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ABSTRACT OF THE DISSERTATION

Modern Statistical Methods for Complex Survival Data

by

Jue Hou

Doctor of Philosophy in Mathematics (with a specialization in Statistics)

University of California San Diego, 2019

Professor Ronghui Xu, Chair

With the booming of big complex data, various Statistical methods and Data Science
techniques have been developed to retrieve valuable information from them. The progress is
slower with survival data due to the additional difficulty from censoring and truncation. Except
for a few straightforward extensions, most modern learning methods have been absent in survival
analysis for years since their invention. The theory on the survival version of those methods also
falls further behind. There is a strong demand on computational efficient and theoretical reliable

methods for big complex data with time-to-event outcomes in various Health related fields where
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immense resource has been poured into.

This thesis is devoted to incorporating censoring and truncation to state-of-art Statistical
methodology and theory, to promote the evolution of survival analysis and support Medical
research with up-to-date tools. In Chapter 1, I study the mixture cure-rate model with left
truncation and right-censoring. We propose a Nonparametric Maximum Likelihood Estimation
(NPMLE) approach to effectively handle the truncation issue. We adopt an efficient and stable
EM algorithm. We are able to give a closed form variance estimator giving rise to valid inference.
In Chapter 2, I study the estimation and inference for the Fine-Gray competing risks model
with high-dimensional covariates. We develop confidence intervals based on a one-step bias-
correction to an initial regularized estimator. We lay down a methodological and theoretical
framework for the one-step bias-corrected estimator with the partial likelihood. In Chapter 3,
I study the inference on treatment effect with censored time-to-event outcome while adjusting
for high-dimensional covariates. We propose an orthogonal score method to construct honest
confidence intervals for the treatment effect. With a slight modification, we obtain a doubly robust
estimator extremely tolerant to both estimation inconsistency and volatility. All the methods in
aforementioned chapters are tested through extensive numerical experiments and applied on real

data with authentic medical interests.
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Chapter 1

A Nonparametric Maximum Likelihood
Approach for Survival Data with Observed
Cured Subjects, Left Truncation and

Right-Censoring

1.1 Introduction

Our work was motivated by research carried out at the Organization of Teratology Infor-
mation Specialists (OTIS), which is a North American network of university or hospital based
teratology services that counsel between 70,000 and 100,000 pregnant women every year. Re-
search subjects are enrolled from the Teratology Information Services and through other methods

of recruitment, where the mothers and their babies are followed over time. Phone interviews



are conducted through the length of the pregnancy along with pregnancy diaries recorded by
the mother. An outcome phone interview is conducted shortly after the pregnancy ends, and
if it results in a live birth, a dysmorphology exam is done within six months and with further
follow-ups at one year and possibly later dates. Recently it has been of interest to assess the effects
of medication exposures on spontaneous abortion (SAB) [XC11, CJXJ11]. Here we examine the
OTIS autoimmune disease in pregnancy database for risk factors as well as effects of medications
on spontaneous abortion.

By definition SAB occurs within the first 20 weeks of gestation; any spontaneous preg-
nancy loss after that is called still birth. Ultimately we would like to know if an exposure modifies
the risk of SAB for a woman, which may be increased or decreased. It is known that in the
population for clinically recognized pregnancies the rate of SAB is about 12% [WWO™88]. On
the other hand, in our database the empirical SAB rate is consistently lower than 10%. This
is due to the fact that women may enter a study any time before 20 weeks’ gestation. Figure
1.1 left panel shows the histograms of study entry times up to 20 weeks of gestation from our
autoimmune disease in pregnancy database. This way women who have early SAB events are less
likely to be captured in our studies, and such selection bias is known as left truncation in survival
analysis. Left truncation has been studied by many authors since the 1980s, and has attracted
much recent attention in the context of length-biased data [AWZ06, QNLS11, among others]. In
addition the women are subject to right-censoring due to loss to follow-up. Figure 1.1 right panel
shows the left truncated as well as right-censored Kaplan-Meier curve for the SAB event.

As seen from the Kaplan-Meier curve the majority of the pregnant women are free

of SAB; they are considered ‘cured’ in the time-to-event context. Cure models are used in
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Figure 1.1: Study entry times for all individuals in the SAB data (left), and left truncated

Kaplan-Meier curves (95% confidence intervals) for the SAB events (right).

various biomedical studies where data often include a substantial portion of ‘long-term’ survivors
[Far82, Far86]. Our data, however, differ from classic cure data where the ‘cured’ subjects are
always right-censored and never actually observed to be cured [ST00, LYO4]. In our case, ‘cured’
is defined as surviving 20 weeks of gestation, and we observe over 80% of our subjects as cured
from SAB.

Cure rate models are well studied in the literature for right-censored data. The models
effectively analyze the survival distribution of those who are susceptible along with the probability
of an individual being ‘cured’. In the approaches using mixture models, logistic regression is often
used to model the cured probability. For the dependency of the survival function on the covariates
among the non-cured, various regression models have been considered: the Cox proportional

hazards model [KC92, STO00], transformation models [LY04], and richly parametrized models



when the shape of the hazard function is of interest [HBJT03]. Cure rate models have also
been developed along the lines of non-mixture models [CIS99, ZYI06]. In addition to right-
censored data, cure-rate models have also been developed for interval-censored data [KJOS].
Recently, [CSWL17] studied left truncation under cure-rate transformation models. The data
they considered was the ‘classic’ cure type mentioned above, i.e. all the cured subjects were
right-censored. This led to an ease of handling in the likelihood function, where a maximum
follow-up time was assumed before the ‘cure’ actually happened, resulting in a bounded parameter
space for theoretical development. On the contrary our definition of SAB leads to a large portion
of observed cured subjects, and forces the cumulative hazard function for the non-cured subjects
to diverge to infinity as gestation timing approaches 20 weeks.

In the following we consider the mixture cure rate model. This choice has been made based
on in-depth discussions with our scientific collaborators, because it is important to understand
both the risk factors for SAB (yes/no) as well as the predictors of timing of SAB events among
those who experience them. Different timing of SAB can reflect different underlying biological
processes. In the next section we write out the likelithood function with many observed ‘cured’
women in our data. We discuss computational challenges with the likelihood, and adopt an EM
algorithm using ‘ghost copies’ of the observed data. In Section 1.3, the resulting estimator is
shown to be consistent and asymptotic normal, despite the fact that the cumulative baseline hazard
function diverges at the finite time point before ‘cure’ is achieved. We illustrate the effectiveness
of the method on finite samples via simulation experiments in Section 1.4. We analyze the SAB

data from the OTIS database in Section 1.5, and conclude with some additional discussion.



1.2 Model and NPMLE

1.2.1 Model and data

Let T < oo be a strict upper bound of time for the event of interest, beyond which a subject
is considered cured. In the pregnancy example above, this would be the 20 weeks of gestation.
The whole population consists of two subpopulations: cured and non-cured. We note that the ©
here is not defined as the longest possible follow-up time as in many other survival literatures. Let
the binary random variable A indicate whether a subject belongs to the non-cured subpopulation;
and let T* € (0,7) be the failure time random variable for this subpopulation. The overall outcome
time 7T is given by the mixture [LY04]: T = AT*+ (1 —A)t. Let Z; and Z, be two covariate
vectors; they may share common covariates depending on the application. We assume that A
given Zj follows the logistic regression model

T
eO{ Z]

1+ex'Zt’

P(A=1|Zy) = p(Z4) = (L.D)

and that T given Z; follows the proportional hazard regression model with cumulative baseline

hazard function Ao(t) = ) Ao(u)du:

P(T* > t|Zs) = S(t|Z3) = exp{—Ao(t)e? %2}, (1.2)
Note that Ag(T) = oo so that S(t|Z;) = 0. The survival function for T is then

P(T > 1|Z1,Z,) = {1 — p(Z1)} + p(Z1)S(t|Z2). (1.3)

Our data is subject to left truncation and right-censoring. Let Q be the left truncation time

and C the right-censoring time, satisfying 0 < Q < C; we also assume that they are independent



of (A,T*) conditioning on Zq and Z;. For subjecrts i = 1,...,n, the observed data include Z;;,
Zs;, 01, Xi =TiNC, 8! = A 1(T; < G;), 8 = (1 —A)I(Ci > 1) and & = I(C; < T; < 7). In other
words 6} is the indicator that a subject has an observed event (non-cured), 6? is the indicator that
a subject is observed to be cured, and 6{ is the indicator that a subject is censored before T so that
we do not know whether she is cured or not. All three indicators are necessary, since the subjects
sojourn beyond time T are observed as cured. This is different from the existing cure-rate model
literature where the cured subjects are always marked as censored. Note also that the subject i
is observed only if 7; > Q;, hence left truncation is known to lead to a biased sample from the
population. Because of right-censoring, A; may not be observed; but we emphasize here that we
do observe many A; = 0 in our data.

Denote 6 = (a,3,Ap). For the purposes of nonparametric maximum likelihood es-
timation (NPMLE), it is necessary to discretize Ag to be Ay(t) = Zszl Ml (t > 1), where
0<t <--- <tg < oo are the unique failure times [Joh83, Mur94]. NPMLE under trunca-
tion and censoring was also discussed in [Tur76] and [LY91] for a distribution function, and
under regression settings by, for example, [LMD88] and [GL96], and many other authors.
We apply the likelihood approach conditional upon the left truncation time Q; and the right-
censoring time Cj, as no parametric distributional assumptions are made about these two random
variables. Denote p; = e"‘TZli/(l -I—eo‘TZIf), Ai(t) = ho(t)exp(BTZy;), fi(t) = Ai(t)Si(t), and

Si(t) = exp{—Ao(t)eﬂTZZi}. The likelihood for our observed data is

L) = []Li(6:X:,8!,8), 8T > i, Z1;,22;,0i, Ci)
i=1
S! §¢
ﬁ {pihi(X:)Si(Xi) } (1 _Pi)s?{l —pi+piSi(Xi)}"
i1 1 —pi+piSi(Qi)

, (1.4)



where 1 — PDi —l—piSi(X,-) = P(T, > Ql)

1.2.2 NPMLE through EM

Complete data likelihood

The complexity of observed likelihood (1.4) leads to the challenge of optimization. To
reduce the problem we follow the approach of [QNLS11], who re-formulated the likelihood
function of [Var85].

To augment the observed data, we first note that the group indicator A; is latent whenever
censoring occurs. In addition, we compensate for the left truncation through the “ghost copy"
algorithm proposed in [QNLS11]. For each observed subject with the pair of covariates (Zy;,Zs;)
and entry time Q;, there are M; hypothetical “truncated samples" with latent event time ﬁ i <0,

Jj=1,...,M;. The resulting complete likelihood is

L(9) = ﬁ {p"}"'(X")Sf(Xi)}S; (1 —Pi)SE){PiSi(X)}Aia?(l — pi) A
i=1
M; )

<" TT TT e Z2isin) o (1.5)

=1k <0;

In this way, the two sets of parameters «c and 3 are separated in the complete data likelihood. All
remaining product terms are those in the usual likelihoods for the logistic and the Cox regression
model. Consequently, the M-step update is instantly available from existing solvers.

