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CONTINUED. FRACTIONS' 

Introduction 

The purpose of this paper:is twofold.. First, to. give a smaLamount 

of general information: on Continued Fractions so that anyone faced with,' 

continued fractions will have aetarting point:'forwo rking with them.. 

Secondly, to give various usOs of continued fractions to 8how how they may 

be applied, 

Definition . 	. 	 . . 	. 

A continued fraction may be dei.ined as a sequence of fractions 

(called partial quotients), arranged in such a manner that the numerator 

of each succeeding fraction is added to the denominator of the preceding 

fraction. 

The wordS "continued fraction" will he abbreviated asC.F. hereafter.. 

0 	 , 	: The'C'.F. 15.written.  

b1 +:á2  

b2 +,a3  

b3 +., 	•' 
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or in briefer form 

... a 4al a2 a3  
0 

The 	I 	are the partial quotients , ,'here the a's and b's may be functions 
b' 

of any parameters or complex numbers, and 	a0 	may o'r may not be zero. 	The 

C.F. mayterininate or may be non-terminating. 	. 	. 	 0 

• 	. 	3.. 	Approximants and Recursion Formulas. 	. . 

Denote the C.F. by 	A 	, 	n 	0,1, 2, .... , 	where the value of. 	n 
• 	 . 	. B 	 . 	. 	 . 

tells one at which partial quotient one should evaluate the C.F. 	That is: 

• 	 A 
fl : 0 •, then 	o 

Ada. 
a0 	, where one takes 	0 	

0 

• 	• 	B 0• 	 • 	 B0 1 	• 	
0 

A n:l,then 	1.: 
b + a 	 A1  = a b, + a. 

aof all : 	ol 	1 	,where 	0 .i.  

0 	 0 	
b1. 	. 	b1 	. 	B 	b1 	• 

, ten 	A  2 : 	a+ a
1 	(a0b1+ a1)b2 +a0a2 

B2  b1. 
-f- a2 	b1b2  + a2 

O 	 • 	 • b 	 • 	 0 

where 	A2 	(a0b1 + a1)b2 4-a 0  a2 	 0 	 0 

B2 	= b1b2 	a2 	
• 	 0 	

0 	 • 

n 3 , then a 	f a
1 	a2 	(a0b1b2+.a1b24-  a0a2)b3 + (a0b1+ a1 )a3  

I 	B3  b1  f .b2 	b3 	(b1b2+ a2)b3 +0 b1á3 	00 

where 	A3 	(a0b1b2 + a1b2 + a0a2 )b3  f- (a0b1 f 	a1)a3  

B3 	(b1b2 	a2)b3  * ba3  •, 	etc.• 	
.. 
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Now one notices that: 

• A 	A1b2*Aoa 

• B2 	: B1b2  4 0a2 	
V 	

V 

and that 	 V  

A3  = A2b3+A1a3 S 	

V 

B3 = B2b3  B 1  a 3 . 	

V 

From this one is led to the fori1a 

V 	An = A1bt An-ta 

B 	Bb+- Bn_2a 1 	n 	
V 

These are fundamental recursion formulas for CF. The An is called the 
V 	 V 	 B 

n'thapproximant of the COFO 	 V 

4. Transformation.: 	 V 	 • 	

V 	
V 

In connect±on with the.approxmants one notes that they are unchanged 

if a is replaoed by c ]yflafl  , and ••b Is replaced by cnbn.j  where 

= 1, 2, 3, ... ; c0  .l ; and ci, 02, 03 , 00: • 	0 . For a simple 
• V 

• verification use A2 : 
• 	

S. 	

S 	 . 5 

A2 	(c0a0c1b1 * c0c1a1)c2b2 f- c0a0c1c2a2  
• 	• B2 	 cb1c2b2 + c1c2a2 	- V 	• 	V  

The c1c2  cancel out, and the appzoximarit remains unchanged0 

This is of value in puttingthè G.F. into simpler terms, or in 

reducing all the a's or all the b's to some particular value. 
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5 	Matrix Product 

The C.F. can be represented as a matrix product as follows.: 

a 	b e 	f as +. bg af + bh 

O d. g 	h ce + dg cf .f,  dh (using matrix multiplication). 

Comparing this with the approximants one has: 

An - IAn_i 	A_2  bn  

B. - LBn_1 	
B_2  an  

Now substituting for, B 1  

An_2 	n_1•+ 	b_ 

Bn_1 	B_2  b_l  + B_3  a 1  

one has: 

An2 	n-3 !n-1 
b 

Bn B....2 	B_3 8n-i 0 	an  

Continuing this process one gets: 

An  a0 	1 b 1 b 1 	1 b 

Bn  1 	0 a1  0 a_1 	0 an  

U  A2 
As a simple verification find; 0 

B2 
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A2 	a0  1 	b,  1 	b2  

B2 	1 	0 	a1  0 	a2  

• 	

• 	 a0b1  a1  a 	b2 	a0bb2  a1b2 a0a2  

1 	a 	 b1b2  a2  

This compares with 

A2 
- a 	a1  a2 	a0b1b2  + a,b2  1-  a0a2  

B2 	
° + 

c~ 72 	 b1b2 f a2  

This' 16 an aid to ôalculating the value of the C.F. 

