Lawrence Berkeley National Laboratory
Recent Work

Title
THE SPACE OF CUBIC SPLIMES WITH SPECIFIED KNOTS

Permalink
https://escholarship.org/uc/item/2s51r8g4

Author
Young, Jonathan D.

Publication Date
1970-10-01

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/2s51r8gz
https://escholarship.org
http://www.cdlib.org/

Y

Submitted to the Logistics Review UCRL-20137
Preprint -
- | P c.

LD 2800y anD
AOCUw N & LA O

THE SPACE OF CUBIC SPLINES WITH
SPECIFIED KNOTS
Jonathan D. Young

October 1970

AEC Contract No. W-7405-eng-48

~ A

TWO-WEEK LOAN COPY

This is a Library Circulating Copy
which may be borrowed for two weeks.
For a personal retention copy, call

Tech. Info. Division, Ext. 5545
- _J

c

QO

kg

=

]

. . (g
COATVTI DRI sl el T AROCRATO S
. ad )._»."v"'v/ ..‘\:t-:“JJ.- \\\ \\Aljl . \.[ A ;.J/ / s ae e N 14 at...~d\j a-RiZ_\&- i U‘R V -
> 9

IR AN TT

™ 0:?’“'1?\'?\ _‘_‘ ""'“ﬁ/ T!‘ - ]
NIV ARSITTY of CALIFORXRINIA BERXKELEY N

-)A/‘
g



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California. ‘
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 aBgTRACT
AFor:aIgivén closed finite interval,vwhich has been partitioned
into a finite ﬁumbef'bf é&bihtervﬁls; Qeiconsidef éli’cubic sﬁlinesl‘
whi§h héveij.kﬁdts é£ithe éndpoints and‘ét ééch partitiqn poiﬁt.
A finiﬁe.bésic.subsef may Bé'reédily choéen such that any Spiine in
the parent‘set cén be expreséed as a unique lineér combination of the
basic sﬁlines.-
Any function defined on the_interval_wﬁose values at the knots
and whose first dérivafiyes at the endpoints aré known can be'appro-
ximated 5y a:uniéue'cubic spline,_henCe as a linear combination of .
basic spiineé. | ‘
| Where'é relétively large nﬁmber pf functions are to be approximated,

it becomes practical to fifstrcompute the basic splines and then deter-

mine the required linear combination to approximate each of the functions.
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' INTRODUCTION
For a given interval,[a,b]with partitioning: A '
a = x-l<x2< -—-- xn-f b, - _ | v er’

a cubic spline, s (x), defined dn[a,b]with knots at the X, has the
"~ following i)roperties: | |

(I) The function, s, is a polynomial of degree three (or less) in x
on each subinterval, | | |

fxiv, xi+l]; i=1,n1 |

(II) The function s.vhasv a continuous second derivative on the whole
interval[a,b]. . 1 | |

Obvious exampleé éf cubic splines'.a’re:

s = constant (including zero)

. s =X
sv'=x2 |
s = x3 |

and any linear combinativon of the aboyé. However these spli_nes do vmore
tha.ﬁ meet the 'requirements (I), (II), they have constéﬁt (hencé continﬁous)
third derivatives over the whole interval. Ir; general, cubic splines with
knots at X, may have finite discontinuities in the third derivative at

interior knots. As an example consider:

-,

g8 =0 X=X,

73

1]

s (};-);2)3 X=X .

2
Any function f (x) defined on [a,b]for which values at the x; are known

and values of its first derivative at a and b are known can be readily approxi-

mated by a unique cubic spline with knots at the X5 . The cubi.c spline fit can be

1

computed directly for the function™ Or Wwhere several functions are to be fitted
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-a_basic set of splines cén be determined and the fitting splines be com-

puted for each function as.a unique linear combination of the'basisa

Direct Cubic Spline Fit. Suppose we are givén a set of points,

;if,ﬁfis; i=1,n

with the assumption that there is a function , f(k), defined on Xg %Xy

such that

f,(*i) =f; 5 i=1, n

with specified terminal derivatiﬁes

I

xff (xl) =

and

I .
w .

