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CONVERGENCE ANALYSIS OF A BALANCING DOMAIN
DECOMPOSITION METHOD FOR SOLVING INTERIOR
HELMHOLTZ EQUATIONS

JING LI* AND XUEMIN TU?

Abstract. A variant of balancing domain decomposition method by constraints (BDDC) is pro-
posed for solving a class of indefinite system of linear equations, which arises from the finite element
discretization of the Helmholtz equation of time-harmonic wave propagation in a bounded interior
domain. The proposed BDDC algorithm is closely related to the dual-primal finite element tearing
and interconnecting algorithm for solving Helmholtz equations (FETI-DPH). Under the condition
that the diameters of the subdomains are small enough, the rate of convergence is established which
depends polylogarithmically on the dimension of the individual subdomain problems and which im-
proves with the decrease of the subdomain diameters. These results are supported by numerical
experiments of solving a Helmholtz equation on a two-dimensional square domain.

Key words. domain decomposition, preconditioner, FETI, BDDC, indefinite, non-conforming,
Helmholtz

AMS subject classifications. 65F10, 65N30, 65N55

1. Introduction. Domain decomposition methods have been widely used and
studied for solving large symmetric, positive definite linear systems arising from the
finite element discretization of elliptic partial differential equations; theories on their
convergence rates are well developed for such problems; see [45, 43, 41] and the ref-
erences therein. Domain decomposition methods have also been applied to solving
indefinite and nonsymmetric problems; cf. [1, 3,4, 7, 8,9, 23, 28, 29, 30, 34, 35, 39, 40,
44, 46]. A two-level overlapping Schwarz method was studied by Cai and Widlund [8]
for solving indefinite elliptic problems, where they used a perturbation approach in
the analysis to overcome the difficulty introduced by the indefiniteness of the prob-
lem and established that the convergence rate of the algorithm is independent of the
mesh size if the coarse level mesh is fine enough. Such an approach was also used
by Gopalakrishnan and Pasciak [23] and by Gopalakrishnan, Pasciak, and Demkow-
icz [24] in their analysis of overlapping Schwarz methods and multigrid methods for
solving time harmonic Maxwell equations.

The balancing domain decomposition methods by constraints (BDDC) were in-
troduced by Dohrmann [12] for solving symmetric positive definite problems; see also
Fragakis and Papadrakakis [22], and Cros [11]. They represent an interesting redesign
of the Neumann-Neumann algorithms with the coarse, global component expressed
in terms of a set of primal constraints. Spectral equivalence between the BDDC al-
gorithms and the dual-primal finite element tearing and interconnecting algorithms
(FETI-DP) has been proven by Mandel, Dohrmann, and Tezaur [38]; see also Li and
Widlund [36], Brenner and Sung [6]. In these papers, it is established for the sym-
metric positive definite case that the preconditioned operators of a pair of BDDC and
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FETI-DP algorithms, with the same primal constraints, have the same eigenvalues
except possibly those equal to 0 or 1.

In this paper, we propose a type of BDDC algorithm for solving a class of in-
definite system of linear equations, which arises from the finite element discretization
of the Helmholtz equation in a bounded interior domain. The proposed algorithm is
motivated by the dual-primal finite element tearing and interconnecting algorithm for
solving the time-harmonic wave propagation problems (FETI-DPH), which was first
proposed by Farhat and Li [18]; see also [19, 16]. The FETI-DPH method has been
shown by extensive experiments to be parallel scalable and has been applied to the
simulation of elastic waves in structural dynamics problems, and to the simulation
of sound waves in acoustic scattering problems. A key component in the FETI-DPH
algorithm, also used in the proposed BDDC algorithm, is some plane waves incor-
porated in the coarse level problem to enhance the convergence rate. These plane
waves represent exact solutions of the partial differential equation in free space. This
is an idea first introduced by Farhat, Macedo, and Lesoinne [20] with the FETT-H
algorithm for solving the Helmholtz equations.

In our algorithms, the GMRES iteration is used to solve the preconditioned in-
definite system of linear equations. Under the condition that the diameters of the
subdomains are small enough, we prove that the convergence rate of the GMRES
iteration depends polylogarithmically on the dimension of the individual subdomain
problems and it improves with the decrease of the subdomain diameters. As in [8, 23],
a perturbation approach is used in our analysis to handle the indefiniteness of the
problem. An error bound for the approximation of the solution of the Helmholtz
equation by a partially sub-assembled finite element problem is crucial; we view that
finite element problem as a non-conforming approximation of the indefinite problem.
We also establish the spectral equivalence between the proposed BDDC algorithms
and the FETI-DPH algorithms for solving Helmholtz equations.

This paper is organized as follows. In Section 2, the finite element problem is
given for the Helmholtz equation in a bounded polyhedral domain. The decomposition
of the domain and a partially sub-assembled finite element problem are discussed in
Section 3. The BDDC and FETI-DPH algorithms and their connections are discussed
in Section 4. In Section 5, the convergence rate analysis of the BDDC algorithm is
given; the assumptions used in the proof are verified in Section 6. To conclude,
numerical experiments are given in Section 7 to demonstrate the effectiveness of our
method.

2. A finite element discretization of the Helmholtz equation on bounded
interior domains. We consider the solution of the following Helmholtz equation on
a bounded polyhedral domain Q € R%, d = 2, 3,

2.1) —Au—c?u = f, in Q,

u = 0, on 09,
where the real number o is often called the wave number; we assume that o2 is not
one of the eigenvalues of the operator —A. Weak solution is given by: find u € Hj(Q)
such that

(2.2) a(u,v) = (f,v), Vwve H&(Q),

where a(u,v) = [,Vu - Vv — o?uv, and (f,v) = [, fv. Under the assumption
that (2.2) has a unique solution, we can prove the following regularity result for the
weak solution; cf. [26, Section 9.1] and [27, Proposition 2.24].
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LEMMA 2.1. Let Q € RY, d = 2,3, be a bounded polyhedral domain with Lipschitz
continuous boundary. Given any f € L2(Q), let u be the unique solution of (2.2).
Thenu € H* M (Q)NH(Q), for a certainy € (1/2,1], and ||ul| g1+~ < C(1+02)|f| L,
where C' is a constant independent of f. If Q is convex then the result holds for v = 1.

Proof. Result for the case o = 0 can be found in [25, Corollary 2.6.7]; see also [26,
Section 9.1]. Here we give a proof for the case where o # 0. We define an operator
K:H} Q) — H1(Q) by: given any v € H}(Q),

(Kv,w) = [ Vv-Vw, Ywe H)(Q).