6. Determinants 

A C.F, also has a determinant form Write down the values for the 

various approximants of the At e . 	 . 	 • 

ao 	 A0 

a1 tA0b1  

A0a2 +A1b2  • 	 • 	 • 	 A2 	 . 

A1a3 +A2b3 	 A3. 

• 	 A_2a -f A 1b 	A 	
0 	 0 

• 	 ••. 	 Transposing the A's on the right and taking the coefficients of the 

A's,one has the determinant: 	 . 	 . 
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a0 	-1 	0 	0 	0 	- 

a1 	b1 	-1.- 0 	0 

0 	a2 	b2 	-1 	0 	.. 	. . - 

0 	0 	a3 	b3 	-1 	0 

• . . . . . . . 	............ . . •0o S I • •• I • I • •I•• I I I S • • • If 	 - 

• . . . ...... . •. .......... • .0 	0 	an 	b 

This determinant is called a continuant. It corresponds to the C.F. 

a 	a. 	a 	- 

	

a0 + 1 	2 	 ... 	. 
b11-b2 4-b3 

 . 	 . 

a1  a2 a 
Muir's symbol for this is: 	K( 	. . 	) 

• 

If one has a C.F. it can be immediately put into the continuánt - 

• form. To evaluate the C.F. in this form (for example, finding An•) one 
Bn  

expands the (n- +. i) x (n .4- 1) determinant getting A, and one expands the 

ôofactor of the term in the first row and first column getting B. Thus the 

determinant completely determines the C.F, For example, the upper left hand 

3x3minor: 

a0 . 	 -i 	- • 0 	- 	 -. 

- 	• a1  . b1 	-1 	a0b1b2  - ab + a2a0  = A2  . 

0 	a2 	b2 •- 

V 	 - 

The cofactor of a0 	b1 	-1 
-. 	- 	- 	- 	 b1b2 t a2 	B 

b a2 	2 
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7. Series-convergence' 	 ' 

Any series can be expressed as an equivalent C.F. It is known that 

if the series converges the C.F. also converges. Conversely, if the C.F. 

converges the series converges, and this relationis important in using 

C,F. to 'determine the convergence or divergence of infinite series. 

Following are two theorems, stated without proof, which can be used 

to deterñiine 'the convergence 'of a non-terminating C,F,,and hence also of a 

series.  

Theorem I: Ifthe 'sequenceof approxirnants, kO  , A 	,,,e , 	j 
B0 	B1 	B 

'approaches a limit, the C.F. converges. 

Theorem'II: Using the transformation given previously. (Section 4to make 

all of the ai ' 1,, i.e., 'a
0 - 	

1 	1 	..'.. 	1 ...... 	, where the'. b ' 	 —p-- 
-.- -- 
	—p-- 	' 

bj ?- 

are the transformed .' b' :, then if the series of b , 	b , converges the 

C.F. diverges. 

Other theorems may be found in the References, particularly in Perron. 

An equivalence relation which wilt put' Eseries of the form 

Co 	C1X 	CX2 -f- .,. CX1' + ., into a C.F. is ,the following: 

C) 	 ' 	C 
—x 	_..x 

C0 .$- 	H 	... , or reducing this 

C
2x 

' 
lj- 	- 	c 	- 

C1 	 02  

c0  .j.. 1 	
02x ' , 	CC3X  

1 - C1  4 CX - C2  f CX - 03 -$ C4X - 
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For example, put eX into a C.F. 

eX : ix+2E+x2 4 +... 
2! .3! 	4 

C. 

.aLx 
e 	1 1- x -  2! 	. 	3! 	4! 

141x 	l+aLx _lf.!x 
• 	. 	 2! 	 31 	 4! 	 . 

lx 	 . 

2+x— 	2c 
• 	

. 

 

3 + x 	3X 

	

41-x- 	4x 
54- * - ••• 

This series simplifies by eliminating the factorials.(and the exponents), 

• and can be easily evaluated to any degree of accuracy by the recurrence 

formulas. 

