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Abstract

Applications of counting and classifying states by symmetry in AdS/CFT
by

Shannon Wang

In the last few years, there has been a surge of interest in studying the AdS/CFT duality
through the generating functions for half and quarter BPS correlators in N = 4 SYM
theory. We arrive at these functions through representation theory; while the required
calculations usually involve combinatorics and are computationally tedious, an exact
formula— and in the case of quarter BPS correlators, an exact formula for the gauge
group SU(2) and a prescription for arriving at a more generic formula for N > 2— can be
found through the application of the Harish-Chandra-Itzykson-Zuber integral formula,
which makes use of the localization theorem. This thesis focuses on developing the
mathematical tools needed to probe AdS giant gravitons and their interpretations as

BPS coherent states.
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Chapter 1

Introduction

Over the last two decades, there has been a wealth of works exploring giant gravitons, par-
ticles that mediate gravity and appear in the framework of the Anti-de Sitter /Conformal
Field Theory (AdS/CFT) correspondence [1, 2] 3, [4] 5 6, [7, 8, Ol 10, 11, 12] 13, 14 15]
16, [17, [18]; in particular, research that interprets BPS coherent states as giant gravitons
[19, 20|, 21, 22], 23] 24, 25] has gained interest. These objects are represented as matrix
integrals, which are laborious to compute; while there are combinatorial formulas that
may shed light on their behavior, they are still unwieldy and often intractable. More
recently, there has been a surge in effort to simplify these calculations using localization
[26, 27, 28, 21, 22}, 25], which is shorthand for solving representation theory problems with
geometry [29, B0, [31]. This dissertation is devoted to the efforts to study the generating
functions of BPS coherent states through the application of the Harish Chandra integral
formula [32, 31], which yields a closed form solution through localization methods, to the
characters of irreducible unitary representations of different gauge groups.

In this introduction, we will briefly review the basics of the AdS/CFT correspondence.
We will start with an introduction to the concepts of conformal field theory before moving

on to a speedy review of the holographic duality; finally, we will discuss the operator-
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Introduction Chapter 1

state correspondence, which forms the bedrock of this dissertation. This sets the stage
for introducing the mathematics that we will explore over the next three chapters and
motivates the efforts to build mathematical tools for counting and classifying states by

symmetry.

1.1 Conformal Field Theory

We begin with the basics of conformal field theories, which are simply quantum field
theories with additional symmetries under conformal transformations. A conformal field
theory is a quantum field theory with scaling symmetry and usually involves an extended
symmetry group called the conformal group. The local operators in a CFT may be
decomposed into irreps of this group; we denote these operators as O; and label them
with their weight A;, or their scaling dimension. The scaling symmetry comes from
conformal transformations, which occur through a change of coordinates z* — Z#(x)

that leaves the infinitesimal line elements invariant up to a local scale factor Q(z) [33]:

N di*dz” = Q(x)*n,,dx’dE” (1.1)

Translations and rotations are examples of conformal transformations; invariant trans-
lations give rise to conserved currents. We consider the stress-energy tensor, which is the
matrix of such conserved currents and arises from an infinitesimal change to the metric.
Then for an arbitrary set of local operators {O;(z;)}, where z; denotes the position of

the jth insertion, our stress-energy tensor operator can be defined as [33]:

0 ((Or(21) - - On(an)) /\/_ 2)0guu (x) (T (2)O1(21) - - - On(zn))g  (1.2)
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Computing the variations to the metric arising from infinitesimal Weyl rescalings
shows that the stress tensor must be traceless; this condition has led to the identification
of many conformal field theories.

We now focus on the infinitesimal generators that yield the conformal isometries of

flat space. They are given by [34]:

(1.3)
L, = 2,0, —x,0,

We may show that the plane with the origin removed is equivalent to a cylinder with
a base that is a d — 1 dimensional sphere and a height of 7 = log(r) [34], where r is as
defined in the original metric of the plane (missing its origin) [34]:
d 2
ds* =r? (Lz + dQZ) (1.4)
r
Clearly the cylinder enjoys translation invariance under 7; the generator for 7 trans-

lations is then [34]:

D =0, =2"0, (1.5)

Finally, if we perform a space inversion such that 7 — —7 and define a new radial
coordinate such that 7 = 1/r, we may write the generator for translations as K. We will
see a similar set of generators appear in AdS physics later.

If we apply these generators to a correlator of two operators, (Oa,(7:)Oa,(z;)), we

arrive at the two point function [35]:

JNPN

<0Ai (xi)OAj (.7}])> - CAi,AJ‘m7 (16>
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where the matrix C; is the Zamolodchikov metric. We are mainly interested in the
two-point functions for BPS operators in N/ = 4 supersymmetric Yang-Mills, which have
chiral adjoint scalar fields X, Y, Z with respect to a A/ = 1 decomposition. They can be

computed as [36]:

1

(Xr (Z) (x)xr (2)(0)) = W(SR,R’fRa (1.7)

where R, R’ are representations of U(N), C™ is the normalization constant, xg, xg are
characters of the representations, and fr = [[, eboxes (N 47— 7) is the product of all

the labels of the boxes of the Young diagram for R.

1.2 Anti-de Sitter Space

We may understand anti-de Sitter space, AdSqy1, as a hyperboloid embedded in R%,

1 1

whose coordinates are y=*, 4, ---y% y~! and 3° are timelike and the rest are spacelike.

Then our constraint equation is [37]:

W)+ ) => ) =1 (1.8)

Our induced metric is as follows [37]:

dst = — (v )" = (4°)° +dj - dj (1.9)

In global coordinates, we have [37]:

ds* = — cosh(p)de* + dp? + sinh(p)*d%} (1.10)

The two coordinate systems are related by the following mapping [34]:

4
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y~ '+ iy = cosh(p) exp(it)
(1.11)

j = sinh(p)i = €,
where 7 is a unit vector of the embedding of Q,_; into R? in a unit sphere. We may
observe from the metric in global coordinates a time translation invarianace as well as
rotational symmetries of a sphere; the set of equations above then gives the rotation
group and a generator that commutes with the group. We can write down the following

generators [34]:

Rij = xlﬁj - :vj@-

H=2xz"19y— 29,
(1.12)

—

K = €0, — 240

P = €0, — 2ok
Once we have established our generators, we may start reproducing the representation
theory we previously saw in the conformal field theory. We may do so by asserting that
the time translation we observe from the AdS metric maps to the time translation as
previously seen on the conformal field cylinder; the symmetry generators match. Then
the quantum theories are equivalent and the energy in CFT should be equivalent to the
energy in AdS [34]. If we attempt to solve the wave equation in AdS, we find that the
primary state, or the solution, is an eigenstate of i0; with an eigenvalue of A is mapped
to the definition of energy in the one-particle sector, which is to say that a representation
of a conformal group with conformal dimension A can be mapped to a set of single
particle states in AdS. This establishes a correspondence between local operators and

single particle states, leading to what we call the operator state correspondence [34].
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1.3 The Operator State Correspondence

We start with an operator insertion at the origin, which is a singularity that we
can proceed to cut out by cutting a circle of radius rg around the origin. As described
previously in our introduction to conformal field theory, we choose spherical coordinates
and rescale the AdS metric so that the volume is constant; then our metric becomes [34]:

2
d3? = 12 Hiz n d%_l} = ¥ [dr® + dw? ] (1.13)

The right hand side of the metric describes the product of a sphere and a line, which
yields an infinite cylinder with a sphere as its base; in two dimensions, the sphere is a
circle and thus the base is flat. Thus we arrive at a relationship between a punctured
sphere and the cylinder SP~! x R. We can relate cutting the path integral along a fixed
r to cutting the path integral along a fixed 7 on the cylinder. If we interpret 7 as time,
we see that we relate infinite 7 in the past to » = 0; likewise, 7 = 0 relates to a point
at an infinite distance. When we insert an operator at the origin, we are really moving
it to the infinite past in 7. Our inserted operator changes quantum fields at the origin;
this can be represented by a quantum state of the Lorentzian cylinder corresponding to

this operator. This is the essence of the operator-state correspondence.

1.4 1/2 BPS States and Giant Gravitons

We start with the basis of the supersymmetry generators () 4. The BPS bound is [38]:

{Qa,QL} = Edap — Kas, (1.14)

where F is the mass/energy operator and K 4p is a matrix representing the charges.
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When some of the eigenvalues of K, p equal E, the corresponding components on the
right hand side of the equation vanish, and we have an annihilated state, which we call
a BPS state. When half of the generators annihilate the state, the state is a half-BPS
state. BPS primary operators are built from the traces of products of the scalar Z field.

Open strings end with Dirichlet boundary conditions on D-branes, which in turn emit
closed strings. A pointlike graviton, then, is a vibrational mode of a closed string, and
is thought to be an elementary particle carrying the gravitational field. We turn our
attention to the giant graviton, which carries the same quantum numbers as a pointlike
graviton, but rather than being emitted by a brane, it blows up into a spherical brane of
increasing size as its angular momentum increases [39]. The Pfaffian can be considered
half of a maximal giant graviton, which is identified as det(A), since the maximal giant
graviton wraps around the non-trivial cycle twice.

The giant graviton in AdSs x S°/Z,, which is dual to A” = 4 SYM, is a half BPS D3
brane wrapped around S® € S® and rotating transversely in S°. The dual-giant graviton
is a half BPS D3 brane wrapped around S® € AdSs and rotating in a maximal circle
around S° [2, B]. Counting half BPS states, then, is equivalent to counting multiple

graviton configurations.

1.5 Outline and Summary

In Chapter [2| we lay out the foundation of this dissertation. We start by introducing
coherent states averaged over a gauge group action— the unitary group in this chapter— to
study the correlators of half BPS states in N = 4 SYM theory. The resulting overlaps are
a generating function of correlators; if we rewrite them in terms of the Harish-Chandra-
[tzykzon-Zuber (HCIZ) integral, we find that this formula allows us to compute the

normalization of the two point functions with the characters obtained in [36]. We repeat
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these calculations and seek to extend these generalizations for A,,_; quivers following from
solvable integrals over unitary groups. All of these computations make use of localization
methods.

We will show that when we promote the parameters of this generative function to
collective coordinates, the coherent states’ effective action is controlled by a dominant
saddle in the regime where the states describe single AdS giant gravitons, allowing us
to probe their physics. We then discuss methods to add open strings to these gravitons
and show that the resulting calculations rely on correlators of the matrix components of
the unitaries in the ensemble given by the HCIZ integral. Fnally, we will discuss how
Grassmann integrals give rise to sphere giants, how we may achieve dominant saddles,
how these saddles allow for a 1/N expansion that arises for open strings, and how to add
these open strings. We seek to generalize this coherent state formulation to 1/4 and 1/8
BPS states by framing them as more general integrals over unitary groups.

In Chapter , we seek to extend the analysis performed in Chapter 2 to Sp(2N),
SO(2N + 1), and SO(2N) gauge theories. We repeat the calculations and arrive at
generating functions for half BPS correlators in N = 4 SYM theories with gauge groups
Sp(2N), SO(2N + 1), and SO(2N) by computing the norms of the corresponding BPS
coherent states, which are built from operators involving Harish-Chandra integrals. These
operators may be interpreted as localized giant gravitons in the bulk of anti-de-Sitter
space.

We then choose our basis for the sector of states with no cross-caps to be ordinary
Schur functions; we may do this, because we are operating in theories that may be con-
structed as orientifold projections of a SU(2N) theory. This allows us to observe the
relations between the symmetric functions appearing in the expansion of our BPS coher-
ent states and symplectic Schur functions, thus allowing us to perform our calculations

using unitary characters, despite working with symplectic and orthogonal gauge groups.

8
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Finally, we make note of some connections to Schubert calculus and Gromov-Witten in-
variants and discuss how the Harish-Chandra integral may be extended to such problems.

In Chapter [} we return to the topic in Chapter [2] and seek to extend our initial com-
putation over the unitary gauge group to quarter BPS states. We attempt to generalize
the HCIZ integral by adding multiple commuting matrices; this allows us to probe the
generating functions of 1/4-BPS states in N = 4 super Yang-Mills at finite V. The gen-
eralized result allows us to compute the overlaps of two or more generating functions; we
are interested in such overlaps because they describe two-point correlators in the free-field
limit.

We start with a discussion of the four-matrix HCIZ integral in the U(2) context. We
find a non-compact formula— through laborious means— for N = 3 and attempt to lay out
a prescription for solving a multi-matrix HCIZ integral for N > 2. We find that much of
the complexity arises from the connections to the restricted Schur polynomial operator
basis. Since we show that we may readily generalize our results to an arbitrary number
of matrices, we note that should we find a way to solve this integral— which is equivalent
to solving a Laplacian of commuting matrices— we may develop new tools to study more

generic BPS operators.

1.6 Permissions and Attributions

1. The content of chapter 1 is partially based on the results of collaborations with
David Berenstein, Adolfo Holguin, and Zi-Yue Wang, and has previously appeared
in the Journal of High Energy Physics [21], 22, 25]. It is reproduced here with
the permission of the International School of Advanced Studies: https://jhep.

sissa.it/jhep/help/JHEP/CR_0A.pdfl

2. The content of chapter 2 is the result of a collaboration with David Berenstein, and
9
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has previously appeared in the Journal of High Energy Physics [21]. It is reproduced
here with the permission of the International School of Advanced Studies: https:

//jhep.sissa.it/jhep/help/JHEP/CR_OA.pdf.

3. The content of chapter 3 is the result of a collaboration with Adolfo Holguin, and
has previously appeared in the Journal of High Energy Physics [22]. It is reproduced
here with the permission of the International School of Advanced Studies: https:

//jhep.sissa.it/jhep/help/JHEP/CR_OA.pdf.

4. The content of chapter 4 and Appendix A is the result of a collaboration with
Adolfo Holguin and Zi-Yue Wang, and has previously appeared in the Journal
of High Energy Physics [25]. It is reproduced here with the permission of the
International School of Advanced Studies: https://jhep.sissa.it/jhep/help/

JHEP/CR_OA . pd£!
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Chapter 2

BPS Coherent States and Localization

2.1 Introduction

There is a classic combinatorial result for two point functions of gauge invariant half
BPS operators in N’ =4 SYM [36]. Let X, Y, Z be the chiral adjoint scalar field of N' =4
SYM with respect to an A/ = 1 decomposition. Let R, R’ be two different representations
of U(N) characterized by Young diagrams with n boxes and let yg be the character of

U(N) in the corresponding representation. Then the following is true:

(R 2) @) (2)0) = Gz (21)

where C' is a normalization constant that depends on conventions. The quantity fg is a
product over the labels of the boxes of the Young diagram associated to R, and is defined

as:

fr= ] N+i-j), (2.2)

i,jeboxes

where ¢ moves to the right along the rows, j moves vertically downward along the columns,

and both indices start at (i,7) = (1, 1) in the leftmost upper corner.
11
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Various arguments suggest that this result is not renormalized [40, 4] (see also [42]
and references therein). These combinatorial calculations have been extended to other
(free field) quiver setups in the works [43] [44], 45] (the results are written succinctly in
[46] in terms of generalized free fermions).

Part of the importance of the characters, apart from their orthogonality, is that they
can also be interpreted geometrically in terms of D-branes, particularly, giant gravitons
[47). Giant gravitons expanding along the sphere directions (sphere giants for us) arise
from column representations [3|, and giant gravitons expanding in AdS [48] [49] (AdS
giants for us) arise from large row representations [36]. These have served as a starting
point to compute the anomalous dimensions of D-branes and the open strings ending on
them. There is a combinatorial formalism developed in the works [6] 50, 51} 52] to add
open strings. The main issue with these approaches is that they are computationally very
difficult to master; the required combinatoric calculus is laborious. We can ask if there
is another way to arrive at these results that might lessen the burden of computations
and provide additional intuition to the dynamics of these setups.

When one works in less supersymmetric situations, such as with 1/4 or 1/8 BPS
states, there are generalized orthogonal bases at zero coupling called restricted Schur
bases (see [53],[54] and references therein). However, as soon as one turns on the coupling
constant of N =4 SYM, one expects that the dynamics (at least semiclassically) reduce
to some type of model of commuting matrices [14]. Such commuting matrix models are
an ad-hoc uncontrolled approximation of the dynamics; they can be used to mimic the
droplet picture of half BPS states in terms of free fermions in two dimensions [12] and
extend the picture to more complicated setups with less supersymmetry where there is
eigenvalue repulsion, but no fermions. The two dimensional droplet picture can also be
seen directly in supergravity solutions [55]. Is there a systematic way to do calculations

with these more general states that has less supersymmetry and embodies the spirit of

12
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commuting matrices, but is actually a complete field theory calculation that can be done
ab initio?

In this chapter, we will see that the answers to both of these questions is yes— we can
lessen the burden of computations for half BPS states (with strings attached) and find
an exact commuting matriz model that captures 1/4 and 1/8 BPS states. The technique
we introduce will reproduce all the results in equation from a generating function.
Similarly, we will discover a generating function that captures all 1/4 and bosonic 1/8
BPS states that survive at one loop. In this second problem, the basis we find is implicit,
rather than the explicit character basis described above.

Let us write the basic idea. The first step is to realize that when studying local
operator insertions in the A/ = 4 conformal field theory, one can equally well describe
the states on the cylinder S® x R for a real quantum system, rather than the Euclidean
formulation. That is, one uses radial quantization to turn the problem into quantum
mechanics. Following [12], one replaces the matrix scalar operator Z(0) <+ al with the
raising operator of the s-wave of the field Z on the sphere including the matrix indices.
Here, these indices are implicit. The free field correlators of Z appearing in can
equally well be described by overlaps of states in the Fock space of states of the aTZ that
are gauge invariant. At this stage, we have only applied the operator state correspondence
in the conformal field theory.

The next step is to think of the dynamics of the oscillators semiclassically by intro-

ducing coherent states. We start with the following object:

|A) ~ exp(tr(Aal)) |0) , (2.3)

where A is an N x N matrix of parameters. The trace indicates that we have a general

linear combination of all possible raising operators.

13
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Coherent states have the property that they are overcomplete. They have minimal
uncertainty; they behave classically, but they are also eigenstates of the lowering oper-
ators. A formalism that can deal with these states is in principle able to deal with all
the information of the Hilbert space, because of overcompleteness. The obvious problem
with the object introduced in (2.3)) is that it is not gauge invariant. We solve this issue
by projecting the answer onto gauge invariant states, which we achieve by introducing
an averaging over the gauge group. That is, we correct our naive coherent state by the

following;:
1

N =

/ dU exp(tr(UAU~a1)) [0) . (2.4)

Because we projected an overcomplete basis to the set of gauge invariant states, we
have an overcomplete basis of the gauge invariant states. One can check that the state
defined this way is still a coherent state as far as gauge invariant combinations of lowering

operators are concerned:

tr(az) [A) = tr(A") [A) (2:5)

These expressions only depend on the eigenvalues of A. At this stage, we can think of A
as a diagonal matrix without loss of generality.

The matrix integrals that appear are well known. If a' were a c-number matrix
rather than a set of operators, then these would be the integrals of Harish-Chandra-
Itzykson-Zuber [32, 56] (we will call this intgeral the HCIZ integral in this chapter).
Such integrals can be computed in a variety of ways. We refer the reader to the review
paper [57] (and also [58] ) for a list of methods and references. We will liberally make
use of the collected results in that paper. An important observation is that the HCIZ

integral can be computed by localization [29]. The overlaps

I(A,A) = (A']A) (2.6)

14
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can be computed exactly with the HCIZ integral. Upon writing equation in a
character expansion, we can recover all of the overlaps in by comparing it to the
character expansion of the overlap integral itself (2.6).

We are repackaging a lot of non-trivial combinatorial information in the manipulations
of the coherent state object itself. The fact that the final result is an exact sum over
saddles makes it possible to understand approximations to calculations that are not
apparent in the combinatorial expressions that were performed to arrive at . This
idea extends to insertions of open strings, which we will describe in this formalism as
well. The idea is to understand which saddle dominates and in what regimes. Once
we have the coherent states, we can promote the A eigenvalue parameters to collective
coordinates and find a coherent state effective action for the parameters A that describe
the dynamics we are interested in. We extend this idea to A,,_; quiver theories and to
states that preserve less supersymmetry. The new idea is that for 1/4 and 1/8 BPS
states, we need to introduce more than one matrix Axy z. When we insist on the 1-loop
anomalous dimension of these states vanishing, we find that the three matrices must
commute and be able to be diagonalized simultaneously. We thus find a generalization
of the HCIZ integral that satisfies some of the conditions for evaluation by localization
and embodies the commuting matrix model reduction to eigenvalues. The point is that
the matrices that commute are not the original fields. They are the collective coordinate
parameters of the states in question.

The idea of localization in A" = 4 SYM is important for many other observables. In
particular, Wilson loop correlators reduce to matrix model computations [59, [60]. These
are exact results, which arise from a localization argument [26]; all the important com-
putations are done with free fields. For the results leading to equation , this also
holds true: the computation arises from free fields. Thus in this chapter, we are seeing

a new application of the Harish-Chandra-Itzykson-Zuber integral; the fact that it can
15
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be described by localization arguments becomes important as we try to find approxima-
tions to the physics by looking at the dominant saddle. A general review of localization
methods can be found in [2§].

The chapter is organized as follows. In section we start with a model of a single
harmonic oscillator and a gauged pair of harmonic oscillators to establish the method we
will use later. The goal is to show that the denominators in a generating function of co-
herent states encode the information of the norms of states that are defined algebraically
from the vacuum. Then in section [2.3] we introduce the main types of objects we study
in this chapter: coherent states in matrix models averaged over a gauge orbit. We show
how to compute overlaps of these states in terms of the Harish-Chandra-Itzykson-Zuber
integrals and study various generalizations of these ideas to simply laced quivers. We
show that this method reproduces many results that are known in the literature. We
also discuss the fact that in the integral representation, one gets exact sums over saddles.
This becomes important later on when we discuss approximations of the dominant saddle
and other extensions of these ideas.

