Lawrence Berkeley National Laboratory
Recent Work

Title
ON VORTEX METHODS

Permalink
https://escholarship.org/uc/item/2tb6m7pr

Authors

Anderson, C.
Greengard, C.

Publication Date
1984

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/2tb6m7pr
https://escholarship.org
http://www.cdlib.org/

LBL-16376

Preprint @2~

Lawrence Berkeley Laboratory

._UNIVERS_ITY OF CALIFORNIA RECEIVED

LAWRENCE
: A . - b o 1 el | ol ol B vk VN | ADf\ﬂATA_E“I
Physics Division WAR 14 1984
' c “ LIBRARY AND
Mathematics Department : - DOCUMENTS SECTION

‘To be submitted for publication
' ON VORTEX METHODS.

C. Anderson 'and C. Greengard

January 1984

ﬁ
TWO-WEEK [ OAN COPY

This is a Library Circulating Copy

which may be borrowed for two weeks

‘ For a personal retention copy, call
Tech. Info. Division, Ext. 6782,

Prepared for the U.S. Department'of Enérgy under Contract DE-ACOS-768F00098 :

—E.3

YRRl



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



1B1-16376

ON VORTEX METHODS!

' (fhristopher Anderson' and Claude Greengard?

-t Department of Mathematics
Stanford University _
Stanford, California 94305

} Lawrence Berkeley Laboratory
and
Department of Mathematics
University of California
Berkeley, California 94720

January 1984

1This work was supported in part by the Director, Office of Energy Research, Office of Basic Ener-
8y Sciences, Engineering, Mathematical, and Geosciences Division of the U.S. Department of Energy
under contract DE-AC03-76SF00098.



ABSTRACT

We present a collection of results on two and three dimen-
sional vortex methods. We discuss the convergence proofs of Beale
and Majda, and present a simple proof of their consistency resuilt.
We give convergence results which take into account time discreti-
zation in the vortex method. We describe how to obtain accurate
vortex methods for problems in which the initial computational
points are distributed on the nodes of nonrectangular grids. We
introduce a new three dimensional vortex method and contrast it
with previous three dimensional vortex methods.



INTRODUCTION

We present a collection of proofs and observations on two and three-
dimensional vortex methods for Euler's equations, including convergence
results for the time-discretized vortex method, and we introduce a new

three-dimensional vortex algorithm.

In the vortex method Euler's equations are replaced by a éyétéfﬁ olfi :
ordinary differential equations whose solution gives approximate "t.r‘ajé.c-
tories of a finite number of fluid particles, called vortices. The first proof of
convergence of vortex methods was given by Hald ([16]), who showed, in two
dimensions, that these approximate trajectories converge to the exact par-
ticle trajectories of the fluid as the number of vortices (and hence the order
of the systemn of ordinary differential equations) increases. Subsequently,
Beale & Majda found a different convergence proof which enabled them to
establish higher orgler convergence in two dimensions, and convergence,
also of ﬁigh prder. _f_r;)r a new three-dimensional algorithm which they pro-
éose ([2).[3]). They show that systems of vortex blobs are stable in tﬁe
sense thatv small perturi)ations in the positions of vortex blobs lead to small
perturbations in the corresponding velocity flelds. They also prove a coﬁ-
sistency res.ult‘,lv'hich says that the approximation of continuous distribu-
tions of vorticity by finite sums of vortex blobs causes a small change in the
induced velocity. Cottet {[10]), following work of Cottet and Raviart ([11]),
obtained a somewhat stronger consistency result in tvfo dimensions, relying
on the Bramble-Hilbert Lemma, and avoiding the difficult analysis using
pseudodifferential operators of the Beale and Majda paper. vIn chapter 2, we
cite the sbtablity‘ result of Beale and Majda, with a‘rnirllor ihprovemént, and
give a sirnp.le pfbof of Cottet's consistency fesult, together with its three-

dimensioﬁal analogue. We show, following Beale and Majda, how the stability



and consistency results lead directly to their convegence theorems.

The implementation of the vortex method requires the numerical solu-
tion of the system of ordinary differential equations. All of the convergence
results for vortex methods which have been given neglect this source of
error. In chapter 3, we give convergence results for numerical approxima-
tions of fluid flows by the vortex method. Our proof relies on the stability

and consistency results described above.

We propose a new three-dimensional vortex method in chapter 1, in
which the computed velocity field is differentiated in order to calculate the
stretching of vorticity. Beale and Majda have been able to modify their
proof and have established the convergence of our algorithm ([5]). -In
chapter 4, we contrast our algorithm with those of Chorin and of Beale and
Majda, and explain how the method of Beale and Majda is very similar to

other vortex methods which have been used in practice.

Vortex methods are based upon following finite numbers of particiés
and evaluating velocities by discretizing the singular integral equa‘t'viéc.)h
which relates velocity fields to the corresponding vorticity distributions. In
all of the three-dimensional algorithms which we discuss here, the cutoff
functions, which are used to smooth the singular kernel, are invariant in
time. This differs from some other algorithms which have been propbosed. in
which the detailed structure of the filaments is followeci in order to deter-
mine more accurately the interaction of nearby particles, either by using
the self-induction approximation {[19]) or by allowing the core functions to
change in time ([21]).

When dealing with problems which have some kind of symmetry (such
as radial symmetry), one often wants the initial configuration of combﬁta-
tional points to reflect this symmetry. In chapter 5, we describe how t(;

obtain vortex methods of high order accuracy in which the computational

points are initially distributed on the nodes of nonrectangular grids.



CHAPTER 1

In this chapter we describe some vortex methods for appfoximaf.ing
solutions to Euler's equations. Euler's equations govern the evolution of
incompressible, inviscid fluids of constant density. The equations involve the

velocity v and the pressure p, and are given by

u+(u-Vu=—Vp (1)
V-u=0, (®)

where the number of space dimensions, and hence the number of com-
ponents of u, is either two or three. We denote by N the number of space
dimensions;

We shall assume that a éolution of Euler's equations exists on some
i ‘s“pace-time interval R¥x[0,T]. Smooth solutions are known to exist for all
tim>e in the two-dimensional case, and for sufficiently small T when there are
t.hree: ééace diménsions. provided the initial éonditions are sufficiently
| smooth (see [22] and [20], respectively).

Vortex methods involve the tracking of particle trajectories. Conse-
quently, an important role in the theory is played by the flow map
z:R¥x[0,T]+RY, defined so that x(a,t) is the trajectory of the fluid particle
which at time £ = 0 is at the point a. The trajectory z(a,t), for fixed a, is
obtained from the velocity field u as the solution of the ordinary differential

equation
%{a,t) = u(z(a,t).t) z(0,0) = a . &)

We begin by discussing vortex methods in two space dimensions.



Two dimensions
Before presenting the vortex method, we need to introduce the vorti-
~ city stream formulation of Euler's equations. The vorticity w is defined by
0=61'U-z—azul.

where w=(u,;,u;) and d; denotes partial differentiation with reSpect to the
%" space variable. By taking the curl of equation (1), and using equation (2),

- we get

=0, (4)

ElE’

where D/ Dt is defined to be 9;+(u V) and is called the material derivative.
Equation (4) says that the vorticity is transported passively by the velocity
field u, that is, w(z{a.t),t)=w(a,0), for asR? and t£[0,T] (see [9]). We shall
'assume that the vorticity is of compact support, a hypothesis which is not
' necessafy for.the convergence results (it is sufficient to assume that the
vorticit); decays rapidly at infinity), but one which makes the proofs simpler.
We now show how the vorticity determines the velocity. From the
incompressibility condition (2), it follows that there is a stream function ¥
_ éuch that
dov=u, -By¥=up (5)
Then
w=8yup—0gu,=-0fy—-05y=—4y. (8)
We denote by G the fundamental solution of the Laplace operator

G(z)=5-log(z]) (?)

