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ON THE PROOF OF THE LINKED-CLUSTER EXPANSION
IN QUANTUM STATISTICAL MECHARICS
éavia J. Thouless

The expansion of the grand partition function for a system of
interacting fermions obtained by Glassgold, Heckrotte, and Watsonl can

1 Glasegold, Heckrotte, and Watson, Phys. Rev., to be published.

be expressed as & sum over graphs which have the following structure and
properties: |

.(a) All lines are continucus end go from right to left of the graph.
Therefore the mumber of lines érosaing & vertical section. of the graph
is constent. B

(v) mﬁmﬂiom are denoted by dots on the lines. Por a two-body
interaction, a dot will occur at the intersection of two lines.

_(%c) Bach line is labelled as & single-particle eigenstate of the
unperturbed Hamiltonian; the label can only change at an interaction
point. |

(a) Theemmlimesonthe'wtofmmphmthQsmeasthe,
external lines on the left. We will refer to the external lines on the
right and left as the initisl and final states, and to the lines crossing
a vertical section between two interactions as &n intermediate state.
The mmber of intermediate states is then one less than the mumber of
interactions in & greph.

(e) No two lines are the same in any intermediate state, nor in the
initial or ﬂnai states: all states satisfy the exelusion principle.

(f) BEach line must have at least one interaction along its length.
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Heve Hy zsmmmmmm,@mwmmwmsm
Mcuwrms 0# - ‘ o | '
o MGwmwﬂmmmwt&onmm1mwiubamfemu .
8 Metbod T, Xt mist be notioed that, Af the sane line oocurs tvive 83
an intermediste stets, Lke s, 1n Pig, L(s), tue factor 1. fh_on'l-y |
occurs onca. Similarly, ifaliaemwe both as an initiel awbeaw
mmmmdmum,m kh MMa 1(b),wamw.yamamm:-
f&. Bothchawmhsmmgm%hawﬁm&em&mm )
and m:-mmmm, eo w eaah g&m “ contribution Wioml
wmmwwmm. Mwﬂmmmﬁmmasafsmmmz,

2 %, M augemsm, vmzm a, A (:957).

It

thammmtmeta@a}mu pm&mmltcthemime raieudtaa
power egual %o thie mumber of mum clusters lasa ﬁm ‘aunbey of
ad&itimlmwm mﬁmmmmmmﬁﬁm,
ke Fig. 1(b), mmm to the same ordér as mphs vith one clueter
wnd no constraint, 1ike ﬂga 1{a). The gm partition funetion eanmt
yot be expressed ag en mmﬂai of contributions fyrom linked clusters,
. vecause & graph 1ike Pig, l(b)’ﬁg_iv,ea & contribution which is ot simply
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the product of factors from it tvo lsked clusters, Piretly, there is no
foctor 1~f§h mmmmwmmwmte k, , &od, secondly, the
points & end b mwmtmzmwﬂém ¢ wi 4 by the
wlnawnws.neiple.
mwmmm,wmwmmmttm;awmumm
t0 8 slightly mmm miﬁn, wideh 1& essmmuy the m:::ume transform
of the expansion amm ortgisally by Matsubare® and eMied 14 more

aetail by Mﬂah and by Bléch m& De mateta,s -This expansmn, m&

et i P

3 2, Mateubare, Progr, Mmt mm  Supan m, 51 (mﬁ).
 p. 1. Thouless, Phys, Rev, -}_01, 16e (1957). |
% ¢ Bloeh and C. mmmmg mmm z usg (1958)_. |

weean mtho& n,mmmw *tshat s.tmbeda.rectiy emaae&as
anexpmmm. | ‘ ‘
wemmmwmmﬂmmwmsanMImw
amma by sunming over Wﬂm wrmt structures and propexrtiean,
awnhélw; A
‘.(a') muneemmmm,mmmmmwmr:wmm
to right, emmmmaﬁmmmmtmmlm;w
ea:t). them partmm lines end hole lines mspaenwly. Mre ave no externsl
nm,mmlmeammﬂmua, mmtmmwefmumume
in 8o internediate state 1s equal ¢o the mmber of hole lses.
(a4) mw>m,mnm,mmmt&glwm13ms The energy of an
intermedlate swte is the &wr@ 61" its parhiam iess 'bhe energy of its
 holes, Mammwmmwmmsmmrgymmr.
(e*) Ahnlearpuﬁ&c}slmmmwmmrofmmm