In section [2.4] we study generating functions made by determinants rather than coher-
ent states. These are related to sphere giant gravitons in AdSs x S°. The point is to show
that these objects admit an integral representation with a dominant saddle. The idea is
to introduce fermions so that the determinant arises from Grassman integrals. Overlaps
can be computed with the help of the Hubbard-Stratonovich trick and the fermions can
be eliminated completely in terms of a pair of complex auxiliary variables. The integral
over these variables reproduces many results. We show how these fermionic variables
allow us to introduce open strings attached to the giant gravitons and demonstrate how
this formalism simplifies other approaches in the literature. In section we show how
the fact that there are dominant saddles in the integrals allow one to not only promote

the parameters of the gauge invariant coherent states to collective coordinates, but also

16



BPS Coherent States and Localization Chapter 2

calculate the effective action for them. In the HCIZ formula, these parameters are as-
sociated to multiple AdS giant gravitons. We explain how open strings are added to
these configurations as well. We then turn to the problem of studying multiple sphere
giant gravitons and argue that the correct multi-giant generalization involves products
of determinants. This uses additional information involving character formulas and the
Cauchy identity. We also explain how one has a Hilbert space of strings attached to mul-
tiple giants and explain the origin of the Gauss’ law constraint. In section we extend
the idea of averaged coherent states to 1/4 and 1/8 bosonic BPS states. These require
matrix parameters that commute with each other as is expected from the moduli space of
vacua of these theories. We show that the saddles for half BPS states survive and focus
on the dominant saddle for a single large eigenvalue and explain some of the differences
that appear in the collective coordinate representation of these states. Finally, we close

with a brief discussion of our results and present a possible extension of the ideas we

discuss here in 2.7

2.2 Warmup: the harmonic oscillator and the gauged
double harmonic oscillator

Let us start with the simplest problem of a single harmonic oscillator. This example
is intended to showcase the method we will use later in more complex settings. The idea
is to consider a harmonic oscillator in the Hamiltonian formalism, described by a Weyl
algebra constructed with a raising and a lowering operator, [a,a’] = 1. The ground state

is described by a|0) = 0. Consider now the following generating function of states:

F[z] = |2) = exp(za') |0). (2.7)
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Because (a')*|0) is a complete basis of states, in principle F(Z) contains (all of the)
information about the full Hilbert space of states.

For the time being, the variable z is a formal parameter. If we call the non-normalized
state |n) = (a")"]0), we can ask how to compute its norm from F[z] and indeed, the
overlaps (m|n) for all m,n. Once we decide that F[z] is well defined, we can think of it
like a state |z) where z is an actual complex variable and not just a formal parameter.

The idea is to compute the overlap:

(€|2) = FI€] * F[2] = (0] exp(€a) exp(za') |0} , (2:8)

where F is the adjoint of the generating function and € is another formal parameter. We
should notice that in the bra-ket notation, (|£))" = (£| and includes an implicit complex
conjugation. We make this explicit in F and implicit in (¢|. Hopefully, this will not lead
to confusion.

There are two ways to do the calculation. First, we can expand the double series to

obtain:

=3 S ). (2.9

The other way to do the calculation is to contract the a' and the a (using the Baker-

Campbell-Hausdorff formula) to obtain:

S (2.10)

(€]2) = exp(€2) :Z

Comparing the two formulas, we find that the coefficient of £€™2" for n # m vanishes,

which is to say that the states |m) and |n) are orthogonal to each other if n # m. We
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also find, comparing the coefficients of £"2", that:

(nln) 1
nin! !’ (2.11)

so that (n|n) = n!. This can be proved immediately using the raising/lowering operator
algebra. The point is that n! is the denominator of the terms of £"2" in the exponential
function.

Now, because the exponential function has an infinite radius of convergence, the
overlaps are well defined for any value of the complex variables &, z. In particular, the

norim:

(z|z) = exp(zz) > 0, (2.12)

is positive definite if Z is the complex conjugate of z and defines an L? normalizable state
in the Hilbert space.
Coherent states also satisfy a|z) = z|z) ~ 0,1 F[z], so it is easy to evaluate matrix

elements of (af)¥a™ from the generating function, giving us:

FE] + (a")*a™ x Flz] = 2" (€]2), (2.13)

which lets us identify operationally a' ~ 9, and a ~ Of as far as normal ordered compu-
tations go. The point is that the generating function is not only a generating function
of states, but can also be used to compute matrix elements by comparing the double
expansion ([2.9)) with the evaluation formula similar to (2.10]).

We now go to our second example, where we have two oscillator algebras with raising
operators a', b, and consider the symmetry generator Q = a'a — b'b. We want to build

a generating function as above, using gauge invariant states where () = 0. A naive guess
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is to do the following;:
exp(zbtat) |0). (2.14)

This turns out not to be optimal: the Baker-Campbell-Hausdorff trick doesn’t yield

a simple answer. Another option is to use a simple coherent state:

0.8) = explaa’ + 361 [0) = 3 T oy 6 oy (2.15)

but we notice that the generating function also contains non gauge invariant states. We
need to project them onto the n = m subset. Because we start with full coherent states,
we have all of the information of the Hilbert space, including the states that are not gauge
invariant. If we perform the correct projection, we should retain all the information that
is gauge invariant in the generating function.

This can be done if we notice that the formal parameters «, [ can be made to
transform under a U(1) symmetry that tracks the charges of a' and b'. That is, we take
a — exp(if)a and 5 — exp(—if)5. Then we find:

o, B,0) = exp(ae®a’ + Be b |0) = Z (O;Sir) exp(i(m —n)0) |m) @ |n), (2.16)

and if we seek to only obtain the states with n = m, we can average over 6. That is, we
consider a generating function of the form:

1 2 ) )
Fla, f] / d exp(ae®al + Be=*b') |0), (2.17)
0

T or

where we average over the group action on the operators. This formal functional is given

by:
1

Fla, 5] = o /d9 exp(iQ0) exp(aa’ + b1 |0) (2.18)
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where Q is the charge operator defined previously.
This is almost a coherent state, except for the group projection. It is straightforward

to compute the overlap:

Fla, B] * Fla, 8] = # //0 ’ dAdf exp [da exp(i(0 — 0)) + BB exp(i(d — 9))] (2.19)

We can now shift variables to # = 6 — 6,6, so that one group integral becomes trivial,

leaving the other to be explicitly evaluated. We find that:

Fla, 3] * Fla, B] = i (O‘Z"% =1 (2\/04@65) (2.20)

which only depends on the gauge invariant combination of parameters af and a/3. It can
also be written explicitly in terms of a Bessel function. At this stage we can set a = 3
if we want to, as they do not have an independent meaning any longer. We also find

through comparing coefficients that:
({n] @ (n]) (jm) @ [m)) = (n!)*6nm (2.21)

where again, the norm of the state is the denominator in the (integrated) generating
function.
We can check that this is an eigenstate of the gauge invariant composite ab operator,
finding that
abF o, B] = afBF|a, B]. (2.22)

It is this property that makes these states more convenient: they act as coherent states
for the composite gauge invariant operators built from lowering operators. This property

can be readily used to compute matrix elements. In this example, the algebra is fairly
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straightforward, so the calculations can be done without the generating functions.

We can do one more variation on this calculation. The idea is to use the charge
Q = a'a — b'b — k where k is an integer. In this case, the state |0) x |0) has charge —k
and is not gauge invariant. The gauge invariant states are |k +n) ® |n). In the double
sum of the coherent state:

(a™p")

min!

o, B,0) = exp(ae?a’ + e b |0) = Z exp(i(m —n)f) |m) @ |n), (2.23)

we need to project onto states where m —n = k. This is straightforward. We use the

Fourier transform coefficients of the generating function:

_ 1 [27 ,
Fla, B, = %/0 df exp(—ik0) exp(cxe’eaT + 56_Z96T) |0) (2.24)

so that the overlap integral is

1

2
Fla, Blx * Fla, Bl = Py /0 df exp(—ikf) exp(aae” + Be™") (2.25)

= i% (2.26)
= (aa)" (M) I (2\/@) (2.27)

Again, the norm of the fixed charge states is the denominator (n + k)!n! in the sum,

—k/2

and the generating function can be explicitly written in terms of Bessel functions. It is
a convergent power series for all a, 8 in the complex plane. The norm is well defined
if o and & transform oppositely, which they do if they are complex conjugates of each
other. These are also coherent states in the sense of being an eigenvalue of the gauge
invariant composite ab operator with eigenvalue af. Notice that in this case, o and

appear slightly differently in the overlap. We can think of this as an anomaly. We can
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also take states given by a *F[a, 8], which are still coherent states; in that case, the
final answer only depends on the product af, so we can take them to be equal to each

other if we want to.

2.3 Half BPS coherent states in N =4 SYM and some
generalizations

We now turn to the problem of finding coherent states for the half BPS states NV = 4
SYM that are gauge invariant. These states are special in that they are created by a single

matrix of raising operator (aTZ); Under the operator state correspondence, the matrix

valued operator inserted at the origin is equivalent to the raising operators Z(0) < aTZ,
where a' is the raising operator for the s-wave of the field Z on S®, when studying V' = 4

SYM on the cylinder [I2]. We first consider a naive coherent state:
F[A] = exp(tr(A - a},)) |0) (2.28)

with a matrix valued A set of parameters. This is a coherent state for the gauge invariant

traces tr(a®), so that

tr(a®)F[A] = tr(A®)F[A]. (2.29)

Since these traces generate all the gauge invariant states from the vacuum, we notice that
the only information that we get from A is contained in the traces of powers of A. This
is equivalent to knowing only the eigenvalues of A. In that sense, most of the parameters
are redundant. We take A to be diagonal in what follows. The next problem we have to

deal with is that this is not a gauge invariant state. We now introduce the U(N) group
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action on these states and average over the group. This will look as follows:

FIA] = m / dU exp (Tr (UAU—laTZ)> 0), (2.30)

where dU is the Haar measure. The volume of Vol(U(N)) = [ dU and we will call it Vol
for short. For fixed U, the integrand will have the same coherent state properties with
respect to A, A if A - A = UAU! (they are related by conjugation), so that A and A
have the same eigenvalues and traces. We can think either of the matrix A transforming
with U at fixed eigenvalues, or the matrix operator aTZ transforming with U. In the first
case, we can think of the combination tr(A - aTZ) as being gauge invariant if both A and af
transform opposite to each other. Diagonalizing A is a gauge choice and we are summing
over the gauge orbit. In the second case, we may think of this as transforming a! and
projecting onto the gauge invariant states at fixed A. Either way, we should think of this
integral as generating all of the possible half-BPS states.

Right now, we define A as an external matrix such that when we act on F', the lowering
operators act as az ~ Udiag (A1, ..Axy) U~! = UAU ! at fixed U. The U disappear inside
traces. We now wish to find the inner product of F[A’] and F[A]. Using Eqn. and

the Baker-Campbell-Hausdorff formula, we arrive at:

F[A]« FIA] = #/dU*dU (O] exp (Tr (U*A'U*'az)) exp (Tr (UAU‘%L})) 0)
1 * — * AT Tk—
= o> /dU dU exp (Tr (UAU'U*NU))) (2.31)

Here, there is an implicit convention for transposes in F' for the contraction of the rais-
ing /lowering operators that lets us concatenate the matrices in the order shown. Any

other way of doing the contraction will give a similar answer with U* either transposed
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or inverted in the formulas. They are all equivalent under a change of variables in the
Haar measure. Notice that the expression above depends only on the combination U ~1U*
and its inverse. We can therefore call a new group variable U = U~1U* and still keep U.
Since the Haar measure is group invariant, at fixed U, we have dU = dU*, which allows
us to write dUdU* = dUdU. The integral over U can then be done — it cancels one factor

of the volume. The end result is that the integral simplifies into:

FIA] * F[A] = % / dU exp (Tr (U—lAUI\')) (2.32)
This integral is of the same type as the original definition of the coherent state that gave
rise to , but it is now also a complex analytic function of A, A, instead of a formal
state in the Hilbert space. This is a well known integral: the Harish-Chandra-Itzykzon-
Zuber integral (HCIZ) whose value can be computed via localization [29]. This can not
be directly done in the original generating function of states because the operator matrix
(a')} cannot be diagonalized.

The integral localizes to solutions of:
Te(U~Y[6U, AJUN) = 0 (2.33)

This is equivalent to:

ALUNTY =0 (2.34)

so that A and UNU™! are diagonalized simultaneously. This means that the labels of
diagonal components A; and A, differ by a permutation 0. We can take the matrices to
be diagonal and described by A;, )\;(i), which is to say that U is a permutation matrix.

The correct space for matrices U is U(N)/U(1)Y, where the U(1)" can be taken as

the matrices that commute with A automatically. The saddle value of the integrand is
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N Y Y
A ° )\O' — Z AZAO’(Z) .
We know from [58] that we can expand our integrand from Eq. through a char-

acter expansion, giving a formula of the type:

FA =S immm(a;) 0). (2.35)

where we have a denominator fr that we will compute later. The denominator is found
in equation (34) of [58|, or the denominator in equation (2.11b) of [57] if we divide by the
prefactor of the equation. We will recompute the answer by using the exact evaluation
of the integral.

We can do the same with the explicit HCIZ integral:

FIAT* FIAl = ) —xr(A)xr(A) (2.36)

Comparing coefficients of the characters of the matrices A to the double sum

FIA] « FA] = lefR,

R,R’

XR ([_\)XR(A> <O|XR’(G>XR(GT)|O> ) (2.37)

we arrive at (0|xg(a)xr(a")|0) = 0 if R # R', and we also find:

(Olxr(a)xr(ah)0) 1 (2.38)

I Ir

That is, the characters are orthogonal to each other, and the norm of each of the
characters is the denominator fr. This should be contrasted with the explicit combina-
torial derivation in [36]. The reader can check that the answer quoted above and the
result of the combinatorial formula match each other.

Now, we will compute fr directly. This is something that can be done directly
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from the evaluation of the HCIZ integral. The first step is to understand that the
representations appearing in the equation are labeled by Young diagrams for U(N).
Each diagram is characterized by the length of the rows, which appear in descending
order j; > jo > ... JN.

We need the explicit Weyl character formula:

det (A{j*N‘i)

X (A) = AN (2.39)

which is written as a ratio of determinants, where A(A) is the Vandermonde determinant
of A (we can also obtain it from the numerator by setting j; = 0 for all 7).

The second item we need is the explicit value of the HCIZ integral:

I(AA) = %/d(yexp (Tr ([7_1/\[7/_\’)) =Q

det (exp(X;\)))
A(MAW)

(2.40)

where () is a normalization constant. The determinant in the numerator is a sum over
permutations, it is an explicit sum over all the N! possible saddles that are solutions of
equations (2.34)).

We can find fr by first multiplying the result by the product of the Vandermonde

determinants. This way, we obtain:

_ _ _ 1 ) . . )

I(A, A)A(M)A(A) = Qdet (exp(\X))) = > T det (A{;*N‘l) det (A;gl“v‘l) . (2.41)
where we are now labeling the representations R by the vector of values & determining
the Young diagram. We will consider on the right hand side the monomials of the type

AT AW with 7y > 79 > -+ > ry. These monomials are in one to one correspon-

dence with the characters. This corresponds to the unique term in the numerator of the
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determinant that is the product of the diagonal entries:
det <Aii+N_i> = TN (2.42)

Now, we expand the exponentials in the determinant det (exp()\ij\;-)) of the evaluated

HCIZ integral and use the multilinearity of the determinant to arrive at:

_ 1 _ 1 _
/ . \n;\ __ - m; ng

det (exp(\)})) = ; i det((AX;)™) = ; il det(X] )1:[ Al (2.43)

where [n] is the multi-index ny,...,ny, while [n]! is the product [];n;!. Restricting to

the monomials with the correct descending order forces us to take ny > ng... in the

sum. We see that we get an explicit sum over characters if we set n; = j; + N — ¢, which
also have this descending value property. We therefore find that the denominators can

be readily computed:

fo=nIQ " = ]G+ N =), (2.44)

Setting f5 = 1 by using (0]0) = 1, we find Q = []_, (N —i)..

This is the same answer that was obtained by direct combinatorial methods. Similar
localization formulas exist for other groups [29]. What is less straightforward is the
corresponding character expansion. This is explained cursorily in [57]. The goal would
be to reproduce the combinatorial formulas in [61} 62] and check if the bases agree. We
will not pursue this calculation in this chapter. Instead, we will look at other integrals
for simply laced quiver theories (A,_; quivers) to show how the method works in those
cases as well.

Let us start with a gauge theory of U(N;) x U(Ny) matrices (we start with N; = Ny)

and consider a pair of bifundamental fields al,,al, in the (Ny, N;) and the (Na, Ny)
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representations. We want to build the same type of coherent states as above. We start
with:

F[A] ~ exp (Tr(A21 aly + Ars - aﬂ)) 10) (2.45)

The idea is that A;; is in the dual space of al.. so we reverse the order of the 1,7 labels.

jis

In this sense, the lowering operators are also reversed a;; = (aL)T. Just like before, we

need to average over the group U(N;) x U(Ny). This is done by the following procedure:

1

FIA = I Vol;

2
/H dUZ exp <TT(A21U1GJ{2U51 + AlgUzCL;lUfl> |O> (246)
=1

where all the contractions are matrix multiplications.
With the usual use of the Baker-Campbell-Hausdorff formula, we arrive at a formula

where we end up replacing ah by the A}, matrix. We obtain:

F[A] % F[A] = / HdU exp (Tr(An Ui AL Us ™ + ApUs A UL ) (2.47)

I Vol

These are well known generalizations of the HCIZ integral, first solved in [63]. We now
assume, without loss of generality, that the matrices A, A’ are diagonal. The eigenvalues

are:

App = diag(Ag) - Al ™) (2.48)
Ryp = diag(A\pg) - Ay ™) (2.49)

Here, the (i) label of the matrix is in the lower component, and the upper components
label the eigenvalues. If Ny # N,, the matrix has diagonal entries to the extent that it

is permitted, and the off-diagonal elements vanish. Let A* = J].. A be the diagonal

]

product of the A matrices. Similarly A” = [] )\Z - The integral can also be done with

ij
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localization methods. First, when N; = N,, we need to be careful over what we mean
by localization. The original localization formula for the HCIZ integral is evaluated on
a compact complex manifold U(N)/U(1)". It is important that we do the same here.
However, we are doing integrals over the full U(N;) and not just U(N;)/U(1)":. We need
to separate the U(1)"i explicitly. These are tori, so we have variables exp(if$) for each
group. We choose these to be multiplying U on the left. We define U; = diag(if$) * U,
where U; € U(N;)/U(1)M, which is a proper complex space on which localization can
be had.

When we do so, we get a similar equation to ; this time, however, we need to
restrict ourselves to 0U that are strictly off-diagonal (they need to be orthogonal to the
tori that we selected). The result is the same: A and a conjugate of A are mutually
diagonal for all A. This gives rise to a common permutation of the A variables. The
value of the “action" at the saddle is:

S = Z)\a}\ 7 exp (i3 — i62), (2.50)

177V )i

which still depends explicitly on the angles #;. The localization integral is over the off-
diagonal pieces. We still need to do an integral over the phases 6. We may simplify the
integral by absorbing the phases into the \;. The denominator is computed using the

method of images, under the assumption that .S is real. The result is:
det(62.5) = A(A)A(A), (2.51)

a product of Vandermonde determinants. The localization formula (for each saddle) we
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need is then given by the following integral:

Lad = / [ doexp [Z AT exp(if — i6) (2.52)

The integral is done by expanding the exponential as a series and using the binomial

expansion. We find:

1 1
A(A)A(A) % [n]pA[ LA (2.53)

This can be understood as N copies of the computation in (2.19)), so we get a product of
Bessel functions. Each saddle also has a sign, (—1)?. We find that up to a normalization
constant €2, we have:

F[A] x F[A] = m det (JO [2 (AaAﬂ)D (2.54)

Because of the determinant structure, it admits a character expansion. This is another
way to arrive at the answer by a direct computation. Again, it is the denominator of the

characters that count. We replace [n]! — ([n]!)? in all the formulas in (2.43)).
fe=MnPQt=0q" H]k—l—N k)12, (2.55)

including the normalization factor €2, which is determined by f5 = 1.

Once we go to more general A, _; quivers, with all groups of the same rank, the
integrals that need to be done are of the type , but with the sum over ¢ containing
more terms, as many as there are in the A,,_; quivers. The most general formulas obtained

this way contain different ranks for the different groups:

fa =7 [k + Ni = )L, (2.56)
i,k
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again normalized to f3 = 0 (see [57, 58]). The Bessel function gets replaced by a gener-

alized hypergeometric series, given by:

©AD) =Y s iv AT (2.57)

where Ny = min(JV;) and the determinant that generalizes equation ([2.54)) is a determi-

nant of a Ny X Ny matrix, so that the overlap reads:

F[A] + F[A] = det (@ [(A*A")]) (2.58)

A(A)A(4)

When the ranks of the groups are not the same, the localization integral actually does
not work. Let us explain this in the simplest setup where we use a U(N) x U(1) quiver.

The integral we need to do is:

1 ) , N
= 5Vl dUdgexp (a- U - aexp(i¢) + exp(—ig)bU 'b), (2.59)

where a is a column vector, and b is a row vector, given explicitly by:

i=|o]|, b=(bh0...0), (2.60)

where the product b-d=abis gauge invariant. Notice that the vectors @ and b are
invariant under a common U(N — 1) group. Thus, when we do the integral, we should

do the integral over the quotient space:
SHN-L CU(N)/U(N — 1), (2.61)
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which is a round sphere of dimension 2N — 1. This is not a complex manifold, but the
quotient CPY = §?N=1/U/(1) is such a space. This complex geometry would be the one
where localization would take place. Instead of that, let us choose the metric of the
sphere as follows:

ds® = cos*(0)d¢? + db* + sin®*(0)dQx_ (2.62)

The action has a pair of rotated vectors dotted into another such vector. This inner

product has a cos(f) exp(i¢;) factor in it. We find that:
I~ /sin(6)2N3 cos(0)dOdpy2 exp (c:zd cos(f) exp(ipra) + BCOS(@)ZGXP(—i¢12)> (2.63)

where the angle 6 € [0,7/2] and ¢;5 is a relative angle. We can get the same type of
answers if we use Euler angle parameterizations in U(2) and U(3) (see [64, [65] to get
Euler angles for SU(3) and SU(N)).

We can do the integral explicitly in two different orders. We can expand the expo-

nential series and pick the Fourier terms that have vanishing momentum. We obtain:

2n
n

I~ En: / sin(§)2N 3 cos(@)d@(é&i)l;)”%(

@) ) cos(0)“" (2.64)

The individual integrals can be written in terms of I' functions. Up to a normalization

factor, we get:

- =, 1 I''N-=1In+1 =1 T[N-1

n n

The denominator takes the form we expect: f, = (n+1— No)l(n + N — Ny)!, where
Ny = 1. Everything is fixed if we require that the leading term of the series is equal to

one. The second way to do the integral is to introduce a new variable x = cos(#) and let

33



BPS Coherent States and Localization Chapter 2

y = aaexp(igiy) + b exp(—i¢12). Then the integral takes the form:

I x /dgb /01 dx(1 — )N 22 exp(zy) (2.66)

The first few of the answers, for N = 2,3 are:

I, = /dgzs (i + %) (2.67)

I3 = /d¢y‘4(—6 + 9% 4 2e¥(3 — 3y +37)) (2.68)

and this suggests that there are two saddles: one at § = 0 and the other at § = w/2. The
first saddle has action y, and the other has action 0. The measure factor from the saddle
should be the maximum inverse power of y in the expression. But we notice that there
are curious factors of y in the numerator. This is because the two endpoints of the 6
integral correspond to manifolds of different dimensions. For § = 0 in we get a circle
parametrized by ¢, whereas for = 7/2, we get a sphere of dimension 2N —3. One of the
two “critical points" in S*¥73/U(1), if we can call them like that, is not isolated and the
other one is. In that sense, a naive notion of localization fails. The Duistermaat-Heckman
theorem requires isolated critical points. In the case of N = 2, both of the critical points
lead to circles shrinking to zero size, but these circles are not the same circles. The
theorem of localization only pertains to the fixed points under the same U(1) action.
In spite of this, because we can do the integral in the other order (where we integrate
the angle variables ¢ first), we get an expression that is a quotient of determinants that
admits a character expansion. That is enough to show the orthogonality of character
wave functions and compute the norm in terms of a denominator that fits the description
above. Since the expression looks like sums over saddles with denominators, we can abuse

the language of localization if need be.
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For conformal field theories in four dimensions, we usually find ourselves in cases

where all the N; are equal to each other, so the process of localization is valid.

