Consequently, Theorem
1.3 requires sq, + 55, = o(N/log(d)) and sa,ss, = o(N/log®(d)), which are less restrictive

than [Farl5, Tan20, DV21, DAV20, AV21] and are aligned with [CCD* 18, SRR19].

1.3.2 Properties of the DTL estimator

With slight abuse of notation, let sg, = ||3 x|lo-

Theorem 1.4 (Consistency of the DTL). Suppose that at least one of p; \(-) and 7;(-) is
correctly specified, and at least one of the models vi(-) and pi(-) is correctly specified. Let
Assumptions 1.1- 1.4 hold with 11}(-) and B replaced by i}, \.(-) and B Assume that

a,NR*

max{Sa,, S8, , Sva> 56, } 108(d) = o(N). Then the DTL estimator satisfies, as N,d — oo,

~ sy log(d) sh log(d) 1
Opr, —0 =0, (O'—N +0o N +\/NU , (1.24)

with 8} 1= max{,/Sa, 5, /Sata580> \/5Ba5va }
and 3’2 = max{saaﬂ{ﬂ#m or pr#£pals S,aall{n;;éna}, S’ya]]-{uz,NR;ﬁua}v Saaﬂ{ug;éua}}-
Theorem 1.5 (Asymptotic normality of the DTL). Suppose that all the nuisance models

o wm (), Vi (), ma(-), and p;(-) are correctly specified. Let Assumptions 1.1-1.3 hold with i} (-)

and B} replaced by 11y () and B .. Assume that max{sa,,ss,, Sy, 5s,}10g(d) = o(N).

21



Additionally, assume the following product-rate condition:
Max{ 5., 58, 55, S, S~ya e } 107(d) = o(N). (1.25)

Then, with o2 in (1.22) and 52,, in (1.17), the DTL estimator satisfies o=/ N0z, — 0) ~

N(0,1) and 635, VN (B pr, — 0) ~ N(0,1) as N, d — .
Remark 1.3 (Comparisons between the S-DRL and DTL estimators).

Consistency. Theorems 1.2 and 1.4 establish the consistency of two distinct estimators, S-
DRL and DTL. While both estimators necessitate correct specification of at least one of v,(+)
and p,(+), their requirements on p,(-) and 7, (+) differ due to their distinct conditional mean
models. Specifically, S-DRL mandates either p’(-) = pq(-) or wi(-) = ma(-), which can be
guaranteed by the linearity of ua(-) or the logistic form of ma(-). In contrast, DTL imposes
the stricter condition of either i}, \.(-) = pa(-) or mi(-) = ma(:), which may not be fulfilled
even when po(-) is linear, as discussed in Section 1.2.53. For a comprehensive summary, see

Table 1.1.

Rate of estimation. Different rate of estimation of S-DRL and DTL are presented in Table

1.2. Table 1.2 reveals a symmetrical pattern in the rates of S-DRL, whereas DTL exhibits
an asymmetric behavior — the sparsity levels so, and s, appear to be more influential than
sg, and ss,. When either p,(-) or p.(-) are misspecified, there is no difference in the rates.
However, when they are both correctly specified, the rate of DTL contains additional terms
that involve the sparsity level so, (and s~, under certain circumstances). Notably, if sq, is

relatively large, S-DRL exhibits a faster consistency rate than DTL.

Asymptotic normality. The S-DRL and DTL estimators are both asymptotically normal, as

proven in Theorems 1.3 and 1.5. When i}, \.(-) = pta() = p3(+), their asymptotic efficiency
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1s the same. However, they require different sparsity conditions. The DTL estimator requires
three product-sparsity conditions, specifically: (a) the first-time conditional mean pq(-) and
first-time propensity score w,(+), (b) the second-time conditional mean v,(-) and second-time
propensity score pq(-), and (c) the second-time conditional mean v,(-) and first-time propen-
sity score 7, (+), which are given in equation (1.25). On the other hand, the S-DRL estimator
only requires two product-sparsity conditions, as defined in (1.23). These correspond to (a)
and (b) above, with (c) becoming irrelevant. The S-DRL estimator is known as (sequen-
tial) rate DR because it is asymptotically normal when the product-sparsity of the nuisance

parameters is o(N/log?(d)) for each exposure time; see more details in Remark 1.2.

1.3.3 Properties of the general DR estimator

In this section, we provide a new consistency result of the general DR DTE estimator.
Here we consider arbitrary working models 7 (+), p%(-), pi(-), and v(+), which may not follow
the logistic or linear forms as before. For each ¢ € {a,a'}, define the corresponding DR score

function as

T Ve (S) — pe(S1) Y —vi(S)
wc<W) = :uc(Sl) + IL{141=C1} WZ(Sl) + IL{Al:CLAQ:CQ}W;(Sl)p:(S)’ (126)
with
0% = EWi(W) — g5 (W) — 0] (1.27)

Assumption 1.5. For positive sequences ay = o(c), by = o(c), ey = o(1), and dy = o(1),
let E[0a(S) = v;(S)? = Oplay), Elfia(S1) — pa(S1)]* = Op(by), E[7a(S1) — m(Sy)]* =

O,(c%), and E[p.(S) — pi(S)]? = O,(d%). Moreover, for co € (0,1/2), P(cy < 7.(S1)

IA
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Table 1.2: Consistency rates of 0 and §DTL under various misspecification settings

when the conditions in Theorems 1.2 and 1.4 are satisfied with ¢ < 1. Misspecified

and correctly specified models are denoted by X and v/, respectively. LHS below

corresponds to the consistency rate provided to the left of that position.

Correctly specified models

Consistency rate of )

Consistency rate of §DTL

Pa(*) | ma() | Ha(+) | Va(+)
O A VO VAR UG L e Al LHS , vemamga s
X | v | v | v VLI T LHS
V4 X V4 V4 Wlogd N sﬁahl]ogd \/saal\lrogd " \/Sﬂa;gd
o v x| v Vo A LN e LHS
X | x| v | v [PmaEd ,\[15, TE LHS
x | v | x| v N AT LHS
o x| v X SRR LHS + \fraags =
v v X X R AL LHS
* This consistency rate requires u% Nyg(-) = pa(-). Without it, the DTL’s rate is equal to the last row of the above table; see

Section 1.2.3.

%k
This consistency rate requires M;.NR(') = pq (). Otherwise, the DTL is inconsistent; see Table 1.1.
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1—¢p) =1 and P(cy < pa(S) < 1 —cy) = 1 with probability approaching one. For ¢ and
e defined in Assumption 1.2, max{E|C|?/[E|C[*)?, Ele|*/[E|e|*|?, EIE|*/[E|¢)*)**} < C,

P(E[¢?IS] < CE[(?]) =1, and P(E[e*S,] < CE[e?]) = 1, for constants C' > 0 and q > 2.

The probability measures and corresponding expectations above are with respect to
a fresh draw S (or S;). Note that Assumption 1.5 allows for pi(-) to differ from p,(-) while
requiring a overlap condition consistent with the existing literature; see, e.g., [CCD*18]. The
max condition, satisfied by sub-Gaussian random variables, controls the tails of (, €, and &.
The last two conditions of Assumption 1.5 aim to ensure the interpretability of the results

by bounding the “normalized” conditional second moments.

Theorem 1.6. (Consistency of the general DR estimator) Suppose that at least one of 1% ()
and 7k (+) is correctly specified, and at least one of v:(-) and pk(-) is correctly specified. Let
Assumptions 1.1, 1.4, and 1.5 hold. Additionally, let E[1{a,—a,}(tta(S1) — 115(S1))?] < Cpo?,
for some C,, > 0. Then the general DR estimator, é\gen, satisfies /Q\gen —0=0,(qn) as N,d —

o0, where qn = bNCN—i-aNdN—l—bNﬂ{W;?gﬁa}-l—aNﬂ{p;;?gpa}+CNUﬂ{Hzfl#ua}—l—dNO']l{V;#,ja}—l—a/\/ N.

The aforementioned theorem yields two distinct conclusions that warrant discussion.
The first pertains to the conditions that are necessary for achieving root-N consistency,
while the second relates to the issue of consistency under model misspecification. If all the
models are correctly specified, @en —0 =0,(byey+andy+oN -1/ 2) and root-N consistency
happens as long as bycy + aydy = O(N~/2) and o = O(1).

If, on the other hand, at least one of the nuisance models is correctly specified at each

exposure time, O, is a consistent estimator as long as 0 = O(1). Model misspecification can

take an asymmetric form in terms of estimation rates. Specifically, while ¢y is symmetric
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in the rates themselves, the dependence of by on ay and/or dy can introduce potential
asymmetries. For example, when performing /¢;-regularized nested regression, Theorem 1.10
indicates that by depends additively on ay as by = by + ay, where {b3}?> = sg, log(d)/N
is the estimation error of p,(-) when v,(-) is known. As a result, the consistency rate of
ggen includes an additional term aycy + anl{rrzr,}, as illustrated by the DTL estimator in
(1.24).

On the other hand, if we consider a new DR approach based on the DR represen-
tation (1.4) to estimate p,(-), the corresponding by will depend on both ay and dy. For
instance, when all the nuisance models are correctly specified, Theorem 1.9 indicates that
¢1-regularized DR estimation leads to a symmetric rate with by = by, + andy, resulting in

égen —0=0,(byeny +andy + 1/\/N) if o < 1 and ay, by, cy,dy = o(1). The approach used

to estimate the first-time conditional mean p,(-) determines the persistence of the symmetry.

Theorem 1.7. (Asymptotic normality of the general DR estimator) Suppose that all the

nuisance models pi(-), v}

*(4), mi(+), and pi(-) are correctly specified. Whenever Assumptions

1.1, 1.5 hold and the rates of estimation satisfy the following product conditions
bNCN = O(UN_l/z), (ZNdN = O(O'N_l/Q), (128)

then the estimator Oye, satisfies 0~/ N(Bgen —0) ~ N(0,1) and Eg’e}l\/ﬁ(@\gen —0) ~ N(0,1)
as N — oo (and potentially d — c0), where 0® and G, are defined in (1.27) and (1.21),
respectively.

Remark 1.4 (Rate double robustness). The topic of rate double robustness in the presence

of multiple exposures has been addressed in [BHL22], but the authors require three product-

rate conditions, including axcy = o(N~Y?) as stated in their Assumption 3.1, in addition
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to the two product-rates (1.28). As a result, this does not allow for relatively large values of
an and cy, which 1s permissible in our setting. For example, consider a special case where
Ay is completely random and i, (+) is a constant function. In conjunction with the sequential
ignorability condition of Assumption 1.1, we have p,(s1) = E[Y|S1 = s1, A1 = a1, Ay = as),
allowing pa(-) to be identified directly through observable variables. In this scenario, both
ta(:) and po(-) can be estimated with a root-N rate. Therefore, Theorem 1.7 only requires
any +cy = o(l), i.e., v,(-) and m,(-) are consistently estimated. In comparison, [BHL22]
additionally require aycy = o(N~Y2), which may not be feasible when v,(-) and m,(-) are
only known to be Lipschitz continuous, and the covariate dimensions satisfy d > dy > 2.
Our proof relies on a nuanced decomposition of the second-order estimation bias
resulting from the estimation errors of V. _x(+) and 7. _x(-). Leveraging the Neyman or-
thogonality of the DR score (1.26), we reformulate the second-order bias as the product
Elia=ey (1= Tgay=c} /P5(S)) Ve~ (S) /e, —k(S1) —v2(S) /72 (S1))]. In our analysis, we then
examine this product collectively rather than as separate terms, resulting in a cohesive flow of
the arguments. We show that the population effect of this term is exactly zero whenever the
model pi(+) is correctly specified — a condition fullfilled when discussing asymptotic normality
in high-dimensional regimes. We then showcase that the sample equivalent is negligible and

does not contribute to the estimation error.

1.4 Supporting theoretical discoveries

This section presents supplementary findings that, while not the primary focus of the

research, may nonetheless be informative or valuable.
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1.4.1 An adaptive theory for imputed Lasso with high-dimensional
covariates

Let S := (Y;*,X;)M, be i.i.d. observations and let (Y*, X) be an independent copy
with Y* € R and X € R%. Suppose that there exists, possibly random, }A/; € R. Note that
for some, and possibly all observations, outcomes Y* are imputed, i.e., estimated using Y.
The true population slope is defined as 3* = argmingcpa E[Y ™ — X T3]2. Then its estimator
is

M
B = argmingcga {M_l Z[Yz - XA + )‘MHB”l} ; (1.29)
i=1

-~

for A\p;y > 0. The following result delineates properties of such imputed-Lasso estimator, 3.

Theorem 1.8 (General imputed Lasso estimators). Let s = ||B*|lo and &; == Y;* — X 3.
Suppose that ||a"X||y, < ox|lall2 for a € RY, A\ (E[XXT]) > Ax, and ||gl|y, < o with

ox,Ax > 0 and o = oy > 0 potentially dependent on M. For some dy; > 0, define the event
E ={M! 2?11[2 — Y2 < 0% }. For anyt >0, let Ay := 1600x(\/log(d)/M +t). Then
on the event &, when M > max{log(d), 100x3slog(d)}, we have

5%2512\4

1B~ Bl < max (S22 4y 20,857 Vo )

AM >
14+-2t++/2t

with probability at least 1 — 2 exp(— ) — crexp(—coaM), where ki, kg, c1,c0 > 0 are
constants independent of M and d. Moreover, if 05y = o(0), P(&1) =1 —o(1), and M >
slog(d), then with Ay < o+/log(d)/M, as M,d — oo,

slog(d)

1B -8l = Op(o +5M>. (1.30)

The above result is of independent interests as it provides a general theory for any

Lasso estimators based on imputed outcomes. It contributes to the literature in three specific
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~

aspects: (a) The “imputation error”, Y; — Y*, can be dependent on and even possibly
correlated with covariates X;; (b) We allow every EA/Z to be fitted using the same set of
observations (X;,Y;)X,, i.e., Vis are also possibly dependent on each other; and (c) The
tuning parameter Ay is of the same order as the one chosen for the fully observed data and
is independent of the imputation error or any sparsity parameter.

Compared with the existing literature, Theorem 1.8 requires weaker sparsity as-
sumptions and provides better rates of estimation. Imputed Lasso of [ZZS19] requires
s = o(M), log(d) = o(v/M), and \/sdp; = o(1). That of [LS21] requires an ultra-sparse
setup s*log(d) = o(M) and sdy; = o(1). In contrast, we only require slog(d) = o(M)
and 0y, = o(1). Additionally, [ZZS19] choose a tuning parameter Ay > +/s0y and pro-
vide |8 — B*|» = O,(v/30y + +/s/M) upon requiring strict conditions for assuring model
selection consistency; see Theorem 2 therein. [LS21] take Ay < /log(d)/M + 0y and es-
tablish H,@— B*||la = Op(s+/log(d)/M + s65r); see Theorem 13 therein. In contrast, we allow
Ay =< \/W . The imputation error d; only appears in our final estimation rate (1.30)
additively, and its effect does not explode as the sparsity level grows.

Theorem 1.8 requires development of new proof techniques: the standard Lasso in-
equality followed by the cone-set reduction are not valid in this instance. In fact, the error,
B\ — 3%, no longer belongs to the accustomed cone set, C(S,k) == {A € R? : ||Ag|: <

k|[As|l1}. Instead, we identify a new set, C(S) := {A € R?: ||Age|s < 167,62, |As| <

423,62}, and show that the error vector belongs to the union of the above two sets. This
enables us to avoid choosing a tuning parameter dependent on the imputation error, as is

done in the above literature. Moreover, our results are adaptive to the imputation error in
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that when there is no imputation, i.e., d5; = 0, our result reaches the standard consistency

rate in the high-dimensional statistics literature, e.g., [BRT09, NRWY12, Wail9].

1.4.2 Theoretical characteristics of nuisance estimators with im-

puted outcomes

As a result of constraints on the length of the main file, we have included the
theoretical properties of the nuisance estimates &, 7,, and ga as defined by equations
(1.10), (1.7), and (1.8) respectively, in the Section 1.8.1, where we show |a, — allls =
O0)(0y/50s 08D/, [Fa=z 12 = Op(/5, T0R(d)/N), and [[3,~8ll2 = Op(y/59, 108 (d)/N).
Now we establish the properties of the first-time conditional mean model estimates, where
imputation is required. We first consider the DR-imputation-based estimator Ba defined as

(1.11) and the corresponding conditional mean estimate 7iy(s1) = v B,.

Theorem 1.9. Let Assumptions 1.1-1.4 hold. Assume that max{sa, log(d), sg,log(d),

ss, log(d)} = o(N), and either (a) ||S1]lcc < C almost surely, with some constant C' > 0, or

(b) ss,log(dy)log(d) = O(N). Choose some Ao =< 0+/log(d)/N, A\g < o+/log(dy)/N, and

As < \/log(d)/N. Then for any constant r > 1, as N,d — 0o, we have

1Ba = Billa + { E[fia(S1) — (SO} = Oy (1),

with 1, being determined as follows (a) whenever pi(-) = pa(:) and vi(-) = v,(-), rm =

o1/ 2Ba ljcf(dl) + UVSSQS;E log(d)’ (b) whenever p:(-) = pa(-), 10 = U\/Sﬁa 1?\;3(611) +U\/55a ?\),g(d), (c)

* o . sa, log(dy) Sag log(d)
or whenever Vi(-) = vy(+), rp = a\/u + O’\/Tg.

N

Theorem 1.9 elucidates that the consistency rate of Ba is subject to the fidelity of
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the second-time nuisance models pi(-) and v}(-). More specifically, when both models are
accurately specified, the DR imputation error contributes multiplicatively to the consistency
rate in Theorem 1.9(a). In contrast, when only one of p}(-) and v}(-) is correctly specified, the
estimation error of the correctly specified model contributes additively to the rates presented
in Theorem 1.9(b) and Theorem 1.9(c). It is noteworthy that these results do not rely on
the correctness of the first-time conditional mean model per se.

In the following, we also provide the consistency results of the nested-regression-
based estimator, Ba,NR, defined in Equation (1.19), and the corresponding conditional mean

estimate i, xr(s1) = VTB\CL,NR'

Theorem 1.10. Let Assumptions 1.1-1.3 hold. Assume that max{sq, log(d), sg, log(di)} =
o(N). Choose some Ao < oy/log(d)/N and A\g =< o+/log(dy)/N. Then for any constant

r>1, as N,d — oo, we have with r, as in Theorem 1.9(c),

1Bane = B wallz + {Elflana(S1) = 5 s SO Y™ = O, (1) (1.31)

Remark 1.5 (Comparison between Ba and ,@,LNR). The present remark compares the con-
sistency rates of two estimators, B\a and EQNR, in different scenarios. (a) In the case where
Va(+) is nonlinear and p,(-) is logistic, estimators converge to distinct targets, B; and B; .y,
respectively. Here, 3} represents the optimal linear slope approrimating the true conditional
mean function pig(-), while B v 8 the optimal linear slope approximating the misspecified
model V:(-); see discussions in Section 1.2.3 above. When the first-time conditional mean
ta(+) is linear, Ba converges to the true linear slope, and a consistent estimate of pg(-) is

obtained. However, ﬁmm typically converges to some (3, ., that differs from the true linear

slope, resulting in an inconsistent estimate of fane(-). (b) When v,(-) is linear and p,(-) is
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logistic, B; = B; - However, in this case, Ba exhibits a faster consistency rate than B\%NR.
This can be attributed to the fact that the DR imputation error contributes to the consistency
rate of ﬁa in a product form Theorem 1.9(a), while the imputation error from nested regres-
sion contributes in an additive form Theorem 1.9(c), which then dominates if sg, = 0(sa,)-
Consequently, the S-DRL estimator constructed based on Ea has a faster convergence rate
than the DTL estimator, which is constructed based on Ba’NR; see Table 1.2. The enhanced

convergence rate exhibited by the S-DRL estimator implies a reduction in the requisite level

of sparsity conditions necessary for the inferential guarantees. (c¢) In the scenario where v,(+)

*

v are identical and B, and By yr

is linear and p,(-) is non-logistic, the targets 3 and (3

have the same consistency rates, as seen in Theorem 1.9(c) and (1.31).

In general, p,(+) — par(+) can be seen as a conditional average treatment effect (CATE)
parameter through the well established nested representation (1.3). Outside of dynamic set-
tings, DR approaches for CATE estimation typically rely on DR influence function repre-
sentation of the conditional means. When those conditional means independently are not
smooth enough, [Ken20] proposes to instead use DR imputations for the joint estimation
of the difference of the conditional means. Here, the nested structure of p,(-), where the
true outcome is never observed, prevents direct influence function approaches. Instead, our

approach leverages cases when p,(-) has sparser structure than v,(-).
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1.5 Advancing multi-stage treatment estimation with

DR methods

The objective of this section is to expand upon the methodology of sequential doubly
robust estimation by considering its application in multi-stage settings. Consider T > 2 expo-
sure times and suppose that we observe i.i.d. samples {Wr;}¥, = (Sy;, Ay, ..., Sri, A, YV
Let Wr = (S1,A41,...,S7, Ar,Y) be an independent copy of Wr,;. For each ¢t < T, let
S; € R™ and A; € {0, 1} denote the covariate vector and the treatment assignment at the ¢-
th exposure time, respectively. Let Y € R denote the observed outcome variable at the final
stage. Denote S, := (Sy,...,S;) and A, := (Ay,...,A4;) forany 1 < ¢ < T. Let Y (ar) be the
counterfactual outcome corresponding to the treatment path ar = (ay,...,ar) € {0,1}%.

The DTE between any treatment paths ar,ay € {0,1}” is now defined as

0 := EY (ar)] — E[Y (@)] = bz, — 0a .

T

We define the conditional mean and propensity score functions as

Mt(§t7aT) = E[Y(ET) | §t = §t7 At—l = at_l], for 1 S t S T + 1, (132)

Wt(gt,at) = P[At = a¢ | gt == gt; At—l == Et_l], for 1 S t S T, (133)

where for the sake of simplicity, we denote with Ay = @y = () and Sy41 := (Sy,...,Sp,Y).
For each 1 < t < T, we denote (s, ar) and 7, (8, a;) as the working models for the
conditional mean and propensity score, respectively. Additionally, with Sy = 8y = 0, we
set po(S0,ar) = E[Y(ar)|Se = 89| = 0a, and Wi (8741,ar) = spy1. Note that, under

the Assumption 1.6(b) below, we have i, (Sri1,ar) = pir+1(Sri1,ar) = Y. To identify
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0a, = E[Y (ar)] for any ar € {0,1}7, we assume a multi-stage version of Assumption 1.1 in

the following; see also, e.g., [Mur03, Rob00a, Rob87].

Assumption 1.6. (a) (Sequential Ignorability) Y (ar) 1L A; | S;, Ay = @y for each 1 <
t <T. (b) (Consistency of potential outcomes) Y =Y (Ar). (c) (Overlap) Let cy € (0,1/2)

be a positive constant, such that P(co < m(S¢,a;) < 1—c¢o) =1 foreach 1 <t <T.

The following proposition presents a well-known DR representation of E[Y (@;)] under

the multi-stage dynamic setting; see, e.g., [BR05, MvdLRGO1].

Proposition 1.1. Let Assumption 1.6 hold. Fort <'T suppose that at least one of p; (-, ar)

and 7} (-, a;) is correctly specified, i.e., either p;(-,ar) = (-, ar) or wf(-,ar) = m(-,ay).

Then

T

ﬂ A =a ~ —_—
{Atfat} % _ . B . B
HET == E p— S 9 a - S 9 a + S , a . 134
Ztl H?:l Wik(sz,ﬁl) (Nt+1( t+1 T) Mt( t T)) ,ul( 1 T) ( )

According to Proposition 1.1, a consistent estimate of 6;,. should be achievable as long
as we can consistently estimate at least one of the nuisance functions pu(-,ar) or m(-, a;)
for each exposure time ¢. In the present context, the propensity score functions of (1.33)
are identifiable via observable variables. Additionally, by Assumption 1.6, ur(Sr,ar) =
E[Y|St = 87, Ar = ar), thereby facilitating its estimation using the corresponding samples.
However, the remaining conditional mean functions for stages t < T'— 1 cannot be identified
directly. To address this challenge, we propose DR representations of these intermediate

conditional means, as an alternative to the conventional nested representation of (1.35).

Theorem 1.11. Let Assumption 1.6 hold. Fort <T —1 andt+ 1 <r < T, suppose that

either w' (-, @) or pi(-,ar) is correctly specified, i.e., either w: (-, a,) = m (-, a@,) or pi(-, ar) =

34



o (- @r). Then py(3s,ar) = Ep*(Wr,ar) | S; = 8, A; = @), where

T

* — Hr: 1 Ar=a * Q — *Q = * Q —
VW, ar) =y == (S, @) — (S ar) + g (S, @)
r=t+1 Hl:t+1 7 (S, @)

Theorem 1.11 can be regarded as an overarching, comprehensive, umbrella result that
subsumes a range of components, particularly encompassing Proposition 1.1 as a specific case
when t = 0. Indeed, 65, = E[Y (ar)|So = 8o] = po(S0, @r) is a conditional mean function at
“stage zero”. Theorem 1.11 indicates that (-, ar) can be identified through a DR repre-
sentation using all the conditional means and propensity scores at later stages. Therefore,
we(+,ar) can be estimated sequentially backward in time based on the DR imputations.

For example, if we use linear working models for the conditional means and logistic
models for the propensity scores, and either the true conditional mean p,.(-,ar) is linear
or the true propensity score m,(-,@,) is logistic at each later stage r > t + 1, we can get a
consistent estimate of the p,(-,ar) using DR imputed linear regression. By repeating this
process backwards, we conclude that if either the conditional means or propensity scores are
correctly parametrized at every stage ¢, we can estimate all nuisance functions consistently,
leading to a consistent estimate of fz,.. An alternative approach to our proposed sequential
doubly robust method is the nested estimator [MvdLRGO1]|. This approach represents all

conditional means using the following equation:

p1(Se,ar) = Elper1(Serr, ar) | Sy = 80, Ay = @) (1.35)

However, in order to ensure the consistency of the nested estimator for p (-, ar), it is essential
that all subsequent conditional mean functions exhibit true linearity. Interestingly, even the

multiply robust approach presented by [BRR19] falls short in achieving the same level of

35



robustness as the S-DRL method. Further insights can be found in the comments following
Theorem 1.1 and Table 1.1. Our method demonstrates a growing advantage as the number
of exposure times increases. For instance, in the case of T exposure times, consider all the
cases including correctly or incorrectly parametrized =} (-,a;) and p;(-,ar) for each ¢, our
method enables 37 out of 47 possible cases. In contrast, the nested-regression-based and

27=1 cases. This conclusion is independent

multiply robust approaches only allow for (T + 2)
of the particular parametrization used — nonparametric, smooth models are permissible —

and extends to the difference of means 0 = 05, — 05 as well.

1.6 Numerical Experiments

1.6.1 Simulation studies

We illustrate the finite sample properties of the introduced estimators in several
simulated experiments; auxiliary settings are relegated to the Section 1.8.2. We consider
a=(1,1) and @’ = (0,0), and use 1, := (1,...,1)" € R? as well as 0, := (0,...,0) € R
Below we use (; ~'4 Uniform(—1,1) and {6;}; ~"! Uniform(—1,1). We decompose a,
into two components as o, = (all, cx;Q)T and consider oy = —@, and 1, = —n, unless

specified differently. For each ¢ € {a,d'}, p.(S;) = g(U/n.) and Ay|(S;, Ay = ¢1) ~

Bernoulli(p.(S;)).

M1: Correctly parametrized models Consider S;; ~"4 Ny (0,1) and Ay;|Sy; ~

Bernoulli (Wa(sli)), with Wa(sh') = g(VZT’Ya) Let 5” ~iid N(O,l), 51i ~Aid Ndl(O,Idl),

36



and

S = S1i + Avi(1 + 014) L) + 614

The outcomes are Yj(c) = U] a. + N(0,1) with parameters e, = (—1,—1,1,—1,0(4,_3),
_17 _17 17 O(d273))T7 Qg = <1a ]-7 17 _17 0(d173)7 17 17 1a 0(d273))T7 Yo = (07 1a ]-7 17 0(d173))T7 No =

(0,1,1, 0, -2),1,—1, 0(d2_2))T, and n, = (0,0.5,0,—0.5, 0(4,-3),0.5,0,0.5, 0(d2_3))T.

M2: Weakly sparse v.(-) and dense 7.(-) Let D; ~"d Bernoulli(0.5) and
{S1;}; ~ D; - Uniform(—1, —0.5) + (1 — D;) - Uniform(0.5, 1).

Define {W},; = 0.5-0.97 and let So; = S{;W1(4,)+8;. Let Yi(c) = U] a.+¢. The parameter

g1 = (—1,004))" and {a,2}; = —0.3-0.997, n, = (3,0.1,00,44,-1)) -

M3: Non-linear v.(-) and non-logistic m.(-) Consider {Sy;}; ~"¢ Uniform(—1,1). Let

Ta(S1:) = G(V{ ~¥a), where

g(u) = (lul/(lul + 1)) Lusoy + (1/(lu] + 1)) Lu<oy-

Define {W(a)}; = 0.7-0.8 and {W(a')}; = 0.5-0.97. Let Way; = {W (A1)} S1:1(ay) +6; and
{S2:}; = /{Wa;};|. The parameter a, has the same ¢, 1 as M2 and {a,2}; = —0.3-0.9771.
The parameter v, =5 - l(TlO), and 1, = (2,0.1,0(4,-1), 0.1, 0(g,—1)) " . Let

da

Yi(e) = Viae + Y {aca}isen({Wai};){Sai}] + G

j=1
For M1, d; = dy = 100 and N € {1000,4000}; for M2, dy = 500, (N,d;) are cho-
sen from (2000, 20), (4000,20), and (4000, 50); for M3, d; = 20, (N,ds) are chosen from

(500, 500), (1000, 500), (2000, 500), (4000, 500), (1000, 1000), and (2000, 1000). We replicate
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Table 1.3: Setting M1. Bias: empirical bias; RMSE: root mean square error; Length: average
length of the 95% confidence intervals; Coverage: average coverage of the 95% confidence
intervals; ESD: empirical standard deviation; ASD: average of estimated standard deviations.
All the reported values (except Coverage) are based on robust (median-type) estimates. Err,:
average estimation error of p,(-); Err,: average estimation error of p.(-). Ni and Ny are
the expected number of observations in groups (1,1) and (0, 0).

Method  Bias RMSE  Length Coverage ESD ASD  Err, Erry
N = 1000, N; = 293, Ny = 282,d; = 100, ds = 100
empdiff  0.734 0.734 0.274 0.004 0.234 0.070 NA NA

oracle 0.003 0.220 1.091 0.954 0.325 0.2v8 0.000 0.000
IPW 0.864 0.865 1.342 0.346 0.319 0.342 NA NA
DTL 0.124 0.189 0.876 0.894 0.264 0.223 0.141 0.216

S-DRL  0.131  0.202  0.880 0.880 0271 0.224 0.227 0.337
S-DRL’  0.126  0.188  0.876 0.894  0.259 0223 0.135 0.193
N = 4000, Ny = 1178, Ny = 1128, d; = 100, ds = 100
empdiff  0.731  0.731  0.137 0.000  0.111 0035 NA  NA
oracle  -0.006 0.121  0.602 0.956  0.178 0.153 0.000  0.000
IPW 0534  0.538  0.959 0454 0287 0245 NA  NA
DTL 0.033  0.097  0.488 0930  0.136 0.125 0.032  0.052
S-DRL  0.031  0.098  0.489 0930  0.142 0.125 0.050 0.070
S-DRL’  0.028  0.098  0.489 0932  0.138 0.125 0.033 0.044

settings 500 times. We report S-DRL as well as a version S-DRL’, which has BC constructed
with gc and @, build on the whole sub-sample W_j, = W_;; UW_; 5. We also present (a)
DTL, Algorithm 2, (b) IPW with ¢;-regularized logistic PS, (¢) an empirical difference esti-
mator (empdiff), aempdiﬁ = Zfil A A%Y;/ vazl Ay Ay —Zij\il(l —Au)(1-Ag)Y;/ fo\;(l -
Ay;)(1—Ay;), and (d) an oracle DR estimator constructed with the true nuisances. All meth-
ods use 10-fold cross validation for selection of tuning parameters.

Tables 1.3 and 1.4 show the estimation and inference results for the DTE estima-
tors, while Table 1.5 focuses on estimation performances, as valid inference is unlikely with

misspecified models. Our summarized findings, shown in Tables 1.3-1.5, reveal that the
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naive empirical difference estimator has large biases due to confounding between outcome
and treatment assignments. The IPW method also performs poorly, with large biases and
RMSESs, and confidence interval coverages far from the desired 95%. The DTL, S-DRL,
and S-DRL’ estimators behave similarly in Table 1.3 (under M1), with correctly specified
nuisance models and relatively low sparsity levels. The S-DRL method’s additional sam-
ple splitting in Algorithm 1 (Steps 5-7) leads to larger estimation errors in the first-time
conditional mean estimates than those in the DTL and S-DRL’ methods. Consequently,
when N = 1000, the S-DRL estimator’s RMSE is slightly larger than that of the DTL and
S-DRL’ estimators, but they have similar RMSEs when N = 4000. In terms of inference
behaviors, the corresponding confidence interval coverages are below the desired 95% when
N = 1000. However, increasing the total sample size to N = 4000 brings the coverages
closer to 95%. Estimating v.(-) under M2 is more challenging than estimating p.(-). As
a result, the DR estimates of p.(-) in the S-DRL and S-DRL’ methods have significantly
smaller estimation errors compared to the nested regression used in the DTL method, as
shown in Table 1.4, leading to smaller RMSEs and coverages closer to 95%. Moving on to
M3, both v,(-) and 7.(-) are misspecified. Table 1.5 shows that the estimation errors of p.(-)
with the S-DRL and S-DRL’ are substantially smaller than those of the DTL. Consequently,

we see an improvement of the RMSEs in the S-DRL and S-DRL’ estimators.

1.6.2 Application to National Job Corps Study (NJCS)

Job Corps (JC) is the largest and most comprehensive federal job training program
in the US for disadvantaged youth between 16 and 24 years old. Each year, about 50,000

participants receive vocational training and academic education at JC centers to improve
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Table 1.4: Setting M2. The rest of the caption details remain the same as those in Table
1.3.

Method  Bias RMSE  Length Coverage ESD ASD  Err, Erry
N = 2000, N; = 954, Ny = 951, d; = 20,dy = 500
oracle -0.021  0.691 4.146 0.950 1.029  1.058  0.000  0.000
empdiff  -0.204  0.601 1.576 0.636 0.848 0.402 NA NA
IPW -0.153 2.542 12.747 0.970 3.718  3.252 NA NA
DTL -0.013  0.714 4.151 0.950 1.060 1.059 0.361  0.365
S-DRL  -0.023  0.686 4.144 0.952 1.008  1.057 0.139 0.136
S-DRL’  -0.027 0.689 4.145 0.952 1.019 1.057 0.126  0.122
N = 4000, N; = 1909, Ny = 1901, d; = 20, ds = 500
oracle -0.029  0.572 2.942 0.936 0.835 0.751  0.000 0.000
empdiff  -0.099  0.408 1.116 0.630 0.598 0.285 NA NA
IPW -0.101  2.510 11.928 0.978 3.643 3.043 NA NA
DTL -0.053  0.569 2.950 0.934 0.843 0.753 0.163 0.161
S-DRL  -0.026  0.554 2.942 0.940 0.838 0.750 0.040 0.040
S-DRL’  -0.029  0.560 2.942 0.940 0.843 0.751 0.040 0.042
N = 4000, N; = 1908, Ny = 1901, d; = 50, ds = 500
oracle -0.030  0.608 2.990 0.948 0.893 0.763 0.000 0.000
empdiff  -0.156  0.485 1.260 0.608 0.683 0.322 NA NA
IPW -0.086  2.099 10.088 0.984 3.136  2.574 NA NA
DTL -0.019  0.607 2.983 0.940 0.903 0.761 0.273 0.275
S-DRL  -0.013  0.565 2.988 0.948 0.854 0.762 0.082 0.083
S-DRL”  -0.012  0.574 2.987 0.948 0.863 0.762 0.080 0.081
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Table 1.5: Setting M3. The rest of the caption details remain the same as those in Table
1.3.

Method Bias RMSE Err, Erry, Bias RMSE FErr, Erry
N =500, d; = 20,d; = 500 N = 1000, d; = 20,ds = 500

oracle 0.013  0.119 0.000 0.000 0.007  0.098 0.000 0.000
empdiff 0.149 0.162 NA NA 0.157 0.159 NA NA
IPW -0.035 0.465 NA NA -0.164 0493 NA NA
DTL -0.003 0.273 0.151 0.196 0.012 0.199 0.076 0.077
S-DRL  0.009 0.224 0.087 0.096 0.024 0.166 0.036 0.040
S-DRL” -0.007 0.207 0.067 0.074 0.016 0.170 0.031 0.033
N = 2000, dy = 20,ds = 500 N = 4000, dy = 20, ds = 500

oracle 0.005 0.062 0.000 0.000 0.003  0.047 0.000 0.000
empdiff 0.142 0.142 NA NA 0.142 0.142 NA NA
IPW -0.276  0.525 NA NA -0.390 0487 NA NA
DTL 0.010 0.126  0.038 0.040 -0.001  0.101 0.021 0.021
S-DRL  0.013 0.108 0.016 0.016 0.000 0.089 0.007 0.007
S-DRL” 0.004 0.106 0.015 0.015 -0.007  0.090 0.007 0.007
N = 1000, d; = 20,ds = 1000 N = 2000, d; = 20,ds = 1000

oracle 0.001  0.096 0.000 0.000 0.011  0.059 0.000 0.000
empdiff 0.149 0.149 NA NA 0.143 0.143 NA NA
IPW -0.221  0.469 NA NA -0.249 0478 NA NA
DTL -0.028 0.212  0.090 0.091 0.010 0.135 0.048 0.049
S-DRL  -0.012 0.160 0.037 0.039 0.011 0.113 0.016 0.016
S-DRL” -0.029 0.165 0.031 0.032 0.002 0.116 0.015 0.015
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their job prospects. On average, a JC student spends 8 months at a local center, completing
around 1,100 hours of instruction, which is roughly equivalent to one year of high school.
For a more detailed description, refer to [SBMO08] and [Sch01].

Numerous studies have investigated the effects of Job Corps on wages. [Lee09] high-
lighted sample selection issues in their analysis. [ZRMO8] separated the causal effects of JC
enrollment on wages from those on employment. [FFLGN12] found that longer exposure to
JC training is associated with higher future earnings. [CF15] separated the effects of sample
selection from noncompliance, while [HHLL20] distinguished between the causal direct and
indirect effects in the presence of mediators. In addition to studying the effects of Job Corps
in single-time treatment settings, researchers have also explored the dynamic treatment set-
ting offered by Job Corps. [BHL22| investigated the effects of JC’s educational and training
programs and found positive impacts on fourth-year employment compared to no program
participation. Meanwhile, [SXG21] analyzed the total, direct, and indirect dynamic dose
response of job training on employment. Their study concluded that a few class hours in the
first and second years significantly increase employment in the fourth year. In this section,
we will evaluate the effects of sequential job training programs on wages using the S-DRL
and DTL methods, as defined in Algorithms 1 and 2.

We analyze a dataset of 11,313 individuals, with 6,828 assigned to the Job Corps
and 4,485 not. They are interviewed 1, 2, and 4 years post-randomization. For each year
t e 1,2, Z, € {0,1,2,3} represents the treatment assignment in the ¢-th year. We assign
Z; = 0 for non-enrollment, Z; = 1 for enrollment without program participation, Z, = 2

for high-school-level education, and Z; = 3 for vocational training. The baseline covariate
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Table 1.6: Job Corps estimates. Here, N, and N, denote the number of observations in the
treatment groups a and d’, respectively. SE: the standard error; CI: 95% confidence interval;
p-value: Hy:0=0vs. Hy: 0 #0.

2 © N, N, Method 0, 0. 0 SE CI p-value
DTL 6201 5.652 0.549 0270 [0.020, 1.078]  0.042
S-DRL  6.208 5.641 0.567 0.273 [0.032, 1.102]  0.037
DTL  6.200 5424 0.776 0313 [0.163, 1.389]  0.013
S-DRL 6209 5.390 0.819 0.314 [0.204, 1.434]  0.009
DTL  5.410 5639 -0.229 0.335 [-0.886,0.428]  0.493
S-DRL 5371 5.626 -0.255 0.337 [-0.916, 0.406]  0.450

(3,3) (1,1) 568 315
(3,3) (2,2) 568 336

(2,2) (1,1) 336 315

vector, Sy, has 909 characteristics, while Sy includes 1,427 characteristics. In total, there
are 2,336 covariates. The outcome is the log-transformed wage Y = log(wage + 1) € R.
We exclude 2,610 individuals with missing treatment stages that are missing completely at
random [SBRJT03] and an additional 133 with missing covariates or outcomes, resulting in
a final sample of 8,570 individuals.

Table 1.6 shows estimated DTEs between treatment paths (3,3) vs. (1,1), (3,3) vs.
(2,2), and (2,2) vs. (1,1). Both the S-DRL and DTL methods suggest that vocational
training has a positive impact on achieving higher wages by showing non-zero effects be-
tween the first two paths. On the other hand, the estimates between paths (2,2) and (1, 1)
are negative, and their corresponding confidence intervals contain zero, making it impossi-
ble to determine if academic education is beneficial or detrimental. However, our analysis
does suggest that individuals seeking higher-paying jobs would benefit more from vocational
training compared to academic education, which only provides high school-level education
without any significant vocational training. The S-DRL estimates have a slightly greater dis-
tance from zero compared to DTL’s, with similar standard errors, leading to slightly smaller

p-values. Figure 1.1 examines the overlap of estimated propensity scores, displaying mirror
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Figure 1.1: Mirror histograms of propensity score overlaps.

histograms of estimated propensity scores within the treatment and control groups. The

substantial overlap seen in the mirror histograms indicates that the inverse propensity score

weights are relatively stable. Figure 1.1(d) displays bimodal patterns in the histograms due

to a binary confounder variable that significantly influences the propensity score estimate of

P[Zy =2 | S, Z, = 2], with a close association between a participant’s decision to enroll in

second-year education and their attendance in the class during the final weeks of the first

year.

1.7 Discussion

This paper aims to enhance the understanding of estimating causal parameters in

multi-stage settings. While prior DR literature has recognized the importance of the stage-
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zero DR representation for the expected potential outcome, it has overlooked the fact that
all the intermediate conditional mean functions can also be identified in a DR manner. This
approach leads to better theoretical guarantees and greater flexibility in modeling dynamic
dependencies, which can be complex and involve multiple time exposures. Furthermore, our
findings have significant practical implications beyond parametric models, especially in sit-
uations where doctors or policymakers cannot rely on randomized treatments or simplistic
treatment rules. With the ability to model dynamic treatment effects using robust principles,
new avenues of discovery are emerging, including optimal treatment rules and determining
the best treatment times. Our approach also enables the exploration of further important
issues, such as mitigating network spillover effects through robustness perspectives and en-
riching balancing methods with better robustness properties. The significance of our work
lies in the fact that it allows researchers to estimate treatment effects in complex settings
more accurately and provides a valuable tool for policymakers seeking to make informed

decisions based on robust causal inference methods.
1.8 Supplementary Material

To simplify the exposition, we begin by listing some shorthand notations used through-
out the supplementary document. We let U = (1,S)" € R4l and V = (1,S])" € R4+
In the following it is important to follow the individuals with pre-specified treatment plan.
For that purpose we introduce the following shorthand notation: }7(1 = Yl{a—q}, I~Ja =
Ul a—q where A = (A, As) = a. Additionally, we use Y, = Y1 4,—4,}, Us = Ul (4,0},
V, = Vi{4,—q,) to denote individuals who have taken the treatment a; regardless of which

treatment they received at the second exposure. Where possible, we suppress the sub-index
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1.8.1 Further discussions on the nuisance models

Model correctness of DTL

We illustrate when will the two working outcome models v (s) = u'"

ag and pig o (s1) =
VT/BZ,NI‘U the models used for DTL, be correctly specified. If the model v}(-) is misspecified,
then the model p}; () is also very likely to be misspecified, but there are no guarantees
either way. A few comments are in order as the relationship between the two nested models

is often masked. The following four cases are of potential interest. Their justifications are

provided in Section 1.8.1 below.
(i) If we assume that the true outcome model, v,(-) is linear in that
va(S) = E[Y (a)|S, A1 = a1, Ay = ay] = UT a, (1.36)

holds for some vector e, € R4 then it follows that af = e, and hence v*(-) = v,(+),

i.e., v:(-) is correctly specified.
(ii) Otherwise, if we assume that (only) the true outcome model, y4(+), is linear in that
11a(S1) = E[Y (a)|S1, A1 = a] = V'3, (1.37)

holds for some vector 3, € R4+, then it is possible that the working model is still not

linear, i.e., p; o (-) # ta(-) making p . (-) potentially misspecified.

(iii) Now, if the true outcome model (1.37) holds and in addition a¢, (3.2), is equal to &,

with & defined as

& :=arg min E[(Y(a) — UTa)?4A; = a;] = [E[UUT]] " E[UY (a)],

“ acRd+!
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then, we have 3 (. = Ba and p . (-) = ta(+), i-e., 1 y(+) is correctly specified.

(iv) Lastly, if both of the true outcome models are linear, i.e., (1.36) and (1.37) hold
simultaneously, then, both v () and p; (-) are correctly specified. Case (iv) is equiv-
alent to requiring E(Sg a,2|S1) to be linear in Sy; here, ay = (a1, 02) where
aq1 € R and a5 € R%. This, in turn, occurs for any closed class of spherical
distributions, including normal and Student-t distributions, or any linear time-series

models of covariate dependence.

Some discussions are provided below. We can see that the correctness of the model p; . (-)
also depends on a, the slope parameter of v'(-). A true linear outcome model p,(-) does
not guarantee a correctly specified p . (-); however, if the true outcome model v,(-) is also
linear, then p} () is correctly specified. Moreover, a linear v,(-) and j,(-) are sufficient
for a correctly specified v}(-), but they are not required. Case (iii) provides an illustration
where a correctly specified p}; ((-) does not require a correctly specified v;(-). This occurs,
for example, whenever o = a.

For an illustration, consider a = (1,1) and Si, Sy, Z ~4 Uniform(—1,1) with a

nonlinear outcome model v,(-), Y(a) = S; + S5 + Z. Let the treatment assignments satisfy

Ta(s1) = [s1], and pa(s1, s2) = exp(s1 + s2)/{1 + exp(s1 + 52)},

for all s1,s9 € R. Then, o = & and therefore guaranteeing correctness of the linear
working model ;.. (+). Here, 73(-) and v (-) are misspecified, p;(-) and j . (-) are correctly

specified.
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Model correctness of S-DRL

Note that we consider the same working models v} (), 7%(-), and pi(+) for the DTL and
S-DRL estimators; only the outcome model at time two differs among these two estimators.

In the following, we illustrate when will the doubly robust working model p*(s;) = v' 3% be

*

misspecified and when will 8; = 3; .

(i) Let either v}(-) = v,(+) or pi(-) = pa(). Then, as long as p,(+) is linear in that (1.37)
holds for some vector B, € R“*1 we have 37 = 3 and hence % (s;) = v B = p.(s1),

i.e., the doubly robust working model y*(-) is correctly specified.
(i) If 3(-) = va(), then 87 = B -

The justifications of cases (i) and (ii) are also provided in Section 1.8.1 below.

Justifications

Justifications of cases (i)-(iv) in Section 1.8.1 For (i), under Assumption 1 and by
the tower rule, we have

11-1

o = _E INJINJT

*

E[07] = [E[OT7)] " B [Liaor tren UY (@)

— [E[OUT]] EUE[Y(a)[U, A = a1, Ay = as] P[A, = ay, Ay = ay|U]]

= :E :66T_ | E [UUTaaE []]-{A1:a1,A2:a2}|U}}

~ 111

_ E :fJUT__ E [ﬁfﬁ] B

It follows that
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Therefore, if the model (1.36) holds, the working model v}(S) is correctly specified.
For (ii), it suffices to prove a counterexample. We refer to Example 1 in Section 2.3.

For (iii), if we assume that & = o, we have

Biw=[E[VVT]] 'E[VUT|a; = [E[VVT]] 'E[VUT] &}
=[E[VV']]" E[VU'] [E[UT']] " E[OUY(a)
By the fact that U = (V',S,)", we can write
V = QU where Q = (Id1+1 0(d1+1)xd2) , (1.38)

and hence V = QU, which implies that

[— [ — [— 71 —

E[VUT] [E[UUT]] ' E[UY(a)] = QE[UUT] [E[UUT]] " E [UY(a)]

Therefore,

By the tower rule,

Biw = [E[VVT]] " E[VE[Y(a)[V, A = a1] E [1{4,-ay}|V]]

B VY]] B [ VVTB] = B
It follows that

,ua(Sl) = VTIHa = VTB;,NR = M;,NR(Sl)‘
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Therefore, if the model (1.37) holds and &}, = o, the working model s}, . (S1) is correctly

specified.

Regarding (iv), based on the results in (i), we have &} = a,. Under Assumption 1

and (1.36), we have

[ — 71 —

E[UY(a)] = [E[OUT]] " E [1{a,20y UY (a)]

— [E[UUT])] ' E[UE[Y(a)|U, A, = a] P[4 = a;|U]]

= [E[0UT]] 7 E [UUT 00 (14,0 U]

Therefore,
— %
o =a = .

Together with the results in (iii), we conclude that p} . (-) is correctly specified.

Justifications of cases (i)-(ii) in Section 1.8.1 For (i), by the definition of 3} and the

KKT condition, we have
B, = [E[VVT]] B [VY™]
_(B[VVT]] ' E {H{Alal}v {u;(S) i R{AW}%%(S)H

i — — Y - * S
© [E[VVT]] 'E [E [L{a,2ay} | S1] VE [z/;(S) + IL{AFM}*—U“() | S1, A = a1H

pa(S)
K [E[ﬂ{fh:al} | Sl]Vﬂa(Sl)] = [E [VVTH_lE [vﬂa(sl)]

WIENVT] " E[VVTE,] = 8.,
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where (i) holds by the tower rule; (ii) holds by Theorem 1 in Section 1.1; (iii) holds since

Viia(S1) = VVT8, = VVT G,
For (ii), we observe that
Bi— B = [E[VVT]] E[VY™ - VU ]

~ (B [V B b oo VL)

pa(S)
O 1 ey Y Yia)=v(8) g 4
- [E [VV H E {E[Al — W ’ S]VE |:]1{A2=a2} Z S) ’ S7A1 1}:|
Va(S) — v2(8)

(i) VavaRhi —a
_{qu]gpm_lmwﬂMa o

as long as v*(+) = v,(+). Here, (i) holds by the tower rule; (ii) holds since Y (a) 1L Ay | S, A; =
a; under Assumption 1, po(S) = E[l{a,—a,} | S, A1 = a1], and 1,(S) = E[Y (a) | S, A; = a4].
Hence, B} = 3\ as long as v} (-) = v,(+).

a,NR

1.8.2 Additional numerical experiments

In this section, we present additional simulation results under different data gener-
ating processes (DGPs) where all the nuisance functions are correctly parametrized. For
each i < N, generate Sy; ~'4 Ny (0,1;,) and Ay;]S1; ~ Bernoulli(m,(S1;)), where 7,(Sy;) =
gV 7). Let d;; ~4 N(0,1), 61 ~4 Ny (0,14) and 8y ~1 Ny, (0,14,). The following

models on Sy;|(S1;, Ay;) are considered:

M4. (Sparse linear) So; = W(A1;)S1; + Ani(1 + 615)Layx1 + 02

M5. (Dense linear) So; = Wy(A1:)S1i + A1i(1 + 01:) Layx1 + 0.

M6. (Dense quadratic) So; = 0.5Wy(Ay)(S% — 1) 4+ Wa(Au)Sy + Au(1 + 613)Lay1 + 62,

where S?, € R% is the coordinate-wise square of Sy;.
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For each ¢ = (c1,c3) € {a,a’}, the matrices W;(c), Wa(c), Wa(c) € R%2*% are defined
as the following: for each ¢ < dy and j < dy,
{Wala)}iy = 08" 11{Ji — j[ <1}, {Wala)}ij = 08",
{(Wi(a)}iy = 0.77901{)i — j| <2}, {Wa(d)}iy = 0.7,
{(Wa(e)}i; = {Wale)}s;1{j > 3} for each ¢ € {a,a'}.

The treatment indicators at time t = 2 are generated as

Agi|(Sy, Ay = ¢1) ~ Bernoulli(p.(S;)), with

pe(Si) = g(ciU my + (1 — 1)U, ny), for each ¢ = (c1,¢) € {a,a'}.
The outcome variables are generated as

Y; = Yi(Awu, An), Yile) = UiTOéc + (i, foreach c€ {ava/}v where (; ~Hd N(0,1).

The parameter values are chosen as a. = (o), al,)", for each ¢ € {a,d'}, g1 =

(_17 _17 17 _170(d1—3))Ta Qg0 = <_17 _17 ]-7 0(d2—3))T7 Qg = (17 17 ]-7 _170(d1—3))T) Qg2 =
(1, 1, 1,0(d2,3))—r, Yo = (O, 1, 1, 1,0(d1,3))—r, Mo = (O, 1, 170(d172)7 1, —1, 0(d2,2))—r, and Mo =
(0,0.5,0,—0.5, 04,—3),0.5,0,0.5, 0(d2_3))T, where 0, := (0,...,0) € R for any ¢ > 1. Under

the above DGPs, we have the following nuisance functions: for each ¢ € {a,a’},

ve(S) = E[Y(¢)|S, A, = ¢1] = U, (1.39)

1e(S1) = E[Y(0)|S1, A1 = 1] = Vs + B[Sy aes|S1, 41 = e1] = V' B, (1.40)
where (3. varies for different models on So;|(Sy;, Ay;) as follows:
MA4. ,BC = aal + (Zdz 1 aa/,QIL{c = CLI}, (Ws(c)ac,g)T)T Wlth H/BGHO =4 and HIBQIHO = b.

j=
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Table 1.7: Simulation under M4. Bias: empirical bias; RMSE: root mean square error;
Length: average length of the 95% confidence intervals; Coverage: average coverage of the
95% confidence intervals; ESD: empirical standard deviation; ASD: average of estimated
standard deviations. All the reported values (except Coverage) are based on robust (median-
type) estimates. Denote N7 and Ny as the expected number of observations in the treatment
groups (1,1) and (0,0), respectively.

Estimator Bias RMSE Length Coverage ESD ASD
N = 1000, Ny = 279, Ny = 312,d;, = 100, dy = 50

empdiff 2.485 2.485 1.258 0.000 0.318 0.321
oracle -0.035 0.243 1.305 0.972 0.350 0.333
DTL 0.063 0.218 1.121 0.934 0.326 0.286
S-DRL 0.133 0.202 0.881 0.874 0.262 0.225

S-DRL’ 0.121 0.195 0.876 0.898 0.262 0.224

N = 4000, Ny = 1115, Ny = 1248, d; = 100, d2 = 50

empdiff 2.484 2.484 0.627 0.000 0.162 0.160
oracle 0.003 0.125 0.706 0.946 0.185 0.180
DTL 0.029 0.119 0.600 0.928 0.171 0.153
S-DRL 0.031 0.122 0.601 0.926 0.169 0.153

S-DRL’ 0.030 0.119 0.598 0.922 0.173 0.153

M5-6. B, = a1 + (Zjil agol{c = d'}, Wa(c)a2) )T is weakly sparse in that ||B,]lo =

18 llo = di + 1, ||Ball1 < 5.23, and || B |1 < 7.24.

