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Abstract

Quasilinear dynamics of KdV-type equations
by
Benjamin H. Harrop-Griffiths
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Daniel 1. Tataru, Chair

We consider the behavior of nonlinear KdV-type equations that admit quasilinear dynamics
in the sense that the nonlinear flow cannot be simply treated as a perturbation of the linear
flow, even for small initial data.

We treat two problems in particular. First we study the local dynamics of KdV-type
equations with nonlinearities involving two spatial derivatives. A key obstruction to well-
posedness arises from the Mizohata condition. This leads to an additional integrability
requirement for the solution in the absence of a suitable null structure. In this case we prove
local well-posedness for large, low-regularity data in translation-invariant spaces.

Second we explore the global dynamics of the modified Korteweg de-Vries equation. We
establish modified asymptotic behavior without relying on the integrable structure of the
equation. This approach has the advantage that it can be used for a wide class of short-
range perturbations of the mKdV. To give a thorough description of the asymptotic behavior
we prove an asymptotic completeness result that relates mKdV solutions to the 1-parameter
family of solutions to the Painlevé II equation.
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Chapter 1

Introduction

The Korteweg-de Vries equation (KdV),
(11) U + %uzzz = <u2)337

is a 1 4+ 1-dimensional model of long dispersive waves. It was derived in 1877 by Boussinesq
[11], and again in 1895 by Korteweg and de Vries [91], as a model for the surface height of a
canal. The KdV arises as an asymptotic limit of numerous dispersive systems and, together
with its generalizations, has a wide range of physical applications including fluid mechanics,
plasma physics and nonlinear optics.

Solutions to the corresponding linear equation,

(12) U + %Umrx = 07

have the property that waves at different frequencies travel at different velocities. As a
consequence, linear solutions tend to spread out or disperse leading to both pointwise and
space-time averaged decay (see . For this reason we refer to the KdV as a dispersive
equation. In order to study nonlinear equations we look to balance the linear dispersion
against any potentially harmful nonlinear dynamics.

In this thesis we will be concerned with two different generalizations of the KdV equation.
These generalizations have the common feature that solutions exhibit quasilinear behavior
in the sense that nonlinear solutions cannot be treated simply as a perturbation of a solution
to the linear equation, even for arbitrarily small initial data.

Derivative KdV-type equations. In Chapter[2 we consider the local well-posedness of
equations of the form

(1.3) Up A GUze = F (U, Uy, Ugy),

with initial data in low regularity spaces. This type of model arises in the context of wave
propagation in elastic media |82} 92].
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For linear KdV solutions, the rough high frequencies travel faster than the smooth low
frequencies. This leads to a local smoothing effect, first observed by Kato [68]. The key
difficulty in proving local well-posedness for is then to obtain enough smoothing from the
linear operator to compensate for two derivatives falling at high frequency in the nonlinearity:.
An obstruction arises from the Mizohata condition: for a linear equation of the form

to be well-posed in Sobolev spaces, the coefficient a must satisfy an additional L!-type
integrability condition (see . One approach to this problem is to consider spatially
localized initial data. However, as spatial translation is a symmetry of , it is more
natural to consider initial data in translation-invariant spaces.

In Chapter [2| we prove local well-posedness for by imposing a translation-invariant
[*-type summability condition on the initial dataﬂ Further, in the case that the nonlinearity
does not contain a term of the form wu,, we take advantage of a null structure in the
nonlinearity to relax this summability condition and prove local well-posedness in Sobolev
spaces.

The mKdV. In Chapters [3] and ] we consider the asymptotic behavior of the modified
KdV (mKdV) equation

(1.5) uy + %uzm = o(u?),,

where the focusing case is given by ¢ = —1 and the defocusing case by ¢ = +1. Like
the KdV, the mKdV arises as a model for long dispersive waves in many physical contexts.
However, one of the most remarkable properties about the mKdV is its relation to the KdV
via the Miura map [120]. If u is a sufficiently regular solution to the defocusing mKdV, then
v = MJu] is a solution to the KdV, where

(1.6) M[u] = \/2u, + 3u®.

This map can be shown to be invertible provided the KdV solution contains no soliton com-
ponents (see and hence defocusing mKdV solutions essentially describe the dispersive
part of KdV solutions.

When considering the existence of global solutions, a major obstruction comes from
parallel resonant interactions: linear waves with the same velocity that interact nonlinearly
and feed back into the system. While the mKdV has a large collection of such interactions,
it also possesses a null structure that leads to the existence of global solutions. However, the
presence of these “bad” nonlinear interactions leads to a logarithmic divergence between the
phase of mKdV solutions and of linear KdV solutions. This is known as modified asymptotic
behavior.

LChapter [2|is similar to the author’s previously published work [48], [51].
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In Chapter |3| we prove global existence and derive modified asymptotics for solutions to
the mKdV with sufficiently small, smooth and spatially localized initial data, without making
use of the completely integrable structureE] A key advantage of our robust method is that
it can also handle (non-integrable) short range perturbations of the mKdV. In Chapter
we consider the reciprocal problem: given a suitable asymptotic profile, can we construct a
solution to the mKdV matching the asymptotic behavior at infinity? Together these results
give us an asymptotic completeness result for the mKdV.

1.1 Notation, definitions and elementary estimates

In this section we briefly collect some notation, definitions and estimates used throughout
this thesis.

Basic notation. Given two quantities A, B we will write A < B if there exists some
constant C' > 0 so that A < CB and write A~ Bif A < Band B S A. If C = C(k) we
will write A < B. We write A < B if A < B and the constant is sufficiently small.

We denote the sets of integers, real numbers and complex numbers by Z, R and C
respectively. If E C R? we denote the indicator function of the set E by 15. We denote
the Euclidean norm by | - | and define the bracket (-) = (1 + | - [%)z. We use the notation
2y = 3(|z| £ x). If X is a normed space we denote its norm by || - || x.

We use d,u, u, and u' to denote a (partial) derivative in the variable x and use the
notation D = —id,. We define the inverse derivatived’|

(17) otu=y ([ = [Tutway).

We say a function is localized at scale £ > 0 if for all £ > 0,

(@) Sk ()7

We say that a function is smooth on a scale A > 0 if for all £ > 0,
|05 f ()] Sk A

If X is a normed space and I C R is an interval, we denote the space of continuous
functions f: I — X by C(I; X) equipped with the sup norm. We use the notation C*
to denote k-continuously differentiable functions; C*° = (| C* to denote smooth functions;
Cg° to denote smooth, compactly supported functions; S to denote Schwartz functions. We
define the space of ruled functions R(I; X) to consist of f: I — X such that for every ¢t € I
both the left and right limits at ¢ exist.

2Chapters [3| and [4] are similar to the author’s work [49], which has been submitted for publication.
3This definition of 9! corresponds to the Fourier multiplier (i¢)~!, where the integral is interpreted in
a principal value sense.
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Lebesgue spaces. For 1 < p < oo we use LP(R;F) (where F = R or C) to denote the
space of Lebesgue-measurable functions f: R — [ such that

lullz, = / (@) dz < oo,

with the usual modification for p = co. We will typically omit the domain and codomain
when they are evident. We denote the L2-inner product by

(u,v) = /u(:v)@(x) dx.
The Fourier transform. We define the Fourier transform of a function u € S(R) by

ile) = [ ula)e < da,

with inverse given by
1 )
u(z) = gy /u(&)e“‘“£ dg.
We recall Plancherel’s Theorem,

1
27

(1.8) (u,v) =

(0, 0).
Given a measurable function a: R — C we define the Fourier multiplier

1
o

o(D)u / a(€)a(E)e"™ dt.

We define the linear KdV propagator by
1 .
(1.9) S(tu = — / ()0 ge.

:27T

Sobolev spaces. We define the homogeneous and inhomogeneous Sobolev spaces H *(R),
H*(R) to be the completion of the Schwartz functions under the norms

e = [(D)?ul[ L2,

lullgs = IDPullz2, lul

and the weighted Sobolev space H*?(R) with norm

meo = [{D) ullz2 + [[{2) L.

]
We will frequently make use of the 1-dimensional Sobolev estimate

1 1
(1.10) [ull oo S Mlull 22 lluel £2-
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The Littlewood-Paley projections. Let 1) € C§° be a real-valued, even function so that
0 <1 <1, 9 is identically 1 on [—1,1] and supported in (—2,2). For N € 2%, we define the
Littlewood-Paley projections

Pcy =¢(N7'D), Pony =1- Pcy, Py =Py — Py,

We also define the projections to positive and negative frequencies by Py = 19 «)(£D). We
will commonly write uy = Pyu and similarly for the other projections. If R & 2%, we will
use P<p to denote the sum of dyadic frequencies < R.

We recall Bernstein’s inequality for 1 < p < ¢ < oo,

Y

d_d
(1.11) [P<nullLe S Nv~a || Peyul| e,
and the behavior of the projections with respect to derivatives,

|| D]* Penyullr S N¥|| P<yul| Lo, N*||Psyullze S [P Psyul| 2o

~Y

We note that by Plancherel’s Theorem ([1.8]) we have

lulfe ~ > luwlize,  Nullfe ~ lucllza + Y0 N*flun]e.
N N>1

We define the Besov spaces B,? with norm

lulher = lusalfs + D N®Jluwllf,,

N>1
with the usual modification for ¢ = co.

We recall the Littlewood-Paley trichotomy: given two functions u and v we may decom-
pose their product at a given output frequency N as

PN(UU> = Z PN(leuPNQ'U),
(Nl,Nz)GN

and may decompose
N = Muigh—tow U Mow—nigh U Nhigh—highs

where we define the sets of high-low interactions, low-high interactions and a high-high
interactions by

NMhigh—low = {% < Ny <4N, Ny < %}’
Now-nigh = {N1 < I, I < N, <4N},

4

MNhigh—high = {% < Ny <4N;, Ny, Ny > %}

Throughout this thesis we will frequently make use of functions that are localized in
both space and frequency on the scale of uncertainty. In this case we may commute the
localization up to rapidly decaying tails:
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Lemma 1.1. Let 1 < p < oo and x € S(R) be localized at scale ~ 1 in space and frequency
and for a given spatial scale £ > 0, let x,(x) = x(¢~1x). Then for any function u € S(R)
and any k > 0, we have the estimate

(1.12) (1 — Py)(xePryu)|| e S (EN) 79| Pyl e,

where Py = Py o o,y satisfies Py Py = Py.

T<
The spaces Uf and VI. The U% and VI spaces provide an elegant framework in which
to treat the local well-posedness theory for the KAV family of equations (and many other
equations), especially at critical regularities. These spaces were originally introduced in the
context of dispersive PDE by Tataru in unpublished work on the wave maps equation and in
the work of Koch and Tataru [88] on the cubic nonlinear Schrédinger equation (NLS). In this
section we briefly recall their definitions and basic properties. For a detailed introduction
we refer the reader to [90].

Let I =[a,b) C R where —co <a<b<ocandlet 7={a=1t) <t < - <tpy =0b}
be a partition of I. We define a p-atom to be a step function

a(t) = Z ¢j1[tj»fj+1)(t)>
j=1

where > . [|¢;[I7. < 1. We then take U” to be the atomic space consisting of functions
w: I — L? such that

|ul[g» = inf {Z A ru= Z)\jaj, a; are atoms} < 00.
J J

We note that if u € U? then u(a) = 0 and w is right-continuous. If I C I’ = [A, B), we may
always extend u € UP to I’ by taking u(t) = 0 for ¢ < a and u(t) = limgy, u(s) for t > b.

We define the space V? to be the completion of the ruled functions R([; L?) under the
norm

n—1
[[ul[{/» = sup (Z Ju(tjr1) — u(ty)ll7z + Hv(tn)H’Za) :
T =1

We note that if u € VP(I) then we may extend it by zero to V?(I’) for I C I'. We denote
the subspace V2 C V? to consist of right-continuous functions v € V? so that lim;, v(¢) = 0.

We define the space DUP of distributional derivatives of UP-functions with the induced
norm. We then have the following embeddings of the UP and V? spaces:

Proposition 1.2. For 1 < p < q < 0o we have the embeddings
(1.13) Ur c Ut Ve cve
(1.14) urcvekcul.

Further, with respect to the usual L?-duality we have (DUP)* = VP where }D + 7% =1.
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When using the U? and V? spaces to study PDE, it is useful to work with adapted spaces.
If S(t) is the linear KdV propagator defined as in (1.9) we may define the adapted space
UL = {S(—t)u € UP} with norm

[ullog = [1S(=t)ulls,

and similarly for V¥ DUE. We will consider these spaces to be defined on the interval
I = [—00,T) and extend solutions on [0,7) to I by zero.
We define the space [?V? with norm

lullfoye = Y I1Pvullf,
N

and have the estimate [100, Lemma 4.11],

(1.15) [ullv2 S llulleve.

1.2 The linear KdV equation

In this section we discuss some properties of (real or complex-valued) solutions to the linear
KdV equation,

U + luxmz = f
(1.16) { ’

u(0) = up.

We refer to the case f = 0 as the homogeneous equation and f # 0 as the inhomogeneous
equation.

Wave packets. We first discuss wave packets for the linear KdV. These are approximate
solutions, localized on the scale of uncertainty in both space and frequency. They not only
provide the intuition for many of the techniques and ideas used in this thesis, but are also
used explicitly in Chapter [3|

Given square integrable initial data uy € L*(R) we may write a solution to the homoge-
neous linear equation as a superposition of linear waves

1

= |5 i(3te*+ag) 4

u(t,z) = S(t)ug =

More generally we may write solutiong]] to the inhomogeneous linear equation using the
Duhamel formula,

(1.17) u(t) = S(t)uo + /Ot S(t—s)f(s)ds.

4We will be exclusively concerned with strong solutions to PDE in this thesis. See [139, §3.2] for a
discussion of the relevant definitions and alternative types of solution.
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The uncertainty principle states that if a function is localized at scale ¢ in physical space,
then it cannot be localized at scale smaller than ¢~! in Fourier space and vice versa. More
precisely,

lullze S llwullz2 €@l 2.
Given a length scale £ > 0, we may write uy € L*(R) as a superposition (see for example

89, [142]),

uo(r) = %/a(%fo)‘l’xo,go@) dxod&o,

where the U, ¢, are localized about the point (zo, §p) in phase Spaceﬂ at scale ~ £ in physical
space and ~ ¢~! in Fourier space. Applying the linear propagator, the solution to the
homogeneous linear equation may be written as

u(t) = !

2 [ ol &S0 droda
s

As a consequence, in order to understand the behavior of solutions to the linear KdV, it
suffices to consider solutions with initial data given by

uo() = X(€ (@ — g)) e,

where y € S(R) is localized near z = 0 at scale ~ 1 in space and frequency. By the translation
invariance of the linear KdV operator, we may assume that zyo = 0. The corresponding
solution to the homogeneous linear KdV equations is then given by

/ CR((E — &) EE+20) g,

Linearizing the phase about £ = &, we have

1 ~ i(Lee34 T 2\ ¢ _ _
U(t,$) = %/6)((6(5—50))6(315504‘ So+(z+t£5)(§—E0)) d§+0(t|&)|€ 2—|—t€ 3)

= X (07 (@ + t€2)) e GHEBFTE) 1 O(t]g| 072 + 1073,

For timescales At < T" we see that the solution u behaves like the wave packet approxi-
mate solution

() = X(C! (0 + £63)) /510750,
provided we choose the scale £ > 0 so that

¢~ max{T3,T2|&|2}.

We note that uy, is localized on the ray {z + t£2 = 0} that corresponds to the Hamiltonian
ﬂowﬁ through the point (0, &) in phase space associated to the Hamiltonian H(§) = —3&°.

5Phase space is considered to be the cotangent bundle 7*R = R? endowed with the canonical symplectic
form w = d¢ A dx.

We recall that given a function H: T*R — R, the associated Hamiltonian flow is given by
(#(t),£(t)) = Vo, H(x(t),£(t)), where V,H = Hed, — H,0¢ is the symplectic gradient. For more details
see |139, §1.4].
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Figure 1.1: The wave packet approximation at (0,&).

When we consider nonlinear equations with quasilinear dynamics, we do not necessarily
expect a solution with wave packet initial data to resemble the linear wave packet approxi-
mate solution. However, under suitable conditions we may hope that they will remain close
in some sense. In Chapter [2] we use the fact that on timescales T" ~ 1, the linear wave packet
at dyadic frequency N > 1 is localized in an interval of length N2. In particular, even if the
nonlinear flow of the wave packet initial data deviates from the linear flow, there is some
hope that it will still remain well-localized inside this interval. In Chapters [3| and [4] we only
expect the nonlinear flow to deviate from the linear flow by a logarithmic phase correction.
In Chapter |3| we use the wave packets explicitly, testing our solution against wave packets
to construct an asymptotic ODE that gives rise to the logarithmic phase correction. In
Chapter |4) we make use of the scale ¢ associated to the wave packets to construct a suitable
approximate solution to the mKdV.

The Airy functions. In order to understand the dispersive properties of the linear KdV
equation, we first consider the behavior of the fundamental solution,

u(t,z) = s Ai(t_%x),
where we define the Airy function Ai(x) as an oscillatory integral,

Ai(z) = i/e"(}sgs*‘”@ d¢ = %/OOO cos(£€° + x€) d&.

o7

We may then write the linear propagator ((1.9)) as a convolution,

(1.18) S(t)u = / 5 Ai(EH (2 — )uly) dy.
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We also define the Airy function

1 [ 1 [ 1.
Bi(z) = —/ sin(£€° + x) d€ + ;/ e 38 T e
0 0

™

and observe that {Ai(z),Bi(z)} form a linearly-independent set of solutions to the Airy
equation

(1.19) y'(x) — wy(z) =0,

with Wronskian

Ai(z) B’ (z) — Ai'(z) Bi(z) = %

Using stationary phase and steepest descent, we may then prove the following estimates for
the Airy functions [128].

Lemma 1.3. We have the estimates

3 1 5 3
(1.20) [ Aiz)] S () "re7s™, A ()] S (w)remsm,
3 3
(1.21) [Bi(z)] S () 5™, [Bi(0)] S (x)ies.
Further, we have the asymptotics as x — —o0,
(1.22) Ai(z) = 72|75 cos(~ 3|2 + §) + O(la| %),
(1.23) Ai'(z) = 72 |a|7 sin(—2|z]? + T) + O(jz| 1),
(1.24) Bi(x) = —m2[z[ "1 sin(~2|z|> + F) + O(|2| ),
(1.25) Bi' () = 72 |2|7 cos(—2[|? + T) + O(|z| %),
and as r — 400,
1.26 Ai(x) = lw_% x _ie_%lg”'% + O(|z _%e%'z‘% ,
2
y L 101 28 _5 213
(1.27) Ai'(z) = —57 2|x1e” 3 + O(|x|"2e731"7),
(1.28) Bi(z) = 77|z " 1e3® + O(jz| Tesl?),
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Dispersive estimates. As a consequence of the formula ((1.18)) and Young’s inequality for
convolutions we have the dispersive estimates

1
(1.30) [S(E)ullLee S 15 [ullzr,

(1.31)  [S(t)u| St 5 32) 5| 3a)ulp,  |0:.S()ul S 33 a) (|t ) il

For non-localized data, the bound ([1.30)) is somewhat naive and we may recover better
dispersive estimates by considering the oscillatory integral,

|D|2+w Ai(z /|€| 5 +Hio Si(3t€7+x€) de.

By stationary phase (see for example [90]) we have the estimate,
(1.32) ‘|D|%+w Ai(:z:)‘ < (o).
We then define the family of operators T, on the strip 2 = {0 < Re( < 1} € C by

Tou = ¢€’|D|2S(t)u.

Using Plancherel’s Theorem for the L? estimate and the formula with the
improved bound we have
IToulle S e lullze, | Tiioulle St72e () ull, o €R.

By Stein’s complex interpolation theorem, we then have the dispersive estimates [78§],

1.33 D]z~ S(t)u e gt%_% wll ., 2<r<oo.
L

Strichartz estimates. As it is most natural to consider initial data in L?-based spaces,
in order to study the dispersive properties for non-localized initial data we must relax the
pointwise bounds and instead look for space-time averaged decay. By using a 77" argument
with the dispersive estimate we may derive the following Strichartz estimates for

solutions to (|1.16]):

Lemma 1.4 ([78]). Suppose u is a solution to (L.16) on an interval 0 € I C R and (¢;,7;)
satisfy the admaissibility criteria

2 1 1
(1.34) —+ — = 2 <r; <oo.
qG Ty 2

Then we have the Strichartz estimate

_ 1
(1.35) lullzzers + DI ullpon o S Huollze + 1D17% F1| gy oz
t x

where —I— /_1:L+L,
'I"j T’]
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Figure 1.2: Local smoothing for a linear KAV wave packet at frequency N > |I]2]Q] =.

Local smoothing estimates. Unfortunately the Strichartz estimates are insufficient to
prove local well-posedness for equations with derivative nonlinearities. Instead we must take
advantage of the local smoothing properties of the linear KdV flow, originally observed by
Kato [68]. If we consider a time interval I C R and a spatial interval () C R then wave
packets at frequency N will be well localized inside the interval for a time of at most |Q|N 2
(see Figure . In particular, taking uy = Pyu to be localized at dyadic frequency N > 1,
we have the local energy decay estimate (see |79, Remark 3.7])

_1 _
(1.36) sw (1180 Pruliz x) S N7 1Pyl
C
1QI= 1]

A simple proof of this may be obtained by applying Plancherel’s Theorem in the t-variable
to get

Haxs(t)UHLgoLg ~ |’€m€a(§)“LgoL§ ~ lul| 2.

More generally, we have a family of local smoothing estimates for solutions to the linear
KdV equation:

Lemma 1.5 ([74, [80]). If u is a solution to (1.16|) on an interval 0 € I C R and (g;,7;) are
admissible in the sense of (1.34) then we have the local smoothing estimate

1-2 3
(1.37) [ullgorz + DI rullpa gy S lluollez + 1DV fI| L s
x

where L + 1L =1=L 4 L
9 ' d T

UL and V! estimates. As the estimates of Lemmas and apply to Uk-atoms, we
have the following lemma as a straightforward corollary:
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Figure 1.3: Asymptotic regions for the homogeneous linear KdV as t — 4oc.

Lemma 1.6 (|16, Corollaries 3.5, 3.6]). If I = [0,7) C R and (q,7) are admissible in the
sense of (1.34) then we have the estimates

_1
, S D

!
q /'
va L; LY}
S

t
1
W3 Dl Sy, | [ 0= 9FG) 0
0

_5
S DR
Vénax{q '}

t
_5
(L39) D1 Hulazsy S Nulygon | [ 500 = 97 ()
0

!
LZ: Ly

Asymptotic behavior of linear solutions. We now consider the asymptotic properties
of solutions to the homogeneous linear KdV equation with real-valued initial data uy € S(R).
The behavior as ¢ — 400 may be roughly divided into an oscillatory region 2~ = {t_%x —
—oo}, a self-similar region Q° = {¢~3|z| < 1} and a rapidly decaying region QF = {t 32 —
+00} (see Figure [1.3]).

In the oscillatory region 2~ we may apply stationary phase to get

Lk 3
(140)  u(t,@) = 3¢5 (S fef) Re (e o (3 ald) ) + 0@ (S a)) ),

In the self-similar region Q2° we may use the representation of the linear propagator ([1.18))
and the estimates for the Airy function of Lemma [1.3] to show that

(1.41) u(t,z) =t 5 Ai(t 3z) /uo dy + O(t™3).

