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Jordan Carlsotf, Beth Reid, and Martin Whité?2

1 Department of Physics, University of California, Berkeley, CA 94720, USA
2 Lawrence Berkeley National Laboratory, 1 Cyclotron Road, Berkeley, CA 94720, USA

20 November 2012

ABSTRACT

We present a new formulation of Lagrangian perturbationth&hich allows accurate pre-
dictions of the real- and redshift-space correlation fioms of the mass field and dark matter
halos. Our formulation involves a non-perturbative reswatiom of Lagrangian perturbation
theory and indeed can be viewed as a partial resummationedfotimalism of Matsubara
(20084a,b) in which we keep exponentiated all of the termslvkénd to a constant at large
separation. One of the key features of our method is that weally recover the Zel'dovich
approximation as the lowest order of our expansion for théanaorrelation function. We
compare our results against a suite of N-body simulatiodsodmtain good agreement for the
correlation functions in real-space and for the monopotestation function in redshift space.
The agreement becomes worse for higher multipole momerteotdshift-space, halo cor-
relation function. Our formalism naturally includes nanelar bias and explains the strong
bias-dependence of the multipole moments of the redspifte correlation function seen in
N-body simulations.

Keywords: gravitation; galaxies: haloes; galaxies: statisticspoalsgical parameters; large-
scale structure of Universe

1 INTRODUCTION ing and redshift space distortions in a unified frameworketdas

. 3 on Lagrangian perturbation theory and that substantiadiyroves
The observed large-scale structure (LSS) of the universepk; upon standard perturbation theory for the description dahbo

lar of modern observational cosmology, providing a windatoi matter and dark matter halo clustering in the quasilinegimre

thetprgn?rdlal fluctualtllons, (lelxpgnsu:n thlstcf)r:/t,] ar:g grovett:/e_ of (Padmanabhan & White 2009; Noh, White & Padmanabhan| 2009;
pertlrj]r ?lons,t as we 'SIS a O\I/vmgTEs? ° ?t eorylE(t)U ya Reid & White[ 2011} Sato & Matsubara 2011; Rampf 2012). In this
on the fargest accessible scales. the two-point correlatiac- paper propose a new resummation scheme which extends tke wor
tion (or its Fourier transform) is a useful and relativelynple T . .

- £ th logical inf i f interestuH of Matsubaral(2008g,b) and results in a more accurate esipres
comp;ﬁss!otrw 0 tet' cosrfnﬁgglc? t!ntprma 'ﬁn 0 |n§re . for the two-point correlation function in both real- and shdt-
ever, the interpretation o stauistics 1s hampere lay - space for both matter and dark matter halos.
mary uncertainties: LSS tracers (e.g., galaxies,aLferest, 21

cm) arebiased relative to the underlying matter density field

and are observed in redshift space. On very large scales thes There are several advantages to adopting a Lagrangian de-
two effects are simple linear transformations of the urydegl scription of the LSS. The well-known Zel'dovich approxirioet
matter density field| (Kaiser 1987; Efstathiou etlal. 1988hjlev (Zel'dovich|1970) provides a one time-step, reasonablyute

on Mpc scales, the dynamics are highly non-linear, and Ntbod approximation to the non-linear density field by displacinar

simulations seem to be required for quantitative accurbloy- grangian particles by the linear theory displacement fiédd &
ever, on intermediate or quasi-linear scales there is hbpe t recent examination, see Tassev & Zaldarriaga 2012a,b)stndi
observable quantities for biased tracers may be accuratebty tive feature of the present work is that we recover the Zglto
eled semi-analytically by extending perturbation theosydnd result exactly as a limit of our expression for the correlati

linear order (see, Taruya, Nishimichi & Saito 2010; Reid &i¥&h function of matter (which is not the case in a similar study by
2011; |Okamura, Taruya, & Matsubara 2011; Elia eétal. 2011; IMcCullagh & Szalay 2012). The clustering of dark matter balo
Crocce, Scoccimarro, & Bernardeau 2012; Vlah &t al. 2012 go is of greater interest for the interpretation of galaxy tefisur-
cent work in this direction). Matsubara (2008a,b) intraetll@a new veys, since modern galaxy formation models assume thatigala
perturbative scheme (which we shall refer to as Lagrangian R form and reside in the gravitational potential wells of dankt-
summation Theory; LRT) which addresses both non-lineas-bia ter halos. Again, the LRT approach is advantageous sincea lo
Lagrangian biasing scheme provides a better descriptidimeoti-
asing of dark matter halos in N-body simulations compareith wi
* Email: jwgcarlson@berkeley.edu local Eulerian bias| (Roth & Porciani 2011; Baldauf etial. 201
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Chan, Scoccimarro, & Sheth 2012) and can be extended tadieclu  the Fourier transform convention

a continuous galaxy formation history (Wang & Szélay 2012). 3
. . . . . d k = ik-x
The outline of the paper is as follows. We begin with a brief F(x) = 2 F(k)e*™. (3)
review of Lagrangian perturbation theory in Secfidn 2. Int®s([3, ) _ o
we present our results within the context of the Zel'dovipprax- Angle brackets around a cosmological field, kg, signify an en-

imation, in which many of the main physical effects are pnese  Semble average of that quantity over all possible reatinatof our
but the algebra is simplified. In Sectibh 4, we extend ourltesu  universe; in most cases of interest, ergodicity allows uspace
to the next higher order in perturbation theory, with mosttaf these ensemble averages with spatial averages over aeniffici
details and formulae being relegated to Appendices. IniGe& large cosmic volume.
we present a detailed comparison of our analytic theory hitgh-
precision N-body simulations. We conclude in Secfibn 6. ) )

