
UC San Diego
SIO Reference

Title
The Horizontal Electric Dipole in a Conducting Half-Space, II

Permalink
https://escholarship.org/uc/item/2rg5b301

Authors
Banos, Alfredo, Jr.
Wesley, James Paul

Publication Date
1954-08-01

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/2rg5b301
https://escholarship.org
http://www.cdlib.org/


UNIVERSITY OF CALIFORNIA 

Marine Phyaica l  Laboratory of t h e  

Scr ipps  I n e t i t u t i o n  of Oceanography 

and 

I n s t i t u t e  o f  Geopws ics  

THE HORIZONTAJ ELECTRIC DIPOLE I N  A CONDUCTING HALF-SPACE, I1 

Alfredo ~ a z o s ,  Jr, and James Paul Wesley 

Physics  Department and I n s t i t u t e  o f  Geophysics, Lo8 Angeles, 

Scrip98 I n s t i t u t i o n  of Oceanography, L a  J o l l a  

Sponsored by 

Bureau of Ships 

Contract  NObas-43356 

m-12022L-5 

SIO Refereace 54-31 

Approved f o r  d i  s t r i b u t  ionz 





This  r e p o r e ,  P a r t  TI, c d n s t f t u t e s  t h e  culminat ion of a 
r e s e a r c h  s tudy which w a s  descr ibed  i n i t i a l l y  i n  a paper o f  t h e  
same T i t l e ,  P a r t  _I, t h a t  a,ppeared as S90 Refesenw 53-33, 
September 1953, and provides  a f u r t h e r  account of t h e  mathemat- 
s c a l  theory  involved i n  t h e  de te rmlna t ion  of t h e  e lec t romagnet ic  
f i e l d  components genera ted  by a h o r i  z o n t a l  e l e ~ t ~ r i c  d i p o l e  em- 
bedded i n  a conductbng kfalf-space separa ted  from t h e  non- 
conducting medium above by a  h o r i z o n t a l  p lane ,  Zn particular, 
a d e t a i l e d  account i s  gsven of t h e  computations involved f o ~  
poin t  s of obse rva t ion  i n  t h e  non-conducting medium when t h e  
depth  of t h e  source and t h e  he igh t  s f  t h e  poin t  of obse rva t ion  
a r e  s m a l l  i n  cornparsson with t h e  h o r i z o n t a l  range ,  

The f a r s t  p a r t  of t h i s  r e p o r t  i s  concerned mainly wi th  
t h e  g e n e r a l  evaluation of t h e  fundamental ~ n t e g r a l s  f o r  both  
medla by t h e  double saddle  poin t  method of i n t e g r a t i o n  developed 
e a r l l e r ,  and t h e  s a l i e n t  f e a t u r e  of t h e  p resen t  a n a l y s i s  1s t h e  
f a c t  t h a t  t h e  new asymptot ic  expansions a r e  term-wf s e  d i f f  e r -  
e n t i a b l e  t o  any o r d e r  wi th  r e spec t  t o  t h r e e  e s s e n t i a l  parameters ,  
h o r i z ~ n t a l  range ,  depth  ( o r  h e i g h t )  of d i p o l e  source ,  and he igh t  
( o r  d e p t h )  of t h e  po in t  of obse rva t ion ,  It i s  shown t h a t  t h l s  
important  achievement f s a consequence of appbylng t h e  saddle  
poin t  method of i n t e g r a t i o n  t o  a more judicious choice of 
exponent wi th  t h e  r e s u l t  t h a t  t h e  asymptot ic  expansaons p r e -  
sen%ed h e r e  a r e  much s impler  t h a n  those  repor ted  ~ n  --- P a r t  I, 