The following choices of parameters are implemented: N € {1000,4000}, d; = 100,
and dy = d1/2 = 50. For each of the DGPs, we repeat the simulation for 500 times. For each
replication, we consider the oracle estimator, the empirical difference estimator (empdiff),
the DTL estimator, the S-DRL estimator, and the S-DRL’ estimator as in Section 6.1. The
results are reported in Tables 1.7-1.5.

The considered DGPs are only different on the procedure of generating S, based on
S; and A;. Under M4, we consider a sparse linear dependence that S, is linearly dependent

on S; through a sparse and dense matrix operator, where the corresponding coefficient 3. is
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a sparse vector. Under M5, we consider a dense linear dependence that the corresponding
coefficient 3. is only weakly sparse that it’s || - ||; norm is bounded. Under M6, we consider a
dense quadratic dependence between Sy and S; but the nuisance function p.(-) is still linear
- we can see that the nuisance function can be linear even when S, is not linearly dependent
on S;. Note that, although E(S2|S;, A1 = ¢1) is quadratic in Sy, F(Sg a.2|S1, 41 = ¢1) is
still linear on S; and hence the linear working models p}(-) = p’ (<) are both correctly

specified as the second-time conditional mean v.(-) is also linear.

Table 1.8: Simulation under M5. The rest of the caption details remain the same as those
in Table 1.7.

Estimator Bias RMSE Length Coverage ESD ASD
N = 1000, Ny = 296, Ny = 310,d; = 100, dy = 50

empdiff 2.921 2.921 1.239 0.000 0.317 0.316
oracle 0.002 0.245 1.346 0.962 0.364 0.343
DTL 0.084 0.219 1.139 0.920 0.322 0.291
S-DRL 0.097 0.225 1.140 0.922 0.323 0.291

S-DRL’ 0.084 0.224 1.138 0.926 0.321 0.290

N = 4000, Ny = 1184, Ny = 1240, d; = 100, d2 = 50

empdiff 2.922 2.922 0.619 0.000 0.159 0.158
oracle -0.006 0.137 0.710 0.946 0.202 0.181
DTL 0.019 0.113 0.608 0.934 0.166 0.155
S-DRL 0.024 0.114 0.609 0.930 0.166 0.155

S-DRL’ 0.019 0.114 0.609 0.932 0.166 0.155

We first focus on the DTL, S-DRL, and S-DRL’ estimators and compare their behav-
iors. We can see that when the model is relatively easy (under M4), and the total sample size
is relatively small (N = 1000), the DTL method provides better coverage but with a worse
RMSE than the S-DRL and S-DRL’ methods; see Table 1.7. This is because, although the

DTL estimator has a smaller bias, it also has a larger ESD compared with the S-DRL and
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Table 1.9: Simulation under M6. The rest of the caption details remain the same as those
in Table 1.7.

Estimator Bias RMSE Length Coverage ESD ASD
N = 1000, N; = 296, Ny = 310,d; = 100, dy = 50

empdiff 2921  2.921 1.239 0.000 0.317  0.316
oracle 0.002  0.245 1.346 0.962 0.364  0.343
DTL 0.083  0.225 1.141 0.924 0.318  0.291
S-DRL 0077  0.228 1.139 0.914 0.320  0.290
S-DRL’ 0076 0213 1.135 0.920 0.320  0.289
N = 4000, N, = 1184, Ny = 1240, d; = 100, dy = 50

empdiff 2,922  2.922 0.619 0.000 0.159  0.158
oracle 0.006  0.137 0.710 0.946 0.202  0.181
DTL 0.019  0.114 0.610 0.936 0.166  0.156
S-DRL 0.021  0.115 0.610 0.928 0.166  0.156
S-DRL’ 0.020  0.112 0.608 0.932 0.166  0.155

S-DRL’ estimators. If we further increase the sample size (N = 4000), we can see that the
coverages based on DTL, S-DRL, and S-DRL’ estimators are close to each other and also
overall acceptable. When the estimation of the first-time conditional mean is relatively hard
as its linear parameter is only weakly sparse (under M4 and M5), we can see that the RMSEs
and confidence intervals’ coverages of the DTL, S-DRL, and S-DRL’ methods are relatively
close to each other for both N = 1000 and N = 4000; see Tables 1.8 and 1.9. In addition,
we can see that the considered estimators have very similar behaviors among DGPs M5 and
M6. Note that the nuisance functions, including the propensity score and conditional mean
functions, are the same under M5 and M6, although the conditional densities of Sy given
(S1, A1) are different. This observation indicates that the considered estimators’ behavior
mainly relies on the conditional means of the potential outcomes and treatment variables in-

stead of the conditional densities. Lastly, we can also see that the naive empirical difference
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estimator, Hempdlﬂ, is not even consistent because of the appearance of confounders.

1.8.3 Proof of the results for the doubly robust representation
Proof of Lemma 1. By the tower rule and Y = Y (A;, Ay) under Assumption 1,

o W

(
Y _ *
=F [E |:]]-{A1 =a1,A2=as} (C(L)S )pl;(( | S Al = CL1:| P Al = a1 | S):|
By Y(a) 1L Ay | S, A} = a; under Assumption 1,
Y(a) = v(S)
E|E |1 —_— A= P(A, =
|: |: {Al =a1,As= az} ’/T*(Sl)p ) | S7 1 aq ( 1 aq | S)

[ Lty | 8. Ay = ar(E)Y(a) | S, 4 = ar] — v(S))
(802 (S)

9 [p“<s)< (“(S)) - ”;(S”Em{m | s@

i 0u(8)(va(S) — 12(S)

‘E[H{Al =) (S0 (S) }

where (i) holds since p,(S) = P[Ay =ay | S, A1 = a1] and 1v,(S) = E[Y(a) | S, A1 = a4]; (ii)
holds by the tower rule. Hence,

ElLarcay | 81]

?

E |:IL{A1 =a1,A2=az} Y- V*(S) pa(S)<Va<S) B V;(S)):| )

— = F 140,
<sl>pa<s>] [“‘1 PR (S)p(S)
Observe that

Y —vi(S) v2(S) — 12(S1)
E |1 ——————~ + L, = “ £
[t g gyt S

" u:<sl>} 4,

(S)(va(S) — v(S)) VE(S) — i2(S))
mSOAE) T )

a

—= E|:1{A1:a1}pa
+ 11a(51) —ua(sl)}@ G+ Ga + G, (1.41)

where

Gy = |1y P2 2lS) (1 - pa(S))l ’

G = |81 - (i) (11—~ )]
)

G3 =F ﬂ{z‘h:m}
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In the above, (i) holds by rearranging the terms after the following decomposition
Vi(S) = 15(S1) = (2(S) — a(S)) + (a(S) — pa(S1)) + (1a(S) — i2(S1)).
By assumption, either v}(-) = v,(-) or p(-) = pa(-), we have
G, =0. (1.42)

For G, by the tower rule,

G, = E {E {(ua(sl) — 115(S1)) (1 - %) | Sl”

a

i) Ta(S1)\ | Gi)
DB (1a(S1) = (S (1= @0, 1.4
(as1) = s (1- 2650 )] @ (1.43)
where (i) holds since 7,(S1) = P[A; = a1]S1]; (ii) holds since 7,(S;) = P[A; = a1|S1]; (ii)
holds since, by assumption, either pf(-) = uq(-) or 72(-) = m,(+). For Gs, by the tower rule,

G3=FE [E {B{Alzal} (SBT;(SI)(SI) 1Sy, Ay = all P(A; = a | sl)}

0 p | TS (£ u(8) | 141 = ai] - uatsi)]| 2o, (144

where (i) holds since 7,(S1) = P[A; = a1|S;]; (ii) holds since p,(S1) = E[va(S) | S1, 41 =

a1]. Combining (1.42)-(1.44) with (1.41), we have
Y —vi(S)

—F |14 _ R p—- AR A Ha +u* .
Oa { {Al_al’Az_@}ﬂ';(Sl)pZ(S) + {A1—a1} 71' Sl) ,Ua(sl)

Proof of Theorem 1. Observe that
Y —vi(S)
Pa(S)
B v2(8) = nlS) + s

E |:V;(S) + 1{A2=a2} | Sla Al = a1:| - ,Ua(Sl)
1%

Y(a) = 53(S) .
nE | Sed= 1]

_B [(V;;<S) () (1 _ %) + 1{AQZGQ}W S0, A = al] ,

where (i) holds since 11,(S1) = E[v4(S) | S1, A1 = a1] and Y = Y (A4, Ay) under Assumption
1. By the tower rule,

Lray—ay
E {( - Va ( {A2 }) | Si, A = al}

B R AT L
0,

2 [02(8) — ) (1 2220 181 = |

(i

=
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where (i) holds since p,(S) = P[4y = as | S, A1 = a4]; (ii) holds since either () = v,(-) or
p:(+) = pa(-) by Assumption. In addition, by the tower rule, we also have

Y(a) = va(S) _
E |:1{A2a2}W | SlaAl = ax
Y(a) — va(S
=F |:E [H{AQZGQ}% | S,Al = CL1:| | Sl,Al = (l1:|

EY(a)|S, A = a1] — v, (S)
Pa(S)

where (i) holds since Y(a) 1L Ay | S, A; = a; under Assumption 1; (ii) holds since v,(S) =
| S

—~

i)

E[Y(a)|S,A; = a;]. Therefore, for any s; € R%,
ﬂ(S)_E[V*(S)+H Y_—V“*(S)]S—s A—a]
a\P1 a {Azs=az} pZ(S) 1 1,411 1] -

1.8.4 Convergence rates for nuisance estimators
Auxiliary Lemmas

The following lemmas will be helpful in our proofs.

Lemma 1.2 (Selection of Lemma D.1 of [CLCL19]). Let X,Y € R be a random variable.
Then ||cX ||y, = [c||| X |ly, Ye € R, If|X| < |Y] a.s., then || X ||y, < ||Y||y,. Moreover, for
X and Y sub-Gaussian, || XY |y, < | XY ||gn- If X is bounded, i.e, | X| < C a.s. for
some constant C, then || X ||y, < (log2)~Y2C. If || X|ly, < o, then E(|X|™) < 20™T(m/2 +
1)Vm > 1, where I'(a) := [~ 2°" ' exp(—z)dz Ya > 0 denotes the Gamma function. Hence,

E(IX|) < o/ and E(|X|™) < 20™(m/2)™? ¥ m > 2. Let {X;}, be random variables

(possibly dependent) with maxi<i<,, || Xilly, < o, then || maxi<i<, |Xi|||ly, < o(logn + 2)1/2,

Lemma 1.3. Let X € R be a random variable. If E(|X|**) < 20%*T'(k + 1) for any k € N,

then || X ||y, < 20.
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The following lemma provides the same type of results as used in the Assumption 3

but now for covariates at different exposure time and different treatment paths.

Lemma 1.4. Let the overlap conditions of Assumption 1 and Assumption 8 hold. Consider
the constants cg, ki, 0, defined as in Assumptions 1 and 3. Then, the following statements
hold:

(a) 0 < cory < Amin(E[UUT]) < Auax(E[UUT)) < 202 < 00 and U is sub-Gaussian
with |2 TU|y, < 20,22 for any @ € R,

(0) 0 < K < Auin(E[UUT]) < Max(E[UUT]) < 202 < o0 and U is sub-Gaussian
with |2 U]y, < 20,2 for any = € R,

¢) 0 < Kk < Anin(E[UUT]) < A (E[UUT)) < 202 < 00 and U is sub-Gaussian
with |2 Ul|y, < oul|lz||2 for any x € R1FL;

d) 0 < ki < Anin(E[VVT]) < Anax(E[VVT))

IN

202 < oo and V is sub-Gaussian
with || " V||, < 20,||z|2 for any © € R4FL;
e) 0 < ki < Auin(E[VVT]) < Anax (E[VVT]) < 202 < 00 and V is sub-Gaussian

with || " V||, < 20|z for any © € RMTL,

The second-time conditional mean model The following lemma characterizes the
estimation error of the second-time conditional mean model, /(). The corresponding con-

ditional mean estimator is defined as 7,(S) = U ay,.

Lemma 1.5. Let Assumptions 1-8 hold. For any t > 0, choose Ao = 3200,0.(t +

Vieg(d+1)/1T|). Let |J| > max{log(d + 1),100x3sq, log(d + 1)}. Then &, (2.6), sat-
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1sfies

~ 1 ~ 1 _
16 — el < 8kT Aav/San, 71 Z[Uj(aa — o) < 3267 A sa, (1.45)
T =
with probability at least 1 —2 exp (— 1@';1%) —crexp(—|T|) and some constants ¢y, co, K1,

Ko > 0. In addition, assume | J| < N and N > sq, log(d). Choose some Ay < 0+/log(d)/N.

Then for any constant r > 1, as N,d — oo, we have

60 — a2 = O, (m/saa 1og(d)/N) , (1.46)
{B[7(8) = vi(S)"}/" = 0, (03/5a, 108[d)/N) . (1.47)

In the above, the expectation of the left-hand side of (1.47) is taken respect to the
distribution of a new observation’s covariate vector S.

The nested-regression-based estimator @LNR proposed in Section 2.2 is constructed
based on &, and hence we need to first control the estimation error of a,. Note that, ay,
and B\a,NR are actually obtained based on overlapping but different sample groups. For &y,
we only utilize the samples satisfying Ay; = a1 and Ag; = ao; as for ,@a,NR , we are using the
samples such that A;; = a; and there is no constraint on A,;. As a result, the in-sample error
(1.45) is not enough for our analysis. Instead, we require an upper bound for a “partially

in-sample” error. We show the prerequisite results in the following lemma.

Lemma 1.6. Let Assumptions of Lemma 1.5 hold. In addition, let |J| > max{log(d +

1), (c3 + 100£3) 84, log(d + 1)}, with constant c3 > 0. Then

1 T~
7 Z[Uj(aa —af)]? <2880,k M\ S,
eJ

_4|ge?
14+2t++/2t

with probability at least 1—2 exp ( ) —cyexp(—ca|TJ|)—2exp(—c4|T|) and constants

c1,Co,cq > 0.
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The propensity score models The following lemma provides asymptotic upper bounds
on the estimation errors of the propensity score models, 7(-) and p%(-). The correspond-
ing propensity score estimators are defined as 7,(S;) = g(V'4,) and p,(S) = g(UTga),

respectively.

Lemma 1.7. Let the overlap conditions of Assumption 1 and Assumptions 3-4 hold. Let

the sample size be such that |J| < N and N > max{s,, log(di), ss, log(d)}. Then, as

N,d — o0, (a) the logistic Lasso (2.3) with Ay < +/log(dy)/N satisfies

15 —7lle = O, (\/s% log<d1>/N) , (1.48)

E[7(81) — m(S1)JF = O, (51, log(dy)/N), (1.49)

whereas (b) the logistic Lasso (2.4) with As < \/log(d)/N satisfies
18, = 8112 = 0, (V55 10g(d)/N) (1.50)
E[pa(S) = pa(S)]” = Oy (s5, log(d) /N). (1.51)

In the left-hand side of (1.49) and (1.51), the expectations are only taken w.r.t. the distri-
bution of the new observations S1 and S, respectively. Note that Assumption 4 holds under

Assumption 1 when 75(S1) and p%(S) are correctly specified.

Lemma 1.8. Let Assumptions of Lemma 1.7 hold. Define the event A := {||Fa — ¥i|l2 <

1, ||3a — 0!l < 1}. Then, as N,d — oo, P(A) = 1 — o(1). Moreover, on the event A,

as N,d — oo, {E[7.(S)|7"}/" and {E|p.(S)|7"}/" are both bounded uniformly by some
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constants independent of N and for r > 2,
~ *— ry1l/r
(B[ 80~ 780} = 0, (/s lowta)/V).

{B15.18) - i7" S)}" = 0, (Vss, 1og(@)/N)

(B [7,1(805,1(8) — = (S0p, " ®)] '} =0, (J (57, log(dh) + 55, 1og<d>>/zv) .

In the left-hand side of the equations above, the expectations are only taken w.r.t.

the distribution of the new observations S; or S.

Convergence rate for the general imputed Lasso estimator

Proof of Theorem 8. By the definition of B, we have

M

M

1 ~ ~ ~ 1 ~

i E Y, — X877 + A8l < i E Y, — X! B + A8,
=1

=1

or, expanding and rearranging,

M
LS X (B B+ Bl
=1

M
< %;[? =X 81X (B - B) + MBI
2 . 2 M ~
= ;aX?(B — B+ 5 ;‘m — Y IX[ (B = B7) + AullB* - (1.52)

For any t > 0, let A\p; := 1600x( % +t). Define the event

1 A
M
b= {1<?<’2 MZ_I WE =T }

where X ; represents the j-th component of X;. Note that

A ¢ 1 < A

| > T) . (1.53)

M
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Let e; € R? be the vector whose j-th element is 1 and other elements are 0Os, for each

1 <j<d. Since ]\e]-TX\]¢2 < ox and ||¢]|y, < o, by Lemma 1.2,

||€;X€||¢1 < ||€;—X||¢2 ’ ||€||¢2 < o00x.

Note that, here we do not make any assumption on the sample gram matrix Si=M! Zf\il
X, X[ eg., SUPj<j<q EAJM < 1 as required in [Wail9,NRWY12]. Instead, we consider ejTXs as
a sub-exponential random variable, and the Bernstein’s inequality is applied in the following
to control (1.53). Recall the definition of 3*, we have E[Xe] = 0. By Bernstein’s inequality,

for each 1 < j < d,

M
1
P ( i ZX"J& > 200x€ + O'Ux€2) < 2exp (—M€2) , for any e > 0. (1.54)
i=1
Set € = 10;;\/([11) + Y=L for any ¢ > 0. When M > log(d), we have
2
log(d log(d V1+8t—1
set et <o /108 L g [/l VIt
M M 2
2
log(d 2log(d V1 t—1
<oy 8 | gy g g 2los@)  y (VIHETL
M M 2
log(d log(d log(d
—2 &()+\/1+8t—1+2\/ oeld) | Jlosd) |y viTs
M M M
log(d)
<4y ———= + 4t
< 7 + 4t,
and hence
2 log(d) A
200xe + ooxe” < doox i +t| = o (1.55)

Additionally, we also have

2
) ( log(d)+\/1+8t—1> L log(d) | 1+4t— VT8
€ = =

M 2 M 2

~ log(d) 8> - log(d) N 4¢*
M 14+4t+/1+48 M 1+ 2t++2t

63



Together with (1.54) and (1.55), we have, for each 1 < j <d,

M
1
( ZXHEZ > —> <P ( szmgi > 200X6+00X62>
i=1
2 AMt?
< 2eX ME - _—— .
- p(—Me) < ¢ ( 1+2t+\/2t>
Together with (1.53),
M
1 Aur 4 Mt )
P(&) =P | max |— Xigl <— | >21-2exp|——— ). 1.56
(£2) <1<j<d M; J 4> p( 142t ++/2t (1.56)

On the event &, we have

< 2”5 B*||1 max < )\MHB\_ B*l1/2 (1.57)

1<5<d

2 U .
- €ZX:<IB - B*>
p»

1 M
E X j€i
=1

As for the second term of (1.52), by the fact that 2ab < a® + b? for any a,b € R, and we set

_ \/QDA/Z — Y], b= XI(B— B*)/V/2, we have

2 = % * T/a * 2 = * 1 = T/a * 2
37 L~ VIXI (B =8| < 37 3 - YT m;[xi(ﬂ—m}
1 & . 2
<2+ gy 2 (XIB-89)] (1.58)

on the event & = {M~1 M 1[Y Y*]? < 63,}. Multiplying the left-hand side and right-hand

side of (1.52) by 2, we have
ZXT 5 Bl —|’2>\MH/§H1
B M
< —Z&XT B—p)+ —ZY YIX] (B - BY) + 2Mu18° -
Together with (1.57) and (1.58), on the event £ N &, we have

ZXTﬁ B + 2218l

= |

M
< ullB- B + wa B 445 +2ullB . (159)
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Hence,

M

> X (B = B+ 22 ulIBlh < AwllB — Bl + 2Xr 18711 + 463,

=1

= Mrl|Bs — Bl + M| Bse

1
M

1+ 22|85 + 403, (1.60)

where S := {j < d: 3; # 0} and note that s = |S], |8~ 8|1, = |Bs — B +|Bs: — B |l =

1B8s — BE|l1 + ||Bsell1, and ||B8*||1 = ||B%|l1- By the triangle inequality,

1Blly = [IBsly + 18s¢[lx = IBslly — 1Bs = Bsll + [1Bs<|lx (1.61)
By (1.60) and (1.61), on the event & N &, we get that
| . _
17 2AXT(B = B + AullBsell < 3Me1Bs — Bl + 463, (1.62)
i=1

By Lemma 4.5 of [ZCB21], there exist constants k1, ko > 0, such that

M
lo
Z XTA > k1| Al2 {HAH2 — Ko g(d )HAHI} for all ||Alls <1, (1.63)

with probability at least 1 — ¢; exp(—coM ) and some constants ¢;, ¢, > 0. Note that Lemma
4.5 of [ZCB21] discusses logistic loss but applies more broadly and does include the least
squares loss as well.

Let 6 = B — 3" and define

M
log(d
53 = { Z XT(S > /‘ilH(ng — R1K9 O% )H(5H1H6H2} . (164)

Let A =6/||6|]2. Then, ||Alls =1 and hence by (1.63),
P(&) > 1 — ciexp(—coM).

We now condition on the event £ N & N &3 and introduce two cases need to be separately

analyzed.
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Case 1. Case of ||0g||1 < 4X,/62,. Then, by (1.62),
185l < 31051l +4A3103, < 1673183,

Hence,

18]y = [|8s]1 + [|dsells < 20A3763;,

and

M
Z X, 6)% < 3|51 + 462, < 1663,

In addition, on the event &3,

log 1 &
818 — ) 5 ol 8]l < 5 S (XT9)? < 1653

=1

It follows that,

51, < /L8]]y + /R3R31ED 5|12 + 64r, 63,
2 =

2/‘%1

1 1
S K9 Og( )||(5|| +4 1/26]\/[ S 20/62 —O?\/([Cb)\ 152 +4 1/25]\/[

< 5/{25M +4 _1/2

)
= Joox M,

log(d)
Ta

since Ay = 1600x( log(d) +1t) > 1600x

Case 2. Case of ||8g||; > 4);;032,. Then, by (1.62),

Z (X[ 8)? + Aurll0selln < A (31sly + 4037 03,) < 4hurlds 1,

and hence

||6se

1 < 4|0s]1-
Notice that, ||ds]|1 < v/s]|ds||2. It follows that

1611 = ldslls + [|0selly < 5[ 0slls < 5v/s[|ds]l2 < 5v/5]|]]2.
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Hence, under the event &3, when M > 100k2%s log(d),

1 - T 5\2 2 slog()
MZ(X@- 0)" > k1[|6]]3 — Br1k2 16115

=1

> —||6]|5 > = ldsllz = —||ds]]7-
> 253 = 23 = s

Together with (1.65), we have

1 M

K
o5l < 57 DK 6 < e8]l

=1

Hence, on the event & N & N &s,
1051 < 8Ky tsAus.

By (1.66),

181y < 195l + l1dsellx < 5lIdsls < 40k s

Besides, by (1.65) and (1.68),

XT5 < dy||0s]l1 < 32k 8N,

uMg

Additionally, by (1.67), when M > 100k4%s log(d),

M
2
1812 < | —7 ) (X76)? < 8ky' Vs
1

=1

To sum up, on the event & N & N & and when M > max{log(d), 100x4?slog(d)},

Skoda _ 3
16~ Bl < mesx (S22 4 4y 20, 8 Vo )
X

I8 — B*|l1 < max (203637, 4057 s |

M

1 _

i > (X[6)* < max (1663, 32k 'sA3,) -
=1
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Here,

AMt?

P& Né&E)>1—-PE5)—P(&5)=1-2 -
(€01E) 2 1 P(E5) = PIE =1~ 20 (o

) - cesp(-audn)

log(d)

The remaining claims follow by noticing that for some Ay < o4/=5~ and dy = o(0),

P(&)=1-0(1), and with M > slog(d) as M,d — oo,

AMt?

PENENE)>T -2 _—
(Ern&né) = eXp( 142t + 2t

) — ¢ exp(—ca M) — o(1).

Convergence rates for nuisance estimators with imputed outcomes

DR-imputation-based estimator

Proof of Theorem 9. We first consider the DR-imputation-based estimator ,[/3\&72 = B\Q(D Ty
?%R) defined as (2.11). In this case, the expectations are taken w.r.t. the samples in D,;
with a slight abuse of notation, &, := 8,(D,) and &, := 6.(D,) are fitted using samples
in D7 and are treated as fixed or condition on. Repeat the same procedure as in (1.52), we
have

> Laymay (VP = VBV Ag + 26181

> (V] Ag)+ Al Baslli <
|‘72| i€ o

1€J2

2
|7l

| Z (Ay; + Doy + Az + Ay + Ay + AG'L)VTAB + Al Bl

|j2 1€J2

Z sl 7 3 (ZA“>2

Z VTAB) + sl Ball1,

"7|ZAZ7’

1€J2

2]Jz|
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where Ag 1= B\a,Q - B,

_ }7 — ﬁTa* _
Ali :U;raz + ——t e _ VZTIB;a
9(U]6;)
Tiani=as) | 7/~
Azi::{l—#}U:aa—aZH *()=pa()}s
S(UT5)) ( M ipi()=pa(}

1 1 o
Ag; = — — Yz'—U;raZILV*.:Va.7
3 {Q(U;(sa) Q(chsé)}( )Lz ()=va()}

1 1 ~
! {g(Uj s,) 9(Uld;) } ( )

]l{A i=az} — ~
As; :——{1——21 z }U;(aa—a:;)ﬂ £ (Voo (s
g(UiT(s;) {05 ()F#pa(-)}

1 1 L
Agi := — — Y — U o) Le () (15
6 {g(UiT(Sa) Q(UZT52)}( )Lz ()#va())

and g(u) = exp(u)/{1 + exp(u)} is the logistic function. Let A; be an independent copy of
Ay for 1 <1 < 6. We first show that A;V are zero mean vectors for each [ € {1,2,3}. By

the definition of B}, we have E[A;V] = 0. By the tower rule, we have

E[A,V]

Liaya _
E [P(Al =a, |U)E {1 - % | U, A = al] U'(a, — aZ)Vﬂ{pz(o:pa(-)}}

pa(S)
pa(S)

E [P(Al = a1 | U) {1 - }UT(&a - aZ)Vﬂ{pz(»:pac)}} =0
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Similarly, we also have

E[A3V]

1 1
- E{P(/h =a | U) {g(Urga> - g(UT(SE)}

E[(Y(a) = Ua})l{ay—ay} | U, A = al]Vﬂ{u:;(-):uaw}}

1 1
— E|:P<A1 =a; ’ U) {g(UTga) a g(UT(SZ)}

- P(Ay = a3 | U, Ay = a1)[va(S) — V;‘(S)]V]l{u;c):ua(-)}} = 0.

Let e; € R? be the vector whose j-th element is 1 and other elements are 0Os, for each
1 <j < d;+ 1. Under Assumption 4, we have |[A;VTe;| = |(g, + g7 (UT8)¢, )V e;| <

(Jeal + 5 t1Ca])|V Tej| for each 1 < j < d; + 1. By Lemma 1.2,
T —1 T @ —1
1 gl = allyz 0 allia g2 = ¢ 0 Ye/Yu
1AV el < (lgallys + o [ICallo) IV €5lly, < alo¢ + ¢y 0c)a

where (i) holds by Assumptions 2 and 3. By Lemma D.4 of [CLCL19], for each 1 < j < d;+1

4

where h(t) = o(o¢ + ¢y 0.)on (2 trlog(ditl) 4 tHOg(le)). It follows that,

|T2] |T2]
di1+1
<|||‘72|ZA11 > h > ZP( |ZA11V €; >h()>
1€ 1€J2

< 2(dy 4+ 1) exp(—t —log(dy + 1)) = 2 exp(—t).

and any t > 0,

D> AuVie;

ZEJQ

> h(t )) < 2exp(—t —log(d; + 1)).

Therefore, by | 7| < N, we have

Hw 2 AV

1€J2

B log(dy)
= p<0 N ) (1.72)
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In addition, note that |A;VTe;| < (14 ¢;")|U¥ (a, — a*)V7Te;| under Assumption 4. By
Lemma 1.2, conditional on Dy , we have
_ . © ~ .
Vil < L+ )IUS (6 — @)l VIelly, < (14 ¢p") [ @ — o205,
|AV

where (i) holds by Assumption 3. By Lemma D.4 of [CLCL19] and the union bound, for any

t > 0, we have

1
PR

1€J2

- t+log(dy +1) t+log(dy +1)
(1+cg )|l — a®|l202 | 2 +

with probability at most 2 exp(—t). Therefore, by | 7| < N, we have

AV, —op<||aa— I 1°g<d)>@op<a logfvdl)>’ (1.73)

16\72

where (i) holds by Lemma 1.5 with sq, log(d) = o(N).

Besides, by Corollary 2.3 of [DVDGVWlO], we have

‘ZASZ

i€J2

(2elog(dy) — e)E[HAsz’Hgo].

<
- | T2

(a) If v() = v,(-) and ||Sl||oo < C almost surely, we have |Villee < [[Villoo <

max{1,C}, which implies

|||Jz| 2 AuV

1€J2

N

o (Elalosth)

since | J| < N. Under Assumption 2, by Lemma 1.2, we have E[(®] < 2%0%0¢. Together

with Lemma 1.8, we have

plag) < /518 < {BlelEl (018 - P} = o, (TR

Hence,

IJ Z ALVl | =0, (023““ log(d) log(d1)> =0, (M) . (L75)

€T
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since sg, log(d) = o(N).

(b) If v¥(+) = va(-) and ss, log(dy) log(d) = O(N), by Lemma 1.2, we have HH\_QHooHd,2

< o,4/log(d; + 1) + 2, which implies that E||V;||%, < 8c2{log(d; + 1) + 2}? through the
moment bound of Lemma 1.2. By Hélder’s inequality with | 7| < N

1 _ o [ VEAE| Vil log(dy) | E[Af]log*(d1)
e IR JooE)

N
1€J2

Hence, we also have

g

1€T2

o%ss, log(d) log®(dy) o*log(ds)
- Op N2 - Op T y

since ss, log(dy) log(d) = O(N). Together with (1.75), we conclude that E[|||Ja]7' .., As;

1€J2
Vil|A] = O,(c+/log(d1)/N) when v7(-) = v,(+) and either (a) ||S;]|e < C almost surely or

(b) ss, log(dy)log(d) = O(N). By Markov’s inequality, we have

B 10g(d1)
H |j2 E Agz = p (O’ N ) . (176)
Together with (1.72) and (1.73),

1€J
: log(d:)
§ : § AV =0 =\t I
—1 "72 l p(U N )

1€J2
That is, for any ¢ > 0, there exists some )\@ = o4/log(dy)/N such that & occurs with

| <%}

probability at least 1 — ¢, where

ol

Condition on the event &. Then, now we have

>
kY

‘jgl Z Alz

1€J2

|j2| Z VTAﬂ) + )‘ﬁHBa2H1
ISNp!

A 2 :
<28 A0 + — Ay
< 22)a,, w;ﬁ(z ) -

=4

> (VAR + sl B; -
1€J2
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Since (35, Ali)z <330, A2, we have

6

1 _ ~ 12 "

7 > (VIAp) +2Xs]Bazlh < AsllAsll: + 7 DD AL +22]8 0,
2 e, 2 e, 1=4

which reaches (1.59) in the proof of Theorem 1. Repeat the remaining steps therein, when

N > sg, log(dy), with A\g < o4/log(d;)/N, we have

6 1/2
~ o . o sﬁalog(dl) 1 2
1Bo = Billo = |18lle = O | o/ B2 {337

€T =4

In the following, we further control the term |J5|™' .., A} for each | € {4,5,6}. By

Lemmas 1.5 and 1.8 with the Holder’s inequality, we have

1
E —E A2 | = E[A?
|\72|i€\72 : [ 4]
4 1/2
1 1 - 4
< — - E[UN (e, —
- {g(uma) g(UTé::)} [0 (@ =)

(725&1 Sa, 10g2 (d)
_o, ( 2 ) .

Under Assumption 4, by Lemma 1.5 with the Holder’s inequality, we have

E =F

1{A2'=a2}} T~ }2
11— ————= U, (s — )| Lip()2pa-
|:{ g(U;r(sZ) ( ) {p5(D#pal-)}

0*5a, log(d)
=0, (Tﬂ{pzc#pa(-)}) :

1
7 2 M

1€J2

Under Assumption 2, by Lemma 1.8 with the Holder’s inequality, we have

2
1 1 S
E =F — — Y, —Ula) | Loy
[{Q(Uﬁa) g(U,ng)}( )] (v (V#va()}

1 2
7 2 N

1€EJ2
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By Markov’s inequality,

1 6
@Zzﬁi

1€J2 =4

0255,5q, log?d 0254, log(d) o?ss, log(d)
=0y ( NZ t— N  MeOseor N ﬂ{uz(#uac)}) :

Therefore, we have
1Ba,2 = Ball2 = Op(rn),

with 7, = o/ 28 ljc:[g(dl) 47 fSJaS;a, log(d) e /%ng)]l{pz#pa} Ny /%Og(d)]‘{ngVa}' Similarly,

we consider the DR-imputation-based estimator ,(/3\(171 = B\Q(D Tis ?%R) defined as (2.11). In

~

this case, the expectations are taken w.r.t. the samples in D; §,(Dy,) and a,(Dg,) are
fitted using samples in Dy, and are treated as fixed or condition on. We also have the same

consistency rate for ,[/3\@71. Therefore, for ,@a = (Ba,l + B\a,g) /2, we have

1Ba = Bill> = Op(ra).

By Lemma 14, [VT (B, — B;) v < 20u/|8s — Bil2- By Lemma 1.2, for any r > 1,

(Elfu(S2) — m (SO Y = BV B~ BT} = 0B — Bill) = Oyfra).

Nested-regression-based estimator

Proof of Theorem 10. Let Y = Ula,, Y*=U'a!, X =V, S = (Vy)ics, M = |TJ|, and

6% = 2880,k1 °A%5q,. For any t > 0, let A\ := 3200,0:(y/log(d+1)/|T| +t) and A\g :=

3200,0.(\/log(dy +1)/|J|+1). Suppose that | 7| > max{log(d+ 1), (c3 + 100K3)sq, log(d +
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1),100x3sg, log(dy +1)}. Now, for the event & = {|J|™* ZZEJ[Y Y*]* < 62,}, by Lemma

1.6, we have

40 7|2

PE)>1—2exp | —— I
(&) 2 p< 142t + 2

) e exp(—ealT)) — 2exp(—cil T).

By Lemma 1.4, Apin(E[VVT]) > k; and V is sub-Gaussian with ||z V|, < 20,||z|ls, for
any x € R Additionally, under Assumption 2, |||y, < oo.. Here, ki, 0y, 0., and o,
defined in Assumptions 2 and 3, are positive constants independent of N and d. Hence, the
estimation rates of /é\a,NR in Theorem 10 follow from Theorem 8. To show the esitmation rate

of 1ignr(+), by Lemma 1.2, for any r > 1,

{E[ﬁa,NR<Sl) - MZ,NR( )] }1/T = { [VT ﬁa NR — aNR }1/r

2 % log (dy) Sau log
= O(||Baxe — Bixnll2) ( | St ) + oy e )

since HVT(BCL,NR — B i)l < 2(7u||Ba,NR — B; xxll2 by Lemma 1.4. Here, the expectation is

only taken w.r.t. the distribution of the new observation S;. [

Proofs of Auxiliary Lemmas

Proof of Lemma 1.3. By the definition of || X||y, = inf{c > 0: E[exp(X?/c?)] < 2} and

oloe(i)] -2

therefore, leading to ||X ||y, < 20. n

7

k:‘ 4o2)k kl(402)k

iad X2k] >, 2kg2KD(k 4+ 1) i1
) e TP oF

5



Proof of Lemma 1.4. (a) Observe that

Auin(E[UUT) = min & E[UU 114,_0, apean)]

xeRITL:||z|2=1

= min E[E[(UTw)z]l{AlzahAzzw}|U, Al = al]P[Al = (11|UH

zeRITL:||z|2=1

= min E[(U'a)? - P[A; = a2|U, Ay = a1] E[1{4,=0,3|U]]

@ERIHL |z || =1

= min  E[(U'@)*1g4,—a,) - P[As = a2|U, 41 = a4]], (1.77)

@ERIHL |2 ]| =1

where (i) and (ii) hold by the tower rule. Under the overlap conditions of Assumption 1,
P(CO S P[AQ :CLQ‘U,AI :al] S 1 —Co) =1.
Together with (1.77), under Assumption 3, we have

Auin(E[UUT])) > ¢, min  E[(UT@®)*114,—0,3] > cory > 0.

zERTL:||z|2=1

Additionally, we also have

Auax(E[UUT)) = max & E[UU 14,20y Aran))®

xERITL:||z]]2=1

(i)
<  max 2 E[UU"|x = M\ (E[UUT)) < 202,

~ @eRitHfola=1
where (i) holds since, by Assumption 3 and Lemma 1.2,
Amax(E[UUT]) = ”gﬁ?iclE[(mTU)Q] < ||gﬁ3§1 202 ||x||3 = 202 < . (1.78)
Besides, for any & € R¥*! and k € N,
Blla O] = Blla UPL, oy arman)] < Blle U 2 2000 ) Tk + 1),

where (i) holds by Assumption 3 and Lemma 1.2. By Lemma 1.3, we have

|z Uy, < 20]|z||2, for any @ € R,
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(b) Under Assumption 3, we also have

Amin(E[UUT)) = min E[(UT2)*1ia,=ay] > K1 > 0, (1.79)

2ERIHL: ||| =1

and by (1.78),

Msn(E[O0T) = max @ B[UU Lo

TERIHL ||z ]|=1

< max x E[UU|x < 202 < cc. (1.80)
TER ||z =1

In addition, for any € R and k € N,
E|lz"U*] = E|lz" U*1{4,-0,] < E[|="U[*| 2 2(0ull®l2)*T(k + 1), (1.81)
where (i) holds by Assumption 3 and Lemma 1.2. By Lemma 1.3, we have
|2 Uy, < 20,||x|2, for any x € R
(c) Note that

Amin(E[UUT]) = min  z' E[UU"]z

xERUHL:||z||2=1
0
> min @' E[UU Li4,—0]Z = Aain(E[UU ) > 5, > 0,

2ERM ||z 3=1

where (i) holds by (1.79). By (1.78), we know Apax (E[UUT]) < 202 < co. By Assumption

3, we have

|2 Ully, < oullz|l, for any € R*.

(d) Recall the representation (1.38), we also have

Amin(E[VVT]) = min .’BTE’[VVT]l{Al:aI}]:L'

xERUHL:||z||2=1
. T TAT
= xz EIQUU Leg oy
L [QUU Q ILia=a}]
(1) ) - - _ (@)
> min x E[UU 14— = Anin(E[UU]) > K >0, (1.82)

T zeRItTL:||x)a=1

7



where (i) holds since, for every ||z|s =1 and £z € R" ™ QT = (7,0,...,0)" € R4 and

hence ||QT x|, = ||z|]2 = 1; (ii) follows from (1.79). Similarly,

)\max(E[VVT]) = max :UTE[VVTII{AIZM}]m

zERU ||z 2 =1

T T™ThKT
= xz FEIQUU Lea,=ay)T
peri X [QUU Q 1{a,=as}]
)
< max @ E[UU1, 0T = Anax(E[UUT]) < 202 < 0,

T zeRItFL:|x)=1

where (i) follows from (1.80). In addition, for any k € N,

sup  Efle"V* = sup  Ella' QU
xCRUTL: ||z 2=1 zERU+L: ||z 2=1
i @)
< sup B[l UPY < 2(0u|a]l)*T(k + 1),

zERL:||z|2=1

—
=

where (i) holds since, for every ||z|l; = 1 and £ € R™ ||Q x|y = ||z||s = 1 ; (ii) follows

from (1.81). Hence, for any € R4 and k € N,
Ellz"V[*] < 2(0yl]|2)*T(k + 1).
By Lemma 1.3, we have V is sub-Gaussian with
|2 V], <2022, for any z € R4
(e) Lastly, note that

Amin(E[VVT]) = min  x E[VV']z

zeRUTL:||z|2=1

0
> min @' E[VV T 14,0p]z = Aain(E[VV']) > K > 0,

T zeRAFLz)=1

where (i) holds by (1.82). Besides,

A (E[VVT])=  max 2 E[VV']jz= max <« E[QUU'Q']z

xC€RUTL: ||z 2=1 zeRU+L: ||z =1

(i)
< max z E[UU"]z = A\ (E[UUT]) < 202 < o0,

T meRHLz||2=1
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where (i) follows from (1.80). In addition, for any k € N,

sup  Ellz'V[*] = sup  Ellz' QU

zeRUTL: ||z 2=1 zeRUTL:||z|2=1

() (i)
< sup  Blla"UP < 20y [lall2)*T(k + 1),

zERITL:|z|2=1
where (i) holds since, for every ||z|l; = 1 and £ € RM ||Q x|y = ||z|| = 1 ; (ii) follows

from (1.81). Hence, for any € R¥*! and k € N,
Ellz"V[*] < 2(0y[l]|2)*T(k + 1).
By Lemma 1.3, we have V is also sub-Gaussian with

2" Vly, < 20,22, for any & € R

Proof of Lemma 1.5. Now, we consider the Lasso estimator a, defined as (2.6), which is
constructed using the outcome 37, covariates U and training samples D;. Note that ay, is
a special case of B, (4.1). Let Y =Y* = Y, X = [~J, S = (Xy)ies, M = |TJ|, and dpy = 0.
By Lemma 1.4, Aui(E[UUT]) > ¢or; and U is sub-Gaussian with ||:13TI~J||¢2 < 20,||z||2, for
any ¢ € R¥!. Additionally, under Assumption 2, ||(||y, < ooc¢. Here, ¢, ki, 0u, 0¢, and o,
defined in Assumptions 1, 2, and 3, are positive constants independent of N and d. Hence,
the estimation rates of e, in Lemma 1.5 follows from Theorem 8. To show the estimation

rate of 7,(-), by Lemma 1.2, for any r > 1,
{B[Da(S) —vi(S)' Y = {EUT (&, — o))}V

. . Sa, 10g(d)
= O(||aa — agl2) = O, (0 T) :
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since ||[U" (&, — @)y, < 0ull@, — ||z under Assumption 3. Here, the expectation is only
taken w.r.t. the joint distribution of the new observations S. n

Proof of Lemma 1.6. Let Y = Y* =Y, X = U, S = (Xi)ies, M = |TJ|, and oy = 0.
Following the proof of Theorem 8, since d,; = 0, we have ||dg|[; > 4A7163,. That is, we are
under Case 2. Hence, § is in the cone set as in (1.66). By Lemma 1.4, ||a"Ul|y, < 20./la|2
for any @ € R4 and A\ (E[UUT]) > k;. Here, o, and &, defined in Assumption 3, are
positive constants independent of N and d. By Theorem 15 of [RZ12], with some constants
cs, ¢4 > 0, when | J| > 384, log(d + 1),

7 2 (U@ — @)} < 18l EIUOTDIG — i < 4578 — ol

with probability at least 1 — 2 exp(—c4|J]). In addition, by Lemma 1.5, we have

16 — ergl2 < 8K7 Aay/Sa,

4| T|t?
1+4+2t++/2t

with probability at least 1 — 2 exp(— ) — c1exp(—c2|J|). Therefore, with probability

2
at least 1 — Qexp(—lﬂﬁt\/%) — cpexp(—ca|J|) — 2exp(—c4|T]),

1 — T~
m Z[Uj(aa —af)]? <2880,k A2 S, -

Proof of Lemma 1.7. In this Lemma, we provide estimation rates for 4,, 7,(-), ga, and pg(+).
We allow model misspecifications that 7*(-) # m,(-) and p*(-) # pa(-). Note that, classi-
cal results for generalized linear models only consider correrctly specified cases; see, e.g.,

Corollary 9.26 of [Wail9] and Section 4.4 of [NRWY12].
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(a) We first show (1.48) and (1.49). In part (a), the expectations are only taken w.r.t.
the distribution of the new observation S;.

Consider the link function ¢(u) = log(1 + exp(u)), we have

§VT) = e s = mi(81)(1 = mi(S1)

Under Assumption 4, we have P(c2 < ¢"(VT~?) < (1 — ¢)?) = 1. By Lemma 1.4,
Amin(E[VVT]) > 1 >0, A (E[VVT]) < 202 < o0, (1.83)

and V is sub-Gaussian with ||z V||, < 20,|z|s for any £ € RE+1,

Next, we control the gradient at the potentially misspecified location: recall that the
underlying model may be misspecified and 7(-) not necessarily equal to m,(-); The true ~,
may not exists such that 7,(-) has a logistic form. Below we ensure and discuss the Restricted
Strong Convexity (RSC) as well as the properties of the gradient.

We first consider the RSC property. Note that, the RSC property (1.85) below only
depends on the distribution of S; and does not depend on the distribution of A;|S;. This is

because 607 (A, ) defined in (1.84) can be written as

1
o (A7) = 17 S [o(VIi(v +A) = oV — ATV (V)]
eJ

which is function of Sy;s, and Ay;s are not involved above. As a result, the model misspeci-
fication for m,(S;) = E(A;|S1) does not affect the RSC property. In below, we consider the

RSC property studied by [ZCB21]. For any v,, A € R4+ define
1
lg(Ya) := m Z [Qb(VzT'Ya) - ]l{Au:al}ViT'Ya] )
ieJ

(A = Lr(vi+ A) = Lr(v)) — ATV (7). (1.84)
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By Lemma 4.5 of [ZCB21], we have the following RSC property holds:

" log(dy + 1
507(A~2) 2 rill Al {||A||2 ey %mnl}

Kk1k3log(dy + 1)
2|71

K
= é!IAH% - IA[T for all |A] <1, (1.85)

with probability at least 1 — ¢; exp(—c2|J|), where ¢, ¢a, K1, k2 > 0 are some constants.
Additionally, the gradient |[|[V{7(v})|l is controlled in the following. We allow a
possibly misspecified model that 7} () # m,(-). Note that, even under model misspecification,

we still have (1.87) below. Hence, |[Vl7(7)||s is the maximum of zero-mean random

.
-2
A

> 7") . (1.86)

variables. By the union bound, we have

A
* > 7)) =
P (”Vﬁj(%)um - 2 ) P <1§rjn§%)f+1

di+1
1 «
< E P (‘ |j| E (g(VzT’y() - 1{A1i=a1})vi7j
Jj=1

eJ

1 *
71 Z(Q(V;’Ya) — Tiay=a}) Viy
icg

where g(u) = exp(u)/{1 + exp(u)} is the logistic function. By definition, v} =

arg min, cpa+1 E[{(7,)], where for any v, € Ré+L
((Ya) == E [#(V'¥a) = Liay=ay V' a) -
By the first-order optimality condition, we know that
VEU()] = B [(9(V'Y2) = Liay=a}) V] = 0 € ROHL (1.87)

Additionally, since [¢(V"4;) — L{a,=a;3] < 1, by Lemma 1.2 and under Assumption 3, for

any 1 € J and 7 < d; + 1,

19(Vi¥2) = Lian—ai}) Viglle < 1 Viglles < o
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That is, (¢(V,;'~}) — Liay,=a1}) Vi is & zero-mean sub-Gaussian random variable. Hence, by

Hoeffding’s inequality, for each j < d; + 1,

( m Z VT’Ya) ]]‘{Alz—al})v

eJ
2 exp(—|Tt?)

< 2exp (— log(dy +1) — ’j’tz) dy +1 ’

where for any t > 0, we set Ay = 4v/20, (/"% Eﬁl) +t). Together with (1.86), it follows

that
* )\’7 2
P LI (va)lleo = 57 | = 1= 2exp(=|T 7).
Together with (1.85), when |J| > 64354, log(d; + 1) and 9s,,A2 < 7, by Corollary 9.20
of [Wail9], we conclude that

3 V S'Ya )\'Y

~ ~ 65, A
1Fa —Yill2 < e |¥a — il < —222,

with probability at least 1 — 2 exp(—|J[t?) — ¢1 exp(—ca|J|). Hence, when |J| < N and

N > s, log(dy), with some A7 =<

N . 5~, log(d
1¥a = all3 = Op (—7 N( 1)> : (1.88)

Now, we show the estimation rate for 7,(-). In the following, we will use Taylor’s Theorem
to control the estimation error of 7,(+) by the estimation error of 4, as in (1.90). Then, we
apply the estimation rate (1.88) proved above to obtain the rate for 7,(-).
Recall that g(u) := exp(u)/{1 + exp(u)} = ¢'(u) for any v € R. Note that, for any
u*, A € R,
dg(w +tA) — g(u*))?
dt

d*(g(u* +tA) — g(u*))?
dr?

=2(g(u" +tA) — g(u"))g'(u” +tA)A,

= 2(g'(u* +tA))* A% + 2(g(u" + tA) — g(u”))g" (u* + tA)A?,
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where, for any u € R, since g(u) € (0,1), we have

g'(u) = g(u)(1 —g(w) € (0,1), g"(u) =g(u)(1—g(w)(l—29(u)) € (=1,1).  (1.89)
Set u* = V'~* and A = V' (5, — ~*). By Taylor’s Theorem, with some ¢ € (0, 1),

Elg(V'3.) —g(VTy)]? = Elg(u* +1- A) — g(u")]?

dE(g(u” +tA) — g(u))?

= Elg(u* +0-A) — g(u*)]* + 7

t=0
PE(g(u +tA) - g(u)?|
2dt? ~

t=t

=0+ E[2(9(u"+0-A) = g(u”))g'(u* 4+ 0- A)A]
+ E[(¢ (u* +tA))2A% + (g(u” + tA) — g(u*))g" (u* + TA)A?]

= E[(¢'(u" +1A))*A% + (g(u* +TA) — g(u*))g" (u* +tA)A?]

< 2B(A%) = 2BV (R, — )]
where (i) holds since, by (1.89), (¢/(u* +tA))? < 1 and (g(u* +tA) — g(u*))g” (u* +1A) < 1.
Hence,

E[7a(S1) — m(SU))* = Elg(V'7a) — (V7)) < 2E[V' (7. — 72> (1.90)

Then, from (1.83) and (1.88), we have

Blfa(80) - w8 < 2BV TR, — 21 = 0, () oy

(b) Now, we show (1.50) and (1.51). In part (b), the expectations are only taken
w.r.t. the distribution of the new observations S.

By Lemma 1.4, we know that the minimum and maximum eigenvalues of covariance

matrix E[UU"] satisfy

Amin(E[UUT]) > k) > 0, Anax(E[UUT]) < 202 < o0,
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and U is sub-Gaussian with ||z Ul|y, < o,/|z|2 for any € R**!. Additionally, we also
have P(c2 < ¢"(UT4,) < (1—cp)?) = 1 under Assumption 4. Repeating the same procedure

as in part (a), we also have

S * S8, lOg(d)
13, - 8zl = 0, (= EY )

and

E[p.(S) — pi(S)? = E[g(UT8,) — g(UT8:)]? < 2E[UT (8, — 82))?

- . ss, log(d
< 2 E[UUT]RIG, - 815 = 0, (20,

Proof of Lemma 1.8. In this proof, the expectations are only taken w.r.t. the distribution
of the new observations S (or only S; if Sy is not involved). By Lemma 1.7, we have

P(A) =1—o0(1). By Minkowski’s inequality, we have
{ERa(S1)I7} ={E[1 +exp(=V',)["}7 <1+ {Elexp(=V'7,)["}+.

Under Assumption 4, we know that

1 —
P( D <exp(-VTy) < C“) ~ 1. (1.92)

1— Co Co
which implies that

{Elexp(=VT3,)["}r = {Elexp(~V ) exp(—V T (Fa — )"}
1 _

Co

- ~ At
< ——{Elexp(-V (F. =)'}

Hence, to prove { E[7,(S;)|™"} is bounded uniformly, i.e., bounded by a constant indepen-

dent of N, it suffices to show {E|exp(—rV T (F, —~))|}+ is bounded uniformly.
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Let u = E[|[V' (7, —v/)|]. By Lemma 1.4, we have

HVT(ﬁa - %)sz < 2‘7u”'/7\’a - 'YaHQ- (1'93)

Now, condition on the event A, we have

S A/ Ta0y, ”MH'@ZJZ < (logQ)_l/quagu’ (1'94)

which follows from Lemma 1.2. Note that, in the above, the 1s-norm is defined through the
probability measure of a new observation S;. By basic properties of Orlicz norm || X +Y||, <

| X, + |[Y || s, We have

VT e =) = s <NV Fa = Al + lttllw < [1+ (log2)™ 2 /7o,
and with it that the moment generating function can be bounded with

Elexp{r(IV' (3 — 72)| = 1)}] < exp{2r?[1 + (log 2)""/* /7,07,

wl

Using (1.94), we get that

{Blexp(—rVT (3, — v} < {Elexp(r|VT(Fa — 72} (1.95)

< exp{ /Ty + 2r[1 + (log 2)~V/2\/7,)? 02

ulJ?

which is bounded and hence {E|7,(S1)|™"}+ is bounded uniformly. Repeating the same

‘—27‘

procedure above, we can obtain that {E|7,(S;)| 72"} is also bounded uniformly, which will

be used later on in the proof. By (1.92), we have

1 1Y o I N
{E T.(S1) 7Sy } = {E|exp(=V'¥))exp(=V ' (F. — ) = 1"}
< 1 ;OCO {E’ eXp(—VT('?a _ '7;)) . 1‘7"}%. (1,96)
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For any w € R, by Taylor’s theorem, exp(u) = 1 + exp(tu)u with some ¢ € (0,1). Hence,

with some ¢ € (0, 1)

lexp(= V' (Fa —72)) — 1| = exp(—tV (Fa — ¥V (Yo — 7))

(]

<[ +exp(-=V'(Fa =)V Fa =72, (1.97)

—~
=

where (i) holds since for any t € (0,1) and u € R, exp(tu) < exp(u) when u > 0 and
exp(tu) < exp(0) = 1 when u < 0, and it follows that exp(tu) < 1+ exp(u).

Combining (1.96) and (1.97), we have

1
11 U 1-q TS a1l
{E 7(S1)  m(S1) } < = Blep(=V (G =) — 11}
1 - . o
< COCO {E|1+exp(-VTFa =¥V @ — 70|}
@) 1— N N
< —{ENV G-}
0
1_CO TS * T/o =\ |7 %
T {E|lexp(=V T =)V A —7)| }
@) 1 — R et
< c 2 {E‘VTh’a_'Ya)‘ }T
0
1— N (2] 3 N og2r) 7
COCO {Elexp(~-VTF -7} {EV G-}

where (i) holds by the Minkowski inequality; (ii) holds by Holder’s inequality.
Recall the equation (1.95), we know that {E|exp(=V T (F, — )2}z is bounded

uniformly. In addition, recall the equation (1.93), by Lemma 1.2, we have

N wxiry L N . i 5, log(d
{E|VT(7(1 _7a,>| }T - O(’|7a _7(1”2) Q OP ( ng(l)> )

where (i) holds by Lemma 1.7. Therefore, we obtain that

{E } =0, ( %g(dl» . (1.98)

1 1

Ta(S1)  mi(S1)

a
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Repeating the same procedure, we obtain that {E|p,(S)|™"}+ is bounded uniformly and

{E } =0, ( %‘M) . (1.99)

1 1
Pa(S)  pa(S)

Therefore,

ﬁ
H/—/
Sl

1 1 1
7a(S1) <ﬁa<8> ol
1 1
pa(S)  pi(S)

@ ( \/ 5, log(ds) + 56, 1og<d>)
0, J |

where (i) holds by the Minkowski inequality; (ii) holds by Holder’s inequality; (iii) holds by

ISIES

(1.98), (1.99), and the fact that {E|7,(S;)| 72"} is bounded uniformly. n

1.8.5 Asymptotic theory for general Dynamic Treatment Effect
(DTE)

In this section, we consider general nuisance estimators and general working models.