• 	As an. example calculate e • 	. 	 • 

1-1 
3-2 

• 	 4-.3 	 • 	 . 	 • 
__ 	 • 

6-, 
7-... 

e = 2.716 , where the accepted value is 2.718+ , 	• 
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. Interpolation Formula 

One can devise an interpolation formula, based on reciprocal differences, 

in the formof a C.F. Given valuesof f(x) for points x0 , x1, x2, ... Xn. 
E 

where f(x) r(x) 

Define the reciprocal difference of points x0 , x1  as follows: 

p1(x0  x1) 	
X0 - 	 , 

f(x0) - 

of points x0 x x2  as: 

p2(x0  x1x2) 	Xo - 	 + f(x1) 

• 	. 	 p1(x0  x1) - p , (x1  x2) 	- 

of points x0  x1 x2 x3  as: 

• 	p3(x0  x1 x2 x3) : 	 Xo  - 	 + p1(x1  x2 ) , 

0
2(c0  x1  x2) - p2(x1  x2  x3) 

• 	of points x0  X2 	Xn. as: 

p(x0 	x.) 	 - 	
+ p 2(x1 	x1) 

x1 Y 	 • 

( 

In place of x0  put x. .,, and sOlve for: f(x) , p1(x xi) ,.etc. 
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f(x) 	- X1 	f(x1) 

S. 	 p1(x) 

II  

x) 	
x - 	 + i(x1  x2) 

p2(x x1  x) - f(x1) 

p2(x 	x2) 	
x - 	 P2(x1 x2  ) 

p3(x ?Cl  x2  x3) - p(x1  x2) 

	

x) = 	
X - X1 	 + p 1(x.1  .... c) 

• p(x ••• 	- 	-2( 1 ••• 	-) 

Now solving for f(x) and substituting the proper denominators in each case 

one gets: 

f(x) = f(x1 )..0x_- Xi -  

p1(x1 x2)+ XX2 	 •. 	 •• 	S  

	

• 	p2(x1  x2  x3) - f(x1)+ x - x 

3(X1 X2 X3  x4) - p1(x, X2)S4. 

This isknown'as Thiele's Interpolation foriiu1a. 

It is a property of C.F. that if the numerator of any partial quotient 

vanishes, then this one and all of the following partial quotients do not 
V 

affect the value of the CS. Thus when arr one of the numerators becomes small 

enough to neg1ect those following can also be neglected0 
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9. Differential Equations. 

Given a differential equation of the form, 

	

I 	 II 

where Q0  and p1  are continuous and differentiable functions of x. 

Successively differentiate. 

	

I 	 I 	I 	 II 	 II 

	

Y 	Q0 Y .$r , Q0 Y ~ P1Y ~ PjY 

= Qo  4 Pj y" 	 ' ~ 	
P1 	y 

i,', 	
, where Q0  + P1 

l'-Q 	 1 - 

and 	P] 

L Q 

0 

	

y -- p2 .y 	, and similar1y 

	

II 	 iv 

	

Y 	Q2Y + P3y 

9.4 	r '  I 	
7iv 

+ P4 Y:' , etc. 

From 9.1 solve for' 	
0 
 7 	- Q0  + 

 PV (Y I./YII) 

From 9.2'solve for 	 y' . 	 Q1; - p1ty"/ y'  '') ; 
yt' 

From 	solve for 	 y" Q24 p3/y'''/ yiV 
 ) 

;etc. 

1" 

.4 

V 



p 
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In formula Y put in the proper denominators for the Pj terms, 
y 

then 
= 

Q1+p2 

Now consider 

ZL 

Q3f. 

If the.C.F. terminates, it represents the logarithmic derivative of 

a solution of.the equation, and if it does not terminate then the problem of 

convergence arises. This was taken up earlier (Section 7), and those theorems 

may be applied here. 

Example: y 	x y' 	1 y" , where m is an integer; this will give a 

terminating C.F. 

• 	Let one take m = 4 

y =: X y ' 	ly' t  

Differentiating: 

•1 	 I  
y 	

II 	 ji 

4 	4 	4 

.y' 	
y"4 ly" 4 	4 	• , 4 • 	,•• 	• 

9*6 	y' 	 2:Y` 
3 	3_ 

1"  =  " y . . 	'" 	iV y 	1  
3 	3 	3.. 

p 



• Yt'  s y
It 

• 2 2 

yw iyv 
1 1.• 

9.9  o 	= x S  

Now from • • 

I 
9.5  Y 

7 . - 	 . .•. 

• 1 ..  ,. 	 • 

2 
11  ' 

.7  
•3 

2.1 

II  

7 
1 

:~ 
2 	,tt 

y1v. 

• 

	

2.8 
It, 

7 
••• 

yiv •  

iv • 	 . 	 • 

Note that 7 	i5:notdefined.by this .proceas. 	Then 
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7 X. 

. 	3• 
x -jI-- 1 
'2 	2 

0 	 - 

and 
Yb 	

- 

I 
0 44  

• 	
x+1 
3 	. 

x.hl 
• 	• 	 2 	2 	- 

x 

and reducing this 

x4-3 • 	 x+2. 

• 	
0 	 0 

If the C.F. is solved for 	one gets 
B3  

4x3 + 12x 
B3 	x4+2*3 

Thus y x4 + 6x2  * 3 • 

As a check substitute this in the differential eqUation: 

4 	2 	• 	3 	•  x j" 6x + 3 	x (4x + 12x) . 1 (12X2,  + 12) 
0 	 4 	 4 

0 	
2  2x 	12 • 4x4 	1c + 	12 	 2 

+ 12. 
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