Given the observed data O, it can be seen that for subject i who is censored at X;, the
unobserved group indicator A; follows Bernoulli distribution with P(A; = 1) = p;Si(X;) /{1 —
pi+ piSi(X;)}. For a subject with truncation time Q; and covariates (Zy;,Z;), it can be seen that

the number of truncated “ghost” copies M; follows the geometric distribution with probability



P(T; < 0i) = pi{1 —Si(Q;)}. For the “ghost” event times let T;; be one of the observed event

times #;, < Q; with probability proportional to f;(#;) = kke'@TZZi Si(t):

(5 < Qi) hieP 228(1y)

P(T;j = t|M;, 0) = .
N l Yr<oMceP 228, (1)

(1.6)

By restricting the “ghost” event times to certain discrete times, we are able to exploit the
convenience of directly applying the weighted Cox regression later. The price we pay for the
discretization is a slight discrepancy between Y., <o AeB ' Zai Si(tx) and 1 — S;(Q;). Integrating
out the latent variables in L°(0) does not give exactly the observed likelihood L(8). However, we
show later that this difference is asymptotically negligible so that the solution from the above EM

is asymptotically equivalent to the true NPMLE.

The EM Algorithm

From (1.5) we can write the complete data log-likelihood /€ = log L* as
- n K ~
(a.B,0) =Y [81A4; ) I{X; = n}log fi(n) +M; ), I{Ti =1} log fi(t)

i=1 k=1 kit <Qj

+(1—8])Ailog Si(X;) + (1 — Ay log(1 — pi) + (A; + M) log(pi) | (1.7)

where A = (A, ..., Ag).

Though the algorithm runs stably from any initial values of the parameters in the support,
we recommend to fit a naive logistic regression without censored subjects for a9 and a naive
Cox regression for 3(%) and A0 treating the observed cured subjects as censored at T, to minimize
the number of iterations until convergence.

E-step



At the (I + 1)-th iteration (I =0, 1,...), let a3 A1) be the parameter values at the
current iteration upon which pl@ , fl-(l) and S El) are defined. The distributions of the latent variables

conditioning on the observed data are given in the above, and their conditional expectations can

be computed as

1! (e < Q01" ()

E[I{T;; = 4. }|M;, 0;a, g0 AV] = e (1.8)
Zh:th<Qifi (th)
O B
E[M;|0;a", 80 A0 = 1 l kity <Qi Ji e (1.9)
1-p| )Zk;zk<Q,» £ (w)
ps (x)
E[A;]0;aD, 30 D] = §! 4-&¢ i 5 (1.10)

I 1) ol :
t1=p+p"s (%)
Since the latent variables all enter linearly into the complete data log-likelihood, the expected

complete data log-likelihood is

n K
E(I|0) =Y { ) w{klogf,-(tk) +w?logSi(X;) +wp log(1 — p;) +wf7ilog(p,~)} . (L.11)
i=1 (k=1

where the weights are computed as

whe = 8H{Xi=n}+

() (1)
VOFN
(11)7, fi () 0 H{t < Qi},
1—p,~ Zh:th<Q,~fi (fh)

N
"1 —p,@ +p§l)S,-l) (X;)

~—

1—p:
wh = 8 +8 & ,

r  _ sl c pz(l)Sz(l)(Xi) pz(l)Zk:zk<Q,-fi(l)(tk)
Wi = SAitd — ot — O,
1 p; +Dp; Si (Xi) l_pi Zk:tk<Qifi (tk)

M-step

From (1.11) the expected log-likelihood can be written as the sum of two parts, so that



the M-step can be achieved using a weighted logistic regression optimized over a:
n
Lim(@) = Y wp log(1 — pi) +wi ;log(p:); (1.12)
i=1

and a weighted Cox proportional hazard regression optimized over 3 and A:

lC O.X

K
Z ,klogfz ) +Zw log S;(X;)- (1.13)
k=1 i=1

||
I M:

Easily implemented solution is available from existing glm and coxph solvers in R, to obtain
o+ 80D and AU+ where AU+ is the Breslow-type baseline hazard estimator from the
fitted coxph object with weights.

The application of the EM algorithm to NPMLE’s under semiparametric models was
discussed in [VXO00], including convergence properties and variance estimation following the
EM. In particular, once the baseline hazard function has been discretized to finite many mass
points given the observed data, the convergence properties of the EM algorithm known for
parametric models carry over. In this case, the convergence of the EM algorithm is guaranteed by
the log-concaveness of the complete data likelihood L¢(€), which in turn is guaranteed by the
log-concaveness of the logistic likelihood and the Cox proportional hazards likelihood. We show

in Section 1.3.1 that under mild conditions the EM solution converges to the NPMLE.

Variance Estimator

At convergence of the EM algorithm where 6 denotes the NPMLE, the [Lou82] formula

can be used to give the observed Fisher information:

Ios(8) = Y E5[B0] — Y (887 |01 — 2 E5[SiOE,[S0] . (1.14)

i=1 i=1 i<t
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where S; and B; are the gradient VI{ and the negatives of Hessian —Vzlf of the complete data
log-likelihood. The above is in closed form, and the details are given in Section 1.8. We show in
the next section that (1.14) provides a consistent variance estimator for the NPMLE, and its use in
association with the NPMLE has been advocated in the literature, in particular for its numerical

stability [VX00, ZL07, GMX09].

1.3 Theory

Let 8p = (v, Bo, Ao(+)) denote the true parameter value. Following [ABGK93], we define
the counting process N;(t) = 8'1(X; < t) and the at-risk process Y;(t) = I(Q; <t < X;). Their
sums are denoted as N(r) = Y7 | N;(¢), and Y (r) = Y2, Yi(r). By Doob-Meyer decomposition, a

martingale with respect to the filtration % = 6{N;(u),Yi(u),Z1,Z,u <t} is

/ 0% (u)Y;(u)e® Z2idAg(u), (1.15)

where
exp{aTZI,- —A(t )eﬂTZZi}
1+exp{aZy; — A(t)eP " 22i}

0% (1) = =Pg(A; = 1|X; > 1). (1.16)

To make use of the martingale framework, we write the observed log-likelihood /,, = log L, where

L(6) was given in (1.4), as

I = log (¢ 5Z21 dN;(u Yi(u)0% (u)e® Z2idA
Y e (o810 ) [ re( (w)

+ /O log <AA(u)>dNi(u),

where AA(u) is the size of jump of the baseline cumulative hazard at u [Mur94]. We establish the

theory under the following assumptions. The vector norm throughout this paper is the uniform

11



norm, i.e. the largest absolute value among all elements.

Assumption 1. The true finite-dimensional parameter (v, Bo) is an element of the interior of a

compact set { (o, 3) : ||| V ||B|| < D1} for some constant Dy.

Assumption 2. The covariates (Zy1,Z,) follow distribution Fz(-,-). They are bounded a.s.:
there exists Dy > 0, such that P(max{||Zy||,||Z2||} < D;) = 1. Also, their covariance matrices
Var(Zq )(without intercept term) and Var(Zy) are both positive-definite. Denote constant m such

that
T T T T
O0<m P mePD2 <o Zip B 2o < g0 iy o 12 < DDy 6 g (1.17)

Assumption 3. The baseline cumulative hazard function Ay(t) is a non-decreasing continuous

function on [0,7). Ag(0) = 0 and Ao(T—) = oo. And

inf E[Y(t)|Z1,Z2) >€>0, a.s.. (1.18)
t€[0,7]

Assumption 4. There exists C € (0,7) such that P(Q > {) = 0. Ao(¢) is strictly increasing over
[0,C), and E[Y (t)|Zy,Z,)] is Lipschitz continuous w.r.t to Ao(t) on [0,C] a.s.; that is, there is a
constant

L > sup
0<r<s<(

{|]E[Y(l)|Z1,Z2] —E[Y(s)|ZbZ2]|}, (1.19)

[Ao(r) = Ao(s)]

Assumption 3 above is specifically made for cure rate models with an observed cured
portion. This assumption enforces that the failure time must occur prior to a well-defined upper
bound. Equation (1.18) requires that not all subjects (including cured) are censored prior to
a maximal possible event time. Hence, all existing theoretical results for which the baseline

cumulative hazard is assumed finite at a maximum follow-up time do not apply to our case.

12



Equation (1.18) also requires that certain proportion of subjects enter the study at time zero.
While this may not always be the case for our pregnancy studies, time zero may be replaced by
the earliest entry time into the study and the inference is conditional upon survival beyond that
time, and all the results established in this section carry over. Assumption 4 gives the regularity
conditions on truncation and censoring. The truncation times should be bounded away from time
T; this is required in order to establish Lemma 1 below. The truncation-censoring distribution
also has to possess certain level of continuity with respect to the distribution of event time. For
example, the continuity condition is satisfied when the distributions for Q, C and T given Z; and
7, all have densities that are bounded away from oo and 0 almost surely. This condition can be
weakened to allow Ag(7) to be constant over some open set and require only that E[Y (¢)|Zy,Z;]
is Lipschitz continuous with respect to A () on a open set Q C [0, ] consisting of finite many
open intervals, on which [, dAg = A¢(C). All theoretical results under this weakened condition
can be achieved by repeatedly applying the steps in the current proof.

For the asymptotic normality we make the following assumption where T’ is defined later.

Assumption 3’. The baseline cumulative hazard Ay(t) is a non-decreasing continuous function

on [0,7]. Ag(0) =0, Ao(T') < 0 and Ao(T—) = . And

inf E[Y(t)|Z1,Z,] >€>0, a.s..
t€[0,7]

1.3.1 Existence of NPMLE and convergence of EM

First, we show the existence of the NPMLE.

13



Theorem 1. Under Assumptions 1 and 2, if Y. | Ni(t) > 0, then a maximizer of 1,(0), 6 =

(&, B,A(-)) exists and is finite.

For the proof we use the same technique as in [Mur94]. All the proofs are in Section 1.7.
We now show that the previously described EM algorithm converges and its solution is

asymptotically equivalent to the NPMLE.

Lemma 1. Let 0 be the NPMLE for the observed likelihood (1.4). Under Assumptions 1 - 4,
1. the EM algorithm with complete data likelihood (1.5) converges almost surely to 0;
2. 0 H{1u(0) — 14(8)} = 0,(1/n).

Theorem 2. Under Assumptions 1- 4, |6 — 6| = op(1).

Theorem 2’. Under Assumptions 1, 2, 4 and 3’, 0 — 6 = op(1/+/n).