Here (Kv,w) is the value of the functional Kv at w; if Kv € La(Q2) then (-, -) is the Loy
inner product. Given f € L2(Q), let u be the unique solution of (2.2), i.e., u € H}(Q)
satisfies

Vu-Vw - c?uw = fw, Ywe Hj(Q).
Q Q

Then we have Ku = f + o%u. Since K is invertible and its inverse K~! is a map
from the space H~1(Q) to HJ (), we have u = K~(f + o%u). Since f € Lo(Q2) and
u € H}(Q), we know from the regularity result for the case o = 0, cf. [26, Section 9.1],
that u € H*™(Q) for a certain v € (1/2,1], and |u| g+~ < C(|fllz. + o2|ullL,),
where C'is a constant independent of f. We also know from [15, Chapter 6, Theorem 6]
that ||ul|z, < C||fl|L,- Therefore ||ul| gi+v < C(1+02)||f|lL,. If Q is convex then the
result holds for vy = 1. o

We consider a conforming finite element approximation of the problem (2.2) and
denote the continuous finite element space by W. The finite element solution u € W
satisfies

(2.3) a(u,v) = (f,v), YveW.
The resulting system of linear equations has the form
(2.4) Au= (K — o’ M)u = f,

where K is the stiffness matrix, and M the mass matrix. In this paper, we will use
the same notation u to denote a finite element function and its vector of coefficients
with respect to the finite element basis functions. We will also use the same notation
to denote the space of the finite element functions and the space of corresponding
vectors, e.g., W. We have |u|};, = u” Ku, and [[u]|7, = v Mu, for all u € W.

We assume the finite element mesh is the union of shape regular elements with
a typical element diameter h. We will use the following standard approximation
property of the finite element space W, cf. [45, Lemma B.6].

LEMMA 2.2. There exists a constant C' which is independent of the mesh size
such that for allu € H*™(Q), v € (1/2,1],

ini |lu — ’LU|H1(Q) < Ch’y|u|Hl+‘Y(Q), and inf\ ||w— ’LU||L2(Q) < Ch1+’y|u|Hl+‘v(Q).
weW weW
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3. A partially sub-assembled finite element space. A partially sub-
assembled finite element space was introduced by Klawonn, Widlund, and Dryja [33]
in a convergence analysis of the FETI-DP algorithm. It was later used by Li and
Widlund [36, 37] to give an alternative formulation of the BDDC algorithm.

The domain €2 is decomposed into N nonoverlapping polyhedral subdomains €2,
i=1,2,..., N. Each subdomain is a union of shape regular elements and the nodes on
the boundaries of neighboring subdomains match across the interface I' = (U92;)\0f2.
The interface I is composed of subdomain faces and/or edges, which are regarded as
open subsets of I', and of the subdomain vertices, which are end points of edges. In
three dimensions, the subdomain faces are shared by two subdomains, and the edges
typically by more than two; in two dimensions, each edge is shared by two subdomains.
The interface of the subdomain Q; is defined by I'; = 9Q; N T'. We also denote the
set of nodes on I'; by I'; ,. We note that all the algorithms considered here are well
defined for the less regular subdomains that are obtained by mesh partitioners. When
developing theory, we will assume, as is customary in domain decomposition theory,
that each subdomain is the union of a bounded number of shape regular elements with
diameters on the order of H; cf. [45, Section 4.2]. For recent results on the analysis
for irregular subdomains in domain decomposition methods, see [13].

The partially sub-assembled finite element space W is the direct sum of a coarse
level primal subspace Wy, of continuous coarse level finite element functions, and a
dual space W,, which is the product of local dual subspaces, i.e.,

N
W =W, P Wn = (HW,@) P .
1

1=

The space WH corresponds to a few select subdomain interface degrees of freedom
for each subdomain and is typically spanned by subdomain vertex nodal basis func-
tions, and/or interface edge and/or face basis functions with weights at the nodes of
the edge or face. These basis functions will correspond to the primal interface con-
tinuity constraints enforced in the BDDC and FETI-DP algorithms. For simplicity
of our analysis, we will always assume that the basis has been changed so that we
have explicit primal unknowns corresponding to the primal continuity constraints of
edges or faces; these coarse level primal degrees of freedom are shared by neighboring
subdomains. Another way of enforcing continuity constraints over edges or faces is
to introduce an additional set of Lagrange multipliers in the coarse level problem:;
cf. [17]. Each subdomain dual space W corresponds to the subdomain interior and
dual interface degrees of freedom and it is spanned by all the basis functions which
vanish at the primal degrees of freedom. Thus, functions in the space W have a con-
tinuous coarse level, primal part and typically a discontinuous dual part across the
subdomain interface.

REMARK 3.1. As in many other papers on FETI-DP and BDDC' algorithms,
we talk about dual spaces. The discontinuity of elements of the dual spaces across
the subdomain interface is controlled by using Lagrange multipliers in the FETI-DP
algorithms.

__ We define the bilinear form on the partially sub-assembled finite element space
W by
N
a(u,v) = Z Vu® . Vol — g2y oy v e W,
=
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where u(® and v() represent the restriction of u and v to the subdomain Q;. The
matrix corresponding to the bilinear form a(-,-) is denoted by A. A = K — 02 M,
where K is the partially sub-assembled stiffness matrix and M is the partially sub-
assembled mass matrix. We always assume that A is nonsingular, i.e., the following
problem always has a unique solution: given any g € Lo(Q2), find u € W such that

(3.1) a(u,v) = (g,v), YveW.

We define the l;)vroken.norms on the space W, by ||w||%2(m = Zf\il Hw(i)Hiz(Qi) and
|w|§p£@ = >, |w(l)|fql(szi)' In this paper ||w||z,) and |w|g1(q), for functions

w € W, always represent the corresponding broken norms. We also have, for any
weW, |wi =w'Kw, and |w]|}, = w" Mw.

In our convergence analysis of the BDDC algorithms for solving the indefinite
problems, we will establish an error bound for the approximation of the solution of
the Helmholtz problem by the partially sub-assembled finite element problem. For this
purpose, we assume that in our decomposition of the global domain €2, each subdomain
Q; is of triangular or quadrilateral shape in two dimensions, and of tetrahedral or
hexahedral shape in three dimensions. We also assume that the subdomains form a
shape regular coarse mesh of 2. We denote by Wx the continuous linear, bilinear, or
trilinear finite element space on the coarse subdomain mesh, and denote by Iy the
finite element interpolation from the space H™7(Q), v € (1/2,1], to Wx. We have
the following Bramble-Hilbert lemma, cf. [47, Theorem 2.3].

LEMMA 3.2. There exists a constant C' which is independent of the mesh size
such that for all w € H'™(Q), v € (1/2,1], [|u — Igul| g,y < Clul gy, for
i=1,2,...,N.

The problem matrix A in (2.4) can be obtained by assembling the partially sub-
assembled problem matrix /Nl, i.e.,

(3.2) A=R"AR,

where R : W — W, is the injection operator from the space of continuous finite
element functions to the space of partially sub-assembled finite element functions.
In order to define a scaled injection operator, we need to introduce a positive scale
factor 6;‘ (z) for each node x on the interface I'; of the subdomain ;. In applications,
these scale factors will depend on the heat conduction coefficient and the first of the
Lamé parameters for scalar elliptic problems and the equations of linear elasticity,
respectively; see [33, 32, 42]. Here, with A, the set of indices of the subdomains
which have x on their boundaries, we will only need to use inverse counting functions

defined by &' (z) = 1/card(N,), where card(N,) is the number of the subdomains
in the set V. It is easy to see that >, . 5; (x) = 1. Given these scale fictors at
the subdomain interface nodes, we can define the scaled injection operator Rp; each

row of R corresponds to a degree of freedom of the space W, and multiplying each
row which corresponds to a dual interface degree of freedom by the scale factor 5;‘ (x),

where x € I'; j, is the corresponding interface node, gives us Rp.