Below we introduce some shorthand notations that increase the readability of the proofs.

~ ~ ~ ~ ~

With a slight abuse of notation, U.(-) = Ve—i(+), He(-) = He—k(-), Te(-) = Te—(-), and

Pe() = pe—k(+) are estimates of the nuisance functions v.(-), u.(-), 7.(-), and p.(-) using the
training samples W_j,. We also define A(-) = A_,(-) and JC() = {D\C,,k() for each ¢ € {a,d’}

and k£ = 1,..., K. We suppress the dependence on k when possible. Note that we have

~

A(W) = thy(W) — Ja/(W), where for each ¢ € {a,d'},

~ . Ve(S) — 11(S1) Y —7,(S)
c W) = c S 1 =c = 1 =c =9l X T A~ T
w ( ) % ( 1) + {A1=c1} Wc(Sl) + {A1=c1,A2 2}7Tc(81)pc(s)

(1.100)
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Define A*(W) = *(W) — ¢k, (W), where for each ¢ € {a,d’},

a a’

\ ) va(S) — p12(S1) Y —v:(S)
W) = Tra— Tra— el ——————— .
V(W) = pe(S1) + Tar=er) 75 (S1) * {Al_cl’AQ_CQ}W*(SﬁpZ(S)

C

(1.101)

Define éé’;)l =n"" Y er, A(I/VZ), where n = N/K = |Z;|. Then é\gen = K! Z?:l 9&21 For

each k =1, ..., K, we divide 9&2 — 0 into four terms 17,715, T3, Ty,

08 —0=n"> A (W) —0 =Ty + T+ T+ T, (1.102)
iGIk
where
Ty := E[A*(W)] — 6, (1.103)
T, :=T" = E[A(W) — A*(W)], (1.104)
1
Ty =Ty = =" A (W) — E[A*(W)), (1.105)
n ZGIk
1 ~ —~
Ty=T{" = = 3 (AW — A" (W] = E[AW) = A* (W) (1.106)
1€Ly

Auxiliary Lemmas

Lemma 1.9. Suppose that at least one of pi(-) and wi(-) is correctly specified, and at least

one of the models v:(-) and pi(-) is correctly specified. Let Assumption 1 hold. Then,

T, =0, (1.107)

where T is defined as (1.103).

Lemma 1.10. (a) Suppose that at least one of p’(-) and 7 (-) is correctly specified, and at

least one of the models vi(-) and pk(-) is correctly specified. Let Assumptions 1, 4 and 5 hold.
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Then

T = Op (bNCN + andy + bNﬂ{ﬂ;?g,ra} + CLN]l{pZ;,gpa} (1.108)
+ enV B¢ + e sy + dn E[CQ]E{%M}) ;

where Ty is defined as (1.104).

(b) Suppose that all the nuisance models (5(-), vi(-), mi(-), and pi(-) are correctly

a

specified. Let Assumptions 1 and 5 hold. Then
T2 = Op (bNCN -+ CLNdN) . (1109)

Lemma 1.11. (a) Suppose that at least one of () and 7w:(-) is correctly specified, and at

least one of the models Vi (-) and pi(-) is correctly specified. Let Assumptions 1, 4 hold. Then

12— 0, (< [VERT + VEET + VEE) ), (1.110)

where £ == 11,(S1) — e (S1) — 0 and Tj is defined as (1.105).

(b) Suppose that all the nuisance models ((-), vi(-), mi(-), and pi(-) are correctly

a

specified. Let Assumption 1 hold. Then we also have (1.110).

Lemma 1.12. (a) Suppose that at least one of p’(-) and 7 (-) is correctly specified, and at
least one of the models Vi (-) and pi(+) is correctly specified. Let Assumptions 1, 4 and 5 hold.

Then

T, =0, (\/LN [aN + by + VEC] + E[e?}]) : (1.111)

where Ty is defined as (1.106).
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(b) Suppose that all the nuisance models pi(-), vi(-), mi(-), and pi(-) are correctly

a

specified. Let Assumptions 1 and 5 hold. Then

1 2 2 2
T4 = Op (\/_N(QN + bN + CN(\/E[C ] + E[€ ]) + dN\/E[C ])) . (1112)

Lemma 1.13. Suppose that at least one of p:(-) and 7i(-) is correctly specified, and at least
one of the models v:(-) and pi(-) is correctly specified. Let Assumption 1 hold.
(a) Assume that E[L{a,—a,1(1a(S1) — 15(S1))?] < Co?, with some constant C,, > 0.

Then

BIC?) + Ele?) + Bl < (i n 6@) o,

where 0 ;= B(A*(W) — 0)2.

(b) Let Assumption 2 hold. Then

B¢+ B + BleY < (3 +202) o7

€o

Lemma 1.14. Suppose that all the nuisance models (i (-), vi(-), 7i(+), and pi(-) are correctly

) a

specified. Let Assumption 1 hold. Then we have for some constantst > 0 and Cy > 0 possibly

dependent with t, such that

0% = B(A* (W) — 0)* = E(A(W) — 0)* > E[¢*]| + E[e?] + E[¢%], (1.113)
20,

142t
Co

BIAY (W) = 0P < g B[P + e + €] (1.114)

Lemma 1.15. Suppose that all the nuisance models (% (-), vi(-), 7i(-), and pki(-) are correctly

specified. Let Assumption 1 hold. Define 62, = N~ S n | Zzezk(ﬁ(wz) - é\gen)2 and 0% =

B(A*(W) — 0)%. If

Oien = 0 = Oplor/VN), [% ST 1AW - A*(W»P] = ay(0),

1€y,
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for each k < K, and [E|(A*(W) — 0)]2+]25 < Co? for some constant C, we have

Goy — 00 = 0p(0?). (1.115)

Proof of Theorem 6
Recall the representation (1.102). By Lemmas 1.9, 1.10, 1.11, and 1.12, we have
T, =0,
" =0, (chN + andy + v iz trmey + anl e 20,
vV E[C + €L sy + dN\/m]l{u#ua})’
1~ 0, (= [VE + VB + VEE) )

N
119 =0, (s [ox + b + VETT + VEET) ).

2= 3

Together with Lemma 1.13 and further assume that E(u}(S1) — 14(S1))? < Cj0? with some

constant C,, > 0, we obtain

K
Ogen — 0 = K> (Ty+ T3V + T3P + 77
k=1
= Op (bNCN + CZNdN + bN]l{W;?gm} + aN]l{p;;;épa}

1
+eno Ly + dvo L2,y + \/_NU> :

Proof of Theorem 7

In this theorem, we consider correctly specified nuisance models.
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Consistency Recall the representation (1.102), by Lemmas 1.9, 1.10, 1.11, and 1.12, we
have
T, =0, (1.116)

1 = 0, (byew + andy)., (1.117)

119 = 0, (< [VE@ + VEFT + VEE) )

119 = 0, (low + b+ ex(VEITT + VEED + ayVECD) . (g

By assumption, bycy + andy = o(aNfl/Q). Together with Lemma 1.14, we obtain that

K
egen _ 9 — K*l Z(Tl + TQ(k) + Tg(k) + Tsz))
k=1

=0 <\/LN [\/W+ VE[ + \/E[fz]] +byen + (lNdN)

1 2 2 2
1o, <ﬁ<aN t by + en (VBT + VEF) + dyVE D)

“o,( L) 1119

Asymptotic Normality Now, we demonstrate that \/Na_l(ggen —60) ~ N(0,1). By

(1.116), (1.117), and (1.118), under Assumption 5 and bycy + andy = o(c N~1/?), we have
Ve (T + TP + 1Y) = 0,(1)
for each k < K. Hence, we only need to show
K N
VN K1Y TP = /No ™! (N‘1 > AW - 9) ~ N(0,1),
k=1 i=1

where T. ?fk) is defined as (1.105). By Lyapunov’s central limit theorem, it suffices to show

the following Lyapunov’s condition holds: with some ¢ > 0,

EA* _ 24t
L EIATV) — 0

n—00 TL% g2+t

=0. (1.120)
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Step 1 To check Lyapunov’s condition, it suffices to show that for some constant C’ > 0,

E|A*(W) — 6]

o2+t

<. (1.121)

By Lemma 1.14, we have, for some constants ¢t > 0 and C; > 0,

BIA(W) ~ 6% _ 20, BIGPH + e + [
N T R R I
20, (BICE | Blpr) |, Bl 2,
ik ((E[@])H% @ <E{521>1+5> i

< (1.122)
Co

where the last inequality follows from Assumption 4. Taking C" = 2CC; /™™, we get (1.120)

and hence the Lyapunov’s condition holds.

Step 2 By (1.119), we have é\gen —0= Op(a/\/ﬁ). Here, we show that, for each k& < K,

1
2

[% GZI AW — AW = oy(0). (1.123)

Note that
Bl S IA0) - NGO g {EEZ Bav) - ] }é (1.124)
2 [BIAW) — A" (W)} (1.125)

% 0, (ax + b + ex(v/EIE + EE) + dy/EICH).

where in (1.124), the expectations are taken w.r.t. the joint distribution of (W;)cz,; in
(1.125), the expectation is taken w.r.t. the joint distribution of a new W. In the above,
(i) holds by Jensen’s inequality; (ii) holds since the estimator of nuisance functions are

independent of {W;};ez, based on cross-fitting, {W, }icz, are i.i.d. distributed and W is an
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independent copy of them; (iii) holds by Lemma 1.12. By Markov’s inequality, we have

(NI

[% SR - A*(W»F]

1€Ly,

= Oy (a + by + ex(VEIC] + VEE) + dxv/EIT]) = 0,(0).

Together with (1.119), (1.120), (1.123), and Lemma 1.15, we conclude that

Proofs of Auxiliary Lemmas

Proof of Lemma 1.9. Recall the definition (1.103). Since 6 = 6, —6, and A*(W) = (W) —

a

¥, (W), we have
Ty = (B[, (W)] = ba) — (E[Yy (W)] = 0u).
By Lemma 1, we have 0. = E[)}(W)] for each ¢ € {a,a’}. Therefore, T} = 0. ]

Proof of Lemma 1.10. In this proof, the expectations are taken w.r.t. the distribution of
new observations S (or only S; if Sy is not involved). We only focus on the treatment paths

a=(1,1) and a’ = (0,0). We begin by decomposing 75, (1.104), as a sum of six terms

AW) = A (W) =>"Q;, (1.126)
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where

Q= i ) e ) (1.127)

Qn = =55 FulS) ~u(S) — — 85 ((9) — i(8), (1.128)

Qs = (1) — 1 (S1), (1.129)

(17:;/ gl))<,)1;,_(s?2) (Y —(S)), (1.130)

Qn = S OS) ~ () + b (8) —p(S). (113D

Qo 1= —[1a'(S1) + g (S1). (1.132)

Hence, we have the following representation for T:

Ty = E[A(W) — A*(W)] = z;E[Qi], (1.133)

where the expecatations are only taken w.r.t. the distribution of the new obseravtion W.

(a) We first obtain an upper bound for E[Q; + Q2 + @Q3]. By the tower rule,

Alpa(s)

_ Alpa(s) —_—
Bl =F | = 75 (S1)pi(S)

7Ta(S1),3a(S) (Va(S) - l/j\a(s)) -

(va(S) = va(8))| -

Through rearranging, we have the following representation:
8

ElQi+Q:+Qs] =) R, (1.134)

i=1
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where

o [Ape(S)(Wa(S) —vg(S) (11
B TS <pz<s> z<s>>} ’ (1-185)
Ry :==FE 7T;<Sl)(/7a<sl> - H:(Sl)) (7‘(’*(181) - %\a(lsl)>} ) (1'136)
o [A(PE(S) = pa(S)) (7a(S) — 14 (S))
Ry :=F = (51)7.(S) } , (1.137)
o [ @ (S1) = A (1a(S1) — p5(S1))
Ry :=FE - )
(@) - [ (ma(S1) = 7a(S1)) (Fa(S1) — 125(S1))
=F _ ~ S } , (1.138)
o [Ari(S)(a(S) —w(S) (11
BT ASY <p:;<s> ﬁa<s>)} | (1-139)
Re :=E | Ay (p15(S1) — 11a(S1)) (w*(lsl) - %a(lsl))} , (1.140)
- A1 Ay “(S) — vi(S) —v
BB | (=i~ s ) )~ ()04~ (S)
2o, (1.141)
o [A(@a(S1) — ™ (S1)) (1a(S1) — va(8)) ] G
Ry :=F { = St (5) } . (1.142)

Here, (i) holds by the tower rule; (ii) holds since either p(:) = pa(-) or pi(:) = uq(-) by
assumption; (iii) holds by the tower rule and the fact that p,(S1) = E[v.(S)|S1, A1 = aq].

We condition on the following event

54 = {P(CO S %G(Sl) S 1— Co) = ]., P(CO S Z)\a(S) S 1-— C(]) = ].} . (1143)

Under Assumption 5, the event &, occurs with probability approaching one. In the following,

we use Cauchy-Schwarz inequality to obtain an upper bound R; (i € {1,...,6}). For R;+ Ry,
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on the event &, we have

&+&_%W@@%ﬁ@WMM%®—ﬁ@Wﬁ
+ (B (S1) - () B(7(S:) - (80}
= Op (bNCN + CLNdN) s (1144)

under Assumption 5. For R3 + R4, on the event &, we have

&+&§%W@@%ﬂ@ﬁﬁﬂ%$—%®ﬂé

Ly ()£pa - ~ N 1 L)t ~ % 1
< SRR B@(S) — vi(S)1 T + B (S1) — (8D,

since
\ ) . N0
E(pa(S) = pa(S))” = Loz ()20a (3 E(02(S) = pa(S))” < i ()#£pa ()}
(i)

E(m3(S1) = 7a(S1))* = Lims ()tma (1 E(T5(S1) = 1a(S1))? < Lims(9ma(}
where (i) and (ii) hold because p,(S) = F(A2|S, A1 = a1) € (0,1), m,(S1) = E(A1]Sy) €

(0,1), and, under Assumption 4, p¥(S),7:(S1) € (0,1) with probability one. Hence, under

»a

Assumption 5, we have
Rs + Ry = Op (bNLiry()ma(1) + OV Lz (1001} (1.145)

As for R5 + Rg, similarly, we have

Rs+ Ro < SE(u(S) - pi(8))2% [BlAL(v:(S) — va(8))Y]?
+ C—%[E(%a(sl) —m(S0)7) [ELAL((S1) — 1a(S1))]] (1.146)
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N

Here, we need upper bound for [E[A; (v*(S) — v4(S))2]2 and [E[A; (13 (S1) — 1a(S1))2]2.

By definition,
C:<a+ga/7 5:5a+€a’7 )/:3/(a)141142—i_}/<0,0>(1_141)<]_—142>7

where

Hence, we have
B > BlA ALY = EI¢) = ElAAao(Y - v(S))) (1.147)
Note that

E[AIAZ(Y - Va(S))(Va<S) - V;(S))]

—~

Y BE[AAx(Y (a) — va(S))(va(S) — v (S))IS, A1 = 1] P(4; = a,[S)]
W B[E[A,[S, A = al)(E[Y(a)[S, A = a1] — va(S))(va(S) — v(S))P(As = au[S)]
@ g,
where (i) holds by the tower rule and the fact that A, AY = A;A,Y (a); (i) holds under

Assumption 1; (iii) holds since v,(S) = E[Y (a)|S, A1 = a1]. Therefore,

E[ALA(Y — v (S))] = E[AA[(Y — () + (va(S) — v (S))?] (1.148)

|

> E[A; Ay ((S) — va(9))?] 2 E[A1pa(S)(1(S) — va(S))?]

where (i) holds by the tower rule; (ii) holds under Assumption 1. Together with (1.147), we

have

E[A(v(S) — va(S))] < —E[¢?). (1.149)
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Besides, note that

E[A1(¥a(S) = 11a(S1)) (1a(S1) — 11,(S1))]

= El(1a(S1) = 1a(81)) E[(va(S) = 11a(81))[S1, A1 = a1]P(A1 = aa[S)] = 0,
since E[v,(S)|S1, A1 = a1] = pa(S1). Therefore, we have

E[A1(va(8S) — 1a(S1))?] = E[A1(va(8S) — 1a(S1)?] + E[A1(1a(S1) — 12(S1))?]

> E[A1(p1a(S1) — 115(S1))?]. (1.150)
Additionally, observe that

E[A1(va(8) — 12(81))7] < 2E[A1(v5(S) — va(8))*] + 2Eeg]

2 zE[CQ} +2E[A€%] < 3E[C2] +2E[?,
Co Co

where (i) holds by (1.149) and the fact that 2 = A;e%. Together with (1.150), we obtain

BLAw(13(81) — 180 < — B[] + 2B (1.151)

Therefore, under Assumption 5,

N

[B[A (VX(S) — va(8))?]]2

a

&+ms%@@®—@®ﬂ

v L BG.(S) - 780

Co

=0, (CN\/ Bl + L (zpaty +dny E[CQN{V;(-)#%(-)}) : (1.152)

=
NI

[E[A; (15 (S1) — Ma(s1))2“

Pluging (1.141), (1.142), (1.144),(1.145), and (1.152) into (1.134), we obtain

ElQ1 + Q2 + Q3] =0, (chN + andn + b Lirz () #ma ()} T AN Lpz()20a()

+ enV E[C + €L () tua(y + ANV E[CQ]E{V;C)M(J}) :
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By repeating all the previous steps, we can obtain the same result for E[Q4 + Q5 + Qg)-
Therefore, (1.108) follows.

(b) When all the nuisance models are correct, Assumption 4 holds under Assumption
1. Hence, by part (a), we also have (1.108). Since all the nuisance models are correct, we

further conclude that (1.109) holds. ]

Proof of Lemma 1.11. (a) Recall the definition (1.105). By Chebyshev’s inequality, we have

for any ¢t > 0,

P(|Ts] > t) < Var( > AW, )g#E[A*(W)]?

€Ty

To prove (1.110), we only need to show [E(A*(W))2]2 O(\/E[C?] + VE[?] + \E[¢Y).

By Minkowski inequality, we have
[B(A*(W))Y)z < ZTs,i, (1.153)

where

T3’4 = |F

Tys = [ (1(S1) — 1 (S1) — 0)°]%

We bound each of the above terms in turn. Under Assumption 4 and recall the equation
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(1.147), we have

Tyy < SEA ALY - v (8))]} <

2

Elc. (1.154)

Similarly, since E[e?] > E[Ae%] = E[e2] = E[A1(v}(S) — 1:(S1))?], we have

1 1 1
Tz < —[B(A0(S) - (S0P < — VB (1.155)
0 0
Repeating the same process for T3 3 and T34, we also have
1 1
T35 < =V E[?], T34 < Vv Ele?). (1.156)
0 0

Additionally,

2B+ 281 2 BLA(81) - (80P D Blr(S1)(0c(81) — (1))

D OE((S1) - 1a(S1)Y,

where (i) holds by (1.151); (ii) holds by the tower rule; (iii) holds under Assumption 1.

Similarly, we also have

CEOE[&] +2E[eY] > coB[(15(S1) — par(S1))7].

By Minkowski inequality,

Tys < [B(13(S1) — 1a(S1))22 + [E(ui(S1) — ua/<sl>>21% + [El¢Y)?

32\/ > BIC) + Bl + /B < 2 VI + sz 2]+ VEE. (1157)
0

0

Plugging (1.154)-(1.157) into (1.153), we have

(B W))E =0 (VEIC] + VEE] + VEET)
en all the models are correctly specified, Assumption 1 implies Assumption 4.
b) Wh 11 th del 1 ified, A i implies A ion 4

Hence, by part (a), we also have (1.110). n
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Proof of Lemma 1.12. In this proof, the expectations are taken w.r.t. the distribution of
new observations S (or only S; if Sy is not involved). Additionally, we condition on the
event &, defined as (1.143). Under Assumption 5, such an event occurs with probability
approaching one.
(a) We first show (1.111). Recall the representation (1.126), by Minkowski inequality,

we have

6

[BAW) - A" W) <Y [B@D)7,

i=1

where Q; (i € {1,...,6}) are defined as(1.127)-(1.132). Then, by Chebyshev’s inequality, it

suffices to show

S_IE@)) = 0, (ax + by + VECT] + VEE]).

Additionally, under Assumption 4, we also have
Plco <mi(S1) <1—co) =1, Pleg <pi(S)<1—¢9) =1.

For the first term [E(Q?)]2, under Assumption 4 and on the event &,

E@Q})?
< C—%{E[AIAQWQ(Sl)pa(S)(Y ~ u(8)) — AL AsTL(S)B.(S)(Y — vi(S))}
< ;%{E[w;<sl>pz<s><u;<s> ¢ = 7u(8)) — Fu(S1)P(S)CI)?
@ 1 (E[PA(S) — ()2} + %{Ewsm@ —mS)AE)YE (1158)

where (i) holds by the fact that |A;] < 1, |As] < 1 and A1 AY = A1 A (S) + A1 As(;

(ii) holds from Minkowski inequality and the fact that P(7}(S;)pi(S) < 1) = 1. Since
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PO <7(S1)pi(S) <1)=1and P(0 <7,(S1)pa(S) < 1) =1 under &, we have

| —

[B(Q})]: < C—E[E(ﬁa(S) —vr(8))Yz + - [E(C?)]2 =0, (bN + \/E[Q‘?]) . (1.159)

Ok

Similarly, for the second term [E(Q2)]z, under Assumption 4 and on the event &,

[NIES

[E@3)? < %{E[AWZ(SO(%(S) — 1a(S1)) = A17a(S1)(v;(S) — 1 (1))}

< j—g{E[WZ(Sl)(ﬁa(S) — 71a(S1)) — 7u(S1)e]?} 2
< S B0.(8) = vi(8)1) + 1B () - (S)):
+ S UEIR(S) - (S o
< SE0U(S) = vi(8)E + S E@(S) = (S0 + S{EE)
=0, (ax + by + VEFT). (1.161)

where (i) holds from the fact that |A;| < 1 and A1v}(S) = A% (S1) + A;e; (ii) holds from
Minkowski inequality and P(7%(S;) < 1) = 1; (iii) holds by the fact that P(0 < 7(S;) <

1) =1 and P(0 < 7,(S1) < 1) =1 on &;. For the third term [E(Q2)]2, we have
[E(@3)]2 =0, (by) (1.162)

under Assumption 5. Combining (1.159), (1.161) and (1.162), we obtain that

B@D]} + [B@))F + (B = 0, (ax + by + VBT + VEE])

Repeating the same procedure above, we also have the same result for [E(Q2)]2 + [E(Q2)]z +

[E(Q2)]z. Then, (1.111) follows.
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(b) Now, we show (1.112). By (1.158), under Assumption 5, we have

BQ))F < C—%[E@(S) —a(8))2)}

+ IS HEIRS)7:(S) = ma(S1)pa(S))}
< ZIEG(S) - va(S)7E + L ERS0AS) - maS ()P

Hence,

[N

[BQD)E = Oy (ax + (en + dn)VELT).

In addition, by (1.160), under Assumption 5, we have

(B(@3)? < C—%[E(ﬁa(S) — 1,(S))¥7 +

=0, (aN + by + cn E[52]> )

Besides, by Assumption 5,

[B(Q3)]7 = 0, (by).
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Repeating the same procedure above, we also have

Now, we have

[EQAW) -

A (W))7]

[BQ))E =0, (ax + (en +dn)VEL])

NI

[E(Q3)]

N|=

[E(Q7)]

N

<aN + by +cn E[z—ﬂ) ,

O, (bn) -

=Op (aN + by + en(VE[C] + VE[EY) + dy

By Chebyshev’s inequality, we conclude that (1.112) holds.

Proof of Lemma 1.13. (a) We notice the following representation:

where

02'

032

0422—

S

Or

Os

A W) =0=> 0,
A1A2(Y - ’/a( )
T (S1)pi ’

i)

Al(ya S) a S ))

72 (S1) 7

a

(1—A)A - A)(Y —va(8S))

IR .

_1—A1 (1_ 1— A,
T (S1)

P (S)

) 025) - (),

< A
=11-=
Tra

e ) (s
) v

_(1_

= ﬂa(Sl) -

(1= A)(w(S) — pa(S))

T (S1)

*
a
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— 1a(S1))

(Sl) - Ma’(sl))a

EC7]).

(1.163)

(1.164)
(1.165)
(1.166)
(1.167)
(1.168)

(1.169)

(1.170)

(1.171)



In the following, we demonstrate that
8
o’ = E(A*(W) - 0)> =Y _E[0])]. (1.172)

i=1

It suffices to show that E[0;0;] = 0 for all ¢ # j. Firstly, since A;(1 — A;) = 0, we have

0,0; =0, foreach i€ {1,2,3}, and j € {4,5,6}. (1.173)

Step 1 We show E[0,0;] = 0 for each ¢ > 2. By (1.173), we know that O;0; = 0 for

i € {4,5,6}. Note that, O3, O7, Og are all functions of (S, A;). Hence, for each i € {3,7,8},
E[OlOZ] = E[OlE[OﬂS,Al = al]P(Al = a1|S)] = O,

since
(@) E[A2|S7A1 = al]E[Y(a> - Na(sl)lsa Ay = al] (1)

Flous A =al = w2 (500(5) -0

where (i) holds under Assumption 1; (ii) holds because E[Y (a)|S, A1 = a1] = pa(S1). Be-

sides, we note that

A As(Y — (S (72(S) — va(S)) (0(S) — 1)

El00] = F [ (72 (5105 (8)?
0 o [ElAalY (@) = va(S)IS. A = a)(7(S) ~ vaSDEES) 1)
- E[ (mS0(S)) Pl = I'Sﬂ
@ - [P S)ELY (0) ~ (S)S. Ay = ai]((S) ~ (SN 1) o,
- E[ (TS0 (5))? Pl = 1'8)}
@ .

where (i) holds by the tower rule; (ii) holds under Assumption 1; (iii) holds because E[Y (a)|S,

Ay = ar] = pa(S1).
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Step 2 We show E[020;] = 0 for each i > 3. By (1.173), we know that O,0; = 0 for

i € {4,5,6}. Since O3, Oz, Oy are all functions of (S, A;), it follows that, for each i € {3,7,8},

E[020;] = E[O;E[02|S, A1 = a1]P(A; = a4|S)] = 0,

since

_nS)-wl®) (| BASA - a

ElO:fS. Ay =l = =g (1 729 >
S -wlS) [, S 0
72(5)) (1 pz<s>) .

where (i) holds because either v}(-) = v1(-) or pi(-) = pa(-) by assumption.

Step 3 We show E[03;0;] = 0 for each ¢ > 4. By (1.173), we know that O30; = 0 for

i€ {4,5,6}. Since Oy, Og are all functions of (Sy, A;), it follows that, for each ¢ € {7, 8},

E[030;] = E[O;E[05]S1, A1 = a1]P(A1 = a1]S1)] = 0,

since

E,(S)[S1, Ay = a1] — 1a(S1) ¢
E[Os]S1, A = a1] = [va(S)[S: W:(S )CLI] Ha(S1) @) 0,
1

a

where (i) holds because E[v,(S)|S1, A1 = a1] = 1a(S1).

Step 4 By repeating the same procedure as in Steps 1-3, we also have E[O;0,;] = 0 for

each i € {4,5,6} and j > i+ 1.

Step 5 We show E[07;0g] = 0. Since Og is a function of S, we have

E[070s] = E[OsE[07]S:]] = 0,
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since

where (i) holds because, by assumption, 1) either 7%(-) = 7, (+) or p’(-) = pa(+), and 2) either

WZ’(') = 7Ta’(') or MZ’(') = :U’a’(')'

Based on all Steps 1-5, we conclude that (1.172) holds. Now, note that

E[0]] = E[A1Ay(Y (a) — va(8S))7)],

= p [ 24 S ) )
E[OZ] - |: (7Ta< ) (S))2 ( a(S) a(s)) :|

:E{ 1((Pa(S) = Pa(8))? + pa(S)(1 — pu(8S)))
( +(S1)p;(8))?

> g B[A1(v;(S) — va(S))?,

038~ i)Y

5l03) = £ [PV BIL | > Bl wu(8) - (1)

Hence,

E[A1A5¢%) = E[¢}] = E[A1 Ay (Y (a) — v4(S))?]

| =

E[A1As((Y(a) — va(8))* + (va(8) — v;(8))*)] < E[OY] + 10E[02] (1.174)

where (i) holds as in (1.148). Additionally,

E[Ae®] = Elez] = B[A(v;(S) — 15(S1))?]
<3 [B[A(v(S) = va(8))?] + E[A1(va(S) — 11a(S1))°] + E[A1(1a(S1) — p15(51))%]
< %E[Og] + 3E[03] + 3C,0°.

Co
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Repeating the process above, we also have

E[(1— A))(1 — Ay)¢?) < E[0?] + 6—12E[O§], (1.175)

El(1 = A)e?] < %E[()g] 4+ 3E[02] + 3C,0”.
Besides, we also have
E[¢%] = E[03)]. (1.176)
Therefore, we conclude that

E[¢?] + E[e®] + E[¢?]
= B[A1 APl + E[(1 — A (1 — A))C®] + E[A1€?] + E[(1 — A))e?] + E[¢F]
4 4 4
< E[0? + 6—203 +30; + O] + 0—203 + 308 + O3] + 6C,0% < (— + 6(Ju> o2,
0 0

2
Co

since ¢y < 1 and (1.172) holds.

(b) Now, we assume Assumption 2 holds. Same as in part (a), we also have (1.172),
(1.174), (1.175), and (1.176) hold. Additionally, under Assumption 2, by Lemma 1.2, we
also have

E[e?] < 20207
Therefore,
E[¢*] + E[¢’] + E[€?]
= E[A A2’ + B[(1 = A)(1 = A5)¢%) + E[€°] + E[¢?]

1 1 1
< E[O] + gO% +OF + gog + OF] + 2020% < (; + 2052) ol
0 0 0
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Proof of Lemma 1.14. We first show that (1.113) holds. By Lemma 1.13, we have

AW)=0=) 0, o*=EN(W)-0)=) E[0]].

=1 =1

where {O;}%_, are defined as (1.164)-(1.171). Since now we assume that all the models are

correctly specified, we have O; = 0 for ¢ € {2,5,7} and hence
A" (W) =60 =01+ 035+ 04+ Og + Os, (1.177)
0! = BOY] + E[03) + B[O}] + B[] + E[OF] = 3 |V,
where

Vi =&

Vo =F

(

(
v@:E(“‘A““‘&NY—W@ﬂfr

(

Vi =F

Vs :=F [(ua(sl) - ,ua’(sl) - 9)2} .

We lower bound each terms above:

2 27 ...
(i) Ca ) (i) ( A A ) ) ,
1 (ﬂ'a(Sl)pa(S) 7Ta<Sl)pa(S)C = [ 1 QC]
2 27 .
(iv) Ea (v) Al ) (vi) )
Ve =FE =E e) | > E[A£Y,
: <wxsn) <W4so > BlAe’]

where (i) and (iv) hold since v!(-) = v,(-) and u’(-) = uq(-); (ii) and (v) hold since ¢, =
A1 AsC and g, = Aje; (iii) and (vi) hold since Ay, Ay € {0,1}, m,(S1) < 1 and p,(S) < 1

with probability 1 under Assumption 1. Similarly,

Vs> E[(1— A (1 — A3, Vi> E[(1 - A)e?.
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Additionally, by definition, £ = 11,(S1) — par(S1) — 0. Hence,

Vs = E[€7].

Combining all the previous results, we have

o? = E[A* (W) —0)?
> B[A1 AP+ (1 — A))(1 — AP + E[A1e® + (1 — A)e?] + E[¢7]

— B[’ + B[] + B[,

Next, we show that (1.114) holds. Recall the representation (1.177). By the finite form of

Jensen’s inequality, and note that the function u — |u|[*™ is convex for any ¢ > 0, we have

A (W) = 0" |01+ O3+ Oy + O + Os [
5 N 5
- ‘01‘2+t+ |03’2+t+ ’04|2+t+ ‘O6|2+t+ |08’2+t

5

Therefore,

E’A*(W) . 9|2+t S 51+tE[|Ol‘2+t 4 |03|2+t + |O4’2+t 4 |O6‘2+t 4 |08|2+t]

5
= Ct Z ‘/;,7
=1
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where C; = 5'** and

. r AL, ) 2+t
i=h [ 7a(S1)pa(S) Yo nlS) ] ’
V) =E _ stll)(va(s) 11a(S1)) ] :

VZ =K Lo Al (Va’(s) - Ma’(Sl)) ] )

V2 :=E [|1a(S1) — par(S1) — 017 .

Now, we upper bound each of the terms above.

24t 24t

@) Ca (i) A A, (i) 1 )
VI ZF || ———— 2 L i “ 7 .
! i ﬂ-a(Sl)pa(S) Wa(Sl)pa(S)C — Cé—i—Qt HC‘ ]
[ 2+t ort]
(iv) Ea (v) A1 (i) 1 9
V) =F = F < E +t
’ i Ta(S1) 7Ta(Sl)8 = i [lel”™],

where (i) and (iv) hold since v!(:) = v,(:) and p’(-) = uq(-); (ii) and (v) hold since ¢, =
A1 AsC and e, = Ajg; (iii) and (vi) hold since Ay, Ay € {0,1}, m.(S1), pa(S) € [co, 1 —

with probability 1 under Assumption 1. Similarly, we also have

1 1
Vi < = Bl V) < 5= Elle]*].
Co Co

In addition, by definition, £ = 114(S1) — par(S1) — 0. Hence,
Vi = E[|¢]**"].
Therefore, we conclude that

. 2 2
EIA*(W) = 01" < G, | <o BIICP ] + —7 Bl ] + B[]
0 0
20,

> I
Co

EICI + [ + 1€,
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since 0 < ¢g < 1 and t > 0. [

Proof of Lemma 1.15. We show that for each k =1, ..., K,

%Z(MWD —0)" = 0” = 0,(c”), (1.178)
% Z(A(Wi) — Ogen)? — % Z(A*(Wi) —0)* = 0,(0?), (1.179)

We first show (1.178). Let Zy,; := o~ (A*(W;) — 6)* — 1, note that ; and nuisance
functions v}(-), wui(-), mi(-), and pi(-) are possibly dependent with (di,d2) = (dn1,dn2).

Hence, (Zn;)n; forms a row-wise independent and identically distributed triangular array,

and (1.178) is equivalent to

By Lemma 3 of [ZB22], it suffices to show that E(Zy;) = 0 and E|Z4;]? < C" with some

constants ¢ > 1 and C” > 0. By definition,

o2

E(Zg1) = E [w B 1] o?

In addition, by Minkowski inequality,

(A" (W) — 6)*

5 -1

+1<C+1.

d

o g2tt

] T [BKat) —9>|2+t]f+t

It follows that

2+t
2

E|Zg | =E : <(C+1),

2 '(A*(W) —0?

g

with (2 +t)/2 > 1. Therefore, by Lemma 3 of [ZB22], we conclude that (1.178) holds.

Next, we show (1.179). Let a; = A(W;) — A*(W;) — (Bgen — 0) and b; = A*(W;) — 6.
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Then, it follows from the triangle inequality that

USRI B — — SN (W) — 67

1€Ty 1€

2

1 @ |1 |1
<= al a2 < (=) a2 (a2
<= |ai| - |a; + I_[n azl [n (ai + 2b;)

i€Ty, i€Ty, i€Ty,

(@) |1 2 1 : 1 :
2 2 2
1€Ty 1€Ty 1€Ty

where (i) follows from Cauchy-Schwarz inequality; (ii) follows from Minkowski inequality.

Recall the equation (1.178), we have

%be - %Z(A*(Wi) —0)* = (1 + 0,(1)).

1€Ly, 1€Ty

1
2

Since, by assumption, é\gen —60 = 0,(0/V/N) and [% > IA(W;) — A*(VVJP] = 0,(0), we

1€Ty

have

3 3

1 1 ~ . ~
[ﬁ Z a?] < n Z [AW;) = A*(Wy)|*| + |Ogen — 0] = 0,(0).
1€Ty 1€y,

Therefore,

1 N 7oN2 1 * 2

- > (A(W;) = Ogen)® — - > (AT (W) - 6)

1€Ty 1€y,

= 0,(0) - [0p(0) + 0 (1 + 0,(1))] = 0,(0”).

Now, by (1.178) and (1.179), we have

Fam = 0" = ¢ 22 1 B0V~ B)” =0
= %Z (1 ST AW = Ggen)® — (A (W3) = 0)> + (A* (W) — 0)* — 0-)
k=1 i€y,
= Op(02>
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1.8.6 Asymptotic theory for Sequential Double Robust Lasso (S-

DRL) estimator

In this section, we provide theoretical results for the S-DRL estimator. We consider
the following nuisance estimators: 7,(S) = U'@., 1i.(S) = VTBC, 7.(S1) = g(V'A,), and
7:(S) = g(UT8,) for cach ¢ € {a,d’}, where @, B., ., and 8. are defined in Section 2.1.

Then @//J\c(-), defined as (1.100), can be written as

~ ~ UTa.— VT3, Y —U'a,
¢C W - VTﬂc + ]]- Ai1=c ~ + ]]- Aj=c1,As=c ~ SN
" W (VTR) T T (VTR)g(UTS,)
We consider the following target nuisance functions: v/(S) = UTaZ, u(S) = V'3,

7(S1) = g(VTy?), and p(S) = g(UT§?) for each ¢ € {a,d’}, where o}, B, ~;, and
0> are defined in Section 2.1. Then 7 (+), defined as (1.101), can be written as

Ula!—-V'3: Y -Ula

¢: W :VTﬁ:+]]- 1=C1 +:H' 1=C1,A2=C2 *
(W) i R A APV P V3

Auxiliary Lemmas

Lemma 1.16. (a) Suppose that at least one of () and 7i(-) is correctly specified, and
at least one of the models v:(-) and p%(-) is correctly specified. Let Assumptions 1-4 hold.
Assume that max{Sa,, S8, Sva, s, } 10g(d) = o(N), and either (a) ||S1]|cc < C almost surely,

with some constant C > 0, or (b) ss, log*(d) = O(N). Then,

s1 log(d) so log(d)
TQZOP <01T+U 2T y (1180)

where Ty is defined as (1.104) and

S1 = ma‘X{\/SaaS(stﬂ \/Sﬁas7a}’

52 7= MaX { Sov, Lz 0a}» 58a Limsrma}s Sva L{pizrua}s 580 Livgva) | -
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b) Suppose that all the nuisance models pi(-), vi(-), mi(-), and pi(-) are correctly
specified. Let Assumptions 1-3 hold. Assume that max{Sa,, Sg,; Sv., Ss. } log(d) = o(N), and
either (a) ||Si]|ee < C almost surely, with some constant C > 0, or (b) s5, log*(d) = O(N).

Then, Then,
1
T, =0, <a&]§(d)) . (1.181)

Lemma 1.17. Suppose that at least one of pi(-) and 7i(+) is correctly specified, and at least

one of the models v:(-) and pi(-) is correctly specified. Let Assumptions of Lemma 1.16 (a)

hold. Then,
[EQAW) - A*(W)))2 =0, <a\/ A So 55, a .} 10g(d>> , (1.182)
\/maX{Saaa S$Bar Svar s5a} log(d)
T,=0,(0 i : (1.183)

where Ty is defined as (1.106).

Proof of Theorem 2

Let & := 1q(S1) — 1o (S1) — 0. Recall the representation (1.102). By Lemmas 1.9,

1.16, 1.11, and 1.17, we have

k s1log(d) 59 log(d)
T2( ) = Op <O'T +o T 5

19 = 0, (= [VEE + VEFT + VEE) )

T4(k) _ Op <U \/max{saav 853\,[8%, Séa} log(d)) .
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for each k < K. Therefore, by Lemma 1.13 with max{Sa,, S8, Sva, Ss. } log(d) = o(N), we

obtain

K
0—0=K"> (n+1" + 173" + T(")
k=1

B s1 log(d) 59 log(d) 1
=0, (a N +o N + \/NU ,

with s, := max{,/5a, 58, \/58.5v.} and

§2 1= MAX { Sevy Lpz £pa}s Sa Limsma}s Sva Lz na)s 562 Livgva) | -

Proof of Theorem 3

In this theorem, we consider the setting where all the nuisance models are correctly
specified. Note that, Assumption 4 holds under Assumption 1 when all the nuisance models

are correct.

Consistency Let £ := 1,(S1) — ptar(S1) — 0. Recall the representation (1.102). By Lemmas

1.9, 1.16, 1.11, and 1.17, we have

Ty =0,

k s1 log(d)
T2( ) = Op (O‘T ,

119 = 0, (= [VEITT + VEE + VEE) ).

T4(k) _o, (a \/max{saa, S8, s sn,a,stsa}log(d)).

N
for each k < K. By Assumption, s;log(d) = o(v/N) and max{sa,, 5, S., 55, } log(d) =

o(N). Together with Lemma 1.14 , we obtain that

K
0—0=K"> (+0" +1" +1}Y) = 0, ( (1.184)
k=1

Tlﬁa) .
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Asymptotic Normality By Lemmas 1.9, 1.16 and 1.17 with s;log(d) = o(v/N) and

max{Sa,, S8, Sva 56, } 108(d) = o(NN), we have
Ve (T + T30 + 1Y) = 0,(1)
for each k& < K. Hence, to demonstrate
R K
VN (0 - 0) = VNo ' K~ (11 + T + TV + 1) ~ N(0,1),

k=1

we need to show
K N
VNo ' K1Y 1 = V/No™! (N—l > AW - 9) ~ N(0,1),
k=1 =1

where Ték) is defined as (1.105). Here, Ay; := A*(W;) is possibly dependent with N
since both W, and nuisance parameters (o, 35, ) potentially depend on (dy,ds), and
(dy,ds) = (dy n,d2 ) are allowed to grow with N. Hence, {Ax;}n,; forms a triangular array.
By Lyapunov’s central limit theorem, it suffices to show that, for some ¢ > 0, the following

Lyapunov’s condition holds:

E|A*(W) — ]2+
lim £ <t )= (1.185)
n—oo n§0‘2+t

Step 1 In order to check Lyapunov’s condition, we show that for some constant C’,

E|A*(W) — 02+

0-2+t

<. (1.186)

By Lemma 1.14, we have, for some constants ¢t > 0 and C; > 0,

EIA*(W) — 0" _ 2C, (EC*"  Ellel*] B
g2+t — Cé+2t g2+t o2+t [E’£|2]1+% )
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Let e; = (1,01xq,)", then we write & = 11,(S1) — pa(S1) — 0 = VT (B: — 3% — e10). By

Lemma 1.4, under Assumption 3, we have
€]l = 1085 — B — €10) "V, < 204185 = By — erd].
It follows from Lemma 1.2 that
Bl < 2°Toi ™8 - By — ed|5TT(2+ 1/2). (1.187)
Similarly, by Assumption 2, we have

EH(’Q-H] S 23+t02+t0_g+tr(2 + 25/2)7 (1188)

Elle|*™] < 2t a? a2 (2 4+ 1/2). (1.189)
By Lemma 1.4, under Assumption 3, we also have

E[l¢P1=E|V(B: — Bi —eid)|’] > ||B; — B — eb|l5 - Auin(E[VV ) (1.190)

> rll|B; — By — ead]3.

Using (1.187) and (1.190), we get that

a/

(Bl¢2) s k2B — B — ey 3 P

2+t 3+t 2+t @% _ ax 24t 3+t 2+t
BIEPH 9™t B; — By — eI3TR /D) MR /) g

Using (1.188), (1.189) and (1.191), then we obtain that

E|A*(W) — 62+

o2tt
2C1 (o311 2 3+t 2 2o T(2 4+ 1/2)
< T (2 oM (2 +1/2) + 222 T (2 4 1/2) + 7 =

l

That is, (1.186) holds and hence the Lyapunov’s condition is satisfied.
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Step 2 Now, we show the consistency of the asymptotic variance’s estimator. In this step,
the expectations are taken w.r.t. the joint distribution of (W;);ez,. By (1.184), we have

0—0= O,(c/v/'N). Then, we show, for each k < K

[% SR - A*(W»F] —0,(0). (1.192)

€Ty
It follows from Jensen’s inequality that

E[%Z Av) - 2w < {EEZ Aov) - awpe|
K 0 0, (a \/Hiax{saa,sﬁ;\,[s%,stsa}log(d))7

[NIES

= [EJAW) — A*(W)[]

where (i) follows from (1.182) in Lemma 1.17 with correctly specified nuisance models.

By Markov’s inequality with max{sa,, Sg,, S+., 5s, } l0g(d) = o(N), we have

: o log(d
:Op<0\/max{s a?s,@ws’vavstsa} Og( )):Op(a).

1 7\ * 2
=~ 1AW = AT (W) N

1€Ly,

Therefore, using (1.184), (1.186) and (1.192), we get 6% — 0 = 0,(c?) by Lemma 1.15.

Proofs of Auxiliary Lemmas

Proof of Lemma 1.16. In this proof, the expectations are taken w.r.t. the distribution of
a new observation W. Recall the representation (1.133) that 7, = E [A(W) — A*(W)] =
Z?:1 E[Q;]. Here, we first upper bound E[Q; + Q2 + Q3]. Same as in the proof of Lemma
1.10, we also have (1.134) holds, with R;s defined in (1.135)-(1.142). Same as in (1.141) and

(1.142), we have R; = Rg = 0. Now, we obtain an upper bound for R; (i € {1,...,6}). For
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Ry + Ry, since |A;] <1, |75(S1)| < 1 and |p£(S)| < 1, we have

(4) 1 1
Ry + Ry < {E|7,(S)| )3 E | =
1 2 { | ( 1)| } { pa(s) pZ(S)

} {E|7.(S) — vi(S)P}s

1 1| : ~ % 1L
+ {E = (S1) — = (S)) } {El11a(S1) — p15(S1)[7}2

a

@ (a1 /S, Ss, 10g(d) a,/sﬁas% log(d)
N

Oy (1.193)
o\/m log(d) 0 /56,5, log(d)
+ N Lipa()#0a 0y + N L ()va ()

where (i) holds by Hélder’s inequality; (ii) follows from Lemmas 1.5, 1.8 and Theorem 9 with

S+, log(d) = o(N) and dy =< d. Similarly, for Rs + Ry, since |A;] < 1, |pi(S) — pa(S)| < 1,

175(S1) — ma(S1)] < 1,

Ry + Ry <{E[Ra(S1)| 7} {E[pa(S)| Y { El0a(S) — va(S) P} Lns ()20u (1)

+ {E[7a(S1)[” 2} {E[Ha(S1) — | }QB{W ()#ma(:)
() log 1og
= ﬂ{m ()} T O Jl{pa (Vpal) (1.194)
0+/35, 5, log( ) ss, log(d)
+ N LmsOzma} + 0\ = HmO#ma(wiOfva()} |

where (i) holds by Lemmas 1.5, 1.8 and Theorem 9 with d; =< d. For Rs; + Rs, since

Pa(S) <1,

} {E[AVA(S) — va(S)[?]}2

] Bt 3
E _ E[A {17 (Sy) — g (S} 2
+{ %a(sl) W;(S ) } [ 1|{:U’a( 1) M ( 1)| ]}2
(i) S, log(d) ss, log(d)
=0y (0' o L) T o\ 5 Lm0 | - (1.195)
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where (i) follows from Lemma 1.8, (1.149), (1.151), and Lemma 1.13. Combining (1.193)-

(1.195) with s, log(d) = o(N), we have

EQ: + Qs+ Q3] = O, ((781 IOi(d) 4o/ 22 lc])\é(d)> .

Analogously to E[Q; + Q2 + @3], we have the same result for E[Q4 + Q5 + Qg]. Theorefore,
(1.180) follows.
(b) When all the models are correctly specified, we have so = 0. Hence, by part (a),

(1.181) holds. m

Proof of Lemma 1.17. In this proof, the expectations are taken w.r.t. a new observation W,
unless stated otherwise. We first show that (1.182) holds. Recall the representation (1.126),

by Minkowski inequality, we have
-~ 1 6 1
[BAW) = A*(W))F]z < ) [E@)]7,

=1

where Q; (i € {1,...,6}) are defined as(1.127)-(1.132). In the following, we show that

Z[E(QZQ)]% — Op (g\/max{sam Sﬁa a]f/v-ya, 85a} 10g(d)> ‘
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By Minkowski’s inequality,

< (BRSO ERS) Y HEI(S) - vi(S))

, ROt

BT {E 7a(S07(S) T (S1)pa(S) }

i) X {Sars 25 59, 1 108(d)

=0, (a\/ ™ o ) (1.196)

where (i) holds by the fact that |A;| <1, |As] <1 and A1A3( = (, = A1 A (Y — vi(S)); (ii)

holds by Hélder’s inequality; (iii) follows from Lemmas 1.5, 1.8, and under Assumption 2,

by Lemma 1.2,

E[[¢]Y] < 8c%0f, Ele]] < 8ol (1.197)
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Then, similarly as above, we obtain

1

_ { i - ”;<S))}2}2 : {E s - u;xsl))r}é
+ {E Kﬁjél) - W;(lél)) (v (S) MZ(SI)):|2}%
S {E s UZ(S))F}; ! {E =y (S - uz<sl>>r}2

i {E Kmlsl) ) w:g(lsn) H

(S

[E(Q2)]

< {EIR(S0)]HH{EIR(S) — vi(S)' + {E e REn } GERE
+{EIRa(S1)| Y H{Elu(S1) — pi(S1)[ '}
9o, (0\/ max{sa,, e Svplogld) . [se.108(d) I;g(d) IL{V;(.#VG(.)}), (1.198)

where (i) follows from Lemmas 1.5, 1.8, (1.197), and Theorem 9 with ss, log(d) = o(N) and

dy < d. By Theorem 9 , we also have

[B(QD))F = {Elfia(S1) — (812}
O ( sg, log(dl) a\/mlog( )

S8, log
\/ ﬂ{pa ()#pal- }+U\/ ﬂ{y ()#va( )}) (1.199)

Combining (1.196)-(1.199), we have

B@DIE + [BQ) + [B@3 = 0 p(oJmaX{S“a’S"a’s”a’s“a”"g )

Repeating the procedure above, we obtain the same result for [E(Q2)]2 +[E(Q2)]2 +[E(Q2)]z.

Therefore, (1.182) holds. Now, we show (1.183). Recall the definition (1.106), we have
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Ty:=n""Y e, [K(I/VZ) — A (W))]— E[K(W) — A*(W)]. By Chebyshev’s inequality, we have

for any ¢t > 0,
1 1 ~ .
P(|Ty| > t) < t—QVar - g (A(W;) — A" (W) (1.200)
1€Ty
1~
< = — A* 2,
< B[R - A*(W)]

In the righ-hand side of (1.200), the variance is taken over the joint distribution of (W;);ez, .
Note that, based on the sample-splitting, the nuisance estimates are independent of (W});ez, .

Together with (1.182), we conclude that (1.183) holds. m

1.8.7 Asymptotic theory for Dynamic Treatment Lasso (DTL) es-

timator

In this section, we provide theoretical results for the DTL estimator. The /¢;-regul-
arized nuisance estimates a.., e, gc and the target nuisance estimates o, v, 6 are the same
as in Section 1.8.6. For the first-time conditional mean function, we consider the nested-
regression-based estimator BC,NR defined in Section 2.2. With a slight abuse of notation, we
consider set the general nuisance estimates as 7.(S) = UT @, [1.(S) = fiexr(S) = VTBQNR,
7.(S1) = g(V'A.), and p.(S) = g(UT8,) for each ¢ € {a,a’}. Then 1,(-), defined as (1.100),

can be written as

UTa. — V' Bon Yy —U'a,

{D\C(W) = VTBC, _I_ 1 Alzcl -~ _I_ 1 Alzcl,AQZCQ —~ ~
A J 9(VT) { }g(VT'yc)g(UTéc)

With a slight abuse of notations, we set the general working models as v*(S) = U'a,

12(S) = 1En(S) = V7 Bl 75(S1) = g(VT~2), and pi(S) = g(UT87) for each ¢ € {a, a'}.

¢, NR? ‘¢
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Then (-), defined as (1.101), can be written as

Ula;-V'g; Y -Ula

¢,NR

+IL 1=C1,A2=C2 .
g(VT~2) tized=al ) (VTys)g(UT ;)

¢:(W) = VTB:,NR + 1{A1=C1}

Auxiliary Lemmas

Lemma 1.18. (a) Suppose that at least one of i} v.(-) and 7;(-) is correctly specified, and
at least one of the models v:(-) and pi(-) is correctly specified. Let Assumptions 1-4 hold.

Assume that max{Sa,, Sg,, S~.: S5, } 10g(d) = o(N). Then,

sy log(d) sh log(d)
TQ = Op (JlT +o0 2T s (1201)

where Ty is defined as (1.104) and

S]_ = max{ \/Saa S'Ya Y \/Saa 86& ) \/S'B‘z 87‘1 }7

S9 1= INax {Saaﬂ{ﬂ';;ﬁﬂ'a or pi#pats S,Baﬂ{ﬂ'é#ﬂ'a}’ S"/aﬂ{H;NR?éﬂa}’ S5a]1{’/27é1’a}} :
(b) Suppose that all the nuisance models i, . (-), vi(+), mi(+), and p;(-) are correctly
specified. Let Assumptions 1-8 hold. Assume that max{sa,, Sg,, S~., Se. }10g(d) = o(N)

Then,

T, =0, <aslllo—]\§(d)) . (1.202)

Lemma 1.19. Suppose that at least one of i, \.(-) and m;(-) is correctly specified, and at
least one of the models V() and p%(-) is correctly specified. Let Assumptions 1-4 hold.

