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GRAPHICAL CALCULATION OF WAIST—TO—WAIST TRANSFER IN PARTICLE OPTICS+
' A. U. Luccio
Lawrence Radiation Laboratory
University of California

Berkeley, California 94720

September 1969

Abstract
A graphical method is described to calculate waist-to-waist transfer
in thin-lens particle optics. Examples:are given to show how the method would

allow one to design a beam line with great speed and reasonable precision.

TThis work was performed under the auspices of the U. S. Atomic Energy Commission.

On leave of absence from the University of Milan, Milan, Italy.
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Perhaps the most impertant result of an_obtical transfer line calcula-
tion for charged particles is the location of the "waists" or minima in thev
'beam section and_the determination of their phase-space shape. _Formulas for
waist-to—vaist franéfer'in thin-lens opties are given e.g. in A. P. Banford's
bookl). These formulas are quite general; since all optical elements, such'as
lenses, beam beﬁding de&ices, etc. can be reduced to appropriate systems of
thin lenses and drift spaces2). Unfortunately, if the elements are many,jthe
use of these formulas is rather tedious; because ef the large number of param-
eters to be adjusted and very often becomes impessible in practice.

The procedure can be greatly expedited by the use of charts and nomo-.
grams, of which good examples are due to Banford3), Smithh), Randles, and
Resmini6). If the line contains some accelerating element, however, the above
methods cannot be utilized and it appeared desirable to us to develop a very 
' general method for waist-to-waist transfer calculation. In doing so; oﬁr aim:
has ﬁeenithat of simplicity of reading and ﬁse, so:that the fundamenfal prop-
erties of waists could appear as explicitly as possible. The»results‘of graph’
calculations are accurate enough for many purposee and, in any case, can be
considered as a:good starting point for more refined computer celculations..

The gfaphs presented ﬁere are an improved and generalized version of a

method already describedY).

Waist-to-Waist Transfer for.a Thin Accelerating Lens
Let us refer the beam in a meridian section to the axis Z, lbngitudinal
. and %f.transverse_(fig._l). Subscripts 1 and 2 will mean upstream and down-

stream from a lens, subscript O will be referred to a waist.

g o



o | UCRL-18977

The following definitions will be used:
' _ . .

Tfo,ﬁfo phase-space coordinate of a waist
. _ . o ..

€ ?O V-o emittance of a waist

X = e%/qé " characteristic length of a waist
: U= 02/9%1 linear magnification

Z -

Z distances of a point from the lens, upstream and

1 T2
downstream
zdl, 202 '_distances of the waists fro? the lens
\ (ZO < 0 will correspond to a virtual waist)
‘f : focal length (positive for a cdnverging lens)

n2 = V2/Vl acceleration factof

‘ The fhin lens we are discussing will be considered as composed of a'
thin nonaccelerating lens (L) followed or precedéd by a thin accelerating
gap (A), which changes the enefgy eVl of an incoming ﬁarticle into eV2. Thié
lens changes the emittance of the beam, and fherefore the characteristic length

of the second waist, in the following way:

M
i
o
~
3

X, =1 nX . : ‘ ;<l)
 In matrix notations, a field-free (drift = D) space can be represented by
11z
D=( ,
0 1
- while a thin nonaccelerating lens is represented by

1 o0
e
-1/f 1
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Across the accelerating gap, the x component of the phase?space representation

of the beam is not changed, while for the x' component it is

Accordingly, the matrix for the accelerating gap can be written

1 0
- \0 1/m

For a lens followed by A, the overall transfer matrix is

A A T [y
M = DALD =
0 1110 1/n -1/f 1110 1

1 - zz/nf 2, + 22/n - (lez)/ﬂf

-1/nf i/n - zl/nf,

The equations

( X
° DALD zfi
0

‘t%zzj
{
1&2 = DALD

0\.
. \J
el

‘can be used to find the relationship between £ and the measurable focal

\

. : : . % ’
lengths before and after the lens. The result is

® _ . _
Analogously, for a thin nonaccelerating lens preceded by A, one obtains

1
f

f. = f/n , ' . : _ : :
, (M = DLAD) (3")
; _

2 .
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f.o=f ,
1 . (M

- DALD) C (3)

[—b
I

The trane‘;port eQuations, walst~to-waist, can be written explicitly, '
with %1 and 1#02 in the placg of % and %

.%f2,= Mll(ZO2)y% M (Z01’Zoe (ol

1{"
2

At a Waiét, we can choose Z&, %' as coordinates of points on thé'vcontour of

IR

12*1 22 01 q'l

NS
A

upright ‘phase-space ellips es; namely:

‘1&—&—2 or YF + XY " % | (5)
zfo Yo ' ‘ ‘
Squaring and summing the two equations (4) with the conditions (5), and equating

e e e aa 2 2
the‘v coefficients of’lfl, ’l;,i

|

, and ‘11'1 Z}Z'L’ one obtains |

2

02) b2 P
3 2e?