2.4 Determinants and strings attached to them

Consider the following gauge invariant object:
G\ = det(\ —a') |0), (2.69)

where A is a c-number formal variable. This expression can be expanded in characters

(more precisely, subdeterminants) as follows:

N
G\ =) (=A")sdety_n(al) (2.70)
n=0
We can consider the overlap:
G[N * W] (2.71)

Our goal right now is to find an expression of this overlap that can be computed with sad-
dle point methods, as a saddle of a specific integral. The idea is to write the determinant

as a fermionic integral (we follow the setup [66, 67, 68, [69], see also [70]):

det(\ —a') = // dédg exp(E(N — a)g), (2.72)

where the fermions &, & are column and row vectors of size N. The determinant is
the result of a fermion integral over an auxiliary set of fermions that can be taken to
transform under U(N) as a fundamental or antifundamental. Notice that the term in

the exponential is again linear in af. What this means is that we may apply the Baker-
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Campbell-Hausdorff trick again in the overlap computation. The overlap we need is of

the form:

GIN + GIN = [ [ dxaxdédg exp(@x¢ + i — xe€v) (2.73)

where the minus sign of the quartic term comes from a fermion sign.
As is standard, we use the Hubbard-Stratonovich trick by inserting a complex boson

Gaussian integral to find:
GIN * G = / / AXANAEAEdddd exp(ENE + XAX — B6 1 idbx +idxe)  (2.74)

The fermion integral is now diagonal in the U(N) indices, so we get that:

GO+ G = / / ddde exp(—de) det ;is (2.75)
= [[ adaotin+ 36)" a0 (2.76)

We can now do the integral by expanding the polynomial in A\ using the binomial

theorem, finding that the integral over ¢¢ can be expressed in terms of of I" functions:

G\ * G\ = Q i (JZ) (ANFTIN — k + 1] = QN! i Q)" (2.77)

up to a normalization constant of {2, which has been implicit in the measure of the inte-
grals. We need to normalize the answer so that the term with (AX)Y (the vacuum overlap)
has a coefficient equal to one. This means that {2 = 1. We find in a straightforward man-
ner that the subdeterminants are orthogonal and that their norm is |sdety_x|* = N!/k!;
we can compare this expression to the results in [3, [71].

The results presented here are very direct. We notice that because we have an integral
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expression, we can evaluate it using a saddle point approximation by varying over r = ¢¢.

The saddle is the minimum of:

—p¢ + N log(A\ + ¢¢) (2.78)
Equivalently, using r = ¢¢:
N
-1 — =0 2.79
* T4 AA ’ (2.79)

we find that r = N — A\. For the saddle point method to be a good approximation,
we need the saddle to be close to the positive real axis, which is the line over which we

integrate r. When A and A are complex conjugates of each other, this requires that:

M < N (2.80)

In this setup, ¢¢ is of order N. Necessarily, so is A, which we think of as a parameter.
We find:
G[N * G[N] ~ @ exp(—7) =~ Nlexp(A\) (2.81)

If we compare this expression to , we see that the exact answer is a truncated
exponential, and that the saddle point approximation gives the exponential function.
This fact was first seen in [7I], but not as a saddle point with respect to the integral
representation. The saddle makes it clear that we have a 1/N expansion, because of
the specific N dependence of the logarithm. This is induced when we integrate out the

fermions.
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2.4.1 Adding open strings

The idea of the saddle point calculation is that in the end, A and A become complex
variables. The generating function G[\] is to be considered as a state in the Hilbert space
of states. We can build other states around this state. Consider a collection of words W;
made of raising operators different from a' (like the ones that appear in spin chains of

N =4 SYM). We can consider more general states that are of the form:

GIA W) = [ dgagexp(€~ a)e) [T€EW,) o) (2.82)

J

These are open words W; with fermion flavors attached at the boundaries. The
boundary fermions on the words make these states gauge invariant as well: the &,¢&
transform under U(N). In this formalism, the introduction of the fermion variables
suggests that there are emergent degrees of freedom in the determinant. When we write
the determinant as an integral over the fermion variables, we “integrate out" these degrees
of freedom when we do the integral. This has been studied in |70, [72].

Keeping the fermions in more places than just the determinant allows us to affix
strings to the defect. Hence, the determinants behave like D-branes; indeed, they are
supposed to be sphere giant gravitons. Without the explicit fermions, one would get a
formalism similar to [71], which is more cumbersome. Attaching strings combinatorially
for single determinant branes was pioneered in [8, 4, [0]. This formalism with fermions
does the same work more economically and moreover has a well defined saddle, which
allows one to make approximations useful for computations.

Let us now show, mimicking [71], that any such W should not begin or end in the
letter af, because we would be overcounting. Consider W = W'a!. The idea is to write
a’ = A+ (a' — ). The term with just ) is a c-number, so it can be taken out and written

in terms of shorter words, in this case W’. There is a second term, which can be written
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as a fermion derivative as follows:

GINW(af = V)] = [ dEdee"dcexp(Ex - ah) 0 (2.83)

Now we integrate the fermion derivative by parts and find that:

G\ W' (a" = N\)] = — /dfdf exp(E(X — a)Etr (W) [0), (2.84)

which is usually interpreted as the object G with a closed string tr(WW’). These ma-
nipulations are straightforward, whereas the original combinatorial calculation was more
challenging. The original combinatorial setup with the A acting as collective coordinates
allows one to understand the boundary conditions for the closed spin chain in more detail
[16, 15, 17] and is useful at higher loop orders [73| [74] [75], but it becomes prohibitive to
understand how the various diagram contribute at various orders in 1/N. The saddle ap-
proximation and the introduction of fermions help facilitate the latter goal. The fermion
variables make it easy to generalize further beyond one string and should prove helpful to
understanding how strings split and join more generally once non-planar interactions are
added. These types of words with fermions can be generated by interactions; the Hamil-
tonian lowering operators can bring down powers of the ¢ fermions. The integration by
parts can also act on other insertions of &, producing the splitting and joining of words.
Computing overlaps of states with strings will involve fermion correlators (this is how
computations are done in [69], for example). These are easy to compute at the saddle
point obtained at , and involve the 2 x 2 inverse of the quadratic form appearing

in the fermion integral. Namely, we have a Feynman rule for a fermion propagator that
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eliminates the fermion insertions in the strings. The fermion propagator is:

-1

N i
T = 0 (2.85)

Exploring these issues in detail is beyond the scope of the present chapter.

2.5 Collective coordinates

So far, we have defined coherent states labeled by either eigenvalue parameters A ~
(AL, ... AY), or by a generating function made of a single parameter \ in the case of
determinants. In all of these cases we have found that the overlaps of these states with
different parameters can be well described by saddle points of an integral. When the
integral is done by localization, the expansion in terms of a sum over a finite number
of saddles is exact. When the states have the same parameters (that is, when we are
computing the norm of a state), there is usually a single saddle that dominates, as we
will describe. In such cases, the physics can become semiclassical. The parameters \°
that describe the individual state can be promoted to collective coordinates, which will
allow us to describe the dynamics of the state in terms of a simplified dynamics of the A
parameters as functions of time. We will demonstrate this process in this section.

So far, we have not discussed the Hamiltonian of the system. We have described
raising and lowering operators in a harmonic oscillator context, but at no point did we
make it explicit that these are solutions of the dynamics of a quantum system with a
Hamiltonian. We want to understand how to do this directly from the A parameters.
Rather than solve the oscillator dynamics of a and port it over to the )\, we want to
have an effective action for the A itself that reproduces it. The reason for doing this is that

eventually the dynamics of BPS states get corrected when we add other oscillators. In
40



BPS Coherent States and Localization Chapter 2

that sense, we get an effective action of collective coordinates and additional excitations,
which interact with one another. These interactions lead to corrections of motion in A,
but the fact that the saddles are in some sense strong saddles means that these can still
be treated semiclassically and the states will have big overlaps with the coherent states
described so far.

The effective action of the collective coordinates on their own is usually written as a

first order formulation as follows:
S = /dt O30, [N — (A (2.86)

where the first term is a Berry phase. The states |\) are required to be normalized. Apply-
ing the variational principle to the action produces an approximation to the Schrédinger
equation, restricted to the states of the prescribed form. Our idea is to use the saddle
point expressions directly to compute the effective action S. This is very similar to what
was done in [71] for a single sphere giant graviton.

The main idea behind computing H |A) is that the energy in the generating series
is equal to the number of raising operators in the expansion of the exponential. This is
identical to counting powers of A. In that sense, we take the un-normalized |X), which is

strictly holomorphic, and find that:

HX) =) Xy |\) (2.87)

After this evaluation, we can rescale the state by multiplying by a c-number (the square

root of the norm of the state). If we define the normalization constant as:
N(A) = (\JA) = F[A] « F[A], (2.88)
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where A is the complex conjugate matrix to the A diagonal matrix, we find after a

straightforward computation that:

ALH[A) =D Xy log(N(N) = > N, (2.89)

where p; are a new set of variables, given by derivatives of K = log(N())).

Similarly, the Berry phase term is given by:

lim — Ao N Gy D L Sy

vy VD e \/N (A) VNN

= ZZ Nd;log(N(N)) + total time derivative

~ Y i (2.90)

where we drop the term that is a total derivative of log(V), since total derivatives do not

contribute to the action. The action we get is surprisingly simple:

In this equation, we should think of p; as the canonical conjugates of A’. Solving the
equations of motion immediately gives A\; = \;(0) exp(—it), which is the correct classical
behavior for the coherent state fields. The A’ are well defined for the HCIZ integral,
but when we consider some of the generalizations, we realize that we should use the A’
variables rather than the A directly. The A variables are products of A for a quiver; only
the A eigenvalues enter N. We want the p; variables to be independent variables, so we

rewrite the action in terms of the A variables:

S = / dtY " ip AT — np A, (2.92)
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where n is the number of nodes in the quiver diagram.

A more pressing question is evaluating p;. We turn to (2.41)), which allows us to
compute p;. We want to express the result in the saddle point approximation and check
where it is valid. Consider a single large eigenvalue parameter of \!' (and make the
others as small as needed). We want to know which saddles contribute. It is clear that

the exponential in the saddle satisfies the following inequality:

lexp(A“DAL + )] < JexpWAE+ X224 ), (2.93)

which can be proved by the Cauchy-Schwearz inequality. We see that we require (1) = 1
. If we add more large eigenvalues, it becomes obvious that the dominant saddle is the
one of the identity permutations by the same method. Keeping in mind that the other A

are small, our expression for the overlap is approximated by:

log(N(AL, A1) ~ AL — (N — 1) log(AAD), (2.94)

where we only take into account the A! dependence and the dominant saddle. We find
this way that:

p At =M — (N - 1) (2.95)

We expect the energy of the configuration to be positive. This gives a lower bound on

the collective coordinate A, as follows:

MAL > N, (2.96)

where we have taken the large N approximation. This is the complementary regime to the

one found in (2.80). The analysis in [76] looked directly at the expansions of truncated
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exponentials to do this. Here, we see that the saddle point encodes this information
systematically. More importantly, if we say that A ~ v/N in a scaling sense, then the
energy stored in the state is of order N. This is usually associated with the energy
of a D-brane. Indeed, these eigenvalues must be collective coordinates for AdS giant
gravitons.

We also notice that A\ is the Kahler potential of a flat manifold. This is recovered

easily in the present formulation. Let us define:
K =1log(N(A,A)) (2.97)

The wave functions we constructed begin as holomorphic functions of the A\*. There-
fore, they already represent a complex structure of the parameters. The action we wrote
induces a symplectic structure on the \,p coordinates; we note that p is essentially .

We find that the symplectic form (expressed in terms of the Z, z coordinates) is given by:

w=d) pdz) = dY 0;Kdz' = d(0K) = (0 + 0)0K

= (0;0,K)d¥ Ndz' = dz' Nd7 (2.98)

We find from the dominant saddle point computation that if we include all eigenvalues,
the logarithmic correction to K does not affect the metric. The metric is flat. This
matches what we expect. The eigenvalues \ parametrize the coherent states we have
described. More importantly, in the semi-classical limit, the coherent states encode a
particular field theory configuration, where the field we are quantizing (Z in this case)
has a classical vacuum expectation value Z ~ A. Notice that because the HCIZ inte-
gral is exactly a sum over saddles, all corrections to K that could further arise are the

contribution of other saddles: they are to be considered as a non-perturbative effect.
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A similar result holds for the determinant calculation, where we would again find
the flat Kéler metric, as the overlap is a simple exponential. The one difference is how
to compute the energy. When we count powers of (a')* in the determinant, they are
paired with powers of AN=*. In this case, the Hamiltonian is therefore N — \9,. Putting

everything together, we find that the energy in this case is:
Hy = N — A\ = 0. (2.99)

For the energy to be greater than zero, we need AX < N, which coincides with the
condition that the Hubbard-Stratonovich field ¢ has a good saddle. Again, if we look at
the scaling of the energy, it scales like N. This again must be interpreted as a D-brane.
These are the sphere giant gravitons.

Let us now turn to the A,,_; quivers. We need to understand the asymptotic expansion

of the generalized hypergeometric function (see also [57]) for the dominant saddle:

,(A4) =Y ﬁ@m)m, (2.100)

m

which replaces the exponential; in the denominator, we have (AA)Y. Notice that since
this only depends on A = H?:l(A%i i+1)), we can take all A variables to be identical (we
should do this anyhow as they are not gauge invariant on their own). We can do the

same with A\. From our integral representation of ®, we find that:

B, (AA) = # / / TT 46: expAX expli(6; — 0:;1)) (2.101)

Now, A\ should be large, so we can saddle the integral over the angles. The critical point
for the maximum is when all the angles are equal to one other. At this point, the saddle

is for real values of . If the X\ are not equal to one other, then the saddles move in the
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complex plane, and we will need to worry about both the real and imaginary parts of
the variables 6.

Asymptotically, we find that:
®,,(AA) ~ exp(nA)) = exp(n(AA)Y™) (2.102)
We obtain two results from this. Our first result is:
p~ A(AA)Y"E — N/A, (2.103)

where we have included the measure term. In this case, p is not the complex conjugate
of A and a holomorphic correction. The energy function is > A;;+10;,41. This measures
the degree with respect to A. Since A is composed of a product of n lambdas, we need to
multiply the degree of A by n to get the Hamiltonian. We find that the effective action
1s

S = i/pA — (n)pA = /dt (ipA —n[(AA)Y" — (N — 1)]) (2.104)

as expected. The Kéhler potential gives rise to a flat geometry, but the complex structure
is that of C/Z,, as one would expect from the quiver theory. We get a similar constraint
from the positive energy of a single large eigenvalue, namely that A\ > N — 1. The

Kéhler form we get for the one eigenvalue is:
1 - _
w=—(AAY"1dANdA (2.105)
n

Notice that these coherent states also match the generalized coherent states introduced
in [46] that were constructed combinatorially. That the energy is essentially the Kahler

potential is a semiclassical result expected for BPS states [14] [77]
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Consider now a U(1) x U(N + 1) theory in the example where we showed that naive

localization does not work. We still get a function similar to ¢, but now we have:

o= ZZO m(/m)m = (AN (2v/ AA) (2.106)

and because one of the terms is a U(1), there is no denominator. The hypergeometric
function, when written in terms of Bessel functions, looks as if it does have a denom-
inator, with N/2 other eigenvalues. It is as if gauging U(N) only counts for half as
many eigenvalues. We want to understand the corresponding expressions at medium to
moderate large V.

There are two regimes we want to consider: large A and small A. For large A, we need
to use the asymptotic expansion of the Bessel function. This time, we choose to start
from a different integral representation of I,(z) and use Watson’s lemma to compute the

asymptotic expansion of /,(z). We begin with:

(22)71/2¢7 /1 ot 1
I(z) = =22 ¢ =3 (1 — )5, 2.107
() = [ ety 2107

where we've stipulated that Re(v) > —%. We use Watson’s lemma, which holds that an

integral F)\(z), defined such that:

Fi(z) = /0 T f(t)e *dt, (2.108)

where Re(A) > 0 and the function f(¢) has a Taylor series expansion :

f&)y = ant”, (2.109)

n=0
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as t — 0y, can be approximated as:

L(n+ )
Zn+A

(2.110)

an

3 t¢18

in the large argument limit for z. For our case, in the large argument limit, our asymptotic

expansion of I,(z) becomes:

I(2) = c i ’f(”")r(“—w) (2.111)

k
z
2 k=0

Putting it all together, we get that:

4N? —1

log(¢) ~ 2(AA)Y? — (N/2 +1/2)log(AA) — Vv (2.112)

so for very large A, we once again arrive at the Kéhler potential of C/Zy when we are
allowed to ignore the 1/ VAA term. The expression above is valid when the second term
is smaller than the first in the series (2.111), or when (4N? — 1)/(2VAA)! < 1. So
AA ~ N? has a N? scaling. This is equivalent to vA ~ v/ N, which gives the estimate
in terms of the naive eigenvalues A, rather than the composite object A.

Notice, however, that there is a large correction at large N. For small A, we use the

series directly to find that:

1 “n -
D ~ ; i (AA)" ~ exp(AA/N), (2.113)
where we have used a large N approximation for the denominator. This way, we have:

log(®) ~ (AA)/N, (2.114)
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so the metric becomes that of the flat complex plane, rather than a cone. This applies
so long as AA is not too large, so that the approximation of the denominators is valid
near the terms of the series that contribute the most. This means that the tip of the
cone is flattened (rounded) over a rather large range. We can think of this geometric
calculation as quantum effects deforming the singularity away in a manner analogous to
[78, [79], where the extra “fractional" branes at the tip of a cone lead to a measurable
deformation of the geometry.

This effect can be thought of as a toy model of geometric transitions. The crossover
from the small A to the large A happens when the formulas are roughly comparable to
each other; that is, when (AA4)Y2 ~ AA/N, or equivalently, where (AA)Y? ~ N, which

is the same estimate we obtained from the asymptotic series.

2.5.1 More open strings

In our discussion so far, we have been able to introduce open strings for the sphere
giant graviton D-brane (the determinant). We now want to do this for the coherent state
excitation parameterized by a few large eigenvalues A\’. We notice that in the space of
matrices associated with A, we already have a diagonal matrix; to each eigenvalue, we
can associate an eigenvector |v);. When we multiply the matrix by UAU ™!, this vector
is rotated to U |v),. We can stretch a sting between eigenvalues ij if we add words W as

follows:

AT ~ / 4 exp (tr(UAUa)) (o], U™*WU [u), [0} (2.115)

We may add more words in a similar manner. Notice that we are still doing integrals over
U(N) and that now the vectors v transform with the phases of U(1)" that do not belong
to the coset space U(N)/U(1)Y. The total phase must cancel, so we find that for each

|v),, there must be another v; somewhere else, which is to say that we get the Gauss’ law
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constraint for U(1)"Y. This is as expected. The Coulomb branch in Z breaks the gauge
group to U(1)", tied to diagonalizing the expectation values of Z. When we consider
saddles in the integral, the saddles in U are very pronounced if for a single eigenvalue
|AA| that is large of order N. This means that we can ignore contributions from the W to
the saddles. Instead, we evaluate U in the corresponding permutation matrix and keep
the integration over the phases explicit. This procedure can lead to an effective action
of D-branes with strings. Let us understand this for a pair of large eigenvalues A5 and
the word al,. We need to add the contribution (v|, U~ ak U |v),. Now we act with the
1 loop effective Hamiltonian in N' = 4 SYM, which is written as a contribution coming
strictly from F-terms as in [7] (here we use a slightly modified version of [80] with raising

and lowering operators, similar to the notation in [13]):

G tr ([a},aTZ][az,axD (2.116)

When acting on the simple word, the extra lowering operator az brings down a copy of
UAU™!, either to the left or to the right. For more general states, the reader may refer
to the works [81],82] (see [83] for a review of the integrability program). These two pieces

come as:
Gy (oI, UTUAU ay, aQ]U o), — (vl U ak, afJUAU™ o), (2.117)

Cancelling the U and noting that |v),, are eigenstates of A, we obtain the answer:
Gy = Xo) (o], UM ak, ab]U [v), (2.118)

We now perform the same trick when computing with the dual vector, so that aTZ brings

down powers of A. Again, we obtain an integral that involves U*~!, and we pick the
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identity saddle, so that we get:
Hitoop ~ gyl (M = Do) |? (2.119)

With the N scaling of A\, we get a finite contribution in the t’'Hooft limit. This is
exactly what is expected from other approaches that are based on coherent states without
the U integral formalism [73, [76, 84, 85]. This should be contrasted with the difficult
combinatoric computations that lead to “open spring theory" [86], which contains the
same physics. More generally, such correlators of matrix elements of U have been studied
in [87, 88, R9], where some exact expressions can be found. It should be interesting to
develop that further.

Developing this idea further is beyond the scope of the present chapter. The eventual
goal of such a program would be to simplify the types of analysis found in the works
[00, OT]. It is likely that this basis is close to the so called Gauss graph basis described
in [92] 93].

There is a second problem we would like to discuss: how to include more than one
sphere giant graviton in this discussion. The idea of how to do it correctly should be
motivated by what we have seen already, namely, that there is a good character expansion

formalism. For sphere giants, we should have a generalization of the type:
1
G[M] ~ Z ;XR(G,TZ)XRT(M_I), (2.120)

where the characters of the generalized eigenvalues M involve the dual partition RT. We
are also including some denominator expressions sg in case they are needed. We should
also have inverse powers of M; as in our example of a single sphere giant, counting a'

runs opposite to counting powers of A. Alternatively, we can go ahead and introduce
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new variables u = 1/); then, counting powers of u counts the powers of af. Curiously,
inversion of coordinates also seems to play an important role for the spin chain in the
SL(2) sector for open strings [85]. Based also on the introduction of fermions to deal
with a single determinant, we would expect that such a generalization involves a fermion
integral with more fermions. The proportionality constant in front of G should be AV
for a single eigenvalue (that is, when M is of rank 1). This suggests using (det M)" as
a normalization factor more generally, which is suggestive of an integral over fermionic
rectangular matrices of size rank(M) x N.