In the rapidly decaying region we may repeatedly integrate by parts in the formula ((1.9) to
get

(1.42) u(t,z) = O3 (t 5 |z) ).
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1.3 The Mizohata condition

In this section we discuss a necessary condition for the well-posedness of a linear KdV-type
equation of the form

U + %uxmc + AQUgy = f
(1.43)

u(0) = o,

where a = a(z) € C*(R) satisfies |0%a] <y 1.

As the au,, term has fewer derivatives than the u,,, term then, at least for small a, one
might hope treat the solution of as a perturbation of . In this case we consider
a wave packet approximate solution initially localized near the point (0,&y) in phase space
of the form

tp(t, ) = (0 (@ + 163))e G165 260,

where y € C§°(R) and ¢ > 0. We calculate
O+ 102 4+ ad ) uyy = 6_31x”/ F il 260X + al 3" + i€l ay — ay | el51E ),
3Yx x 1% 3 0

By choosing a suitable length scale ¢ = (T, &y, a) > 0, all of these terms will be O(T™!)
except for —&2axei(31%7%)  However, we may remove this term by modifying the phase and
taking

. otte2
(1.44) Uapp (£, ) = X (071 (x + 1€2)) el 518 +at0) o [TV alw)dy,
In order for this phase correction to be well-defined for ¢ > 0, we must have that
2
1.45 sup Re a(y)dy < oo
( p y) dy < oo,
z1<w2 x1

with a corresponding condition for ¢ < 0. If this condition fails, then we may exploit the
unbounded exponential growth of an approximate solution of the form to show that
no uniform estimates can possibly hold for on any time interval [0,7] and hence
equation (2.1) is ill-posed. This argument originally appeared in work of Mizohata [123]
on the Schrodinger equation and can be shown to be both necessary and sufficient for the

L2-well-posedness of (1.43)) [3, 141].

1.4 The gKdV equations

In this section we discuss properties of the generalized KAV (gKdV) family of equations,

(1.46) Up + FUgze = 0(UP)g,
where 0 = +1 and p > 2 is an integer. When p is odd, we distinguish between the defocusing
o = +1 and focusing 0 = —1 cases. When p is even, solutions for 0 = —1 are given by —u

where w« is a solution for o = +1.
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Symmetries. The gKdV equation ([1.46) is invariant under the following symmetries:
e Translation. For ty, g € R,

u(t,z) — u(t — to,z — xg).

Scaling. For A\ > 0,
2
u(t, x) = A Tu(\3, A1),

Rewversal.

u(t, ) — u(—t, —x).

Refiection (p odd).
u(t, x) — —ul(t, ).

Galilean invariance (p =2). For ¢ € R,
oc

u(t,z) — u(t,x — ct) — 5

Conserved quantities. Smooth solutions to the gKdV ([1.46|) have the following conserved
quantities:

(1.47) M[u] :/udx,
(148) Blu] = / 2 dz,
(1.49) Hlu] = / (ui+}%up+l) dx.

In the case of the KdV (p = 2) and mKdV (p = 3) there are an infinite number of higher
order conservation laws (see §1.5)).

Hamiltonian structure. We may formally consider the homogeneous Sobolev space
1

X = H72 of real-valued tempered distributions to be an infinite dimensional symplectic

manifold with symplectic form

w(u,v) = 6/u8xlv dx,

where we consider 9, as the map 9;': H~2 — Hz.
The energy H is a densely defined operator on X and hence we may define the corre-
sponding Hamiltonian vector field V,H: X — T'X by

ol (Va)) = 5

H(v + eu).
€

e=0




CHAPTER 1. INTRODUCTION 16

Formally integrating by parts,
1

d 1
= ~ H(v+eu) =6 / FUals + ouw® dr = w(u, —(gvm —ovP),),

and hence the gKdV equation may be seen as the flow associated to the vector field V,H.

Local and global well-posedness of the gKdV equations. The local and global well-
posedness of the gKdV is an extensively studied topic. In Table we briefly summarize
the best known local and global well-posedness results and refer the reader to [94] for a more
extensive bibliography.
We note that the scaling-critical Sobolev space for the gKdV is H® where
1 2
Se =73~ T

Heuristically, we expect to have well-posedness for initial data ug € H® whenever s > s, and
ill-posedness whenever s < s..

Table 1.1: Cauchy theory for the gKdV equations.

p | Locally well-posed Globally well-posed
2 s> —3 (15, 72] s> —3 (17, 46, [34]
3 s> 1 [80] s > 1 (17, 146, |34]

. s > —¢ [140] (small data)
4| s> -1 2l [140]
s > —4 [44] (large data)

s > 0 [32] (defocusing)
5 s> 0 [80]
s >0 [80] (focusing, small data)

> 6 s > s, [80] s > s. [80] (small data)

Remark 1.7. In the case of the KdV and mKdV the solution map fails to be uniformly
continuous for s < —2 and s <  respectively 15, 77]. A priori bounds in lower regularity
Sobolev spaces have been obtained for the KdV [12,99], the mKdV [16] and for the mKdV
in non-L2-based spaces closer to the critical scaling [43, 45].

The critical result of Tao [140] for the case p = 4 was established in the homogeneous
space H ~5. A more refined statement was also proved by Koch-Marzuola [87]. The mass
critical p = 5 result [80] builds on the result of [83]. We note that more refined well-posedness
results in critical Besov spaces are available for p > 5 [125, [138].
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Solitons, kinks and breathers. A key property of the gKdV equations is the existence
of a number of non-dispersive travelling wave solutions. The most famous of these is the
soliton, originally observed Russell [132]. Considering the focusing case 0 = —1 in ,
solitons take the form

u(t,x) = Qc(r — xg — ct), c>0, z9€R,
where Q.(z) = cﬁQ(\/Ex) and
Qx) = (1%1 sech? (_\/5(5—1)x>> Pt

is a solution to the equation,

More generally there exist multi-soliton solutions that behave as a sum of N solitons (see
for example [20, 105, 119, |121]). In the integrable cases of the KAV and mKdV we may even
find explicit formulae for these multi-soliton solutions using the inverse scattering method
(see §L.5).

The loosely worded soliton resolution conjecture states that for generic data we expect
solutions to the gKdV to decompose asymptotically into a radiation component and a sum
of solitons. The inverse scattering transform (see provides results of this form for the
KdV [34, 135], but not for the non-integrable cases. However, soliton resolution-type results
have been proved for a handful of other non-integrable equations (see for example [18, 33|
69-71]).

As a first step towards understanding solutions from generic initial data, a vast amount
of work has been done to understand the stability of solitons (see for example the survey
articles [111], [143]). In particular, solitons are known to be orbitally stable in the mass-
subcritical case p < 5 [9, |14, 144] and unstable in both the mass-critical p = 5 [101] and
mass-supercritical p > 5 [9, 41] cases. Further, we see that soliton solutions propagate from
left to right whereas, as discussed in §1.2] the radiation component propagates from right to
left. Due to the separation between the radiation and soliton parts of the solution, solitons
and multi-solitons can be shown to be asymptotically stable in the mass subcritical case |7,
12}, 139, 106110}, {114}, 117, 124} [129]. More recently a significant amount of work has been
done to understand the the blow-up dynamics near the soliton in the critical and supercritical
cases, see for example [86, (102104} 111}, [113] and references therein.

We do not have spatially localized soliton solutions for the defocusing mKdV (o = +1).
However, there does exist a family of travelling wave solutions known as kinks. These solu-
tions take the form

u(t,z) = Re(x + ct — xp), c>0, x9€R,

where Ro(x) = VeR(y/éx) and
R(z) = tanh (\/§x>
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is a solution to the equation

'Rye + R=R%.

We note that lim,_,+., R(z) = %1 and hence kinks are not in L?. There are several results on
the orbital and asymptotic stability of kinks and multi-kinks [12} |117} 126, [127} [146]. Most
remarkably, kink solutions to the defocusing mKdV may be mapped to soliton solutions of
the KdV using the Miura map (see . This fact has been exploited to establish stability
results for KdV solitons at low regularity from the corresponding result for mKdV kinks |12}
117].

Perhaps the most exotic known class of non-dispersive solutions to the focusing mKdV
is the two-parameter family of breather solutions,

cos(a(x + (575)) — Zsin(a(x + 0t)) tanh(B(z + t))
145 = > sin?(a(z + 0t)) sech?(8(x 4 1))

u(t,z) = 2\/gﬁ sech(B(x 4+ ~t))

where «, 5 € R\{0} and
1,2 2 2
S=la?— B y=a- 1
Breather solutions are periodic in time and localized in space. In the limiting case o = 0 we
recover a 2-soliton solution to the mKdV known as a double pole. Breather solutions were
used by Kenig-Ponce-Vega [77] to prove the solution map for to the focusing mKdV fails to

be uniformly continuous for s < }L. The orbital stability of breather solutions to the mKdV
has been established by Alejo and Munoz [6} 127].

Self-similar solutions and the Painlevé II equation. We can look to construct self-
similar solutions to the gKdV equations by taking

ult,x) =t I Q(t S x),
where Q(y) is a solution to the ODE
nyy - yQy - p%lQ = 3p‘7@pile-

We observe that such a solution is invariant under the gKdV scaling symmetry, hence the
terminology “self-similar.” These self-similar solutions arise in the asymptotic region con-
necting oscillatory behavior to rapidly decaying behavior and can play a role in the analysis
of blow-up behavior (see for example |10} [23] 24} 39, [86| [112]).

For the mKdV, Q(y) must solve the Painlevé II equation,

(1.50) Quy — yQ = 30Q°.

A self-similar solution to the KdV (with ¢ = —1) may be found by simply applying the
Miura map to the defocusing (0 = +1) mKdV self-similar solution to get

tw—t3<fot3x (tm))
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In Chapter , a key object of study will be the one-parameter family of solutions to (|1.50))
we boundary conditions at 400 given by

(1.51) Qy; W) ~ ¢, (W) Aiy),  y— +oo,

where for W € R we define

(1.52) ¢ (W) = sgn W\/Qg (1 - 6_370”/2)

The following result of Deift and Zhou gives the asymptotic behavior of these solutions (also

see .

Theorem 1.8 (Deift-Zhou |25, Theorems 1.14, 1.19]). Given W € R (sufficiently small if
o = —1) there exists a unique solution Q(y; W) to (1.50)) with the boundary conditions (1.51))
such that

31

_1 _1 240,18 4w Bio 2 3. 2 _5
7 2y["1 Re (e Bilul 2 +i g5 W2 log [yl 2 +ioO(W >W> +O(ly|74 log [y[), y — —o0,

Qy; W) = L .3
g (W) Ai(y) + O(Jy|~1e5Y7), y — +00,

where we define

O(W?) = 20822 — arg T (2LW2) — I,

and I" is the Gamma function.

Derivation of the KdV from the Euler equations. In this section we outline a deriva-
tion of the KdV equation from the Euler equations. We note that there are several methods
to obtain the KdV as an asymptotic limit in this context and we refer the reader to |65, |118]
for more details. We consider an inviscid, irrotational, incompressible fluid in R? lying in
the domain
Q={(z,y) €R?: —hyg <y < h(t,z)}

between a fixed, flat base at y = —hg and a free surface y = h(t,z), where hy > 0 is the
depth of the stationary fluid.

The fluid may be described by the velocity field u and the pressure p. We assume the

fluid has constant density p = 1 and take g to be the gravitational constant. The motion of
the fluid in €2 is then described by the Euler equation,

(1.53) Dyu=—Vp — m ;

where the material derivative is defined by D; = 0; + u- V. We assume that our fluid is
incompressible,

(1.54) divu =0,
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Y
y = h(t,z)
*@%%
x
Q
ho
Figure 1.4: The fluid domain.
irrotational,
(1.55) curlu = 0,

and there is no surface tension,
(1.56) p(t, z, h(t,x)) = constant.

If F(t,z) = 0 describes a surface of the fluid, then we require that D,F' = 0. This gives
us the boundary conditions,

Uy = hy + urhy, for y = h,
(1.57) { 2 t 1 Y

uy =0, for y = —hy,
where u = (uy, us).

From ([1.55) we may find a potential ® so that u = V®. From ((1.54) we see that & must
solve Laplace’s equation in €2,

(1.58) A® =0, forxeQ.

From the Euler equation (1.53]), constant pressure condition (|1.56)) and boundary conditions
(1.57), we write the boundary conditions as

P, + 3|[VOP*+gh =0, fory=h,
(1.59) O, = hy + Py hy, for y = h,

o, =0, for y = —hy.
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Taking a to be a typical amplitude and ¢ to be a typical wavelength of the surface wave,
we make the dimensionless rescaling

it (o) (7w )
Ot x,y) — d t,lx, hoy |, h(t,z) — —h | —=t,lx | .
( ) la+/ghy gho 0 (t,2) a gho

Defining the dimensionless parameters € = hy'a, § = £~'hy, we may write the system of

equations ([1.58]), (1.59) as

(620, + ®,, =0, 1 <y<eh,

Dy + Le(P2 +6720%) + h =0, =¢h
(1.60) ol ) Y

®, = 6*(hy + €D, hy), y = eh,

o, =0, y=—1

\

Given any 6 > 0, the KdV equation will arise an asymptotic approximation to the
equation for the height of the free surface as € — 0 in a certain region of space-time. To see
this we first consider slow spatial and temporal scales by rescaling

Ve

(t,z) — i(zf,x), D — TCD.

e

The rescaled system is then given by

(¢®,, + ®,, =0, —1<y<eh,

Oy + L(e®2 + P2+ h =0, = eh,
(1.61) e s ) Y

O, = e(hy + e, hy), y = €h,

\(IDy:O, y=—1.

Inspired by the the first component of ([1.61]), we consider an expansion

q)(t,ilf,y) = €j¢j(t7xay>7
=0
and use the boundary condition at y = —1 to get
(1.62) 070, + Dy =0, Oydjly=—1 =0.

As a consequence we have ¢g(t, x,y) = ¢o(t, x).
The leading order terms on the free surface y = eh as € — 0 are then given by

at¢0 +h= 07 ayQSl’y:eh = ath
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We may solve (1.62)) to get dy¢1|y—en = —(1 + €h)D2¢y and hence to leading order as e — 0

we have
(1.63) Orbo + h = 0, O2po + 0h = 0.
Combining these we have a linear wave equation for ¢,

07 o — Daho = 0.

Using d’Alembert’s formula ¢y may be written as a sum of a wave that propagates to
the right at unit speed and a wave that propagates to the left at unit speed. For spatially
localized initial data and large times, we expect the interactions between the right-moving
and left-moving components of the surface wave to be of a much lower order as ¢ — 0.
Indeed, a rigorous proof of this was given by Schneider and Wayne [133] 134]. Without loss
of generality we may then restrict our attention to the right-travelling wave by considering
a moving frame of reference[l] taking ¢o, h to be functions of (T, X) = (et,x —t). The
corresponding approximation for the left-travelling wave may be recovered by applying an
identical analysis in the frame of reference (T, X) = (et, z + t).

In the right-moving frame, the leading terms as e — 0 in on the free surface y = eh
are given by,

€0rgo — Ox o — €DxP1 + Le(Oxdo)” + h =0,
(1 + eh)8§<¢o + 683(9251 + %6831((;50 + eOrh — Oxh + Eaxqboaxh =0,

where we have used that 9y¢s|y—cn = —(1 4 €)% P1]y=en — 5(1 + €h)?0% do, which again
follows from ([1.62)). To cancel the ¢; term we differentiate the first equation in X and add
it the second equation to get

e@Th + EaTax(Z)(] -+ €h8§(¢0 —+ %68}1(% -+ Gax¢oaxh + Eax(ﬁoai(ﬁo = O
Further, from ([1.63]) we have that h = dx ¢y — €0r¢y and hence to leading order in e,
2hr + %hXXX + 3hhx =0,

which gives us the KdV equation.

1.5 The Miura map and complete integrability

In this section we discuss one of the most remarkable properties of the KAV and mKdV: that
they are completely integrable. To simplify the constants we consider the rescaled equations,

(1.64) Uy + Ugpe = OUU, Uy F Vg = 6000y,

"The introduction of the additional slow time T = et arises from the need to eliminate secular terms in
the asymptotic expansion. See [118, Chapter 10] for more details.
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where 0 = £1. Under this rescaling, the Miura map is given by
(1.65) M[v] = v, + v°.
Taking u = M[v], we calculate

Uy + Ugpe — UL, = (Op + 20)(Vy + Vygw — 6V%0,),

so if v solves the defocusing (0 = +1) mKdV, then v = M][v] is indeed a solution to the
KdV.

Generalizations of the Miura map. The Miura map proves to be an extremely powerful
tool for relating properties of the mKdV to properties of the KdAV. When applying this idea,
there are several generalizations of the Miura map that arise.

We have a complexified version

(1.66) u = iv, — v

which maps solutions v to the focusing (o = —1) mKdV to complex-valued solutions u of the
KdV. This is the original form of the Miura map appearing in [120] and was used in [77] to
transfer ill-posedness results for the focusing mKdV in Sobolev spaces to ill-posedness results
for the KdV. Conversely, as every mKdV solution may be mapped to a KdV solution by
either ([1.65)) or , well-posedness for the KdV in H* may be used to prove well-posedness
for the mKdV in H* |17, 46| [84].

Another generalization appearing in Miura’s original paper [120] is known as the Gardner
transform and includes an additional linear term,

(1.67) u=—w+ ew, + w’.
This relates a solution u to the KAV to a solutions w of the Gardner equation,
(1.68) Wy + Wege + 6(w — Ew?)w, = 0.

A variation of this transformation was used in [15] to prove local well-posedness for the KdV
in H1.

We may further transform solutions w to the Gardner equation into solutions v to
the defocusing mKdV by taking,

(1.69) v(t,z) = ew(t, x + 325t) — 5.

We note that this map affects that behavior of solutions as * — 00 by a constant.
Under the rescaling ((1.64]), we may write the KdV soliton solution as u(t, z) = Q.(x — ct)
and mKdV kink solution as v(t,z) = R.(x + §t), where

2 2

Qc(x) = —§sech? (ﬁx> : R.(z) = %Etanh (ﬁx> :
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Defocusing mKdV Gardner equation

\/

Figure 1.5: Maps between solutions to the KdV, mKdV and Gardner equation.

If we compose the Miura map ((1.65)) with a Galilean shift by taking

(1.70) u(t, ) = vy(t,z — 3ct) + v(t,x — 3ct) — ic,
then the kink v(¢, 7) = R.(x + 5t) gets mapped to the zero solution u(t,z) = 0 and the anti-
kink v(t, ) = —R.(z + §t) gets mapped to the soliton u(t, z) = Q.(x — ct). This relationship
is used in [12] to establish a priori bounds and asymptotic stability of the soliton for the
KdV in H~1.

There exists a soliton solution to the Gardner equation given by w(t,z) = W, (2 — ct),
where 2 e

¢ sech”(%x
W, o(z) = —2 (32) , 0<ce® < 1.
1+ \/ce tanh(%x)

Under the Gardner transform (|1.67)), the Gardner soliton w(t,z) = W, (x — ct) is mapped

to the KdV soliton u(t,z) = Q.(x — ct) [7, Appendix A]. Under the map (|1.69)), the Gardner
soliton is mapped to

ce? —1
2¢(1 + ﬁetanh(%(fﬂ + (32 — o))

v(t,z) = ‘[ tanh ( (z+ (5% c)t)) +

)

which approaches the mKdV anti-kink v(t,z) = —R.(z + 5ct) as € — % As a consequence

of these relations, this family of transformations (see Figure has several applications
in understanding the behavior of travelling wave solutions to the KdV and mKdV (see for
example |7} |12 117, (126 127} [146]).

An infinite number of conserved quantities for the KdV. A trick of Miura, Gardner
and Kruskal |122] allows us to use the Gardner transform to generate an infinite
number of conserved quantities for the KdV. If w is a solution to the Gardner equation
(1.68), we may formally expand w as a power series in € to get

o0
w(t, x,€) E e’w]

Jj=0
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If u is a solution to the KdV defined as in ((1.67]) then it must be independent of € so
Wy = —U, Wjto = OpWjg + Z WrW.
kti—j

We observe that if w is a sufficiently regular solution of (1.68)), then 9; [(w(t,x,€) dx = 0,
so for all 7 > 0,

at/wj(t,x) dx = 0.

Each of the wyj1; is a divergence and hence this integral vanishes. However, the wy; give
rise to an infinite sequence of conservation laws for the KdV,

Wy = —U,
2
Wy = —Uge + U )
2 3
Wy = —Uggzy + OU, + OUUL, — 2U7,

Lax pairs. Viewing the Miura map ((1.65)) as a Ricatti equation for v, we may linearize it
by making a change of variables v = %”” to get a linear Schrodinger equation,

H,p =0, H, = -9 +u.

Lax 93] showed that the eigenvalues of H,, are integrals (invariant functions) for the
KdV equation. Given an eigenfunction ¢ satisfying

(1.71) H,p = Ao,
we may define a skew-adjoint operator,
B,y = (2u + 4)‘)901 - (ux - 7)9@

where v € C is an arbitrary constant. We then impose a time evolution on the eigenfuntions
by

(1.72) o1 = Bugp.

Differentiating ((1.71)) in time and assuming the compatibility condition @,.; = @0 We get
the Lax equation,

We observe that

OH, = uy,



CHAPTER 1. INTRODUCTION 26

and hence the eigenvalues satisfy the isospectral condition Ay = 0 if and only if u solves the
KdV equation. The operators H,, B, are known as a Laz pair.

This idea was generalized by Zakharov-Shabat [145] and Ablowitz-Kaup-Newell-Segur [2]
by considering the system,

(1.73)
wt = Tuwa

where 1) is a vector-valued function and X,,, T, are matrices depending on a scalar function
u and a spectral parameter k € C. Again assuming a compatibility condition, 1, = 1., we
have the equation

{ % - qu

(1.74) (09X, — 0, Ty + [Xo, Tu])tb = 0.

We may use the ZS-AKNS system ([1.73)) to recover the KdV Lax pair (1.71)), (1.72)) for
A = k? and v = 0 by taking,

_ |z —tky
o= |7 ",
X - —ik T — —4ik3 — 2iku + v, Ak*u 4 2iku, 4+ 2u% — Uy,
S I B 3 v 4k? + 2u 4ik3 + 2iku — uy '

However, we may also obtain a Lax pair for the both the focusing and defocusing mKdV by
taking

. A3 o 2 2 ; 3 _
X, = [ 1k u} ’ T, — [ 4ik’® — 2icku 4k u + 2iku, + 20u uml .

ou ik doku + 2icku, + 2u® — Uy, 4k + 2ioku?

The inverse scattering method for the KdV. In this section we briefly outline the
inverse scattering method of solution for the KdV. The method for the mKdV is similar,
using the ZS-AKNS system instead of the Schrodinger equation . This method
originated in work of Gardner-Greene-Kruskal-Miura on the KdV [36], Zakharov-Shabat on
the cubic NLS [145] and Ablowitz-Kaup-Newell-Segur on the sine-Gordon and mKdV [2].
Subsequently numerous authors have developed and adapted these ideas to other contexts.
We refer the reader to the book [1] and the recent survey article [85] for more details. In order
to justify the various calculations, we will assume that our solution u(t) € S(R) although
weaker conditions may be assumed.
We start by ignoring the dependence of uw on t. Taking A\ = k? we find functions

m_(z, k) ~ 1, n_(x, k) ~ ek, T — —00,

may(z, k) ~ e?* ny(x, k) ~1, T — +00,
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such that {m_(x, k)e=** n_(x, k)e =®*} {m, (z, k)e @ n, (2, k)e ™*} form two sets of lin-
early independent solutions to (|1.71]). 3
From the linear independence, for each k& we may find a(k),b(k), a(k), b(x) such that

m_(z, k) = a(k)ny(z, k) + b(k)m4(x, k),

(1.75) ’ X
n_(xz, k) = —a(k)my(z, k) + b(k)ny(x, k).