(x,) =
The cubic spllne s. whlch approx1mates f on [a b] must be an exact

fit of the above data, i.e.

s, = fi‘ ;01 =1, n
1o pt
170
‘S' et
n n

¥ 1  There is a unique s whiich fits f.
~ Proof:
(a) Existence

S From properties (I) and (II) we have ’ »
s! . +he! v+ = 3| —— )(s A1 ') + (xi+1 - xi)(si '-Siiﬁ]
- i | RV K _ ; v

fori=2,n-1

In terms of the fitting requirements

X3 "‘Xe . X2 'Xl

s} *83=3 [(x2 - xl>( <,3 ‘x2_< 2 - fl) ]
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1 1
Si‘-lv+ LI-Si + s X.~- X,

1
i+l 1417 % A A R §

- [(xl' ;‘i;l)(fi+1' ) %(Xi+l' 'xi>(fi‘ fi-l>]

s ! + )4'5 1 = 3 [(xn-l- xn-e)én- fn-l)‘.’. (xn- Xn-l)(j:n'l— fn-g)-l._ bf'
n-2 n-1 ’ e .t Xn-1" Xp.o n

The above linear system of'n?2 equations is tridiagonal with diagonal
dominance, hence has a unique solution fbr si ;5 1 =2, n-1.
(b) Uniqueness
On any subinterval [xi’xi+l] 3 1= ;, n-1

the values of'si and 8 are determined by

+1
8y =f; and sy =i,
and the values of si and Si+l are uniquely determined by the linear

system above. These values uniquely determine a cubic segment on [Xi xi+3].
. . 4 -

Consequently s 1is uniquély determined for the whole interval [a,b].

The Cubic.Spline Space. Let S be the set of all cubic splines with:
knots at X, ;5 1 =1, n. We have_already shown the S 1is not empty.
In fact it contains as a subsét the linear space of all polynomials of

degree three or less? . With the obvious definitions of addition

[

u=s+t u(x) = s(x) + t(x) s,t ¢ S
and scalar multiplication

a s(x), seS

1

v = as v(x)
it may be readily shown that.S is itself a linear space.
Since S contains a linear space of dimeﬁsion Lo, its dimension
must be greater than or equal 4. Further since any s in S is completely -
determined by its n-1 cubic éegments, the dimension of S is less:than or

equal U(n-1). DNote that for n=2, the dimension of S is necessarly k4.
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The dimehsion éf S'is.?eédiiy estabiiéhéd by thé'folloﬁing theorem:
ThQ-E.v Any spliné.s”in S 1is uniquely,defermihed by‘tﬁe value of-
s at the x; and s'. at x; and xp. o
Proof: (Indirect) |
Suppose £heré are two.such splines, s ghd‘s* éatisfying the specified
values. Then,both s and s* are spliné épproximations of s andiby Th¥® 1
s= s¥, | | . .
.Sinée n+2 valueé are necéssary and sufficient to determiﬁe any é in S,
the dimension of S must be n42. | |
We now construct a tpnvgﬁient basis 3tj$ 3 j = l,'n+2 for S. - lLet tj

be cubic spline§ in S such that

tj (xl) =0 t3 (xn) =0 t,(x)=25 for j=1,n; i = 1, n

J i iJ
G ) = ' = - -
tn+l (x ) =1 tn+l(xn) n+l(x )=0 for i =1, n
1 - o I - .. . L4 =
B RPN (xl) =0 tn+2(xn)'— l» v n+2(x )=0 for i ,l’ n.

It is obvious that no one of the tj is a linear combination of the others

~and, further, that fof any s in S specified in accordance with Th? 2 we have

s(x) = Cs(xg) t (x) +8'(xg) tpa(x) + sf(xn) tﬁ*e(x)
&

Practical Applications For any function f defined on [a,b] with terminal
first derivatives and function valQes at the xi~known, the basic splines, .
t, , may be generated ( this consists of computing t' (xi) for i = 2,n-1)

J 7 Ty
then the fitting spline s for»f is determined by

s'(x;) = Jz f(x Yot (xi) + £ (x )t ! (x ) + £ (x )t o(xs )
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for i = 2, n-1  together with

s'(x ) =°f'"(x) , s‘(x ) = £'(x ) _ ' : Q&
1 I n n :
and s(xi) = f(xi) ;1 =1, n.

Obviously this method is not practical fof fitting dﬁe function, £ , or
even for fitting n+2 such functionsksince thé genératioﬁ ofuthe bésic
splines wbuld requife as much computation as the direct computation of
the fitting splines and the final vector multiplication would be required.
If we assume,(perhaps_conservatively) that each matrix inversion requires
approximately n times as much computation as the vector multiplication,
then the basic éomputation is worthwhile when
| m>(n+2n) / (n-1)

where m is the number of functions to Be fitted..

Methods for obtaining numericél solutions to secbnd—order diffefential
equations in the spline space as linear combinations of basic splines will

be discussed in subsequent articles.
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fringe privately owned rights; or
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resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission”
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vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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