It follows from (B) that ¥=G *w. Thus, setting K;=8;G , Ko=-9,G, and
K=(K,.Ks), we have



u;=0:9=0,(G * w)=K, * »
up=—0,9=-0,(G *w)=Kz * &

u(z)=K» w(z)=fK(x —x'Yo(z')dz' . (8)
We note that
K(z)= 5 Tor (~7am). ()

'Equations (4) and (8) are the vorticity stream formulation of Euler's equa-

tions.

We can now present the equations of motion in Lagrangian form. We

have, by (3) and (8),

z(a,0)=a (10)

. and .

%-(a,t) = [K(z(at)-z"Yo(z" t )z’
= [K(z(a.t)-z (o't ))o(z (' ,t),t )do | (11)
=fK(z(a,t)—z ('t ) wo(a')da' ,

where we have set wg(a’)=ew(a',0). To get the second equality in (11), we
changed variables in the integral, using the transformation z{a,t). Since
the flow is incompressible, the Jacobian of this transformation is 1, and
hence the new integral does not contain derivatives of the transformation
z(a,t). The system of equations (10)-(11) is equivalent to Euler's equations.
In fact, existence theorems to Euler's equations have been proved on the

basis of this formulation ([22]).

The vortex method is a discretization of the equations (10)-(11). The

‘solution to these equations is approximated by solving (10)-(11) for a finite



number of particles, with the integrals on the right hand side of (11) approx-
imated by finite summations. The particles we track are those that are ini-
tially located on the nodes of a grid. We denote by A* the set of nodes of the
rectangular grid centered at the origin and of mesh width A, and which are
contained in the support of the initial vorticity distribution. Thus A® consists
of the points ay=h-i=(h'iy,h ip) such that wg(a;)#0.

Denoting by ;‘-(t) the trajectory starting at a;, an obvious approxima-

tion consists in solving the following system of ordinary differential equa-

tions:
Z,(0)=0y " (12)
B = T KEOFEeps,
= _’E\h zi(t)-z;(t))w;h%, (13)
Jvi

where w; = wo(a,,O). and where i is excluded from the summation because
the integral in (11) is improper. The numerical integration of equations
(12)-(13) is known as the point vortex method.

It is clear from (9) that K(| z] ) has a singularity at the origin of order
1/} z|, so that whenever two vortices approach one another, the velocity
}th‘at each induces on the other goes to infinity. Chorin ([6]) introduced the

idea of replacing (12)-(13) by the system of equations

z(0)=y ‘ (14)
.‘E_‘(t)= 3 Koz (£)-2;(t))w; h® - (15)
dt FheAd ) ’ T :

. with a new kernel K; close to K except at the origin, where K; is bounded.
Hald ([16]) has shown that for the theory of vortex methods, it is convenient
to obtain Ks by convolving K with a smoothing function fs obtained from a

. fixed function f of integral one by the relation



Js(z)= "%{f (%Z)
for z&£R? Then we define

Ks=K*f5s.

The numerical integration of equations (14)-(15) constitutes the vortex blob
algorithm. We remark that in some formulations of the vortex méthod, such
as in [16], the constants w; of equations (13) and (15) are replaced by aver-
age values of the initial vorticity distribution in neighborhoods of the points
oy.

We would like now to derive the equations (15) from a different point of
view, one which will clarify the name "vortex blob". We wish to approximate

solutions. to Euler's equations by solving the system of ordinary differential

. equations

z,(0)=ay

dz;

—d-t—(t)=17(z,t) .

where « is some velocity field determined by the information at our dispo-
sal, namely, the positions ;t and the vorticity values w;. We can obtain U by
first creating an approximate vorticity distribution %@ and then using this
approximation in the right hand side of equation (8). Suppose we take Wto
be the sum of blobs of strengths w;h? centered at z;(t), and of common

shape f, so that

Wzt)= T falm—F;(t)wsh?.

JheAb
Then the velocity field u corresponding to this vorticity distribution is-given
by

u(z)=K *ez)



= ¥ (K= fa)(z—z;(t))wsh?
fhead

= Y Ke(z-Z;(t))wsh?

heah

This- is precisely. the velocity field used to move the particles in the vortex

- blob algorithm (15).

Three dimensions
In three dimensions, the behavior of solutions to Euler's equations i§
inordinately more complicated than it is in two dimensions. 'I"h_e reason for
this becomes evident as soon as one looks at the vorticity stream formula-
- tion of Euler's equations. Whereas equations (1)-(2) look identical in dimen-

sions two and three, the equation for the evolution of the vorticity w, defined

by
w=Vxu ,
becomes
= (oW B ¢

in three dimensions. Hence, vorticity is no longer preserved along particle

trajectories.

As we did in two dimensions, we now seek a formula that relatesthe vor-
ticity to the velocity. Instead of the scalar stream function ¥ we had in two

dimensions, we now have a vector stream function ¥ such that
AY=-p,

and » is determined from ¥ by the relation
u=VxV¥

We denote again by G the fundamental solution to the Laplace operator.

Then ¥=G * w, and we have



u=Vx¥=Ux(G » w)=K * o,
so that for all ze RS,
u(z,t)=fK(z—z')w(z'.t)dz’ . (17)

We note that G(z)=~1/(4n] z| ), and that K is the matrix

[ 0 zg "-"-’zw
|z |=z|3
1 —Ig3 x,
Kiz)= — - 0
=% iz ° f=e
T2 ~Z)
—_— 0
z[® |=z]® J

Just as in the two-dimensional case, particle trajectories satisfy the

equations
z(qlo)za v ‘ o .. (18)
22 0 t)= [ K(z(0t) - )olz" )iz

:fK(z(-a,t Y-z (o', t)o(z(a',t),t)da' (19)

This formulation 511ggests one way of obtaining vortex methods m three
dimensions. We shall again assume that the vorticity is of compact support.
We denote by AP the set of points oy =hi=h(i,,i513) such that w(e;,0)#0, and
:we track those particles which are initially located af the points in A*. We
us’e the following set of differential equations to calculate approximate parti-

o cle positions z;(t): s

fheAh

;" (0) =04 ) . (20)
Sty = T KeGult)F NG (0ne. (21)

Here Z')j(t) is an approximation to w;(t)=w(z;{t).t). Of course, equations
(20)-(21) must be supplemented by a system of equations which determines

the 'r:‘)j(t ). We describe now two different procedures.
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Algorithm (A): By (16), the evolution of vorticity along particle trajectories is

described by the equations
29z (a,t)t)=(w(z (@t )t) Ve ulz (aut)t) . (22)

Since, according to equation (21), the particles are moved by the velocity

field u defined by

u(z,t)= 3, Kelz—z;(t))uy(t)h,

jheAh

and since we can evaluate

V,'I.NL(.'I: )= 2 V. Ks(z "";j (t ))':’j (t)nd
FheAb

for cutoff functions whose corresponding kernels K; can be given explicitly,

" equation (22) suggests the differential equations

%m:(&‘k(t)-vz Yah (zi(t).t) .

Algorithm (B): It can be shown ([9]) that (16) implies
w(t)=[Vaz (ot )] ‘wola) . (23)

where wo{o;)=w(ay,0). In algorithm (B), the vorticity is computed by approx-

imating the gradient in (23) by a finite difference operator V% Thus, we set
B ()=[7E (a.t)) woox). (24)

" We shall define V? precisely later in this chapter.

We remark that Beale and Majda ([2]) propose, as a three-dimensional

algorithm, coupling equations {20)-(21) to the set of equations
@ (0)=wo(oy) . (25)

8 ()= . t).0))wola). (26)



1

The systems of equations §(20)-(21),(24)] and {(20)-(21).(25)-(26)} are
equivalent. For, differentiating (24) with respect to.time yields equation
(28). Thus, algorithm (B) is in fact the Beale and Majda method, presented

here in simpler form.

Actually, the grid A* as defined above is not big enough for this algo-
rithm, for when applying the finite difference operator V» to z at points near
the edge of the grid, the positions of neighbors of these points are needed.
Thﬁs, in angorithm (B) we need to keep track of the positions of a number of
'particleé which carry né vorticity. We shall assume, whenever referring to
algorithrrzlh(B). that AP .contains sufficiently many neighbors of those grid

points at which the vorticity is initially nonzero.