o

M&a&nmsﬁtﬁo ore 48 no exclusion p ple o
(e aiimm‘dmnapoiat%$m1£,inmmnmtamam
'nm xtmwmmumwmwmmmmmmm,
mmwib)mﬁ(ﬁmmmm; Mearm
m&wwmmmxalmﬂafmmm,%mmta
factor e3 mre&ahezﬂudlmpoffmimm:tumm Mﬂm,
elemtam&w__iwsmmmmmmu they 414 tn
-m:,mmwmmnmwmmmumam
2y mmmaam, MQW 1otk mrmmmnmm
mm,mmwammmmmmmw ¥For
'mlaﬁ, emasamv {1+ t%)a mmmwuwmmgs 2(&),
end & Pactor f, (1 r ) mmh:j‘fimmnmm. 2(b). The ’
'wmﬁmmﬁmusﬁmmmwmmwmm, mm
or otherwise, - ' - - |
_ mtamwmmwmmwwwmmmm,'
mmwmmmmmmmmmam@ammm
| the tvo methods. mmnmmwwnmemmzmm
initis) states in Method I, ead the- m factors ere the sume
except tor @ facter o1 mmmm, e fastars +1 for each
hols and- »1 mm«hmmmmmawm; tor (+1)® an
mmx,m » mmm/&pemmmmmmwmmm |
mmﬁmmmwmmwmmmmm
'meheaehemummg G 5 T
Y t@x« of; m M*xa«sa; S |

i if*r*@&mrﬁ ma:a oF e
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wemmmmmmmmm, referring to the
state k wminwmﬂphmsmmmmph Using Method II,
ve consider & particular graph. mwmmmmww&m
mmmm E mm,mchmmmmm,mﬁew
mmmmmmmmmm & Mvm,whi@wmzwtmts.v
In each part of Pig. 2, the ‘ppinfsa._ 6 and. @ m m@ points for the
Mne s, or Kk, and the poiste b amd ¢ are entry yojats for that
line. I¢ may happen that an eXit point end en autry joint cotncide, in
mmwﬁi&p&m%mﬁww&nﬁal&%%ﬁnr&@t&n%rw
keep the mtmmga,wwmwmmyaiwmw;mm

mwemmumwmmsmmmemm
ofmmmmmﬁmmmmmmmwmmwmvuax |
the n mmmmm a eﬁ%wm_mvmwm p lines k.
The n! ways of joining those poluts by 8 line ¥ 4iffer merely by the
Wofmmwmwmmrwmu *S‘ - and lutfk
vhich ooours mmsa(a)ema(b), or Pigs, e{e)mata),.-
Pigs, 2(e) and 2(£), are grephs mah aierer omwmﬁh entry poist
is ‘mmcmmmwmzmmg_wa mm thase nlﬁ;ﬁfmntmpha
from the initial one by making emmmw permitations suctessively,
'Anemmmmwmmwmmwmsmmmm x,
mm&nﬁs a o ¢ mtm»«:ima 4 to b, and then
mimthmmwmmts a to b end 4 to ¢ ; we denote this
xvemtatmw (eb) or (aa). Bach elemsntary permitation changes
mmmaremmhy 21 . Mupemmuﬁonistmmthw& |
earries Fig. 2(a) into Fig. 2(b), usd 1% ean bo seen that Fig. 2(a)
nas three ¢losed loops, while Fig. 2(b) bas four. |




mw&:%mh&mm an Wmm,m
mtmmwmm memmmwmérewaxzt
potats ¢ mM b em, ,;,‘;_"‘ "1.<:':3,mwmmmg 2(e)s Then v
eun make the amnm per _"',:'ba (eb) y ‘whioh wil) not alter the
_ ddrectior afmum; m”mumm mnmwm ‘greph
vy_wsm ax mwmmmmmwemwﬂ.
i te m permtation which o irse m. eée) into Pige (1), and 1t
"aan by’ seon 4hat the souteibutions fren thass grahs difrer merely by & 2
m ...,1. mwmmmﬁwmwmwwmmw,
_' mmwmmwmm al arrengements is sero. Mis
15 1o sgroeua: j{ﬁ%mmﬂuwwm axmm mmmm
mmﬁmmammmw M%wmteemm
'vmmuwmwyam,mmwmunmmmmm
if they ave exit potmts, | o | ‘
' mmwmmmmmmmmwmwmms;

'mmmmma u mumum mtmmmmmm
‘ane gorvespo: 'mphxa;;"lf.ft.' xmmmemmmwmm
, ummm* xrmmmmpummmmmmm,

esponing mm k mmmm, end gives & factor f,.
muma(a)ma(a)mmmwma, maﬂ.g, ;{b)iam
mmspmugm&a ummtmumm«smm,m

responding Wm a umimmlm, mawaafmr
1-:»,:. vmme{u)maé(b)mmm@rm, aud?ig. 1(:) e
omwmmmwwmwmmm m nz
'mnnmiemma :r{“" umﬁmwamummamm