In the paper [71], multiple giants are introduced as products of determinants. We will
justify this idea further. There is an expansion in characters from an algebraic identity

(see for example [58]):

1
t)xr(al) =
ER:XR( )XR(aZ) dot (I@]—t@a})

(2.121)

where t is an arbitrary M x M matrix that is tied to the “coordinates" of M AdS giant
gravitons. A straightforward evaluation of the norm of the left shows that the state is not
normalizable unless ¢ = 0. This is because the operators aTZ are unbounded, so the Taylor
expansion around ¢ = 0 is not convergent. In this sense, this is a formal expansion.
Because the formula is an inverse determinant, it can be written as a bosonic integral.
In the study of Wilson loops, it is noted that if one bosonizes a determinant Wilson loop,
one passes from single column Young tableaux to row Young tableaux [94], thus switching
between two types of “dual" D-brane representation: D5 and D3 branes. Here we see

how the same idea can be written; the idea is then to fermionize the determinant above

written as a bosonic integral to find:

det (I RI—-—t® ai) = /dxdx exp <tr(>2x — Xa}xt)) (2.122)
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In this case, to each eigenvalue t,, we associate a flavor of fermions. For each such t;
eigenvalue, we can isolate fermions on the left and and on the right, and thus get the open
strings attached to different giants. This would reproduce the ideas of [71], but would use
the fermion language. To generalize the calculation, when one considers the Hubbard-
Stratonovich trick, one should introduce an M x M collective field. One would like to have
a saddle of this field that aligns in the “identity" permutation. The ¢ variables here are
exactly like the inverse of the A parameters. Notice also that in matrix quantum models
of rectangular matrices with fermions, one usually ends up pairing representations with
dual young diagrams of the two groups under which the matrices transform |10}, 53], O5].

We can also check that if we use the second Cauchy identity for Schur functions, we

arrive at:

™ Xr(t)xnr(al) = det (1+t @ al) (2.123)

so that up to a sign, we get the correct generating series that we wanted in terms of
characters.

Now, adding open strings becomes very simple. In the basis where ¢ is diagonal,
we can have fermions 1* and zﬁj. Sandwiching words between these fermions allows one
to form general states with open strings. The Gauss’ law constraint becomes trivial:
there is a U(1)M charge under which the fermion integral is invariant. This symmetry
sends tb; — exp(—i6;)0; and 1/ — exp(if;)1’, one for each parameter t;. We find that
there needs to be as many 9’ as @j, that is, the same number of positively charged and
negatively charged particles with respect to the D-brane U(1) charge. When two of the ¢
coincide, there is an enhanced U(2) symmetry of the fermionic integral. This should be
the generating series counterpart of how to attach strings to sphere giants combinatorially
by adding boxes to Young diagrams [6], [50].

There should also be a more general theory of coherent states that has both sphere
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giants and AdS giants appearing more democratically, as one expects from the strict
infinite N limit, where they can be constructed directly by making note of the symmetry
between Young diagrams and their transposes [96]. In the strict N — oo limit this can be
made very precise. For example, the overlaps of multiple giants [19] are easily seen to be
given by formulae that can be expanded in terms of Cauchy’s character formulae. The
parameters of those coherent states play the role of eigenvalue collective coordinates.
A general setup for finite N that is democratic between these probably involves both

fermion and boson integrals. It is likely that there is a supermatrix model that does this.

2.6 Coherent states for 1/4 and 1/8 BPS states

We are now ready to tackle coherent states for 1/4 and 1/8 BPS bosonic states. The
idea, following our previous development, is to start with averaged coherent states:
1
FlAz Ax Av] = / dU exp (tr(UAXU—la} +UNU Yl + UAZU—%JZ)) 0)
0
(2.124)
We now want to concentrate on the states that are 1/4 and 1/8 BPS at one loop order.

The effective Hamiltonian is given by:
H=tr ([a}, al[ay, aX]> + cyclic, (2.125)

and since H is a sum of squares, we get H > 0 as an operator. When we let H act
on F, we see that we get a result that is identically equal to zero when the A matrices
commute. We thus insist that the parameters Ax, Ay, Az are commuting matrices, as
they should be. The coherent states are a semiclassical approximation to expectation

values of fields. The moduli space of vacua occurs when the classical expectation values
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of the fields (after gauge fixing) commute. Namely, we need the expectation values to
commute: [X,Y]=0....

Now we perform our usual manipulations contracting a&, ax etc, to find the overlap:

F[/_\Z, /_\X,/_\Y] * F[Az, Ax, Ay] =
1 - - - (2.126)
W /dU exXp (tr(UAxU_lAX + UAyU_lAy + UAzU_lAz)) |0>
0

This answer has a manifest U(3) symmetry of rotations where the matrices Ax, Ay, Ay
transform as a 3 of U(3), and the conjugate A transform as the 3.

Here are a couple of observations. First, the action in the integral is also evaluated on
a U(N)/U(1)N geometry; thus, the phases of U acting on the left disappear. Some of the

critical points of U are the same as those in the HCIZ integral: permutation matrices.

There may be additional ones. The conditions for critical points are:
Ax, UNxU '+ [Ay,UANyU 4+ [Az, UN,U ] =0 (2.127)

It is clear that when U is a permutation matrix, they are critical points.

If A and A are real, then the term in the exponential is real. In that case, Morse theory
for the compact manifold over which we are doing the integral suggests that for small
enough perturbations in Ax, Ay slightly away from zero, the set of isolated critical points
does not change (these depend continuously on the action when thought of as a Morse
function on the manifold we are interested in). That means that we can evaluate a 1-loop
approximation around the same saddles and get an approximation for the overlap. These
should be dominant. If the integral above is localizable (which we have not proved), then
the sum over all saddles (including complex saddles) is exact. Considering that one can

localize on 1/8 BPS Wilson loops in [27], the idea that an integral like the one above or
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a variation of it is amenable to exact localization is very plausible. If additional saddles
are needed, they will be complex.
We will do the naive saddle sum now, over the saddles we know. We find that for

each saddle, we have a permutation matrix U ~ P, and the saddle gives:
Sy = Z N T N T, (2.128)
The square root of the measure at the saddle is evaluated readily to a product:

e == X5) - (Ar) = Ar(i) (2.129)
i<j

Such measures appear in the computation of the volume of the gauge orbit in [14] (they
can also be extended to other orbifolds or more general setups [18, [77, 07]). Unlike in the
case of the HCIZ integral, this measure does not factorize holomorphically. Moreover,
different saddles have different denominators. This suggests that some poles will not
cancel to give rise to a polynomial in the A variables. If the poles are not cancelled, then
there are two possibilities: either localization does not work, or there exist additional

complex saddles in the complexified U variables that need to be taken into account.
The measure does reduce to the product of Vandermonde determinants when we get
rid of the X,Y variables Ax = A\, = 0. It is also invariant under the SU(3) rotations in
X,Y, Z, so the answer is consistent from the SU(3) group theory considerations. Notice
that p? does change sign with the permutations in the same way the Vandermonde does,
so the accompanying sign in the saddle point evaluation at A, = A, = 0 should be kept.

We find an approximation given by

F[Az,Ax, Ay] * F[Az,Ax, Ay] = Z(_l)”exlzbiﬁ) (2130)

™
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We can also try to go to our collective coordinate formulation. In that case, A is the
adjoint of A, and the trivial permutation dominates (which one can show by the Cauchy-

Schwarz inequality). In that limit, we find that:

exp(tr(AA))

F[/_\Z’/_\X,/_\y] *F[Az,AX,Ay] ~ = >, (2131)
[Tic [N = A
and that the energy would evaluate to:
tr(AA) = A In(J [ 1N = Aj?) = tr(AA) — N(N - 1), (2.132)

1<J

where we are using the fact that the measure is a homogeneous function (see [14]). For a
single large eigenvalue to be well behaved, we require that the energy in that eigenvalue
(evaluated with N — 1 eigenvalues set to zero) is positive compared to the result when
N — N — 1. This gives a SU(3) covariant version of the eigenvalue being larger than N.
That is:

NA>N-1 (2.133)

We know that the equation of motion of \; is MZ = )\;, and that the Hamiltonian is
essentially > A\;\; up to a constant. This suggests that the canonical conjugate to \; is
\;. Indeed, an action based on that prescription alone would give the correct equations
of motion. Moreover, the Kéahler potential would be that of a flat geometry. Notice,
however, that we have a quantum correction from the measure.
This is important. One way of interpreting this correction has to do with the counting
of states. When we write the generating function for a single large eigenvalue, we get:
(AN)™

F#F ~exp(AN)/(AN)? = > N!m, (2.134)
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where we only keep the regular part of the answer, as the full generating series has no
singularities at the origin. In this notation, we are suppressing the SU(3) labels, and
we only keep the polynomial part of the answer. We see that there is one state per
monomial AP A\J?A7? from expanding each of the terms of the sum; the expansion gives
a sum of squares. The number of states at energy k is the number of states of the k-th
completely symmetric representation of SU(3). This has dimension (1 + k)(2 + k)/2.
Semiclassically, this should be the volume of phase space between energy k and k + 1;
our phase space is the complex manifold we are discussing. We should now substitute
k=FE ~ A\ —N =r?— N, where r? is the norm. We find that the volume at fixed r
scales like (r? — N)?rdr/2, which is different from that of a flat geometry at the origin.
At large r, the correction does not matter and the metric becomes scaling, but at finite
r, we get the wrong counting of states. The representation theory has also been studied
directly in [98], using different methods.

If we have a few branes with large eigenvalues, the measure gets a correction from
the product of two measures that is singular when the large eigenvalues coincide. This
indicates the enhanced symmetry of the integral- when the eigenvalues coincide, the
critical point leaves SU(2) invariant, and the fixed point is not isolated. This is associated
with the enhanced gauge symmetry of coinciding branes.

The main point we are making is that the idea of saddles dominating is still accurate
and the type of constructions that are used for attaching strings to these setups still hold,
including energies like equation (2.119)), properly covariantized to be U(3) invariant. The
BPS states here are only implicit. They are expressed as polynomials of the eigenvalues
A multiplying functions of oscillators that we have not computed explicitly, and written
as integrals over the group. They are also invariant under combined permutations of the
eigenvalues. This should be contrasted with other approaches to this problem [99, 100].

Another option is to keep Az finite and expand the exponential in the other variables

58



BPS Coherent States and Localization Chapter 2

Axy as a power series. Results to each order would then be given in terms of correlators
of U,U~! matrix elements in the “HCIZ ensemble." Such correlators have been studied
in |87, 188, 89] and they do correspond to elaborate sums over the saddles. Such formal
expansions would add open strings to the eigenvalues of the Ay configuration and would

tie in with the open string formalism briefly mentioned in this chapter.

2.7 Discussion

In this chapter, we have discussed a new application of the Harish-Chandra-Itzykson-
Zuber integrals and their generalizations to study correlators of BPS states in NV = 4
SYM. The main idea was to introduce coherent states and average them over a group
orbit to obtain gauge invariant states. We were able to reproduce various results that were
obtained originally from combinatorial arguments. We then promoted the parameters in
the generating function to collective coordinates of states. We exploited the fact that
the integrals in question are written as sums of saddles to find that there is a dominant
saddle. This allows one to make various approximations to find the effective action of
these collective coordinates directly. We showed how a similar structure could be found
with determinants that also lead to dominant saddles and explained why this is the
correct generalization in terms of the type of algebraic structure that arises.

We also showed how to introduce open strings in all of these these setups. We found
that computations done this way require knowledge of correlators of matrix elements
of unitary matrices in the HCIZ ensemble. This method provides a complementary ap-
proach to study anomalous dimensions of open strings that we are currently investigating.
Again, the fact that there is a dominant saddle for the setup allows simplifications to
be made in computations. We demonstrated that these open strings need to satisfy a

Gauss’ law constraint that becomes evident in the formulation, including the non-abelian
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enhancement that occurs when D-branes coincide.

We extended these ideas to more general group integrals for 1/4 and 1/8 BPS states.
We believe that because 1/8 BPS Wllson loops are computable using localization, one
can find a formalism where the correlators of these states are computed this way, rather
than the combinatorial approaches found in current literature.

It would be interesting if similar ideas can be used to study the ABJM theory [I01]
correlators. In that case, Wilson loops can be computed with supermatrix models [102],
derived using localization methods [103]. The associated spin chain is integrable [104].

We have not yet applied our ideas to the study of higher point functions along the
lines of [105] which may also be computed using localization methods, nor to the fact
that the HCIZ integrals are also tau functions of integrable systems (see [58]). All of
these avenues suggest a rich setup of possible applications of the ideas presented in this

chapter to the computation of protected quantities in various setups.
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Chapter 3

Giant Gravitons, Harish-Chandra

integrals, and BPS states in symplectic

and orthogonal N =4 SYM

3.1 Introduction

Recently, there has been a renewed interest in determinant operators in large N
holographic gauge theories and their string dual description as giant gravitons [66} 100,
70,72, [107]; the dimension of these operators is order N, which makes them ideal to probe
sub-AdS physics. A natural basis for gauge invariant operators is the Schur functions,
which are characters of the unitary and symmetric groups. Combinatorial methods for
computing correlation functions in free N' = 4 SYM were developed in [36], [108]. More
recent works have emphasized the utility of an effective action approach obtained by
recasting the determinant operators as fermionic integrals and integrating out the super
Yang-Mills fields. In this description, the non-perturbative physics of the problem can
be obtained from a saddle point approximation for an effective action in terms of a set
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of collective fields [66, [70].

A similar prescription for AdS giant gravitons was proposed in [2I], where it was re-
alized that the norms of BPS states are encoded in the expansion of the Harish-Chandra-
[tzykson-Zuber (HCIZ) integral, which appears in the evaluation of the norms of a certain

class of gauge invariant coherent states:

0,(0) = /S oy U (e [Avalut]). (3.1)

This sheds light on why the group characters evaluated on the Yang-Mills fields may
serve as an orthogonal basis, even though they are only orthogonal with respect to the
Haar measure, and gives a different interpretation of the norms of BPS states as the
coefficients in the expansion of the HCIZ integral. This technique has the advantage
of repackaging the combinatorics of the Schur functions into integrals over the unitary
group.

The Harish-Chandra integrals have natural generalizations to the B, C, D series,
Sp(2N) and SO(M). For a choice of simple Lie group G, the HCIZ integral has an exact

formula in terms of a sum over the saddle points:

(w)e @)
H(x,y) = /6<Ad9(m)’y>dg =c _—. 3.2
o) 0 2 Byla1BgT) 52

Each saddle point of the integral corresponds to a Weyl reflection, and the denom-
inators are given by the discriminant of the Lie algebra. These integrals have received
less attention than the unitary HCIZ integral, which serves as a single plaquette model
in lattice gauge theory.

The bulk of the work on probing finite N physics is limited to field theories with

U(N) and SU(N) gauge groups (see [109, 110, 111, 112]), but more recently, there has
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been some interest in extending these studies to field theories with Sp(2N), SO(2N +1),
or SO(2N) gauge groups [113], 114], 115]. There is good reason for this surge of interest:
maximally supersymmetric Yang-Mills theory with symplectic and orthogonal groups are
dual to type IIB strings on AdSs x RP® [2]. Depending on the choice of the orientifold
projection, the gauge group of the theory is either Sp(2N), SO(2N + 1), or SO(2N);
S-duality relates the spectrum of the Sp(2N) and the SO(2N + 1) theories, while the
SO(2N) theories are self-dual. The exact matching of the spectrum for the symplectic and
orthogonal theories is poorly understood, due to the combinatorial difficulty associated
with constructing states of these theories.

In this chapter, we study BPS coherent states of N' =4 SYM for special orthogonal
and symplectic groups. The norms of such states are given precisely by a Harish-Chandra
integral over the corresponding group. By explicitly expanding the integral, we find that
these coherent states serve as generating functions for gauge invariant states in the gauge
theory, and the corresponding coefficients in the expansion give their norms. In principle,
this gives a way of constructing an orthogonal basis of states for these theories from
group theoretic data for the corresponding gauge group. We argue that these generating
functions are only able to capture information about the "unitary" part of the gauge
symmetry, which is to say that operators we find in the expansion match in form to
operators in the unitary theory. In section [3.2] we review the construction of gauge
invariant coherent states for the SU(N) theory. In section [3.3] we generalize this to the
symplectic case and argue that the odd special orthogonal case is related to the symplectic
case by a rank-level duality that exchanges a Young diagram with its conjugate diagram.
We repeat the calculations for the even orthogonal case. In section [3.4] we discuss other
attempts at finding an orthogonal basis for Sp(2N), SO(2N+1), or SO(2N) and how our
results can be interpreted in a relevant context. Finally, we conclude with a discussion

of a few open questions and future directions of work.
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3.2 Review of the U(N) case

We begin with a brief review of BPS coherent states in U(N). The same analysis
may be applied to any free gauge theory with an adjoint scalar field Z. We know from

[21] that given a naive coherent state F[A] of the form:
exp(Tr(A - a})) 0}, (33)

where A is taken to be a diagonal matrix-valued set of parameters and al is the raising
operator for the s-wave of the field Z on S? in [11], we may introduce an auxiliary U(N)
group action and average over the group, which allows us to rewrite a gauge invariant

coherent state as:

1

FlAl = Vol(U(N))

/ dU exp(Tr(UAUal,)) |0), (3.4)

where dU is the Haar measure. Our normalization factor Vol(U(N)) = [ dU; we can set
it equal to one for the sake of brevity. We may compute the overlap of F[A] as defined
in Eq. (3.4) with its adjoint F[A] by evaluating the HCIZ integral:

FIA]  F[A] = / a0 esp (Tx (07'ATN)) (3.5)

We see that we have sidestepped most of the Wick contractions of the matrix operators
(aT);, which would make F[A] difficult to compute in the form it takes in Eq. (3.4]). F[A]

can be evaluated through a character expansion, as described in [116]:

FA =S finRm)xR(a*Z) 0) (3.6)

We may also rewrite Eq. (3.5]) through a character expansion:
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Z —XR Xr (A) (3.7)

We can then compare the coefficients of the characters from the equation above to

what we would obtain from multiplying Eq. (3.6) by its adjoint and find:

(0l xr(a)xr(a") |0) = fr (3.8)

It becomes obvious that we must compute fr to evaluate the overlap of yg(a) and
xr(a'). The thing to keep in mind is that the representations R in the coherent state
F[A] correspond to Young diagrams for U(N), which are characterized by the indices
J1 > J2 > ...Jn, where each index j; iterates over row i. Because these are characters of

the unitary group, they may be rewritten with the Weyl character formula:

det (XHY)

X (A) = TTAG) (3.9)

where )y, are the eigenvalues of A and A(A) is the Vandermonde determinant of A. Then

we may rewrite the HCIZ integral as a product of these expanded characters:

det (exp(A;\}))
A(N)A(N)

I(AA) = / dU exp (Tr (0*%0&’)) - (3.10)

where () is a normalization constant. We rewrite the numerator to reintroduce fg:

Qdet (exp(A;X))) = Z I3 det ()\JﬂrN z) det ()\’JHFN l) (3.11)

]'-’ J

We have relabeled R with the indices ;‘, and have rewritten the equation above ac-
cordingly. The expressions inside the determinants are monomials and correspond to the

term [], )\ZﬁN*i + ... in det <)\§:’+N7i). Thus we may expand the exponential in Eq.
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(3.11) as:

det (exp(\\))) Z j det( (NX)™) Z s LA+ (3.12)

[n] [n] ! g

where we have made use of the multilinearity of the determinant. The factor [n]
encapsulates ny,...,ny; then [n]l = J];n;!. We see that we are limited to ny > ny.
when we restrict ourselves to the monomials with the correct descending order; when
we set n; = j; + N — i, we arrive at an explicit sum over the characters. Thus our

denominator f; may be computed as:

fr = TG+ N =), (3.13)

We may set fz =1, as (0|0) = 1. Then we arrive at:

Q=]Jw - (3.14)

From this we can easily read off the norms of the states yr(a'):

[LGi +N =)
[T (N =)

(xr(a)xr(a") = 0r , (3.15)

which agrees with the well-known result of [36].

3.3 Symplectic and orthogonal cases

Before repeating the analysis for the other simple lie groups, we should comment

on the interpretation of the Sp(2N) and SO(N) theories as orientifold projections of a
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unitary theory. To do this, we first consider a simple toy model correponding to a single
harmonic oscillator. As it turns out, this simple model captures a lot of the qualitative

behaviour of the answer for symplectic and orthogonal groups.

3.3.1 A toy model for the orientifold projection

As a warm-up, we consider a single quantum harmonic oscillator:

[a,a'] = 1. (3.16)

A natural basis of states for this system is the eigenstates of the occupation number
operator n|n) = n|n). One thing that we may do with this system is to define a par-
ity operator = (—1)" and further divide the set of states into those that are mutual
eigenvectors of n and 2. This gives an orthogonal decomposition of the Hilbert space of
the harmonic oscillator into sectors of positive and negative parity H = H, P H_, and
divides all the states into even and odd states under the orientation reversal transforma-

tion
P:z— —=x
(3.17)
P:p— —p,

where x and p are the position and momentum operators. Because the raising operators

are monomials in x and p, the odd parity states are created with odd numbers of rais-

1

5 (1 £Q) respectively serve as orthogonal

ing operators and vice versa. The operators
projection operators into H, and H_.
What we would like to do is build coherent states in each of these two sectors of the

theory. For instance, we can project a coherent state into the sector of positive parity by

applying the operator % (1+Q):
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(1+Q)]a) == (1+e™) e |0) = <eo‘“T + e_o‘aT> |0) = cosh (aa') [0).  (3.18)

N | —

1
2

DN | —

We call this state |a, +). One nice property of this state is that it is an eigenstate of

2. In this sense, we can call this a coherent state for the positive

a? with eigenvalue o
chirality sector of the model. By a similar computation, the overlap between any two of

these coherent states is given by:

(B*,+ |a, +) = cosh (af3) . (3.19)

The case for negative parity requires more care, and will be the case that is relevant
to the analysis of the Sp(2N) and SO(2N + 1) theories. If we project a coherent state

into the sector of negative chirality, we obtain the state:

(1 —9Q)|a) = sinh (aa') 0) . (3.20)

N | —

The issue is that this state is not a coherent state in the usual sense; when we act on
the state with a lowering operator, the state won’t return to the original state since the
minimum ocupation number that appears in the series is |1). Rather, this state is also
an eigenvector of a? with eigenvalue o®. Since the original vacuum state is annihilated
by the projector % (1 — ), the true vacuum in this sector is the state occupation number
one |1). By a relabeling of the states for the odd sector, the coherent state can be written

as

o, =) = —i sinc (iaa’) |0) (3.21)

where sinc(z) = 22 and the new vacuum is |0) = |1). A simple computation yields the
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norm of this coherent state:

. _ sinhap
(B, = o, =) = af (3.22)

3.3.2 The symplectic HCIZ integral

We now seek to expand our definition for a well-defined BPS operator averaged over

the unitary group to the symplectic group:

1

Fgpany[A] = Vol(Sp(2N))

/ dg exp(Tr(ghg"al)) |0) (3.23)
Sp(2N)

where dg is the Haar measure for the symplectic group and Vol(Sp(2N)) = [ Sp(2N) dg
is a normalization factor, which we can always rescale to one. The group elements of

Sp(2N) can be represented by 2N x 2N matrices that are both unitary and symplectic:

QTQ = Loy
(3.24)
9" =9,
where () is a choice of anti-symmetric symplectic matrix:
0 1y
Q= . (3.25)
-1y 0

The symplectic condition ([3.24) translates into the orientifold projection of the Chan-
Paton indices for the open strings ending on a stack of 2N D3 branes [2]. This forces the
raising and lowering operators of the Sp(2/V) theory to satisfy the orientifold projection

condition:

Qal, Q= (d))T = —dl, (3.26)
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where the transpose is taken on the group indices, which we omit for clarity. This means
that any operator made from traces of odd numbers of fields will automatically vanish.
We choose to normalize the commutation relations for the raising and lowering operators
by a factor of %, which will make the computation of the norm of the coherent state more

transparent:

(8407, — Q7). (3.27)

DN —

[(az)j (a})i] =

As with the unitary case, we wish to compute the overlap between two coherent states.
This is done by applying the Campbell-Hausdorff formula; since the raising and lowering
operators have different relations from the unitary case, we must check that commuting
the exponentials really simplifies the norm into the form where it can be evaluated by
a Harish-Chandra integral. After some algebra, we see that in the symplectic case, the
exponentials can be commuted as follows:

[Tr (ga.g'A) , Tr (halh™A)] = %Tr (ghA(gh)TA) + %Tr (gAgt QR AT (RT) 1)

(3.28)
= Tr (ghA(gh)TA) .

