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Higher Spin Chern-Simons Theory and the Super
Boussinesq hierarchy

Michael Gutperle and Yi Li

Mani L. Bhaumik Institute for Theoretical Physics

Department of Physics and Astronomy

University of California, Los Angeles, CA 90095, USA

yli@physics.ucla.edu, gutperle@physics.ucla.edu

Abstract

In this paper we construct a map between a solution of supersymmetric Chern-Simons

higher spin gravity based on the superalgebra sl(3|2) with Lifshitz scaling and the N = 2

super Boussinesq hierarchy. We show that under this map the time evolution equations

of both theories coincide. In addition, we identify the Poisson structure of the Chern-

Simons theory induced by gauge transformation with the second Hamiltonian structure

of the super Boussinesq hierarchy.
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1 Introduction

The Chern-Simons formulation of three dimensional higher spin gravity has been a subject

of great activity recent years. The interest was started by the discovery that Chern- theories

in three space-time dimensions based on gauge algebras such as sl(N,R) and hs(λ) [1, 2] are

versions of Vasiliev higher spin theories [3, 4]. Furthermore the Chern-Simons theories can

realize the asymptotic symmetries of WN CFT’s [5, 6] which have conserved currents of spin

greater than two. Gaberdiel and Gopakumar [7, 8] proposed a concrete holographic duality

of higher spin Chern-Simons theory and WN minimal models which provides a new arena to

test ideas of higher spin gravity and AdS/CFT.

The Chern-Simons higher spin gravity has also been used to construct solutions which are

not asymptotically Anti-de Sitter but obey other asymptotics, such as Schroedinger, warped

AdS or Lifshitz geometries (see e.g. [10, 11, 12, 13]). In two papers [14, 15] the authors have

investigated asymptotically Lifshitz solution of Chern-Simons higher spin gravity and found

an intriguing relation to integrable systems. In particular, it was shown that there exists an

explicit map between the asymptotic Lifshitz solution of sl(N,R) Chern-Simons theory and

(integer) Lifshitz scaling exponent z to the (m,n) member of the KdV hierarchy, where the

parameters of both theories are identified as m = z and n = N .

The Chern-Simons higher spin theories based on the Lie algebras sl(N,R) and hs(λ) are

purely bosonic theories, with higher spin fields of integer spin. A supersymmetric general-

ization of the bosonic theories can be achieved by considering Chern-Simons theories based

on Lie superalgebras such as sl(n,m), see e.g [16, 17, 18]. The goal of the present paper

is to investigate the relation between the Chern-Simons higher spin theories and integrable

systems for supersymmetric theories. In particular we focus on one of the simplest examples,

Chern-Simons theory based on the Lie superalgebra sl(3|2).

The structure of the paper is as follows: In section 2 we review the KdV hierarchy and its

relation to higher spin Chern-Simons theory given in our previous work [14, 15]. In section

3 we review the supersymmetric generalization of a particular member of the KdV hierarchy,

namely the N = 2 super Boussinesq hierarchy. In section 4 we construct a supersymmetric

higher spin Chern-Simons theory based on the Lie superalgebra sl(3|2) which enjoys Lifshitz

symmetry and provide an explicit map between this theory and the N = 2 super Boussinesq

hierarchy such that the time evolution equations coincide. In section 5 we explain where this

correspondence comes from by showing that the Poisson structure of both theories can be

mapped into each other. We close with a discussion of possible directions for future research

in section 6.
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2 KdV hierarchy and the Higher-Spin Chern Simons theory

The n-th KdV hierarchy is a bi-Hamiltonian integrable system of n − 1 fields u2, u3, · · · , un
with commuting Hamiltonian flows, where the second Hamiltonian structure is the Wn algebra

[19, 20]. It’s conveniently formulated by utilizing the formalism of pseudo-differential operators

L = ∂n + u2∂
n−2 + . . .+ un−1∂ + un (2.1)

and the m-th Hamiltonian flow is given by the Lax-type equation [20, 21]

L̇ = [L
m
n
+ , L] (2.2)

For any of the Hamiltonian flows, an infinite tower of conserved quantities exist

Qk =

∫
dx resL

k
n , k ∈ N (2.3)

where res denotes the residue of the pseudo-differential operator, that is, the coefficient of

∂−1. This equation is invariant under Lifshitz scaling of the space and time coordinates with

scaling exponent m

x→ λx, t→ λmt (2.4)

where the scaling of the fields ui is determined by dimensional analysis from (2.1).

The Chern-Simons action at level k in three dimensional space-time is given by the fol-

lowing action

SCS[A] =
k

4π

∫
tr
(
A ∧ dA+

2

3
A ∧ A ∧ A

)
(2.5)

where A is a Lie algebra valued gauge connection. It was shown in [1, 2] that higher spin

gravity theory in three dimensions can be formulated by combining two copies of Chern-Simons

actions with level k and −k respectively, and with gauge algebra sl(N,R) or hs(λ).

S = SCS[A]− SCS[Ā] (2.6)

The action yields the equation of motion, also known as the flatness condition

F = dA+ A ∧ A = 0, F̄ = dĀ+ Ā ∧ Ā = 0 (2.7)

The relation to higher spin gravity is made by expressing Lie algebra valued generalizations

of the vielbein and spin connection in terms of the gauge connections

eµ =
1

2
(Aµ − Āµ), ωµ =

1

2
(Aµ + Āµ) (2.8)
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where a unit length has been chosen for dimensional match. The metric is then given by

gµν =
1

tr(L0)2
tr(eµeν) (2.9)

where L0 is the Cartan generator of sl(2,R) subalgebra of sl(N,R) or hs(λ). The higher

spin fields of Vasiliev theory can be expressed in terms of higher order traces involving the

generalized vielbein eµ.