1.3.2 Consistency of NPMLE
Next, we show the consistency of the NPMLE.

Theorem 3. Under Assumptions 1 - 4, the NPMLE estimator for L in (1.4), 6 = (&,B,K(-)), is

consistent. That is

a—ag—0, B—By—0, sup |e_7\(’)—e_’\°(’)| —0 a.s..
t€[0,1]

The proof follows the general framework in [Mur94]. The estimator for the baseline

hazard satisfies the equation

~1
Alt) = /0 t {Zmé(u)flzt} AN (w), (1.20)
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where
WP (1) = {8 + 862 (x;) }1{r < X;} — 02 (0)I{t < 0i}, (1.21)

and ¢?(-) is given in (1.16). A bridge between A and Ay is constructed as

—1
A(r) = /0 {;¢?°<u)n<u>eﬁ3 Z} dN(u). (1.22)

The details of the proof deserve some extra comments here, as it achieves the a.s. conver-
gence with a baseline hazard unbounded in its support using a few innovative steps. First, we
apply Helly’s selection theorem to the Cadlag function sequence e A, Then, the upper bound for
A in any interval [0,7] C (0,7) is established via the lower bound for n~! ’ Wig(u)eBTZZi. We
manage to show that the ratio y(1) = dA(r) /dA(t) is bounded between zero and infinity for all
t € (0,7) despite the indefinite quotient at 0 and 7. Finally, we conclude the proof by showing
that y(z) = 1 using an identifiability argument.

For the purposes of the asymptotic normality below, we have a similar result:

Theorem 3°. Under Assumptions 1, 2, 3’ and 4, the NPMLE estimator for L' defined later in

(1.24), 8 = (&, B,A(")), is consistent. That is

a—op—0, B—By—0, sup |[A()=A(t)| =0 as.. (1.23)

1.3.3 Asymptotic Normality of NPMLE

The divergence of the cumulative baseline hazard Ag at T eventually becomes an obstacle
in the study of weak convergence. It is involved in all the second order terms including both the

parametric parts and the nonparametric part. Existing techniques, mostly relying on a finite upper
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bound of Ag, cannot deal with it. To proceed with the theoretical endeavor, we avoid the divergent
tail by slightly modifying the likelihood. That is, we make an interval censoring window (7, 1)
close to the end of study, so that the failure indicator A is always observed for those at-risk at time
7/, but their failure times are unknown if A = 1. We note that this is for technical reason only, so
that the baseline cumulative hazard is always bounded at the observed failure times as n — oo. In
practical applications this modification of the likelihood is unnecessary since the observed SAB
events are recorded in dates, so that there is always at least one day gap between when a (possibly
censored) SAB event can happen and when a woman is considered cured.

Let 8* = A-I(X > 7') be the interval-censoring indicator in (t/,t). Notice that S(r) —

S(t) = S(¢) for any r < t. We have the resulting interval-censored data likelihood that is modified

from (1.4):
n }Mi(Xi)e'BTZZiSi(Xi)}S}(I {1 — pi+piSi } {Pz )}
g - 1117 . (124
( ) g 1—P1+P1 l(Ql) ( )
The corresponding log-likelihood I/ = log L' is
¥ [ loe (60 (B 2 B 7
3 /0 log (¢ () 2 AA(u / ()0 (u)eP “21dA (u)
+{Ni(t) = Ni(t') }og o7 (¥') + Yi(1) log (1 — 7 (). (1.25)

The proof then follows the framework in [Mur95] to verify the conditions of Theorem 3.3.1 from
[VAVWO6]. We shall describe the functional space in which weak convergence is established.
Let H. be the space containing elements in the form of h = (a,b,n), where the vectors a and b

are of the same dimensions as a and 3, respectively, and the function 1(-) is defined on [0, ']
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with 11(0) = 0 and is of bounded variation, i.e. the total variation of 1 over [0,7'],

N

in=sup Y M) —n(uj-1)|
0:u0<1~~2<u5:‘|:/ j:l
s=1,2,...

is finite. Define a norm || - ||z on He:
I(a,b,n) |l = llalls + bl + Vo I,

and spaces indexed by a positive real number p
H, = {h: |z < p}.

For each p, define [”(H,) as the functional space of all uniformly bounded linear map H, — R,
ie.
YW € I”(H,), sup |P(h)| < .
heH,

The parameter 6 = (o, 3,A) as a function in [*(H,) is defined as

O(h)=a a+b B+ /Or/n(u)dA(u).

The induced functional norm is equivalent to the norm in (1.23) where consistency (Theorem 3°)

is established; we denote ||0)]|.

Theorem 4. Let 8 = (&, 3,Ao(-)) be the NPMLE for the log-likelihood 1. in (1.25). Under

Assumptions 1, 2, 3’ and 4,
V(0 —80) — G, inI”(Hp)
weakly for a tight Gaussian process G on 1*(H,) with covariance process
,.C/
Cov(Gh), Gh') =a o () +b o () + [ ey () )thotw),

where h = (a,b,n), and 6(h) = <0'a(h), op(h),on (h)> is given in the (1.48).
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Let G be a nature estimator for the operator ¢ by substituting the true parameter 8, and

expectation with the estimator 6 and the sample average.

Theorem 5. Under Assumptions 1, 2, 3’ and 4, © is asymptotically equivalent to the information

matrix in (1.14). The solution to g = 6~ (h) exists with probability going to 1 as n increases and

a'c,'(h")+b'5, ' (h) +/0T n(u)aﬁl(h*)(u)d?\(u) LN Cov(G(h),G(h")).

1.4 Simulation study

1.4.1 Simulation setup

Here we detail our data simulation procedure for all of the simulation studies. Simulating
cure-rate model data presents its own challenges. To be comparable with the spontaneous abortion
data which we examine in the next section, we consider finite time T, which is set to be 20 (weeks).
The covariates are the same for the logistic and the Cox part of the regression models and, unless
otherwise specified, consisting of Z; ~ N(4,1), with corresponding parameters (o, ), and
Z» ~ Bernouilli (p = 0.3), with corresponding parameters (0, 32). The logistic regression part
also includes an intercept ol.

We begin by generating a larger sample than we desire to account for those who will be
left out due to truncation. Values for o are chosen to procure the desired percentage of cured
individuals on average in the population, and we refer to this as the % of cured individuals
in a simulation study. An individual is designated as either cured or not with the probability

determined from the logistic model.
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The baseline survival function for the Cox model is set as So(7) = 20 — ¢, the survival func-
tion of a Uniform (0,20) random variable. The baseline cumulative hazard is thus Ag(r) =20{1 —
¢~'}. For those not cured individuals we generate an event time T’ = 20{1 — US*P(-P1Z1-B222)}
where U ~ Uniform (0, 1).

Truncation times are generated from Uniform (0,a) for some a < 15 chosen so that
on average the desired percentage of uncured individuals are truncated out. We refer to this
percentage as the % of truncation. Once the truncation times are generated, all individuals with
event times less than their truncation times are removed, and we reduce the data set to the desired
sample size by taking the first n individuals from those who remain. Finally, when there is
censoring the censoring times are generated from Uniform (15,5) for some b > 20 so that on
average the desired percentage of the n individuals (including those who are cured) will have a
censoring time less than min(7;,20). We refer to this percentage as the % of censoring. We ran

all simulations with 500 trials below.

1.4.2 Simulation results

In Tables 1.1 we examine the performance of the NPMLE. We consider a smaller sample
size n = 200 and a larger sample size n = 1000, and like in the pregnancy studies for SAB we
assume that a majority 75% of the subjects are cured. We ran simulations over the combination
of two truncation scenarios (10%, 20%) and two censoring scenarios (0%, 20%). In the tables
we provide the average parameter estimates (“Estimate"), the sample standard deviation of these
estimates over the 500 simulation trials (““Sample SD"), the mean over the 500 trials of the

standard errors based on our variance estimation (“SE"), and the empirical coverage probabilities
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Table 1.1: Simulation results using the EM algorithm for NPMLE.

True n =200 n = 1000
Value Estimate Sample SD SE  Coverage Estimate Sample SD SE  Coverage
10% Truncation, 0% Censoring
o 1.00 1.01 0.79 075 94.0% 0.98 0.35 033 93.6%
o -0.63 -0.64 0.20 0.19 948 % -0.63 0.09 0.08 943 %
o 1.00 1.00 0.36 037 95.6% 1.01 0.16 0.16 948%
B -0.20 -0.23 0.20 017 922% -0.20 0.07 007 95.6%
B> 0.30 0.33 0.34 032 942 % 0.29 0.14 013 934 %
20% Truncation, 0% Censoring
oy 1.00 0.97 0.80 079 948 % 0.99 0.34 035 96.0%
o -0.63 -0.64 0.21 020 954 % -0.63 0.09 0.09 962 %
o 1.00 0.98 0.40 039 954 % 0.99 0.17 0.17 952 %
B -0.20 -0.20 0.20 0.18 946 % -0.20 0.07 007 952 %
B> 0.30 0.31 0.37 034 946% 0.30 0.14 0.14 942%
10% Truncation, 20% Censoring
oy 1.00 1.18 0.97 099 96.6% 1.02 0.41 042 958 %
o -0.63 -0.69 0.25 026 962 % -0.64 0.11 0.11 962 %
o 1.00 1.01 0.50 049 954 % 1.00 0.20 021  96.0%
B -0.20 -0.21 0.30 026 91.6% -0.21 0.11 0.11 944 %
B> 030 0.31 0.53 049 934 % 0.30 0.21 020 938%
20% Truncation, 20% Censoring
o 1.00 1.05 1.00 096 958 % 0.98 0.37 041 97.0%
o -0.63 -0.66 0.27 025 96.6% -0.63 0.10 0.11  96.6 %
o 1.00 1.05 0.49 047 95.6% 1.01 0.20 020 94.6%
B; -0.20 -0.19 0.30 026 904 % -0.20 0.11 011 95.0%
B> 0.30 0.33 0.54 048 922 % 0.31 0.21 020 948%
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(“Coverage") of the nominal 95% confidence intervals using the SE’s.

According to the table, the performance of NPMLE is quite good. The average estimates
of the parameters are generally close to their true values in all scenarios. This includes for the
Cox part of the model under the smaller sample size n = 200, where only about 25% of the sample
have events when there is no censoring, and even few in the presence of censoring. The variance
estimator generally improves with larger sample size, especially for the Cox part of the model
and with 20% censoring, which also reflects in the coverage probabilities of the nominal 95%
confidence intervals. Note that with 500 simulation trials these empirical coverage probabilities
have about +2% margin of error.

