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Abstract
Ricci flows with non-compact initial conditions
by
Yi Lai
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Richard Bamler, Chair

First, we show that a Ricci flow can be started from a non-compact complete manifold, if the
manifold is non-collapsed and satisfies a lower bound for many known curvature conditions.
In this theorem we do not need the manifold to have bounded curvature, which was assumed
in an earlier work by Bamler-Cabezas-Rivas-Wilking.

Second, we show that a Ricci flow can be started from a 3d complete manifold with non-
negative Ricci curvature. This gave a partial affirmative answer to a conjecture by Topping.
we prove it by generalizing the concept of singular Ricci flow by Kleiner and Lott to non-
compact initial conditions.

Third, we find a family of 3d steady gradient Ricci solitons that are flying wings. This verifies
Hamilton’s flying wing conjecture. We also show that the scalar curvature does not vanish
at infinity in a 3d flying wing. For dimension n > 4, we find a family of non-collapsed,
Zs % O(n — 1)-symmetric, but non-rotationally symmetric n-dimensional steady gradient
solitons with positive curvature operator.

This thesis is a composition of the following three papers of the author: ”Ricci flow under
local almost non-negative curvature conditions”, ” Producing 3d Ricci flows with non-negative
Ricci curvature via singular Ricci flows”, ” A family of 3d steady gradient solitons that are
flying wings” [48, 47, 146].
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Chapter 1

Introduction

A Ricci flow is a family of Riemannian metrics g(t), t € [0,77], on a manifold M evolving by
the partial differential equation

0

~alt) = ~2Ric(g(). (10.1)

The Ricci curvature Ric is a symmetric bilinear form obtained by tracing the full curvature
tensor. In a vague sense, the Ricci curvature is the laplacian of the metric, and hence the
Ricci flow is the heat equation for a Riemannian manifold.

The Ricci flow was introduced by Hamilton in 1982, and has proven itself to be important
in differential geometry. The most remarkable application is the resolution of Poincaré
conjecture and the Geometrization conjecture by Perelman. There are many remaining
problems in Ricci flow after Perelman’s work. In particular, much less is known about Ricci
flows with non-copmact initial conditions than those with compact ones.

Ricci flows with non-compact initial conditions are very useful to study the geometry and
topology of the initial manifolds. For example, it is widely used to smooth a Riemannian
metric and gain more regularity. Moreover, as compact Ricci flows are used by Perelman to
solve the Poincaré conjecture, non-compact Ricci flows are also important tools to understand
the underlying topology of non-compact Riemannian manifolds.

As the heat equation with non-compact initial data is not always solvable, it is not
always possible to start a Ricci flow from a non-compact Riemannian manifold. Therefore,
it is crucial to determine under what conditions we can run a Ricci flow from non-compact
Riemannian manifolds.

It is well-known that many non-negative curvature conditions guarantee a short-time
existence of such flows. Recently, it was discovered that with almost non-negative curvatures
we can also produce Ricci flows from non-compact manifolds: Bamler-Cabezas-Rivas-Wilking
showed that a Ricci flow can be started from a complete non-compact manifold, assuming
the manifold satisfies a volume non-collapsing assumption, and a certain curvature has a
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negative lower bound [2|. However, for a few curvatures, they had also to assume that
the curvature norm is uniformly bounded on the initial manifold. By a different approach,
Simon-Topping obtained the same result particularly for Ricci curvature in dimension 3 [64].

In Chapter [3| we show that for several almost non-negative curvature conditions, a Ricci
flow can be started from a non-compact, complete, and non-collapsed manifold [48]. We
use a combination of methods from the previous two results [2] and [64], and generalize
them in the following sense: First, we do not need the bounded curvature assumption as
in [2]. Second, our result holds for the 2-nonnegative curvature in all n > 3, which implies
Simon-Topping’s result when n = 3.

Usually the existence theorems of non-compact Ricci flows need to assume the initial
manifold is non-collapsing [64, |2, |48]. In fact, there is a counterexample by Topping when
the initial manifold is collapsed and has negative curvature somewhere [65]. However, the
non-collapsing assumption seems removable under the non-negative curvature conditions.
For example, if the complex sectional curvature is non-negative, then a Ricci flow exists.
In dimension 3, the non-negative complex sectional curvature, equivalent to non-negative
sectional curvature, is stronger than non-negative Ricci curvature.

Therefore, Topping conjectured that a complete Ricci flow can be started from a complete
3-manifold with non-negative Ricci curvature. In Chapter [4, we give a partial affirmative
answer to Topping’s conjecture, modulo the completeness of the Ricci flow we construct.
Our construction uses the singular Ricci flow developed by Bamler, Kleiner and Lott [44] 45,
4]. We show that the concept of singular Ricci flow can be extended to non-compact initial
manifolds. Our generalized singular Ricci flow has similar singularity-forming properties as
the ordinary singular Ricci flow. We construct a smooth Ricci flow from a manifold with
non-negative curvature by first running our generalized singular Ricci flow and then show
that it is actually smooth.

Ricci flows with non-compact initial conditions are also important in singularity analysis
of compact Ricci flows. Many singularity models that are non-compact such as the Bryant
soliton and the cylindrical flow. Moreover, most of singularity models are self-similar Ricci
flows, which are called solitons.

The soliton equation is the elliptic version of the Ricci flow equation. It reads
1
Ric(g) = A\g + éﬁvg (1.0.2)

for some constant A and a smooth vector field V. The soliton equation is a generalization of
the Einstein equation Ric(g) = Ag, both of which generate self-similar Ricci flows. Depending
on A >0, A <0, or A =0, asoliton is called shrinking, expanding or steady. Moreover, a
soliton is called a gradient soliton if V' is the gradient of some smooth function.

In dimension 2, Hamilton’s cigar soliton is the only steady gradient soliton that is non-
flat [37]. It is rotationally symmetric and has positive curvature. For all n > 3, the only
non-flat and rotationally symmetric solitons are the Bryant solitons on R™ [11]. The Bryant
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solitons have positive curvature. It is a well-known conjecture by Hamilton that there exists
a 3d steady gradient soliton that is a so-called flying wing. The term flying wing was used
by Hamilton to describe certain steady gradient solitons in Ricci flow and their analogues in
mean curvature flow. In Ricci flow and particularly in dimension 3, a flying wing is a steady
gradient soliton, which is asymptotic to a 2-dimensional sector with angle a € (0, 7).

In mean curvature flow, the study of the analogues of steady gradient solitons had many
exciting results in the past two decades. In the collapsed case, the flying wings are first
constructed by X.J. Wang in all dimensions [67]. Recently, it is shown independently by
Bourni-Langford-Tinaglia |7] and Hoffman-Ilmanen-Martin-White [42] that a flying wing
exists within any prescribed width greater than or equal to w. Moreover, they are unique
in R? [42]. In the non-collapsed case, many examples are obtained by Hoffman-Ilmanen-
Martin-White [42]. Despite the fruitful results in mean curvature flow, their analogues in
Ricci flow remain unknown for a longer time.

In Chapter bl we confirm Hamilton’s flying wing conjecture. We also construct some
new steady gradient Ricci solitons that are analogous to the above results in mean curvature
flow. More specific, we show that there is a family of 3d steady gradient Ricci solitons that
are flying wings. The 3d flying wings are collapsed. Moreover, in dimension n > 4, we find
a family of Zy x O(n — 1)-symmetric but non-rotationally symmetric n-dimensional steady
gradient solitons with positive curvature operator. These solitons are non-collapsed and
hence are potential singularity models.



Chapter 2

Preliminaries

2.1 Ricci flow spacetime

In order to continue the Ricci low when singularities occur, Hamilton introduced a surgery
process [34]. Based on Hamilton’s work, Perelman constructed Ricci flow with surgery on
any compact 3 dimensional Riemannian manifold, and used it to prove the Geometrization
and Poincaré Conjectures.

Perelman’s Ricci flow with surgery is a sequence of ordinary compact Ricci flows such
that the final time-slice of each flow is isometric, modulo surgery, to the initial time-slice
of the next one. The surgery process depends on several parameters, and hence it is not
canonical. Perelman conjectured that there exists a Ricci flow with surgery in which the
surgeries are done at infinitesimal scale.

Recently, such a canonical flow, named the singular Ricci flow, was constructed by Kleiner
and Lott in [44], and shown to be unique by Bamler and Kleiner in [4]. To present the
definition of the singular Ricci flow, we need to introduce the concept of spacetime. An
n-dimensional Ricci flow (M, g(t))ier can be viewed as a partial metric in the horizontal
directions on the (n + 1)- dimensional manifold M x I. We call the manifold M x I a Ricci
flow spacetime. The definitions in Section [2.1 and [2.2] are taken from [44] and [4].

Definition 2.1.1 (Ricci flow spacetime). A Ricci flow spacetime is a tuple (M, t, 0, 9)
(sometimes abbreviate as M or (M, g(t))) with the following properties:

1. M is a smooth 4-manifold with (smooth) boundary oM.

2. t: M —[0,T), where T can be infinity, is a smooth function without critical points.
For any ¢t > 0 we denote by M, := t~!(¢) C M the time-t-slice of M.

3. OM = M, i.e. the boundary of M is equal to the initial time-slice.

4. 0 is a smooth vector field (the time vector field), which satisfies Ot = 1.
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5. g is a smooth inner product on the spacial subbundle ker(dt) C TM. For any t > 0
we denote by g(t) the restriction of g to the time-t-slice M, which is a Riemannian
metric.

6. g satisfies the Ricci flow equation: Lg,g = —2Ric(g(1)).
We call the Riemannian metric G := dt? + ¢ the spacetime metric.

In Definition [2.1.212.1.5] we explain what are points, metric balls, parabolic neighbor-
hoods, and curves in a Ricci flow spacetime.

Definition 2.1.2 (Points in a Ricci flow spacetime). Let (M, t, 0, g) be a Ricci flow space-
time and z € M be a point. Set t := t(x). We sometimes write x as (z,t) to indicate its
time, when there is no ambiguity. Consider the maximal trajectory 7, : I — M, I C [0,00)
of the time-vector field 0y such that 7, (¢) = x. Note that t(7,(t')) =t for all ¢’ € I. For any
t' € I we say that z survives until time ¢’ and we write

z(t') = 7, (t). (2.1.1)

Similarly, for a subset X C M, we say that X survives until time ¢’ if this is true for every
x € X, and we write X (') = {z(t') : x € X}.

Definition 2.1.3 (Distance and metric balls). Let (M, t,d;, g) be a Ricci flow spacetime.
For any two points z,y € M, we denote by d;(x,y), or simply d(z,y) the distance between
x,y within (M, g(t)).

For any € M, and r > 0 we denote by By(x,r) C M, the r-ball around z with respect
to the Riemannian metric g(t).

Definition 2.1.4 (Parabolic neighborhood). Let (M, t, 0, g) be a Ricci flow spacetime. For
any y € M let I, C [0,00) be the set of all times until which y survives. Let x € M and
a>0,b€R. Set t =+t(x). Then we define the parabolic neighborhood P(x,a,b) C M to be:

P(z,a,b) := U U y(t’). (2.1.2)

yEBy(z,a) ¢ €[L,t+b]N

If b < 0, we replace [t,t + b] by [t + b,t]. We call P(z,a,b) unscathed if B(x,a) is relatively
compact in M, and B(z, a) survives until max{t + b,0}.

Definition 2.1.5 (Admissible curve and accessibility). Let M be a Ricci flow spacetime,
we say v : [¢,d] — M is an admissible curve if y(t) € M, for all t € [c,d]. We say a point
xr € M with t(x) < t(xo) is accessible to g if there is an admissible curve running from (x,t)
to (Io, to)

Let g € M, t > 0. We denote by M (x,) the subset consisting of all points in M that
are accessible to xg.
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In dimension 3, Ricci flows preserve the following Hamilton-Ivey pinching condition. This
is important in showing that the curvature is non-negative in finite-time singularities.

Definition 2.1.6 (Hamilton-Ivey pinching). Let M be a 3 dimensional Riemannian manifold
and ¢ > 0. We say that the curvature at x € M is p-positive if there is an X > 0 with
Rm(z) > —X such that

3 _

R(x) > 1 and R(z) > X(log X + log(¢ ") — 3). (2.1.3)
Let (M, g(t)),t € [0,T] be a 3 dimensional compact Ricci flow and ¢ € R Uoco. We say
that the curvature at (x,t) € M x[0,T] is ¢-positive if there is an X > 0 with Rm(z,t) > —X

such that

R(z,t) > — and R(x,t) > X(log X +log(o ™ +1t) — 3). (2.1.4)

e+t
It is useful to see how the pinching-condition changes under rescaling: If a Ricci flow
(M, g(t))iepo) is p-positive, then the rescaling (M,g(t))te[ov%], where g(t) = A72g(A\?t), is

A2 p-positive. Moreover, if (M, g(t)) is @o-positive, then it is @-positive for any ¢ > . In
particular, if (M, g(t)) is ¢-positive for all ¢ > 0, then the sectional curvature is non-negative.

For any 3D Ricci flow, Hamilton-Ivey showed that if the curvature is ¢-positive at time
0, then the curvature is ¢-positive at all positive times (see e.g. [43, Appendix B]). The
same conclusion also holds for singular Ricci flow [44, Theorem 1.3].

In the next two definitions, we explain what we mean by a normalized 3D manifold. It is
a 3D Riemannian manifold which satisfies some normalized curvature and volume conditions.
Note that via suitable rescalings, we can normalize any 3D compact manifolds.

Definition 2.1.7 (k-non-collapsed). Let (M,g) be a 3 dimensional Riemannian mani-
fold, x € M and k,rg > 0. We say M is k-non-collapsed at x at scales less than ry, if
r~2vol(By(z,r)) > k > 0, for all 0 < r < ry such that |[Rm| < =2 holds on By(z,r).

Definition 2.1.8 (Normalized manifold). Let (M, g) be a 3-dimensional compact orientable
connected Riemannian manifold that

1. is not a higher spherical space form,
2. has scalar curvature R < 1 everywhere,
3. is 1-non-collapsed at scales less than 1 and

4. satisfies the 1-positive curvature condition at time 0.

Then we say (M,g) has normalized geometry. For a Ricci flow spacetime, we say it has
normalized initial condition if it starts from a manifold (M, g) with normalized geometry.
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By the Hamilton-Ivey pinching theorem we know that the scalar curvature goes to positive
infinity when the curvature goes unbounded, and hence the following curvature scale p(z) =
R™Y2(z) becomes arbitrarily small.

Definition 2.1.9 (Curvature scale). Let (M, g) be a 3 dimensional Riemannian manifold
and z € M a point. Let the curvature scale at x be

pla) = By (), (2.1.5)

where R, = max{R,0}, and we use the convention 0~*/2

= 00.
In a singular Ricci flow we will introduce in the next section, all horizontal curves (curves

contained in a fixed time slice) and vertical curves (trajectories of points) are extendable as

long as the curvature stays bounded along them. This property is called 0-completeness.

Definition 2.1.10. (0-complete) We say a Ricci flow spacetime M is O-complete if for any
smooth curve 7 : [0, s9) — M that satisfies infy 5,y p(7(s)) > 0 and one of the following

(1) ([0, sp)) is contained in a time-slice M;, and has finite length with respect to the
horizontal metric in M, or

(2) v is the integral curve of —d;, or 0,

then limg_,, v(s) exists.

Also, we say a spacetime is backward (resp. forward) O-complete if in case (2), «y is only
the integral curve of —0; (resp. ).

We say a Riemannian manifold is 0-complete if the conclusion holds under condition (1).

2.2 Singular Ricci flow

The surgery process of Perelman’s Ricci flow with surgery is regulated by several parameters,
one of them being the surgery scale. It is the scale where we cut-off along the thin necks, and
replace the high curvature regions with some caps. Perelman showed that the surgery scale
can be chosen arbitrarily small. Moreover, he conjectured that the Ricci flow with surgery
should converge to a canonical Ricci flow through singularities.

Recently, this conjecture was resolved by Bamler, Kleiner and Lott. The canonical Ricci
flow is named singular Ricci flow. It is a O-complete Ricci flow spacetime, which satisfies the
Hamilton-Ivey pinching and the so-called canonical neighborhood assumption. The assump-
tion says that the singular Ricci flow is close to some model solutions where the curvature
is high. These model solutions are Perelman’s s-solutions.

In Definitions [2.2.112.2.4] we explain what are xk-solutions and canonical neighborhood
assumption.
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Definition 2.2.1 (x-solution). An ancient Ricci flow (M, g(t)¢c(—o0,0)) On a 3 dimensional
manifold M is called a k-solution if it satisfies the following:

1. (M, g(t)) is complete for all t € (—o0, 0],

2. |Rm| is bounded on M x (—o0, 0],

3. sec > 0 on M x (—o0,0],

4. (M, g(t)) is k-non-collapsed at all scales for all ¢t € (—o0, 0].

Definition 2.2.2 (Geometric closeness). We say that a pointed Riemannian manifold (M, g, z)
is e-close to another pointed Riemannian manifold (M, g, T) at scale A > 0 if there is a dif-
feomorphism onto its image

Vv BM@, ety - M (2.2.1)
such that () = x and
A" = Gll i1 parz ey < € (2.2.2)
Here the C€ 'l-norm of a tensor A is defined to be the sum of the C%-norms of the tensors
h,Vh,V92h, ..., Vo h with respect to the metric g.

_ Similarly, we say a pointed Ricci flow (M, g(t), (x,0)) is e-close to a pointed Ricci flow
(M,g(t),(z,0)) on [a,b] (a <0 <b) at scale A > 0 if g(¢) is defined on [A%a, \?b], and there
is a diffeomorphism onto its image

¥ Bl (T, e = M (2.2.3)
such that () = x and
N2 g(A%t) — IO s, @y < € (2.2.4)

for all ¢ € [a,b], where the norm is measured with respect to the metric g(¢). In particular,
when a = —e~! and b = 0, we simply say (M, g(t), (z,0)) is e-close to (M,g(t), (7,0)).

Definition 2.2.3 (d-neck and strong d-neck). Let (M, g) be a 3 dimensional Riemannian
manifold and § > 0. Suppose U C M is an open subset, x € U. We say U is a d-neck
centered at z, if (U, g) is d-close to the standard cylindrical metric on (=671, 671) x S? at
scale p(x).

Let (M, g(t)) be a Ricci flow. Suppose U C M is an open subset and z is a point in U.
We say that U is a strong d-neck on [—c, 0] centered at x for some ¢ > 0, if (U, g(t), ) is
d-close to the standard cylindrical flow on the time interval [—c, 0] at scale p(z). We simply
call it a strong d-neck when ¢ = —§1.
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Definition 2.2.4 (Canonical neighborhood assumption). Let (M,g) be a 3 dimensional
Riemannian manifold and € > 0. We say that (M, g) satisfies the e-canonical neighborhood
assumption at some point x € M if there is a r-solution (M, G(¢)ie(—co0)) and a point T € M
such that p(Z,0) = 1 and (M, g, z) is e-close to (M, g(0),T) at scale p(x) > 0.

We say that (M, g) satisfies the e-canonical neighborhood assumption at scales (rq,rs),
for some o > r; > 0, if M satisfies the e-canonical neighborhood assumption at every point
x € M with r; < p(x) < r.

Perelman showed the compactness of k-solutions. As a consequence, the two scaling
invariant quantities |VR™/2| and |0,R~!| have uniform upper bounds in all x-solutions as
well as the flows which are e-close to them. For convenience of later use, we state this in
terms of the curvature scale p instead of R in the following lemma.

Lemma 2.2.5. (Gradient estimate, see e.g. |4, Lemma 8.1]) There exist €, and n > 0 such
that for all € < € the following holds:

1. If M is a Riemannian manifold satisfying the e-canonical neighborhood assumption at
x €M, then
Vol(z) <. (2.2.5)

2. If M is a Ricci flow spacetime satisfying the e-canonical neighborhood assumption at
x € M, then
Vpl(z) <n, 0 (2)] <. (2.2.6)

Hereafter, we always assume € > 0 to be smaller than the € from the above lemma
whenever we talk about the e-canonical neighborhood assumption.

The k-solutions can be decomposed as a union of regions which are diffeomorphic to a
few manifolds. Roughly speaking, a k-solution is a union of some caps and necks. Therefore,
for a manifold which satisfies the canonical neighborhood assumption, the high curvature
regions are unions of caps and necks.

Lemma 2.2.6. ({4, Lemma 8.2]) For every 6 > 0 there are constants Cy(9), €can(0) > 0 such
that if € < €.an(9), then the following holds.

Let (M, g) be a Riemannian manifold that satisfies the e-canonical neighborhood assump-
tion at some point x € M. Then x is contained in a compact, connected domain V C M
such that diam(V') < Cop(x) and p(y1) < Cop(ya) for all y1,ys € V', and one of the following
hold:

1. Int(V') is a 0-neck at scale p(x) and x is its center.

2. V is a closed manifold without boundary.
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3. Either V is a 3-disk or is diffeomorphic to a twisted interval bundle over RP* and OV
is a central 2-sphere of a §-neck. We call Int(V') a §-cap and x its center. Moreover,
for any y1,ys € OV, we have d(yy,z) + d(ye, x) > d(y1,y2) + 100p(x).

In the following definition we define J-tubes and capped d-tubes, which are the glue-ups of
0-necks and caps. One advantage of considering these objects is that they can be constructed
in such a way such that the curvature scales are not too small at the boundaries. This
is useful for achieving a Thick-Thin decomposition of a manifold satisfying the canonical
neighborhood assumption.

Definition 2.2.7 (4-tube and capped d-tube). (see e.g. [55]) A d-tube T in a Riemannian
3-manifold M is a submanifold diffeomorphic to S? x R which is a union of é-necks with the
central spheres that are isotopic to the 2-spheres of the product structure.

A capped d-tube is a connected submanifold that is the union of a §-cap and a J-tube
where the intersection of them is diffeomorphic to S? x R and contains an end of the é-tube
and an end of the d-cap.

In a manifold satisfying the canonical neighborhood assumption, the following lemma
gives a Tick-Thin decomposition by cutting along central spheres of some d-necks. These
central spheres are of a uniform curvature scale. So by a volume comparison, we obtain an
upper bound on their number, which depends only on the curvature scale and the volume of
region where we do the decomposition.

Lemma 2.2.8. (High curvature regions are covered by tubes and capped-tubes) For some
sufficiently small § > 0, there exist €qan(6), C(0), A(9), A(d) > 0 such that the following holds:

Let (M, g,xz) be a 0-complete 3d Riemannian manifold, vo € M. Suppose the €.qn-
canonical neighborhood assumption holds at scales (0,1) on By(xg,d) for some d > 2. For
any ro € (0,1) such that Arg < 1, there is a collection S of disjoint central spheres of 0-necks
with curvature scale ro, such that the following holds:

1. Let Q be the union of components in By(xo,d) \ UsesX that satisfies p > Arg. Then
p < Arg on By(xzg,d) \ Q.

2. Suppose the number of elements in S is N, then Nr¢ < Cvol(By(zg,d)).

3. If p(zo) > 2Cy where Cy(0) is from Lemma[2.2.6 Then By(xo,d) \ Q is the union of
some O-tubes and capped d-tubes which are bounded by the central spheres in S.

Proof of Lemma[2.2.8 The existence of S and assertion (1)(2) follow from an easy adapta-
tion of the central sphere decomposition Lemma 11.4 in [4]. For assertion (3), if p(zq) > 2Cy,
then for any x € By(x¢,d) \ 2, by Lemma x must be the center of a d-neck or a J-cap.
By [55, Proposition 19.21] we see that a non-compact connected subset of points which are
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centers of §-necks or d-caps is contained in a d-tube or a capped J-tube. So assertion (3)
follows. O

We can now give the definition of the singular Ricci flow. Since the singular Ricci flow
satisfies the canonical neighborhood assumption, Lemmas [2.2.5] [2.2.6] [2.2.8| also hold.

Definition 2.2.9. If € > 0 and 7(t) : [0, 00) — (0, 00) is a non-increasing function. Then we
say a Ricci flow spacetime M is (r, €)-singular if the following holds:

1. My is a compact orientable manifold;
2. M is 0-complete;

3. Moy satisfies the e-canonical neighborhood assumption at scales (0, r(t)).
We call t a singular time if M, is not compact.

The following lemma states the existence and uniqueness of the singular Ricci flow, which
are proved by Kleiner-Lott [44] and Bamler-Kleiner [4].

Lemma 2.2.10 (Singular Ricci flow). For any € > 0, there is a non-increasing function
Te(t) : [0,00) — [0,00) such that the following holds: Let M be a 3D normalized Riemannian
manifold. Then there exists a unique Ricci flow spacetime M, called a singular Ricci flow,
such that for any e > 0, M is (T, €)-singular.

2.3 Distance distortion estimates

In studying the Ricci flows, we often need to compare the distance between two points
at different times. In this section, we review some standard distance distortion estimates
under different curvature conditions, which are originally due to Hamilton and Perelman.
Moreover, the estimates we present here are local as we only need the curvature conditions
to hold in certain balls instead of the entire manifold.

First, we have following elementary observations: Let (M, g(t)), t € [0,7] be a Ricci
flow and x,y € M. Let v : [0,dy(z,y)] = M be a minimizing geodesic connecting xz,y with
respect to ¢g(0), which is parametrized by s. Then by using the Ricci flow equation, we see
that L, (t), the length of v at time ¢ evolves by

d do(zy) 9 0

Therefore, we have different distance distortion estimates when the curvature conditions
differ.



CHAPTER 2. PRELIMINARIES 12

Lemma 2.3.1. (see e.g. [28, Theorem 18.7]) Let (M, g(t))icpo,r) be a Ricci flow of dimension
n. Let K,;rqg > 0.

; Suppose that Ric < (n — 1)K on By, (xo,70). Then the

1. Let v € M and ty € (0,7).
t) = di(z, o) satisfies the following inequality in the outside of

distance function d(z,

Bto (anTO)'. 8 2
(a — A)fi=ted > —(n — 1)(§K7“0+7'0_1)- (2.3.2)

2. Let to € 0,T) and xo,z1 € M. Suppose
Ric(z,ty) < (n — 1)K, (2.3.3)
for all x € By, (xo,70) U By (x1,70). Then

0
E|t:t0dt($07x1) > —2(n — 1)(Krg+15"). (2.3.4)

The following lemma follows directly by integrating the distance evolution equation under

the Ricci flow. It says that the distance can not expand too much if the Ricci curvature is
bounded below by —C.

Lemma 2.3.2. (Ezpanding Lemma)(see e.g. [64, Lemma 2.1]). Given T,K,R > 0 and
n € N. Let (M™,g(t)) be a Ricci flow for t € [=T,0]. Suppose for some xo € M we have
Byo)(wo, R) CC M and Ricyy) > —K on By (o, R) N Byw)(z0, Re™) for each t € [-T,0].

Then for all t € [-T,0],

Bg(o) (.T(), R) 0 Bg(t) (l'(), ReKt)a (235)

or equivalently, for all y € By (o, Re") we have
dy(r) (Y, w0) > dy(o)(y, o )e™". (2.3.6)

We can get the following lemma by integrating item 2 in Lemma [2.3.1} It says that the

distance can not shrink too much at later times if the Ricci curvature is bounded above by
c

7"

Lemma 2.3.3. (Shrinking Lemma)(see e.g. [64, Lemma 2.2]). Given T,co,7 > 0 and
n € N, there exists constant § = f(n) > 1 such that the following holds: Let (M™, g(t)) be
a Ricci flow for t € [0,T]. Suppose for some xo € M we have By (wo,7) CC M. Suppose

also |[Rm|g4 < €, or more generally Ricyq) < (nftl)co, on Byoy(xo,7) N By (w0, 7 — B/cot)
for each t € [0,T].

Then for all t € [0,T], we have

BQ(O)(x(b T) 2 Bg(t) (3707 r— fBv COt)7 (237)
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or equivalently, for all y € Byw(xo,r — f+/cot) we have

gy (Y, 20) > dg(0)(y, T0) — BV cot. (2.3.8)
More generally, for 0 < s <t <T, we have
By(s) (@0, 7 = By/€05) D Byry (w0, — B/ cot), (2.3.9)

or equivalently, for all y € Byw(xo,r — f+/cot) we have
dyt)(Y> T0) = dy(s)(y, x0) — BV cot — /<o) (2.3.10)

The following Holder distance estimate [64, Lemma 3.1] is also a consequence of item 2
in Lemma . Compared with Lemma , it gives a better lower bound for dyq)(z,y)
when dgg)(x,y) is much smaller than the time t. To do this, we choose an intermediate time
to € (0,t) depending on dgy(x,y) and apply different distance estimates on [0, %] and [to, t]
and combine the results.

Lemma 2.3.4. Given T,co,7 > 0 and n € N, there exist positive constants = B(n) and
v = v(co,m, T) such that the following holds: Let (M™, g(t)) be a Ricci flow for t € [0,T],
not necessarily complete. Suppose for some xo € M, we have Byy)(xo,2r) CC M for all
t € [0,T]. Suppose also |[Rml|yq)(z) < 2, or more generally Ricyq)(z) < m for all
x € Byuy(xo,2r) and t € [0,T].

Then for all x,y € ﬂse[O’T] Bys)(xo,7), and 0 <ty <ty < T, we have

dy(1) (%, Y) = dy(ery (2, y) — By/co(VEz — V), (2.3.11)

Moreover, for all t € [0,T], we have

dyy (%, y) > Y[dy(o) (, )] 207D, (2.3.12)

Remark 2.3.5. We need the curvature assumption on Bgyu(xo,2r) CC M for all t to
estimate the distances change on Ngepo11Bg(s) (o, 7). The reason is that there are two ways
to make sense of the distance at time t between two points x,y € Bgyu(wo,2r). One is
the infimum length of all connecting paths in M, and the other is the infimum length of
all connecting paths that are contained in Byqy(xo,2r). The former is usually shorter than
the latter. These two metrics agree for x,y € Byu)(xo,7) when Bgyu(xo,2r) is compactly
contained in M, and the distance can be realized by a geodesic which lies within Bygy(xo, 2r).

Remark 2.3.6. We can also prove the same conclusion for the Ricci flow defined only for
t € (0,71, where dgy in (2.3.12)) is replaced by the limit distance of dyyy. The limit exists
thanks to bound [Rm|yq < $ in (3.1.2).
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Proof of Lemma[2.3.4. We note that there is no ambiguity to talk about dy)(z,y) for z,y €
ﬂse(O,T] Bys)(wo,7) for all t € [0,T], because the minimizing geodesic joining = and y with
respect to g(t) is contained in By (xo,2r) CC M. Inequality follows by the above
Shrinking Lemma. The proof of follows by splitting [0, ¢] into two intervals. We

choose and fix ty = % [ﬁdg(o)(z,y)} . Then in the first interval [0, %], we integrate the

following inequality from Hamilton and Perelman

a—i—
o (@y) = ——\/ (2.3.13)

1
dy(to) (2, y) = 5%(0)(% Y). (2.3.14)

F(t)—F(to)
t—to

to get

By %hOF we mean limsup, .+ . In the second interval we use the following in-

equality, which follows from ([2.3.1)):

8+ Co

ot d t)(.T y) (TL - 1) —d 9(t) (337 y)> (2'3'15)

integrating which we get

—(n—1)co

t
dgt)(7,y) = dy(to) (7, y) {%} : (2.3.16)

The combination of (2.3.14)) and ([2.3.16)) gives ([2.3.12]). O]
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Chapter 3

Ricci flow with almost non-negative
curvature

3.1 Introduction and main results

In general, Ricci flow tends to preserve some kind of positivity of curvatures. For example,
positive scalar curvature is preserved in all dimensions. This follows from applying maximum
principle to the evolution equation of scalar curvature, which is

%R = AR + 2|Ric|?.

By developing a maximum principle for tensors, Hamilton [38][34] proved that Ricci flow
preserves the positivity of the Ricci tensor in dimension three and positivity of the curvature
operator in all dimensions. H. Chen [21] also proved the preservation of 2-non-negative
curvature. The invariance of weakly PIC was first shown in dimension four by Hamilton [35],
and the general case was obtained independently by Brendle and Schoen [10] and by Nguyen
[56]. The curvature conditions weakly PIC; and PICy were in turn introduced by Brendle
and Schoen in [10] and played a key role in their proof of the differentiable sphere theorem.
Finally in the Kahler case, the condition of non-negative holomorphic bisectional curvature,
which is a weaker condition than non-negative sectional curvature, is also preserved for
compact manifolds. This was shown by Bando [5] in dimension three and by Mok [54] in all
dimensions. In [60] Shi generalized this result to the complete Kahler manifolds with bounded
curvature. In [49], Lee and Tam proved that any complete non-collapsed Kéhler metric
with non-negative holomorphic bisectional curvature on a noncompact complex manifold can
be deformed by a Ricci flow to a complete Kahler metric with non-negative and bounded
holomorphic bisectional curvature.

In this chapter, we study the preservation of almost non-negativity of curvature condi-
tions. We say a quantity is almost non-negative when it has a negative lower bound. The
almost non-negative case is less restrictive since it puts no constraints on the topology of the
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manifold. In [2], Bamler, Cabezas-Rivas, and Wilking studied the complete manifold with
bounded curvature, which satisfies global non-collapsedness and almost non-negativity for
some curvature conditions. They showed that under the assumption, a Ricci flow exists for
a uniform amount of time, during which the curvature can be bounded below by a negative
constant depending only on initial conditions. In the same paper, they also established some
local results without the complete and curvature bound assumptions.

However, the local cases of almost 2-non-negative curvature and weakly PIC; remained
unsolved. We verify these two local cases in this chapter. We use C to denote various non-
negative curvature conditions, and write Rm € C to indicate that the curvature operator
Rm satisfies the corresponding curvature condition. Then Rm + CT € C indicates the non-
negativity of Rm + C1, where I is the identity curvature operator whose scalar curvature is
n(n — 1). Under this notation, our main theorem can be stated as below:

Theorem 3.1.1. Given n € N, ag € (0,1] and vy > 0, there exist positive constants T =
T(n, vy, o) and C' = C(n,vy) such that the following holds: Let (M™,go) be a Riemannian
manifold (not necessarily complete) and consider one of the following curvature conditions

C:

1. non-negative curvature operator;

2. 2-non-negative curvature operator
(i.e. the sum of the lowest two eigenvalues of the curvature operator is non-negative);

3. weakly PIC,
(i.e. non-negative complex sectional curvature, meaning that taking the cartesian prod-
uct with R? produces a non-negative isotropic curvature operator);

4. weakly PI1C,
1.e. taking the cartesian product with R produces a non-negative isotropic curvature
g )
operator).

Suppose By, (xo, s0) CC M for some xg € M and sg > 4 such that

{ng +apl €C on Bgo(fo, 50) (3 1 1)

Voly, By (x,1) > v9 >0 forall x& By (xg,s0—1).

Then there exists a Ricci flow g(t) defined for t € [0, 7] on Bg,(xo,s0 — 2), with g(0) = go,
such that for all t € [0, 7],

|Rm|g(t) <

C
? on Bgo (,Io, So — 2)

(3.1.2)
ng(t) + Capl € C.
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The results of the first and third conditions above were obtained in [2]. In dimensional
three, 2-non-negative curvature has the same meaning as non-negative Ricci curvature, where
the result was obtained by Simon and Topping in [63] and [64].

For each curvature condition C, we define ¢(x) > 0 to be the smallest number such that
Rmy(x) + ¢(z)I € C. Then in each case the bound ¢ < 1 implies a lower bound on the Ricci
curvature. We also observe that each curvature condition implies weakly PIC;. The method
we allows a uniform treatment of all curvature conditions that imply a lower bound for Ricci
curvature and weakly PIC;.

As an application we have the following global existence result on complete manifolds
with possibly unbounded curvature. It extends the corresponding results in [2] to the 2-non-
negative and weakly PIC; cases.