In the context of holography a ”radial coordinate” ρ is introduced where the holographic

boundary is defined at ρ→∞. In addition we define a time-like coordinate t and a space-like

coordinate x. The asymptotic Lifshitz metric with Lifshitz scaling exponent z is defined as

the metric that takes the form

ds2 ∼ dρ2 − e2zρdt2 + e2ρdx2 (2.10)

as ρ → ∞. By the choice of the radial gauge [14] we single out the ρ dependence of the

connection

Aµ(ρ, x, t) = b(ρ)−1aµ(x, t)b(ρ) + b(ρ)−1∂µb(ρ)

Āµ(ρ, x, t) = b(ρ)āµ(x, t)b(ρ)−1 + b(ρ)∂µb(ρ)−1 (2.11)

where b(ρ) = eρL0 and aρ = āρ = 0, then the flatness conditions (2.7) are reduced to equations

of ρ independent connections ax, at and āx, āt

∂tax − ∂xat + [at, ax] = 0, ∂tāx − ∂xāt + [āt, āx] = 0 (2.12)

An infinitesimal gauge transformation generated by a parameter Λ is

δΛA = dΛ + [A,Λ] (2.13)

The gauge transformation preserves the radial gauge when the parameter takes the form

Λ(ρ, x, t) = b(ρ)−1λ(x, t)b(ρ), and it translates to gauge transformation on the ρ-independent

connection as

δλa = da+ [a, λ] (2.14)

Moreover, we take at as an differential polynomial in ax, thus the flatness condition becomes

a time evolution equation of ax, and the time evolution is essentially a gauge transformation

with a field dependent gauge transformation parameter λ = at.

For the gauge algebra sl(N,R), we can put ax in the lowest weight gauge, in which only the

N − 1 lowest weight terms in sl(N,R) are dynamical. We then construct at as a differential

polynomial of ax that generates an asymptotic Lifshitz spacetime with ax and keeps ax in
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the lowest weight gauge under time evolution. These requirements do not fix at completely,

and we get a time evolution equation of N − 1 fields in ax with undetermined coefficients

depending on the choice of at. The solution leads to an asymptotically Lifshitz spacetime and

hence duals a two dimensional field theory living on the boundary that has Lifshitz scaling

symmetry.

The relation between the KdV hierarchy and the Lifshitz Chern-Simons theory was first

motivated by the observation in [13] that the equation of motion of sl(3,R) z = 2 Lifshitz

Chern-Simons theory takes the form of the Boussinesq equation. Further investigation reveals

a closer relation between the two theories, most importantly they both possess Lifshitz scaling

symmetry and can both be brought in a Lax type equation form. In our previous work [14, 15],

it was shown that by suitable choice of at called the ”KdV gauge”, the asymptotic Lifshitz

solution with Lifshitz scaling coefficient z of sl(N,R) Chern-Simons theory can be identified

with the (n,m) member of the KdV hierarchy where n = N and m = z by an explicit map.

3 N=2 Super Boussinesq hierarchy

The main goal of this paper is to extend the established relation between the Lifshitz Chern-

Simons theory and the KdV hierarchy to the supersymmetric case. For the Lifshitz Chern-

Simons theory, a supersymmetric extension can be naturally constructed by replacing the Lie

algebra by a Lie superalgebra which contains the Lie algebra as a bosonic subalgebra. It

is clear however that this extension is not unique. On the other hand, the supersymmetric

extension of the KdV hierarchy is not as well studied as the bosonic case and no general

classification exists to our knowledge.

Therefore, instead of pursuing a general construction, we restrict ourselves to a concrete

and workable example in the present paper. In particular, we want to find the supersymmetric

extension of the correspondence between sl(3,R) z = 2 Lifshitz Chern-Simons theory and

(n = 3,m = 2) member of the KdV hierarchy. The Lie superalgebra sl(3|2) is a natural

extension of sl(3,R), and sl(3|2) Chern-Simons theory has been studied in the past, see for

example [22, 23]. Because sl(3|2) has two sets of fermionic generators, we should look forN = 2

supersymmetric extension of n = 3 KdV hierarchy, that is, N = 2 super Boussinesq hierarchy.

Since the second Hamiltonian structure of the Boussinesq hierarchy is the W3 algebra, one

should expect N = 2 super Boussinesq hierarchy to possess N = 2 super W3 algebra as the

second Hamiltonian structure. Guided by this principle, N = 2 super Boussinesq hierarchy

was constructed in [9, 24] in terms of two bosonic superfields J and T in the superspace
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coordinates (x, θ, θ̄)

J(x, θ, θ̄) = θ̄θu(x) + θξ(x) + θ̄ξ̄(x) + y(x)

T (x, θ, θ̄) = θ̄θz(x) + θη(x) + θ̄η̄(x) + v(x) (3.1)

with two free parameters c and α, where c is a free constant in the N = 2 super W3 algebra

realized by J, T that corresponds to rescaling freedom of J, T , and α is a free constant in the

Hamiltonian H =
∫
dxdθdθ̄ (T + αJ2) that generates the time evolution

J̇ = {J,H}, Ṫ = {T,H} (3.2)

The super Boussinesq equation should reduce to the Boussinesq equation when sl(3|2) reduces

to sl(3, R), and that’s possible only when the parameter α takes the following value α = −4
c

[24]. After setting c = − 4
α

, the N = 2 super Boussinesq equation reads in terms of superfields

J̇ = 2T
′ − δJ ′

+ 4αJJ
′

Ṫ = −2J
′′′

+ δT
′ − 20α∂(D̄JDJ) + 8αJ

′
δJ + 4αJδJ

′

+ 16α2J2J
′ − 12αD̄JDT − 12αDJD̄T − 12αJ

′
T − 4αJT

′
(3.3)

where

D = ∂θ −
1

2
θ̄∂, D̄ = ∂θ̄ −

1

2
θ∂ (3.4)

δ = [D̄,D] (3.5)

It was shown in [9] that if we choose c = 8 the parameter α must take one of these three

values −2,−1
2
, 5

2
for the equation to be integrable in the sense that higher order conserved

charges exist. We see α = −4
c

= −1
2

is indeed one of them, and later an elegant Lax pair

formulation of this case was given in [25]. In the form in components the time evolution
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equations (3.3) read

ẏ = 2(u+ v)
′
+ 4αyy

′

ξ̇ = ξ
′′

+ 2η
′
+ 4α(yξ)