At the suggestion of a reviewer, we also compared our EM algorithm with the numerical
optimization algorithm of [CSWL17], and the results are summarized in Tables 1.2 and 1.3. We
see that the performance of the two numerical algorithms were generally comparable. [CSWL17]
reported occurrence of divergence (up to 0.3% of the times) in their simulation experiments, while
we did not experience any such issues with the EM algorithm. This is consistent with our past

experience with the EM algorithm under other semiparametric models [GMX09].

1.5 Analysis of spontaneous abortion data

The data we investigate come from the OTIS autoimmune disease in pregnancy database
as mentioned earlier. Our sample includes pregnant women who entered a research study between
2005 and 2012. It consists of n = 911 women who entered the study before week 20 of their

gestation, with complete covariate information. Among them 473 (52%) were pregnant women
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Table 1.2: Comparison with Chen et al. (2017) simulation results, 20% censoring. In every two
lines of the results, the first line is our approach, the second line is from Chen et al. (2017). True

B = —0.693.

n =200 n =400
B Yo M p Yo Yi

(Yo,y1)= EST -0.657 0.987 -0.535  -0.681 1.007 -0.534
-0.657 1.015 -0.544  -0.657 1.004 -0.533

(1,—0.5) SD 0207 0250 0.331 0.149 0.168 0.222
0.254 0242 0340  0.170 0.168 0.245

ASE 0205 0242 0.323 0.144 0.171 0.228

0.235 0.247 0.343 0.167 0.173 0.242

CP 0952 0937 0.937 0.935 0.953 0.952

0932 0.959 0952 0944 0.957 0.956

(Yo,y1)= EST -0.661 0975 -1.021  -0.672 0.992 -1.023
-0.653 1.024 -1.032  -0.659 1.008 -1.015

(1,—-1) SD 0233 0257 0.331 0.159 0.175 0.222
0.254 0241 0336  0.173 0.169 0.235

ASE 0220 0242 0322 0154 0.171 0226

0.239 0250 0330  0.170 0.175 0.232

CP 0933 0937 0.945 0.930 0.942 0.950

0.931 0.956 0.943 0.928 0.963 0.949
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Table 1.3: Comparison with Chen et al. (2017) simulation results, 40% censoring. in every two
lines of the results, the first line is our approach, the second line is from Chen et al. (2017). True

B = —0.693.

n =200 n = 400
p Yo " p Yo Y

(Yo,y1)= EST -0.673 0.968 -0.509  -0.687 0.988 -0.521
0719 0999 -0.508  -0.707 1.003 -0.509

(1,-0.5) SD 0203 0257 0344  0.144 0.180 0.236
0.210 0263 0336  0.143 0.182 0.239

ASE 0206 0253 0335  0.145 0.180 0.237

0.204 0266 0344  0.142 0.187 0.242

CP 0956 0946 0946 0950 0.944 0.952

0.955 0966 0960  0.957 0.952 0.963

(Yo,y1)= EST -0.664 0.967 -1.032  -0.672 0989 -1.017
-0.691 1.016 -1.018  -0.690 1.004 -1.001

(1,-1) SD 0229 0254 0342  0.161 0.179 0228
0.239 0286 0376  0.167 0202 0.256

ASE 0223 0256 0338  0.155 0.182 0.239

0.236 0295 0379  0.164 0207 0.266

CP 0946 0957 0960 0938 0958 0.956

0.955 00958 0955 0939 0.956 0.952
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with certain autoimmune diseases who were treated with medications under investigation, 261
(29%) were women with the same specific autoimmune diseases who were not treated with the
medications under investigation, and the rest 177 (19%) were healthy pregnant women without
autoimmune diseases who were not treated with the medications. [CBBT01] discussed the
importance of having a diseased control group, since some of the adverse outcomes in pregnancy
may be due to the diseases instead of the medications. There were a total of 66 SAB events, and
2 women were lost to follow up before 20 weeks of gestation.

Since the data was collect through phone interviews roughly each trimester, despite the
fact that we obtain medical records of all study subjects, there were 10 SAB events in the data
set without exact event times, instead a window was available during which each event had
occurred. These events were therefore interval censored. For the purposes of this analysis
we applied the multiple imputation (MI) method of [Pan00]; a separate research project was
carried out to develop specific methodology and theory to handle interval censoring in this setting

(https://arxiv.org/abs/1708.06838). More specifically, we imputed the actual SAB event times

from the uniform distribution over the interval censoring windows, and the imputation was
repeated 10 times. The analysis results from each of the 10 imputed data sets were combined
using standard MI methodology to obtain the final parameter estimates and their standard errors
[Pan00, RLO2].

There are a number of risk factors for spontaneous abortion that have been identified in
the literature [CJX 13, for example]. Alternatively, we can use a data driven selection method
for risk factors in our cure rate model. For each baseline covariate, we use the Wald test with

two degrees of freedom for both coefficients in the logistic and the Cox part of the model. We
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first screen the covariates with a univariate cure rate model, with a p-value cutoft of 0.2 from the
Wald test; this step also considers different possible codings of a variable, for example, some of
the four categories of BMI (under-weight, normal, over-weight, obese) might be combined, if the
p-value is lowered. We then run a backward selection, with a p-value cutoff of 0.1 from the Wald
test. The selected variables are maternal age > 34 years or not, body mass index (BMI) > 25 or
not, whether there was smoking (Y/N) or alchohol (Y/N) intake during early pregnancy. We fit
our final cure model to the data with these covariates and exposure status, and the results using
the NPMLE are given in Table 1.4 left columns.

From Table 1.4, we see that older maternal age significantly increases the probability of
SAB in the logistic part of the model. The probability of SAB of either healthy control group
or diseased control group is not significantly different from the medication exposed women.
The Cox regression part of the model identified smoking and alcohol as significant factors for
the hazard of SAB. In the cure model context since the Cox model is only used for those who
eventually have events (observed or censored), this part of the model should be understood as
impact of the covariates on the timing of SAB; that is, significantly later timing of SAB for those
who smoked, and significantly earlier timing for those who had alcohol. The findings about BMI
appears counter intuitive here. In discussion with our medical colleagues, it is possible that obese
or overweight women have higher risk for early SAB, which were not captured in our data due to
left truncation; it then might occur that for what we observe, they appear to be at lower risk for
SAB. In addition in this data there was slightly more drinking in the BMI < 25 group, and the
lower the BMI, the higher the blood alcohol level for a given alcohol dose, leading to possibly

higher risk for SAB.
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Figure 1.2: Left truncated Kaplan-Meier and fitted curves for SAB events according to maternal
age (top) or smoking (bottom), among the full data set (left) and without the observed cured

individuals (right). The fitted curves are averages of individual fitted curves in the group.
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Figure 1.2 illustrates for maternal age and smoking the stratified Kaplan-Meier and the
fitted curves under the cure model (the curves for BMI and alcohol were similar and not shown
here). The fitted curves are averages of individual fitted curves in each group, such as among
those with maternal age < 34, etc. It is seen that all curves drop to zero among the non-cured
subjects (right panel of the figure), and that the effects in the Cox model part translate to timing of
the SAB events. In the left panel of the figure the survival probabilities at 20 weeks of gestation
reflect the cured portions in each group.

Accounting for the left truncation, classical survival analysis methods including the Cox
proportional hazards regression model have been advocated in the literature [MS08, XC11]. As a
comparison, Table 1.4 right columns (lower half) show the results of the classic Cox regression
model fitted to the data by treating all the cured individuals as right-censored at 20 weeks of
gestation, as is currently done in the practical analysis of SAB data [CJX " 13]. BMI and alcohol
are no longer significant predictors of SAB. Note that under the proportional hazards assumption,
nonsignificant effects of BMI or alcohol translates to no significant differences in the cumulative
risks of SAB; that is, the impact on the timing of SAB is no longer distinguished from the impact
on the overall cumulative risk of SAB (Y/N) by 20 weeks of gestation. In addition, as mentioned
before, treating the majority of the women (who did not have SAB) as right-censored can lead to
substantial loss of information.

Finally we also fit the ‘naive’ logistic regression model alone to the data, using whether
a woman has SAB (Y/N) as the outcome, while excluding the two right-censored observations.
The results are also given in the right columns (upper half) of Table 1.4. We note that this model

does not properly handle left truncation, and the results should be not trusted.
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1.6 Discussion and Conclusion

In this paper we have developed an NPMLE approach to fit the mixture type cure rate
models to data with left truncation in addition to right-censoring. As illustrated in the data
analysis, the cure rate model methodology developed here is able to make use of the information
from both the women who had SAB and those who were observed not to have SAB, as well as to
separate the differential regression effects of the covariates on both the cumulative risk of SAB as
well as the timing of it among those who experience SAB. We anticipate this methodology to
impact the practical analysis of pregnancy and other similar types of data. An ‘alpha’ version of a
corresponding R package is currently being tested internally.

Different from the usual cure data literature where the long-term survivors are always
right-censored, in our pregnancy studies we observe the majority of the ‘cured” women. This
greatly improves the practical identifiability of the cured portion (Sy and Taylor, 2000; Lu and
Ying, 2004), as well as substantially increases the amount of information available for estimating
the model parameters. Our inference procedures utilize the NPMLE, together with the “ghost
copy” EM algorithm to produce estimators for the model parameters. The variances of the
estimators can be obtained in closed form using the [Lou82] formula. In our simulations, the
variance estimator leads to relatively accurate coverage of the 95% confidence intervals.

In our proof for consistency, we have worked through an unbounded cumulative baseline
hazard, which has rarely been discussed in existing literatures. Ideally, we would like to show
asymptotic normality without assuming the interval-censoring tail window. However, the weak

convergence of nonparametric estimators often requires a stronger set of assumptions. As a

28



result, the unbounded Ay in the log-likelihood causes trouble in the Fréchet differentiability and
continuously invertibility steps. The “chop-off" argument applied in consistency does not work
here as Ag appears in both the parametric and the nonparametric part of the directional score.
Finally for left truncated data much work has been done recently under the length-biased
assumption [AWZ06, NQS10, QNLS11, among others]. For enrollment into observational
pregnancy studies like ours, we do not think that the uniform distributional assumption necessarily
holds, as is evident in Figure 1.1. Other parametric assumptions might be explored that are more

suitable for the entry times to pregnancy studies.

1.7 Proofs

1.7.1 The Existence of NPMLE

Proof of Theorem 1. Let 0p be the maximizer on the compliment of compact set { |||V || 8| V

|A|| < B}. We show that [(65) — —co when B — co.
By Assumptions 1 and 2, we have the bound (1.17).