Corollary 3.1.2. Given n € N,ag € (0,1] and vy > 0, there exist positive constants C' =
C(n,vo) and 7 = 7(n, vy, ag) such that the following holds: Let C be any curvature conditions
listed in Theorem and (M™, g) be any complete Riemannian manifold (with possibly
unbounded curvature) such that

Rm, +apl € C (3.1.3)
Vol,By(p,1) > vy for all p € M. o
Then there exists a complete Ricci flow (M, g(t))iec(o,-] with g(0) = g and so that
Rmy) + Capgl € C for all ¢t € (0, 7] throughout M
C (3.1.4)

’Rm|g(t) < T

To prove the corollary we apply the local Ricci flow in Theorem to a sequence of
larger and larger balls on the complete manifold. Thanks to the curvature decay estimate
|Rm| < % in (3.1.2), we can then take a convergent subsequence and get a globally defined
flow.

Another application is the following smoothing result for singular limit spaces of se-
quences of manifolds with lower curvature bounds, which asserts the limit space is bi-Holder
homeomorphic to a smooth manifold.

Corollary 3.1.3. Given n € N, ag,vg > 0. Let C be any curvature conditions listed in
Theorem and (M}, g;) be a sequence of complete Riemannian manifolds such that for
all i, we have

{ngi + apl € C throughout M; (3.1.5)

Voly, By, (x,1) > vy forallz € M;

Then there exists a smooth manifold M, a point xo € M, and a continuous distance metric
do on M such that for some points x; € M;, a subsequence of (M;,dg,, x;) converges in
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the pointed Gromov-Hausdorff distance sense to (M, dy, ). Furthermore, the metric space
(M, dy) 1s bi-Holder homeomorphic to the smooth manifold M equipped with any smooth
meltric.

We give the proofs of Corollary [3.1.2] and |3.1.3] in Section 8. We mention here that with
some careful local distance distortion arguments, the same conclusion in Corollary [3.1.3 holds
provided noncollapsedness of only one ball centered at a point. For detailed proof of this,
we refer to [64] where the argument is done for Ricci curvature and carries over to our case.

Finally, we sketch the proof of Theorem [3.1.1) under some additional assumptions. That
is, assuming holds globally and a short time Ricci flow exists up to a uniform time
T < 1, during which |Rm| < % holds, we want to show Rmy) + Capl € C for all £. We
define {(z,t) by

((z,t) := inf{e € [0, 00)|Rmy)(x) + €l € C}. (3.1.6)

Then it’s equivalent to show £(-,t) < Caq for all t. By [2, Proposition 2.2], ¢ satisfies an
evolution inequality of the form

%é <AL+ RO+ C(n)f? (3.1.7)

in the barrier sense for some dimensional constant C(n). Assuming ¢(z,¢) < 1, then by the
maximum principle, £(-,t) < e“™h on M x [0,t), where h solves

%h:AhnLRh, h(-,0) = £(-,0). (3.1.8)
We can express this solution as
h(z,t) = /M G(z,t;9,0) L(y,0) doy, (3.1.9)
where G(+,-;y, s) satisfies
(% — Agy — Ry))G(2,t;y,5) =0 and 11{‘13 G(z,t;y,s) = §y(x). (3.1.10)

We say G(-,-;y,s) is the heat kernel of equation (3.1.10)). It can be shown with the bound
|[Rm|y) < % that G(x,t;y, s) has the following Gaussian upper bound

Gz, t;y,s) < ﬁexp (—%) , (3.1.11)

substituting which into (3.1.9) we get

n
2

~

Uz, t) < e""™h(x,t) < supl(y,0) - = | exp|— doy < C sup £(y,0). (3.1.12)
yeM M Ct yeM
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To prove Theorem by adapting the above argument, we need to overcome the
difficulties caused by the lack of those additional assumptions. To construct a local Ricci
flow, we use an extension method which was introduced in [41] and [64]. Similar methods
of constructing local Ricci flows were also used in [50, [51} |53} 39]. The process starts by
doing a conformal change to the initial metric, making it a complete metric and leaving it
unchanged on Byg)(xo, 1) for some 0 < 71 < rg = s9. Then by the following doubling time
estimate of Shi in [61], we can then run a complete Ricci flow up to a short time ¢;.

Lemma 3.1.4. (Doubling time estimate) Let (M™, g(0)) be a complete manifold with bounded
curvature |Rmly) < K, then there exits a complete Ricci flow (M™, g(t)) such that

Ry < 2K (3.1.13)

forallogtgﬁ.

Of course t; is uncontrolled and may depend on specific manifold due to the lack of a
uniform curvature bound. Next we do another conformal change to complete the metric at
t1, leaving it unchanged on By (o, 72) for some 0 < ry < r;. Then using the doubling time
estimate again, we have another complete Ricci flow from ¢; to t,. Repeating the process,
we obtain some successive complete Ricci flow pieces ({M;}™,,{g:(t)}",), with each M;
containing By()(zo,7;). Restricting all the g;(t) on By (2o, "), we thus obtain a smooth
local Ricci flow ¢(t) defined for all ¢ € [0,¢,,]. The inductive construction is carried out in
Section 6.

In particular, the curvature decay [Rm|gq) < % in (3.1.2)) together with the doubling time
estimate enable us to choose t;41 = t;(1 + 145) for each i. To verify |[Rml[y) < € after each
extension step, we use the curvature decay lemma in Section 3, which ensures the existence

of C' under the assumption of a local upper bound of £(-,t).

For the verification of (-, t) < C'ag in (3.1.2)), we perform a new local integration estimate,
in which we use a generalized heat kernel. We know the standard heat kernel G(z,t;y, s) on
a complete Ricci flow satisfies the following reproduction formula for all y < s <t

/G(x,t;y, s) Gy, s; 2z, 1) dsy = G(x, t; 2, ). (3.1.14)

The standard heat kernel G(z,t;y,s) is well defined by equation for all (z,t) and
(y,s) in a same complete Ricci flow piece (M;, g;(t)) coming from the above inductive con-
struction. In section 5, we use equation (3.1.14)) inductively to make sense of G(z,t;y, s) for
(x,t) and (y, s) in different pieces and thus obtain a generalized heat kernel whose definition
domain is on the whole ({M;}™,,{g:(t)}/;) and has a Gaussian upper bound.
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3.2 Preliminaries

3.2.1 Extension Lemma

For the metric on a local region, we can modify it by a conformal change that pushes the
boundary of the region, on which we have curvature bounds, to infinity in such a way that the
modified metric is complete and has bounded curvature. For example, the open Euclidean
unit ball can be made into a complete hyperbolic metric under a conformal change. The
following conformal change has been used in [41], [64]. In [2], a different conformal change
was also used to achieve the local results of the first and third cases listed in Theorem [3.1.1}
as a corollary of their corresponding global results.

Lemma 3.2.1. (Conformal Change Lemma) Let (N™, g) be a smooth (not necessarily com-
plete) Riemannian manifold and let U C N be an open set. Assume that for some p € (0, 1],
we have supy; [Rml|, < p=2, By(x,p) CC N and inj,(x) > p for all x € U. Then there exist

a constant v = ~y(n) > 1, an open set U C U and a smooth metric § defined on U such that
each connected component of (U, §) is a complete Riemannian manifold satisfying

1. |Rmlz < vp~? and inj; > %p forzelU
2.U,cUCU
3. 0=g onUPDng,

where Uy = {x € U|By(z,s) CC U}.

3.2.2 Some integrations

For later convenience, we include some frequently used inequalities and their proofs in this
subsection.

Lemma 3.2.2. Given K,R,C, > 0,t € (0,1] andn € N. There exists positive constant C' =
C(K,Cy,n) such that the following holds. Let (M,g) be a complete Riemannian manifold
with Ric > —(n — 1)K on By(x, R) for some point x € M. Then

d2
G / exp (— g(:c,y)> dgy < C (3.2.1)
Cht

t3
Bg (I7R)

2
1

Proof. Let g = %g, then it suffices to show I := C4 th(x R exp(——25
v

)dgy < C(Cl, K, n)
For all y € By(x, %), the minimizing geodesic connecting x and y lies within By(z, %)
where Ric > —(n — 1)Kt > —(n — 1)K. So by Laplacian comparison the volume form

dyy < sn" 7 (r(y))dr A dvol, 1 < %dr A dvol,,_q, where r is the distance function



CHAPTER 3. RICCI FLOW WITH ALMOST NON-NEGATIVE CURVATURE 21

centered at = and dvol,,_; is the standard volume form on S™!(1). So we can express the
integral on the segment domain in 7, M and obtain

P / emp( Q)e:cp((n—l)\/_r)dr/\dvoln .

(2vV K)nt i
r<lft
Vi
2
< C(Cy,n, K) / exp (—2— + (n — 1)\/Kr) dr < C(Ch,n, K)
R 1

]

Lemma 3.2.3. Given C1,Cy > 0 and n € N. Let (M,g(t)),t € [0,1] be a complete Ricci
flow with |Rm|g) < % Then for any d > 2(n — 1)y/C1Cs,

CZ d?(l’, y) d2
=2 I g 229
7 / exp ( ot w < Cexp i (3.2.2)

M =By (z, VEd)

where C' s a constant depending on n, C; and Cs.

Proof. For convenience, C' denotes all the constants depending on ', C5, and C5. Fix t, let
g= %g(t). Then it suffices to show

Cy / exp (— dﬁ((i’ y)) dyy < Cexp (—Cd;) (3.2.3)

M= B (z,47)

with |Rm|g S 01.
Since Ric > —(n — 1)C4, we get by Laplacian comparison that the volume form dzy <
sn™ et (r(y))dr A dvol,—, < e 1)\mral A dvol,,—1 Thus by considering the integral over the

@/
segment domain in T, M, denoting by w,_; the volume of S"~!(1), we get

02 T2
I S )n—l / €xp | ——=- emp((” - 1) Cl'f’) dr A d’UOln_l

(2+/C , Cy
T‘ZT\/E
Cy r?
T Wne exp| —— + (n—1)\/Cir | dr
(2\/01) ' / p< Cs ( ) 1>
1”271\%
,,,2 d2
<C —— ) dr<C — )
<c [ en(gg) arscen (-5 )
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Lemma 3.2.4. Given t,T,d,C > 0 and n € N such that t < T < d?, there exists positive
constant Cy = C1(C,n) such that

C d2 C’l d2
—= < . 3.24
Proof. 1t’s easy to see there exists Cy = C1(C,n) such that for all z > 0,
1 1 1
— —— | < —F . 2.
—eap < C’x) < Chexp ( 2C’x> (3.2.5)
Then (3.2.4) follows immediately from this inequality and the above assumptions. O

3.2.3 Weak derivatives

In this section, we assume (M™, g(t)) is a complete Ricci flow with bounded curvature. As
we mentioned in introduction, ¢ satisfies the evolution inequality (3.1.7]) in the barrier sense:
for any (¢,7) € M x (0,7) we find a neighborhood U C M x (0,7) of (¢,7) and a C*>
function ¢ : U — R such that ¢ < ¢ on U, with equality at (¢, 7) and

0

<§ —A)p < RL+C(n)? at (q,7). (3.2.6)

Set £ = e~ ¢ and assume ¢ < 1 then by (3.1.7) we have the following inequality which
holds in the barrier sense P

(5; - DL<RL (3.2.7)

Suppose for a moment that £ is smooth and v (z,t) is a non-negative smooth function which
is compactly supported in M for each t. Then we see from the integration by parts formula
that

0 0 0
E/Uﬁﬂjdtx—/[](—E¢—£¢R+,C—¢)dtx
/((Aﬁ)dﬂrﬁ ¥) di (3.2.8)
/ﬁ Aw-i- 2/1 ) dyz.

We show in Lemma that some variant of (3.2.8]) is still true without the smooth
assumptions either on ¢ or the test function .

First, we give the definitions of inequalities in several weak senses. We say a continuous
function f : M — R satisfies Af < u for some function v : M — R in the barrier sense if
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for any point z and every € > 0 there exists a neighborhood Y. C M of = and a smooth
function h. : U. — R such that h.(z) = f(x), he > f in U. and Ah.(z) < u(z) + €.

We say a continuous function f : M — R satisfies Af < u for some bounded function
u : M — R in the distributional sense if for any non-negative smooth function h with
compact support one has [ fAh < [wuh. By standard argument, if f satisfies Af < u in the
barrier sense, then f satisfies it in the distributional sense (see for example [52, Appendix A]).

Lemma 3.2.5. Let ¢(z,t) be a non-negative smooth function which is compactly supported
i M for eacht. L = e~ CMty with ¢ < 1. Then we have

a+

)
= / Lo dx < / LAY + =0 dia (3.2.9)

for allt € [a,b) C (0,T), integrating which we have:

b b
(/ Ly d)| < / (/ﬁ(A¢+ %w))dt$ dt (3.2.10)

Proof. Let ty be an arbitrary time in [a,b). Since L satisfies

0
— <
(5~ ML<RL

in the barrier sense, by the maximum principle for complete manifold with bounded curva-
ture, L(-,t) < L(-,t) for all t € [ty, b], where L is the solution to the initial value problem:

(L —A)Z - FL,

s L(-t0) = L(-,tg). (3.2.11)

Then £ is smooth for all ¢ > t, and so we have

o+ o+
dr < &
/w = oy

For each t > tj, we calculate by integration by parts to get

o [_
/E@/}dt:p = lim &/ﬁd) dix. (3.2.12)
to

t—>t

dt |,

substituting which into (3.2.12]) we have
0
L dyx < lim L(AY + 2/1) dyx = /ﬁ(Aw + =) dix (3.2.14)
t—td ot ot t
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Lemma 3.2.6. Let ¥(x,t) be a non-negative continuous function which is compactly sup-
ported in M for each t, and satisfies A < u(x,t) and %1/1 < v(x,t) in the barrier sense,
where v(x,t) is continuous with respect to t.

Then for all t we have
o+

5 Lz, t)(x,t)dix < /E(:v,t)(u(x,t) +v(z,t)) dix (3.2.15)

Proof. Let ty be an arbitrary time in (a, b). Differentiating at ¢y by the product rule we get

ot
ot

J’_

[ e tytende < [ 2ttt dg+ 5

/E(:L’,t)w(w,tg)dtx. (3.2.16)

to to

Let £ be the solution to the initial value problem

(% AT =RL, Tlto) = L(-to). (3.2.17)

Then L is smooth for all ¢ > t;. We calculate using the fact that barrier sense implies
distributional sense:
o+
ot

+

/E(x,t)w(ac,to)dtx < g_t

/Z(Q;, H(z,t) dix

< lim sup 9 L(z,t))(z, to)dp

t—td

:limsup/AZ(x,t)@/)(x,tg)dtx (3.2.18)

+
t—td

< limsup/Z(m,t)u(a:,to)dta:

t—td
= /,C(x, to)u(x, to)dy,x

where we used the fact that barrier sense implies distributional sense

3.3 Curvature Decay Lemma

The main result in this section is Lemma [3.3.4] which provides a local estimate on the
norm of the Riemann curvature tensor, under the assumption of a local bound for ¢. This
lemma can be viewed as a weaker version of Theorem [3.1.1]in the sense that we take the two
conclusions of the existence of the Ricci flow and the bound of ¢, as additional hypotheses,
and deduce the remaining conclusion about |Rm].



CHAPTER 3. RICCI FLOW WITH ALMOST NON-NEGATIVE CURVATURE 25

We need three ingredients in the proof of Lemma [3.3.4 One is the following Lemma,
given in [63, Lemma 5.1] by a point-picking argument.

Lemma 3.3.1. Given cy,rg > 0, n € N, and take 8 = f(n) > 0 as in Lemma [2.3.3. Let
(M™,g(t)), t € [0,T] be a Ricci flow. Suppose for some xo € M we have Byu(xo,r0) CC M
for each t € [0,T].

Then at least one of the following assertions is true:
1. For each t € [0,T] with t < BQC , we have By (zo,m0 — Bv/cot) C Byoy(zo,70) and
¢
‘Rm‘g(t) < 70 on Bg(t)(l’oﬂ’o — BV eot). (3.3.1)

2. There exist t € (0,T]

@) (T0, 70 — %ﬁ\/co ) such that
= [Rm|yq(z) > 70 (3.3.2)

and

[Rmy() (2) < 4Q = 4|Rmly5(7), (3.3.3)
whenever dyg)(z,7) < %Q‘é and t — zcoQt <t < L.

The second ingredient we need, [63, Lemma 2.3], says that the volume of a ball of fixed
radius cannot decrease too rapidly under some curvature hypothesis.

Lemma 3.3.2. Given K,v,co,v9, T > 0 and n € N, there exist positive constants gy =
go(vo, K,v,n) and T = T(vy, co, K,7y,n) > 0 such that the following holds: Let (M™, g(t)),t €
[0,T) be a Ricci flow such that Byw)(xo,v) CC M for some xo € M and all t € [0,T). Sup-
pose Ricyyy > —K and [Rm|g) < 2 on By (20,7) for allt € [0,T), and Volyo) Bgoy (o, v) >
Vo.-

Then
Volyw Byt (%0, 7) = €9 (3.3.4)

for allt € [0,T]N[0,T).

The third ingredient is the following Lemma, which says that the asymptotic volume
ratio of a weakly PIC; ancient solution is zero. This is proved in |2, Lemma 4.2]. We note
that each curvature condition listed in Theorem implies weakly PIC;, so the proof of
Lemma [3.3.4] is uniform for all C.

Lemma 3.3.3. Let (M",g(t)),t € (—00,0] be a nonflat ancient solution of the Ricci flow
with bounded curvature satisfying weakly P1C;. Then it has non-negative complex sectional
curvature. Furthermore, the volume growth is non-Euclidean, i.e. lim r="V oly)By)(z,7) =

T—00
0 for all x € M.



CHAPTER 3. RICCI FLOW WITH ALMOST NON-NEGATIVE CURVATURE 26

We now states our main result of this section. In the proof we blow up a contradicting
sequence to get a weakly PIC; ancient solution with positive asymptotic volume ratio, which
is impossible by Lemma (3.3.3]

Lemma 3.3.4. (Curvature Decay Lemma). Given vy, K > 0, there exist positive constants
T = T(vo, K,n), Cy = Cy(vo, K,n) and no = no(ve, K, n) such that the following holds: Let
(M™,g(t)),t € [0,T] be a Ricci flow (not necessarily complete) such that Byu(xo,1) CC M
for each t € [0,T] and some xy € M, and

Vol g0)Bg(o)(0,1) > v9 > 0. (3.3.5)
Suppose further that

U(a,t) <K on | ] By(xo,1), forall te0,T). (3.3.6)

s€[0,T]

Then for allt € (0,T) N (0,T), we have

1
‘Rm|g(t) < - on Bg(t)<$07§)7 (337)
and
t
Voly)Byy (20, 1) > mo and  injy, (w0) > c (3.3.8)
1

for all t € (0, min(T, T)].

Proof. By Bishop-Gromov inequality, Volg(o)Bg(o)(xO, %) has a positive lower bound depend-
ing only on vy, n and K. Applying Lemma 2| to g(t), we see that there exists 179 > 0
depending only on vy, n and K such that for each Cy < oo, there exist T = T (vo, n, CY)
such that prior to time T and while R, < & still holds on By (o, 3), we have a lower

volume bound
Vol g Bg) (0, 1) > no. (3.3.9)

In particular, ng is independent of C';. From this we deduce that is suffices to prove the
lemma with the additional hypothesis that the equation above holds for each ¢ € [0, 7).

Let us assume that the lemma is false, even with the extra hypothesis. Then for any
sequence ¢, — 00, we can find Ricci flows that fail the lemma with C; = ¢, in an arbitrary
short time, and in particular within a time ¢, that is sufficiently small so that c;t;, — 0 as
k — oo. By reducing t; to the first time at which the desired conclusion fails, we have a
sequence of Ricci flows (My, gx(t)) for ¢ € [0,t] with ¢, — 0, and even ¢t — 0, and a
sequence of points xy, € M}, with By, ) (xx, 1) CC My, for each t € [0,;], such that

Volg, (1) By () (2, 1) = o, for all ¢ € [0, 8], (3.3.10)
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U(a,t) <K, on | ) Bjolan 1) forall t € [0,t], (3.3.11)
s€[0,tx]
and .
|[Rm|g, 1) < % on By, 1) (zk, 5) for all t € [0, tg], (3.3.12)
but so that
1
|[Rm|g, 1,) = ;—k at some point in By, ) (2, 5) (3.3.13)
k
For sufficiently large k, we have v/cpty < ;. We apply Lemma [3.3.1] to each gx(t) with

ro = % and c¢g = ¢y, then it follows by (3.3.13]) that Assertion 1 there cannot hold, and thus
Assertion 2 must hold for each k, giving time ¢, € (0, ;] and points 7} € B, 6) (@i, 70 —

18/ ckli) such that
[Rm|g, () < 4[Rmlg, ) () (3.3.14)

_1 _ _

on By, (T, %Qk 2), for all t € [ty — %cngl,tk], where @ := |[Rmlg, ¢, (Tr) > %—: — 00.
_1

We also notice that By, (T, %Qk ’) C By, (g, 1), thus

Ua,t) < K (3.3.15)

_1 _ _ _
on By, (T, %Qk 2) X [ty — %ckQ,;l, tr]. The above conditions at t, together with Bishop-
Gromov inequality, imply that we have uniform volume ratio control

Volg, i) B () (Tk, 1)
r’n

>n>0 (3.3.16)

_1
f(_)r all0 < r <_}1, where 7 depends on 79, K and n. A parabolic rescaling on By, (T, %Qk 2)x
[t — %ckQ,;l, t] gives new Ricci flows defined by

ot
9i(t) = Qurgr(~ + k)
Qr
for t € [—3¢,0]. The scaling factor is chosen so that [Rmlg, o) (Zx) = 1. By (3.3.14), the

curvature of gi(t) is uniformly bounded on By, 0)(Zk, §6¢k) X [—5cx, 0]. Condition (3.3.15)
transforms to

o)< 50 (3.3.17)
Qr

on By, 0)(Zx, £8¢x) X [—5cx, 0]. The volume ratio (3.3.16) gives

VOlgk(O) ng(O) (jlﬁ T)
/r-n

>n>0 (3.3.18)

1
for all 0 < r < 1QF — oo.
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With this control we can apply Hamilton’s compactness theorem to give convergence
(M, gr(t), Zr) — (N, g(t), ), for some complete bounded-curvature Ricci flow (N, g(t)),
for t € (—00,0], and z, € N.

Moreover, the last volume equation passes to limit to force g(¢) to have positive asymp-
totic volume ratio. From (3.3.17)) we know that g(¢) is a nonflat ancient solution of Ricci flow
with bounded curvature satisfying weakly PIC;. This contradicts Lemma that the vol-
ume ratio of (N, g(t)) vanishes, and thus shows the first part of the Lemma. For the second
part, the injectivity radius estimate of Cheeger-Gromov-Taylor [19] and the Bishop-Gromov
comparison then tell us inj, () > igv/t for some iy = ig(no, C) > 0. O

3.4 A cut-off function

In this section we construct a cut-off function on manifolds (not assumed to be complete)
evolving by Ricci flow, which helps to localize the integration estimates in section 7.
Lemma 3.4.1. Givenn € N, ¢g, K > 0,0 < T < 1,0< R<1,0<r< 1—10 with
BT < %17’, where B = [(n) is from the Shrinking Lemma, there exists positive constant
C = C(n, K,vy) such that the following holds: Let (M", g(t)),t € [0,T] be a smooth Ricci
flow such that By (o, R+ 1) CC M, and on By (xo, R+ 1) x [0,T7,

Ricy(z) > —K and  |Rm|,q) < %0 (3.4.1)
and for all § € [0,7] and x € By)(zo, R) we have
Vol g0y By o) (x,0) > vod™. (3.4.2)

Then there exists a continuous function ¢(y,s) : M x [0,T] — R with the following
properties:

(P1) supp¢(-,s) C By)(zo, R) for all s € [0,T].
(P2) V¢ exists a.e. and |[Vp| < Cr=+1),
(P3) A¢ < Cr=n*2) 4n the barrier sense.
(P4) ¢ < Cr .
Moreover, we have the inclusions:
By(s)(wo, R — 37) C By (w0, R —7) C {y € M | (y,s) = 1} (3.4.3)

for all s € 10, 7).
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Proof. Let f : R — R be a non-increasing smooth function such that f(z) = 1 for all
z < }l and f(z) = 0 for all z > % Let FF : R — R be a non-decreasing and convex
smooth function such that F'(z) =0 for all 2 <0 and F(1) = 1. Let Cy be a constant such
that [f'|, |f"],|F'|, |F"| < Cy. Hereafter we use the same letter C' to denote the constants

depending on K, vy, n

Let {pi }1_; be a maximal {Zz-separated set in the annulus A := By (20, R)—By(o) (20, R—
%‘r) with respect to g(0). By a e-separated set we mean a set in which the points are at least
e-distant from each other. It’s clear that the £/2-balls of points in a e-separated set are dis-

joint pairwise. By volume comparison we see that Vol o) Byo) (20, R) < C, and furthermore

by (3.4.2] - Volyo y(Pks 7ox) = Cr". Hence we have N < Cr™".

Claim 3.4.2. A C UB y(P, §) for all s € [0, 7.
k=1

Proof of Claim[3.7.3. By the choice of {p;}1_, we see that A C U By(0)(Pks 727 )- For each

Pr, the triangle inequality implies that By (pk, 5) CC Byo) (2o, R —|— r) where |[Rm|y) < <
and Ricy,) > —K holds true for all s € [0,7]. Applying the Shrinking Lemma to g(t), w
find that B s)(Pks 5 Bﬁ) C By(o)(pr, §) for all s € [0, 7] and in particular By (p, i) C
Byo)(px, 5) due to Bv/coT g 7. So Rlc > — K holds on By)(ps, §), which gives the condition
we need in order to apply the Expanding Lemma to the Ricci flow on By (pk, 7) < [0, s],
giving Bys)(Pk, §) O Bg(0)(Pk» 7ox ), and thus proves the claim. ]

By the Shrinking Lemma and triangle inequality, we have By (pk,5) C By)(px,7) C
Byoy(zo, R+ 7). In view of this together with the definition of f, we define the following
continuous function on M:

dg(s)(Pr,Y) .
fely, s) = f< " ) fory € Boo) (Pr.7) (3.4.4)
0 for y ¢ By)(pk, 7).

By Claim [3.4.2] “ for each point y € A and s € [0,7T], there is some k such that y €
By(s)(Pk> 7)5 fe(y,s) = 1L and F(1 — SN fuly,s)) = 0. Based on this we define the following
continuous function on M:

N
¢<y7 S) — F(l - kX::]_ fk?(y’ 8)) for Yy € BQ(O)('Z‘[)) R) ; (345)
0 for y & Byy(zo, R) .

It’s clear that ¢(y, s) satisfies (P1). Below we abbreviate dg(pr,y) by di, f’(—d"(s)ip’“’y))
by fi, and f(2@@0) 1y pr Using that

N
Vo=—F"-> fl-r Vi, (3.4.6)



CHAPTER 3. RICCI FLOW WITH ALMOST NON-NEGATIVE CURVATURE 30

and taking into account that Vdj exists a.e. with |Vdg| =1, and N < C-r~", we see that
V¢ exists a.e. and
V| < C-pr= (D), (3.4.7)

To estimate 2 ¢(y, s) and A¢(y, s), we may assume y € By (px, 2 2 r) — By(s)(Pk, 17) with-

out loss of generahty Because otherwise f’ (d’“ vs)y — 0, and hence ~o(y,s) = Ao(y, s) = 0.
By the Shrinking Lemma and the choice of p; we have

1
By(s)(Prs =) C Byoy (P, ) C Bg(oy(xo, R+ 7). (3.4.8)

2

So the minimizing geodesic connecting y and p;, with respect to g(s) remains within By (ZL‘O, R+
r) where Ricy) > —K. Hence by the Laplacian comparison and noting that dy)(y, pk) 2 Ir,
we have

Adyie (i) < (0 — D)V Eeoth(vVEdy (pio ) < & (3.4.9)

in the barrier sense. Then using that

N

N
Ap=F"|Y fi-r " Vde* = F' > (f v [Vde* + fi -7 - Ady), (3.4.10)
k=1

k=1

and noting f' <0, F’ > 0, we can estimate
Ap < C - r~ 4D, (3.4.11)

We see from the Ricci flow equation that

ot 1
55 do) (P y) < Kdy(s) (P y) < 5K, (3.4.12)
and using that
T - —F’if’ A (3.4.13)
03 - P k 85 ks .
we obtain
o+
5,00 (3.4.14)
S

It remains to prove the inclusion (3.4.3). The first inclusion is a consequence of the
Shrinking Lemma and Sv/cT < %r. To prove the second inclusion, we note by triangle
inequality that

N
3
Boqo) (20, B =) 0 | Byoy (o 77) =0, (3.4.15)
k=1
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and by the Shrinking Lemma,

1 1 3
By(s)(Prs 57) € Bogo) (prs 57+ v oT) C Byo) (prs 37) (3.4.16)
for each k and s € [0, T]. Thus for all s € [0, 77,
N
1
By (w0, B = 7) 0[] Bogs) (pr, 57) = 0. (3.4.17)
k=1

Then the second inclusion in (3.4.3)) follows immediately from (3.4.17) and the definitions of
f and ¢.
O

3.5 Heat kernel estimates for Ricci flow in expansion

3.5.1 An upper bound for the heat kernel of Ricci flow

Let (M, g(t)), t € [0,T], be a complete Ricci flow. Hereafter we denote by G(z,t;vy, s), with
r,y € M, 0 < s <t <T, the heat kernel corresponding to the backwards heat equation
coupled with the Ricci flow. This means that for any fixed (x,t) € M x [0,T] we have

0

(55 T Aus)G(2,t1y,5) =0 and I G(z,8y, 5) = 0.(y) (3.5.1)

Then for any fixed (y,s) € M x [0,7] we can compute that G(-,-;y,s) is the heat kernel
associated to the conjugate equation

0

(a —Agt — Ry))G(, t;y,s) = 0 and lltl\m G(z,t;y,s) = 0,(x). (3.5.2)

Note that in literatures it is more common to consider the fundamental solution of the
conjugate heat equation %u + A u— Ru = 0. G(z,t;y,s) has the following property

/G(:c,t;y, s)dyx =1 forall 0 <s<t<T. (3.5.3)
M

In the compact case, this follows from the following simple calculation:

9,
E/ G(z,t;y,s)dyix = / ((Azt + Ry))G(, tsy,8) — G(x, 1y, 5) Ryry) dyr = 0. (3.5.4)
M M

The general case follows using an exhaustion and limiting argument.

The heat kernel G has a Gaussian bound by the following proposition from [2].
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Proposition 3.5.1. Given n € N and A > 0, there is a constant C' = C(n, A) < oo such
that the following holds: Let (M™, g(t)), t € [0,T], be a complete Ricci flow satisfying

A Nk
Ry < - and Volye By (2, Vi) > ( A) (3.5.5)
for all (z,t) € M x (0,T]. Then
2
G(z,t;y,s) < T )nexp(—%) forall 0 <s<t<T. (3.5.6)

Remark 3.5.2. We note that (3.5.5)) is invariant under rescaling and time shifting in the
sense that for the Ricci flow §(1) = =g(t(t — s) + s),7 € [0,1], where 0 < s <t < T,

the condition (3.5.5)) still holds true. The right-hand side of the second bound in (3.5.5) may

change by a controlled factor due to a volume comparison arqument.

3.5.2 Generalized heat kernel of Ricci flow in expansion and its
upper bound

Definition 3.5.3. (Ricci flow in expansion) We say ({M;}7L,, {g;(t)}j~,,v) is a Ricci flow in
expansion, if for each j, (A, g;(t)) is a complete Ricci flow defined on [t;,t;11] with ¢; > 0,
tiq1 = vty for 5 > 1, and My D My D My D ... D M,,. Moreover, at each t;;; we have
gi+1(tj+1) > g;(tj1) everywhere on M.

We call each t; a expanding time. In the following discussion we will often need to
distinguish metrics g;_1(t;) and g;(t;). Without ambiguity, we use ;- whenever referring to
any geometric quantity with respect to g;(¢;), and t; for g; 1(t;) respectively. For example,
Btj(:m r) denotes a r-ball centered at x with respect to g¢;(¢;) and Mt;r denotes M;.

Definition 3.5.4. (Generalized heat kernel) Let ({M;}7,{g;(t)}72,,v) be a Ricci flow in
expansion. For any x € M; and t € (t;,t;11], we define the generalized heat kernel G(x,t;-,-)
as follow: First, G(x,t;y, s) is the standard heat kernel for all y € M; and s € [t;,t). Next,
suppose G(z,t; 2, s') has been defined for all z € M; and §' € [t;,¢;+1) for some j < i. Then
for y € M;_y and s € [t;_1,t;), we set

Gz, t;y,s) = / G(x,t;2,t;)G(2,t5;y, s)d,- 2. (3.5.7)
M+ !
Inductively, G(z,t; -, -) is defined on (U;;B M;x[t;, tj41))UM,; X [t;, t) (see Figure 1). It’s easy

to see that G((x,t; -, -) is continuous on all over its domain, and smooth on each M; x (t;,t;11)
for j <i—1and on M; x (t;,1).
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A
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1"

Figure 3.1: Ricci flow in expansion

The goal of this section is to derive a Gaussian bound for the generalized heat kernel. A
crucial fact in the proof is that the L'-norm of G(-,¢;;y,¢;—1) is not bigger than 1 for all ¢,
that is,

/ G(.’E,tj;’y,tj_l) dtf.'lﬁ < G(.T,tj;y, tj—l)dt r=1 (358)
M, ’
J

J
M, -
J

for any y € M;_;.

Proposition 3.5.5. Givenn € N, A > 0, andv > 1, there is a constant C = C(n, A,v) < oo
such that the following holds: Let ({M;}7Ly,{g;(t)}7Ly,v) be a Ricci flow in expansion such
that for each j we have

é (3.5.9)

~
:B| |3

Ry, < 5 and Voly, By, (@, vE) 2

~—

for allx € M; and t € [t;,t;41]. Then for any pairs (z,t) and (y, s) such that G(z,t;y,s) is

well defined as above, we have

Gz, t;y,s) < ﬁemp <—%> : (3.5.10)



CHAPTER 3. RICCI FLOW WITH ALMOST NON-NEGATIVE CURVATURE 34

Remark 3.5.6. It may seem surprising that it is not necessary to assume the equality of
metrics g;(tjt1) and gjy1(tj11) on M. But as we will see in the proof below, the expanding
condition g;(tj+1) < gj+1(tj+1) is compatible with the application of the Shrinking Lemma
and hence sufficient for us to get the conclusion. In later application to the proof of Theorem
the metric gj41(tj41) is the conformally changed metric of g;(tj+1), which is not less
than g;(tj+1) everywhere on M;iy, and agrees with it on a smaller region.

Proof. For notational convenience, the same letter C' will be used to denote constants de-
pending on n, A and v.

Part 1 Let us first establish the estimate (3.5.10)) for t = t;,; and s = t; for some ¢ > 1
and k > 1. Rescaling the flow g(t),¢ € [t;, tg1] to §(7) = = g(T (s — ;) + t;), 7 € [0, 1],

tkti

the “expanding time” sequence
Thti > Thgim1 > -0 > tk-i—i—j > >t >0

becomes
l=n>n>>75>->7_1>7 =0

where 7; 1= izt — -1 gy 5 — (01,2, ... k. Then for each j =0,1,...,k — 1, we have
J th’,l t; v 1

Vk—] _ Vk—g—l

Tj — Tj+1 = T < v (3-5-11)

To show (3.5.10) for ¢t = t,,; and s = t;, it’s equivalent to show the following inequality
under the new flow:

C

We note that by Remark [3.5.2} the new flow g(7) satisfies the curvature and volume condi-
tions in (3.5.9).