The remainder of t h e  r e p o r t  i s  c ~ n c e r n e d  wi th  t h e  ap- 
p l i c a t i o n  s f  t h e  new asymptot ic  expansions ;t;o t h e  evabuataon 
o f  t h e  Cartesaan components of t h e  Ker tz i an  weetor and a% t h e  
c y l a n d r l c a l  components of t h e  e leot romagnet i s  f i e l d  v e c t ~ r s  
%or p o u t s  of obse rva t ion  i n  t h e  non-conducting medium, 
Szmplaffed approximations i n  which numerical s u h s t i t u t ~ o n s  can 
be r e a d i l y  made a r e  presented f o r  t h r e e  d i s t i n c t  ranges COP- 
responding t o  t h e  asymptotas ,  t h e  i n t e r m e d i a t e ,  and t h e  n e a r  
f i e l d ;  and,  I n  each c a s e ,  a d e t a l l e d  account i s  g iven  o f  t h e  
power f low an %he f i e l d ,  I n  addf taon,  t h e r e  i s  presented  f o r  
t h e  f l r s t  % m e ,  f o r  p o i n t s  of obse rva t ion  I n  t h e  non-conducting 
medlum, an approximation v a l i d  down t o  zero h o r i z o n t a l  range ,  
which i s  a t t a i n e d  by equat lng  t o  zero  t h e  propagat ion constant  
i n  t h e  non-conducting medium, Numerical r e s u l t s  a r e  g lven  In 
a manner similar t o  t h e  numerical  example presented  i n  ----= P a r t  I, 
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PREFACE 

This report is the announced sequel to our original 

@ommunication: OsThe Horizontal Electrf @ Dipole in a C~nduct ing 

Half-Spa~e,!~ which appeared as SIO Reference 53-33, September 

1953, henceforth referred to as Part I e  It provides a further 

account of the mathematical theory involved in the determina- 

tion of the electromagnetic field components generated by a 

horizontal electric dipole embedded in a conductang half-space 

separated from the non-conducting medlaun above (Fig, l] by a 

hori zontal ~nterf ace In particular, we complete the results 

of Part I, whf @h were confined to poinhs of observation in the 

conducting medlum, by giving a detailed account of the computa- 

tions inv~lved for poznts of observation In the non-conductang 

medium when the depth of the source and the height of the point 

of observation are small In comparison with the horizontal yangr 

This report; consists essentially of two additional Chapters 

which deal, respectively, with an improved method of obtaan~ng 

the asymptotic expansions for the fundament a1 integrals , and 
with the application of the theory for points of observati~n 

in the non-conducting medium 



Thus,  i n  Chapter  V I I I  we g i v e  a d e t a i l e d  e x p o s i t i o n  of o u r  

new a sympto t i c  expans ions  f o r  t h e  fundament a1 i n t e g r a l s  which 

proved t o  be much s i m p l e r  t h a n  t h o s e  deduced i n  P a r t  I. The new 

method of a t t a c k  came about  as a r e s u l t  of a c a r e f u l  r e - a p p r a i s a l  

of t h e  methods a l r e a d y  employed, f o r  i t  soon became c l e a r  t h a t ,  due 

t o  t h e  g r e a t e r  complexi ty  of t h e  e x p o n e n t i a l  b e h a v i o r  e x h i b i t e d  by 

t h e  i n t  eg rands  of t h e  fundamental  i n t e g r a l s  f o r  t h e  non-conduct i n g  

medium, t h e  f o r m u l a s  and r e s u l t s  p r e s e n t e d  i n  Chap te r s  V I  and V I I  

f o r  t h e  conduc t ing  medium, which i n  t h e i r  most g e n e r a l  form proved 

t o  be s o  cumbersome, would become even more unwieldy when a p p l i e d  

t o  t h e  non-conducting medium. 

I n  a d d i t i o n  t o  t h e  complexi ty  of our  e a r l i e r  expans ions  

we had t o  contend w i t h  t h e  unp lea san t  f a c t  t ha t  o u r  a s y m p t o t i c  

s e r i e s  were n o t  term-wise d i f f e r e n t i a b l e ;  t h a t  i s ,  could  n o t  be  

d i f f e r e n t i a t e d  t e rm  by t e r m  t o  y i e l d  c o r r e c t l y  t h e  a sympto t i c  

expans ion  of t h e  cor responding  d e r i v a t i v e .  A s  a consequence,  we 

had t o  d i f f e r e n t i a t e  t h e  o r i g i n a l  i n t e g r a l  under  t h e  s i g n  of i n t e -  

g r a t i o n  and t h e n  app ly  anew t h e  doub le  s a d d l e  p o i n t  method of 

i n t e g r a t i o n  t o  t h e  new i n t e g r a n d  t o  o b t a i n  t h e  a sympto t i c  expan- 

s i o n  of t h e  d e r i v a t i v e ,  b u t  on ly  at t h e  expense of c o n s i d e r a b l e  

a d d i t i o n a l  l a b o r .  