Assume that max{se,, Sg,, S~. 56, } log(d) = o(N). Then,

[EAW) - A" (W)¥z =0, <a\/ A So 5, e S} log(d)) , (1.203)
T, = Op (0 \/maX{Sam 35(}\7[8’7(17 S5a} 10g(d>) : (1'204)

where Ty is defined as (1.106).
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Proof of Theorem 4

Let & = paxe(S1) — ttarn(S1) — 0. Recall the representation (1.102). By Lemmas

1.9, 1.18, 1.11, and 1.19, we have

k sy log(d) sh log(d)
T2( ) = Op (01T + o QT ,

19 = 0, (= [VE@ + VEFT + VEE) )

T4(I€) — Op (O_ \/ma’x{saa7 SBa’ S'Ya’ Saa} 1Og<d)) )

N

for each k < K. Therefore, by Lemma 1.13 with max{sa,, 53, , Sv., s, } 10g(d) = o(N), we

obtain that

=

O, — 0= K> (T + TP + TP + 1Y)
k=1

B sh log(d) shlog(d) 1
= Op (UT +o N + \/NO' s

where

8,1 = ma‘X{ \/Saa S'Ya’ \/Saa 86a7 \/Sﬁa S’Ya}7
I
Sp '= Mmax {Saa Lmstma or pitpats SBa Limstnals Sva Lz wn#nats 584 ﬂ{uwa}} :
Proof of Theorem 5

In this theorem, we consider the setting where all the nuisance models are correctly
specified. Note that, Assumption 4 holds under Assumption 1 when all the nuisance models

are correct.
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Consistency Let & = 11,(S1) — 1o (S1) — 0. Recall the representation (1.102), by Lemmas

1.9, 1.18, 1.11, and 1.19 in that order we have

k sy log(d)
TQ( ) = O, (0—1 N ,

119 = 0, (= [VEE + VEFT + VEE) )

T4(k) _ Op (CT \/max{saw SBC}\,/-S%? SJa} 10g(d)) ‘

for each k < K. By Assumption, s;log(d) = o(v/N) and max{sa,, 53,, 5., 55, } 10g(d) =

o(N). Together with Lemma 1.14 , we obtain that

K

1
O, —0 = K> (T + TP + TV + Ty = 0 (—0) . (1.205)
DTL ; 2 3 4 p \/N

Asymptotic Normality By Lemmas 1.9, 1.18, and 1.19 with s, log(d) = o(v/N) and
max{Sa,, S8, S~a, 56, } 108(d) = o(N), we have
Vo (T4 T+ TY) = 0,(1)
for each £ < K. In addition, repeating Section 1.8.6 in the proof of Theorem 3, we also have
K
VN KDY T~ N(0,1),
k=1

which implies,

K
VN (O, — 0) = VNo ' KD (T + T3 + T + 1Y) ~ N(0,1).

k=1

By (1.203) and max{Sa,, S8, s Sva: S, } log(d) = o(N), we have

[SIE

% Z [AW;) = A (W) = 0,(0).

€Ty

Together with (1.205) and (1.186), we have 02, — 0% = 0,(c?) by Lemma 1.15.
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Proofs of Auxiliary Lemmas

Proof of Lemma 1.18. In this proof, the expectations are taken w.r.t. the distribution of a
new observation W. We repeat the proof of Lemma 1.16, except here we consider the nested-
regression-based estimate fic(-) = ficnr(-) and the corresponding target () = 1 (+). Note

that

T, = EAW) = A" (W) = > _ BlQJ) (1.206)

with E[Q1 + Q2+ Q3] = S0, Ry, where R;s are defined in (1.135)-(1.140). For R, + R,, we

have

(4) 1
Ry + Ry < {E[7.(S))[ )3 {E

1 1 ? 2 .
_I_ E ~ - E AaN S - ;N S 2 2
{ Wa(sl) W;(Sl) } { |N 5 R( 1) Ha, R( 1)| }
i Al
@0 (081 ?\?(d)) | (1.207)

where (i) holds by Hélder’s inequality; (ii) follows from Lemmas 1.5, 1.8 and Theorem 10

with d; =< d. Similarly, for R3 + Ry,

N gyl gyl . 1
Ry + Ry <{E|7(S1)| 7} {E|pa(S)| Y {E[Da(S) — vi(S) P} Lipe()2pa( )
~ ol i~ . 1
+{E7a(S1)| 72} H{E o (S1) — 11 ar (SOPY 2 Lirs ()ma ()}

(S0 + 5p.) log(d) Sa, 10g(d)
=0y (0\/ N Lim; (tma} T 0N =7 Loz )zeatr} | - (1.208)

Repeating the similar procedure of (1.151), we have

Bl (4, 0(80) = o (8] < 2B + 2517 (1.200)
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For R5 + RG,

=

N

} {E[Alv;(S) — va(S)]’]}

D=

} {E[A1lpg xn(S1) = ann(S1) "]}

0 S+, 10g(d) ss, log(d)
=0, (‘7 o MOy 0\ = Loy |- (1:210)

where (i) follows from Lemma 1.8, (1.149), (1.209), and Lemma 1.13. Combining (1.207)-

(1.210), we have

6 ) /
ElQi+ Qi+ Q) =S R =0, (081 LLGIE 1<Z>§<d>) |
=1

Note that E[Q4 + @5 + Qg] can be controlled similarly as F[Q + Q2 + Qs3]. By (1.206), we
have (1.201) holds.
(b) When all the models are correctly specified, we have s, = 0. Hence, by part (a),

(1.202) holds. m

Proof of Lemma 1.19. In this proof, the expectations are taken w.r.t. a new observation
W, unless stated otherwise. We repeat the proof of Lemma 1.17, except here we consider
the nested-regression-based estimate fi.(-) = fi.nr(-) and the corresponding target pi(-) =
i (). Note that the estimation error of f(-) only appears in steps (1.198) and (1.199)

when controlling the terms [E(Q32)]"/? and [E(Q2)]'/?. By Lemmas 1.5, 1.8, (1.197), and
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Theorem 10 with with d; < d, we have

[E(Q3)]2
~ —44 1 ~ * 441 1 1 4 % 471
< (B (S)F{ERL(8) - vi(S)1') + {E s } (Blel')}
+ {ERa(S) P { Blfiann(S1) — 15 xn (81"}
B max{Sea,, S8, , S~, } log(d)
=0, (O’\/ L}V ) )
By Theorem 10, we also have
NEN ~ o 2\ 1/2 max{sa,, 5g, } log(d)
[E(Q3)]2 - {E[Ma,NR(Sl) lua,NR(Sl)] } - OP o N .

Repeating the remaining steps of the proof of Lemma 1.17, we have

EAW) - A*(W))) =0, (# (S 3. S .} log<d>) 7

max{Sa,, S8, S~., S8, ; log(d
T4:Op<a¢ [RITEONTS g()).

1.8.8 Proof of the results for multi-stage treatment estimation
with DR methods

Proof of Theorem 11. By construction, we have p +1(§T+1,ET) =Y, and it follows that

T r
H = 1 Aj=a * Q — Q= o 7 —
E Z rl as *{—l _l} (lur—i-l(ST-i-laaT) - MT(ST,CLT)) | St,At = ay
r=tt1 Lli=t+1 7 (Slu al)

e HT + Z (Hr,l + HTQ + Hng), (1211)
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where

T
Hl:t+1 Lia=ay

Hr=F —
HlT:t+1 7 (S1, @)

(Y — ,U*T(§T>5T)) | §t, At = at] )
and for any r € {t +1,...,T},

B r_ 1 Aeg i o _ — _ = _
Hrl—t*l *{_l _l} (Hr41(Sr1,ar) — pri1(Srqa,ar)) | Se, Ar =@ |
_Hl:t+1 ™ (Si, @)

H;:t—i-l ]l{xﬁ=az}
_le=t+l W?(Sl?al)

- " Liae, - - o
Hr73 = E r{"l_t—i_l *{Iﬁ _l} (/’LT(STa ET) - ILL’I*"(STJ GT)) ‘ St7 At = at .
_Hz=t+1 ™ (Se, @)

(MT+1(§T+176T> — /Lr(graaT» | gtu At - at] 9

Define A, — (Apr1, Apyo, .., Ay) and @, = (apr1, @y, - -5 a,) for t+1 < r <T. For Hy, by

the tower rule with Y (A7) = Y under Assumption 6, we have

T

Hl:t+1 IL{AFaz}
T S —

Hz:t+1 7 (S, @)

: P(KT—I =ar_1 | Sy, Ay = a) | S, A = at:|

Hy = E {E[ (¥ (@r) - 12(8r@r)) | Sr Ay = —}

® g [E[H{ATzaT} | Sr, Ar_1 = ar_1]
= T s —
Hl:t+1 7 (Sy, @)

(E[Y (ar) | Sr, Ar—1 = @r—1] — (S, ar))

71 5 =
(i) [ l—t1 L{A,=ay (ST, Gr)

lT:_t—ls-l T (gh EI)W:’?@% ar)

(pr(Sr,ar) — p3(Sr,ar)) | Si, A = Et]

T-1

i i1 Lia,=a = _ .= - = _

2 E [ T *{—l (i (Srar) — 15 (Sr.ar)) | S, A, = at] = —Hp 13, (1.212)
=41 7 (St @)

where (i) holds since Y (@r) 1. A7 | Sy, Ap_1 = @r_; under the Assumption 6; (ii) holds since
mr(Sr,ar) = P[Ar = ar | St, Ar—y = @r_1] and pr(Sr,ar) = E[Y (ar) | Sp, Ar—y = ar_1]

under the Assumption 6; (iii) holds since either 75.(-,ar) = mp(-, ar) or i (-, ar) = pr(-,ar)
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by assumption. For H, o, by the tower rule, we have

T . — _ = _ = = _
Hr,2 =L |:E|: qlit—ﬂ *{—l _l} ( r+1(Sr+17 aT) - MT(SM CLT)) | ST‘7A’/‘ = Aar
Hz:t+1 7 (Si, @)

'P(Kr:ar |§T7At:at) |§t;At:at:|

_ E|:E[,Ur+1(§r+lvaT) |§r Ar

P(A, =@, |S, A =a) | S, A :at]. (1.213)
For any r € {1,...,T}, we have
18y, ar) = E[Y (ar) | Sy, Ay = a,1) L B[V (@r) | S,, A, = @]
W BIEY (@r) | Syar, A, = @] | S, A, = @]
(1.214)

= E[,urJrl (§r+laaT) ‘ gra Ar = ar]v
where (i) holds since Y (a@r) 1L A, | S,, A,_; = @,_; under the Assumption 6; (ii) holds by
the tower rule. Together with (1.213), we conclude that

H, = 0. (1.215)
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For H, 3, by the tower rule, we have

r Doay B . o
Hrv?’ =E |:E|: ql*t"'l *{ﬁ _l} (MT(SM aT) - lur(sra aT)) | ST? Ar—l = a1ﬂ—1:|
Hl:t+1 7 (Si, @)

' P(gr—l = | S A=) | S, A = aj

oy |Sedia =], o
:E[ [ = T}’ [ i 1] (/er(SmaT)_IUJT(ST’aT))

. E(ﬂ{gr—lzar—l} 1S, Av=1a,) | Sy, A = at}

;:tl-H IL{AFal}WT(gmar) = — S — = T _
=1 (@ =\ (S = (r(Sr,@r) — (S, ar)) | Se, Av = @
I=t+1 T (Slv a’l)ﬂ-r (Sra ar)

r—1
(49) E [ Hz:t+1 Lia=a;}

;:_tl—l-l i (glv a)

Ok

(1,(S,,a@r) — (S, ar)) | S, A = at] — H. ., (1.216)

where (i) holds by the tower rule and that 7,.(S,,a@,_1) = P[A, = a, | S,, A,_1 = @,_1]; (ii)
holds since either 7 (-,ar) = m(-,ar) or pi(-,ar) = p,(-,ar) by assumption. Combining

(1.212)-(1.216) with (1.211), we have

T r
= 1 Aj=a * Q — *(Q =
p| 3y et (o ) - i Bra)

r=t+1 1 li=t+1 7Tl* (§17 51)

+ UI+1(§t+laaT) ‘ gt = Sy, A =

T—1
=Hr + Z (Hp1 + Hyp + Hy3) 4 Elpfy (S, ar) | Si, Ay = @)
r=t+1

T-1
=—Hpr 11+ Z (Hrp — Hoo11) 4+ Elpy 1 (Ses1,@r) | Se, 4 = @
r=t+1

=—Hy + E[MZ‘+1(§t+1,dT) | Si, Ay = @)

—~

i)

(42)

E [pu1(Si1,ar) | Si, Ay = @) = w(Sy,ar), forany te{1,...,T},

where (i) holds since Hy1 = E [p1],1(Set1,@r) — pes1(Se41,ar) | Si, Ar = @5 (ii) holds since

(1.214) holds for any r € {1,...,T}. ]
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Proof of Proposition 1. By Theorem 11 with ¢ = 0, we have
~_ g e
A=a s - = _
E ——— (1741 (Se1,@r) — 1 (Se, @r)) + 45 (Sv, ar)
; [Tiei 7 (S1, @)

= y10(80,ar) = E[Y (@r)|So = o] = ay.
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Chapter 2

Dynamic treatment effects:
high-dimensional inference under

model misspecification

2.1 Introduction

Statistical inference and estimation of causal relationships have a long tradition. In
many applications, data is collected dynamically over time, and individuals are exposed to
treatments at multiple stages. Typical examples include mobile health datasets, electronic
health records, and many more ranging from biomedical studies and public health to po-
litical science. This work considers statistical inference of causal effects for dynamic and
observational data with possibly high-dimensional confounding. In dynamic treatment set-

tings, model misspecification is more likely to occur in practice due to the many possible
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dependencies; previous treatments can arbitrarily affect future treatments and/or outcomes.
High-dimensional confounding is a real possibility as multiple covariates collected over time
quickly outgrow the treatment-specific sample size. The double robust inference that allows
model misspecification has been a long-standing open problem; even in low-dimensional set-
tings, only a few separate advances have been successfully made. We hope to bring to the
literature a distinct double-robust solution.

We consider the dynamic setting with binary treatments at two exposure times, al-
though our results extend to finite exposure times, and collect independent and identically
distributed samples S = {W,;}¥ | W, = (Y}, Ay;, As;, S, S2;), with W being an indepen-
dent copy of W;. Here, Y € R denotes the observed outcome at the final or last treatment
stage. The causal setting of interest is framed through potential outcomes Y (aq,as) with
ai,as € {0,1} denoting treatment at first and second exposure time. We assume the consis-
tency of potential outcomes with Y = Y (A;, As) and Ay, Ay denoting the observed binary
treatment assignments at the first and the second exposure time, respectively. At each expo-
sure, we also observe covariates S; € R and S, € R%. We let the first coordinate of S; be
an intercept term. Covariate history up to time two is denoted with Sy := (S{,Sg)" € R,
where the dimension d := d; + ds, is potentially much larger than N. The dynamic treat-
ment effect (DTE) is defined as DTE := 04, 0, — 0u;,a;, Where 04, 4, := E{Y(a1,a2)} and
(ay,a2) and (a},a)) denote the treatment and control paths. Without loss of generality,
we focus on the inference of the counterfactual mean 6;;. To identify the parameter of
interest, we consider the marginal structural mean (MSM) models [MvdLRGO1], where

7(s1) := P(A; = 1| Sy = s1) and p(Sy) := P(Ay = 1 | Sy = 83, A1 = 1) denote the
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true treatment assignment probabilities, i.e., propensity scores (PS) at both exposure times,
and p(sy) ;== E{Y(1,1) | S; = s;} and v(82) := E{Y(1,1) | S = 85, A; = 1} denote the true
outcome regressions (OR).

As naive average of the outcomes is biased due to confounding effects, a common
approach to consider is that of the inverse propensity weighting (IPW) [Rob86, Rob00a,
HBRO1, Rob04]. Under standard identification conditions (see Assumption 2.1 below), the

IPW representation
011 = E{tippw(W; 7", p*)} holds when 7" =7 and p* = p, (2.1)

where with a little abuse in the notation, Ypw (W; 7%, p*) := A1 ALY /{7*(S1)p*(S2)}, 7" and
p* denote the working models for the PS at the first and second exposure times, respectively.
Here, we refer to working models as the population-level approximations of the true nuisance
functions. However, IPW requires correctly specified PS models, with model misspecification
leading to inconsistent estimators. In the following, we first propose a new, model-robust

IPW representation that is unbiased under model misspecification.

Lemma 2.1 (Model-robust IPW). Let Assumption 2.1 holds. Suppose that either the true
OR or PS model are linear or logistic, respectively, at each exposure time, i.e., 1) either
7(s1) = g(s{ %) or u(s)) = s; B° with some v°,3° € RN and 2) either p(Ss) = g(s; 6°) or
v(82) = 89 a® with some §°, a® € RY. Then we have

011 = E{oripw (W; 7", p*)} where 7*(s1) = g(slT'y*) and p*(Sg) = g(égd*), (2.2)

with v* € R and 6* € R? being the solutions of

E [{1 . %}sl} —0, and E [W:?él) {1 - p*?é) }SQ} —0. (2.3)
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Unlike the standard TPW literature [Rob86, Rob00a, HBRO1, Rob04, BAWMI18], new
representations (2.3) allow for misspecified PS models even within the IPW framework, as
long as the corresponding OR models are linear. We expect that root-N inferential results
follow easily when the working PS models are root-N estimable under the robustness setting
of Lemma 2.1, for example, when the covariates are low-dimensional. However, in high
dimensions or modern non-parametric settings, the nuisances’ estimation errors are typically
non-ignorable in general, and hence we cannot guarantee root-N inference for ¢, ;. Therefore,
we consider a well-known double-robust representation of ¢, ; and propose novel estimators
of the outcome models, together with new PS estimators based on (2.3). We use the doubly

robust (DR) score [NBW21, TYWK*19, vdL.G11,ORR10, MvdLRGO1],

Al{l/ (Sg) (Sl>} I A AQ{Y 1%
*(Sl) T (S1)p*(S

BWi) = (S1) + Y

for which we show DR properties whenever at least one of the nuisance models is correctly
specified at each exposure, i.e., whenever Assumption 2.2 holds, 0,1 = E{¢)(W;n*)}. Here,
n* = (v7,6*",a*",B8*")T, where v* and 8* are defined such that (2.3) holds. We in-
troduce working OR models p*(s;) = s; 3 and v*(8;) = §; a* with newly proposed a*
and B* below. Let 1 be an estimator of n*. Note that, »(W;n*) = Wi(n*) + Wa(n*) +
Uipw (Wi, p*), where Wi(n*) = {1 — A1g~'(S{~v")}S] 8" and Wa(n*) = Arg~ ' (S{v"){1 -
Asg71(Sg 6%)}Sy . The first two terms, W;(n*) and Wy(n*) can be viewed as bias cor-
rection terms in the presence of model misspecification, and we propose moment-targeting

estimators that will remove it asymptotically. To set ideas, let us consider a special case

where 4 = v4*, @ = a*, B = 3*, and we only focus on the estimation error coming from
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8 — &*. Then the biases of the IPW and DR score are

— A A, 1 1
E{y W% p) — W% p")} =E — — — Y|, (25
trew( ) = Yo o)) 9(S17*) {g(SQTé) 9(555*)} 2
_ A1 A, 1 1 -
E{Y(W;n) —¢(W;n*)} =E — — — Y —Sja*) |, 2.6
(UOW) (Wi} =B | G2 § s = s (V= 8Ta) | (26)
where 7 = (v*', gT, o, 3*")T. Consequently, the bias (2.6) is potentially much smaller

than (2.5); when v(S;) = v*(8y) = 8§ a*, we have E{t)(W; 7)) — »(W;n*)} = 0. However,
when model misspecification occurs and v(-) # v*(-), E{¢x(W;n)—¢¥(W;n*)} # 0 in general.
In the following, we design the nuisance parameters m* such that the bias, i.e. (2.6), is
asymptotically negligible even under such model misspecification. Whenever 5 — & is small
enough, we can approximate (2.6) as

]E[ A As

T exp(—S]8%) (Y — sga*)sg} (8 — &%),

and mitigate the bias effects by constructing a*, i.e., v*, as the solution of

[ A As

_Mdr [A 142{1 —
9(S{v*)

P (Sa)}
=P (S (v — v SQ}SZ]

xp(~$18°)(Y ~ S]a")S: |~ E

(2.7)

Similar approximation of (2.6), whenever 4 — 4* is small enough, leads to a construction of

new moment defining 3%, i.e., u* as the solution of

E {A1{1 _ w*(lsl) }{AQ( (32)(82)) + (S — H*(sl)}sl} 0. (2.8)

We name the parameters satisfying (2.3), (2.7), and (2.8) as the moment-targeted nuisance
parameters.

Double-robust literature, unlike IPW or covariate balancing approaches [KS18,YS18]

which require correctly specified PS and OR models, respectively, enables certain forgive-

ness: only one and not both of them need to be correctly specified. However, with dynamic
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treatment regimes, the equivalent of this forgiveness has not been achieved yet. With the
presence of high-dimensional covariates, DR estimators of the DTE have been recently stud-
ied by [BHL22,BJZ21,L521]. However, statistical inference for the DTE under model mis-
specification has not been considered. We provide a new estimator establishing statistical
inference for the DTE allowing model misspecification in high dimensions. Specifically, we

allow for the following four settings:

The OR models at the first and second exposure are correctly specified; (2.9)
The PS models at the first and second exposure are correctly specified; (2.10)
The first OR model and the second PS model are correctly specified; (2.11)
The second OR model and the first PS model are correctly specified. (2.12)

Therefore, we require at least one of the models to be correctly specified at each exposure.
This property is named sequentially model doubly robust (SMDR); see Theorem 2.1. Even
in low dimensions, SMDR is the most generous conditions up to date: [Rob00b, MvdLRGO1,
BRO05,YvdL06] establish confidence intervals when either (2.9) or (2.10) holds, but (2.11) and
(2.12) are not allowed. [BRR19], arguably the best result up to date, proposed a “multiple
robust” estimator (also in low dimensions), which allows for (2.9), (2.10), or (2.11) but
does not allow for (2.12). This work, therefore, provides a solution to a long-standing open
problem of interest.

The average treatment effect (ATE) estimation problem is closely related to the DTE
— it can be seen as a special, degenerate DTE estimation problem. The ATE has a long
tradition [Rub74] and has attracted a significant amount of attention with the advent of high-

dimensional models [Farl5, AIW18, CCD*18, SRR19, BWZ19, Tan20]. Statistical inference
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for the ATE under model misspecification has been studied recently by [SRR19, Tan20,
DV20,DAV20, AV21]. They propose “model doubly robust” estimators, which are shown
to be asymptotically normal as long as either the OR model or the PS model is correctly
specified, a condition that we successfully naturally mimic with the proposed SMDR; for
the first time in the dynamic setting. To achieve model DR, authors therein, similarly
to [BWZ19], discuss the construction of novel and not off-the-shelf ready nuisance estimates.
Our moment-targeting estimates are motivated by the above work. However, identification
of the DTE is non-trivially distinct from the problem of identifying an ATE, leading to
distinct functionals from those considered in the prior work. In turn, the estimation problem
here is differentiated and the estimators developed have sequential estimation structure.
Dynamic treatment effects rely on a key identification condition, regarding outcome models
in particular, which ensures that DTE quantifies the effect of a sequence of treatments on
the outcome of interest. Authors in previous work could not explicitly design a DR estimator
that meets this condition and have therefore resorted to particular relaxations of DR notions
for dynamic settings.

The manuscript is organized as follows. In Section 2.2, we introduce the doubly
robust representation for the counterfactual mean and further motivate the working nuisance
models, which are constructed to achieve inference under model misspecification. In Section
2.3, we propose a sequential model doubly robust estimator for the DTE based on the
moment-targeted nuisance estimators. Our main theoretical results, which demonstrate the
inference results under possible model misspecification, are provided in Theorems 2.1 and

2.2. The theoretical results for the nuisance estimators are further provided in Section 2.4.
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In Section 2.5, we illustrate the finite sample performance of the proposed estimator under
simulations and semi-synthetic experiments. Additional justifications and the proofs of the
main results are provided in the Supplementary Material.

We use the following notation throughout. Let P(-) and E(-) denote the probability
measure and expectation characterizing the joint distribution of the underlying random
vector W = ({Y'(a1, a2)}a;a0ef0,1}, A1, A2,51,S2) (independent of the observed samples),
respectively. For any a > 0, let ¢, () := exp(z®) — 1, Vo > 0. The ¢),-Orlicz norm || - ||, of
a random variable X € R is defined as ||.X ||y, := inf{c > 0 : E[¢,(]X|/c)] < 1}. Two special
cases are given by wy(x) = exp(2?) — 1 and 9 (z) = exp(x) — 1. We use ay =< by to denote
cby < ay < Cby for all N > 1 and constants ¢, C' > 0. For any S CS = (Zi)fil, define Pg
as the joint distribution of S and Es(f) = [ fdPs. For r > 1, define the [,-norm of a vector
z with ||z]|, .= (3F_, |2; )Y |||l := |{j : 2z # 0}], and ||z]|o := max; |z;|. We denote the
logistic function with g(u) = exp(u)/(1 + exp(u)), for all u € R. A d dimensional vector of

all ones and zeros are denoted with 1(4) and 04, respectively.

2.2 Moment-targeted nuisance estimators

To identify the counterfactual mean 6,, ,,, we assume the standard sequential ignor-

ability, consistency, and overlap conditions; see, e.g., [[R15, LM10, Mur03, Rob00a, Rob87].

Assumption 2.1 (Basic assumptions). (a) Sequential ignorability: Y (ai,a2) AL Ay | Sy,
Y(aj,az) AL As | (S1,S2, 41 = a1). (b) Consistency: Y = Y (A1, As). (¢) Overlap: let

Pleg < m(S1) < 1—co) =1, Pleg < p(S2) < 1 —co) = 1 with some constant ¢y € (0,1).

Additionally, let 7 () and p*(-) be some functions satisfying P(co < 7*(S1) < 1 —¢g) =
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1, P(CO < p*<82) <1-— Co) =1.

In this paper, we consider linear and logistic working models for the OR and PS
models as defined above in (2.4). The model correctness conditions, named sequential model

double robustness (SMDR), are introduced below.

Assumption 2.2 (Sequential model double robustness). Let (a) either 1 = 7 or p = u*

holds, but not necessarily both; and (b) either p = p* or v = v*, but not necessarily both.

To reduce the bias under model misspecification, we construct the moment-targeted
nuisance parameters, n*, as the solution of E{V,¢(W;n*)} = 0 even when models are
possibly misspecified as in Assumption 2.2. Note that this is more ambitious task than the
Neyman orthogonality, which ensures E{V,1(W;n*)} = 0 but requires correctly specified
models. With that in mind, we introduce new estimators of v*, §*, a* and 3*, in that order;
nuisances are intertwined and require sequential estimation. Justifications of the claims
below are provided in equations (2.43)-(2.46) of the Supplementary Material.

The first is v* and 7*(S;) = ¢(S{~*), introduced to balance the model misspecifica-
tion in PS models through equation (2.3) (the left-hand side). This, in turn, leads to a loss

function ¢; and a targeted parameter of interest
v = argmin, cpa, E{01(W;7)}, for 6(W;v) = (1 — A1)S{~ + Ay exp(—S{ 7). (2.13)

Additionally, we observe that E{V gy (W;n*)} = V,E{{(W;~*)} with the later being
zero at v* under the SMDR setting. The next parameter to be defined is §*, for which

p*(S2) = g(S48%), and which needs to satisfy the targeted moment condition (2.3) (the
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right-hand side). We show that this is then equivalent to the population M-estimator

, . . A _ _
8" = arg min E{(;(W;",8)}, for (>(W;y,4) = g(sfw {(1 — A5)S; 6 + A, eXp(—SzTé)},

(2.14)
where §* = §*(v*). Moreover, we show E{V ,1)(W;n*)} = VsE{l,(W;~*, 6*)}, therefore
enabling vanishing the effect of the first order bias under SMDR. For the remainder two OR
models, we design moment conditions such that (2.7) and (2.8) hold. To do so, we observe

that the corresponding moments are
o = arg min E{/3(W;~*, 6", a)}, and (" :=arg min E{{,(W;~*, 6 a",8)}, (2.15)
acR? BERYM

with the new loss functions /3 and /4:

A1A2 exp(—Sgé)

l3(W;~v,6,a) = 4(577) (v - S;a)Q : (2.16)
1
_§T 2
((W;7,6,0,8) = Ay exp(~S]) {SJa ¥ % - SIﬁ} S e
2

For convenience, we suppress the intrinsic notation of a* = a*(v*, §*) and 8* = B*(a*, v*, ")
with 4*,0* (and a*) defined in (2.13) and (2.14). The above losses enable us to re-
duce the estimation bias under SMDR assumptions by ensuring E{V.,(W;n*)} = Vg
E{ls(W;~*, 6", a*,8")}/2 and E{Vs(W;n*)} = V.E{l3(W;~v* 6 a*)}/2. The loss
functions (2.13), (2.14), (2.16), and (2.17) are named as moment-targeting loss functions,
which ensure the SMDR property of the resulting estimator and therefore solving an open
problem of double-robustness in dynamic exposure times. Moment-targeting estimators
in non-dynamic settings [SRR19, Tan20, AV21, BWZ19] match up only with (2.13) above;
whereas, other losses, even in low-dimensional settings, are entirely new and are the first to

achieve SMDR.
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The uniqueness of the moment-targeted nuisance parameters is discussed in Section
2.7.1 of the Supplementary Material. We next discuss their identification. The nested models
are hard to interpret, especially the OR model at the first exposure, u(-). This is not a caviat
of our representation but of a dynamic nature of the problem and is widely recognized; see,
e.g., [BRR19]. (a) We say 7*(-) is correctly specified when 7*(-) = m(-), which occurs if
and only if (iff) there exists some v° € R% such that 7(s;) = g(s{ 4°) holds. Additionally,
~* = ~4% (b) We say p*(-) is correctly specified when p*(-) = p(-), which occurs iff there
exists some 8 € RY, such that p(S;) = g(54 6°) holds. Additionally, §* = §°. (c) We say
v*(+) is correctly specified when v*(-) = v(-), which occurs iff there exists some a® € R¢,
such that v(sy) = 85 a® holds. Additionally, a* = a°. (d) We say u*(-) is correctly specified
when *(+) = p(-), which occurs if there exists some B° € R?, such that u(s;) = s{ 3° and,
furthermore, either case (b) or (c) holds. Additionally, 3* = B°. Note that, 8*, (2.14), is
a function of 4*. However, (b) specifies that the correctness of p*(-) does not depend on
~*. Analogous result for 7*(+), p*(-) and v*(+) can be found in (a)-(c) therefore establishing
that their correctness has no effect on each other. However, this is not the case for the
OR model at the first exposure time, u(-). Namely, if u(-) is linear with pu(s;) = s{ 3° for
some (3°, this does not imply that u*(-) is correctly specified, as B* in (2.15) may not be
equal to B°. From (d), we see that u*(-) is correctly specified if additionally either p*(-) or
v*(+) is (or both are) correctly specified, a condition that always assumed through SMDR
settings of Assumption 2.2. Further details and justifications can be found in Section 2.7.2 of
the Supplementary Material. Based on the moment-targeted nuisance estimators, and new

loss functions, £y, (s, {5, and ¢4 as defined in (2.13), (2.14), (2.16), and (2.17), we propose a
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sequential model doubly robust estimator for the counterfactual mean, 6;; = E{Y(1,1)} in

Algorithm 3. Note that the estimators therein are sequential in that & = & ), a = a(7,9)

and B = Bﬁ, 5 ,@). Whenever possible, we avoid arduous exposition for readability.

2.3 Sequential model doubly robust inference

In this section, we choose the tuning parameters as Ay < y/logd; /N, A\s < /logd/N,

Aa < y/logd/N, A\g =< /logd;/N. Define sy := ||[7¥*|lo, 55 = [|6*]j0, Sa = |la*]|o, and

sg = ||B*|lo as the sparsity levels of the population nuisance parameters.

Assumption 2.3 (Sparsity). Let sy + sg = o(N/logdy), ss + sa = o(N/logd), and s, +

$s + Sa. = O(N/(log dy log d)).

The sparsity conditions of the type s = o (N/logd) are very common in the high-
dimensional statistics literature and guarantee estimation consistency. If we further assume
that ||Ss|le < C, as in, e.g., [BWZ19, Tan20, SRR19], then the condition s, + s5 + So =
O(N/(logd;logd)) is no longer required. The following assumption imposes some standard

moment conditions.

Assumption 2.4 (Sub-Gaussianity). Let Sy be a sub-Gaussian random vector with |v " Sy||y,
< og||vl|l2 for all v € R%. Lete:=Y(1,1) — S, a* and ¢ := Sja* — S| B* be sub-Gaussian
with ||el|y, < oc and ||C||y, < oc. In addition, let Var{Y (1,1)} > ¢y and the smallest eigen-
value of B(A;S2Sy) is bounded bellow by cui. Here, 0s,0.,0¢,Cy, Cmin are some positive

constants.
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Algorithm 3 The sequential model doubly robust (SMDR) counterfactual mean estimator

Require: Observations S = (W;) | and the treatment path (ay,az) = (1,1).

1: Let Z={1,2,...,N} = UX_,7; with equal sized splits n = N/K and K > 2.

2: for k=1,2,....,K do

3 T, I\

4: Zy,2s,1e, I + size M disjoint partition of Z_j with M = N(K —1)/(4K).

5: Propensity at the first exposure

Yok 7 = arg rélﬂiggl{M‘l > G(Wiy) + )\7||’Y||1}» (2.18)
v i€,
6: Propensity at the last/second exposure
b_p 06 = arg min{M‘1 Z U (Wi57,6) + >\6||5||1}, (2.19)
ScRd ;
1€Ls
7 Outcome at the last exposure
G_j « & = arg min {M1 > 15(Wi7,6,0) + Aa|a||1}, (2.20)
aERY .
1€Lo
8: Outcome at the first exposure
B+ B = arg min {M—l > (Wi;7,6,6,8) +Aﬁ||ﬂ||1}, (2.21)
BGRdl iGIg

9: end for
10: return SMDR estimator is

K
51,1 =N"! Z Z (Wi k), (2.22)

k=1i€T}

where _ = (31, 3\_I'k’ a‘_rk,ﬁ‘_rk)‘r and (W;;7_y) is defined through (2.4) as

Ay T5 Ay Ag; aT ~ A1 A2Y;
1— ————Sy;8-k + = 1- —= So, i + - LI
{ g(slTﬁ—k)} ' g(SlTﬂ’—k){ 9(8;50} ’ 9(S{;7-1)9(S2;0-1)
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Theorem 2.1 (Inference under model misspecification). Let Assumptions 2.1-2.4 hold. Let

the following product sparsity conditions hold

Sysp = 0 (%) P ((long)) . (2.23)

We assume the following additional conditions if model misspecification occurs:

. . N

if p(-) # p*(+), further let sysq = o0 (m) 3 (2.24)
. . N VN

if v(-) #v°(), further let s s5 =o0 (m) , S§ =0 <logd> ; (2.25)

. N VN N
Zf Iu() 7é 7] (), further let Sy =0 <1ogd1 y S4S6 + SySa = O (m) . (226)

Then, as N,d;y,dy — oo, in distribution,
o 'NTV2(01, — 61) — N(0,1), where 0% = E{)(W;n*) —0,}>. (2.27)

In addition, define

K N2

6’2 = N_l Z {1/}<WZ, ’l/’;_k) - ‘9171} . (228)
k=

1 lGIk

Then, as N,dy,dy — oo, 62 = 0?{1 + 0,(1)}.

Remark 2.1 (Sequential model double robustness). In Theorem 2.1, we demonstrate the
“sequential model double robustness” (SMDR) property of our proposed estimator: root-N
inference is provided as long as at least one nuisance model is correctly specified at each
exposure; see Assumption 2.2. To the best of our knowledge, this is the first result that
establishes DR property in its full generality. In high-dimensional dynamic settings, no
inferential guarantees exist up to date that allow model misspecification. Among the low-

dimensional literature, the recent work of [BRR19] provides the best results so far on model
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robustness. The estimator therein is asymptotically normal when either (2.9), (2.10) or
(2.11) holds. However, our Assumption 2.2 allows an additional case (2.12) therefore filling

in the important gap.

Remark 2.2 (Required sparsity conditions under model misspecification). Here we discuss
the sparsity conditions required in Theorem 2.1 for root-N inference. We can see that the
correctness of m*(+) does not affect the sparsity conditions; in addition, the more model mis-
specification occurs among p*(+), v*(+), and p*(-), the more sparsity conditions we require.
When p*(-), v*(+), and p*(+) are all correctly specified, we require Assumption 2.3 and (2.23).
Whenever a model at time t € {1,2} is misspecified, we require a product condition between
1) the sparsity level of the other (correctly specified) model at the same time t and 2) the
summation of sparsity levels corresponds to all the nuisance estimators that such a misspec-
ified estimator is constructed based on. Recall that we construct the nuisance estimators
sequentially in the order: & then 5 followed by & and B For instance, when p*(-) is mis-
specified, as shown in (2.26), we need a product condition between 1) sy and 2) sy + S5+ Sa.-
Moreover, whenever OR model at the exposure time t is misspecified, based on the pattern
we discussed above, we always require an ultra-sparse PS parameter at that exposure. More
details are listed in Table 2.1.

In addition, consider the degenerate case with one exposure time. Then we require
5453 = o(N/(log dy)?) when v(-) = v*(-); or, 5458 = o(N/(logd,)?) and s, = o(v/N/logd,)
when v(-) # v*(-). Such conditions coincide with [SRR19] and are weaker than the sparsity
conditions in [Tan20, AV21], where both s, = o(v/N/logd;) and sg = o(~/N/logd,) are

required. [BWZ19] imposed different conditions with either 1) sz = o(~/N/logd,) and s, =
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o(N/logd,) or 2) sg = o(N**/logd,) and s = o(~/N/logd,).

Table 2.1: Let ||Sallsc < C, di < d, and sy + S5 + Sa + 5g = 0o(N/logd). Sparsity condi-
tions required for the sequential model doubly robust counterfactual mean estimator to be
consistent and asymptotically normal

Model correctness
)| () I
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Whenever all the nuisance models are correctly specified, we have the following result.

Theorem 2.2 (Inference under correctly specified models). Suppose all the nuisance models
are correctly specified. Let Assumptions 2.1, 2.8 and 2.4 hold, as well as the product sparsity

(2.23). Then, as N,dy,dy — 0,
O'_IN_I/Q(/Q\Ll — 0171) — N(O, 1)

in distribution, where o is defined in (2.27). With 62 as in (2.28), we also have 5* = o?{1+
op(1)}-

Remark 2.3 (Sequential rate double robustness). As shown in Theorem 2.2, root-N infer-

ence requires product sparsity conditions between the nuisance parameters’ sparsity levels at
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each exposure, i.e., (2.23); we name such a property as “sequential rate double robustness”.
We need the same product sparsity conditions as the Sequential Double Robust Lasso esti-
mator proposed by [BJZ21]; such conditions are weaker than [BHL22] where an additional
product sparsity condition sySq = o(N/(logd;logd)) is imposed. With one time exposure,
our conditions coincide with the “rate double robustness” of [CCD" 18] and [SRR19] and is

weaker than, e.qg., the sparsity conditions in [Far1h, Tan20, AV21].

2.4 Theoretical results for the nuisance estimators

We develop theoretical properties of the proposed moment-targeted nuisance esti-
mators, ¥, 8, @&, and 3, defined in (2.18)-(2.21). In Section 2.4.1, we demonstrate the
consistency of the nuisance estimators allowing all the models to be misspecified. In Section
2.4.2, we provide faster consistency rates for the nuisance estimators assuming some models

being correctly specified.

2.4.1 Results for misspecified models

We first demonstrate the asymptotic results for the moment-targeted nuisance esti-
mators when all the nuisance models are possibly misspecified. Note that the estimators
3, a, and B are constructed based on previously constructed nuisance estimators, i.e., they
are all inter-dependent. We carefully control the errors originated from the previous steps’

estimation.

Theorem 2.3. Let Assumptions 2.1 and 2.4 hold. Then, as N,dy,dy — oo, the following

holds: (a) If so = o(N/logdy) and Ay =< /logdi/N, then || —~*||. = (x/s,Y logdl/N>.
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(b) In addition to (a), if ss = o(N/logd) and \s =< +/logd/N, then ||§ — 8|, = 0,

<\/(s.y logd; + ss logd)/N). (c) In addition to (a) and (b), if s = 0o(N/logd) and Ny <

VIogd/N, then |& — oz = O, (\/(57 logd; + 55108d + 54 logd)/N>. (d) In addition
to (a), (b), and (c), if sg = o(N/logdy) and A\g < +/logdi/N, then 18 = B, = 0,

(\/s,ylogdl —|—s,;logd—l—salogd—i—s[;logdl/]\/').

To establish the convergence rates in Theorem 2.3, we show the restricted strong con-
vexity (RSC) conditions in Lemma 2.17 and control the loss functions’ gradients in Lemma
2.18; see the Supplementary Material. Among the results in Theorem 2.3, part (b) is the
most challenging to show. Notice that 8 is constructed based on a first-stage estimate 4.
Due to the occurrence of the imputation error 4 — ~*, the estimation error 5 — 6" no longer
belongs to the usual cone set C(S,k) := {A € R?: ||Age||; < k||Ag]|1}. A similar problem
has been recently studied by [BJZ21], where their Theorem 8 provides consistency rates of
imputed Lasso estimates. The problem we consider here is even more technically challenging
in that the loss function (2.14) is non-quadratic with respect to §. We consider a cone set
C(s, k) == {A € R : ||Ay < kvy/5|| A2} that is “larger” than the usual C(S, k) and also
different from the cone set studied by [BJZ21]. We show that 6 — 6% € C(s, k) with high
probability and some k,s > 0; see details in Lemma 2.10. Together with some empirical
process results as in Lemma 2.8, we control the imputation error’s effect and finally reach the
consistency rates introduced above; see Lemma 2.9 and the proof of Theorem 2.3. Although
we focus on a specific loss function (2.14), the results of part (b) in fact apply more broadly

to other smooth and convex loss functions. As for parts (c¢) and (d), the corresponding loss

functions are (weighted) least squares. By controlling all the imputation errors from multiple
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stages, we show the consistency rates of the nested estimators. Since the nuisance estimators
v, 5 , QL B are constructed sequentially, and the later estimators depend on all the previous
ones, the estimation errors of the nuisance parameters are cumulative, i.e., the consistency

rate depends on the sparsity levels of all the nuisance parameters up to the current one.

2.4.2 Results for correctly specified models

If we have additional information that some of the nuisance models are correctly

specified, we are able to achieve better consistency results than Theorem 2.3.

Theorem 2.4. As N,d;,ds — oo, the following holds: (a) Let p(-) = p*(-). Let the as-
sumptions in part (b) of Theorem 2.3 hold. Additionally, let s, = O(N/(logdy logd)). Then
18 — &, = O, (\/W) (b) Let v(-) = v*(). Let the assumptions in part (c)
of Theorem 2.3 hold. Additionally, let s, = O(N/(logd;logd)) and ss = O(N/(logd)?).
Then ||aa — a*||a = O, (W) . (c) Let v(-) = v*(+) and p(-) = p*(-). Let the as-

sumptions in part (d) of Theorem 2.3 hold. Additionally, let s, = O(N/(logd;logd)) and

55 = O(N/(log d)?). Then ||B—B" 12 = O, (/GaTogd + sglogd)/N) . (d) Let p() = (")

and u(-) = p*(-). Let the assumptions in part (d) of Theorem 2.3 hold. Additionally, let

Sy + 55 + Sa = O(N/(logdylogd)). Then ||B — 8*|]» = O, <\/(35 logd + sg logdl)/N> :
(e) Let p(-) = p*(+), v(-) = v*(-), and p(-) = p*(-). Let the assumptions in part (d) of
Theorem 2.3 hold. Additionally, let s, = O(N/(logdylogd)) and ss = O(N/(logd)?). Then
HB — B2 = O, (Mlogd/]\f + W) . Further, if sssa = o(N/(logd)?), then
1B =Bl =0, (Vsalogdi/N)

The new convergence rates in Theorem 2.4 are established through Lemmas 2.17 and

155



2.19 of the Supplementary Material. Assuming certain nuisance models being correct, unlike
Theorem 2.3 and Lemma 2.18, we can control the gradients involving the estimated nuisance
parameters and control the imputation errors from the previous steps’ nuisances in a more
efficient way; see more details in Lemma 2.19. As a result, we obtain faster convergence rates
than Theorem 2.3 given additional model correctness information. For the “first” nuisance
estimator ¥, as shown in case (a) of Theorem 2.3, we have ||§ — v*|l2 = O,(1/s,logd;/N)
regardless of the correctness of 7%(-). When p*(-) is correctly specified, the convergence rate
of & depends only on ss; see part (a) of Theorem 2.4 and part (b) of Theorem 2.3 where
p*(+) is possibly misspecified. When v*(-) is correctly specified, the convergence rate of &
depends only on sq; see parts (b) and (c) of Theorems 2.4 and Theorem 2.3, respectively.
As for the convergence rate of B, apart from p*(+), it also depends on the correctness of p*(-)
and v*(-). If only one of p*(-) and v*(+) is correctly specified, as shown in cases (c) and (d),
the consistency rate of B depends on sg and also the nuisance paramter’s sparsity level of
the correct model among p*(-) and v*(-). If both of p*(-) and v*(-) are correctly specified,
as in case (e), the consistency rate of B\ depends on sg and a product sparsity ssse. When
a product sparsity condition, sssq = o(N/(logd)?), is assumed as in (2.23) of Theorem 2.1,

the product sparsity sgso can also be omitted.

Remark 2.4 (Bounded covariates). If we further assume that ||Sz|le < C < oo, then the
following conditions can be omitted: s, = O((N/logd;logd)) in case (a); s4 = O(N/(log d;
logd)) and ss = O(N/(logd)?) in cases (b), (¢), and (e); s+ s5+ Sa = O(N/(log d; log d))

in case (d).
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2.5 Numerical Experiments

2.5.1 Simulation studies

We illustrate the finite sample properties of the introduced estimator on a number of
simulated experiments. We focus on the estimation of § = 0, — 6, where a = (a1,a2) = (1,1)
and ' = (a},al) = (0,0). We describe the considered data generating processes below. The

outcome variables are generated as Y; = Ay;45;Y;(1,1) + (1 — Ay)(1 — Ay;)Yi(0,0).

Setting (a): Non-linear pu(-) and non-logistic p(-) Generate covariates at the first
exposure: for each i < N, Sy; ~4 N, (0,1;,). The treatment indicators of the first ex-
posure are generated as Ay;|Sy; ~ Bernoulli(g(S;,y)). Covariates at the second exposure
satisfy Sy, = 0.5Q(A1)(S% — 1) + Q(A1)S1 + Ai(1 + 61:)1(4,) + 814, where S, € R®
is the coordinate-wise square of Sy;, d1; ~4 Ng,(0,14,), and a matrix Q is defined with
{Q()}i; = 0.8 {}i — j| < 1} and {Q(0)},; = 0.77791{|i — j| < 2} for i < dy and
j < d;. The treatment indicators at the second exposure are generated as Ay;|(Sa;, A1;) ~
Bernoulli(A1;5(S4,8) + (1 — Ay)3(—S5,8)), where g(u) := (Ju + 1| + 0.1)/(Ju + 1| + 1).
Lastly, Yi(1,1) = Sja + 1 +¢;, Yi(0,0) = =S — 1 + ¢; and ¢; ~'4 N(0,1). We consider
o = (1,0(4,_1),0.5,0.5,0.5,0.5,00,—4)) ", ¥ = (1,1,0(4,_2) " and & = (1,0(4,_1,0.5,0.5,0.5,

0.5,0(d2,4))T.

Setting (b): Non-linear u(-) and non-linear v(-) At the first exposure, generate co-
variates from a centered Beta distribution, i.e., Sy;; ~ Beta(1,2) — 1/3 for each i < N

and j < dy; generate Ay;|Sy; ~ Bernoulli(g(S{,y)). At the second exposure, generate So; =
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W (A1;)S1i+ A1 (4, +6; and As;|(Sa;, Ari) ~ Bernoulli(A1;9(S5,6)+(1—Ay;)g(—Ss;0)), where
d;; ~14 Beta(1,4)—1/5, {W(1)};; = 0.207911{|i —j| < 1} and {W(0)};,; = 0.2 {|i—j| <
2} +0.11{|i—j| = 2} for each i < dy and j < d;. Here, Y;(1,1) = SJ.a—1+2r;+¢;, Y;(0,0) =
—SJa+1—2r; +¢ and ¢; ~ N(0,1). Here, we consider non-linear signals with r; as the
standardized version of S1;1S1;21{S1;2 > 0.3} +S1;1S1:31{S1:1 > 0.3} +S1:2S1:31{S1;1 > 0.3}.
The parameters are o« = (—1,0,0,1/18,0(4,—1), =1, =1, =1,004,—3)) ", ¥ = (1,1,0(4,—2)) " and
0 =1(-2,-2,004,+dp-2)) -

For each of the settings, we consider the following choices of the dimensions: (dy,dy) €
{(10,10), (100,50)}, with sample sizes N varying from 4000 to 16000. The experiments are
repeated 200 times. The proposed SMDR estimator is denoted as SMDR1; see Algorithm 3
with K = 5. We also report a slightly different version, SMDR2, which constructs all the nui-
sances on the whole sub-sample of Z_ in Steps 4-7 of Algorithm 3. We also report the stan-
dard IPW estimator, where PS and OR models are estimated using ¢;-regularized logistic and
Lasso estimators and no cross-fitting is performed. In addition, we consider the Sequential
Doubly Robust Lasso (S-DRL) estimator [BJZ21] and two version of the Dynamic Treatment
Lasso estimator [BJZ21, BHL22| (also with K = 5), denoted as DTL2 and DTL1; DTL2’s
nuisances use samples in Z_j, whereas, DTL1’s use different sub-samples in Z,,Z5,Zn,Z3.
Here, DTL1 and SMDRI1 share the same type of sample splitting; DTL2 and SMDR2 share
the same type of sample splitting. The tuning parameters are all chosen through 5-fold cross-
validations. In addition, we also consider a naive empirical difference estimator (empdiff),
Oemmpaitt 1= Yoy AviAzYi/ SN ApiAsi — S0 (1= Ap) (1= A Yi/ SN (1= Ap) (1 - Agy), as

well as an oracle DR estimator, 0,500, Which uses DR score with correct nuisance functions.
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The results are reported in Tables 2.2-2.5.

Table 2.2: Simulation under Setting (a) with d; = d = 10. Bias: empirical bias; RMSE: root
mean square error; Length: average length of the 95% confidence intervals; Coverage: average
coverage of the 95% confidence intervals; ESD: empirical standard deviation; ASD: average
of estimated standard deviations. All the reported values (except Coverage) are based on
robust (median-type) estimates. N; and Ny denote the expected numbers of observations in
the treatment groups (1,1) and (0, 0), respectively.

Method Bias RMSE Length Coverage Bias RMSE Length Coverage

N = 4000, N, = 1368, N, = 678 N = 8000, N, = 2736, N, = 1355
oracle  -0.002 0.087 0.534  0.940 0.005 0.070 0.387  0.955
empdiff -0.393 0.393 0.155  0.015  -0.402 0402 0.110  0.000
IPW 0977 0977 0706  0.055 0.959 0.959 0530  0.010
DTL1  0.181 0.193 0591  0.760 ¢ 0.143 0.144 0430 0735
DTL2  0.108 0.137 0.620  0.890 ¢ 0.071 0.097 0449  0.900
S-DRL  0.102 0.133  0.621  0.900 ¢« 0.071 0.099 0450  0.905
SMDR1 0.040 0.127 0.558  0.900  ( 0.018 0.078 0401 0945
SMDR2 0.004 0.098 0.553  0.935  ( 0.004 0.064 0400  0.935

Due to the confounding factors, the naive empirical difference estimator é\empdjﬁ“ is
not consistent with large biases and poor coverage; see Tables 2.2-2.5. The IPW estimator
also has very large biases and provides bad coverage results under Setting (a), where the
PS model at the second exposure is misspecified. In Setting (b) where both PS models are
correctly specified, surprisingly, the IPW estimator provides acceptable coverages although
there is no theoretical guarantees from existing work in high dimensions. However, whenever
d; = 100 and dy = 50, the RMSEs of IPW are comparable with SMDR1 and SMDR2 when
N = 12000, and worse than SMDR1 and SMDR2 when N = 16000; see Table 2.5.

The DTL1 estimator has relatively poor performance overall, especially when d; =
100 and dy = 50: bias is often close to RMSE and coverages are far below the desired 95%.

The bad performance mainly results from two reasons: 1) The DTL2 estimators are only
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Table 2.3: Simulation under Setting (a) with d; = 100,ds = 50. The rest of the caption
details remain the same as those in Table 2.2.

Method Bias RMSE Length Coverage Bias RMSE Length Coverage

N = 12000, N, = 4103, N, = 2033 N = 16000, N, = 5471, N, = 2710
oracle  -0.002 0.053 0.317  0.945 0.007 0.056 0276  0.955
empdiff -0.401 0.401  0.090  0.000  -0.397 0.397 0.078  0.000
IPW 0946 0946 0418  0.000 ¢ 0.957 0.957 0369  0.000
DTL1 0243 0243 0329 0260 0212 0212 0293 0235
DTL2  0.137 0.141 0355  0.670  ( 0122 0.122 0314  0.655
S-DRL  0.143 0.143  0.356  0.650  ( 0.123 0.123 0313  0.670
SMDR1 0.053 0.075 0.311 0890  ( 0.048 0.069 0269 0920
SMDR2 0.020 0.058 0.319 0935  ( 0.013 0.053 0277 0925

shown to be consistent when model misspecification occurs [BJZ21], they are not necessarily
v/N-consistent nor asymptotically normal; 2) The sample splitting method of DTL1 is not
efficient in finite samples — only 1/5 of the samples are used to obtain each nuisance estimator
when K = 5. DTL2 is constructed using a more efficient sample splitting. It provides smaller
biases than DTL1, however fails to reach satisfactory coverage guarantees in high dimensions;
see Tables 2.3 and 2.5. The S-DRL estimator is constructed similarly as DTL2, except with
a different doubly robust estimation strategy for the first OR model. The S-DRL method
provides RMSEs similar to (see Tables 2.2-2.4) or smaller than (see Tables 2.5) the DTL2
estimator. It also provides relatively satisfactory coverages when d; = dy = 10 (see Tables
2.2 and 2.4), but in high dimensions, the coverages are far below the desired 95% (see Tables
2.3 and 2.5).

The proposed SMDRI1 estimator outperforms DTL1, DTL2, S-DRL, and IPW in the
sense of estimation — smaller biases as well as RMSEs are observed in all considered settings;

see Tables 2.2-2.5. As for the inference results, SMDR1 outperforms DTL1, DTL2, and
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Table 2.4: Simulation under Setting (b) with d; = 10 = dy = 10. The rest of the caption
details remain the same as those in Table 2.2.

Method Bias RMSE Length Coverage Bias RMSE Length Coverage

N = 4000, N, = 1088, Ny = 909 N = 8000, N, = 2176, N, = 1817
oracle  -0.005 0.056 0.332  0.950 0.003 0.042 0.235  0.955
empdiff -0.095 0.107 0.119 0290  -0.100 0.101 0.085 0210
IPW  0.027 0076 0469 0975 0.014 0.049 0.337 0980
DTL1  -0.096 0.104 0436 0845  -0.074 0.078 0.308  0.850
DTL2  -0.057 0.081 0434 0925  -0.047 0.064 0312 0935
S-DRL  -0.053 0.081 0.431 0940  -0.039 0.063 0.309 0935
SMDR1 -0.033 0.073 0.404 0915  -0.017 0.050 0285 00945
SMDR2 -0.005 0.071 0.397  0.960  -0.004 0.048 0281 0950

Table 2.5: Simulation under Setting (b) with d; = 100,dy = 50. The rest of the caption
details remain the same as those in Table 2.2.