Since 7, < v, applying the Gaussian bound (3.5.6) for standard heat kernel we find

that o o
Gz, 1) < —— < Chi= ——m=. 3.5.13
(2 71) (1—7)3 0 (1—v1)3 ( )
Let Cy be fixed hereafter. Suppose by induction that G(z,1;-,7;) < Cp for some j > 1.
Then for any z such that G(z, 1; 2, 7j11) is well defined, we have

d2
G(z,1;y,0) < Cexp (—M) . (3.5.12)

Gz, 1;2,7j41) = / G(z, L w, ;)G (w, 55 2, Tjy1)d -w
M + J

K (3.5.14)
< 00/ G(w, 7552, Tjp)d,~w < Co
M 4 J

T
J
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where we used (3.5.8)) in the last inequality. So by induction we obtain
G(z,1;-,15) < Cy, (3.5.15)

for all j = 1,2,...,k. In particular, we have G(x,1;-,0) < Cy. This implies (3.5.12]) when
do+(,y) is controlled. So it remains to show G(z, 1;y,0) < exp <—%> whenever do+(x,y) >
4d(1 — (/v)™1) for a large number d (which we will specify in the course of proof). For each
1=12,...k, let A

r; =4d(1 — (v/v)7). (3.5.16)
Then set B; = B_+(z,r;), C; = M_+ — B; and

a;j :=sup G(z,1;-, 7). (3.5.17)

G

Then it suffices to show the following Claim:
Claim 3.5.7. a; < Cexp(—%), for some constant C' independent of d, which is uniform for
all j=1,2,... k.
Proof of Claim[3.5.77. For each j, the expanding condition g;_;(¢;) < g;(t;) implies B; =
B_+(x,rj) C B,-(x,r;). Applying the Shrinking Lemma on [7;41, 7;], we find that B_-(z, ;) C
BTJL(‘T’TJ' + 5\/2,/73 —7j41). Thus for any z € ;1 and w € By, the triangle inequality

implies
dT;r-H (z,w) Z Tj41 —T5 — B\/Z\/Tj — Tj+41- (3518)
By (3.5.11)), /7j — 7511 < (vv) ™7 < (W)™, we choose

5V
T IR)

then ((3.5.18)) gives
2d(1 - (¥9))

de++l(z,w) > 0r; = o) (3.5.19)
To conclude, we have
Bj C M+ — BTZI(Z,(ST]'). (3.5.20)
By Definition [3.5.4) we have
G(x,1l;2,Tj41) = / G(z, Lw,7;)G(w, 75 2, Tjx1) d_-w, (3.5.21)

M+
J

for any z € Cj;; fixed. We split the following integral Z[M +| := G(z,1;2,7;+1) into the
integrals over C; and B;. We obtain from the definition of a; and (3.5.8)) that
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I[C]] = / G(l’,1;w,Tj>G<w,Tj;Z,Tj+1)d7f’w
lof ’
(3.5.22)
< a, G(w, Tj; Z,Tj+1)d7_j—w < aj.

M+
J

To estimate Z|B;|, we notice that by (3.5.20), (3.5.15)) and (3.5.9)) we have

11260 | Gl o
Bj J
S CD/ G(w77—j; Z77—j+1) de’UJ
My =B+ (20r)) j
Jj+1 j+1
<C G(w,7j;2,Tj41) d+ w.
M + —B 4 (z0r)) J+1
Ti+l o Ti+
Then applying the Gaussian bound (3.5.6) to G(w, 7;; 2, 7;41) and calculating as in Lemma
.2.3 we have
51 )2
I[B;] < Cexp (—L) ' (3.5.23)

O(Tj - Tj+1)

Plugging (3.5.11)) and (3.5.19)) into (3.5.23)) we have

Z|Bj| < Cexp <—%) . (3.5.24)

Combining (3.5.22) and (3.5.23), we see that G(z,1;2,7j11) < a; + Cea:p(—dz(‘fj)) for

arbitrary 2z in Cj;1. Hence by the definition of a;;, there holds
(/) - (/)
8 ) C IZ:; exp (— C )
Y\ § ((v7)' ~ 1)
< _ - \Wv7s
_al—i-Cexp( C);exp( c >

d2
<a;+Cexp (_E) :

a1 < a; + Cexp (— <a;+

Note ay = supg, G(x,1;-,71). For any z € C1 = M+ — B+ (x,711), we have d_+(z,2) >
ry = 4d(1—(y/v)~!). Substituting this into the ordinary Gaussian bound, we get G(z,1; 2z, 71) <

exp(—c(ldiﬁ)). This gives a; < C’ea:p(—%). Hence a;4; < Cez‘p(—%). This finishes

(1-m1)2

the proof of the claim. O
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To summarize, we showed for t = t.,;,s = t;,4 > 1,k > 1 and z, y such that G(z, t;.4; y, t;)

is defined, we have the Gaussian bound.
v ey (3.5.25)
T eIP | — : -0
(tryi — ti)2 Clteri — i)

We will use this to derive the Gaussian bound (3.5.10)) for arbitrary ¢ and s.

Part 2 To show for arbitrary ¢ and s, there are two cases left. The first is that
neither ¢ nor s is an expanding time, and the second is that one of them is an expanding
time. Since the second case follows a same but easier route than the first one, we prove the
first case below.

G(x, tiriy, t;) <

Since t and s are not expanding times, we may assume t € (txyq, tiriv1) and s € (¢;,ti41)
for some k and i. Rescaling the flow on [s, ] to a new flow on [0, 1], for the same reason as
in Part 1, it suffices to show for any very large d (which we specify below) and z, y such that
do(z,y) > 5d, we have

d2
G(z,1;9,0) < Cexp <—5> . (3.5.26)
Under rescaling, t;,; and t;,1 become 75 := t’“:_’;s and 7 = titﬂs_s, respectively. By Defini-

tion of the generalized heat kernel, we have

G(w,l;y,0)=/ / G(7,1;2,7)G(z, 725w, 71)G(w, 715y, 0)d, ~wd, -~z (3.5.27)
MT;, MTf 1 2

We split the integral Z[M + x M, +] := G(z, 1;y,0) over three regions

U={(zw)|2 € B,-(x,d) and w € B-(y,d)},
V=A{(zw)|z ¢ B,(z,d)}, (3.5.28)
W ={(z,w)|w ¢ B,-(y,d)}.

Then G(z,1;y,0) < Z[U] + Z[V] + Z[W]. Since 7, and 75 are both expanding times and
T9 — 71 is bounded below by a positive number depending only on v, the result from Part 1

implies

G(z,m;w,m) < Cexp (— 8

If we choose d > Sv/A, then for any z € BT2—<I, d) and w € B, - (y,d), the Shrinking Lemma
together with the expanding conditions imply de(:L’, z) < d+ (x,2) < dT2—<£L‘, 2) + VA <
d,—(z,2) +d < 2d, and d - (z,y) = do(z,y) — BvVA > 4d. Then by triangle inequality we

have

d+(2,w) =2 d - (z,w) 2 d ~(2,y) —d,(x,2) —d - (y,w) = d. (3.5.30)
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Hence by (3.5.29)), (3.5.30)), (3.5.6) and (3.5.8) we have

2
I[U] < C’emp (_%> : / G(l’,l;Z,Tg) dT;Z ) / G(w77—1;y70) dew
M.+ M.t (3.5.31)

2 2
< Cexp (—%) -C’-lzC’exp(—%).

And (3.5.29), (3.5.8)), (3.5.6) together with Lemma imply

IVl <C / G(z,1;2,m) d -z | <Cexp (—d—Q) : (3.5.32)
4B (d) 2 C
Similarly we have
I[W] < Cexp (—dg) : (3.5.33)
So follows from (4.7.20)), (3.5.32)), (3.5.33) immediately. O

3.5.3 Gradient of heat kernel

In this subsection, we consider Ricci flow in expansion ({M;}7,,{g;(t)}jL,,v) and use
Proposition to derive an upper bound for the gradient of the generalized heat ker-
nel. Assume all the conditions are the same as in Proposition [3.5.5] We choose and fix
some x € M; , t € (t;,t;11] for some i. Then G(x,t;-,-) is a solution to the heat equation
%G(m,t; 2,8 )+ A, Gz, t;2,8") =0 on M; x (t;, min(¢;14,t)], j = 1,...,i. For an arbitrary
(y,s) € M; x (tj, min(t;44,1t)], 7 =1, ..., 7, applying the standard result of Schauder estimate
(see |33] for example), we see that there is a constant C' depending on A and n such that

\VG|(z,t;y,s) <

C
;.- 5.34

where the supremum is taken over By)(y, /s — ;) % [t}, s].

Since [Rm| < 4 on M; x [t;,1;11],we have a constant C; = Cj(n, A,v) > 0 such that

for any s,s' € [t;,t;11], Oy 'dy < dy < Cydy. Suppose dg(z,y) > d for a large number d

satisfying
d > 201 (\/tiz1 — t; + BV A tigr — ). (3.5.35)

We claim the following Gaussian bound of |VG|(z,t;y, s):

Claim 3.5.8. For each j = 1,...,1, we have the following estimate:

1 C d*(z,y)
\% Ly, 8) < _&\%Y) 5
VG|(x,t;y,5) < \/S—tjt;ilexp( o ) (3.5.36)

for some constant C' that only depends on A, v and n.
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Proof of Claim[3.5.8. For any (z,s") € Bys)(y, /s — t;) X [t;, s], first we have by the Shrink-
ing Lemma that dy(y,2) < d(y,2) + BVA(Vs— ). Then the triangle inequality and

(13.5.35)) we get

dy(z,2) 2 dy(z,y) — do(y, 2)
> dy(z, ) dy(y,z) — BVAWs = &)
> dy ( — V1 —t— BVA o — t; (3.5.37)
> O, (@y) = Vi — 6 - VAT
> iCr 1ds(x,y)-

So by Proposition [3.5.5| we have

O RO Ee)
G(x,t,z,8)§<t_sl)% p( C(t—s’))é(t—s')g p( C(t—s’)>' (3.5.38)

Since ds(x,y) > d and t — ¢’ < t;;1, Lemma implies

C d?
Gz, t;2,8") < = eTp (— S(x,y)) : (3.5.39)
(tiy1)2 Ctin
The claim thus follows by letting (z, s’) run over By (y, /s — ;) % [t}, 5] ]

3.6 Proof of Theorem B.1.1|

First, we consider the conditions given in Theorem . The upper bound on ¢(x, 0) implies
a lower bound on Ricci curvature, that is, ¢(z,0) § ap < 1 implies Ric > —K(n). So by
Bishop-Gromov comparison, reducing vy to a smaller positive number depending only on the
original vy and n, we may assume without loss of generality that

Vol g0)Bg(o)(x,7) > vor” (3.6.1)

for all € By (w0, 50 — 1) and r € (0,1]. We can also assume «q without loss of generality
that

ap < — < 1 (3.6.2)

where Cy = Cy(vg,n) > 2 is to be determined later. Otherwise, we get the result by applying
the above result to a rescaled metric and then scale it back.

By the relative compactness of By (2o, so), there exists some p € (0, 1] such that |[Rm| <
=+ Byoy(z, p) CC M and injy () > p for all 2 € Byg)(x0, s0). The constant p may depend
on (M, g(0)), zop and sy. By applying Lemma with U := By)(zo, 50), we can find a
connected subset M C U C M containing B (o, So — %), and a smooth, complete metric
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§(0) on M with sup; [Rm|z) < 0o such that on By (zo,70), where 7o := 89 — 1 > 3, the
metric remains unchanged. Taking Shi’s Ricci flow we get a smooth, complete, bounded-
curvature Ricci flow go(t) on My := M, existing for some nontrivial time interval [0,¢;]. In
view of the boundedness of the curvature, after possibly reducing ¢; to a smaller positive
value, we may trivially assume that [Rm|) < <2 for all ¢t € (0,¢1] and (z,t) < 205 < 1 for
all z € By(o)(x0,70) and t € [0,¢;]. The constant C5 = C3(vo, n) will be given below.

Of course, our flow still lacks a uniform control on its existence time. Below we will carry
out an inductive argument to show that ¢; could be extended up to a uniform time ¢;, while
the repeating time k may be allowed to depend on (M, g).

Now we begin the proof of Theorem [3.1.1] First, suppose we have constructed a Ricci
flow in expansion ({M;}:_,, {g;(t)}i=;,v) with (Mo, go(t))ecjo,n,) as above. Suppose further
the Ricci flow in expansion satisfies the following a priori assumptions:

(APA 1) Restricting it on By)(zo,7;), we get a smooth Ricci flow g(t) up to t;4;
<

Cs.
t’

(APA 2) For each complete Ricci flow (M;, g;(t)), we have [Rm|g, )

(APA 3) {(z,t) < Cyop < 1forall t € [0,t,41] and x € Byo)(zo,7:)-

where the constants C5, Cy, v depending on vy, n will be specified in the course of the proof.

Our goal is to extend it to a new Ricci flow in expansion ({M;}/5],{g;(t)}\},v) by
adding a complete Ricci flow (M;y1, gi+1(t)) piece existing for [t;i1, 42|, and show that it
still satisfies (APA 1)-(APA 3). In the current section, we construct (M;1, g;4+1(t)), and then

verify (APA 1) and (APA 2), and we leave the verification of (APA 3) to the next section.

Let C; > 1 and T > 0 be the constants from the Curvature Decay Lemma (Lemma
when K = 1 and vy = vy. With this choice of C, we set Cy = vC; and C3 = 4Cy = 4vC > 1,
where v = 7y(n) > 1 is the constant from the Conformal Change Lemma (Lemma, and
set v =1+ ﬁ. Choose 7 such that

. 1 1
T<T, B*C37r<—=y7<1, 7<—, 7<— (3.6.3)
16 16
where § > 1 is the constant from the Shrinking Lemma. We can also assume that 2¢;,, < 7,

because otherwise we get the desired uniform existence time 3.

In the Claim below, we show that in fact we have a stronger curvature decay bound
|[Rm|y) < % However, the original curvature decay will nevertheless be used to control the
distance distortion.

Claim 3.6.1. For allx € U := By (2o, 7 —2 tfl), we have By (, \/;) CC Byo)(xo,73),
injy(2) > /& and [Rm|y(r) < S, for all t € (0,t41].
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Proof of Claim[3.6.1 For any x € Byq)(zo,r; — 2 Z“) the triangle inequality implies
that By (z,2 jl) CC Byo)(xo,7;) and hence by assumption (APA 3), {(y,t) < 1 on

Byoy(2,24/ %) for all ¢ € [0,¢;41]. Scaling the solution to §(t) := :g(t 1) we see that
we have a solution §(t) on By)(zo,7i) DD By)(z,2), t € [0,7] with [Rm|sp) < < and
((-,-) <1 on Byo)(x,2) x (0,7].

On the one hand, applying the Shrinking Lemma to §(t), we ﬁnd that By (z,2 —
B\ Cst) C Byy(x,2) for all t € [0,7], and in particular By (2, 1) C By)(z,2) because
T < ﬁ Thus we have £(-,-) < 1 on U,c(o, Bys)(,1) x [0,7]. On the other hand, the

volume inequality (3.6.1]) transforms to Vol By (x, 1) > vo.

Applying the Curvature Decay Lemma (Lemma [3.3.4) to g(t), we have injy, (z) > /&

and |Rmlyp(z) < St for all 0 < t < 7. Scaling back, we see that By (z, /%) CC
Byoy(zo,7i), injg(t)(x) > 1/Ci1 and |[Rm|y¢) () < % for t € (0,t;44].

y(z) < C—ll and inj

Specializing the claim [3.6.1| to ¢ = t;;1, we have |Rm]|,q v,

y(z) >

i+1 tit1 -

tiCLll for any € U := By (o, 75 — 2 t”l) Now we apply the Conformal Change Lemma

3.2.1| with U = Byo)(wo,7: — 24/ %), N = By)(z0,73), g(tiz1) and p* := tCLll < 1, and

obtain a new, possibly disconnected, smooth manifold (f] ,h), each component of which is
complete, such that

1. |Rm|, <& = %2 and inj, > %for all z € U,

tit1 tit1
2. U,cUCU,
3. h= g(tz—l—l) on Up > ng

where U, = {z € U|By(z,r) CC U}.

Claim 3.6.2. We have By (zo,m; — 41/ ") C Us, where the metric g(tis1) and h agree.

Proof of Claim[3.6.3. By definition of U, for every x € By (xo,7; —4 t“’l) the triangle in-
equality implies By (, 2 Z“) CC U. By (APA 2), we have [Rm|,¢) < < on By (20, 73),
and hence on By (r,24/%) for all t € (0,;41]. Applying the Shrinking Lemma we have
Byo)(7,24/ %) D By (x,24/ "L — By/Cst) for all t € [0,¢;41]. Specializing to t = t;44
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and use [v/Cstipq < tT“ we see that By, ,)(, tT“) CcC U. By (3.6.3) this gives

t

By, 2 ) CC U which means x € Us, by definition of p. O

it1
Ch

In view of Claim we define the connected component of (U, k) that contains By (o, 75—

T

vature Ricci flow. By the doubling time estimate (Lemma |3.1.4]), we have a complete Ricci
flow (M;.1,h(t)) with h(0) = h existing for ¢ € [0, (v — 1)t;11] and satisfying

44/ tﬁ) as M; 1. Then we restart the flow from (M;, 1, h) using Shi’s complete bounded cur-

C. ;
|IRm|p)(y) < 2t 21 and Vol Brw (¥, /tix1) > Xol (3.6.4)
it

for all y € M;,,, where Aj is a constant depending on C5 and thus on vy and n. Setting

gi+1(t)': h(t— tiﬂ) for t € [ti11,tiva] = [tiv1, Vtiv1], we obtain a new Ricci flow in expansion
({M; Y55, {g;(t)}i£), v), which clearly satisfies (APA 1). By (3.6.4) and t;5 = vt;11 we have
Cy (s
R (y) < 2% < (36.5)
i+1
for all t € [t;41,ti1o]. Hence we verified (APA 2). For the same reason, we have
Vol By (y: V1) 2 5= > — (3.6.6)

- Ay A
for all t € [t;11,t;12], where A = Aorz also depends on vy and n. The volume estimate is
needed to apply Proposition [3.5.5 in next section.

3.7 Induction Step: Verification of (APA 3)

In this section we finish the proof of Theorem by verifying (APA 3) for ({M;}:Eh {g;(#)}oE]

=0

A
More specifically, we determine 7, such that when restricted on By ) (o, riﬂ),]the smooth
Ricci flow g(t) satisfies £(z,t) < Cyap < 1 for all ¢t € [0,¢;12]. The estimates and
(3.6.6]) allow us to apply Proposition m to ({M]};ill, {g; (t)};ill, v), and get the Gaussian
bound for the generalized heat kernel G(z,t;y, s):

. C d§+(x>y)
G(l‘, ta Y, 3) S mexp(_m)a

where C' depends on vy and n. We will frequently use this inequality implicitly in this section.
Also for notational convenience, the same letter C' will be used to denote positive constants
depending on n and vy. We divide the integration estimates of ¢ into two steps.

(3.7.1)

Step 1 We derive a rough bound for £. Specifically, we show that ¢ is bounded above by
a constant depending only on vy and n. This bound gives a lower bound for Ricci curvature
with the same dependence, which will be used in the second step.

v).
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T

Claim 3.7.1. For any (z,t) € Byo)(o, i — 44/ — Eiia) X [0, ti12], we have {(x,t) < C
and correspondingly Ric > — K, where both C' and K are positive constants depending only
on vy and n.

Proof. Since ({M;}i_y,{g;(t)}}—,, v) satisfies (APA 3), we have £(-,-) < 1 on By (zo,7:) X
[0,%;+1]. Thus it only remains to show ¢(x,t) < C for t € [t;11,t;42]. Recall the evolution
inequality of /.

0
Eﬁ(m, t) < Al(x,t) + R(x, t)l(z,t) + C(n)l*(x,t). (3.7.2)
Using the curvature decay |[Rm|y s < <2 we verified in Section 6, we have ((z,t) < % for
all (z,t) € My X [tiy1,tite)- Substltutmg this into (3.7.2), we get
%€§A€+R€+C€2§AE+R£+ Cﬁ (3.7.3)
i+1

o
in the barrier sense. For any ¢ € [t;11,ti42], set L(x,t) = {(z,t)e %1’ Then L(z,tiy1) =
U(z,tiy1)e ¢ < e and

g[, <AL+ RL (3.7.4)
in the barrier sense. Let h(x,t) fM G(x,t; 2,ti41)L(2, tiy1)ds, ., 2, then h solves the
following initial value problem:

%h Ah+ Rh and h(-,tip1) = L(-,tit1). (3.7.5)
By the maximum principle, we have
L(z,t) < h(x,t) = T[M;] = /M Gz, t;y, tiv1) L(y, tig1) i,y (3.7.6)
i1

for all = c Mi—i—l and t € [ti+1,ti+2].

Seeing that By)(zo, i — 4 “T“) C M, is where the smooth local flow exists up to
tiy2, we split the integral Z[M; ] into two integrals over B i1 := By(o) (2, vtit2) and Cipq :=
M1 — Byoy(x, /Tiy2). Since Biy1 C Byoy(wo, 75 — 4@/“7“) where L(-,t;11) < (- tiz1) <1
by (APA 3), we can estimate

Z[Bi] < / Gz, t;y,s)dsy < C. (3.7.7)
My

To estimate Z[C;11], we first estimate dy,,, (x,y) for any y € C;;1 by the Shrinking Lemma

and (3.6.3):
1
Ay (2,9) > V/tive — BV Car/tiy1 > §<l/ti+2 > \tiza >\t — L (3.7.8)
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Then by Lemma we have

C _di‘_'.l (‘/E’ y) C 1

w TP < T erp(—
(tit2)? ( Ctita ) (tiy)2 ( C/Tits

Now we apply Lemma [3.2.3|at ¢;,1, and combining with L(y, ;1) < % to obtain:

Gz, ty,tip) <

). (3.7.9)

1
Cy/tive
Hence Claim follows by (3.7.7) and (3.7.10)).

Z[Cia] < Cexp(—

)< C. (3.7.10)

]

Step 2 It remains to convert this upper bound in Lemma to the stronger upper
bound as claimed in (APA 3). Using the bound for ¢ from Claim [3.7.1} we get the following

linearization of the evolution equation for £ on By (2o, 7 — 44/ tT“ — Wtivo) X [0, 42

%g Al+ RO+ C(n)> < Al + RO+ CY (3.7.11)

in the barrier sense. Setting L£(-,t) = e~ (-, 1), we get 2L < AL+ RL on the same region
as above, in the barrier sense.

Hereafter, we choose and fix an arbitrary (z,t) € By)(zo,7i — 41/ — 63/Fi12) X
(tig1,tive]. Let 7 = /tiyo and R = 3r, then by triangle inequality, Byy(z, R 4+ 2r) CC
Byoy (o, i — 4\/“%1 — tiy2), where by Claim [3.7.1] we have Ricys) > —K (v, n) for all
s € [0,t;42]. We now apply Lemma to the flow on By (x, R + 2r) during [0, ¢;42], and
obtain a cut-off function ¢;,; such that

By(s)(w,1) C Byo)(z,2r) C {y | ¢is1(y, s) = 1} (3.7.12)

and supp ¢iq1(-,8) C Byoy(x,3r), for all s € [0,t;12]. Combining with (3.7.12), we find
that the supports of |V;.1], %qbiﬂ and Ag;,; are all contained in the annulus Ay, 3,(x) :=
Byo)(z,3r) — Byo)(x,2r) and we have the following estimates:

n+1

(P1) V¢, exists a.e. and [Voiq| <=Ct,,5 ;

n+1

(P2) A¢ip1 < pq:=Ct, 5 ,in the barrier sense;

(P3) %@41 <y = C't %,



CHAPTER 3. RICCI FLOW WITH ALMOST NON-NEGATIVE CURVATURE 45

In view of (3.7.12)) we have ¢;11(x,t) = 1 and hence
L(x,t) = li;r%/G(:B,t;y,s)E(y, 8)bir1(y, s)dsy. (3.7.13)

The integration domain here and below is always By (x,3r). In particular, for any integral
involving V1, %(biﬂ or A¢;y1, the actual integration domain is contained in As, 3, (x)
since these derivatives vanish at the outside.

Since G(z,t; -, -) is continuous on Byg)(z, 3r) %[0, t) and smooth on By (z, 3r)x (t;, min(t;41,1t))
for each j < i+1, applying Lemma to G(z,t;y,s)¢it1(y, s) and L(y, s) and using (P1)-
(P3) we obtain

/G@HE

and hence

mil’l(tj+1 ,t)

min(t;41,t)
< / /(G i+ Gz +2(VG, V)L, (3.7.14)
¢

tj j

‘C('Iat) < /G¢i+1£

t
t1 t1

To estimate the first term in the RHS of (3.7.15)), we first note that on Byq)(z,3r) C

Byoy(wo, i — 4\/“% — /tiv2) we have L(-,t1) < 2a9 < 1 and hence Ricyq,) > —C(n) for
some dimensional constant C'(n). Then applying Lemma we get

/G@HE

Then we split the second term in the RHS of (3.7.15)) into two parts:

< C - 2a. (3.7.16)

t1

T= / /(,ul + po) G(z, t5y,8) L(y, s) dsy ds, (3.7.17)
j—2/ /(VG(x,t;y,s),V@H(y, s)) L(y, s) dsy ds. (3.7.18)

On the one hand, by the Shrinking Lemma, for all y in Ay, 3.(z) and s € [0,%;42], we have

dg(s)(z,y) > dgoy(x,y) — tiva > /tiya. Thus by Lemma we have

C «EE) C ( 1 )
) < e (o) < e (e (37.19)

1+2

On the other hand, let V(s) be the volume of Ay, 3.(z) at time s € [0,%;42]. By Bishop-
Gromov comparison, we have V(0) < C(n). Then we get V(s) < C by integrating V'(s) <
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C'V (s), which follows from the evolution equation of volume under Ricci flow and Claim

3.7.1} Combining this with (3.7.19), (P2), (P3) and Claim [3.7.1|in (3.7.17) we can estimate

Z<Cezxp ( (3.7.20)

1
_C\/ti—i—Q) '

Suppose s € (t;, min(t;11,t)) for some j < i41. Since dg) (2, y) > /Tiy2 for ally € Ay, 3. (),
applying Claim of the estimate of |[VG|, we obtain

C 1
\/S — tj exp(_C\/tiJrz

where the constant C' depending on n and vq is uniform for all j. Then by Claim [3.7.1| and
(P1) we have

IVG|(z,t;y,s) <

), (3.7.21)

C ( 1
exp(—————
S — tj P C\/ti_;,_g
Integrating (3.7.22) over Ag,.5,(z) X [t;,t;4+1], and then summing over all j, we obtain

) i+1
J < Cexp(— ) Vi~
CV/tiva ‘=
_ I A N (3.7.23)
= Cexp( Om> tivo(1 y)(1+\/§+”')
1 (1/ — 1)ti+2 1
= — < — .
Ceapl C\/ti+2> Vo—1 7 Cezp( Cy tz‘+2)

Putting the estimates (3.7.16]), (3.7.20) and (3.7.23) into (3.7.15)), we thus have

L(x,t) < Cexp(— ) + 20 C. (3.7.24)

1
Cy/tiva
Then there exists positive constant t(n, vy, ag), such that the first term can be bounded by
ap when ;19 < t(n, vy, ap), and hence L(z,t) < ap(1 + 2C). Choose Cy = 2(1 + 2C'), then
Uz, t) < L(2,t)et < 2L(x,t) < Ciap. Let 1y = 1y — 44/ %L — 6/F12, then ((y,s) <

Cyop < 1 for any (y,s) € By)(xo,rit1) X [0,t42], as claimed in (APA 3). Moreover, by
choosing t(n, v, ) small, we can make sure

t.
ro— T =3 ri—ri < Y AT 463/ <1 (3.7.25)

So we proved Theorem [3.1.1]



CHAPTER 3. RICCI FLOW WITH ALMOST NON-NEGATIVE CURVATURE 47

3.8 Proof of the global existence and bi-Holder
homeomorphism

In this section we prove Corollary [3.1.2] and [3.1.3] We need two local curvature estimate
lemmas stated below, in both of which the Riemannian manifolds (M™, g) appearing are not
necessarily complete.

Lemma is proved by B.L. Chen in |20, Theorem 3.1] and Simon in |62, Theorem 1.3].

Lemma 3.8.1. Suppose (M™,g(t)) is a Ricci flow for t € [0,T], not necessarily complete,
with the property that for some yo € M andr > 0, and all t € [0,T], we have Byw)(yo,7) CC
M and c

[Runly( < (3:8.1)

on By (yo, ) for all t € (0,T] and some co > 1. Then if |Rmlyo) < 772 on Byo)(yo, ), we
must have
[Rm| () (yo) < e“0r? (3.8.2)

for some C = C(n).

Lemma is an non-standard version of Shi’s derivative estimates. The proof of it can
be found in [66, Lemma A.4] and |27, Theorem 14.16].

Lemma 3.8.2. Suppose (M™,g(t)) is a Ricci flow for t € [0,T], not necessarily complete,
with the property that for some yo € M andr > 0, we have Byo)(yo,7) CC M and |Rm|y) <
=% on By(o)(yo, ) for allt € [0,T], and so that for some ly € N we have initially |[V'Rm|y) <
=271 on Byoy(yo, ) for alll € {1,2,....1o}. Then there exists C = C(lo,n, %) such that

|VZRm|g(t) (yo) < Cr—27t (3.8.3)
for each l € {1,2,...,1o} and all t € [0,T).

Proof of Corollary[3.1.9. Pick any point o € M. We apply Theorem with sg = k + 2,
for each integer k > 2, giving a Ricci flow (By, (20, k), gx(t))icpo,- satisfying

ngk(t) + CO&()I eC
C (3.8.4)

|Rm‘gk(t) < ?

on By, (zo, k) for all t € (0, 7], where 7 = 7(n, v, 09) > 0 and C' = C(n, vy) > 0.

Fix some ro > 0. Since By, (o, 70+2) is compactly contained in M, we have sup [Rm| < =
for some r > 0, where the supremum is taken over By, (x¢, 70+2). For any yo € By, (zo, 70+1),
by the Shrinking Lemma we have By, ) (o, %) C By, (Y0, 1) C By, (g, 0+ 2) for all t € [0, 7],
with possibly reducing 7 to a smaller number depending also on n, oy and vy. Now we can
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apply Lemma to gi(t) centered at yo and get |Rmly, 1y (v0) < Ko = Ko(r,n,C). In
particular, Ky is independent of k. Thus, we have |Rm|y, o) < Ko on By, (2,70 + 1) for all
te0,7].

Then we apply Lemma to gi(t) centered at each yy € By, (%o, 70). The outcome is
for each [ € N, there exists K1 = Ki(n,l,r,7) such that

IV'Rm|,, ) < K, (3.8.5)

on By, (xg,19) for all t € [0, 7]. Again, the K is also independent of k. Using these derivative
estimates in local coordinate charts, by Ascoli-Arzela Lemma we can pass to a subsequence
in k£ and obtain a smooth limit Ricci flow g(t) on By, (zo,70) for t € [0, 7] with g(0) = go,

which satisfies
ng(t) + Cag € C
C (3.8.6)
|Rm|g(t) < N

on By, (g, 1), for all t € (0,7].

We repeat this process for larger and larger radii r; — oo, and take a diagonal subsequence
to obtain gy, (t) which converges on each By, (zo,r;). Its limit is a smooth Ricci flow ¢(¢) on
the whole of M for ¢ € [0, 7] with ¢(0) = go.

By the Shrinking Lemma, By)(zo,7) C By, (xo,r + SV Ct) CC M for all t € (0,7] and
r > 0. This guarantees that g(¢) must be complete for all positive times ¢ € (0, 7]. O

Proof of Corollary[3.1.3. We apply Corollary and Lemma to each (M;,g;) and
obtain a sequence of Ricci flows (M;, g;(t))jo,r) with ¢;(0) = g; and 7" uniform for each ¢, and

satisfying the following uniform estimates

ngi(t) +Capl €C
VOlgi(t)Bgi(t)(x> H>v>0

C
9i(t) < ?

(3.8.7)
|Rm

for all x € M; and all ¢t € [0,T], where constant C' > 0 depends on n, vy, and constants
v,T > 0 depend on n, vy, ag. And

dy 1) (2,y) — BVC (V2 — Vi) < dyey)(2,y) < KB dy 4, (2, y) (3.8.8)

for any 0 < t; <ty < T and any x,y € M;, where K depends on n, vy, ag. The curvature
decay for all positive times provides a uniform bound on the curvature which allows us
to apply Hamilton’s compactness theorem. We can pass to a subsequence in ¢ so that
(M, 9:(t),x;) = (M, g(t), zs) in the Cheeger-Gromov sense, where (M, g(t)) is a complete
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Ricci flow defined over (0,T]. (M, g(t)) inherits the estimates for curvatures and distance:

Rmgyy +Copl € C
VOlg(t)Bg(t)<£L‘, 1) >v>0

(3.8.9)
C
|Rm|g(t) < 7
and
dye) (2, y) — BVC(VE — V) < dyy)(@,y) < B dy, (2, y) (3.8.10)

for any 0 < t; <ty < T, and any x,y € M. The inequality tells us that dg
converges locally uniformly to some metric dy as t N\, 0. Also, the inequality tells us
that dg,) converges locally uniformly to d,,. So we have (M;, dy,, ;) — (M, dy, ) in the
pointed Gromov-Hausdorff sense.

By Lemma we have
o, y) POV < dyy (2, y) < Mdo(,y), (3.8.11)

where v depends on n, vy and also on g via T'. Then the claim of bi-Hélder homeomorphism
follows immediately from this. O



50

Chapter 4

3d Ricci flow with non-negative Ricci
curvature

4.1 Introduction and main results

In this chapter, we first introduce a new weak solution of Ricci flow that we call a generalized
singular Ricci flow, which allows the initial manifold to be a complete manifold with possibly
unbounded curvature. We have the following existence theorem.

Theorem 4.1.1. For any 3d complete Riemannian manifold (M, g), there is a generalized
singular Ricci flow starting from (M, g).

The generalized singular Ricci flow has many properties similar to those of a singular
Ricci flow. In particular, it satisfies the canonical neighborhood assumption in a distance-
dependent way. The precise definition of a generalized singular Ricci flow will be given in
Definition [£.6.3l

The existence is obtained from a compactness result for singular Ricci flows, which states
that a sequence of singular Ricci flows converges to a generalized singular Ricci flow starting
from a complete manifold (M, g), if the sequence of their initial manifolds converges to

(M, g):

Theorem 4.1.2. Let M; be a sequence of singular Ricci flows starting from compact man-
ifolds M;, x; € M;. Suppose (M;,x;) converges smoothly to a 3d complete manifold (M, xy)
as i — oo. Then by passing to a subsequence, (M;,x;) converges smoothly to a generalized
singular Ricci flow starting from M.

Theorem [4.1.2] can be compared to the convergence of a sequence of singular Ricci flows,
when the sequence of their initial time-slices converges to a compact manifold, see [44, Prop
5.39]. In that result, the initial time-slices have uniformly bounded curvature and injectivity
radius. So the local geometry in each singular Ricci flow is uniformly controlled by its scalar
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curvature, which guarantees their convergence to a singular Ricci flow. However, in our case,
the initial time-slices may not have uniformly bounded geometry. Instead, we will show that
the scalar curvature controls the local geometry in a uniform distance-dependent way, which
ensures the convergence in Theorem [1.1.2]

Before stating our next main result, we recall some results of the existence theory of
Ricci flow with non-compact initial conditions. Much less is known about it compared to the
compact case. In [61], Shi showed that if (M, g) is an n-dimensional complete Riemannian
manifold with bounded curvature, then there exists a complete Ricci flow with bounded
curvature for a short time. Since then, many efforts have been made to relax the bounded-
curvature assumption, in order to obtain a Ricci flow starting from a complete non-compact
manifold.

In [13], Cabezas-Rivas and Wilking proved that a smooth complete Ricci flow exists on
a complete n-dimensional manifold with non-negative complex sectional curvature, which in
dimension 3 is the same as non-negative sectional curvature. Recently, Simon and Topping
[64] showed that a complete Ricci flow exists on a complete 3d Riemannian manifold, if its
Ricci curvature has a negative lower bound and the volume is globally non-collapsed (i.e.
there is a uniform positive lower bound on the volume of every unit ball). In [2], Bamler,
Cebazas-Rivas and Wilking proved that the same thing holds in dimension n, assuming a cer-
tain curvature is bounded below, and the volume is non-collapsed. In [48], by a combination
of methods in [64] and [2], the author generalized both works.