4. A BDDC version of the FETI-DPH method.

4.1. A review of the FETI-DPH method. The finite element tearing and
interconnecting (FETI) methods [21, 17] form a family of domain decomposition meth-
ods using Lagrange multipliers and auxiliary coarse problems. Application of the early
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one-level FETI algorithm to exterior Helmholtz equations was studied by Farhat,
Macedo, and Lesoinne [20] and the algorithm is named the FETI-H algorithm. An
important feature of the FETI-H algorithm is that some plane waves are incorporated
into the coarse level problem. This idea has proven very successful for improving the
convergence rate for solving the Helmholtz equations. A downside of the FETI-H
method is that it transforms real problems, e.g., those arising from the discritization
of (2.1), into complex problems which require more memory and computational work.

FETI-DPH is the dual-primal version of the FETI-H method and was proposed
by Farhat and Li [18] for solving a class of indefinite system of linear equations of the
form (2.4). As in the FETI-H algorithm, plane waves are added to the coarse level
problem to achieve faster convergence. But, instead of using complex regularization
terms as in FETI-H to prevent the subdomain problems from being singular, the coarse
level primal continuity constraints are enforced in FETI-DPH to guarantee that the
subdomain problems are nonsingular. In this way no complex valued computations
are required for real problems.

Before we present a formulation of the FETI-DPH algorithm for solving (2.4),
we first look at some exact solutions of the homogeneous equation (2.1) (with f = 0)
in free space. Denote by = the space coordinate vector, either in 2D or in 3D, and
denote by 6 any direction vector of unit length. Then all functions of the form

(4.1) cos(of - x) or sin(of - x)

are solutions to the homogeneous equation (2.1).

In the FETI-DPH algorithm [18], some coarse level primal continuity constraints
corresponding to plane waves are enforced across the subdomain interface, i.e., the
solution at each iteration step always has the same components corresponding to
the chosen plane waves across the subdomain interface. Here we discuss how to
enforce a plane wave continuity constraint for two-dimensional problems; the same
approach can equally well be used for three-dimensional problems; cf. [18]. Let £% be
a subdomain interface edge, which is shared by two neighboring subdomains €2; and
;. To define the coarse level finite element basis function corresponding to a plane
wave, we denote by g the vector determined by the chosen plane wave restricted to
£, We then choose the finite element function, which is determined by ¢ at the nodes
on £ and which vanishes elsewhere on the mesh, as a coarse level finite element basis
function, i.e., we choose ¢ as an element in the coarse level primal subspace Wp. By
sharing this common coarse level primal degree of freedom between subdomains 2;
and €2;, elements in the partially sub-assembled finite element space W always have
a common component corresponding to q across £%. In this paper, we always assume
that the basis of the finite element space has been changed and that therefore there
are explicit degrees of freedom corresponding to all the coarse level primal continuity
constraints. For more details on the change of basis, see [36, 32, 31].

REMARK 4.1. We note that by choosing different directions 6 in (4.1), differ-
ent plane wave vectors can be obtained. Also both the cosine and sine modes of the
plane waves can be used. By controlling the number of directions 6 used, we control
the number of the coarse level primal degrees of freedom related to the plane wave
continuity constraints. As shown in [18], the larger the shift a* in (2.4), the more
directions need to be used to prevent a deterioration of the convergence rate.

To derive a formulation of the FETI-DPH algorithm, the partially sub-assembled
problem matrix A is written with blocks corresponding to the subdomain interior
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variables and to the subdomain interface variables as

A A
A: II T

AVFI AVFF

where Ajy is block diagonal with one block for each subdomain, and /Nlpp is assembled
across the subdomain interface I only with respect to the coarse level primal degrees
of freedom.

The solution of the original system of linear equations (2.4) can be obtained as
the solution to the following system of linear equations

Anr /:1[1‘ 0 ur 1
(4.2) Ar; Arr BIT ur | =1 fr |
0 Br 0 A 0

where f} on the right hand side is assembled only with respect to the coarse level pri-
mal degrees of freedom across the subdomain interface. The matrix Br has elements
from the set {0,1, —1} and is used to enforce the continuity of the solution across the
subdomain interface. Eliminating the variables u; and ur from (4.2), the following
equation for the Lagrange multipliers A is obtained,

(4.3) BrSp'BEA= BrSy (fr — ArtAfi fir),

where gp = Avpp - AVFIA;IIAVH*.

In the FETI-DPH algorithm, a preconditioned GMRES iteration is used to solve
the equation (4.3); after obtaining the Lagrange multipliers A, we find u; and @r by
back solving. Two types of preconditioners have been used: the Dirichlet precondi-
tioner Bp pSpBD r» and the lumped preconditioner Bp pAppBD r; cf. [21, 17]. Here
Bp r is obtained from Br by an appropriate scaling across the subdomain interface.
In each GMRES iteration of the FETI-DPH algorithm, to multiply 51: ! by a vector,
a coarse level problem and subdomain problems with Neumann boundary conditions
and with fixed primal values need be solved; to multiply St by a vector, subdomain
problems with Dirichlet boundary conditions need be solved; cf. [17, 33].

When Sp is apphed to a vector in the Dirichlet preconditioner, we need to mul-
t1p1y App - Ap IA 17 A by the vector. An alternative used in [18] is to multiply by
App — Kp 1K 1K i in the Dirichlet preconditioner. This corresponds to the use of
discrete harmonic extensions to the interior of subdomains. We denote this alternative
Dirichlet preconditioner in the FETI-DPH algorithm by B D,FSIHB%),F- The numeri-

cal experiments in Section 7 will show that using either BDngpBg r or BDng%—{Bg r
gives almost the same convergence rate.

4.2. A BDDC version of the FETI-DPH method. We now present a BDDC
version of the FETI-DPH method. The BDDC algorithms and the closely related
primal versions of the FETI algorithms were proposed by Dohrmann [12], Fragakis
and Papadrakakis [22], and Cros [11], for solving symmetric positive definite problems.
Here we follow an alternative presentation of the BDDC algorithm given by Li and
Widlund [37]. The formulation of BDDC preconditioners for the indefinite problems
are in fact the same as for the symmetric positive definite case, except that the
corresponding blocks are now indefinite matrices determined by K — o?M in (2.4).
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A BDDC preconditioner for solving the indefinite problem (2.4) can be written
as

(4.4) B;'=RLA'Rp,
where ED W — W, is the scaled restriction introduced in the end of Section 3. To

multiply A? by a vector g, the following partially sub-assembled problem needs be
solved,

A A ] [

(4.5) At = N: =1 =3
P P B P
AL AN Ay u gn

The leading diagonal blocks correspond to subdomain Neumann problems with given
coarse level primal values. App corresponds to the coarse level primal degrees of
freedom and is assembled across the subdomain interface. The inverse of A can be
written as

~ -1 _A-17 ~ _
(4.6) Al = [ AST 8 ] + [ A”}A’“H ]Snl [ —AmADL T,

where A,.., /Nlrn, and /Nlnr represent the corresponding blocks of Ain (4.5), and §H =
e OO
A — N AD AOT 40
From (4.6), we see that the BDDC preconditioner (4.4) can be regarded as the
summation of subdomain corrections and a coarse level correction. Let us denote
_A;rl AVTH
I

v =

Then we can see that Sy = WTAU. Therefore the first term in the right hand
of (4.6) corresponds to subdomain corrections for which all the coarse level primal
variables vanish, and the second term corresponds to a projection onto the coarse
space determined by W; cf. [38, 36]. U represents extensions of the chosen coarse level
finite element basis functions to the interior of the subdomains, and these extensions
are waves for the Helmholtz problems. In Figure 4.1, we plot the extensions of a
subdomain corner basis function and a subdomain edge average basis function to the
interior of the subdomain.
Another BDDC preconditioner for solving (2.4) is of the form

(4.7) By' = (R5 —HJIp)A Y (Rp — JLHT).