The second term in (3.28]) is equivalent to the first term after using the group relations
(3.24). This means that once again, we can compute the operator’s overlap with its

adjoint with the symplectic Harish-Chandra integral:

FSP(QN) [/_X] * Fsp(zN) [A] = /df] exXp (Tr (g_lAf]/_\’)) = HSP(QN)<A, A/), (329)

where Hgy@n)(A, ') is given in [31]:

. aN-1 det [sinh (QAj/_\Z)}?N
Hpoom (A, N) = op +1)! T T 330
Sp(2N)( ) ( }1:[1 ( p ) ) A (A(Q)) A (A(2)) sziv1 /\i)‘;‘ ( )
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The denominator in this formula is computed using the Weyl denominator formula

for the corresponding discriminant, as demonstrated in [117, 118]:

Agiamy ( H Ao T (8 =A%) =det(A) A (A?) (3.31)

j 1<j<k<N

Thus we may rewrite Eq. (3.30) as:

N-1

Agpon) (V) Agpiany V) Hspiany (A, A) = (H (2p + 1)!) det [sinh(2A;A7)] . (3.32)

p=1

The numerator can be simplified by using the identity that sinh(2A;A}) is a modified

1

Bessel function of the first kind of order v = 3, and expanding the determinant. We

know that:

o0

sinh (2AA') = VrAN 1y (2A0) = )

| 1
— m! (2m + 1!l

2m+1 _ m
(AR)*™H (3.33)

Then we can use the Cauchy-Binet formula to expand the determinant:

2m1+1

det [sinh (2A;A";) Z H 2 1] det [AZ™H] det [K’?mﬁl} (3.34)

Thus Eq. (3.30]) becomes:

m; _/2mi

2m1+1 2Z 1)| det [AZ 2:| det |:A] :|
HSp 2N) (A, A/ ZH 2 2
m;! (2m; + 1)”H<J(>\2 A (X = N))

Once again, if we set m; = u; + N — i, we may rewrite Eq. (3.23) as an explicit sum

(3.35)
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over the Schur polynomials:
A/ 1 A/
Hspam (M A) =) —xu(A?)xu(A?), (3.36)
PR

where the coefficient in the expansion is given by

N : :
(i + N — i) (2 + 2N — 2i + 1)!!
fu_ ||

o QuitN=i+l (2 — 1) ’ (3.37)

i
and the sum is taken over all integer partitions pu.

This form of the expansion is natural from the point of view of the orientifold projec-
tion, since we projected out all the states with an odd number of raising operators acting
on the vacuum state. Similarly, the operator that creates the coherent state must have

a formal expansion of a similar form:

0. [ o e (1 (o9 1a)) = > () e

This indicates that just as in the unitary case, the norms of states are given by the inverse

of the coefficients that appear in the expansion of the Harish-Chandra integral.

3.3.3 Special orthogonal groups
Odd special orthogonal group

It is known that the Harish-Chandra integral for the odd orthogonal group is the same
as that for the symplectic group. This can be thought of as a result of the S-duality of
N = 4 super Yang-Mills theory; S-duality exchanges the Sp(2N) and SO(2N + 1), while
SO(2N) is S-duality invariant [2]. This means that the spectrum of the Sp(2/N) and the

SO(2N + 1) theories are related by a change of basis. We will argue that this change
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of basis is simply the transpose operation on the Young diagram p associated to a given
representation.

One reason to suspect that this is the case comes from the Schur-Weyl duality for
odd orthogonal and symplectic groups. It is well-known that the centralizer algebra
associated to the k-fold tensor product of fundamental representations of SU(N) is the
group algebra of the symmetric group CS;. This means that the k-fold tensor product
of fundamental representations of SU(N) decomposes into tensor products of irreducible

representations of Sy and SU(N):

Vs@Uk(N) = @ ™ ® U,. (3.39)
A

This is more complicated for the symplectic and orthogonal groups, since the corre-
sponding centralizer algebra is no longer a group algebra, but rather the algebra asso-
ciated to the Brauer monoid. One way to understand this is that the symplectic and
orthogonal lie algebras have additional invariant tensors compared to the unitary case.
For tensor products of fundamental representations of unitary groups, the only invariant
tensors allowed are the identity and permutation operators:

[(V,@ V) = VoV,
(3.40)

PV, @V,) =V, ®V,.

Clearly these operations are invertible and generate the symmetric group Si. For

orthogonal groups, there is an additional invariant tensor, called the trace operation:
K(V,®V,) = C. (3.41)

These tensors are well known in the integrable spin chain literature, and are the
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same kind of tensors that appear in the SO(6) integrable spin chain [83]. Unlike the
identity and permutation operators, the trace operation is not invertible, and together
with the identity, it generates the Temperley-Lieb algebra T'Lj(2N) [119, 120]; the linear
span of these three operations generates the Brauer algebra Bj(2N). The importance
of Brauer centralizer algebras has been emphasized in [121] 122], where they were used
to diagonalize two-point functions in the space of gauge theory operators and their ad-
joints. These operators correspond to bound states of non-holomorphic giants. Brauer
centralizer algebras have also been used to construct coherent states in [20].

Returning to the tensor decomposition of the k-fold tensor product of fundamentals

of SO(2N + 1), the corresponding decompostition is [120]:

L£/2]

VS% (2N+1) — @ @ Dy ® Vj, (3.42)
k=0 A-f—2k

with D, and V), respectively denoting the irreducible representations of the Brauer algebra
and SO(2N + 1). The analogous statement for the symplectic group Sp(2N) exchanges
N with —N and V) with Wyr, where Wyr is the irreducible representation of Sp(2V)

associated to the diagram conjugate to A:

L£/2]
Vit = @ EB Dy @ Wiyr. (3.43)
A f—

Since the Harish-Chandra integral involves group averages of powers of traces of the
form Tr(gAg~'A’), it is natural to expect that every term in expansion for the odd
orthogonal groups should match to a term with the corresponding transposed Young
diagram in the expansion for the symplectic integral. This might appear surprising,
since the number of boxes that can appear in a column is bounded from above by N,

while the number of boxes in a row can be arbitrary. One way of understanding this
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apperent mismatch is that the fundamental degrees of freedom in one description might
be mapped to a bound state by S-duality. In reality, representations with arbitrary
numbers of boxes in a column are possible, but will not be irreducible.

Special even orthogonal group

Extending our definition for a well-defined BPS operator to the even special orthogo-
nal group requires a little more work. We modify the definition of F[A] to reflect averaging

over the even special orthogonal group:

Fsopm[A] = / dO exp(Tr(OAO~"a})) [0). (3.44)

As before, the overlap of F[A] and its adjoint is the corresponding Harish-Chandra

integral:

Fsoem[A] * Fsoem[A] = / a0 exp (Tr (OAON) ) = Hsopm (A, A),  (3.45)

where Hso@n)(A, ) is given by [31]:

~ N1 det [cosh (2A,A) 1Y+ det [sinh (2A,A2)]Y
Hsoum(h &) — [ T (2o ) 2ot CAMN] oy et b CAM] oy
| A (A@)A (A®)
p=1
We note that Eq. (3.44) is invariant under an additional symmetry:
0 — 10, (3.47)

where I is a diagonal matrix with determinant equal to £1. To get rid of this redundancy,
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we could integrate over the entire orthogonal group O(N). For SU(N), Sp(2N) and
SO(2N + 1), this process does not change the value of the integral. This is similar to
what happens in the Kazakov-Migdal model in [123], where the additional abelian part
of the gauge field decouples from the collective field effective action. We also note that

even though the whole integral is invariant under the parity transformation

P:A— —A
(3.48)
P:N — —N,
the overlap is not invariant under the individual reflections of each of the eigenvalue
matrices. This is because the second term is odd under transformation by individual

reflections of the matrices A and A’. Since each state must be individually invariant

under this reflection, we choose to use the Harish-Chandra integral for O(2N):

i det [cosh (2A;A] ].Vk_l
Hoem = (H(Qp ﬂ) A[(A(Q)()A (Akfg)]j — (3.49)

p=1

This is precisely the matrix analogue of the norm of the coherent state for the positive
parity states of a harmonic oscillator. The main difference between each of the orientifold
projections is that the vacuum of each theory is charged differently under parity; the
symplectic case formally begins at occupation number one of the parent theory, while

the even orthogonal case begins at occupation number zero.

N

We can now repeat the analysis of the previous sections with det [cosh (2Aj1§§€)]j 1

. We know that:

cosh (2A]\') = WAA,]_% (QAA’O) = Z

m=

ﬁ (AA)™™ (3.50)

Applying the Cauchy-Binet formula yields:
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N m
det [cosh (20,A7)] =D T] o (2727“ —y et [A2] det [A™] (3.51)

Then the Harish-Chandra integral for O(2/N) becomes:

S 2mi 22 — 2 det [Azmi] det [K,]Zmlj|

(A, N) 3.52
H 2N) ZHml 2m; _1 ”Hz<]< AQ)(X’?—X'JZ) ( )
By setting m; = p; + N — i, the expression once again becomes a sum over Schur
polynomials:
1
Howw) (A A) =3 =xu(W)xu((A)?), (3.53)
PR
where the coefficient is now given by:
(i N =) (2u + 2N — 20— 1)!!
h 3.54
W 20t N=1(24 — 2)! (3:54)
Once again, we can expand the operator itself as a formal sum:
1
/ dO exp (OAoTaTZ) = > —nA)x((a))?), (3.55)
O(N) 0 i

which implies that the norm of the states are given by h,,.

We chose to get rid of the redundancy by integrating over O(2/N) rather than SO(2N);
in doing so, we have chosen a specific partition function. The drawback to choosing
O(2N) as our gauge group is that we eliminate the Pfaffian operator, which is defined

as:

Pf(A)? = det(A), (3.56)
where A is a 2n x 2n skew-symmetric matrix. If we make another choice and integrate
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over SO(2N) instead, our Harish-Chandra integral becomes:
N om; 2Z _ 2 det [A2mz] det [A,sz}
(A N) =
Moo M) =2 = or aoe v

N gnitt 97y det [A2it] det [K’Qnﬁl}

+ - =
ZH ng! (2n; + 1)!! H <3()‘2 A?)()‘/f _ )\/3))

z<](

(3.57)

We see that the Pfaffian of SO(2N), which changes sign under a single reflection,
makes an appearance in the term we previously discarded. If we write A = X; 4 i X,
where X; and X are two of the six scalar fields X; in the adjoint representation of
SO(2N) N = 4 SYM, then Pf(A) corresponds to a single BPS D3 brane wrapped
around the non-trivial three-cycle of RP° [2, 5]. It can be considered half of a maximal
giant graviton, which is identified as det(A), since the maximal giant graviton wraps

around the non-trivial cycle twice.

3.4 A change of basis

One approach to diagonalizing two-point functions is to build an orthogonal basis
for Sp(2N) and SO(2N) using local operators, as done in [114], 115], which built on the
restricted Schur polynomials introduced in [IT0]. This is achieved by introducing a tensor
T in V®?" that has 2n indices and taking the sum over Wick contractions as a sum over
permutations in V®?" or over S,[Ss]. T is then decomposed into irreducible components
that don’t mix under S5, when computing the two-point function. Operators are then
built using projectors that commute with all of the permutations; it can be shown that
these operators diagonalize the two-point function. Because these operators should be
invariant in SO(2N), their indices should contract in pairs. Each index corresponds to

a box in the Young diagram R for a tensor in representation R. The Young diagrams
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that correspond to non-zero, gauge-invariant operators have an even number of boxes in
each column and row, which is to say that 2n is divisible by 4, and that a square Young
diagram composed of four boxes may be used a building block for the Young diagram
R. Then the number of gauge invariant operators that can be built from n fields is the
number of partitions of n/2. We now reproduce the formula for computing two-point

functions in the operator basis defined in [114], 115] for both Sp(2N) and SO(2N):

(Or(2)0s(Z)) = dpg2" (%) I o (3.58)

i€even boxes in R

where R, S are Young diagrams with 2n boxes; R/4 is a Young diagram with n/2 boxes
that corresponds to the Young diagram R; dg4,dg are respectively the dimensions of
the representations; and c¢; is the factor N + a — b assigned to each box, where a is the
column index and b is the row index.

It is difficult to match our results exactly to that of [I14) 115], given the difference
in bases. Nevertheless, we may still observe a few similarities. A natural expectation is
that the HCIZ integral for a particular group has an expansion in terms of the irreducible
characters of the corresponding group. An argument for this would be as follows: first we
consider the exponential of the trace Tr (gAgflaTZ> . We can then expand this exponential
and exchange the order of the sum or integration to evaluate the Harish-Chandra integral

as in the unitary case:

Op = Z_O%/dgTr (gAgflaTZ>m. (3.59)

We may try to express each term as a character of the corresponding group by taking
traces of Eq. (3.42) or Eq. (3.43). Formally, this gives an expansion for the Harish-

Chandra integral as a sum of infinitesimal characters evaluated on the Lie algebra. For
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U(N), this is not a problem, because the formulas for Schur polynomials make sense when
evaluated on the Lie algebra. This does not seem to be the case for Sp(2/N) and SO(N).
Even then, one may try to make sense of this formal expansion in order to get a formula
for the coefficients. If one extrapolates the answer for the unitary case, the expectation
would be that the coefficients are ratios of dimensions of irreducible representatiations of
the group and the corresponding centralizer algebra. This turns out to be partially true,
since the coefficient associated to single row representations in Eq. seems to agree

precisely with the ratio of
_2mar

re m!D,,’

(3.60)

c

where p is a partition of m, d* is the dimension of the irreducible representation of the
symmetric group S,,, and D, is the dimension of the corresponding symplectic group
representation. This is clearly different from Eq. , but we note that the number
of partitions of n/2 is the dimension of S, /», which is equivalent to dg/s. Thus we have
preserved the characteristic of the coefficient as a function of the ratio of the dimension
of the irrep of the corresponding symmetric group to the dimension of the gauge group
representation.

We now make the observation that since we perform the character expansion using
Schur polynomials, which present as ratios of determinants, our basis is directly linked
to free fermions; after all, the Schur functions correspond to free fermion wave functions
[36, 11]. We return to the results of [I15], where it is shown that the character of
the local operator can be written in terms of a Schur polynomial of the matrix of the
operator’s eigenvalues. Thus the character of the operator has the interpretation of the
Slater determinant of N/2 single particle wave functions, or N/2 fermions moving in an
external harmonic oscillator potential. So we may conclude that our basis describes the

same dynamics as the operator basis constructed in [114], [TT5].
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3.5 Discussion

In this chapter, we extended the method of computing the norms of half BPS coherent
states through localization [21] to theories with the gauge groups Sp(2N), SO(2N + 1),
and SO(2N). We did this by constructing coherent states averaged over a group orbit
from each group and computing the norm of these states through the symplectic and
special orthogonal Harish-Chandra integrals. The integration over the group may be
viewed as a sort of path integral over the emergent world-volume gauge symmetry of a
stack of N giant gravitons inside AdSs x RP®; the norm of the state gives the effective
action of this theory. Curiously enough, these types of integrals first appeared in models of
induced QCD. By expanding the Harish-Chandra integrals, we found that each integral
admits an expression as a sum of unitary characters. This matches what one would
expect of an orientifold projection of a U(2N) gauge theory; all the states that are
spanned by the coherent states are "doubled" versions of those in the original theory.
In particular, the coherent states considered here do not span the complete spectrum
of the free Sp(2N) and SO(2N) theories. This is because the Harish-Chandra integral
is only able to capture information from tensor contractions of the invariant tensors of
the unitary group (meaning all products of traces). It is likely that some of the data
corresponding to worldsheets with cross-caps is missing.

As in the unitary case, the coefficient associated with the characters in this series
expansion computes the overlap of the corresponding Schur polynomials of the operators
(a)! and (a');. Our method should be contrasted to other constructions of basis of
operators for the Sp(2N) and SO(2N) theories [114] [I15], since our construction uses
group theoretic objects more closely associated to each group. We conclude with some

comments and an outline of open questions.
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Connection to symplectic and orthogonal characters

A natural question is to ask is why Schur polynomials appear in the expansion for
the symplectic Harish-Chandra integral, as opposed to sympletic Schur polynomials. If
one tries to evaluate the symplectic Schur polynomials on a Cartan element of the Lie

algebra in the most naive way;,

N—itl  —Ai—itl
Sp)\(X) _ det [I’j +1 ] + } (3 61)
det [x;\ffjﬂ B i{\#jﬂ] ’ :

by replacing z; with —x; instead of 1/z;, one obtains a suggestive formula:

det [x2b+Nfb+1i| det [y(i\bJerbJrl}

spa(X)spa(Y) ~ . (3.62)
AEHTIE e A TIL, v
This can be recognized as the terms in the expansion for the function:
det (sinh(x;y;))
~H ,y). 3.63
Asp(n) () Asp(n) (y) o (:9) (3:63)

The main difficulty with making this a precise equality comes from the fact that the
denominator and numerator of Eq. have zeros that need to cancel between each
other, leaving an ambiguity for the normalization of the symplectic characters. Another
issue is that different choices of representations appear to lead to the same polynomial.
This is expected, since irreducible representations can appear with multiplicities in the
decompostion of tensor products. However, by adding information from the centralizer
algebra, one should be able to differentiate between irreducible representations. This
additional data is precisely the 1/N corrections coming from cross-caps. This idea seems
to suggest that there might be a refined version of the Harish-Chandra integral that

takes into account the contributions from cross-cap states that are missing in the original
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integral. This would give an explicit connection between the representation theory of the
Weyl group of Sp(2N) [117], and the Brauer algebra [120].

Another connection between the symplectic Harish-Chandra integral and the sym-
plectic characters comes from their generalizations to continuous Schur polynomials. A
similar sinh[\;z;] term makes an appearance in the continuous symplectic Schur function,

which is defined in [124] as:

_ det [sinh (\;z;)]
H1§i<j§N ()‘22 T )‘?) Hf\; (Az)

Notice that up to a factor of the discriminant of z;, the continuous Schur functions

P (X) (3.64)

agree with the symplectic Harish-Chandra integral. The continuous Schur function may
then be written in the form of Eq. , where the determinant is folded into the
coefficient f,. The presence of the Harish-Chandra integral implies that localization
occurs in this calculation. An important point is that the continuous Schur functions are

defined by a diferent integral formula in [124]:

N
sp (X) = / [ e Clonrl—lal-teadg, (3.65)
GTen(X) 1.4

where GT,n(A) is the set of all continuous Gelfand-Tsetlin patterns of shape A. Roughly,
speaking, an integer point g in this space can be associated to a Young diagram p. The
fact that this integral evaluates to what appears to be a sum of over integer points
(Young diagrams) seems to suggest that there is some sort of localization in this space.
Curiously enough, this integral is somewhat remniscient of a momentum space amplitude.
For instance, taking A to be big with Az held fixed, the value of the integral divided by
the appropriate discriminant remains fixed, but the integration region shrinks to points
where

2| zop—1| — |zok—2| — |22k = 0. (3.66)
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Each of these points should correspond to a particular symplectic Schur polynomial .
This is somewhat suggestive of some sort of worldsheet localization for a tensionless
string [125], [126], where the integral over the worldsheet moduli space is expected to

localize to a certain set of integer points.

Connection to quantum Schubert calculus

It is well known that the Schur symmetric functions are related to Schubert classes,
which form an integer basis for the cohomology ring of the Grassmannian. The product
of two Schubert classes may be expanded as a linear combination of Schubert classes

summed over the given partitions v [127]:

o) O, = ZCKMO'V. (3.67)

14

The different Schubert classes are represented by o,,0,,0\ and cf, represent the
Littlewood-Richardson coefficients. A well-known result is that every Schubert class
can be associated with a Schur polynomial; the connection is seen by noting that the
cohomology product mirrors the way the product of two Schur functions can be expanded

as a linear combination of ordinary Schur functions [128]:

Sx- Sy = ZCKuSV' (3.68)

v

This is directly related to the three point function of coherent states for the U (V) theory.
This is because after applying the Campbell-Hausdorff formula, one obtains an integral
over a complex Grassmanian.

It should be noted that the skew Schur polynomial can be expanded in the same basis

in a similar way [128§]:
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Sx/p = Z xT = Zc/’\wsy, (3.69)

TEeSSYT(\ 1)

where SSYT refers to the skew Schur Young tableaux. We note that the even sym-
plectic Schur functions we touch upon in the previous subsection can be written as a sum
of skew Schur functions summed over Frobenius coordinates.