The volume non-collapsing assumption should be necessary in the above works [64][2][48],
where the curvature is allowed to be negative somewhere. Without the non-collapsing as-
sumption, Topping gave a conjectural counter-example: for any arbitrarily small € > 0 we
can construct a complete 3-manifold with Ric > —e, by connecting countably many three-
spheres by necks that become longer and thinner. So the necks would want to pinch in a
time that converges to zero |65, Example 2.4].

This leads to an open question: whether a smooth complete Ricci flow exists for a 3
dimensional complete manifold with non-negative Ricci curvature, see e.g. [65, Section 7,
Conjecture 2]. Our next main result gives a partial affirmative answer to this question:

Theorem 4.1.3. Let (M, g) be a 3d complete Riemannian manifold with Ric > 0. There
exist T' > 0 and a smooth Ricci flow (M, g(t)) on [0,T), with g(0) = g and Ric(g(t)) > 0.
Moreover, if T < oo, then limsup, »r |Rm|(z,t) = oo for all z € M.

We remark that the completeness of this flow is not guaranteed in this chapter. Instead,
we show that it can be embedded in a smooth Ricci flow spacetime with complete time-slices.
Also, it is possible for the maximal existence time to be finite, such as the standard solution
and the cylindrical solutions.

A common strategy to produce a smooth Ricci flow with a complete non-compact initial
condition is by a limiting argument: first construct a sequence of local Ricci flows starting
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from larger and larger balls in M, and then try to get a uniform lower bound on the existence
times, as well as an upper bound on the curvature norms. Then by Hamilton’s compactness
theorem for Ricci flow, we obtain a smooth limit Ricci flow starting from M. This argument
typically works when there is a non-collapsing assumption [64, [2, 48], or the curvature
condition is relatively strong [13].

However, it seems hard to apply the limiting argument to prove Theorem [{.1.3] for
Ric > 0 is a relatively weak curvature assumption, and there is no uniform lower bound
on the volume of all unit balls on certain manifolds, as shown by examples in [29]. In this
chapter, we produce a smooth Ricci flow by showing that a generalized singular Ricci flow
starting from a complete manifold with Ric > 0 is actually smooth. The existence of the
generalized singular Ricci flow is guaranteed by Theorem [£.1.1]

This chapter is organized as follows. In Section we prove some technical lemmas.
In Section [4.3] we generalize Perelman’s no local collapsing and canonical neighborhood
theorem to singular Ricci flows. It provides a distance-dependent lower bound on the non-
collapsing scale and canonical neighborhood scale, assuming the geometry is bounded in a
parabolic neighborhood of the base point.

In Section [4.4, we define a heat kernel H for a singular Ricci flow M. For any point
(x0,t0) € M, H(xg,to;-,-) is a positive solution to the conjugate heat equation on M, which
is a d-function around (xg,ts). We show that the heat kernel decays polynomially fast to
zero as the curvature blows up. With this estimate we show that the overall amount of
heat is a constant, i.e. the integral of H(xg,to;-,t) at all times ¢ prior to ty is equal to one.
Note that for the ordinary heat kernel of a compact smooth Ricci flow, the constancy of
the integral is easily shown by a computation using integration by part. Moreover, with
the decay estimate, we can establish some standard properties of the heat kernel as of the
ordinary ones for compact Ricci flows. For example, we obtain the symmetry between the
heat and adjoint heat kernels, and a semigroup property of them. As an application of
the heat kernel, we generalize Perelman’s pseudolocality theorem to singular Ricci flow in
Section

In Section [4.6] we define the generalized singular Ricci flow, and prove Theorem and
4.1.2l The proofs depend on a compactness theorem, which states that assuming there is
a uniform distance-dependent canonical neighborhood assumption in a sequence of pointed
singular Ricci flows, then a subsequence converges smoothly to a semi-generalized singular
Ricci flow, which satisfies most properties of the generalized singular Ricci flow. The com-
pactness theorem can be proved by first taking a Gromov-Hausdorff limit, and showing that
the convergence is smooth on the subset of points which are limits of points with bounded
curvature. This induces a semi-generalized singular Ricci flow. To prove Theorem [£.1.2] by
applying the compactness theorem, we get a semi-generalized singular Ricci flow in which
the base point x( survives until its curvature goes unbounded. Then a generalized singu-
lar Ricci flow is obtained by varying the base points and gluing up all the corresponding
semi-generalized singular Ricci flows.
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In Section [4.7)we prove Theorem[£.1.3] First, by a maximum principle argument, we show
in Lemma that the generalized singular Ricci flow M preserves the non-negativity of
Ricci curvature. Suppose the curvature blows up in a ball of finite radius. Then by the
canonical neighborhood assumption, we can show that the curvature blow-up is due to the
asymptotic formation of a cone-like point. Doing a further rescaling at this cone-like point,
we obtain a Ricci flow solution whose final time-slice is a part of a non-flat metric cone, which
is impossible. So M is in fact a non-singular Ricci flow spacetime with complete time-slices.
Restricting the spacetime on M, we obtain a smooth Ricci flow.

4.2 Preparatory results

In this section we prove some technical lemmas that will be used later. First, in Lemma
4.2.144.2.3, we study manifolds that are O-complete and satisfy a canonical neighborhood
assumption at scales depending on the distance to a base point xy. We show for such
manifolds that any metric ball of a fixed radius centered at zq is uniformly totally bounded
(Lemma @ , and for any point x € M, there exists a minimizing geodesic from z( to z

(Lemma (4.2.2)).

Second, we show in Lemma that for a Ricci flow spacetime with some appropriate
canonical neighborhood assumption, the closeness of a time-slice to a x-solution implies
the closeness in a parabolic region. As a consequence, Lemma shows that a blow-up
sequence in a singular Ricci flow converges to a k-solution defined from —oo to its maximal
existence time.

Lemma 4.2.1. (Metric balls are uniformly totally bounded) Let (M, g, zo) be a 8 dimensional
connected Riemannian manifold, xq € M. Suppose M is O0-complete and 1-positive. Suppose
for any A, €can > 0, there are (A, €can), K(A) > 0 such that the €.qn-canonical neighborhood
assumption and the k(A)-non-collapsing assumption hold at scales less than 1(A, €qn) on
By(xg, A).

Then for any given A,e > 0, there exist V(A), N(A,€) > 0 such that vol(By(xp, A)) <
V(A), and the number of elements in any e-separating subset of By(zo, A) is bounded above
by N(A,e).

Proof. Fix some small § > 0 and let €.4,(9), Co(d) > 0 be from Lemma Let n > 0 be

from Lemma w Let rg = %7 ~min{r(A + 1, €can), %}

We claim that there exists a universal constant Cy > 0 such that vol(By(x,3ry)) < C;
for all © € By(xp, A). In fact, suppose first that p(x) < 4nrg, then by Lemma we get
p < Tnro on By(z,3ry). By the assumption of ro, we see that B, (z, 3ry) is contained in some
0-tube or capped J-tube with diameter less than 1, which has volume less than C4. So the
claim holds. Next, suppose p(x) > 4nrg, then by Lemma we get p > nro on By(z, 3rp).
So the claim follows from the Bishop-Gromov volume comparison.
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Now suppose by induction that for some k € N with krog < A, there exist Ci(A) > 0 and
Ni(A,€) € N, such that the following holds:

A(k): vol(By(wo, kro)) < Cy;

B(k): For any € < r(, an e-separating subset in By(zo, (k — 1)r9) has at most NNy elements.

To show A(k + 1), consider a maximal ro-separating subset {y;} in By(zo, (k — 1)rp). Then
By (o, (k — 1)rg) is covered by the union of all By(y;, ), and by the triangle inequality we
get

By(o, (k + 1)ro) C | By(y;, 3ro). (4.2.1)

J

So A(k+1) follows from the above claim and B(k). It remains to establish B(k + 1).
Let {z;}7L, be an e-separating set in By(wo, kro). First, by the non-collapsing assumption
and A(k + 1) we see that the number of z; with p(z;) > (2C;) '€ is bounded above in terms

of Aje. So we may assume p(z;) < (2Cp)~'e for all j. Then by A(k + 1) and Lemma
m, we may further assume that all z; are contained in a single d-tube or capped J-tube

V C B,(xo, (k + 1)ro).

Pick a point y € OV, we can arrange the order of {z;}"., in a way such that dy (y, v;11) >
dy(y,z;) for each j < m — 1. Here dy denotes the length metric in V' induced by g. We
claim that each z;, 7 < m—1, is the center of a d-neck. Otherwise, x; is the center of a d-cap
C C V. By Lemma we have diam(C) < Cyp(x;) < €/2. Since dy (z;,xj11) > €, we get
zj11 € V —C, and x4, is the center of a d-neck. Connecting y with z; by a minimizing
geodesic, then it must intersect the central sphere at z;;;, which has diameter less than
10(2C)) e < €/2. So it is easy to see dy (y,z;41) < dy(y,x;), a contradiction.

So by the triangle inequality we get
dy (y, xj1) > dv(y,z;) + € —2-10- (2Co) e > dy (y, x;) + €/2, (4.2.2)
for all 7 < m — 1. In particular, this implies
(m—1)e/2 < dy(xp,y) < diam(V) < 2(k + 1)ro, (4.2.3)
and hence m < 4(k + 1)rge ' + 1. This established B(k + 1). O

Lemma 4.2.2. Under the same assumptions as Lemma[{.2.1. Then for any x € M, there
exists a minimizing geodesic connecting x to .

Proof. By Lemma we have vol(B,(zg, A)) is bounded above, so by Lemma it is
easy to see that |[Rm| is a proper function restricted on B,(zo, A) for all A > 0. Suppose
d = dy(zo, ) > 0. Fix a sufficiently small number § > 0, and let €4, = €can(0), Co = Co(6)
be from Lemma Let 7o = min{C; ' p(z0), Cy ' p(x),7(d + 2, €can), 1}. Then by Lemma
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2.2.8 and Lemma[4.2.1] all points in By(xo,d + 1) with p < 7y are contained in the union of
a finite collection S of disjoint d-tubes and capped d-tubes in By(xg, d + 2).

For each i € N, let 7; : [0,d] — M be a smooth curve joining zo and z with constant

speed, such that the length of ~; satisfies L(v;) < d+ 3. Sov; C By(zo,d+1). We claim that
the curvature on ~; is uniformly bounded for all 7. Suppose not, we may assume there is a
sequence of points z; € ; such that p(z;) — 0 as i — oo. By the finiteness of S we may also
assume there is some 7 € S that contains all ;. Then 7 must be a d-tube with curvature
blowing up in one end. Taking a point y € T such that p(y) < 3 min{p(xo), p(x)}. Then for
all large 7, ~; passes through the d-neck centered at y at least twice, which contradicts the
almost minimality of ;. So the claim holds. Therefore, by the properness of |Rm|, there is
a compact set K C M such that v; C K for all 7.
Since |v{| = @ — 1, it follows that v;’s are uniformly Lipschiz-continuous on [0, d].
Since 7;’s are equicontinuous and map into a compact set of M, the Arzela-Ascoli Lemma
applies. So by passing to a subsequence, we may assume that ~; uniformly converges to
some continuous curve 7., : [0,d] — M. Since fod V]2 dt = %’Jz < 4d, we can apply weak
compactness to the sequence {v;}. By passing to a subsequence, we may assume ~; weakly
converges to Y, in WhH2,

Let E(y) = fod |7/(t)|? dt be the energy function on all W'2-path connecting o and z.
Then by Cauchy-Schwarz inequality we have

E(7) :/0 () dt > U ?/D = L(f > d. (4.2.4)

By the weak semi-continuity of the E-energy, it follows that the WW2-path 7., has energy
E(7Vs) < d. So s minimizes the energy E in W12, Therefore, ., is a smooth solution to
the geodesic equation, and hence it is a minimizing geodesic.

]

The next lemma says that if a ball is scathed, then we can find a minimizing geodesic in
the ball along which the curvature blows up, and it is covered by d-necks.

Lemma 4.2.3. (Minimal geodesic covered by d-necks) Under the same assumptions as
Lemma . Let 6 > 0. Suppose infp o4y p = 0 for some A > 0. Then there exists
a minimizing geodesic 7y : [0,1) — B,y(zo, A) such that R(y(s)) — oo as s — 1, and y(s) is
the center of a d-neck for all s close to 1.

Proof. Let z; € By(zo, A) be a sequence of points such that R(x;) — oo as ¢ — co. Since
by Lemma the ball B,(zo, A) is totally bounded, we may assume by passing to a
subsequence that {z;} is Cauchy. So there is a d-tube 7, which blows up at one end,
that contains z; for all large i. By Lemma [4.2.2] there exists 7; : [0,1] — M, which is
the minimizing geodesic connecting xy and x;. Noting that +; passes through any d-neck
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in 7 at most once, after passing to a subsequence, 7; converges to a minimizing geodesic
v :[0,1) — M. Moreover, by the minimality of v, v(s) is the center of a d-neck for s close
enough to 1.

]

The following lemma shows that for a Ricci flow spacetime satisfying some appropriate
canonical neighborhood assumption, suppose a time-slice is close enough to that of a k-
solution, then a parabolic region of a certain size is close to that in the s-solution.

Lemma 4.2.4. (Time-slice closeness implies spacetime closeness) Let (Myo, goo(t), Too) be a
r-solution, t € (—00, Tyyax), where Thax is the mazimal ezistence time. For any 6 > 0, there
exists € > 0 such that the following holds:

Let (M, g(t)) be a Ricci flow spacetime, xo € M, to := t(xg) > 0, p(xo) = 1. Suppose the
e-canonical neighborhood assumption holds at scales (0,2+/1n071), where n is from Lemma
[2.2.3, Suppose also that (My,,zq) is e-close to (Mu, goo(0), xoo) Then (M, g(t +to), zo) is
d-close to (Muo, goo(t), Too) on the time interval [—0~ 1, min{d ™1, Trpax — 0 }].

Proof. Suppose the assertion does not hold, then there is a sequence of spacetimes (M;, g;(t)),
xoi € M, t(xog;)) = to; > 0, and a sequence ¢; > 0 with lim; , ¢; = 0, such that the
assumptions are satisfied for each i, but the conclusion fails.

Let —a*,b* be the infimum and supremum of s;,s9 € [—267', min{20~!, T,ax — 6/2}],
respectively, such that there exists C' (may depend on sj,s2) such that |Rm| < Cin
Useltos—s1.t0+52] (Broi (Toi, @) (¢) for all d > 0 and sufficiently large ¢. Then by the gradient esti-
mates we have a*, b* > 0. So by passing to a subsequence, we may assume (M;, g;(t+1to;), To;)
converges to a smooth complete Ricci flow (M, g(t),7), t € (—a*,b*), which has bounded
curvature in any compact subinterval in (—a*, b*).

Note that (M,5(0),7) is isometric to (Mo, goo(0), 7o), and each time-slice of (M, §(t))
is a time-slice of a k-solution, it is easy to see that the flow (M, g(¢),) is isometric to
(Moo, goo(t), o) for all t € (—a*, b*).

In particular, (]\//.7 ,g(t),7) extends to a complete Ricci flow with bounded curvature on
[—a*,b*]. Applying the gradient estimates in (Mz,gz(t + toi), To;) at times ¢ close to —a*
and b* we get a* = 26! and b* = m1n{25 Tmax — 0/2}. So (M, gi(t + toi), zoi) is -
close t0 (My, goo(t), Too) on [—07 1, min{d™!, Tynax — 0}] for sufficiently large 4, which is a
contradiction.

O
Lemma 4.2.5. (Blow-up sequence converges to a k-solution) Let (M, g;(t)) be a sequence

of singular Ricci flows with normalized initial condition, x; € M;, with sup, t(z;) < co and
limy o0 p(;) = 0. Let gi(t) := p~2(2)g(p*(x;)t+4(x;)). Then a subsequence (M, gi, (t), z;,)
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converges to a k-solution on (—o0, Tax), where Thax € (0,00] is the maximal existence time
of the k-solution.

Proof. Let T = sup, t(x;). Since lim; ., p(x;) = 0, there are sequences ¢;,; > 0 such that
limy o0 € = lim; o0 6; = 0, such that 21/16; 'p(x;) < 7. (T + 1), where 7, : [0,00) — [0, 00)
is the function in Lemma 2.2.10

In particular, the ¢;-canonical neighborhood assumption holds at x;. By passing to a
subsequence we may assume that (M;,gi(t),x;) is €-close to the time-0-slice of some k-
solution (Moo, goo(t), o). So we can apply Lemma and deduce that (M, g;(t),z;) is
Si-close to (Muo, goo(t), Too) on the interval [—6; ', min{5; ', Tnax — &;}]. So the conclusion
follows by letting i — oo. O

4.3 Canonical neighborhood theorem

The main results in this section are a canonical neighborhood theorem (Proposition [4.3.1))
for singular Ricci flows, and a bounded curvature at bounded distance theorem by reduced

volume (Theorem |4.3.2)).

Recall that Perelman proved a canonical neighborhood theorem for compact smooth Ricci
flows |43, Theorem 26.2], which says that assuming the Ricci flow has normalized initial
condition, then for any 7' > 0 there exists r(7") > 0 such that the canonical neighborhood
assumption holds in M;<r at scales less than (7).

He also proved a local version of the theorem [43, Proposition 85.1], in which he assumed
the curvature is bounded in a backward parabolic neighborhood of a point zy, t(z) = to,
and showed that for all A > 0 there exists 7(A) > 0, such that the canonical neighborhood
assumption holds in By, (2o, A) at scales less than r(A).

The following proposition extends the local theorem to singular Ricci flows.

Proposition 4.3.1. (Canonical neighborhood theorem) For any A > 0, € > 0, there are
constants k(A),r(A,€),7(A), K(A) > 0, such that the following holds: Let M be a singular
Ricci flow, g € M, t(xg) = to > 0. Suppose for some ry > 0 with 2r3 < ty the following
holds:

1. M s unscathed on a parabolic neighborhood P(zg, 1o, —T%).
2. [Rm| < ry? on P(xg,ro, —12).

3. vol(By, (g, 10)) > A7 3.
Then

(a) The solution is k-non-collapsed at scales less than ro in By, (xq, Arg).
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(b) The e-canonical neighborhood assumption holds in By, (xo, Arg) at scales less than r1q.

(c) If 1o < T/To then |Rm| < Kry? in By, (w0, Arg).

As an application of Proposition [£.3.1] as well as other results by Perelman, we can
generalize his bounded curvature at bounded distance theorem by using the reduced volume:

Theorem 4.3.2. (Bounded curvature at bounded distance by reduced volume) For any A, k >
0, there exist p(A, k), K(A, k) > 0 such that the following holds: Let M be a singular Ricci
flow, ©y € M, ty := t(xy). Suppose the reduced volume \N/xo(l) > K, and Mi>g—1 1S @-
positive.

If |IRml(xg) < 1, then |Rm| < K in By, (xo, A).

In the theorem, V,, (1) is the reduced volume at 7 = 1, for the base point 2. It is defined
by

Vi (T) = / e g, g (4.3.1)
Mtof'r

To prove Proposition and Theorem [4.3.2] we first prove some results in £-geometry
for singular Ricci flows.

Definition 4.3.3. The £ -length of an admissible curve v : [ty — 7, tg] = M is

£ = | " VRTHRAW) + Y OP) (13.2)

Lemma 4.3.4. Given constants T, E and A > 0, there exists r = r(A, T, E) such that the
following holds. Let M be a singular Ricci flow with normalized initial condition. Suppose
v+ |a,b] = M is a smooth admissible curve with b < T. Suppose b—a > E, and p(y(a)) < r.

Then [* Ry (y(t)) + |7/ (1)|> dt > A.

Proof. Suppose for some A, T, E > 0, the conclusion does not hold, then we can find a
sequence of singular Ricci flows (My, gx(t)) and a sequence of smooth curves v : [ax, bx] —
M, satisfying the assumptions in the theorem. In particular, we have p(yx(ax)) < 7%, and
r, — 0 as k — oo, but

| Beu®) + iy de < A (433

ak

We rescale each (My, g(t), ve(ax)) by pr? = p~2(yx(ax)) and then shift time a; to 0,
to obtain a sequence of Ricci flow spacetimes (M, Gx(t), v (ax)) defined on [0,00). Then
Y& = [0, (bk—ak)p,zz] — M, is an admissible curve and (bk—ak)p;Q — 0o as k — 0o. Note that
(4.3.3)) is invariant under rescaling. Applying Lemma and passing to a subsequence we
may assume that (M, G(t), vk (ax)) converges to a s-solution (M, goo(t), Tog) 00 [0, Thay),
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where Trax € (0, 00] is the maximal existence time. So by [8], (Mwo, goo(t)) is either a Bryant
soliton [8], or has finite extinction time.

Suppose first that (M., g(t)) is a Bryant soliton. Let M, denote the Ricci flow space-
time associated to it. Fix a large A > 0 and let P4 := Ute[O,A3/2] Bi(z, A). Then for large
k, there exists a time-preserving diffeomorphism ¢y : Uy — Vi, with ¢p(2) = Yk (ag), where
U, and Vj, are open subsets of M, and M, respectively, such that given any compact subset
K C M and § > 0, we have K C Uy, for all large k, and [|¢;Gr — Gool| 5115 ., )» Where

Gy and G, are spacetime metrics of M, and M respectively. So we have P, C Uy for all
large k. Let 3, C Uy be the image of 73|y, under ¢; .

Since (b, — ak)p,gz — o0 as k — oo, we see that vy, must exit ¢r(P4) at some time

T, € [0, A%?], and accordingly 7 exits P4 at the time Ti, € [0, A3/?]. Then for sufficiently
large k, we have

T / 2 1 ka ~ 2
| a5 [ popa
0 0
Ty T\k

0 m%wwzéo R(7(6))dt.

(4.3.4)

Suppose Tj, < A%2. Since Ric > 0, we have 2g..(t) < 0 for all ¢ > 0. So [7},(t)]set) =
75, (t)] goo (3,) for all ¢t € [0, T}], and hence

T T
/ mwfﬁz/|%@amz
0 0

Otherwise, we have T, = A%2 and 7(t) € Bi((3%(0))(t), A) for all t € [0, A3?]. Since
(Moo, goo(t)) is a Bryant soliton, we have R(Jj(t)) > &, where C is a constant depending
only on the curvature of the tip. So we have

dz, (9x(0), k(7))
k

> AY2?, (4.3.5)

A3/2 A3/2 C
/ R((t)) dt > / —dt= CAY2, (4.3.6)
0 0

In both cases, taking A sufficiently large, it follows by (4.3.4) that

4kmwm»+mmﬁ>A, (43.7)

a contradiction to (4.3.3)).

Now suppose (M, goo(t)) has a finite extinction time T, < oco. Let 6 € (0,T) and
consider Py = Uf:o Bi(ro, A). Let T} and fk be defined as above. Then if fk < 0, then
holds. Otherwise, since the scalar curvature blows up at the rate of (T, —¢)~! when
the time goes up to T,,, we have

/09 RGW(1)dt > /09 . ¢ -t = ~Clog(T — 6). (4.3.8)

co
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By taking # sufficiently close to T, and A sufficiently large, we get a contradiction.
O

The following lemma says that an admissible curve that contains a point of large curvature
must have large £, -length.

Lemma 4.3.5. For all A < co,7,T > 0, there is a constant § = 6(A\, 7, T) with the following
property:

Let M be a singular Ricci flow with normalized initial condition, and xo € My, with 0 <
to < T. Suppose ro > 7, and P(x¢,70, —12) is unscathed, and |[Rm| < ry? on P(xg, 70, —72).
Suppose also v : [t1,tg] — M is an admissible curve ending at (xo,ty), and there exists
t € [t1,to] such that p(y(t)) < 4.

Then L. () > A.
Proof. First, let At = $107*7*A~2. By taking 6 < 7, we see that v must exit P(zo, ro, —73)
at some time t. First, suppose t > ty — At. Then by the Schwarz inequality we get

1

[ s as > (/ " () ds)2 (/ "to— 52 ) s

> 10722 (At) V2 > A,

DN | —

where the factor 1072 comes from the distance distortion on P(zg,7g, —73).

So now we may assume that v exits P(xg, 7, —72) at a time £ < tg — At. Then the
conclusion follows immediately from Lemma {4.3.4!

]

Proof of Proposition[4.53.1. Under a suitable rescaling, we may assume without loss of gen-
erality that M has normalized initial condition. Note by Lemma and the properness of
scalar curvature from |44, Theorem 1.3|, a minimizing sequence of admissible curves between
any two points converges to a smooth minimizing £-geodesic. Now the rest of proof for part
(a) is the same as [43, Proposition 85.1(a)].

For part (b), suppose that for some A > 0 the claim is not true. Then there is a
sequence of singular Ricci flows M, which provide a counterexample. In particular, there
exists xp € By, (Tok, Aror) with p(xy) < riror but at which the e-canonical neighborhood
assumption does not hold, where r, — 0 as k — oo.

Omitting the subscripts for a moment, by Lemma |4.2.5| we can apply a point-picking
and find points T € By(zg,24r), t € [to — r5/2,t9] with p := p(T,t) < rry satisfying the
following: the e-canonical neighborhood assumption does not hold at (7, ), but it holds at
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all points in P with p < 5/2, where
_ _ _ 1 _
P={xc M, :d(xo(t),z) < di(zo(),T) +r 'p,t €[t — ZT_QﬁQ,t]}. (4.3.10)

The rest of proof is the same as [43| Prop 85.1(b)], in which we can extract a convergent
subsequence of (Py,gi(t),Tx) that converges to a k-solution. Then this contradicts the
assumption of Ty, for large k, and thus proves part (b).

Part (c) follows from (b) in the same way as [43, Prop 85.1(c)].
O

The following lemma is a corollary of Proposition [£.3.1(c). Given the curvature and
reduced volume bound at a single point, it provides curvature bound in a backward parabolic
neighborhood of this point.

Lemma 4.3.6. For any k > 0, there exists (k) > 0 such that the Jollowing holds: Let M
be a singular Ricci flow, xg € M, t(xg) = to. Suppose the reduced volume V, (1) > k, and
Mi>1,-1 is 1-positive.

If [Rm|(zg) < 1, then |Rm|(z) < r2 for all x € P(xq,r, —1?).

Proof. We will first show that |Rm|(x) < r=2 for all z € By, (xg,7). Then the assertion in
the theorem follows immediately from this by [43] Theorem 54.2], which gives upper bound
on curvature at earlier smaller balls, assuming lower bounds for the volume and curvature
in a ball.

For any € M, put p(z) = sup{r > 0 : |[Rm|(y) < r~2 for all y € By (z,r)}. Suppose
the assertion is not true. Then there is a sequence of singular Ricci flows M; and points
xo; € M, t(zo;) = to;, that satisfy the assumptions, but lim; . p(zo;) = 0.

By the reduced volume comparison theorem (see e.g. [43, Lem 78.11]), V.. (1) > &
implies that there exists </'(x) > 0 such that M, is x’-non-collapsed at zo; at scales less than
1. Rescale and do a time-shifting to the flows (M;, z¢;) to get a sequence of new flows, which
are still denoted by (M;, x¢;), such that in the new flows we have p(z¢;) = 1 and t(xp;) = 0.
So vol(By(xo;, 1)) > & > 0 for all 7.

By [43, Theorem 54.2], we can find C(k) > 0 such that |[Rm| < C in P(xq;, C~Y2, —C1).
So by applying Proposition M(C) and some distance distortion estimates, we can find a
smooth Ricci flow (U, goo(t), Too) (possibly incomplete), t € [—c¢,0], for some ¢ > 0, such
that there are diffecomorphisms ¢; : U — M, such that ¢;(z) = x¢; and lim;_, ||¢Fgi(t) —
Joo(t)|lcr@y = 0 for all k € N and t € [—c, 0], and By(7w, 2) is relatively compact in U.

By the 1-positive pinching assumption, we see that Rm(z,¢t) > 0 for all z € U and
t € [—¢,0]. Also, we have |Rm|(24,0) = 0, p(2s,0) = 1, and hence |Rm|(y,0) = 1 for some
y € U. However, this contradicts with the strong maximum principle, see e.g. [55, Theorem
4.18]. O
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Theorem is a immediate consequence of combining Lemma and Proposition
4.3.1{(c).

4.4 heat kernel for singular Ricci flow

Let M be a singular Ricci flow. We find a heat kernel H of M (Theorem [4.4.1]), such that
for any o € M, t(z) =ty > 0, H(xo, -) is a smooth solution to the conjugate heat equation
(=2 — A+ R)H(zo,+) = 0 on My, and it is a d-function at . We also find an adjoint
heat kernel H* with similar properties.

A key estimate is in Theorem [4.4.6, where we show that for any integer m > 1,
H(zg,z)R™(2) < Cpy (4.4.1)

holds for all x outside of a parabolic neighborhood around xy, where C,,, > 0 depends on m.
This indicates that H(x,-) is sufficiently small at points where the curvature is sufficiently
large. With this estimate we are able to show that the heat kernel of singular Ricci flow
shares many standard properties as the ordinary heat kernel for compact smooth Ricci flows.

For a compact Ricci flow, it is easy to see by an integration by parts computation that the
integral of its heat kernel in each time-slice is equal to 1, we show in Corollary that this
is also true for H. Moreover, by applying we show in Corollary the symmetry
between the heat and adjoint heat kernel, that is, H(z,y) = H*(y,z) for all z,y € M,

t(z) > t(y).

4.4.1 Construction of the heat kernel

Theorem 4.4.1. Let M be a singular Ricci flow. For any xy € M, to := t(xg) > 0, there
exists a function H(xo,-) : Micy, — R which is a smooth solution to the conjugate heat
equation (—2 — A+ R)H(zo,-) = 0 and

1. H(zg,z) > 0 for all x € M(xg), and H(zo,z) = 0 otherwise, where M(zo) is the

subset of all points that are accessible to xg.

2. limy xy H(xg, ) = gy, in the sense that

lim H(zo, x)h(z)diz = h(zo) (4.4.2)
t to M,

for all h € C2(M).
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3. Suppose M has normalized initial condition, and for some ro,T > 0 we have |Rm| <
192 on Py := P(xq,70,—72), and to < T. Then there exists Cy(ro, T) > 0 such that
H(iUO, ) < Co on My, — Po.

We say H is the heat kernel of M. The next theorem gives the existence of the adjoint
heat kernel H*. With some decay estimates of H at high curvature regions in next subsection,
we will show in Corollary that H is symmetric to H* in the sense that H(z,y) =
H*(y,z) for all z,y € M with t(z) > t(y).

Theorem 4.4.2. Let M be a singular Ricci flow. For any xy € M, t(zg) = to > 0, there
exists a function H*(xg,-) 1 M=y, — R which is a smooth solution to the heat equation

(2 — A)H*(z,-) =0 and

1. H*(zg,z) > 0 for all x € My=y, that is accessible to xy, and H*(xg,z) = 0 otherwise.

2. limy 4y H* (20, -) = 64,, in the sense that

lim H*(xg,x)h(x)dtx = h(xg) (4.4.3)
t\(to

for all h € C2(M).

3. Suppose M has normalized initial condition, and for some ro,T > 0 we have |[Rm| <
ro2 on Py := P(xg,70,72), and to < T. Then there exists Co(ro,T) > 0 such that
H*(z0,-) < Co on Mgy — Po.

For simplicity, we use the following variant of Perelman’s Ricci flow with surgery, in
which the surgeries are done slightly before singular times (the times where curvature blows
up), instead of exactly at them. This Ricci flow with surgery can be obtained with little
modification to that of Perelman’s. It is also constructed for complete manifold with bounded
geometry in [6].

Definition 4.4.3 (Ricci flow with surgery). A Ricci flow with surgery is given by
1. A collection of Ricci flows {(Mk X[t 6], g1(4) , where N < oo, My, is a compact
11

fr<ken
(possibly empty) manifold, t = ¢, for alll < k<N

2. A collection of isometric embeddings {¢y : Y," — Y1 f1<k<n Where Y, € M, and
Y1 C M1, 1 <k < N, are compact 3 dlmensmnal submanifold Wlth boundary.
The Yi’s are the subsets which survive the transition from one flow to the next, and
the Q,Dk s give the identification between them.
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We call each final time ¢, a surgery time. Let X," and X, 41 denote the interior of Y,
and Y, respectively for 1 < k& < N. We can associate a Ricci flow spacetime M to the
Ricci flow with surgery by taking M to be the disjoint union of

(M, x [t , 1)) U (X5 x {t}) (4.4.4)
for 1 < k < N, and removing the following subset
(M1 = X)) X {tpq} (4.4.5)

for all 1 < k < N (making identifications using the 1;’s as gluing maps).

Proof of Theorem[{.4.1. Let M; be a sequence Ricci flow with surgery spacetimes starting
from (M, g), with the surgery scale §; — 0 as i — oo. Then M; have the local control
required for the application of the spacetime compactness theorem in |44, Theorem 2.20],
and hence M; converges to the singular Ricci flow M as i — co. Assume zy; € M; converges
to x¢p when ¢ — oo. We shall construct smooth non-negative solutions to the conjugate heat
equation on each M; starting from z¢;, and then take a limit of them to obtain the desired
heat kernel on M.

Let M; be fixed below, and assume the compact Ricci flows that form M; are {(Mj x
[t t], 9k(+)) bi<ken, where £} = to; = t(xo;). We shall define u; on each of these Ricci flows
and then restrict it to M; to get a smooth function.

First, on My X [ty,t}), let u; be the ordinary heat kernel of (My, gn(t)) which starts
from (zg;, to;). Note that u; vanishes at (x,t) if x are not in the same component with xg;.
Then suppose by induction that u; has been defined on M; x [t} tj) for all j =k, ..., N such
that the following holds:

1. u; > 0 is a smooth solution to the conjugate heat equation on M, >t
2. u; vanishes at points that are not accessible to z¢; € M;.
3. [uy uwi(w,t)dx < 1forallt € [t;,t]), and j =k, ..., N.

J

Then we define u; on My_1 x {t;_;} by letting u;(z,t) |) = wi(x, ¢;) if x € X, |, and
ui(z, 67 ) =0if v € My_y — X;*,. Then for any (x,t) € My_1 X [t; 1,8 ), set

ui(z,t) = /X

where H(-,; -, ) is the ordinary heat kernel for the smooth compact Ricci flow (Mj_1, gp_1(t)),
t € [ty 1,t5 1. So u; is a smooth solution to the conjugate heat equation on Mj_; X

wi(y, b ) H(y, t_yi 2, t) dyr (4.4.6)

+
k—1
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[t 1t ) UXE x {tf |}, and hence it is smooth on M; > - Moreover, by (4.4.6) we
get for all t € [t ,,t ) that

/ l’ t dtl‘</ / y7 k; 1 H(y7t2_—l;'r7t)dt+ ydtx
M1 M1 o

(4.4.7)
_ (T
= /X;_l ul(y,tk_l) dtﬁqy <1.

It is clear that assumptions (1) and (2) also hold for j = & — 1. So by induction, we obtain
a smooth non-negative solution u; on M; which satisfies f Mi(t) wi(z,t)dir < 1, and u; =0
on M; — M;(xg;).

Next, suppose 7, T are the constants in assertion (3)). Then since (M, zy;) converges to
(M, z0), we have |[Rm| < 2r5? on Py; := P(xg;, 70, —r2) for all large 4. Since M, has the
normalized initial condition, the scalar curvature satisfies R > —6 anywhere on M;, see |43
Lemma 79.11]. So ; := u;e~(0~" satisfies

0

(—; — D) <0. (4.4.8)

Let I be the parabolic boundary of Py;, i.e.

I'= U 8Bt0i ((L’Oi, To)(t> U BtOi («TOiu To)(t()i - Tg) (449)

te [t()i 71“8 ,toi)

Then since f u;dyr < 1, we can apply the parabolic mean value inequality (see e.g. [28,
Theorem 25.2]) at any points in I', and hence find a constant C}(ro) > 0 such that @; < C}
on I

Suppose by induction that u; < C4 on Mz‘,[t;,to) — Py, for some k < N. Without loss of
generality, we may assume that to; — rg is a surgery time. Then if My_; x [t; .t ;) does
not intersect Py;, by the inductive assumption we can apply the maximum principle and get

; < Cpon M, ) Otherwise, apply the maximum principle on Ute[tk e 1)(Mk(zf) \
BtOi(xOZ, r0)(t)), whose boundary is contained in I". Then by inductive assumption and u; <
CyonI', we get u; <y on M, ) So by induction, @; < C holds on M ;4 — Poi-
Let C() = 01€6T, then U; S CO on Mi,t<toi - P()Z'.