Fur thermore ,  t h i s  c r i t i c a l  a n a l y s i s  of ou r  e a r l i e r  methods 

d i s c l o s e d  t h e  f a c t  t ha t  t h e  complex i ty  of t h e  r e s u l t i n g  expans ions  

and t h e i r  l a c k  of d i f f e r e n t i a b i l i t y  cou ld  be  t r a c e d  d i r e c t l y  t o  

t h e  complexi ty  i t s e l f  of t h e  exponent t o  which we were a p p l y i n g  

t h e  double  s a d d l e  p o i n t  method of i n t e g r a t i o n .  And we soon 

r e a l i z e d  t h a t  t h i s  complexi ty  w a s  mere ly  a consequence of t h e  f a c t  



tha t  we had r e t a i n e d  i n  t h e  exponent t h e  t o t a l i t y  of t h e  expo- 

n e n t f a l  behav io r  con ta ined  i n  t h e  i n t e g r a n d ,  a l t h o u g h  we recog-  

n i z e d  t h a t  t h e  s a d d l e  p o i n t  method of i n t e g r a t i o n  does  n o t  

r e q u i r e  that  t h e  complete e x p o n e n t i a l  b e h a v i o r  be r e t a i n e d  f o r  

t h e  purpose  of de t e rmin ing  t h e  p a t h  of s t e e p e s t  d e s c e n t s ,  s o  

l o n g  as t h e  convergence of t h e  i n t e g r a l  i s  gua ran t eed  beforehand ,  

Thus,  t o  improve on o u r  e a r l i e r  expans ions ,  we made a 

more j u d i c i o u s  cho ice  of exponent i n  a p p l y i n g  t h e  method of 

s t e e p e s t  d e s c e n t s ,  w i t h  t h e  g r a t i f y i n g  r e s u l t  t h a t  o u r  new 

a s y m p t o t i c  expans ions  proved t o  be much s i m p l e r  and ,  most 

impor t an t  of a l l ,  term-wise d i f f e r e n t i a b l e  t o  any o r d e r  w i t h  

r e s p e c t  t o  a l l  p e r t i n e n t  pa rame te r s ,  Fur thermore ,  p a r t l y  as a 

consequence of t h e  g r e a t e r  s i m p l i c i t y  of t h e  a sympto t i c  s e r i e s  

and p a r t l y  because  we approached more d i r e ~ t l y  t h e  problem of 

o b t a f n i n g  t h e  c o e f f i c i e n t s  of  t h e  double  power s e r i e s  expans ion  

of t h e  ampl i t ude  f u n c t i o n  i n  o u r  double  i n t e g r a l s ,  we were able 

t o  compute i n  d e t a i l  one more t e rm  of t h e  a sympto t i c  s e r i e s  

t h a n  had been p o s s i b l e  i n  t h e  p a s t  ; and ,  what i s  more i m p o r t a n t ,  

we were a b l e  t o  e s t i m a t e  c o r r e c t l y  t h e  o r d e r  of magnitude and 

t h e  b e h a v i o r  of a l l  h i g h e r  o r d e r  t e rms .  

I n  t h i s  manner we e s t a b l i s h e d  that  h i g h e r  o rdep  t e rms  

of o u r  a sympto t i c  s e r i e s ,  o l d  and new, behave l i k e  ( i k2p )c - "  

r a t h e r  t h a n  ( ik lP)-n ,  as we had e r r o n e o u s l y  claimed i n  P a r t  

and we were l e d  t o  re-examine t h e  e s t i m a t e  of t h e  e r r o r  i n  o u r  

a s y m p t o t i c  s e r i e s  as deduced f rom Watson" lemma ( s e e  Correc- 

t i o n s  t o  P a r t  I ) .  This  a n a l y s i s ,  S e c t i o n s  8 , 4 b ,  8 , 4 d ,  and 

8 , 4 e ,  shows how t o  o b t a i n  t h e  c o r r e c t  e s t i m a t e  of t h e  e r r o r  f o r  



a l : f A b e e n t l y  l a r g e  number of te rms,  but g i v e s  no c lue  as t o  t h e  be- 

i.&a%lor of t h e  f i rs t  few terms. However, we found t h a t  t h e  f i r s t  