All terms in the log-likelihood are bounded except for

n
y {51 log M(X, S}eﬁTZZiA(X,-)}.
i=1
Let Amax be the largest element in A. The expression above has the upper bound

10g(Amax /M) — Amax/m — Klogm,

which diverges to —eo when we set B — oo,
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Then, the global maximizer must be in one of the compact set {||a|| V|| 8] V ||| < B*}

for some B* > 0. O

Let Wl-e (t) be defined as in (1.21). We define a generic inequality to be referenced later, for

any 0 = («,3,A) in the parameter space whose baseline cumulative hazard A is a step function

jumping only at the observed event times, t1,...,k:
; ~1
0 < dA(t) < (Z wﬁ(tk)eﬂTZu) dN(ty), k=1,....K. (1.26)
j=1

The conclusion of the following Lemma is used in the proofs of both Lemma 1 and Theorem 3.

Lemma 2. Let 0,) = (a(n),ﬁ(n),A(n)) be a sequence in the parameter space where Ay is a
non-decreasing step function with jumps only at the observed event times. Suppose that 6,
satisfies (1.26) and has a subsequence 6y, converging to a limiting point * = (*, B*,A*) a.s.:
Ay —" =0, B,y —B"—0, sup \e_A(”H([) = e’A*(’)| —0, a.s.. (1.27)
1€[0,1]
Under Assumptions 1 - 4,
1. A*(t) <ooforallt <t

2. infyeo  EWO (1)e%" %] > C,, for some C,, > 0.

Proof of Lemma 2. By checking the uniform continuity of W7 (t)efBTZﬁ in (a, 8, 2"), we may

establish

* . 0, T 7,
sup (WO (1)eB %2 —w, W (1) ™| 50, as..
1€[0,7]
W2 (t) as a function of observed random variables belongs to a Glivenko-Cantelli class of

1

uniformly bounded functions with uniformly bounded variation. Thus, the pointwise convergence
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can be strengthen to be uniform convergence,

1 & 6, T 7, . .
sup |- Z ‘/Vl (ng) (t)eﬂ(nk)ZZl -k |:W9 (t)eﬁ TZ2:|
refoq] | =1

a.s. 0

0, T 2y . o . . < s
Note that n=1 Y7 W, ) (t)e’B(”k)Zz’ is caglad, so its limit E[W9" (¢)ef TZ2] must also be caglad.

1. Lett* =inf{r € [0,{] : e ") = 0}. We shall prove that T* = 1.
Suppose that T* is an interior point of [0,7]. From Assumption 4, dAo([s,t]) = Ao(t) —
Ao(s) > 0 for any s < ¢ in [0,1]. By the definition of T*, A*(t) = o and ¢? (r) = 0 for

t € [t%,1], so we have
* * T *
E {W" (1*)eB TZz} —E [ / B TZZdN(u)} > 0.
T
By the left continuity of Wie (1), Fs <", st

* * 1 T *
inf E [We (t)e? Tzz} > EE {/ P TZZdN(u)] .
™

t€fs,T¥]
The total increment of A, in [s,7*] must be bounded almost surely according to (1.26).
By the definition of T*, A*(s) < eo. Putting these together, we reach the contradiction,

*

T

*(t* lim N < Tim dN(u
A )Sklg?oA(”k)(T )Slll_r&[\("k)(s)—i_ ne o0 >( ) 37 7,
LS W (e

T —s
. * * <
lnf,e[sﬂ*}E[We (t)eﬂ TZZ]

<A*(s)+

The other case is T* = 0. Then, A*(t) = o and ¢% (1) = 0 for ¢ € [0,7]. The contradiction

is easily established as

* * T *
E[W® (0)e” %) =E { / o TZZdN(u)] > 0.
0
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2. Since E[W? (t)eﬁ*TZZ] is caglad, 0,,) satisfies (1.26) and converges uniformly to 6%, it

can be seen that E[W?" (t)e’@*TZZ] > 0 over the interior of [0, ].

. _ T
Write n, ' Yk WP (1)eP 22 as

g2 / {1-0f(w)}e? PadNi(u) + / Yilw)e? 72do? (1) + Xi(1)00 (1) 72

e anzl Yj(u)(])e(u){l — ([)Q(u)}eﬂTZZj —_
= 1—0f (u) - = ) J B8 gy,
ek ), |t £ WO (u)e® % ¢ ()
+{1-00 (1) }e? Z2idNi(1) + Yi(1)0? (1)eP 2. (1.28)

By Assumption 4, all Q; < { a.s.. Thus,

E WO (0 %] = [{8! + 597 (1) }{L < X}e” 72

T *
>E [ /c P TZZdN(u)] > 0.

For t < {, the difference E[W9" (t)eB*TZZ] — E[We*(C)eﬁ*TZZ] is the limit of an integral
like that in (1.28), where the integrand has Z;f": ] W]e(u)eBTZZJ in the denominator. So it
has potential singularities at the zeros of ]E[Wg*(u)eﬁ*TZZ] for u € [t,{]. We shall show
that E[W?" (u)eﬂ*TZZ] is differentiable with respect to dAg(u) in [0, ], so that its zero ug
leads to the divergent form — ftc |u — uo|~'du. We will then reach the contradiction that

E[W? (t)eﬁ*TZZ] = —oo, as seen below.

Denote Ry the set of zeros and limiting zeros from right for E[W 9" (u)eﬁ*TZZ]. Let set Ra,
be the Au neighborhood of Ry and Q' = [t,{]\ Ra,. E[W? (u)eﬂ*TZZ] is bounded away

from zero on ', . Through (1.28),

E|[w? (t)eﬂ”zz} _E {W“’* (c)eﬂ”zz]
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E[Y ()0 () {107 (w)}e? *] 1 5y,
= _/Q’Au E[WO (u)eP 2] E [eﬂ ’ dN(”)]

E[/,f“— [()}aN () + {1 - <r>}eﬂ”Z2dN<r>+Y<r>¢9*<r>eﬂ”22}. (129)

From part 1, e (®) > 0. For any u < (,

1 o—mA* ()

0f" (u) > 0% (¢) > > 0.

T 1+m e Q)

So the limit of numerator term E[Y ()% (u){1 — ¢¢ (u)}eﬁ*TZZ] is bounded away from

zero. And Vu € [0,],

dEWO" (1)
dAo(u)

dAo(u)

‘ {{1_ ) }Y () JePiZa _ q)e*(u)dE[Y(MNZl,Zz]H
<m+ L < oo,

The first term in (1.29) diverges to —ec when Au — 0. The other terms are bounded, so

this is the desired contradiction.

Proof of Lemma 1. 1. Define the marginal of the complete data likelihood

[}

ey=Y Y Y - Y Lo

A=OIM=0T, <0 Tiyy=ti:ty <Qi

_H{Pz )} (1= o) {pisi(x) + 1 - pi}™

— Pi e <0; MceB 2218, (fk)
From (1.5) it can be seen that the complete data likelihood L¢(8@) can be decomposed into

the product of one logistic part with one Cox part. The Assumptions 1 - 3 contain the
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regularity conditions of these two parts. The event rate P(A; = 1) is bounded away from

both zero and one,

The average at-risk process E[Y;(¢)] is bounded away from zero almost surely. The matrices
Z, and Z, are almost surely of full rank, as Var(Z;) and Var(Z,) are positive definite.
Under these conditions, both parts of the likelihood are concave in the associated sets of
parameters, o and (3, \), respective. Thus, L¢(8) is almost surely concave in 6. L(8) is
also concave as the sum over concave functions. The almost sure convergence of the EM
algorithm is guaranteed by the almost sure concaveness of the marginal of the complete

data likelihood [DLR77].

. To prove the second result, we take the following strategy. For any 6 denote A,y ¢ =
max{A : #y < {}, where { is the upper bound of truncation time defined in Assumption 4.

Define a set in the parameter space:
O ={0=(.8,A) Apaxc <n '2/Cy}, (1.30)
with C,, defined in Lemma 2. We would like to show that

lim P(6,0 € ©) = 1. (1.31)

n—oo

This is done through applying Lemma 2, so we will need to verify condition (1.26) for 6

and 0. The convergence of the EM algorithm is obtained in the first step.

First, we show that the EM finds the unique stationary point of L(8), which then must be

the global maximizer since it is concave from the proof of part 1. Consider the conditional
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expectation given the observed data as in (1.8) - (1.10). It can be verified directly (we skip

the algebraic details here) that:
VlogL(8) = E¢[V1ogL‘(6)|0).

The estimator 6 is by definition the solution to the left-hand side of the above being zero,

hence also the stationary point of Z(O)

We write down the stationary equation o) = g(+1) = @ for Ai’s at convergence,

1+ lkz pie® 2iS8;(0)1(Qi>1r)

1=pi ¥ h<Q; ft(th)

M= (1.32)

n Ly, > cof (X > pifilt))1(Qi>1)) BTZ i,
= {SII(XI - tk) 8 q) ( ) (X tk) +Z] 1 Ezhill<Qiﬁ([h) ¢ ’

where f; was previously defined just above (1.6). Combining Xk terms leads to

n

pre :2{51 (X > 1) + 8600 (X)I(X; > 1)

_Sit)I(Q: > 1) = Ljoic filt)1(Qi > 1)) }e,@TZZi_

— Di — = (1.33)
1= pi Y pn<o, fi(th)

By the mean value theorem,

Ty, T
0< e P T < : (xkeﬂ Zzl) e o Zy2hm (] 3

1
2
where m is defined in (1.17). Applying (1.34) to the denominator in (1.33), we get
1-pi Y filtn) > 1-pi{1-5:(01)}.
h:h<Qj

By a similar argument, we have almost surely

S( letk Zflt] letj)

j>k
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= E(Qi)I(Q,- > )+ Z {1 —e—xjeﬁNTZZ, X ﬂTZz,} (t)I(Qi > 1))
>k

< Si(0)I(Qi > 1)
Then, 0 satisfies (1.26).

For 6, it must satisfy the score equation for A;’s:

AO) & [dNi(ny) 0\ 877y | _ B
Oy —Z{ ” — Wi (t)e =0, VYk=1,...,K.

This is the equation version of (1.26) after rearrangement.

Now let /Xma&c and Xma&c be the largest jump for A and A on [0, ], correspondingly. By

Lemma 2 part 2, we have

lim sup n}\"max,g <C, 1, lim sup nkmax@ <C, ,a.s..

n—oo n—soo

Hence (1.31) is established.

In the set ®, we evaluate the discrepancy between logL(0) and logL(8), which can be

bounded as following

Tz,
1-5:(0) - ¥ me® Zisi0) = Y Sin) <e’~keﬁ Zz’—l—xkeﬁTZZi) (1.35)

ktk<Qt ktk<Ql

Applying (1.34) to |log L(0) —log L(8)|, we have the bound

logL(6) —logL(6 ‘ Z log{1 — pi+piSi(Qi)} —log{l —pi Z xkeBTszSi(tk)H

kit <Qi

Pi N 252 Mm
————m A e
1—pi2 "k

IN
M:

max,(*

1
< 2n2€m7»mdx Cm37»

1

Using the upper bound for A, ¢ in ®, we can bound

~ om 2m3
sup |logL(0) — logL(O)‘ <elv— (1.36)
0cO Cw
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In summary whenever 6, 0c ®, we have

~ ~ ~ -~ -~ ~ m dm3
0 < 1logL(8) —logL(§) < logL(8) —log L(8) +log L(8) — log L(8) < eCr C”; (1.37)
w
Combining (1.37) and (1.31) completes the proof.
[

Proof of Theorem 2 and 2°’. From Lemma 1, we only need to establish the following two facts:

1) E[/;(0)] exists with one unique maximal, and 2) it is locally invertible at the maximal. We
will see that 1) is verified through the proof of Theorem 3, and 2) is verified through the proof of

Theorem 4. [

1.7.2 Consistency of NPMLE

Proof of Theorem 3. The constants m, ¢, € and L are defined in (1.17), (1.18) and (1.19).