Then applying the interior Holder estimate, we can bound the derivatives of u; in terms
of its C%-norm and the curvature norm nearby. So by passing to a subsequence, we may

assume that wu; converges smoothly to a non-negative smooth solution u to the conjugate
heat equation on M. It follows immediately that

u(z) < Cy (4.4.10)



CHAPTER 4. 3D RICCI FLOW WITH NON-NEGATIVE RICCI CURVATURE 66

for all x € M — Py, which proves assertion in the theorem.

Now we establish the properties claimed in Theorem [4.4.1, First, we show that u is
a o-function at xy. For large i, let ¢; be a cut-off function whose support is contained in
By, (20i,70), ¢ = 1 on By, (woi, %), and [V¢;| and |A¢;| are bounded above in terms of rq.
Here the derivatives and norms are considered with respect to g(ty;). By the choice of g,
there exists a universal constant ¢ > 0 such that $g(¢) < g(to;) < 2¢(t) for all t € [to;—crg, to;]
on By, (woi,70). So for all t € [tg; — cr, tg;), a direct computation using integration by parts
shows that there is a constant C' = C(ry) > 0 such that

)
ot /s

where we also used [, wi(z,t)dx < 1. Integrating this we get for all t € [to; — crg, toi)
that th (z0s.70) ui(z,t) dyx > 1 — C(tg; —t). Passing to the limit this implies
0i (Z0i,

wip; dyr = / —u; D gy der < [Agyi] < C, (4.4.11)
(w0i,70) Bty (z0i,m0)

to;

/ w(z)dix > 1—C(ty —t). (4.4.12)
(Bt (z0,70))(t)
Letting t 7 tg, we get
lim u(x) dyx = 1. 4.4.13
i [ (o) (4.4.13)

By a same argument we can show that limy ~, [,, u(x)h(x)dix = h(x), for all smooth

function A that has compact support. So u is a é-function at zy, which verifies assertion
in Theorem [£.4.1]

Now we verify assertion ([I)) in Theorem [£.4.1] First, the positivity of u on M(zo) is an
easy consequence of the Harnack inequality for parabolic equations. So it remains to show
that w vanishes on M — M(xy).

To show this, let y € M — M(xy), t(y) =t € [0,10). Since by [45, Theorem 6.3] the non-
singular times, at which the time-slices have bounded curvature, are dense, we may assume
without loss of generality that ¢ is a non-singular time. Otherwise, we can find a sequence
of non-singular times s; > ¢ that converges to t as k — oo, and y(s;) € M — M (zy). So M,
has finitely many connected components which are closed manifolds. Since y € M — M(xy),
it is easy to see that z((t) and y are in different connected components in M;.

Then by [44, Theorem 1.3], there is a sequence of time-preserving diffeomorphisms {¢; :

U; — M;}, where U; are open subsets of M such that given any , R > 0, if i is sufficiently
large then

Ui D {r € M :t(x) <tand R(z) < R}, (4.4.14)

and {¢?g;} converges smoothly on compact subsets of M to g. So M is contained in U; for
all large i and ¢;(M,;) is a finite union of closed manifolds. In particular, ¢;(zo(t)) and ¢;(y)
are in different connected components in ¢;(M;), which implies ¢;(y) € M; — M(zy;). So
u; vanishes at ¢;(y). Letting i — oo we get u(y) = 0. O
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The proof of Theorem follows along the same line as Theorem [4.4.1]

4.4.2 Further properties of the heat kernel

In this subsection we investigate more properties of the heat kernel in Theorem |4.4.1, The
first main result is Theorem [4.4.5] which is a semi-local maximum principle for the heat
kernel. Then in Theorem we derive from Theorem a polynomial decay estimate
of the heat kernel. Corollary [£.4.7] and [£.4.§] are applications of Theorem

The main ingredient in the proof of the semi-local maximum principle is the following
vanishing theorem of the Bryant soliton:

Proposition 4.4.4. (Vanishing theorem on Bryant soliton) Let (M, g(t)),t € R be a Bryant
soliton with tip xg € M, R(x¢,0) =1, and u(z,t) : M x[0,00) — R be a smooth non-negative
solution to the conjugate heat equation. Suppose there are constants C' > 0 and m € N
such that u(z,t)R™(x,t) < C for allz € M and t € [0,00).

Then u = 0.

Proof. Let C denote all the constants that depend only on the constants C' and m in the
assumption. Without loss of generality, it suffices to show u(x,0) = 0 for all z € M.

Let H(y,t;2,s), t > s be the heat kernel of (M, g(t)). Then the following holds for all
t>0

u(x, 0) = / H(y, t; 2, 0)u(y, £) dyy

— / H(y,t;x,0)u(y, t) dyy + / H(y, t;z,0)u(y, t) dyy (4.4.15)
d¢(y,20)<1 di (y,x0)>1
=1Z(t)+ J(1).

We shall show that Z(t) and J(t) converge to 0 as t — oo. First, to estimate Z(t) we
note that d;(y, o) < 1 implies R(y,t) > C~'. So it follows from the assumption uR™ < C
and the Bishop-Gromov volume comparison that

It)y<cC H(y, t;x,0)dyy < C sup H(y,t;z,0). (4.4.16)
di(y,x0)<1 dt(y,20)<1

By the Gaussian bound for heat kernel of a Ricci flow with bounded curvature in |16, Theorem
3.1], we have limy_,, H(y,t;x,0) = 0 uniformly for all y € M. So Z(t) — 0, as t — oo.

Next we estimate J (). Since d;(y,xo) > 1, it follows that C~1d;(y, z0) ™' < R(y,t) <
Cdi(y, o)™, which together with uR™ < C' implies

J(t) < C/ H(y, t;2,0)d" (y, zo) dry. (4.4.17)

di(y,z0)>1
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We claim that the following estimate holds for all (y,¢) such that ¢ is sufficiently large and
dt(ya ._'L'()) Z 1: )
d

H(y,t;x,0) < Cexp <—%) . (4.4.18)

Assume for a moment that the claim is true, and we use it to prove the proposition. For

any (y,t) such that ¢ is sufficiently large and d;(y,zo) > 1, we have d,(y,xo) > 1 for all

s € [0,¢] because of Ric > 0. Since R > C~' on By(zg,1) for any s € R, by the distance

distortion estimate we get

o~ ds(z0,y) 1
8—ds(:r0,y) < —/ Ric(o'(r), o' (r)) dr < —/ Ric(o’(r),0'(r)) dr < —C™', (4.4.19)
8 0 0
where o(r) is a minimizing geodesic from zy to y with respect to g(s). So this implies

ds(zo,y) > CH(t — ) (4.4.20)

for all s € [0,¢]. In particular, we have do(zg,y) > C~'¢, and for all ¢ > 2Cdy(zg,x) and
y € M such that di(zo,y) > 1 we have

ol ) 2 dofan,y) — do(z,20) = dolzo, )1 — ) > Loy, (a21)
substituting which into (4.4.18]) we get
H(y,t;x,0) < Cexp (—W) . (4.4.22)
Putting this into and using the Bishop-Gromov volume comparison theorem we get
J(t) < / Cexp <—M> dt(zo,y) doy < Ce™c. (4.4.23)
do(y,20)>C—1t Ct

Hence J(t) — 0 as t — oo. Therefore, by letting ¢ — oo, we obtain u(z,0) = 0.

Now we establish to finish the proof. Fix a pair (y,t) where t is sufficiently
large and d;(y,z9) > 1. The value of C' will be determined later. For any s € [0,1] and
z € Bg(y, 1), let £(z, s) be the reduced length from (z, s) to (y,t), and let 7 : [s,t] — M be a
curve such that 7| = y and 7|[; 9 is a minimal geodesic connecting y and z with respect

to g(0).

For 7 € [0,t — 5], we have R(y,t — 7) < Cd,*,(y, ) and d;_,(y, z0) > C~'7, and hence
R(y,t —7) < <. Fort € [t —2,t — 5], we have R(y(t —7),t —7) < C and |/|(t — 7) < C.
Putting these together we can estimate the L-length of ~:

o) = [ ViR [ VRRGE =)=+ 1P dr

t—2 t— (4.4.24)

C S

S/ \/F—dT—l—/ O\/FdTSC\/Z,
0 T t—2
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and hence r ’
sy = 228 o £O) (4.4.25)
2/t —s5 23/t —s
Recall the heat kernel lower bound by Perelman in [58, Corollary 9.5] we get:
. 1 —0(z,s) C
H(y,t;z,s) > P 3)3/26 > T (4.4.26)

for all s € [0,1] and z € Bs(y,1). So by the Bishop-Gromov volume comparison we get
C C
H(y,t;2,8)dsz > — > ——, 4.4.27
o M08 2 552 (47

for all s € [0,1].
Note by the multiplication inequality for the heat kernel in [40, Theorem 1.30] we have

(g Tt ([ 01200 < oo (HEGEEE).
(4.4.28)

So by substituting (4.4.27)) into (4.4.28) we get

(/Bs(m) Hy,t: 2, s) d5z> < Cdy(z,y)? exp (-%) < Cexp (-%) |

(4.4.29)
where we also used do(z,y) > C~'t > 4Cy for very large ¢, and hence

dy(x,y) =2 > Cdo(x,y) — 2 > (2C) " do (2, y). (4.4.30)

Integrating this for all s € [0, 1], and then applying the parabolic mean value inequality (see
e.g. [28]) to H(y,t;-,-) at (z,0), we obtain

di(x,y)

H(y,t;2,0) < C — e 4.4.31
(y, t;2,0) < eXp( ot ) ( )
which confirms claim (4.4.18]) and hence completes the proof. [

Proposition 4.4.5. (A semi-local Mazimum Principle) Given ro, T > 0, 72 < T andm € N,
there exist € = €(ro,T,m) > 0 and r = r(ro,T,m) > 0 such that for any ty € (r3,T) the
following holds:

Let M be a singular Ricci flow with normalized initial condition, H be the heat kernel.
Let zp € M, t(xg) = to > 0, and [Rm| < 152 on Py := P(xo,70, —72). Then for any
T € My, — Po with R(z) > r~2, there exists y € My, — Po with t(y) > t(z) such that

(4.4.32)

{H(xo,y) > (14+¢€)H(xg,x) and
H(wo,y) R™(y) = (1 + €)H (0, x) R™ ().
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Proof. Suppose the conclusion is not true, then there are sequences {e;} and {r;} both
converging to zero, and a sequence of Ricci flow spacetimes (My, gx(t)), Tox € My, tox =
t(xor), along with the heat kernels Hy, which together contradict the lemma at points zy €
M i<ty — Poks H(zg) = tg. This means that p(xy) < ry, and for any y € My 1«4, — Por with
t(y) > tg, we have either

ur(y) < (14 ex)up(zp), (4.4.33)

where u, = Hy(xqp, -), or
(ue R™)(y) < (1 + €x)(upg R™) (). (4.4.34)

This implies u(zx) > 0, and by item (1)) in Theorem we get 1 € My (zog).

Let po = min{3ro, 7., (T + 1)}, where 7, (t) is the canonical neighborhood scale func-
tion for singular Ricci flow with normalized initial condition in Lemma [2.2.10, and €.,, > 0

is sufficiently small. Let Py = P(xy, 2, é) C My, where n > 0 is from Lemma [2.2.5, Then
by Lemma [2.2.5| we have p < rg on Py for all large k. Seeing that p > ry on Py, it implies
that P, C Myi<t,, — Pok- Now rescaling the spacetimes in Py by R(zx) and shifting the
times t;, to 0, we get a sequence of Ricci flow spacetimes (Py, §i(s)s>0, (Tx,0)), where gi(s)
denotes the horizontal Riemannian metric. Since r, — 0 as k — oo, by Lemma we
may assume by passing to a subsequence that (P, Gr(8)s>0, (Tk, 0)) converges to a k-solution

(Mom goo<3)5207 (xoo, O))
Let tx(y) = ::(—%,3) for all y € P,. Then for all y € P, we have either

or

(@ R™)(y) <1+ ex. (4.4.36)

Then since R > 0 on (M, goo(S), Too), we deduce that @y has locally bounded C%-norm. By
Hélder estimate this implies that the C*-norm of 4y, is locally bounded bound for any & € N.
So by passing to a subsequence we may assume that 4, converges smoothly to a smooth
non-negative solution @ to the conjugate heat equation of the flow (Mu, goo(S)s>0, Too), and
(rx,0) = 1. Since ¢, — 0 as k — oo, we have that for all y € M, and s > 0 one of the
following holds

u(y,s) <1, (4.4.37)

: (@R™)(y,s) < 1. (4.4.38)

We claim that (Mu, goo(s)) is either a cylindrical solution (the standard solution on
S% x R, or its quotient by the map that is a reflection on R and an antipodal map on S?), or
the Bryant soliton. Using the classification result of non-compact r-solutions [8], it suffices
to show that M., is not compact.
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Suppose this is not true. On the one hand, by the compactness of M., for large k there
exists a diffeomorphism ¢y : Mo, — Uy such that ¢p(ro) = x, where Uy = ¢p(My) is a
connected component in My, 4, and z;, € Uy. Also, for any given § > 0, the following holds:

||Tl;2¢l:(gk(tk)) - goo(o)Hc[é*l](Moo’goo(O)) S 6 (4439)

On the other hand, since ug(zy) > 0 and by item in Theorem we see that
xp € My (zor). By the component stability theorem, [44, Proposition 5.32], for any ¢ < to,
the time-t-slice of My (o) is the connected component of My, that contains xo(t). So we
deduce that Uy, is equal to My (xor)(tx), which is the time-tx-slice of My (zox).

Since infy, R(+,0) > ¢ for some ¢ > 0, by (4.4.39)) we get
1
inf  R>—crp? (4.4.40)
M (zor) (tr)
for all large k. Then by the maximum principle for scalar curvature we get

1
R(xor) > inf R> —cri 2. 4.4.41
( Ok) T My(mor)(t>ty) k ( )

For sufficiently large k, this contradicts the assumption R(xqr) < 752. So M, must be
non-compact.

So first we suppose (My, goo(s)), s € [0, 00) is the Bryant soliton. Since the curvature is
uniformly bounded everywhere, if u(y, s) < 1 for some (y,s) € M, X [0,00), then

uly, s)R™(y,s) < C, (4.4.42)

where C' depends only on the curvature at the tip of (M, goo(0)). Combining with (4.4.38]),
we see that (4.4.42) holds at all (y,s) € My x [0,00). By the vanishing theorem, Proposition
m, we get U(Zo,0) = 0, contradiction.

Next, suppose (Ms, goo(s)), is a cylindrical solution with R(z,0) = 1. Then the flow
exists on |0, %), and R(y,s) > 1 for ally € M, and s € |0, %) So implies (4.4.37),
and hence u(y,s) < 1 for all (y,s) € M, x [0, %) Noting %(z,0) = 1, we can apply the
maximum principle at (2., 0) and get

0

(-5 —A)E=0, at (2a,0). (4.4.43)

This is impossible seeing that (—2 — A + R)i@ = 0 and (2w, 0) R(7s0, 0) > 0. O

Theorem 4.4.6. Given 19, T > 0, 72 < T, m € N, and K > 0, there exist C,, =
Cl(ro, T,m,K) > 0 such that for any to € (r3,T) the following holds:

Let M be a singular Ricci flow, and H be the heatl kernel. Let xg € M, t(zg) = to > 0,
and [Rm| < r5? on Py := P(x0,70, —12). Suppose (M, Kg(K~'t)) has normalized initial
condition. Then the following holds for all x € My, — Po:

H(zo,z)R™(x) < Cp,. (4.4.44)
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Proof. Let C,, = Cor=?™ where Cy = Cy(ro,T) is from item in Theorem and
r = r(ro,T,m) > 0 is from Theorem Let u = H(xg,-). It is clear that uR™ < C,,
for all the points in M;.,, — Po that satisfy R < r~2. We shall show that uR™ < C,, holds
everywhere on M;.y, —Pp. Suppose by contradiction that this is not true. Then there exists

Ty € My, — Py such that uR™(z;) > Cp, and R(zy) > r~2.

Suppose by induction that there are {xy} C My, — Po, tr = t(xy), k =1,2,..., N, such
that ¢, > tx_1, and the following holds for all k:

w(zg) > (14 e)u(rr_q), (4.4.45)

{uRm(xk) > (14 e)uR™(xk—1), and
where € = €(rg,7,m) > 0 is from Theorem {.4.5] Since uR™(xy) > uR™(z1) > Cp, it
follows from the definition of C,, that R(xy) > r~2. This allows us to apply Proposition
and get a point xy1 € My, — Po, t(xny1) = tyy1 > ty which together with zy
satisfies (3.2.16]). So by induction we get an infinite sequence {z)}72; which satisfies ([3.2.16)).
Then we can deduce from the second inequality in that u(xg) — oo as k — oo, which
contradicts item (3)) in Theorem [£.4.1] O

Corollary 4.4.7. Let M be a singular Ricci flow, and H be the heat kernel. Let xy € M,
t(xg) =t9 > 0. Then

H(xg,z)dixr =1, (4.4.46)
My

for all t € [0, tp).

Proof. Without loss of generality we may assume M has normalized initial condition. After
proper rescaling we may assume the assumptions in Proposition holds. It suffices to
show the claim for ¢t = 0. First, we fix some small dx > 0 and € < €., (d) from Lemma
2.2.6l Let n be from Lemma [2.2.5] Let m € N be greater than 1. We use C' to denote all
the constants depending on dx, 79,7, m and vol(My).

Let 0 > 0, whose value will be determined in the course of the proof. Choose a division
of [0,tg] by 0 =t; <ty < ... <ty = tg, such that t,,; —t; < §? foralli =1,..., N — 1, and
N <(ty+1)072<(T+1)5"%

Let A = A(d4), A = A(0x) > 0 be from Lemma [2.2.8, and assume 4 sufficiently small
such that rq := < 5T(T), where T(t) is the function from Lemma [2.2.10, Then we can
apply Lemma to My,,, and find a collection of central spheres {24}, of §x-necks
of curvature scale 7y, an open domain Q C M,,,,, whose boundary is a union of {¥;},°,
such that No < C, p > Arg = 2,/0 on Q, and p < Arg < C6 on My,,,, — €. So we have
Areay,,,, (02) < C'6% Moreover, by Lemma we see that /nd < p(x(t)) < Co for all
r € Qand t € [ty tair1]. So  survives until time ty;, and Area,(9Q(t)) < C62.
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Let u(z) = H(zg,x). Applying Theorem on 9Q(t) and using the interior Holder
estimate, we get |Vu| < €521 on 00(t). Let t € [ty ta;ir1], then

2/ w(z) dyr = / —Au(x) dyx = / 8—1_{ dS < C -2 (4.4.47)
ot Jow Q(t) o0 On

where 77 is the inwards unit normal vector field on 9€(¢). Integrating this on [to;, te;11], we
get

/ uw(x) dpy,x > / u(x) dyy,,, v — CS*™. (4.4.48)
Q(tzi)

Q

Also, applying Theorem on My, , — €2 and using vol(My,, ) < C, we get

/ u(r) dyy,, v < C6™, (4.4.49)
M

12541 -

which combining with (4.4.48)) gives

I,

Note limy ~, u(x) dyx = 1, by induction we have

U(I) dtm‘x Z / U(ZL‘) dt2i+lx - C(st' (4450)
Mt2i+1

t2

/ u(z)dor >1—CN&™ >1—C(T + 1)6*" 2. (4.4.51)
Mo

Letting 6 — 0, the conclusion follows immediately. O]

Corollary 4.4.8. Let M be a singular Ricci flow, and H be the heat kernel. For any xqg € M,
t(zo) > 0, let f be a smooth function on M(x¢) such that H(zg,z) = (4n(ty — t))~3/2e~ @
for all x € M(xy), where t = t(z). Then

v=[(to — )2Af — VI +R) + f — n]H(xo,-) < 0. (4.4.52)

Proof. Since H(xg,x) > 0 for all x € M(zy), we see that f is well defined. Suppose the
assertion does not hold. Then without loss of generality we may assume that there exists
x1 € My such that v(z;) > 0. Let hg > 0 be a smooth function on My which is supported
in a neighborhood of x; in which v > 0, and hg(x;) > 0. Then fMo hovdoxr > 0. In the
same way we constructed u, we can find a smooth and bounded function h > 0 on M with

h(z) = ho(z) for all 2 € My, which solves the heat equation (2 — A)h = 0.

Since (—% — A+ R)v <0, see e.g. [43, Prop 29.5], for any open domain Q@ C M, with
smooth boundary, we have

0 Ooh ov
— | = < — — — . 4.4.
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Applying Theorem in the same way as Corollary £.4.7, we get

/ hvdyr < lim hv dgx (4.4.54)
Mt S/to Ms

for all t € [0,1). It was shown in [57] that fMt hv dyx approaches to zero as t goes up to tg.
So (4.4.54]) implies f./\/lo hv dyzr < 0, a contradiction.

]

As another corollary of Theorem [4.4.6, we establish the symmetry between heat kernel
and adjoint heat kernels on singular Ricci flow, as well as a semigroup property of the heat
kernel.

Corollary 4.4.9. (Symmetry and semigroup property of the heat kernel) Let M be a singular
Ricci flow and H, H* be the heat kernel and adjoint heat kernel in Theorem |4.4.1 and|].4.2.
Then for any x,y € M with t(x) > t(y) we have

H(z,y) = H"(y, z), (4.4.55)

and for all t € (t(y), t(x)) we have

H(z,y) = y H(z,z) H(z,y)d;z. (4.4.56)

Proof. Note that for any open domain €2 C M; with smooth boundary we get by computation

0 . . . B LOH OH*
a/QH(m,z)H (y,z)dtZ—/Q(—H AZH—I—HAZH)dtZ—/aQ (H o7 H 0ﬁ) d;S.

(4.4.57)
Hence, applying Theorem [4.4.6| as in Corollary we get that [ H(v,z) H*(y, ) diz is

constant in ¢. Using (4.4.2)) and (4.4.3), we see that H*(y,z) and H(z,y) are the limits of
fMt H(xz,2) H*(y,z) dyz as t /' t(x) and t \  t(y). So we have

H*(y,x) = H(z,y), (4.4.58)

from which (4.4.56|) follows immediately. O

4.5 Pseudolocality theorem on singular Ricci flow

In this section, we generalize Perelman’s pseudolocality theorem for compact Ricci flows
to singular Ricci flows. The main ingredient is the heat kernel in Section [4.4] especially

Corollary [£.4.7 and [£.4.8]
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Theorem 4.5.1. (Pseudolocality theorem) For every a > 0 there exists §, € > 0 with the fol-
lowing property. Let (M, g(t)) be a singular Ricci flow and xy € My, for some to > 0. Sup-
pose R > —1 on By, (x¢,2), and for any Q C By, (xo,2) we have vol(02)> > (1 —§)czvol(Q)?,
where c3 is the Euclidean z'sopem'metm'c constant at dimension 3. Then ¢y, 1o+ Be(@o(t). €)
is unscathed, and |Rm|(z) < o T € =2 holds for all x € Usciro to+e2) Be(o(t), €).

Corollary 4.5.2. Under the same assumption as in Theorem [{.5.1 Assume furthermore
that |Rm| < 1 on By, (x0,2). Then there is 1o > 0 such that P(zq,70,73) is unscathed and
IRm| < 752 on P(xg,70,73).

Proof of Corollary[4.5.3. The corollary follows immediately from Theorem and a local
curvature estimate, see e.g. [20, Theorem 3.1]. O]

As the proof has a lot in common with that of Perelman’s pseudolocality theorem, we
will focus on the differences, especially the places where the generalized heat kernel comes
into play, see |43 Section 30-34] for details of the parts which we are brief about.

Proof. Without loss of generality, we assume ¢ty = 0, and o < 300 Suppose the assertion is
not true. Then there are sequences ¢, — 0 and ¢ — 0, and pointed singular Ricci flows
(M, (zok, 0), gx(+)) which satisfy the hypotheses of the theorem but for which there is a
point zy, in the unscathed set Ute[(],ez] By(zok(t), ex) with |[Rm|(zy) > at, ' +¢€,% By reducing
€x if needed, we may also assume that

Rm|(z) < at, ' + 26,7, (4.5.1)

for all z € U, 62] Bi(xox(t), ). We abbreviate di(zok(t), z) as d(z,t).

Let Ak = 300 %.
Py = UtE[O,ek Bt(xok( ), (2A) + 1)€x) is unscathed. Then by a point-picking we can find an

. We say a point y is an a-large point if |[Rm|(y) > First, suppose

a-large point Ty € Py, t(T),) = &, such that

|[Rm|(y) < 4|Rm|(Zy) := 4Qy, (4.5.2)

holds for all a-large points ¥, t(y) = s, with s € (0 fk] and d(y, s) < d(fk,ik)+AkQ;1/2 By a

distance distortion estimate we can show that (4.5.2)) also holds on P(xk, AkQ,Zl 2, ——a ,;1/2).

Next, suppose Py is scathed. They by Lemma 4.2.5, we can also find an a-large point
T) € Py so that for large k, holds on P(7y, 10AkQ_1/2, 1a ,;1/2).

Let Hy be the heat kernel of My, whose existence is given by Theorem . Let
uy, = Hy(Ty, ) and fi be such that u, = (4n(fy — 1))/, and vy be defined by (4.4.52).
The following lemma says that a local integral of v, has a negative upper bound at some
time earlier than #y.
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Lemma 4.5.3. ([43 Lemma 33.4]) There is some B > 0 so that for all sufficiently large
k, there is some t), € [t; — anl,Ek with fB v dVi, < —f, where By, is the time-t;, ball of

radius \/ty — ty centered at Ty (ty,).

We drop the subscript k£ for a moment and consider a fixed My for k large. Let ¢ be
a smooth non-increasing function on R such that: ¢ is 1 on (—oo, 1] and 0 on [2,00), and

@" > —10¢ and (¢')? < 10¢. Put h(y) = ¢ (d(y,t(y)ig—j[zo t(y)) on M,<.. Then

0 1 300 1,
Gt = "= Toae (dt Ad \[) - (042" (4:5.3)

By (4.5.1) and Lemma we get
300

di = Ad+ T 20, (4.5.4)
for all points y, t = t(y), such that d(y, ) > € > +/t. In particular, if ¢’ (%[) # 0,
then 9Ae < d(y,t) < 20Ae, and hence ) holds at the point. So we have
0 —" 10¢

(5t == G040z = Goaoe (4.55)

First, for any open domain 2 C M; with smooth boundary, we can compute that

0 0 ah Gu

where 7 is the inwards unit normal vector field on 9Q. By [{5.5), h < 1, |[VA| < 12, and
a same argument as in Corollary [£.4.7 using Theorem | we get

t
hud V| > /hud 74— >1—- A2 (4.5.7)
/ t t=0 t i (Ae)?
Similarly, by using (=0, — A + R)v < 0 we get
0 oh ov
— [ —hvd,V < — h| d;S. 4.5.8
at/Q v —/m<aﬁ” Gn)t (4.58)
Suppose t is not a singular time, this implies
0 10
—hvd —hvd 4.5.
= / vV < s / v,V (4.5.9)
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and hence

—t
—hvd,V > — —hvd,V
/ v t:o—eXp<1o<Ae>2>/ v

Also, replacing the function h by h(y) = ¢ <d(y’t(y));jfo Y t(y)) , we can show for some constant
C >0,

(4.5.10)

t=t

>(1-A?) /—hv A

t=t

/ udV >1—-CA2 (4.5.11)
Bo(z0,10A¢€)

By some distance distortion estimates and Lemma we can establish the following
inclusion

Bi(7(t), V't —t) C Bi(zo(t),9Ae). (4.5.12)
Since h(-,t) = 1 on Bi(z(f),94¢) and v < 0, Lemma implies [ —hvd,V|,_; > 8.
Hence by (4.5.10) we get
/—hvdtV

Let @(z) = h(z)u(z) for all z € My, and define f(z) by @ = (27)"5e /. Then a direct

computation shows

> B(1— A7), (4.5.13)

t=0

S ~ - hl|?
/ ChodoV = [ (“EVFP = F+3)adeV +/ <t ('Vh ®_ Rh) - hlogh> wdyV.
Mo Mo Mo

(4.5.14)
By (4.5.11) and —hlogh < 1 when h < 1, we have
/ —uhlogthV:/ —uhlog h dyV g/ udoV
Mo Bo(%0,20A¢)—Bo(x0,10A¢€) Mo—Bo(z0,10A¢€) (4 5 15)

§1—/ udyV < CA2.
Bo(z0,10A¢€)

Seeing also that |V}’Z\2 < (10112 s, and R > —1 on By(xg,20A¢€), we can bound the second

integral in (4.5.14]) above by (1 + C)A~2 + €%, This combining with (4.5.13]) implies

81— A™2) < /M AV = F 4+ 3)adV + (1+C)A2 + ¢ (4.5.16)

Put g = %g(O) = (2f)24@, and define f by u = (2m)~ 3. Restoring the subscript &,
then uy, are supported in Bo(x[)k, , and by ([£.5.7) we get

lim U dVi, = 1. (4.5.17)

k=00 J By (zok,2)
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Moreover, (4.5.16|) implies the following for large k,

1 1~y = S
Bo(zok,2)

This contradicts with the isoperimetric inequality in the assumption.

4.6 Generalized singular Ricci flow

4.6.1 Generalized singular Ricci flow: the definition and
properties

In this subsection, we give the definition and some properties of the generalized singular
Ricci flow.

Definition 4.6.1. Let (M, g) be a Riemannian manifold. For any x € M, let
p(x) = sup{r > 0: B,(z,7) is relatively compact and [Rm| < r~2 on B,(z,7)}.

Recall p = R;I/ 2, it’s clear that cop < p for some universal constant cq > 0.

Definition 4.6.2. We say a Ricci flow spacetime M is backward (resp. forward) 0-complete
if each time-slice of M is 0-complete (see Definition 2.1.10)), and for any smooth curve
v :[0,50) = M, which is the integral curve of —0; (resp. 0;), and satisfies infy 5,y p(v(s)) > 0.
Then limg_,, 7(s) exists.

Definition 4.6.3. A generalized singular Ricci flow is a Ricci flow spacetime (M, g(t)),
which satisfies:

1. My = M is a complete orientable manifold.
2. ¢(t) satisfies the Hamilton-Ivey pinching condition ([2.1.4)) with ¢ = oc.
3. M is forward 0-complete, and weakly backward 0-complete.

4. For any xy € M, there exist N € N and a sequence of points {xj}j»vzo with t(x;) = t;,
such that ty > t; > --- >ty = 0, x; survives until ¢;,4, and z;(t;41), 2,41 are in the
same connected component in My, _,.

5. For any xy € M surviving on [t,to] for some t; < to, and any A, €., > 0, there is
r > 0 such that the €.,-canonical neighborhood assumption holds at scales less than
r on By(xo(t), A) for all t € [t1, o).
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Definition 4.6.4. A semi-generalized singular Ricci flow is a Ricci flow spacetime (M, g(t), zo)
with (M) = [0, 1) for some ¢y € [0, 00], and z¢ € My, which satisfies the following proper-
ties:

1. xo survives until ¢ for all ¢ € [0, ), .
2. g(t) satisfies the Hamilton-Ivey pinching condition ([2.1.4) with ¢ = co.

M is weakly backward 0-complete.

M, is connected for each t € [0, ).

AR B

For any t; € [0,%y), and any A, €., > 0 there is r > 0 such that the €.,-canonical
neighborhood assumption holds at scales less than r on By(zo(t), A) for all t € [0, ¢4].

For a singular Ricci flow, it’s obvious that it satisfies property in Definition
. It also satisfies property there, because by [44, Theorem 7.1] there are at most
countably many points in each time-slice that can not flow back to initial manifold. So a
singular Ricci flow is a generalized singular Ricci flow.

Moreover, let M be a singular Ricci flow, g € M. Suppose xq survives on [0,tg) for
some o € [0,00], and let My, = g ;) U450 Bi(2o(t), A). By the component stability [44,
Prop 5.17], the connected components are preserved when going backwards in time, it is
clear that M, is a semi-generalized singular Ricci flow.

The following properties can be derived directly from the definition of the semi-generalized
singular Ricci flow.

Lemma 4.6.5. Let (M, g(t),xo) be a semi-generalized singular Ricci flow on [0,ty). Let
t € (0,t), then

(i) For any A > 0, the scalar curvature is proper on By(zo(t), A).

(ii) For any A > 0, there exist Q,C > 0 such that for any v € By(xo(t),A), letting
Q = max{Q, R(z)}, then R < CQ in P(x,(CQ)~Y2, —(CQ)™"), which is contained in
Use[o,t] By(zo(s),24).

Proof. For any C' > 0, consider the subset K := By(xo(t),A) N{y € M : R(y) < C},
equipped with the metric induced by the length metric on B;(z(t), A). On the one hand,
Lemma [£.2.1] implies that By(zo(t), A) is totally bounded. So K is totally bounded. On the
other hand, by the gradient estimate there exists ¢ > 0 such that for any x € K, the ball
Bi(x,c) is unscathed and R < 2C in By(x,c). From this it is easy see that K is complete as
a metric space. So K is compact, which established (i).

For any A > 0, by the gradient estimate, and the distance distortion estimate, and
seeing that M is weakly backward 0-complete, we can find Q,C > 0 such that (CQ)™! <
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t/2, and the following holds: For any = € Bi(wo(t), A), Q = max{Q, R(r)}, = survives on
[t —(CQ)~1,t], and R < OQ in By(x(s), (CQ)~'/?), which is contained in B,(xo(s),2A4). By
another distance distortion estimate this implies assertion (ii).

]

The next proposition says that the connected components of a Ricci flow spacetime
are preserved when going backwards in time, assuming the spacetime is weakly backward
0-complete and satisfies a distance-dependent canonical neighborhood assumption. In par-
ticular, this component stability holds for generalized singular Ricci flows.

Proposition 4.6.6. (Component stability when going backwards in time) Let M be a Ricci
flow spacetime, xo,x1 € My, for some t; > 0. Suppose that M is weakly backward 0-
complete. Suppose both g, x| survive until some ty < t1. Suppose also for any A, €qqn > 0
there exists r > 0 such that the €.qy,-canonical neighborhood assumption holds in By(xo(t), A)
at scales less than r for all t € [ta,14].

Suppose xy,x1 are in the same connected component of My,. Then xo(ts), x1(ts) are in
the same connected component of My,.

Proof. Without loss of generality we may assume that zo(t), z1(¢) are in the same connected
component of M, for all ¢ € (t5,t;]. Put

po = min{[inf pxo(t)), [tizr}tfl}ﬁ(xl(t)), 1} > 0. (4.6.1)

t2,t1]

So by the distance distortion estimate we can find A > 0 such that d;(xo(t), z1(t)) < A for
all t € (fa,#1]. Fix a small 6 > 0 and let Cy(d) > 0 and €, (0) > 0 be from Lemma [2.2.6]
Choose some 7 € (0,Cy L po) such that the €.,-canonical neighborhood assumption holds in
By(zo(t),6A) at scales less than 47 for all ¢ € [ta,t1]. We may also assume t; — ty < ¢ for
some ¢(7, A) > 0 whose value will be determined in the course of the proof.

By Lemma [4.2.2] there exists a minimizing geodesic o : [0, 1] — M, between xy and z;.
Choose a division of [0,1] by 0 = ap < a3 < ... < oy, = 1 such that one of the following two
cases holds for each ¢ =0,1,....m — 1:

1. p(x) > 7 for all x € 0; := o([av;, Ai11));

2. p(z) < 27 for all x € o([ay, a;41]), and p(o(ey)) = p(o(aiyq)) = 2T.
Next, suppose by induction that for o;_1, i > 1, the following assumptions hold:

(a) o;_1 survives backwards until t5.

(b) 0;_1(t) C Bi(zo(t),6A) for all t € [to, 11].
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Suppose o; satisfies case (1) and assume ¢ sufficiently small. Then by the gradient estimate,
the distance distortion estimate, and the weakly backward O-completeness of M, we get
that (a)(b) hold for ;. In particular, (a)(b) hold for y. So we can assume o; satisfies case
(2), i > 1. Let t3 be the infimum of all times t € [t9,t;] such that o; survives until ¢, and
oi(s) C Bs(xo(s),64) for all s € [t,14].