Here Jp : W — W. For any w € W, the component of Jpw, for the subdomain €2,
is defined by

(Jpw (@) = 3" 61(z)(w(z) — w(x)), Va€Tip,
JEN:
where Jpw vanishes in the interior of the subdomain and for the coarse level primal

component. For a matrix form of the operator Jp, see Toselli and Widlund [45,
Section 6.3]. The component of Jhw for the subdomain Q; is then given by

(Jhw(x)D = " (6l (@)w (@) - 5] (z)wP(2)), Vel
FEN
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Fic. 4.1. Eaztension of the coarse level primal finite element basis functions to the interior of a
subdomain: extension of a corner basis function (left); extension of an edge average basis function

(right).

The subdomain interior and the coarse level primal components of JLw also vanish.
The operator H in (4.7) is direct sum of the subdomain discrete harmonic extensions
H , where H(®) = —K}?ilK}?, i=1,2,..., N. HJp represents the discrete harmonic
extension of the jump of the dual interface variables to the interior of the subdomains.

An alternative to the discrete harmonic extension H used in the preconditioner
B; ' is an extension based on solving the indefinite subdomain Dirichlet problems.
Let HS) = —Agll)flA%Z and denote the direct sum of the HS) by Ha. Then the
corresponding preconditioner is defined by

(4.8) Byl = (Rh —HaJp)A Y (Rp — JHHY).

4.3. Spectral equivalence between FETI-DPH method and its BDDC
counterpart. Spectral equivalence results for FETI-DP and BDDC methods for
symmetric positive definite problems were first proven by Mandel, Dohrmann, and
Tezaur [38]; see also Fragakis and Papadrakakis [22], Li and Widlund [36, 37], and
Brenner and Sung [6]. These arguments do not depend on the positive definiteness of
the problem, and are also valid for indefinite problems; cf. [37, 36]. We have

THEOREM 4.2. 1. The preconditioned operator BflA has the same eigenvalues as
the preconditioned FETI-DPH operator with the lumped preconditioner BDyp;lppBgyp,
except for possible eigenvalues equal to 0 and 1.

2. The preconditioned operator B;lA has the same eigenvalues as the precondi-
tioned FETI-DPH operator with the Dirichlet preconditioner BDngpBg r» except for
possible eigenvalues equal to 0 and 1. 7

We will demonstrate the spectral connection between the BDDC algorithms and
the FETI-DPH algorithms in Section 7. The spectral equivalence between the pre-
conditioned BDDC operator By ! 4 and the preconditioned FETI-DPH operator with
preconditioner B D7p§%1 Bp r is not clear, even though their convergence rates are also
quite similar in our numerical experiments.

5. Convergence rate analysis. The GMRES iteration is used in our BDDC
algorithm to solve the preconditioned system of linear equations. For the convenience
of our analysis, we use the inner product defined by the matrix K + o?M in the
GMRES iteration. We define A = K + 0?M and A = K + 0?M, respectively. To
estimate the convergence rate of the GMRES iteration, we use the following result
due to Eisenstat, Elman, and Schultz [14].

THEOREM 5.1. Let ¢; and Cy be two parameters such that, for all u € W,

(5.1) c1 (u,u), < (u,Tuy, ,
(5.2) (Tu, Tu), < C3 (u,u), .
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If c1 > 0, then

Irmlla (1 A )’”/2

Irolla — C3 ’
where 1., s the residual at step m of the GMRES iteration applied to the operator
T.

REMARK 5.2. The convergence rate of the GMRES iteration using the standard
Ly inner product will not be estimated in this paper. In our numerical experiments,
we have found that using the K +0?M inner product or the standard Ly inner product
gives the same convergence rate.

In Theorem 5.11, we will estimate ¢; and Cs in (5.1) and (5.2), for the precon-
ditioned BDDC operators By ' A and B, 'A. The analysis for By A is not available
yet.

We first make an assumption on the coarse level primal subspace WH in our
analysis. We denote the subdomain interface edges by £* and, for three dimensions,
the subdomain faces by F'. For each edge £, we denote the set of all subdomains
that share £F by Ngx; for each face F', the set of all subdomains that share F! is
denoted by by Nzi. We assume the coarse level primal subspace /I/I7H is chosen such
that it satisfies the following assumption.

AssUMPTION 5.3. The coarse level primal subspace WH contains all subdomain
corner degrees of freedom, one degree of freedom for each edge ik, and one for each
face F! (for three-dimensional problems), such that for any w € W, the values fgk w®
are the same for all i € Ngx, and, for three dimensions, the values f]_.l w® are the
same for all i € Npi.

Assumption 5.3 requires one coarse level primal degree of freedom for each edge
and one for each face, respectively. Those constant edge or face average constraints
correspond to the restriction of a cosine plane wave in (4.1) with the chosen angle 6
perpendicular to the edge or to the face. From Figure 4.1, we see that the extension of
the edge constant basis function to the interior of the subdomains represents a plane
wave. When more than one plane wave continuity constraints are enforced on the
same edge or face, it can easily happen that the coarse level primal basis vectors are
linearly dependent on that edge or face. In order to make sure that the primal basis
functions maintain linear independence, we can use a singular value decomposition
on each edge and face, in a preprocessing step of the algorithm, to single out those
that are numerically linearly independent and should be retained in the coarse level
primal subspace. This device for eliminating linearly dependent coarse level primal
constraints has previously been applied for FETI-DPH algorithms; see [18].

Using Assumption 5.3, we have the following lemma, which is essentially a Poincaré-
Friedrichs inequality proven by Brenner in [5, (1.3)].

LEMMA 5.4. Let Assumption 5.3 hold. There exists a constant C, which is
independent of H and h, such that (u,u) < C(u,u)z, Yu € W.

(From Assumption 5.3, we also obtain a result on the stability of certain average
operators, which are defined by Ep; = RRE and Eps = R(RE — HJp), corre-
sponding to the preconditioned BDDC operators B; !4 and By L A, respectively. The
following lemma can be found in [33, 32, 37].

LEMMA 5.5. There exist functions ®;(H, h), i = 1,2, such that

|ED71"LU|§{1(Q) S (I)i(H, h)|w|§{1(ﬂ), V w € W
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If Assumption 5.3 holds, then for two-dimensional problems, ®1(H,h) = CH/h and
®y(H, h) = C (1 + log(H/R))?; for three-dimensional problems, ®,(H, h) = C(H/h)(1+
log (H/h)) and ®4(H,h) = C (1 + log(H/h))>. Here C is a positive constant indepen-
dent of H and h.