First, we show that the “bridge” A defined in (1.22) converges to the true Ag in the

following sense:

sup e M) —o=M0)| 0 g5 (1.38)
t€0,1]
as n — oo. We have the bound for Vz € (0,1),
E[¥(1)0% (1) %] e

m 2> = > — .
E[log{l+exp (ang—Ao(t)eﬂ(JZb) H me+m

(1.39)

For any 7% < T in Q the set of rational numbers, E[Y (1)¢% (t)eﬁoT Z2] is bounded away from zero
over [0,7*]. The uniform convergence of A to Ag over any [0,7*] can be obtained in the way like

[Mur94]. To extend the result to (1.38), we use a trick described in (1.40)-(1.43). By Assumption
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3, Ao is non-decreasing and diverges to o at T. Therefore,
Ve >0, 3" € (0,7) NQ, s.t.e ) < g/3. (1.40)
Through Rao’s law of large number and Helly-Bray argument, we have
sup |A(t) —Ao(t)| =0, a.s.. (1.41)

t€[0,7*]

By continuity of the exponential function,

AN, Vn >N, sup |e A0 —~Mol)| < ¢/3. (1.42)
r€[0,t*]
Then,
V>N, sup |e M) — e M0 < 2e7M0(T) 4 1o AT) _ o Mo(t)) < g, (1.43)
te[t*,1]

Therefore, we have proved (1.38).

Next, we evaluate the difference between the limits of A and A. According to Assumption
1 and e A0 € [0,1], (&,B,e‘r\(’)) is bounded. A() is Cadlag, so is e A, By Helly’s Selection
theorem, there is a subsequence converging uniformly almost surely to some 8* = (a*,,@*,e*’\*).

Lemma 2 part 2 gives the bound for ]E{We(t)eﬁTZZ} over [0,£]. We only need to find its bound

on [C, 7] in order to mimic the proof of Lemma 1 of [Mur94]. Note that

E [Wf’(t)eﬁ%] —E { / . (])e(u)}eﬁTszN(u)}
—
F [ T¢"<u>eﬂ%dﬂz[¥<u>mzﬂ] '
t
By Assumption 4, P(Q; < {) =1, so E[Y (u)|Z1,Z;] is decreasing on [{,1]. Along with the

Lipschitz continuity, we have for V¢ € [{,7)

E[WO(t)eP Z2] g
ML > = > — .
E [log{1+exp (aJZl—AO(t)eﬁo Z2i> H me+m
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E [W"o (t)eﬁTZZ}

W is bounded away from both o and zero, and

N t
Alr) - / YdAo
0

After all these preparation, we can use the semi-parametric Kullback-Leibler divergence

Therefore, y(t) =

dA

= —0a.s.,VT* <1Tin Q. (1.44)

() = (1)

— 0 and sup
1€[0,7%]

sup
t€[0,7]

argument from [Mur94]. We have

0<{1(@,8.R) ~ (e, B, A)}
U 0P IR N f o 7
k), e )P A >}{‘Wt<u> oo et i

log{

x 020 ()P0 221 (u)d A (u). (1.45)

o

09 (u)eP L2id A (u) }_ { 09 (u)eP Z2id A (u) _1}]
By Za; 6o By Zai J A

070 (u)ePo Z2id A(u) 0;° (u)ePo “2idA(u)

Denote the function in the logarithm above as \;(«). Using the definition of A, we can rewrite

the first term in (1.45) as

1 ¢ T Y . log (\p( ))q)eo(u)y.( Je 8] Za;
Zzzi /0 oe (Wi(u = 1(; (M) ( ) /3]0 ZZ] le(u)
Iv) [ X" log (w;(u)) 0% (u)Y; (u)ePo 22
= ZZ{ /0 log (wi(u)) — = ?_1(;?0 (W)Y, (u )egjgzzj dM;(u) (1.46)

Inside ;(u), the ratio dA/dA is bounded away from 0 and e according to (1.44). Denote
the range of the ratio as [1/R,R]. The ¢f°(u) term and (I)?(u) term in ;(u) creates potential
singularity for (1.46) at 7, but its decay rate is bounded by e~ MRAo(1) by Assumptions 1 and 2.

The integrands of martingale integral (1.46) are all bounded a.s., and the quadratic variation of

(1.46) is bounded a.s. by

1 & /" 0
’?;/O 4{mRAo (1) +10g(R) } 202 (u)Y; (u)e Z2id Ag(u).
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It is of order O, (1/n), so the limit of (1.46) is zero almost surely.
The integrands in the second term of (1.45) is of the form log(x) — (x — 1) < 0. In order

to satisfy the inequality in (1.45), we must have

n—ooqn !

i 23 [ {1 (w(0) = () = 1) o (0 0 (u)dAGw) =0

Applying the same argument as in [Mur94], we get

E < /0 ’ ‘Q)e*(u)eﬂ*TZZy(u) — 090 (u)ePo 22 Y(u)dAo(u)) =0 (1.47)

in the almost sure set. The identifiability of our model is verified in [LTSO1] Theorem 2. Along
with our regularity conditions in Assumptions 2 and 3, (1.47) leads to o™ = g, 3* = By and

v(¢) = 1. This implies that

sup |A(r) —Ao(t)‘ —0a.5.,Vt" <tin Q.

t€[0,7*]

Repeating the trick in (1.40)-(1.43), we have

sup e A0 _=M)| 0 g,

t€[0,7]

Finally, we summarize all usage of almost sure arguments to ensure that intersection of all
almost sure sets still has probability one under ¢-additivity. The steps (1.40)-(1.43) involves one
almost sure argument for each choice of t*. We preserve the almost sure property by restricting
T* to be in the countable set Q. One almost sure argument is made for Helly’s selection theorem.
In Lemma 2, we use the Glivenko-Cantelli Theorem to avoid the dependence on the choice of 6%,
so the almost sure argument is only applied once. Two more almost sure arguments are used in

calculating the limit of the terms in (1.45).
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Proof of Theorem 3°. The proof is essentially the same as the proof of Theorem 3, so the details

are omitted. In fact, it is less technical due to the boundedness of Ag over [0,7']. O

1.7.3 Asymptotic Normality

First, we provide the definition of several quantities below. In Theorem 4 G(h) =

<aa(h),a'b(h),cn (h)) is

oo(h) =E zl{— OT/K?°<h><u>Y<u>d¢”°<u>
+ K ()Y (¥)0%(¢) (1- 6% (7)) }] ,
oy(h) = E zz{ OT/KfO(h)(u)Y(u)eBO %2 Ao (u)0™ ()|
— K ()Y (¥)e 2200(¢)0™ (v) (1-0%(¢) ) }] ,
on(h) = E | ZZ{K9°<h><u>¢"0<u>Y<u>—KfO(h)Y(r’m"O(r’)(l 0% (%))

- HT/K?°<h><s>¢"0<s>(1—¢9°(s>)Y<s>eﬂJZ2dAo<s>} : (1.48)
where
KO (h)(u) =a' Z, (1 —¢f (u)) +b'Z, {1 - (1 —(j)g(u))A(u)eﬁTZz}
()~ (1-6°w)e?  [Tnan,
K9 (n) :{aTZl — b ZoA(T)eB % /O T/ne'gTZZdA}. (1.49)

Let @ +th = (oz +ta,B+1b, [o(1+ tn)dA). Define the directional derivatives

1(@+th)—1L(0

t—0 t

0 0 0 0
= Sn = Sn,a + Sn,b +Sn,n7
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where

/

2= L zaid [ (100 amt) - [ o) (1-ef(w) e i
+ (M) - M) (1-60(9)) - Tl () |
L [ / (1= (1-6%(w) Awe? 2} ania)
+ / )¢ Zai (102 (1) ) Aw)e? %21 — 1} dA(w)
- (M) —Ni<r’>) (1-07(x) ) A(x)el 22 Yi<r>¢?<r'>A<r'>eM]
S0 = Zl / [ {1-00(u) el /0 "ndA] dNi(u)
+ [ et we [{1—¢?<u> L' | MndA—n(u)] IA(w)
i <Ni<r> e >) (1 1) [ nane ™ o) [ ane
Their expectations are denoted as
$7 = $8+50+58 =E(50,) +E(50,) +E ().

Again let 8 be the true parameter and 0 another element in the paramter space. Define

A0 = 0 — 0y with

Na=a—ag, AB = — By and AA(-) = {A(-) —Ao(-)}.

Define /in® to be the linear space spanned by {0 — 6y : 6 in parameter space}. Let 6, = 6y +t 6.

The functional Hessian is a linear operator [/in® — [*(H,) defined as

§90(20)(h) =1im 5 (W) =S (h)

t—0 t
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/

— AT ouh) = AB oy (h) — /0 " 6 (h) (u)d DA 1) (1.50)

with ¢ defined in (1.48).
The following Lemma 3 is used in the proofs of Theorems 4 and 5. It tells us about the

property of G, the essential element in the functional Hessian.

Lemma 3. Let the operator 6 : (a,b,mn) — (aa (h),op(h),on (h)) be defined as in (1.48). Under

the conditions of Theorem 4, G is a continuously invertible bijection from He t0 He.

Proof of Lemma 3. First we prove that G is injection by an identifiability argument. Define an

inner-product between 6(h) and h as

,.c/
(o(h),h) =a’ o4(h) +b" oy () + /0 Gy () (1)1 (1) d Ao ()
— ¢ 90 ,3 (%)
_OE{K1 (u) V7Y (u) 052 dAo(u)
2
E[{K{(0)}*Y (¢)o%(¥) (1 ~¢%(7)) .
If <G(h) : h> = 0, we have almost surely Kgo (h)=0and K190 (h)(«) =0a.e. u € [0,7']. Therefore,
/ K% (n (u)e® 22dAg(u) = 0,V € [0,7],a.s
Calculating the integral, we have for for any ¢ € [0,7] a.s.