We define the reflection coefficients

and transmission coeflicients

From the asymptotic behavior and symmetries of ((1.71]) we see that

my (2, k) = ny(z, —k)e**, n_(z, k) = m_(z, —k)e**,

a(k) = —a(—k) = —a(k),  b(k) = b(—k) = b(k).
As a consequence, we may rewrite ((1.75)) as

m_(z, k)

(1.76) T

= TL+(£L', k) + p(k)nJr(xa _k)€2ik:1:'

We may show [l, Lemma 2.2.1] that m_,a are analytic (in k) in the upper half plane
{Imk > 0} and both m_(k),a(k) — 1 as |k| — oo in the upper half plane. Similarly n is
analytic in the lower half plane {Im k < 0} and n, (k) — 1 as |k| — oo in the lower half plane.

The function a(k) has at most a finite number of simple zeros at k = ixq, ..., ixy |1, Lemma
2.2.2] so we may define the norming constants Ci,...,Cy such that in a neighborhood of
ilij,
O' ’ i o2k
m_(x, k) = i (@, —in;)e + analytic.

k— iI{j
We then define the scattering data by

S = {p(k‘),a(k),m, .. .,/ﬁjN,Cl, ce ,CN}.

We will refer to the map u — S as the direct scattering problem and the map S — u, which
may be constructed by solving the Riemann-Hilbert problem , as the inverse scattering
problem.

In order to use the direct and inverse scattering problems to solve the KdV, we consider
the time evolution of S. Taking ¢ = m_e~** in (1.72)) we have

om_ = (2u + 4k*)0ym_ — (2iku + 4ik® + u, — v)m_.
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Direct scattering problem

u(0) S(0)

Time evolution

S(t)

u(t)

Inverse scattering problem

Figure 1.6: The inverse scattering method.

Taking the limit as © — —oo and using that v, u, — 0, m_ — 1 as x — —o00, we must have
v = 4ik3. Taking the limit as x — +oo and using (1.75)) we get

a + bt62ikac — 8’ik)3b€2ik$,
and hence A
a(t.k) =a(0.k),  p(t.k) =" p(0, k).

We note that the inverse scattering transform has diagonalized the nonlinear KdV flow in
the same way that the Fourier transform diagonalizes the linear KdV flow! Further, as a is
t-invariant, k1, ..., xy must also be t-independent. A similar calculation gives us the time
dependence of the norming constants to be

C;(t) = ¥ C5(0).

The inverse scattering method may now be used to solve the KdV by first solving the
direct scattering problem, then applying the time evolution to the scattering data and finally
solving the inverse scattering problem to recover the solution at time ¢ (see Figure [1.5)).

Inverting the Miura map. Taking ¢ > 0 we may choose scattering data S(0) so that the
reflection coefficient is given by

0, keR,
OBy =19 _ve_ Tmk > 0,

kfz\/;
so a has a unique simple zero at k = ik, = i\/g with norming constant C; = y/c. The
explicit solution may be computed to be the soliton,

c c

u(t, r) = —= sech? i(x —ct) | .

2 2
In this way the zeros of a correspond to the soliton components of the solution wu.

As the Miura map acts on solutions to the defocusing mKdV, which does not have soliton
solutions, we expect the range of the Miura map to only contain purely dispersive solutions
to the KdV. Indeed, the range of the Miura map was characterized by Kappeler, Perry,
Shubin and Topalov as follows.
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Theorem 1.9 (|66, Theorem 1.2]). Let s > 0 and u € H* *(R) be real-valued. Then
u = M[v| for some real-valued v € H*(R) if and only if

(i) H, >0,
(ii) We may find functions f € L*>(R) and g € L*(R) such that u = f, + g.

As part of a proof of a priori bounds for the KAV in H~!(R), Buckmaster and Koch [12]
were able to improve this result and show that when H, has negative spectrum the Miura
map may be inverted to give a perturbation of a kink solution to the mKdV.

Theorem 1.10 (|12, Proposition 6]). Let A > 0 and u € HY(R) be real-valued. Then,

(i) The ground state energy of H, for u € H YR) is —)\? if and only if there exists
v € L*(R) — Atanh(\z) such that M[v] = u + A2

(ii) The spectrum of H, is contained in the interval (—\? 00) if and only if there exists
v € L*(R) + Atanh(Az) with M[v] = u + \2.

In Chapter |3| we prove modified asymptotics for solutions to the mKdV with small,
smooth, spatially localized initial data. Naively we might hope to be able to extend this result
to the KdV by simply inverting the Miura map for sufficiently “well-behaved” initial data.
However, the following result of Damanik, Killip and Simon [22] shows us that smallness
alone cannot be sufficient to guarantee that H, > 0 and hence rule out the presence of
solitons.

Theorem 1.11 ([22, Theorem 5]). Suppose that u € L (R) and Hy, > 0, then u = 0.

loc

As a consequence, we see that given any non-zero initial data ug € L2 either H,, or
H_,, must fail to satisfy condition (i) of Theorem regardless of the size of uy. However,
by combining smallness of the initial data with a positivity requirement, we can obtain a
sufficient condition. More precisely we have the following result.

Theorem 1.12. Let o > % and C > 0. Then there exists € = €(o,C) > 0 so that for any
real-valued u € H* (R) satisfying

(1.77) lullgoe < e /udx > Ce,

we have H, > 0 and hence u is in the range of the Miura map restricted to H'(R).
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Proof. Let ¢ € C§°(R) and without loss of generality assume that ||¢’||2 = 1, so
(Hapg) = 1+ [ @)oo de
Applying the Cauchy-Schwarz inequality we have,

[ ] < et < 0k
0

We now define the constant M = 2§7j?z)c‘l$ By the Cauchy-Schwarz inequality, [ |u(z

|{(x) || L2 ||| zro.s, sO from ([1.77)) we have

vs—— ¢
2[|{z) =7l 2

Writing () )+ Jy ¢'(y) dy we may then estimate

[u@leta >|2dx>/ OF =2 [ [u@llel()} do - [ ula)(e) ds

v

> gl [utode = (1437 [uoita) o

e e

Choosing € = €(a, C') > 0 sufficiently small we have

/ ul(o)p(e)Pdr > 1,

o (Hyp,p) > 0. As u € L' it satisfies the hypothesis of Theorem and hence lies in the

range of the Miura map restricted to H*.

30

)| de <

o(0)2 (/ u(w) da — M/ |u(a:)|dm) - (1 + %) /|u(x) (z) dz

]
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Chapter 2

Local well-posedness for derivative
KdV-type equations

2.1 Introduction

In this chapter we consider local well-posedness for equations of the form
Up + %uzmc = F(U,UI, u:ca:)

u(0) = uyp,
where F' is a constant coefficient polynomial of degree m > 2 with no linear or constant
terms. For simplicity we only present our results for real-valued functions u: R; x R, — R.
However, it will be clear from the proof that our results also hold for complex-valued func-
tions, see Remark [2.5]

The natural setting for questions of well-posedness are the Sobolev spaces H*(R). How-

ever, if F' is a polynomial containing a term of the form wu,, and we project to a dyadic
frequency N > 1, we have the equation

(2.1)

(0, + %0§)u]\/ = uenO0?uy + better terms.

Due to the Mizohata condition (see , this equation will fail to be well-posed unless
u«n has some additional integrability. Indeed, an ill-posedness result in H* was proved by
Pilod [131].

One way to address this difficulty is to consider weighted spaces. Kenig-Ponce-Vega
proved local well-posedness for small data in [76] and arbitrary data in [73] using the weighted
space H*?(R) for sufficiently large s,0 > 0. Replacing weighted L?-spaces with weighted
Besov spaces, Pilod [131] proved local well-posedness for certain quadratic nonlinearities
with small initial data in the space H*(R) N By **(R, z%dz) where s > 2

As spatial translation is a symmetry of equation (2.1]), it is natural to look for a solutions
in translation invariant spaces. By replacing weighted spaces with a spatial summability con-
dition, Marzuola-Metcalfe-Tataru [115] proved a small data result for quasilinear Schrodinger
equations with initial data in a translation invariant space ['H® C H?.
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In this chapter we adapt their approach to equation (2.1) and prove low regularity local
well-posedness for initial data in a similar subspace of H®. Further, as is linear in Uy,
we are able to extend our result to handle large data using similar ideas to Bejenaru and
Tataru [8].

As the need for additional integrability is solely due to bilinear interactions, as in |73, |76,
79, [116], we should expect to be able to remove the summability condition and prove local
well-posedness for initial data in H® whenever F' contains no quadratic terms. However, as
only terms of the form wu,, are truly problematic, we are also able to remove the spatial
summability condition for quadratic nonlinearities that do not contain a uu,,-type term.

Statement of results. In order to state the results, we first define the spaces [P H® that
are the natural adaptation of the corresponding spaces defined in [115, 116] to the KdV
setting. For each dyadic N > 1 we take a partition Qx of R into intervals of length N? and
an associated locally finite, smooth partition of unity

_ P
1= > Xb

Qeln

where we assume xg ~ 1 on Q. For a Lebesgue-type space S we define the space 5.5 by
lallfy g = D IIxqulls.

QeQN

We then define the space [P H® with norm
lllforre = Nl Pevullfore + > N**|| Pyl 2.

N>1

We note that ['H® C I?H®* = H* and for s > 1 we have ['H* C L'.
Our first result handles the most general case when F' may contain terms of the form
Ul gy

Theorem 2.1. For s > 3, equation (2.1)) is locally well-posed in I"H* on the time interval
[0, T] where T = e~ Cluollgs)

Our second result handles the case that F' contains no terms of the form uu,,. In this
case we may obtain well-posedness in Sobolev spaces.

Theorem 2.2. Suppose F' contains no terms of the form uu,,. Then, for s > %, equation
©2.1)) is locally well-posed in H® on the time interval [0, T] where T = e~ CUluollus)
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Remark 2.3. We take the definition of “well-posedness” to be the existence and uniqueness
of a solution v € ?PX* C C([0,7],l’PH*) and Lipschitz continuity of the solution map,
PH® 5 ug—u e C([0,T],IPH?).

Remark 2.4. We note that although the equation behaves quasilinearly, it is linear
in u,., and hence we are able to prove Lipschitz dependence on the initial data. This is
in contrast to the case of quasilinear Schrodinger equations considered in 115 |116] where
continuous dependence on the initial data is all that can be expected.

Remark 2.5. Our results extend to the case of complex valued functions u: R, x R, — C
without modification. In this case we may also take F' to depend on u, u,.

For sufficiently small initial data (see Theorems , , our results hold without
modification for vector-valued functions u: R, x R, — CF and we may also allow F to
depend on ;.

Remark 2.6. As a consequence of our approach, we are able to obtain significantly more
refined regularity results for specific nonlinearities. We summarize these improved results
in In the case of quadratic nonlinearities involving two derivatives with which we are
most concerned Theorem holds with s > g for F' = uwuy, and Theorem holds with
s>%f0rF:u$um ands>%forF:uzm.

Outline of the proof. We briefly outline the proof of Theorems [2.1] and 2.2} For small
data we first prove linear, bilinear and trilinear estimates for solutions in a suitable subspace
PX* C C([0,1]; H*). Our method is similar to Marzuola-Metcalfe-Tataru |115, |116], using
local energy decay spaces similar to those suggested by Kenig-Ponce-Vega [79]. We then use
the contraction principle to complete the proof.

For large data we might naively hope to simply rescale the initial data and then apply
the small data techniques. However, as we are working with inhomogeneous spaces, after
rescaling we are still left with a large low frequency component. As the low frequency
component of the data is essentially stationary on a unit time interval however, we use a
similar argument to Bejenaru-Tataru [§] and freeze it at ¢ = 0. We then rewrite as an
equation for the evolution of the small high frequency component of the form

(2.2) (0 4 02 + a(z)0*)v = F(z,v, vy, Uga),
and prove estimates for the corresponding linear equation of the form
(2.3) (0 + 02 + a(x)0*)v = f.

The Mizohata condition suggests the term a(z)9?v will not be perturbative, so we
include this in the principal part and remove it by means of a gauge transform.

For Theorem the [>-summation is insufficient to estimate quadratic terms involving
uz.. However, as we are assuming that there are no uu,,-type terms, we may remove these
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terms by means of a quadratic correction in the spirit of the normal form method of Shatah
[136].

We note that the proof presented in this chapter slightly simplifies the author’s previously
published work [48| 51]. First, we use a slightly different rescaling that is adapted to the
spaces rather than the nonlinearities. Second, in the proof of Theorem we use a normal
form instead of a paradifferential decomposition and gauge transform as in [48]. The normal
form is essentially the first two terms of the Taylor expansion of the exponential gauge used
in the original article.

Further questions. We conclude this introduction with further questions motivated by
this work.

Asin [115,|116] our small data result may be extended to smooth F' that behaves quadrat-
ically for Theorem [2.1] or cubically for Theorem [2.2| near (u,u,, u,,) = 0. However, it is not
clear that the gauge transform may be extended so straightforwardly in the large data case.
Similarly, it would be of interest to extend Theorems and to systems of equations
for large data. This would allow us to handle the nonlinearity F' = wuu,, for large, complex-
valued initial data. This problem has been considered by Kenig-Staffilani [81] for initial data
in weighted spaces.

Another problem would be to consider genuinely a quasilinear version of equation
of the form

g+ (U, Uy Uy ) U = F (U, U, U ).

Using similar ideas to [115] |116] one would expect to be able to extend Theorems [2.1| and
to this case for small initial data. Local well-posedness for initial data in weighted spaces at
high regularities has also been established [3| (13, 21]. For large data, recent results for the
quasilinear NLS in translation-invariant spaces have been announced by Marzuola, Metcalfe
and Tataru and it is likely that similar techniques might apply to the KdV setting.

A further question would be to whether one might obtain sharper well-posedness results
for specific nonlinearities. While we are able to significantly relax the regularity assumptions
for certain nonlinearities (see §2.Al) it is likely that by assuming additional structure one could
lower the threshold still further.

2.2 Function spaces

In this section we outline the construction and basic properties of the function spaces needed
in the proof of Theorems and [2.2 'We consider time-dependent function spaces to be
defined on the unit time interval [0, 1].

Elementary estimates. We may replace the spatial partition of unity by a frequency
localized version up to rapidly decaying tails. For ¢ € [1,00] and 1 < s < r < 0o we then
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have the following version of the Bernstein inequality ((1.11]),
11
(2.4) | Pxullp papy S N="7 || Pyullz pors-

In order to produce both the linear and nonlinear estimates we will need to change the
scale of the [P-summation. The following lemma gives us the estimates required to do this:

Lemma 2.7. For 1 <p < g < oo we have the estimate

N M i ullg e, N <M,
(2.5) lullz o S M

el o N> M.
For 1 < g <p< oo we have corresponding dual the estimate

[ull Lo, N <M,
(2.6) lullizre S 2% 2 »

Na pMpr qHquiqu’ N > M.

Proof. It suffices to consider the estimate (2.5) as (2.6) follows from duality. Using the
embedding [P C [9, we have

lullz za ~ llullzig, ro S llullize, o ~ llullim L.

If N < M we over-count when we change scale, so applying Holder’s inequality to the
summation in N we get

M2\~ M?
||U||zg’41§vm S (ﬁ) ||u||l]]”uquL‘1 S (ﬁ) ||U||l§/,m-

If N > M we are simply subdividing the scale NV intervals, so we may estimate

hSA
Q=
hSA
Q=

||u||l§415’\,m S ||u||l§\’/1Lq'

O

The solution space [?X*. In view of the local energy decay estimate ((1.36)) and recalling
that for Q € Qyy, |Q| = M?, we define the local energy space X with norm

Jullx = sup sup Ml qorpey
M>1 QeQpy
Me2Z

We then define our solution space [ X* C C([0,1],!?H®) with norm
e = [ Pesulleg, + 3 NI Pyully xo
N>1

where we define
lullxy = [Jullzeerz + Nlulx.
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The inhomogeneous space [PY®. We define a Y-atom to be a function a with suppa C
[0, 1] x @ where @ € Qy for some M > 1 such that |[al[z2 (o1x@) S M. We then define
the atomic space Y with norm ’

[ flly = inf {Z Nl f = Z)\jaj, a; atoms} .

We note that with respect to the usual L?-duality, Y* = X [115, Proposition 2.1]. We then
define the space [PY® with norm

£ lys = 1P<1 flliby, + > N*IPx £l v,

N>1

where we define

= inf Nt .
Flvy = it {fillszez + N7 Ay}

In order to take advantage of the local smoothing effects we will use the following estimate
for the Yy space:

Lemma 2.8. For N > M we have the estimate

2

(2.7) £l vy S N2 Mo fllir, 22

Proof. We first change summation scale to get

_2 2_
||f||l§’\,YN S N'"? M> 2||f||z§’wy-

If Q € Qu then ag = M| f]|; xqf is a Y-atom and hence [|ag|ly < 1. As a consequence
t,x

Ixeflly < Mlixofllz,-

The estimate (2.7)) then follows from summation over @ € Q). O

2.3 Nonlinear estimates

In this section we prove a number of nonlinear estimates for the spaces I[' H*, [PX* and [PYS.

Bilinear estimates. We first consider bilinear estimates for the initial data space (P H®.
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Proposition 2.9. Forp=1,2 and s > %, the space [PH?® 1s an algebra,

(28) ”'LLUHlpHs 5 ||U||lpHs UHlpHs7

and for a > s we have the estimate

(2.9) lwvlliwms S Null g [lv]lw -

Proof. Considering the Littlewood-Paley trichotomy (see it suffices to consider high-
low, low-high and high-high bilinear interactions.

A(i). Algebra estimate: high-low interactions. We estimating the low frequency term
in L and then apply Bernstein’s inequality. Using that s > % we may then sum the low
frequencies using the Cauchy-Schwarz inequality,

lunvenllns S Z [unlliw s l[var || L
M&N
<> M uyll e uarlls, e
M<N

S Mlunlliw s [0l s,

The estimate for the high-low interactions then follows from summation in N. The symmetric
low-high interactions are similar.

Al(ii). Algebra estimate: high-high interactions. We first use Bernstein’s inequality at the
low frequency N, then change summation scale and sum the high comparable frequencies
using the Cauchy-Schwarz inequality,

N*|| Py (uznuzn)|im 2

<
~Y

S Y N fugusllg, o
Mi~M3>N

S D0 NEuanlg, se e
My~My>N

| Pn(usnusn)||wms

< N2l grs | s

The estimate then follows from summation in N, using that s > %

B(1). Besov space estimate: high-low interactions. As we are considering an asymmetric
estimate, we must place u into L™ and v into L?. We then change summation scale and sum
in the low frequencies using the Cauchy-Schwarz inequality to get

lunvvenllvas S D N Junllpllonllg 2 $ N[l e [ollwss.
M<&KN
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We may then use that o > s to sum in V.
B(ii). Besov space estimate: low-high interactions. This estimate is similar to the high-
low interactions, placing u into L™ and v into L? to get

luanvnllrs S Y lluarllzellonlwas S lull o llonlwas-
M<N
B(iii). Besov space estimate: high-high interactions. We estimate similarly, considering

1Py (uznven)llms S D N¥lluag [zl s, 12
Mi~Mo>N

_2 2 1-qa-—
S D0 NTEMET T ul e o
My>N

S N ullpg= l[ollwms,

where we have used that a4+ s > 2s > % — 1 in the last inequality. The estimate then follows
from summation in V. O

Next we prove bilinear estimates for the spaces [’ X?® and [PY?.
Proposition 2.10. For p = 1,2 we have the following estimates.
A. Algebra estimate. If s > % then I?PX? is an algebra,
(210) HU’UH[st S ||’U/”lpstUH[st.

B. Bilinear X x X —'Y estimate. [foz,BZs—% anda+ﬁ>s—|—%,

(2.11) [wvllwys S llullxellollwxs.

C. Besov space estimates. For o > s and s > %, we have the estimates

(2.12) luvllwxs S llull grrosl[vlliwxs,
(2.13) lwvlliys S Null asa g o llvllimy-.

Proof. We again use the Littlewood-Paley trichotomy and consider the high-low, low-high
and high-high interactions.

A(i). Algebra estimate: high-low interactions. We proceed similarly to the proof of
Proposition [2.9] estimating the low frequency term in L°, then applying Bernstein’s in-
equality and summing using the Cauchy-Schwarz inequality using that s > %,

lunvenllwxs S Y lluwllwxsowllie,

M<KN
< Z Mz Jun llwxs |on| gorz
M<KN

S lunllwxs||vllwxs,
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We may then sum in N to prove the estimate for the high-low interactions. The symmetric
low-high interactions are similar.

A(ii). Algebra estimate: high-high interactions. We first use Bernstein’s inequality at
the low frequency N, then change summation scale and summing the comparable high fre-
quencies using the Cauchy-Schwarz inequality to get,

1
1Py (uzyvan)loxs S > N2 uag [l vy loanllzger2
Mi~M3>N

12 2
5 Z N5tz p]\/[lpHuMlHlﬁthlHUMQHZQIQXMQ

My~My>N

2_9
S D N MY e

~

My~My>N

UM, HZPXS

< N2 ullmes [0l o s,

where we have used that s > % in the last inequality. We may then sum in N whenever

5> % to complete the estimate.

B(i). Bilinear X x X —Y estimates: high-low interactions. In order to take advantage
of the local energy decay spaces, we will estimate the product uv in the Y-space using the
estimate . We then place the high frequency term into the local energy space X and
use Bernstein’s inequality at low frequency to get

_2 2_
lunvvenlloys S Y N2 My luyoale, 22
M<KN

_2 2_
S NTHMY i loall, e
M<KN
_2 2,1
S Y NI MR u | xy loa g, ngere
M<KN
2_ 2,1
<SS N M xaloas o xo-
M<KN

Using Minkowski’s inequality to exchange the order of summation, we may first sum over
N > M using that 8 > s — % and then sum in M using the Cauchy-Schwarz inequality and
that o + 3 > s + 3.

B(ii). Bilinear X x X — Y estimates: high-high interactions. We again look to take
advantage of the local energy decay spaces by estimating uv in Y using with N = M.
We then use Bernstein’s inequality at the low frequency N, change summation scale and use
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the Cauchy-Schwarz inequality in the comparable high frequencies to get

1Py (uznozi)loys S Y NPy (uanvoms )iz,
Mi~Ma>N

_2 21
,S Z Nt lep HPN(uMlng)”lﬁ’v,lL?Li
My~M22 N

3_2. 21
S Z N*T2Th My ||UM1||lﬁ41Lf°L§”UM2||lj’@1Liz
My ~My2N

3_2 2.1
g Z N**2 v My ”uM1”l’;MlLtO"L?C||v1\/f2||l§\’/[1X1\/11
Mi~M2>N

< N2l xa [l s

Finally we may sum in N using that o + 8 > s + % to complete the estimate.