. We summarize by displaying the three vortex methods which we have

- described. We have the two-dimensional

Algonthm (T)

z,(0)=ay
ﬁ‘ - ~ ~ 2
T(t)- Y Ke(zi(t)—z;(t))w;h?
jhtA"

and the three-dimensional algorithms

Algorithm (A)

z(0)=0y W (0)=wo()
%(t )= ¥ Ke(Zi(t)-z;(t))wy(£)h?

JheAb

SR 0)=5() - T TeKoBelt)E5 () (IR

FheAd

and
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Algorithm (B)
z:(0)=ay
By (8)= 723 (05.1) Jwofay)

(t) ¥ Ka(Ei(t)—zJ(t»w,(t)hs
heAd

For these methods, the parameters that must be chosen are the initial mesh
.width k and the smoothing parameter §; the cut-off function f must also be

~chosen, as well as the finite difference approximation V2 for algorithm (B)

The cutofl function

It turns out that by choosing the function f carefully, one ‘can obtain
vortex methods of high order accuracy ([2]). The cutoff functions f that we
consider belong to the class ML, broader than the class of functlons FeSL-P

considered by Beale and Majda, and similar to Cottet's class Z

Definition. The class MY is the collection of functions f:R¥-+R which

satisfy all of the following conditions:
©) [f(z)dz=1
RN
(ii) fz"‘f (z)dzr=0, for all multi~indices a such that 1< |a|<p-1
RN :

Slz|P|1(@)dzr <=

RN
(iii) feCL(RN)
(iv) |z |¥*#l |DBr(z)| =C for some C, and all B s.t. |B]=<L
v) [z|PN*2|f(z)]=<C for some constant C

The conditions (i) and (ii), as will be seen in the proof of the Moment

Lemma, ensure that smoothing the vorticity of a fluid by convolving with the



L
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function f,; causes a change in the velocity of the fluid of order O(6P). Con-

ditions (iii)-(v) are needed for the Stability and Discretization Lemmas.

Beale and Majda ([4]) describe cutoff functions f for which the
corresponding kernels Ks can be calculaﬁed explicitly. We remark that the
‘cutoff functions f4 are often called smoothing functions, blob functions; or

core functions in the literature.

The discrete norms

‘We introduce some notation now, somewhat different from that in Beale
and Majda. Let g be either a function of the Lagrangian variables a, or a
function defined only on the grid A*. We denote by g | o the discrete L?-

norm of the function g, that is,

1gbon=( X lg(a)|?RY)V2
theth

‘When g is a function of & and of ¢, we denote by [ g(f)] s the discrete L2-

. norm of the function g(t) of a obtained by fixing £, so that, for example,

lz(t) bon=( Y lz:(t)|BRN)V2,
theah

We shall occasionally use the notations g; =g {a;) and g;(t)=g (a.t).

" For later reference, we remark that for N =2, N=3, and all functions g,

< h¥ Y% m :
|950J»~ (mah )m:ﬁflgtl (27)

< ((—g_trT)(Dﬂ“‘/Nh)”.’)” max lg:] .

where D is the diameter of AP,

In the discussion of the proof of the 3-d Stability Lemma, we refer to

the discrete analogue of the Sobolev H™!-norm. Set
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11 Y g(oe)g'(s)]

theah
19160+ 3 108" 16

where Dyt is the forward divided difference operator in the k*-direction, and

lgl-1n=5sup

the supr‘éinum is over all functions g' defined on A* and on each of its neigh-

boring grid points.

The Lagrangian finite difference operator
In the convergence proof of algorithm (B), we will need to assume cer-
tain sf.ability and accuracy properties of the approximate gradient V2. We

give two definitions.

Definition. We say that V2 is 7**-order accurate if for any C"*! function ¢ of

compact support, there is a constant C such that
| V3¢—Vap | -1a=Ch". - (=8)

Definition. We say that V2 is stable if if there exist a constant C and an hg
such that for all h<hg,

| V2r 1 -on=<CI S on (29)

‘The requirement that V2 be r-order accurate and stable, which shall
be imposed in the next chapter, is not a very restrictive one. For, denote by
T* grid translation in the direction of the multi-index . Then any operator of
the form

W= T w7,
=iy

rth

ivhei‘e the a; are bounded functions of h, and which is r**-order accurate in

the usual pointwise sense, satisfies the two definitions given above (see [2]).
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CHAPTER 2

In this chapter, we give the stability and consistency results for algo-
rithms (T) and (B) which are needed for the convergence proofs in the next
chapter. The stability results are proved in [2] and [3]; we do not give the
proofs here. The consistency error is estimated by considering se;;afately
the moment error and the discretization error. We give a proof here of the
Moment Lemma, reproducing the argument of Beale and Majda. The Discreti-
zation Lemma we present is a strengthening of the result of Beale and
Majda, and was first obtained by Cottet ([10]) in the two-dimensional case.
We give an elementary proof of Cottet’s result, valid in both two and three
dimensions. Finally, for the sake of completeness.A we show, a§ Beale and
Majda do, how it follows from the consistency and stability results that the
trajectories which are the solutions to (T) and (B) converge to the correct

particle trajectories as the number of particles goes to infinity. '

The proofs rely on a priori knowledge of the smoothness of the solutions
to Euler'siequations. We state now all of our assumptions about the flow and

the cutof! function; we will éssume hereafter that these hold.

We recall that we denote by N the number of space dimensions, which
can be either two> or three. We shall take the cutoff function f to belong to

the class MI'*P , defined in the last chapter, with L=N+1 and p>4.

»
We suppose that we have a solution u to Euler's equations defined on

R¥x[0,T] with vorticity ©=Vxu of compact support and belonging to CP*¥.
We assume that for all multi-indices 8,7 such that |g|<L and |y|<L+1, we

have -

IDgz II L-(RNX[O,T])<°O ﬂD;’u "L-(RNX[O.T])<°° . (1)
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Before presenting the stability and consistenéy results, we need to
introduce some notation. Each transformation X:A* +R¥ induces the velo-

city function V[X]:A" sR¥ defined, for N=2, by setting

MXk= Y Ko(X(oe)~X(o,))wsh?,

Jheah

and for N=3, by setting

VIXk= 3 Ke(X(0:)~X(0;))QX];R%

FheAhd '
where

OLx 1= [7Ax (ay))wolay)

Observe that algorithms (T) and (B) may be expressed in the form |
dz, N |
-5 ()=V=z(®)k.

Define z{a,t)=u(z{a,t),t), and consider the quantity

RE(E)-VIZ(E)] lon -
It is a measure of the difference between the fluid velocity at the positions
z;(t) and the approximate velocity, determined by the ordinary differential
equations of the algorithm, at the positions ;,-(t). Using the triangle inequal-

ity, we have
1 2(t)-VIZ(t)] on<| 2(t)-VIz(t)] | on+ | VIz(£)]-V[Z()] h o -

The first term | z(t)-V[z(¢)]] ox is called the consistency error. It is
t’.he erfdr in velocity due to the replacement of the continuous distribution
6f vorticity w by a finite number of vortex blobs centered at the exact parti-
cle positions z;(t) and with strengths w;(¢)hV.

The next term | V[z(t)]-V[z(t)]] o, is called the stability error and
measures the error in velocity due to summing over approximate particle

positions rather than the exact ones.
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We begin by considering the consistency error. Define

ec(z.t)=| 3 Kolz—z:(t))an(t)hV—u(z.t)| .

heah :

As we shall see later, pointwise estimates for e, yield the discrete L?-norm

~estimate of the Consistency Lemma. Applying the triangle inequality and

recalling (1.8), we have

e(z.t)=| ¥ Ko(z—z(t))wy(t)h¥— [K(z —z " Yo(z"t )z’ |

heAd

S| ¥ Ke(z—2,(t))ooi (t)hN = [Ky(z —z Yozt )z’ |

theAb

+] fK,(z—z')w(z',t)dr'—fl((x-—n:')w(z'.t)dz' |

=] Y Kz —z(t))wi()rN - [Ke(z—z)oo(z 't )dz' |

theAd

+1 (Ko » o())(&)~(K » o())(2)|

=eq4(z,t)+e, (z,t)

So we have bounded the error function e; by the sum of the fmctioﬁs éd and
em. which we call the discretization error and the moment error, respec-
tively.