.4 L2 o2 \® i Zoa)? e 22
00 7 Tq e THA
2 Z_ 7 Z X2
1 '+ 02 _‘o1%o2)} 1 _Zor}Za _ |
: n T nf n - nf |yf
which are satisfied by
2o lo2 nt
ntzg,=F
2 _ 2 2.2
7 =y [(x,,-F)" + X] (6)
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Equations (6) reduce to Banford's equations for n = 1 (no acceleration).

It is convenient to rearrange eq. (6) in the followingvfashion:

) . 2 -
(g -Plzgy + X
1202 = N — > 0

(zOl—f) + Xl
2
2 £

we= 2 2 (6"
(zOl-f) + Xl

Equations (6') together with eq. (1) can be used to design a transport line,

from the starting values of

]
€1> %) or %1’%1 >

which determine completely the initial phase-space configuration of the beam.

The Effect of Finite Emittance

Often point-source Gaussian optiés considerations are useful in cal-
culating a beaﬁ liﬁe. This, however, can lead to wrong results, if the transi-
tion between point and finite emitfance optics is not made clear.

To show explicitly the role played by the emittance, let us rewrite

the (6') in the following dimensionless form:

coslell o
(s-1)° +
2 _ 1 L . ny
o .2 | S (6").

(s=1)" + a

with the definitions:

n
1]
ct
1]
]
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The behavior of the functions t(s,d) and lulg(s,a) is sketched in figs. 2

and 3.
The formulas derived so far must reduce to:the classical ones for thin-
lens--point-object optics. In the classical limit,

.o << 1, s, s~1, '

-we have, to second order in a/s and a/(s-1),

2

£+...tl_—_~l+__2__a__—
s s (s-1)
5 .
M=o l-——oc—2 . . ' (1)
2(s~1) : '
For n = 1, egs. (7) become
| 2 2
1 11 r X 1 Zoo X
otz o Bt |t Pt o
01 = Z%o2 017 7, 01z,
2 P
T X1 %02 1 [Z01"%02)2 *1_
HETE P 2|7 z 1-32 z 2 (®)
01 2(zOl £)° 01 01 Zg1

In (8) the finite emittance corrections appear explicitly'through'Xl.

Graphical Solution of fhe W-W Transfer Equations
It is convenient to rearrange egs. (1) and (6') by making use of the

new set of definitions:

Z Z,..
_01 02 £ :
BERT e vix e and =5,

1 1 | 1

in the following form
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_ .2
[ X = unx,

e ulu=d) + 1 | S

v =

ﬂ (u-9)% + 1

(2 —
(u-9)® + 1

The function XL%JQL is plotted in figs. 4 and 5 (for positive values of u,
real upstream waists) and in fig. 6 (negative u values, virtual upstream
waists). .It is easy to recognize that such negativé values exist only for
¢ > 2.

.The'function ug(u,¢) is plotted in figs. T and 8.

The graphs can be used quite generally to deal with real and yirtugl
waists and with‘converging and diverginé lenses. In this last case‘(¢ < 0)

from (9) it follows:

viu,-¢) = -v(-v,$)

2(

12(u,=0) -u,¢)

The following,weli known features of W-W transfer éhow clearly from
the graphs:

Figs. h‘ahd 5: "to a given‘position of the source waist, there corre-
éponds a focal length for which v, positive of negative, is maximum. Locus of
maxima is indicated by -the dashed_lines. This is an impbrtant property; it
means e.g. that in order to obtain a real image waist at a given_position-down—

stream, the source waist should be located not too close to the lens, upstream.
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Fig. 6: to a virtual source waist (u < 0) it never corresponds a
virtual image waist, (v < 0). This is ob&ious, buf it is useful to femember
while using the graphs>for an actual calculation.

Fig. 7; the magnification gg has a makimum-for each positivevu, cor-
responding'tb a'defiﬁite focal léngth.l LOCus of'maxima'showh byba dashed line.

Fig, 8: againa Quite'obVious proﬁerty: .if u < 0 and '¢' is poéitive,

, u2 is less than 1.

Examples

Let. us show on fwo examples the use of the graphs.