??'N % e m s  sf our  new asymptot ic  expansions,  l i k e  those  i n  - -  P a r H  9 

~ a r  b e  w r i t t e n  as r e c i p r o c a l  powers of i k l p  and, i n  f a c t ,  admit 

v,.,ntr,l.ng k p  = 0 o u t r i g h t ,  a l l  of which s i g n i f i e s  t h a t  we have 

z:,r,h-ieved r e s u l t s  which prove u s e f u l  i n  p r a c t i c e  notwi ths tanding  

t Yis a p p a ~ e n t  l i n l  t a t i o n s  imposed by Watsonv s leuma, 

As a  f i n a l  remark on Chapter V I I I  we wish t o  po in t  out t h a t  

t h e  present  method of a t t a c k  i s  q u i t e  g e n e r a l  and y i e l d s  at once 

A 7 
L.ne eva lua t ion  o f  t h e  fundamental i n t e g r a l s  over  t h e  contour C2 

a!-c-*r:d t h e  branch cut f o r  y2 ( ~ i g .  1 0 )  f o r  both media, t h u s  

a f f c r d i n g  a va luab le  zheck on t h e  expansions of Pas t  I. I n  add6- 

t l o n ,  ~t i s  c l e a r  t h a t ,  except f o r  obvious m o d i f i c a t i o n s ,  t h e  

present method o f  a t t a c k  can be app l i ed  equa l ly  as well  t o  t h e  

 valuation of t h e  contour i n t e g r a l s  around t h e  branch cut f o r  yl: 
at?? an f a c t ,  by a d i f f e r e n t  choice of exponent and hence of branck: 

cu:*s, i t  i s  evident  t h a t  t h i s  method can be app l i ed  t o  o t h e r  ranges  

o f  parameters bes ides  p o i n t s  of obse rva t ion  c lose  t o  t h e  i n t e r f a c e  

s ~ p a r a t i n g  t h e  two media, Thus we f e e l  t h a t ,  i n  Chapter VII1, we 

y v ~ s e n t  genera l  methods of wider a p p l i c a b i l i t y  t h a n  i s  apparent  

f r c ~  t h e  a p p l i c a t i o n s  d iscussed  i n  t h i s  r e p o r t .  

In Chapter TX we cons ider  t h e  a p p l i c a t i o n  of t h e  genera l  

r c s . i l  t s  of Chapter V I I I  t o  p o i n t s  i n  t h e  non-conducting medium f o r -  

w 3 l r h  the height  of t h e  poin t  of obse rva t ion  and t h e  depth of t h e  

a c u r c e  a r e  much smal l e r  t h a n  t h e  h o r i z o n t a l  range ,  We c o ~ p u t e  

T PF Car tes ian  coixponent s of t h e  Her tz i an  v e c t o r ,  t h e  c y l i n d r i c a l  

com;~anents of t h e  e lec t romagnet ic  f i e l d  v e c t o r s  E and H, and 



t h e  components of t h e  t ime average Poynting" s e c t o r ,  

-&R~<EE(H*) , which y i e l d s  t h e  power f low,  f o r  t h r e e  d i s t i n c ~  
L 

ranges  of parameters ,  

F i r s t ,  we cons ider  i n  Sec t ion  9,2 t h e  asymptot ic  r e s u l t s  

f o r  p + m  o r  ln2k2pl ,> 1. This means that t h e  h o r i z o n t a l  

range i s  s o  l a r g e  t h a t  Sommerf e l d  s vvnumerf c a l  d i s t  ancefP 

a l s o  l a r g e  and, i n  f a c t ,  l a r g e r  t h a n  un i  t y  Although t h i s  range 

p r a c t i c a l  i n t e r e s t  t h e  p resen t  low frequency s tudy ,  

i t s  examination shows t h a t ,  f o r  p o i n t s  of obse rva t ion  i n  t h e  

non-conducting medium c l o s e  t o  t h e  i n t e r f a c e  s e p a r a t i n g  t h e  two 

media ( ~ i g .  l ) ,  we observe e s s e n t i a l l y  a s u r f a c e  wave whose 