The error e,, is estimated by the following result, which may be found

within the discussion of the Consistency Lemma given by Beale and Majda
(L3D.
Moment Lemma : If f is in MMP, then for some constant Cp,,

T | om ) i < On @

Proof: Define
g(z.t)=(Ks * w(t))(z)—(K * (t))(z) .

Note that e, (z.,t)=|g(z.t)|. We have, taking Fourier transforms with
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respect to the space variables only,

g (¢.t)=(Ks » o(t)) (O)~(K * (1)) (¢)
=(Ro($)-R(Na(4.)
=R o(O)-1)a(¢.t)
=R(Qe(¢.t )(F (60)-F (),
since by condition (i) on M!®, £(0)=1. From condition (ii) on M%? we have -
that D*f (0)=0, when 1<| a|<p~1, and that |D°f | is bounded, for |a| =p.
Hence, it follows from Taylor's theorem that |f(¢)-F(0)|/ |¢]? is a

bounded function of ¢. Since weCP*N, (14| £]P*V) |@(¢.t)] is also bounded.

Noting that
R(e) | =-C—. 3
K| el (3)
for some C which depends only on the dimension N, we have for some con-
stant C',
6¢)P
, ol
Igm(f )l l(.l 1+|t|p+N
p-1
=CC'6P .
O e

i Smce f |<—|p+N d¢ <=, we have

lem(t) L=(RM= I Em(t) [ 1,1(RN)SCm5p

for some constant C,, which does not depend on f. Thus, the lemma is

proved.

In order to estimate g4, we first show that the approximation of the
integral of a compactly supported function in L'(RY) by the trapezoidal rule
is a procedure whose order of accuracy is restricted only by the degree of

dlfferentlablhty of the function. We need the following result:
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Lemma 1. For N=2 and N=3 set i=(i,,...,iy) and |i|=jn11a1fN|ij|. Then

B whenever either L23 and N=2, or L=4 and N=3, we have

L -8y L <«
k=1

oy l,,' l L kL—l
1m0
and
1 o 1 S |
' - =24 —+ 2 —<52
PN O L S P I
(1]

Proof: For each integer k, §ieZV : |i | =k} is the set of i which lie on the
surface of the box centered at the origin and with edges of length 2k. The

number of such points is given‘by (2 +1)¥—(2k-1)¥ . Since

(Rk +1)2—(2k —1)*=8k

and
(2k +1)3—(2k —1)3= 24k2+2,
we have
1 = Bk = 1
- = —=8 —
,-,zz:zhﬂl' kz=:1k1'- kz-}lkl' !
190
and

1 > 24k?+2 = 1 = 1
, = =24 +2) —
‘EZ,,’ Pt kz=.:l K kz=:l B z o

The lemma now follows from the fact that 2 le_—x< 2 for L>3 and that
J=1

B! S
—-< ——< 2 for L=4.
52=:1]L 521.71' 2

The next lemma gives us the trapezoidal rule error estimate that we

use in the Discretization Lemma.
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Lemma 2. Suppose that geC" (R¥) and is of compact support. Set
V9 1-= max 18[9 | 1zny Thenifr=N+1,

| Bo@nY - [o@uz|s ZZololw.

icZN

Proof: The Poisson summation formula ([13],p.139) tells us that

WY Y g(in)= 3 g(i/h),

te2N ieZN
'so that- -

|h”29(1h) fg(Z)d-'vI—I 29(%/h)—9(0)l

ie2N 12N

=] 29(%/h)|

te2N
{90

Since | §(¢) |st |g(z) | dz and (D% J (¢)=(2mV=1)!21¢%7 (¢). we have
| @mv=1)¢rg () 1< [ | ofg (=) |z, )
RN
for all ¢£RY and L=1,...,N. Define |
B¢1=max 1G]

It follows from (5) that for all ¢#0,

lgnr 1
9O ey Ter
Thus,

~ 1. lgl- 1
IZg(ht)Is Y Tk

ez (2rY" (ozw
{0 {0

gl ,, 1
L U L
1m0

(2”_),- lgl,n"

The last inequality follows from Lemma 1.
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In order to apply Lemma 2 to the estimate of e4, we need the bounds on

derivatives of K; given by the following lemma.

Lemma 3 . Let A be any compact set. There is a constant C4 such that for

all é<) and all multi-indices 8 such that | 8] <L,

fID’Ka(z)|dx.<_C4 611,
/]

G

Proof : Pointwise estimates on derivatives of K; of the kind given by Beale

and Majda can be obtained under our hypotheses on the cutoff function.

Suppose | 8] <L. Then there is a constant Cg such that for all zeR¥,

| DKs(z) | <Cp6*M-181
and

| DPKs(z ) | <Cg| z | 1N 181,
We denote by Bs(z ) the ball
Bs(z)={z'eRN: | z—z'| <6}
We have, for ahy z and any B, that

1Pl =2 las = [ [Pz -2 a

B‘(Z)nA

—z)|dz' .
+A_B/a'(”)ID"Ka(z z')|

Using (7) to estimate the first term in (9), we find that

S IDPKe(z ~z) | dz' = S 6N Cp 51-N-18
By(z)NA 3

= -g—'-n.cpd’-—lﬁl

We estimate the second term in (9) using (8), and obtain

(7)

(8)

(9)

(10)
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diam(A)
[ | DPKg(z —z') |dz' < 4m [ Cori-N-1Fl pN-1 gy
A-By(z) (]

diam(A) |
S41pr f r-|ﬂ dr | N "”""(11)
¢
4mCg(diam(A)—5) g=0
= { 4nCy(log(diam(a))-log(s)) 161 =1

14:7;%‘(| (diam(a))'~1#1-g1-181) 18] >1

Combihing (10) and (11) gives the desired result.

With Lernma 2 and 3 at our disposal, we are ready to estimate eg4.
Discretization Lemma. For some constant C4 and all 6<¥,

. .
o;ntafr Ied(t) uL-(RN)S Ca ('6_)1'6 . (12)

Proof: Fix z and t. From the change of variables theorem and the fact that

volumes are preserved by the flow, it follows that

6a(z.t)= | [Ke(z—z"olz "t )dz'~ T Kelz (¢ e (£ |
= Kz —z(ant oz (b)) oY Ks(z ~z (0.t ))w(z (st ).t )Y |
Defining |

F(a)=Ks(z -z (ot ))ex(z (out).2),
we observe that

es(z.t)=| [Fa)da~ 3 F(ir)RY],
theah

which is simply the error due to numerical integration by the trapezoidal
rule.

We use Leruma 2 to bound e4, and so we need bounds on integrals of

derivatives of F. By repeated application of the chain rule and the product
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rule, we can see that derivatives of F' up to order L are sums of derivatives
of K; up to order L multiplied by derivatives with respect to a of z(a,t) and
derivatives with respect to z of w(z,t). By hypothesis (1) on the flow, these
latter are all bounded. Moreover w, and hence F, have compact support.

Denote by {] the support of the vorticity at time . Then there are constants

C and C', independent of z and ¢, such that for any | 8] =L,

},/;-vl DEF(a) | da={|D‘F(a) |da

¢ ¥ {IDzKa(z)Id-r

0 |y|<L

<C6*-L

It follows now from Lemma 2 that

h
leg(z.t)]< (zf;rz)L C 61-L.hl= (::;L c(Byrs

Since the constant C depends neither on z nor on ¢, the lemma is proved.

The Consistency Lemma now follows immediately.

. Consistency Lemma. If f £#~P, then for some constant C; and all t[0,T],

h<1, and 6<%,
2 ()= V{2 (6)] ] on=Ce (8 +(336) (13)
?mof: It follows from the Discretization and Moment Lemmas that
e (z:(£).£)<(Ca+Cm)(8 +(530)
for all i such that iheA* and all ££[0,T]. Since

| £(8)- V= (£)): | =ec (=zs(2).t),

the lemma follows from (1.27).
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We come now to the Stability Lemmas, which estimate the errors in
velocity due to summing over the contributions from approximate particle

positions rather than the exact ones.