Method Bias RMSE Length Coverage Bias RMSE Length Coverage

N = 12000, N, = 3264, N, = 2726 N = 16000, N, = 4352, N, = 3634
oracle  -0.005 0.034 0.192  0.950 0.002 0.030 0.166  0.960
empdiff  -0.103 0.103 0.060  0.135  -0.094 0.094 0.060  0.125
IPW 0034 0048 0274 0945 ¢ 0.033 0.045 0.237 0965
DTL1  -0.123 0.123 0237 0475  -0.100 0.100 0210 0540
DTL2  -0.072 0.073 0246 0775  -0.060 0.062 0217 0880
S-DRL  -0.060 0.069 0.246  0.790  -0.048 0.051 0215 0815
SMDR1 -0.035 0.051 0.227  0.890  -0.018 0.037 0.198 0950
SMDR2 -0.013 0.047 0228  0.940  ( 0.000 0.034 0199 0935

S-DRL in Setting (a) overall, whereas coverages of DTL2, S-DRL, and SMDRI1 are close to
each other when N = 4000 and d; = dy = 10; however, note that DTL2 and S-DRL uses
more samples than SMDRI1 in nuisances’ estimation. In high-dimensional settings, coverage
of SMDRI1 outperforms DTL1, DTL2, and S-DRL. Overall, we can see that SMDR1 provides

coverages close to 95% for large enough N (N = 8000 when d; = dy = 10 and N = 16000
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when d; = 100, dy = 50) — such a result coincides with our theory. Here, although the
total sample size N = 16000 looks large compared with the dimension d = d; + dy when
d; = 100 and dy = 50, the “effective sample size” in nuisance parameters estimation is only,
e.g., No/b = 542 for the treatment path (0,0) under Setting (a). Lastly, as the SMDR2
estimator uses samples more efficiently, it outperforms SMDRI in finite samples. However,
from the theoretical perspective, we believe that the SMDR2 estimator may require more

stringent sparsity conditions compared with SMDRI.

2.5.2 A semi-synthetic analysis based on the National Job Corps
Study (NJCS)

In this section, we compare the estimation and inference performance of the DTE
estimators through semi-synthetic experiments. We consider a dataset from the National
Job Corps Study, which is the largest and most comprehensive job training program in the
US established in 1964, and serves approximately 50,000 disadvantaged youths aged 16-24
each year by providing vocational training and academic education. A detailed description
of the original design and main effects can be found in [SBMO08] and [Sch01].

We consider a dataset of 11,313 individuals, with 6,828 assigned to the Job Corps
and 4,485 not. Treatments, denoted as Z; € {0,1,2,3} (¢t € 1,2), are assigned to the
1th individual in the first and second years after the initial randomization, where Z;; = 0
represents non-enrollment, Z;; = 1 enrollment without program participation, Z;; = 2 high-
school-level education, and Z;; = 3 vocational training. The baseline covariate vector, Sy;,
has 909 characteristics, while So; includes 1,427 characteristics that are evaluated before the

second-year treatment assignment. We exclude 2,610 individuals whose treatment stages are
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missing completely at random [SBRJ'03], resulting in a final sample of 8,703 individuals.
We also exclude the binary characteristics, if the 0/1 groups are extremely unbalanced in
that the minority group’s size is less than 10 within the 8703 individuals, resulting in the
final Sy; with 891 characteristics and So; with 1350 characteristics. After standardizing
the covariates, we generate the potential outcomes }71(2) corresponding to treatment paths
z = (21,22) € {0,1,2,3}? based on Settings (a) and (b) below. The observed outcome is
generated as Y; = Yi(Zi1, Zin) = Zze{o,1,2,3}2 ]1{(211':22«&):2}}/;(’2)‘

We consider estimation of the DTE, § = E{Y;(z)} — E{Y;(z')}, focusing on the
treatment path z = (z1,22) = (3,3) and the control path 2/ = (21,25) = (1,1). To es-
timate the expected potential outcome E{Y;(z)}, we set Ay; = Lizi=2 Ao = Lizp,=201,
and Y;(1,1) = Yi(z). Then E{Y;(z)} = E{Y;(1,1)} can be estimated using Algorithm 3.
The control arm E{?Z(z’ )} = E{Y;(0,0)} can be estimated analogously, and the final DTE
estimator is constructed as the difference of the obtained estimates. Let ¢; ~4 N(0,1). The

potential outcomes Y;(1,1) = Y;(z) and Y;(0,0) = Y;(z') are generated as below.

Setting (a): Linear v(:). Yi(1,1) = SJ.a + ¢ and Y;(0,0) = —Sj,a + ¢;, where a =

0.5 - (a0, 1(s), O¢g,—s), L(a), 0(612_4))T with ag varying from 0.15 to 0.3.

Setting (b): Non-linear v(-) Y;(1,1) = S.a;+(S%—1)"as+¢; and Y;(0,0) = —S|.a; —
(S3;—1)"as +¢;, where S3; is the coordinate-wise square of Sa;, oy = 0.5+ (v, 1(s), 0(4,—s)) ',

oy = 0.05- (L), O(d2,4))T, and ag varies from 0.25 to 0.5.

For each setting, we implement the DTL2, S-DRL, and the proposed SMDRI1 estima-

tors (see Section 2.5.1). The results are reported in Table 2.6, where the biases are calculated
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based on the oracle difference-in-mean estimates g := N~ SN A{Yi(1,1) = Y;5(0,0)} = ap.
Recall that under our simulated outcome setting, we get to see all potential outcomes: two
per individual. Under both Settings (a) and (b), the proposed SMDR1 method provides
smaller absolute biases than the DTL2 and S-DRL estimators. In addition, under Setting
(a), where the OR model at the second exposure is truly linear, all the constructed con-
fidence intervals contain the oracle estimate go. However, when the potential outcome is
generated through a quadratic function (under Setting (b)), the oracle estimate 0o does not
lie in the confidence intervals based on the DTL2 and S-DRL methods; on the other hand,
the proposed SMDR1 method leads to confidence intervals containing the oracle estimate.
Moreover, considering the hypothesis testing problem with the null Hy : € = 0 and the alter-
native H; : 6 # 0, the reported p-values decay as 50 = qy grows; see Figure 2.1. When ay
is large enough, all the methods return p-values smaller than 0.05; however, different meth-
ods require different signal levels to detect the causal effect and reject the null successfully.
Under Setting (a), the proposed SMDR1 method is able to detect the causal effect with a
significance level of 95% when «y = 0.2; however, under the same signal level, both the DTL2
and S-DRL methods fail to reject the null as the corresponding p-values are larger than 0.05.
Similarly, under Setting (b) with é\o = ap = 0.3, the proposed SMDR1 method is able to
detect the causal effect, whereas the p-value based on the DTL2 and S-DRL methods are
both very large. Therefore, we observed a significantly better power in the SMDR1 method

than both DTL2 and S-DRL.
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Table 2.6: Semi-synthetic analysis. Bias: empirical bias; SE: the standard error; CI: the 95%
confidence interval; p-value: the p-value of Hy: 0 =0 v.s. Hy : 60 # 0.

Method é\() 0 Bias SE CI p-value 50 9 Bias SE CI p-value
Setting (a)
DTL2 0.103 -0.047 0.099 [-0.090, 0.297]  0.295 0.153 -0.047 0.099 [-0.040, 0.347]  0.120
S-DRL 0.15 0.092 -0.058 0.04 [0.101,0.308] 0378 020 0142 -0.058 0.104 [-0.051,0.358 0.173
SMDRI1 10180 0.030 0.102 [-0.019,0.380]  0.076 10230 0.030 0102 [0.031,0.430] 0.024
DTL2 0.203 -0.047 0.099 [0.010, 0.397]  0.039 0.253 -0.047 0.099 [0.060, 0.447]  0.010
S-DRL 025 0.192 -0.058 0.104 [0.001,0.408] 0.066  0.30 0241 -0.059 0.104 [0.049,0.458] 0.021
SMDR1 10.280  0.030 0.102 [0.080, 0.480]  0.005 0330 0.030 0.102 [0.131, 0.530]  0.001
Setting (b)
DTL2 20027 -0.277 0.100 [-0.223,0.168]  0.783 0023 -0.277 0.100 [-0.172,0218] 0.817
SDRL 025 0013 -0.237 0.105 [0.232,0.178] 0902 030 0.063 -0.237 0.105 [-0.182,0.228] 0.548
SMDRI1 0141 -0.109 0.091 [-0.038,0.320] 0.123 10192 -0.108 0.091 [0.013,0.371] 0.035
DTL2 0072 -0278 0100 [-0.123,0.268] 0.468 0122 -0.278 0.100 [-0.074,0.317]  0.222
SDRL 035 0.113 -0.237 0.105 [0.1330.277] 0281 040 0162 -0.238 0.105 [-0.083,0.327] 0.121
SMDRI1 10242 -0.108 0.091 [0.063,0.421]  0.008 70.291 -0.109 0.091 [0.111,0.470] 0.001
DTL2 0172 -0278 0100 [-0.023,0.367]  0.084 0223 -0.277 0.100 [0.028,0.418]  0.025
SDRL 045 0212 -0.238 0.105 [-0.033,0.377] 0.043 050 0263 -0.237 0.105 [0.018,0428] 0.012
SMDRI1 10340 -0.110 0.091 [0.161, 0.519]  0.000 0406 -0.094 0.092 [0.225,0.586]  0.000

2.6 Discussion

This paper develops new techniques to establish statistical inference for treatment ef-
fects under dynamic, high-dimensional, and possibly misspecified settings. Based on a set of
newly proposed loss functions for the nuisance models, we establish root-N inference results
as long as at least one nuisance model is correctly specified at each exposure. To the best
of our knowledge, this result is more robust than the existing literature, even those focused
on low-dimensional cases. Our results indicate the importance of nuisance parameters’ esti-
mation — naive, off-the-shelf estimators cannot reach desired robustness level even if coupled
with double-robust loss functions. We allow non-parametric regression methods based on
linear /logistic forms with basis functions, e.g., B-splines. However, due to the challenge of
estimating the nested outcome regression models, the treatment effect’s estimation based
on other non-parametric estimators, such as random forests and boosting, still needs to be

studied.
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Figure 2.1: The p-value of the estimators as 6 varies.

In the context of dynamic treatment regimes, a related but different DR property
have been explored. However, existing results additionally require correctly specified con-
trast models at all the later stages of the estimation — such a condition is very restrictive
when multiple time exposures are involved and is unnecessary in our work. How should
we make decisions if the contrast models cannot be correctly specified at later stages? Our
results indicate that the nested OR model u(-) can be estimated consistently under such
a circumstance (see Theorem 2.3) and hence optimizing fi(-) seems to be a feasible but

conservative option.
2.7 Supplementary Material

We begin by introducing some additional notation used throughout the document.
Constants ¢, C' > 0, independent of N and d, may change from one line to the other. For
any r > 0, let |f(*)|l.p = {E[f(Z)]"}}/". Denote e; as the vector whose j-th element is
1 and other elements are 0s. For any symmetric matrices A and B, A > B denotes that

A — B is positive definite and A > B denotes that A — B is positive semidefinite; denote
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Amin(A) as the smallest eigenvalue of A. For the sake of simplicity, we denote Y7 ; := Y (1,1)
in this supplementary document. Let Sy = (W;)icz,, S5 = (Wi)iezs, Sa = (Wi)iez,, and
Sp = (Wi)icz, be the subsets of S corresponding to the index sets Z,, Zs, Za, and Zg,

respectively.

2.7.1 Uniqueness of moment-targeted parameters

In this section, we discuss the uniqueness of moment-targeted nuisance parameters
~¥*, 0%, a*, 3" defined in Section 2.2. Note that the parameters are defined through opti-
mization problems, (2.13)-(2.15). We first consider the Hessian matrices of the objective

functions:

VZE{(,(W;v)} =E [A{g ' (S{v) — 1}8:8/],
VEE{(2(W;~*,8)} = E [A1A2g (ST ") {97 (S;6) — 1}S,8, ],
VAE{l(W;y", 8%, a)} = 2E [A1 A2~ (S v"){g7'(S207) — 1188, ],

VAE{L(Wiy", 6", 8)} = 2E [A {g™"(ST7") - 1)S:S]].

where g(u) = exp(u)/{1 + exp(u)} is the logistic function. In the following, we prove by

contradiction
V2E{(1(W;v)} =0, Vy e R™ (2.29)

Assume there exists some a,y € R such that a' VZE{(,(W;~)}a = 0 and |al|; = 1. Then
A{g7 (S{~)—1}(S{a)? = 0 almost surely. Since g(u) € (0,1) forallu € R, g7*(s{v)—1 >0
for all s; € R% and hence A;(S{ a)? = 0 almost surely. It follows that E{A;(S{a)?} = 0 and

hence Amin(E(A1S2S5)) < Amin(E(A1S1S])) = 0, which conflicts Assumption 2.4. Therefore,
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(2.29) holds, the solution 4* is unique and can be equivalently defined as the solution of the
first-order optimality condition V,E{¢;(W;~)} =0.

In addition, we also note that

VE{(W;7",0)} = E (E [A297"(S{v){g7'(S28) — 1}S5S; | So, A1 = 1] E(A | S2))
=E [A1p(S2)g7' (S{7"){g7'(S: 9) — 11,8, |

= o [A1g7 (ST ) {97 (S5 8) — 115,85, |
under Assumption 2.1. In the following, we also prove by contradiction to show that
V2E{ly(W;~*,8)} = 0, V6 € R (2.30)

Assume there exists some a,d € R? such that a' ViE{(,(W;~*,8)}a = 0 and |Jalj; = 1.
Then A1g~(S{T~*){g71(S46) —1}(S; a)? = 0 almost surely. Since g(u) € (0, 1) for all u € R,
g Hs{ v ) g1 (s58) — 1} > 0 for all 5, € R? and hence A4;(Sja)? almost surely. It follows
that E{A4;(S5a)?} = 0 and hence Ayin(E(A4;S,S5)) = 0, which conflicts Assumption 2.4.
Therefore, (2.30) holds, the solution §* is unique and can be equivalently defined as the
solution of VsE{l,(W;~*,8)} = 0.

Besides, we note that

V2E{l3(W;~*, 8%, )} = 2ViE{l,(W;~v*,6*)} = 0, Yo € R, (2.31)

VEE{l(W;~v*, 6%, a*, B)} = 2V2ZE{(;(W;~")} = 0, V3 € R". (2.32)

Therefore, the solutions a* and 3* are also unique.
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2.7.2 Justifications for Section 2.2

In this section, we provide justifications for identification in Section 2.2. Before we
provide detailed justifications, we first introduce equivalent expressions for the OR functions

w(+) and v(-): under Assumption 2.1,

M(Sl) sz(YLl ’ S| = Sl) (é ]E(Yl,l ‘ Si=s1,41 = 1)

~

D(1(Sy) | Sy =81, As = 1}, (2.33)

V(gz) I:E(YVLl | Sg = S2,A1 = 1) (g) E(YLI | SQ = SQ,Al = 1,A2 = 1)

Here, (i) holds since Y; ; AL A; | Sy; (ii) holds by the tower rule; (iii) holds since Y7 AL As |
Sl, Al = 1.

Now, the justifications of the cases (a)-(d) for identification are provided below:

(a.1) Assume 7*(-) = m(-). Then 7(s;) = 7*(s;) = g(s{~*) and hence 7(s;) = g(s; ¥°)

with 40 = ~*.

(a.2) Assume there exists some v° € R% such that 7(s;) = g(s{v"). By the construction

of v* and note that the Hessian matrix satisfies (2.29), v = 4* is the unique solution of
VLE{6:(W;7)} =E [{1 - Aig " (S[7)}S:] =0 € R™.
Meanwhile, we also have

E[{1— Ag ™ (S]4")}S1] = E (B [{1 - Aig™"(STA")}S: | $1])

=E[{1—7(S1)g " (S{7")}S:1] =0 € R".

By the uniqueness of v*, we conclude that v° = 4* and hence 7(-) = 7*(+).
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(b.1) Assume p*(-) = p(-). Then p(S2) = p*(s2) = g(59 6*) and hence p(s2) = g(s; 6°)

with 6% = §*.

(b.2) Assume there exists some §° € R? such that p(8;) = g(s, 6°). By the construction

of 6* and note that the Hessian matrix satisfies (2.30), § = d* is the unique solution of
VE{(z(W;~v*,8)} =E [A1g7"(S{v*){1 — 4297 "(S; 6)}S2] =0 € R
Meanwhile, we also have
E [Ag (S{v){L — A9 (8, 8")}8,)]
=E (B [g7"(S{v) {1l — A9 (S5 8°)}S2 | S5, A1 = 1] E(A, | Sy))
=E [Aig ' (S{v){1 — p(S2)g7'(S;8°)}Sz] = 0 € R™.
By the uniqueness of §*, we conclude that §° = §* and hence p(-) = p*(-).

(c.1) Assume v*(-) = v(-). Then v(sy) = v*(82) = 85 a* and hence v(5;) = §; &’ with

o =,

(c.2) Assume there exists some a’ € R? such that v(s;) = §) a’. By the construction

of a* and note that the Hessian matrix satisfies (2.31), & = a* is the unique solution of

Vo E{l;(W;~v",0", )} =2E [AlAgg_l(SlT'y*){g_l(Sgé*) —1}(Sy o — Y)S,]

=0¢c R
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Meanwhile, we also have
E [AiAsg™ (S{Y) {9 1 (S;6%) —1}(S; a” = Y)Sy]
=E (E [A2g ' (S{v){g7(S30") — 1}{S5 " = Y11}S, | S5, 41 = 1] E(A, | Sy))

=E (E [AQ{S;—QO — )/171} | SQ, Al = ]_] E [Alg_l(SI’Y*){g_l(S;d*) — 1}92 | SQ:|)

|

VE [Aip(S2)97 (ST g (876°) — 1H{S] e — v(8,)}8,] =0 € R,

where (i) holds since Y7 1L Ay | (S, A; = 1) under Assumption 2.1. By the uniqueness of

a*, we conclude that a” = a* and hence v(-) = v*(-).

(d) Assume there exists some 3° € R% such that u(s;) = s{ 3° and either p*(-) = p(-)
or v*(-) = v(-) holds. By the construction of 3* and note that the Hessian matrix satisfies

(2.32), B = B* is the unique solution of
=2E [Ai{g '(S{7") — 1} {S{B - S;a" — A5 (S, 8")(Y — S, a")} S|]
=0 e R™.

Meanwhile, note that

E [exp(—=S{v") {S{ 8" — Sy " — A9 '(S38")(Y — Sy ")} S1 | Sp, Ay = 1]

- (exp<—sh*> {u(sn — (8, - 2 )

:|Sl | S27A1 :1)

D eep(~ST ") [msn (S -

= exp(-ST) 1)~ v(52) + {1 - £(5:) b s i) s

= exp(~S] ) {u(S1) — v(S2)}S,
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where (i) holds since Y ; 1L Ay | (Sg, A; = 1) under Assumption 2.1; (ii) follows since either
p*(:) = p(-) or v*(-) = v(-) holds. Hence, by the tower rule,
E[A{g7(S{7") = 1}{S{ B’ =Sy &’ — Ayg7'(S,6")(Y — S, @) } 8]
=E [exp(=S] v"){n(S1) — (S2)}SiE(4; | Sy)]
= E [A; exp(=S{ 7" ){n(S1) — (S2)}S1]
= E (E [exp(—S{ v*){u(S1) — v(S2)}S1 | S1, A1 = 1] E(4; | Sy))

“oeRrd

where (i) follows from (2.33). By the uniqueness of 3*, we conclude that 3° = 8* and hence

u() = p ().

2.7.3 Auxiliary lemmas

The following Lemmas will be useful in the proofs.

Lemma 2.2 (Lemma A.1 of [ZCB21]). Let (Xn)n>1 and (Yn)n>1 be sequences of random

variables in R. If E(|Xn|"|Yn) = O,(1) for any r > 1, then Xn = O,(1).

Lemma 2.3 (Lemma S.4 of [BJZ21]). Let Assumptions 2.1 and 2.4 hold. Then the small-
est eigenvalues of B(A1S1S]) and E(A;A2S:S]) are both lower bounded by some constant
i > 0. Additionally, ||[v'S1lly, < o§llvlz, |41V S1lly, < o§llvlle for all v € R® and

| A1 Aov TS|y, < 0§lV2 for all v € RY, with some constant o§ > 0.

Lemma 2.4 (Lemma D.1 (ii), (iv) and (vi) of [CLCL19]). Let X,Y € R be a random
variable. If | X| < Y] a.s., then || Xy, < [|[Ylyo- Then ||[cX |y, = lc||X]lg, Ve € R, If

| X |y, < 0, then E(X) < o/ and E(|X|™) < 20™(m/2)™? for all m > 2. Let {X;}, be
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random variables (possibly dependent) with maxi<i<p || Xi|ly, < 0, then || maxi<i<n | Xillly, <

o(logn + 2)1/2.

Lemma 2.5 (Corollary 2.3 of [DVDGVW10]). Let {X;}, be identically distributed, then
n 2

YN
=1 loo

Lemma 2.6. Suppose that S' = (U,);cs are independent and identically distributed (i.i.d.)

n~'(2elogd — e)E [||X;]|%.] -

sub-Gaussian random vectors, i.e., |[a" Uy, < oullalls for all a € R? with some constant
ou > 0. Additionally, suppose the smallest eigenvalue of E(UUT) is bounded bellow by some
constant Ay > 0. Let M = |J|. For any continuous function ¢ : R — (0,00), v € [0,1],
and n € R? satisfying E{|UTn|} < C with some constants c,C > 0, there exists constants
K1, Ka,C1,Co > 0, such that

logd
1%( P O(UT (0 + 0 A)(UT AP 2 | A~ ot

IA[, VAl < 1)
ieJ

> 1—cpexp(—caM). (2.34)

Lemma 2.6 follows directly by repeating the proof of Lemma 4.3 of [ZCB21]; see also
for other slightly different versions in Proposition 2 of [NRWY10] and Theorem 9.36 and

Example 9.17 of [Wail9].

Lemma 2.7. Suppose (X;)™, are i.i.d. sub-Gaussian random vectors in R? and X is an

independent copy of X;. Let S C{1,...,d1} and s =|S|. Then, as m,d — o,

:op< %)

sup
AE{ASC—O |All2=1}

m™! Z (X A)? —E{(X"A)*}

If we further assume that S C {1,...,d}. Then, as m,d — oo,

SINT(XTAY T A2 s
sup m XTA? —E{(X"A :o( _)7
AEC(S,3)N||All2=1 ;( ) {( ) } D -
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where C(S,3) :={A € R?: || Age

1 <3| Ag]li}-

Lemma 2.7 is an analog of Lemmas 15 and 16 of [BWZ19]. It can be shown by

repeating the proof of [BWZ19], with replacing X, X/ therein by E(XXT).

Lemma 2.8. Suppose (X;), are i.i.d. sub-Gaussian random vectors. Then, for any (pos-

sibly random) A € R?, as m,d — oo,

sup m~! Z?;(XZTAV _
acrisop M AT+ A3

Op(1).

We introduce notation needed for the next set of results. For any s,k > 0, define
Cl(s, k) :=={A e R : ||All; < kv/5||Al2} and K(s,k,1) := C(s,k) N {A € R?: || A, = 1}.
For any A € R?, define

F(A) := 50o(7,8%, A) + Xs]|6" + Al + Visla(F,6%) T A — \s]|6%]|1,

where f5(~y, 8) and 60y(~, 8, A) are defined in (2.56) and (2.59), respectively. Instead of the

usual cone set C(S,k) = {||A € R?: ||Age

1 < k||Agll1}, we work with a different cone set

C(s, k) (and K(s,k,1)) defined above.

Lemma 2.9. Let Assumptions 2.1 and 2.4 hold, s, = o(N/logd,), ss = o(N/logd), and

consider some Ay < \/logdy/N. For any 0 <t < ki M/(16%03ss), let \s = 205+/(t + logd) /M.

Define
Ap ={||Vsla(v*, 8|l < As/2}, (2.35)
s~ logd A
A, ::{|R1(A)] <y ng ! <”\/%1 +||A|]2>, VAeRd}, (2.36)
7o~ ok 2 log d 2 d
Ay = 003,68, 8) 2 m | AR~ w0 AL VAER: A <1],  (237)
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where Ri(A) = {V(Jgﬁ,é*) — V(;Eg('y*,é*)}T A and ¢ > 0 is some constant. Let 55 :=
sylogdy/logd + ss. Then, on the event Ay N Ay N As, for all A € IN((E(;, ko, 1), we have

F(A) >0, when N > Ny with some constant Ny > 0, and Pg_ys; (A1NAy) > 1—t—2exp(—t).

As the nuisance estimator & is constructed based off of 4, using the standard proof
techniques developed for Lasso-type estimators, we would need to take care of the term
Vsly(7,6") T Ag as in (2.101), where Ag = 6 — 6* and the gradient Vsly(F,8%) is evalu-
ated at the target value 6* and the estimated value 4. Under a possible model misspec-
ification, where p(-) # p*(-), unlike part (a) of Lemma 2.19 below, we cannot provide a
small enough upper bound for the infinity norm ||V slo(F, 6*) ||« as Es;{Vsl2(7, 8*)} might
be different from zero. Hence, instead of directly using the inequality |Vslo(F,8*)TAs| <
1V 502(7, 6%) |0 || As]1, here we consider |V 5l (7, %) T As| = | Vsla(v*, 6*) T As+ R (As)| <
|V sla(7*, 6)||s0]| A5l + |R1(As)|. In Lemma 2.9, we can show that ||Vsla(v*,6)|ec =
O,(y/logd/N) and the term R;(Aj) can be controlled through the imputation error origi-
nated from the estimation of v* as well as the ;- and /5-norms of Ajs. Together with the
restricted strong convexity (RSC) condition developed in (2.37), we further show that the

error term Aj belongs to a cone set C (s,k) in the following lemma.

Lemma 2.10. Let Assumptions 2.1 and 2.4 hold. Let s, = o(N/logd;) and consider some
Ay < y/logdi/N. Define As := 8 — 8. Foranyt >0, let \s = 205+/(t + logd) /M. Events

Ay and Ay are defined in (2.35) and (2.36). Then, on the event A; N Ay, when N > Ny,

= ok s~ logd
157,(3,8°, Ag) + Nol| Aol < <8w3+4c Tg) sz

1As]l <kov/3sl|Asll2,
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where Ny, ko and ¢ > 0 are some constants and Ss := s, logd;/logd + ss.

Lemma 2.11. Let the assumptions in Lemma 2.9 hold and also that A € 6’(55, ko). Then,

on the event Ay N Ay N As, we have ||As|2 < 1.
Lemma 2.12. Suppose a,b,c,x € R, a >0, and b,c > 0. Let ax® —bx — ¢ < 0. Then

b \/?
T < — 44/
a a

Lemma 2.13. Let the assumptions in part (a) of Theorem 2.3 hold. Let r > 0 be any

positive constant. Then, as N, d,dy — o0,

8T )., = O U5 -7l = Oy (\/ngd) ,
and
lexp(=8{ ) — exp(=S{¥") [y, = [lg7"(817) — g7 (S{7)|;,
=05 =" =0, (\/ %) . (2.33)
Define

& ::{H’Ay =7l <1 and [lg7(S{ V) ||, < C ¥y € {wy" + (1 - w7 w e [0, 1]}}-

(2.39)

Then, as N,dy,dy — o0,

Ps (£) =1—o(1).

On the event &, for any v’ € [1,12] and v € {wy* + (1 —w)7 : w € [0, 1]}, we also have

Lo SV, <€ lexp(=8{ [, <C. [lexp(SiM)|5,. < C".

with some constant C" > 0.
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Lemma 2.14. Let r > 0 be any positive constant.

(a) Let the assumptions in part (b) of Theorem 2.3 hold. Then, as N,d;,ds — oo,

STR s B S B sylogdy + sslogd
|si@—a9], =01 5”2)—Op<\/ - ,
and
|exp(~818) —exp(~818") | = o71(818) —g7'(81 8|
B = B sylogd; + sslogd
~0 (Hé b \|2) ~0, <\/ - . (2.40)
(b) Let the assumptions in part (a) of Theorem 2.4 hold. Then, as N,d;,ds — 00,
AT e S, sslogd
|si@—a)|, =018 -a1) =0, (/255 ).
and

|exp(~818) — exp(~8]4")

_ -1/QTR\ _ ,—1/QT §*
., =l EI8) - g sIe) |

S ss logd
:o(ua—auz):op( B ) (2.41)

Let either (a) or (b) holds. Let C' > 0 be some constant, define

& ::{Hg— 0|2 <1 and Hg_l(SQTJ)HRG <C, Ve {wd* + (1 - w)g: w € [0, 1]}}

(2.42)

Then, as N,dy,ds — o0,
Pg,yug(s (82) =1- 0(1)

On the event &, for any v’ € [1,12] and § € {wd* + (1 — w)d : w € [0,1]}, we also have
g™ (828)[lp,. < . [lexp(=82 )5, < O [lexp(S28)]|p,,, < C"

with some constant C" > 0.
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Lemma 2.15. Let r > 0 be any positive constant.

(a) Let the assumptions in part (¢) of Theorem 2.3 hold. Then, as N,d;,ds — 0o,

ST/~ . N . s~y logdy + sslogd + sq logd
1@ -l =0l - e -0, (| FEE Lo .

(b) Let the assumptions in part (b) of Theorem 2.4 hold. Then, as N,dy,dy — o0,

N . Salogd
Mzoma—amwﬂ%< N )

IS] (& — o)

Let either (a) or (b) holds. For any vy € [0,1], let & = via* + (1 — vy)@. Define

£:=Y11 —Sja. Then, for any constant r > 0, ||g]|p, = O,(1).

Lemma 2.16. Let r > 0 be any positive constant.

(a) Let the assumptions in part (d) of Theorem 2.3 hold. Then, as N,dy,dy — o0,

o O <||,§— 5*”2) =0, <\/(57 + sg)logdy + (s + Sa)logd) .

|sT@-m)

N

(b) Let the assumptions in part (c) or part (d) or part (e) of Theorem 2.4 hold. Then,
as N,dy,dy — o0,
S/ (B -8

|

Let either (a) or (b) holds, and let either (a) or (b) of 2.15 holds. For any vi,vs €

=o(IB-8)

P,

1, let o = via* + (1 —vy)a an ~:U1 (1 - 3. Define ¢ :=S]a — ST 8. en,
0,1], let o *+ (1 a and 3 J6; 1 B. Define ¢ := S, S/'3. Th

for any constant r > 0, ||Z||]P>77~ = 0,(1).
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2.7.4 Proofs of the main results
Proofs of the results in Section 2.1
Proof of Lemma 2.1. We first notice that
A1AY } i) { A1AYq } (#) { { A2Y11 } S ]
E——M=—— E{—————=— 3 =E|ES{——————=—1S,,A, =1, E(A;|S
Ear EICRYICH By | e T B S)
(i) p(S2)v(S2) 5 }<w {Alp( 2)V(S 2)}
=E{d — 22 (A, |S =Eq ——F—" %,
{Hsomiaymn 5 S0 ()

where (i) holds since A;A5Y = A;A,Y]; under Assumption 2.1; (ii) and (iv) hold by the

—~

tower rule; (iii) holds since Ay 1L Y7, | S, A; = 1 under Assumption 2.1. We consider the
following four cases:
(a) Both PS models are logistic, i.e., w(s;) = g(s{ v°) and p(sy) = g(s, 6°) with some

~% € R% and §° € RY Then

E{(é%y>}:E{%%%%%§}@E{ﬁé%q

S
Ve [e{4e 18 = 1] Bl 80| B0 @ o

where (i) holds by 7*(-) = 7(+) and p*(-) = p(+) since (a.2) and (b.2); (ii) and (iv) hold by
the tower rule; (iii) holds by (2.33).
(b) The OR model at time 1 is linear and the PS model at time 2 is logistic, i.e.,

f(s1) = 57 8° and p(8:) = (5] 8°) with some B° € R% and §° € R%. Then
2\ s - {m? %??} {W%S?}
‘”E[E{ (s A =1VE(A | S } l“E{Al“(Sl)}

7 (S1)
.
{A18 }60 W (88 =E{u(S)} Loy,
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where (i) holds by p*(-) = p(+) since (b.2); (ii) and (v) hold by the tower rule; (iii) holds by
(2.33); (iv) holds since E[{1 — A;/7*(S1)}S:1] = 0 € R,
(c) The PS model at time 1 is logistic and the OR model at time 2 is linear, i.e.,

m(s1) = g(s;v°) and v(8;) = 55 a® with some v° € R" and a® € R?. Then

e ) =

where (i) holds since E [A;/7*(S1){1 — A2/p*(S2)}S;] = 0 € R? and by the tower rule,

E [A1/7*(S1){1 — p(S2)/p*(S2)}S2] = 0 € R (ii) holds by 7*(-) = =(-) since (a.2); (iii)
holds following the steps (ii)-(iv) of part (a).
(d) Both OR models are linear, i.e., u(s;) = s{B° and v(8;) = s;a’ with some

B° € R™ and a’ € R?. Then

e

where (i) holds following the step (i) of part (c); (ii) holds following the steps (ii)-(iv) of

part(b). n
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Proofs of the results in Section 2.3

Proof of Theorem 2.1. Recall the definition of the score function, (2.4). Observe that

Ao(Y — S5
V,(Win) = — Ay exp(—8]7) {W

A1A2 exp(—S;ré) (Y — S;Q)
9(S{7)

LA A -
Ve (Wim) =2y {1 4(5;0) } >

+S,a— sm} S,

VJQMWJ’) = g?a

By the constructions in (2.13)-(2.15), we have

QT %
E{V.,0(W;n')} = —E {Al exp(~ST") {AQ(Y 5:9) | §Tar - SIﬁ*} sl]

9(830%)
1
— §VBE{€4(W; ~v*, 6% o, B)} =0 € R™, (2.43)
AlAQ exp(—g;(s*)(Y — S;C\C*) = :|
E{Vs(W:n*)} = —E S
(Vb (Win) = - | . :
1
= LVLE((Wiy 6 a%)) =0 € B, (2.44)
E{Va)(W;n')} =E {L {1 - _A—2} SQ] = VsE{l,(W;~*,8")} =0 € R
A 9(S{v") 9(S; %) L ’
(2.45)
A
B(VauWin )} ~E|{1- 2 L8] - vpawiyy —0ert, a9
1
Note that,
R K
010 — 011 = Nt Z Z V(Wi i) — b1
k=1 i€},
K N
=K' anl Z {v(Wim-1) = (Wim")} + N7 Zw(Wz, n*) — 01,
k=1 1€Ly =1
N
= Z (Wism™) — 011 + K™ ZAk1+Ak2)

i=1 k=1
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where

Agy=n"" Z {U(Wi k) = o (W)} = E{(W;04) — 0(Wim")}
Apo = E{p(W;n_x) —0(W;n*)}.
Step 1. We demonstrate that
E{(W;n")} — 61, = 0. (2.47)

Here, (2.47) can be shown under the Assumption 2.2:

E{Y(W;n")} — 011

= Hl N 9(8?17*) } (8067~ YM}} e [Q(S?'r*) {1 N 9(5?5*) } (Sza YM}}

Og [{1 — g?é?;)*) } {s/B" - M(Sl)}l +E {gzrs(?}y)ﬂ {1 - gé)s(;)*) } 8,07 - V@’z)}]

where (i) holds by the tower rule, (ii) holds under the Assumption 2.2.

Step 2. We demonstrate that, for each £ < K and any 6 € R, as N, d;,dy, — 00,
Apa = 0,(N7V2). (2.48)

Note that,

Apo =03+ Dpa+Dps+ Dpe+ Apr+ Aps+ Agyg,
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where

[ QT Sx
Aps=E A1 {1—9(825)}S§<a_k—a*>],

_g(slT’AY—k) g(SJS_k)
_ [ g<Si|—,Y*) T/A _a*
deu=5 {1 2GS STB 8]

[ 1
AL =FE —
e L9(S{ k)

[9(ST") — A1} ST(Ay — ﬁ*)} ,

A QT ST (A *
Ak,6 =E — S~ {g<82 5*) — AQ} 82 (Ol,k - )] ,
_g<SlT7—k)g(S;ré—k)
Al A2 AQ =T
A7 =E = — — —— Yii—S,a)|,
S VICHEAY {g<s;5_k> 9(S3 6*)}( Ve >]
(st st o s19)
A = E - Yii- S8,
o _{Q(Shk) OO A

Apo = E L A Ny el
k,9 _{ g(SI'y—k) g(SI,.y*) g(S;é*) ( 1,1 2 )

By the tower rule, we have

Aps =E (E {MSI(B\k -8 | SlD

=K
Awg =E
=E
Awr —E
(LE-

@E(E Hg(ﬂ(sl) i W(Sl)*

Q(SI’T’—IJ
[7*(S1) — 7(S1)
9(S1T’7—k)

E [ pi(S?) — Az Sl (G_r—a*) ]Sy, 4 =1
\ Q(SI'Y—k:)g(S;—(S—k)
A{p*(S,) — p(Sg)}S;

SlT(ﬁfk — ﬁ*)} =0, when 7(-) =7*(");

E(4; | S2)>

(a_y — a*)] =0, when p(-) = p*(*);

1 _
SR Sy A =1
» g<s;6*>}' 2/

L Q(SI’AY—k)Q(SzTg—k)

E(4; | Sg))

* 1 . -
Q(SlT’/)\Lk) {g<nggk) - 9(355*) }] =0, when v(-) =v*(-);
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Here, (i) holds since Yi; AL Ay | (S, A; = 1) under Assumption 2.1; (ii) holds since Y;; AL
Ay | S; under Assumption 2.1. Note that, the expectation E(-) corresponds to the joint
distribution of the underlying random vector W := ({Y (a1, a2)}a; a0¢{0,1}5 A1, A2, S1,S2),
which is independent of the observed samples (W)Y, and hence also independent of the
nuisance estimators 77_,. Such an expectation will be used throughout the document unless
otherwise stated.

Additionally, we also have
Apo = E (E {{Ym —Tli (Ss) Y _TV ES2)} Ay —* P (Ss) 1Sy, A) = 1] E(A, | 52))
9(S1¥-k) 9(S17*) p*(S2)

: A A p(S2) — p*(S2) J(8) — (S| )
E[{msm_k) g(Sh*>} oSy (S (S”}] 0

—~
~

where (i) holds since Y7, AL Ay | (Sa, A; = 1) under Assumption 2.1; (ii) holds since either

p(+) = p*(+) or v(-) = v*(-) under Assumption 2.2. Therefore,
Apo =03+ Dpa+ Dpslosr + ADpolpzp + Dprlysye + Apglyzyn,

Now, condition on the event & N &, where & and & are defined as (2.39) and (2.42),
respectively. By Lemmas 2.13 and 2.14, £ N &, occurs with probability 1 —o(1). By Holder’s
inequality,

~

Beal < g7 (ST |97 (8780, o800 — g7 (S78")

P,4

P4

876k — o)

P4

—~

i) N A *
Oy (18- = 8°[12lG- = ol
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where (i) follows from Lemmas 2.13, 2.14 and 2.15. Similarly,

Bal < g7 ST s 197 (STA=0) = 97 ST¥) o ST B = 89|

—~

i) . JINP i
Op (-1 =7 l1B-c = B'llz)

where (i) follows from Lemmas 2.13 and 2.16. In addition,

20al 2 |{ g s HalsTy) - 4} STBLe - )|

A5 g(ST~*

D g (8770 = 97 STl

ST (B_x — BY)

P2

(444) ~ s .
0y (1A% = 7'I121Bx — 8112

where (i) follows from (2.46); (ii) holds by Holder’s inequality and the fact that |g(S{~*) —

Al < 1; (iii) follows from Lemmas 2.13 and 2.16. Besides,

|97 (81719 (8384) — g7 (S{7")g ' (815")

Ay {g(S;(S*) - Az} _ Ay {Q(SQT‘;*)_— Az}
9(STA-1)g(ST6_)  9(STv")g(S;6*)

Al 2 SJ (G — a*)) ‘

(i1)
<

QT /2 *
P2 HSQ (A —a )H]P’,2
(iid) —~ « ~ * ~ *
L0, ((IF-4 =7l + 184 = 811 ) &k — a2

where (i) follows from (2.45); (ii) holds by Holder’s inequality and the fact that |4,{g(S4 6*)—

As}| < 1; (iii) follows from Lemma 2.15 and the fact that

o (8170078330 07817 )g (]|

=0, (155 =7l + 18— &°I12) . (2.49)
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We verify (2.49) below:

~

lo(S134)971(818.1) — g7 (SI %) (814")

P,2

< [lom 8750 {97350 — o (s300)}

P2
+ 1978367 {g7(8{A-1) — 9 (ST H

<Hg (STA-E)lpq |9 (S38-4) — g7 (S56%)

P4

+[lg7 (520 lp 4 [l (S17-0) =97 (8174

= Oy (1A ="l + 181 = &°[12)

where (i) holds by Minkowski inequality; (ii) holds by (generalized) Hélder’s inequality; (iii)
follows from Lemmas 2.13 and 2.14. As for the term Ay 7, with some =, lies between v* and

Y_, some d lies between &* and g_k, we have

Ay Ay B Ay .
9(STA-k) | g(ST6_) 9(S36%)
(i) A A, T _T} ~
< |E exp(—S, 6")eS 0_, — 0"

+ |B{ A1 4z exp(~S]F1) exp(—S] §)e8] (6« — 69)S] (Fi — ) ||

1)
1A 2 |E

exp(~S]8)= {87 (54 - 5*)}21

A A
i ]E[
‘ (Sl ’71)

< Jexp(=STA),., S7(3-1— )|

NIEHCE:

exp(~S19)|| Il ™

+ g7 S A S8 — o)

exp(~873)||_ llell |8

P,8

(w) * *
Oy (174 =7 I8 — & + 18 — &°3)

where (i) holds since either p(-) = p*(-) or v(-) = v*(+); (ii) holds by Taylor’s theorem; (iii)

holds by (2.44) and Holder’s inequality; (iv) holds by Lemmas 2.13 and 2.14. Similarly, by
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Taylor’s theorem, with some 4, lies between v* and 4_j, we have
y Y

|Aps| < [E{Arexp(=S{v*) (Y11 — S{B8)S] F—r —7") }|

+ ‘E {Al exp(=S{%2) (Y11 — S{B8%) {S{ (-« — 7*)}2}‘
9(856%)

©)

E [Al exp(—S; ~) { +S,a" — Sfﬂ*} S{ (Y—k — ’Y*)] ’

+ ‘E [Al exp(—S; ¥2) (e + ¢) {SlTﬁ’fk - 7*)}2}

(i7)

< 0+ [Jexp(=S7 7o) ||, Il + Cllpa 18T At = ¥

W0, (F— — 7112 .

where (i) holds since either p(-) = p*(-) or v(-) = v*(-); (ii) holds by (2.43) and Holder’s
inequality; (iii) holds by Lemma 2.13. To sum up, we have
Ao = Oy (A~ IallBoi — Bl + 18 — &l s — ')
+ 1oz Op (171 = Y ll2ll - — @7|2)
L Op (1A = 7 218 = &l + 18- = 57]3)

+ ]lu#u*Op (H'T’—k - "Y*”g) . (2-50)

Define

. 5y log d; _ sslogd _ [sylogd _ [sglogd,
Ty = —N , Ts = N Ta ‘= —N , I'g = —N .

By Theorems 2.3 and 2.4,

Y-k —Y"l2 = Oy (T‘)’) 5
16k =8|l = [|[6-% — 6" [laLp=p + |01 — 87[[2Lprtpr = Op (r5 + 141 pzp+)

|k = lla = ok — @[l lpmre + ok — @l Luir = Op (1o + (ry +75) Luoe) -
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Additionally, note that either p(-) = p*(-) or v(-) = v*(+) (or both) holds. By Theorems 2.3

and 2.4, we have

Hﬁ*k - ﬁ*H2 = Hﬁfk - ﬁ*||21p=p*71/=1/*7u=u* + Hﬁfk - ﬁ*H21p=p*7V7AV*,u=u*
+ 18-k = B 2L ptpr vt o= + 18—k — B (|21 piepe-

= Oy (rg + 1sluzo + Talprpr + (ry + 75+ 7a) Lz -
Therefore,

Apo =0, (rq{rg +rsluz +ralpzp + (ry + 76 + 7)) Luzps })
+ Op (15 + 7 Lptp) (T + (1 +75) Lyt )
+ Lot Op (ry {ra + (19 +75)Lusre })
+ Lo Op (1 + 75 + 7y Lpotpr) (16 + 1y Lptpr ) + Lz Oy (TZ/)

©
= Op (1478 + 1476 Lyt + 10l ppp + 15 (1y + 15 + 70 ) Luzpr)

~

+ O, (rsTa + r4Talpzp +15(ry +175)Lyz+)
+ Lpzp Op(ry7a) + LuszrOp (1 +16) 76) + 1,0 Oy (7,_27)

= Op<7"'y7",3 +757a) + ﬂp#p*0p<rvra) + ILV#V*OP(T'YW + 7%)

+ Lz Op(rf/ + 1T + TyTa),
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where (i) holds since 1,4, 1,,+» = 0 that either p(-) = p*() or v(-) = v*(-) holds. Note that,

TATg + T6Ta =

VSysglogd, |\ /sssqlogd
N * N

— o(N~/?), when (2.23) is assumed;

/S~5plog dy N \V/SvSa log dy log d)
N

LotpTyra = Tpzpr < N

= o(N7Y?), when (2.24) is assumed;

V/sslog d(sylog dy + sslog d)
N

Lyt (ryrs +73) = Lysyr

— o(N~1?), when (2.25) is assumed,;

/5 log di{s,logdi + (ss + sa)logd}
N

Lytps vy (ry + 76 +70) = Lyt

= o(N7V?), when (2.26) is assumed.

Hence, we conclude that

Ak’g = Op(Nil/Q).
Step 3. We demonstrate that, for each £ < K and any 6 € R, as N, d;y,dy; — 00,
AkJ = OP(N_I/z).

By construction, we have Eg, (Ag1) = 0, where Eg, (-) denotes the expectation corresponding
to the joint distribution of the sub-sample S;. In addition, by Taylor’s theorem, with some

n=7", 67, &T,BT)T lies between n* and 7)_y,
Es, (A1) = n'E [{$ (W) — o(Win")}’]

= 207'E [{Y(W; ) — $(W;0)} Vb (W) T (g — )]

(®)
< 207 {[|u(Wim) - ST

po T [0 (Win") —S[ 8"

oo IV W3 )T e =),
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where (i) holds by Holder’s inequality and Minkowski inequality. Note that, with probability

L,

| (W;n*) — S{B*

o2 < lCllps + < el = O(L).
Define
£=Y1,-Sa, (= S, — SlTE

Condition on the event £ N &. By Holder’s inequality and Lemmas 2.15 and 2.16, we also

have

[w(W: ) — 81875,

<[l ST e |2, + 197 S D o7 SO 18l + 878 -89,
=0, (1418 =82) = 0, (1+ 1B+ = B']12) = O,(1).
In addition, by Minkowski inequality,
[V (W) (0 = 1°) ||y
< [V W) Gt =)y + [V Wii) (60— 0)||

Vet (W) (@ = )|y, + |[Var (Wi ) "By — 8)

P2

By Holder’s inequality, Minkowski inequality, and Lemma 2.13,

IV (W) TGk = 7[5

< exp(-STR) | {573, el + ], ST E-2 )

P,6

= Op (II7-x =7l2) -
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Similarly, for the second term, using Lemmas 2.14 and 2.15,

| Zst(W; ) (3~ 6°)

P,2

< [l ST | |oxp(~ST8) | IEle.o ST (3i — 57)

P,12
=0, (18- = &"]12)
For the third term, using Lemma 2.15,

[Vat(Win)" (6 — )|,

P,6

< STl {1+ o7 ST, I5T(Gs - 0

— 0, (@i —a’ls).
Lastly, using Lemma 2.16,

|Vov Wi (B - )

P2

< {1+l ST Dp, } ST B4 - 8

=0 (1B = B2)

P,

To sum up, we have

[V (W5 m) T (77 — n*)||P,2

= 0y (IA% =7 I+ 118k = 8"l + G — a1y + 1B — B2

It follows that

Es, (AZ,) = n'E [{¢(W;n_y) — v(W;n)}]

= N0, (JAok =l + 8= 8l + @k — s + 1By — B7]12) - (251)
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By Lemma 2.2,

Ag1 = 0Op (N_l/z\/ll’AY—k — "o+ 18-k = 8|2 + @& — @[l + [|Bx — ﬂ*l!z)

= 0,(N~1/%),

Step 4. We show that, as N, d;,dy — oo,

N
ailel/sz(Wi;n*) — 9171 —)N(O,l) (252)

i=1

By Lyapunov’s central limit theorem, it suffices to show that, for some ¢ > 2,

o E {[$(W;n*) — 04|} < C. (2.53)

with some constant C' > 0. Note that

—E[{¥i, ~ 61,) +E ([{1— ol G )
o ([ms?w U sy ) e v )

> E[{Yiy —001)2] 2 E [(Yar — 001} /2 + E[{u(S1) — 001}7)/2

(i1)
> ¢y /2 + co(1 — co) 'E[A; exp(—S] v){u(S1) — 011}7]/2,

where (i) holds since E[{Y1; — 011}%] = E[{Y11 — u(S1)}*] + E [{u(S1) — 011}%]; (ii) holds
since exp(S]v*) > co(1 — o) ™! under Assumption 2.1, E[{Y;; — 61 1}]*> > ¢y under Assump-
tion 2.4, and A; < 1. Based on the construction of 8* as in (2.15), and since either p*(-) or

v*(+) is correctly specified, we have

B = arg min E [Al exp(—S{v*) {v(S2) — SIB}Q]
BeRM
= arg mln E [Al exp(—S{v*) {u(S: SI@}Q] ;
BeR?
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which implies that
E [Ayexp(=S{~*) {u(S1) —S{B"} S1] = 0 e R™.
Under Assumptions 2.1 and 2.4, it follows that

E[A; exp(—S] v ){p(S1) — 01,1}7]

I

Y B[ Ay exp(—S]v){u(S1) — S B°F] + E[A; exp(=S[ v){S] B° — 611}’
> E[Ay exp(—S]v*){S] B — 61.1}°] = E[r(S1) exp(—S]v*){S] B — 61.1}"]

> co(cy' = DE[S]B" — 011}7] = (1 — co)caminl1B"13,
where (i) holds since

E[Arexp(—S{v){1(S1) — S/ B HS| 8" — 01,1}
= E[A; exp(=S; v ){u(S1) — S B}S| {B" — br,1e1}] = 0.
Therefore, we have
0% > ¢y /2 + cocuinl|B7][3/2.

Additionally, for any r > 0, by Minkowski inequality,

[ (Win*) — b1,

A .
<Y1 —Ouallp, + H{l - m} {S{B" — Y11}

+ 1 — — S, a* =Y,
Hg(SI APPSRkl

P,r

P,r

<1181 8%l + llellew + €l + 101.1] + (1 +c57) le + <l

+¢ (M +c) lellp,

—

2018, +1) .
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where (i) holds by |011] = |E(S{ 8%)| < ||S{ B*||.1. Therefore,
o= |82+ 1, (2.54)

and

o

W:n*) — 0 t
G_tE {|¢(W7,’7*) N 9171|t} _ { |W( n ) 171HIP’,t}

( 18[l2 + 1
cy /2 + Cmin”ﬁ*“%/Q

) =oq.
and (2.53) follows.

Step 5. Finally, we prove that, as N,d;, dy — oo,
72 =0c*{1+0,(1)}. (2.55)

Note that

N 2 9
_ . _ 2 +1
Es {N 1;1 ¢(Wz‘;"7)—91,1} =N IUQX—H'BU\QZ :

where Eg(-) denotes the expectation corresponding to the whole observed samples S =

(W,)X,. By Lemma 2.2,

N

; 1/1( n ) 1,1 p \/N
By (2.51), (2.53), (2.54), and Lemma A.4 of [ZCB21], we have (2.55) holds. ]
Proof of Theorem 2.2. Theorem 2.2 follows directly from Theorem 2.1 as a special case that
all the nuisance models are correctly specified. [

Proofs of the results in Section 2.4.1

To begin with, we first demonstrate some useful lemmas before we obtain the asymp-

totic results for the moment-targeted nuisance estimators. For any v, 3 € R and §, o € R,
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define

Zl('y) = M_l Zél(wuﬂ)/)v ZQ(Va 6) = M_IZKQ(Wi;’Y:(S)? (256)
1€1 i€Ls
!73(’% 67 a) = M_l Z 63(Wza v, 57 a)? Z4("77 57 «, ﬁ) = M_l Z 64(W1a v, 67 «, /8)7
1€le i€1g

where the loss functions are defined as (2.13), (2.14), (2.16), and (2.17). For any v, 3, A €

R% and o, d € R?, define
S, A) = By + A) = T (4) = Vols() T A, (257)
é174(’77 57 -, /67 A) = g4(’77 57 «, B + A) - g4(’7? 67 «, /8) - V,Bll(’y? 57 &, IB)TA (258)

Similarly, for any v € R® and o, 8, A € R?, define

6la(, 8, A) = ly(y,6 + A) — ls(7,8) — Vslo(v,8) A, (2.59)

5@3(’7,(5,0{,A) : ZS(’Yaéaa + A) _Z3(7757a) - Val73(7767a)TA' (260)

We demonstrate the following restricted strong convexity (RSC) conditions. Note
that, the nuisance estimators are constructed based on different samples, and the probability

measures in (2.61)-(2.64) are different.

Lemma 2.17. Let Assumptions 2.1 and 2.4 hold. Define fira,(A) := k1||A|3 — kol A2
logdy/M for any A € R™ and fra(A) = ki||All3 — k2| Al[Flogd/M for any A € RY.

Then, with some constants ki, ka, c1,co > 0 and note that M =< N, we have
Ps, (001(7", A) = faa (A), Y[Alz £1) =1 - crexp(—c:M). (2.61)
Further, let || — v*||2 < 1. Then
Ps, (002(7,0%, A) > fara(A), V[[Ally <1) > 1= ¢y exp(—caM), (2.62)

Ps, (5@4(’7,3,&,,3*, A) > fua(A), VA€ Rd1> > 1 —crexp(—caM). (2.63)
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In (2.62), we only consider the randomness in S, and v is treated as fized (or conditional
on). Similarly, in (2.64), ¥, 3, and o are all treated as fized.

Moreover, let ||g— 0|2 < 1. Then
]P)Sa (5[73(’/)\/, 5\7 a*a A) Z fM,d(A)7 VA € Rd) Z 1-— C1 exp(_CQM)a (264)
where 5 and S are treated as fized.

Proof of Lemma 2.17. We show that, with high probability, the RSC property holds for each

of the loss functions. By Taylor’s theorem, with some vy, vy € (0, 1),

00 (v, A) = (2M)71 > Ayexp{—=S];(v" + 1 A)}(S[A),
1€1~y
305(7, 8%, A )Y AviAsig ! (STA) exp{—S3,(8" + 128)}(S;,A)%,  (2.65)
1€Ls
003(3. 0,07, A) = M~y Ay Asig™ (S]A) exp(—85,0)(S5,A)?, (2.66)
1€Le
004(3.8,6,8", A) = M1~ Ayexp(—S[7)(S];A)% (2.67)
i€lg

Part 1. Let U = A;S;, §' = (A1iS1)iez,, ¢(u) = exp(—u), v = v, and n = ~v*.
Under Assumption 2.1, [UTn| < |S/~*| < C with some constant C' > 0. By Lemmas 2.3
and 2.6, we have (2.61) holds. Note that, Ps_, Ps,, Ps,, and Ps, are the probability measures

corresponding to disjoint (and independent) sub-samples S, Ss, S, and Sg, respectively.

Part 2. Now we treat 4 as fixed (or conditional on) and suppose that |5 —~*||s < 1.