First, since 7 < Cy 'py and o is a minimizing geodesic, it follows from Lemma that
y1 = o(q;) and yy := o(a;41) are both centers of d-necks. Taking ¢ small, then by the
gradient estimate we have for all t € (¢3,¢] that p(y.(t)), p(y2(t)) € [F,47], and p(z(t)) < 4T
for all x € 0;. Since the €.,,-canonical neighborhood assumption holds in By(x(t),6A) at
scales less than 47, by Lemma that yy(t), y2(t) are centers of 26-necks when c¢ is taken
sufficiently small. Moreover, by [55, Proposition 19.21] we know that o;(¢) is contained in a
2)-tube or a capped 2J-tube. Since y;(t),y2(t) are the centers of 2§-necks, it is easy to see
that o;(t) is contained in a 20-tube. Then the evolution equation of scalar curvature implies
O:R(z(t)) > 0 for all x € 0; and t € (t3,1]. Therefore, o; survives until ¢3.

Next, for any t € [t3, t1], let T; C M, be a 2§-tube that contains the 1007-neighborhood of
oi(t), and let c?t denote the length metric induced by g(t) in 7;. Then for any 21, 22 € 0;(t),
c/l;(zl,zQ) is realized by a smooth geodesic in 7;. Let ~; be such a minimizing geodesic
connecting y1(t) and y5(t). Then all the second variations along =, are non-negative since it
has the minimal length among all smooth curves in a neighborhood around it. So a distance
distortion estimate as Lemma [2.3.1] shows

Oude (3 (1), (1)) = ~CT ", (4.6.2)
for some universal constant C' > 0. Integrating this and taking c¢ sufficiently small, we get
Ar(y1(8), 92(t)) < oy (1, 42) + O (11— 1) < 24, (4.6.3)
Moreover, since p(z) < 47 for all = € o;(t), by the triangle inequality we get
dy(yr (), ) < dy(y1 (), y2(£)) + 10 - 2 - 47 < 3A. (4.6.4)

By the distance distortion estimate we get d;(xo(t),y:1(f)) < 2A and
dy(z, 20(t)) < dy(o(t), 11 (1)) + (1 (t), 2) < 2A + dy (11 (t), z) < BA. (4.6.5)
So 0;(t) C Bi(xo(t),6A) for all ¢ € [t3,t;]. By the infimum assumption of t3, we get t3 = ts.

Hence (a)(b) hold for ¢;. So by induction the entire o survives backwards until ¢,. It follows
that xo(t2), 1 (f2) are in the same connected component of My,. O

The following corollary of Proposition [4.6.6| gives the relation between a semi-generalized
singular Ricci flow and a generalized singular Ricci flow.
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Corollary 4.6.7. A Ricci flow spacetime (M, g(t)) is a generalized singular Ricci flow if and
only if it satisfies property mn Deﬁmtion and for any xo € M, which sur-
vives on [t1,to), let My = Uscr, 1) Uaso Be(zo(t), A), then (My,, o) is a semi-generalized
singular Ricci flow.

Proof. The ‘if” part is obvious by the definitions. For the ‘only if’ part, we need to show
M, is a semi-generalized singular Ricci flow. It suffices to show M, is weakly backward
O-complete. Let x € M,, be an arbitrary point. Suppose t(z) = t1, z survives on (ts, ;] in
M, for some t, < t1, and infyc(4, 4, p(2(t)) > 0. Since M is weakly backward 0-complete,
z(ty) = limpy, x(t) exists. By Proposition [1.6.6] z(t;) € My,. So M,, is weakly backward
0-complete. O

4.6.2 Compactness and existence theorems

First, we show a compactness theorem which gives a criterion for a sequence of singular Ricci
flows to have a subsequence that converges to a semi-generalized singular Ricci flow. Then
we apply the compactness theorem to show the existence of generalized singular Ricci flows.

Definition 4.6.8. (Partial convergence) We say a sequence of Ricci flow spacetimes (M;, G;)
partially converges to a Ricci flow spacetime (M, G) if the following holds: There is a
sequence of diffeomorphisms ¢; : U; — V; C M;, where U; and V; are open domains in M
and M; respectively, such that given any compact subset K C M, k € N and ¢ > 0, we
have K C U; for all large i, and ||¢;G; — G||lcrx,e) < €.

Let 2o € M and x¢; € M;. We say the sequence of pointed spacetimes (M;, xq;) partially
converges to (M, xg), if xg € U;, xo; € Vi, and ¢;(xg) = xo;-

Theorem 4.6.9 (Compactness theorem). Let {(M;, zo;)}32, be a sequence of singular Ricci
flows, xo; € M, t(xo;) = to;. Suppose

(a) For some 19 > 0, xo; survives until to; + 12, and |Rm| < 752 on P(xg;, 70, 72).

(b) For any €can > 0 and A > 0, there exist 7(A, €can) and k(A) such that the €.un-
canonical neighborhood assumption and the k(A)-non-collapsedness hold at scales less
than r(A, €can) in Bi(woi(t), A) for all t € [to;, to; + 73]

(¢) For any A > 0, there is C(A) > 0 such that for all m € N and m < A, we have
|IV"™Rm|(x) < C(A) for all x € By,,(x¢;, Arg).

Then there exists a semi-generalized singular Ricci flow (M, xg) on [0,73), o € Moy,
such that a subsequence of (M t>t,,, Toi) partially converges to (M, xy).
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Proof to Theorem[4.6.9. We may assume to; = 0 and 79 < 1 without loss of generality. Let
dg, be the length metric on M; induced by the spacetime metric G;. For any A > 0, restrict
the metric dg, on the subset

Pi(A) = | Bilzoi(t),A) N{z € M;: Rm|(z) < A%}, (4.6.6)

te[0,r2)

Then the diameter of every (P;(A),dg,) is bounded above by 2(A + r2). Moreover, the
following lemma shows that they are uniformly totally bounded.

Lemma 4.6.10. For any A,e > 0, there exists N = N(A,€) € N such that for all i, any
e-separating subset in (Pi(A),dg,) has at most N elements.

Proof. On the one hand, by a combination of assumption (b), the gradient estimate and the
distance distortion estimate, we may assume that e is sufficiently small (depending on A)
so that the following holds: First, for any = € P;(A4), t(x) > €/8, the backward parabolic
neighborhood P(z,€/8,—(¢/8)%) is unscathed and contained in P;(2A4). Second, for any
x € P;(A) with t(z) < €/8, x survives until 0, and x(0) € P;(2A). Furthermore, there exists
c(A,€) > 0 such that

volg, (P (z,€/8, — (6/8)2)) > c(A,e€). (4.6.7)

On the other hand, assumption (b) allows us to apply Lemma on each time-slice
M, and deduce that By(zo;(t),2A) is uniformly totally bounded, and there is a constant
v(A) > 0 such that

volg, 1) Be(x0i(t),24) < v(A) (4.6.8)

for all ¢ and ¢ € [0,77). Integrating this we get
3
vole, (Ps(24)) < / voly oy By(zoi(t), 24) dt < v(A). (4.6.9)
0

Now suppose {x;}ni, is an e-separating subset of (P;(A),dg,), and t, = t(zy). Let
{2y, 3-];1 be all x;, with t; < ¢/8, then each z; survives backwards until 0 and x,(0) €

Bo(xoi,2A). Since dg, (v, zr,) > € for any j # [, by the triangle inequality, {xy, (O)}JJ":1
is an 3e¢/4-separating subset of By(zo;, 24). Since By(xg;, 2A) is uniformly totally bounded,
there is C'(4, €) > 0 such that J; < C. Therefore, in order to bound N; we may assume that

t, > ¢/8 for all k.

Then each P(xy,€/8, — (¢/8)°) is unscathed, and dg, (zx,y) < €/8 + (¢/8)% < €/4 for all
y € P(xy,e/8,—(e/8)?). Since dg,(xx,x;) > € for any k # j, by the triangle inequality,
we see that P(xy,e/8, —(€/8)?), k = 1,2,..., N;, are pairwise disjoint. Therefore, combining
and (4.6.9), we conclude that there is N(A, €) > 0 such that N; < N(A,e) for all i.

]
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Now since (P;(A), dg,) have uniformly bounded diameter and are uniformly totally bounded
for all 7, by Gromov’s compactness theorem [59, Proposition 44|, we may assume (P;(A), dg;,, o;)
converges to a metric space (X (A),da, o) in the pointed Gromov-Hausdorff sense. Since
for any A; > As, (Pi(A2),dg,, xo;) isometrically embeds into (Pi(A1),dg,, o), we get
(X(Az),da,, o) isometrically embeds into (X (A1), da,,xo). Let (X,d) = (J,o0(X(A),da),
and N; = [J,ooPi(A) € M,, then (N, dg,,x0;) converges to (X,d,zp) in the pointed

Gromov-HausdorfT sense as i — 0.

Let x € X, and suppose = € X(A) for some A > 0. We say z is a smooth point if there
are a 0 > 0, and a sequence of points z;, € P;, (A) with |Rm|(z;,) < =2 converging to =
(modulo the Gromov-Hausdorff approximations). By Lemma , the canonical neigbor-
hood assumption in P;, (A), and the gradient estimate, we can find § = §(6, A) such that

IRm| <3~ in P(xy,,0, 3N t ' ([toi, , toi, + r2]). Moreover, by the non-collapsing assump-
tion in P;, (A) and Corollary of the Pseudolocality theorem , we get [Rm| < 5

in P(z;,,9, 32) with a possibly smaller 6. Let U(x;,,0) = P(x;,, 3, —1—1152) U P(z;,, 4, }132) N
t 1 ([toi, , toi, + 73]), then by Shi’s derivative estimate and assumption (c), we get uniform
bounds on the derivatives of Rm in U(z;,,0). So we obtain a smooth limit of U(z;,,d) in
the Cheeger-Gromov sense by passing to a subsequence. This defines a Ricci flow spacetime
metric in a neighborhood of z in X, which is isometric to that on X by the uniqueness of
the Gromov-Hausdorff limit.

Let Xy C X be the set of all smooth points. Then we obtain a global Ricci flow spacetime
metric on Xy, denoted by G, = dt* + g(t). In particular, P(zo;,70,73) converges smoothly
to P(xg,79,75) C Xo. Moreover, by a standard gluing argument (see e.g. [59, Theorem 72])
we get a sequence of diffeomorphisms under which a subsequence of M; partially converges
to X, in the sense of Definition [4.6.8|

It implies that for any €..,, A > 0, there exists r(A, €.4,) > 0 such that the €.,,-canonical
neighborhood assumption holds at scales less than 7 in X(A) N Xy. Furthermore, for any
A,C > 0, there exists ¢ = ¢(A,C) > 0 such that for all z € By(zg(t), A) C N; with
|IRm|(z) < C, the backward parabolic neighborhood P(z,c, —c?) in N; is unscathed. So for
all z € X(A) N X, with [Rm|(z) < C, the region P(z,c, —c?) in Xy is unscathed. From this
it is easy to see that X is weakly backward 0-complete.

Let M = Ute[o,rg) Uuso Be(xo(t), A) be a subset in Xy. Then M is a smooth Ricci flow
spacetime with connected time-slices, and a subsequence of M; partially converge to M.
It is clear that M satisfies property in Definition . Moreover, applying
Proposition to Xy, we see that M is also weakly backward 0-complete and hence
satisfies property . This proved Theorem m O

The next lemma shows that the convergence of the initial manifolds implies the conver-
gence of the singular Ricci flows to some semi-generalized singular Ricci flow.
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Lemma 4.6.11. Let (M,, g;i(t)) be a sequence of singular Ricci flows. Suppose for some
t1 > 0 and xo; € M,y,, the sequence of time-slices (M, 9i(t1), o;) smoothly converges to
a 0-complete manifold (M, g,xo). Then there exists a semi-generalized singular Ricci flow
(M, g(t), z0) on[0,to) for somety > 0, such that My = M and a subsequence of (M, 1>t,, Zo;)
partially converges to (M, xg). Moreover, ty can be chosen to be equal to oo, or such that
infjo 1) p(w0(t)) = 0, d.e. limsup, ~, [Rm|(zo(t)) = oco.

Proof. Without loss of generality we may assume t; = 0. On the one hand, by Corollary
of the pseudolocality theorem [£.5.1], there exist 7o,y > 0 such that for all large i the
domain P(xg;,70,t9) C M, is unscathed and |[Rm| < 752 holds there. Moreover, for any fixed
A > 0, there exists t4 € (0,ty) such that the geometry P(xo;,2A,t4) C M, is uniformly
bounded for all large ¢. By a distance distortion estimate this implies the uniformly bounded
geometry on (o, Be(20i(t), A) C M, for a possibly smaller 4.

On the other hand, for any t € (ta,%o), by Proposition there are constants r, k > 0,
such that the €.,-canonical neighborhood assumption and the x-non-collapsing assumption
hold at scales less than r in By(xo;(t), A). So by Theorem there is a subsequence of
(M, xo;) which partially converges to (M, xo).

If infjo4,) p(z0(t)) > 0, then by Lemma we have infjg ;) p(20(t)) > 0. So there exist
k',r" > 0 such that M is x’-non-collapsed at z((t) at scales less than 7’ for all ¢ € [0, ).
Repeating the above argument at ¢ sufficiently close to to, we can extend (M) to [0, ¢1) with
t1 > to. So we may assume infg ) p(20(t)) = 0 or ty = oo. O

Theorem 4.6.12. (Ezistence of a semi-generalized singular Ricci flow) Let (M, g) be a 3d
orientable complete Riemannian manifold, xy € M. Then there exists a semi-generalized
singular Ricci flow (M, g(t),zo) on [0,ty) for some ty > 0 with My = M.

Moreover, if M is the double cover of a non-orientable manifold, and o : M — M s
the corresponding deck transformation which acts as an isometry. Then there is a semi-
generalized singular Ricci flow M with My = M such that o extends to an isometry on M,
which acts free on the open domain {x € M : & survives until t = 0}.

Proof. Let (M;, g;,x;) be a sequence of compact manifolds which smoothly converges to
(M, g,x0), and (M;, gi(t), z;) be a sequence of singular Ricci flows starting from (M;, g;, ;).
Then the first assertion follows from applying Lemma to (M, ¢i(t), z;). It only remains
to establish the assertion about the Zs-symmetry. For this we assume (M, g,z) is the
double cover of a non-orientable manifold (N,g), and o : M — M is the non-trivial deck
transformation in Z,, which acts as an isometry. Let N; C N be a compact 3 dimensional
submanifold with smooth boundary that contains Bg(7m(zo),?). Take i > dy(xo,0(z)), then
771(N;) is a compact connected orientable manifold which has smooth orientable boundary
7Y ON;), and By(xg, 1) U By(o(xg),1) C 7 Y(N;). First, we extend 71(;) and the metric
past a collar of its boundary, and assume the new metric g; is isometric to the product of
a metric on 7 '(ON;) with an interval. Next, since 771 (JN;) is o-invariant, we can extend
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the action of ¢ to the collar neighborhood 7~1(9N;) x [0,1] such that o(z,s) = o(x,0) for
all z € 771(ON;) and s € [0,1]. Then by replacing g; with %(gz + 0*g;), we may assume g; is
o-invariant, and it is still a product metric near the new boundary. Therefore, by doubling
the extended manifold, we get a closed, connected and orientable manifold (M;, g;, ) with
a deck transformation o; which is an isometry, and g; = g, 0, = 0 on By, (o, 7).

Let (M, g:(t), z0) be a sequence of singular Ricci flows starting from (M;, g;, o). Then
by Lemma there is to > 0 such that {(M,, ¢g;(t), 7o)} converges to a semi-generalized
singular Ricci flow (M, zg) on [0,%y). Moreover, by the uniqueness of singular Ricci flow in
[4], each o; : M; — M; can be uniquely extended to an isometry o; : M; — M,. So for
any x1,xs € M;, if 0;(x1) = x5 and ; survives until ¢ > 0, then x5y also survives until ¢ and
oi(z1(t)) = 0;(x2(t)). Therefore, o; converges to an isometry o : M — M, which acts free
on {x € M : z survives back to My = M} O

The next lemma shows that for two Ricci flow spacetimes (N, x;), j = 1,2, which have
connected time-slices, suppose they are limits of a same sequence of Ricci flow spacetimes
M, under the partial convergence. Then they are isometric if the preimages of x1, x5 under
the diffeomorphisms are contained in a parabolic region in M;.

Lemma 4.6.13. Let M; be a sequence of Ricci flow spacetimes, x1,,x2; € M, o. Suppose
(M, z;;) partially converges to a Ricci flow spacetime (N, x;) on [0,T), for some T > 0,
xj € Njo, and each time-slice Nj, is connected, j = 1,2. Suppose also there is D > 0 such
that x9; € Bo(x14, D) for all i, and P(x1, D, T — ) C Ni is unscathed for any § > 0. Then
N7 is isometric to Ny.

Proof. Let H; be the spacetime metric of M;, and G; the spacetime metric of N}, j = 1,2.
Let ¢;; : N; D U;; — V;; C M, be the two corresponding diffeomorphism sequences such
that U?ilUj,i = ./\/’J and ||¢;7,H’L - G]H S € — 0. Let Pj,k = UtE[O,T—kfl] Bt(.lfj,k) N {[E :
p(z) > k7'}, then U2, Pjx = Nj. By the assumption of z1; and zy;, for a given k there
exists {(k, D) € N such that for all large i, we have ¢1,;(P1x) C ¢2:(Pay). So the maps
gbgll o¢1,; : N1 D Py — N are well-defined, and ||(gz§2’l1 0¢1,)*Gy — G1|| < 0; — 0. Moreover,

gbz_ll o ¢1,(P1 ) form an exhaustion of N3 as i,k — co. So N is isometric to N5. O

Theorem 4.6.14. (Theorem |.1.1 and |4.1.9, Ezistence of generalized singular Ricci flow)
Let (M, g) be a 3d orientable complete Riemannian manifold, xo € M. Let (M, gi(t), xo:)
be a sequence of singular Ricci flows with (M, gi(0), zo;) smoothly converging to (M, g, x).
Then there exists a generalized singular Ricci flow M with My = M, such that (M;, zo;)
partially converges to (M, o).

Moreover, if M 1s the double cover of a non-orientable manifold, then the same conclusion

as Theorem holds.
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Proof. Let xy € M, by Lemma |4.6.11] there exist ¢y € (0, 00] and a semi-generalized singular
Ricci flow (M1, zg) on [0,9) such that (M;, G;,zo) partially converges to (M? z), and
info 1) p(@0(t)) = 0 if £y < oco.

Suppose by induction that there is a sequence of Ricci flow spacetimes { M’ };:11 such
that M7~! € M7 and the followings hold for all j =2, ...,k — 1:

1. A subsequence of M; partially converges to M.
2. M is weakly backward 0-complete.

3. For any z € M7~!, let a be the supremum of all times ¢ until which z survives until in
M. Then infy, o) p(z(t)) = 0.

4. For any x € M’~! suppose x survives until some t > t(z). Let M, C M/’ be the
subset ey Uaso Bs(@(s), 4), then (M, z) is a semi-generalized singular Ricci
flow on [t(x),t).

Let {;}32, be a dense subset in MF=1 For each z;, by Lemma [4.6.11| there is a sub-
sequence of {(M;, x;;)}2, that partially converges to a semi-generalized singular Ricci flow
(Nj,x;), such that x; survives in N; until R(z;(t)) goes unbounded. So by a diagonal
argument we may assume that {(M;, z;;)}2, converges to (Nj,z;) for all z;.

For any vy, 1, € M* 1L H;’il N, we say y; ~ yso if there is a sequence of points w; € M,
such that modulo the diffeomorphism maps we have w; — y; and w; — y» as i — oo. This
defines an equivalent relation in M*~! LI H;; Nj. If y; ~ yo, then by the uniqueness of the
smooth limit, there is § > 0 such that the neighborhoods of P(y;, 8, 6*)UP(y;, 6, —62),1 = 1,2,
are unscathed and the spacetime metrics on them are isometric. So there is a well-defined

smooth Ricci flow spacetime metric on the quotient space M* := (./\/l'“_1 L H;’ig\@) / ~.
So (1) holds for j = k.

Since each connected component of M¥ is isometric to either MF™! or some Nj;, we
get that MPF is O-complete. For any z € M*, t(x) = t,, suppose x survives on (¢, %] and
lim; ¢, p(z(t)) > 0. Assume z € M*1 then since M*~! is weakly backward 0-complete, it
follows that x(t) € M*~1 and lim;_;, 2(¢) exists. Otherwise, assume z € N/ for some j € N,
and let to € (t1,to] be the infimum of time ¢ such that z(t) € N;. Then z(ty) = limy_, x(t)
exists because J\/; is weakly backward 0-complete. If t5 > ¢, then we have x(ty) € /\/}ﬁ/\/lkfl,
and the existence of lim,_,;, z(t) exists by the weakly backward 0-completeness of M*~1. So
MP* is weakly backward 0-complete, and hence (2) holds.

It is clear that (3)(4) hold for each x;. We claim that (3)(4) hold for every point in M*~1,
To verify (3), let x € M*~! be an arbitrary point, t(z) = ¢,. Let o > t; be the supremum of
all times until which z survives in M*. Suppose by contradiction that infy, 4,y p(z(t)) > 0.
Let z; € M, be a sequence of points that converge to x modulo the diffeomorphisms. Then
by Lemma there is 6 > 0 such that by passing to a subsequence, (M,, z;) partially
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converges to a semi-generalized singular Ricci flow N on [t1, ¢, +6?), and P(z,§,ty — t1 + 6?)
is unscathed. By the density of {x;}32,, there exists z; € P(z,, 6?) € M* 1. Then z;
survives on [t(z;), 2 + %) in ;. So it follows from Lemma that N is isometric to N
on [t; + 62, ty + 62). In particular, z € N; C MF* survives until ¢5 + 6%/2, contradicting with
the supremum assumption of ¢,. This verifies (3).

To verify (4), let z € M*! be an arbitrary point, t(z) = t;, and assume z survives
until some ¢, > t1, and M, is defined as in (4). Choose 6 > 0 such that P(x,d,ts — t;) is
unscathed, and pick some x; € P(z,d,6%) by the density of {z;}52,. Then by Lemma ,
M, is isometric to Nj on [t; 4+ 07, ¢3), and hence (M, z) is a semi-generalized singular Ricci
flow on [t; + 62, ;). Letting & — 0, it implies that M, is a semi-generalized singular Ricci
flow on [t1,t2). This verifies (4).

So by induction we obtain an infinite sequence of spacetimes {M*}2°, with M*F1 C
MP* | which satisfies all inductive assumptions. Let M = [J;~, M*, then by passing to a
subsequence M, partially converges to M. By the ‘if” part of Corollary [£.6.7 it is clear that
M is a generalized singular Ricci flow. The assertion about the Zy-symmetry follows in the

same way as Theorem 4.6.12]
O

4.7 Ricci lows with non-negative Ricci curvature

In this section, we prove Theorem 4.1.3| First, by adapting the maximum principle argument
in [21] and [22] to a generalized singular Ricci flow, we show in Lemma 4.7.1| and 4.7.2| that
it preserves the non-negativity of scalar curvature and Ricci curvature.

Then we prove Lemma[£.7.3] which is the last ingredient needed to prove Theorem [£.1.3]
It says that in a 3-dimensional manifold with Ric > 0, no singularity can form within finite
distance along a minimizing geodesic covered by final time-slices of strong J-necks.

Lemma 4.7.1. Let (M,g) be a 3 dimensional complete Riemannian manifold with R > 0.
Let (M, g(t)) be a generalized singular Ricci flow starting from (M, g). Then R >0 on M.

Proof. By property in Definition and Corollary 7 it suffices to prove the lemma
for a semi-generalized singular Ricci flow (M, g(t),zo) on [0,ty), zog € My = M. We may
assume that there is ro > 0 such that (J,c( ) Be(@o(t), 7o) is unscathed and Ric(z) < Ty
there. Then by Lemma [2.3.1] we have

(0, — A)dy(z0(t), 7) > —?To_l, (4.7.1)

for all x € M, with di(z, zo(t)) > 0.
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Let A > 2r; 2ty + 2 and define the following function on M

mm:¢(@@ﬁ%2;?“t)m@, (4.7.2)

for all x € M, t € [0,1), where we choose ¢ to be a smooth non-negative non-increasing

function such that ¢ =1 on (—o0, %], ¢ = 0 on [1,00) and ’% - go”’ < C,/p. Then with
the choice of A, we have u(z) = R(z) for all © € By(xo(t),2Aro), and u(z) = 0 for all
T € Mt \ Bt<I0(t), AT()).

Let tmin(t) := min{infrq, u(-),0}, t € [0,%0). If umin(t) < 0, we claim that infay, u(-) can
be achieved. Suppose not, then there exists a sequence of points x; € By(x(t), Arg) such
that u(x;) — umin(t) as ¢ — oco. By Lemma [4.6.5] the properness of scalar curvature, we
may assume that R(z;) — 0o. So u(x;) > 0 for all large 4, a contradiction.

Then we claim the following holds for all ¢ € (0, ):

Umin () < lim II\lﬁ Umnin(8)- (4.7.3)

Suppose this is not true at some ¢ € (0,ty). Then there exist some € > 0 and a sequence
of times s; > t which converges to t as ¢ — 0o such that

Umin () > Unin(8i) + €, (4.7.4)

for all i. Let x; € Bs,(x(s;), Aro) be a point such that

w(z;) < Umin(s;) + % < Upin(t) — % (4.7.5)

If R(z;) is not uniformly bounded, then u(z;) > 0 for large ¢, which implies wup;, () > € >

0, a contradiction. So we may assume R(z;) is uniformly bounded, and hence by Lemma

there is a d > 0 such that R <672 in P(x;,0, —0%) CC U,cpo ) Be(wo(t), 2Ar0). So u is

uniformly continuous on J; P(z;, 0, —6%). Since s; —t — 0, this implies u(z;(t)) < u(z;) + §
for all large 7. So

1%ﬂﬂ§u@ﬁ»§u@0+; (4.7.6)

which contradicts with (4.7.5)). So claim (4.7.3)) is true.
Now we argue by maximum principle that the following holds for all times:

2C)y
(Aro)?’

Umin(t) > — (4.7.7)

where Cy > 0 will be specified below. Suppose not and let T" be the supremum of all times ¢
such that (4.7.7)) is true on [0,¢]. Then 7" > 0 and there exists a sequence ¢; > T' converging
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to T as i — oo such that uy,(t;) < ——22;. Using inequality (£.7.3) at T, we have that

(Arg)2
umin(T) S (ZSOQ < 0.

Since Uiy (T') < 0, there exists 27 € My such that uy,(T) = u(xT) Then by the choice

of T it is easy to see the followings hold at z: Vu = 0, Au > 0, and 2 5t < 0. By a direct
computation we get the following at xr,

RV + VR =0,

2Vyp-VR = -2 R=-2"— R.
7 p (Aro)?
By the evolution equation (2 — A)R = 2|Ric|?, we get
0 1 .0 10
(5, = A)u =¢'R——[(5- = A)di(0(t), 7) + —-7g ]
ot Aro ot 3
| y (4.7.9)
restricting which at xp and using ([4.7.1)), (4.7.§)) and 3|Ric|? > R?, we obtain the following
0 2 1 @'
0> (2 —Au>-pR*— ¢ R+2% ~
- (at )u - 390 2 (AT0)2 + © (A’I“o)2
2 C
> R - —— .
> 3% (ATO)Z\/@R (4.7.10)
1 C?
> (w2, (T) — —2
where Cy = 3¢ and we have used \—‘0— ¢"| < C\/p, and Cauchy inequality \/_IR <

§<p]R2 + S(AC—TO)LL. Since Upin(T) < 0, (4.7.10) implies (7)) > ( ATC(;Q, a contradlctlon So
Upin (t) > % for all ¢ € [0, to), and in particular it implies

2C

R(z) > _(ATO)Z’

(4.7.11)

for all © € By(zo(t),2Aro), t € [0,%). Letting A go to infinity, we get R(z) > 0, for all
x € M. O

Lemma 4.7.2. Let (M, g) be a 3 dimensional complete Riemannian manifold with Ric > 0.
Let (M, g(t)) be a generalized singular Ricci flow starting from (M,g). Then Ric > 0 on
M.

Proof. For the same reason as in Lemma it suffices to prove the lemma for a semi-
generalized singular Ricci flow (M, g(t),zo) on [0,%y), zo € M. We may assume that there
is 79 > 0 such that (U, ) Be(@o(t), 7o) is unscathed and Ric(z) < ry 2 there.



CHAPTER 4. 3D RICCI FLOW WITH NON-NEGATIVE RICCI CURVATURE 91

Let A > p > v be the three eigenvalues of the curvature operator. Then it suffices to
show that the following inequality holds on M for any a > 0,

R+a(p+v)>0 (4.7.12)

In fact, if this is true, then we have R+ ¢ (u+v) > 0 for any € > 0. Multiplying both sides
by € and letting € go to zero we get u+ v > 0, i.e. Ric > 0.

Now suppose by contradiction that (4.7.12) does not hold for all @ > 0, then we can find
a,a’ >0 with a < @’ < a + -1 such that (4.7.12)) holds for a but not for a’.

100
By Lemma [2.3.1] we have

0 10
(= — A)dy(wo(t), 2) > — =157, (4.7.13)
ot 3
whenever d;(zo(t),x) > ro. Choose ¢ : R — R to be a smooth non-negative non-increasing
function such that ¢ =1 on (=00, ], ¢ = 0 on [1,00) and % + |¢"| < Cp.

Let u : M — R be defined by

u(z) = (dt(ar:o(t),jl;?)a[;L 10,51

)(R+a’(u+u)), (4.7.14)

and Uiy (t) = min{inf v, u(-), 0}.

By the same reasoning as Lemma [4.7.1] we can show the following inequality for all
t e (O, to)l

Umin () < lim II\lﬁ Umnin(8)- (4.7.15)

Let T be the supremum of all ¢ such that u(s) > —% for all s € [0, ], where C} will
be specified later. Then 7" > 0 and by (4.7.15)) we get
204

min(1) < — : 4.7.16

tnin(T) <~ (4.7.16)

Since Ui (T) < 0, the minimum of w is obtained at some point xy € By (zo(T'), Arg). Let
V1, V5, V3 be the orthonormal eigenvectors of Rm corresponding to eigenvalues A > p > v
at the tangent space of x7. We extend them smoothly to a neighborhood P around zr in
the following way: first extend them to a neighborhood of x1 in My by parallel translation
along radial geodesic emanating from 27 using V"), and then extend them in time to make
them constant in time in the sense that V,V, = 0, ¢ = 1,2,3, where V, is the natural
space-time extension of V9 such that it is compatible with the metric, i.e. %(X X)) =
2(Vi X, X) 4. Then Vy,V,, V3 is an orthonormal basis on P, and AV; = 0 at zp, i = 1,2, 3.

Let ’Zj(l’) = [Rm(Vl,Vl) + Rm(Vg,Vg) + Rm(V3,V3) + a’(Rm(Vg, VQ) + Rm(V3,V3>)] .

dt(mo(t)j::%n’_lt> for all z € P. Then it is easy to see that @(z) > u(x) in P, and the
equality is achieved at z.
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We can compute that

& Ayi= —2wv<%> Fo- (2 Z A)Rm(VL, V) + (@ + 1)(Rm(Va, Vo) + Rm(Vs, Vy))]

o o
+ Rm(Vs, Vy) + (a + 1)(Rm(Vy, V) + Rm(Vs, Vs))] - (% A
V) 4 T T (5 - Al

(4.7.17)

We estimate each term in (4.7.17) at xp. First, recall that Rm evolves by (V; —A)Rm =
Rm? + Rm* under Ricci flow, see [55, Proposition 3.19], where

A2+ pv 0 0 A0 0
M? + M7* = 0 pur+ v 0 , for any matrix M = |0 u 0. (4.7.18)
0 0 vE+ A\ 0 0 v

So by VV,; = AV, = %Vi =0 at zp we get

(% = A)(Rm(V;, V3) = (Ve — A)Rm)(V;, V;) = (Rm* + Rm*)(V;, V;) (4.7.19)

at zp, i = 1,2, 3, and hence
I(xr) = (N + pv) + (@' + 1)(1° + A + 0% + )

> ANA+ (a+ D(p+v)] + (@ +1)(® +v*) + (d/ — a)\p+v) (4.7.20)
> (a/ + 1) (i + %) + (d — a)\(p+v),
where we used A + (@ + 1)(u + v) > 0. Since u(zy) < 0, we have A < (¢’ + 1)|pu + v| at xp
and hence
a+1 a+1
100 50
Substituting this into (4.7.20) and using A < (a’ + 1)|u + v| at zr again we get

(@ — )M+ )| < (0 = a)(@ + D) +v)? < 2t v)? < S22 0?). (47.21)

49 49
I > - / 1 2 2 > - / 1 2
(or) 2 22 (& + V(2 +0) 2 = (@ + 1)+ )

49 / 2 2
> m{[(a + D) (p+v)]" + A%} -~
49 o

> o !/ 1 )\ 2
> oot @ D)+
400(a/ + 1) min

(7).
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Then we estimate J - (% — A)p at zp by using (4.7.13)), ¢’ < 0,0 < ¢ <1 at zp, and
Umin(T') < 0 as below

(7 (5 = A)e)ar) = o+ (a4 D+ 1)) (5~ M)
10 _, 1

+ (a'
AL [ ( O A)dlolt), ) + s ) - go”A—TJ tnin(T)

e e ]
(4.7.23)

Next, since @ obtains its minimum on P at x7 and @(zr) = w(rr) = umn(T), we get

2
2’v80| Ugin (T) = 2

(_zvgov%)) (1) = tin(T). (4.7.24)

Now applying the maximum principle at x7 and using (4.7.22)), (4.7.23) and (4.7.24)), we
get

9 49 2 1 " |90/|2
2, (T win(T) + 25—

— 400(@/ + 1)90um1n( ) + (ATO)QSOISO ’u ( ) + TO (p
49 400(a’ +1) [ 2|¢')?

> " |2 (T ") Ui (T
49 400(a’ 4+ 1)Cy

> 2 T Al A vo  Ymin T ’

= 200(a’ + 1)p { D) = golargye ol )}

min

(4.7.25)

where we have used 2L 1 |©"| < Cp. Since umin(T) < 0, (4.7.25) implies immediately

Umin(T') > —(A(;:—é)Q, Where C, = W. This contradicts with (4.7.16]). So wyin(t) >

% for all t € [0,tp). Letting A — oo we get R+a/(11+v) > 0 on M, which contradicts
the assumption of a’. So (4.7.12) holds for all a > 0, and hence by the argument at beginning
the conclusion of the Lemma follows.

]

The next lemma says that in a 3-dimensional manifold with Ric > 0, no singularity can
form within finite distance along a minimizing geodesic covered by final time-slices of strong
0-necks. We prove it by a contradiction argument, suppose the assertion does not hold, then
by the condition of Ric > 0, we can show that the blow-up limit of the ‘singularity’ is a
smooth cone, and there is a Ricci flow whose final time-slice is in the smooth part of the
cone, which is impossible.
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Lemma 4.7.3. For any sufficiently small 6 > 0 the following holds: Let (M,qg) be a 3
dimensional Riemannian manifold with Ric > 0. Let vy : [0,s9) — M (where so € Ry U{o0})
be a unit speed minimizing geodesic such that R(vy(s)) does not stay bounded for s — so, and
assume there are constants ¢, > 0 such that all points on v are centers of strong d-necks
on the time interval [—c, 0], and the strong d-necks have @-positive curvature.

Then sy = 00.

Proof. Suppose by contradiction that sy < co. Let 1 be from Lemma [2.2.5]

Since every point on 7 is the center of some strong d-neck, we get that v lies inside
some open subset N C M that is diffeomorphic to S? x (0,1) and which is covered by final
time-slices of strong d-necks. Consider the length metric induced by the Riemannian metric
on N, and then N’ be the completion of N. Then N’ is a disjoint union of N and a single
point p.