C(i). Besov estimates: High-low interactions. As we are once again considering an
asymmetric estimate, we place u into L*, change summation scale and then sum using the
Cauchy-Schwarz inequality to get

lunvenllxs SO N unllzelloalle xy
M<&KN

SO N M fuyll el x,
M<N
S Nl garree [0liwxs

Similarly, we estimate

lunvenllvys S > Nolunllzlloalli vy
M<&N

2 2
S N M luw e oa i v,
M<&N
5 NS_aHu”BaJer%,oo||v”lpys'
oo

We may then sum in N the estimates whenever o > s.
C(ii). Besov estimates: Low-high interactions. Estimating the low frequency term in L
and summing using the Cauchy-Schwarz inequality we have

luenvnllxs S Z lunrl| Lo l[onllimxs S ||u||B§‘o+1’°°||UN||l”XS'
M<KN

Similarly we may estimate,

luenonlloys S Y lusllpsllonlys S el ooz llonlwys.
M<N Boo
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The estimates then follow from summation in V.
C(iit). Besov estimates: High-high interactions. Again we estimate u in L, change
summation scale and sum using the Cauchy-Schwarz inequality to get

2 2
1Py (uznvzm)llexs S ) Mg N7» Juag, [l luss ||z, x,
Mi~Mo>N

S N7l oo fullixc

where we have used that s + a > 2s > 723 — 1 in the second inequality.
Proceeding similarly, we have

3-2 2_
[Py (unven) oy S 3 My PN g, [ un, g, v,
Mi~Ms>N
2_9_
SNP ? Ol||,u’|| a+272,oo||u||lpys
B P

where we have used that s + a > 2s > 1 in the second inequality.

The estimates then follow from summation in N
O

As a corollary to the proof of Proposition [2.10] we have the following frequency localized
bilinear estimates in the case p = 2.

Corollary 2.11. For s > % and o+ > s+ % we have the following estimates.
A. Frequency localized algebra estimates.

(2.14) luenonlix: S lullexeloxlex, o> 1,
1o
(2.15) 1Py (uznvzn)lliexs S N2 flufliexa [[o]lxe.
B. Frequency localized X x X —'Y estimates.

(2.16) lucnvnlleys S [ullexellonllex-,  a>3,

1_ —
(2.17) 1Pn (uznvzn) ey S N2 lufliexelv]lzxs.

Trilinear estimates. As the p = 2 case of the bilinear estimate (2.11)) cannot handle
terms with two derivatives at high frequency, we require an improved trilinear estimate for
Theorem 2.2

Proposition 2.12. Ifa,8,v>s—2, a++v>s+1and a+5,8+v,7v+a > 3—% then

(2.18) |uvwlzys S lJullzxe||v]lzxs ||w]lexq
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We note that with respect to the usual L?-duality, (I3 Yx)* = I3 Xy. In order to prove
Proposition [2.12] we first prove the following lemma, which will allow us to prove trilinear
estimates by duality.

Lemma 2.13. If N; < Ny < N3 < Ny, we have the estimate
(2.19)

3 ENN _
UN, VN, Wy 2 dddt S NP NG Ny Nl llig, e, 1w iz, xw, s llig, s 12 g, o,

Proof. We will aim to place the highest frequencies N3, N4 into the local energy space X
by introducing a partition of unity at the scale of the lowest frequency N;. We then use
Bernstein’s inequality in the the low frequencies Ny, N5 and then changing summation scale
using to get

/uNI'UNQngzM drdt = Z /XQuNIXQ'UNQwNSzM dxdt
QEQN,

N ||UN1Hl?vngszUNz||l?VngfzHwN3||l]°V°1L§,IHZN4||Z;>V°1L§@
5 1
S N12N22N2;1N4;1|‘uN1Hl?vlLfoL%Hv]\le?VlLt‘x’L%HwNSHXN3 [E2SA B
3 3 _
S NENG Ny Nl llig, e, 1w llig, s, lonslliz, x, 2n iz, x, -
m

Proof of Proposition[2.19. We consider a sum of terms of the form Py (uy,vn,wy,) and by
symmetry we may assume that 1 < N; < Ny < N3. We will argue by duality, using Lemma
to produce frequency localized bounds in I?Yy.

We note that the integral in vanishes unless the two largest frequencies are com-
parable. As such we may divide the proof into two cases, the first when N 2 N3 and hence
N ~ N3, and the second when N < N3 and hence Ny ~ N3.

A. Output high: N 2 N3. In this case we must have N ~ N3. By duality and symmetry
in the highest frequency terms in (2.19), we have the estimate

3 3
3_ 3.8 __q_ _
1Px (unyong g lizys S NET°Ng ™ Ny TN Ju [l [[ons [l s [[wng [l xo
3 1
2 _ _7_6_
SN N, 2 uwg [l xellong liexs ol xa

where we have used that v > s — 2 and N, N3 2 N,. We first sum in Ny > N; using the
Cauchy-Schwarz inequality and that §+ v > s — % to get

> Py (unvmywng)lexs S NPT Jug el vllexes [lwg lexo
Ny
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Next we sum in V1, again using the Cauchy-Schwarz inequality and that a + 3 +~v > s+ 1,

Z NfH_a_B_VHUM lizxallvlliexslwngllizxs S llullizxallvllzxs wag lliex-
N1

Finally we sum in N ~ N3 to complete the estimate.
B. Output low: N < Nj3. In this case we must have Ny ~ N3. Again using duality and
symmetry in the lowest order terms in (2.19)), we have

3_ 3 _9_n_
| Px (unyomwng)lexs S NE NN Juy, [l xa [uw, [liexcs [0 iz xo-

Using Minkowski’s inequality to exchange the order of summation, we first sum in N <
N3 to get

1
s )\ 3o sl pny
Z||PN(UN1UN2U)N3>Hl2XS SN ON; ? luny [[zxe llvn, lliexe lwn |2 x
N
SNl e xe l[ows e xs lwns e xs

where we have used that N3 > N; and that §+~v > s — % in the second inequality. Using
the Cauchy-Schwarz inequality we may then sum in Ny < N, using that a+8+v > s+ 1
to get

D NI g, e xallons lexe 1w llexs S lllexellvns, lexe lwyg [lexo
Ny

Finally we sum in the comparable frequencies Ny ~ N3 using the Cauchy-Schwarz inequality
to complete the estimate. O

2.4 Linear estimates

In this section we prove linear estimates for solutions in the space 1 X*.

The linear KdV. First we consider the linear KdV equation

{ U + %uaxuc = f

(2.20)
u(0) = uy,

and have the following well-posedness result for ((1.16]) that we prove in a similar way to the
[115] Proposition 4.1].
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Proposition 2.14. Let s > 0 and p € {1,2}. If ug € IPH® and f € IPY® there exists a
unique solution u € [P X*® to the linear KdV (2.20) satisfying the estimate

(2.21) [ulliwxs S Nuollwrs + Lf Ly

Proof. Tt suffices to prove the a priori estimate (2.21). We first consider the frequency
localized equation
{ (0 + 30 un = fn

UN(O) = UQN -

For the energy component of the Xy norm we take T € (0, 1] and consider

T
lun (T)IIZ; = HuONHinr/O O(lun|zz) dt

< HUON”%Z + 2<UN7 fN)t,x

< uonll72 + 2llun | xx 1 f 5 v

where we have used that (Yy)* = Xy in the final inequality. Taking the supremum over
T € [0,1] we have

(2.22) lunllzgerz < lwowllZe + lunllxy | fvllvy-

For the local energy component we use a positive commutator argument: for each dyadic
M >1 and Q € 9y we construct a self-adjoint operator A such that

(A1) [|Aunllzz < llunlzz,
(A2) [[Aun|lx < [lunllx,
(A3) N2M2unl2; (0110 S (1502 Al undea + unlZs
Suppose that such an operator exists, then
Oilun, Auy) = 2(fxn, Auy) + ([02, Aluy, un).

Integrating in time over the interval [0, 1] we may then use (A1)—(A3) to get

N2M_2HUN||%%@([O,1]><Q) S llunollz2 + ”UN”%;”L,% + unllxn [ fnllya-
Taking the supremum over M > 1 and using we then have

(2.23) N lunllx < llunollzz + lunllxy fxllvy
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We now construct the operator A. By translation invariance we may assume that the

interval Q = [—1M? 1M?]. Let ¢ € S(R) be a real-valued function ~ 1 on [—1, 1] and

localized at frequency < 1. We then take a € C™ to be an antiderivative of ¢ and rescale
by taking ap;(z) = a(M~2z). We define A to be multiplication by ays, which evidently

satisfies the properties (A1) and (A2). To prove (A3) we simply integrate by parts to get
([%ag,A]uN,um = %(8§’auN,uN) — (0pa0,un, Opyun)
= $(Dauy, un) + M (p(M~2x)*0un, pun)
Z N2M_2||UN||%%$([O,1]><Q) — O([lun|72)-
Combining the estimates and we then have
(2.24) lun Xy S lluwollZe + x5, -

In order to prove the estimate with /5, summation, we take Q € Qxy for some large fixed
dyadic K > 1. We then take xg € S(R) to be spatially localized on @) up to rapidly decaying
tails and localized at frequency < (K'N)™2. We then have the equation for xquy,

{ (0 + 59 (xqun) = Xxofv + [30, xolun
Xqun(0) = Xquon-
From the estimate (2.24])) we have

Ixounlxy S lIxovonlzz + Ixafnllz, + 1302 xalun|l3, -

To estimate the commutator term we use the localization of x¢, uy to estimate

Qg 1202 Xalun Gy e S K2 lunlly s
ELKN

Choosing K > 1 to be sufficiently large, independent of the size of N, we have
lunlle  xy S lluonlle o2 + [ fxllie vy

Finally we may argue as in Lemmato change scale, which gives us the estimate (2.21)). [J

The large data equation. In order to handle large data we consider the linear equation

ur + %ua:zx + aUyy = f

(2.25)
u(0) = up.

For p € {1,2} let Ny ~ 1 be a fixed dyadic integer and define the space Z C IPL> N 9,L> to
consist of functions a = a(x) localized at frequencies < Ny and satisfying

lallz = llallwr + 107 allz < oo,

where we define 9, ! as in (1.7)).
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Proposition 2.15. Suppose that s > %, p € {1,2} and a € Z satisfies the estimate
lallz < Ko.
Then there ezists a constant C, = C,(s,p, No) > 1 so that whenever
a7 < e~ C-0+K0),
there exists a unique solution u € 1 X*® to (2.25)) satisfying the estimate
(2.26) lulliwxs S e (luollwas + [ fllmye),
where the constants depend only on s, p, Ny.

Proof. We will consider the case p =1 as the case p = 2 is similar. We take ¥ = 9, 'a and
calculate

e (0, + %8;0’ +ad?) (e w) = w; + %wzm — (ag + a®)w, + (%a3 — %am)w.

As a consequence, we expect that the solution u to (2.25) may be well-approximated by
Yw where w is a solution to the equation

1 _ v
{wt+§wxxz—e f

V=€

(2.27)
w(0) = e¥uy.

Using the Besov space estimates (2.9) and (2.13]), for an integer k € (s, s + 1] we have
le¥uollnes S Ne¥ |l groelluollnms, e fllnys S lle¥ll groell Flliye.
As a is localized at frequencies < N,

le¥ ]l g S lle®llow S el (flaflor-1)t" < 5,

Y

where the constants depend only on s,p, Ny. From Proposition [2.14] we may then find a

solution w to (2.27)) so that
lwllnxs S e (Juollms + 11 fllays)-

Y we have

Taking v = e~
(at + %85 + a@%)v = f — ((ax + a2)vx + (%a:m: + aly + %ai’))v)
v(0) = uy,

and estimating similarly,

[ollnxs S €5 (luolliers + [ fllnys) -
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We now estimate the each of the error terms using the bilinear estimate (2.11]), the Besov
estimate . the frequency localization of a and Bernstein’s inequality (/1. 11]). For the first
term we have

lazvsllinys S llawllnxellvellnxs S e UK fo]|nxs,
and for the second term,
la*vellnyvs S llall s lallixs vallixs—r S e @O Kol x

The remaining terms may be estimated similarly to get
(az + a®)vy + (3aus + aa, + 2a®)v|lpys < e IR (1L 4+ K) ||v]p s

where the constant depends only on s, p, Np.
We now construct a solution to (2.25) by iteration. We define v(*) = v and for k > 1 take

O = (ap + a®)olF~Y 4 (3000 + aa, + 1a3)v(k_1),
where v®) = e=¥®) and w® is the solution to
Wl 4 ull, = o 70
{ w® (0) = 0.
We observe that
£ iy S e UFEO (14 Ko) [0 1 e,
and estimating as before,
[0 ® 5 xs S e @7y ED | .

For C, > 1 sufficiently large we have

o™ xs < 51" e,

and hence u = Y, v(® converges in I! X* to a solution to (2.25)).

To prove uniqueness, suppose that uy = 0 = f. Taking w = e?

u we have
Wy 4 $Wage = (A + a®) Wy + (3050 — 3% )w

{ w(0) = 0.
Estimating as above we have

[w][pxs S e (1 + Ko)[w]]p s,

u=w=0. [

so choosing C, >> 1 sufficiently large, we obtain the estimate ||w||;pys < 3f|wl[;xs and hence
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2.5 Small data

In this section we prove versions of Theorems [2.1] and [2.2] for sufficiently small initial data.
Our proof will rely on a contraction principle argument using the linear and nonlinear es-

tablished in §2.3 and §2.4

A small data version of Theorem We start by considering the case that F' may
contain a term of the form uu,,. We will assume our nonlinearity may be written as

F(u, Uy, Uy ) = Z Cat™uStus?,

2<]a|<m

where the coefficient ¢ 9,1y # 0.

Theorem 2.16. Suppose F' contains a term of the form uu,,, then there ezists 01 = o1(F) € [g, %]
and € = €(s, F') > 0 sufficiently small that if s > o1 and ||ug||pgs < €, equation (2.1)) is locally
well-posed in IYH® on the time interval [0,1] and the solution satisfies

|lullinxs Se.

Proof. We will use the contraction principle in the ball B C I X*® of radius Me. For u € B,
let w = T (u) be the solution to the linear equation

{ (0 + 3023)w = F(u)
w(0) = uo.

It then suffices to show that 7: B — B is a contraction for sufficiently large M > 0 and
sufficiently small € > 0.

We first estimate the nonlinear term F' using the bilinear estimates of Proposition [2.10]
Provided s > g, we have

[tz lnys S llullixs l[teellinxs—2 < [lullxe-
Choosing sufficiently large oy € [3, 9] (see §2.A) and estimating similarly we have
IF () lays S 1+ [lulli?)

Applying identical estimates to the difference we have,

U||121X8-

17 (ur) = F(ua)llnys S (lunlloes + luallioes) X+ 52+ lual 350 lun — uzflox-.

Applying the linear estimate (2.21)) we see that for sufficiently large M, and small € > 0,
the map 7: B — B is a contraction. By the contraction principle we have the existence of
a unique solution and that the solution map is Lipschitz. O
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A small data version of Theorem We now suppose that F' contains no uu,, term
and prove an analogous result. The key difficulty here is that we cannot estimate quadratic
terms with two derivatives at high frequency. To circumvent this problem we make use of a
normal form correction to upgrade the bad quadratic interactions to cubic and higher order
ones, which may then be estimated using the trilinear estimates of Proposition [2.12

Theorem 2.17. Suppose F' does not contain a term of the form uug,. Then, there exists
oy = 05(F) € [3,3] and € = (s, F) > 0 sufficiently small so that if s > o5 and |uo||g= <,
equation (2.1)) is locally well-posed in H® on the time interval [0, 1] and the solution satisfies

the estimate

HquQXS S €.

Proof. Once again we will use the contraction principle in a ball B C I12X* of radius Me for
sufficiently large M and small € > 0.

We first decompose our nonlinearity into the bad quadratic terms involving u,, and the
remaining good quadratic terms in u, u, and cubic and higher order terms,

F(U, Ug, U':c:c) - Clqu:L’LL‘ + C2u§x + Fo(u, Ug, urx)

Choosing o3 € [3, 5] sufficiently large (see we may use Propositions and to
estimate the good terms,

1Fo(u)llizys S (1 + ||lull?)
1 Fo(ur) — Fo(uz)leys S (uallnxs + [Juallzxs) (1 + [Jug|l5s + lluellBy?)

[ullfz

|U1 — U2||12Xs.
In order to remove the quadratic terms involving u,,, we define a bilinear operator
(2.28) Blu, v] = 3Cuv + 2T, v,

where we define the paraproduct

T,v= Z PN(U<%U).

N>4

When we apply the linear operator to B|u,u] we recover the bad quadratic terms and an
error term,
(0 + %32)B[u, u] = Cltugtlye + Coul, + Fi(u),

where

Ugx Uzzx

We now estimate the error terms in [2Y*. For the first term we write

u?, — 2Ty, Upe = Pey(u?,) + Z Py ((Bguz%y) :

N>4
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Using the bilinear estimate (2.11)) and taking o9 = % if Cy # 0, we have
| Pea(uz)leys S luzalleve S luselliex luselliexs S llullfx.
Using the frequency localized bilinear estimate (2.17)), we have

1 9_
1P ((O3us ) iey= S N**2)|03us s lpxo S N2 lullfox,

~

which may be summed in N when s > g. We may estimate the remaining quadratic term
similarly, using the frequency localized bilinear estimate (2.16)),

The terms uF, Ty, pu, T, F are all cubic and higher order, so we may use the algebra

estimate ([2.10) and the trilinear estimate (2.18)) to get

[uF[lnys + | To, pulloys + T, Fllays S (14 ullmed) ullf -

Defining Fy, = Fy — I} we then have the equation
(0 + 30;)(u = Blu, u]) = Fy(u),

where Fy satisfies similar estimates to Fy. Further, using the algebra estimate (2.10]) and the
frequency localized algebra estimate (2.14]), we see that

1B[u, ulllizxs < [l
B[u, ur] = Blug, ua]l|izxs S ([Jullizxs + luzllizxs)[Jur — uallix-.
We now take w = T (u) to be the solution to
(0 + 302)(w — Blu,u]) = Fy(u)
{ w(0) = up.

Choosing M > 0 sufficiently large and € > 0 sufficiently small, we may apply Proposition
to show that 7: B — B is a contraction. Applying the contraction principle we may
complete the proof. O

2.6 Proof of Theorem [2.1]

To complete the proof of Theorem it remains to consider the case of large data. First we
rescale the solution so that the high-frequency component of the initial data is small. We
then linearize about the large low frequency component argue using the contraction principle
with the linear estimates of Proposition [2.15] and the nonlinear estimate of



CHAPTER 2. LOCAL WELL-POSEDNESS FOR DERIVATIVE KDV-TYPE
EQUATIONS o1

Rescaling. As we are considering generic polynomial nonlinearities, there is no natural
scaling associated with the problem. However, due to the natural scaling of the spaces
and the fact that we are primarily concerned with the wu,, nonlinearity, we will use the
L'-adapted scaling

ux(t, z) = Au(\’t, A\x), uor(x) = Aug(Ax),

where we assume that A\ € 22 and 0 < A < 1. We define the low and high frequency

components of the rescaled initial data to be
low __ high
vy " = P<juoa, vy o = Pojugy,

and have the following estimates for the rescaled initial data:

Lemma 2.18. Ifs > 1, A € 2% and 0 < X\ < 1, we have the estimates
(2:29) v lze S Nuolloss, o lnes S X uolliss-
For s ¢ 7, we have the estimates

(2.30) 105V e S A= g || e,

(2.31) 950 | S A2 g g

Proof. Rescaling, we have

1
|08V e S N2 (|08 Pax-ruollp 12 S N Paruollie + > NN Pyl -
A2 1<N<A-!

The first part of (2.29)) and the estimate (2.30]) then follow by summation. We note that if
k = s — 1 we may estimate similarly, but have a logarithmic loss in ([2.30]).
For the second part of (2.29)) we proceed similarly to get

log ™ Ifime S D AENZ Pyl 2 S A7 uolli e

1
N>)-1 AZN

For ([2.31)) we simply use Bernstein’s inequality to get

: 1
18505 (Lo S A0 Pex-tuol|oe S ™23 a1 .



CHAPTER 2. LOCAL WELL-POSEDNESS FOR DERIVATIVE KDV-TYPE
EQUATIONS 52

The high frequency evolution. We now linearize about the large low frequency com-
ponent of the rescaled initial data and consider the evolution of the small high-frequency

low

component. First we define v =« — v, which satisfies the equation

v + %vxm = F(z,v)
(2.32) -
U(O) =Y
where
Fla,0) = 300+ 30 Atloierton g o) 0, ufor)os 5 (2P,
2<|a|<m
B<a

We then peel off the linear terms in v,, that we expect to be non-perturbative due to the
Mizohata condition,

F(z,v) = —a(x)vy + Gz, v),
where we define
G,(.T) _ Z )\4—|a\—a1—2a20a(vloow)ozo (ax,v(l)ow)al (aiU(I)OW)QQ_l,
2<|a|<m

and the linear (in v) part of G(x,v) depends only on v, v,.
We note that a is localized at frequencies < Ny ~ 1 where Ny = Ny(F) and as s > g we
have ['H® C L'. As a corollary to Lemma we have the following estimates for a:

Corollary 2.19. Suppose that s > o1 where oy is defined as in Theorem [2.16], then

>m72

(2.33) lallz S llallnas S llwollo e (I[volli as
(2.34) lazllz S llaellines S Mluolloas (|luolloas)™

)
-2

Completing the proof. We choose C, > 0 and take A € 2% so that
0< A< e Cxllluolly )™

By choosing C, > 1 to be sufficiently large a will satisfy hypothesis of Proposition [2.15
For y1 > 0 we then look to solve ([2.32]) using the contraction principle in the ball

B = {U S llXS : ||U||l1XS S )\MHuOHlle} C llXS.
Given v € B, let w = T (v) be the solution to
wy + %wxmx + AWy = G(ilf, U)
(2.35)

w(0) = vpE",

The existence of a solution to ([2.1)) is then a consequence of the following Proposition:
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Proposition 2.20. There exists sy = s1(F) € [3,3] so that if s > s1 then for a suitable
choice of p = p(s, F) > 0 and for C, = Ci(s, F) > 1 chosen sufficiently large, T: B — B
15 a contraction.

Proof. Using the linear estimate (2.26) it will suffice to prove the appropriate bounds for the
nonlinear term G. We start by choosing s; > 01(8) where 01(f) is defined as in Theorem
for the nonlinearity v"0v”1v%2 and the constant c,s appearing in the definition of F is
1ONZETO.

Using the estimate for the rescaled initial data (2.30)),
18505 [lirys S 10506 lirms S A™ 7 fug | s

with a loss of log |A| if s = 4.
The remaining terms in G may be written in the form

Gla = NITIoI01=20, (olon )00 (9 o o1 B1 (G0l )2 Pouforfinte.

Case 1: |3| = 0. Here we estimate one term in [!L? and the rest in L> using the low
frequency estimates (2.30) and (2.31f). This gives us

1Gasllirys S X3Sl

Case 2: || = 1. We recall that we have place all the linear terms involving v,, into the

principal part of the equation, so we must have 5, = 0. We then use the bilinear estimate
([2.11)) to place one low frequency term in {'L? and the Besov space estimate (2.13)) to place
the rest into L°°. This gives us

-1
1Gaslliys S Mol

'UHZle.