We are interested in computing the Gromov-Witten invariants, which appear in the
quantum product of two Schubert classes, which is defined on the small quantum co-
homology ring of the Grassmannian, QH* (Gry,). QH* (Gry,) is defined as the tensor
product of the cohomology ring of the Grassmannian and the polynomial ring Z [g], where

q is a variable of degree n. The quantum product of two Schubert classes, then, is defined

in [127] as:
oAk O, = Z qu")ffal,, (3.70)
d,v
where d is a non-negative integer such that |v| = |A| 4+ |u| — dn, and C’;f are the

Gromov-Witten invariants. Toric Schur functions are defined in [I27] to correspond
to cylindric diagrams of shape A[r|/u[s], which are defined as finite subsets of C,, =
7Z?/(=k,n — k)Z. We label these toric Schur functions with the shape \/d/u, where
d = r — s. Since skew Schur functions are toric Schur functions when d = 0, it should
not come as a surprise that toric Schur functions may be expanded in the Schur basis

just as the former are in [127]:

S\/d/u = Z C;)L\;/dsl/ (371)

The main difference is that the Gromov-Witten invariants have replaced the classical

Littlewood-Richardson coefficients. This replacement should correspond to replacing
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a centralizer algebra by a Hecke algebra. Thus once again, it should not come as a
surprise that the Gromov-Witten invariants can be given as an alternating sum of classical
Littlewood-Richardson coefficients, as demonstrated in [129]. The problem with this
approach is that there are too many Littlewood-Richardson coefficients to keep track of,
which makes the computation unwieldy. It is known that Gromov-Witten invariants in
other contexts may be computed through localization [130), 131]. It would be interesting
if the Harish-Chandra integral can be extended to the toric Schur functions to obtain a
combinatorial formula for the Gromov-Witten invariants. This may also shed light on
the problem of computing the normalization of three-point functions, where the Gromov-

Witten invariants appear as coefficients.
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Chapter 4

Multi-matrix correlators and

localization

4.1 Introduction

Large operators in large N gauge theories are an important subject of study with
relevance to nuclear physics, theories of quantum gravity and strings. Although there
has been enormous success in computing the spectrum of anomalous dimensions of light
operators in models such as maximally supersymmetric Yang-Mills theory in the planar
limit, very little is known about how to tackle generic operators whose dimensions can
scale with a power of N. This is an interesting problem for holography [I] and for
understanding the structure of conformal field theories more generally [132]. One of
the difficulties one faces when trying to address these types of problems is that the
intuitions from the planar limit are often unjustified for large operators; one must sum
over both planar and non-planar diagrams and it is not a priori clear which diagrams
dominate in the large N limit. A promising approach is to replace single and multi-
trace operators with a different basis that is better behaved at finite N [36], and then
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perform a systematic expansion around protected states in the large N limit. In the case
of maximally supersymmetric Yang-Mills theory, this has been implemented at finite N
[50, [133] 5], 134]. Even though the expressions found through these techniques at finite
N are quite explicit, it is usually difficult to take the large N limit of such quantities.

More recently, there have been works showing that certain generating functions can
be used to perform computations in the free-field theory limit [66], 21], T06], 22] 135]. This
technique has been succesfully implemented in the computation of three-point correlators
involving large operators made out of a single matrix field [69, [136] 24], as in the half-
BPS sector of N' =4 SYM [12, 53], where the dual gravitational description is explicitly
realized from the gauge theory. An explicit mapping between BPS states made out of
more than one matrix and asymptotically AdSs x S° geometries is still lacking, though
a compelling description in terms of bubbling geometries seems to exist |14, 137, [138].
The study of generating functions for multi-matrix correlators was outlined in [106], 139]
for certain classes of operators, and more generally in [21]. Our goal is to elucidate
some of the details regarding the generating functions of i and %— BPS operators in
N = 4 SYM. We do this by proposing a fixed-point formula for the overlap of generic
coherent state generating functions; this gives us an integral formula that generalizes the
Harish-Chandra-Itzykson-Zuber (HCIZ) formula to multiple pairs of matrices. Integrals
of this type appear naturally in the study of multi-matrix models of commuting random
matrices.

This chapter is structured as follows. In section[4.2], we review the generating function
techniques, focusing on the case of % BPS operators in N/ = 4 SYM. We argue that the
form of these operators is protected, so we can restrict to eigenstates of the one-loop
dilatation operator. We then evaluate the norm of the generating function for the U(2)
theory by explicit integration to motivate our fixed point formula for general N. Finally,

we give a prescription for extending the HCIZ formula to the multiple-matrix model
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using the heat kernel method as outlined in [140]; we will discuss our results for U(2)
and U(3) and the insights we may glean from them to extrapolate a general formula
for U(N). In section 4.3 we connect our results to the construction of restricted Schur
polynomials and outline how to generalize to operators associated with Young diagrams
with arbitrary number of rows or columns. We will briefly discuss our attempts to arrive
at a general formula via the character expansion method. Finally, we conclude with some

future directions.

4.2 Multi-matrix Generating Functions

We are interested in studying operators in gauge theories that are made out of more
than one matrix-valued scalar field. In particular, we will work with %—BPS operators in
U(N) N =4 SYM on the cylinder R x S3. At weak coupling, these operators can be
built out of symmetrized products of two of the three complex scalar fields of the theory
X, Y. Generalizing to more than two matrices is straightforward. This class of operators
transforms in the [p, ¢, p] representations of the SU(4)r symmetry, and the operators are
generically of multi-trace form. We will concentrate on scalar primary states at an equal
time slice for simplicity. Unlike %—BPS operators, which can be built explicitly in the
free theory, %—BPS operators of the interacting theory are different from those of the free
theory. The lifting of states due to non zero gauge coupling can be treated pertubatively
and the loop corrections to dilatation operators annihilate operators that are made out of
symmetric products of X and Y. This problem was studied in detail for small operators
in [141], but for generic large operators, explicit constructions in terms multi-traces are
cumbersome. An alternative expansion in terms of characters was introduced in [50],
which the authors call the restricted Schur polynomial basis. This basis is convenient for

dealing with the mixing between the different trace structures since it diagonalizes the
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matrix of two point functions for all values of N.

4.2.1 Generating % BPS States

Yet another way of generating %—BPS states can be found by studying operators of

the form:

Ax,Ay) = m /dU exp (Tr [UXUTAx + UYU'Ay]) (0). (4.1)

If we insist that the coherent state parameters Ay and Ay commute, |Ay,Ay) is
annihilated by the one-loop dilatation operator; it was shown in [I35] that this persists
to two-loop order. In [142], it was conjectured that the space of BPS states in N' = 4 SYM
is given by the kernel of the one-loop dilatation operator at all values of the coupling;
we will take this as a working assumption and work with the set of states annihilated by

the Beisert one-loop dilatation operator:
DY = T [[X, Y][0x, 0v]] . (4.2)

Because the states are coherent states of X,Y [21], they form an overcomplete
basis of states for any value of N. This has many computational advantages, mostly due
to the fact that taking the large N limit is very straightforward, but translating back
into a complete orthogonal basis of operators can be complicated. This may be solved
by computing the norm of the coherent states. By exploiting the Campbell-Hausdorff

formula, we arrive at an integral of the form:

_ _ 1 _ _
<Ax,Ay| |Ax,Ay> = W /dU exp (TI‘ [UA)(UTAX -+ UAyUTAy}) . (43)
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Since we can in principle expand in terms of an orthonormal basis, we may use
this overlap to determine the coefficients relating the multi-trace basis of operators to an
orthogonal basis by expanding in a series and matching the coefficients as done in [21].
The precise tool relating the multi-trace basis operators and the character expansion in
this case is the Weingarten calculus [143]; an example illustrating this technique can be
found in [144]. The main obstacle we face is evaluating the integral for generic
coherent state parameters. To our knowledge, these types of integrals have not been
studied before, and a closed form expression for them is needed. Our main goal will be
to evaluate this class of integrals for any value of N. Although we only explicitly study
the case of U(N) integrals, the methods should apply generally and should generalize
to SO(N) and Sp(N) groups as well as to quivers. These types of integrals are also a
natural object to study in the context of matrix models, since they arise in the study of

multi-matrix models of commuting matrices.

4.2.2 The Four-Matrix Model in SU(2)

Before proceeding to the case of general N, we will study the following integral
I, = / AUy eTr[UAUTA+UBUTB] (4.4)
SU(2)

for commuting matrices A, B, A, B. We will first approximate I, by a saddle point approx-
imation; the critical points of the function in the exponential are given by the solutions
to the equations

[A,UYAU] + [B,U'BU] = 0. (4.5)

91



Multi-matrix correlators and localization Chapter 4

For generic enough matrices, this is only satisfied if each of the two terms vanishes

individually

[A,UtAU) = [B,UTBU] = 0. (4.6)

The only problematic cases occur when a subset of the eigenvalues of B is a permu-
tation of a subset of eigenvalues of —A. From here on, we assume that the eigenvalues
are generic enough that this does not happen. This means that, generically, the saddle
points are labelled by permutation matrices U,. We are then left with a Gaussian in-
tegral around each of the saddle points, which can be evaluated easily; this results in a

"one-loop determinant" factor given by:
DQ(CL, a, b, l_)) = (a1 — CL2> (C_Ll — C_LQ) + (bl — b2) (1_)1 — 1_72) (47)
This gives an approximate value for the integral (up to a convention dependent nor-

malization factor):

ea1&1+a2@2+b151+b252 _ €a1@2+a261+b152+b251
Iy >~ — — . (4.8)
(a1 — (12) ((11 — a2> + (bl — bg) (bl — bg)

At first sight, it is not clear that this approximation is reliable, since there is no large
parameter in the exponential. To gain more intuition, we evaluate Iy through an explicit
computation.

First, we must parameterize our unitary matrix U; then, we need to compute the
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Haar measure. We start with the following matrices:

A ap 0 , B b1 0
0 a9 0 b2

(4.9)
F a 0 B by _0
0 C_LQ 0 b2

We then seek to parametrize our unitary matrix. We know that any arbitrary SU(2)

matrix must meet the following conditions:
a b 2x2 2 2
SU(2) = eC | |al*+ 0" =1 (4.10)

For ease of computation, we choose to parameterize U with Euler angles:

_jata et R

U e "2 Cosg —e' 2 smg
= 4.11
=« . 9 Yt 0 ( )

e sing €72 cosg

We seek to rewrite the Haar measure dU in terms of J(0,~, «)dfdyda, where J(6, v, «)
is the Jacobian. We may do so by computing the inverse of the unitary matrix and
multiplying it by its partial derivatives with respect to the Euler angles. We start by

finding the inverse of U:

Y=o,
5" gin ¢

2 (4.12)

y—a . _ita
2 smg e ' 2 cosg

2 COS 35 €

Then we calculate the partial derivatives with respect to v, a;, and 6 and multiply by
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the inverse. We obtain:

U—la_U _ _% O
vy N 0 =
2
—Lcosh LeMsinf
U—lg—U = ° 2 (4.13)
@ %e*” sinf £ cosd
Ut oUu _ 0 _%eiv
80 a 1 _—iy O
56
t 0
We calculate the Jacobian matrix using the following basis ¢; = , € =
0 —i
0 ie” 0 —e”
,and €3 =
e™ 0 e 0
—% —%COSQ 0
J=10 3sinf 0 (4.14)
0 0 i
The Jacobian J(6,~, «) we seek is the determinant of 7:
I .
det(J) = é’ sin 6| (4.15)

We see that it is only dependent on 6. Our integral becomes:

/de/47r dry /%d_oz|s eyeTr[AUAUT—i-BUBUT]

_ / da’ sin 8|€2 ( a1+a2)(a1+a2)+(b1+b2)(bl+b2)+<(a1—a2)(61—ﬁ2)+(b1—b2)<51 —52)) cos 9)
“ 8o
(4.16)
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Our critical points are § = 0 and § = 7, so we can remove the absolute value bars.

Then we evaluate our integral:

s — — — —
12 — 1/ dO sin 96%((a1+az)(!§1+fl2)+(b1+b2)(b1+b2)+((a1*az)(fll*62)+(b1*b2)(b1*b2))6059)
0
6a151+a262+b1b1+b2b2 _ eﬁ1a2+a1ﬁ2+b1b2+b1b2

(4.17)

4 ((a1 — ay) (a1 — ag) + (by — by) (51 - B2))

This is precisely the same result that the saddle point approximation yields. From
the intermediate steps, it is clear that there are never any terms that mix the eigenvalues
of A and B; if we set either A = 0 or B = 0, we immediately recover the HCIZ formula
for U(2).

4.2.3 Proof of Localization for U(2)

One important issue to understand is why the integral I, has an exact saddle point
approximation, while the naive saddle point approximation for I fails to be exact for
N > 2. The idea is to try to follow the proof [140)] for the HCIZ integral and see exactly
how the analysis differs for multi-matrix models. One key observation is that the integral

In(A, B, A, B) is an eigenfunction of a holomorphic Laplacian:

(o o, 0 0
0A; 0A; | 0By 0B,

In(A, B, A, B) = Tr[A* + B?|In(A, B, A, B). (4.18)

Before continuing, it is worthwile to explain what we mean by holomorphic in this context,
and why this is important. One way in which the integral I appears is as the Jacobian

factor for a Gaussian matrix integral over a pair of commuting normal matrices

Z = dAdA dBdB)] exp < Tr[AA] + Tr[BB] ; §([A, B
[, aad [ wapan) esp {1444+ 255} o(14.5) »

= /d,u(a,c_t, b,b) In(A, B, A, B)
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As it stands, this expression is formal unless we specify a contour of integration for the
eigenvalues of A, A and B, B. A choice of contour corresponds to a choice of polarization
in the space of eigenvalues; this makes the eigenvalues of A and A canonically conjugate.
This is quite natural from the interpretation of the integral as the norm of a coherent
state in matrix quantum mechanics, where the collective coordinates a; and b; are holo-
morphic phase space coordinates. The barred coordinates are then conjugate momentum
variables. Thus, the correct Laplacian operator has to be constructed from the metric of
the space of commuting normal matrices. This is exactly the quantization discussed in
[12].

We rescale the matrices by a constant factor ¢; the resulting equation implies that

the integral is related to a holomorphic heat kernel on the space of commuting matrices:
_ 1 _ _
Ki(a,a,b,b) =t / dU exp {—zTr[UAUTA + UBUTB}} (4.20)

As we take t to zero, the integral will be very well approximated by the saddle point ap-
proximation. We see that the integral approaches a delta function; we can use the kernel
itself to propagate this initial condition to a finite ¢. This would imply that the integral
comes from a sum over the real saddle points of the integral. If the kernel is a plane
wave, then the integral localizes, which is to say that the steepest descent contour gives
exactly a Gaussian integral centered around each saddle point. This occurs if the heat
equation for the kernel corresponds to a Schrédinger equation for an integrable system,
since we can in principle change the variables into a set of action-angle variables, where
the wavefunction is a plane wave. Whenever the kernel cannot be written this way, true
localization fails, and instead, the integral is given by a sum over thimbles, with the

kernel giving a parametrization of the integration contour.
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Now we review some coordinate transformations for the Laplacian in the space of
normal matrices. Given that the squared distance of two n x n normal matrices A and
Ais d(A, A) = Tr|A — A’|? and invariant under unitary transformations A — UAUT,

the metric is:

ds® =) |dA;P. (4.21)

ij

We know that the Laplace-Beltrami operator is:

We now perform a coordinate transformation A = UQaU" to rewrite the matrix in
terms of its n eigenvalues a; and n(n — 1) angular variables 6,. Setting dH = iUTdU, we

may rewrite our invariant distance as:

ds* = gzda;da; + gapdf*do”

(4.23)
= E \dai\Z + E \ai — &j‘ZdHijdei,
/[: '7j

where we have defined:

Gop =2 Z |a; — a;|*Re(0a Hij) (0 H};) = (VDV) o, (4.24)

1<j

where V,, ;; = 0,H;; and D is a diagonal matrix with elements |a; — aj]2. The square root

of the metric tensor’s determinant is then:
V3 = A det V|, (4.25)

where A is the Vandermonde determinant of the eigenvalues a;. Because the new metric
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tensor is block diagonal with an eigenvalue sector and a unitary sector, its inverse is block
diagonal as well with an eigenvalue sector and a unitary sector, and thus the Laplacian
may be separated into two operators, one for each sector. In its entirety, the Laplacian

1s:

1
detV ;
A |A|4Z 8@ |A|2det|v|zag a7,3| € |Z 3580
(4.26)
We now consider the space of two N x N commuting normal matrices A and B. After

diagonalization the metric for this space becomes:

— |dai|2 + |dbl|2 + Z (|a, — aj|2 + ‘bz — bj|2) dHijdei, (427)

1,J

Then the square root of the metric tensor’s determinant becomes:

V= [T (lai = a;* + [b; — ;%) | det V| = 2| det V], (4.28)

i<j

and we rewrite [, _; (|lai — a;|* + |b; — b;[?) as p.

We may rewrite the holomorphic Laplacian as [12]:

0 19) 0 15)
7 |2 0 a2
+Z 2det!V|Zae ‘“ﬂ‘detv’z ”’ﬁae

Notice that all of the eigenvalue dependance is on the first two terms and because the

(4.29)

integral averages over the angular variables of A and B it is annihilated by the last term,
so we will omit it from now on. So now our problem is reduced to finding eigenfunctions
for this operator. As is common in matrix quantum mechanics, one can often reabsorb the

measure factor 4 into the definition of the eigenfuntion, so we will express I (4, B, A, B)
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in terms of an auxiliary function Wy (A4, B, 4, B):
IN(A,B,A,B) = nVy(A, B, A, B). (4.30)

After this rescaling, the Laplacian operator becomes a sum of two terms, one being the

flat space Laplacian and the other an effective potential:

V2 4+ V2] Wy - % ([V2 + V2] ) Wy = 200 (431)

VaisIn(A B A B) = p

1
1
So far our discussion applies to general rank of matrices. Focusing on N = 2, we can
easily check that the potential term vanishes. This is because y is linear in a; and b;. In

this case, the problem reduces to finding eigenfunctions for the Laplace operator in flat

space:

(V2 + Vi Uy = AU,. (4.32)

The solutions to this equation are plane waves:
Wy ~ [T emetbte, (4.33)
i

This ansatz does not respect the symmetry properties of the integral under simultaneous

permutations of a; and b;, so the correct solution is a symmetrized sum of plane waves:
1 ™ i Qo (; b (i
Uy =C, 5 Z (-1) H Qi (i) Fbibr (i) (4.34)
TESy 7

After dividing by the measure factor, we reproduce the expected answer. At this point,
it becomes clear that the heat kernel proof works for the SU(2) integral, since the kernel

is Gaussian and the saddle point approximation as ¢ — 0 can be propagated forward to
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obtain the integral for finite ¢. Intuitively, we should be able to localize the integral much
like the single matrix case, because the wavefunction ¥, is an eigenfuction of an integrable
(free) Hamiltonian. In the case where B = B = 0, the measure factor p reduces to a
Vandermonde determinant, which is also annihilated by the flat space Laplacian; thus
we see that the usual HCIZ integral is associated with a wavefunction of a free fermion
or boson. But this is not the case for B # 0 and N > 2, since the potential term does
not vanish. Note that this does not necessarily mean that the integral is not localizable.
An example that comes to mind are the integrals of the Harish-Chandra type for the
symplectic groups, which are associated with the wavefunctions of integrable Calogero
models. While these integrals are known to localize by the heat kernel methods [30], in
this case, it was noted that the naive localization argument nevertheless still fails [145],
and that one must include additional instanton solutions to the WKB approximation.
Returning to our guess for ¥y, it becomes clear that a closed form for Iy (A, B, A, B)
must include p as its denominator. This is because p is the natural integration measure
for the eigenvalues a;, b;. The fact that the eigenvalue is Tr[A% + B?| also suggests that

the denominator should have an exponential factor:

2 [N(A7 Ba Aa B) = \I,N ~ Z Cr H eaiaw(i>+bi57r(i) X(aia bia aﬂ(i)? Bﬂ‘(l)) (435)

TESN [

By a symmetry argument it is also plausible that the numerator is also given by a
determinant. We seek the missing factor in the numerator; we know that the Bethe
ansatz is unlikely to provide a solution to our differential equation, because our effective
potential appears to contain three-body interactions. Finding such a formula would
amount to finding eigenfunctions of V4 p along the lines of [12, [146], but in our case we
are only interested in the ground state wavefunction in the effective potential. While a

complete analysis is beyond the scope of this chapter, we may still lay out a prescription
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for finding an analytical solution to our modified integral. We previously argued that such
a solution must have p as its denominator; following [12], the problem can be simplified
by rewriting the equation for Iy and removing the effective potential in the Laplacian at

the cost of adding first order derivative terms. Thus we may rewrite (4.35)) as:

=Y CwH eI 0br) € (@ by, niy, bro))h = Y bty (4.36)

TESN TESN

where we have set f, = ¢, []; %@ *Pix). We see then that we have:

Ay = [V2+ V] Uy — . ([v2 + V3] w) Uy

= Va . Va <Z fTrfﬂ',u) +Vb ' Vb (Z fﬂgﬂ':u’)

TESN TESN

- L(w2 + 2] 1 (Z ﬁ@u)

TESN

(4.37)
=V (U Z Vi (fréx) + Va(p) Z (fﬂ'gﬂ')>

TESN TESN

+ vb . <,u Z vb (fﬂgﬂ) + Vb(u) Z (fwfﬂ))

TESN TESN

vz 3 )

TESN
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Expanding, we arrive at:

TESN TESN TESN

+ 2V, (u (Z Vo (fr)

TESN

+ 103 VR (fel) V) S (fbn)

TESN TESN

AUy =2V, (Z Va (fr&r) ) 1Y Vo lfabe) + Valn) Y (fae)

— ([V2+ Vi u (Z fﬂg,r)

TESN
M) ’ (Z va (.fﬂfrr)) TH Z V2 fﬂfﬂ' +2vb <Z vb frrgﬂ' )
TESN TeESN TESN
1Y Vi (folr)
TeESN
(4.38)
We compute the terms containing the second derivatives and find:
AUN =2 (faVatt - Vb + &Vatt - Vafr + [oVoit - Ve + &Vt - Vi fr)
TESN
+ 2 Z fﬂ'V2£ﬂ' + fTrV gw + ng2f7r + £7TV2f7r + 2va£7r ' af7r + 2Vb§7r ' vbfw)
TESN
(4.39)

We know that ) o & Vi fr+E: Vi fr = AW x. Thus we can simplify our differential

equation:

0=2Y " (faVat* Valr + &Vatt - Vafr + [Vt - Ve + & Vit Vi fr)

TESN

1Y (Fe V2% + £ Vilr + 2Valr - Vafr + 2Viks - Vi fr)

TESN

(4.40)

We see then that we have a multivariable PDE; while there are numerical methods to
approximate an analytical solution, they are all computationally laborious and ill-suited

to solving PDEs containing more than two independent variables. Nevertheless, given
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the nature of the HCIZ integral, we note that there is another method to compute an
analytical expression for the missing factor that, while tedious, is still tractable. That
is to evaluate the integral explicitly and use this to determine the missing factors. We

solve the integral for U(3) in Appendix[A.1] We will reproduce the result directly below:

p+k

Y Y Y RS Y e

q=0 f+2p+4k=gm,n=0 j+l=n ¢g=0 r+s+t+h=g

f.p:k>0 0<j<m 0<r<p
0<I<k—m 0<s<j
0<t<m—j
Osh<k-m (4.41)
1

X
(k+1)(k+2)(p+ 4k —2m — 2n + 2)(q — 2m — 2g + 2)

—l—h,, [, r, DT s j—s t m—j—t 2(k—m)
(—1) WHW3Wy  WsWg  WrWg Wy

22(k=m)+1 fl(p — Yl — s)!sl(m — 5 — )Rk — m — )Yk — m — h)!