In fig. 9 is'sketched a line composea by an ion gun with proper (accel-
erating) optics, plus anofher (nonaccelerating) lens; e.g., an "Einzel" lens;v L
;The ﬁurbose‘of the line is to transfer alcrossover (waist) of given character~‘
_ isficé near the ioﬁ source to'a'given péint at a given distance} ~If we refér'
- to’the géoméfricél data of fig. 9 and to the following_propertiés of the

starting waist:

} 1&01 = 0.5 cm B 81' 0.05 cm~rad

U = : : v . = .
'L;Ol 0.100 raq | X, =5em
‘the calculation ¢an run as follows:
First lens. TFor n ='2, Zyq T 10 cm and accordingly for
u = ig;-= 10:5 = 2
1

a reasonable value for Zoo» corresponding'to'a‘second waist midway between

the first and the second lens, is:

Zop = 24 em. This value correspondé to
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zZ
1

31«
=

which can be obtained from the graph of fig. 6 with

= 15 cm.

¢ =1.5; or £ = 7.5 cm, £,

The corresponding. values for u2 and X obtained from.the graph of fig. 7

2
are
2 _ _ .2 _
- o= 1.8, X2 =u nXl = 18 cm.
Second lens. For n =1, zOl = 25 cm and accordingly for
z
u = igi = 25:18 = 1.4 ,
l ‘ .
| %02 '
we can obtain (fig. 6) a value Zgs = 21 cm, or L= 25 =21:18 = 1.17,
A noonxg
with ¢ =”O.95; or f = f2 = 17 cm;
the resulting magnification (fig. T7) is 4u2 = 0.8;
the overall magnification is uov = (O.8><l.8)l/2 = 1.2;
and the final emittance is & =¢, /n= 0.625 cm~-rad.
. ov . in

As a second éxample let us consider a beam bending line arrangement
coﬁposed by a 1509 bending magnet with 1503 focusing edges followed by a quad-
rupoie pair (fig. iO). The purpose of_the system is to produce a waist both
radially and axially at a given distance downstream after the doublet. For
the sake of comparisén the optics for this case has been caiculated with the
computer programiTRAN é (ref. 8). ‘The procedure to calculate the line and the

agreement with the éomputer results are shown in table 1.
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TABLE 1

Calculation of a system composed by an a = 14°9 bending maghet with B '= 15°3 focusing edges, followed by a quadrupole doublet.

Curvature radius in the B.M. r = 150 cm, focal lengths &8 shown. 's = separation between elements as shown.

4

Total radial length = 421.2 (429,20)

Units: s, z, £,
y in em, y' in rad. The values in parentheses are results of computer calculationse). Compare with fig. 10.
8 =s-z, £ . u=3z,/X ¢=1/X v (r1g.) v (rig.) 0o = VX Xi= WX yi=ay y'i= y/X
Axiai ("vertical") beam 0. 25. 0:25 0.010
15°3 sdge 70 70.0 #5h9. 2.8 22 -3.2 (5) . 1.3 (1) -80. 32.5 0.285 (g°882$37)
omimn . . | SO . . | 0.0062
15°3 Edge 39.2 119.2 +549 . 3.6T 16.9 =k.4 (s5) 2. (7 -143. 65. 0.403 (0.006884)
‘115, 258. k9. 3.97 -0.753  -0.61(6)  0.025(8) -39.6 1.60 0.06b (8'8i§883)-
‘ +58 A ' b1, 0.085. 0.0295
Total axial length = 425.2 (429.20)
Radial.("horizontal").beam 0. 25, 0.25: 0.010
15°3 Eage  70. 70, =549, 2.8 2. -2k (6)  0.78.(8) - -60. 19.5 0.221 - (gfgiiSSh)
o 9 - ' ' e s ' 0.0099
14°9 B.M, 19.6 79.6  +580 L.08 29.7 - =5.3(5) " 1.3 (1)  -103.3 25.k4 0.252 (4" 500691)
o.‘ - P ) » ' : ; 0.0118
15°3 Edge 19.6 122.9 -549, 4,83 -21.6. -3.9 (6) 0.7 (8) ~99, 17.8 0.211 - (")1708)
S - ; ’ 0.265
Q 115. 21k, +65.9 12. 3.7 5.2 (k) 0.2 (T) 92.5 3.56 0.09% (5 26350)
: , -40. ' 137, 0.473  0.0053
% 60. =325 (D3l -9-13 <112 38. (5) 25. (7). (lis.y 89. " (0.uk2) (0.

005658)

R

L1.69T-T40N
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Figureﬂcéptions

Fig. 1. A thin gccelerating lens.

Fig. 2. The function t(s,a) and its point-optiecs liﬁit.

Fig. 3. The function |lul(s,a) and its point-optics limit.

Fig. L. Thé fﬁnétion v(u,¢) >0 for u > 0. |

Fig. 5. The function v(u,) <0 for u > 0.