Case 3: |B| > 2. Here we first estimate all the low frequency terms in L using ([2.13)

to get
||GaﬁHllys S A4*|m751*2ﬁ2HUOHL?EJB‘

We may then use Proposition to get

0700 02y,

|Gasllinys S AI81=81=282 g | [T 18T ) 121

< \4=1B1=B1=282 \ ul1B]-1) ||UO||5?}J_SI

UHlle.
By choosing s; sufficiently large (see §2.A)) we may choose u € (0, s — 1) so that

28y + B —3

(2.36) max {1 + =1

:Gap O} < p < min{3,s —1}.
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Applying the linear estimate we have
IT@)llnxe S @bt (b e + Gz, ) lny-)
< eCllluollngs)™™ ()\mln{3s 1}HUUHI1HS(1+ HuoHlle)
X o lizrs (1 + [uolli ) v llnxs)

for some o € (0,1). By choosing C, > 0 sufficiently large (and hence A sufficiently small) we
have

1T ()l xs < N[uollir -
Applying identical estimates to the difference, we have
1T (01) = T (v2) s S €0l med™ X7 g e (1 + oI5 [vr — w2l e,

and hence for C, > 0 sufficiently large, 7 is a contraction. O

Using the contraction principle we may find a solution to the equation (2.35). Adding
the initial data and rescaling we have a solution v € C([0,T]; ' H?®) to (2.1]) where the time
of existence T' = e~ Cllwolling=)""" and the solution satisfies the estimate

sup ||u(t)||pps < eCrllwoll grs (lluoll; s )™ ||u0||lle
t€[0,T

To prove Lipschitz dependence on the initial data for the original equation ({2.1f), we take
two initial data u(() ), () ¢ ['"H*. We then rescale both initial data according to the same
choice of A so that the rescaled solutions lie in ! X*. We then estimate the difference as in

the small data Theorem 2.16] to show that
1 9 1
S = u lxce S Ol iz

Reversing the rescaling, we have that the solution map is locally Lipschitz as a map into
C([0,T]; I*H?).

UE)%\) - UO)\ ||Z1H5

2.7 Proof of Theorem 2.2

The proof of Theorem is similar to Theorem [2.1] although as in the small data case of
Theorem [2.17| we will need to make use of a normal form correction to remove the quadratic
nonlinearities involving two derivatives.

Rescaling and the high frequency evolution. As [2H® = H® we use the L?-adapted
scaling, ) )

ux(t, z) = N2u(N*t, Ax), uor(x) = Az2ug(Ax).
Again we define the low and high frequency parts of the initial data to be

low high
vy = P<iuon, vy o = Psiugy,

and have the following estimates for the rescaled initial data, which simply follow from the
scaling of H*®:
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Lemma 2.21. Ifs > 2.0€22 and 0 < X\ < 1, we have the estimates

(2.37) 0§ 2 < ol 106l < Xl
(2.38) 105v6™ |l <
(2.39) ||ak low”L < \min{k+3,

low

Next we linearize about the low frequency part of the initial data by defining v = u —vj
to get the equation

v + %vmx + a(z)vg = G(x,v)
(2.40) .
U(O) - UO 8 5
where
G(ZL’,U) 3 low+2>\2 |cx| o1 — 2a2 ﬁ(véow)ao—ﬁo(a %]ow)ozl 61(82 low)ag Bo ﬁg 51 5;7

contains no terms linear terms in v,, and

(l(l‘) _ Z )\%—%\a|—a1—2agca(,ug)ow>ao (amvéow)al (aﬁvéow)ag—l'

2<]a|<m

We observe that a is again localized at frequencies < Ny ~ 1 where the constant Ny depends
only on F'.

Next we observe that the coefficient a only contains linear terms with a derivative or
cubic and higher order terms. In particular, the antiderivative 9, 'a is well-defined and lies
in 2. Using the estimates for the rescaled initial data Lemma [2.21] we have the following
estimates for a:

Corollary 2.22. Suppose that s > oo where o4 is defined as in Theorem[2.17 and 0 < X < 1,
then

(2.41) lallz < lluoll= (lluoll )™

(2.42) lazllz S Alluol

)
m—2

s {[[uollms)

The normal form. Asin Theorem [2.17] in order to handle quadratic terms involving two
derivatives we make use of a quadratic correction. We start by removing the bad quadratic
terms from G,

G(x,v) = C1A 20,050 4+ CoA" 202, + Go(z, v),
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and as in (2.28]) we define a bilinear operator by
Blu,v] = IA"2Chuv + 20720, Ty, 0.
We calculate
(0y + 302 + a02)Blv,v] = ChA " 20,05, + Cg/\_%vix + G1(z,v),
where
Gi(z,v) = CoA"2 (2T, Vyw — 02,) + C1A "2 (vG + av?)

+ 205077 (Tv + aTy, 0 — Tiany, v+ Ty .G
+aT, v — Ty, (aVz) + Ty, V2 + 24T, v,) .

Taking G5 = Gy — (G7 we then have the equation
(O + 302 + ad?) (v — Blv,v]) = Ga(,v)
v(0) = wp.
Completing the proof. Once again we take 0 < X\ < e~ C=(lwollas)™"" where €, > 1 is

sufficiently large that a satisfies the hypothesis of Proposition 2.15 For a suitable choice of
€ (0,s), we look to solve ([2.40]) using the contraction principle in a ball

B = {U S ZQXS . ||’U||l2Xs S )\MHUQl Hs} C l2Xs.

Given v € B we take w = T (v) be a solution to

{ (0 + 302)(w — Blv,v]) = Ga(z, w)

(2.43) |
w(0) = Uglgh.

We then have the following analogue of Proposition [2.20}

Proposition 2.23. There exists sy = so(F) € [5,3] so that if s > s, then for a suitable
choice of u = p(s, F) > 0 and C, = Ci(s,F) > 1 sufficiently large, T: B — B is a
contraction.

Proof. Using the linear estimate , it suffices to prove the appropriate nonlinear esti-
mates for G, B. As in Proposition [2.20 we choose sy > 05(3) where 05(3) is defined as in
Theorem for the nonlinearity v?0v10%2 where an expression of this form appears in the
rescaled version of F'.

A. Estimates for Gy. Using (2.38) we have

10705 iz S 110306 (22 S N fug

Hs-
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The remaining terms in G are of the form

7
Ga,@’ — )\5*%\a|*01*2a2caﬁ(véow)a0*5o (axv(l)ow)alfﬁﬁ (aiUéOW)OAQ*ﬁQUﬁOUﬁLUﬂz

x Tx*

Case 1: |B3] = 0. Here we estimate one term in L? and the rest in L> using the low
frequency estimates (2.38) and ([2.39)). We then have

1Gaslleys S A luolllg-

Case 2: || = 1. As we have removed all the linear terms involving v,,, we must have
B2 = 0. We then use the bilinear estimate ([2.11)) to place one low frequency term in L? and
the Besov space estimate (2.13) to place the rest into L>. This gives us

3 _
1Gasllizys S A2 [uolllgt ollexs.

Case 3a: |a] = |5| = 2. As we have removed all the quadratic terms in v involving two
derivatives with the normal form, we again must have §, = 0. We then use the bilinear

estimate ([2.11]) to get

|Gasllizys < /\%—%Iﬂl—ﬁ1—2ﬂ2||v||l22Xs < A%—%IB\—61—262)\M(\6|—1)||UO|

Hs UHZZXS

Case 3b: |a| > |B] = 2. Here we use the trilinear estimate (2.18)) to place one low
frequency term in L? and the Besov space estimate ([2.13]) to place the rest into L™ to get

|Gapllizys S N385 =282 1qy | 1172 |2, . < A3 310151 =202 B0y |1 o 2o

Case 4: |B| > 3. We estimate all the low frequency terms in L* using the Besov space

estimate (2.13) and use the trilinear estimate (2.18)) and algebra estimate ([2.10]) for the v

terms to get .
7_1183—-8,— _ —1
1Gagplliys S A3 3181781282 \uUSI=D)| gy | I 5 .

By choosing s, sufficiently large (see we may find p € (0, s) so that

28y + 1 —3
18] —1

which suffices to give the estimates

(2.44) max{ +1:Gop # 0} < p < min{3, s},

1Go(0) iy < N3 Jug || grs (1 + |Juo| e *) + Ao = (1 =+ [[uo] | e *) |0z xs,
Go(v1) = Go(va) lizys S A7 |Juoll s (1 + [Juol =) lvr — volli2xs,

for some o > 0.
B. Estimates for Gi. Next we note that from the definition we may take p > 1 if
Cy # 0 and p > 2 if Cy # 0. We may then use the algebra estiamte (2.10]), Besov estimate

[2.12) and L* estimate (2.39) for ui®™ to estimate

|G [[i2xe—z S AT Jqgg 2ol

e+ A7 |uol
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for some o > 0.
Estimating as in Theorem [2.17] we have

_3 _3
IN"2 (03, = oo lizys S A2 [[0lliexe

The remaining terms in G; are either quadratic in v involving at most one derivative at high
frequency, for which we may use the frequency localized estimate or cubic and higher
in ui®", v for which we may use the trilinear estimate and algebra estimate . As
a consequence we have the estimate

G (, )2y < A7lluollzrs (1 + [uol 7= ) vz,

1G1(2,v1) — Gia,v2) lizys S A7 Muo | s (1 + [JuolF= ) lvr — valli2xs

C. Estimates for B. Estimating as in Theorem [2.17, we have the estimates

1
IBlv, vlllexs S A2 luol| s

1
|B[v1, v1] — Blvg, va][[i2xs S A2 ||ug

/UHZQXS7

Hs||V1 — U2||l2XS>

where again we have used that p > 1if C} # 0 and p > 2 if Cy # 0.
By choosing C, > 1 sufficiently large we may now use the linear estimate ([2.26]) to show
that 7: B — B is a contraction. m

To complete the proof of Theorem we may apply the contraction principle to prove
the existence of a solution. As for Theorem [2.1, we may then use the estimates of Theorem
to prove Lipschitz dependence on the initial data.

2.A Refined regularities

In this appendix we briefly outline the improved regularities in the case of specific nonlin-
earities.

Small Data. Suppose that

(2.45) Fu, ty, tyy) = Z Cau™uStus?.

2<|a|<m

For Theorem we define o1 (F') as in Table [2.1| and for Theorem we define o9(F') as
in Table 2.2l
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Large Data. In the large data case of Theorem we take F' as in and for each
2 < |a] < m such that ¢, # 0, we consider all multi-indices |3| > 2 such that § < a.
We then define 0,(f) as in Table to correspond to the nonlinearity v v/1v% and take
s1 > maxg 0a(f3). Due to the rescaling, as in , we also require that

2B+ 51 —3
8 -1

The large data case of Theorem is similar, taking s; > maxg o2(3), where by conven-

tion we take 05(1,0,1) = 2. We also once again have a scaling condition,

2
28y + 1 —3
18] —1

5122+mgx

5221+mﬁax
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Table 2.1: Refined regularities for Theorem .

o1 | F contains terms of the form
T
1 U0 ag > 3
3
5 u*ou,

QQ,, 01
2 u*ou? apg > 1
5 UUI Uy ag > 1
2 aq

/UIJ?
3 | u™utug? apg>1
7 Q1,002
5 Uugtug? a; >1
9 a2
2 Ug

Table 2.2: Refined regularities for Theorem m

oo | F contains terms of the form
1 ag
= U
2
1 U0 U, Qg > 2
«@Q,,01
3 u*ouy ag > 1
2
« (6%
U Uy ag > 2
9 UPUS Uy ag > 1
a1
us a; >3
5 | uttuytug: o+ oy > 2
2 a2
uus? g > 2
(0%
3 UgUus? g > 2
2
a2
us? g >3
9 2
2 U
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Chapter 3

Modified asymptotics for the mKdV

3.1 Introduction

In this chapter we consider the long-time behavior of solutions u: R; x R, — R to the Cauchy
problem

U + lu:m:x = U(u3>:p
(3.1) { ’

u(0) = ug,

where 0 = £1 and uyg is sufficiently small, smooth and spatially localized data.

If we treat the nonlinear solution as a small perturbation of the linear solution then it
is reasonable to expect that the linear pointwise decay (see is still valid and hence for
initial data of size 0 < € < 1 and for times t > 1,

u| < et~ 5 (t32) 73, lup| < et 3 (¢t 5x)i.

In particular, for any reasonable Sobolev-type norm || - ||x, this decay allows us to bound
nonlinearity as
1(u”)allx < llutte]|zoollullx < € lullx,

which just fails to be integrable in time. As a consequence, in order to establish global
bounds and asymptotic behavior we must analyze the nonlinear interactions more carefully.

The first consideration is that of four-wave resonances: when linear waves may combine
nonlinearly to create another linear wave feeding back into the system. Resonances of this
form will correspond to solutions to the system

{ﬁ+$+§=$
&1+ &+ &3 = &,

where &, &9, &3 represent the input frequencies and &, the output frequency. An algebraic
manipulation shows that this condition is equivalent to

(&1 + &) (6 + &) (6 + &) =0,
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X

Figure 3.1: Short interaction time for transversal wave packets.

and hence resonant interactions occur whenever a pair of input frequencies sum to zero.

The second consideration is the direction in which linear waves may travel. From the
Hamiltonian flow for the linear KdV (see we see that for initial data localized in phase
space at (0,&p), linear solutions are localized along the ray

Iy, ={z =tv}

where the velocity v = —¢&2. If linear waves interact transversally, we can hope to gain
additional decay from the short interaction time (see Figure [3.1)). However, given any output
frequency &, € R, there exist parallel resonant interactions,

{€1,62, 83} = {&0. 60, =60}

so we must look for some additional structure to close the argument.

To understand the null structure in the nonlinearity that allows us to remove these parallel
resonant interactions, we project to positive frequencies ~ N and using that 0, behaves like
multiplication by ¢V,

(0, + %ag)uNﬂL ~ 3UiN!uN,+\2UN,+ + lower order terms.

As 30 N|uy +|? is real-valued, the leading order term may then be removed by means of a
bounded gauge transform. Due to the non-integrable pointwise decay the phase will grow
logarithmically, leading to modified asymptotics.

As the mKdV is completely integrable, global existence and asymptotic behavior has been
studied using inverse scattering techniques such as in the work of Deift and Zhou [24] and
references therein. A natural question to ask is whether it is possible to study the asymptotic
behavior of the mKdV without relying on the completely integrable structure. Hayashi and
Naumkin [57, 58] were able to prove global existence and derive modified asymptotics in
a neighborhood of a self-similar solution for small initial data with errors bounded in L”
for 4 < p < oo without relying on the complete integrability. In this chapter we present a
significant improvement by establishing modified scattering for small initial data with errors
bounded in L? N L*. We also derive the leading asymptotic in the oscillatory region and
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use slightly weaker assumptions on the initial data. Some similar results have been recently
obtained by Germain-Pusateri-Rousset [39] using a different method en route to studying
modified asymptotics in a neighborhood of a soliton.

A key advantage of our robust approach is that our method also works for short-range
perturbations of the form

52) { Up + FUgae = (0U® + F(u)),

u(0) = uo,
where F' € C?*(R) satisfies
(3.3) [F(u)l =O(uf’),  [ul =0, p>3,

with some minor modifications if p € (3,1) (see [49]). These perturbations are not known

to be integrable and to the author’s knowledge there are no other results on the asymptotic
behavior of solutions. However, in the case of the defocusing cubic nonlinear Schrédinger
equation, Deift and Zhou [27] were able to prove modified asymptotics for certain short-range
perturbations using inverse scattering techniques. As an interesting corollary they showed
that this allows the construction of action-angle variables for the perturbed equation. It is
likely that their techniques may be able to be adapted to handle certain nonlinearities in
B2).

In the related case of the cubic nonlinear Schrédinger equation on R, modified asymptotics
have been proved without inverse scattering techniques using both spatial methods [98] and
Fourier methods [52}, [67]. In this chapter we use the method of testing by wave packets,
originally developed in the work of Ifrim and Tataru on the 1d cubic NLS [61] and 2d water
waves |62, 63] and in joint work with the author, adapted to the KP-I equation [50]. This
robust approach to proving global existence and studying asymptotic behavior essentially
interpolates between the previously used spatial methods [95-98, [137] and Fourier methods
[37, 138L |40} 52, 54, [56H59, 64, 67]. We also mention the semi-classical methods of Delort
[28-31] and Alazard-Delort [4} 5].

Statement of results. Our first result gives the existence of global solutions satistying
the linear pointwise decay for small, smooth and spatially localized initial data.

Theorem 3.1. There exists € > 0 so that for all ug € H' satisfying

(34) HuoHHl,l < €,

there exists a unique global solution u to (3.1) with S(—t)u € C(R; H') so that for t > 1
and a.e. x € R the solution satisfies the pointwise estimates

IS

(3.5) u(t,z)| S et S5y, (b e)| < et i)k,
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Figure 3.2: Asymptotic regions for the mKdV as t — 4o0.

Next we consider the asymptotic behavior of these solutions. For p > 0 we define the
oscillatory, self-similar and decaying regions of physical space,

O ={e<0:t 3z 2%}, V={reR:t3)z[ ¥}, Q= {z>0:t 3z 2%}
We also define a region of Fourier space corresponding to the oscillatory region,

~ 1

Q, ={{eR:t3/f] 2 t°}.
We then have the following asymptotics for the solution u of Theorem [3.1}

Theorem 3.2. Ifug € H! satisfies (3.4), then the solution u to (3.1]) satisfies the following
asymptotics as t — 400.

(i) Oscillatory region. There ezists a unique (complex-valued) continuous function W
satisfying,

W =W, W)= [uds,
such that for C' > 0 sufficiently large,
(36) HWHHI—CEQ,lmLoo S 67

and in the oscillatory region §17, for any p > 0,

gy W(t3) = 7] Re (b R )

+ err,,

where the error satisfies the estimates

1,1, .3 1,1 1
(3.8) [t (5 [z)serrell oy S € It 3 [a])rerrsl 2 S e
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(ii) Oscillatory region in Fourier space. In the corresponding frequency region ﬁ;, for
any p > 0 we have

(3.9) (1, ) = AT OP U (6) 1 err,
where the error satisfies

101 1,101
(3.10) [(Esle])serre]| gy S 6 lE5(Es[E])zerre| 25 S e

(#ii) Self-similar region. There ezists a solution Q(y) to the Painlevé II equation

(3'11) ny —yQ = 30'Q37
satisfying
(3.12) QW) S e

so that in the self similar region Qg for0<p< %(% — C€?), we have the estimates

1

(3.13) Jlu— t75QU 0wy S et D i — QU )| gy S et 3RO,
(iv) Decaying region. In the decaying region Qj, for any p > 0 we have the estimates

1,1 .3 1,1
(3.14) [t3@E52)3ull oy S €& B 32)ull2gp) S €

Remark 3.3. As (1.5 has time reversal symmetry given by
u(t, z) — u(—t, —x),
we get corresponding asymptotics as t — —oc.

Remark 3.4. We note that the estimates (3.7) and (3.13]) are both valid in the overlapping
region, ) o
O ={r<0:15t 5[z <3l Y

and similarly the estimates (3.13]) and (3.14]) in the overlapping region,
Of={z>0:1<t 5]z < i,

From the estimate (3.14)) we see that |u| — 0 as t731 — +oo. Comparing this to (3.13)
in the overlapping region OF, we see that the solution ) to the Painlevé II must
satisfy

Qy) ~ Qo Ai(y),  y— +oo,
for some @y € R. Comparing the asymptotics for @) given in Theorem [I.§|to the asymptotics

(3.7) and (3.13]) in the overlapping region O~ , we see that Qo = ¢, (W (0)), where ¢, is defined
as in ({1.52]).
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Remark 3.5. The loss of regularity of W in Theorem can be compared to the similar
results [61} [63]. Indeed, as the direct scattering problem for the cubic NLS and mKdV is the
same, we expect the correspondence between the W of Theorem and ug to be the same
as in |61, Theorem 1]. From the inverse scattering theory, we expect this loss of regularity
to be logarithmic in nature (see for example [24} 27]).

Outline of the proof. We start by giving a brief outline of the proof of Theorem [3.1]
The asymptotics of Theorem will arise as a consequence of the proof.
In order to control the spatial localization of solutions we look to control the L?-norm of

Lu = S(t)zS(—t)u = (v — t0?)u.

However, the operator L does not behave well with respect to the nonlinearity, so as in [55],
50, [58] we instead work with

Au = 0, (3t0, + 0, + 1)u,
and observe that if u is a solution to then
(3.15) Au = Lu + 3tou®.
As 3t0; + x0, + 1 generates the mKdV scaling symmetry
(3.16) u(t, ) = Au(Nt, Ax), up(z) — Aug(Ax),
the function v = Au satisfies the linearized equation
{ Vp 4 $Usgp = 30Uy,
(3.17)
v(0) = zug.

For a large fixed constant My > 2 we define the space X with norm

(3.18) lull% = llullfp + &7 | Aul|Z.,
where
(3.19) § = 3MZe

We then have the following local well-posedness result that can be proved as in |75, |80]:

Theorem 3.6. If ug € H"' satisfies (3.4]) then there exists T = T(e) — oo as e — 0 and a
unique solution v € C([0,T]; X) to (3.1)) such that

(3.20) sup |lu(t)||x < 2e.
te[0,7T]

Further, the solution map ug — u(t) is locally Lipschitz.
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The proof of Theorem will take the form of a bootstrap estimate. Using the local
well-posedness result, for € > 0 sufficiently small we can find 7" > 1 and a unique solution
u € C([0,T); X) to (L.5). We then make the bootstrap assumption that u satisfies the linear
pointwise estimate

(3.21) sup (1163t 3 ) ull e + 165 (07 50) Fu e ) < Moe
te[1,7T)

and show that under this assumption, for e > 0 sufficiently small, we have the energy estimate

(3.22) sup lullx S e,
t€[0,T)]
with a constant independent of My and T'.

Next we use these energy estimates to prove initial pointwise bounds that reduce closing
the bootstrap to proving pointwise bounds for frequency localized pieces of u along the rays
of the Hamiltonian flow I',. To control the pointwise behavior of solutions along these rays
we test the solution against a wave packet solution ¥, adapted to the ray I',, by defining

(3.23) v(t,v) = /u(t,x)lflv(t,a:) dzx.

We then reduce closing the bootstrap estimate (3.21)) to proving global bounds for v. To
derive these bounds, we show that v satisfies the asymptotic ODE

F(t,v) = 3iot|y(t,v)[*v(t, v) + error.

The logarithmic correction to the phase then arises as a consequence of solving this ODE.

Further questions. The development of robust techniques for understanding the asymp-
totic behavior of solutions has recently become a topic of much interest, motivated in part by
trying to prove global existence for quasilinear equations arising in the study of water waves
[4, 5, 138, 160, [62-64]. As such there are numerous related models to which the techniques
developed in this chapter may be readily applied.

A key open problem is to extend these small data techniques to the large data setting
where one must account for the existence of traveling wave solutions. Recently Germain,
Pusateri and Rousset [39] have considered asymptotics in a neighborhood of the soliton
using the method of space-time resonances due to Germain-Masmoudi-Shatah [37, 38, 40].
It is likely that our approach could be adapted to yield some similar results. Further, as
discussed in §1.5] solitons must be accounted for if we are to extend Theorem [3.2] to the KdV
for generic small initial data.

A further problem would be to try and improve the polynomial loss of regularity between
the initial data for the PDE and the initial data for the modified scattering state W. The
results of Deift and Zhou [26] using the inverse scattering transform suggest that this should
in fact be a logarithmic loss. A similar loss of regularity is seen in [50} 61] and the non-
integrable cases of the water waves [62, 63]. It would be of significant interest to see if any
insight gained from the integrable cases could be applied in the non-integrable cases.
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3.2 Energy estimates

We first derive energy estimates for u under the the bootstrap assumption (3.21). Our
argument is similar to Hayashi-Naumkin [55, 56, 58].