Using Lemma 5.5, we can prove the following lemma.

LEMMA 5.6. Let Assumption 5.3 hold. Then,

|Ep,aw|% < (1+ Co?H?)®;(H, h)||w]|%, YweW, i=1,2,

where ®;(H, h) are determined as in Lemma 5.5, and C is a positive constant inde-
pendent of H and h.
Proof. We know that

| Ep.awlz = | Ep.awl% + 0*| Epawll = |Ep.awli + 02l Epwl3,.

Using Lemma 5.5 for the first term on the right side, and writing the second term as
Epiw=w— Pp ;w, where Pp ; represents a jump operator, cf. [37, 45, Lemma 6.10],
we have

1Epaw|% < ®:i(H, h)lwlip +o*(|wlL, + [1Pp.awllL,).

(From Assumption 5.3, we know that Pp ;w has zero averages on the subdomain inter-
faces. Using a Poincaré-Friedrichs inequality and then a result similar to Lemma 5.5
on the stability of the jump operator Pp ;, cf. [33, Lemma 9], we have

| Powll3, < CH|Ppwly < CH®(H, h)wl}s.

Therefore, we have
1Ep wlx < @i(H, h)|w|ip + o®||lwl|}, + Co® H*®s(H, h)wl|3n
< 1+ Co?HY)®y(H, h)(Jwlip +o®lwl2,).

The next assumption will be verified in Section 6.
ASSUMPTION 5.7. There erists a positive constant C, which is independent of H
and h, such that if o(1 + o3)H" is sufficiently small, then for allu € W, i = 1,2,

’<wi—§u,1§u> ] C(1+ o®)HY (1 + /T (H, b)) (u, u),
’<wi—§u,wl> ] C(1+ o3 HY (1+ ©;(H, h)) (u,u), ,
’<zi—§u,wl> ’ CH (1 + ;(H, h)) (u,u), ,

will z < C(1+ /@i (H, h))||ul|a-

Herew; = /lelﬁDAu, Wy = /lel(éD—JgHT)Au, z1 = ]T/[JflﬁDMu, 29 = ]T/[Jfl(ﬁp—
JEHTYMu, and ®;(H,h) are determined as in Lemma 5.5.

The following lemma can be found in [45, Lemma B.31].

LEMMA 5.8. The mass matriz M is spectrally equivalent to a diagonal matriz
with diagonal entries on the order of h, where h is the mesh size and d = 2,3, i.e.,
there ewist positive constants ¢ and C' which are independent of the mesh size such

that ch® < Apin(M) < Amae (M) < ChE.
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LEMMA 5.9. There erists a_positive constant C, which is independent of H and h,
such that for allu,v € W, [uT Av| < Clulx [vlz, and [ul; < |u|g+ oluls < \/§|U|X
Proof. To prove the first inequality, we have, for all u,v € W,
luT Av| = [uT Kv — o?u™ Mo| < (WTKu)'?(0T Kv)'/? + o2 (T Mu)Y/?(v" Mov)'/?
< C(uTAu) (T Av)t/2.
The second inequality can be derived by using Va+b < Va + Vb and Va + Vb <

vV 2(a +b), for any positive a and b. |
LEMMA 5.10. Let Assumption 5.7 hold. Then there exists a constant C, which

is independent of H and h, such that if o(1+ o3)H" is sufficiently small, then
(wi wi)z < (u, By Au) +C 0*(14+0° ) HY (1 + ®;(H, h)) (w,u), , Yue W, i=1,2,

where w; = A"'RpAu and wy = /lel(ﬁp — JEHT) Au.
Proof. For w; = A~'RpAu, we have,

(w1, wi)y = (w1, w1) 7 + 207 (wy,w1) ~

M
= uTAﬁﬁfl*lZZ*lﬁDAu + 202 (wy, w1>1\7[ = <u, BflAu>A + 202 (wy, w1>1\7[
= <u, BflAu>A — 252 <u, BflAu>M + 202 (w1, w1>1\7[

< >A - 202(uTM§g/~171§DAu - uTAEg;fl]T/ngflﬁDAu)
= <u, BflAu>A - 202(uTM§gM71]T/[J/T71§DAu - uTAEg;fl]T/ngfléDAu)
( )

AT 20’2 <2’1 — ’LU1,’LU1>A7

= {u, BflAu>A — 2052 <z1 — Eu, w1>1\7[ + 202 <w1 — Eu, w1>1\7[ ,

where z; = M:lﬁDNMu.
For wy = A" (Rp — JEHT) Au, we have, cf. [37, Theorem 3],

(wa, w2>x = <u, B;lAu>A — 2052 <z2 - Eu, w2>1\7[ + 202 <w2 - Eu, w2>1\7[ .

Then, using Assumption 5.7 for both cases, the lemma is proven. O

THEOREM 5.11. Let Assumptions 5.3 and 5.7 hold. If 0%(1403) (1 + ®;(H,h)) HY
is sufficiently small, then, fori=1,2,
(53) C<U,U>A S <U,EU>A
(5.4) (Tiu, Tyu), < C1(1+402)(1+ Co0?H?)(1 + ®;(H, h)?) (u, u),, .
Here T; = B;lA, ®,;(H, h) are determined as in Lemma 5.5, ¢, C1 and Cy are positive
constants independent of H and h.

Proof. We only prove the result for the preconditioned operator Th = By 1A, The
few modifications in the proof for By ' A can be found in [37, Theorem 3].

We first prove the upper bound (5.4). Given any u € W, let wi = A~ RpAu.
We have,

<B;1Au, BflAu>A = <§g/~171§DAu, E%/NFIEDAU>A
= <§§%/~171§DAU, EE%ZAEDAU%I = <§1§%w1, Eﬁgw1>x = ||ED71w1H%
< (1+ Co B (H, h)|wi|2 < (1 + Co2 B2, (H, h)(1 + 0% fun |2
< Ci(1+0%) (14 Co0H?) (1 + ®1(H, h)?) (u, u), ,
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where we have used Lemmas 5.6, 5.4, and the last inequality of Assumption 5.7.
To prove the lower bound (5.3), we have, from R”Rp = I and by using the
Cauchy-Schwarz inequality, that

(w,u)p, = (u,u) 4 + 202 (U, u)y = ul Au + 202 (u, w) 5y
=u"RTAA™'RpAu + 202 (u, Uy = <w1, §u>g—|— 202 (u, u),,
= <w1, EU>X — 207 <w1, §u>1\7[ + 202 (u, u)
= <w1, §u>~ — 202 <w1 — Eu, §u> -
A M
2 s s \1/2 ) SO
< (w1, wq)~ <Ru, Ru>~ — 20 <w1 — Ru, Ru> _
A A M

_ 1/2 1/2 o 2 5B
—<wl,w1>X (w,u) " — 20 <w1 Ru,Ru>A7[.