equiphase p lanes  a r e  t i l t e d  forward ( towards i n c r e a s i n g  p )  

by a  very s m a l l  a n g l e ,  while i t s  equiamplitude p lanes  a r e  h o r i -  

z o n t a l  ( p a r a l l e l  t o  t h e  i n t e r f a c e )  wi th  downward exponent ia l  

a t t e n u a t i o n ,  The r e s u l t s  of t h i s  s e c t i o n  a r e  compared wi th  t h e  

corresponding r e s u l t s  f o r  t h e  conducting medium and t h e  boundary 

c o n d i t i o n s  f o r  t h e  f i e l d  components and f o r  t h e  power f low a r e  

v e r i f i e d .  

I n  Sec t ion  9 , 3  we cons ider  t h e  in te rmedia te  range ,  

)n2k2p i  < 1 ( Jk2PE9 f o r  which t h e  h o r i z o n t a l  range of t h e  

poin t  of obse rva t ion  i s  l a r g e  when measured i n  terms of t h e  

wavelength i n  t h e  non-conducting medium, but f o r  which Sommer- 
r 2 1 f e l d  * s numerical  d i s t a n c e ,  approximately 1 n  k 2 p  1 , remains 

l e s s  t h a n  u n i t y .  Th i s  range aga in  i s  of no p r a c t i c a l  impos- 

t a n c e  i n  t h e  low frequency c a s e ,  but  we cons ide r  l t  h e r e  i n  

d e t a i l  f o r  completeness sake and f o r  i t s  h i s t o r i c a l  importance,  

f o r  i t  i s  i n  t h i s  range t h a t  t h e  ce lebra ted  Sommerfeld 



aLTenuatlsn formrxla applies n h l f - h  p:-o*i?c%~d, I:: TY~,: '  pa:r + > c ~ :  

~ ~ e r ~ t : r ,  concerning ~ t s  va'c-id-1t;li and the ex3stt 'n:~" (,t ;1 l> i i i rn tq!3 :4 ia  5 

electromagnetas  sur face  y~avc ,  Sect ~ g n  ": 3 :F r r l r ~ ?  4 a,;< r:i tua+ r731*-- 

responding a n a l y s i s  f o r  t h e  conduct  lng -r?rl:l~% vrii-  c - L  ~ 3 . i  c *Jnf"2 lr-(.: 

e x c l u s i v e l y  t o  t h e  f i~ndan~en ta i  v e c t  *>a s , St? : t I O * i  I r *.we Y L ~ L  

computed, f o r  t h e  non-ca:actuzt,;ng m~daum, t b ~  H ~ r t z 7 a t i  s e c r c , ~  ! h -  

f i e l d  components, and "&he power f l o w  Tkle sa)! c r ; t  " ~ : < + , i ~ r  e 3 9~- 

presen t  r e s u l t s  1s t h a t  t h e  components sf $he pc;w~z- f i::w > n  :r19 

r ad ia l  and v e r t i c a l  d i r e e t ~  ons kellaue esser ; t  iall,y as 1 'L* % 

would be t h e  case f o r  t h e  radiation f a  e l d  o f  a dipo9r  :?akedded i n  

an unbounded n o n - d ~ s s f p a t ~ i v e  niedlum rPLi%s r e s u l t  ; a  t-) k c 2  o s  . 

t r a s t e d  with t h e  asymptioti c [ p -A a"~3 i POV;?T. I'lsiw vbhL~*r:- ! 'I a?, : 

t h r e e  components behave as i/cb 

Nextl, we t ake  lap i n  Se::flsri  9 4 ti-~r- so (a: 2 - i :  c2.a~ " G.: 

' 'k ,p  f o r %  whaeh the h o r a z ~ n t s  t rargi 1;t' ti-,+ r ange ,  k 2 P  \ A 
-C 

p a i n t  o f  obse rva t ion  i s  large I n  t,ei3~n:: o f  w a v r " l ~ i r & g ;  k : ~  2 1 1  + ! l ~  cr;c- 

drnctluig medaeirn,  but small  s n ferns of tva: el rtL z n i- u2sh r l r l f , -  

rcn3-uetang mnd lurn, 1% I s bLere 7ah.er~i;. i,.,si; f'[~.i: . , .  ,.,: !, ,; f '  oli r .  asyDl.s;i- 