′

˙̄ξ = −ξ̄′′
+ 2η̄

′
+ 4α(yξ̄)

′

u̇ = 2z
′
+

1

2
y

′′′
+ 4α(yu)

′
+ 4α(ξξ̄)

′

v̇ = −2z
′ − 16αuy

′ − 8αu
′
y − 4αyv

′ − 12αy
′
v + 12α(ηξ̄ + η̄ξ) + 20α(ξξ̄)

′ − 2y
′′′

+ 16α2y2y
′

η̇ = −η′′ − 2ξ
′′′ − 28αu

′
ξ − 36αuξ

′ − 10αv
′
ξ − 12αvξ

′ − 12αuη + 12αzξ

+ 10αy
′′
ξ + 32α2yy

′
ξ + 2αy

′
ξ
′
+ 16α2y2ξ

′ − 4αyξ
′′ − 6αy

′
η − 4αyη

′

˙̄η = η̄
′′ − 2ξ̄

′′′ − 28αu
′
ξ̄ − 36αuξ̄

′ − 10αv
′
ξ̄ − 12αvξ̄

′
+ 12αuη̄ − 12αzξ̄

− 10αy
′′
ξ̄ + 32α2yy

′
ξ̄ − 2αy

′
ξ̄
′
+ 16α2y2ξ̄

′
+ 4αyξ̄

′′ − 6αy
′
η̄ − 4αyη̄

′

ż = −2u
′′′ − 1

2
v

′′′ − 64αuu
′ − 16αuv

′ − 12αu
′
v + 32α2yy

′
u+ 16α2y2u

′ − 4αyz
′ − 2αyy

′′′

+ 6αy
′
y

′′
+ 10αξ̄η

′
+ 6αξ̄

′
η − 10αξη̄

′ − 6αξ
′
η̄ + 14αξξ̄

′′ − 14αξ
′′
ξ̄ + 32α2(yξξ̄)

′
(3.6)

4 sl(3|2) Lifshitz Chern-Simons theory and the map to N = 2 super
Boussinesq hierarchy

When we take the gauge algebra to be Lie superalgebra, most notably sl(p|q), the Chern-

Simons action takes the form

SCS[A] =
k

4π

∫
str
(
A ∧ dA+

2

3
A ∧ A ∧ A

)
(4.1)

where str denotes the supertrace. In complete analogy to the non-supersymmetric case, higher

spin supergravity can be formulated by two copies of Chern-Simons actions, with the vielbein

and spin connection expressed in terms of the gauge connection

eµ =
1

2
(Aµ − Āµ), ωµ =

1

2
(Aµ + Āµ) (4.2)

and the metric is given by

gµν =
1

str(L0)2
str(eµeν) =

1

4str(L0)2
str((Aµ − Āµ)(Aν − Āν)) (4.3)

Now we focus on sl(3|2) Lifshitz Chern-Simons theory, that is, Chern-Simons theory with

sl(3|2) gauge algebra that gives asymptotic Lifshitz spacetime. Background material on sl(3|2)
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relevant to this paper are reviewed in Appendix A. We follow the notation of generators of

sl(3|2) in [23] and the super matrix representation which we include for completeness can also

be found there. We adopt the radial gauge as we did in the non-supersymmetric case

Aµ(ρ, x, t) = b(ρ)−1aµ(x, t)b(ρ)+b(ρ)−1∂µb(ρ), Āµ(ρ, x, t) = b(ρ)āµ(x, t)b(ρ)−1+b(ρ)∂µb(ρ)−1

(4.4)

where b(ρ) = eρL0 and aρ = āρ = 0. Clearly the weight of terms in aµ will translate to growth

rate with ρ in Aµ because the weight is the eigenvalue of the commutator with L0. An exact

Lifshitz spacetime can be obtained by setting

ax = L1, at =
√

3
4
W2 (4.5)

āx = L−1, āt =
√

3
4
W−2 (4.6)

that is

A = L0dρ+ L1e
ρdx+

√
3

4
W2e

2ρdt (4.7)

Ā = −L0dρ+ L−1e
ρdx+

√
3

4
W−2e

2ρdt (4.8)

One can verify that by (4.3) the connection yields Lifshitz spacetime ds2 = dρ2+e2ρdx2−e4ρdt2

with Lifshitz scaling exponent z = 2. Now we add dynamical terms to the connection but

keeping the leading term fixed to get asymptotic Lifshitz spacetime. We will focus on the

unbarred sector here, the barred sector can be worked out by the same algorithm thanks to

the weight flipping automorphism of sl(3|2). The ansatz of ax in the lowest weight gauge is

ax = L1 + jJ + aA−1 + lL−1 + wW−2 + gG− 1
2

+ hH− 1
2

+ sS− 3
2

+ tT− 3
2

(4.9)

with all the dynamical terms being the lowest weight elements in sl(3|2). The component

at should start with
√

3
4
W2, and its non-highest weight terms are completely determined by

highest weight terms because it must preserve the lowest weight gauge of ax in time evolution.

We take the highest weight terms to be differential polynomials of fields in ax of the correct

dimension, so at must take the form

at =

√
3

2
(
1

2
W2 + (d1a+ d2l + d3j

2 + d4j
′
)J + c1jA1 + c2jL1 + c3gG 1

2
+ c4hH 1

2
+ . . .) (4.10)

with eight free constants c1, c2, c3, c4, d1, d2, d3, d4, and with non-highest weight terms omitted.

