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 CONTINUED: FRACTIONS.

1. 'Introduction"

The purpose of this paper is twofold First, to kiVe's‘smslrtsmeunt g
of general informstion on Continued Fractions 80 that anyone feced with
gcontinued fractions will have a. starting point for working with them.~A '
1 ,Secondly, to give vsrious uses of continued fractions to show how theyvmsy :

. be applied.

‘2. _Definition .

A continued fraction may. be dsiined as a sequence of fractions ‘_r

.5_(called partial quotients), arranged in such a: msnner that the numerator

. of each succeeding fraction is added to the denominator of the preceding

-traction. ' . - ‘ ‘ ‘ 4 ’
'The words "continned fraction" will be abbreviated as C F. hereafter..-
The C.F. is. written | |

, ;bz-tfaz o

b3+,.'--' S
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.
or in briéfer form

3 .ao;t- 2 a3

" The ii_._ ‘are the partial quotients , where ‘the a's and b's may be functions-
by T | )
of any parameters or complex: numbers, and a, may or may not be zero. The .

C.F. may*tefminéte or may ‘b'e" rilonf—teminéting.v

'3.. Approximants émd Re_cursion' Formulas.
| Dehote ﬁhé 'C'.F. by f_q ', ‘nv= O,‘.l, 2, ess » - Where the Av‘a.lue of n
tells one at which partial quotient one should evaluate the C.F. That is:

A A'-a

n=0, then "o = ‘ay where one takes ° o
AR Y SRR By = 1
nzl, then f_]_. = a4 8 - aob];+ 8) , where 1 oll T 8
B b by By=b. ...
3 B o bptag bibyt ay
. . Lo b ) v
2 .
‘where Ay = (ab) ¥ a))by+ aga,
B, =byby+ a,
nz3,then A3 - oagy 2 2 83 - (BPiPabarbat aay)bat (a byt 8y ey
o - By by + by by (byby+ a,)bs + b'la.3 |
y’he’re A3 = (aob1b2+vailb2+~_ ,aoaé)bB + (a 0b1‘+ al)gB

I -
)

= (bpby+ ay)by+ bjag ., ete.
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Now one notices that:'
Ay = Aot Agagy ‘
: . " A feoa . ; ('
and that
Ay = A'2b3_+' Aia.3
B3 = Bgb3+ Bjaz .

From this one is led to the formlast

B
1

%1 = An-lbﬁ+ A‘:Yi-MZa'n
B. = B .b+ B

a
n n-1 n n-2"n

These are fundamental recursion fonnulas'forlp;F._ The fg is called the
n

n'th approximant of_the G.F.

L. Transformation

In connection with the approximants one notes that they are unchanged

if a, is replaced by - c. 1cnan', gnd b 18 replaced by °nbn » where

; 1’ 2',‘ 3’ eco 3 co =1 ,and cl, 02’ 03’ _o.o.o- % 0. FOI‘ a Smple

" verification use ﬁg d
. . - . B2 .

. A, - eoageiby + cocqay)esbot ca c]_cza2
Pz T epbiebat ere8,

L™ ]

The cjc, cancel out, and the appfoximontfremgins unchanged . S
This is of value in putting the ClF. into simblér terms, or in

: feducing all the a's or all the_b'o to some pﬁrticular value.
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5. Matrix. Product

The C.F, can be represénted as a matrix product as follows:

1a bv] le £] =~ |ae+t.bg af+bh

le a g h ce4+ dg cf + dh | (using matrix mult;plication)} i
"‘Comparing‘this with the'apprOximants 6ne.has='<.'

An o A

| _ n-l -2 Pn
Bl Bp-1 Bp-2 ah' .
Now substituting foﬁ"An-i s Bn—l s | A .

N ) bn—l'+ ‘An-B:bndl

Bp1 T 3Bn-2_bn-1 f‘ Bn—3 81 ?

.one has:

An M-z Bpe3 1 bn

Bn . Bn_2 ’ BU-B 0. ani i
Continuing this procéss'ohe gets:

bl % Y] [t 2 | P 1

B, | 10| a; 0} a1 O

: -, . . . ° ‘ A2

As a simple verification find - .

By
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Ay a, 1 ;1 1 b2 ‘ by
By - i 1 0 a1  0 . a, / #
.' aolb.l: + 1 % | , F by | —‘a-oblbé "— .:alb2 '*' 8'08'2:'_1
= L by ii l 8y 4 ] L byby + 82 |

This compares with

Ayl apt % o ahib Gabp t Aty

. This'is an n'ald to, caloulating the value of the C.F.