Then, from Assumption 5.7, we have

(), < (wi,w00)3? (w,u)y* + C 0?(1+ 0 HY(1+ /@1 (H, 1)) (u,u)

If 0*(1 + 0®)HY(1 4+ \/®i(H, h)) is sufficiently small, then (u,u), < C(wi,w1)3,
where C' is independent of H and h. Therefore, using Lemma 5.10, we have

(u,up, <C (<u, BflAu>A + 02(1 + Ug)H'y(l + ®1(H, h)) (u, u)A) .

If 02(1 + 03)H7 (1 + ®1(H, h)) is sufficiently small, then (5.3) is proven with ¢ inde-
pendent of H and h. 0

Theorem 5.11 provides an estimate of the convergence rate of the BDDC algorithm
for solving indefinite problems of the form (2.4). We see that the convergence rate
depends on ®;(H,h) in Assumption 5.5, the shift o2, and the product oH. For a
fixed o, the upper bound in (5.4) improves with the decrease of H.

6. Verifying Assumption 5.7. In this section, we give a proof of Assump-
tion 5.7. We first prove an error bound in Lemmas 6.1-6.4 for the solution of the
partially sub-assembled finite element problem. .

Given g € L2(Q), we define ¢, € H}(Q) and ¢, € W as the solutions of the
following problems,

(61) CL(U, <Pg) = (uv g)v Vu € }{é(ﬂ)a
(6.2) a(w, pg) = (w,g), YweW,

respectively. From Lemma 2.1, we know that ¢, € H}(Q) N H'™(Q), for some
v € (1/2,1].
LEMMA 6.1. Let Assumption 5.3 hold. Given g € Lo(R2), let ¢, be the so-

lution of the problem (6.1). Let Ly(pg,q9) = (9,9) — a(pg,q) for any ¢ € W u
(Hg () N H"™(Q)), v € (1/2,1]. Then [Li(pg, q)] < CHM D 2lg] s g ()
Proof. Given any ¢ € W U (Hg(Q) N H*7(Q)), we have

N
Li(¢g,q) = (9,9) — alpg,q) = —Z/ﬂ (VogVa—0*py q) d:c+/ﬂg qdax
1=1 i
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N
= —Z (/ Ovpgqds —|—/ (—Apg — g2¢g)qu> +/ gqdx
= \Joq, Q Q
N
(6.3) = —Z/ dupgads,
709y

where we use the fact that —A¢, — o%¢, = g holds in the weak sense, cf. (6.1).
Let I';; = 0€Q; N 08, which can be either a face or an edge. For any function

geWwu (H3(Q) N H' (1)), we denote its common edge or face average over I';; by
qr,,; cf. Assumption 5.3. We have, from (6.3), that

N N
(6.4) Li(pg,q) = — Z/GQ Ovipg qds = — Z Z /F Ovpg(q —q;;)ds
i=1 i ij

i=1T,;Co
N
—-> % [ e tuea)a-a,)ds
i=1T,;co0; /T

where Ip¢, is the linear interpolant of ¢, using its values at the subdomain corners.
It then follows from the Cauchy-Schwarz inequality that

N 1/2
65) el <> 2 (/ V(oy ~ Tupy)Pds | _‘|q—@|2ds> .

i=1T;Co0;

By using a trace theorem and Lemma 3.2, the first factor on the right hand side can
be estimated as follows,

/F V(05 — Tirgg)2ds < CHYV (0 — Iy |2

ij

(6.6) < CH|l@g = Tneglfi ) < CH gl 3 o,

By using a trace theorem and a Poincaré-Friedrichs inequality, we have an estimate
for the second factor,

(6.7) /F lq — q;;[ds < CH|lq - @j”fql(szi) < CH|Q|%11(QI-)'

Combining (6.5), (6.6), and (6.7), we have

N
[Ln(pg,q)| < CZH(H’Y)/QVPHHIM(Q»
1=1

N /2 , N 1/2
< CHO+M/2 (Z |<Pg|%11+"(ﬂi)> (Z |Q|%11(Qi)>
1=1

=1

Q|H1(Qi)

= CHY2) 00| g oy la] 1 a)-

The following lemma is established by using Lemma 6.1.
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LEMMA 6.2. Let Assumption 5.8 hold. Given g € Lo(Q2), let @, and @4 be the
solutions of the problems (6.1) and (6.2), respectively. If o(1+ o?)h7 is sufficiently
small, then

||<Pg - &QHLz <C(+ Uz)H’Y (|<Pg - &g|H1(Q) + H(1+’Y)/2|<P9|H1+V(Q)) )

where C' is a positive constant independent of H and h.
Proof. Given any q € L2(Q), let z, € H}(£2) be the solution of

(6.8) a(zg,v) = (¢,v), Yvé€ H&(Q)

We know, from Lemma 2.1, that 2z, € H'™7(Q) for some v € (1/2,1], and ||zq| g1+~ <
C(1+ 0?)|q||L,. From a Strang lemma, cf. [10, Remark 31.1], we have

1
qEL2(Q) ||Q||Lz 2EW

HEn(pg, 20 = 2| + [Lnlz0, 29 — 20 ) }-

leg = Bollze < sup {inf (lan(py — Fgr 2~ 2)|

Then, using Lemmas 5.9 and 6.1, we have
leg —@gll. <C sup —— inf {(log — Gglur +ollog — Ggllr)(l2q — 2]
qEL2(Q) ||Q||Lz 2EW
+ollzg = Zl.) + HYPlog a2 = 2l + HYT2 20| givalog — Gglun}-
i From Lemma 2.2, we know that inf_ |z4—2]m1(0) < ChY[|2g]| g1+~ , and inf 5 [[24—
2| La) < ChM 7| 2g|| isr. Then from || zg||gr+r < C(1+ 02)|lg|| L., we have

||<Pg - &QHLz <C(+ Uz)H’Y ((1 + qu-/?2 + Uh)|<Pg - &g|H1 + H(1+’Y)/2|<Pg|H1”)
+Co(1+0*)h7 (1 +ah)llog — GgllL.-

If o(1 4+ 0?)h" is sufficiently small and therefore oh is less than a certain constant,
then we have [lgg — @gllz, < C(L+0*)H (lpg — Gglm + H(1+’Y)/2|<P9|H1+7)- o
The proof of the following lemma is essentially an extension of the proof in [2,
Chapter III, Lemma 1.2] to the indefinite case.
LEMMA 6.3. Let Assumption 5.8 hold. Given g € Lo(Q), let @, and ¢4 be the
solutions of the problems (6.1) and (6.2), respectively. If oh is less than a certain
constant, then

|<Pg - &g|H1 < ‘7||<Pg - &QHLz + CH’Y|<Pg|H1+7a

where C is a positive constant independent of H and h.
Proof. For any given ¢ € W, we have

B9 = VIt = 0l18g — ¥IIZ, = 6B =, 3y = ¥)
=a(pg — ¥, 99 — V) + (9,99 — V) —alpg, pg — V).
Dividing by |@g — Vg + allgg — Y|, on both sides and denoting Pg — ¥ by qp, we

have, from Lemmas 5.9 and 6.1, that

’(ga Qh) _fd(wgth)’
|qn|
< lpg — Clm + olleg — ¥, + CHI T2 0y e

Py = Plur = ollog = Yllr, < (lpg = Plur +allvg —Pllr.) +



16 JING LI AND XUEMIN TU
Using the triangle inequality, we have

|<Pg - &g|H1 < |&g - 1/’|H1 + |<Pg - 1/’|H1
< 0lBg — VL, + 21y — Pl + ollog — Plln, + CHI 20| sy
< ollog — Bollrs + 2l0g — ¥l + 200y — PllL, + CHIT 2|0 | s

Therefore, we have

|<Pg - &g|H1 < ‘7||<Pg - &QHLz +2 Ninfv(wg —Y|g + U||<Pg —¥llL,) + CH(1+’Y)/2|<P9|H1+V
PYeWw
< ‘7||<Pg - &QHLz + CH’Y|‘P§|H1+%

where in the last step, we have used the approximation property in Lemma 2.2 and
that oh is less than a certain constant. o

The following lemma follows from Lemmas 6.2 and 6.3.