We factor out
√

3
2

for calculational simplicity. Now we deal with the problem of fixing at to

map the time evolution equation of ax to the N = 2 super Boussinesq equation. In order to
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have the lowest dimensional conserved bosonic charge and fermionic quantities, j̇ and ġ must

be total derivatives. This condition fixes at up to only one free constant c3

c1 = −1

c2 = −2c3 +
5

3
c4 = −c3

d1 =
1

9
(8− 15c3)

d2 = −c3

d3 = −3c3

d4 = 0 (4.11)

It turns out if we set c3 = 1
3
, the time evolution equation of ax can be identified with the

N = 2 super Boussinesq equation after we rescale the time evolution by a factor −2
√

3, that is

equivalent to replacing at by −2
√

3at. The time evolution equation of ax we get after replacing

at by −2
√

3at is

j̇ = (l − a+ 3j2)
′

ġ = g
′′ − 6s

′
+ 4(jg)

′

ḣ = −h′′ − 6t
′
+ 4(jh)

′

ȧ =
3

2
j
′′′

+ 6w
′
+ 3jl

′
+ 6lj

′ − 6aj
′ − 3ja

′
+

15

2
(gh)

′
+

27

2
(gt+ hs)

l̇ = −3

2
j
′′′

+ 6w
′ − 3jl

′ − 6lj
′
+ 6aj

′
+ 3ja

′ − 33

2
(gh)

′ − 45

2
(gt+ hs)

ṡ = −s′′ +
2

3
g

′′′ − (10a+ 6l + 6j2 + 6j
′
)s− 4js

′
+ (

10

3
a

′
+

14

3
l
′ − 10

3
j
′′ − 16w +

32

3
aj − 4

3
jj

′
)g

+ (
14

3
a+

2

3
j2 + 6l − 2

3
j
′
)g

′
+

4

3
jg

′′

ṫ = t
′′

+
2

3
h

′′′
+ (10a+ 6l + 6j2 − 6j

′
)t− 4jt

′
+ (

10

3
a

′
+

14

3
l
′
+

10

3
j
′′

+ 16w − 32

3
aj − 4

3
jj

′
)h

+ (
14

3
a+

2

3
j2 + 6l +

2

3
j
′
)h

′ − 4

3
jh

′′

ẇ = −1

4
(a+ l)

′′′ − 2[(a+ l)2]
′ − 4j

′
gh+ j(gh)

′
+ 9j(gt+ hs)− 7

4
(gh

′′
+ hg

′′
)

− 9

4
g

′
t− 15

4
gt

′
+

9

4
h

′
s+

15

4
hs

′
(4.12)
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which can be identified with the N = 2 super Boussinesq equation via the explicit map

j = αy

g = kξ, h = −kξ̄

a = −3

4
αv, l = −α2y2 +

5

4
αv + 2αu

s = −1

3
kη, t =

1

3
kη̄

w =
α

4
z − α2

2
yv (4.13)

with k2 = 2α2, no matter which root k takes.

5 The Poisson structure of Lifshitz Chern-Simons theory and the
second Hamiltonian structure of the N = 2 super Boussinesq
hierarchy

In the previous sections we have worked out a specific example of the relation between su-

persymmetric Chern-Simons Lifshitz theory and super Boussinesq hierarchy, that is, we es-

tablished the map between sl(3|2) Lifshitz Chern-Simons theory and N = 2 super Boussinesq

hierarchy such that the time evolution equations of the two theories coincide. In this section

we argue that there is a structurally deeper connection of the two theories. In the following we

will show that the Poisson structure of sl(3|2) Lifshitz Chern-Simons theory induced by gauge

transformation is identical to the second Hamiltonian structure of N = 2 super Boussinesq

hierarchy.

The time evolution of Chern-Simons is essentially a gauge transformation with gauge

transformation parameter at, that is ȧx = δatax = ∂xat + [ax, at]. Fixed in the lowest weight

gauge, the gauge transformation induces a Poisson structure of the fields in the reduced phase

space [6]. That is, the gauge transformation of a field φ with gauge parameter λ is regarded as a

Poisson bracket between the field and and the charge associated with the gauge transformation

parameter

δλφ = {Qλ, φ} (5.1)

where the charge is given by

δQλ = C

∫
dx str λδax (5.2)
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with C being an arbitrary constant. The Poisson brackets of all fields can be computed by

choosing different gauge parameters, and it’s used to calculate the boundary charge algebra

in the context of holography, see for example [22]. Now the time evolution equation of Chern-

Simons theory can be recast in a form resembling the Hamiltonian dynamics

ȧx = {Qat , ax} (5.3)

On the other hand, the time evolution of the N = 2 super Boussinesq hierarchy is generated

by its Hamiltonian structure

Ṫ = {T,H}, J̇ = {J,H} (5.4)

Since we have a map between the two theories that identifies the time evolution equation, it’s

natural to conjecture the Poisson structure of the sl(3|2) Chern-Simons theory is identical to

the second Hamiltonian structure of N = 2 super Boussinesq hierarchy via the established

map. Note we have replaced at by −2
√

3at to make the map, it’s actually

ȧx = {−2
√

3Qat , ax} (5.5)

that is identified with the N = 2 super Boussinesq equation, therefore we must have 2
√

3Qat =

H. Straightforward computation yields

2
√

3Qat = 2C

∫
dxj(l − a) + 4w + j3 − gh = 6αC

∫
dxz + 2α(yu+ ξξ̄) (5.6)

where we have used the map between two theories. On the other hand, the Hamiltonian of

the second Hamiltonian structure of N = 2 super Boussinesq hierarchy is given as

H =

∫
dxdθdθ̄(T + αJ2) =

∫
dxz + 2α(uy + ξξ̄) (5.7)

We see that 2
√

3Qat is equal to the Hamiltonian in the second Hamiltonian structure of the

N = 2 super Boussinesq hierarchy with the choice C = 1
6α

. We have computed the Poisson

structure of the sl(3|2) Chern-Simons theory with C = 1
6α

and listed in Appendix B. One can

verify it’s indeed identical to the second Hamiltonian structure of the N = 2 super Boussinesq

hierarchy given in [9].

6 Discussion

In this paper we worked out a concrete example for an extension of the relation between the

Lifshitz Chern-Simons theory and the KdV hierarchy to the supersymmetric case. It was
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shown that sl(3|2) Lifshitz Chern-Simons theory, as the supersymmetric extension of sl(3,R)

Lifshitz Chern-Simons theory, corresponds to N = 2 super Boussinesq hierarchy constructed

in [9] with the appropriate choice of parameters α = −4
c
. It was found in [9] that for c = 8

there are three values of α (including the one we choose α = −1
2
) such that the equation

obtained is an integrable system, in the sense that an infinite tower of higher order conserved

quantities exist. In addition for some of them a Lax pair formulation exists or a bi-Hamiltonian

structure exists [9, 25].