For plots and numerical comparisons we assumeCdM 2.2 Lagrangian perturbation theory

cosmology withQy = 0.274,Q, = 0726,h = 0.7,n = 095, |y the Lagrangian approach to cosmological fluid dynamics o
andog = 08. Our simulation data are derived from a suite  traces the trajectory of an individual fluid element throwglace

of 20 N-body simulations run with the TreePM code described ang time. For a fluid element located at positipat some initial

in White (2002). Each simulation employed 1806qual mass  (imet,, its position at subsequent times can be written in terms of
(mp = 7.6 x 10'°h™*M,) particles in a periodic cube of side length e Lagrangian displacement fielt)

1.5h'Gpc as described in (Reid & White 2011; White et al. 2011).

x(a.t) = q+¥(a.1), 4
where¥(q, t) = 0. Every element of the fluid is uniquely labeled
2 BACKGROUND AND REVIEW by its Lagrangian coordinatg, so that for a fixed we may view
the mappingy < x as a simple change of variable.
In this section we provide a brief review of cosmologicaltper The displacement fiel#(q,t) fully specifies the motion of
bation theory, focusing on the Lagrangian formuldfigBuchert the cosmological fluid. The aim of Lagrangian Perturbatibedry

1989; MOL_Jtarde et al. 1991; Hivon et gl. 1095; Ta_lylor & Haonit (LPT) is to find a perturbative solution for the displacemfésit],
1996). This material should be sufficient to remind the reade

some essential terminology, and to establish our notatimmaen- ¥(q,1) = ¥D(q, 1) + ¥P(q, ) + ¥O(q t) + - -- . (5)
tions. Our discussion is largely drawn from Matsubara (2008to

which we refer the reader for further details. The first order solution is the well-known Zel'dovich appito®-

tion (Zel'dovich! 1970). Explicit solutions are known up toufrth
order (Rampf & Buchelt 2012).

2.1 Basic definitions The continuity equation

3 3
Cosmological perturbation theory concerns itself withdicgng [1+60x.Dld"x = [1 + do(@ldq ©
the clustering properties of cosmological fluids. In theteghof expresses the fact that, for a smoothly evolving fluid, amels
large-scale structure, (i.e., at late times when baryors - d®q centered at) at timet, is transformed into an elemedtx cen-
tons have completely decoupled), the only relevant fluilésrhat- tered atx(q, t) at timet. The initial timet, may be taken to be early
ter fluid, which, on all but the very smallest scales, intesamnly enough that the initial matter fluctuatiofigq) are arbitrarily small,
through self-gravitational coupling. so that we may formally express the Eulerian density fieléims

The matter fluid is idealized as a single-streaming, pressur of the Lagrangian displacement field as
less dust, characterized at any titrigy its mass density(x, t) and
peculiar velocity fieldv(x, t). Following common convention, we 1+6(xt) = fd3q op[x—q-"P(q,1)]. (7
let x denote position in comoving coordinates, antnote proper
time for a comoving observer. The mean vap{® = (o(x,t)) of
the mass density decreases as the universe expangs dika™>, 2.3 Biased tracers
wherea(t) is the cosmic scale factor. (Here and hereafter, we drop
the explicit time dependence in equations where all quiestire Although small, the initial density fluctuation®(q) provide the
to be evaluated at the same time.) Deviations from homotenei Seeds for subsequent structure formation. In this papeesteict
are expressed in terms of the density contséstt), defined by the ~ ourselves to a local Lagrangian bias model, which positsttie

relationp(x) = p[1 + 6(X)]. locations of discrete tracers at some late tinaee determined by
The most important statistical quantities that can be farme the overdensities in the initial matter density field. MOXP'Elt'y,
from these fields are the 2-point correlation function, let 6r(g) denote the matter density contrast at the initial tigie
smoothed on some scdRe (In the end the value of this smoothing
E(r) = (5(X)8(x + 1)), () scale will turn out to be irrelevant, but its use helps enshet

intermediate quantities are well-behaved.) Consider lectibn of
discrete tracer¥, where X might denote galaxies of a particular
G(K)S6(K)) = (27)%6p(k + K')P(K). ) type, or halos of a particular mass range, etc. The locathef

) ) ] ] these tracers at timemay be identified with particular poin{sj}
Heresp denotes the 3-dimensional Dirac delta function, and we use in the initial density field by inverting Eqiid 4. Our hypotieds

and its Fourier transform, the power spectrB(k), defined by

that these initial locationgg;} are drawn from a distribution that is

a locally biased function of the smoothed matter density fiet.
1 See| Bernardeau etlal. (2002) for a comprehensive (thouglewbat

dated) review of Eulerian perturbation theory. ox(a) = pxF[or(A)]. (8)

(© 0000 RAS, MNRASDOO,[TH12



CLPT 3

Here px is the mean comoving number density of our traer expressing the conservation of number density for the tradee-
and the functior=(6) is called the Lagrangian bias function. The tween timed, andt. Invoking the hypothesis of local Lagrangian
perturbations inpx(q) are O(6r(q)) and therefore also arbitrarily  biasing, the quantity on the right-hand side is

small. When this biasing relation is viewed in Eulerian choates,

it is non-local: px(x) is depends on the matter density at points 1+ 0x(.to) = FIow(a)], (14)
other tharx (e.g.) Catelan et &l. 1998; Matsubara 2011). The corre- SO that

sponding non-local Eulerian bias terms can be most easly se ax|t

their contribution to the bispectrum of halds (Baldauf é24112; 1+ox(xt) = a9 Flor(q)] (15)
Chan, Scoccimarro, & Sheth 2012). Matsubara (2011) extdrels

formalism from| Matsubara (2008a,b) that we have adopted her = fd3q F[or(q)]dp [X — q—¥(q,1)] . (16)

to include non-local Lagrangian bias as well, e.g., the pdals

model (Bardeen et Hl. 1986), but we do not explore those exten In the following, we will suppress the explicit dependenceto
sions here. when there is no risk of ambiguity. We now replace the deltefu

tion with its Fourier representation, and also introduce Eburier
transformrF (1) of F(),