—aTZ10%(1)+ b7 220" () Ao1)e %+ [ M(u)dNo(u)g ()% % =,

Setting r = 0, we have —a' Z1¢%(0) =0, soa'Z; = 0. By Assumption 2, a = 0. Plugging a =0

into K29 0 yields

K% (h) = ﬁoZZ{szon / n(w)dAo(u)\ = 0,a.s..
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Again, b'Zy = forln(u)dAo(u)/Ao(’c’) is deterministic, so b = 0. This way 1 must also be
constantly zero. As aresult, 6(h) = o(h’) = (G(h —h'),h— h’) =0=h=h

To show it is a bijection, we apply Theorem 3.11 in [Con90]. It suffices to decompose G
as the sum of one invertible operator and one compact operator. The invertible operator is defined

as

Y(h) = (E <Z1Z1T> aE <Z2Z2T> b,n(t)E {eﬁglzq)@o(t)y(t)})
Since E (2121 "), E (Z,Z, ") are both positive definite, and inf,[o v EePo 220 (1)Y (¢) > 0, the
inverse exists as

-1

s (h) = ( [E{ZIZIT}] a, [E{ZZZJ}} T bon) [E{eﬂJquﬂo(;)Y(r)}} 1).

For the compactness of o(h) — X(h), classical Helly-selection plus dominated convergence

method applies as all terms are conveniently bounded. [

The proof of Theorem 4 is the application of Theorem 3.3.1 from [VdVW96]. We shall

verify all the required conditions for the Theorem.

Proof of Theorem 4. Since we work under a modified Assumption 3’ now, the martingale rep-

resentation in (1.15) needs to change accordingly beyond t'. We still use M;(¢) as the nota-
tion. Define the filtrations { % : ¢ € [0,7]}. On [0,7], 7 is the natural G-algebra generated by
{Ni(t),Yi(t),Z4;,Z2;,i = 1,...,n}. Since there is no extra information in the tail window (', 7),
we set F; = Fu fort € (t',1). F: is the c-algebra generated by {N;(t) — N;(t),Yi(1),Z4;,Z2;,i =
1,...,n}, where Y;(t) = Y;(t') — dN;(7) is measurable in Fy. The filtrations on [0, 7] stay the

same, so M;(t) defined in (1.15) is still a martingale up to time T'. In the tail window (7, 7), we
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set M;(t) constantly equals M;(t'). To extend its definition to time T, we define
dM;(1) = Mi(T) = Mi(t') = {Ni(t) = Ni(¥) } — Fi(0)7" (7). (151)

It is easy to verify that E[M;(t)| Fv] = M;(7), so M;(r) thus defined is a martingale with respect
to the new filtrations { % : ¢ € [0,7]U{t} }. Analogously, we define the process M?(-) which
replaces the true parameter 6y in M;(-) by arbitrary 6 in the parameter space. Apparently,

Mm% (-) = M;(-). From here, we establish the needed results based on the martingale theory.

1

First, we prove weak convergence of the empirical score
8 oo\ [ (Hp)
V(S8 — s%0y " X7 g, (1.52)

Notice that S?O — 5% is a martingale integral with respect to (1.51). The weak convergence
follows from martingale central limit theorem. The covariance process is given by the expectation

of its quadratic variation:

Cov (4(h), % (h*)) :E[ i K2 (h)K® (h*)Y (1) o (1)e® Z2d Ao (1)

where K| and K are defined as in (1.49).

Next, we verify the approximation condition
ﬁ(sZ—SG—SSO—S“’O) = o0,(1). (1.53)

Consider the class {S?(h) — S?O (h) : [|[0 — 6| <&, h e H,}. All terms involved in this class

are uniformly bounded with uniformly bounded variation, so it is a Donsker class for the set of
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observable random variables. By checking that ¢? is Lipschitz in 6 under the [*(H,) norm, we

have almost surely

sup [09(r) —0°(1)] = 0 (|6 — 6l]),

1,215,724

and similarly

sup [0f (1)A(1) = 07 (1) Ao(1)| = O (/|0 — 6] .

125,24

For a single summand in the score,

sup E[S?(h) — S (h)]> = 0 (|6 — 60]?).

We plug 6 into the expression above. Thus, the variance of the limiting process of (1.53) is o(1)
by the consistency of 6 from Theorem 3’, so the process itself is 0,,(1).

We then show the Fréchet differentiability of expected score S at 8 in the direction of
6 — 6y,

§0 59 — 139 (8 — 09) +0,,(1]|0 — 6. (1.54)

We use a shorthand notation for the expected score at 6:

Sa(h):E{/T/K?(h)(u)dMa(u)Jer( )dM® (t) 1 V VO (h)(u)aM®(u)|,

0
by setting

VO(h) (1) = 1 < 7)K? () (1) +1(t = T)KY (h).

By the Lipschitz continuity with respect to ||| for all terms involved, K9 (h), K¢ (h) and dM?,
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- E { /0 i VO (h) (u)d{M® () —Meo(u)}] +E { /0 Tlv"r (h)(u)dMeo(u)}
+E [ /O VO () () — VO () () bl MO () —Mgo(u)}}

= 15%(0—8p)(h) +0+0,(%(|0 — 6o*).

Again, we plug-in 6 and use the consistency result to verify the condition (1.54).

Afterwards, we find the local inverse of the functional Hessian in (1.50). We have shown
in Lemma 3 that the functional operator ¢ is a continuously invertible bijection from Ho to He,.
The invertibility of $% in H » follows from the following argument. By the continuous invertibility

of 6, there is some ¢ so that 6! (H;) € Hp, and

SUPher, (@ — ap) "og(h) + (8 — Bo) "oy (h) + I on(h)d(A—Ao)|

AOLIn® 1260 a1
sy (0= 00) T u(h) + (8 Bo) () + 5 o) (A~ Ao)
T NElin® pllAG]]
su A@(h
gy SPeen, [ 2OM g (1.55)
Noelin®  p|| A6 2p

Finally, let us put everything together. The NPMLE 6 is shown to be consistent in
Theorem 3°, and (1.52), (1.53), (1.54) and (1.55) verify the conditions of Theorem 3.3.1 from

[VAVWO6]. ]

Proof of Theorem 5. The proof for the continuous invertibility of © is similar to the proof of

Lemma 3. The approximation error between the natural estimator 6 and Louis’ formula variance
estimator using (1.14) again comes from the “ghost copies” like the case in Lemma 1, so the

same argument applies to show their asymptotic equivalence. [
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1.8 Details on Variance Estimator

1.8.1 Derivatives of Log-likelihood

Let I°(a, B,A) = Y1 | If(ax, 3, A) be the complete data log-likelihood,

(0, B, 0) =(Ai + Mi)a Zy; — (1+M;) log(1+¢* %1i)

K
+8A Y X =0} (loghy + BT Za) —A; Y, WP

k=1 k'tk<X-
+M; Y Ik, —k}<logkk+[3TZ2 . theﬂ Zm)
kit < Qi h=1

Its gradient is given by

C c c T
o= (228,20

da’ 937 o
where

alc e i

—Z1, Ai+M;— 1+M)m}:Zli{Ai—pi+Mi(1_Pi)}a

_Zzl{A 81—{—M Z M +M; Z)\,k> s ZZ’}

k lk<X

ZZzi{AiSil +M; — AiNi(X;) _MiAi(Ki)}>
all‘ 1 1 ,@TZ R
T = (A,'Si I{X,' = tk} —i—M,'I{K,' = k}) ?u_ — (A,‘I{tk < Xi} —I—MiI{K,' > tk}>e 2i

k k
S I{X; =t Hxi=k
:A,.<—l Xi=td e < Xi}eﬁTZZl) +M,-<Q — 1K > tk}eﬂlef>.
A A
Its Hessian is given by
0%1¢
doda " 20 ?
) 2 2
VoI = 0 DN ;
0%1¢ . 0%
0 [aﬁafw} diag(54)
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where

1.8.2

doda ! LSl +M; m = 1.4a; (1 +M;)p; Di);
9%[¢ K ]
l :ZZiZZ,T{— A; MMy A P Zzl},
988" (4 L ity )
8215 IBTZ .
aﬂa}hk _Z2i - <All{tk S Xl} +Mll{tk S Ki})e 2i ,
L - (A'SII{X =t} + Mil{x; = k}) 1
a}\% - [ i — tk i i = }\‘I%,
27¢ 21c 21¢
o L _ L o wzn

00037  dadAT  onoh,

Conditional Expectations

By the conditional expectations (1.8) - (1.10), we are able to calculate the ‘first order’

conditional expectations, E[VI¢| O] and E[V2/¢|O]:

al¢
E {@_ —Zli{E(Ai) —pi+EM;)(1 —pi)},
ol¢] B
E[a—’ =7, [E(Ai){ﬁil+10gSi(Xi)}+]E(Mi){1—|- ) P<Ej:tk)10gsi(tk)}},
5] ki <Q;j
Ji; | 8 I{n =X} 472,
E {87%_ —E(Ai){T —H{n < X}e }
P(T;; = ) ~ _—
+HB(M){ == (T, = e ).
adar | = Lt ))pi(1—pi),
o[ 1 = 225 {E(A)logSi(X) + E(My) Y B(T;=1)logSi(n) )
103937 e ey ,
[ 9%1¢ .
| = —Zy, ~ : ) N\ BTZy,;
E _aﬁaxk} = Zz,{E(A,)I{tk <X} +EM;)P(1 < Kl)}e %
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1
R
A’k

E B;l%j _ _{]E(A,-)S}I{T}j =t} +EM)P(T;; = fk)}

To calculate ‘second order’ expectation E[VI{VIf T | O], we first compute the conditional variances:

Var[A] 0] = 5c—Pill = Pi)SiX)
= pit piSi(X) }
pil1-si(0))
{1-pitpisiQ)}

29

Var[M;| 0] =

Then,

(o™ ror] a1’ T 2
E ﬁ% =E |:£:| E |:£:| +Z1iZ1i {(1 _pl) Var(Mi) +Var(Ai)},

agar™] ra) . o]’ T !
R R

+ Var(M;)(1 —p,-){l + ) P(T;; = tk)IOgSi(tk)}] )
kit <Qi

oo T o] Tor]" T ! ’
o[55 | -2 ] Ga] ama Pfvuso)

_ 2
+Var(M,-){1+ Z ]P(T,-j:tk)logSi(tk)}
kit <Qi

+E(Mi){ Y, P(Tj=m)logSi(we)* — () P(ﬁjsz)logsi(fk))z}}7

kit <Q; ki1, <Q;
ol; 91} o | g | Ok 8 H{u = Xi} 57z
o | “E 5o l [ ) ————— — <X; 2i
= [aa akk} = |:aa:| E |:a7\‘k:| +Z11 |:Var(Al){ 7\4( I{fk > X,}e }
+ Var(M;)(1 —Pi){P(Ti;;—:tk) —P(T;; > [k)eIBTZZi}:| 7
k

oIf oI ol [ ol
. [%37%} - {%] . {axk}
1 — Y.
+Zy; [Var(Ai) {8! +1logsSi(X;)} { Eil{t;_—ﬂ — i < Xi}eﬁTZZi}
k

+Var(M,-){¥ —P(T}; > tk)eﬂTZZi}{l + Y P(T,= th)logSi(th)}
k hit,<Q;
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_E(Mi){ Y P(T;= th)logSi(th)P(ﬁik: ) _ P(T; = t;llogSi(tk)

ity <Qj

—P{T}; >t }eP 22 Y P(T; = t)logSi(ty)
hity<Q;

57z h<Qi
+e 2i Z P(le :l‘h) IOgSi(lh)}},
h=k

alf dlf 81 {X' = fkvh} 87Z, 26"
[t S D Bt el i . AL S it - > Z2i
. [BM BM] BA; { Mev ¢ 1% 2 e }

L7 - N
—|—]E(Ai)E(M,') {w —I{Xi > tk}eﬁTZZi} {w _P(Tij > th)e’BTZZZ}
k h
lrfy. — T . — _
—l—]E(A,')E(M,') {M —I{Xi > th}e:gTZZi} {w _P(Tij > l—k)e:BTZZi}

FEp? - ST =1 —P(T;; > rk)eﬂTZZf} {M —P(T;; > th)eﬁTZZi}

~ 2
ol¢ olf S I{T;j =1} T
i 9| _mg ) Gl _JiX > B L,
E {axk ad EA; { » {X; > i }e
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Table 1.4: Cure rate model versus separate model fits for SAB data.