The results in the present paper leave some questions open of which we list a few here:

It is a natural question to ask if the super Boussinesq hierarchy with other values of

the parameter α also corresponds to Lifshitz Chern-Simons theory with other gauge algebra

different from sl(3|2). In fact, in almost all the cases of supersymmetric extension of KdV

hierarchies, it turns out we have to choose a discrete set of values of the parameters to make

the theory integrable [26, 27, 28]. If we can formulate all these supersymmetric extensions

of KdV by Lifshitz Chern-Simons theory with different Lie superalgebras, we may be able to

explain the choices of discrete values of parameters in the perspective of the theory of Lie

superalgebras.

It would be rewarding to generalize the concrete example to other supersymmetric in-

tegrable hierarchies and superalgebras. In our previous work on the bosonic theory a map

between Lifshitz solution of sl(N,R) Chern-Simons theory and Lifshitz scaling exponent z

to the (m,n) member of the KdV hierarchy where m = z and n = N was established by

Drinfeld-Sokolov [29] formalism. It would be very interesting to see whether such a map with

different Lifshitz scaling exponent can be constructed for the supersymmetric theory using a

supersymmetric generalization of Drinfeld-Sokolov formalism. If such a more general relation

exists, then it seems Lifshitz Chern-Simons theory provides a natural representation of the

KdV hierarchy. Since supersymmetric versions of the KdV and other integrable hierarchies

are less studied the Chern-Simons approach might be useful for a more systematic study.

Another possible direction for research lies in the the construction of black hole solutions in

supersymmetric Chern-Simons Lifshitz theories following the work on the bosonic case [13, 30]
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A A review of sl(3|2)

The bosonic part of sl(3|2) is U(1) ⊕ sl(2,R) ⊕ sl(3,R), it’s generated by spin 2 generators

Li, Ai, i = −1, 0, 1, spin 3 generators Wi, i = −2,−1, 0, 1, 2, and J the generator of u(1).

The fermionic part of sl(3|2) is generated by spin 3
2

generators Gr, Hr, r = −1
2
, 1

2
and spin

5
2

generators Sr, Tr, r = −3
2
,−1

2
, 1

2
, 3

2
. Li generate the sl(2,R) subalgebra and the L0 is the

Cartan generator. The non-zero commutation relations are

[Li, Lj] = (i− j)Li+j [Ai, Aj] = (i− j)Li+j [Li, Aj] = (i− j)Ai+j
[Li,Wj] = (2i− j)Wi+j [Ai,Wj] = (2i− j)Wi+j

[Wi,Wj] =
1

6
(j − i)(2i2 + 2j2 − ij − 8)(Li+j + Ai+j)

[Li, Gr] = (
i

2
− r)Gi+r [Li, Hr] = (

i

2
− r)Hi+r

[Li, Sr] = (
3i

2
− r)Si+r [Li, Tr] = (

3i

2
− r)Ti+r

[Ai, Gr] =
4

3
Si+r +

5

3
(
i

2
− r)Gi+r [Ai, Hr] = −4

3
Ti+r +

5

3
(
i

2
− r)Hi+r

[Ai, Sr] =
1

3
(
3i

2
− r)Si+r −

1

3
(3i2 − 2ir + r2 − 9

4
)Gi+r

[Ai, Tr] =
1

3
(
3i

2
− r)Ti+r +

1

3
(3i2 − 2ir + r2 − 9

4
)Hi+r

[Wi, Gr] = −4

3
(
i

2
− 2r)Si+r [Wi, Hr] = −4

3
(
i

2
− 2r)Ti+r

[Wi, Sr] = −1

3
(2r2 − 2ir + i2 − 5

2
)Si+r −

1

6
(4r3 − 3ir2 + 2i2r − i3 − 9r − 19

4
i)Gi+r

[Wi, Tr] = −1

3
(2r2 − 2ir + i2 − 5

2
)Ti+r −

1

6
(4r3 − 3ir2 + 2i2r − i3 − 9r − 19

4
i)Hi+r

[J,Gr] = Gr [J,Hr] = −Hr [J, Sr] = Sr [J, Tr] = −Tr
{Gr, Hs} = 2Lr+s + (r − s)J

{Sr, Ts} = −3

4
(r − s)Wr+s +

1

8
(3s2 − 4rs+ 3r2 − 9

2
)(Lr+s − 3Ar+s)−

1

4
(r − s)(r2 + s2 − 5

2
)J

{Gr, Ts} = −3

2
Wr+s +

3

4
(3r − s)Ar+s −

5

4
(3r − s)Lr+s

{Hr, Ss} = −3

2
Wr+s −

3

4
(3r − s)Ar+s +

5

4
(3r − s)Lr+s (A.1)
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The subindex is the weight of the element, it’s the eigenvalue of the commutator with L0, and

can be raised (lowered) by L1 (L−1). A weight-flipping automorphism exists

J → −J
L0 → −L0, L1 → L−1, L−1 → L1

A0 → −A0, A1 → A−1, A−1 → A1

W2 → −W−2, W1 → W−1, W0 → −W0, W−1 → W1, W−2 → −W2

G 1
2
→ H− 1

2
, G− 1

2
→ −H 1

2

H 1
2
→ −G− 1

2
, H− 1

2
→ G 1

2

S 3
2
→ −T− 3

2
, S 1

2
→ T− 1

2
, S− 1

2
→ −T 3

2
, S− 3

2
→ T 3

2

T 3
2
→ S− 3

2
, T 1

2
→ −S− 1

2
, T− 1

2
→ S 1

2
, T− 3

2
→ −S 3

2
(A.2)

The defining representation by super matrix is given by the following expressions