2.4 Redshift space Pk

| | — - 1460 = [ daFlo@] [ s @@ )
While analyzing the clustering of biased tracers is diffiemough, (2r
for modern surveys we must also deal with the complication of fd3 d®k d_/l E (1) gHon@+ix-a-¥(all
redshift space distortions. The position of an object, iedat true (z,r)3
comoving positionx, will be mis-identified due to its peculiar ve- (18)

locity along the line-of-sight, as The 2-point correlation functiog(r) = (x(X1)dx(X2)) for

the biased traceX is then given by

=X+—0 z 9)
In thi “ " or “di 1+&(r) = f d’qy d’ap P Pl iy 00-apgha r-ao
n this work we adopt the standard “plane-parallel” or “distt (27)3 (27)3
observer” approximation, in which the line-of-sight ditiea to da; di, _ o
each object is taken to be the fixed directibkiVhile this may seem f—— F(1)F(12) <e'[/1151“262 vl 2]X19)

a poor assumption for modern wide-area surveys, it has tesms
to be sufficient within the level of current error bars (eFigure 10
of|[Samushia, Percival, & Raccanelli 2012).

In the Lagrangian approach, including redshift-spaceodist
tions requires only a simple additive offset of the disptaeat

field. The peculiar velocity of a fluid element, labeled by lits- 3 kgn [dl1dp =
grangian coordinate, is at any time given by L+éx(r) = fd qf (277)3é fEE F1F2 K(g, k, 1, 22),

whered, = 6r(d), Ya = ¥(d,), andr = X, — X;. By statisti-

cal homogeneity, the expectation value above depends ortlyeo
difference in Lagrangian coordinates~= q, — g;. The change of
variablesid,., g} — {0, Q = (0, + ¢)/2} then leads to

. . (20)
V() = ax(q) = a¥(q). (10) where we have defined
So in redshift space, the apparent displacement of the fleident K(q, k, A1, 1) = <é(4161+/lza‘z+k«A)>’ (1)
is
andA = ¥, — ;. This expression is the exact configuration space
ws oy, z ‘I'Z (11) analog of Eq. (9) in Matsut_)ara (2008b).
H The cumulant expansion theorem allows us to expand the ex-

To a good approximation the time dependence oftherder term pectation value in Eq{(21) in terms of cumulants,

in Eq. () is given byP™ o D". Therefore¥” = nH ¥, where , ©
f = dlogD/dloga is the growth rate, often approximated fis- (&) = exp[ m(XN%}, (22)
Q06. The mapping to redshift space may then be achieved, order- N=1 T
by-order, via the matrix where(XV). denotes theNth cumulant of the random variab.
N . The field 6r(qQ) is a smoothed version of the linear density field
R} =6 + nf2z;, (12) 5.(q), and is therefore Gaussian. Within the Zel'dovich appree
asps = RO tion, the displacement field
d® k qlKz
¥(g) = (2”)3 oK. (23)
3 ZEL'DOVICH APPROXIMATION is linear ing., hence also Gaussian. Thus, in the applying the cu-
) ) o ~mulant expansion theorem to Ef.{21), only the second curhula
In this section we present a derivation of our new result in survives,
the simplified setting of the Zel'dovich approximation (sa&so
Bond & Couchman 1988). This allows us to sketch the main idea {(1161 + 207 + k- A)2>c = (B + B)ok+ Aijkik;
of our approach while avoiding many of the complicationseirgmt + 20Aér+2(A + 1)Uk,  (24)
in perturbative calculations. Several key points regaydive form )
of the solution are made along the way. where we have defined
Our starting point is the continuity equation TE = (0% = (05)e,  Er(Q) = (0102)c, (25)
[1+ 6x(x, )] d®X = [1+ 6x(q, to)] & (13) Aij(a) = (Aidj)e, Ui(Q) = (614i)c = (624i)c.  (26)

(© 0000 RAS, MNRASD0O,[TH12



4 Carlsonetal.

Eqg. [21) then evaluates to

1 1
K= exp[—é(/li + A)og - EAq,-lqkj — Ndabr— (A1 + 2)Uiki |

(27)
The quantityo? is simply the variance of the smoothed lin-
ear density field, whil&r(q) = (5r(0;)0r(0)) is the corresponding
smoothed linear correlation function. The matAx may be de-
composed as

Ai(Q) = 2[od - n.(@)] 8 + 2 [1.(a) - m(@)] G4,

whereo? = (|¥[?) is the 1-D dispersion of the displacement field,

(28)

andn, andm are the transverse and longitudinal components of the

Lagrangian 2-point functiony;;(q) = (\¥i(d,)¥;(q,)). The vector
Ui(q) = U(q) § is the cross-correlation between the linear density
field and the Lagrangian displacement field. In the Zel'doap-
proximation these quantities are given by

o2 = 6—71T2 fo "~ dk PL(K). (29)

0@ =55 [ kPl BED, (30)
0@ = 57z [ P [inha) - 2“&5"], 3
U@ =50 [ KPR itk @)

Up to factors of 2 andf, these expressions are identical to the
Eulerian velocity correlators in linear theory (e.g. Fisd995;
Reid & White 2011), which is not surprising sinee = f¥ in the
Zel'dovich approximation.

3.1 Exact results for matter

At this point we pause to consider the unbiased case, Wh@)e=
1 or F(1) = 2n6p(4). In this limit Eq. [20) reduces to

3 .
1+629(1) = [ o f —(d L

e 3(r-TAT (- a9,

(33)

- [ e 39
after carrying out the Gaussian integral okesinalytically. This is
an exact expression for the real-space matter correlatioctibn
within the Zel'dovich approximation. It has the apparentiof a
Gaussian convolution kernel, except for the fact that theima;
is a function ofg. Indeed, we see that?? arises entirely from the
scale-dependence of this Lagrangian correlator.