X

The expressions for w; are listed in (A.29); we see immediately that the a; and a;
eigenvalues do not mix with the b; and b; eigenvalues. We make note of the SU(2)
symmetry between a; and b;, and a; and Bj; we note that if we remove the b, and Bj,

we recover the expression for the two-matrix Harish-Chandra integral evaluated over the

_ a;
U(3) group. Given that we may remove b; and b;, replace a; and a; with u; =
bi
and u; = _j , and still recover the same expressions for w;, we could naively expect
b
to recover an expression similar to the original Harish-Chandra integral [140)]:
det U
T, a) = et (expluity)) (4.42)

Au)A(a)

if we use u; and ; in lieu of a;, a;, b;, and b;; set 2 as the normalization constant; and
specify that when multiplying the Vandermondes in the denominator, one must take the

dot product of (u; —u;) and (4; — ;). But upon this substitution, we find that we only
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recover:
I, @) = et (exp(u;)) (4.43)
1

We are missing the factors of x(a;,b;,a;,b;) in the numerator. We can solve for the
missing factors by examining the case of U(3); given that the effective potential is the
same general form for N > 2, we may extrapolate the missing factor for a general U(N)
formula from the U(3) results.

In the case of U(3), we can expand the original HCIZ integral:

det (exp(Ai;))
A(AN)A(A)

I(AR) = / aU exp (T (U'AUR)) = 0 (4.44)

until we arrive at a series that takes the form of with modified w; to reflect the
omission of the b; and Bj. We examine the effects of replacing a; and a; with u; and u; at
each step; we then compare the results to an expansion of . The additional terms
that replacing a, and a; with w; and u; yields must sum up to the missing factors. We

briefly sketch out the start of such an expansion. We note that for SU(3), we have:

det(exp(aidj + bzl_)])) _ _6113?11+a252+a1ﬁ3+b351+b252+5153 + ea251+a3ﬁ2+a1§3+b251+b352+b153
+ east_ll+a1&2+a253+b351+b152+b253 . €a161+a352+a253+b151+b352+b253

o ea2&1+a1ﬁ2+a3&3+b251+b152+b353 + €a1ﬁ1+a2@2+a3ﬁ3+b151+b252+b353

= —e®t 4 e%2 4 e — ¥ — e + 6%
(4.45)
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We have set:
81 = a3dy + agdy + a1a3 + bzby + boby + bybs
So = Ay + Azl + a1dz + baby + b3by + by b3
S3 = a3a1 + aias + asas + 5361 + 5162 + 5263
(4.46)
S4 = a1a1 + agas + asas + b]bl + bgbg + b2b3
S5 = aoG1 + a1Go + azas + bgBl + bJ)g + bggg
Sg = @1a1 + a2a2 + azas + bli)l + bQBQ + bgi)g
If we expand each term as a Taylor series, we may rewrite our determinant as:
1 m—1
det(exp(a;a; + b;b;)) = Z %(82 — 1) > sy
m—1
1 n _m—n—1
- Z %(84 — 53) S453 (4.47)
m ) n=0
1 m—1
L) SRR
m ’ n=0
We note that:
S9 — 81 = (CZQ — Gg)(al — ag) + (bQ — bg)(i)l — 62)
ss— s3 = (a1 — az) (@ — az) + (b1 — b3) (b1 — ba) (4.48)

Sg — Sy = (CLl — (lz)(C_Ll — C_LQ) -+ (bl — bg)(i)l — 62)

We see immediately that if we remove the b; and b;, the factors listed above cancel

out factors in the Vandermonde determinants of the original HCIZ integral;, however,

once we add in b; and b;, some of the factors in (4.48]) no longer cancel factors in . This

suggests that there are missing saddle points and that the missing factors should add

the terms needed to restore the overall factor of p in the numerator. We note that our

results should generalize to an arbitrary number of matrices; we would simply modify u

to account for the additional matrices and add the relevant derivative terms to (4.40)), as
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well as modify w; and @; to account for the new eigenvalues.

We leave off here and save this computation for future works.

4.3 Connection with Restricted Schur Polynomials and
Collective Coordinates

A natural question to ask is: what sort of basis of operators do the coherent states
actually generate? This is quite non-trivial, since there are in principle many different
ways of orthogonalizing the two point function of ;ll—BPS operators at finite V. As a
concrete example, we can take the simplest multi-matrix coherent state we obtain from
choosing the coherent state parameters to be rank one projectors for arbitrary N. These
states will describe semi-classical configurations of single quarter BPS giant gravitons.
Similar generating functions were introduced in [106], 23]; we will clarify the relationship
between them and the coherent states studied here. This should help in generalizing to
higher rank cases corresponding to bound states of AdS giants. The idea is to consider

the following state:
Az Ay) = /(C]P’Nl dptdp e XetheYe ) (4.49)

To evaluate this, we need a formula for the moments of <pggoj with respect to the flat

Haar measure on CPY~!. The measure can be rewritten as follows:

[ tetde= [ as [agag e = [or [agasee )

In other words, we can trade the integral over projective space for a regular Gaussian

integral at the cost of introducing an additional contour integral over an auxiliary param-
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eter s. Then the moments have a simple expression in terms of the projection operators

Py [106]:

k
i ds e’ I k! ;
/(C]}»Nl dip! H (QOT) o = fm k! (P(k))J = m (P(k))J- (4.51)

=1

Borrowing the results of [106], we may rewrite the coherent state as a sum of the so-called

restricted Schur polynomial operators X (i, +i,),(k:) (ko) (X, Y):

o) o) )\;121 )\kQ
k1 =0 k2=0 L2 '

Now we would like to understand the analogue of this formula in the general case.

First, we need to recall the definition of the restricted Schur polynomials:
XR,(T,S) aﬂ(X, Y) = TY[PR,(r,s) af X" ® Ym] (453)

Here, R is a Young diagram associated with an irreducible representation of S, ,,; the
labels (7, s) correspond to an irreducible representation of S,, x S, contained in R. The
object Pg (;s) ap can be understood as follows: starting with S,, x S,, C Sy,1n, we can find
representations r X s sitting within R. Generically, the representation r X s can appear
more than once inside of R, so one needs to keep track of how one embeds r X s into R. If
the multiplicity of (7, s) is n(.,) and its dimension d, ), then a generic element of S,
will be block diagonalized into (n(r,s)d(r,s)) X (n(m)d(m)) blocks. The matrix indices «, 3
keep track of this information, where a and § range from 1 to ng.s. The Pg s ap are
then intertwining operators between each of these blocks. More formally, we can label

each of the embeddings of r x s by an index « and consider the space R, C R. The
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restricted Schur polynomial is then given by:

1 n m
X, (X,Y) = — > Trg [Cr(o)TrfoX" @ Y™, (4.54)
O'ESner
where I'g (o) is the matrix representing o [50]. The most complicated part of the restricted
Schur polynomials is the evaluation of Trg. [I'z(c)], which involves building R, explicitly.

By expanding the exponential and evaluating the unitary integrals, we obtain:

/ dU exp (UXUTAx + UYU'Ay) =
1 (4.55)

where Wg(o, N) is the Weingarten function. Explicit combinatorial formulas for Wein-
garten functions are well known from the work of Collins (see [143] for an elementary
introduction); before delving into specific details, we should contrast this with the sit-
uation where one of the Axy is zero. In this case, the resulting sum can be recast as
a diagonal sum of the products of unitary characters; right now, we have a complicated
sum of traces. For a moment, let us consider the situation for a single matrix. The

resulting sum is:

1
Vol [0 (V)] / dU exp (UXU'Ax)
2

TrloA% ) Te[r ' X" Wg(or™ !, N)

(4.56)

o - 1 n —1vn 1 Ar_—1 A
_Zﬁ . Trlo A% | Tr[r =" X" ;n! f,\X (7 o)x* (1)

=> %SA(X)SA(AX).

The last line is obtained from the character expansion of the integral, which was
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computed in [21I]. Then for two matrices, we have:

1 ox t t
- Z T Z Z (7)Tr[o A% @ AV Tr[7 X" @ Y.

)\)— +m O, TESn+m

Clearly this has a similar structure to the definition of the restricted Schur polynomials
, but the restricted characters have been replaced with ordinary symmetric group
characters instead. We can always formally rewrite each of the terms in the series as a
sum over restricted characters by decomposing the trace over R into a sum of traces over

each of the R,

X o) =Tep[Cr(0)] =Y Y Trp..[Cr(o)]. (4.58)

(€7 (7" S)aaCR

This allows us to rewrite the integral as a sum of restricted Schur polynomial operators.
However, this sum does not capture every restricted character; the problem comes from
elements o € S,,, that are not elements of S, x S,,. Generically, the representation
R of S,, will be expressed as a sum of the irreducible representations R, of S, X S,
with multiplicities n,. This means that ¢ is not fully block diagonal on the space n, R,
and indeed, restricted traces on each of these blocks lead to different orthogonal states
in the free theory. This is expected, since the coherent state only generates operators
that have vanishing one-loop anomalous dimension, and the dilatation operator acts non-
trivially on generic restricted Schur polynomial operators. This means that the operators
obtained from diagonal traces over n, R, have vanishing one-loop anomalous dimension,
while off-diagonal operators should be associated with excited states with open strings.
We expect that operators that are approximate eigenstates of the dilatation operator in

the large N limit take the form of open string modifications of these coherent states, and
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are likely more closely related to the Gauss graph operators as in [92].

An interesting direction to take would be to construct a generating function for all
restricted Schur polynomials. Clearly, something as simple as (4.1]) cannot work. This
can be traced back to the fact that the sum over S,,1,, has many redundancies owing to
the fact that we can conjugate by an element of S,, x S,, while leaving the traces fixed.
This is the statement that we can permute the n X’s and m Y’s among themselves while
simultaneously permuting the Axy’s. As explained in [147|, there is an equivalence

relation between elements of S, in such a way that

o~T & TrjcA" ® B™ = Tr[tA" ® B™|, (4.59)

which happens exactly when ¢ can be conjugated into 7 by an element of S, x S,,. In
other words, the construction of restricted Schur polynomials is equivalent to construct-
ing generalized class functions on restricted conjugacy classes, which means that the
coherent state generating function cannot differentiate between different restricted
Schur polynomials by itself for the simple reason that the Weingarten function is a class
function. If we want to replace the characters in (4.1) with restricted characters, we must
either change the domain of integration or integrate against an appropriate measure fac-
tor that is sensitive to this information. This is equivalent to finding an analytic formula
for restricted characters, which may be recast as a Schrodinger problem over the space of
commuting matrices [14, [146]. The point is that the norm of the quarter-BPS coherent
state is related to the heat kernel over the space of commuting matrices, or equivalently
to the Green’s function of the Schrédinger equation. In practice, the coherent states
still form an overcomplete basis of operators that can be used for computations, even
if we do not currently know how to project into a particular primary state; the leading

contribution at large N will come from the saddle point approximation.
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In Appendix [A.2] we checked a few low order terms by explicit calculation and found
that the quarter-BPS coherent state generating function is given by a sum of product of
restricted Schur polynomials much like the half-BPS coherent state. As we explained, this
should hold for all the terms in the series, but checking higher order terms is difficult.
This can be taken as further evidence that the coherent states span all possible BPS
states and makes manifest many of the ideas in [14], since free field theory correlators
can be encoded in integrals of polynomial functions of the collective coordinates. In the

saddle point approximation, the integration measure is given by

/dK.dK (Ax, Ay|[Ax, Ay) = /H axeaxiaxiay I (1 - Xj) (ii - jj) N
i i<j

(4.60)
After an appropriate choice of contour for which A and A are canonically conjugate
variables, this reproduces the strong coupling ansatz in [14]. It should also be clear that
this measure describes the ground state wavefunction. Although our analysis is strictly
on the weak coupling regime, we note that the dilatation operator in the SU(2) sector
can only act by permutations; this sector is closed, so it is very plausible that the quarter-
BPS states are not renormalized. Even at weak coupling, the vacuum structure becomes
quite non-trivial, modifying the Coulomb branch analysis for small collective coordinates,
since the eigenvalues behave as strongly coupled bosons at low energies. This modifies the
topology of the moduli space of vacua near the center of mass of the eigenvalues, even for
half-BPS configurations. Since this sector preserves as much supersymmetry as N' = 2
SYM, it is quite plausible that the gy s corrections are under control for sufficiently small

modifications of BPS operators. At strong coupling, the expectation is that such states

describe rotating strings propagating on bubbling geometries; the energy of these strings
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will follow the dispersion relation of a centrally extended BPS state

A—J=/Q*+ MP, (4.61)

with the central charge M being related to the length of the string in the bubbling ge-
ometry times the string tension. This is purely a kinematic effect; all of the dynamics
should be encoded in the central charge M. Near the core of the geometry, the naive
Coulomb branch analysis certainly breaks down, but S-duality considerations suggest
that the string tension is not renormalized [148], so the corrections to curvature on the
moduli space should come from finite N effects. This should be captured by non-planar
corrections involving the exchange of gravitons between the background and a probe
string. Such geometries can be engineered by integrating against the wavefunctions that
break the SO(6)r symmetry of the vacuum. It is not hard to come up with such wave-
functions (for instance a non-symmetric Gaussian perturbation), and there is a schematic
mapping between the eigenvalue distribution at large N and bubbling geometry [137].
The relation should be corrected with additional 1/N effects, since the naive sad-
dle point approximation fails to give the exact overlap, but these effects should only
be relevant when we try to probe eigenvalues are placed in non-generic configurations.
These should be thought of as microstate configurations for coarse-grained eigenvalue
droplet configurations associated to superstar geometries. For % BPS states, the analysis
is more subtle; we have to take into account the effects from fermions since we would be
working in a SU(2|3) subsector. One should be able to ignore the effect of the fermions
for large enough semiclassical operators. This makes this class of coherent states ideal for
studying near-BPS limits around large operators without having to deal with the mixing

of multi-trace structures.
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4.4 Discussion

In this chapter, we studied multi-matrix coherent states for bosonic matrices that
generate }l and % BPS states in N/ = 4 SYM. We showed that the norm of these coherent
states admits a fixed point formula generalizing the Harish-Chandra-Itzykson-Zuber for-
mula for gauge group U(2), and provided evidence of an expansion in terms of restricted
Schur polynomials for U(N). This gives in principle a way of generating expressions for
BPS states for any value N in N’ = 4 SYM. One technical obstacle we face is that our
construction does not give an alternative construction of the so-called restricted Schur
polynomial operators [50]. This is related to the expectation that there is a hidden sym-
metry under which different operators are charged. One idea is that determining the
Casimir charges should be enough to differentiate between different operators, but this
problem is quite non-trivial even in the % BPS sector [149]. It is also unclear how to
implement this idea efficiently at large N since the number of Casimirs needed to distin-
guish between different operators grows with the complexity of the operators. Despite
this obstacle, our results are important for computing correlators of }1 and % BPS opera-
tors dual to bound states of giant gravitons [I50] and generic bubbling geometries [137].
Understanding the precise map between the overcomplete ’eigenvalue basis’ of coherent
states and specific orthogonal bases of operators remains an important problem. We

conclude with a few more immediate directions for future work.

1—16 BPS States and Black Hole Microstate Operators

One of the more interesting generalizations would be to the case of % BPS operators.
By now, there is ample evidence that there exists a class of % BPS operators describing
the microstates of supersymmetric black holes in AdSs x S° [151], 152, 153}, 154]. Recently,

there have been some studies of these types of states for small values of N [I55] [156];
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see [157] for a more general discussion. Our results imply that one should be cautious
in extrapolating results about operators for the U(2) theory, since multi-matrix states
appear to be qualitatively different for other values of N. We expect that most of the
interesting qualities of such operators are missing from the U(2) and SU(2) theory. It
would be nice to develop more systematic techniques to build these types of operators. In
principle, there are no obstructions to generalizing our techniques to this setup, with the
working assumption that finding states with vanishing one-loop anomalous dimension is

enough [142]. The idea would essentially be to build a superfield coherent state [158]:

/ dU exp{ / d*0 / dzTr [U\IJUTCD}} 0), (4.62)

where W¥(z, 6) is the C?® superfield discussed in [I58, 153], and @ is an auxiliary superfield
of coherent state parameters. The combined effect of the exponentiation and integration
over the unitary matrices is to generate all possible gauge invariant tensor contractions.
One should expect that the operators generated by this generating function are general-
izations of the SU(2|3) restricted Schur polynomials constructed in [53]. Generically, the
terms in the expansion of will not be of multi-graviton form, so they are natural
candidates for microstates of supersymmetric black holes. In practice, the main disad-
vantage of an expression like is that it might not be practically useful, in the sense
that the expansion necesarily involves an infinite number of matrix fields associated with
covariant derivatives acting on the fields. One way of avoiding this difficulty is to use
generating functions such as the ones studied in [I35]. Alternatively, one can view the
auxiliary superfield ® as a full-fledged dynamical collective coordinate. One would then
hope that integrating out the SYM fields leads to an effective matrix quantum mechanics
describing (near)-BPS black hole microstates, with the lightcone coordinate z acting as

a time variable.
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Three Point Correlators, Bubbling Geometries, and Twisted Holog-
raphy

Although eventually we would like to study black holes, it is important to build intu-
ition from simpler examples. One class of such examples is the BPS bubbling geometries
[137] generalizing LLM geometries [55]. Although the droplet description of such states
in supergravity is compelling, a precise mapping between the weak coupling BPS states
is not fully developedE]. The coherent states have a more natural connection to
such geometries[24]. A worthwhile exercise would be to study correlators of single trace
chiral primaries in the background of heavy coherent states corresponding to both giant
gravitons or bubbling geometries; see [159] for some finite N results. The holographic
renomalization techniques of [160] are also applicable in these cases, but it would be
interesting to develop more efficient computational techniques in supergravity along the
lines of [I61]. A good toy model for this would be to study these types of questions in
Twisted Holography [162]. In that set-up, the eigenvalue droplets should be related to
bubbling on a 2 dimensional complex base with holomorphic coordinates X, Y, with the
vacuum configuration being a droplet with the topology of S?; this is the deformed coni-
fold description of SL(2,C). More generic eigenvalue configurations should lead to other
non-compact Calabi-Yau threefolds such as in [I63], 164]. The expectation is that the
geometry on both sides of the duality is encoded by a spectral curve [70] on which stacks
of branes are supported, which should appear as the spectral curve of the correspond-
ing matrix model. Understanding this could help in clarifying the dictionary between

collective coordinates and bubbling geometries in the AdS5 case.

!For instance, it is unclear whether the solutions found in [I37] exhaust the set of all i and % BPS
states.
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Bound States of Giants and Branes at Angles

One reasonable goal would be to understand coherent states associated with pairs of
eigenvalues, which are built from simpler integrals over the Grassmanian Gr(2, N). The

main difficulty of such a character expansion already appears in this simpler case:
ey Ay) = / AVTdy MV XVt VY VAL (4.63)
Gr(2,N)

where the A\, are not 2 x 2 diagonal matrices. The norm of this state has a rather explicit
integral form over 2 x 2 matrices over a compact domain; thus an explicit evaluation
should be feasible. We expect that this state has a non-trivial expansion in terms of
restricted Schur polynomials [106]. Since the domain of integration is simpler than that
of the general case, the integral might lead itself to a saddle point analysis. One might
be able to explicitly compute Lefshetz thimbles for this case and determine whether
localization fails or not, or whether complex saddle points are needed. It would be
interesting to construct multi-matrix analogues of the generating functions found in [139]
for determinant operators. This would help in constructing the precise operators dual
to intersecting giants [165], and particularly in understanding their integrable boundary

states [166].
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Appendix Title

A.1 The Four-Matrix Model in U(3)

We now consider the following integral:

I= / dU (3) exp(Tr(AUAU") + Tr(BUBUY)), (A1)
aq bl
for A= ] q, ,A:(al Qs a3>,B: by ,andB:((_)l by (_)3>.
as b3

We know that we can parameterize our U(3) matrix as:

U = eiA;;oa67,/\2,861/\3067,/\5967,/\3a62)\2bezz\gcei)\gqb’ (AQ)

where \; denotes the ith generators of U(3). We list the relevant SU(3) generators below
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[64]:

0 — 0 1 0 0 00 — 1 0 0
1
=i 0 0] A=]0 -1 0f[;A=[00 0 ,)\SZE01 0
0 0 0 0 0 0 1 0 0 0 0 —2
Because U(3) = SU(3) x U(1), we multiply U by an additional phase e®. This yields
the parameterization of U(3) that we will use to compute the argument of the exponential

in Eq. (A.1)). Simplifying and expanding, we arrive at:

Tr (AUAU' + BUBU") = (azas + bsbs) cos® 0 + (asds + babs) cos® B cos® b
+ (ara@y + biby) cos® B cos® O cos® b+ (dyag + biby) cos® bsin® 3
+ (ay1@y + biby) cos® O cos® bsin? 3 + (dyas + bibs) cos® Bsin? 6
+ (aya3 + bybz) cos® bsin® O + (daas + babs) sin® Bsin® 6
+ (a1@y + biby) cos® Bsin® b+ (dyay + byby) cos? 3 cos® §sin? b
+ (ar@y + biby) sin® Bsin® b + (ag@y + baby) cos? §sin? Bsin? b

+ (agas + bybs) sin® @ sin® b

1 L _ _
- Z(aldl — a1ag — a10y + a2a3 + biby — biby — biba + babs)
x €27+ 65 0 sin 23 sin 2b

1 o _ _
— Z(ala_l — 1G9 — Q109 + G2Go + b1b1 - blbg — ble + b2b2)

x €2U7+%) ¢og 0 sin 23 sin 2b

(A.4)
We plug this into the integral. We may use the method outlined in [64] to compute

the Haar measure; we arrive at:

dU = sin 23 sin 26 sin 2bsin® 8dadfdodfdadbdcdpdy) (A.5)
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We cite the angle limits from [64]:

0<a,0,a,c, <m
0<8,b6 <g (A.6)

0<op<2r

We seek to integrate over o and a first. We observe that:
—e2ilota) _ p=2il0Fa) — _9cos(o + a) (A7)

Returning to our integral, we note that rather than integrate over o, we may perform
a change of variables and integrate over o +a and change our integration limits to [0, 27].
We would integrate over a twice, but the integral over a is trivial; as long as we note
that the integral over the angular variable a is normalized to 1, we may proceed with

integrating. Then the relevant integral is:

27
_l — - _ — — — _ — _ — — . . .
Ia _ / 6( 5 (a1d1—d1az—a1da+azda+bi1b1—bi1ba—bi1ba+bab2) sin 23 sin 2bcos€sm(a+a))d0_
0

= 2wl (%(alaﬁ — d1Gy — 1@y + axdy + biby — biby — biby + byby) sin 23 sin 2b cos f
(A.8)
where [ is the modified Bessel function of the first kind of order zero. There are no
factors of a left in the integrand; as long as foﬂ da is normalized by a factor of 7, we may
consider the previous integral to have simultaneously integrated over both ¢ and a.