J =


2 0 0 0 0
0 2 0 0 0
0 0 2 0 0
0 0 0 3 0
0 0 0 0 3



L0 =


1 0 0 0 0
0 0 0 0 0
0 0 −1 0 0
0 0 0 1

2
0

0 0 0 0 −1
2

 , L1 =


0 0 0 0 0√
2 0 0 0 0

0
√

2 0 0 0
0 0 0 0 0
0 0 0 1 0

 , L−1 =


0 −

√
2 0 0 0

0 0 −
√

2 0 0
0 0 0 0 0
0 0 0 0 −1
0 0 0 0 0



A0 =


1 0 0 0 0
0 0 0 0 0
0 0 −1 0 0
0 0 0 −1

2
0

0 0 0 0 1
2

 , A1 =


0 0 0 0 0√
2 0 0 0 0

0
√

2 0 0 0
0 0 0 0 0
0 0 0 −1 0

 , A−1 =


0 −

√
2 0 0 0

0 0 −
√

2 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0



W2 =


0 0 0 0 0
0 0 0 0 0
4 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,W−2 =


0 0 4 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
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W1 =


0 0 0 0 0√
2 0 0 0 0

0 −
√

2 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,W−1 =


0 −

√
2 0 0 0

0 0
√

2 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,W0 =


2
3

0 0 0 0
0 −4

3
0 0 0

0 0 2
3

0 0
0 0 0 0 0
0 0 0 0 0



G 1
2

=


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
2 0 0 0 0

0
√

2 0 0 0

 , G− 1
2

=


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

0 −
√

2 0 0 0
0 0 −2 0 0



H 1
2

=


0 0 0 0 0

0 0 0
√

2 0
0 0 0 0 2
0 0 0 0 0
0 0 0 0 0

 , H− 1
2

=


0 0 0 2 0

0 0 0 0
√

2
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0



S 3
2

=


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
−3 0 0 0 0

 , S− 3
2

=


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 −3 0 0
0 0 0 0 0



S 1
2

=


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
−1 0 0 0 0

0
√

2 0 0 0

 , S− 1
2

=


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

0
√

2 0 0 0
0 0 −1 0 0



T 3
2

=


0 0 0 0 0
0 0 0 0 0
0 0 0 −3 0
0 0 0 0 0
0 0 0 0 0

 , T− 3
2

=


0 0 0 0 3
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0



T 1
2

=


0 0 0 0 0

0 0 0 −
√

2 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

 , T− 1
2

=


0 0 0 −1 0

0 0 0 0
√

2
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 (A.3)

They are all super-traceless, and closed under multiplication with the identity super matrix

added. In addition, the weight is additive under super matrix multiplication if we count

the weight of the identity super matrix as zero. In this super matrix representation, the
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weight-flipping automorphism is simply given by taking the negative of the transposition of

the bosonic elements and the transposition of the fermionic elements.

B Poisson structure of sl(3|2) Chern-Simons theory

As an example, we show how to calculate the Poisson bracket {h(x′), g(x)}. Clearly we need

to find a gauge transformation parameter λ which is associated with the charge Qλ that takes

the form of an integral of the product of h and an arbitrary fermionic function. str(G 1
2
H− 1

2
)

is nonzero so we want λ to start with γG 1
2
, where γ is an arbitrary fermionic function. The

other non-highest weight terms in λ are determined by requiring the gauge transformation

preserves the lowest weight gauge of ax and we find

λ = γG 1
2
− (γ

′
+ γj)G− 1

2
− 9

4
γaS− 3

2
+ γhL−1 −

3

8
γtW−2 (B.4)

The associated charge is calculated as

δQλ =
1

6α

∫
dx str (λδax) = − 1

α

∫
dxγδ

Qλ = − 1

α

∫
dxγh (B.5)

The gauge transformation on g is calculated to be

δλg(x) = −γ(x)(
5

3
a(x) + j(x)2 + l(x) + j

′
(x))− 2γ

′
(x)j(x)− γ′′

(x)

= {Qλ, g(x)} = − 1

α

∫
dx′γ(x′){h(x′), g(x)} (B.6)

Therefore

{h(x′), g(x)} = α(
5

3
a(x) + j(x)2 + l(x) + j

′
(x))δ(x′ − x)− 2αj(x)δ

′
(x′ − x) + αδ

′′
(x′ − x)

(B.7)
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We list the Poisson brackets of all the fields here

{j, j} = αδ
′

{j, g} = αgδ

{j, h} = −αhδ
{j, s} = αsδ

{j, t} = −αtδ

{h, g} = α(
5

3
a+ j2 + l + j

′
)δ − 2αjδ

′
+ αδ

′′

{h, s} =
4

9
α(−6w + a

′
+ 4aj)δ − 16

9
αaδ

′

{h, a} =
9

4
αtδ

{h, l} = −α(2jh+ h
′
+

15

4
t)δ + 3αhδ

′

{h,w} = α(
2

3
ah+

3

2
jt+

3

8
t
′
)δ +

15

8
αtδ

′

{g, t} = −4

9
α(6w + a

′ − 4aj)δ +
16

9
αaδ

′

{g, a} = −9

4
αsδ

{g, l} = −α(−2jg + g
′ − 15

4
t)δ + 3αgδ

′

{g, w} = −α(
2

3
ag +

3

2
js− 3

8
s
′
)δ − 15

8
αsδ

′

1

6α
{5a+ 3l + 3j2, g} = −g′

δ +
3

2
gδ

′

1

6α
{5a+ 3l + 3j2, h} = −h′

δ +
3

2
hδ

′

1

6α
{5a+ 3l + 3j2, a} = −a′

δ + 2aδ
′

1

6α
{5a+ 3l + 3j2, l} = −l′δ + 2lδ

′
+

1

2
δ
′′′

1

6α
{5a+ 3l + 3j2, s} = −s′δ +

5

2
sδ

′

1

6α
{5a+ 3l + 3j2, t} = −t′δ +

5

2
tδ

′

1

6α
{5a+ 3l + 3j2, w} = −w′

δ + 3wδ
′
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{a, a} = −3

8
α(5a

′ − 3l
′
)δ +

3

8
α(10a− 6l)δ

′ − 9

16
αδ

′′′

{a, s} = −α
4

(g(−9a+ 9l + j2 + j
′
) + 6js+ 2jg

′
+ 6s

′
+ g

′′
)δ +

α

4
(4jg + 15s+ 4g

′
)δ

′ − 3α

2
gδ

′′

{a, t} = −α
4

(h(9a− 9l − j2 + j
′
)− 6jt+ 2jh

′
+ 6t

′ − h′′
)δ +

α

4
(4jh+ 15t− 4h

′
)δ

′
+

3α

2
hδ

′′

{a, w} = −3α

16
(−15(gt+ hs) + 5(gh)