The smoothing of the acoustic feature is often modeled as a

convolution of the linear correlation function by a Gausdiarnel,
with the smoothing scale estimated at lowest ordercbfy. e can
massage our expression into a similar form by noting fatan
be written as the sum

Aij(q) = (35)

whereB;; = 20-56”- is scale-independent. Then, by the same rea-
soning as is used to show that the convolution of two Gaussgan
a Gaussian, we can write

1+ = f (2ﬂ)3/2|B|1/2 e 2B 4y (q)],  (36)

where we have defined

d®p _lg-nTC-1(g-
1+X(q):fme 3(a-PTCH(a-p)

Bij +Cij(q),

@7

Eqg. (38) is a proper Gaussian convolution, since the matiixin-
dependent of). The quantityy(q) may therefore be viewed as an
analog of the linear correlation function. Indeed, the tw® quite
similar. These observations provide analytic justificatto con-
ventional wisdom, first pointed out in Bharadwaj (1996) t than-
linear structure growth causes a Gaussian smearing of tiséec|
ing signal. In our approach, this result is obtained at legdirder,
within the Zel'dovich approximation.

3.2 Perturbative expansion for biased tracers

Returning to the case of biased tracers, consider agairf2@y.la
the unbiased case theintegration in Eq.[(20) took the form of a
Gaussian integral, which we carried out analytically. le biased
case, we can achieve the same thing if we first partially ex@amn

2) as

— e*%UlJr lz)rTRe sszAk [1 D doér — (/ll + /12)U k|
1
+ —/lf/lgfé + —(/11 + 12)?UiU jkik;

+ Az + )éUik + O(PY)]. (38)
We may justify this choice of expansion by noting that béttq)
and U;(g) vanish in the large-scale limj| — oo, while o3 and
Ajj(g) approach non-zero values. In the language of perturbation
theory, keeping these terms exponentiated therefore atman
non-perturbative resummation of the dominant large-scaferi-
butions.

Tassev & Zaldarriaga (2012a,b) have recently emphasized th
importance of not splitting the effects of bulk flows acrosdens
in perturbation theory. The resummation described abosgethia
property, which is not shared by the resummations used in @RT
RPT (Crocce & Scoccimarro 2006).

To get from Eq.[(3B) to an expression #y(r), we must in-
tegrateK over Ay, A, k, andg. TheA; and A, integrations may be
evaluated via the identity (Matsubara 2008b)

fd—’l F(1) (i2)" e 2%

n
e %/20k d"F

_d = = (F),

\/ZO'R
(39)

where(F™) is the expectation value of thath derivative of the
Lagrangian bias functioR(s) (see AppendikA for details). Appli-
cation of this identity leads to

da; da
L@k = Elgz FF(12)K(g, k. 41, 22) (40)
= @ NN 14 (F) g+ 21 (P Uik + 5 <F”> &
- (<F">+<F'>2)uiumk]+2i<F'><F">§Ruim
+  O(FY)]. (41)

The k integration reduces to a series of multi-variate Gaussian i
tegrals of the form

e BAKK ghlan i “2)

(@n°

(© 0000 RAS, MNRASDOO,[TH12



AppendiXC reviews the relevant formulae. In the end we obtai

M(r.q) = i e @ L(q, k) (43)
o (2n)® '
1 Lo T AL "2
= Gy & 1 P
1
= 2F)Uig + 5 (F) & - (F") + (F))UIU;G;
- 2(F)(F&UiG + O(PY)], (44)
where
g=Ag-r). Gj=(AY)j-gg;. (45)
Our final expression for the correlation function is
1461 = [ PaM(r.a). (46)

The remaining integration overmust be performed numerically.
Note well that, although our calculation is very similar bat
of|[Matsubaral (2008b), our result fgg(r) is not simply the Fourier
transform of his Eq. (34) foPg,(k) The difference lies in our
choice of expansion in Eq._{B8). As discussed previoustynthtrix
Ajj(g) is the sum of a constant ternar?ﬁij and a scale-dependent
remainderCij(q). InMatsubaral (2008b) only the constant piece is
exponentiated while the rest is expanded, i.e.
KMat — ef%(/l%r/l%)n'%eﬂrskz

1- %kTCk_/ll/lsz— (A1 + 2)Uik + ]

(47)
Our approach may be seen as a partial resummation of the oésul
Matsubaral(2008b), and as such we expect it to be more aecurat
on small scales.

Before we leave this section it is worth noting the manner in
which the bias terms enter in E@._{41). In particular notetéren
which goes asF’) (F”) at the end of the8 line and the(F”)?
term at the end of the"2 line. For highly biased halos, assuming
the peak-background split to compute the bi{&s,) o (F’)? o b?,
so these terms can come in with (apparently) large powets of
beyond thev? terms which one would naturally expect in a 2-point
function (see also Reid & White 2011). In our calculatiomgsihe
Zel'dovich approximation and local Lagrangian bias we $esé
important contributions arise fronf2order bias.

3.3 Redshift space

Thus far we have concentrated on real space results, however
transition to redshift space is easily achieved. Recal tta dis-
placement field in redshift space is given'§ = ¥ + H-1(2- ¥)2

In the Zel'dovich approximatio®¥ o D(t), SO

PN = (5 + F22) W (48)

Our previous derivation remains valid, we need only makestie
stitutions

Ui e Uis = (5;] + fZij)Uj,

A — A5 = (0 + T22)(65 + T22)Au.
This slightly complicates the evaluation of thentegration in Eq.
(49), in that we can no longer use azimuthal symmetry to redgtuc
to a 2-D integral. Nevertheless, the full 3-D integral ifl $#iasible

numerically, and the redshift space correlation functip(s) may
be easily calculated.

(49)
(50)

(© 0000 RAS, MNRASDOO,[TH12
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3.4 Linear theory limit

Standard Eulerian perturbation theory describes an eiqrafer
the power spectrum of the form,

PK) = POK) + PAK) + - (51)

whereP™ is O(P!). Unfortunately this expansion does not translate
into a well-defined perturbative expansion #fr), as the Fourier
transform ofP™ diverges fom > 1. Nevertheless, the linear the-
ory correlation function is well-defined, and our approabbusd
reproduce this limit wherP_ is small. We now show that this is
indeed the case.