Note that g~'(u) = 1 + exp(—u) and S = (S{,S;)". Hence,

007,87, A) = (2M) ™Y~ Ay Ay exp{—S5,(6" + 124)}(S;,A)”

i€ls

+ (2.[\4)_1 Z Ah‘Agi exp{—S;(é* + "v)’ —+ UQA)}(S;;A)Q,

€Ly
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Where "v)’ = (’/)\/T,O, e ,O)T € Rd. Let U = AlAQS, S/ = (AliAQiSQi)iEIaa ng(u) = exp(—u),
v = vy, and 1 = &*. Note that, under Assumption 2.1, we have [UTn| < |S]d*| < C with
some constant C' > 0. By Lemmas 2.3 and 2.6, we have

(2M)™1> " Ay Ay exp{—S,,(6" + 12A)}(S5,A)°

i€Ls
, logd
M

> /Al - & lAly, viAl: <1, (2.68)

with probability Ps; at least 1 — ¢} exp(—c,M) and some constants x}, k5, ¢}, ¢y > 0.

Similarly, let U = A;A4,S, §' = (A1:42:S2:)icz;, d(u) = exp(—u), v = vy, and n =
8* + 4. On the event |5 — v*||2 < 1, under Assumptions 2.1 and 2.4, we have E{|U"n|} <
E(IS{~*]) + E(|S;6*|) + E{|S] (7 — v*)|} < C with some constant C' > 0. By Lemmas 2.3
and 2.6, we have

(2M)71> " Ay Ay exp{—S3,(8" + 4 + 128)}(S5,A)°

i€ls
, logd

> LR - m AR VAL < 1, (2.69)

with probability Ps, at least 1 — ¢} exp(—c,M). Hence, (2.62) follows from (2.68) and (2.69).
Part 3. We treat both 5 and & as fixed (or conditional on) and suppose that
15 =2 <1, |6 — 6|2 < 1. Note that

5l5(7,8, %, A) = M1 S Ay Ay exp(—85,8)(S5,A)?
21 21

1€ o

+ M7 Ay Agiexp{~S3,(8 +4)}(S5A)?. (2.70)

1€1e
Let U = AlAQS, S = (Ah'AQZ'SQZ')Z'GIa, gzﬁ(u) = exp(—u), vV = 0, and n = 3 Here, E(‘UTT]D S

E(|S; 6*|) + E{|S2T(g— 0%)|} < C with some constant C' > 0. By Lemmas 2.3 and 2.6, we
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have

o log d
MY AuAysexp(—S18) (STA) = | A3 — k=2

1€lq

IA[3, Y[A, <1, (271

with probability Ps_ at least 1 — ¢} exp(—c4M).

Similarly, let U = A;A4,S, ' = (A1;42S%)iez,, ¢(u) = exp(—u), v = 0, and n =
8 +7%. Then E([UTn|) < E(S[~"]) +E(IS;6*|) + E{|S] (7 — v")|} + E{|S] (8 — ")} < C
with some constant C' > 0. By Lemmas 2.3 and 2.6, we have

, logd
> M

MY AjAgi exp{=S5(8 +9)}S5A)” > K[| A3 —

1€Lq

lalz, VAl <1, (272)

with probability Ps,_ at least 1 — ¢, exp(—c,M). Note that, the function 60y (5,8, a*, A) is
based on a weighted squared loss, and hence the lower bounds in (2.71) and (2.72) can be
extended to any A € RY. For any A’ € RY, we let A = A’/||A’||z. Then ||A|y = 1. The
lower bounds in (2.71) and (2.72) hold if we multiply the LHS and RHS by a factor ||A/||3.

Therefore, (2.64) holds by combining the lower bounds with (2.70) .

Part 4. Lastly, treat 4 as fixed (or conditional on) and suppose that || —v*||s < 1.
Let U = A;Sy, §' = (A1iSni)iezy, #(u) = exp(—u), v = 0, and n = 5. Here, E{|UTn|} <
E(|S{~v*|) + E{|S] (A —*)|} < C with some constant C' > 0. Then (2.63) holds by Lemmas
2.3 and 2.6. Here, similarly as in part 3, the lower bound can be extended to any A € R,

since 60y (7, 5 ,a, 3%, A) is also constructed based on a weighted squared loss. m

Additionally, we upper bound the gradients of the loss functions evaluated at the
target population parameter values. Note that the nuisance parameters v*, 8%, a*, and B*
are defined as the minimizers of the corresponding loss functions, (2.13), (2.14), (2.16), and

(2.17). By the KKT condition, the gradients of the loss functions’ expectations are zero
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vectors; see also (2.73), (2.74), (2.75), and (2.76). Therefore, the gradients of the loss func-
tions” empirical averages V01 (v*), Vsla(v*,8%), Vola(v*, 6, a*), and V gly(v*, 8%, a*, 3%)
are averages of i.i.d. random vectors with zero means even under model misspecification.

Hence, we can use the union bound techniques to control the infinite norms by the usual
rates Op,(y/logd/M) or O,(+/logdy/M).

Lemma 2.18. Let Assumption 2.4 holds. Let 0,05,04,03 > 0 be some constants and note

that M =< N. Then, for anyt > 0,

- t+logd
Ps, (HV%M*)HM < m/*—f) > 1~ 2exp(—t).

Further, let the Assumption 2.1 holds. Then, for anyt > 0,

po (1920 <o ) 212
). t+logd t+logd
o (HVO‘%W"S*’O‘*)HOOS"“ <2\/?+ +J\;g ) > 1 - 2exp(—t),
T (% S% % 3% t+logd t+logd
Ps, (HV[B€4(’Y 0%, a”, 38 )Hoo <og (2\/7+ - 1) > 1= 2exp(—t).

Proof of Lemma 2.18. Now, we control the gradients of the loss functions.

Part 1. Note that

Vo l(v) =M™ {1 - Aug ' (S{v")}Su

i€Ty

By the construction of v*, we have
E[{1—Aig7'(S{v")}S:i] =0 € R™. (2.73)

Also, for each 1 < j < dy, [{1—A1g71(ST~*)}S{e;| < (1+¢")|S] ;] and hence, by Lemma
2.4,

{1 = Ag™ (S{v)IST ejlly < 1+ g )lIST ejll < (145 )os.
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Let 0., := v/8(1 + ¢;*)os. By Lemma D.2 of [CLCL19], for each 1 < j < d; and any ¢ > 0,

= /[t + logd
Ps., <|V7€1(7*)Tej| > 0y —Mg 1) < 2exp(—t — logdy).
It follows that,
d1
o t+logd . t+logd
po (190> o) < S, (e [
j=1

< 2dy exp(—t —log dy) = 2 exp(—t).

Part 2. Note that

Volo(v",8%) = M7y Ang ™ (S{y){1 — Asg ' (S5:67)}Sa
€Ly
By the construction of 6*, we have

Under Assumption 2.1, we have [A;g7H(S{v*){1 — Ayg71(S; 8)}S] ;| < ¢ (1+¢5")[ST €]

for each 1 < j < d. By Lemma D.1 (i) and (ii),
[A1g™ (81 v {1 — Aag (S, 87)}Ss ejllu, < (57 + 5 )IISs ejllv, < (cg” + g )os.
Let 05 := v/8(cg2 + ¢5')os. By Lemma D.2 of [CLCL19], for each 1 < j < d and any ¢ > 0,

_ t+logd
Ps, <|V5€2(’Y*75*)Tej| e ) < 2exp(—t — log d).

It follows that,

_ t+logd d _ t+logd
Ps; <||V5€2(’Y*,5*)||OO > 05 +]\;g ) < ZIP’SJ (}Vgég('y*,é*)Tej| > 0p A;g )
j=1

< 2dexp(—t —logd) = 2exp(—t).
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Part 3. Note that
Vaols(v*, 8, a) = —2M! Z A1 Agig  (S1A") exp(—Sg;,6%)e;Sa;.
1€
By the construction of a*, we have

E {24,497 (S{ ") exp(—S,; 6*)eS2} = 0 € R™. (2.75)

Under Assumption 2.1, we have | —24; A9~ (S]v*) exp(—S; §*)eSg e;] < 2¢5 ' (cg ' —1)[eSy

e;| for each 1 < j <d. By Lemma D.1 (i), (ii), and (v),

| — 241 Asg (S ) exp(—S; 6)eS, ey,

<265 (" = Dllellva 1Sz €illv, < 2657 (5" — D)oo

Let 04 := 2051(051 — 1)o.0s. By Lemma 2.4 and Lemma D.4 of [CLCL19], for each j < d

and any t > 0,

_ 1 1
Ps,, (IVae3<v*76*,a*)Tejl > 0q (%/”Jgd + ”A;gd» < 2exp(—t —logd).

It follows that,

e e t+logd t+logd
P;. (Hvaﬁg('y,d,a)Hoo>aa (2,/ £ LFRAL. ))
d
e t+logd t+logd
SjZI]P’Sa(‘Vaﬁg('y,(s,a)Tej‘>aa(2\/ Y ))

< 2dexp(—t — logd) = 2 exp(—t).

Part 4. Note that

Vli(v*, 6%, a*,8%) = —2M"! Z Arexp(—=S{v*) {G + Azg (S50} Sui.

i€13

201



By the construction of 3*, we have
E [—2A; exp(—S{v*) {¢ 4+ A2g™ (S, 6%)} Si] = 0 € R™. (2.76)
Under Assumption 2.1, we have | — 24; exp(—S{v*) {¢ + A297(S;6")e} S{ej| < 2(cp" —
D(|¢] + c5|e])|S{ e;] for each 1 < j < d. By Lemma D.1 (i), (ii), and (v),
I = 241 exp(=S{¥") {¢ + A297"(S;87)e } S{ ey,
< 2(cg" = D(lICllve + 5 lellua) 18T ejlly, < 2(cg" = 1)(o¢ + ¢ ' 02)os.

Let 05 :=2(cy' — 1)(0¢ + ¢5'0.)os. By Lemma 2.4 and Lemma D.4 of [CLCL19], for each

1 <75 <dy and any t > 0,

) * Sk * * t+10gd1 t+10gd1
o (‘Vﬁ&(" 8" a", B e;| > 05 (2\/7+ M ))

< 2exp(—t —logdy).

It follows that,

_ * * * * t+10 d t+10 d
Psp <||Vﬁ€4(7 6,0, 8| > op (2\/?+ Mg 1))
dy
T [k Sk % Ok t+logd t+logd
SZPS&(‘V"&‘(”’J’“’ﬁ>Tej\>Uﬂ<2\/7+ i 1))

J=1

< 2dy exp(—t — logdy) = 2exp(—t).

Proof of Theorem 2.3. We proof the consistency rates of the nuisance parameter estimators
when the models are possibly misspecified.

(a) By Lemmas 2.17 and 2.18, as well as Corollary 9.20 of [Wail9], we have

. . S~ log dy . . log d;
H?’—’Y\|2=Op< 7M )a HV—’YHl:Op(SV M)'
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(b) By Lemma 2.9, Pg_ys,(A1NAz) > 1—1t—2exp(—t), where A; and A; are defined

n (2.35) and (2.36), respectively. By Lemma 2.10, conditional on A; N As, we have As =

6 — 6" € C(55, ko) = {A € RY: [|Ally < koy/5s]| A2}, where 55 = /5, logdy/logd + s
and ko > 0 is a constant. Additionally, by Lemma 2.11, we also have ||As|ls < 1. By (a),
we have P ({||7 —v*[|2 £ 1}) = 1 — o(1). Then, by (2.62) in Lemma 2.17, Ps_us, (As) >
1—0(1) — crexp(—caM) = 1 — o(1), where Aj is defined in (2.37). Now, also condition on

Ajs. Then we have, for large enough N,

s~ logd @ A
<2>\6\/_+C\/ s Ng 1) |As]l2 > dl2(7,6 >A5)+Z§HA6H1

() log d
> /<:1HA5|]2—/<2 8

(ii) 55 logd “’) K1
2 (k1= kB sl 2 S 1A,

5
1Al + 7 l1As ]l

where (i) holds by Lemma 2.10; (ii) holds by the construction of A3 and also that ||Aslls < 1;
(iii) holds since Ag € C(Ss, ko) and As||As||1/4 > 0; (iv) holds for large enough N, since

Selogd/M = sylogdy /M + sslogd/M = o(1). Therefore, conditional on A; N Ay N As,

1Ayl < DoV | 2 [syloadi Wswlogdl +8510gd) |
K1 R1 N N

with some \y = 205\/ t+logd)/M =< \/log d/N. Since Aj € C (Ss, ko), it follows that

- (logdy)? log d
Asl < Asll2 =
sl < Fov/5allAsl 0( A W )

Therefore, we conclude that

||5 51> =0, (\/s.,logd1+s(;logd)
S~ (log dy)? log d
I8 -8l =0, ( ) T+ sa
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(c) For any t > 0, let Ay = 20,{2+/(t + logd)/M + (t + logd)/M}. Choose some
Ay < y/logd; /N and A\s < y/logd/N. Define
Ay ={|Vals(v*, 6", a)||o < Aa/2}, (2.77)

log d

As _{553(7,5 o, A) 2 kAl - ra = IAJR VAeRd} (2.78)

By Lemma 2.18, we have Ps_(A4) > 1 — 2exp(—t). Let A = & — a*. Similar to the proof
of Lemma 2.10 for obtaining (2.102), we have, on the event Ay,
2005(3,8, ", A) + Aal|All1 < 4hal|As, |1 + 2| Re. (2.79)

where

. _ T

Ry, = {Vaﬁg('y,é,a*) — Vals(v", 6*,a*)} A
=2M71 Y " Ay Ay { '(S1A) exp(=85:0) — g~ (SIY" )eXp(—S;—ifs*))} eiSyA.

i€1q

By the fact that 2ab < a?/2 + 20,

1 - -
|Ro| < 5553(%5704*7A) + 2R3,

where

exp(-813)  exp(-8561)\  o(STA)
fis =M Z( JSTA)  9(Str) > R

By (a) and (b) of Theorem 2.3, we have Ps_us, ({7 —7*[2 < 1, ||5 — 02 <1})=1-0(1).

Note that

o~ _ 2
exp(—=S;0) exp(=S;8%)\ g(S{7)
Es, [Rs] = E 2% .
sa 3 < 9(S{7) 9(STv*) ) exp(—S]9)
exp(~818) _ exp(=578)||
9(S{7) 9(S{~*)

(i) sylogd; + sslogd
= 0, N :

9(S{7)
exp(—S,,0)

P6
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where (i) holds by Lemma 2.4, as well as the fact that

exp(~578) _ exp(-S76")
9873 9(ST)

P,6

< Hg_l(slT’Y*) {eXP(—Sgg) - eXp(_SQT(S*)}HP,(s

+ Hexp<—s;3> {97'(=8/73) - gl<—ST’Y*>}HM

log d logd
:Op <\/S’Y 0og 1];’[_ 56 10g ) (280)

using Minkowski inequality, (generalized) Holder’s inequality, and Lemmas 2.13 and 2.14.

Hence,
Ry =0, (57 logdljj[— sg log d) | (2.81)
Because of the inequality (2.79), we have
003(7,8, ", A) + Aal|AllL < 4Xal|As, |1 + 2Rs.
Note that ||Ags, |1 < /5allAsall2 < /5allAll2. Hence,
003(7,8, &', A) + Aa|| Al € ar/SallAll + 2R;.
Recall the equation (2.66). We have 6/5(7, s, o, A) > 0. Then
INIESNAINAE (2.82)

Then, by Lemma 2.17, Pg_issus, (As) > 1 —0(1) — crexp(—caM) = 1 — o(1), where Aj is

defined in (2.78). Now, conditional on .4, N As, for large enough N,

N (0] log d
Davial Alls +2Rs = 67,8, 07, 8) = ml| A~ w2t A
(i) logd 4R2
2 Al 20, (165818 + 45)

205



where (i) holds by ||Al]; > 0; (ii) holds by the construction of As; (iii) holds by (2.82) and
the fact that (a + b)* < 2a* + 2b%; (iv) holds for large enough N, since s, logd/M = o(1).

Hence, on the event A, N As, for large enough N,

,logd

Rl A3~ 8hav/SallAllz = 16my R 555 — 4Ry <

Choose some Ao = 20,{2+/(t +1logd)/M + (t + logd)/M} =< \/logd/N. It follows from

Lemma 2.12 that

a o Kglogd 4R3
A 16 R?
Al < =272 4 J16R3 2SS 4+

salogd s~ logd; + sglogd s~ logdy + sslogd
Op<\/ N + = ~ +1/ 2 N

(\/s7logd1+35logd+salogd)

%

—~
~

N

where (i) holds by Aa+/Sa < v/Salogd/N and (2.81). Recall the inequality (2.82). We have

(log dy)? logd log d
Al = (2284 .
|1 =0, (57 Nlogd ~ PV N T\ N

(d) For any t > 0, let Ag = 20{2+/(t + logd1)/M + (t 4+ logd;)/M}. Choose some

= /logdi/N, \s < y/logd/N, and \, < y/logd/N. Define

As = {||Valas(v*, 0", a*, B%)|| L < Xs/2}, (2.83)

log dl

Ar = {5147.5,6. 5% 8) = A - Al vacRt ). 28

By Lemma 2.18, we have Ps_ (Ag) > 1 — 2exp(—t). Let A = 3 — 3*. Similar to the
proof of Lemma 2.10 for obtaining (2.102), we have, on the event Ag,

~

2604(4,0, @, 8%, A) + Agl|All1 < 4Xg||As, |l + 2| Ral. (2.85)
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where
L B T
Ry = {Vﬁ£4(7757 Oé,,B*) - Vﬁ€4(7*75*7a*7/6*>} A

=2M~ Ah{exp( S/A) (S;a —- S8+ —
zezz:ﬁ 9(83:9)

_ Ay (Y; — Sia%)
_ gT STar —STgr 4 L2 2o S| A.
exp(—Sy;7") ( 2; & B+ g(SQTi(S*) ) } 1i

By the fact that 2ab < a?/2 + 2b?,

1.~ = <
|R4| < 5564(’}’,5,@,,6*,A) + 2R5,

where
Y {emx s1A) (sha - sp g+ 2 S
ZEZI: 17,7) ! 2 ! g(S;—Z(s
-~ exp(-ST7") (ST — T + Axli—Sia))
p 1Y 2i Li g(ggTié*)
Note that
Boy[Rs] = B | — (@1 + Qs + Qs)’
P T e (=S T T

where

Q1 = exp(—S{7) (1 -t ) S; (& —a’),

9(S59)
Q2 = {exp(—8{7) — exp(—=S{ v} ¢,
o Jen(=S57)  exp(=S;77)
%_B{ 9(S]9) wﬂ&)}a

By (a) and (b) of Theorem 2.3, we have Ps_us, ({||7 —v*[l2 < 1, Hg— 0%l < 1}) =1-0(1).
Then by Holder’s inequality,

1
exp(—S{7)

Eg,[Rs] < (1Q1llpa + |Q2llp.a + [|Qs]p.0)?

P,2
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and

[Q1lpa < HGXP(—SI’A)’)HMQ 1S5 (& — o)

P,12

g(ggd) P,12

(i) <\/3710gd1—|—salogd+salogd>
— Op ,

N

~ * i ! _d
1Q2llpa < H{GXP(_SI')’) - eXP(_SlT'Y )}Hp,s ICle.s 2 Op <\/ = ](i;g 1) ’

(iid) sylogd; + sslogd
lellps = Op (\/ :
‘IP’,S N

where (i) and (ii) hold by Lemmas 2.13, 2.14, 2.15 and Lemma 2.4; (iii) holds analogously

exp(—S;7) _ exp(—S37")

|Qs]lpa <

—~

9(STd) 9(S]6%)

as in (2.80). Hence,

logd logd + s, log d
Rs =0, <S“’ 0861+ 55 08¢+ 5o 08 > (2.86)
N
Recall the inequality (2.85). We have
6574(;7\75\7&’6*’ A) + )‘IBHAHl < 4>\5||Asﬁ||1 + 2Rs.
Note that [[Ag,ll1 < (/58]|Assll2 < /58]l All2. Hence,
(5@4(’3\/,3\’ a?IB*’ A) + )‘,@HAH1 < 4)‘,3\/$HAS¢1H1 + 2‘R5"
Recall the equation (2.67). We have 644(7, s.a, 8, A) > 0. Then
2R
Al < 4y/salAll2 + (2.87)

As
Then, by Lemma 2.17, Ps ussuss (A7) > 1 —0(1) — crexp(—coM) = 1 — o(1), where A7

is defined in (2.84). The remaining parts of the proof can be shown analogously as (c) of
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Theorem 2.3. Now, conditional on Ag N A7, for large enough N,

logd, 4R
Ay < D2V \/1632“2°g1 3

1]\4/\2 K1

sylogd; + sslogd + sq log d + sglog d;
=0, N .

with some A\g = 205{2+/(t + logdy)/M+(t+logd;)/M} < /logd; /M. Recall the inequality

(2.87). We have

log dy (log d)? (log d)? log dy
Al = Y Y L LO8Q)7 | g/ 280 )
IAlL =0, (SV N T\ Niogd, TP\ Nlogd, PV TN

Proofs of the results in Section 2.4.2

Assuming correctly specified models, we control the gradients in Lemma 2.19 below

(approximately) by the usual rate O,(y/logd/N) or O,(y/logd;/N). Note that, different

from Lemma 2.18, we can upper bound the gradients involving the estimated nuisance pa-
rameters. For instance, in part (a) of Lemma 2.19 below, we can control ||V l2(¥,6*)|ls

and the estimation error of 4 is ignorable as long as s, = O,(N/(log d; log d)).

Lemma 2.19. (a) Let p(-) = p*(-). Let the assumptions in part (a) of Theorem 2.3 hold.

B s logd; logd \/logd
o (v Rt )

(b) Let v(-) = v*(:). Let the assumptions in part (b) of Theorem 2.3 hold. Then, as

(s logdy + sslogd)logd \/log d
= 1 .
o0 O (( * \/ N N
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Then, as N,dy,dy — o0,

|| VJZQ(%\/, 5*)

N,dl,d2—>OO,

Hva@(a,& o)




(c) Let v(-) = v*(-) and u(-) = p*(+). Let the assumptions in part (c) of Theorem 2.3

hold. Then, as N,d;,dy — o0,

B (sylogdy + sslogd)log d; \/log dq
o[+ T )

(d) Let p(-) = p*(+) and p(-) = p*(-). Let the assumptions in part (c) of Theorem 2.3

Hvﬁ&(;)\’, d, ", 3

hold. Then, as N,d;,dy — o0,

|Vsla(3. 6% &, 8|,

0 1+\/(&ﬂogdl+5510gd+5alogd)logd1 \/logdl
=0, - 5 ‘

(e) Let p(-) = p*(+), v(-) = v*(+), and u(-) = p*(-). Let the assumptions in part (c)

of Theorem 2.3 hold. Then, as N,dy,dy — 00,

=0, ((1 + \/Sv(lii-z:[le) \/bjgvdl) |

Proof of Lemma 2.19. By Lemma 2.18, we have

HVﬁZA}(;)\/, 6*7 a*a /8*)

= log d
[Vsla(v*,6%)| . =0 ]%, ) (2.88)

5 log d
[Vals(v, 6%, )|, =0, 0]%[ ) (2.89)

7 log d
[Vsla(v*, 8% ", 8%)| . =0 f;v 1) : (2.90)

(a) Let p(-) = p*(-). Note that
Vsls(5,8%) = Vslo(v*,8%) = M~ > Wy,
i€Ls

where

Wi = A {97 (S{A) — 97" (S1v") H{1 — Azig '(S3;6%)}Sas.
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Let Wy be an indepenent copy of W5 ;. Then, by the tower rule,
E(Ws) =0 € R

By Lemma 2.5, we have

(2) B B B 2
< (14" )M (2elogd — )E {|g7(S]7) - g7'(S]¥")

3012}
)

< (14 )M (2elogd —e) [|g7 (8] F) — g7 (ST7)|[5, |[11S2llucI5.

@) s~ log dy (log d)?
= 0, N7 :

< M '(2elogd — e)E(||[Ws|%)

Zwéz

i€ls

where (i) holds since |A;{1 — Ayg7*(S26%)}| < 1+¢;' almost surely under Assumption 2.1;

(ii) holds by Hélder’s inequality; (iii) holds by Lemma 2.13 and Lemma 2.4. By Lemma 2.2,

\/s~logd; logd
—Op< S7O§V10g>'

| Vsla(7,0") — Vsla(v*,8%)

g

€Ly

Together with (2.88), we have

= en log d; log d logd
||V(5£2(’775)H0020p<<1+\/87 OgN1 0g ) 0]%[ )

The remaining parts of the proof can be shown analogously as in (a).

(b) Let v(-) = v*(+). Note that
Vaols(7,8,a") = Vals(v*, 8%, 07) = M~ Y W,
1€lx

where

Wi = —241, 45, {97 (S]A) exp(—S5:0) — ¢~ (ST:7*) exp(—S3:6%) }&:Sa;.
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Let W, be an indepenent copy of W ;. Then, by the tower rule,
E(W,) =0 € R
By Lemma 2.5, we have

< M~ (2elogd — ¢)E(||Wall2,)

2
1€1q 00
2

Es,, HM-l > Wa
(i)

exp(—S;0) _ exp(—S;6")

< 2M'(2elogd — e)E = — [1SaI%,
( ) 9(S{7) 9(S{v*) IS
@ exp(~878) exp(-8769) " 0 e e
< 2M™*(2elogd — e = — € Solleo
( ) g(SI’)’) g(SlT,Y*) Pﬁ” H]P’,6HH 2” ||IP>,6
@) (84 logd; + sslogd)(log d)?
20, e ,

where (i) holds since |A;Ay| < 1; (ii) holds by Hélder’s inequality; (iii) holds by Lemma 2.4

and (2.80). By Lemma 2.2,

Hvazgﬁ, 3.a") — Vsls(~", 8%, ")

v/ s~ logdilogd
OO:O,,< S"Ofvlog>.

Together with (2.89), we have

B (s logdy + sslogd)logd \/logd
OO_OP<<1+\/ N N |’

(c) Let v(-) = v*(+) and pu(-) = p*(-). Note that

Hvaz@,(fy, s, ™)

Vﬁg4<:7\’7 5\7 a*> /8*) - Vﬁg4<7*a 6*7 Oé*, ,6*) =M Z(Wﬂ,lﬂ' + Wﬂ?,i)’

i€1lg

where

W1 i=— 241 {exp(—S{A) — exp(—S{,7") }¢;Sus,

Wgaii=— 2A1i142i{GXP(—SL’AY)Q_I(S;S) — exp(—S1;7")g " (S5:6") }eiSui-
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Let Wg 1 and Wg be indepenent copies of Wg 1 ; and Wg 1, respectively. Then, by the

tower rule,

E(Wgs,) = E(Wgs) =0 € R%.

By Lemma 2.5, we have

2
My Wy, < M~ (2elogdi — )E(||[Wg,|1%)

’LGZ@ 0o
< AN elog s — OE { [oxp(-ST5) — exp(ST )| U2}
(i)t
<

(2elogdy — e) |lexp(—S{7) — exp(S|

(i) [ 5ylogdi(logdy)”
w0, = ,

2
ISRy

where (i) holds since |4;| < 1; (ii) holds by Hélder’s inequality; (iii) holds by Lemma 2.13

and Lemma 2.4. Similarly, by Lemma 2.5, we also have

2
M7y W, < M~ (2elogdy — e)E(|[Wg22,)
iGZﬁ oo
Y 2
exp(=S;7) _ exp(—=S/~")
9(S]6) 9(S;67)

(i)
< 4M*(2elogd, — e)E

e’lIS1 1%

2

(4t) _ QTS QT A%

< 4M~*(2elogd, — e) exp(i Siw — exp(_T817 )
9(S76) 9(S56%)

@) ((s7 log dy + sslogd)(log d1)2)
=0, ,

2
lellzol1S1 oo 5.

P6

N2

where (i) holds since |A;Ay| < 1; (ii) holds by Holder’s inequality; (iii) holds by Lemma 2.4

and, analogously as in (2.80),

sylogd; + sslogd
=0, i .
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Hence, it follows that

e, { [ Vo350 57) - Vals(a 6%, 0" 87

( (84 logdy + sslogd)(logdy)? )
~0, |

J

N2

By Lemma 2.2,

Hvﬁll(:)\/, 37 a*a ﬂ*> - V,@Z4(7*7 6*7 a*7 ﬁ*)

/Sy logdy + sslog dlog d;
=0, . :

Together with (2.90), we have

B (s logdy + sslogd)logd; \/log dy
O ((H\/ N N |

(d) Let p(-) = p*(-) and pu(-) = p*(-). Note that

|Vsii(3.5.07. 8

Vﬁg4(:)\/a 5*7 C/X\, /8*) - VﬁlZl(")’*, 6*) a*v 16*) = M_l Z(Wﬁ,?),i + Wﬁa47i)7

i€lg

where

R Ao T~ .
Wi = —2Ay; eXp(_SIi"Y) {1 2 }S;(a —a’)Sy;,

~ 9(S5,6%)
N . Ao
W, = —2A{exp(—S{7) — exp(—S{7v")} {—g(STzd*)Ei + Ci} Sii. (2.91)
%

Let Wg 3 and Wg,4 be independent copies of Wg 3, and Wg 4, respectively. Then,
by the tower rule,

E(Wgs3) = E(Wgy4) =0 € R,
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By Lemma 2.5, we have
2

o 1M Wasil| | < M (2elogds — e)E([Wgll2%)

i€lg

Es

o0

—~

i) - P 2
< (2elogdy — e)(1+ ¢ )’E {exp(S]7) {S] (@ — o)} S1]I2. }
(i)

< (2elogdy — e)(1+c3")? lexp(STA)], |

(iid) (sy1ogdy + sslogd + sq log d)(log dy)?
= OP N2 )

1S5 (@ = a)|[;6 lIStllsllpg

where (i) holds since |A;{1 — A5/g(S36*)}| < (1 + ¢;') under Assumption 2.1; (ii) holds
by Holder’s inequality; (iii) holds by Lemmas 2.13, 2.15, and Lemma 2.4. Similarly, we also

have

2
' 'Y W < M '(2elogd; — e)E(|Wg4l%)

’LEIB 0o

< 4M " (2clogds — e)E [{exp(S]7) — exp(ST ")} (ca'lel + 1<) 19112

< 8M~"(2elogds ) [[exp(S]7) — exp(S] ")

2 _ 2
ps (o llelEe + €Iz 6) HISillocllz 6

) 2
0 0, (87 log d; (log dy) ) ’ (2.92)

N2
where (i) holds by Lemmas 2.13 and Lemma 2.4. Hence, it follows that

Es, {||Vsli(3,0",,8") — Valu(v',6" ", 8|2, |

(sylogdy + sslogd + sq logd)(logdy)?
~0, & |

By Lemma 2.2,

HVBE4(;)/\7(S*,EI\,,8*) - V5Z4(7*76*7a*a16*) 00

<\/s., log d, + sslogd + sq log dlog dl)
=0, ~ .
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Together with (2.90), we have
[Vala(¥, Bl s

(sylogdy + sslogd + sq logd) logdy \/log dy
N N '

(e) Let p(-) = p*(-), ¥(-) = v*(), and p(-) = p*(-). Note that

Vels(3, 0", 0", B") = Vly(y", 6" ", ) = MY Wgy,,

i€1g
where Wg 4, is defined in (2.91). By (2.92) and Lemma 2.2,
e e o \/ 5~ logdy logd
||V,3€4(7757a7/6)_V,3€4(’7757a7/6) OO_O;D< i Nl 1)'

Together with (2.90), we have

S sy(logdy)?\ [logd
HVM(%(s70éaﬂ)Hoo:Op<<1+\/7 N : )\/ N1>'

Proof of Theorem 2.4. We show the consistency rate of the nuisance estimators under cor-
rectly specified models.

(a) Let p(-) = p*(-). Then, by Lemma 2.19, when s, = O(N/(log d; log d)),

5 i~ o log d
|9522(3,69)]|, = Oy ( = ) .

By Lemma 2.17, we have (2.62) when |5 — v*||» < 1. In addition, by Lemma 2.13, we also

have Ps_(|[¥ —~*|l2 < 1) =1 — o(1). By Corollary 9.20 of [Wail9], we have
S, sslogd ~ log d
|,5_5H2:op< o ) Ha—aulzop(sa 0.
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(b) Let v(-) = v*(-). Then, by Lemma 2.19, when s, = O(N/(logd;logd)) and

ss = O(N/(logd)?),

HVO‘@(’AY,S, a*)Hoo ~0, ( 10]%7d> |

By Lemma 2.17, we have (2.64) when ||§ — v*[]2 < 1 and ||§ — 6*||]» < 1. In addition, by
Lemmas 2.13 and 2.14, we also have Ps_us, (|7 — v*[[2 < 1N Hg— %2 <1)=1-0(1). By

Corollary 9.20 of [Wail9], we have

~ . Sa logd N . log d
Ha—aH2=Op<\/T), H0¢—0f|\120p<5a N)'

(c) Let v(-) = v*(-) and (S1) = S{ B. Then, by Lemma 2.19, when s, = O(N/(log d;)?)

log d
N op< N1>.

That is, for any ¢ > 0, there exists some A3 < y/logd;/N such that

and ss = O(N/(logd; logd)),

|Vsii(5.8.07,8)

& = {||[Vsls(3, 0,0, 8|l < Ns}

holds with probability at least 1 —¢. Condition on the event &, and choose some Ag > 2As.

By the construction of 3, we have
04(3,8,&,8) + XalBlli < 14(5,8,8,87) + s8]
Let A=a—a*and S={j€{l,...,d1} : B # 0}. Note that,
601(7,6,8, 8%, A) = 14(5,6.8.8) — i(7,6.8.8") ~ Vsli(5.8,a.8) A,
Hence,

504(7,0,a, 8, A) + Al Bll, < —Vsli(3,8,8,8°) A + Mg 871

< |Vali(3.6,0".8)

Al + A8l + [Rsl < Agl|All1/2 + Agl| 8711 + [ Fel,
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where
ISP I T
Re = {V5€4('y,5,a,ﬁ*) _ Vﬁ&(%é,a*,ﬁ*)} A.

Note that [|[8*[ly = [|Bslls < 1Bslly + [[Aslly, 18Il = [1Bslls + 1Bselli = 1Bsll + [Ase]ls,

and [|Aflr = [|As[l1 + || Ase

1. Hence, we have

260,(7,6,a, 8", A) + \g|| A

1 < 3Ag| Aslly + 2| Rgl.

Observe that

Asi | a7/~
|Rg| = |2M ™ Z Ay exp(—=S,7) { ,i,\ } S,.(a —a*)S;;A
i€lg (SZZ(S)

< 554(?7 (/5\7 &7 /6*7 A)
- 2

+ R?a

where 60,(3,8,&, 8", A) = M1 Y, - Ay exp(—S]A)(S],A)? and

2
Ry :=2M"") " exp( sm){ ’f‘%} (S5.(@—a”)}”.

ZGIg

It follows that

5Z4(:)\/7 ga av /8*7 A) + >‘,3||ASC

1 < 3AglAslly + 2Ry (2.93)

Condition on || — v*||2 < 1, where by Lemma 2.13, |5 — ~*||2 < 1 holds with probability

1 —o(1). Also, condition on the event that

log dy

004(7,8,& 8%, A) > x| A3 - 1A, (2.94)

~

which, by Lemma 2.17, holds with probability 1 — o(1). Since §/4(7,4d, &, 3*, A) > 0, by

(2.93), we have

[A[lL < 4]|As]l + 275" Rr. (2.95)
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Note that [[Ag|l: < /Sgl|Asll2 < /5a||Al2. Hence,

@ o~
3Asv/5allAll2 + 2Ry > 3|l Aslly +2R7 > 604(7, 6, @, B7, A)

(i) log d G0 logd _ 2
> | A~ me =y IALR > sl AL = k= (41 As ]+ 235" Br)

log d
> | A3 = 4ro =2t (4] A + A52R2)

log d
> | A3 - 4ry =t

_ K1 4kq log dy
(4sall Al + A2 R2) > T A3 - =282

R,
XM

when M > 32k2sglogd;/ky. Here, (i) follows from (2.93) and the fact that Ag||Age

1> 0;

(i) holds under the event that (2.94) occurs; (iii) follows from (2.95). By Lemma 2.12,

6Ag./3 SraR2logd, 4R
1Al < RACIVAT N \/ P 08 L 2T (2.96)
K1 /ﬁ?l)\ﬁM K1

Now, we upper bound the term R;. Observe that

Es, (Rr) = 2E | exp(—S,7) {1 - } {Si@@-an}’

9(8;9)
2
(i) R A o
< 2|jexp(=S{7) ||, ||1 — g(g—jg) [EHCERS]
2 P,6

(i) R N R
< 2 lexp(~8{7)|, {1+ Hg%s;a)HM} 18] (@ - a3,
@ o <sa}$gd) |

where (i) holds by Hélder’s inequality; (ii) holds by Minkowski inequality; (iii) holds by

Lemmas 2.13, 2.14, and 2.15. By Lemma 2.2,

S logd
R7zop( Ng )

By (2.96) and since A\g < y/logd; /N, we have

HA”Q:OP< Sﬂlj(zfgd1+8a}\(;gd+ sﬂ\(;gd) :Op (\/Salogd—l—sﬁlogdl).

N
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By (2.95),

B log d; (log d)?
Al < 4y/56[All2 + 205" R = O, <3B\/ N T\ Nlogd, )

(d) Let p(-) = p*(+) and u(-) = p*(-). Then, by Lemma 2.19, when s, = o(N/(log d;)?),

ss = o(N/(log dy logd)), and s = o(N/(log d; logd)),

5o~ sk A~ o log d

IVsla(3,6%.6. 8|, = O, ( N ) -

That is, for any ¢ > 0, there exists some \; < y/logd; /N such that
&= {Vpla(7,0", &, 8)|lc < A}

holds with probability at least 1 —¢. Condition on the event &, and choose some Ag > 2A4.

Similarly as in part (c), we obtain

260,(7,8, @, 8", A) + \g||As

1 < 3AgllAsll 4 2[Rs],
where
7 (8 A * 0 (S 8% 2 * T
|R8| = {V[‘3€4(7767aaﬁ )—Vﬁf4("}’,(5 7aa6 )} A‘
= 2M " Z Ay Ay exp(—S17) {9_1(9’;‘3) - g—l(g;(s*)} &S1A

< 5?4(’/7\/’ 3\7 a? /6*7 A)
- 2

+ Ry.
Here, &; := Yi(1,1) — S].a,

004(7,8,&, 8", A) =M~" " Aj;exp(—S7)(S],A)%,

€7
N _ 2
Ry :=2M " Z Ag; eXP(—SIﬁ) {9_1(322‘5) - g_l(S;i‘s*)} &
1€l
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Observe that
TS -1/QT§ C1aT g0 2

B () =28 | Asexp(~ST3) {57 (8T8) - 57/ 576")} ¥

<2 [lexp(~S1F)|y, 97 (818) — g7'(818")

) sslogd
ton ()

where (i) holds by Lemmas 2.13, 2.14, and 2.15. By Lemma 2.2,

log d
o (242,

2 2
G

Repeat the same procedure as in part (c), we have

6Ag./S SkeR2 log d 4R
HA”Q S B B + R2 92Og 1 + 9’
K1 RlAﬁM K1

1Al < 4y/5p]lAll2 + 25" Ry,

with probability at least 1 —t — o(1). Hence,

[A]l2 =

(log d)? log dy
All, =
= ( N Vg )

(e) Let p(-) = p*(+), v(-) = v*(+), and pu(-) = p*(-). Then, by Lemma 2.19, when

55 logd + Sﬁ log d1>

sy = o(N/(logdy)?), ss = o(N/(log dy log d)), and s = o(N/(logd; logd)),

=D a ook log d
HVB€4(7757Q 7/3) oo:Op ]g\/v1>7
ek s logd
HVB€4(775 7a7/8) oo:Op ]g\/v1>7
7o~ sk % ok log d
HVBEZI(’%(S , & 7/8) OOZOP ]g\/'1>
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Define
a:=Vgli(3,8, 0", B%) + Vgli(§,8*, 4, B%) — Vgly(5,6, o, 3°).

Then ||a]lo = O,(1/*%%). Hence, for any ¢ > 0, there exists some \; < /logd;/N such

that & = {||alloc < A5} holds with probability at least 1 — ¢t. Condition on the event &,

and choose some \g > 2)5. Similarly as in parts (c¢) and (d), we obtain

25@4(%7 5\7 a? /8*7 A) + )‘,BHASC

1 < 3Ag||Aslli + 2| Ruol,
where
— T
RlO - {Vﬁ€4(7767a7ﬂ*> - a} A
o~ A T
—{Vsli(3.8.8.8) - Vslu(7.5.0", 8} A
—{Vsls(7,6%,&,8°) — Valu(7,6%, ", 89} A

=M Y AAsexp(-S17) {97/ (818) - 97818} SL(@ - a")S]A.

ZEIﬁ

By Young’s inequality for products,

~

54(~,6,a, 8", A
|Rio| < 16} 5 p ) + Ryq,
where (%4(7,6 a, B, A) =M1 Zzezﬁ Ay exp(— Su")’)(Ssz‘A)2 and
Ry =2M" 3" Ay exp(—S[A) {g—1<s;3> ~1(S].6%) } (SL@—a")’.

iGI,@

Observe that
~ aTe 1saTen )12 (aT/ ~ 2
Esg(R11) = 2E [A2 exp(—S,7) {9 1(S;0) —g7'(S;0 )} {SzT(O‘ -« )} }

<2 [lexp(=S{ )|y, 97 (S78) = 97(858")

(@) ss5a(log d)?
= Op (T ’

2
HST&—a*
L Isi@ - o)

P,6
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where (i) holds by Lemmas 2.13, 2.14, and 2.15. By Lemma 2.2,

S5Sq(logd)?
RH:C%(j_LjLL).

N2

Repeat the same procedure as in parts (c¢) and (d), we have

6Ag./S 8koR2, logd; 4R
Al < =2 ﬁ+\/ PENOBA
K1 Hl)\ﬂM K1

Al < 4y/56(Al2 + 2)\513117

with probability at least 1 — ¢ — o(1). Hence,
\ /85sa log d 53 log dy
[ANPES :
S6Sa log d | (logd)? log dq
Al =
N IOg d1

n
2.7.5 Proofs of the auxiliary Lemmas
Proof of Lemma 2.8. We prove the lemma by considering two cases separately.
(a) If d < m. Choose S = {1,...,d}. Since X is a sub-Gaussian vector, we have
sup E{(X"B)?} = O(1). (2.97)

1Bll2=1

For any A € R%, by triangle inequality, we have

m™ Y (XTA)P? <A sup m” ZXTﬁ
P IBl=1 =

<||lA|3 ||§'|1|121E{(XT6)2}+H§FZ m- Z(XT 2 —E{(X'B )}]
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It follows that

sup m~! Z?;(XIAP
AcRd/{0} A3

m

m™ Y (X[ B)” - E{(X"B)*}

=1

< | sup E{(X'B)*} + sup
18l2=1 18221

|

By Lemma 2.7 and (2.97), we have, as m,d — oo,

IS (X[ A)? i
sup lel(z AN O, |1+ )0 O,(1)
Acki/{0} Al

where (i) holds since d < m. Hence,

wp TOELGTAR o m S XTAR
acrdsfoy MHA[T + |AIZ T acrisio) A3 P

(b) If d > m. Choose any set S C {1,...,d} such that s := |S| < m. For any

A € R%, define A = (AL, AL)T € R? such that
As=s"AL(1,....,1)T €eR®, Ag = Age € R,

Then

[Asellr = |Asell < JA[l = [[As]]1.

Hence, A € C(S,3) := {A € R?: |Age|l; < 3||Ag]1}. In addition, since (A — A)g. =0 €

R, we also have A — A € C(S,3). Therefore, by the fact that (a + b)? < 2a2 + 2b2, we

have

m m . m . 2
m S (XTA? <2m Y (XTA) 4 2m {XZT (A — A)}

=1 =1 i=1

<2(IAB+I1A-AF)  sw  om Y (X2
ﬁEC(Sﬁ)ﬁHﬂHQ:l i=1
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Now, we observe that

1ALZ = [[As]z + [Asells = s AT + [|Asel3,

A = A3 = [|As — As|l3 < 2| As]l + 2[[As]3 = 257 |A[]] + 2] As]f5.
Hence, we have

m™ Y (X[ A) sTUAZ + 2] Al2) sup  m 'Y (X/B), VA ER,
i=1 BEC(S,3)N]Bl|2=1 =1

since A2+ |A — A2 < 35| A2 +2||A|12. It follows that

m 3" (X A)? -
=1 () —1 T 2
sup < sup m E (X, B)
acrd/qoy 657 AT + 4| A5~ gecis)nsl=1 —

By Lemma 2.7 and (2.97), as m,d — oo,

—1xm T AN2
m Zi:l(Xz’ A) :Op(l—l— 5)'

m

sup —
acrisqor sTHIAT+ A3

Besides, note that s < m and hence 1+ \/s/m . It follows that

Sllp mil ZZl(XJ—AF — O (1)
acrisop M AT+ A3 ?

Proof of Lemma 2.9. Note that
F(A) :=00(5,6%, A) + Xs[|6" + Al + Vsl2(7,87) " A = 507
=005(3, 8", &) + X5 0" + Al + Vslo(v",8) A + Ri(A) = As[|67[1,  (2.98)
where
Ri(A) : = {V;50(3,8%) — Vslo(v*,0%)} ' A

=M~ Z AI'L {g 17,7 117 } {1 - AQZg S;z(s*)} S;A

€L
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Let A\s = 205+/(t + logd)/M with some ¢ > 0. By Lemma 2.18, we have Ps,(A;) > 1 —
2exp(—t). On the event A;, we have |Vslao(v*,8*)TA| < Ns||All1/2. Note that |[|6*]|; =

105, 1 < 105, + Asslly + [|Assll1, 1Al = [[Ass [l + [[Asg

1, and H(S* + AHI = H5:§6 +

Ayl + [[Asg

1- Recall the equation (2.98). It follows that

2F(A) > 2605(7,0%, A) + Asl|Asellr — 3Xs]| Ag, [l — 2[R (A)].
Hence,

2F(A) > 2505(3,8", A) + Nsl| Ally — X[ A [ls — 2| R (A)]. (2.99)

Under the overlap condition in Assumption 2.1 and since |A;| < 1,

|R1( )’ < 1+C ZAlZ {g 12’7 127 }S
1€Ls
(4) _
S (1 + CO M ! Z {g 11’7 1@7 } Mil Z(S;A)2
i€Ls 1€7s
where (i) holds by the Cauchy-Schwarz inequality. It follows that
N Ri(a)
p
acri/(o} Al /VN + [|A],
MY, (SLA?
<(I+4et) M- g (S A) — % sup U A
\/ 2 s, SN L2 FTAL AT

since (HAHl/\/N—i- |Al2)? > N7'|AJ2 + ||A||%2. Note that

Z {g_l Slﬂ’ (Slﬁ’ }

1€Ls

) 5~ log dy
_op(vN )

where (i) holds by Lemma 2.13. By Lemma 2.2,

logd
M~ Z{Qil Slﬁ 11’7 } =0, <—87]Ci§ 1)-

i€Ls

—E |{g7'(S[4) — g7 (ST7")}’]

226



Besides, by Lemma 2.8, we also have

sup M Zielg(S;Ay _0,(1)
acrisor N7UAF+[|A]l3 ?

Hence,

|R1(A)| o 5’7 log dl
sup =0, V —~ |-
Acrijio) [|Al1/VN + || A2 N

That is, with any £ > 0, when NV is large enough, there exists some constant ¢ > 0 such that

Ps_uss (A2) > 1 —t. Hence,
Ps uss (A1 N Ag) > 1 —t —2exp(—t).
Recall the definitions (2.35) and (2.36). Now, conditional on 4; N As, we have

. sylogdy (|| AL
2F(A) = 2065(, 6%, A) + As||[AllL — 4As[| A, [l1 — 2¢4/ s N (\/N +[Allz ) -

Since \s = 20454/ (t +logd)/M > 205\/logdi/M, M =< N, and s, = o(N), we have
\/ S+ logdi /N? = o()s). Hence, with some Ny > 0, when N > N, we have 4c¢y/s logd; /N?

< MXs. It follows that

e s~ logd
AF(8) > 450(5, 8%, A) + M| AL — 8l A, [ — dey/ T EL AL
Note that ||Ags|li < v/55/|Assll2 < +/Ss||All2. Hence,
— s log d;

For any A € l?(E,;,ko, 1), we have

o log d
AF(A) > 4605(7, 8%, A) + As[|All; — (8AN§+ 40@) ’
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on the event A; N Ay and when N > N,. Here, on the event A3, we have

log d Sslogd

M Y

502(5,6, A) > k1| A3 — k2 [Nk Z K1 — Kok

where (i) holds since A € K (Ss, ko, 1). Therefore, conditional on the event A; N Ay N As,

when N > N; with some constant N; > 0,

55logd sy log d;

F(A)Zﬁl—ﬁgk}g —2)\5\/8_—5 TZI{l/Q,

since as N — oo, we have 55logd/M = s, logd;/M + sslogd/M = o(1), \/sylogd/N =

o(1), and 2Xs./55 = 405\/35(t +logd)/M < dos+/sst/M + 4os\/sslogd/M < ki/4+ o(1)

when ¢t < k1M /(16%03ss). m

Proof of Lemma 2.10. Based on the construction of 5 , we have
B(3,8) + 2|01 < £2(3.,07) + Xs|67] .

By definition (2.59), we have 605(,8%, As) = 6(5,8) — l(3,8%) — Vsla(3,6") T As. Tt

follows that

F(As) = 60,7, 8%, Ag) + As|0]l1 + Vsla(7,89) T As — As]|6%|x (2.101)

= 005(7,6%, As) 4+ Asl|0" + Aslly + Vslo(v",6") T As + Ri(As) — Xs]|67[1 <0,
where

Ri(As) = {Vsla(7,6%) — Vsla(v*, 0 } As

=M A {g7'(S{A) S1Y*)} {1 — Asig " (S5,6")} S5, As.

i€ls
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Repeat the same procedure in the proof of Lemma 2.9 for obtaining (2.99) and (2.100).

Then, conditional on A, we have
0> 2F(As) > 2505(F, 6%, As) + Asl|Asll1 — 405 As.s, 111 — 2| R1(As)). (2.102)

Conditional on A; N A,, we further have

e s~ logd
0> 4F(As) > 40l2(7, 6%, As) + As||Aslli — (8>\5\/§—|—4C\/ VTgl> | As|l2-

Hence,
S 54 log d;
4005(7, 6%, As) + Asl|Asll1 < | 8Asy/s6 + 4c N [ Asll2-

Recall the equation (2.65). We have 605(5, 8%, As) > 0. Since \s = 2051/ (t + logd)/M >

205+/logd/M and N =< M, there exists some constant ko > 0, such that

sy logd
gl < oy |50 2 sall Aalla = Fo/Sall sl

on A; N Ay and when N > Ny with some Ny > 0. n

Proof of Lemma 2.11. We prove by contradiction. Suppose that [[As]l2 > 1. Let A =

As/||Asll2. Then ||Alls = 1. When Ag € C(5s, ko), we have

1AL = A5l /l1As]lz < kov/5s = kov/Fsl| A2

That is, A € C(3s, ko), and hence A € K (55, ko, 1). Let u = ||Asll;". Then 0 < u < 1.
Note that F(-) is a convex function. Hence, when N > Ny,

F(A) = Fuhs + (1 — 10)0) < uF(As) + (1 — u)F(0) L uF(As) @4

where (i) holds since F(0) = 0 by construction of F(-); (ii) holds by the construction of 8.

However, by Lemma 2.9, F(A) > 0. Thus, we conclude that ||As|> < 1. ]
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Proof of Lemma 2.12.

<b+\/bQ+4ac<b+vb2+\/4ac b+ c
x — e
- 2a - 2a a a

Proof of Lemma 2.13. Let X the support of S;. Under Assumption 2.1, for all S; € X, there

exists some constant ¢ > 0 such that
exp(S]v") <¢, exp(=S{v") <g ' (S[¥") <e
By Theorem 2.3,

= . S~ log dy
15 =l =0, (\/"T) -

Since S; is a sub-Gaussian random vector under Assumption 2.4, by Theorem 2.6 of [Wail9],

~ . s~ logd

Additionally, note that s, = o(N/logd;). It follows that

ST (3 =~

Ps, (17 ="l 1) = 1 = o(1).
For any v € {w~y* + (1 —w)~ : w € [0, 1]}, we have

g7 (S{~v) — g7 (S{v")

Py ||exp(—SlT'y*) lexp {=S] (v =)} — 1] HIP,r

<cllexp{=S{ (v =~} - 1”1%" (2.103)

By Taylor’s Thorem, for any S; € X', with some v € (0,1),

lexp {=S{ (v =)} — 1] =exp {—vS{ (v — ")} [S{ (v = 7")

<[1+exp{-S{(v—=v)}][S{(v—7)

. (2.104)
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Condition on the event || —~*||s < 1. Note that y—v* = (1—w)(y —v*) and 1 —w € [0, 1],
we have
()
g (S{v) = g7 (STA)p, < cll[L +exp {=ST(v =)} ST (v = )5,

(i)
< c||s{ (v =)

Pr +c ||€Xp {_SlT<7 B 7*)}HP,27" HSI(’Y o 7*) P,2r
D OoF =) . (2.105)

where (i) holds by (2.103) and (2.104); (ii) holds by Minkowski inequality and Holder’s

inequality; (iii) holds by Theorem 2.6 of [Wail9] under Assumption 2.4. It follows that,

g7 (ST M5, < g7 (ST~")

L HO(F -l <C

with some constant C' > 0, since [|[§ — 4*|lz < 1. Therefore, we conclude that Pg (&) =
1 — o(1). Moreover, by the fact that exp(—u) = g~ (u) — 1 < g7 (u) and || X |lp < | X]|p.12

for any X € R and 1 <’ <12, we have

g7 (8I M5, <C.  lexp(=S{¥)|l;,. < C.