6. Determinants
A C F also has a determinant form. Write down the vél@es 'fdr the

vé.rious approximants of the A's,

ao | - AO ‘
&)+ Aobl : . =N
Aopt Apby = A

An_ 2an + An—-lbn = A A

Transposing the A'a on the right a.nd taking the coefficients of the

A's, one has the detemina.nt. :



\#

The cofactor of a . bl:' -1

;UCRL-2156'

b=
ao "‘l 0 O O A I A ] e
al bl -1'. 0 O LU BN ) 00 e
0 . az bé "'l O .oo' . s e e .
‘O . O . a3 b3 _l O "'..v'."."..'
-.;...'...'7."..-""".....;.‘.'o o an . an

This detérminant is called a continuant;, It correéponds to the C.F,

- ao+ :a_]; 12_ a .... .
‘ bl-"' bz-}- bB 4+
) 4alia2 ajv..,

Muir's symbol for this is: K(ao by by by ...

' If one has a C.F, it can be immediately put into the continuant

form, To evaluate the C.F. in this form (for example, finding fg ) one
n -

‘expands the (n41) x (n-F 1) determinant getting Ay, and one expands the

cofactor of the term in the first row and first column getting B,. Thus the
determinant complételj determines the C.F. For example, the upber left hand -

3x3 minor:'
a,, -1 - O

o

0 a2 by
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7. VSerie34COnvergence'

Any series can be expressed as an equivalent C F. It is known-that
if the series converges the c. F also ‘converges. Conversely, if the C. F. S e
converges the series converges, and this relation is important in using
C. F to determine the convergence or divergence of infinite series,

Following are two theorems, stated without proof, which can be used

to determine the convergence of a non—termineting C.F., and hence also of a

e e e il

series. ' Co - .
Theorem I: If'the_Sequence’of approximants, ‘ﬁg ‘,'é; 5 coe s fg- 5 ese
By By - Bn ‘

»approaches a 1imit, the €.F. converges.

-

Theorem'II: Using the transformation given prev1ously (Section h) "to make

- all of the ay = 1, i.e., o-+ _l_ ) l‘ Leoe :_l_i.,,._ , Where the b
S by + b2 f— b,

~are the transformed bi y then 1f the series of bi R 2:_bi , converges the -

i

C. F diverges..
Other theorems may be found in the References, particularly in Perron.
An equivslence relation which will put & series of the form

¢+ clx_ 1—c2-x 4 oo cnx 4+ oo into a C.F, is the following° |

. , 3_2.. X Eix . Co
cd~§-f;§ ‘ ¢y . C2 ‘cse 3 OT reducingnthis
1 - c '
1+ 2x - 143x -
‘1 €2 y
cx ’ . ' : . -
: ¢ CqCaX N L TP <
O°+ l 2x : . . l 3 N ‘4. 2 l+ o.o..o '- "o'

1 "' ¢+ cx - ¢, + c3x ~ 3 F ¢x -
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For example, put e into a C.F.
- 1+x+x_'+£+-x__h+ cos
2t 31
1l x 2l x }_'_x
= l4x-_2! 3! 4!
Y 1glx o lp2x _143ix
2! h ’ 3\! h! oo

= lgx
l - _x

2Fx - 2 .
34 x - _3x_

This series simplifies by eliminating the factoriale (and the exponente),

and can be easily evaluated to any degree of accuracy by the recurrence

-

formulae.
As an example calculate e

e = 2,716 , where the accepted value is 2.718+ .
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8. Intérpolation Formula o v '

&

One can devise an interpolatién formﬁla, based on reéiprocal differences,

in the formof a C.F. Given values, of f(x) for points Xy X1y Xps eee Xy
where f(?ci) %f(xj) .

Define the reciprocal difference of points x,, X as follows:

o x) = _To T 7L

£(xo) - £(x)

of poin‘gs ‘xo'ic]'_ 4x2' ast

Xo = X2

+ f(xl) ’
P1(xg %) - py(xg x2)

polx, xy :x2) =
. of points Xo X ;12-1 x3;'f‘ias:_

p3(x° ;.cl e x3) - S Xy - X3 + pl(xl x,)

Pox, %) X5) - Polxy x5 X3)

of ‘points io Xp oo X, 882

¥

pn (xo 0o o0 xn) :: - : .o . n' - N + pn_t.z(xl ceo xn_l) ° ;7 -
pn—l(xo e xn—l)" K »pn-l(-‘xl e xh) .