Consider the rescalings i N’ for all i € N. Then by the Bishop-Gromov volume comparison
we can deduce that for any d > 0, the d-balls BN (p, d) in i N’ are uniformly totally bounded.
Therefore, by Gromov’s compactness theorem, we have the following Gromov-Hausdorff
convergence by passing to a subsequence {ipN'}:

(ixN', p) === (X, pec) (4.7.26)

We shall show that X is a smooth metric cone with cone point p.,, and the convergence is
actually smooth on Xy = X — {p.}.

Let x € B(p, so) —{p} C N’, then by Lemma we get

R_I/Q(x) < nd(p,x) on B(p, so) — {p}- (4.7.27)

We claim that there exists C' > 0 such that
R Y2(z) > C7Yd(p, x) on B(p, so) — {p}- (4.7.28)
Suppose not, then there exists a sequence {x;} C B(p, so) — {p} such that
R™Y2(xy) < CMd(p, ), (4.7.29)

where C}, — oo as k — oo. We abbreviate d(p, xy) as di and R(xy) as Ry.

Since xy, is the center of a §-neck, there is a diffeomorphism onto its image ¢y, : (=471, §71) x
$2 — N’ under which (N’,z;) is d-close to (—6~1,671) x S2 at scale R, /> Let U, =
ér((—100,100) x S?), then U, separates N’ into two components.

Suppose = € B(p, so) — {p} is not in Uy, then it is easy to see either

d(z,p) > dy +10R,"*,  or  d(z,p) < dp — 10R; />, (4.7.30)
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In other words, we have

B(p,dy, + 10R,"*) — B(p,d — 10R; ') C Uy (4.7.31)

Applying the Bishop-Gromov volume comparison on N’, we have r—2vol(OB(p,r)) is non-
increasing for all € (0, sg). In particular, let vy = s;2vol(OB(p, s0)), then r~2vol (OB (p, 1)) >
vp for all 0 < r < sg. So by (4.7.31)) we can estimate the volume of U from below:

1/2 1/2

dk+10R,: dk+10R;
vol(Uy) > / vol(OB(p,r))dr > / vor? dr
dy—10R, '/ d—10R, '/
L (4.7.32)
9 di+10R, 45 /2
> = vods dr = —vodi R, 2
16 J4,—10m, 1/ 4

k

where in the third inequality we used (7.29), which implies dj — R, /> > 3dj, for large k.

By the closeness of the metric on Uy with the standard cylindrical metric at scale R,;l/ 2,
we get an upper bound on the volume of Uy:
vol(Uy) < 2- R.*? 200 - 87 = 32007 R, < 3200xC; 2d2 R, 2, (4.7.33)

where we used (4.7.29) in the last inequality. Combining (4.7.32) with (4.7.33) we get
C? < ligggw, which is impossible for large k. Thus there exists C' > 0 such that (4.7.28))

holds.

Therefore, by we see that the convergence on X is smooth. So there is v; >
0 such that d—2vol(0B%X (pso,d)) = vy for all d € (0,00). So by the rigidity of volume
comparison, we see that any Jacobi field along any geodesic emanating from p,, € X has
linear growth, which implies that X is a smooth metric cone. By , Xo is nowhere
flat.

All points in a neighborhood of p are centers of strong d-necks on [—c,0], which has
p-positive curvature. So under the blow-up rescalings this implies that any point x € Xj is
the center of a strong 2d-neck on [—%c, 0], which has non-negative sectional curvature. This
contradicts the fact that open pieces in non-flat cones cannot arise as the result of Ricci flow
with non-negative curvature |55, Prop 4.22].

]

Theorem 4.7.4. (Theorem Let (M, g) be a 3d complete Riemannian manifold with
Ric > 0. There ezist T € (0,00] and a smooth Ricci flow (M, g(t)) with g(0) = g defined on
[0,T). Moreover, if T' < oo, then limsup, »r [Rm|(z,t) = oo for all z € M.

Proof. First we assume M is orientable. By Theorem [4.6.14] there is a generalized singular
Ricci flow (M, g(t)) starting from (M, g), and by Lemma [4.7.2, M has non-negative Ricci

curvature.
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Let xo € M. Suppose x( survives until 5 > 0 in M. We claim that the component of
M, that contains z((t) is complete for all ¢ € (0, ¢y]. Suppose not, then sup Bi(ao a4 1= 00
for some A > 0 and t € (0,%y]. By Lemma[4.2.3{and [4.2.4] we can find a mlmmlzmg geodesm
v :10,1) — M, such that lim,_,; R(y(s)) = oo, and there exist ¢, > 0 such that for all
s close to 1, y(s) are centers of strong d-necks on [—c¢, 0], which have @-positive curvature.
This contradicts Lemma [4.7.3

Since Ric > 0, for any A > 0, the parabolic neighborhood P(xg, A,t,) is contained in
Uscjoo) Be(wo(t), A), which is relatively compact. So every point in M survives until ¢o.

Let T € (0,00] be the supremum of all times until which zy survives. Then T is also the
supremum of the survival times of points in M. Suppose T" < oo, since M is forward 0-
complete, we have lim sup, -~ [Rm|(z(t)) = oo for all z € M. So the spacetime restricted on
the subset (J,c(o. 1) M(t) is the desired smooth Ricci flow.

Now suppose M is not orientable. Let M — M be the 2-fold orientation covering. By
Theorem 4} there are a generalized singular Ricci flow (/\/l g(t)) starting from M, and an
isometry o : ./\/l — M that acts free on the subset of points that can survive back to M. As
before, there exists T' € (0, 0o such that M survives on [0,7), and lim sup, »r |[Rm|(z(t)) =
oo for all x € M if T < 0o. The smooth Ricci flow claimed in the theorem is the quotient of
Usepor) ( ) by the free action of o.

O
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Chapter 5

Steady gradient Ricci solitons with
positive curvature operator

5.1 Introduction and main results

Ricci solitons are self-similar solutions of the Ricci flow equation, and they often arise as
singularity models of Ricci flows. In particular, a steady gradient soliton is a smooth complete
Riemannian manifold (M, g) satisfying

Ric = V*f (5.1.1)

for some smooth function f on M, which is called a potential function. The soliton generates
a Ricci flow for all time by g(t) = ¢;(g), where {¢;}ic(—oo,00) is the one-parameter group of
diffeomorphisms generated by —V f with ¢g the identity.

In dimension 2, the only non-flat rotationally symmetric steady gradient soliton is Hamil-
ton’s cigar soliton [37]. In any dimension n > 3, the only non-flat rotationally symmetric
steady gradient soliton is the Bryant soliton, which is constructed by Bryant [11]. It is an
open problem whether there are any 3d steady gradient solitons other than the 3d Bryant
soliton and quotients of R x Cigar, see e.g. |14} |17} 24, 131].

Hamilton conjectured that there exists a 3d flying wing, which is a Zs x O(2)-symmetric
3d steady gradient soliton asymptotic to a sector with angle a € (0,7). The term flying
wing is also used by Hamilton to describe certain translating solutions in mean curvature
flow. A lot of important progress has been made for the mean curvature flow flying wings
in the past two decades. For example, the flying wings in R?® are completely classified by
the works of X.J. Wang [67] and Hoffman-Ilmanen-Martin-White [42]. Moreover, higher
dimensional examples were constructed independently by Bourni-Langford-Tinaglia 7] and
Hoffman-Ilmanen-Martin-White [42].

Despite many analogies between the Ricci flow and mean curvature flow, Hamilton’s
flying wing conjecture remains open. A proposed approach is to obtain the flying wings
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as limits of solutions of elliptic boundary value problems. This is how the flying wings in
mean curvature flow are constructed, where the solutions can be parametrized as graphs [67].
However, it seems hard to choose such a parametrization in Ricci flow to get a strictly elliptic
equation. In this chapter, we confirm Hamilton’s conjecture by using a different approach.

Our first theorem finds a family of non-rotationally symmetric n-dimensional steady gra-
dient solitons with prescribed Ricci curvature at a point in all dimensions n > 3. This gives
an affirmative answer to the open problem by Cao whether there exists a non-rotationally
symmetric steady Ricci soliton in dimensions n > 4 [15]. Throughout this section, the
quadruple (M, g, f,p) denotes a steady gradient soliton, where f is the potential function
and p is a critical point of f.

Theorem 5.1.1. Given any o € (0,1), there exists an n-dimensional Zy x O(n — 1)-
symmeltric steady gradient soliton (M, g, f,p) with positive curvature operator, such that
Al = adg = = a\,, where Ay, ..., \, are eigenvalues of the Ricci curvature at p.

The 3d steady gradient solitons from Theorem [5.1.1] are collapsed, which is an easy
consequence of its asymptotic geometry. This also follows from the uniqueness of the Bryant
soliton among 3d non-collapsed steady gradient solitons by Brendle [9]. Moreover, we show
that the n-dimensional steady gradient solitons from Theorem [5.1.1] are non-collapsed for
all n > 4. They are analogous to the non-collapsed translators in mean curvature flow
constructed by Hoffman-Ilmanen-Martin-White [42].

Our second theorem says that a Zy x O(2)-symmetric 3d steady gradient soliton must be
a Bryant soliton if the asymptotic cone is a ray. So the family of 3d steady gradient solitons
from Theorem [5.1.1] are all flying wings, which confirms Hamilton’s conjecture. Figure 1 is
the picture of a 3d flying wing.

Figure 5.1: A 3d flying wing
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Theorem 5.1.2. Let (M, g, f,p) be a Zy x O(2)-symmetric 3d steady gradient soliton. Sup-
pose its asymptotic cone is a ray. Then it is isometric to the Bryant soliton.

Corollary 5.1.3. A Zy x O(2)-symmetric but non-rotationally symmetric 3d steady gradient
soliton with positive curvature operator is a flying wing. In particular, the 3d steady gradient
solitons from Theorem|5.1.1| are all flying wings.

It has been wondered whether the scalar curvature vanishes at infinity in all 3d steady
gradient solitons. By Theorem [5.1.4] we see that this fails in 3d flying wings. More precisely,
Theorem shows that the scalar curvature has a positive limit along the edges of the
wing, and there is a quantitative relation between this limit and the angle of the asymptotic
cone.

Theorem 5.1.4. Let (M, g, f,p) be a Za x O(2)-symmetric 3d steady gradient soliton, whose
asymptotic cone is a metric cone over the interval [—5, ] for some o € [0,7]. Let I :
(—00,00) = M be the complete geodesic fized by the O(2)-action, then

!

lim R(I'(s)) = R(p) sin” —. (5.1.2)

S§—00 2

We prove in the following corollary that the asymptotic geometry of a 3d flying wing
is uniquely determined by the angle of the asymptotic cone. In particular, it converges to
R x Cigar along the edges. This is analogous to mean curvature flow flying wings, where
the asymptotic geometry is uniquely determined by the width of the slab that contains the
wing [7].

Corollary 5.1.5. Let (M, g, f,p) be a 3d flying wing, whose asymptotic cone is a sector with
angle a € (0,7). Then for any sequence of points q¢; € T’ going to infinity, the sequence of
pointed Riemannian manifolds (M, g,q;) smoothly converges to R x Cigar, where the scalar
curvature at the tip of the cigar is R(p)sin® S

As an application of Theorem [5.1.2] and [5.1.4], we construct a sequence of 3d flying wings
whose asymptotic cones have arbitrarily small angles.

Corollary 5.1.6. There exists a sequence of 3d flying wings {(M;, g;)}32,, whose asymptotic
cone is a sector with angle o; € (0,7) such that lim;_,, a; = 0.

The concept of flying wing can be naturally generalized to all dimensions n > 3. We say
an n-dimensional O(n —2) x O(2)-symmetric steady gradient soliton with positive curvature
operator is a flying wing if its asymptotic cone is a metric cone over a geodesic ball of radius

r € (0,%) in S 2. Then we have

Theorem 5.1.7. In dimension n > 3, there exists an n-dimensional flying wing.
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Moreover, similar conclusions in Corollary [5.1.5[ and [5.1.6| also hold for all higher dimen-
sional flying wings.

The structure of this chapter is as follows. In Section [5.2] we prove Theorem by
obtaining the steady gradient solitons as limits of appropriate expanding gradient solitons,
whose construction is based on Deruelle’s results [32]. More specifically, we choose a sequence
of expanding gradient solitons whose asymptotic volume ratio goes to zero, and prove that
by passing to a subsequence they converge to a steady gradient soliton. In dimension 3, the
sequence of expanding gradient solitons is between two sequences converging respectively to
the 3d Bryant soliton and R x Cigar.

In Section , we study the asymptotic geometry of Zy x O(2)-symmetric 3d steady
gradient solitons that are not Bryant solitons. We prove a dimension reduction theorem
which shows that the soliton smoothly converges to R x Cigar at infinity. We also show that
the higher dimensional solitons from Theorem [5.1.1f are non-collapsed.

In Section [5.4] we first prove Theorem [5.1.4] and then use it to prove Theorem [5.1.2] and
all the corollaries. To prove Theorem [5.1.4] we study the variations of V f along certain
minimizing geodesics. By the soliton equation this amounts to computing the integral of the
Ricci curvature along the geodesics. Then Theorem follows by estimating this integral.
Our main tools are the dimension reduction theorem, curvature comparison arguments, and
Perelman’s curvature estimates for Ricci flows with non-negative curvature operator.

Theorem [5.1.2] is proved by a bootstrap argument. Suppose the soliton is not a Bryant
soliton. So the dimension reduction theorem applies. By the Z, x O(2)-symmetry, the
soliton away from the edges is a warped-product metric with S'-fibers. First, by using the
dimension reduction theorem and some computations we obtain an estimate on the length
of the S'-fibers, which shows that it increases slower than the square root of the distance to
the critical point.

Second, by using the estimate from the first step and similar computations we obtain
a better estimate, which shows that the length function stays bounded at infinity. Since
the length function is concave by the non-negativity of the curvature, this implies that the
scalar curvature does not vanish along the edges. This by Theorem [5.1.4] contradicts the
assumption that the asymptotic cone is a ray, hence proves Theorem [5.1.2]

5.2 A family of non-rotaionally symmetric steady
gradient solitons

The main result in this section is Theorem [5.1.1 The outline of the proof is as fol-
lows. We first construct a sequence of smooth families of expanding gradient solitons
{(M; 1, Gipr0iy), it € [0,1]}22, with positive curvature operator, such that (M, gio,pio)
converges to a Bryant soliton, and (M; 1, gi1,pi1) converges to the product of R and an (n-
1)-dimensional Bryant soliton if n > 4, or a cigar soliton if n = 3. Moreover, we require that
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the asymptotic volume ratio of each expanding gradient solitons tends to zero uniformly as
17— 00.

Let a;(1) be the quotients of the smallest and largest eigenvalues of the Ricci curvature
at pi, in (M 4, Gips Diy), then a;(p) is a smooth function in p for each fixed i. Then for any
a € (0,1), there is some p; € (0, 1) such that a;(p;) = a. Since the asymptotic volume ratio
of (M; ., 9i,us» Pips) 8O€S to zero, we can show that it subconverges to an n-dimensional steady
gradient soliton (M, g, p) with positive curvature operator. In particular, the quotients of
the smallest and largest eigenvalues of the Ricci curvature at p in (M, g, p) is equal to a.

To construct the expanding gradient solitons we use Deruelle’s work [32]. He showed
that for any (n — 1)-dimensional smooth simply connected Riemannian manifold (X1, gx,)
with Rm > 1, there exists a unique expanding gradient soliton (M7, g;,p1) with positive
curvature operator that is asymptotic to the cone (C'(X;),dr? + r?gx,). Moreover, there
is a one-parameter smooth family of expanding gradient solitons connecting (M7, g1, p1) to
an expanding gradient soliton (Mo, go, po), whose asymptotic cone is rotationally symmetric.
By Chodosh’s work the soliton (M, go, po) is rotationally symmetric, and hence is a Bryant
expanding soliton [23].

5.2.1 Preliminaries

In this subsection we fix some notions that will be frequently used. First, we recall some
standard notions and facts from Alexandrov geometry: Let (M, g) be a non-negatively
curved Riemannian manifold, then for any triple of points o,p,q € M, the comparison
angle £poq is the corresponding angle formed by minimizing geodesics with lengths equal to
d(o,p),d(o,q),d(p,q) in Euclidean space. Let op,0q be two minimizing geodesics in M be-
tween o, p and o, ¢, and £poq be the angle between them at o, then £poq Z;poq. Moreover,
for any p’ € op and ¢’ € og, the monotonicity of angle comparison implies £p'oq’ > 4poq.

For a non-negatively curved Riemannian manifold (M, g, p) and two rays 71, vo with unit
speed starting from p, the limit lim,_ . Z’yl (r)py2(r) exists and we say it is the angle at
infinity between ~; and ~,. Moreover, the space (X, dx) of equivalent classes of rays is
a compact length space, where two rays are equivalent if and only if the angle at infinity
between them is zero, and the distance between two rays is the limit of the angle at infinity
between them. The asymptotic cone is a metric cone over the space of equivalent classes of
rays, and it is isometric to the Gromov-Hausdorff limit of any blow-down sequence of the
manifold, see e.g. [43].

Next, we define what we mean by a Riemannian manifold to be Zs x O(n — 1)-symmetric.
First, we define an O(n — 1)-action on the Euclidean space R" = {(z1,...,x,) : ; € R}, by
extending the standard O(n — 1)-action on R"™! = {z,, = 0} C R" in the way such that it
fixes the z,-axis. Then we define a Zs x O(n — 1)-action on R™ by futhermore defining a
Zs-action to be generated by a reflection that fixes the hypersurface {x, = 0}.

Let 9 = {21 = -+ = 2,1 =0}, Ny ={27 = - = 2,0 = 0,2,1 > 0} and
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Yo = {z, = 0}. Then Ty is the fixed point set of the O(n — 1)-action, ¥ is the fixed point
set of the Zs-action, and Ny is one of the two connected components of the fixed point set
of a subgroup isomorphic to O(n — 2).

Definition 5.2.1. We say that an n-dimensional Riemannian manifold (M", g) is Zy X
O(n — 1)-symmetric if there exist an isometric Zs x O(n — 1)-action, and a diffeomorphism
® . M" — R"™ such that ® is equivariant with the two actions, where the action on R" is
defined as above.

Let T'= @& 1(Ty), & = & 1(Xg), and N = &1 (Ny). Then it is easy to see that

1. T is a geodesic that goes to infinity at both ends.
2. ¥ is a rotationally symmetric (n — 1)-dimensional totally geodesic submanifold.
3. N is a totally geodesic surface diffeomorphic to R2.

4. ®71(0) is the unique fixed point of the Zy x O(n — 1)-action, at which ' intersects
orthogonally with X.

Moreover, consider the projection m : M — N, which maps a point x € M to a point
y € N, which is the image of x under some action in O(n — 1). Equip N with the induced
metric gy, then 7 is a Riemannian submersion, and N is an integral surface of the horizontal
distribution. So there is a smooth positive function ¢ : N — R such that g = gy + ¢%ggn—
on M \ T, where ggn-2 is the standard round metric on S™~2.

In this chapter, we study n-dimensional expanding or steady gradient soliton (M", g)
with non-negative curvature operator, whose potential function f has a critical point p. We
denote it by a quadruple (M™, g, f,p) (and sometimes a triple (M",g,p)). In the case of a
steady gradient soliton, R attains its maximum at p by the identity R+ |V f|> = const., and
p is the unique critical point of f if Rm > 0. In the case of an expanding gradient soliton,
by the soliton equation V2f = Ric + cg, ¢ > 0, and Rm > 0, it follows that V2f > cg and
hence p is the unique critical point of f, and f attains its minimum at p. Then by using the
identity Vf(R) = —2Ric(V f, Vf) we see that R is non-increasing along any integral curve
of Vf. So R attains its maximum at p.

We assume (M", g, f,p) is Zy x O(n — 1)-symmetric, and fix the notions I', N, ¢, ¥ from
above, and assume I' : (—o00,00) — M has unit speed and I'(0) = p. Assume Rm > 0. Then
it is easy to see that p is the unique point fixed by the Z; x O(n — 1)-action. Moreover,
by the soliton equation V2f = Ric + cg, ¢ > 0, it follows that the potential function f is
invariant under the actions. So the geodesic I', and all the unit speed geodesics in ¥ starting

from p are integral curves of %.

Moreover, use 1, j, k, [ for indices on NV, and «, f and g,s for indices and metric compo-
nents on S"2 with the standard round metric with radius one. Then by a computation the
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nonzero components of the curvature tensor of (M \ T, g) are

RY =R, Ringi=—0as(0V7,0),  Rise = (1= V09 (gaagss — dap)-  (5.2.1)

So by Rm > 0 and the second equation we have V¢ < 0 and ¢ is concave.

5.2.2 Proof of Theorem [5.1.1I

To prove Theorem [5.1.1, we will take a limit of a sequence of expanding gradient solitons
with R(p) = 1, where p is the critical point of the potential function. To do this, we need
an injectivity radius lower bound and a uniform curvature bound. The curvature bounds
follows directly from Ry, = R(p) = 1. Since the curvature is positive, by a well-known fact
of Gromoll and Meyer (see [18]), we always have an injectivity radius estimate

7

e S
xlg]\f/[ inj, () > T (5.2.2)

Recall that if (M", g, f,p) is an expanding gradient soliton satisfying
Ric + A\g = V*f (5.2.3)

for some A > 0. Then it generates a Ricci flow g(t) := (2\t)¢;_ . g, t € (0,00), where
22
{gzﬁs}se(_ L 00) is the one-parameter diffeomorphisms generated by the time-dependent vector
2X°

field ﬁ;/\sv f with ¢g the identity. Moreover, ¢(t) is an expanding gradient soliton satisfying

Loy = 2, (5.2.4)

Ric(g(t)) + %

where f; = (b’t"_% f.

Let (M?, gi, fi, pi) be a sequence of Zy x O(n — 1)-symmetric expanding gradient solitons
with positive curvature operator, which satisfies R(p;) = 1 and the asymptotic volume ratio
AVR(g;) — 0 as i — oo. Let C; > 0 be the constant such that (M, g;, fi, p;) satisfies the
soliton equation

1
—gi=V°fi 5.2.5
209 f (5.2.5)
Then the following lemma shows C; — oo as ¢ — oo, and hence there is a subsequence of
(M, g;, fi, p;) smoothly converging to a steady gradient soliton.

Ric(g;) +

Lemma 5.2.2. Let (M, g, fi,pi) be a sequence of Zs x O(n — 1)-symmetric expanding
gradient solitons with positive curvature operator. Suppose Ry (p;) = 1 and AVR(g;) — 0
as i — oo. Then a subsequence of (M;, g;, fi,pi) smoothly converges to an n-dimensional
Zs x O(n — 1)-symmetric steady gradient soliton (M, g, f,p).
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Proof. Suppose (M, g;, f;, p;) satisfies

1
—g; = V%f, (5.2.6)

for some constant C; > 0. Let (M;, g;(t), fit,pi), t € (0,00), be the Ricci flow generated by
(Miagia fiapi)7 where 51(75) = C%¢thc‘igia fi,t = ¢zt70ifi7 and {¢i,s}se(—ci,oo) is the family of
diffeomorphisms generated by jav fi with ¢q the identity. By a direct computation we can
show

Ric(@(1)) + o, 3:(t) = V2 (5.2.7)

for all positive time ¢. In particular, we have g;(C;) = g; and Rg,1)(p;) = C:.

We claim that C; — oo as @ — oo0: Suppose this is not true. Then by passing to a
subsequence we may assume C; < C' for some constant C' > 0 and all .. We shall use C' to
denote all positive constant that is independent of 1.

First, by (5.2.2) we have injg,;y(pi) > C~" and

% (5.2.8)

Rg,0(7) < Rg,0)(ps) <

for all x € M; and t € (0,00). So by Hamilton’s compactness for Ricci flow we may
assume after passing to a subsequence that (M;, g;(t),p;), t € (0,00), converges to a smooth
Ricci flow (Moo, goo(t), Poo) on (0,00). Assume f;1(p;) = 0, then by |V f;1]|(p;) = 0 and
Ricg,1y + 30:(1) = V2f;.1, we can apply Shi’s derivative estimates to get bounds for higher
derivatives of curvatures, and thus bounds for higher derivatives of f;;. So we may assume
fi,1 converges to a smooth function f satisfying Ricy (1) + %goo(l) = V?f., which makes
(Moo, goo(t), P) an expanding gradient soliton. Since Rg, ) < % it follows that Ry ) < %

This curvature condition combined with Hamilton’s distance distortion estimate gives
us a uniform double side control on dg,) and d,_ ), which implies the following pointed
Gromov-Hausdorff convergences

(MeyGi(1), ) 503 (C(X0), 00, (Moo, goe(0),p0) 2 (C(X), 0), (5:2.9)

where X;, X are some compact length spaces, and o;,0 are the cone points of the metric

cones C'(X;),C(X). In particular, the first convergence is uniform for all 4, which implies

(C(Xy),0) 255 (C(X),0).

Let H,(-) denote the n-dimensional Hausdorff measure. Then since it is weakly continu-
ous under the Gromov-Hausdorff convergence [12], we have

H,(B(o,1)) = lim vol(B(0;, 1)) = lim AVR(C(X;)) = lim AVR(g;) = 0. (5.2.10)
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However, since (M, go) is an expanding gradient soliton with Ric > 0, it must have positive
asymptotic volume ratio by a result of Hamilton [26, Prop 9.46]. So by volume comparison
we have

H,(B(o,1)) = P\I%”Hn(Bt(poo, 1)) > AVR(g(t)) > 0, (5.2.11)
a contradiction. This proves the claim at beginning that C; — oo when i — oc.

Let gl(t) = :gvl(t + Cz), t € (—Ci, OO), then /g\z<0) = 3, R:q}-(())(pi) = 1, and

Ci
<2,
t+C; —

R@.(t) (.Z') = Rgi(t+ci)(x) < (5.2.12)
for all x € M; and t € (—%, ). This together with the injectivity radius estimate
there is a subsequence of (M;, g;(t), p;) which smoothly converges to a Ricci flow (M, ¢(t), p),
t € (—00,00). Moreover, by the equation and Shi’s derivative estimates we obtain
uniform bounds for all higher derivatives of f;. Since C; — oo as ¢ — oo, we may assume by
passing to a subsequence that f; smoothly converges to a function f on M which satisfies
Ric(g) = V2f. So (M, g(0), f,p) is a steady gradient soliton. The Zy x O(n — 1)-symmetry
is an easy consequence of the smooth convergence.

O
Now we prove Theorem [5.1.1]

Proof of Theorem[5.1.1. We claim that there is a sequence of smooth families of Zy x O(n—1)-
symmetric Riemannian manifolds {X; ,, u € [0,1]}32, diffeomorphic to S™!, satisfying the
following:

1. X, is a rescaled round (n-1)-sphere;
2. diam(X;,) — 7 as i — oo;
3. K(X;,) > 1, where K denotes the sectional curvature;

4. hmz—)oo SUpue[o,l} UOZ<Xi7N) = 0.

We say X;, is Zs x O(n — 1)-symmetric if it is rotationally symmetric, and there is a
Zo-isometry that maps the two centers of rotations to each other. We prove the claim in
dimension n = 3 below, and the case for n > 3 follows in the same way.

First, we construct a sequence of smooth Z; x O(2)-symmetric surfaces {X;;}7°; with
K(X;1) > 1, diam(X; ;) — 7 and vol(X; ;) — 0 as i — oo. For each large i € N, let g; be the
metric of the surface of revolution (i~'sinrcos,i !sinrsinf,r), r € [0,7] and 0 € [0, 27].
Then by a direct computation we see that Kuyin(g;) = (i72 + 1)72. Then by some standard
smoothing arguments and suitable rescalings, we obtain the desired sequence {X;;}5°;.
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Second, for each large i, let h;(t) be the Ricci flow with h;(0) = X, 1, and assume its
curvature blows up at 7; > 0. Let K;(t) be the minimum of K(h;(t)), and V;(t) be the
volume with respect to hy(t). Then we can find a smooth function r; : [0,7;] — RJF such

that 7;(0) = 1, r(t) < mm{,/ V(t } for all ¢ € [0,T;], and (¢ ?t when

Vi (0) K(t
it

and limsup,_, . K;(0) < 1). Then the rescaled Ricci flow r2(t)hz~(t) converges to a smooth
round 2-sphere when ¢t — T. Moreover, by letting X; , = r2(Ti(1 — u)hi(Ti(1 — w)), u €
0, 1], we obtain a smooth family of Zy x O(2)-symmetric surfaces {X;,} with K(X;,) > 1,
vol(X; ) <wol(X;1), and X, is a round 2-sphere. So the claim holds.

t is close to T; (note when i is sufficiently large since lim; ., V;(0) = 0

Therefore, for each fixed ¢, by applying Deruelle’s result [32, Theorem 1.4] to X, ,, p €
0, 1], we obtain a smooth family of n-dimensional expanding gradient solitons (M; .., ¢ u, Piu), 1t €
0, 1], with positive curvature operator, and asymptotic to C(X;,). Moreover, by [32, The-
orem 1.3], the Ricci flow generated by an expanding gradient soliton coming out of C'(X; )
is unique. So any isometry of C'(X; ,) is an isometry at any positive time of the Ricci ﬂow
In particular, it implies that (M; ., g, i) is Zo x O(n — 1)-symmetric and (M; o, gi.0, Pio)
is rotationally symmetric.

By some suitable rescalings we may assume R(p;,) = 1, and by item (4) we have
lim; o0 SUP,,eq0.1] AVR(gi) = limi o0 SUP,,e0.1) AVR(C(Xi ) = 0. So we can apply Lemma
5.2.2| and by passing to a subsequence, we may assume (M, o, gio, pio) and (M; 1, gi1, i)
smoothly converge to two steady gradient solitons (M 0, Joo.0s Poo0) a0d (Moo 1y Goo.1, Poo,1)
respectively. On the one hand, since (M, , g0, Pio) is rotationally symmetric, it follows that
(Moo,05 Goo,05 Poo,0) 1s rotationally symmetric, and hence is a Bryant soliton, see e.g. [26].

On the other hand, since diam(X;;) — 7 when ¢ — oo, the asymptotic cone for each
(M; 1, gi1,pia) converges to a half-plane, or equivalently a cone over the interval [0, 7]. So for
each j € N and all sufficiently large ¢, we can find points ¢; ;,r;; € M, such that d(¢; j,pi1) =
d(rij,pin) = j and Zqi,jpm?“i,j > 71— j~ 1. Passing to the limit we obtain points g;,7; € My 1
with d(¢j, ps1) = d(rj,P1) = j and qupooylrj > 1 — 5L Then letting 5 — oo and passing
to a subsequence, the geodesics P 1, Poo,17j cOnvVerge to two rays which together form a
line passing through p.. 1. Then by the strong maximum principle of Ricci flow, (M 1, goo1)
is the product of R and an (n-1)-dimensional rotationally symmetric steady gradient soliton
with positive curvature operator, which is an (n-1)-dimensional Bryant soliton if n > 3, and
a cigar soliton if n = 3, see e.g. [26].

For a Zy x O(n — 1)-symmetric expanding or steady gradient soliton (M, g, p) with non-
negative curvature operator, we write A\1(g), Aa(g) = --- = A\,(g) to be the n eigenvalues of
the Ricci curvature at p in the directions of I''(0) and its orthogonal complement subspace
T,% = (I"(0))*. For any a € (0,1), since 52 (goo o) = Land ¢ 2 (goo,1) = 0, we have 2L (gi0) >
and % (9i1) < a when i is sufficiently large Since 3L 2 (9i, u) is a continuous functlon of p for
each fixed 1, there is some pu; € (0, 1) such that ’\; (gwi) a. Applying Lemma to the
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sequence (M, .., i, Pip;) and taking a limit, we obtain an n-dimensional Zy x O(n — 1)-
symmetric steady gradient soliton (M, g, p) with i—;(g) = «. This proves Theorem . O

By a similar argument we obtain a family of n-dimensional O(n — 2) x O(2)-symmetric
steady gradient solitons with positive curvature operator.

Proposition 5.2.3. Given any o € (0, 1), there ezists an n-dimensional O(n — 2) x O(2)-
symmetric steady gradient soliton (M, g, f,p) with positive curvature operator, such that
Al == A9 = a),_1 = a\,, where A\y,..., \, are eigenvalues of the Ricci curvature at

D.

Proof. The proof follows the same line as that of Theorem [5.1.1} First, we can construct a
sequence of smooth families of O(n — 2) x O(2)-symmetric Riemannian manifolds {X; ,, 1 €
[0, 1]}22, diffeomorphic to S™!, satisfying the four conditions as in the proof of Theorem
b.1.1] We say X;,, is O(n —2) x O(2)-symmetric if away from a closed geodesic fixed by the
O(2)-action, the metric has the form g = dr? + ©3(r)d63 + ©3(r)db3, 0; € (0,27), j = 1,2.

Then this gives a sequence of smooth families of O(n — 2) x O(2)-symmetric expanding
gradient solitons with positive curvature operator (M, ,, gi ., pi,) and R(p;,) = 1, which is
asymptotic to C(X; ). In particular, (M, , g0, pio) is rotationally symmetric.

By passing to a subsequence, we may assume (M, o, gi.0, io) and (M; 1, gi1,pi1) smoothly
converge to two steady gradient solitons (Ms 0, goo,0; Poo,0) aNd (Mso 1, goo1s Poo,1) TESPEC-
tively. Then (Mu 0, goo,0, Poop) 1S @ Bryant soliton, and (M 1, oo 1, Poo,1) 1s the product of
R"2 and a cigar soliton. Now the conclusion follows by a continuity argument. O

5.3 Asymptotic geometry of steady gradient solitons

In this section, we study the asymptotic geometry of n-dimensional Zy x O(n — 1)-symmetric
steady gradient solitons. We show that such a soliton strongly dimension reduces along an
edge to an (n — 1)-dimensional ancient Ricci flow (see below for definitions). In particular,
when n = 3, the 2d ancient Ricci flow is the cigar soliton, assuming in additional that
the scalar curvature does not vanish at infinity. See also [25] for discussions of dimension
reductions of 4d non-collapsed steady gradient solitons.

Definition 5.3.1. Let (M™,g,p) be an n-dimensional Zy x O(n — 1)-symmetric steady
gradient soliton. We say that it strongly dimension reduces along I' to an (n — 1)-
dimensional ancient Ricci flow (N, g(t)), if for any sequence s; — oo, a subsequence of
(M, K;g(K;'t),T(s:)), t € (—00,0], where K; = R(I'(s;)), smoothly converges to the product
of R and (N, g(1)).

We also say an (n—1)-dimensional ancient Ricci flow (IV, h(t)) is a dimension reduction
of (M™,g,p) along T, if there exists s; — oo such that (M, K;g(K; 't),I'\(s;)), t € (—o0,0],
where K; = R(I'(s;)), smoothly converges to the product of R and (N, h(t), poo)-
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First we prove a lemma about the relations between the potential function and distance
function.

Lemma 5.3.2. Let (M",g, f,p) be an n-dimensional steady gradient soliton with positive
curvature operator. Suppose~y : (0,00) — M is an integral curve Of%, andlimg_,oy(s) = p.
Then for any € > 0, there exists sqo > 0 such that for any s; > sy > sg we have

(1= €)(s2 = s1) < d(v(s1),7(s2)) < (52— 51).- (5.3.1)

In particular, we have (1 — €)s < d(p,v(s)) < s for all s > sy. Moreover, let o be a unit
speed minimizing geodesic between p and o(0) := ~(s). Then

£(0'(0),Vf) <e. (5.3.2)

Proof. Without loss of generality, we may assume f(p) = 0 and lim,_ ., |V f|(7(s)) = 1 after
a suitable rescaling. We use € = ¢(s) to denote all functions such that lim_,, €(s) = 0.