Moreoever, we have (2.38), since ¥ € {wy*+ (1 —w)~y : w € [0,1]}, Pg_ (&) = 1 —o0o(1), and

(2.105) holds. Besides, note that

lexp(ST) = exp(STy)[s,. < e lexp{ST (v =)} = 1],
<c [Ilexp{ST(’Y =Y )MHe, + 1} = 0(1),

since S; is sub-Gaussian and ||y —~*||2 < 1. Therefore,

Hexp(SlT’y)HPm, < HGXP(SI’Y*)

ppr T |lexp(S{ ) — exp(S{ )|,

<c+0(1) = 0(1).
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Proof of Lemma 2.14. Let S the support of Sy. Under Assumption 2.1, there exists some

constant ¢ > 0, such that, for all S, € S,
exp(S;87) < ¢, exp(=8;68") < g7'(S,0") <.
(a) By Theorem 2.3,
|ﬁ—6w2=op<¢%k%%§ﬁ“%d):oAn

By Assumption 2.4 and Theorem 2.6 of [Wail9),

B = o B sylogdi + sslogd
. ~0(15-a) —o, (|flet pbad)

(b) By Theorem 2.4,

S ss logd
nmwm=@< §1>=%u

Similarly, by Assumption 2.4 and Theorem 2.6 of [Wail9],

B S, B ss logd
MJ%M—MQ—@( N )

The remaining proof is an analog of the proof of Lemma 2.13. [

|si@ -6

|si@-o)

Proof of Lemma 2.15. The upper bounds for ||S; (& — a*)||p, follow directly from Theorems
2.3, 2.4, Theorem 2.6 of [Wail9], and the sub-Gaussianity of S, assumed in Assumption
2.4. Let either (a) or (b) holds. Then we have ||S] (@ — a*)||p, = 0,(1). Note that,

a— o' =(1—uv)(a—a*). Therefore,

[Elle.r < llelle.r + 118 (& — a)lle,r = llelle. + (1= v1)][S; (& — &)le.r

= 0(1) + 0,(1) = O,(1).
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follow directly by Theorems
P,r

Proof of Lemma 2.16. The upper bounds for SlT(B\ - B%)

2.3, 2.4, Theorem 2.6 of [Wail9], and the sub-Gaussianity of S; assumed in Assumption 2.4.
Let either (a) or (b) of Lemma 2.16 holds, and let either (a) or (b) of 2.15 holds. Then we have
HSI(ﬁ—B*)Hpﬂ- = 0,(1) and ||S] (& — a*)||p, = 0,(1). Note that, @ —a* = (1—v;)(a@ —a*)

and B — B* = (1 — 112)([3\ — 3*). Therefore,

ICller < I¢lles + IST(B = B)ler + 1183 (& — @) e,
= [[Clles + (1 = v)[ST (B = Bz + (1 = 1) S5 (@ — @) e

= 0(1) + 0,(1) = O,(1).
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Chapter 3

Adaptive split balancing for optimal

random forests

The random forests method, introduced by [BFSO84, Bre01], currently stands as one
of the most popular approaches for tackling classification and regression problems, exhibiting
significant empirical success across a diverse range of real-world applications. Extensions of
random forests to address other statistical challenges have also been extensively investigated,
encompassing quantile estimation [MRO06], survival analysis [IKBLO08, IK10], and feature
selection or importance evaluation [GPB11, MH14, LWSG13,LWB*19, BWLY?22]. However,
despite its widespread use, the theoretical analysis of this method remains incomplete.

Let Sy := (Y;, X;)¥, be independent and identically distributed (i.i.d.) samples, and
denote (Y, X) as an independent copy of (Y;, X;). Here, Y € R is the response variable and
X € [0,1]* denotes the covariate vector. Consider the estimation of the conditional mean

function m(x) := E[Y | X = x] for any x € [0,1]%. In this paper, we mainly focus on the
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integrated mean squared error (IMSE) Ey[m(x) — m(x)]?, where m(-) denotes the random
forest constructed based on Sy, and the expectation above is only taken with respect to the
new observation x.

The consistency of Breiman’s original algorithm has been demonstrated by [SBV15];
nevertheless, they did not provide a specific consistency rate. Recently, [CVFL22] established
the consistency rate of the original algorithm under a ”sufficient impurity decrease” (SID)
condition. Their findings indicate that Breiman’s original algorithm maintains consistency
even in scenarios where the regression function is discontinuous. However, the established
consistency rate is slow for smooth functions, as illustrated in Table 3.1.

Due to the theoretical challenges associated with analyzing Breiman’s original ran-
dom forests, [Bial2] investigated a simplified version named ”centered random forests.” In
centered random forests, splitting directions are chosen randomly, and splitting points are
selected as the midpoint of the parent nodes. Centered forests fall under the category of
"purely random forests” [MGS20,0T21, Bial2, BDL08, AG14, Klu21|, where the trees grow
independently from all the samples. Among these studies, [MGS20] achieved the minimax
rate for the Hélder class H%? (B8 € (0,1]), and [OT21] further attained the minimax rate
for the class H'%. However, all purely random forests methods grow trees independently
of the observed samples, limiting the utilization of information from the data during the
tree-growing process. Recently, [GXZ22| analyzed the usage of random forests for classifi-
cation problems and established nearly optimal rates for the classification error when the
conditional probability function is Lipschitz continuous. They considered a modified version

of centered forests employing an ”early stopping” technique to prevent overfitting; however,
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their proposed method is applicable only when the outcome variable is discrete.

A slightly more sophisticated variant, termed ”"median forests”, has been investigated
by [Klu21, DS18]. In median forests, the splitting directions are also randomly chosen.
However, in contrast to centered forests, the sample medians are selected as the splitting
points rather than the center points. The splitting rules of such methods depend on the
covariates but are independent of the outcomes. Notably, the achieved consistency rates are
relatively slow, with minimax optimal rates only attained when d = 1; refer to Table 3.1.

In a recent line of work, [ATW19, WW15, WA18 FTAW20] explored another variant
known as “honest forests”, which differs from the original algorithm in three aspects: (a)
similarly to centered and median forests, the splitting directions are randomly chosen; (b)
the splitting point is determined such that child nodes contain at least a fraction of a@ < 0.5
of the samples in the parent nodes; and (c) the forest is “honest” in that two independent
sub-sampless are chosen for each tree — only the outcomes from one sub-samples, along with
all the covariates, are used for splitting, while the outcomes from the other sub-samples
are used solely for local averaging. Unlike other variants, their proposed methods allow
the splits to depend on both the covariates and outcomes (when o < 0.5). The splitting
points can be determined through minimizing the empirical mean squared error within each
node, as long as the a-fraction constraint is satisfied. In fact, the a-fraction constraint
is crucial for achieving a fast convergence rate. As discussed by [Ish15, BFSO84, CKT22],
without an such a constraint, the splits tend to concentrate along the endpoints of the parent
node, resulting in slow convergence rates for the single trees, as certain leaves only contain

a very small number of samples, making local averaging inaccurate. By imposing the a-
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fraction constraint, the child nodes are ensured to contain a certain fraction of the parents,
stabilizing the local averaging procedure. However, the consistency rates established for
honest forests were also relatively slow; see Table 3.1. We make a further modification to
the above approach. Instead of picking a direction uniformly, as in the above aspect (a), we
choose the splitting directions in a cyclic way; see details in Algorithm 4.

In the following, we present the rationale behind the cyclic splitting procedure. Let
us initially consider a straightforward case with o = 0.5, where the proposed method de-
generates into splitting at the median each time. In such a degenerate example, the only
distinction between the proposed algorithm and standard median forests is how we choose
the splitting directions — randomly or cyclically. When the splitting directions are chosen
randomly, there is a non-negligible probability that some directions are over-selected while
others are barely selected. Consequently, the terminal leaves tend to be too wide in certain
directions and too narrow in others. It should be noted that the appearance of this long
and narrow leaf structure is entirely determined by auxiliary randomness and has nothing
to do with the data — indeed, the splittings are even independent of outcome variables when
a = 0.5. To avoid the adverse effects of such unnecessary (and even harmful) randomness, we
consider a cyclic splitting procedure. When the directions are chosen cyclically, the lengths
of leaves in different directions tend to be balanced. This results in better control for the
leaves’ diameter (see Lemma 3.1), ensuring better control for the algorithm’s bias. As shown
in Theorem 3.1, the cyclic method leads to a minimax optimal rate for Lipschitz functions
and is faster than existing median forests (as long as d > 1), where directions are randomly

chosen [Klu21,DS18]. Our results indicate that the sub-optimal rates in the existing litera-

237



ture originated from the inappropriate method of selecting splitting directions. Indeed, when
d = 1, the cyclic and random methods are the same as there is no need to choose the split-
ting directions. As a result, the minimax rates have been achieved by [Klu21,DS18]. When
d > 1, the existing results are sub-optimal, and a simple but essential cyclic modification of
the splitting directions’ selection leads to a minimax optimal rate.

When a < 0.5, we permit CART-like splitting criteria, and the splitting points are
allowed to depend on both the covariates and outcomes. In this case, it is possible for the
terminal leaves to be relatively wide in certain directions and narrow in others. However,
unlike the centered and median forests with random splitting directions [Klu21, DS18], the
appearance of the long and narrow leaf structure depends on the data. This distinguishes
it from other methods with data-independent splitting rules (e.g., [MGS20,0T21, GXZ22]),
allowing us to leverage information from the data during the tree-growing process. This
enhancement in empirical performance is particularly notable when different covariates have
distinct local effects on the outcome. The tuning parameter a controls the desired balance
in the lengths of the leaves. Any constant o > 0 prevents making splits near any endpoints
of the parent node. In other words, although we allow a certain gap between the lengths of
different sides of the leaves, such a gap cannot be too extreme, and the lengths still need to
be relatively balanced among different directions.

As an extension of the proposed method, we further consider local polynomial re-
gression within each leaf and provide faster convergence rates when higher-order smoothness
conditions are satisfied. The proposed method differs from the local linear forests studied

by [FTAW20] in two aspects: (a) the splitting directions are chosen cyclically instead of
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randomly, and (b) we allow more general ¢g-th order local polynomial forests with any ¢ > 1.
The proposed method ensures a faster convergence rate even when ¢ = 1 — this corresponds
to the local linear forests; however, the cyclic splitting procedure leads to a better result.

Other methods that can exploit the higher-order smoothness of regression func-
tions include [CMDY23, CKU23|, where data-independent splitting rules are considered.
[CMDY23] proposed an extrapolated random tree method. If the regression function be-
longs to the Hélder class H%? with some ¢ € N and 3 € (0, 1], their method has a nearly
optimal in-sample excess risk; however, they did not provide any upper bounds for the
out-of-sample errors. Additionally, [CKU23] proposed a debiased technique based on Mon-
drian forests and established minimax optimal rates in the point-wise mean squared error
E [m(x) — m(x)]* for any interior point x. However, as pointed out in their Section 5.3,
their debiasing procedure is only designed to handle interior bias and does not provide any
correction for boundary bias. Indeed, since their splitting locations are chosen uniformly
from a leaf’s side, there is a non-negligible probability that the terminal leaves nearby the
boundary only contain a small number of samples. In contrast, the a-constraint imposed
in our method avoids making splits near the boundaries. When we set a = 0.5, our pro-
posed method yields a minimax rate for the IMSE — marking the first instance of achieving
minimax optimal rates for random forests when the Holder smoothness condition holds with
q > 1. Furthermore, we establish minimax optimal rates for the uniform convergence rate,
as detailed in Section 3.3; these findings represent a novel contribution to the literature for
any q € N.

Of particular significance, when we choose any tuning parameter a < 0.5, in contrast
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to [CMDY23, CKU23|, we harness information from the data, encompassing both X; and
Y;, to enhance the empirical performance of the forests. Notably, data-dependent splitting
emerges as a crucial factor for random forests to excel in practical applications, surpassing
the performance of traditional kernel methods.

Moreover, we employ the proposed methods to estimate the average treatment effect
(ATE) using the double machine learning (DML) technique [CCD*17]. The DML method
involves the estimation of three nuisance functions: two outcome regression functions and
one propensity score function. We leverage the proposed forests to estimate these nuisance
functions and scrutinize the performance of forests-based ATE estimator. Although random
forests have found extensive applications in causal inference problems, to the best of our
knowledge, we are the first to provide theoretical underpinnings for their utilization in ATE
estimation and inference; refer to the inherent challenges outlined in Remark 3.1. In contrast
to [WA18], which focuses on the estimation of conditional average treatment effect (CATE),

we concentrate on the population-level parameter ATE.

3.0.1 Notation

We use the following notations throughout. For any vector x € R, let ||x|| denote

the Euclidean norm. Let multi-index o := (a1, s, . . ., @g) denote a d-tuple of nonnegative
integers, and x = (X1,Xy,...,%Xq) € R? denote a d-dimensional random variable. We define
the following multi-index notations: |a| := Z?Zl a;, o =1L o, and x* = L xM.

Al f(x)

Moreover, we denote the partial derivative as D*f = —ar—a3 =7 -
Oxy ~ 0%y 0%,

For any a € R, |a]

denotes the largest integer no larger than a.
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Table 3.1: Comparison of random forests’ consistency rates. The reported rates correspond to the
integrated mean squared error (IMSE), except that [CKU23] only provided the point-wise mean

squared error at interior points, [FTAW20] established normal results at a given x and established

upper bounds for the asymptotic variance, and [CMDY23] considered the in-sample excess risk.

Methods Consistency rate Functional class Algorithm Splitting criterion
_ 3/4
[Bial2] N alog(2)+3/4 g-sparse H01 Centered forests Data-independent
[Genl2] N—2/3d=1 HOL Purely uniform RFs Data-independent
“2log(1-1/(2d))
N TTos(1—1/(2d)) ~To&(2) HLL d< 3
[AG14] P Centered forests Data-independent
N8—210s(Z577) 5> 0 HYL d >4
2
N~ @2 HOP, B e (0,1]
__2(1+8)
IMGS20] N a+2(0+8) HLB, B € (0,1/2] Mondrian forests Data-independent
__3_
N~ a3 HYB, B € (1/2,1]
__2(a+B)
[OT21] N d+20a+h) HP g€ {0,1}, B € (0,1] | Tessellation forests Data-independent
__2(a+B)
[CKU23] N d+20a+p) HP qeN, g e (0,1] Debiased Mondrian forests | Data-independent
_ _2(g+B)
[CMDY23] | (N/log(N)) d+2(a+p) HTB, g €N, B € (0,1] Extrapolated random tree | Data-independent
(N(log(N))(d=1/2)=r,
HOB, B=1 Centered forests Data-independent
[Klqu] = 2log(1—1/(2d))
2log(1—1/(2d))—log(2)
_ 2log(1—1/(2d))
N 2log(1-1/(2d)) —log(2) HOP, B=1 Median forests Depends on X;
~ log(1-3/(4d)
[DS18] N log(1-3/(4d))—log(2) HOL Median forests Depends on X;
_ log(1—-3/(4q))
[(WW15] N Tog(1-3/(4q)) ~log(2) g-sparse HO1 Median forests Depends on X;
Additive model with Depends on both
[SBV15] Only op(1) Breiman’s original forests
continuous components X; and Y;
Additive model with Depends on both
[KT22] Op(1/1og(N)) Breiman’s original forests
bounded total variation X, and Y;
N wiez + N s> 1, Depends on both
[CVFL22] SID(a1), a1 > 1 Breiman’s original forests
ce (0,1/4), n € (0,1/8) X, and Y;
_ dlog(a) -1
N (1+ 1.3rlog(1—(x)) , Depends on both
[FTAW20] HL Local linear forests
a<02,7r<1/d,6>0 X,; and Y;
“2log(1—a)
N dlog(a)jF+2Tog(1—a)
HO:1 Cyclic forests Depends on X,
a € (0,0.5)
Ours 3¢t B) Tos(i—a) also depends on Y;
N dlog(a)+2(q+p) log(1—a) | Cyclic g-th order local
HIP, g eN, B € (0,1] when a < 0.5
a € (0,0.5] polynomial forests
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3.1 Cyclic Forest

Consider the regression model
Y =m(X) + ¢, (3.1)

where m(x) := E[Y | X = x] is the true conditional mean and ¢ := Y — m(X) is the noise
variable. We aim to estimate the function m(-) using i.i.d. samples Sy := (V;, X;)¥,.

The regression tree models the function m(-) by recursively partitioning the feature
space [0,1]¢ into non-overlapping rectangles, generally called leaves. For any given point

x € [0, 1]d, a regression tree estimates m(x) using the average of responses for those samples

in the same leaf as x:

Lix,erx6)}
. v, 3.2
(x,€) ;#{l : X, € L(x, &)} >

where ¢ € = denotes all the auxiliary randomness in the tree-growing process and is inde-
pendent of the samples; Z C {1,..., N} is the indices of training samples used for local
averaging and possibly depends on &, L(x,&) represents the terminal leaf containing the
point x € [0,1]%, and # {l: X; € L(x,€)} = 3, Iix,erxe) is the number of samples in
this leaf.

To mitigate the impact from the auxiliary randomness, random forests consider en-
sembles of regression trees, where the forests’ predictions are the average of all the tree
predictions. Let {T(x,¢;),7 =1,..., B} denote the collection of regression trees in a forest,
where B is the number of trees and &,...,&p € = are i.i.d. auxiliary variables. For any

B > 1, random forests estimate the conditional mean as

B

m(x) =By T(x,&) = Ee[T(x, )],

J=1
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where for any function f(-), E¢[f(x)] = B™* Zle f(&;) denotes the empirical average over
the auxiliary variables, and we omit the dependence of such an expectation on B for the
sake of notation simplicity.

Random forests can also be represented as a weighted average of the outcomes:

Lixierxoy
#{l:X, € L(x,¢)}

m(x) = E¢

> wilx, )Y,

€L

, where w;(x,§) := (3.3)

To study the estimation behavior of random forests, we consider the following decom-

position of the integrated mean squared error (IMSE):
Ey [M(x) — m(x)]”> < 2Ry + 2R,,

where R; = E4 [Eg [ZieI wi (X, 5)&“2 is the estimation error originating from the random
noise &;, and Ry = Eyx [E¢ [3, 7 wi(x, &)(m(X;) — m(x))“2 can be viewed as the approxi-
mation error of the tree models. Let k& be the minimum leaf size. Standard techniques lead
to Ry = O,(1/k) for the estimation error, as shown in (3.29) of the Supplement, and similar
results can also be found in [Klu21,DS18,Bial2]. The control of the remaining approximation
error is the key to reaching an optimal overall estimation error.

In this section, we restrict our attention to the class of Lipschitz continuous functions;
see Assumption 3.1 below. The more general Holder smooth functions will be further studied

in Section 3.2.

Assumption 3.1 (Lipschitz continuous). Assume that m(-) satisfies |m(x) — m(x')| <

Lollx — X/|| for all x,x’ € [0,1]¢ with some constant Ly > 0.

For any leaf L C [0, 1], denote diam(L) := sup, ¢y, [[x — X|| as its diameter. Under
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the Lipschitz condition, the approximation error can be controlled by the leaves’ diameters:
Ry < L3Ey [E¢ [diam®(L(x,£))]] - (3.4)

Therefore, it suffices to obtain an upper bound for the diameters. When the splitting direc-
tions are chosen randomly, [Klu21] showed that both center and median forests lead to an
upper bound (k/N )21°g2(%> for the right-hand side of (3.4); a lower bound with the same
rate has also been established for center forests. By choosing an optimal k that balances the
estimation and approximation error, their methods lead to an overall IMSE with the rate

—2log(1—-1/(2d)) . .. . . . . . .
N 2Tg(1-1/C2d)—Toe(2) — this is not minimax optimal for Lipschitz functions. The sub-optimality

stems from the excessive dependence of the forests on auxiliary randomness, rendering a
substantial portion of the splits redundant and inefficient. This, in turn, leads to a relatively
large approximation error. Indeed, as discussed in Section 2.1, choosing splitting directions
randomly leads to a non-negligible fraction of terminal leaves becoming long and narrow.
However, as leaves’ diameters mainly depend on the longest side, these long and narrow
leaves lead to large diameters and hence result in a relatively large approximation error for

the forests method.

3.1.1 A cyclic approach

In order to reduce the large approximation error caused by auxiliary randomness,
we propose a simple yet crucial modification to the existing methods. Instead of choosing
splitting directions randomly, we adopt a more controlled and less random approach. Each
time a leaf is split, we only randomly select a direction from one of the sides that has been

split the least times. In other words, the splitting directions are chosen in a cyclic fashion —
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Probabilities of making splits on a direction
Selected . . . .
' ; 1 2 21 19 1d—1 14 d
Direction
1 1 1 1 1 1 1
. d d d d d d d
31
I 0 1 1 1 1
. d—1 d-1 d—1 d—1 d—1 d—1
(2]
1 1 1 1 1
d—2 d-2 0 0 d—2 d—2 d—2
1 1
0 0 0 0 5 5 0
td—1
0 0 0 0 0 1 0
1d (
0 0 0 0 0 0 0

Figure 3.1: Probabilities of making splits on each direction within a round.

we have to split once in each direction before proceeding to the next round of splitting; see
illustrations in Figure 3.1. This approach helps reduce the impact of auxiliary randomness
and enables more efficient splitting.

To further enhance the practical performance of forests, we permit data-dependent
splitting rules contingent on both X; and Y;. This flexibility proves particularly valuable
when the local smoothness level varies in different directions and locations. We consider a
sample splitting procedure: for each tree, partition the samples into two sets, denoted by Z
and J. The outcomes (Y;);c7 are exclusively used for local averaging and are independent
of the leaves. This structure is commonly referred to as “honest”, as initially proposed
by [AI16]. Additionally, we also impose constraints on the child node fraction and terminal
leaf size, as observed in [MR06, WW15 WA18 FTAW20]|. Specifically, with tuning parameters

a € (0,0.5] and k € N, we require the following conditions to hold for the Z sample: (a)
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each child node contains at least an a-fraction of observations within the parent node, and
(b) the number of observations within terminal leaves is between k and 2k — 1. The splitting
locations are then determined to minimize the empirical mean squared error within each
parent node, selecting from the set of points satisfying the above conditions. For more

details on the proposed method, refer to Algorithm 4.

3.1.2 Theoretical results

For the sake of simplicity, we consider uniformly distributed X with support [0, 1]%.

We first demonstrate the advantage of the cyclic splitting rule in the following lemma.

Lemma 3.1. For any r > 1 and o € (0,0.5], the leaves’ diameters of cyclic tree satisfy

rlog(l—a)
N[\~ dloxt@)
sup  Eg, [diam"(L(x, £))] < d"/? exp(r?) LwN] - (3.5)
x€[0,1],£€2 2k —1

By Lemma 3.1, the proposed forests’ approximation error (3.4) can be upper bounded
by O,((k/N )%) When o = 0.5, the algorithm degenerates into a cyclic version of
median forests and results in an optimal rate (k/N )% For standard median forests where
splitting directions are chosen randomly, Lemma 1 of [WA18] showed that at a given x €
0,19 and € € =, P(diam?(L(x, £)) > C(k/N)*252) — O((k/N)e) for any § > 0 and
some C' > 0. Their result implies that for any given leaf, the diameter has a nearly optimal
rate diam(L(x,&)) = O,((k/N )%}_6)) However, the corresponding tail probability is not
small enough; in other words, there is a non-negligible probability that the leaf’s diameter is
large. As a result, integrating over both x and £ (or taking the supremum as in our Lemma

3.1) leads to a slower rate. Indeed, as shown in [Klu21], the integrated square diameter (3.4)

of both standard center and median forests are of the order (k/N )210“52(%) — this is strictly
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Algorithm 4 Cyclic Forest
Require: Observations Sy = (X, ;)Y ,, with parameters B > 1, a € (0,0.5], w € (0,1],

and k < |[wN|.

1: forb=1,...,B do

2: Divide Sy into two disjoint sets Sg) ) and S‘(jb), indexed by Z® and J® with sizes
#7®) = |wN| and #J® = N — |wN|.

3: repeat

4: For each current node L C [0,1]¢, randomly select a direction j along which the
node has been split the least number of times.

5: Partition the node along the j-th direction by minimizing the empirical mean
squared error using samples Sg). That is, find the splitting point that minimizes

DY) HXi € Li} + ) (Vi - Vo) I{X; € Ly},
ieg® ieg®

where L; and Ly are the resulting child nodes, Y, and Y, are the average responses
within the nodes L; and Ly, respectively. The splitting points are chosen such that

#{iesSV: X, e L;} > a#{ieSP : X, € L} for each j € {1,2}.

6: until The number of samples S(; ) contained within each current node is between k
and 2k — 1.
7: The b-th cyclic tree estimates m(x) using observations of Sg’ ) within the terminal leaf

containing x as in (3.2).
8: end for

9: return The cyclic forest is the average of B cyclic trees.
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slower than our cyclic version as long as k/N — 0 and d > 1. When d = 1, the rates are the
same as there is no need to choose a splitting direction under such a degenerate situation.
Clearly, choosing splitting directions randomly is sub-optimal as over-reliance on auxiliary
randomness in the tree-growing process brings in a large approximation error.

To characterize the forests’ overall IMSE, we further assume the following standard

condition for the noise variable.
Assumption 3.2. Assume that E[e* | X] < M almost surely with some constant M > 0.

Theorem 3.1. Let Assumptions 3.1 and 3.2 hold. Suppose that w € (0,1] and o € (0,0.5]

are both constants. Choose any B € N and k < |wN|. Then, as N — oo,

2log(1—a)
E, [fi(x) — m(x)]® = O, (% + (%) e ) | (3.6)

2log(l—a)
Moreover, let k < N dlee(@)+2log(i-0) e have

2log(l—a)

By [fi(x) — m(x)]* = O, (N~ mowerzmica ) (3.7)

The results established in Theorem 3.1 are applicable for any « € (0,0.5]. As long as
a < 0.5, the splitting locations are not restricted to the medians. Instead, we can leverage
information from both X; and Y; to further enhance the empirical performance of the method.
It is important to note that any regression tree can be regarded as a weighted average of
response variables, using the weights defined in (3.3). Unlike standard kernel methods, the
response variables affect the weights by influencing the leaves. This data-dependent learning
aspect is shared with neural networks, which are also widely popular today. Neural networks

learn representations in a data-dependent way, while random forests learn weights in a data-
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dependent manner. This similarity might partially explain why both random forests and
neural networks perform well in various complex applications.

Furthermore, our results provide additional insights into median forests. As indicated
by (3.7), cyclic median forests (with a = 0.5) achieve a minimax optimal rate of N ~@2. The
reason existing results [Klu21,DS18,Bial2] fall short of reaching the minimax optimal rate is
mainly attributed to the inappropriate splitting rule considered in the current literature. We
argue that random forests should not be excessively random, as an over-reliance on auxiliary
randomness leads to poor estimation efficiency. It is noteworthy that the above results hold
for any B > 1. With careful control of the impact of auxiliary randomness through the cyclic
procedure, each individual cyclic median tree achieves minimax optimality for the Lipschitz
class. Although averaging over multiple trees does not result in a faster convergence rate,
we believe it is still worthwhile to do so to enhance finite-sample performance in practical

applications.

3.2 Cyclic Local Polynomial Forest

In this section, we extend our focus to Holder smooth functions and introduce cyclic

forests capable of exploiting higher-order smoothness levels.

Assumption 3.3 (Holder smooth). Assume that m(-) € H®® with some ¢ € N and 8 €
(0,1]. The Hélder class HI? contains all functions f : [0,1]* — R that are q times continu-
ously differentiable, with (a) |D*f(x)| < Lo for all x € [0,1]% and multi-index o satisfying
la| < q, and (b) |D*f(x) — D*f(x')| < Lo||x — x'||? for all x,x" € [0,1]¢ and « satisfying

|| = q, where Ly > 0 is a constant.
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3.2.1 Cyclic local polynomial forest

To capture the higher-order smoothness of the conditional mean function m(-), we pro-
pose to fit a local polynomial regression within the leaves. We first introduce the polynomial
basis with order ¢ € N. For any x € [0,1]? and j € {0,1,..., ¢}, let g;(x) := (X¥)aea; € RY
where A; == {a@ = (ou,...,aq) € N : |a] = j}. For instance, go(x) = 1, gi(x) =
(x1,X2,...,%Xq) ", and go(x) = (x3,X1Xa,...,%x3) . Denote G(x) := (go(x),g1(x)",...,
g,(x)")T e R? as the ¢-th order polynomial basis, where d := Z?:o .

For any £ € =, define the weights w;(x, &) as in (3.3), where we postpone the detailed
tree-growing process for later. Using the training samples indexed by Z, consider the weighted

polynomial regression:

~

B(x,£) = argmin Y _wi(x,&)(Y; — G(X,)"B)%. (3.8)

BeR? o7

The cyclic ¢g-th order local polynomial forest is proposed as
Merpr(x) = Ee[G(x) B(x, €)]. (3.9)

Now, let us delve into the tree-growing process. The cyclic ¢g-th order local polynomial
forests are formulated as generalizations of the cyclic forests introduced in Algorithm 4. We
incorporate a sample splitting mechanism to ensure the “honesty” of the forests and adopt a
cyclic approach for selecting splitting directions, as elaborated in Section 3.1.1. In contrast to
Algorithm 4, where local averages serve as tree predictions, our approach involves performing
polynomial regressions within the terminal leaves. Consequently, our objective is to construct
leaves that optimize the behavior of the final polynomial regressions.

For any current node L C [0, 1]¢, the ideal approach is to find the optimal splitting
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point that minimizes

Y (Vi—GX) B € Lit + Y (Vi — G(X) o) I{X; € Lo}, (3.10)
ieg®) icg®

where L, and Ly are the resulting child nodes, and Bj is the least squares estimate (using
the polynomial basis) within the node L; for each j € {1,2}. However, this procedure
requires calculating the least squares estimates for each candidate splitting point, making it

computationally intractable. Drawing inspiration from [FTAW20], we minimize

>V -VPHX € Lib+ Y (Vi - V)X € Ly}, (3.11)
ieg®) ieg®

where }Aﬁ =Y, — G(Xi)TB with B\ denoting the least squares estimate within the parent
node L, and }7; is the average of ¥; within the node L; for each j € {1,2}. As discussed in
Section 3.1.1, we also require that both child nodes contain at least an a-fraction of samples
from the parent node. Additional specifics are outlined in Algorithm 5. It is noteworthy
that Algorithm 4 is a special case of Algorithm 5 when g = 0.

To minimize (3.11), we only need to obtain the least squares estimate once, and the
same B is used to calculate the error for each candidate splitting point within the node.
Note that (3.11) can be viewed as an approximation of (3.10), where we substitute Bj with
B; = (B1;. A1), and Bi; = argmingen i (VT = G(X)T(8.8T)T)’1{X; € L;}. In
essence, we replace the slope coefficients in the child nodes with those in the parent node

and find the least squares solution only for the intercept term.

3.2.2 Theoretical results

The following theorem characterizes the convergence rate of the proposed cyclic ¢g-th

order local polynomial forests under Holder smooth conditions.
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Algorithm 5 Cyclic ¢-th order Local Polynomial Forest

Require: Observations Sy = (X, ;)Y ,, with parameters B > 1, a € (0,0.5], w € (0,1],

—_

10:

k <|wN], and q € N.
. Calculate the polynomial basis G(X;) € R? for each i < N.
forb=1,...,B do
Divide Sy into two disjoint sets Sg] ) and Sf;), indexed by Z® and J®, with sizes
#TI® = |[wN| and #J® = N — [wN|.
repeat
For each current node L, randomly select a direction j along which the node has
been split the least number of times.
Partition the node along the j-th direction by minimizing (3.11) using samples
Sf;), ensuring that #{i € S(Ib) X, € L} > a#{ie S(Ib) : X; € L} for each j € {1,2}.
until The number of samples ng ) contained within each current node is between k
and 2k — 1.
The b-th cyclic polynomial tree estimates m(x) using observations of S(Ib ) as
Terpr(x, &) = G(x)TB(x, &), where B(x, &) is defined as (3.8).
end for
return The cyclic g-th order local polynomial forest is the average of B cyclic polynomial

trees.

Theorem 3.2. Let Assumptions 3.2 and 3.8 hold. Suppose that w € (0,1] and o € (0,0.5]

are both constants. Choose any B € N and k < |wN| satisfying k > log(N). Then, as
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N — o0,

) R
Ex [mcLpr(x) — m(x)]” = O, z + N ) (3.12)

2(q+p) log(1—a)
Moreover, let k < N dloele)+2(a+B)log(i-2) e have

2(g+pB) log(1—a)

Ex [ficrpe(x) = m(x)]* = O, (N~ mwwel e ) (3.13)

When a = 0.5, (3.13) leads to the minimax optimal rate N TG for the Holder
class H%®. To the best of our knowledge, this is the first random forest method shown to
achieve an IMSE reaching minimax optimality when ¢ > 1; see Table 3.1.

In the following, we compare with existing results that have exploited Holder smooth
functions with ¢ > 1. For ¢ = 1, [OT21] proposed Tessellation forests and demonstrated
that the corresponding IMSE reaches the minimax rate N _%. For arbitrary ¢ € N,
[CMDY23] provided a nearly optimal rate of (N/log(N ))_%; however, they only ob-
tained results for the in-sample excess risk, lacking theoretical guarantees for prediction per-
formance on new observations. Additionally, [CKU23] obtained a minimax rate of N )
for point-wise mean squared error at interior points; however, their results do not lead to
an optimal rate for the IMSE, as their debiased method is only valid for interior points.

It is worth mentioning that all the aforementioned works grow the trees completely
independent of the samples. In contrast, we allow supervised splitting rules to further
improve the forests’ practical performance, as long as a < 0.5 after appropriate tuning.
Only [BTYW16, FTAW20] considered data-dependent splitting rules and studied local lin-

ear forests under the special case ¢ = 1. However, [BTYW16] only demonstrated the con-

sistency of their method, without providing any explicit rate of convergence. [FTAW20]
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provided asymptotic normal results at a given x € [0,1]¢. However, their asymptotic
variance is relatively large since the splitting directions are chosen randomly. In addi-
tion, their results rely on a technical condition that xky := (1 —d'S7'd)™! = O(1),
where d == Y, ;wi(x,§)G_1(X; — %), S == Y, ;wi(x,§)G_1(X; —x)G_1(X; —x) T, and
G(x) = (1,G_1(x)")" for any x € [0,1]¢. However, it is unclear when such a condition
holds. Instead of forcing an upper bound for the random quantity xy by assumption, we

prove that this quantity is bounded above with high probability; see Lemma 3.7.

3.3 Uniform results

In this section, we extend our analysis to encompass uniform-type results for the
estimation error of the forests. As the cyclic forest introduced in Algorithm 4 constitutes
a specific instance of the more general cyclic ¢-th order local polynomial forest outlined in
Algorithm 5, we focus on presenting results for the latter.

To commence, we establish a uniform bound on the leaves’ diameter as follows.

Lemma 3.2. Suppose that r > 1, w € (0,1], and a € (0,0.5] are constants. Choose any

k < |wN]| satisfying k > log*>(N). Then, as N — oo,

_rlog(l—a)
dlog(a)
sup  {diam’ (L(x,€))} < C <5> , (3.14)

x€[0,1]4,£€eE k

with probability at least 1 —log(|wN|/k)/(VElog (1 — a)~1)) and some constant C' > 0.

The requirement k > log®(N) is slightly more stringent than the one assumed in
Theorem 3.12, where we need k > log(N). Under this slightly stronger restriction on the

minimum leaf size, we establish a uniform upper bound for the diameters, which holds with
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high probability. It is important to note that we cannot directly apply Markov’s inequality
based on Lemma 3.1 to obtain uniform-type results, as the expectation Eg, (-) is taken before
the supremum, not after.

Subsequently, we present a uniform upper bound for the estimation error of the forests.

Theorem 3.3. Let Assumption 3.3 hold. Suppose that |Y| < M. Let M > 0, w € (0,1],
and o € (0,0.5] be constants. Choose any B € N and k < |wN| satisfying k > log®(N).

Then, as N — oo,

(q+8)log(1—a)
R log(N) [ k\ “awster
sup |mcrpr(x) —m(x)| = O, ( g}i ) n <N) ) , (3.15)
x€[0,1]4

2(g+B) log(l—a) dlog(a)
Moreover, let k =< N dlos(e)+2(g+8) log(1-a) (log(N))dlog(a)H(ﬁﬂ) leg(1=a) e have

log(N)\ 7 e ey
R 0 og(a q og(l—a
sup. [cwpe(x) — mx)] = O, ((gT) ) NERT
x€[0,1])4

Comparing with the results in Theorem 3.2, the rates in (3.15)-(3.16) consist of ad-
ditional logarithm terms. This is due to the cost of seeking uniform bounds. When a = 0.5,
an optimally tuned k leads to the rate (log(N)/N )ﬁqﬁﬂﬂ, which is minimax optimal for
sup-norms; see, e.g., [Sto82]. To the best of our knowledge, we are the first to establish

minimax optimal uniform bounds for forests over the Holder class H%” for any ¢ € N.

3.4 Application to ATE estimation in causal inference

In this section, we apply the proposed forests to estimate the average treatment
effect (ATE) in the context of causal inference. Let us consider i.i.d. samples (W;)¥, =

(Y;, X;, A))Y,, and denote W = (Y, X, A) as its independent copy. Here, Y € R denotes
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the outcome of interest, A € {0,1} is a binary treatment variable, and X € R? represents a
vector of covariates uniformly distributed in [0, 1]2. We operate within the potential outcome
framework and assume the existence of potential outcomes Y'(1) and Y'(0), where Y (a)
represents the outcome that would be observed if an individual receives treatment a € {0, 1}.
The ATE is defined as 6 := E[Y (1) — Y(0)], representing the average effect of the treatment
A on the outcome Y.

In order to identify causal effects, we make the following standard assumptions:

Assumption 3.4. (a) Unconfoundedness: {Y (0),Y (1)} 1L A | X. (b) Consistency: Y =
Y (A). (¢) Overlap: P(cy < 7*(X) < 1 —c¢p) = 1, where ¢y € (0,1/2) is a constant and the

propensity score (PS) function is defined as 7*(x) :=P(A=1|X = x) for any x € [0, 1]¢.

Define the true outcome regression function pf(x) := E[Y (a) | X = x] for a € {0, 1}

and consider the doubly robust score function: for any n = (u1, o, 7),

) AY —mX)) (=AY = m(X))

As the ATE parameter can be represented as § = E[¢)(W;n*)], it can be estimated
as the empirical average of the score functions as long as we plug in appropriate estimates
of the nuisance functions n* = (uf, 5, 7*). In the following, we consider the double ma-
chine learning (DML) method of [CCD*17] and apply the proposed forests in Section 3.2 to
estimate the nuisance functions.

For any fixed integer K > 2, split the samples into K equal-sized parts, indexed by
(Zx)E_,. For the sake of simplicity, we assume n := #7; = N/K € N. For each k < K,

denote Z_ = Z \ Z. Under Assumption 3.17, we can identify the outcome regression
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function as p(x) = E(Y | X = x, A = a) for each a € {0,1}. Hence, we construct z,*(-)
using Algorithm 5, based on samples (Y, X;)ic(icz_,:4,=a}. Additionally, we also construct
77%(+) using Algorithm 5, based on samples (A;, X;);er_,. For the sake of simplicity, we
denote po(+) := m(-). The number of trees B and the orders of polynomial forests are chosen
in advance, where we use ¢; to denote the polynomial orders considered in the estimation
of p;(+) for each j € {0,1,2}. Further denote h; := (a;,wj, k;) as the hyperparameters for
estimating p;(-). To appropriately select h;, we further split the samples indexed by Z_j, into
training and validation sets. We train the forests based on the training samples and use the
validation set to find the optimal tuning parameters that offer the smallest mean squared
error. Note that the number of trees B is not a tuning parameter and is selected in advance
— it essentially controls the computation error and should be large enough as long as the
computing power allows. After obtaining the nuisance estimates 7% := (i; ", fig*, 7 %) for

each k < K, we define the ATE estimator as

K
0:=N"D > w(Wii ).
k=1 i€y

In the following, we first show that the proposed forests provide stable PS estimates

that are away from zero and one with high probability.

Lemma 3.3. Let Assumptions 3.4(c) hold and 7 € H%=P2 where g € N and 3, € (0,1].
Let M > 0, wy € (0,1], and ay € (0,0.5] be constants. Choose any B > 1 and ky > log?(N).

Then, as N — oo,
Px(ci <7 F(X)<1—¢) =1, foreach k <K, (3.18)

with probability approaching one and some constant ¢; € (0,1/2). Note that the left-hand-

side of (3.18) is a random quantity as the probability is only taken with respect to a new
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observation X.

Lemma 3.3 demonstrates the stability of the inverse PS estimates, a requirement often
assumed in the context of non-parametric nuisance estimates, as discussed in [CCD*17]. The
above results suggest that, under the assumption of overlap, there is typically no necessity
to employ any form of trimming or truncation techniques on the estimated propensities,
provided the chosen tuning parameters o and k are not too small.

Now, we are ready to introduce theoretical properties of the ATE estimator.

Theorem 3.4. Let Assumption 3.4 hold, |Y| < M, and E[L{a—qy(Y (a) —p)]* > Cy for each
a € {0,1}, with some positive constants M and Cy. Suppose that piy € HIPo pr € Hubr
and 7 € H®P2 where ¢; € N and B; € (0,1] for each j € {0,1,2}. Let w; € (0,1] and

2(g;+85) log(1—aj)
a; € (0,0.5] be constants. Choose any B > 1 and k; < N *lsl~) 28 1e0=e5) = Moreover, let

d? < 4(q“+’3’1)(qﬁjgﬁ(i):;’féé@ﬁ)bg(l*o@) for each a € {0,1}. Then, as N — oo, U_lm(é\— 0) ~

N(0,1) and 57 'VN(@ — 0) ~ N(0,1), where 3% := NS0 S0 [0(Wi ™) — 0%,
Remark 3.1 (Technical challenges of forests-based ATE estimation). It is worth emphasizing
that the following aspects are the main challenges in our analysis:

(a) Establish convergence rates for the integrated mean squared error (IMSE) of the
nuisance estimates. As the ATE is a parameter defined through integration over the en-
tire population, we require convergence results for the IMSFE; point-wise mean squared error
results are insufficient. This distinguishes our work from [WA18], which focused on the
estimation and inference for the conditional average treatment effect (CATE).

(b) Develop sufficiently fast convergence rates through higher-order smoothness. The

asymptotic normality of the DML method [CCD*17] requires a product-rate condition for
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the nuisance estimation errors. If we only utilize the Lipschitz continuity of the nuisance
functions, root-N inference is ensured only when d = 1. In other words, we need to establish
methods that can exploit the higher-order smoothness of nuisance functions as long as d > 1.
As shown in Theorem 3.4, the higher the smoothness levels are, the larger dimension d we
allow for.

(¢) Construct stable propensity score (PS) estimates. The construction of the DML
ATE estimator involves the inversion of PS estimates. Using an early stopping technique
that ensures a sufficiently large minimum leaf size, we guarantee that each terminal leaf
contains a non-negligible fraction of samples in both treatment groups, as long as the overlap
condition holds for the true PS function. Therefore, the early stopping technique stabilizes

the PS estimates, and consequently, the ATE estimate.

3.5 Numerical Experiments

In this section, we assess the numerical performance of the proposed methods through
simulation studies. We focus on the estimation of conditional mean function m(z) = E[Y |
X = x]. Generate i.i.d. covariates X; ~ Uniform[0, 1] and noise &; ~ N(0,1) for each

1 < N. Consider the following outcome regression models:
(a) Y; =10 Sin(’]TXilXiQ) + QO(ng — 5)2 + 10X24 + 5XZ5 + Eiy

In setting (a), we employ the well-known Friedman function proposed by [Fri9l],

a commonly used benchmark for assessing non-parametric regression methods [Z1.12,HZ21,
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LH21]. We set the covariates’ dimension to d = 5 and consider sample sizes N € {500, 1000}.
Additionally, we investigate the performance of the forests under various sparsity levels,
maintaining d = 10, N = 1000, and choosing s € {2,6,10}.

We implement the proposed cyclic forest (CF), local linear cyclic forest (LLCF), and
local quadratic cyclic forest (LQCF), where LLCF and LQCF correspond to the cyclic ¢-th
order local polynomial forests with ¢ = 1 and ¢ = 2, respectively. We choose B = 200 and
use 80% of samples for training purposes, reserving the remaining 20% for validation to find
the optimal tuning parameters («, k). For the sake of simplicity, we fix w = 0.5.

We also consider Breiman’s original forest (BOF'), honest random forest (HRF), local
linear forest (LLF), and Bayesian additive regression trees (BART). BOF is implemented
using the R package ranger [WWPW19|, HRF and LLF are implemented using the R
package grf [TAF*23|, and BART is implemented by the BART package [SSM19]. HRF
and LLF methods involve an additional tuning parameter mtry, denoting the number of
directions tried for each split. For comparison purposes, we also consider modified versions
with fixed mtry = 1. This corresponds to the case where splitting directions are randomly
chosen and is the only case that has been thoroughly studied theoretically [WA18 FTAW20].
We denote the modified versions of HRF and LLF as HRF1 and LLF1, respectively. The
only difference between HRF1 and CF is that CF considers a cyclic splitting rule; a parallel
difference exists between LLF1 and LLCF. Additionally, we introduce a modified version of
BOF, denoted as BOF1.

We evaluate the considered methods’ root mean square error (RMSE) within 1000 test

points and repeat the procedure 200 times. Figures 3.2 and 3.3 depict boxplots comparing

260



ES BoF ES BoF
BOF1 ¢ BOF1
: BART 081 i : BART
= e a
i (] BE WRF . B3 HRF
%0'8 It =L % 1 B HrRL
e cF T cF
g : LLF Sos- + : LLF
06 ES LF B3 L
' [=tes B3 ucF
B3 qcr oal + [=teles
o
0.4-
B(l)F BO'Fl BA‘RT HI;QF HR‘Fl ClF L\:F LLlFl LL'CF LQ'CF BC')F BO'Fl BA'RT HllQF HR‘Fl ClF LllJ: LL'Fl LL'CF LQ'CF
(a) Sample size N = 500 (b) Sample size N = 1000

Figure 3.2: Boxplots of log(RMSE + 1) under Setting (a) with a varying sample size.

the log-transformed RMSE, log(RMSE + 1), of all the considered methods across various
settings introduced above. From the boxplot figures, it is evident that LQCF always exhibits
the best performance across all settings. Additionally, both our methods, LLCF and CF,
consistently outperform LLF1 and HRF1, respectively, highlighting the distinct advantages
offered by our cyclic method in contrast to random direction selection.

In dense scenarios, the proposed CF method demonstrates superior performance com-
pared to all the existing local averaging methods, including BOF, BOF1, HRF, and HRF1;
refer to Figure 3.2 and Figure 3.3(c). Additionally, LLCF also outperforms both the existing
local linear methods LCF and LCF1. Under sparse scenarios, BOF and HRF demonstrate
superior performance compared to BOF1, HRF1, and CF, as seen in Figure 3.3(a)-(b). This
is because their splitting directions are chosen in a data-dependent fashion, which is more
suitable when redundant covariates are included. However, we can still see that both the
proposed LLCF and LQCF methods outperform all the existing ones in Figure 3.3(b). Even

when the sparsity level is small in Figure 3.3(a), the LQCF remains to provide the smallest
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Figure 3.3: Boxplots of log(RMSE + 1) under Setting (b) with a varying sparsity level.

RMSE.

3.6 Supplement

Notation We denote rectangles L € [0,1]¢ by R = ®;l:1[aj, b;], where 0 < a; < b; <1 for

d

all j =1,...,d, writing the Lebesgue measure of L as \(L) = [[_,

(b; — a;). The indicator

function of a subset A of a set X is a function 14 defined as 1, =1ifz € A, and 14 =0 if
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x ¢ A. For any rectangle L € [0, 1]%, we denote p(L) := E[Lixer}] as the expected fraction

of training examples falling within L. Denote #L := ", _; Ix,cr} as the number of training

i€T
samples X; falling within L. For any n x n matrix A, let Ayin(A) and Apax(A) denote the
smallest and largest eigenvalues of the matrix A, respectively. A d-dimensional vector of all
ones is denoted with 14. A tree grown by recursive partitioning is called (a, k)-regular for
some a € (0,0.5] and k € N if the following conditions to hold for the Z sample: (a) each

child node contains at least an a-fraction of observations within the parent node, and (b)

the number of observations within terminal leaves is between k and 2k — 1.

3.6.1 Proof of the results for Cyclic Forest

Proof of Lemma 3.1. For any x € [0,1]? and £ € Z, let ¢(x, €) be the number of splits leading
to the leaf L(x,§), and let ¢j(x, &) be the number of such splits along the j-th coordinate.
Let ¢t = minj<;<qc;j(x,€). By the cyclic splitting rule, we know that the number of splits
along different coordinates differs by at most one. That is, ¢;(x,§) € {t,t + 1} for all
1 <j <d. Since ¢(x,§) = Z;.lzl cj(x,€), c(x,&) can be written as ¢(x, ) = td+1, with some
0<1<d-—1. Letng>mny >---> nygy be the number of points in the successive nodes
containing x, where ng = |wN|. By (o, k)-regular, we know that an;, 1 <n; < (1 — a)n;_4

for each 1 <7 <td+ [. Hence, for any 1 <17 <td+,

a'ng <n; < (1 —a)ny, and (3.19)

i < gy < (10— )i, (3.20)

For any 1 < j < d and closed set L C [0, 1], let diam; (L) be the length of the longest segment

parallel to the j-th axis that is a subset of L. Forany 1 <7 <t+4+1and 1 <j <d, let k; ; be
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the number of splits after the j-th coordinate has been split for ¢ times, then by the cyclic
splitting rule, we have (i — 1)d +1 < k;; < id for each 1 <7 <. Let Ly, (x,&) be the node
containing x after k; ; splits, then the node Ly, ;(x,{) contains ny, ; samples of Sz. Denote
Mj = (Mg, 1, My o - -5 Mky—1, My ;). Then, for the i-th time splitting a node along the j-th
coordinate, conditional on n; and Ly, ,_1(x,§), diam;(Ly, ;(x,§))/diam;(Ly, ,—1(x,&)) is at
most the (ng, , + 1)-th order statistic of ny, ,_; 1.i.d. uniform random variables with support

[0, 1]. Note that for any i.i.d. uniform random variables Uy, ..., U,, ~ Uniform|0, 1], the i-th

order statistic follows a beta distribution U;) ~ Beta(i,ng — i 4+ 1). Hence, we have

diam;(Lg, .(x,£))
- ] = < B,
diamy(Ly, ,—1(x,§))

with some B, ; | nj ~ Beta(ny, , + 1,14, ,-1 — ng, ;) and (B ;)i_; are independent conditional

on 7;. Additionally, note that diamj(Lij,l(x, €)) = 1. Therefore, for any x € [0,1]%, £ € E,

and 1 < j < d, we have diam;(L(x,§)) < diam;(Ly, ,(x,&)) and
¢
diam;(Ly, ;(x,€)) < HBi,j'

i=1

By the conditional independency, we have
t
Es, [diamg(l’(xv f)) ’ ﬁj} < H]ESI [B:] ‘ ﬁj} ‘
i=1

For any 1 < j < dand 1 <17 <t, note that

(nki,j + 1) e (nki,j + T’)
(nki,j—l + 1) e (nki,j—l + T’)

2(1—a)r(1+—Q/<1_@)) <1+—2a/(1_a))---<1+—m/(1_a)),

Mg, —1+ 1 Mg, j—1+ 2 Mg, j—1 7

Es, [B;; | ;] =
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where (i) holds as ny, ; < (1 — a)ng, ;1 by (a, k)-regular . Since k;; < id for any 1 < j <d

and 1 <1 <t, we have

B [0, ] < 1oy (1 200 (1, 200=0) (sl a0y

Nig—1 + 1 Nig—1 + 2 Nig—1 + 7

It follows that, for any x € [0,1]%, £ € Zand 1 < j < d,

o (T 505) ) = v () < B

i=1

(i
e o ) iy
Nig—1+ 7T Nig—1 Td+1

which implies that

¢ ¢

ra/(l—a)\" ral—a Tzozl—all—l—atd

o (I (122020} < P =0 Sy o =010 =)t

Pl Nig—1 + 7 Nidti — a1 —(1—a)

By t,d > 0 and « € (0, 0.5], we have

t r . ..
ra/(l—a) r?(1 —a)t @ r?(1 —a)t @)

1 1+ —F—— < < <
Og(H<+nid—1+T)> B k =

n
iy td-+1

where (i) holds by («, k)-regular; (ii) holds since k > 1, « € (0,0.5), and [ > 0. Together

with (3.21), for any x € [0,1]4, £ € Z, and 1 < j < d,

Es, [diamg(L(x, )] < (1—a)”exp(r?). (3.22)
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By (a, k)-regular and (3.19), we have nyyy; € [k, 2k — 1] for some k£ € N and o' |wN | <
Nar1 < (1 — ) {wN|. Hence, we have k < (1 — ) |wN| and o' |wN| < 2k — 1,

which implies that

log((2k = 1/LwN)) 1 _ . _ log(k/LwN]) 1
— T dlog(l—a) d

dlog(a) d

(3.23)

It follows that

rlog(l—a) T log(lft)x)

Ir NJ T Tdlog(a (Z) LwNJ T Tdlog(a
l—a)r < (1—a)i (Lo < (L2254
(1=a)7 = ( a)d(Qk—l =\2k—1 ’

where (i) holds since 0 <1 < d — 1. By (3.22), for any x € [0,1]¢, £ € Z, and 1 < j < d,
_rlog(l—a)

%Wmﬂ@@“(gﬂ)mmaw% (3.24)

By the finite form of Jensen’s inequality, we have for any r > 1,

S 1 diam?(L(x, )\ 3 S 1 - diam’ (L(x, €))
d = d ’

which implies that

d

r/2
Es, [diam"(L(x,¢&))] = Es, Z diam?(L(x, 5))] < dT-2 2Ry
j=1

d
> diam(L(x, g))] .
j=1
By (3.24), for any r > 1, x € [0,1]¢, and £ € Z,

_rlog(l—a)

ESI [diamT(L(x, f))] < d/? eXp(T2) (%) dlog(a) |

Proof of Theorem 3.1. By Jensen’s inequality and the fact that (a — b)? < 2a* + 2b? for any

a,beR,
Ex [ (x) — m(x)]" = Ex |E¢ Zwi(x (Vi — m(X))”
S ]Ex E{ Zwi(xa f) (Y; - m(x))] S 2Ex [TI <X>] + 2Ex [T2(X)] ’ (3'25)
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where for any x € [0, 1]¢,

Ty(x) := B¢ Zwi(x,f)si] : (3.26)
Ty(x) == Ee Zwi(x,é’) (m(Xz')—m(X))] : (3.27)

with ¢; = Y; — m(X;). By Fubini’s theorem,

1€

Es; [Ex [T1(x)]] = Ee {Ex [ESI

ZM(X, f)gi] ]] )
Note that

Es, =Es,

> wilx, Eei

1€T

Z [wi (Xa 5)]2 522

1€T

+ Es,

Y wilx Hwi(x, 5)5@-] :

iJET i#]
For any i,j € T with 7 # j,
()
Es, [wi(x, §)w;(x,&)eig;] = Es, [wilx, w;(x, €)Es, [eig; | {Xi}iLy, {Yikies]]

(i4) (i)
= Es; [wi(x,§)w;(x,&)Es; [&: | Xi] Es, g5 | Xj]] =0,

where (i) holds by the tower rule and “honesty” of the forests; (ii) holds by the independence

of the samples; (iii) holds since E[e | X] = 0. Therefore, we have

Sor]|

i€

Es; [Ex [T1(x)]] = Ee | Ex | Es;

By the tower rule,

B |E, |Es, ;[wxx,fn%?m
2 [ e [ S e 21 0002 ]|
2, e o, [ St 1|
< e |5, B, ;[wxx,g)]?m,
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where (i) holds by “honesty” of the forests; (ii) holds by the independence of the samples;

(iii) holds by Assumption 3.2. Therefore, we have

Es, [Ex [Ti(x)]] < MEe |E |Es,

> il QF”] .

i€

. 2
Since (ﬂ{XieL(x,g)}) = ]]-{XiEL(X,f)}7 we have

2 _ wi(xv f) @) Wi(Xa 5)
WO = T X e LT Sk (3.28)

where (i) holds by (a, k)-regular. By >, ;wi(x,€) = 1, we have Es, [Ey [T1(x)]] < M/k. By

Markov’s inequality, as N — oo, we have

Ey [T1(x)] = O, (%) | (3.29)

Additionally, note that Ey [Tx(x)] = Ex []Eg Y i wi(x, &) (m(X;) — m(x))}z} By Cauchy-
Schwarz inequality and the fact that ), ;wi(x,§) =1,
3 e, €) (m(X,) - m<x>>] < [Z il s)] [Z i3,€) (m(X,) - m<x>>2]

=D wilx.8) (m(X,) — m(x))*.