* < \ ' , ! )  $>y!+;: .G %ot j . f 2  expansions i s  most c l .ea r ly  b r ~ i l g h l  c:;i" '.--, , , , , , i ;  

fact  t h a t  ncw k 2 p  1.; oot ; t ra r j r  t , o  ?;he . f j r - ! . ~ t , . . ! , ~ . - ! . : .  C. ,; 

the magnitude a f  -7he remainder' GI" 2111 d ~ y m p t i t  3 c - - 3 ' - . - '  .- 

r @  Watson s lemnia i S e ~ t i ~ r ;  b 4 d  1 ,  xe s + - i ~ - l  ok ? &  ~ d + < - -  i a: ,rl 

p r a c t i c a l  r e s u l t s  f o r  t h e  cC!~prir;?nts of t r ,e  hi;-;+: :3: L l . - * ~ -  (-f 

tnc e l e c t r o m a g n e t ~ c  field ~ e c t o x t s ,  and o f  1 t? ~ii:vzr f l i J w  ; -r 

shou ld  be emphasized a t  th;e ;ixr;ctuse that ; ~ t j ~ . i b c /  Ci:iT>e k;t-erl 

~ m p o s s l h l e  to o b t a ~ ~  accdrate rsstxlts 1x.t % ? & I S  - A ~ , - $ F  i f  R -  -SO, 

retained as many as t h r e e  terms zt?, the aa;?nlpr,;t- c n L : - * &  -- - , a : !  f hi 



fundamental  a n t e g r a l s ,  which t o  our  howledge  had never  been 

obta ined  by our  p redecessors -  Thus, we f e e l  t h a t  our formulas  

f o r  t h i s  range and f o r  p o i n t s  of obse rva t ion  i n  t h e  non- 

conductzng medium c o n s t i t u t e  s i g n i f f  cant r e s u l t s  which we 

belaeve a r e  being presented  h e r e  f o ~  t h e  f i r s t  t ime,  Fur ther -  

more, our  formulas  f o r  both  media a r e  emanently p r a c t i c a l  i n  

t h e  sen.se t h a t  numerical  s u b s t i t u t i o n s  can be r e a d i l y  made, 

I n  a d d i t i o n ,  t h e r e  i s  presented  f o r  t h e  f i r s t  t ime f n  

Sec t ion  9 0 5 ~  f o r  p o i n t s  of obse rva t ion  i n  t h e  non-conducting 

medium, an approximation v a l i d  down t o  zero h o r i z o n t a l  range ,  

which i s  a t t a i n e d  by equat ing  t o  zero t h e  propagat ion  constan%; 

k2 i n  t h e  non-conducting medium, The r e s u l t s  f o r  t h i s  range ,  

0 (- k 2 p  -a, 1 c o n s t i t u t e  an ex tens ion  of t h e  Lien approxi- 

mation which we repor ted  i n  Sec t ion  7 , 4  f o r  t h e  conducting 

medium, and t o g e t h e r  with t h e  r e s u l t s  f o r  t h e  t h r e e  d i s t i n c t  

ranges r epor ted  h e r e ,  g i v e  u s  a complete p i c t u r e  of t h e  be- 

h a v i o r  of t h e  f i e l d  components as t h e  h o r i z o n t a l  range v a r i e s  

from zero t o  i n f i n i t y  

P f n a l l y ,  we t a k e  up a numerical  example with t h e  same 

data used i n  P a r t  I ,  Sec t lon  L 5 ,  f o r  t h e  purpose of i l l u s -  

t r a t i n g  t he  a p p l i c a t i o n  of our formulas  t o  t h e  computation of  

t h e  f l e l d  components i n  t h e  non-canductlng medium f o r  t h e  low 

frequency case.  It i s  shown t h a t ,  I n  t h e  p r a c t i c a l  range ,  t h e  

h o r i z o n t a l  f i e l d  components vary i n v e r s e l y  as t h e  cube of t h e  

h o r i z o n t a l  range of t h e  poin t  of obse rva t ion ,  t h e  z component 

of t h e  e l e c t r i c  f i e l d  v a r i e s  lnwerse ly  as t h e  square o f  t h e  

h o r i z o n t a l  range ,  and t h e  a component of magnetic i n t e n s i t y  
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