In the Zel'dovich approximation, the correlatakg andU; are
given by linear integrals d®,,

3 _ _kk
A = [ o [2- ¢ TR,

P ik 52)
Ui(q) = PE gka FPL(k)'

The quantityM(r, g) defined in Eq.[{44) is therefore ill-defined in
the limit P_ — 0. To make our discussion precise, we replace the
matrix A;j in this expression by

Bij(a) = B%6i; + €A (0, (53)
whereg is a regularizing parameter that will eventually be set to

zero, anck is a book-keeping parameter to help keep track of pow-
ers of P.. Thus we write

d®q
(2r)3/2|BJY2

3-0B -0 14

1+éx() = };ﬂg e
2e(FYUTBM(r— q) + e(FY &+ O()|  (54)
= 1+e£D(r) + 69 + - (55)
The linear contribution is then given B = 3éx/del,_,.
Using the identities
9 detd = (detB) Tr [8-1@], (56)
O€ Oe
0Bt _188 -1
-— =-B5-B™ (57)
we have
98 _ _ %9 e-areeo
e (21)%2|BJL/2
X [%(r -o)"BABH(r-q) - %Tr(B’lA)
+ 2(FHUTBH(r - o) + (FY? &+ O(e) | (58)
20 S A CYeY T
- (2n)123° € 2:B (r-a)'A(r-9
- TALESA - FF | (69
Integrating by parts, and noting that
. 1 2052
= (o287 _ -
};Lrg) PR e = dp(r - 0, (60)
we obtain
1 %A AU
(1) _ __J _ At} N2
§0) = 555 - 2F) ZHO+FFAM. 6
We see immediately from Eq.(52) that
A Y,
= ., g =- ) 62
saaq @ =240, F@=-a@ (62)
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Therefore the linear theory limit of our result is

E2(n) = [1+ (FYPaun),

in agreement with standard perturbation theory.

(63)

4 HIGHER ORDER

We now repeat the derivation of the previous section, thig tivith
the aim of extending our result to one order beyond the Zeitto
approximation. Many of the technical details are relegatedp-
pendices.

We pick up the track following Eq[{21), prior to which we
make no use of the Zel'dovich approximation. With the helphef
multinomial theorem, the cumulant expansion of Eql (21)hie t
general case can be written

logK = Z
N
= Z minir! 1/12k'
mn,|

The cumulantéé"‘(S”A.1 A.,) are the key ingredients in our the-
ory. In the following we refer t6 them generally as “Lagraagcor-
relators.” As emphasized previously, they are functions| ofly,
so their tensor structure places severe restrictions an filnac-
tional form (see AppendikIB). Moreover, due to the properté
Gaussian random fields, a cumulant of order n + r must be at
least of ordem + n+r — 1 in the linear power spectru_ (e.g.
Bernardeau et &l. 2002). An expansion in cumulant ordeefoes
corresponds to a perturbative expansion in powei?_of

(1161 + o6, + K- A) > (64)

K (TN, ... Air>c. (65)

For convenience, we assign different symbols to these La-

grangian correlators based on their tensor narfkorr = 0, since
Jr is Gaussian, the only non-vanishing cumulants are

<5 e = <6 e = O’éa (0102)c = fR(q) (66)
Forr = 1, 2, and 3 we denote
Uim” = (6T62Ai)c, (67)
AT = (STSHAA Ye, (68)
WITQ = (6T62AiAjAk)c (69)

Explicit expressions for these quantities may be found ipexmlix
Since they arise frequently, and to remain consistert tie
previous section, we also adopt the shorthand
Uilo - Ui, A10JO - Ajj, and\l\lﬂg - Wle (70)
In this notation, we evaluate E{.(65) up to cumulants of orde
three,

logK = —3(/12 + Az)ag - EAjlqk,- - /11/12§R
— (A + Uik - |Jkk|k ke — (/11 + /12)Ai1j0ki ki
- E(ﬂi + A%)UF% 21420 + O(P). (71)

We recoverK by exponentiating. Of the eight terms in the above
expression, only the first two have non-zero limitggis~> oo, and
include O(P.) contributions. As in the Zel'dovich case, we leave

these two terms exponentiated while expanding the rest, thu
K = ek 3aky [1 — Do — (A + A) Uik + % A5k
+ —(/11 + 222U U kK + A142(A1 + A2)érUik

- 5 Wijkikikic — —(/11 + /12)A110k|k - —(/12 + 25)U%%;
— iUk + O(Pf)]. (72)

As in Sectior 3.2, we must now integrate with respect o
A2, k, andg. The analog of Eq[{41) for the one-loop case is
PRALL

L = 1+<F’)2§R+2i<F’)Uik,»+%<F”)Z§§

— (P + (FY)UU kg + 21 (F') (F) Uik
— EWikkike— (F) Al +1 (F) UK

+ i(F)? Uk +O(P? )] (73)

Analogous to Eql{44), thk integration gives (see Appendi¥ C)

M = 1 e-aTalg

@A L+ Y4

1
2(F)Uigi + 5 (F")* & = [(F") + (F)UIU G

1
2(F")(F")&rUig + E\Nijkrijk - <F/>A1'ljoeij

- (F"HUg - (F)*Ulg + O(PY)|. (74)
whereg; andG;; are defined in Eq[{45), and
Tk = (A ik + (A g + (A )di - 99ig.  (75)

Our final expression for the real-space correlation fumcfig(r) is
given once again by Ed._(#6), witi(r, g) given by Eq.[(7#) up to
O(P?). The redshift-space correlation functigf(s) is obtained by
replacing the real-space Lagrangian correlators by theeishift-
space counterparts.

5 RESULTS

Having presented the formalism and rationale behind ounnesa-
tion, we now compare the results of our “convolution Lagiang
Perturbation Theory” (CLPT) to linear theory and to the iearl
work of |[Matsubaral (2008a,b). This is the most natural compar
son, since our work is largely an extension of LRT and a partia
resummation of that formalism.