Proposition 3.7. For € > 0 chosen sufficiently small and t € [0,T] we have the energy
estimates

(3.24) lu|lm Se,
(3.25) A2 < e(t)?,

where 0 is defined as in and the constants are independent of My, T .
Proof. From the conservation of mass we have
(3.26) [u()l|z2 = [luoll2 < e

Similarly, from the conservation of energy we have
(3.27) 10z u(t)[[Z2 + Fllu(®)l|zs = |0suollz2 + 5 lluol7s.
Applying the Sobolev estimate , for any 6 > 0,

lullze < lullZelluslle < 07 lullge + Ollusllze < 07" [lullfe + OllusZ-.

For 6 > 0 chosen sufficiently small we may use and to show that
(3.28) ()2 ~ fuollr Se,

where the constants are independent of M,.
If v = Au, then from the estimate (3.20) we have

sup [[u(t)]zz < e.
te(0,1]

For ¢t > 1 we first use (3.21]) to show that
(3.29) uttg || e < M3t™, t>1.
We then use the linearized equation (3.17) and integration by parts to estimate,

Oi|lv]3z = Ga/uzvxv dr = —60/uux112 dx < 6 M2t ||v]|3..

The estimate (3.25)) then follows from Gronwall’s inequality.



CHAPTER 3. MODIFIED ASYMPTOTICS FOR THE MKDV 69

In order to control the pointwise behavior of solutions for times ¢ > 1, we define the norm
1 1
lull%, = [ILulZz + [[t3{t3 Do)~ ul| 2o
Our reason for using X7 is that it is well adapted to the mKdV scaling (3.16)). We note that
we have the compatibility estimate
(3.30) lall%, ~ 3 1%+ D> sl
N>t~3

We then have the following corollary to Proposition (3.7}

Corollary 3.8. For e > 0 sufficiently small and t € [1,T], we have the estimate
(3.31) lullx, < ets.

Proof. From the local well-posedness estimate (3.20)) and the bootstrap assumption ((3.21)

we have the estimate
(3.32) lullr < Moe(t)® ™5, pe (4,00).

From the equation (3.15) and the energy estimate ([3.25)),
|Zullz S NAullpe +3tlullls S €t)’ + (Moe) ().

~Y

This gives the first part of (3.31]), provided € = ¢(My) > 0 is chosen sufficiently small that
6 € (0,3

For the second component of the norm we make a self-similar change of variables, defining
(3.33) U(t,y) = tiu(t, t3y).
We observe that U satisfies the equation
{ U = 2719, (yU — Uy, + 30U?)

1

(3.34) B
U(Ly) = u(l,y),

and undoing the rescaling,
lyU — Uy + 30U |13 = 5| A 2.
Applying the energy estimate (3.25)), we then have
_ _ _1 _1

O(Dy) Uiz SHIYU = Uyy +30U° ||z S 75| Aullrz S et’75.

At time t = 1, we have the bound
{Dy) UMW) lz2 < Nu()]lr2 S e
For € > 0 chosen sufficiently small we may then integrate in time to get
(DY) UM)rz S e.

The estimate (3.31)) then follows from undoing the rescaling ({3.33)). ]
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3.3 Initial pointwise bounds

In this section we prove a number of estimates for v that will allow us to reduce closing the
bootstrap estimate to considering the behavior of u along the rays I', for |v| 2> t5.
Our argument is similar to [50, (60} |62}, 63].

Let t > 1 be fixed. We first decompose u into a piece on which L acts hyperbolically and
piece on which it acts elliptically. Let ¢ € C§° be a non-negative function, identically 1 on
[—1,1] and supported in (—2,2). Let v > 1 be a fixed parameter and define

(@) =) —vvz), P =1Cwox, XT=1-—xPP

We rescale for dyadic N € 2% by defining x () = x(t""N~2z), and similarly 2, x5

1
For each N > t73, we decompose uy as

h
uN:uyp+uyp—|- ¥

where uljgi = XPP,uy. We then define the hyperbolic parts of u by

hyp hyp
E , UN 4+

W\H

and use this to decompose u,
h h
U = U,erp + uiyp + uell

We note that u™? = 4P 44™P = 2 Re(u™?) is supported in the oscillatory region Qy = {t" 3z < —v~1}.
In the region €}, the symbol of L factorizes as

7 — 1€ = —(|of? F it (|o]? + it7),
and hence we define operators associated to this factorization,
Ly = |z|? £it20,.

We note that L_ is elliptic on positive frequencies and L is elliptic on negative frequencies.
The main result of this section is the following proposition giving pointwise bounds on
the hyperbolic and elliptic parts of u.

Proposition 3.9. Fort € [1,T] we may decompose u into a hyperbolic part u™P supported
in Qy and an elliptic part u® so that,

u = uP 4 ol
and have the estimates,
(335) (i uM e Se, i) u e S, [ (T i e S,
(3.36) [ uP )| e, [[E5 (7 32) T2l e S

The key component in the proof of Proposition will be the following elliptic estimates.
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Lemma 3.10. Fort € [1,T] we have the estimates

1,1
(3.37) [t e)u_ g llee S llu_p-y llxs
(3.:38) Izl + N e S uwll,, N >¢75,
(3.39) (|22 + 2 N) Lauh® |2 < lunllx, N >¢75.
Proof.
A. Low frequencies. We first produce bounds for the low frequency component u_, 1.

As the Fourier multiplier (t%D)_l behaves like multiplication by a constant at frequencies
< t’é, we have

: HX1'

(3.40) I8yl S 630 Do) My e S g
Further, due to the localization,
050,y ez S M5yl S llu_yllxi.

We may then use the operator L to estimate,

(3.41) qugt_%llm SlLu_, gl + 107,y llze S lu_pyllx,-

The estimate (3.37)) then follows from and ( -

B. Ellzptzc regzon Let N > ¢35 and recall that ¢ > 1. By rescaling under the mKdV
scaling (3 , it will suffice to prove estimates for the case N = 1.

We ﬁrst decompose

mid

+X1 )

ell out

X1 —X1 + X1

where we define

W) =gte), (e =1 - ), X e) = 0P ).

We observe that the functions ', x4 € C5° and x* € C* are supported in the sets
{lz] < 2v7 '}, {v't <z < 2uvt} and {|z| > Vt} respectively.

B(i). Inner region. We first observe that x"u; is locahzed at frequencies ~ 1 up to
rapidly decaying tails. More precisely, applying the estimate we have

thxtullze S Py cca O un) e + (1 = Procy) (6 w) | 2
Sk 107 Pr o<y O )22 + (v 1) || 2
ST Ol + CW)|lun ] x, -
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As |z| < t in the support of ', we may then estimate

Xz S (= t02)ual|r2 + C() ||url x, + [Jox | 22
S @ = t02) w2 + Cw)||Jur || x, + v x| 2

For v > 1 sufficiently large, we may absorb the final term into the left hand side to get
txullze S (@ = t02)u 2 + C () [luallx,
Finally, as
laxy w2 S vt e,
we have the estimate

(2] + ) ullze < txdullze < llullx,

B(ii). Outer region. Similarly, we observe that x{"'u; is localized at frequencies ~ 1 up
to rapidly decaying tails, so

X un e S 1050 w) ez + 13, 02l S X" willzz + O (@) ua]|x, -
Proceeding as for the inner region we may then estimate,

lox" w2 S (@ = t07)un |2 + [[ExS" 02w | 12
S l(@ = t2) w2 + C () uallx, + ¢lxS " ur | 22
S (@ = t2)uall 2 + C(w) |uallx, + v xS w2

The final term may again be absorbed into the left hand side for sufficiently large v > 1.
As t < |z| on the support of X", we then have

(2] + X7 wllze S llext™ uallze < fluflx,.

B(iii). Middle region. We now ignore the dependence of the constants on v. Integrating
by parts we have

™z |25 + || x40 u, |2, + 215/(Xr1md) 2(Opur)? da

= ||(z — td? )u1|\L2+2t/8 (O ey? )uldx+t/82 (O ?) 2w da
S Nk, -

Once again we see that ™4y, is localized at frequencies ~ 1 up to rapidly decaying tails.
Using this localization, we then have

(2] + Ox™ w72 < I ewlge + I 05ullE: + lullk, +2t/( )22 (0pu)* d

< lluallk,
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C. Hyperbolic region. We note that u}]t,yfi = u}]i,yi so it suffices to consider positive fre-
quencies and again by scaling, it will suffice to consider the case N = 1. We define

_ hyp
Jie = Lyugy.

As fi ; is supported away from x = 0 and localized at frequencies ~ 1 up to rapidly decaying
tails, we may use the estimate (1.12]) to show that

(3.42) 11 = Prc.cy Pr)OZ (J2l fra)llze St [l x, -

Integrating by parts, we have the identity

1
(343)  ll=[= frsllZe + tlOuf1s

1 T
B = 1o fuele 4 ttTm [ (ol 1)0u(el o) do
Using the estimate ([3.42)), we have

1 1
llfrallee SN0 Sl + luallx, (L frellee S Hwallee + lJullx,,

4t} Im / (el fo)oul(zlt fin) dz < sl

where the last estimate uses that |:v|i f1.+ is localized to positive frequencies up to rapidly
decaying tails. Combining these estimates with the identity (3.43)), we have the estimate

122 +¢2) fiallze < Nlol2 o
which completes the proof of (3.39)). O

Proof of Proposition[3.9. We first consider the estimates (3.35) for the elliptic part u!' of
u. The L? bound simply follows from the energy estimate (3.31)) and the elliptic estimates

(3-37) and (3.38).
For the L™ bound, we first consider the region Q. Applying Bernstein’s inequality ((1.11))

we have

12 + t0afrellZz + luallk, S luall,

Loell 1,1 —2 5,3 ell

56 | gy S N5y lle + ) TSN [ENZ g e,
N>t~%

The first term may be controlled by (3.37)). For the second term we use the elliptic bound

(3.38) and then sum in N using the Cauchy-Schwarz inequality to get

1 _1
[t5u | poo gy S0 fJullx, S e

For the corresponding bound for u' we estimate similarly, applying Bernstein’s inequality

(1.11)) and using the frequency localization to get

2 1,1 1.1
I3y S Ry s+ 3 T ENTE N

N>t

o=
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Applying the elliptic estimates (3.37)) @ and summing in N gives us the bound
S| ogy S 6 ullx, Se

To prove the L*® bounds for u® in R\QJ we take dyadic M > =3 and consider each
region {|z| ~ tM?} separately. Let xp; € C5° be supported in the set {|z| ~ tM?} as in
Lemma m From (|1.12]) XMu‘j\l,l is localized at frequency < N for N < M up to rapidly
decaying tails of size O((t M 2N)~*). From Bernstein’s inequality, we then have

1 1
eru™le St eyl Y N2 lxaruillz+ > N2 Juillee+¢ M ul|x,.
3 <N<M N>M
For the first term we use the low frequency estimate (3.37) and that M > 73 to estimate
1 T a8
vy e S M 2eu__y e S MR ullx,

For the second term we use the elliptic estimate (3.38]) and then sum using the Cauchy-
Schwarz inequality to get

1 1
Yoo Nl S D CINIM T rui e S MR fulx,
3 <N<M 5 <N<M
Similarly for the third term we have
o Nl S Y N N2 S ¢ MR fullx,
N>M N>M

From the energy estimate (3.31f), we then have

1, 1 3 _1
163 (t7 3 2) 2 u™ || poo omenrzy S 70 |ullx, Se.

Y

The second part of (3.35)) follows from taking the supremum over M.
For the third part of (3.35) we estimate similarly to get

1633 2) U o (openrry SEEM 2 flzu_ g e+ Y ETENEMTE Jaust g

t’%<N<M
+ 3 T EMENTEEN?U |2 + 7 Jul|x,
N>M
A

For the hyperbolic bound (3.36) we apply the Sobolev estimate (L.10]) to 3% 2af? }Ji‘}/ﬂ
and then use (3.39) to get

) i h h
15U [|se S 72 |uR ||L2||L+u "

1

N
S 1FgHtQNLJrUhyp gz + 78N~ Ju] 2
<

-

£ Jun]|x, -
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Summing over N > ¢~ 5 and using that the u P have almost disjoint spatial supports, we
have
5P e S 76 [Julx,

The first part of ([3.36) then follows from the energy estimate
For the second part of (| we may use that uNyi is locahzed in the spatial region
x ~ —tN? to estimate,

2,1 1 1
165 (52 20,0 [l S 1165w 1o + ¢76 | x,-

The estimate then follows from the first part of (3.36]).

3.4 Testing by wave packets

Construction of the wave packets. Let x € C§°(R) be a real-valued function localized
in both space and frequency near 0 at scale ~ 1. To simplify the calculations, we will
normalize [ x = 1. We define a wave packet adapted to the ray I', = {z = tv} by

(3.44) U, (t,2) = ex(Nz — tv)),

where the phase and scale are defined by

o(t,2) = —tHef+ T, Ato) = o
3 4
We define the set Q7 = {v < 0: 73 |v| > 20} such that W, is supported on Q) whenever
veER).
As discussed in §1.2, we expect that ¥, will be a good good approximate solution on
timescales At < t. In particular, for v € £, we have

1

(3.45) 0+ 1w, =710, — Zz’t*%ymr%\yv,
where
(3.46) ‘ifv =)\ wﬁa ( )\(x _ t’l))X +2)\2t2|x| X + 3t)\3 //)

has similar localization to ¥, and hence (9, + 192)¥, = O(t™!). Crucially, we note that ¥,
has some additional divergence structure.

By construction W, is localized at frequency &, = \/m . In fact we have the following
lemma that demonstrates that W, is also a good approximate solution in Fourier space:
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Lemma 3.11. Fort > 1 and v € £}
(3.47) Uy (t,6) = 1A g (AL (E — &))es™,

where &, = \/|v], and x1 € S(R) is localized at scale 1 in space and frequency satisfying

(3.48) [ra@=1+0(@0)?).

Proof. We consider the Taylor approximation of ¢ at x = tv,

o(t,x) = St + x&, + % — i()\(x — )% + R(\(z — tv), t3|v)),

1,-3.3 2
1—h

R(a:,y>=—/ U )
o 8ly 1xh—1|2

where

. 2
is well defined for z € supp ¥, whenever v € Q. Taking xa(z) = x(2)eF@ 1) we may
write

,(0,6) = T [ OO (0o - ) ) da
-l bitehiT it (6—6) / ey ()N 6D gy
bl kited it (e—t) / (IO EE)=1 0 (1)
1 ki in(e-g)? / e~ 2N EE g5 (1) i

In order to write this in the form (3.47)), we define

-1 —1i —2ien in?
xi(§) = 7 leTH / &2 30 () dy.

As 3™ =1 4 O((t3|v])"1€%) and x2 € S(R) we have

]

/ i = %2(0) + O((t3 1)) ),

and similarly, as ¢2@Y) = 1 4+ O(y~12%),

X2(0) = 1+ O((t3 [u]) %),
which gives us ((3.48)). ]



CHAPTER 3. MODIFIED ASYMPTOTICS FOR THE MKDV 7

Testing by wave packets. In order to understand the behavior of the solution u along
the ray I', we test it against the wave packet ¥, by defining

(3.49) () = / u(t, )T, (t, 7) da.

As a consequence of the pointwise bounds of Proposition [3.9 and the frequency localization
of ¥, in Lemma [3.11] we may replace u by the hyperbolic part at frequencies ~ &, in the
definition of v up to a rapidly decaying error:

Lemma 3.12. Fort € [1,T], v € Q5 and k > 0, we have

(3.50) ]v(t, 0= [t = ) de| S el iol
where we define

(3.51) wo i (tw) = €7 Y ut.
Nty

Proof. We define the Fourier multiplier (, € C'*° localizing to frequencies ~ &, by

G(D)=>_ PyP;.

N~&y

We observe that (,(D)V, is spatially localized on the set {\|z — tv| < 1} up to rapidly
decaying tails at scale [v|~2. In particular,

1,2, \—
X tof13 G (D) W[t S 85 (85 [0]) 5.
As W, is localized in Fourier space at frequency &,, from ([3.47)) we then have
H(l - CU(D»\IIUHU < HX{fotvISl}(l - CU(D))\I’UHLl + ’|X{>\|$*tv|>>1}<v(D)\IjvHL1
A~ 1 2
Sk AT = GOyl + 23 (E3[0]) 7
Sk t3(t5[o]) 7"

From the initial pointwise bounds (3.35)) and (3.36) we have

S NC(DYTy |l [l Sk et [ul) 7.

~(t,v) — Z /uN7+(t,x)@v(t,x) dx

N~&y
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Energy estimates for . We may consider v to be a function of £, = 4/|v| and by a

slight abuse of notation take Q; C Ry so that &, € (Alp_ if and only if v € Q. The energy
estimates for u then lead to the following energy estimates for ~:

Lemma 3.13. Fort € [1,T] we have the energy estimates

(3.52) ”7”1{&1(60—) S
(3.53) |0,y — 3t§;18t7||1:2(§0—) S et’,

where 6 > 0 defined as in (3.19)).
Proof. We first show that,

(354) H [t v i) a

S lsen
12,(@;)

Making an affine change of variables, we have
[ Hanieie @i do= [ el ettt - ) de
We then define a nonlinear change of variables by
&g =it — 1€,

and calculate

1 1 1 3 d 1 3
t_gq = _(t§€U)2 <1 - (tggv)_§x> ) dg = _thv (1 - Z(t3§u)_2x) :

Ift¢, € Q;, then téfv 2 1?7 > 1. Provided Y is supported in a sufficiently small neighborhood
of the origin we have
dgq

2 &,
dé-v Ng

—t75q 2 1%, '

which gives us (3.54)).
As a consequence of (3.54)), we have the estimate

||7||L§U(§0—) S llullre.

We calculate .
51)\1/1) = _Zaa:\yv + )\\Ijv;

where

U, (t, 1) = ¢ (A—l(@, — 32| x(Ma@ — tv) + ix (M — tv)))
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has similar localization to W,. Integrating by parts in the first term and using (3.54)), we
have

167122 o) S Nl

We now turn to the estimate (3.53). We observe that (3t0, + z0,)¥, = &,0¢,V,, so
integrating by parts we have

Oe,y — 3tE 10y = /Au 10,0, dr.
We calculate
&0 Wu(t,2) = (&7 W (A + t0) + it Hal e W@ + ) )

and observe that this has the same localization as W,. From the estimate (3.54)), we then
have

106,y — 3t§;18t'7||L2(§g) S [[Aul|re.
O

Reduction of pointwise estimates to wave packets. Due to the localization of ¥,,, we
expect v to measure u™P along the ray I',. Using the pointwise bounds of Proposition ,
the following lemma allows us to reduce closing the bootstrap estimate (3.21]) to proving

(3.55) H'YHLgO(ng) Se

with a constant independent of My and T'.

Proposition 3.14. Fort € [1,T] we have the following estimates.
A. Physical-space estimates.

(356) i)} (Peu(a) — S el ey )) | S
0

(3.57) el (Peas(t) it S e (et ) | S
0

(3.58) [ttt (Pautt, ) = 3 e ) )| L S
0

B. Fourier-space estimates.

(3.59) |(t5€)% ((t, €) = m 25"y (t, =€)l o) S €

(3.60) [#8(5€)3 (a(t, €) — 725" 7 (t, —€)) | ) S
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Proof.
A. Physical-space estimates. For the L? bound (3.58)), from the elliptic estimate ([3.35)
and the estimate (3.50)), it suffices to show that

HA—QwU,+<t, t0) = X7 [t a)x(\o - 1) d

As [ x =1 we have
A, (t to) — /wv7+(t,x)x()\(x —tv)) dx
= / (wy 4 (t, tv) —wy (¢, ) x(AMx — tv)) dz

// (Opwy 1) (t, x — (x — tv)h)(x — tv)x(N(z — tv)) dhdx.
From the definition (3.51)) we see that

— i hyp
DpWy s = €12 E Lyuyt,
N~y

so we may apply the hyperbolic estimate (3.36|) with the convolution estimate ([3.54)) to prove
(13.58]).
For the L™ estimate (3.56]) we proceed similarly, using (3.35) and (3.50) to reduce the

estimate to showing that

=

< et
L @)

3t [ et 0) = st x O — )

From the hyperbolic bound (3.36) and the Cauchy-Schwarz inequality we have
A7 (W (8 80) = W (1,0))] S (8560) 7 [ 0stwoi | ol — o]
< et Az |r — tolz.
The estimate then follows from the localization of y.
For the remaining estimate (3.57)), we first use the localization estimate (3.50) and then
use that w, 1 is localized at frequencies ~ &, to reduce to the estimate to (3.56).

B. Fourier-space estimates. We use the formula (3.47)) for the Fourier transform of ¥,
and the estimate ([3.48)) to get

S E,) — iy (tv) = T2 / (e 38t &) — e 39 a(, &) ) A (A H(E - &) de
0 ((the) Fe i)
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For the difference we have

e S(1,E,) e

1 —
At €) = —i(& — &) / e 3" (Lu)(t, (& — &) + &) dh.
0
For the error terms we have
1,01\ _lyes. _1,1,1 _
|8 (t3€,) e 3t§““(t=5”>“ﬁz’v(ﬁa)5t 6 ||t3(t3 D) ul| .

The estimate (3.60) then follows from the energy estimate (3.31)).
For (3.59) we use that

—Llige3 o —5ite3 o 2
™5 " a(t,€,) — e 3" At €)] S || Lull el — €12,

and estimate similarly. O

3.5 Global existence.

The asymptotic ODE. In order to prove ([3.55)), we fix v € €2, and consider the ODE
satisfied by 7,

(3.61) Y(t,0) = o {(u)e, Oo) + (u, (0; + 50;) V).

Our goal is to show that we may integrate + in time and hence prove a uniform pointwise
bound for v. To do this, we first prove the following lemma:

Lemma 3.15. Fort € [1,T] and € > 0 sufficiently small, we have the estimates

(3.62) [t(t310])= (3 = Biot ™ ")l g o) S €
7,1 1. -
(3.63) £ (3 1€u)2 (5 = 3iot ™ VD)l 2 7 S €

Proof. We use err to denote error terms that satisfy the estimates
(3.64) [t o)) serr| iy S € [[E6(E36,) 2err] o) S e
We first integrate by parts to get
/(u3)r\11v de = Si/t_é|m|éu3‘lfv dx — 3/U3>\6_Z¢X/<>\(I — tv)) dz.
Using the bootstrap assumption and elliptic estimates , we have

3@'/t_é|x|éu3\llv dx — 3/u3)\6_i¢x/(/\(x — tv)) dz = 3i, /(uhyp)g\lfv dx + err.
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Using the spatial localization of the frequency localized pieces of u™P and of ¥,,, we have
3i€, /(uhyp)?’\lfv dz = Z 3i&, /(u%i)?’\h dx + err.
Nty &

However, as u}]i,yft is localized at frequency ~ +N up to rapidly decaying tails and W, is

localized at frequency +&,, we may use the frequency localization of ¥, and estimate as in
(3.50)) to remove the terms (u?\%ﬂ):ﬂ (uljlvy,p_)?’ and |u}]§,’:ﬂ’r|2u}j\}'fi to get

Z 3, /(u%‘i):‘}@v dr = 3i&, / [w, 1 |*w, 1 x dz + err.

N~Ey, £

Using the Cauchy-Schwarz inequality and the hyperbolic estimate (3.39)), we have

o (t,2) = wo (600 € D LS iele — tol = S et o) 5 Az | — to] 2.
NN{’U

We may then use this to replace two of the w, 4 (¢, z) terms by w, (¢, tv) up to error terms,
3i&, / (W1 |Pwy 1 x dx = 3i&y w4 (t, 1) /wvﬁx dx + err.
_1
Finally we may estimate w, . (t,tv) by 2, 25(t,v) as in (3.56) to get

3i&,|wy 4 (£, t0)]? /w%LX dx + err = 3it ty(t,v)|? / Wy +x dx + err
= 3it ' |7|*y + err.
For the linear terms we recall (3.45)),
, 1
(0, + 1020, = 7N 19, — Zit—%w%xpv,

where y has the same localization as x. For the first term we use the frequency localization
of ¥, as in (3.50)), integrate by parts and use the hyperbolic estimate (3.39) to get

At /u (€90,X)dr = —t A1 /c%wwj dr + err = err.