′
+ 4w

′
)δ +

3α

16
(15gh+ 12w)δ

′

{t, t} =
2α

3
(10ht+

4

3
hh

′
)δ

{s, s} = −2α

3
(10gs− 4

3
gg

′
)δ

{t, s} = −2α

3
(−5

2
a2 +

5

9
aj2 +

1

6
j4 + al +

5

3
j2l +

3

2
l2 +

8

3
jgh+ 4gt+ 3gh

′ − 4hs− 4

3
hg

′ − 8

3
jw +

5

9
(ja)

′

+
5

3
(jl)

′
+ j2j

′
+

1

2
(j

′
)2 − 4

3
w

′
+

1

6
a

′′
+

2

3
jj

′′
+

1

2
l
′′

+
1

6
j
′′′

)δ

+
2α

3
(
10

9
aj +

2

3
j3 +

10

3
jl +

13

3
gh)− 8

3
w +

5

9
a+ 2jj

′
+

5

3
l
′
+

2

3
j
′′
)δ

′

− 2α

3
(
5

9
a+ j2 +

5

3
l + j

′
)δ

′′
+

4α

9
δ
′′′ − α

9
δ(4)

{t, w} = −2α

3
(
13

12
ajh+

1

4
j3h+

9

4
jlh− 33

8
at− 3

8
j2t− 15

8
lt− 5wh+

13

16
a

′
h+

13

16
ah

′
+

3

16
j2h

′
+

19

16
lh

′

+
9

8
jj

′
h− 3

4
j
′
t+

7

16
j
′
h

′
+

27

16
l
′
h− 3

8
jt

′
+

1

8
jh

′′
+

9

16
j
′′
h− 3

16
t
′′

+
1

16
h

′′′
)δ

+
2α

3
(
91

48
ah+

15

16
j2h+

55

16
lh− 9

8
jt+

5

8
jh

′
+

25

16
j
′
h− 3

4
t
′
+

5

16
h

′′
)δ

′

− 2α

3
(
5

4
jh− 15

16
t+

5

8
h

′
)δ

′′
+

5

12
αhδ

′′′

{s, w} = −2α

3
(−13

12
ajg − 1

4
j3g − 9

4
jlg +

33

8
as+

3

8
j2s+

15

8
ls+ 5wg +

13

16
a

′
g +

13

16
ag

′
+

3

16
j2g

′
+

19

16
lg

′

+
9

8
jj

′
g − 3

4
j
′
s− 7

16
j
′
g

′
+

27

16
l
′
g − 3

8
js

′ − 1

8
jg

′′ − 9

16
j
′′
g +

3

16
s
′′

+
1

16
g

′′′
)δ

+
2α

3
(
91

48
ag +

15

16
j2g +

55

16
lg − 9

8
js− 5

8
jg

′ − 25

16
j
′
g +

3

4
s
′
+

5

16
g

′′
)δ

′

− 2α

3
(−5

4
jg +

15

16
s+

5

8
g

′
)δ

′′
+

5

12
αgδ

′′′

{w,w} =
α

32
(33(gt)

′ − 33(hs)
′ − 28(jgh)

′
+ 14(gh

′′ − g′′
h) + 16((a+ l)2)

′
+ 2(a+ l)

′′′
)δ

− α

32
(32(a+ l)2 − 56jgh+ 66(gt− hs) + 28gh

′ − 28g
′
h+ 9(a+ l)

′′
)δ

′

+
15α

32
(a+ l)

′
δ
′′ − 5α

16
(a+ l)δ

′′′ − α

64
δ(5) (B.8)
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where the first field in the bracket is at x′ and the second is at x, all the fields on the right

hand side are at x, and δ is short for δ(x′ − x). Brackets of fields not listed above are either

zero or can be inferred from the brackets listed by simple principle, for example, antisymmetry

of Poisson brackets.

19



References

[1] M. P. Blencowe, “A Consistent Interacting Massless Higher Spin Field Theory in D =

(2+1),” Class. Quant. Grav. 6 (1989) 443. doi:10.1088/0264-9381/6/4/005

[2] E. Bergshoeff, M. P. Blencowe and K. S. Stelle, “Area Preserving Diffeomorphisms and

Higher Spin Algebra,” Commun. Math. Phys. 128 (1990) 213. doi:10.1007/BF02108779

[3] M. A. Vasiliev, “Higher spin symmetries, star product and relativistic equations in AdS

space,” hep-th/0002183.

[4] M. A. Vasiliev, “Higher spin gauge theories: Star product and AdS space,” In *Shifman,

M.A. (ed.): The many faces of the superworld* 533-610 [hep-th/9910096].

[5] M. Henneaux and S. J. Rey, “Nonlinear Winfinity as Asymptotic Symmetry of

Three-Dimensional Higher Spin Anti-de Sitter Gravity,” JHEP 1012 (2010) 007

doi:10.1007/JHEP12(2010)007 [arXiv:1008.4579 [hep-th]].

[6] A. Campoleoni, S. Fredenhagen, S. Pfenninger and S. Theisen, “Asymptotic symme-

tries of three-dimensional gravity coupled to higher-spin fields,” JHEP 1011 (2010) 007

doi:10.1007/JHEP11(2010)007 [arXiv:1008.4744 [hep-th]].

[7] M. R. Gaberdiel and R. Gopakumar, “An AdS3 Dual for Minimal Model CFTs,” Phys.

Rev. D 83 (2011) 066007 doi:10.1103/PhysRevD.83.066007 [arXiv:1011.2986 [hep-th]].