Fig. @ shows the (monopole) matter correlation function
in real- and redshift-space. The solid line shows lineaothe
while the dashed and dotted lines show our CLPT and Matsub-
ara’s LRT respectively. In redshift-space we have used the f
malism of| Kaiser|(1987) as our “linear theory”. The pointg ar
from the N-body simulations described|in Reid & White (2011)
White et al.|(2011). Throughout this paper we compare ekalys
with z = 0.55 simulation outputs. Note that linear theory provides
a poor approximation near the peak of the correlation fonctat
100h~*Mpc) in both real- and redshift-space, as is well known and
we have discussed previously. On large scales LRT and CL®T ar
nearly indistinguishable, as expected. However on smatiates

(© 0000 RAS, MNRASDOO,[TH12
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Figure 1. (Top) The real-space, matter correlation functiéfn), from lin-
ear theory (solid), LRT (dotted) and CLPT (dashed) compé#oeld-body
simulations (squares) at= 0.55. In order to plot the results with a lin-
eary-axis we have multiplied by r2, which removes much of the trend
fromr ~ 0 - 100Mpc. LRT and CLPT agree very well on large scales
(the lines can barely be distinguished) and agree well with N-body
results. LRT overshoots the N-body results below: 20h~Mpc while
CLPT tracks the N-body results to much smaller scales. litresory over-
shoots ar =~ 20h™!Mpc and atr ~ 100h~'Mpc. (Bottom) The redshift-
space, monopole, matter correlation functigg(s), from linear theory
(solid), LRT (dotted) and CLPT (dashed) compared to N-bamhutations
(squares). The qualitative behavior is as&(n).

the resummation inherent in our approach allows CLPT toktrac
the N-body results to smaller scales than LRT.

CLPT 7
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Figure 2. The redshift-space, quadrupole and hexadecapole, matter c
lation functions,&>(s) and &s(s), from linear theory (solid), LRT (dotted)
and CLPT (dashed) compared to N-body simulations (squates} 0.55.
For the quadrupole LRT and CLPT agree very well on large sc@ad
agree well with the N-body results) but LRT departs from théddly re-
sults at much larger scales. For the hexadecapole the desagnt between
N-body, CLPT, LRT and linear theory breaks down at largetescthan for
the quadrupole.

asing parameters. In Fidd. 3 did 5 we allowed the “renorediliz
bias parameter&') and(F”) to be adjusted independently, while
in Fig.[4, we related the two using the peak-background,sditn
Matsubaral (2008b,c).

Finally we compare the monopole and quadrupole moments
of the redshift space correlation function of halos to thedjmtions

The comparison with the quadrupole and hexadecapole mo- of CLPT in Fig.[3. The prediction of the monopole moment is in

ments of the redshift-space correlation function is vemyilsir
(Fig.[2). Both LRT and CLPT provide a better fit than lineardhe

to the quadrupole and hexadecapole moments at large dvaied,
theories depart from the N-body results at larger scalesftirahe
monopole. The level of agreement is worse for the hexadéeapo
but that moment is also quite small.

relatively good agreement with the N-body measurementsigh
the level of agreement at 20h~*Mpc is clearly not as good as
it was with the matter. The prediction for the quadrupole ich
worse than it was for the matter.

On large scales the prediction for the quadrupole is dorathat
by the same terms as the matter and the term scaliig’asThe

Fig.[3 compares the theories for biased tracers, in this case CLPT prediction does not have as much power on small scales

for halos in the range 12 < IgMy < 131 atz ~ 0.55 though
other results are qualitatively similar (see Hif. 4). Thaation is
similar to that for the matter: linear theory provides a papprox-
imation at large scales, missing the smearing of the acopstk
due to the motion of material. LRT tends to overshoot the Nybo
results at small scales, while CLPT provides a good matchndow
to O(10hMpc). Note that we considered two distinct sets of bi-

(© 0000 RAS, MNRASDOO,[TH12

as the N-body results, which have more small-scale power com
pared to the large-scale power than was the case for thermatte
The shortfall in power is shared by the terms which survivemvh
(F’y = 0 and by the terms which scale &’). The failure of

our model to match the quadrupole moment on small and inter-
mediate scales may be due to our assumption of local Lagmangi
bias. While this approximation has received some supporh fr
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Figure 3. The real-space, correlation function for halos with8L2 IgMy, <

131 computed in linear theory (solid), LRT (dotted) and CLPaglded)
compared to N-body simulations (squares} at 0.55. In this plot we al-
lowed (F’) and(F”") to vary independently to obtain the best agreement
with the N-body results.

100 = 13.1<1gM<13.4 ]
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Figure 4. The real-space, correlation function for halos in threeszss
computed in linear theory (solid), LRT (dotted) and CLPTfaed) com-
pared to N-body simulations (squaresygat 0.55 for three different mass
ranges each a factor of two in width: from bottom to top212 IgMy, <
125, 128 < IgMj, < 131 and 131 < IgMp < 134 with masses it 1M,

In this plot we enforced the peak-background split relatiordetermine
(F””y in terms of the best fitF’), i.e. the theory has only one free parame-
ter.

N-body simulations| (Roth & Porciani 2011; Baldauf etlal. 201
Chan, Scoccimarro, & Sheth 2012; Wang & Szalay 2012) we also
expect that terms involving e.g. the tidal tensor, can beconpor-

tant for high mass halos (Sheth, Chan & Scoccinmarro|2012)h Su
terms are naturally quadrupolar in nature and may affecptbe
dictions.

6 DISCUSSION AND CONCLUSIONS

We have presented a new formulation of Lagrangian perturba-
tion theory which allows accurate predictions of the lowkipole,

real- and redshift-space correlation functions of the nfiaés and
dark matter halos. Our formulation, which we refer to as Y@sn
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Figure 5. The redshift-space, monopole and quadrupole, correldtioc-
tions for halos computed in linear theory (solid), LRT (eoft and CLPT
(dashed) compared to N-body simulations (squares)ad.55.

lution Lagrangian perturbation theory” or CLPT involves @nn
perturbative resummation and indeed can be viewed as alparti
resummation of the formalism of Matsubara (2008a,b) upoithvh
we have relied heavily.