LEMMA 6.4. Let Assumption 5.3 hold. Given g € Lo(QY), let ¢4 and @4 be the
solutions of problems (6.1) and (6.2), respectively. If o(1+0?)H" is sufficiently small,
then

|09 = Polm +0lleg = Gyllz, < CH|pglares < C(1+ o) H||gll 1.,

where C' is a positive constant independent of H and h.
Proof. ;From Lemmas 6.3 and 6.2, we have

|<Pg - &g|H1 + ‘7||<Pg - &QHLz < 2U||<Pg - &QHLz + CH’Y|<P9|H1+V
<Cio(1+ 02)H’Y(|<Pg - &g|H1 + H(1+7)/2|<P9|H1+7) + CH’Y|‘P§|H1+7-

Therefore, if o(1 + 02)H" is sufficiently small, then we have
09 = Polm +0lleg = Gyllz, < CH|pglares < C(L+ o) H||gll 1.
D — ~ ~
LEMMA 6.5. Let Assumption 5.3 hold. Given u € W, let wy = A'RpAu, and
we = A"V (Rp — JEHT) Au. If (1 + 0?)H" is sufficiently small, then
lwi = ullz, < C(L+ o) H (Jwi = Rullz + [lulla), i=12,

where C' is a positive constant which is independent of H and h. -
Proof. Given u € W, let w1 = A~'RpAu. We have, for any v € W,

UT/Twl e UT/T;flEDAu e vT;l;l*lﬁDéleﬁu e <§u, Eﬁgv>z.
Let wy = A~ '(Rp — JEHT) Au. We have, for any v € W,
v Awy = v AA Y (Rp — JEHT) Au = <§u, R(R}, — HJD)U>X'
This shows that for any u € W,

(6.9) a(w;,v) = a(Ru, Epv), YoeW, i=1,2,
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where Ep 1 = Eﬁ% and Ep o = E(E% — HJp). Therefore,
(6.10) a(w; — Ru,v) =0, Yve R(W), i=1,2.

For any g € L2(f2), let ¢4 and @, be the solutions of problems (6.1) and (6.2),
respectively. We denote by I, ¢, the finite element interpolation of ¢, onto the space
W. From (6.1) and (6.2), we have,

(wi —u,9) = (wi, 9) — (u,9) = a(wi, §g) — alu, @g)
= a(w;, §g) — a(u, Inwg) — a(u, vy — Inpg)
= a(wi, pg) — a(éu Elh‘%’g) —a(u, g — Inpg)
= a(w; Ru, Pg) — a(Ru RIh‘Pg Pg) — alu, pg — Inpg).

;From (6.10), we know that a(w; — Ru, Elhgag) = 0. Therefore,

|(w; —u, g)| = [a(w; — Ru, §g — Rlnpy) — a(Ru, RInp, — Bg) — alu, pg — Inpy)|
< C(|lwi — Rullx + [|Rullx) (135 — RInggll; + l0g — Ingylla)
< C(|lwi — Rullx + [|Rullx) (185 — Inpglan + oll@y — Inipg L, +
| Pg — Ih‘Pg|H1 +‘7||<Pg - Ih‘PgHLz)
< C(lwi — Rullx + [|Rullx)(18g — gl + 013y — g, +
2|<Pg - Ih‘Pg|H1 + 2U||<Pg - Ih‘PgHLz)

where we have used Lemma 5.9 in the middle. Then, using Lemmas 6.4 and 2.2, we
have that if o(1 + 0?)H" is sufficiently small, then

|(wi = u, 9)] < C(L+ o) H(||w; — Rullx + |[ulla)llgll .-

Therefore,

|wi —ull, = sup ————

< C(1+0?)H(||w; — Rullx + [Julla).
gera)  l9llr,

LEMMA 6.6. Let Assumption 5.3 hold. Given u € W, let wy = /lelﬁDAu, and
wo = AN (Rp — JEHT)Au. If o(1 4+ 03)H" is sufficiently small, then

willz < C(L+ V®i(H, h))[[ulla, i=1,2,

where ®;(H, h) are determined as in Lemma 5.5, and C is a positive constant inde-
pendent of H and h.

Proof. We have, for any w € W, ||w||2 - 02||w||2 = a(w,w). Then, from (6.9)
and Lemma 5.9, we have, for i = 1, 2,

lwill% = o®|wil%y = @(wi, w;) = @(Ru, Epgw;) < |[ul|allEp,iwil|;-

Using Lemma 5.6, we have that if 0 H is less than a certain constant, then

lwill% — o?|will % < CV/@i(H, W)|ullallwillz. i=1,2
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Dividing by [|wi| % + o|w;]| 5; on both sides and using Lemma 5.9, we have,

will z = ollwill 7 < CV®i(H, h)l[ul|a-

Using this inequality and the triangle inequality, in particular that —|w; — Rul| S

—llwill g + | Bull g7, we have

[wi = Rul|z — ollwi = Rull 7 < [lwill g + | Rull z — ollwill 5 + ol Rul| 3
< CVOi(H, h)l[ulla,

where we have also used Lemma 5.9 in the last step. From Lemmas 6.5 and 5.4, we
know that if (1 + 02)H" is sufficiently small, then

Jwi = Rull g < €1+ 0*) B (s = Rullz + llulla)
< CU+0)H ((1+0)wi = Rullz + |lulla)

Therefore,
lw; — Rul|z < Co(1+ o) H" ((1 +0)|lw; — Rul| = + ||u||A) + C\/®;(H, h)||ul| .
If 0(1+ 0®)H" is small enough, then we have

l[w; — Eu”f( < O(1+ /@i (H, h))|ulla-

In order to confirm Assumption 5.7, we also need the following lemma.
LEMMA 6.7. Givenu € W, let z1 = M~'RpMu and zo = Mﬁl(RD—JgHT)Mu.
Then,

2 — ullz, < CH/®;(H,R) Julm, i=1,2,

where ®;(H, h) are determined as in Lemma 5.5, and C' is a positive constant inde-
pendent of H and h.
Proof. We only give the proof for zo in the following. Essentially the same
arguments applies to z;. We have
22 —ullz, = 1M (Rp — JEH")RT M Ru — Ru|L,
=|M~' (B, —I) MRullr, = |M ™' P ,MRul|z,
< Ch™*|Ph,MRu|p,,

where we have used Lemma 5.8 in the last step, and that PLT),2 = I—Ea2 =1- (ED —

JgHT)ET. Since P[T,VQJT/[J Ru has a zero average over each subdomain interface edge,
then by using the Poincaré-Friedrichs inequality, and a result similar to Lemma 5.5,
cf. [33, 37, 45, Lemma 4.26], we have

H ~ H .
llz2 — ullL, < CW|PLT,72MRU|H1 < cﬁ\/%(H, h) |M Ru|g1.