In the case of two space dimensions, we have the

2-d Stability Lemma. There is a constant C; such that for all ££[0,T] and all
X:A* > R? such that | X-z(t) | on<hd, we have

| VIX]-VIz ()] ] on=Cs (1 X—2(t) L on) ,

In three dimensions, we have the

3d Stability Lemma. Let V} be stable and of rt*-order accnira’cy. and
assume zeCT*(R3x[0,T]). Then there is a constant C; such that for all
te[0,T] and all X:A*- RS such that | X—z(t) | gs<h3, we have

| VIX]=V[z(£)] ] onsCs (| X2 (t) [ on+hT) . (14)

We do r.mt present a proof of these lemmas. The proof of the 2-d Stabil-

'ity Lemma is given by Beale and Majda ([3]), although they state a weaker

version of the lemma (in which Z(t) takes the place of our X above). We
shall need the lemma as formulated here for the proofs in chapter 3.

In their procf of stability of the three-dimensional algorithm ([2]), Beale

and Majda show that’ theré is a constant C such that for arbitrary X:Ar SRS

satisfying | X—z(t) ] o.»<hS3, and for arbitrary &:AP - RS,
v =VIz()]1oa=CU X~z (t) bop+ D ¢~0(t) ] -1n) . (15)
where v(a;)=} Ks(X(a:)—X(a;))¢;h3. By the stability and accuracy condi-
J

tions on V%, we have
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| 0X]-w(t) | -10= | P2Xw0—{Taz (6)]wo | -1
<| [VL'(X—-:: (t))]?o |-iatl [(V,’tz —Vaz )(t )]00 -1

<C' (1 X-z(t)lon+h") . | (18)

The constant C' depends only on w, and on the flow map z. (14) follows from

(15) and (18), setting £=0[X].

We are now reédy to présent the convergence theorems of Beale and
Majda. The proof of Theorem 1 is a slight improvement over that given by
Beale and Majda, since we are using a stability result in which the vorticity
does not appear éxplicitly. Otherwise, the argument here is the same as

that which they give.

" Theorem 1. Let N=3. Assume the hypothesis (1) on the smoothness of the

flow and that f éML®. Assume further that V2 is a stable difference operator
of rt-order accuracy, and that zeC™*!. Set C,=C,+C,, where C; and C; are
the constants from' the Stability and Consistency Lemmas, respectively, and

set C=exp(C,T)—1. Then for all suﬁiéiently small A and 6,

|3(¢)-2(t) Lon<CT(&P +( Y- 6+7)
- “h | A3
for 0<t<T, provided 6 and h are chosen so that C(6P+(3—)L6+h')s CR

Proof: We denote by e{a,t) the error in position of the particié z(a,t), so

that

e(a,t)=xz(a,t)-z(at),
and set '

ec(t)=e (4.t )=Ei(t) - ().

Differentiating in time, we have for each 1,
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6y ()= V[Z ()]s~ (t)
=(V[z(t))i—Vz()))+(V[z(t)]i—%:(t))

The Consistency Lemma gives us

'S

| Mz (6)]-2(8) 1 onC. (8 +(300).

Set
=min{ T, inf §t: | e(t) | oa=h3}}.
Then we have from the Stability Lemma that in the time inteﬁd [0,T°],
| VIZ(t)]-V[z ()] D on=<Cs( e (t) | on+h")

K H_encé, for O<t<T"

16() LonsCill e(t) Lo +h" +67 +({)0). (17)
" Define g:R-+R by setting

| | g(a)=C,a+ C, (h"+61’+(%—)1'6).

for all real a. We have, rewriting (17), that in the time interval [0,T°],

le(t)lon<g(le(t)lon)

We now cité the following lemma from [18].
” Iémm& Let g:R-R be a smooth function, let | | be a
norm on R™ and let e be a continuously differentiable
 n-vector function on [0,T*] such that e(0)=0 and
le(t)l<g(lle(t)]). Let y be the real-valued function
such that y(0)=0 and ¥%(t)=g(y(t)). Then for
te[0,T'], [ e(t) )=y (t).

It follows from this lemma that for 0<t<T",
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le)loasT (P +(EFe+HT).  (19)

Thus, by hypothesis, we have

hs
Ie(t)llrms-z"

for 0<t<T°. Hence T°=T and (18) holds on the entire interval [0,T]. Thus the

theorem has been proved.

The two-dimensional version of the theorem is provéd similaf'ly. We

merely state

Theorem 2. Suppose N=2. Assume the hypothesis (1) on the smoothness of
the flow and that f belongs to M{?. Set C=exp((C;+C;)T)—1. Then for all

sufficiently small k and 4,

1E(O)-=2(0) LonsTE +()00)

for 0<t<T, provided 6 and h are chosen so that C(oP +(:—)L5)$ %6—

Parameter Choices and Rates of Convergence |
VWe restrict our discussion to two-dimensional vortex methods.

In their proof of convergence of vortex methods ([3]), Beale and Majda
take 6 to be a function of h in order to determine a rate of convergence in
terms of h alone. We see from Theorem 2 that, by setting 6=h? for some

g £(0,1), as Beale and Majda do, we have
[ e(2) | on<C(hPI +RLO-2)+0),

Since one can find cutoff functions which are infinitely differentiable, one

has feMLP for arbitrarily large L. If the vorticity is L+1-times
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differentiable, with R

’ (p-1)q
L>1=g)

then choosing hg so that C(h8? +h§(1"0*9)<h{*9/ 2, we have
le(t)lon < Ch?,

for all h<hgo For infinitely differentiable flows, we see that one can let ¢
approach 1, and thus have an order of convergence in h as close to p as one

likes. Kernels K;=K # f,, with f eM.®, are called p**-order kernels.

However, as g approaches 1, and we need correspondingly larger values
of L the constant C4 of the Discretization Lemma also grows. Perlman
([25]) carries out numerical tests on problems in which the vorticity is
' conﬁned to a disc and is radially symmetric. She separately examines the
discretization and the moment errors and finds that once there is 'subsf.an—
tial stretching in the flow map, the order of accuracy predicted by the
Discretization Lemma in equation (12) is not seen when g is close to 1 and
when reaSonaBle (the evaluation of the velocities requires O(h ~2) operations)
values are chosen for h.

Nevertheless, numerical studies by Beale and Majda ([4]) and by Perl-

man ([25]) show that using p*-order kernels, w1th p large, can sxgmﬁcantly

lmprove the accuracy of calculatlons with the vortex method.
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Second-Order Kernels

It turns out to be convenient, in practice, to use second-order kernels.
If one wishes to use a cutoff function which belongs only to the class L2,

and to take 6=h?, for some g, then the analysis we have presented does not

apply. For, the hypotheses C(67 +( %—)L 6+hT)< -’!2—- and C(6P +( -g’-—)f'd )= -hzi,

of Theorems 1 and 2, respectively, can then never be satisfied for p=2.
However, as Beale and Majda have explained, convergencé results can

be obtained for second-order kernels by carrying out the analysis using

discrete L*-norms, instead of L?-norms, with u sufficiently greater than two.

Define, for functions g:A*-R,
lg IL#=(thth)V“-
It can be shown that the Stability Lemmas still hold, with the hypotheses
| X—z(t)] on <A [ X-z(t)]op <hé
replaced by the hypotheses
|X—z(t)|wsh”(3/“) |X—z(t)|l#sh2’“6.
The two-dimensional result is given in [3]; the three-dimensional result is
unpublished ([5]). It is easy to see that the Consistency Lemma can be
replaced by a more general assertion with arbitrary Lj*norms replacing L2-

norms. Convergence results may thus be obtained with If*-norms rather

than L,?-norms. Theorems 1 and 2 still hold with the new norm and with the

conditions
— 1+(87 ) — 2/
c(e® +(:—)La+h3)s"—§-"— C(au(%‘-)La)s"—E‘l.