A key difference between CLPT and LRT or RPT is that
we naturally recover the Zeldovich approximation as the-lo
est order of our expansion for the matter correlation famcti
Tassev & Zaldarriaga (2012a) have recently emphasizedrpert
tance of not splitting the effects of bulk flows across ordenser-
turbation theory, and we find that CLPT (which does not maké su
a split) does indeed provide better agreement with N-bodylte
at small scales than LRT (which does).

CLPT works best for the real-space clustering of the matter
and halos and for the monopole of the redshift-space coioela
functions. While the N-body results for the quadrupole aes-h
adecapole moments of the redshift-space correlation iumébr
the matter is relatively well reproduced by CLPT, those miotse
for the halo correlation function differ significantly frothe CLPT
prediction. We suspect that this difference is due to a étioh in
our bias prescription, in particular that our assumptioftooél La-
grangian bias for halos is not sufficiently accurate. Furtherk
along these lines is clearly warranted.

One possible extension of this work is to use the real-space
correlation function from CLPT in the Gaussian streamingleio
ansatz of Reid & Whitel (2011) witkiy, and o1, terms calibrated

(© 0000 RAS, MNRASDOO,[TH12



from N-body simulations or computed within the context ofTLP
These terms can be computed in our formalism by generalaiing
function K (Eq.[2]) to include a\ contribution and taking func-
tional derivatives oK. We leave this for future work.

Finally, we note that our work may be relevant for efforts
to model the bispectrum within the Lagrangian frameworky.(e.
Rampf & Wong 2012).
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APPENDIX A: BIAS
As in|Matsubaral (2008b), we note the identity

da -~ 1202 =M
fZ F(e 2"7r(i)" = (FM),

where F(")> is the expectation value of theh derivative of the
Lagrangian bias function, what are referred to as “rendzed!
bias coefficients, in Matsubara 2011. The mapping — L is
therefore achieved by replacing

(A1)

A+ A2) » =2i(F"), (A2)
Aady = = (F')2, (A3)

A5 — (F")?, (A4)

(A1 + A2)” — =2[(F"y + (F'?], (A5)
Ao+ ) - 2 (F') (F”), (A6)
A2+ 23 — =2(F"y. (A7)

APPENDIX B: LAGRANGIAN CORRELATORS

In this appendix we collect the relevant facts and formutaxern-
ing Lagrangian correlators that we need for our one-looprthe
The correlators are defined by

cm

3 (0) = (07634 -+ A ), (B1)
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whered; = 6.(qy), 62 = 6.(dy), andA; = ¥i(q,) — ¥i(qy). The

subscriptea refers to a connected moment; since these fields have relatorsC{;'_?_ir

zero mean, the connected moments coincide with normal &pec
tion values for ordersn+n+r < 3.

B1 Index structure

By translational symmetry, a Lagrangian correlator cary afg-
pend on the Lagrangian separatign= @, — ;. This imposes
strong constraints on its index structure. We classify aetator
by its tensor rank, i.e. by the number of vector indices itiear In
the following we letU;, A, andWj, denote generic correlators of
ranks 1, 2, and 3, respectively.

Rank-1 correlators must be of the form

Ui(a) = U(a) G

for some scalar functiotJ(q), since (trivially) the only vector
quantity that can be formed from the vectgpiis proportional to
g. Rank-2 correlators must involve only rotationally imeari rank-
2 tensors that can be formed from the vedpi.e. 6;; or G§;. Thus
their general form is

Aij(9) = X(a) 6ij + Y(q) 6:6;.

Likewise, rank-3 correlators are of the form

(B2)

(B3)

Wijk(a) = Va(a) Gidjk+Va(a) G +Va(d) Gedij+ T(a) GiG;Gk- (B4)
We remind the reader that we adopt the shorthand
Uilo g Ui,

ojo - Aj, and\l\lﬂﬂ - Wik, (B5)

since these combinations arise frequently.

In general, correlators of even rank are even functiong, of
while those of odd rank are odd. This implies that the cotoela
C™ . is symmetric in the indicem andn, as the following chain

ofllelqualities shows:
Cm,(a) = (6763, - A )

= (60(0)™00(0)" W () — Wiy (a)] - -
<[P, (a) = i, (a)])e

= (=1)" (61.(c) 6L (A) "W, () — Wi ()] -
[ (a) = i ()]

= (-1l (-a)

=G ().

(B6)

We can solve for the coefficients in these expansions by con-

tracting against tensors and solving the resulting simabas
equations, e.g. for the componentsV/dfy:

3Vi+Vo+Vi+ T = Wjk §idjk,
Vi +3Vo+ Vi + T = Wi (Ehéki, (87)
Vi+ Vo +3Vz + T = Wk Gedijs
Vi+ Vo +Vz+ T =W 660k
B2 Perturbative orders
The LPT expansion of the fiell has the form
A=AM+ AP L A®) 4 (B8)

whereA® involvesa factors of the linear density fietel . The cor-
may therefore be expanded as

DI ZC”"““ . (89)
a;=1 ar=
whereC"‘"(all ) - (6’“6”A(a1) -A®)) . Since s, is Gaussian,

many of these terms vanish. Here we display the breakdown for
each of the quantities introduced in Secfidn 4, up to ofIE?):

U=U®+U®+... (B10)
= A+ AP L A 4 ABD) (B11)
o o
U2 =y, ... (B13)
Uit = Uill(2)+ (B14)
Lo A_lj0(12)+ Al_lj0(21)+ . (B15)

B3 Scalar components

Given the index structure described in the previous sulmsect
evaluating the Lagrangian correlators reduces to compuiset
of scalar functions of}. In order to maintain notational consistency
with|Matsubara (2008b) we make use of his definition@aindR.