For the second term, we may simply use the localization and the hyperbolic estimate ((3.36))
to get

1 -
Z—Li/ut_§|x|_gllfv dx = err.
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Closing the bootstrap. We now use Lemma to solve the ODE (3.61]) and prove the
pointwise bound estimate .

We first consider bounds for the initial data. For fixed v, we define the time at which
the ray I', enters the region €2, by

to(v) = max{1, C|v| 2 }.

For velocities |v] > C3, the ray lies inside ', for all times ¢ > to(v) = 1. We may then
use the formula (3.47) for the Fourier transform of ¥,, the Sobolev estimate ((1.10]) applied
to 6_%“53@(1, ¢) and the energy estimate (3.20]) to get the initial estimate

(3.65) (L) S Az S luDll7llLu)]f. S e

~Y

For velocities 0 < |v]| < O3, the ray I, lies inside the self-similar region up to time
t = to(v). At time ¢ = to(v) we may use (3.50) to reduce to frequencies ~ &, ~ to(v)~3, then
apply Bernstein’s inequality ((1.11)) and the energy estimate (3.31)) to get

1
(3.66) o)l St5 Y llun(to)lle +eSe

_1
Nety 3
To complete the proof we observe that from (3.62)), for v € Q, we have
(3.67) 0, (6_32»0 S s i7> — err.

For each v € €, we may then integrate from ty(v) to 7" with the initial bounds (3.65)) and
(3.66)) to prove the estimate (3.55). Choosing M, sufficiently large and then € > 0 sufficiently
small, we may close the bootstrap estimate and complete the proof of Theorem [3.1]

3.6 Asymptotic behavior

Asymptotic behavior in the oscillatory region. Integrating (3.67)) from ¢ to oo, there
exists a measurable function A: (0, 00) — C satisfying |A| < € so that for ¢t > 1,

> L

(3.68) ¢317 Jig o) v(t,v) = A(&) + terr.

We observe that

O (/to ‘7(3,21)‘2 % — ‘A(gv)‘zlog(tgg))' 5 1 H'Y(t,v)|2 . ’A(fv)’2| 5 6215_1({;%‘1)')—%’

and hence there exists B(&,) € R so that

(3.69) < € (tiv])E.

[ 0l S - 1A P1os(eed) - BG6)
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Figure 3.3: Solving the asymptotic ODE for |v;| < 1 and |vy| 2 1.

We then define W (&,) = (27)2 A(&,)e*B&) | and extend W to R by defining

W(=¢&) = W(&), W(O):/uoda:.

From the pointwise bound (3.55) for v we have ||[W||.~ < € and by the energy estimate
(3.52) and Fatou’s Lemma we have

(3.70) W |00 < e.

As a consequence of the estimates (3.68]) and (3.69), we have

2 1 1 3ic 2 o (1£3

(3.71) [(#50)% (2(t,0) — (2m)EW (£ )e IV 8D o) e
1,2 (1 1 3ic 2 o (t£3

(3.72) I8 (20) 3 ((1,0) — (2m) 3 (€ )e 3 W@ sts) o <

Combining these estimates with Proposition we obtain the asymptotics (3.7)), (3.9).
To complete the analysis in the oscillatory region, it remains to prove W € H'=¢¢. We

start by defining the phase ® = 30|y(t,v)|* log(t£2) and the region

O =9\ ={t"° S&Sto )

From (3.72) we have the estimate,

< et’i(l + logt).

eyt v) — (27) T W v‘ _
ettt - rtwe], o
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Using the estimate (3.63)), we have
€0, (e7"*(t,v))
= 0g,v — 9i08, " [y[*y — 3io 0, (|7[*)y log(t&;)
= (0g,v — 3t&, 1) — Gio Re ((0¢, — 3t&,79)7) vlog(t&)) + &, (1 + [7[*log(t&})) err

From the energy estimate (3.53)), we then have
—o 5
H(’?gv (e ’y(t,v))HLgv@:) < et’(1 4+ logt).
We may then interpolate between these bounds (see §3.Al) to get

(3.73) W | pce S e.

~Y

Asymptotic behavior in the self-similar region. To complete the proof of Theorem
m, it remains to show that the leading asymptotics in the region QY are given by a solution
to the Painlevé II equation (3.11f). To do this, we will work with the self-similar change of
variables defined in (3.33). We will identify QI = {t=5)z| < 20} = {|ly] < %} under this
change of coordinates.

Let p > 0 and C' > 1. From the equation for U, the energy estimate (3.25)),

Bernstein’s inequality (1.11)) and the elliptic estimate (3.38)), we have
10 P<cirUl| o (0g) S 82| PeconoiU | 2 + || PucuoU | oo )

3 7 P 5
spté—¢ £—2 ell
< etz 6 4+ €t27 6 E |uy | 22
1
N~CtP™3
< g~ min{g—0—5p.5p}-1
Y

From the elliptic estimate (3.38) we also have
IPocolUlli@y S D 5N il S b3,
N>CtP— %

Choosing 0 < p < %(% — ), for almost every y € R we may then define Q(y) = tlim Ul(t,y)
— 00

such that » o
QU Sei U = Qllee(ag) S et~ ™le 0720200,

We recall that ) )
lyU — Uyy + 30U3||L§ =175 || Aullrz S e’ s,

so taking the limit as £ — oo we see that

ny —yQ = 3(7@3'
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3.A An interpolation estimate.

In this appendix we give a proof of the interpolation estimate needed in (3.73)). Variations
on this result are used in [50, (61, 63].
We first note that if w = w(x) and for all ¢ > 1,

(3.74) w et L*(R) + t° H'(R),

then by real interpolation w € H* for all s € [0,1 — QLM). Our goal is to extend this to the
case that we only have this representation in some time-dependent set

Q={zeR: 3t <|z| <26%}.
Lemma 3.16. Let 0 < 0 < «, 3, w € C(R) N H*'(R) satisfy
1wl Leonmor S 1,
and for all t > 1 suppose that there exists u(t) € H' () such that
[u(t)||zenrz@) S 1, lu@®llm@ St [lult) = wll2@ St
Then w € H® for s € [0,1 — m).

Proof. We will show that holds (with « replaced by min{c, 8}) by explicitly con-
structing an extension v of u. By taking real and imaginary parts, it suffices to assume that
u, w are real-valued. Further, we may decompose u,w into even and odd parts and consider
each of these separately.

We first consider the case that u,w are even. For smooth x identically 1 on [—1,1] and
supported in (—2,2) we freeze u in the region {|z| < t72} by defining

o(t,x) = (2t 22 ut, ) Ljpsi-2sy + u(t, t727)Lgpy 20y,
and observe that

o —wllze S e = wlaiey + ol agorcezs) + 0l agopsios) + ult ) g2e<e-29
P e ] PR [ P
< t—min{a,ﬂ}.

Further, we have the estimates,
vllze S Null ey + a2 | 2guyar20y S 10 Noalliz S luallzze) + 7 flullz) S 2,

sov € " H'(R) and hence w satisfies (3.74)).
Second we consider the case that u,w are odd. We extend u to R by zero and take our

extension to be
v(t,z) = ([t 2) (wep — ucps) + x(2t 7).
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We then have

o — w2 S lu—wllp2@) + IX(E2)wss| L2 + X (P2 ussl 2 + [|(1 — x (2t z))w| 2
St wllpee + 0wl e 4 7w gron
< tfmin{oz,ﬁ}'

Using that w<s,u<s are odd, we may apply the classical Hardy inequality [47] to get

17X (P2 wepsre S | Ovwers||re S t°,
1% (P ) ucps|re S 10sucss ||z S 2.

As a consequence v € t° H'(R) and again w satisfies (3.74])
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Chapter 4

Asymptotic completeness for the
mKdV

4.1 Introduction

In this chapter we consider the asymptotic completeness problem for the mKdV: given a
suitable asymptotic profile %asymp, can we find a solution u to the mKdV so that uy € H!
and the leading asymptotics of u agree with asymp as ¢ — 4007 More precisely, we look to
solve the problem

Ut + FUoss = 0(u?)s

lim_{|u(t) = ttasymp(t)]]s = 0,

t—-+o00

(4.1)

where the norm ) .
ulls = [lullze + [t3 (¢ 73 2) Tul| pe.

Hayashi-Naumkin [53] showed that under strong conditions on the data, including that
it has mean zero, it is possible to find such a solution. The result presented in this chapter
greatly improves this by considering a much larger class of data, including those with non-
trivial mean. In the case of the gKdV, where solutions scatter to free solutions, asymptotic
completeness was established by Cote [19] and refined by Farah-Pastor [35]. Similar results
have also been obtained for the cubic NLS, see for example |61} 98] and references therein.

As mentioned in §1.4] a key object of study will be the one-parameter family of solutions
Q(y; W) to the Painlevé II equation

(4.2) { U —yQ = 800"
' QUy; W) ~ g (W) Ai(y),  y— +oo,

where q,(W) is defined as in (1.52). Comparing the asymptotics for the Painlevé 1T of
Theorem to the asymptotics for solutions to the mKdV established in Theorem (3.2, we
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see that a suitable candidate for w,symp is given by
(4.3) Uasyup(t, ) = £3Q(E 5w W (2 ]a]2),

where we assume that W is a real-valued, even function.

Statement of results. We define the space Y of real-valued even functions with norm
E2
(4.4) [Wly = (D) W |[1a

and then have the following asymptotic completeness result.

Theorem 4.1. There exist €,C' > 0 so that for all W €Y satisfying
(4.5) Wiy <e

there exists a unique ug € HY' satisfying

(4.6) ol S €.

such that the corresponding solution S(—t)u € C(R; HY') to the mKdV scatters t0 asymp in

the sense of (4.1)).

Remark 4.2. Similar to Theorem [3.2] we have an O(€?) loss of regularity between W and
u. As our approximate solution will not have a conserved energy, we require additional
regularity for zW as well.

Outline of the proof. In order to prove Theorem we use an approach similar to [61]
and replace Uasymp by a regularized version w,pp, where the regularization is on the scale of
the wave packets. The approximate solution then satisfies the equation

(4.7) (0 + %ag)uapp = J(ugpp)x + f.
We will prove the existence of a solution to (4.1)) on the the interval [1, 00) satisfying
lu(Dl[x S

where the space X is defined as in (3.18)). We may then extend it to [0, 00) by applying the
local well-posedness result Theorem backwards in time on the interval [0, 1].
If we define v = u — Uapp, the equation (4.1]) becomes

(O + %(93)1} = N(Uapp, v) — f
lim v(t) =0,

t——+o0

(4.8)
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where the nonlinear term

(4.9) N(Uapp, 0) = 0 (V4 Uapp)® —ud ) .

app/ x

For § = Ce?, where C' > 0 is as in the definition of the Y-norm, we define the norms

1,96 1,9 )
Jollz = sup {T5* 5oz + T4 S oliase + T lesllirz }.

Té
lvllz = Sup{m” ||L§9Lg}>

where we use the notation LY. = LP([T,2T]) and the supremum is taken over dyadic T > 1.
We then look to solve (4.8)) using the contraction principle in the ball

(4.10) Ze=Av:|lvllz + [ Lvllz < Be},
where L = z — t9? is defined as in Chapter [3]

Further questions. As we use the l-parameter family of real-valued solutions to the
Painlevé II as our asymptotic object, we are restricted to considering real-valued W. This
leaves a small gap between Theorems [3.1] and 4.1} It would be of significant interest to try
and extend Theorem 4.1 . to handle W satisfying W (z) = W (—2) in order to complete the
picture of the small data asymptotics.

As discussed in the Painlevé II also gives rise to a self-similar solution to the KdV.
A further question would be whether a similar construction would give an asymptotic com-
pleteness result for the KdV. The result of Deift Venakides and Zhou [23] shows that there
is a “collisionless shock region” between the self-similar and oscillatory region in this case,
so it is possible that a different asymptotic profile would have to be used.

Another natural extension would be to consider with the asymptotic profile tagymp+v
where v is a kink or soliton solution to the mKdV. Results of this form for the gKdV, where
Uasymp 18 simply a linear wave, have been established by Cote [19]. Modified asymptotics in
a neighborhood of the soliton have been proved for suitable initial data [39, [124], but the
author is unaware of any work on the asymptotic completeness problem.

4.2 Construction of the approximate solution

Regularization of W. We start by dyadically decomposing
= Z WN(Z), WN = PNW
Ne2?

We then take x € C°(R) to be smooth on scale ~ 1 and to satisfy x(z) = 1 for |z| > 1,
x = 0 for |z] < 1. For each N > 1 we define the function

xn(t,2) = x(N25 (5 2)),
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We observe that yy = 1 for frequencies N < #5 and xny = 1 is supported on the set
1
|z| > tN~2 for frequencies N > t3. We then define a regularized version of W by

(4.11) Wt z) =3 xnlt, 2)Wl(2).

By construction, the map o
z = W(t,t72|z|2)

is smooth on the scale of the wave packets on R\{0}. However, to ensure that w,p, is a good
approximation on R we require additional smoothing at x = 0. To do this we take an even
function ¢ € C*(R) so that ((y) = |y|z for |y| > 1, ¢(0) = 0 and ¢(y) # 0 for y # 0. We
then define the approximate solution wu,p, by

(4.12) Uapp (£, ) = £75Q (t—%x; W (t, t—%g(t—%x)» .

Remark 4.3. We note that in defining W we have introduced an additional regularization by
only selecting frequencies < t. This is merely a technical assumption, and may be removed
by assuming additional decay for W and slightly modifying the Z-spaces, for example by
requiring that ||(y) log(y) D°W ||z < e.

Estimates for W. By construction, W(t, z) is localized at frequencies < t3(t32)2. As a
straightforward consequence of this localization, we have the following Lemma:

Lemma 4.4. Fort > 1 we have the following estimates.
A. Estimates for W = W(t,t™3((t75z)).
5t 32) W2 Se, |t E52) 30, W12 S e,
(4.13) 1(t5 (¢ 32) )00 W |2 S e, k>2
[t3 (t732)3 log(t 32)0,W|| 2 < 6 (1 + €2 logt).

_ 1
(4.14) 115 (¢ 52) D)W Se,
671 (3 (3 2) 1) IR W12 < e, k> 1.
(4.15) W] Se,
' I(t5 (7 32) ) 200 W e S e, B> 1
B. Estimates for Wy = Wy(t,t73((t751)).
823 (£ 52) )W, | 2 < k>0,

(4.16) L1
3 (t732) 1R W N e < e, k> 0.
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C. Estimates for W —W.

. DW= W)llze S
Wl <

Proof. We define the regions Qg , 29, Q4 ﬁa as in Chapter|3|and consider the regions Qg UQ

and QY separately.
For |y| =2 1 we have ((y) = |y]%, so making a simple change of variables and using the

frequency localization of the xy we have
st

) Wliziapuap) S WLz S W1z,
1 1
Htg( “3g)a

T
> 0 WHL%(QO*UQ;) S ||W||H; N ||W||H1

Next we consider

I3 (¢ 52) 4 log(t 3 2)0uW | 20 vy S Il log(t32)0- W12
S Wl (1 +logt) + || log (=)0 2

We may interpolate to get the bound [[(2)°0.W |2 < [[W ]|y, and hence we have the estimate,
Hog(2)0.W[z2 < 67 [(2)° 0. W |12 S 67

We now consider the higher order derivatives. For k£ > 2 we differentiate to obtain

PW = Zcmkt—’“**’“ ES ) E RO (22,

and may then estimate

k
(85 (&5 2) MW 205 00 S TS| T W g
For m = k, up to rapidly decaying tails, we have
1 1 1 1 1
(= (2 ]2)2) W _y 7o) + Z I(£5 (£3120)2) R0k (e W) 2
N>t3
2(1+6 k)
St 1AW _yll72 + D N2 W7

N>th
S AIW s
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For 1 < m < k we estimate VW in L and apply Bernstein’s inequality to ensure that we
take advantage of the additional regularity of W, even when m = 1. Again up to rapidly
decaying tails we have

Ht1+5 m(t%|z|)l+6+2m 3k 8mW<t3 |)1+§+22m—3k a;n(XMWM)Hi2(§7)
z\*"0

M>t3

< 1+5 m 1 1+6+2m 3k m 2

[ (t3|2|) @ 107 W_ s 17
l+5+2m 3k
£5]z)) 1222182 102" Xy W) [ 2
N>t3
S W s

The remaining L? estimates (4.14) and (4.16)) in the region €y U Q4 are similar.
Next we consider the self-similar region 9. In this region we only have frequencies < ts
and hence we have,

k
W =" et 3ER(E 5 2)0MW,
m=1
where R is a smooth, bounded function depending on (. Applying the Cauchy-Schwarz and
Bernstein inequalities, we then estimate

_1 _1
1675 Wllpag) S 6 IW_ g1l S 1IW )22,

<t3

1 —_ =
[£70:W |2 agy S 7510 W_illze S (W ar,
k
[E5E W agagy € Dt ETNOIW o S Wl ses.
m=1
The L? estimates (4.14) and (4.16)) in the region ) are similar.
We now consider the L> estimate (4.15)). By Sobolev embedding we have
Wl S Wl < W -

For the the second part of (4.15]), we first observe that

(5 (¢ 52) 1) EF 3 H0FW) | oo
S (E52) ) 00 Wl ey + sup [[(85(¢752) )F 2 0EW| e ofmttar9).
M>t3

w|—=

In the self-similar region QY we apply Bernstein’s inequality (1.11]) to get

k
r, 1 1 14 é,m
N (7 3a) )00 gy S D0 F Oy o S IW_ g s
m=1
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In the region Q, U Q4 , we consider the sets {z ~ t~1M*} for M > ts separately. Using the
spatial localization of the x and Bernstein’s inequality (1.11]), we then have

m
1 1 1 1 5
() ) SR 1 apea-raany S 3 M IO W]
k=1
S AW s

Taking the supremum over M > t3 we get (4.15)).
For the estimates on the difference (4.17)) we write

W-W= > (1-xx)Wy+Ws.
t%<N<t
For the first term we may estimate similarly to before, using that 1 — yy is supported on

the set {|z| < t"'N?}. For the second term, we have

1+6 1 1+6

1 1 1
(3t 32) ) Way|le S [tF (¢32) 2 Way| 12
S Watllne + 1Ixqz502 Wl 12
S KDY W |2 + [[{(2) (DY W || 2.

The L estimate is similar, using the Sobolev estimate ((1.10]). O

Estimates for u,p,. We now look to derive estimates for u,p,,. We first state the following
lemma giving estimates for solutions to the Painlevé II equation (4.2). For completeness, we
outline the proof in Appendix [4.A]

Lemma 4.5. Let |W| < 1 and Q(y; W) be the solution to (4.2)). We then have the estimate

3
(4.18) 05 Qy: W) < (W {y) =i+ 2e75%8 (14 W log(y)™, m even,
’ yYw Y, ~k,m

3
(y)~ 550 (1 + W[ log(y))™, m odd

We note that if |[IW| < € and 6 = Ce® then as a consequence of (4.18)), we have the

estimate
|W| <y) 72’“_4“5, m even,
(4.19) 10,00 Q(y; W) Skom

2k—1+6
( 1

m odd.

?

Using the estimates of Lemmas [4.4] and [4.5] we now prove several estimates for u,,, and
show that it is is a good approximation to Uasymp under the S-norm.
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Lemma 4.6. Fort > 1 we have estimates for ap,

+ naleo

_1 1 3
(4.20) 85 (¢ 52)Test T ugplie Se, 55 2) 15 (U )l i S 6,

e
(4.21) | tapp |l < €, || Lttapp + 30t |12 S €(1 4 € logt),
and estimates for the difference Uapp — Uasymp

(4.22) |t

2

(Uapp — Uasymp) |22 S €,
1
o (Uapp — uasymp) e~ Se

(4.23) £33 (¢ 5 ) s et
Further, if T'> 1 is a dyadic integer we have the estimate

1
(4.24) ||Uapp||L§L§9 Sel .

Proof. We start by considering (4.20). From the estimate (4.18)) for @) and the estimate
(4.15) for W, we have

+ i

1
I3 (52 15" gy oo S Wl Se.

For the second part we differentiate to get
Duttapy = 5 Q, (173, W) + £75Q, (152 W) I, W,

and then estimate similarly to get,

+rolw

1
1#5(752) 18 (o)l e S [Wllae + [54752) 210,V S

For the first part of (4.21]) we estimate similarly to (4.20) using the L? and L™ estimates
(4.13) and (4.15)) for W and the estimate (4.19)) for @ to get
1,1 1
[tappll2 S IE73 (7 32) "5 W[2 S e,
| (uso)all e < 167384 52) sWllza 4 [#75 (452) HH50, W12 S e+ et 5,
For the second part we use that @) satisfies (4.2)) to get

Lttapp + 30103 = =263 Q0 W — 13Qu0*W — 13 Quuy (9, WV)?.

app
Using the estimate (4.18)) for ¢ and (4.13) for W, we have a logarithmic loss arising from
the first term,
15Quy@: Wiz S 185 (32) 10, W12 + W7 185 (¢ 52) 1 log(t™52) 0 W12
< e(1+ e logt).
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For the remaining terms we may use the estimate (4.19)) for ( and the estimate (4.13|) for
W to get

£ QuoEWIlze S 1I#% (¢752) 3 300W 1 S et
63 Qu 0V l22 S W e 50 e 3. 52) 130, W1 S 7575,

For (4.22) and (4.23]) we write

=]

1
Unpp — Unsymp = /0 £ 3Qu(t 32 AW + (1 — h)W)(W — W) dh.

We may then estimate using the estimate (4.17)) for the difference W — W and the estimate

[LT8) for Q.
To prove (4.24) we take a dyadic partition of unity 1 = > ¢?, where, for M € 2%, ©y/(2)

is supported in the region {z ~ M}. Taking [P to correspond to summation in M,

2

1,1 1
[tapp|[Lazge S (Z lonr(t73 (¢ 3I>2)’“app|“%g§L;°>
M
L1 1
ST 52) 5 o pa [PV [|i21s,
_1
ST AW,

where the last line follows from the Sobolev embedding ((1.10)) and the Cauchy-Schwarz
inequality. O]

4.3 Nonlinear estimates

In this section we prove estimates for nonlinear terms appearing in the equation (4.8)) for v.
We define the operator

Oh — /too S(t — )h(s) ds,

and using the Duhamel formula ([1.17), we may write the solution v = u — uap, to (4.8)) as
v=0N—-]f

where the nonlinear term N is defined as in (4.9)) and the inhomogeneous term f is defined
as in (4.7)).

In order to complete the proof of Theorem we will show that ®: Z, — Z. is a
contraction. To do this we also need to estimate Lv. As in Chapter [3] we again work with
a modification,

T'v=Lv + 30't((v + uapp)3 - uzpp)’
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which satisfies the equation

(0 + 503)Tv = N(v, tapp) — f,

where
(4.25) N = 3o(v+ uapp)Z(Fv)x + 30 (v? + 20Uypp ) (Ltlapp + 30‘tuzpp)$,
P 2
(4.26) [ =Lf+90tug,,f.
Again using the Duhamel formula, we may write
Tv=0N—df.