,ﬂ'(‘) ﬁmﬁmmummm mmummmw |
the amermmwmmah 18 aXloved 1n Method T {wtiteh depends
'}.an the mmber of permstations peesd to nake the f1iml state correspond

o e 1ntttel st ,'f;-)g mmtw, e wave |

.,-)_ L e

l r“v = (hr; + ure

(5)

v“"’ at(z.-f”"’i
nw,ummummﬂm) SHne
wit,ﬁmmw(mﬂi mmemmmmpem,wm
o comtritution 4o s“’) of {1e ¥, W_. xrmwmmm

"jmwmwmwm% za,mmem,mgetawnﬁ&mmm r‘"”
| of #(1« 807, M * Mmpamh 1 1s comnected to same other eatry
‘potnt, mmmmwm (m-ﬁ.)l Wmmm
._ pém%ammm,ammmwaﬁmmtmmmm

p 9, « . £, #ﬁi(*); i Pt 1 r o (6)
L L WAL P

gnm,@_ ?(1‘) ?@(&);‘.“_*_g.m(») B

tc%he peims 2 msamnt



thama asl,wmmmWanmm. (8)
-egmwmmdaawm | '

(9)

S Mmmmwnmm%,wmmmm n!gemeations,
&eg&%&ﬁs&ﬁh&mﬁﬁ%f&nﬁWWL The proéf can easily be
AWWWMMWM&&WWW&&wm&mm
'm«mw,mwwmmwmmmmmnm
aqfuvnmm ?&ms zia)mﬂé(b) aﬂ&%awm z*ta), mwewm

e, )a .t (1 A ) o .‘&ﬁ»f% ﬁxmmmy,m 2fe)

.mﬂa)mwmm;m),ammhsm tf‘ SE N LE RN
. gsgmmwmm mzmn expanied by Method I, 1t 1s
| essy to find 1ts logaritim, mxmmmw ,_:__;,,:_;_ix clusters, 1ts
-mmwmmwmwwmm@msww@ew,
,ﬁwmmmmf < “aremmmarammam
Msmmmmrmmwmmwmwmww
 Pags, 2(v), ﬁﬁ);mn{r), mmmmmm@ Thic medns
3 tmmtmo&ymemmmgxmwmmefmmm,
aWﬂmmsmmmmermm Amnmmm
m.e(a}msmmmmm:.' |
Aansmxamlew%hemafthammwmim,
wmkemmatmmlm intere Lug only with o diegonal onesperticls
yotential, viose matrix a&mﬁsm by « This vas also constdered by




SN '*, ond. wm,?"*w w amm tuat e  partition
wmumw@mwnmwmmwm#w % We

wmmmmm,mmmmmrmmmmm _
1nmrs af ish; wem ' '

8aq = qafl,g_ zoa-i?.;,;fé 1 m(.%g) 1))
<o B %" f * i bﬁﬁ{fﬁ " a) * ‘6”3 '.’?kg(%'?ki""r;;?’fua con®y

¥ ézﬁ“‘%“* ,,. LR LR

i

. .1""*‘ t«ahkwkz M@ hkwkfh )ﬁl

. ;‘:13’% {Mufk)ﬁa- fkii'fk)3
. E"ga‘n&" £ ifg(;x;« _fg)g ""“?.,“ﬁ”“ )9 e 3 .rk)l‘
’mmmmehmmmwxmmmwammmm, b
'T_Anmmmmwmmwmtmm kﬁ manba
.?mmmmmarmg. ummmmmmwmg,g. |
B W:g&mmmmwmmmtmmmmm@n 4
ariees mwmw 1:: perem%on W, wt does mt lend Mweﬂy m
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an expimsion of the thermodyy e mmm. We have shown that 1t s

ewm%mmﬁmmmmaepwﬁenma@wwum ot
mwmwme, mﬁmw&mfu mevenmr@ﬂni%mw.

Meﬂmﬁ IX differs fyon m x m 3&5 wgh&at of the exelusion mmm
and 44 the statisticsl factors wsed, and lesds naturslly to su expansion
'.gfmthmm&amwae "'f‘“'faeaswaf:.mﬁzmm mmmx
ofmmm,mmmﬁatm&mmmewm, azadsa

- Thus wa have hem u gemm&mﬁim m‘.’ &he thaom m the emlusimx
; for intermediste a‘t&tea :
principle ma& m va usedAm the m atior

S— 8 me "

6 ¥h y,, ‘f'.tzi, ..f»zz:"g:, ke ,.u.,%
J. G mnia, ‘Pmc;"‘my. Soc. (‘?ﬁ’

et ot nonzero mmm for the mxenzmiw of the
e:;pemtm walie of & ﬁtﬂg@ml @pamtar, fsr 1t gome self-comisteat

zmwwmm A m GM@MW&M@@@WK. M. wumon

for seversi. belpty uﬁézm@ng«w- m natter:




ﬂg. 1

Plg. 2 Some typhont mpm mmma zx

g, 3¢ mmﬂm tn thy emmimsof thewﬂ garbition Amevion
vith » o le mmm. S

| ia the potemttal.
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