€

- In place of 'x, put x., and solve for . f(x) ', pl(x xy) ,. ete.
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£(x) = '_f_:__"l__ + f(xl)
pl(x xl)
| Coplxx) =TT %2 + p(xy x5)
| L Ry xp) - f0g)

Pyl x) x5 X3) - P13y %))

pn-l(x oo xn.l) - . - xn

. - P (x eee xy) - by p(xg ver ‘xr_x-l') '

+ pn"l(xl .000' xn) .
. »Nc;w,solving for f(x) and substituting the proper‘dehominator's in each case

one gets:

f(x) = f(x )4-" - X
P1(xy X5) + x = x5

pz(xl X, x3) - f(x1)+ X - x3

Pa(‘l 2% X, - Pl(ﬁ AT

' 'i‘his is_lﬁuovm as Thiele's Intérpolation ‘f;oz/'mlula.. .
It is a property of G.F. that if the numerator of any partial quotient
vanishes, then tkii,s one and ball. of the foilowing_ partidl quc-)ti‘é‘nts""dd not
a.ffect.A the value of the C.F. Thus' when any one of the Tumerators belcomes small

~ enough to neglect, those following can also be neglected.
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9. Differential Equations.

Given a differential equation of the form,

91 ¥ = Oy + py

where Q, and p; are continuous and differentiable fuﬁctions of x.

Successively differentiate;

1 ' 1 " rt n . 11
Y = Q¥ 4 Q7 + Y + Py
yl _ Q + pi Y" + Py yl t.l , 'wherel QO + P - Q]_
] ] LA : '
1 —‘QO' -1 "' QQ l - QO
and L = P
. ) t. . ’ v'." o .‘||". . . . .
9.2 Y. = QY 4+ ¥ , and similarly;
. W T 4y
3.3 y =.-Q2 y 4+ p3 Yiv
9.4 Y"' = Q3 yiv‘+_ P, Yy, etc.
From 9.1 solve for Y _ o= Q4 'pl/ Gy s
A - ) -
From 9.2 'solve for L Zl_;x:' Q + P%/@Y"/ Y"f)
T L ; A
From 2;2..56146 for N ";Z:;. = le{' P%/(}'.f / yiv ) 3 etc.

Y

©
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In formula .;¥_ 'put in the pfoper deﬁomihators for the Py termé;“

y .A
~then . - _
L= G+t 2L
y Ql"" P2
Q3+~.‘.."‘
Now consider
Z.'_ = L1
v %+ r
G+
Q2 +Pp3
QL.

If the C.F. terminates, it represents thé logarithmic derivative of
a solution of. the equation, and if it does rot terminate then the problem of
convergence arises. This was taken up earlier (Section 7), and those theorems

may be applied here.

-

Examgle; Yy = §'y'4_ 1 y" s where m ié an integer; this wili givé a
4 . m m ' - S

terminating C.F.

Let one take m = 4

| R
22 ¥ = xv 1y
AL

Differentiating:

) . ' n . t
y = 1lvy Xy 4. 1y
v T + ] + p

«
"
-
t<
Wtk
t4
+
Wl
<
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9.2 ¥ = x¥y"¢ LIV
2 2
9.8 yuu - x yiv+ 1 yV
1 1
929 0 = xy'4 37 .
Now from '
L
2.5 y_ = x4 b3
= A
¥y
1. v g; .
" 3 " 7
y : Y .
g
' " L
yng . 2 yl|l'
=
tey
908 J - X o

" UCRL-2156

o Av ' S
Note that ZV‘ ~ is:not defined by this process. Then

y

43
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Y = x4
1 b,+§ v
v X4 1
3 3
X 1
.§+'§.
x
and
Y" - 1
y X 4 1
T ti
X4 1
33
S SR |
- 2 2
X
and reducing this
' | o
_I_:Q__F__ '
_ X+ 2
- EFI
' X

If the C.F. is solved for Az one gets
: B
3

h.x3+ 12x .

e el r 3

A
By

»

Thus y = xh'+ 6x?+ 3.

As a check substitute this in the differentisl squations

Feelr 3 s x Wl 120 4 1 AaCH 12)

| Ax‘*-r- 1252 + 12x-2+ 12 = Ax" + 2la® + 12.
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