[8] M. R. Gaberdiel and R. Gopakumar, “Minimal Model Holography,” J. Phys. A 46 (2013)

214002 doi:10.1088/1751-8113/46/21/214002 [arXiv:1207.6697 [hep-th]].

[9] S. Bellucci, E. Ivanov, S. Krivonos and A. Pichugin, “N=2 superBoussinesq hierar-

chy: Lax pairs and conservation laws,” Phys. Lett. B 312 (1993) 463 doi:10.1016/0370-

2693(93)90983-O [hep-th/9305078].

[10] M. Gary, D. Grumiller and R. Rashkov, “Towards non-AdS holography in 3-

dimensional higher spin gravity,” JHEP 1203 (2012) 022 doi:10.1007/JHEP03(2012)022

[arXiv:1201.0013 [hep-th]].

[11] H. Afshar, M. Gary, D. Grumiller, R. Rashkov and M. Riegler, “Non-AdS holography in

3-dimensional higher spin gravity - General recipe and example,” JHEP 1211 (2012) 099

doi:10.1007/JHEP11(2012)099 [arXiv:1209.2860 [hep-th]].

20



[12] H. A. Gonzalez, J. Matulich, M. Pino and R. Troncoso, “Asymptotically flat

spacetimes in three-dimensional higher spin gravity,” JHEP 1309 (2013) 016

doi:10.1007/JHEP09(2013)016 [arXiv:1307.5651 [hep-th]].

[13] M. Gutperle, E. Hijano and J. Samani, “Lifshitz black holes in higher spin gravity,” JHEP

1404 (2014) 020 doi:10.1007/JHEP04(2014)020 [arXiv:1310.0837 [hep-th]].

[14] M. Gutperle and Y. Li, “Higher Spin Lifshitz Theory and Integrable Systems,” Phys. Rev.

D 91 (2015) no.4, 046012 doi:10.1103/PhysRevD.91.046012 [arXiv:1412.7085 [hep-th]].

[15] M. Beccaria, M. Gutperle, Y. Li and G. Macorini, “Higher spin Lifshitz theo-

ries and the Korteweg-de Vries hierarchy,” Phys. Rev. D 92 (2015) no.8, 085005

doi:10.1103/PhysRevD.92.085005 [arXiv:1504.06555 [hep-th]].

[16] C. Candu and M. R. Gaberdiel, “Supersymmetric holography on AdS3,” JHEP 1309

(2013) 071 doi:10.1007/JHEP09(2013)071 [arXiv:1203.1939 [hep-th]].

[17] M. Henneaux, G. Lucena Gmez, J. Park and S. J. Rey, “Super- W(infinity)

Asymptotic Symmetry of Higher-Spin AdS3 Supergravity,” JHEP 1206 (2012) 037

doi:10.1007/JHEP06(2012)037 [arXiv:1203.5152 [hep-th]].

[18] H. S. Tan, “Exploring Three-dimensional Higher-Spin Supergravity based on sl(N —N

- 1) Chern-Simons theories,” JHEP 1211 (2012) 063 doi:10.1007/JHEP11(2012)063

[arXiv:1208.2277 [hep-th]].

[19] I. M. Gelfand, L. A. Dickey, “Fractional Powers of Operators and Hamiltonian Systems”

Funct. Anal. Appl. 10 (1976) 259

[20] L. A. Dickey, “Lectures on Classical W-Algebras” Acta. Applicandae. Mathematicae 47

(1997) 243

[21] C. Battle, “Lecture notes on KdV hierarchies and pseudodifferential operators”

http://www-ma4.upc.edu/carles/fitxers/kdv.pdf

[22] C. Peng, “Dualities from higher-spin supPeng:2012aeergravity,” JHEP 1303 (2013) 054

doi:10.1007/JHEP03(2013)054 [arXiv:1211.6748 [hep-th]].

[23] B. Chen, J. Long and Y. N. Wang, “Conical Defects, Black Holes and Higher Spin (Super-

)Symmetry,” JHEP 1306 (2013) 025 doi:10.1007/JHEP06(2013)025 [arXiv:1303.0109

[hep-th]].

21



[24] E. Ivanov and S. Krivonos, “Superfield realizations of N=2 superW(3),” Phys. Lett. B

291 (1992) 63 Erratum: [Phys. Lett. B 301 (1993) 454] doi:10.1016/0370-2693(92)90119-

O [hep-th/9204023].

[25] F. Delduc and L. Gallot, “N=2 KP and KdV hierarchies in extended superspace,” Com-

mun. Math. Phys. 190 (1997) 395 doi:10.1007/s002200050246 [solv-int/9609008].

[26] P. Labelle and P. Mathieu, “A New N=2 supersymmetric Korteweg-De Vries equation,”

J. Math. Phys. 32 (1991) 923. doi:10.1063/1.529351

[27] F. Delduc and E.Ivanov, ”N=4 super KdV equation” Phys. Lett. B 309 (1993) 312

[28] F. Delduc, E. Ivanov and S. Krivonos, “N=4 superKdV hierarchy in N=4 and N=2

superspaces,” J. Math. Phys. 37 (1996) 1356 Erratum: [J. Math. Phys. 38 (1997) 1224]

doi:10.1063/1.531796 [hep-th/9510033].

[29] V. G. Drinfeld and V. V. Sokolov, “Lie algebras and equations of Korteweg-de Vries

type,” J. Sov. Math. 30 (1984) 1975. doi:10.1007/BF02105860

[30] A. Perez, D. Tempo and R. Troncoso, “Higher Spin Black Holes,” Lect. Notes Phys. 892

(2015) 265 [arXiv:1402.1465 [hep-th]].

22


	1 Introduction
	2 KdV hierarchy and the Higher-Spin Chern Simons theory
	3 N=2 Super Boussinesq hierarchy
	4 sl(3|2) Lifshitz Chern-Simons theory and the map to N=2 super Boussinesq hierarchy
	5 The Poisson structure of Lifshitz Chern-Simons theory and the second Hamiltonian structure of the N=2 super Boussinesq hierarchy
	6 Discussion
	A A review of sl(3|2) 
	B Poisson structure of sl(3|2) Chern-Simons theory