Then using Lemma 5.8 again, we have |2y — u||z, < CH+\/®3(H, h) |Ru| . |
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Using Lemmas 6.5, 6.6, and 6.7, we can establish Assumption 5.7.

LEMMA 6.8. Let Assumption 5.3 hold. Then Assumption 5.7 also holds.

Proof. Lemma 6.6 proves the last inequality in Assumption 5.7.

To prove the first inequality in Assumption 5.7, we have, by using Lemmas 6.5
and 6.6, that if o(1 + 03)H" is sufficiently small, then

| (wi = Bu, Ru) | < Jwi = Rullg7llullar < CQU+ 02V (s = Rullg + ulla) ula
< C(1+0®)H(1+ /®i(H, h))||ul3,

which proves the first inequality in Assumption 5.7. Similarly, to prove the second
inequality in Assumption 5.7, we have, from Lemmas 6.5 and 6.6, that

| (i = Buwi) | < €1+ 0" B (Jws = Rul + ulla) il
< O+ 0" HY (14 @(H, 1) Jul}

To prove the third inequality, we have, from Lemmas 6.7, 6.6, and 5.4, that

D D 2
| (5 = Ru,wi) | < Cllzi = Rullgllwill; < CH (1+ @4(H, 1)) Jull}

7. Numerical experiments. FETI-DPH methods have been proven successful
and parallel scalable for solving a large class of indefinite problems of the form (2.4).
Applications of FETI-DPH methods include structural dynamics problems, acoustic
problems, etc.; cf. [18, 16, 19].

Here we use the solution of the problem (2.1) to demonstrate the algorithmic scal-
ability of the BDDC algorithms discussed in this paper, and also demonstrate their
spectral equivalence with the FETT-DPH methods. The problem (2.1) is solved on a
27 by 27 square domain with Dirichlet boundary conditions v = 1 on the four sides
of the square. Q1 finite elements are used and the original square domain is decom-
posed uniformly into square subdomains. In the GMRES iteration, the (-, )z 2,
inner product is used; using Lo inner product gives the same convergence rates. The
iteration is stopped when the residual is reduced by 107°. To have an idea how the
shift 02 in (2.4) affects the eigenvalues of the matrix K — oM, we give the number of
negative eigenvalues of K — 02M in Table 7.1, for different meshes with 1089, 10201,
and 20449 degrees of freedom, respectively, and for different shifts o2 = 100, o2 = 200,
and o2 = 400.

TABLE 7.1
Number of negative eigenvalues of K — a2M for different meshes and different o2.

# of degrees of freedom a2 =100 a? =200 o? =400
1089 243 445 843
10201 290 575 1109
20449 290 585 1161

In our experiments, we test three different choices of the coarse level primal space
in our BDDC algorithm. In our first test, the coarse level primal variables are only
those at the subdomain corners. No plane wave continuity constraints are enforced
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TABLE 7.2
Iteration counts for B;lA for H/h = 8 and changing number of subdomains.

Tteration Count
o2 # subdomains 0-pwa 1-pwa 2-pwa
16 x 16 183 37 14
100 24 x 24 205 20 7
32 x 32 > 300 13 6
16 x 16 > 300 143 112
200 24 x 24 > 300 85 39
32 x 32 > 300 47 28
16 x 16 > 300 > 300 236
400 24 x 24 > 300 > 300 75
32 x 32 > 300 192 49
TABLE 7.3

Iteration counts for B;lA for 24 x 24 subdomains and changing H/h.

Tteration Count
o2 H/h 0-pwa 1-pwa 2-pwa
8 205 20 7
100 12 188 25 8
16 182 27 8
8 > 300 85 39
200 12 > 300 108 60
16 > 300 114 68
8 > 300 > 300 75
400 12 > 300 > 300 108
16 > 300 > 300 111

across the subdomain edges; this choice of the coarse level primal space does not satisfy
Assumption 5.3. In our second test, in addition to the subdomain corner variables, we
also include one edge average degree of freedom for each subdomain edge, as required
in Assumption 5.3, in the coarse level primal variable space. This edge average degree
of freedom corresponds to the vector determined by the cosine plane wave in (4.1)
with the angle 8 chosen perpendicular to the edge. In our last test, we further add to
the coarse level primal space another plane wave continuity constraint on each edge
corresponding to the cosine plane wave in (4.1) with the angle 6 chosen tangential
to the edge. In the following tables, we represent these three different choices of the
coarse level primal space by 0-pwa, 1-pwa, and 2-pwa, respectively.

Tables 7.2 and 7.3 show the GMRES iteration counts for the preconditioned op-
erator By 1 A, corresponding to different number of subdomains, different subdomain
problem sizes, and the three different choices of the coarse level primal space. With
only subdomain corner variables in the coarse level primal space, the convergence can-
not be achieved within 300 iterations in most cases. With the inclusion of the edge
plane wave augmentations in the coarse level primal space, we see from Table 7.2 that
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TABLE 7.4

Iteration counts for BDDC' operators B;lA, B;lA, and B;lA, and for FETI-DPH with
lumped preconditioner Bp r Arr Bg r» with Dirichlet preconditioner Bp r 5171 Bg s and with Dirich-
let preconditioner BD’ng Bg r, for the case 02 =200 and 2-pwa.

DPH DPH DPH

#Subs  H/h | Bi'A  (Arr) B;'A  (SF) By'A  (Sp)
16 x 16 114 97 112 108 115 106
24 x 24 8 40 40 39 39 39 39
32 x 32 29 30 28 28 28 28
8 40 40 39 39 39 39
24 x 24 12 55 54 60 57 58 56
16 70 70 68 68 67 66

the iteration counts decrease with the increase of the number of subdomains for a fixed
subdomain problem size. We see from Table 7.3 that when the number of subdomains
is fixed and H/h increases, the iteration counts increase slowly, seemingly in a loga-
rithmic pattern of H/h. Tables 7.2 and 7.3 also show that the convergence becomes
slower with the increase of the shift o and that the convergence rate is improved by
including more plane wave continuity constraints in the coarse level primal subspace.

In Table 7.4, we compare the GMRES iteration counts of the BDDC operators
BflA, B;lA, and B;lA with those of the FETI-DPH operators with the lumped

preconditioner BDJ‘AVFFB%LF, with the Dirichlet preconditioner BD7F§%—{B%;7F, and

with the Dirichlet preconditioner B Dypngg > respectively. We see that the corre-
sponding BDDC and FETI-DPH algorithms have similar convergence rates. We also
see that using either subdomain discrete harmonic extension or the extension based
on the shifted operator in the BDDC and FETI-DPH algorithms gives almost the
same convergence rates.
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