1€T

Then, we have

Ex [TQ (X)] S Ex ]Eg

> wilx,) (m(X) — m(X))2” :

i€l

By the Lipschitz continuity of m(:), we have

Ex | Ee Zwi(x,é) (m(X;) —m(x))*| | < By |Eg sz’(xf) (Lo||Xz'—XH)2”
SL(Q)EX E¢ Zwi(x,f)diam2(L(x,§))”,
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where L is the Lipschitz constant. Then, we have

Ex [T5(x)] < L2Ex |Ee | Y wilx, €)diam?(L(x,€)) | | £ L2E [Ee [diam?(L(x,))]] .

€L

where (i) holds by >, 7 w;(x,£) = 1. By Fubini’s theorem,
Es, [Ex [T2(x)] < L§Es, [Ex [E¢ [diam®(L(x,€))]]] = LiEe [Ex [Es, [diam*(L(x,£))]]] -
By Lemma 3.1,

E¢ [Ex [Es, [diam®(L(x,€))]]] < sup _Es, [diam*(L(x, €))]
2log(l—a)

wN |\~ ot
< dexp(4) <%> :

Therefore, we have

_2log(l—a)

LwNJ dlog(a)
2k —1 '

Es, [Bx [To(0)]] < Lidexp(4) (

By Markov’s inequality, as N — oo, we have

E, [T>(x)] = O, < (%) Bl > | (3.30)

Combining (3.25), (3.29), and (3.30), we conclude that (3.6) holds.

3.6.2 Proofs of the results for Cyclic Polynomial Forest

Proof of Theorem 3.2. Recall the definition of mcrpr(x), (3.9),

2

Ex[curr(x) = m(x))* = Ex [E¢ |GG (Bx.&) - 8)] |
<E, [Eg G (Bx.) - 8)] 2] YE, [E G (Bx.) - 8)] 2] (331
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where (i) holds by Jensen’s inequality and (ii) holds by Fubini’s theorem. In the following,
we condition on the event BN C defined as (3.56) and (3.58). By Lemmas 3.7 and 3.8, we
know that S, —dzd}, Sz, S, Y ,crwi(x,)AA] and Y, wi(x,§)G(X;)G(X;)" are all

positive-definite, with Ps, (BN C) =1 — o(1). Recall the definition of B(X, £), (3.8),
-1
- (Zwi(x, f)G(Xi)G(Xi)T) (Zwi(x, f)G(Xi)Yi> .
ieT ieT

Let o := (a1, g, . . ., ) be the multi-index, where each «; is a nonnegative integer. Define

=Y, - G(X;)'8 —¢& with G(X;) '8 = > laj=o Dom(x)(X — x)*/al. Then, we have

B(x, &) — 8= (Z wi(x, g)G(Xi)G(Xi)T> (Z w;(x, )G(X;) (g + m) .

€L €L

Note that there exists some d x d lower triangular matrix T with 1 on main diagonal such

that
G(X; — x) = TG(X,), (3.32)
which implies
Bx.&) -8
=T (Z wi(x,6)G(X; — x)G(X; — x)T> : (Z wi(x,6)G(X; — x) (e + m) .
iz iz
To simplify the exposition, we let A; := G(X; — x). By TG(x) = G(0) = ey,
G(x)T (B(x, £) — 5) —ef (Z wilx, A, AT> (Z wi(%, ) A (&5 +rz)> . (3.33)
iz iz

By (3.31), we have

Ex [Mcrpr(x) — m(x))?

< Ef E. e;r (Zwi(x, S)AZAJ—> (sz X, g 51 +Tz)>

1€T 1€T

2
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Deﬁne U,L = (gl(Xz — X)T7 gQ(Xz — X)T, e 7gq(Xi — X)T)T = (Zﬂ, ey Zid7 Zi217 Z“Zig, ey
Z2%, .., Z8)7T € RY with Z;; := X,;; —x; for any i € Z and j < d, and d = 3%, d’. Since
A; =(1,U])", we have

1 df

Zwi(x7 £)AZAZT = )
€T d S

where d := Y, ;wi(x,&)U; and S := Y, ; w;i(x,§)U;U/. By Schur decomposition,

1€T

e;l’ (Z wi(X, f)AzA:) = ((1 _ dTS—ld)—l (1 _ dTS—ld)—ldTS—1> , (3.34)

Since A; = (1,U])T, we also have
-
;M(X, EAi(ei+ 1) = (21’61’ wi(x,8) (g +15) D ierwilx, U] (; + Tz)) . (3.3h)
It follows that
Ex [fcuee (x) = m(x)]* < Ee {E {“ —dTST) T ) wilx, € (e + )
i€z

+(1-d's7'd) ST wilx, OUi(s + ri)} } : (3.36)

ieT
Define UF := (Zk,..., 25, (Z5)2, 2575, ... (ZB)?2, ..., (Z5))) " € RY with ZE = (X, —
x;)/diam;(L(x,&)) for any i € Z and j < d. Define a d x d diagonal matrix Dy, :=
diag (diamy (L(x,€)). .. ., diamg(L(x, €)), diam?(L(x, £)), diams (L(x, €)diama(L(x,€)), . .

diam?(L(x,€)), . .., diam%(L(x, £))). Then,

U; =D,;U', d=D;d;, and S=D.;S;D;, where (3.37)
dp == wi(x, U and Sp =) wi(x,HUF(UNT. (3.38)
€T 1€L
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Plugging (3.37) into (3.36), we have

]Ex [mCLPF<X) — m(x)]2 S E& |:Ex |:(1 — dT 1dL sz X 6 g + ’I“Z)

€L

2
+(1—d;S;'dy) 'S ) S wilx, U (e + ri)] 1 : (3.39)

i€l
Let ¢, := SL—deZ. On the event B, the matrix cy, is invertible. Since dj, (d{c;ldL + 1) =
(dez + CL) CzldL and dzczldL > O, we have dL = (dzczldL + 1)71 (deI + CL) CzldL.

It follows that
d]S;'d, = d} (d,d] +c¢;)” dg

—d] (d;d] +c¢.) " (dfcp'dy +1) 7 (dd] +¢;) cp'dy
dZCZIdL

e — Tt VR 3.40
dzCZIdL —+ 1~ ( )

Then, we have (1 —d}S;'d;) ™" =1+4d] (S; —d;df) " dy. Therefore,

4 2
Ex [’r/I\’LCLpF(X) — m(x)]2 S Eg ]Ex ZAZ(X,g)] sup {1 + dz (SL - dez)—l dL} s

i—1 x€[0,1]4

where for any x € [0,1]¢ and £ € Z,

A(x,€):=d;S] S, szxéU ri, Ag(x,§): Zwlen, (3.41)
1€l €T

As(x,€) :=d;S] szfo giy Ay(x,€): szxf (3.42)
i€l el

By the finite form of Jensen’s inequality, we have

which implies that

Ex [mcrpr(x) — m(x)]z < K¢
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By Lemma 3.7, we have

sup {1 +d] (Sp—dyd])”! dL} = 0,(1). (3.44)

x€[0,1]4,£€2

Since m € H%P, by the Taylor’s theorem, we have
m(X;) = Py (Xq) + Ryo1(Xy), where Pp_y(X;) = Y —

and Ry_1(X;) = 3 4=, D*m(§)(X; — x)*/al for some & between x and X;. By defini-

tion, r; = m(X;) = G(X)'B = R (Xi) = (G(X)) '8 = P (X4) = 3210 (DOm(&) —

Dem(x))(X; —x)*/a! since G(X;) '8 = > laj=o DOm(x)(X — x)*/al. By Assumption 3.3,
we have
Lo 8 ‘ Lo a+8
e < Y il =P = x| < Y I = x| (3.45)
lor|=q lal=q

It follows that, for any £ € =,

2
Exof < | 2| E

|x|=q

2
S, )], U)X, - X”W] |

1€T

By Cauchy-Schwarz inequality,

2
(Z wi(x,£)d;, Sy UF[IX — XHW)

i€l
= (Zwi(x, é)dISLlUiL(UiL)TSLIdL> (Z wi(x, €)X — XHQ(‘”B’)
i€T €T
(4 _ (i)
= d;;rSleL Zwi(X, §)||XZ — X||2(Q+ﬁ) < Zwi(xv €)||Xz . X||2(q+ﬁ)’ (3.46)
el €T

where (i) holds by the fact that S, = Y,y wi(x,§)UF(UF)T; (ii) holds by (3.40). Then, we

have

2

L
Ex [0 ) < | D0 20| B [ wil, )X — x| |

lal=q i€
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By construction, we have

3w, I, — X[ < S wi(x, €)diam* ) (L(x, €)) L diam? @) (L(x,£)), (3.47)

1€ 1€

where (i) holds by >, 7 w;i(x,£) = 1. By Lemma 3.1, for any { € Z,

Es, [Ex [diamz(quﬁ)(L(x, 5))” < sup Eg, [diam2(q+5)(L(x, ))]

x€[0,1]4

2(g+B8) log(l—a)

< d"Pexp (4(qg + B)?) (M) o s

By Markov’s inequality, as N — oo, we have

N _2(q+51)01g0(g(£)1*06)
E, [diam2<q+5>(L(x, g))] -0, <(?) ) .

Therefore, for any £ € =,

dlam 2at8) (1 (x, 5))}

|0t| q

2(g+B) log(1—a)
dlog(a)
=0, ) ) :

In addition, by (3.45), for any £ € =,

W

Bxlfa( 6 < | 3 2

|a|=¢

2
Ee | wix OIX, —xuq“f] .

i€

By Cauchy-Schwarz inequality,

D wilx, 9IIX; —XHWI <> wi(x,6) ) wilx, OIX; — x|t

i€l €L i€L

9 5™ il 1K — ]2 < diam29(L(x, ),

€T

where (i) holds by > .. wi(x,£) = 1; (ii) holds by (3.47). Therefore, we have

2

Eyx [As(x, )] < Z% Ex [diam CO(L(x,€))| -

|ax|=q
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(3.49)
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Together with (3.48), for any £ € =, we have

N 72(11-"-(151) 10(8()1—‘1)
E. [A(x &)F = O, ((z) ) - (351)

As for the term Aj(x, &), for any € € =,

ESI [Ex [A?)(X? 6)]2] = IEX [ESI [A3<X7 6)]2]

= E, |Es, dIszlZwﬂx,&)Uf(Uf)Te%SzldL”
1€
+Ex |Bs, | D dISLlUiLUIJSleLwi(X,f)wj(x)eiej]].
i, JELi#£]

By the tower rule, for any ¢,j € Z with ¢ # j, we have

Es, [d;S;'UFUL ST drwi(x, §wj(x)eic;]
(@) _ _
= Es, [dZSLlUiLUZ,jSleLWi(Xa §w;(x)Es, [5i5j | {Xl}l]\;b {YE}IGJH

(47) . _ (423)
= Es, [d;S;'UIU; ;S dpwi(x, €)w;(x)Es;, [e; | Xi] Es, [e; | X,]] =0,

where (i) holds by “honesty” of the forests; (ii) holds by the independency of the samples;

(iii) holds since Ele | X] = 0. Therefore, we have

]ESI [EX [A3(X7 5)]2} = Ex ]ESI

d;S;! wa(x, g)Uf(UiL)Tefs;ldL” .

1€L

By the tower rule, we have

Egr [EX [A3(X> 5)]2]

9By |Es, |Es, d;S;" ) wl(x, OUHUN) el My | {XhY, {Yihies ”
1€L
YE, |Es, |Es, dzs;Zwﬂx,s)Uf(Uf)Ts;dLE[efrxzim
1€
(ii1)
< ME, |Es, szLlZw;%’(x,oufwffsm”,
i€
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where (i) holds by “honesty” of the forests; (ii) holds by the independency of the samples;

(iii) holds by Assumption 3.2. By (3.28), we have

Bo, [Bx[a(x )] < B [Es,

djS;' wilx, f)Uf(Uf)TSleL] ]

icT
Since Sy, = Y,y wi(x, §)UF(UF)T and (3.40) holds, we have d]S;' >, wi(x, §)UF(UF)T

SzldL = dISZldL <1, and hence
M
Es, [Ex [As(x, 5)]2} < T

By Markov’s inequality, for any ¢ € =, we have

B [a(x 6 =0, (7). (352

Lastly, for the term A4(x, &), with any £ € =,

Es; [Ex [A4(x,€)]"] = Ex [Es; [A4(x,6)]"]

> wix,&)e?

1€T

= By |Es, + Ex | Es;

Z wi(x, §)Wj(X)€i6j]] .

i,J€L,1#]

Using the tower rule, we also have

Es, [wi(x, &)w;(x, €)eie;) 2 Es, [wi(x, §)w; (x,)Es;, [eig; | {Xi 3y, {Yihes]]

D) (444)
= Es, [wi(x,§w;(x,&)Es; [e: | Xi] Es, 5 | Xj]] =0,
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where (i) holds by “honesty” of the forests; (ii) holds by the independency of the samples;

(iii) holds since Ele | X] = 0. Therefore, we have

Es, [Ex [A4(x,€)])?] = Ex |Es,

D wi(x,&)el

1€l

D Wi, e [{X, {Yihes

i€

Zwiz(x7 é)ESZ [6? | XZ}]]

1€T

> wilx, 5)” :

1€L

OE, |Es, |Es,

|

(i)

- IE’x ESI

(iv)

S M]Ex ]ESI

where (i) holds by the tower rule and “honesty” of the forests; (ii) holds by the independency

of the samples; (iii) holds by Assumption 3.2. By (3.28) and >, _;w;(x,&) = 1, we have

M
Es, [Ex [Aa(x, )] < £~
By Markov’s inequality, for any ¢ € =, we have
9 1
B [Mix O =0, (7). (5.59
Combining (3.49), (3.51), (3.52) and (3.53) with (3.44), we have
- 1
Ee 4ZEX [A(x, )] sup {1 +d; (S, —did}) dL}]
i=1 x€10,1]
. A - et erde)
og(a
Together with (3.43), we conclude that (3.12) holds. m

3.6.3 Auxiliary Lemmas

Lemma 3.4 (Theorem 7 of [WW15]). Let D = {1,2,...,d} and w,e € (0,1). Then, there

exists a set of rectangles Rp . such that the following properties hold. Any rectangle L of
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volume A(L) > w can be well approximated by elements in Rp, . from both above and below

in terms of Lebesgue measure. Specifically, there exist rectangles R_, Ry € Rp,, . such that
R_CLCR, and exp{—€e}A\(Ry) < AL) < exp{e}A(R-).

Moreover, as w,e — 0, the set Rp ¢ has cardinality bounded by

W2 (3 (14105 | 1)) 11+ 00

Lemma 3.5 (Theorem 10 of [WW15]). Suppose that w € (0,1], and o € (0,0.5] are con-
stants. Choose any k < n = |wN| satisfying k > log(N). Let L be the collection of all
possible leaves of partitions satisfying (o, k)-reqular. Let Rp,, . be as defined in Lemma 3.4,
with w and € choosing as

k 1
W= and € 7k (3.54)

Then, there exists an ng € N such that, for every n > ng, the following statement holds with

probability at at least 1 — n~Y%: for each leaf L € L, we can select a rectangle R € Rp e

such that R C L, A(L) < exp{e}A(R), and

HL — 4R < 3L+ 2\ [3log(#R 0 JH#L + O (log(#Rp..)).

Lemma 3.6 (Lemma 12 of [WW15]). Fiz a sequence §(n) > 0, and define the event

_ [#R —nu(R)| R
A= {sup{ ) :ReR,u(R) > Mmin} < 4/3log (T> }

for any set of rectangles R and threshold piyi,, where #R := #{i : X; € R} and #R is the

number of rectangles of the set R. Then, for any sequence of problems indexed by n with

log(#R 5!
im 2HR) g g im O —o, (3.55)
n—00 N flmin n—o00 #’R
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there is a threshold ng € N such that, for all n > ngy, we have P(A) > 1 — 0. Note that,

above, A, R, pimin and § are all implicitly changing with n.

Lemma 3.7. Suppose that w € (0, 1], and o € (0,0.5] are constants. Choose any k < n =
|wN | satisfying k > log(N). Then, there exists a positive constant Ay > 0 such that the

event

B = { [ inf Amin (SL - de}:) Z A(]} (356)
XE

0,1]4,£€=

satisfies imy_,oo Ps, (B) = 1, where d, and Sy, are defined as in (3.38). In addition, on the

event B, the matrices Sp — drd] and Sy, are both positive-definite, and we also have

d
sup  d;(Sp —d;d])'d; < v (3.57)

x€[0,1]4,£€2 0

Lemma 3.8. Let the assumptions in Lemma 3.7 hold. Define the event
C := {diam;(L(x,)) #0, forall 1<j<d, x€[0,1]%, £€=}. (3.58)

Then, we have Ps, (C) = 1. Moreover, on the event BNC, we have S, Y,y wi(x, &) A;A]

and Y-, rwi(x,8)G(X;)G(X;)" are both positive-definite, where A; = G(X; — x).

3.6.4 Proofs of the auxiliary Lemmas

Proof of Lemma 3.7. Choose w and € as in (3.54). By Lemma 3.4, there exists some ﬁp7w7€
satisfying the approximation property as in Lemma 3.4 with log(#ﬁp,w’e) = O(log(N)).
Therefore, we can choose some Rp 2 ﬁp,w’e satisfying log(#Rpw.) = O(log(N)) and
Vi = o(#Rpwe). Condition on the event A defined in Lemma 3.6, with R = Rp.,
Pmin = w, and § = 1/y/n. By k > log(N), as N — oo, we have

log(#RD,w,e> -0 (lOg(N)
k B k

) =o(1) and = o(1). (3.59)
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Thus, the condition (3.55) is satisfied. By Lemma 3.6, there exists ny € N such that

1
Ps, (A) >1— NG for any n > ny. (3.60)

Condition on the event A above. For any x € [0, 1]¢ and £ € =, under (a, k)-regular, and by

Corollary 14 of [WW15], we have

u(L(x,€)) > w. (3.61)

By Lemmas 3.4 and 3.5, we can choose some R := R(x, &) € Rp,,. as an inner approximation

of L(x,¢&) satisfying R C L(x, &),

ML(x, ) € u(L(x,6)) < exp{e}A(R) £ exp{e}u(R), and (3.62)
#L—#R #R log( #RDWE log(#Rp w.e)
T \/ +0 (T) , (3.63)
where we denote #L = #L(x,§) for the sake of simplicity and (i) holds since X; ~

Uniform[0, 19, Define wf := w;(x,€) = Lix,crmen/#L and wft = ﬂ{xieé}/#ﬁ' Note

that

Sp—dpd] =) wilx,OUHUNT = > wi(x, UL Y " wi(x, §)(UHT ZQ,,

i€l i€ €L

where

Q=) wfUHUNT =D WU wH(Uh)T

€T 1€L 1€L
=Y W UHUNT + Y WUl Y WUl
€L 1€l 1€L
Q=Y wfUHUHT =Y wfUr) wf —Var (U |X € R),
€L i€l i€l

Q; := Var (U" | X € R) — Var (U" | X € L(x,¢)),

Q, := Var (U | X € L(x,€)),
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where U and U’ are independent copies of U; and U”, respectively. By the triangle in-

equality,
4
inf A (S —d;d]) = inf a'Qa
x€[0,1]4,£€E ( L L L) xe[o,l]d,gez,nalh—lz Q

3

> inf a'Qa— E sup ‘aTQia‘ .
XG[O»l]d75€E7Ha||2:1 i=1 xe[O,l}d,feE,HaHg:l

In the following, we show that there exists some constant Ag > 0 such that

inf Amin (SL - dez) Z AO?

x€[0,1]4,£€E

with probability approaching one as N — oo.

Step 1. We first demonstrate that on the event A, as N — oo,

sup ‘aTQla‘ = o(1). (3.64)
x€[0,1]4,£€5,||a|l2=1
By the triangle inequality, we have

2

sup ‘aTQ1a| < Z sup

x€[0,1]4,£€E, ||al|2=1 j—1 X€[0,1]4,£€E [la]2=1

(3.65)
where for any x € [0,1]¢ and £ € Z,

Qi1 :=Qi1(x,8) = ZwLUL UL ZwRUL UL)

i€l i€
R R T
Q2= Qui(x,§) = ZWLULZW (U’ _Z%RUZ'LZ%‘R(UzL)
1€ €L €L €L

Note that R C L(x, &), for any a € RY, we have

1 1
|aTQ1,1a} < ﬁ Z (aTUiL)z — ﬁ Z (aTUiL)2
ic{ieT:X;eR} ic{icT:X;eR}
1 2
+ ﬁ Z ) (aTUZL)
ie{ieT:X;eL(x,£)\R}
S w Sup (aTUzL)2 X

#L i€{i€T:X;€L(x,6)}
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For any x € [0,1]% and £ € Z, if wi(x,£) # 0, ie., X; € L(x,§), we have (X;; — x;)/

diam;(L(x,£)) € [-1,1]. By the construction of UZ,
[UHl2 < VllUHl < Vd, Vi {i € T wilx,€) #0), (3.66)

where d = Y% | d'. Hence, it follows that

sup {(aTUZL)Q} = sup HUfHE <d. (3.67)
ie{iel:X;€L(x,£)},||lall2=1 ie{iel:X;eL(x,£)}
Therefore,
_ L—#R
sup ’aTQ1,1a| <2d sup {u} . (3.68)
x€[0,1]4,¢€Z,|al|2=1 x€[0,1]4,¢€= L

By (3.59) and (3.63), as N — oo, we have (#L — #R)/#L = o(1) for any x € [0,1]¢ and

¢ € =, which implies that

HI — #R
7~ oW 3.69
xe[os,ﬁggea{ #L } o(1) (3.69)

By (3.68), we have
sup |a"Qia| = o(1). (3.70)

x€[0,1]4,£€Z,||al|2=1

In addition, note that for any a € RY,

1 1
‘aTQLQa‘ = ﬁ Z aTUiL + ﬁ Z aTUiL

ie{ieT:X;eL(x,6)} ic{ieT:X,eR}
1Ly aw-L Y aTud
#L ! #R B !
ie{ieT:X;eL(x,6)} ic{ieT:X;eR}
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By the triangle inequality, we have

# Z aTUiL - # Z aTUiL

ie{ieT: X €L(x,)} ie{ieT:X;eR}

<L Y aw-L Y auril L%

| #L B ' #R B ’ #L B
ie{ieT:X;eR} ie{ieT:X;eR} ie{ieT:X;eL(x,&)\R}

_2#L - #R)

Ty1L
< sup a Uy|.
#L i€{i€T:X;€L(x,€)} ‘ |

Besides, we also have
1 Tyl 1 Ty7L
L UL+ — Ul <2
A Z a Uy + iR Z ) a Uy < sup
ie{ieT: X, €L(x,£)} ie{ieT:X,;eR}

Therefore,

—4<#L —#5) sup !aTU-L‘2 .

-
a Qpal <
} 1,2 ‘ #L ie{i€l: X EL(x,€)}

By (3.67) and (3.69), we have

sup |a’Quza| = o(1).
x€[0,1]4,6€E,[|all2=1

Combining (3.70) and (3.71) with (3.65), we conclude that (3.64) holds.

Step 2. We now demonstrate that on the event A, as N — oo,

sup |a’Qsa| = o(1).
x€[0,1]4,£€E,[lall2=1

By the triangle inequality, we have

2

sup ‘aTQ3a| < E sup !aTngja
x€[0,1]4,£€E, ||al|2=1 j—1 X€[0,1]4,£€E [la]2=1
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I
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(3.71)
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where for any x € [0,1]? and € € Z,

Qs1 = Qs1(x, &) =E (UH(UHT | X e R) —E (UX(U")T | X € L(x,¢)),
Qs2 = Qs1(x,¢) =E (UL | X € R) E ((UL)T | X € R) -

E(U" | X € L(x,¢))E (UM | X € L(x,€)) .
Let pup =E [IL{XGL(,(@}] and pup =E [H{XGR}]' By the triangle inequality,

‘aTQ?,,la‘ <

MLLE (@UY) e ]| - éE (@"UY) o] ‘

1 2
n EE [(aTUL) H{XGL(X,s)\R}H

2 — Up 2
e = itn) g, (a'U")" Lixermo-
KL Xeo,1)4

IN

Similarly as in (3.67), we also have

2 —
sup (2’ U”)" Lixerxey < d-
Xe[0,1]4, =1

Hence,

sup ‘aTngla’ <2d sup {u} . (3.74)
x€[0,1]4,£€E, [|al|2=1 x€[0,1]4,¢€E ML

By (3.62) since X; ~ Uniform[0, 1]¢, we have pp > exp{—e}uy, for any x € [0,1]¢ and £ € =,

which implies that

sup {M} <1—exp{—e} =1—exp{—1/Vk} = o(1) (3.75)

x€[0,1]4,¢€E Hr

as N — oco. Together with (3.74), we have

sup |a’ Qs a| = o(1). (3.76)

x€[0,1]4,£€€5,||all2=1
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In addition, for any a € RJ,

|a'Qsza] = [E(a'U" | X € L(x,£)) +E (a'U" | X € R)|

E(a"U" | X € L(x,€)) —E (a'U" | X € R)|.
By the triangle inequality, we have

E(a'U" | X € L(x,§)) —E(a'U" | X € R)]

< | a0 ey - 2B [0 ey

Tr71L
+ EE [a U l{xeL(x,é)\R}H

9 -
< M sup |aTUL’ H{XEL(X,O}'
M Xe[0,1)4

Besides, we also have

B0 X e Lixg) +E(@U" X eR)|<2 s [aTU Lxerco).
0,1]¢

Therefore,

|a’ Qs.a| < W - sup ‘aTUﬂQ.
{i:X,;€L(x,£)}

By (3.67) and (3.75), we have

sup |a’ Q22| = o(1). (3.77)

x€[0,1]4 €5, ||all2=1
Combining (3.76) and (3.77) with (3.73), we conclude that (3.72) holds.
Step 3. We next demonstrate that condition on the event A, as N — oo, with

probability at least 1 — 2/y/n,

sup ‘aTan‘ =o(1). (3.78)

x€[0,1]4,£€5 |lall2=1
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For any i € T and j < d, define UR := (ZE, ... ZR (ZR)? ZRZE ... (ZR)2,... (ZE)y)"

with Zg = (X;; — x;)/diam;(R). Then, we have

Ul = DRUE, (3.79)
L . diamj (R) diamy(R) diam?(R) diam; (R)diams(R)
where DR T dlag(diaml(L(x,g))’ © 0 diamg(L(x,8))? diam%([lz(x,g))’ diamy (L(x,§))diama (L(x,8))? " "
5 dia;?%gé)g)), N diaqT%((R)g))). Let R; = [;,7] C [0,1] be the interval of the j-axis of the
lamy X, lamd X,

rectangle R for each 1 < j < d. Define \_/Zf = (X — 77 )/diam;(R) and ¢p; = (7; —

x;)/diam;(R) for any 1 < j < d. Then, the d-dimensional vector U can be represented as

Uﬁ = (‘71'11?—’_61?,17 teey ‘7i§+ER,d7 (‘71'{%—1—61?,1)27 (‘71'}1_%—’_6}?,1)(‘71'5—’_6}?,2)’ ey (‘Z’Id_%_{—ER,d)Qa I (‘715—’_

T

€ra)?)". Note that there exists some d x d lower triangular matrix Pz with 1 on main

diagonal such that

Ul =PV + Cp, (3.80)
where VZR = (‘/;?a ) ‘/;57 (‘/;{?)2’ ‘/z?‘/zga R (‘/;5)27 R (V;?)q)T and Cp = (CR,lv K
CRds Ch s CRICR2 -+ Chgr -+ Chy) - By (3.79) and (3.80), we have U} = DPrVE +

DzCpg. Let VZE be an independent copy of Vf_{. Then, we can express Qs as
Q; = DrPQzP;Dy,

where Qg == >, .7 WwEVE(VE)T Y et whVE Ziezwf(VzR)T — Var (VR | X € R). By the

7

sub-multiplicative property of matrix norm, we have

1Qal2 < IDRIGIP QR

Since D is a diagonal matrix and its largest eigenvalue is smaller than 1, we have [|D||3 < 1.

In addition, since the eigenvalues of an lower triangular matrix are the diagonal entries of
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the matrix, we also have |Pz||3 = 1. Therefore, we have

sup |a"Qea| = sup Qo< sup  [|Qglla
x€[0,1]4,£€E, [|al|2=1 x€[0,1]4,£€E x€[0,1)4,¢€E

Forany R € Rp . let R; = [r;,r]] C [0, 1] be the interval of the j-axis of the rectangle R for
eachl < j <d. Foranyi € Z, let w? := Lyx,epy/#Rand VI .= (VF, .. VE (ViE)?2, VEVE,

(V2 (Vi)D) T with Vi = (X5 —r) /diam; (R). Define Qg := 37, wff VIV T —
iz wEVES L wF(VE)T — Var (VR | X € R), where VF is an independent copy of V.
Recall that on the event A, (3.69) holds. Hence, there exists n; € N such that #R > k/2
whenever n > ny. In addition, note that R € Rp,,  for all x € [0,1]¢ and £ € Z. Therefore,

when n > nq,

sup  [|Qgll, < sup QI -
x€[0,1]4 €= RERD,w . #R>k/2

Let mp :=E [V# | X € R]. By the triangle inequality, we have

sup 1Qrll, < sup 1Qr1ll, + sup 1Qr2l,
ReRD,w,sz#RZk/Z RERD,w,e’#Rzk/Q ReRD,w,ev#Rzk/2

where

Qg1 = Z%-R (VF—mg) (V] - mB)T — Var (V* | X € R),

i€
T
N § Ry/R E Ry7/R
€T i€l

Therefore, on the event A and provided that n > n;, we have

sup |a’Qeal < sup 1QRAll, + sup Qg2 - (3.81)
x€[0,1]4,£€E, [|all2=1 RERD e, #R>k/2 RERD ., #R>K/2

Forall i € {i € Z:X; € R} and j < d, we have VI € [0,1], where V! denotes the

j-th coordinate of VZR. Note that (Vf”)z‘ez:xie g are i.1.d. random vectors condition on the
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indicators {H{XiER}}ieI' As shown in Example 2.4 of [Wail9], condition on {]l{XiER}}ieI’

(Vf})ig:xieRngd are sub-Gaussian with parameter at most 0 = 1. Note that E[Qg; |

{ﬂ{xieR}}iel] = 0. By Theorem 6.5 of [Wail9], for all {; > 0,

d d
Ps, | 1Qr,1ll, = Ch \/ PR + IR + G [ {lixiery frep o A

< Crexp {—Cs#Rmin{(1, (71},

where (', (5, and C3 are some positive constants. By the union bound, we have
2d  2d
Ps, < sup 1QR1ll, > Ch ( = + ?> + (1 | {ﬂ-{XiER}}iGIwA>

RGRD,W,E7#RZI{:/2
Cs . 9
< Co#Rp e €XP —7’6 min{¢y, (7} p -

By the tower rule, we further obtain that

2d  2d
Ps, ( sup 1Qrll, = C1 ( = + ?> + G | A)

RERp o, #R>k/2
Cs, . 9
< Co#Rp e €XP —7/? min{¢, (7} o -

Let ¢, = %. By (3.59), there exists ny € N such that (¢ < ¢; and #Rp,. >

max{Cs, d/2}+/n whenever n > ny. Thus, provided that n > max{n;,n,}, we have

2d  2d A1og(#Rpw .
Ps, sup ||QR71||2201( _+_>+\/ S(#Rpw.e) A

RERp o #R>K/2 E ok Csk

< Cy/#Rpwe < 1/4/n. (3.82)

Additionally, note that
2

Ry/R

1€

sup 1QE2l, = sup
RERp e, #R>k/2 RERp . #R>k/2

2

d
= sup Z L Z Vf} —Mpgj | (3.83)

R
ReRpwetizh/2 55 \ R (X ey
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where mp; is the j-th coordinate of mp. Since Vi € [0,1] for alli € {i € T: X; € R}

and j < d, by Theorem 2 of [Hoe94], for any j < d and ¢, > 0,

> VE—mp;| > G| {Txer }ip A < 2exp {—2#RG )

ie{iel:X,;ER}

1
P _
Sz R

By the union bound, for all {; > 0,

_ 2
d
1 —
Ps, sup E ﬁ g Vg — Mg > d<22 | {]l{XiGR}}iGI ;A

RERD . #R2K/2 j—; ic{ieTX,eR}

< QJ#RD,w,e €xp {_kcg} '

Together with (3.83) and using the tower rule, for all (; > 0,

Ps, ( sup 1Qr2ll, > dé | A) < 2d#Rpucexp {—k(G} .

ReRD,w,ev#Rzk/2

Let (o = 4/ %. Then, we have

2dlog HRpw.e
Ps, ( sup 1Qr,2ll, > (k )
RERD ., #R>k/2

| A) <2d/#Rpwe <1/v/n,  (3.84)

since #Rp, . > 2d\/n whenever n > ny. Combining (3.82) and (3.84) with (3.81), provided

that n > max{nj,ny}, we have

QJ 262 410g(#RDwe)
Ps ( sup a' Q.al > ¢, 4= +\/ W,
: xe[o,ud,gez,anzl‘ | k k Csk

N 210g(7%;7317,w,e) | A) <2/\/n.

Therefore, condition on the event A, as N — oo,

1 1 1 R e 1 Rp e
sup ‘aTQ2a| =0 (\/;—f— T +1/ og(#k D) + og(#k Do >> =o(1),
x€[0,1]4,£€E, ||la||2=1

with probability at least 1 — 2/4/n.
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Step 4. We demonstrate that there exists some constant Ag > 0 such that

inf a'Qua > 2A,. (3.85)

x€[0,1]4,£€E,||al2=1
Let L;(x,€) = [aj,b;] C [0, 1] be the interval of the j-axis of the leaf L(x,&) for each j < d.
Define V' = (X; — a;)/diam;(L(x,£)) and cz; = (a; — x;)/diam;(L(x, §)) for any j < d.
The d-dimensional vector UZ can be represented as UL = (ViIL' +cp1,..., VE +cpa, (VE+
cr1)? (Vi +ep)(ViE +cra), .., (VE+cra)? ..., (VE+cpa)?)’. Then, there exists some

d x d lower triangular matrix P, with 1 on main diagonal such that

Ul =P, Vi +Cy, (3.86)
where VL = (VL71, ey VL,d, VL2,1’ VL71VL72, c. ,Vid, ey Vg}d)—r and CL = (CL,17 -y CLd, 6%71,
CLACL2, - - - 76%@7 . ,chyd)T. Here, Py, and Cy, are both deterministic given L(x, ). Plugging

Ul =P, VE+ Cy, into Q4, we have
Q) = Var (P V" | X € L(x,£)) =P Var (V' | X € L(x,¢)) P}
By the sub-multiplicative property of matrix norm, we have
1Q7 Iz < IPLH3/Awmin (Var (V| X € L(x,€)))

Since Py, is a lower triangular matrix with 1 on main diagonal, we know that Pgl is an upper

triangular matrix with 1 on main diagonal, and it follows that HPZlH2 = 1. Therefore,

i T : T~/L
in a a > inf Var (a' V* | X € L(x, )
x€[0,1]4,£€E, ||all2=1 Qu T x€[0,1]4,€E, ||al|=1 ( ’ ( Q)
Since the coordinates of X are i.i.d. uniformly distributed, we know that (V}L)?:l are also

i.i.d. uniformly distributed given X € L(x,&). Let (V;)9_; be a sequence of i.i.d. uniform ran-

dom variables with support [0,1], and denote V= (171, LV 1712, ViV, ..., \76[2, . ,qu)T.
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Then, for any x € [0,1]¢ and £ € Z, we have

inf Var(a'V¥| X € L(x,£)) = inf Var <aT\~7> .

llall=1 lallz=1

Let Ay = infja,—1 Var (aTv) /2. Note that the quantity Ay is deterministic given the
dimension d and hence is independent of the sample size N. Suppose that Var (aT\~/’) =0
with some a # 0. Then, we have P(aT{/* = ag) = 1 with some constant ag € R. However,
note that a'V — qq is a g-th polynomial function of (‘71, ‘72, ce I7d). As shown in Section
2.6.5 of [Fed14], P(a™V = ag) = 1 occurs only if ag = 0 and a = 0; this contradicts with
a # 0. Therefore, we conclude that Ay > 0 and infycp 1jd ccz [jajo=1 a' Qua > 2A,.

Combining the results of Steps 1-4 and note that (3.60) holds, we conclude that

N—o0

Lastly, condition on the event B, (3.56). Then, S;, —d;d; and S, are both positive-definite.

In addition, we also have

1
sup d;(Sp—dzd;)'d; < — sup
x€[0,1]4,£€E 0 x€[0,1]4,£€=2

Z Wi (X> f)UzL

1€T

2 _
@ 1 @) d
S A_ sup (E wz(xag) HUzL”Q) S on

0 xef0,1)4.6€2 \ je7

2
2

where (i) holds by the triangle inequality; (ii) holds by (3.66) and . ; wi(x,§) = 1. m

Proof of Lemma 3.8. Condition on the event B, (3.56). Then, the matrix S; — d;d] is
positive-definite, which implies that Sy, is also positive-definite. Recall that D, := diag (diam;
(L(x,€)), -, diamg(L(x, €)), diam2(L(x, £)), diamy (L(x, €))diama(L(x, £)), ..., diam?(L(x,

€)),...,diam?(L(x,£))). On the event C, (3.58), the diagonal matrix Dy, is invertible. By
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(3.37), we have S = D;S; Dy and S—dd" = D, (S, —d;d; )Dy. Hence, on the event BNC,

we have S and S —dd " are both positive-definite. In addition, note that

1 df
D wilx, )AA] =

1€T

d S

For any (a,b) € R%1\ {0}, we have

1 d" a
(a br) =(a+d"b)*+b"(S—dd")b >0,
d S b

since (a +d"b)? = b"(S —dd")b = 0 only when b = 0 and @ = —d'b = 0. Hence,
Sierwi(x,§)A;A] is positive-definite on the event BN C. Recall that the lower trian-
gular matrix T is invertible. By (3.32), we have >, ;wi(x,£)G(X;)G(X;)" = T'Y .,
wi(x, ) AAT(T™H)T. Hence, Y, rwi(x,&)G(X;)G(X;)" is also positive-definite on the
event BNC.

In the following, we further show that Ps, (C) = 1. Let X;; be the j-th coordinate of

the vector X; and ¢ € [0, 1] be some constant. Then, we have

Ps, (C°) =Ps, (3 <d, x€[0,1% ¢ €E, s.t. diam;(L(x,£)) = 0)
=P, (3j<d x€e0,1)%, £€Z, st. Xy =Xy; Vi,i' € {i € T:X; € L(x,8)})
(i)
<Ps, (3j<di,i' c{ieT:X;€L(x,&}st. i#i and Xy = Xy;)
(i) )
< Z Ps, (Xi; = Xyj) = 0,
1<5<d,i,i’ €T ,i#i’

where (i) holds since the minimum leaf size # {l : X; € L(x,&)} > k > 2; (ii) holds by the
union bound; (iii) holds since Ps, (X;; = X;;) = 0 as X;; and X;/; are independent uniform

random variables for any ¢ # ¢ and j < d. Therefore, we conclude that Ps_ (C) = 1 holds.
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3.6.5 Proofs of the uniform results

Proof of Lemma 3.2. In this proof, we use the same notation as Lemma 3.1. Note that for

any 1 < j < d, we have

o (£(x,8)) < diam (L, (x,8)) 2 T st B0 E) (3.7

1 dia’mj(Lk'i,j_1<X7 5)),
where (i) holds by diam;(Ly, ,—1(x,§)) = diam;(Ly,_, ;(x,§)) for any 2 < ¢ < ¢ and diam,

(Lky;(x,8)) = 1. Choose w; = (1 —«a)/2, & = 1/3/(1 —a)ng, ;-1 and & = 1/ /g, 1

thoughout this proof. Define the event

A’L] = Sup ’# nkz,j Nll’l’< ) | : R E RD,W»L,Q‘? ﬁ(R) Z wz S 3 log (#R'D,wz,ﬁz ) ,
”ki,j—lﬂ(Pb) 0;

(3.88)

forany 1 < i < tand 1 < j < d, where #R = #{i : X; € R}, u(R) = E[ﬂ{xeR} |
{H{XzeL;% —l(x’f)}}lez] and #Rp, ., 1s the number of rectangles of the set Rp,,.,. Note

that as ng, ;1 — oo, we have

£l Roa) _ o (REn)) o

Tk, ;—1Wi N, ;-1

By Lemma 3.6, for ng, ;1 is large enough, we have

1 1
Ps; (Ai | {ﬂ{xleLki,N(x,é)}}lg) =1- 1 =1- VE
2,7
By the tower rule, we have P (A;;) > 1 — 1/vk. By the union bound and (3.23), we have

td log(|wN|/k)
Por (U Uit A0) < 0 = e (1= )




Then, we have

D N1 nd ey o log(lwN])/k)
Ps, (NI Ni_y A;) =1 —Ps, (U§_; Uiy A5;) > 1 Vilog (1= o)1)

By k > log?(N), we have
Ps, (N9_; Ni_y A;) =1—o(1). (3.89)

Given the event NY_, N!_, A;, under (o, k)-regular, and by Corollary 14 of [WW15], we
have fi(Ly, ,(x,§)) > w; for any x € [0,1]7, £ € Zand 1 < i < t. By Lemma 3.4, we can
choose some R; := ]A%/@-(x7 {) € Rpw,e as an inner approximation of Ly, (x,§) satisfying
R; C Ly, ,(x, &) with 4R, < ng, , and exp{—¢ }i(Ly, ,(x,€)) < fi(R;) < f(Li, ;(x,€)), where
(L, ,(x,€)) = diam;(Ly, ,(x,€))/diam; (L, ,—1(x,€)). Conditional on the event NY_, NI_,

A;, we have for any x € [0,1]¢, ¢ € Zand 1 <i < t,

#R > nk”._lu \/gnkzzj—l,u 10?; (#RDM 61/6 )

which implies

Nk, ; > exp{_ei}nki,j—lﬁ(Lki,j (X’ 5)) - \/3nki,j—1ﬁ(Lk’i,j <X7 5)) IOg (#RD,wnGi/(si)'

Hence, for any x € [0,1]%, £ € Zand 1 <i < ¢,

dlam](Lk \/— < 2ex {6 s lo #RD’wi7€i
dlam](Lk ;=1 X 5 P16 Nk .1 & 51

3

3 Rp e Nk, .
+\/ log(# 2 1’)+4exp{ €} Fig >
Nk j—1 N j—1

3 R Wwi,€4 i,J
< 4€XP{61}\/nk ) log <# Z;’ - 1) +46Xp{—€i}h.

Tk; -1
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By (3.87), conditional on the event NY_, Ni_, A;, by (3.61), we have for any x € [0,1]? and
§E€E,

t
. 3 #R’Dw-e-> N, , :|
diam;(L(x, <16 exp{2¢; log | ———— | +4exp{—¢; =
(. 8) {Lgp{}Lmdlg( 2 pleh e

By log(#Rp,w;.e;) = O(log(n, ;-1)), as N — oo, we have

S (L. €)) — O <li[ Fog(nki,jl) L M D 90 ((1 —a)t [1 + %} t> :

i=1 Tk; 5—1 ks 51

where (i) holds by k < ny, ,_1 < [wN] and ny, , < (1—a)ny, ,—1. By (3.23) and k > log*(N),

we have

= lim exp
N—o0

lim
N—o00

P+mymwny

o] ftlosled}

(1—a)k

By (3.23) with [ < d and « € (0,0.5], we have

log(l—a)
2 LwNJ ~ dlog(a)
2k —1 '

Conditional on the event N9_; N_; A;, as N — oo, we have for any x € [0,1]? and & € E,

_log(lfaa)
diam](L(X, 5)) =0 <<%) og(a) ) .

r/2
Since diam"(L(x,§)) = [Z?Zl diam?(L(x7 5))] for any 7 > 1, conditional on the event

log((2k=1)/|wN]) _

1-—a)<(l—a)  dose i

IN

NI, Ni_; A;, as N — oo, we have

_ rlog(l—a)
sup {diam"(L(x,§))} = O <(%) " > :

x€[0,1]4,£€2

Proof of Lemma 3.3. In this proof, we condition on the event AN BNCN A, where A :=

NI_, Ni_; Ai. Let n = [wN|. The event A is defined in Lemma 3.6, with R = Rp,,
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fimin = w, and § = 1/y/n. The events B, C and N9_, Ni_, A; are defined as (3.56), (3.58) and
(3.88). By Lemmas 3.7 and 3.8, we know that S;, —dzd], Si, S, Y, wi(x,§)A;A; and
Yierwi(x,€)G(X;)G(X;) " are all positive-definite, with Ps, (BNC) = 1 — o(1). Together
with Lemma 3.6 and (3.89), we have Ps_(ANBNCN.A) =1—o0(1). Recall the definition of

moLpr(X), (3.9); we have

XES[%Il)]d |mcrpr(x) —m(x)| = xes[%rl)]d E [G(X)T (B(X’ )~ ﬂﬂ ’
= xeloe [Eé ‘G(X)T <B<X’ )~ B) H

By (3.33), we have

sup |mcrpr(x) — m(x)]

x€[0,1])4
< sup |E¢lef wax,&)AiAZ sz X, &) Ai(e; + 1)
x€[0,1) ieT ieT
(@)
< sup {Eg (1—dT ZMX5 (gi 4+ 13)
x€[0,1]4

€T

+(1-d"'s7'd) ' dTST Y wilx, Ui(ei + 1)

1€T

] . (3.90)

where (i) hold by (3.34) and (3.35). Plugging (3.37) into (3.90), we have

sup |merpr(x) —m(x)| < sup {Eg’(l S 'dy)” sz x,&)(ei + 1)

x€[0,1]¢ x€[0,1]4 p

+(1—dS;'dy) 'S wilx, UK (e + 1)

1€T

|

By (3.40) and the triangle inequality,

x€[0,1]¢ €[0,1]4,¢€E

sup |merpr(x) — m(x)] < Z [ sup E¢|Ai(x, )\] sup {1 +d; (S, — deI)f1 dL} :
[

(3.91)
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where A;(x,€) (i € {1,2,3,4}) are defined as (3.41)-(3.42). Since m € H??, by (3.45), we

have
Lo _
sup E¢|A(x,8)] < Z — | sup Eg Z%’(X, 6)d; STUH|IX; — x||777]
x€[0,1]4 =g | xelo,1)d ps
Lo
sup B |As(x,6)| < | D S| sup Be | wilx, )X —x|17).
x€[0,1]4 =g | xelo,1)d e

By (3.46), (3.47) and (3.50), we have

> wilx,§)d] S, U X, — x| < diam " (L(x, €)),
1€
D wi(x, X — x| < diam TP (L(x,€)).
€L
Then, we have
Lo jam(@+h)
sup Be [Ar(x,6)| < | 32 2| sup Be [diam ™ (L(x,€)]
x€[0,1]¢ \a|:qa' x€[0,1]4
Lo jam(@+h)
sup Be [Ao(x,6)| < | 30 2| sup e [diam ™ (L(x,€))]
x€[0,1]4 ‘a|:qa- x€[0,1]4

Hence, by Lemma 3.2 with » = ¢ + /3, conditional on the event A, as N — 0o, we have

_ (g+B)log(1—a)
N dlog(a)
sup B A (x.€)| = O, ((?) ) , (3.92)

x€[0,1]4

_ (g+B)log(l—a)
N dlog(a)
. Ee|Ao(x, )] = O, ((z) ) . (39

x€0,1)4
Conditional on the event A above, we follow the proof of Lemma 3.7 to choose some R :=
R(x,€) € Rp,. as an inner approximation of L(x,¢) satisfying R C L(x, &) with (3.62)
and (3.63). Recall the definition w} := wi(x, &) = Lix,eree)/#L and wf := l{xieR}/#Rv

where #L := #L(x,£) and #R := #R(x, ). By the triangle inequality,
2

sup Ee|As(x,6)] < sup |d]S;? Zwi(x,f’)UiLsi < Z sup  |Ag;|  (3.94)

x€[0,1]4 x€[0,1]4,£€E icT j=1 x€[0,1]4 €=
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where for any x € [0,1]? and € € Z,

Asy = Dg1(x,6) = > whd[S;'Ule; — Y wlid]S;'Ule;,

€L €L

Agg = Agg X f ZwRdT 1UL€1

i€L
Note that
1 1
’AS,l‘ S ﬁ Z dISZlUlLEl — ﬁ Z dzsleZL‘gl
ie{ieT:X,eR} ic{ieT:X;eR}
1 20#L — #R
T DR 11 ¢ e L K O
L ie{ieT:X;eL(x,£)\R} #l ielielXieL(x6)}

L R

< 4MM sup }dZSZ (3.95)

#L iefieT: X, eL(x,€)}
where (i) holds by |e| = |Y — E[Y | X]| < 2M since E[e | X] =0 and Y € [-M, M]. By the
triangle inequality, we have

ol < 3 el €) U], < V.
i€z
where (i) holds by (3.66) and ), ;wi(x,§) = 1. By Cauchy-Schwarz inequality and the

sub-multiplicative property of matrix norm, we have for any x € [0,1]? and £ € Z,

Q) d
sup |d 87 U7 < sup L l2ISLl2[ITF]l2 < Ao (3.96)

ie{ie:X,;eL(x,£)} ie{iel:X,;€L(x,8)}
where (i) holds by Lemma 3.7 and (3.66). By (3.59) and (3.63), conditional on the event A,
as N — 0o, we have (#L — #R)/#L = O(y/log(N)/k) for any x € [0,1]¢ and £ € Z, which

implies that

sup {w} _0 ( @) | (3.97)

x€[0,1]4 ¢€E #L
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Combining (3.96) and (3.97) with (3.95), conditional on the event A, as N — oo we have

sup  |Asz1|=0 ( M) : (3.98)

x€[0,1]4,£€E k
By k£ > log(N) and (3.97), conditional on the event A, as N — oo, we have (#L —
#R)/#L = o(1) for any x € [0,1]¢ and £ € =. Hence, there exists n; € N such that

#R > k/2 whenever n > ny. Note that R € Rp,,. for all x € [0,1]¢ and ¢ € =. Therefore,

when n > nq,

sup  |Ass] < sup |As ol . (3.99)
x€[0,1]4,¢€2 RERp o #R>k/2

By the tower rule and E[e | X] = 0, we have E [, ;wid]S;'Ule; | {X;}¥,, {Vihies] = 0.
Since g; € [-2M,2M] for all i € {i € Z : X; € R} and (3.96), by Theorem 2 of [Hoe94]|, for

any ¢ > 0,

1
Ps, iR Z d;S;'Ufe| > ¢ {XHY,, {Yihier, A | < 2exp {—
ie{i€T:X,€R}

By the union bound, for all { > 0,

AJ#RC?
8M2d2 |

Ps, sup

Z d;S;'Uje| > ¢ | {Xihy, {Yihes, A
RERp e #R>k/2 #

ie{ieT:X;€R}

A2k(?
< 2#Rpw.e
< 2 Ro. eXp{ 16M2d2}
By the tower rule, for all { > 0,
Ps sup L > d[S;'Ufe| > ¢ | A| <2#Rp eXp{— Agkcz_}
"\ Rerp . roR2 |#R LEL mem = = e 16M232 |

ie{ieT:X,;ER}

Let ¢ = \/32M2J21?\%(]€#RD’“'6). By (3.59), there exists ny € N such that #Rp,. > 2v/n

whenever n > ny. Together with (3.99), provided that n > max{nj,ny}, we have

Ps sup

x€[0,1]4 (€=

T

A | A <. (3.100)

Ana| > 32M2d2 1og(#Rpw.c) <2 1
T o #RD,w,E o \/ﬁ
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Combining (3.98) and (3.100) with (3.94), conditional on the event A, as N — oo,

log(N
sup Egmg(x,gn:op( %) (3.101)
x€[0,1]4
Note that
sup Ee|Ay(x,6)| = sup |E¢|d wilx,Oel| < sup Y wilx Eeif-
x€[0,1]4 x€[0,1]4 icT x€[0,1]4.¢€E |27

Repeating the same procedure as (3.101) except replacing dISZIUiLei with ¢;, conditional

on the event A, as N — oo, we have

sup E¢ |[A4(x,8)| =0, ( M) ) (3.102)

x€[0,1]4 k

Combining (3.92), (3.93), (3.101), (3.102), (3.44) with (3.91), we have

log(N) [N\ s
sup |mcm<x>—m<x>\—op( o (3) )
x€[0,1]4

Proof of Theorem 3.4. For this proof, it sufficient to check the conditions of Assumptions
2.1 from Theorem 2.1 of [CCD*17]. Let V := A — 7*(X) and U := U; + Uy with U, :=
Lia=ay(Y(a) — p2(X)) for a € {0,1}. By the definition of 7*(X) and p}(X), we have
E[V | X]=0and E[U, | X,A =a] =0 for a € {0,1}. By the law of total probability, we
have E[U | X, A] = E[U; | X, A=1PA=1|X)+E[l, | X;,A=0PA=0]X)=0.
Hence, the condition (i) of Assumptions 2.1 is satisfied. Let r > 4 be any fixed positive
constant. Since |Y| < M, we have |u}(X)| < M, which implies {E[u*(X)]"}/" < M. By
Y| < M, we also get {E[Y]"}!/" < M. By the triangle inequality and Is—, < 1, we have

U| < 2|U,| < 2|V —p(X)] < 2|V [+2|p(X)| < 4M, which implies P(E[U? | X] < 4M) = 1.
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Since E[L{a—ay (Y (a) — p)]? > Co, we have {E[U)*}/2 = {E[Uy)* + E[U;]?}/? > /2C,. By
overlap condition under Assumption 3.4, we have P(|A — 7%(X)| > ¢y) = 1, which implies
{E[V?]}¥2 > ¢y. Hence, the condition (ii) of Assumptions 2.1 is satisfied. By Theorem 3.2,

we have

(da+Ba) log((1-ca) )

(Ex [A(X) — g (X)) = 0, [ N el rsessom@on ) | _ 1)

(a2-+B2) log((1—a) ")

{Ex [f5(X) - m* (X))} = 0, [ N orlea )itz | — o (),

< (ga+Ba)(g2+B2) log((1—aq) ~H log((1—a2) 1) —
By d < 2\/ tou(as 1) log(a2 1) for a = {0, 1}, we have

(ga + Ba) log (1 — o)) (g2 + B2) log (1 — az)™")

d10g (021) + 2(qa + Bo) log (1 — ) 1) dlog (ay ") + 2(¢a + B) log (L —az) 1) —

1
2 )
which implies

{Bx [,5(X) = 1 (O] P2 {Ex [774(X) = 7 (O} = 0,(N172).

By Lemma 3.3, we have P(¢; < 7 %(X) < 1 —¢;) = 1 with probability approaching one and

some constant ¢; € (0,1/2). Hence, the condition (iii) of Assumptions 2.1 is satisfied. ]

Proof of Lemma 3.3. By Theorem 3.3, as N — oo, we have sup, o ya [T7(x) — 7(x)| =

0p(1). Then, we have

x€[0,1]%

lim Pg, ( sup |77F(x) — 7 (x)] < co/2> =1,
N—o0

which implies

lim Ps, [Px (7(S1) — co/2 < 77%(X) < 7*(X) + c0/2) = 1] =1,
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By the overlap condition Px(cy < 7*(X) < 1 —¢p) = 1, we have

lim P, (Px(c/2 <7 ¥(X)<1-¢/2)=1)=1

N—o0

Let ¢; = ¢g/2. Then, we have

lim Ps, (Px(ci <7 *(X)<1l-—¢)=1)=1

N—o0
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