For the nonlinear terms ®N, ®N we then have the following estimates.

Lemma 4.7. Let T > 1 be a dyadic integer and vy, vy € Z. where Z, is defined as in (4.10)).
Then, if 6 = Ce* for C > 0 sufficiently large and ¢ > 0 sufficiently small, we have the
estimates

(4.27) |v1 = vallz + || Lvy — Lus| 5 ~ [Jvy — val|z + [|[Tvr — Twa| 5,
(4.28) [ @ (N (tapp, V1) = N(Uapp, v2))[|z < [|v1 — 2]z
(4.29) | @ (N (tapp, v1) = N(tapp, v2)) ||z < [[1 — va|z + || Lvy — Lvg||z

Proof. Tt suffices to consider v; = v, v9 = 0 as the general case follows by applying identical

estimates.
We first note that from the dispersive estimates ([1.31]), for t > 1 we have

ol S5 EER) [ S (ol el SEFETR) (RIS (—
As S(—t)v = S(—t)Lv and S(t) is a unitary operator, we may estimate
_1 1 1 _1
[(t732)1S(=t)vllpeery S TE[S(—t)vllpeerz + T 6 [|xS(—t)v||peer2

ST |oll e rz + T8 Lo ger2

_s
S T3 (lvllz + ([ Lvllz2)-
As a consequence we have the dispersive estimates

146
T~ ([[vllz + [[Lo|z2),

<
(4.30) 215
ST (lollz + || Lol 2).
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Using the dispersive estimates (4.30]) with the L estimates (4.20]) for w,pp, we then have
[1Lv =Tl pgerz S TI(v + ttapp)® — ugppll ez
S T(Ivllzge, + luappllzge, ¥ llvllzger2
STl

Provided € > 0 is sufficiently small we obtain (4.27)).
Applying the local smoothing estimate ([1.37)) on the interval [T, 00) we have

[Nl ee 2 S NP1 Nl 12 (17,00) xR)» [0: N || reerz <INl 21 227,00 xR)

3 1
1PN zazge S DTN 17,00y NI Lt 22100 )

where the last estimate follows from interpolation. As a consequence, we have the estimate

146 B s
|@Nh5gg{%3§jmm1mm@+ﬂ52nwmw%
0=

T>To T>To

where we assume T, Ty are dyadic integers.
Using the L L3 estimate (4.24]) for w,p,, we bound |D|™*N in LLL3. by placing two terms
into L3 L5 and estimating the remaining term in L L2 as follows:

DTN 11p2 S 1@ + ttapp)® — 121112
ST2(Ivllzssse + luappllzazs ) llvl gz
ST375(T 75 ollz + 0)?[lv]] 2.
Similarly, using the H' estimate for w,,p, we have,

INT sz S 10 + thapp)® — )l e
ST 0l g (0l ge + lttapplla2se )| Ostiap | Lo 2
+ T3 ([0l e + Nttappllzzse ) 0allcov 2
ST 5T o)z + )? vl

Summing over T' > Ty and using that 6 te? < 1 we have (4.28).
In order to estimate N, we first decompose

N = 0,N; — Ny,
where

Ny = 30(V 4 Uapp) T + 300 4 20tapp ) (Dttapp + 30tud ),

app

N, = 60 (V + Uapp) (V + Uapp )LV + 30 (v? + 20Uupp ) 1 (Ltlapp + 3Jtuzpp).
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We then use the local smoothing estimate ) to control ®(9,N;) and the Strichartz
estimate ) to control <I>N2, to get

)
T3
||CI)N||Z S SUP {1+€210 T, (Z ”NlHLlL2 + Z ||N2||L1L2> }
& T>T, T>Tp

We estimate N; as before by placing two terms into L1L%® and the remaining term into
L¥ L2 to get

||Nl||L1L2 S TQ(HvHLngs + [ttappl| 2 2o )2 IT0 | oo 2
+ TEHUHL‘*LM(HUHL‘;L%O + [tapp|| 24 Lo ) | Dttapp + 30t || oo 2
_é
ST (1 + e log T) (T3 |v]|z + €)?|IT0]l 5
5
+ €T~ (1 + e log T) (T 3||v||z + €)||v|| 2

For N, we use the dispersive estimates (#.30) and the L™ estimates (#.20)) for u,p, to place

two terms in L3, and the remaining term in L L2,

N2l 2y 22 S Tl (0 A+ thapp) (v + Uapp )zl 52, IT0] 3012
+ T”(U2 + 2vuapp)w||L°° | Lttapp + ‘Q"m“bipp||L°°L2
_s
ST (ollz + Lol z + €)%l + €T3 (1 + log T)l[vl z(||vll 2 + ).

The estimate (4.29)) then follows by summing over dyadic T > Tp.

4.4 Estimates for the inhomogeneous term

To complete the proof of Theorem we prove estimates for the inhomogeneous terms & f
and @ f, defined as in (4.7) and (4.26]).

Lemma 4.8. We have the estimates

(4.31) loflzSe, N®fllz Se

Proof. We start by observing that from the local smoothing estimate ((1.37)), the U? estimates
of Lemma the embedding of V.2 C U* of Proposition [L.2]

(4.32) [Ph]| Ly S [ PAllverory S 1Bl L(700)L2):
1 1
(4.33) [PhllLarse S DT PRlvz(r2ary S NIDIFALi(r.00):22)-
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Estimating [|®f|[zez2. We will show that

4495

(4.34) [fllze S et™ 5,

and then use (4.32) to prove the desired estimate.
We calculate,

f = t3QuWiHt RQuOW + 175 Quy®®W + 17 5Q,0°W + 60t Q?Qu0,W
+ t_%way(axW)g + t_%waaxwagW + %t_%waw(aﬂﬁW)?”

where R(y) = 2y — 32%’;) vanishes for |y| > 1. We note that we have used that @ satisfies

the Painlevé II equation (4.2, that

oL, 73 H)) = (R ) = 1712) 9. W(E 45 C( 5 0)) + Wit 3¢ ),
and that @), satisfies the differentiated Painlevé II equation

wa - nyw + 90’@2@11) =0.

To prove (4.34]) we now estimate each of the terms in f in L? using the estimates for W
of Lemma [4.4] and the estimate (4.19)) for Q. For the first term we use the L? estimate ([4.16))
to get

I3 QuWillie S (73 (47 52) T W lpe S et
For the second term, we will use that R is supported in the region |y| < 1 to first apply the
Cauchy-Schwarz inequality and then estimate 9,V in L using (4.15)) to get

444

[t RQuOW |12 < 6 (¢ 32) 3 50, W || S et 5.

For the third and fourth terms we use the estimate (4.13)) for YW and the estimate (4.19) for
Q to get

173 Quy@W e < 145t 52) T W2 S et 5,
[

145 QuatW iz < 15 (¢ 5a) s 3EW s S et
For the fifth term we use the L> estimate (4.15]) for YW and the estimate (4.18) for @ to get

1 1+6 446
3
4

— —1y,—L1 (3498 _4ts
1 Q* QuosWIlze S NIt 52) 734 [ 2| WIIT 10W | S €' 75

For the remaining terms we estimate one W term in L? using (4.13)) and the remaining terms
in L using (4.15)) to get
175 Quuy (WP llzz S Wil l[#73 (E732) 0 W 1 |0Vl 22 S €47275,
675 QuudWEW Iz S IVl |0 e 5 (4 32) 330 12 S 84737,
5448

[£75 Quuns (D) e S OV e 75 (47 52) 45500112 S €475
The estimate for ® f then follows from the estimate ({4.32]).
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Estimating ||®f|[s72c. We start by calculating,

fw = t_%waWt + t_%waWtaxW + t_%Qwath + t_%RwaaJ:W

1 T RQu (0,V)? + 75 RyQuOuW + £ RQuOPW + £ Qo O*W

+ H75Quy W + H3QLOW + L3 Qu 0 WO

+ 601 Q2QuIPW + 6015 Q> Quy O W + 60t Q* Qo (9. W)?

+ 12017 5QQ, Qud W + 120 QQ2 (0:W)? + £ Qupunyy (0 W)

+ 275 Quaiy (O W)? + 475 Qg DWW + 2675 Qs (D)2 PW

175 Qups (0PW)? + 173 Quuuy O WIEW + 173 Qs (W),
Estimating each term using Lemmas [4.4] and [£.5] as for f, we have
(4.35) Ifelle S et™ 5.

Interpolating between the bounds (4.34), (4.35) we have the estimate

)

IIDI3 fllze S et™75,

and estimating using (4.33)) we have,

Wl

1 1
1D fllranse S NDITRf| Lt (1,000 S €717 3,
Estimating ||®f,|zer2. Using the estimate (4.35) and integrating in time we have

IR |
| fellr (r,00);22) S 6 LeT—s,

which is not quite sufficient to prove the estimate for ®f, as § ~ €.
Instead we decompose

f=g9+0,
into a good part g and a bad part b, where
9 =175 Quuy(W)? + 173 Quu®WIPW + 175 Qs (0, WV)
+ 60t Q%Qud W + LT5QuOPW + tTRQ, 9, W,
b=t"3QuW; + 171 Quy0°W.
For 0 < € < 1 we may estimate using Lemmas and [£.5] to get

7_98
6 3.

I9zlz2 < €t™

For the bad part, we first note that we expect WW to behave like the Fourier transform of
S(—t)uapp with respect to localization in space in frequency: we expect frequency localization
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of S(—t)uapp to correspond to spatial localization of VW and conversely spatial localization of
S(—1)uapp to correspond to frequency localization of W. We will use this diagonal relation-
ship to show that we have good bounds for S(—#)b in the space [?L'([T, 00); L?) where the
[2 summation is with respect to dyadic regions in frequency. We may then use the estimate
to commute the [* summation with the VZ norm.

We first note that we have an improved bound for low frequencies:

1P 0:S(=0blle S THBlzz S T,

<T3

so integrating in time we have the estimate

_s
HPST%axs(_t)bHLl([T,oo);m) S el s,

For dyadic M > T3 and t > T we use the elliptic estimate (3.38)) from Chapter [3/to show
that Py;b must be localized in the set {|z| ~ tM?},

1 Parbllze S X qafmtnrzy Parbl|z2 + ¢ M2 Lb| 2 + ¢ M 72||b]| 2.

We then observe that using the localization estimate (1.12]), we may commute the spatial
and frequency localization of b up to rapidly decaying tails to get

1Parbllzz S 11Pu (Xgatmensy) e + 7 M 72| Lb] e + ¢ M 7B e
Next we calculate,

Lb = —90Q*QuW, — t5 Qud®W, — 2t3Quy0u Wi — 23 Quu0s W W,
— 23 Quy DWW, — 13 Qus (O W)W, — 13 QuuuOPWW, — 13 QW
— 901 3Q2Quy W — 1801 3 QQuQy W — 2Quuyy O WIEW — 2Quyy W
— 15 Quwwy (0 W) 2PW — 15 Qusy (0PW)? = 265 Qo s WP — 15 Qo OMW,

and estimating using Lemma and , we have
| Lbllge < et 75,
As a consequence, we have the estimate
1P S (—)bl| 1 rocyizy S MIIParS(—t) (X grafmenszyb) i rooyize) + €775 M7,

where the second term may be summed over dyadic M > Ts.
Estimating as in Lemma using (4.19)), we have the estimate

_3_3 _1 _9_29 _3
(4.36) HX{mNtMQ}pr St 273 M 2”X{|z\~M}<D>1+6WHL2 + et 2 sM ™2,
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Next we calculate

O =t Quyyg Wi + 15 QuO W + 273 Quy Wi 23 Quu WO W,
+ 2675 Quy e WW, + 75 Qs (s W)W, + £ 5Q o PWW,
+ t*%wayy@%W + 2t71wayyaxWa§W + Qt*IwayagVV
73 Quanay (O W) I 4175 Qury 5V + 275 Qs O WERWY
+ 15 Quy O,

and estimate

1

[ _1_s _
(4.37) 102 (X tlafmtnzy D) 22 S 73 MIXgizlmnny (D) W |2 + et 275 M2,

[NIE

where we have use the fact that W is localized at frequencies < t.
Using (4.36)), we may estimate

1

o _9d _1_9 _1
/ M| Pas(Xjapmenezy0)l 22 dt S T75 [ xgjzmnry (D) W || 12 + €T 275 M 2.

max{M,T}

If M > T we may use the localization and to estimate
M M
LJWWMmmm#MmﬁSL<Mﬂ@mew@hMt
ST S Mxqepoany(DY Wz + €T 2750 2,
We may then sum in M to get

_9
beHZQLl([T,oo);Lz) S el s,

103

From the estimates ((1.15)) and (4.32]) we may then estimate ®b, using the embeddings,

_s
Hq)bx“L%’L? 5 ”q)bx“Vg([T,zT)) 5 H(I)bx”ﬂvg([T,QT)) 5 beHlQLl([T,oo);P) 5 el s.

Estimating ®f. Using the estimate ([@.20)) for u.y, and ([@.34) for f, we have
18
HtuipprL2 S egt ! 3,

and hence

Wl

HtuipprLl([T,OO);LQ) Sl s.

To estimate L f, we again decompose

f=g+0
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into a good part g and a bad part b defined by
9= 3 Quuy (0WV)? 4+ 13 Quus@ WPW + 175 Qo (W) + 6011 Q%Q 0, W,
b=1"5QuWi +t ' RQuO,W + 3 QW + 175Q,0°W.
We may calculate Lg and estimate as before using Lemma and to get
ILglle € 4775,
Again using that § ~ €2, we may integrate in time to get
ILgll e irocyien) S €T 5.

For the bad part b we will use the diagonal nature of the map from W — u,,, to relate

spatial localization of w,p, to frequency localization of W. We first note that for |z| < T3
we have the improved estimate

S(—t)Lb|| 2

446

1 1 444
P < Iy #S(—OLbe S TH (bl < eThe 5

Integrating we have the estimate
X o <ty SCOL] i roeyizny S €75,
Next we use the frequency localization to show that for j =0, 1, 2,
|L7b]| 2 S et 344573 |[(t73 D) | D|FHW | o
For dyadic M > T%, we then have
Xty S (=) LBl 2 < ¢ min{M2¢73, M~ 267 }[[{¢75 D) [ D] W] e

Applying the Cauchy-Schwarz inequality on the intervals [T, M?3] and [M?, 00) respectively,
we have the estimate

Xalerny 28 (=Bl (1) S T 7 / min{ M2t "2, M~ 3t=6}||(t75 D)~} D[= W3 dt.
T
Summing over dyadic M > T'3 we then have
26 0 4 1 3
oSO roosny ST [ 441Dy DIEW G e
T
Dyadically decomposing W in frequency, we have

/t‘§\|<t‘§D>‘1|D\3+5W||%2dt5/ S min{ N2 N W 2, d
T T 5

<D N W3
N<t
< e.

~Y
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Commuting the [?>-summation with the V2 norm using (1.15]), we have
s
|PLb|lvz(rory) S PLb/|vz(ror) S [Lbller (T o)z S €13,

which completes the proof of (4.31]). ]

4.A Properties of the Painlevé II equation

In this appendix we discuss properties of solutions to the Painlevé II equation

(4.38) Quy — vQ = 30Q°.

We look to prove the existence of a 1-parameter family of classical solutions Q(y,w) with
the asymptotic behavior

3
4 3
=y2
3

Qy, w) ~ g, (w) Ai(y) + O(ly| " 1e73Y%),  y — +oo,

where 1
¢o(w) = sgnw <2§ <1 — 6_370102)) °
We note that ¢, is smooth in w and satisfies the estimate

< |wl, k even,
~ 1, k odd.

d*q,
dwk

Lemma [4.5| will arise as a consequence of the estimates obtained in this appendix.

The inhomogeneous Airy equation. We start by considering the inhomogeneous Airy
equation

(4.39) Qu—yQ=F.

We may write a solution to (4.39)) using the variation of parameters formula as

(1.40) Q) = Q) — [ K 2P de
where the kernel
(4.41) K(y, z) = Ai(y) Bi(z) — Ai(z) Bi(y).

From Lemma [1.3] we have the following bounds for the kernel K:
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Lemma 4.9. For K defined as in (4.41]), we have the estimates

3 3 3 3

(4.4 Kl S ) He (3 oh g ol h),
v, o1 2058y 2,5 %

(1.43) 2 S () (3t d g ot =h),

For y < —1 we will use slightly different linear solutions. We define the complex valued
function

(4.44) Ai(y) = g(Al(y) + i Bi(y)).

From Lemma (1.3 we see the leading term as y — —o0 is given by
- T
(4.45) Aio(y) = [y| te 3L,

We note that i, 2i are a pair of linearly independent solutions to (T.19) and have Wron-
skian

. 5/ ./ 3 ¢ 1
RAi(y)2Ai (y) — A (y)Aily) = 5
We then have the variation of parameters formula
Yy
(1.46) Q) = Qw) ~ 1 [ L(y.2)F(2)dz,
Yo

where the Kernel is given by

(4.47) L(y, z) = 2Ai(y)Ai(2).
We also define the leading order term by
(4.48) Lo(y, z) = Aig(y)Aio(2).

As in Lemma 4.9, we may use Lemma to produce the following bounds for the kernel L.
Lemma 4.10. Let L, Ly be defined as in (4.47)), (4.48). Fory,z < —1, we have the estimates

(4.49) L(y.2)| S )7 5(2)71,  |Ly(y,2)] S ()i(z) 0.
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Solution near +oo. Let M > 0 be fixed. We now prove the existence of solutions on the
interval [— M, 0o) using the contraction principle. We define the Banach space C_,o([—M, 00))
to consist of continuous functions on [—M, 0o) that vanishing at 400 equipped with the sup
norm. We then define the weighted space X C C_,o([—M, 00)) with norm

1Q0x = 1) e Q.

We note that the restriction of ¢,(w) Ai(y) to [—M, co) satisfies the bound
- (w) Ai(y)llx < lgo(w)] < fwl.
For the kernel K defined as in (4.41]), we define the operator
(4.50) B(F)(y) = % /y " Ky, 2)F(2) d=.
We then have the following estimates for ®:

Lemma 4.11. If Q); € X, we have the estimates

7
1e

+Mw

1(y)
() tes

D(Q1Q2Q3)]lsup S Q1] x[|Q2llx |Qs]lx,
yP(Q1Q205) [lsup S [[Q1llx [[Q2lx [|@sllx-

wm
+Mw uw

Proof. From Lemma [1.9] for all y € [~M, 00) and z € [—M, o0)

+Moa

) iedd K (y, Q1 (2)Qu(2)Qa(2)] + 1) et K, (0, 2) @1 (2)Qa(2)Qa(2)
W) (e%@f-zi) T esuwd-sh ) 101 1@l Qs x.

AN

We observe that z — K(y, z) is integrable on [—M, 00) and by making a suitable change of
variables, for y > 1 and k > 1,

]

As a consequence, for |w| < e < 1 we may use the contraction principle in the space
Xe ={Q € X : ||Q||lx < Ce} to prove that there exists a unique solution @) € X, to the
integral equation

Qy) = ¢o(w) Ai(y) + 30®(Q°)(y).
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Such a solution is then clearly a smooth solution to on [—M, o0). Further, using the
differentiated bounds for the first derivative and the equation for higher order derivatives,
we have ||(y)"20kQl|x < e

Next we consider the differentiated Painlevé I1 equation

(451) way - wa = 9UQ2Qw-

We note that this is linear in @Q,, and recall that |¢,(w)| < 1. Using the established bounds
for (), we may now solve this by applying a contraction mapping theorem in a ball X; C X
to the integral equation

Qy) = (4o)uw(w) Ai(y) + 90 P(Q*Qu),

to get a solution on [—M, c0) satisfying the estimate ||Q||x < 1.

Repeating the argument, we can show that ) is smooth in w on [—M, c0) and have the
estimates
€, m even,

k
—29kgm <
() 2 0500Qx < {1, o

Solution near —co. We now turn to establishing bounds near —oo. Our approach is
similar to |[130]. Let M > 0 be fixed and let @ be the solution on (—2M, o).
We define the coefficient of (i appearing in () by

Ply) = B+ 30 / (Q(2))*i(2) d,

where 8 € C is chosen such that
Q(—M) =Im (BA(-M)),  Qy(—M)=Im (BAV(-M)).
Using variation of parameters (4.46)), we may then write

Q(y) = Im (P(y)Ai(y)) -
From the equation (4.38) we obtain an equation for P,

3 _ g,
P, = 8—“ (—3|2(i|4|P|2P +0[2AZP? + 3|Ai2AC | PP — 2&4133) .
i
We observe that only the first term is non-oscillatory and that it may be removed by means
of a gauge transform similar to the one used in Chapter [3} We define the gauge

_90

®(y) 3

[ mierPeP e

Y
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and take R(y) = P(y)e *®*®. We observe that R(—M) = P(—M) = 3, |R| = | P| and
30 120(;2 3 ,2i® (12902 | R|2 P o—2i® ;4 D3, —4i®
(4.52) R, =2 (|2u| 2R3 4 3|0i[*Ai%| R|*Re2® — 2i' Rie ) .

We now proceed by means of a bootstrap argument. Let My > 0 be a large fixed constant
and suppose that R satisfies

(4.53) |R(y)| < Moe.
As a consequence of (4.52)) and Lemma [1.3] we have
(4.54) 1R (y)| < (Moe)*ly| ™,

which is clearly not integrable. However, using Lemma we may replace 2i by iy up to
integrable errors to get

3 , ) ) _ , - ,
Ry _ 8_(;- (|y’—162@¢R3622¢ 4 3|y|—1€—2z¢’R|2R6—2z<1> - |y’—1e—4z¢R3e—4zCI>) 4 O((M0€)3’y|_g),

where ¢ = —§|y|g + 4. We observe that for y <0,

1 d ) .
A iy g
oty &) ="

so using the estimates (4.53)), (4.54) and assuming that Mye < 1, we have

d 30' 3 . — . 1 3 - .
— R 4+ = ( y 262Z¢R3 2id Y —56—2745 R 2R€—21<P 4+ = y —26—4Z¢R3€—42®)>
sy iy (% (G Sl e IR i
= O((Moe)*[y] ).
Integrating in y we see that R is continuous and satisfies
3
R(y) = B+ O((Moe)’[y|~2),
so for My > 0 sufficiently large and € = €(Mj) > 0 sufficiently small,

(4.56) R(y)| < LMoe,

which closes the bootstrap estimate.
Using (4.56) and - we may extend the solution @) to R and have the estimates

(4.57) Q)| Sely) 1e75, Q)| S ely)ie sv,
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Solution near —oo for the differentiated Painlevé II equation. We now consider
the differentiated Painlevé IT equation (4.51). Let |w| < € be fixed and for M >> 1 solve to
find @, on (—2M,00). We will again proceed via a bootstrap argument but the work we
have already done makes the argument rather simpler. Let R be defined as before and note
that R, is well defined near —M and continuous in y. We make the bootstrap assumption
that

(4.58) | Ro(y)| < M.
As |2i]* < |y|7t, we have
(4.59) @] S M€ log |yl
Applying an identical analysis to the ODE satisfied by R,,, we may integrate in y to get
Ruy) = Ru(=M) + O (Miely] (1 + Elog y)))
Choosing M; > 0 sufficiently large and € = ¢(M;) > 0 sufficiently small, we then have
|Ru(y)| < 30,

which closes the bootstrap. Using (4.59)), we obtain the estimates

+ oo
+ o

(4.60)  |Qu(y)] £ W) TTA+Elogly))e 3, |Quy(y)] S () (1+ € log(y))e 3

The argument for higher-order derivatives in w is identical.
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