For p=2 and 6=h?, with q£(0,1) arbitrary, one can find a suitably large
4 such that these conditions hold, and hence prove convergence in L{. But,

just as L*-norms are bounded by [*¥-norms, for compact measure spaces
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and p'>u, so is the norm | Jon=| IL,E bounded by || EL‘, for all 2su<ee,

Thus, convergence in L implies convergence in L2, so that convergence can

be obtained in the discrete L?-norm even for second-order kernels.
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CHAPTER 3

With the results of the last chapter on the stability and consistency of

the vortex method at our disposal, we are ready to prove convergence of the

‘time-discret'.ized.vortex method. We give proofs for the three-dimensional

algorithm (B). The two-dimensional results are very similar.

We analyze how well solutions to the system of equatidns

Z(0)=oy 1
)= 5 REOZEOBER (@)
JheAb

obtained from approximate difference schemes approach the solution to
Euler's equations. Here uy (t)=f72;(aj.t)] w;(0). We denote by z] the
approximation to z;(nAt) given by some discretized version of (1)-(2), with
time steps of size At=T/n,. Set z"=z(nAt). The error we estimate in this
chapter is

eP=zl — 2. (3)
We can obtain crude estimates immediately. For,

L™ Loa<1Z*-Z(nAt) | o, + | Z(nAt)-z" fon -

The second term on the right-hand-side above is the error estimated by
Theorem 1 of chapter 2. The first term is the error due to the time discreti-
zation of the system of ordinary differential equations (1)-(2). If we use an

m® -order integration scheme, we have
| 27 ~Z(nAt) | o<C,(A2)™.

Unfortunately, the constant C, depends on the equations (1)-(2), and hence
on 6 and on A. In fact, C, typically involves derivatives of K; of order m +1.

Thus, we have
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I o™ 1 oa=CT(P+( Bo)t6+h7)+Co(8.R)(BEI™, (4)

where C;(6,h) has as one of its factors inverse powers of § (see equation 2.7).

But one need not consider the errors made in the numerical approxi-
mation to (1)-(2) and in the approximation by (1)-(2) of Euler's equations
separately. In fact, by estimating the fotal error at each time step, it turns
out that one can obtain estimates of the form (4) with constants C, indepen-

dent of § and h.

We shall give such results for second-order Runge-Kutta methods and

for a broad class of multistep methods.

Multistep Methods

We consider explicit multistep methods of order m=1 of the form
Pt = i a.j;," “I 4 At i bj"V[;""'].; n=q,g+1,...,n,-1 ()
i=0 ji=o0

where a;20, all j, and

'—jg:ojaj+ jgobj =1 : (8)
L e ) tey=1 i=2..m  (9)

Atkinson ([1]) discusses this class of methods and gives a convergence proof
(the lines of which we have followed) for the approximation of ordinary
differential equations by these methods. We remark that Euler's method

and the Adams-Bashforth methods are of this form.

We need the following lemma in the proof of our convergence result.
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Lemma 1. Suppose ﬁcC""“(sz[o,T]) and that the coefficients {a;] and {b,}
satisfy conditions (7)-(9). Then there is a constant C; such that for all A and

all n2q satisfying nAt<T,
1271- 30,273 42153 (n-0)80) LansCl8t)™! . (10)

Proof: Since the mﬁltistep method (B)-(9) has a local truncation error of

order m +1, it follows that for each i there is a constant C;,, such that

|zpt— jgajz‘n—f - Atjgobjii((n ~7)At )| =C; 5 (AL )m+!

.. The Cy,, are all bounded, being derivatives of u of order m+1. The lemma

now follows.

We have the following convergence result.

Theorem 1. Assume feMLP, and, in addition to the smoothness hypothesis
(2.1) on the flow, that usC™*(R*x[0,T]). Suppose that one uses an m®-
order multistep method of the form (8)-(9), with time steps of size At =T/ n,.

Suppose the initial errors satisfy

k ¥4 !L,L r m
(2o | e* Fon = Co(67 +(3- Yoo +h7 +(at)™).

Set Cy=max(C, t | b; |,Cs i} | b5 ].Cz). where C; and C; are given by the Con-
J=0 j=0

sistency and Stability Lemmas, respectively, and set Cs=(1+Cs)exp(C,T).
Then if At<1/C, ,

n hyr r m
ozax le™ Jon = Co(87+(7) 6 +A7+(AL)™),

provided that h and & are sufficiently small and satisfy the condition

Cof67 +(:—)L S+R7 +(AL)™)<h?
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Proof: The proof is by induction on n. Define, for 0<n<n,,
E*=max | e* on .
Suppose that n satisfles g€n<n, and that

EP<(MEC, 3, (1+AFCY +C(1AECYM ) (@ +( o aenT+(a)™).  (11)
j=0

We note that, by hypothesis, (11) is satisfled for n=g. It follows from (11)
that ‘
EP<Cy(6P +( -:;—)L6+h’+(At)”‘), (12)
which permits the Stability Lemma to be applied in the argument that fol-
lows. Set t=nAt. It follows from (6),(7), and (10) that
ler* ! on= 12 41—z (t+At) | o
sz:o"v' le"¥lon | (13)
#3, [bg| [VIE"T1-2((n=3)0) Lon+Ce (8™

For each j, we have

12((n~j)t)-Vz" 7 [ ops 12 ((n—j)t)~Vz((n—5)t)]hon (14)
+IVz((n=5)t)]-VIZ* Tl on.

The Consistency Lernma gives
. | . , h
12((n-5)t)-V[z((n—7)t)]] on=Cc (87 +(5-)*6) .

By (12), we can apply the Stability Lemma to the second term in (14) and
obtain

| [z ((n—7)t)]-V[z"* ]| onsCy (] ™ lo.h*’}') .

Thus, we have
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2 ((n=9)t) - VIE" ] 1 an = Cu0P + (2326) + Co (1™ Lopsh") . (15)
so that , by (13) and (15),
le™1]on sjtoaj ler Jon + étcc’z:ol bi|(Jer fgp+hT)
h L m+1
+At§:0|b,-| Ce(@ + (39%6) + Ca (81)
<Y a B + AC, Y |b; | EM+MC, Y | by | BT
§=0 §=0 j=0

+02C, 3 b, | (67 + (:—)Lﬁ) + Cy(Bt)™*1
J=0

" Thus,

EP < B 4 MCE™ + MCy(6° + (:—)Lamf) + Cy(At)m*! (18)
£ (AEC, T (14AEC) +Co(1+AECM18 (8P +(F)P64hT +(8E)™).
j=0

The first inequality here follows frrm (7) and the definition of C,; the second
inequality follows from (11). Thus, the induction argument is complete and

equation (11), and hence (12), holds for all » such that g<n<n,.

Runge-Kutta Methods

We now consider Runge-Kutta methods. We have been able to derive
estimates of the kind given in Theorem 1 for second-order Runge-K‘utta
met.hods; we present the proof of our result below. This proof can be gen-
eralized in a straightforward way to higher order Runge-Kutta methods.
Unfortunately, a term such as the last term in (22) below occurs, which res-
tricts the cbnvergence result to be of second order accuracy in time. How-
eve‘r. Hald has used a different technique, which requires him to establish a
stronger version of the Stability Lemma, and has obtained convergence

results for the classical fourth-order Runge-Kutta method ([17]).
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In order to minimize the number of constants occurring in the proof of
the next theorem, we derive the estimate only for the modified Euler
method (see [14]). The other second-order Runge-Kutta methods can be

shown to converge in the same way.
Set
P = ZPYALV[Z )
In the modified Euler method, the particle positions at til:ne step n+1 are
given by
ZpH = EPratvEn) (17)
We merely state
Lemma 2. Suppose 12£C3(R2x[0,T]). Then there are constants C; and Cs
such that for all ¢e[0,T—At], |

| z(t +8)—z(t)- Atz (£ +36bt) | 05 =Ce (A2 )° " o

and

|z (440t )~z (£) -3tz (£) | ox<ColO)? T )