Ro(K) = 75 PL(k) f dr Py(kn)Ry(r) (B16)

and
k3 00 1
Qn(K) = ﬁj; dr PL(kr)Il dXPL(kKVY)Qn(r,X),  (B17)

wherey(r, X) = 1+ r2 — 2rx and theQ, are given by

201 _ 2)2 2 _
Q= X) g, Aoy
2 y 2 2 y
x*(1-rx) 1-x
QSZTs Qs = v
rx(l-x?) (1-3rx)(1-x)
Q5:Ta Q6:—a
X2(1-rx) r2(1- xg)
Q7:Ta QBZT,
Qo = rx(l—rx) Q=12

Qu =%, le—rx Qs =12

and
- r2(1-x2)?
R = — =
(1) 1+r2-2rx
= o (=Xrx(1-rX)
RO = L e

In the following, equation references prefaced with “M” icate
equations in Matsubara (2008b).

The expression fod; = A.OJ.O is derived in detail below. The
other components we need are

A(a) (B18)

(B19)

(01AiAj)c
= Xuo(9)dij + Yio(q)GiG;

(© 0000 RAS, MNRASDOO,[TH12



with
A0 = 57 [ KIEPLI9Io(ka) (820)
R R C (B21)
via - 5 [ () @it (822)
S0Q) = o [ SR+ aRer a2 BLD (e20)
0
I

(2R, + 4R, + Qu + 2Q2] ok (B24)
U@ = 55 [ dkk (-DPL9T(ka) (825)
U@ = 5 [ ok (—231) Ruja(k) (B26)
VR = 5z [ ok (3] @uiatka) (827)
U@ = 57 [ dkk (-3 R+ Rliatka) (829

X{2(q) = 22 j:q dk 1—14 {Z[Rl — Ro] + 3Ry jo(ka)
~3[3R, + 4R, + 2Q:] “(qO')} (B29)

Y&2(0) = fo dk (-—) [3Ry + 4R + 2Qs]x
itk - 3252 | (830

where the arguments of tH&, and Q, terms arek and have been
omitted for brevity. The remaining equations, f¢9, X2, X13),
YD, y2) y(13) gre presented and derived in the next section,

B4 Example

We provide here an example of how to obtain the formulae of the
previous subsection. We focus éf = (AiAj)., since this is the
most important of the Lagrangian correlators in our theory.

By the definition ofA,

3 . . ~
& =@ - wl@) = [ s (@ - PR, @3
and therefore
A = (dz;gl3 (dZﬂF;ZS (7% — gPran) (P _ grem)
x (T ¥i(p), - (B32)

From Eq. (M.A9), the Fourier space 2-point function here is

(Fi(p)¥i(py), = —(21)*3(py + P)Cij(P)- (B33)

The quantityCij(k) here has contributions at both tree and 1-loop
level,

ci(K) = —% PL(K). (M.A52)
9 kikj
CEK) = ~ g5 QK. (M.AS3)
CI9) = COK) = - o SR K. (M-AS4)
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These terms are all of the for@®; = —(kk;/k*)a(k) for scalara(k),
as is guaranteed by rotational symmetry. With the subkgtitunf

Eg. (B33) into Eq.[(B3R), we have

d®k

o (B34)

A”_ (2 gka _ |kq)k' Ja(k)

Contracting this quantity first b§; and then byyG;, we obtain the
system of equations

dek 1
AjSi; = 3X+Y = (2703(2 gha _ -'k‘*)k—a(k) (B35)
AGE = X+Y = (gﬂ')‘s(z gka_ 'kq)(k )a(k) (B36)

Lettingu = k - § and using the Bessel function identities in Ap-
pendix'G we may perform the angular integrations,

X+Y==— f K2dk= f du (2- ¥ - eh¥) 12a(k)
~5m [ dkl2- 2in(ia] a0, (837)
X+Y==—= f K2dk= f du (2- &% — e ) za(k)
0
1 ja(kg)
=53 fo dk[——ZJo(kq)+4 i ak),  (B38)
from which we obtain
X(@ = 5 f dk a (k)[-—z‘l(kQ)], (B39)
Y@= 55 fo dk a(k) —Zjo(kq)+6%zq)]. (B40)

Explicitly, up to 1-loop order, the contributions ¥(q) and Y(q)

are
X9(q) = f dk PL(K) [— -2 “(k‘”] , (B41)
X#2q) = f dk —Ql(k) [— - 2“&?], (B42)
X4(q) = f dk > Rl(k) [— - 2“&?], (B43)
YiQ) = fo dk P_(K) [—Zjo(kq) + 6“&?], (B44)
Y = 5 [ degpQu|-2iotad + 625D (eas)
Y0 = f dk > 1R1(k)[ 210(kq)+6“(qq)] (B46)

Note that each of these quantities approaches¢)-a<0.

APPENDIX C: REFERENCE FORMULAE
C1l Gaussian integrals
In our theory we make use of the basic Gaussian integral

d*k
(20

- 3K Akribk _ ~3bTA"lb

Q(b) =

(271')3/2|A|1/2 (Cl)
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where|A| denotes the determinant of the3 matrixA. By succes-
sive applications of the operateid/dh;, we also have

LK Gk = ia D) (C2)
(271-)3 - i 5

&k

We(k)kikj = [(A*l)ij—(A*lb)i(Aflb)j]Q(b), (C3)
3
s UK = i[(A); (A + (A (A D)

+

(A (A b),
(A'b)i(A'b);(A"b)|Q(b).  (C4)

where we have written
G(k) — e—%kTAkHb»k (CS)

for notational compactness.

C2 Spherical Bessel functions

In performing the integrals in the previous sections we Haued
the following spherical Bessel function identities ancegrals to
be useful:

in(®)

o109 + 09 = @20+ I (c6)
200~ (1+ Dina) = 20+ 1) jo() ()
5 i du €% = o9 (c8)
%Edyué*"=ijl(x) (c9)

1 e 12 = 21000 51209 (c10)

= jo( - 22% (c1y)

1
5[ e =i [gm- éjs(x)] (€12)
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