We now seek to integrate over 6. First, we collect the relevant terms and group the
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coefficients for simplicity’s sake. We have:

v; = sin 23 sin 2b
vy = (agdy + bybs) cos? Bcos® b+ (arag + biby) cos® bsin? 3
+ (a1dy + byby) cos? Bsin? b + (aya; + biby) sin® Bsin? b

v3 = (azdz + bsbs) + (ardy + byby) cos® B cos® b + (aydy + bibs) cos® bsin® 3

(A.9)
+ (drag + biby) cos® Bsin® b + (agdy + baby) sin® Bsin® b
vy = (@yas + bibs) cos® B + (ayds + bybs) cos® b
+ (a_gag + b_gbg) SiIl2 6 -+ (a2d3 —+ bgb_g) Sil’l2 b
1 L _ _
Vg = 5((11071 — 12 — a109 + G202 + blbl - b1b2 - ble + beQ) sin 25 sin 2b
Our integral over 6 thus becomes:
Iy =2rm / ’ pyev2 s cos” Ouasin®0 1o, o5 0) sin 26 sin® 6d), (A.10)
0

where Iy is the integral over € in I from eq. (A.1]) and v; denote the grouped coefficients.

We now observe that we may rewrite sin 20 as 2sin 6 cosf. Then our integral becomes:

jus

2
Iy = —4rm / pyev et v ot O 1,05 0) cos B(1 — cos® 6)d cos 0, (A.11)
0
Setting x = cos f, our integral becomes:

1

Iy = 47T/ vye Tt s oy (1 — 2%)de

0 ) 2 (A.12)

= 4wvlev2+”4/ e [ (o) (1 — 22)dx
0
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We find the Taylor expansion of e(vs—va)z®,

2 = (03 — vg)"
elvs—va)z® _ Z — (A.13)

k=0

Now, we expand the Bessel function in series. We find that:

Iy(vsx) = i m (%)Qm (A.14)

m=0

Putting everything together, we arrive at:

Iy = 4mrv e’ ™ /01 (i W) (i m (%)216) r(1 — 2*)dx
k=0 k=0
= Ay P2V
'S (vs —vg)™ Ug(kim) 2k+1 2
X/O ;mzo( ml )(22(km)(k—m)!1“(k:—m~|—1)>x (1= 27)dz
<k m 2(k—m)
= dmu ettt ;;) 20k + 1§(k +2) ((US m;m ) (gzuc-m)(/f _Ufn)!r(k —m+ 1))

(A.15)

We now seek to integrate over 3. Before we start, we first examine the combinations
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vg + v4 and vs — Va:

Vg + vy = (agdy + baby) cos® B cos® b + (ayag + bibs) cos® bsin® B
+ (ay@y + biby) cos?® Bsin® b + (aya; + byby) sin?® Bsin® b
+ (dyas + bibs) cos® B + (aydz + bybs) cos® b
+ (@2as + babs) sin® B + (azas + babs) sin® b (A.16)
= ((agdg + byby) cos? b + (a1dy + biby) sin® b + dyas + 5163) cos® B
+ ((dlag + b1by) cos® b+ (ardy + byby) sin? b + dyas + Z;ng) sin?

+ (ayasz + bibs) cos® b+ (agas + bybs) sin® b

We note that v; = sin 23 sin 2b, which means we can repeat the process of rewriting
sin 23 as 2sin [ cos 3, but absorbing cos 8 behind the derivative instead. Then we rewrite

the expression above as:

Vg + vy = ((agdg + byby) cos? b + (a1dy + biby) sin® b+ dyas + b_lbg) (1 — sin? 6)
+ ((dlCLQ + byby) cos? b + (a1ay + biby) sin® b + dyas + b_2b3) sin? 3
+ (a1a3 + byb3) cos® b + (agdz + bybs) sin® b
= dyaz + bibs + (a1ds + bibs + azdz + babs) cos® b
+ (a2ds + bobs + araz + bibs) sin® b
+ (dgag + 52173) sin? 3

+ ((a‘lag + 51[72 — QoG — 6262) COS2 b + (ala_l + 6161 — a109 — bll;g) sin2 b) sin2 5
(A.17)
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We then turn to v — vy:

v3 — vy = (asdz + bsbs) + (ara; + byby) cos® B cos® b + (aydy + byby) cos® bsin® B
+ (@rag + biby) cos? Bsin? b + (agdy + baby) sin? Bsin® b
— (@1as + bibs) cos? B — (ards + bibs) cos® b
— (@zas + bybs) sin? B — (agas + bybs) sin? b
= (asaz + bsbs) — (ayaz + bibs) cos® b — (agaz + bybs) sin b
+ ((aldl + byb1) cos® b+ (arag + byby) sin® b — (ayas + 5163)) (1 — sin? B)
+ ((a1az + bibs) cos® b+ (asds + babs) sin® b — (dzas + babs)) sin® 3
= asaz + bsbs — ayaz — bybs + (aray + biby — aydz — bybs) cos® b
+ (@rag + biby — agdsz — bybs) sin? b
+ ((ala_g + biby — ardy — biby) cos® b + (agdy + byby — dyas — byby) sin’ b) sin? /3

+ (071013 + b_lbg — Ao03 — ()_263) SiIl2 5
(A.18)

We once again regroup and relabel our coefficients for ease of computation:

Uy = dyas + bibg + (a1ds + bibs + agdy + byby) cos® b + (agds + bybs + ardy + byby) sin? b
Uy = Gyas + bybs 4 (@rag + biby — agdy — byby) cos® b+ (aray + biby — ardy — byby) sin® b
uz = agdz + bsby — aaz — bibs + (ardy + biby — araz — biby) cos® b

+ (@rag + biby — agdz — bybs) sin? b
Uy = ayas + bibs — azasg — babs + (a1@y + biby — a1dy — biby) cos? b

+ (agdy + baby — dyag — byby) sin®b

U5 = (aldl — a1a9 — @102 + aga9 + blgl — l;lbg — b]_l;Q + b252) sin 2b
(A.19)
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We set y = sin 5. Then our integral over S becomes:

1 oo k 2\m
: 1 (ug + uqy®) )
I3 = 87 sin Zb/ et1tuzy (
g 0 ;mzo 2(k + 1)(k + 2) m!

(u5y - y2>2(k—m) (A.20)

N 2=k = )Tk —m + 1)

ydy

We now examine (uz + ugy?)". We know that we can use the binomial expansion to

express it as:

(us +uay®)" =) <Zn> uf (uay?)"™ (A.21)
j=0
Then we have:
(us + uay?)™ . 1 j o\ m—j
m ; oy () (A.22)

> 2(k—m)

We then examine (y 1—92 . First, we note that we can rewrite this expres-

sion as (y? — ). Then, using the binomial series, we find:

k—m
(v* — o) k—m _ Z ( _l m) (—1)k=m—ly 2y Alk=m=0)

- . (A.23)
—m —m— —4dm—

— < l ) (_1)k: ly4k 4m—21
=0

Then we have:

2(k—m)
(u5y 1= y2> ) 20k k- (F=m) (= 1yk-melyyth—tm—21
22k=m) (; — m)IT(k —m + 1) 22k=m) (b —m)IT'(k —m + 1) (A.24)
k—m k—m—l1 g(kfm) Ak—4m—21 '

(=1) u Y
2 220=m){(k —m — )T (k —m + 1)

=0
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We now expand:

oo m ujum—j B
Z 3%4 yQ(m 7)
Om 2 k—|—1 V(k+2) = (m—j)'j'
k— k m—ly, 2 4k 4m—21
= 22"C m)l' k—m— ) (k — m—l—l)
g ( )
= 02(k—i—1 )(k + 2) e
. k—m 1)k m—l 2(k m) g2
— 22(k— m)l!(k m—l)!F(/f m+ 1)
iii Z L gy (=1 )k-miq2k=m) g dk—2m—2n
- | 92(k—m | — A _
Loiala 2 Akt 1)(k+2) (m— )1 2E DIk —m — DTk —m + 1)
0<j<m
0<I<k—m
(A.25)

Finally, we note that we can expand e“?¥ using the Taylor series

[o¢] upyp

vy — 29 A.26

pZ:; . (A.26)
Then Iz evaluates to:
u2yp

& sin 2be™ Z
j M m—1, 2(k—m —2m—2n
u§u4 J ( 1)k zu5( )y4kz 2m—2n+1 "
— iy 22(k—m)(l)!(k —m—=DT(k—m+1)

fiiz .

k=0 m=0 n=0 j+i=n
0<j S
0<I<k—
ub wu™
Sy YOSy Y 2 Tl
(g — _ 141
¢=0 pt+ak=qm=0n=0 j+i=n (k+1)(k +2)pl(g — 2m — 2n +2) (m — j)!j!
p,k>0 0<j<m
0<I<k—m
—m—1. 2(k—m
( 1)k ! 5( )
(A.27)

QR (k —m — D)IT(k —m + 1)
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Finally, we integrate over b. As before, we take sin2b and rewrite it as 2sinbcosb.
Then we absorb cosb behind the derivative and set z = sinb. We now integrate over z

from 0 to 1. We rewrite u; to reflect this change:

uy = ayaz + bibs + aids + bibs + azds + babs
+ (agasz + bybs + aydy + biby — ayds — bybs — agdy — boby) sin® b
Uy = doag + bobs + dyas + biby — agdy — boby
+ (aray + biby — aydy — biby — dyag — biby + axdy + bzb_z) sin® b
ug = agds + bsbs — dyag — bibs + aydy + biby — ayds — bibs (A.28)
+ (@rag + biby — agdz — bybs — ardy — biby + ayds + bybs) sin® b
Uy = @ras + bibs — doag — babs + ardy + biby — ardy — biby
+ (ag@y + byby — arag — biby — aydy — biby + aydy + byby)sin®b

Uy = (aldl — a1a9 — a1a9 + agay + blb_l — b_lbg — blb_g + b2b_2> sin 2b
We set:

wy = aaz + bibs + ardy + bibs + axds + babs

Wy = Aoz + babs + ayds + bibs — a1ay — bibs — asdy — babs

Wy = Aaas + babs + @yas + biby — asds — boby

Wy = ayay + biby — aydy — byby — dyas — biby + asdy + baby

ws = azdz + b3bs — araz — bibs + ardy + biby — araz — bibs (A.29)
We = A1as + b1by — agdy — bobs — a1y — biby + ayds + bybs

wr = dyas + b1bs — Gyas — bobs + ajds + b1by — a1y — biby

Ws = Gods + baby — dyay — biby — aydy — bibs + ayay + byby

wy = 2(a1dy — dras — a1Gz + a2Gy + biby — biby — byby + b2b_2)
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Then our integral becomes:
! 2
I, = 16we™ / e'?*
0
00 k k . .
% Z Z Z Z Z (U)g + UJ4Z2)p<UJ5 —+ w622)] (U]7 =+ w822>m J
prr Sy S Sl yval (E+1)(k+2)(¢ —2m —2n+2)pljl(m — j7)!  (A.30)
0<I<k—m
(_1)k—m—l(w92 /1 — ZQ)Q(k:—m) p
zdz
22(k=m)+ 11| —m — DIT(k —m + 1)
As before, we note that:
(’LU3 + U)422>p b 1 —r
= Wy (w4z ) (A.31)
and
(ws + wg2?)’ 4 1 o\ j—s
= A.32
i 2 G oS () (A.32)
and .
2\m—J m—j
1 e
(wr + ws2") = wy (wsZZ) o (A.33)
(m —j)! — (m—j—1)t!
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We find that:
(w3 + wy2?)P (w5 + wez?)? (wy + wgz?)™ ™7 _ zp: wiywy ,2p—2r
pilim — ))! 2 (p—r)ir!
J s J—S
% ( Wy Wg 2;—2s>
) — el
— (j—s)ls

ptm T, P s, TS
_ Z WaWy — W5Ws
—r)lrl(y — s)ls!
=, )il = s)
0<r<p
0<s<j
0<t<m—j

it _
w%wgn J 22(p+m g)

X
(m—7—1t)it!

We also know that (2\/1 — zZ)Z(k_m) can be written as:

<zm)2(k_m) - % < N m) (—1)k~m—h Ak —dm—2h (A.35)

Then we have:

(_1)k—m—l(w9zm)2(l§—m) (_1)k’—m—lw§(k_m)

2= 1k —m — )T (k —m—+1) 22611k —m — )IT(k —m + 1)

k—m
% Z ( _hm)(_l)k—m—hz4k—4m—2h

h=0
B k—m (_1)717hw3(k—m)z4k74m72h
N — 22(k=m)H1Ip)(k — m — D)!(k — m — h)!

(A.36)
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We compute:

k k 1
Z 2. 2.2 2 (k+1)(k+2)(g—2m —2n+2)

q=0 p+4k=q¢m=0n=0 j+Il=n
p.k>0 O<j<m
0<I<k—
p+m s m—j—t
_ l | — g)lg! — g — ) l
gOr+s+tg TT] S)S( ] t)t
0<r<p
0<s<j
0<t<m—j
k— _— 2(k— — A —
y m (_1) ! hwg( m)z4k 4m—2h
£ 20k=mF IR (k — m — D)l(k — m — h)]

and arrive at:

1
Z 2. ZZ 2. (k+1)(k+2)(g—2m —2n +2)

q=0 p+4k=gm=0n=0 j+Il=n
p,k>0 0<j<m
0<i<k—m

ptk —l—h,,r,, D=7, s m—j—t, 2(k—m)
x}: }: (—1) W3 W, w5w6 w7w8 Wy

22k=m)+1(p — )l (5 — s)lsl(m — j — WAk — m — D)!/(k —m — h)!

g=0 r+s+t+h=g
0<r<p
0<s<j
0<t<m—j
0<h<k—m

% 22(2k+p7mfg)

Once again, we expand e"?* using the Taylor series:

Z b Zf (A.37)
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Then our integral becomes:

o [ (S wl\ & Lo L
16me /O<Z Al )Z 222 2 (k+1)(k+2)(g —2m — 2n +2)

£=0

ptk —l—h, ., P—T. s F—s_ t m—j—t 2(k—m)
x}: }: (—1) WaW, WsWs WrWg Wy

22k=m)+1(p — )l (5 — s)lsl(m — 5 — WAk — m — D)!/(k —m — h)!

g=0 r+s+t+h=g
0<r<p
0<s<j
0<t<m—j
0<h<k—m

% 22(2k+p7mfg) 2dz

This is a hideous series, and we would be forgiven for thinking that we should define
a new index that matches 2(2k + p — m — g). But ¢ does the job, if more subtly, and

so we will retain ¢ and rewrite 2(2k +p — m — g) as 2(¢ — 2k — m — g). Then we can
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integrate over z and find:

. ko k
w1 1
16me /0 Z Z ZZ Z (k+1)(k+2)(g—2m—2n+2)

d=0 2q—4k+f=d m=0n=0 j+i=n
k=g 0<j<m
q,k,p,f>0 0<I<k—m
By (1) g g
Q2= f1(p — )1r1(j — s)lsl(m — j — UKk — m — )1k — m — h)!

g=0 r+s+t+h=g
0<r<p
0<s<j
0<t<m—j
0<h<k—m

« pd—2m=2g+1 7,

p+k

wloo - 1
=16me™ Y > > D> > > (k+1)(k+2)(p+ 4k — 2m — 2n + 2)

q=0 2p+4k+f=gm,n=0 j+l=n ¢g=0 r+s+t+h=g
k,p,f>0 0<j<m 0<r<p
0<I<k—m 0<s<j
0<t<m—j
0<h<k—m

—l—h, f r, DT s j—s_ ¢ m—j—t
(—1) WHW3Wy  WsWg  WrWg

X

22k=m)+1(g —2m — 29 + 2) fl(p — r)lr!(j — s)ls!(m — 5 — )1t A!
w2(k—m)

9

X
(k—m =D/ (k—m—h)!
(A.38)
For clarity, we rewrite our integral as:
N - = 16me*?
SY Y Y T Y Y e
q=0 f4+2p+dk=qgmn=0 j+l=n g=0 rds+t+h=g
0<I<k—m 0<s<j
0<t<m—j
Oshshmm (A.39)
1

X
(p+4k —2m —2n+2)(¢ — 2m — 29 + 2)
—l— r p—r_ g j—S§ m—j—t  2(k—m
) ()"t gl gl
22(k=m)+1 fl(p — )rl(j — s)!sl(m — 5 — )Rk — m — )Yk — m — h)!

We now seek to simplify this answer. First, starting from ¢ = 0, we list the first few
possible combinations for ¢, f, p, and k; the results can be found in table |A.1]
We see that if we hold all the other indices constant and expand the sum over ¢ and
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o f» Klfa fp kffa Fpkffal p k]|
000 04 4006 6 0 0] 2 1 1
1 1005 10 1|7 11 18230
2 0 1 0[5 1 2 07 1 3 0|8 4 0 1
2 2 0 0[5 31 0][7 3 2 0|8 4 2 0
3 11055 00|75 1 0][86 10
3300601 1)[7 7 00|88 00
400 1)/6 03 0800 2[99 1 0 2
402 06 22080 2 191 21
421 06 410804 0][91 40

Table A.1: We list the first few combinations of q, f, p, and k that satisfy the constraints
on the indices.

from the terms associated with the set

1 w)

f+2p+2k—2m—2g+2 f! -

f
1w
f, then we may extract a factor of Ry

of fixed indices. Since q — f = 2p + 4k, we may rewrite this factor as

Summing from zero to infinity, we find that:

> 1 w§ —2p—4k+2m+2g—2
> L (o T 22,0,
_ _ |
[+ 2p+4ak—2m—29+2 f!
(A.40)
Then we have:
B ol RR TR
p,k>0mn=0 j+i=n g=0 r+s+t+h=g (k + 1)(k M 2>(p Tk am ey 2)
e 0<j<m 0<r<p
0<i<k—m 0<s<j
0<t<m—j
0<h<k—m (A.41)
1

X

(_w2)2p+4k—2m—2g+2

—l—h,, 7, P—T, s, j—s ¢t m—j—t 2(k—m)
(—1) WiW, WsWs WrWg Wg

" Q23 () — Yrl(j — s)lsl(m — j — ORIk — m — D1k —m — h)!
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A.2 Expansion in Terms of Restricted Characters

We seek to compute our four-matrix Harish-Chandra integral through a character

expansion. We start with:
Ipp = / SU xr(UXUTX)xp (UYUTY) (A.42)
If we have A € Hom(V, V), A’ € Hom(V’, V"), then:
Try A Try A = Trygy A @ A’ (A.43)
We arrive at:
Ing = /5U Xror (UR ® Up Xp® Y UL @ Ul, Xp ® XR,) (A.44)

Now we may decompose our product representation into irreducible representations:

Inw=Y / 5U xs (USZSUgZS) (A.45)
SER®R'
where
Zg € Xp® Yr <A46)

For example, if we set R =[], R' =[], then we have:

@@:@ (A.47)
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([=][y] + [zy]), | = % ([2][y] = [zy]) (A.48)

From here on out, we use symbols interchangeably to represent both the representation S
and the character xg(Zg) associated with it. We write the trace of the fundamental rep-
resentation matrices as [z] = Y.~ | ;. We see then that S could be the symmetric/anti-
symmmetric combination of X and Y in its fundamental representation. If we seek to

evaluate our integral with the Young diagrams we listed earlier, we arrive at:

1 1 _ _
Inn= 2 xs(X 0 V)xs(X 0 F) + —xs(X 0 V)xs(Xo¥), §=EE =
Dg Dg Y|

(A.49)

where Dg is the dimension of the R representation of the GL(|R|) group.

We now compute our second example, where we hae set R =[ [ | R =[] Then we

have:

®@:lexlul@ixl (A.50)
= é ([#]P[y] + [2®][y] + 2[z][zy] + 2[z*y]) , (A.51)
717 2 (sl + o)) — o] — (5% (A.52)
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[

1 -5 1 -
S =[zlzlyl, S =[z]z] (A.55)
il

Similarly, if R = H, R’ =[], then

] = [z]yl @ [x] A.
i®@ o (A.56)

([21*[y] = [*][y] — 2[2][zy] + 2[2%y])

|

W= ([2°ly] — [27)y] + [2][2y] — [+”y))

W =

BE

=[z[=]

These diagrams describe what are called the restricted Schur polynomials in literature.

"We must be careful about how we project our tensors onto the Young tableaux. We have:
1 1
Tab _ Tba’ Tab|c _ Tgbc + Ta,b,c Tgbc _ g(r]vab|z: + Tbc|a + Tca\b>’ Tél/b,c _ g(erw,b|c o Tbc|a _ Tca\b)

where Tg is totally symmetric as expected. However, projecting Ts/ requires more delicate handling.
The tensor satisfies

T + T + T =0 (A.53)
2Similarly,
Tab — _Tba’ Tab|c — Tézbc + Tg/b,c (A57)
1 1
Tgbc _ g(Tvab|c + Tbc|a + Tca\b)’ Tsa?,c _ §(2Tab|c _ Tbc|a _ Tca\b) (A58)
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We have dealt with each term seperately; we now combine our results for different

representations to compute the initial four-matrix Harish-Chandra integral. We find:

I=Y drdp / U xr(UXU'X)xp(UYU'Y)
R,R’

= ZdeR/ Z /5UT1"S [UsZsU;ZS}

R,R’ SERQR/

1 _
= E drdp E D—TI‘s(Zs)TI‘s(Zs), Z=Xr® Yp
S
R,R! SER®R/

where dp is the dimension of R representation of S|g group, divided by |R|!.

Equivalently, the integral can also be written as:

I= i ﬁ/éU (TUXUTX])"™ (Te[UY UTY])"

m,n=0
= OOE —1 E —1 TI‘5<ZS>TI‘5(25)
m!n! Dg
m,n=0 SeVO@mgy @n

The first few terms are:

1 2 12 1 2 12
J=1+2P +WP + 2l +&f + —2af + 2P + = =
+ 2 + Wl + ++2-+2+2@E+2@

1

1 _

+ — | @Il + Qzfzf +[2F | + = | E’ + [Z]2f + [yl + [z
3! z] 2! Y] 2] 7]
Y

1 2 2 2 2 1 2 2 2
+ — | lelylyl” + wlyl” + =yl + [wl | + = | wlylyl” + 2ulyl” + [y
2! z] [y i 3! [yl |
i

(A.59)

(A.60)

(A.61)

(A.62)

(A.63)

(A.64)

(A.65)

. (A.66)

where the square of a Young diagram represents the product of the character of X @ Y

and the character of the same representation of X ® Y, divided by the dimension Dp of
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this representation, e.g.

T = 5 oxs(Zs)s(Zs) (A.67)
2 [X|IY]+ [XY][X][Y] + [XY]

~ (N+1)N 2 2 ’ (A.68)

S = (A.69)

The expansion above matches (4.17)), the N = 2 integral formula, precisely.
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