Theorem 2. Assume f ¢M.® and that the flow satisfles the smoothness con-
ditions (2.1). Suppose that particle positions are updated according to
~ equation  (17), with time steps of size At=T/ ﬁl. Set
C=max{Cy, CgCs, %C, C., (Co+C. Y(1+¥%C,At)) and Cs=exp(C,T). 'I'heﬁ if

Os'(zsnl, we have

| 2% —z(nAt) | o <Cs(6P +(%"—)I'6+h"+(At 1),
for all h,6 which are sufficiently small and which satiéfy the relation
Cs(1+3%At{C, +C, ) +Cg)(67 +( :—)L +h™+(At)2)<h3. Here, the constants C; and

C, are given by the Consistency and Stability Lemmas, respectively.
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Proof: The proof is again by induction on . By hypothesis, | €®]¢,=0. Sup-

pose that 1=n<n, and that

—1 . v
Le™ Lon= Catt (3, (14C,86Y) (6P +(BYoounm4 (a1, (20)
J=0
It follows that
le™ LoasCo(oP +(5)6+h7 (A )=h®.  (21)

Set £=nAt. From (17) and (18), we have

le™*  on=1Z"* 1=z (t +At) o
<|Zn+At V[zH)—xz(t+A0t) Jon
< | Zr—z(t) | qu+Co (AL)S+AL | V[ZP*H]-2(t +1AE) | o
<|e™fon+Ca(At)3+At | V[znH]-Vz(t +%0t)1§on  (22)
+At | VIz(t+)At)]-2(t+)At) | on

An estimate for the last term above is given by the Consistency Lemma. We

have
| VIz(t +3t)]-2 (¢ +188) on=Ce (8P +(5-)26) .

There remains the second to last term to estimate. We would like to apply
the Stability Lemma to this term, but we need first to verify that its

hypotheses are satisfied. We have

|20z (2 +10t) | ons | 22 (2™ + 30 V[Z" ) o
+] 2"+ At V[z" [-(z™ +}Atz (L)) | on (23)
+]zm+fAtE(E)—z (t+}0t) | o
We estimate these three terms in turn. As a consequence of (21) and the

hypothesis of the theorem, } e™ | o, <hS. This fact allows us to apply the Sta-
bility Lernma to the first term on the right hand side in (23), and we have
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|28 ¥ (z" + %At V[z"]) | on = | 2" + 1AL V[ZR (2™ + 1At VZ™]) | o0
S|z -z f o+t | V[Z* |-V ] on
<fe™ fon+tBdtCe( | 27—z fop+h") .
<(1440tCs)le™ L on+¥%ALtChT .
An estimate for the second term in (23) follows from the Consistency

Lemma, for
2 AL (e gt () L aa= B0E | VIZP 12 () o
< YAt C (87 +(2—")L5) .
The final term is bounded, from Lemma 2, by Cg(Af )2 Thus, we have
IEr ez (E+4AL) | op = (1+KALC,) €™ | on +HALCoRT
AYAEC, (8 +( ) 6)+ Cy(At)?

< (1+¥%At(C,+C, )+Cg) Cs (694(%‘-—)L6+h" +‘('At‘)2)

< h3, |
~ Thus, we can apply the Stability Lemma to the next to last term of (22), and
we ﬁéve

| IZn %] V{z (t + 10t ) ]} on<Cs (R 2" H—z (¢ + 1AL ) f o 5 +hT)
=Cy((1+)60tCs) 1 e™ fon

+¥%At (C, +Cy (6P +( %—)L6+h’)+CS(At 2+hT) .

Combining the above estimates, we have
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lem* fon=s De™ | on+Ca(AL )3+C, Cs(At )3+At(C, +C, )(67 +(:—)1'6+h')
+Ca(Co+Cy AL (8P + (B )E6.4R7)+C, (1+1ALC, )At | €™ | o
< (1+C,At) [ €™ | o + CoAt (67 +(:—)L6+h'+(At)2),
so that, by (20),
le™fons< (jg‘o (1+Catt P) (8 +(Bo)E64n7 +(8)7).

Thus, (20), and hence (21), holds for all n<n,, and the proof is complete.
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CHAPTER 4

We now turn to a discussion of three-dimensional vortex methods. We

begin by describing briefly the method of Chorin.

Chorin takes vorticity to be concentrated at the midpoints of iine seg-
ments between particles X and their successors X®, and to be propor-
tional to the vector X"-X®, Thus, the velocity field used to move the parti-
" cles is - o
U(z)=3Ks(z ~m) aX T,

where the summation is over all of the "segments”. Here

m= é—(x“)...x(z)) ,
dX=x®-x
and I' is a constant multiple of the initial intensity of the segment.

This idea is used by Chorin in two different ways. In a simulation of
viscous flow, segments are generated at the boundary through the no-slip
condition ([7]). In another calculation {[8]), Chorin follows a filament, and
the segments of the algorithm are the pieces of the filament; in this calcula-
tion, each particle is both the upper end of one segment and the lower end
of the following segment. Vorticity updating does not need to be carried out
explicitly in either version of the algorithm, since the stretching is taken
into account intrinsically by the change in X{(!)=X(),

Algorithm (B) has been thought of as being much different, in its
Lagrangian updating of vorticity, from previous three-dimensional vortex
methods, such as those of Nakamura et al {{23]) and of Chorin. But the vor-
tex stretching in these "filament” methods, just as that in (B), is carried out

by applying a finite difference operator to the initial configuration of
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vortices. The stretching in (B) differs only in that higher order finite
difference operators, rather than forward difference operators, are used. In
particular, it seems likely that Chorin's algorithm converges, though

without the high order of accuracy, of course.

To each set of vortex trajectories {(;t(t),'z:;(t));, of any of the algo-
rithms, there 1is associated a natural approximate flow map
Z(t):R%<[0,T]+ RS, namely, define Zz(a,t) to be the solution of the ordinary

differential equations
L (0t TKG)FOROR  FHa0)=a
tead

The following is an interesting fact about algorithm (A).

Proposition. Let T denote the approximate flow map correéponding to algo-

rithm (A), with vortex trajectories &(t). Then for each i, we have

B (t)=[aE(ai.t)) - 1(0) .
" Proof. Define

£(6)=[7a(a.t)) - (0) .

Then we have

-wy(0)

-gt—-&(t)= Fa%(m-t)
=[2G o)) fd(e.)) 04(0)
=faG .04,
where u(z,t)= ¥, Ks(z —2Z;(t))w;(t )hS. Moreover, since

jeAh

£:(0)=e4(0),
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ahd singg
gt_a(tp[vﬁ(i}(t).t)] w(t),

:& and oy satisfy the same ordinary differential equation and hence are

identical.

We display now the Lagrangian vortex-stretching eequations for the Euler

- equations and for algorithms (A) and (B):

Euler: w,(t)=[v,,z(a.t)]-w,.(0)
A & (0)=[7.E(@.6)) 1 (0)
B B ()= )} e (0)

Thus, we see that the transformation in time of the approximate vorti-
city under algorithm (A) is uniquely determined by the approximate flow
map, and that the approximate flow map transforms the apprdximéte vorti-
' city just as the vorticity is transformed by the flow map in solutions of
Euler's equation:. Also, we see that although the systems of ordinary
differential equations that constitute methods (A) and (B) éppear very
different, the transformation of vorticity by the approximate flow map in (B)
differs from that in (A) only in that a discretized version of the spatial
derivative of Z(t), rather than the real derivative, is applied to the initial
vorticity.

But this difference is important. Whereas in (A), the evolution of vorti-
city is determined by derivatives‘of the velocity field %, and hence does not

depend on which particles were originally close together, algorithm (B)
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remembers neighbors. As long as the fluid has not undergone substantial
deformation, all of the algorithms will produce similar results (though (A)
has one less source of error, of course). Once serious stretching has

occurred, however, the difference becomes consequential.