Fig. 6. The function v(u,¢) >0 for u <O.

Fig.'T. .The magnification functioﬁ ug(u,¢) for u > 0.

Fig;-8. The maghification function uz(u,¢) for u < 0.

Fig. 9. Examplé I of application:.

Fig. 10. Exémple II of application. Solid line: graph calculation, dashed

line: computer solution. Drawing not on scale. .



~13- , UCRL-1897T

6 =Y. Y/
o . oz Yoz
X2 Yoz /Yo

X’77,z
/

XBL684- 260!

Fig. 1



o1k

1

UCRL-18977

15 :
10 -
=0
S 01 7
|o.2
0.3
0.5
.0
3
S =7 01/f

XBL 692 4801



lul

15

'_15,

ﬁCRL=l8977

a=0

Fig. 3

XBL 692 4500



'UCRL-18977

~16~

U=201/X1

@]
o .
| ARS
i T
LI / o
|- X A o S e ©
v R °
7 } b
£= /
/]
A7/ o
<1 / \ s
e /] | .
(o]
T -
VARNRY, ] -
N .
1 o
]
Y T T
/| i B
y i
-
o ME
~N
71111 N
177’ —
717.“”#1 j fo)
N «—
AY
)}
unuJ 4 ©
o o
-
(=]
nl/
V4
\ o~
3
: S
(4] o B
g ¢ o) < Y g ® " 2383 38 g

XBL 692 4803

Fig. b



UCRL-189T77

17

100

Ty 1 /207: U

o
©
2l LM ........O
A <
3
1
] LT
\\ \\\\ &
5 \\ L1 L m
B A1 LT
VTTH Y
= e
7 BaaliZnZ
\\ 4
- LA L - m
NIV H .
Can Za ©
;
<
= d
na Y o
N~
\\ Q
\L alm
%
w T I
¥ \\
V| \\ -
o’ ©
e
\\\A <
XY ]
ey
o/
&/ N
\ (o]
/A
0
i <
e T N0 o N ¥ O u T 6 o0
o . - o m|U.
i : ) < ]

u=Zoy/Xy

XBL 692 4804

 Fig. 5



18- UCRL-18977
100 _
60
40
D=
20
. 2(
e
10 e SIS
oy
— N
>; 6 o i
4 — = |
> 3 RS ‘
o — I N
™~ 2 I S
= 1.5 ‘*\-r-l_ ;
R AN e o O :
> 1 1.0 ‘ I : TEN"L\\ Ny P i i
[ -— - — A . : . T 1 F J—
06 —— e i s
T ik el T Fy1+ g
04 = - + : 1 -
hatd RN Y A N = > - =~ ~y
0.2 ; ’
01 } i
100 =60 -40 -20 40 -6 -4 -2 1 -06 -04 -0.2 -0.1
u=Z OI/X 1
X BL 692 4802
7’



=
~ 1]
) g
D ?
I 9 3
3 o] 3
o ! -
O ! % ALY -
S | % 4 o1}
L 11 ¢ L4 Ao X
|ttt \
l..‘[-n..nlll \\\\\ /1 \\ \*3
peboet ™ ¥ ‘\ *
Wll‘ll-l\l. N L1 y. A
] = T - | ;\
sme » G 4
N\t 1T NS \_\ /1 ;\ Lo
SESS I = ¢ T 7 71
N \n\........\VAIl/VA N+ , \AVv V] \\\\
Yo i
Wi a0 i
\ ~N : /1 0
w 1 4004 <
Iy A\ P 4
ot e \ \ /|
- s A\ v A >
/r - ¥ J "4 >
h ~
N TN X )% 3
NN A i 4 TN
NN {1V 1
NN i >
_ 1Al / ~
2 N _
_ 7 iy - B
N \ LY
-
/ - P
; ;
M
] o
o
<
o
i | o
1 * i <]
i
1 n .
VO < N ~ O < o~ [T I8 - ~N 0 o o~ - 0 o ~N ~ o < o~ - o
= =) - 2 2 2




X2/ n X,

S 2

-20-

UCRL-18977

10

-]

P\

G
W\ ) \

\

\

A

NONNG NN

19 o0 60

~40

Fig. 8

-0.6

-04

-0.2

-04

XBL 692 4806




UCRL-18977

-21-
f,=15¢cm fz17cm
n=2 n=|
Source
ﬁii}i: =
10 24 25 21 7]
80cm

Fig. 9 -

XBL684- 2600



RADIAL

. Qn |

Q
I _
I

1
|

/
i

_

310 : \42QS

§\§

//

FFFFF




LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "'person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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