On the one hand, for any sy > s; > 0, let 0 : [0, D] = M be a minimizing geodesic from
Y(s1) to ¥(s2), where D = d(v(s1),7(s2)). Since L(Vf,o'(r)) = V2f(o'(r),o'(r)) > 0, we
obtain

f0ts2) = (o) = [ (V7w dr < DVLSD), (5.3.3)
which by |V f] <1 implies
f(v(s2)) = f(v(s1)) < d(v(s1),7(s2))- (5.3.4)

On the other hand, since limy_,o |V f|(7(s)) = 1, there is s > 0 such that |V f|(y(s)) >
1 — e for all s > sy. Therefore, for all so > s; > sy we have

52

F((52)) — Flr(sn)) = / UV A ) dr = / V() dr > (1— sz — 1), (5.3.5)

S1 S1

which together with (5.3.3) proves the first inequality in ([5.3.1)), where the second inequality
is an easy consequence of |7/(s)] = 1. The inequality of d(p,7(s)) follows (5.3.1) and a
triangle inequality.

Now let o : [0,d(p,v(s))] = M be a minimizing geodesic from p to v(s). Then
implies
F(v(s)) < d(p,~(s)) (Vf, 0" (d(p,7(5))))- (5.3.6)
Moreover, by and limg_,, f(7(s)) = co we have

d(v(s0),7(s)) <5 —=s0 < (14 €)(f(7(s)) = f(7(s0))) < (L +€)f(7(s)) (5.3.7)

for all s sufficiently large, which by triangle inequality and limg_,, d(p,¥(s)) = oo implies

d(p,7(s)) < d(p,¥(s0)) + d(7(s0),7(s)) < (1 +€)d(v(s0),7(s)) < (1 +€)f(7(s)). (5.3.8)
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This combining with (5.3.6) and |V f| <1 yields

VE o o)
() 2 g5 = 17 559

which proves ([5.3.2)). O

The following lemma shows that all dilation sequence along I" smoothly converges to
a limit after passing to a subsequence. The limits are all products of a line and some
rotationally symmetric ancient solution.

Our main tool is Perelman’s curvature estimate for Ricci flows with non-negative curva-
ture operator, see for example |43, Corollary 45.1(b)], or a more general result in |1, Propo-
sition 3.2]. It implies that for a Ricci flow with non-negative curvature operator (M, g(t)),
t € [=1,0], assume Byo)(wo,1) > £ > 0 for some x¢ € M, then there is C'(x) > 0 such that
R(Ig, 0) < C.

Lemma 5.3.3. Let (M",g,p) be a non-flat Zs x O(n — 1)-symmetric n-dimensional steady
gradient soliton. Then there is C' > 0 such that the following holds:

For any s; — 400, a subsequence of (M, K;g(K; 't),T'(s;)), t € (—o0,0], K; = R(I'(s;)),
smoothly converges to an ancient Ricci flow (R X goo(t), poo), where goo(t) is an (n — 1)-
dimensional ancient Ricci flow with positive curvature operator and R < C. Moreover,
R™Y2(I'(s;))I"(s;) smoothly converges to a unit vector in the R-direction of R X goo(t), and
Joo(t) is rotationally symmetric around p.

Proof. If Rm > 0 does not hold, then by the strong maximum principle the soliton is
R x Bryant for n > 4, or R x Cigar for n = 3. The conclusion clearly holds in these cases,
so we may assume Rm > 0.

Let 7(s) = sup{p > 0 : vol(B(I'(s),p)) > $p"} where w is the volume of the unit ball in
the Euclidean space R™. Since the asymptotic volume ratio of any non-flat ancient Ricci flow
with non-negative curvature operator is zero by [43, Corollary 45.1(b)], we have r(s) < oo
for each s, and lim,_, @ = 0. Moreover, by the choice of r(s) we have vol(B(I'(s),r(s))) =

2r'(s).

For any D > 0 and any z € B(I'(s),Dr(s)), by the volume comparison we have
vol(B(z,7(s))) > Cy'r"(s) for some Cy(D) > 0. Therefore, by [43, Corollary 45.1(b)]
we can find constants Co(D) > 0 such that R < Cyr~2(s) in B(I'(s), Dr(s)). By Hamilton’s
Harnack inequality %R(-, t) > 0 for ancient complete Ricci flow with non-negative curvature
operator [36], this implies R(x,t) < Cyr=2(s) for all x € B(I'(s), Dr(s)) and t € (—o0,0]. In
particular, there is Cy > 0 such that Cy'r(s) < R7/2(I'(s)), and inj,(T'(s)) > C;'r(s) by
the volume bound.

Therefore, for any s; — oco, by Shi’s derivative estimates and Hamilton’s compactness
theorem for Ricci flow, a subsequence of (M, 772(s;)g(r?(s;)t),I'(s;)), t € (—o0, 0], converges
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to an ancient solution ho(t). Let I';j(s) = I'(r(si)s + s;), s € (—o00,00). Suppose I'; con-
verges to the geodesic 'y, in ho(0) as i — oo, modulo the diffeomorphisms. We claim that
' is a line: Since lim,_, . L:) — 0, we have s; — Dr(s;) — oo, by which we can apply
Lemma and deduce that for any D > 0 that £T;(—D)I;(0)T:(D) — 7 as i — co. So
d(T'oo(=D),T'o(D)) = 2D. Letting D — oo, this implies 'y, is a line.

Next we claim that there is some C3 > 0 such that R~Y/?(I'(s)) < Csr(s) for all large

s. Suppose by contradiction this does not hold, then there is a sequence s; — oo such
—1/2 )

W = 0. Then by taking a subsequence we may assume (r~2(s;)g,'(s;))

converges to (R X goo(t), Do), Where g (t) is some (n — 1)-dimensional ancient solution.

On the one hand, as a consequence of taking the limit, we have vol(B(ps,1)) = %
and R(p.,) = 0, which by the strong maximum principle implies that g..(t) is flat. On
the other hand, since I'; converges to a line, we can find a sequence D; — oo such that
i 1= exPrys,) (I (5:)7)NB(T(s;), Dyr(s;)) with the metric gs, induced by g is a smooth surface
which is rotationally symmetric around T'(s;), and (r~2(s;)gs,, ['(s;)) smoothly converges to
(9oo(0), Poo). SO goo(0) is rotationally symmetric around ps.. Since go(0) is flat, it must be

isometric to R"~!, which implies vol(B(poo, 1)) = w > ¥, a contradiction.

Then it follows from Cj'r(s) < R™V2(T(s)) < Csr(s) that (M, K;g(K; 't),T(s;)), t €
(—00,0], K; = R(I'(s;)), smoothly converges to an ancient Ricci flow (R X go(t), poo) as
claimed. Since go(t) is rotationally symmetric and has positive curvature, the uniform
curvature bound R < C follows easily by applying [43, Corollary 45.1(b)]. O

As a corollary of Lemma [5.3.3] we show that the n-dimensional steady gradient solitons
from Theorem [5.1.1] are all non-collapsed if n > 4.

Definition 5.3.4. A Riemannian manifold (M™, g) is non-collapsed if there exists a constant
k > 0 such that for any € M and r > 0, if |[Rm| < r72 in the ball By(z,r), then
voly(By(x,r)) > kr™. Otherwise we say (M, g) is collapsed.

Corollary 5.3.5. For anyn >4, let (M", g,p) be an n-dimensional non-flat Zq x O(n —1)-
symmetric steady gradient soliton. Then it is non-collapsed.

Proof. Let w be the volume of the unit ball in R™. Suppose the conclusion is not true, then
there is a sequence of points x; € M such that ;— — 00 as @ — oo, where 7; = sup{p >
0 : volg(By(x;,p)) = %p"}, and r; = sup{p > 0 : |Rm| < p~2 in By(z;,p)}. Then by the
same limiting argument as Lemma we may assume by passing to a subsequence that

(M,7;2g,x;) smoothly converges to a manifold (M, goo; Too), Which is flat and satisfies
vol(B(rs,1)) = 4.

Let g; = 7; 2g. We first assume that there are a constant C' > 0 and y; € I' such that
dg;(xi,y;) < C for all . Then a subsequence of (M, g;,y;) converges to (Mso, goos Yoo) for

some Yoo € Moo. By Lemma [5.3.3] (M, goo) is a product of R and an (n — 1)-dimensional
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rotationally symmetric manifold. Since (M, goo) is flat, it must be isometric to R", which
contradicts the choice of w.

Next, assume lim;_,, d,,(x;,I') = oo. Let h; be the metric induced by g; on the totally

geodesic surface N, and assume z; € N. Then g; = h; + @lgsn—2 on By, (i, 3dg,(2;,T)),
where ; = 7; *¢. So it follows easily that voly, (B, (7;,1)) > c¢(w) for some c(w) > 0. Since
By, (%, 3dg,(2;,T)) is relatively compact in N, it follows by the same curvature estimates as
Lemma that a subsequence of (N, h;, z;) smoothly converges to a complete manifold
(Noo, hoos Too ), which is diffeomorphic to R2. Since (N4, hoo) is totally geodesic in (M, oo ),

it is isometric to R2.

If ;(z;) — 00 as i — 00, it is easy to see that (M., goo) is isometric to R™, a contra-
diction. Otherwise, there is C' > 0 such that ¢;(x;) < C for all i. Then by the curvature
estimates and , a subsequence of ; smoothly converges to a positive function ¢,
such that go, = grz + P2 ggn—2. Since n > 4, this contradicts the fact that (M, o) is flat,
hence proves the corollary.

]

To rephrase the statement of Lemma [5.3.3|and use it to prove a more accurate dimension
reduction theorem in dimension 3, we introduce the definition of e-closeness between two
Ricci flows.

Definition 5.3.6. For any ¢ > 0, we say a pointed Ricci flow (M, ¢1(t),p1), t € [-T,0], is
e-close to a pointed Ricci flow (Ms, g2(t), p2), t € [T, 0], if there is a diffeomorphism onto
its image ¢ : By,(0)(p2, € ') — M, such that ¢(ps) = p; and ||¢*g:(t) = g2(V)[| re=11 gy < € for
all t € [~ min{T, e}, 0], where the norms and derivatives are taken with respect to g,(0).

By this definition, Lemma [5.3.3 shows that (R(I'(s))g(R~(I'(s))t),T(s)) is e-close to the
product of R and a dimension reduction for all sufficiently large s. Moreover, a dimension
reduction (Me, goo(t), Poo) is an (n — 1)-dimensional ancient solution with positive curvature
operator and it is rotationally symmetric around p.

In dimension 3, the next theorem shows that M, is non-compact, if the original soliton is
not a Bryant soliton. Moreover, if limg_,, R(I'(s)) > 0, then the soliton strongly dimension
reduces along I' to a cigar soliton.

Theorem 5.3.7. (Dimension Reduction) Let (M, g, f,p) be a non-flat 3d Zsx O(2)-symmetric
steady gradient soliton, which is not a Bryant soliton. Then any dimension reduction of
(M,g,p) along T' is non-compact. In particular, if lim o R(I'(s)) > 0, then (M,g,p)
strongly dimension reduces along T' to a cigar soliton (M, goo(l), o), t € (—00,0], with
R(pom O) =1

Proof. Let € > 0 be sufficiently small. We denote by €4 all positive constants that depend
on € such that ex — 0 as e = 0.
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For each sufficiently large s, by Lemma there is a dimension reduction (hs(t), ps)
of (M, g,p) along T, such that (R(T'(s))g(R™(T'(s))t),T'(s)) is e-close to (R x hy(t),ps). By
Lemma [5.3.3) (hs(t),ps) is a 2d ancient Ricci flow rotationally symmetric around p, and
R(ps,0) = 1. Note the choice of hy(t) may not be unique for a fixed s, but any two such
solutions are ex-close to each other. Let

F(s) = diam(h4(0)) € (0, o0]. (5.3.10)

First, if limsup,_,, F(s) < 155, then there is k = r(e) > 0 such that all hy(0) is &-
non-collapsed. This implies easily that (M, g, p) is k-non-collapsed, and hence is a Bryant
soliton, as a consequence of the uniqueness of the Bryant soliton among 3d non-collapsed
steady gradient solitons [9], or among 3d k-solutions [3, 8]. This is a contradiction. So

lim sup,_,, F(s) > 105 > 100

Next, we claim that F(s) > D := 15 for all large s: First, choose s such that
F(sp) > 3D, and let

sp =sup{s > so | F(p) > 2D for all u € [s, sol}. (5.3.11)

Then F(s1) € [2(1 —ex)D,2(1+€x)D] and (hs, (t), ps,) is a Rosenau solution by the classifi-
cation of compact ancient 2d Ricci flows [30]. Moreover, assume e is sufficiently small, then
1 —ex < R(ps,,t) < 1forall t <0, see e.g. [26, Chap 4.4], and

diam(hy, (1)) RY*(ps,, 1) > (1 — €4)F(s1) > 2(1 — €4)D (5.3.12)

for all ¢ < 0. Moreover, by a distance distortion estimate, see e.g. [43, Lem 27.8], we can
find a t; € [—e',0) such that

diam(hs, (t1))RY?(ps,, t1) = 4D. (5.3.13)

Since g(t) = ¢;(g), where {¢;}ie(—o0,00) is the flow of —V f with ¢ the identity. We see
that (g(t), F(s))'is isometri(? to (g,¢:(I'(s))), and since I' is the integral curve of %, by a
direct computation we obtain

t
o0 =1 (5= [ 9716 ). (53.14)
0
Let so = 51 — foTl IVfl(¢,(T(s1))) du, where Ty = t;R7*(T'(s1)) < 0. Then sy > sy,
o1, (D(s1)) = T'(s2), and (g(T1),I'(s1)) is isometric to (g, '(s2)). The conditions (5.3.12))(5.3.13)
imply F(s) > 2(1 —ex)D > D for all s € [s1, 55, and F(s2) > 4(1 —€4x)D > 3D. In partic-
ular, this implies s, — s, > R™Y2(I'(s1)) > R™Y2(p).
Therefore, by induction we find a sequence {sq;,}3°,, such that s, — sax—1) > R™/%(p)
for all £ > 1 and

F(s) > D for all s € [sg(k—1), 5ok}, F(s2x) > 3D. (5.3.15)
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This implies F(s) > D = 1000 for all large s. Letting e — 0, it follows that any dimension
reduction along I' is non-compact.

Now assume limg o R(I'(s)) > 0. Suppose (goo(t),Poo) is a dimension reduction, and
(M, R(T'(s;))g(R™(T'(s4))t), T'(s;)) smoothly converges to (My, R X goo (1), Pso) for a sequence
si — oo. Let f; = f— f(I'(s;)). Then f; smoothly converges to a function f,, on M,
satisfying Ric = V2f,, with respect to the metric R X go(0). So goo(0) is a 2d non-flat
steady gradient soliton, which must be a cigar soliton [37].

[]

5.4 Existence of 3d flying wings

In this section, we prove Theorem [5.1.2] and all the corollaries. The asymptotic cone
of a 3d Zy x O(2)-symmetric steady gradient soliton is a metric cone over [—%, 5] for some
o € [0, (see Lemmal[5.4.2). Theorem shows that the soliton must be a Bryant soliton,
if the asymptotic cone is a ray. So the family of 3d steady gradient solitons from Theorem

0.1.1] are all flying wings, which confirms Hamilton’s conjecture.

Throughout this section we assume (M, g, p) is a non-flat Zs x O(2)-symmetric 3d steady
gradient soliton, and I" and ¥ are the fixed point sets of the O(2) and Zs-action respectively.

The next lemma shows that the integral of scalar curvature in metric balls increases at
least linearly in radius. We remark that this is also a consequence of [17], which shows that
the only 3d steady gradient solitons satisfying lim inf;_,, % Il Blps) R dvoly; = 0 are quotients

of R3 and R x Cigar. The proof below is self-contained and more direct under the symmetric
assumption.

Lemma 5.4.1. There exists C > 0 such that fB(p 9 R dvoly; > C~1s for sufficiently large s.

Proof. Fix some small ¢ > 0 and let sy > 0 be large enough such that Lemma holds
for e. Consider the covering of I'([sg, s]) by {T'([u — R~Y2(T'(1)), it + R7V2(T(1))]) } pesos)-
Let {T([1; — R™Y2(T(;)), i + R™Y2(T(3))]) }™, be a Vitali covering of it, which is disjoint
from each other and I'([s, s]) is covered by {I'([p; — 5R™Y2(T' (1)), pts +5R2(T(s))]) 3,
So for any pu; < p;,

i — i > RV () + RTV2(D(wy)) = RV (1), (54.1)
and

s — 59 < Em: 10R™Y2(T(113)). (5.4.2)

=1

Let ¢ = 12, we claim that B(I'(y),cR™Y?(I(u;))) and B(T'(y;), cR™V*(D(p;))) are
disjoint: Suppose not, then d(I'(u;), T'(115)) < 2¢R~Y2(T'(114)), and by Lemma
) <

) < 2| we get
iy — s < (1= 7 (T (1), D)) < 201 — ) ' RV (0(wy) < RV (0(wy), (5.43)
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which contradicts (5.4.1)).

By Theorem [5.3.7] and Shi’s derivative estimates, there is some C} > 0 such that

/ Rdvoly; > CTIR™VA(D(s)). (5.4.4)
B(I(s),cR=1/2(T(s)))

Since limg_, ., w = 0, which can be seen from the proof of Lemma [5.3.3, we have

B(T(p5), cR7Y2(T(ps))) C B(p,2s) for all i. Therefore, by (5.4.2) and (5.4.4) we obtain

m

R dvoly; >
/B(p,Zs) Z

=1

/ Rdvoly > Cy's (5.4.5)
B(I(pi),cR=1/2(D(12)))

for some Cy > 0. O

The next lemma shows that for any non-flat Zy x O(2)-symmetric 3d steady gradient
soliton (M, g, p), the space of equivalent classes of rays is an interval [—¢, $], where a € [0, 7].
So the asymptotic cone is a sector with angle o € [0, w]. Moreover, the minimizing geodesics
between p and points going to infinity along I' and 3 converge to a ray in the class £5 and

0 respectively.

Lemma 5.4.2. The asymptotic cone of (M, g,p) is a metric cone C(X) over the interval
X = [-5.5] for some o € [0, 7], and
1. For any sequence s; — 400, the geodesics between p and I'(s;) converge to the equivalent
class 5 € X.

2. For any sequence q; € Y and q; — 00, the geodesics between p and q; converge to the
equivalent class 0 € X.

3. For any ¢ € ¥, ¢; — 00, and o; = I'(s;), s; — oo, with C~ d(p,0;) < d(p,q;) <

—_e

Cd(p,0;), we have lim,_,o, £q;po; = 5.

Proof. The conclusion clearly holds for R x Cigar with a = 7, so we may assume (M, g, p)
has positive sectional curvature. For any s; — oo, let p; = I'(s;) and p; = I'(—s;). Assume
after passing to a subsequence that the minimizing geodesics pp;, pp; converge to rays 1,7,
respectively. Let (X, dx) be the space of the equivalent classes of rays, and ~,,7, € X. We
claim that dx(v1,7;) > dx(72,7,) unless {71,7,} = {72,7,}. If the claim holds, it follows

that X = [-%, 5] for some o € [0, 7].

Let 7; be a minimizing geodesic connecting p; and p;, then d(p,~;) — oo as i — o0,
because otherwise v; would converge to a line, which contradicts with Rm > 0. So for large
i, the two rays 7,7, intersect with o at ¢;,q; # p respectively. Assume d(p;, q;) < d(ps,q;)
by passing to a subsequence if necessary. Then it is easy to see

£pb; > Lpipg; + £4:pG; + £BpT;, (5.4.6)
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which implies the following when 7 — oo

dx (71,71) = dx(71,72) + dx (72, V) + dx (71, 72) = dx (72, 72)- (5.4.7)

In particular, the equalities hold if and only if dx (v1,72) = dx(7;,72) = 0, which proves the
claim.

Assertion (2) follows immediately from the fact that X is the fixed point set of the Zo-
action. Assertion (3) is a consequence of (1) and (2) and the fact that C(X) is isometric to
the Gromov-Hausdorff limit of (M, \;g, p) for any sequence \; — 0. n

From now on we fix a minimizing geodesic v : [0,00) — X starting from p such that
7((0,00)) € N, and two functions hi(s) = d(y(s),I') and hy(s) = ¢(y(s)) that can be
thought of as “dimensions” of the soliton. For example, we have h(s) ~ s'/2, hy(s) ~ s/ in
a Bryant soliton, and hq(s) & s, lim,_,o ha(s) < oo in R x Cigar. We establish inequalities
between these two functions and R(y(s)) in the following three lemmas, when s is sufficiently
large.

For convenience, in the rest proofs we shall often use €(s) to denote all functions such
that limg o, €(s) = 0, and use C' to denote all positive constants.

Lemma 5.4.3. There exists C > 0 such that hi(s)R(y(s)) < C for all large s.

Proof. Without loss of generality we may assume o < 7, because otherwise (M, g,p) is
R x Cigar, where the assertion follows from the exponential decay of the scalar curvature.

Let p; = v(s) and py = I'(s cos §). On the one hand, since o < 7, we have I'(s cos §) —
d(p.p1) 1‘+‘d(p7pz) _

00 as s — 00, which allows us to apply Lemma/|5.3.2|and deduce

€(s). Moreover, since |Zp1pp2—%| < €(s) by Lemmal5.4.2] it follows that ‘prlpg —(5—-%

€(s). Choose p/, pl in the minimizing geodesics between p, p; and pq, p2 such that d(py, p)) =

d(p1,p’) = hi(s). Then by angle comparison £p'piph > Lppips > § — 5§ — €(s), and hence

OBn(p1,hi(s)) > d(p', py) > C7'hi(s). So by volume comparison we get
vol(Bn(p1, hi(s))) > C~ 1 h3(s). (5.4.8)

On the other hand, let My — M := M\T be the universal covering, and (Mo, §(t), p1) be
the pull-back Ricci flow of (M, g(t),p1), t € (—o0, 0], where g(t) is the Ricci flow associated
to (M, g,p) with g(0) = g. Then g(0) = gn + p?dh?, 6 € (—o0,0), and by using (5.4.8)) we
get

vol(Bg0)(p1, h(s))) > %hl(s) vol(By(p1, %hl(s))) > O hi(s). (5.4.9)

So by applying Corollary 45.1(b) in [43], we obtain R(p;) = R(p1) < C hi*(s). O
ho

(s)

T (s) — 0 as s — 0.

Lemma 5.4.4. Suppose (M, g,p) is not a Bryant soliton. Then
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Proof. Suppose by contradiction that there is a sequence s; — oo such that hQESZ) >C1t>0

for some C' > 0 and all i. Let o; be a minimizing geodesic from ~(s;) to some ¢; € T such
that hi(s;) = d(v(s;),q;). Then o; intersects with I' orthogonally at ¢;. Let 3; = ¢~(0;),
where ¢ : (M \T,g) — (IV,gn) is the Riemannian submersion. Then (3;, g;) is a smooth
rotationally symmetric surface with non-negative curvature, where g; is the metric induced
by g. Then by Theorem [.3.7, (X;, R(I'(s;))g;) smoothly converges to the time-O-slice of a
non-compact ancient Ricci flow goo(%).

Moreover, by Theorem |5.3.7| we know that any blow-down limit along I is a product of R
and a non-compact ancient Ricci flow, from which it follows that lim, . hi(s)RY?(T(s)) =
0o. This combining with h2 SZ > C~! and a volume comparison implies that the asymptotic
volume ratio of g..(0) is p081tlve and hence g (t) is flat, a contradiction. O

Lemma 5.4.5. Suppose the asymptotic cone of (M, g,p) is a ray. Then there is some C > 0
such that hy(s)ha(s) > C~s for all large s.

Proof. The assertion clearly holds when (M, g,p) is a Bryant soliton, so we may assume
below that (M, g,p) is not a Bryant soliton.

On the one hand, since hi(s) = d(v(s),T"), we have d(q,7(s)) = hi(s) for some ¢ € T.
Let g be the image of ¢ under the Zs-action, and o : [——d(q q), 2d(q, g)] be a minimizing
geodesic from ¢ to g. Then by the Zs-symmetry it follows that o intersects orthogonally
with ¥ at ¢(0) and

(g, 0(0) = d(q, %) = 3d(q,2). (5.4.10)

Moreover, by replacing o with its image under some O(2)-action, we may assume o(0) € 7.
So we have

%d(q,ﬁ) = d(q,7) < d(q,7(s)) = u(s). (5.4.11)

Since the asymptotic cone is a ray, by Lemmal5.4.2{and hq(s) = d(v(s),T") < d(v(s),T'(s)),
we see hi(s) < €(s)s. So by Lemma and using triangle inequality we obtain

d(p,a(0)) < d(p,7(s)) +d(v(s),q) + d(g,0(0)) < d(p,7(s)) + 2hi(s) < (1 +€(s))s.
(5.4.12)

Suppose ¢(0) = 7(s) for some s’ > 0, then by Lemma this implies s' < (1 + €(s))s,
which by the concavity of hsy yields

ho(s) > (1 — e(s))ha(s') > %hQ(s'). (5.4.13)

On the other hand, let 2(s) C M be the domain bounded by ¢~'(o), where ¢ : (M \
[',g) — (N, gn) is the Riemannian submersion, then

d(98)(s),p) = d(p,0(0)) — d(q,0(0)) = (1 — €(s))s — ha(s) = (1 — €(s))s, (5.4.14)
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which implies Q(s) D B(p, %s), So by Stokes’ theorem, R = Af, and Lemma we obtain

Area(0Q(s)) > / (Vf,i) = / Af dvoly > / Rdvoly, > C's. (5.4.15)
99(s) Q(s) B(p

7%8)

By the Zy-symmetry we have £ |,_o ¢(o(r)) = 0, WhICh combining with the concavity of
the warping function ¢ implies p(o(r)) < ¢(0(0)) = ha(s') for all » € [—3d(p, D), 3d(p, D))
So

Area(99(s / / g ) drdf < 27 d(q, Dha(s) < Chi(s)ha(s),  (5.4.16)

where we used (5.4.11]) and ([5.4.13)) in the last inequality. This together with (5.4.15)) proves
the lemma.

]

Lemma 5.4.6. Suppose the asymptotic cone is a ray, and limg o ha(s) < oo. Then
lims 00 R(I'(s)) > 0.

Proof. Suppose s is sufficiently large, and assume lim,_,, p(7(r)) = lim,_, ho(r) = C for
some C' > 0. Let p; = T'(s), po = I'(—s), and o : [0,d(p1, p2)] = M be a minimizing geodesic
from p; to ps. Let ppi, ppa, p1p2 = 0 be minimizing geodesics between these points. Then
since £pipps < €(s), we have Appips > Lppips > 5 — €(s).

For some s’ >> s, take ¢ = y(s'), and let gp;, gp2 be minimizing geodesics between these
point. By replacing o = pips and pp; with their image under suitable O(2)-actions, we may

assume that £Lppips + Lgp1ps < 7r Since by angle comparison £pyp1q > £pap1q > 5 — €(s),
it follows that }A{pplpg - —‘ < €(s). Note by Lemma we have L(Vf(p1),pp1) < €(s),
so by triangle inequality we obtaln

(V0" (M) O)] + [V f, 0 (r)(d(p2, p1))] < €(s). (5.4.17)
By the dimension reduction Theorem we have R™V2(I'(s)) < 1d(p1, p») and
p(o(R7V2(I'(s)))) = CT'RV2(I(s)). (5.4.18)

By the Zs-symmetry it follows that o intersects with ¥ orthogonally at o (3d(p1,p2)), and

4 r—Ld(p1 p2) ¢(o(r)) = 0. So by the concavity of ¢ we get

—00

ol () < o (o (Gdnpn)) ) < fim o2() =C, (5.4.19)

which together with ((5.4.18]) implies the lemma. O
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Now we prove Theorem of the equation lim,_,, R(I'(s)) = sin®

S11e}

Proof of Theorem[5.1.4] Without loss of generality we may assume Rm > 0, and (M, g, f, p)
is not a Bryant soliton, since the theorem clearly holds for R x Cigar and the Bryant soliton.
We may also assume R(p) = 1.

For each fixed s sufficiently large, let o : [0,d(p1,p2)] — M be a minimizing geodesic
from p; = I'(s) to p, = I'(—s). By the soliton equation V?f = Ric and by integration by
parts we obtain

/ d(p2,p1) Ap2p1) . / /
(V.0 (r)) 1029 /O Ric(o/(r), o' (1)) dr- (5.4.20)

First, we claim

(V£,0'() 37" =2V f|((s) sin 5| < els) (5.4.21)
If o = 0, the claim holds by Lemma [5.4.6l So we may assume a > 0.

Let p3 = I'(2s), and ppa, pp1, p1pe, P1Ps, P2p3 be minimizing geodesics between these
points, where p;ps = ¢ in particular. On the one hand, by replacing geodesics pp1, p1ps with
their images under suitable O(2)-actions (note p,p;,ps € I' are fixed under O(2)-actions),
we may assume Appi1ps + £pop1ps < . On the other hand, by Lemma [5.3.2] and Lemma

[5.4.2] we obtain
d(p, p) +‘d<p,ps> - 2MM V32— Zcosa
S

)y
s 5

+‘M_m < e(s).

Since o > 0, we have /2 — 2cosa > 0. So by the cosine formula we obtain

+ «

< €(s). (5.4.22)

~ T — ~ s
Appips — T‘ + ‘épﬂ?lp:a —

Then by the angle comparison it follows that £ppi1p, > 5% +€(s) and Lpapips > T5¢ +¢€(s),
which combining with £ppips + £pop1ps < 7 implies

‘Aipplpz —~ (W - a) ‘ < e(s). (5.4.23)

2

Note by Lemma the angle between V f and the tangent vector of pp; at p; is smaller
than €(s), this implies claim (5.4.21)).

Next, by the Dimension Reduction Theorem [5.3.7, (M, R(T'(s))g,'(s)) is €(s)-close to
R x Cigar, so we can find D(s) < min{1d(ps, p1), $€(s) ™'} such that lim,_,, D(s)RY?*(['(s)) =
0. So it follows that d(o(D(s)),T') > 3D(s) cos 2. Then by the same argument as in Lemma
we get R < C(D(s))™? in the two metric balls of radius § cos $D(s) which are centered
at o(D(s)) and o(d(ps, p1) — D(s)). This implies by the second variation formula that

Apzp1) =) : ’ ’ ¢ V2 (s
/D(S) Ric(a'(r),o'(r)) dr < Dis) < e(s)R7=(I(s)). (5.4.24)
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If lims o R(I'(s)) = 0, by the uniform curvature bound for all dimension reductions we
have

R_1/2(F(s))/l Ric(a'(r), o' (r)) dr < C, (5.4.25)

where C' > 0 is a constant independent of s, and I = [0, D(s)] U [d(p1,p2) — D(s),d(p1, p2)]
This combining with (5.4.21])(5.4.24)) and ([5.4.20)) implies & = 0. So the theorem holds in

this case.

If limg,oo R(I'(s)) > 0, the dimension reduction is a cigar soliton with scalar curvature
equal to 1 at the tip, and it follows that

«

'<R1/2(F(s)) /1 Ric(o'(r), o' (1)) dr) — 20085 < ¢(s), (5.4.26)

where we used the fact that for a cigar soliton with the sectional curvature K equal to % at the
tip, the integral of K along a geodesic emanating from p is fooo Kdr = fooo %sechQ(%r) dr = 1.
This combining with ([5.4.24]) implies

«

d(p2,p1)
/o Ric(o’(r), o’ (1)) dr — 2RY?(I'(s)) cos ) < €(s). (5.4.27)

Combining (5.4.21))(5.4.27)) in (5.4.20) and letting s — oo we obtain

lim |V f|(T(s)) sin = = lim RY2(I(s)) cos —. (5.4.28)

S—00 2 S$—00 2
By the identity R+|V f|> = R(p) = 1, this implies lim, o, R"/*(I'(s)) = sin £ and lim,_,« [V f|(I'(s)) =
cos 5, which proves the theorem.

]

Corollary follows immediately from Theorem and Theorem [5.3.7}

Now we prove Theorem by a bootstrap argument: First, since g = gy + ©?df? on
M\T, the vector field % is a killing field. Then by the killing equation we can establish the
following relation between the Ricci curvature and the warping function ¢, when they are
restricted on v C X:

. (0 0
R (5 55 ) = V71N, (5.4.20)
Recall we define ha(s) = ¢(v(s)).

Suppose that the soliton is not a Bryant soliton, then by combining the estimates from
Lemmal5.4.3 in the equation , we obtain that hy(s) << s'/2. Replacing Lemma
5.4.4|with this new upper bound, then the same argument shows that hy(s) < C. This implies
limg o, R(I'(s)) > 0, and by Theorem we obtain a contradiction.
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Proof of Theorem[5.1.5. Let €(s) be constants that converge to 0 as s — oo, and let C
denote all constants that are uniform for all large s. Suppose by contradiction that M is not
a Bryant soliton. We shall use the notations in Lemma . Since g = gy + ¢*dbH? on
M\ T, it follows that X := -% is a killing field. So by the identity of killing field we have

(VxX,Vf)+ (Vg X, X) =0. (5.4.30)

Note that (X, Vf) =0 and V?f = Ric, this gives the identity

/X XN\ V(XD
fic (|X| |X|) TIXT (5.4.31)

Restrict the LHS of (5.4.31)) on 7(s) and abbreviate it by R(s). Then by the relations
among hi(s), ha(s) and R(y(s)) from Lemma [5.4.5] |5.4.4} and we obtain
s R(s) < s R(1(s)) < Chi(s)ha(s)R(1(s)) < e(s)ha(s)*R(1(5)) < e(s), (5.4.32)
which by (5.4.31)), lims o [V f|(7(s)) = C > 0, and h(s) > 0 implies

hy(s) _ Vf(ha(s))  2R(s) _ e(s) €
ho(s) S TVf| hals) ~ IVf| ~Cs <5 (5:4.33)

for all large s and some ¢y € (0, 5). So ha(s) < C's for all large s.

Next, by using hs(s) < C's® and applying Lemma again we obtain hy(s) > C~ sl
which combining with Lemma [5.4.3| again gives

R(s) < R(y(s)) < Cs™ 2+, (5.4.34)
Now substituting this into equation (5.4.31)) we obtain

hi(s) < 0872+260’
h2<8)

which implies hy(s) < Ce™% 7 and hence lim,_,o ho(s) < co. This by Lemma -
implies limy o, R(I'(s)) > 0, which by Theorem [5.1.4] yields a contradiction.

(5.4.35)

Corollary follows directly from Theorem [5.1.2] It is easy to see that the conclusions
in Theorem and Theorem also hold for n-dimensional O(n —2) x O(2)-symmetric
steady gradient solitons with positive curvature operator. So Theorem follows from
Proposition [5.2.3] It remains to prove Corollary [5.1.6]

Proof of Corollary[5.1.6. First, by the proof of Theorem and Theorem there exists
a sequence of Zy x O(2)-symmetric 3d expanding gradient solitons with positive curvature
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operator {(Mix, g1k, P1x) }7>;, which smoothly converges to a 3d flying wing (M, g1,p1). We
may assume R, (p1x) = Ry, (p1) = 1, and the asymptotic cone of (Mj, gl,pl) is a sector with
angle oy € (0, 7). This by Theorem implies lim, ., Ry, (I'(s)) = sin® &L.

Let (Mo, go, po) be a Bryant soliton with Ry, (po) = 1, since limy_ o R, (I'(s)) = 0, we can
find s; > 0 such that Ry (I'(s1)) < 4 sin®%. Choose a constant Re (Rgo(L(s1)), & sin® &).
Then by the convergence to (M, g1, pl) and the continuity argument in Theorem [5.1.1] we
can find a sequence of Zy x O(2)-symmetric expanding gradient solitons (Mo, gog, P2x) With
positive curvature operator, which smoothly converges to a 3d flying wing (Ms, go, p2), with
R,,(p2) = Ry,, (p2r) = 1 and Ry, ([(sy1)) = R. Assume the asymptotic cone of (M, go, p2) is
a sector with angle as € [0,7]. Then o € (0,7) by Theorem [5.1.2] Moreover, by Theorem
B.1.4 we have

9 (¥ o 1 .
— = < - —. A.
sin? 5 Sli)rglo R, (I'(s)) <R < 5 Sin” < (5.4.36)
Therefore, by induction we obtain a sequence of 3d flying wings (M;, g;, p;) whose asymp-
totic cone is a sector with angle a; satisfying sin? 241 < 1gin? % for all i. So a; — 0 as

2 2
7 — 00. O
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