. As a matter of fact, it is not reasonable to use either of the algorif.hms
in the form in which they have been described past times when considérétﬁe
stretching has occurred. A procedure is needed to add new voﬂ.icéé .in
places where the original ones have become too widely sepéraéed; the'a'ltévr-
native is to use an enormous number ofvcorr'xputational elements from thé
beginning, with pointless over-resolution of regions of the fluid which are not
very interesting.

In algorithm (B), as in the filament algorithms, there is a naﬂural-way to
add vortices. Namely, between two vortices which were neighborsv on the
original mesh, one can interpolate a new vortex, with the vorticity cbntained
in the twq original vortices now shared among the three. It is easy £o modify
the finite difference operator which governs the stretching of vorticity, then;
though the high order of accuracy is sacrificed by such a procedure. This
loss of accuracy may not be important, however, for the improvement in
accuracy in using a high order method over a lower order one becomes
extremely small after the initial configuration of the particles has been
sufficiently distorted. We mention that Chorin uses a linear interpolation
. procedure in [8].

" In an algorithm such as (A), where one does not keep track of neigh-
bors, vortices can also be added, though in a less natural way. We have
- experimented with the following procedure. Once a value of vorticity z:‘(t)
has become sufficiently large, which suggests that the vortex ﬁlarneht to
which a(t) is tangent has becomes stretched, we replace the vortex

(Z;(t).%(t)) by the two vortices (z,(t)+y.%cx(t)), where 7y is some



parameter,

a natural choice of which is one third of the original inter-particle spacing.

Numerical experiments with such an algorithm will be reported in [15].

Vortex methods can be used for the simulation both of inviscid and of
slightly viscous flows. In inviscid flows, vortex filaments remain ﬁlamg_nts.
Between two fluid particleé in the same filament, the vorticity .always lies
along the material curve joining the particles, and changes in magnitude in
proportion to the stretching of the filament. Thus, the filament methods in
[8] and [23], as well as method (B), are good candidates for doing inviscid

flow calculations.

The dynamics of viscous flow involves, in addition to the stretching of
vorticity, the diffusion of vorticity. Viscosity is of course of particular
importance in boundary layers, but even away from boundaries, and for
small values of viscosity, diffusion can play an important role. In regions of
space where nearby pairs of vortex concentrations of opposite sign exist,
viscosity can cause the bulk of the vorticity in those regions to cancel itself.
Changes in topology can result. This process has been seen in the dissipa-
tion of trailing vortices ([12]), and in the experiments of Oshima and

- Asaka([24]), for example.

Thus, if one wants a vortex method to sirnulaté such flows, one needs to
be able to model viscous diffusion. Chorin proposed diffusing vorticity by
random walks for two-dimensional flows in [8], and in [7] for three-
dimensional flows. Thus, in addition to being convected by the other vor-
‘tices, each of the particles undergoes a random displacement at every time
step, of mean 0 and variance 2vAt, in each direction. The diffusion of vorti-
city by random walks can be used in conjunction with algorithm (A) as well.

In this viscous version of algorithm (A), the competing processes of stretch-
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ing and diffusion may be studied. Vortex structures are modeled by several
parallel filaments. As the fluid is stretched in the direction of the filaments,
the vorticity grows and the vortices are split so that resolution is not lost in
the physically interesting part of the fluid. The vortex structure itself
spreads through the random dispersion~ of the pieces of the ﬁiaments. One
of the authors ([15]) shall report elsewhere numerical studies of the fusing
of two initially parallel vortex rings into one larger ring (as in [24]). Leonard

has also studied this problem, using a variable-core filament method ([21]).
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CHAPTER 5

In this chapter, we explain how the vortex method described earlier
may be modified so that one can use different distributions of the initial
points and still retain high order accuracy. For simplicity, we,discus{_sv only
the two-dimensional problem.

Let {o;) denote, as before, some set of initial vortex positions, all of
which are assumed to lie within the support of the initial vorticity distribu-
tion. In place of formula (1.15), we consider, more generally, calculating the

motion of the particles using velocity fields of the form
ﬂ(z.t)=z;;1<6(z ~Z; ())w;p; .

where, as before, w;=wo(0;) and '5,- (t) is the computed trajectory of the par-
ticle of fluid such that ;J-(O)=aj. Whereas, in chapter 1, we had p; =h? for all

J. we will now allow the p; to vary.

In order to see how the p; should be chosen, we consider the error in

approximating the actual fluid velocity v by the velocity field v, defined by

v(z,t)=§:K6(z ~z;(t))e;p; -
We have
lu(z.t)—v(z.t)| = [(K*w)(z.t)-(Ke » 0){(z.)]
+ [ (Kg * o)(z,t)—ZKé(x-— 5 (E))wsp; |
J
= ey, +e¢,

so that the consistency error is again a sum of moment and discretization
errors.

The error e, is the moment error we estimated in chapter 2; it does
not depend on the choice of computational points. We will have a high order

accurate vortex method provided the constants p; are chosen so that e is
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suitably bounded. We note that, fixing  and ¢, and defining

F(o)=Ks(z -z (a,t ))wo(ax),

we have
eg(z.t) = }{ Ke(z —z')w(z')dx'—%}&(z ~z;(t))w;py
. Rf&(z ~z(out))wo(a)da—) Ke(z —z{ay.t ))woloy)py
£ j .

= [F(o)da~Y F(ay)p;. | | (1)
R® J

Thus we see that a; and p; should be chosen to be the nodes and weights of
an accurate integration formula.
Given a choice of points and weights, a convergence proof for the resuit-

~ ing vortex method follows closely the proof given in chapter 2. Among the

changes which must be made in the proof, the discrete L?-norm is redefined

by setting

Nli—

1/ lon = Q;f (a;)%p4)% , (@

and an estimate for the error (1) replaces Lemma 2.2. A new Stability
Lemma is also needed, since some of the details of the proof of stability

depend upon the choice of the grid.

We consider now a particular example. Suppose we have a problem with
radial symmetry. We seek radially symmetric integration points and
weights such that the error ey is small. Let R be sufficiently small so that
F(a)=0 whenever |a]2=R. We will form an integration scheme by using one-

dimensional formulas in the radial and in the azimuthal directions.

In the radial direction we divide [0, R} into intervals of length ér and
use k-point Gaussian quadrature formulas over each interval. If we denote

by 7; the endpoints of the intervals of length ér, then we have
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Ren
fF(a)da = ffF(r,ﬁ)'r dddr
R 00 ’

k

2n
2 8 5 Peryoun)as) 490 wor

1

where P is the number of divisions of [0, R], and w; and g; are the Gaussian

weights and nodes, respectively, for an interval of length ér. We approxi-
’ ' 2n
mate the integrals f F(ry+g;,9)d¥ using the trapezoidal rule since, F being
0 } .

periodic in the ¥ direction, the accuracy of this integration procedure is of
arbitrarily high order (see the Euler-MacLaurin formula in [1]). We shall
take the corresponding partition of [0,27] to depend only on ;. Then we

~ may express our integration formula in the form

N . :
l E
ﬁ f iF(Tj’fy-;'—zl-) 69; (rj+g:) w; 6 . (3)
e 69 .
where T;6¥;=2n. We choose the 6%; so that
69; = or if 75 <1 (4)
and
T 6‘!’, = or if T; >1 - . (5)

If a; and p; denote the computational'points_ and weights of the above
scheme, and if ér and the 6¥; satisfy (4)-(5), then by combining error esti-
mates for the one-dimensional ihtegration formulas used to make up (3), we

obtain
| fF(e)da - Y F(a;)p; | < Ch®*max|D*F(a) | ,
-9 at R?
where k is the number of points in Gaussinan integration formula and C

depends only on k. Proceeding now as in the Discretization Lemma, we find

that there'is a constant C, such that
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h _
|e¢|onSCk(g')’%5 2,

and the consistency error is bounded by C'(6P + (:—;—)2“ 67%)).

With minor changes in the proof, a version of the Stability Lemmma, can
be shown to hold. From such a lemma and the above consistency estimate,
one can prove convergence for the above scheme. Since the proof is nearly

identical to the convergence proof given earlier, we do not present it here.
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