Cure model Separate models

Estimate (SE) P-value Estimate (SE) P-value

Logistic

Intercept ~1.72(0.28) <0.01 —2.54(0.26) <0.01
Healthy —0.60 (0.49) 022  —0.86(0.45) 0.06
Diseased Control 0.15(0.30)  0.63 0.01 (0.28)  0.98
Maternal Age >34 0.59 (0.28)  0.04 0.65(0.26)  0.01
BMI > normal —0.62(0.29) 0.04 —0.32(0.28) 0.4
Smoking 0.51(0.38)  0.17 0.80 (0.35)  0.02
Alcohol ~0.23(0.29) 043  —0.34(0.27)  0.20
Cox PH

Healthy —0.49 (0.44) 027  —0.35(0.45) 0.43
Diseased Control —0.30 (0.27)  0.26 0.29 (0.27)  0.28
Maternal Age >34 —0.04 (0.26)  0.86 0.55(0.25)  0.03
BMI > normal —0.71 (0.29) 0.0  —0.39 (0.26)  0.14
Smoking —1.18 (0.41) <0.01 0.78 (0.33)  0.02
Alcohol 0.78 (0.28)  0.01 —0.43(0.26)  0.10
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Chapter 2

Inference under Fine-Gray Competing
Risks Model with High-Dimensional

Covariates

2.1 Introduction

High-dimensional regression has attracted increasing interest in statistical analysis and
has provided a useful tool in modern biomedical, ecological, astrophysical or economics data
pertaining to the setting where the number of parameters is greater than the number of samples
(see [BvdGl11] for an overview). Regularized methods [Tib96, FLO1] provide straightforward
interpretation of resulting estimators while allowing the number of covariates to be exponentially
larger than the sample size. While they can be consistent for prediction (i.e. estimating the

underlying regression function), confidence intervals cannot be consistently formulated, as

54



firm guarantees of correct variable selection can only be established under a restrictive set of
assumptions, including but not limited to the assumption of the minimal signal strength of the true
parameter [WRO09, FL.10, MY09], which cannot be verified in practice. For practical purposes,
it is of interest to develop inferential tools, most commonly confidence intervals and p-values,
that do not depend on such assumptions and are yet able to provide theoretical guarantees of the
quality of estimation and/or testing; and this is the goal of our work here.

For the purposes of constructing confidence intervals or testing significance of the effect
from certain covariates, relying on a naive regularized estimation alone is not appropriate; notably,
construction of confidence intervals for those coefficients that have been shrunk to zero is
impossible. [ZZ14] and [vdGBRD14] proposed the one-step bias-correction estimator, which can
be subsequently used to carry out proper statistical inference. Our work here was motivated by
an illustration project of how information contained in patients’ electronic medical records can
be harvested for precision medicine. The data set linking the Surveillance, Epidemiology and
End Results (SEER) Program database of the National Cancer Institute with the federal health
insurance program Medicare database contained prostate cancer patients of age 65 or older. A
total of 57,011 patients diagnosed between 2004 and 2009 had information available on 7 relevant
clinical variables (age, PSA, Gleason score, AJCC stage, and AJCC stage T, N, M, respectively),
5 demographical variables (race, marital status, metro, registry and year of diagnosis), plus 9321
binary insurance claim codes. Among these patients 1,247 died due to cancer, and 5,221 had
deaths unrelated to cancer by December 2013. An important goal of the project was to evaluate
the impact of risk factors (clinical, demographical, and claim codes) on the non-cancer versus

cancer mortality, with appropriate statistical inference. Cancer and non-cancer versus cancer
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mortality are known as competing risks in survival analysis, and cannot be handled using linear
or generalized linear regression models as considered in [ZZ14] and [vdGBRD14]. Instead, we
consider the proportional subdistribution hazards regression model, often known as the Fine-Gray
model [FG99]. Under classical low-dimensional setting, Fine and Gray derived the estimation
and inference for the model coefficients via the partial likelihood principle, and handled right
censoring by inverse probability censoring weighting (IPCW).

Considerable research effort has been devoted to developing regularized methods to handle
various regression settings [RWL10, BC11, OWJ11, MB06, BM15, CF15], including those for
right-censored time-to-event data [SLFL14, BFJ11, GG12a, Joh08, Lem16, BS15, HMXO06,
among others]. However, regression has been little studied for the competing risks setting, with
random censoring and high-dimensional covariates. The purpose of this paper has two folds: 1) to
study estimators under the Fine-Gray regression model for competing risks data with many more
covariates than the number of events; 2) to develop statistical inference procedures in this setting.
To our best knowledge, no published work exists on statistical inference for competing risks data
that allows high-dimensional models; univariate testing was studied in Cox proportional hazards
model — however, our construction allows for the testing of general linear hypothesis.

There are at least three significant challenges for addressing high-dimensional competing
risks regression under the Fine-Gray model. The structure of the score function related to the
partial likelihood causes a somewhat subtle issue with many of the unobserved factors preventing
a simple martingale representation. Additionally, the structure, as well as, size of the sample
information matrix renders both methodology and theoretical analysis based on the Hessian

matrix problematic. Thirdly, random censoring presents non-trivial challenges in the presence of
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competing risks and weighting is needed which further complicates the theoretical analysis. Also,
although bootstrap has been considered for inference under the Fine-Gray regression model, this
approach is no longer applicable given the known problems of the bootstrap in high-dimensional
settings. Development of high-dimensional inferential methods for competing risks data and
under the Fine-Gray model, in particular, may have been hampered by these considerations.

In this paper, we propose a natural and sensible formulation of inferential procedure
for this high-dimensional competing risks regression. We first study a regularized estimator
of the high-dimensional parameter of interest and derive its finite-sample properties where the
interplay between the sparsity, ambient dimension and the sample size can be directly seen.
We then propose a bias-correction procedure by formulating a new pragmatic estimator of the
inverse of a large covariance matrix that allows broad dependence structures within the Fine-Gray
model. We find that the bias-corrected estimator is effective at capturing strong as well as weak
signals, and can be used for statistical inference. This combination leads to an efficient and

simple-to-implement procedure under the Fine-Gray model with many covariates.

2.1.1 Model and notation

For subject i = 1,...,n in a study, let 7; be the event time, with the event type or cause
€;; we use the two words interchangeably in the following. Under the Fine-Gray model that
we consider below, we assume without loss of generality that the event type of interest is ‘1°,
and we code all the other event types as ‘2’ without further specification. In the presence of a
potential right-censoring time C;, the observed time is X; = 7; A C;. We denote the event indicator

as 0; = I(T; < C;). The type of the event ¢€; is observed, if the event occurs before the censoring
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time, i.e., when §; = 1. Let Z;(-) be the vector of covariates that are possibly time-dependent. We
focus on the situation that the dimension of Z;(+), p, is larger than the sample size n. Assume
that the observed data {(X;,d;,9;€;,Z;(-))} are independent and identically distributed (i.i.d.) for
i=1,...,n.

Since the cumulative incidence function (CIF) is often the quantity of interest, [FG99]

proposed a proportional subdistribution hazards model where the CIF
t 0
Fi(t|Zi(-)) = Pr(T; < t,6; = 1|Z;(-)) = 1 —exp (— /0 e? TZ"“)hé(u)du) , QD

the p-dimensional coefficient 3° is the unknown parameter of interest, and h(l)(t) is the baseline
subdistribution hazard. Under the model (2.1) corresponding subdistribution hazard h; (¢|Z;(-)) =
h(l)(t)eﬂﬂzl‘ (1), Throughout the paper, we assume that there exists a sparsity factor s, = [supp(3°)|
for some s, < n. Note that if we define an improper random variable Ti1 =Til(gi=1)+ol(g;>1),
then the subdistribution hazard can be seen as the conditional hazard of T;' given Z,;(-).

We denote the counting process for type 1 event as N} (t) = I(T! <t) and its observed
counterpart as N?(t) = I(8;€; = 1)I(X; <t). We also denote the counting process for the censoring
time as N¢(t) = I(C; < t). Let Y;() = 1 — N/ (—) (note that this is not the ‘at risk’ indicator like
under the classic Cox model), and r;(t) = I(C; > T; At). Note that r;(¢£)Y;(¢t) =1(t < X;) +1(t >
X;)I(8;€; > 1) is always observable, even though Y;(¢) or r;(¢t) may not. Let G(t) = Pr(C; > 1)
and let G(-) be the Kaplan-Meier estimator for G(-). Here we assume that C is independent of T,
€ and Z. Following the notation of Fine and Gray we call the IPW at-risk process:

oi(¥i(t) = ri<r>n<z>%; 22

in other words, the weight for subject i is one if # < X;, zero after being censored or failure due to
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cause 1, and G(r)/G(X;) after failure due to other causes. The log pseudo likelihood (as recently

named in [BKRF18]) that gives rise to the weighted score function in [FG99] for 3 is

m(B)=n"" Z / ' { B Z;(r) —log (Z coj(z)yj(z)eﬂTZf(f)) }de(z). (2.3)
i=170 =1

where #* < o is the study end time.
In the following, for a vector v, let v¥¥ = 1, v¥! = v and v®? = vv'. We define for

1=0,1,2
s(t,8) =E {G(f>/ Gt AXi)ri(t)n(t)e"TZf(’)Zi(t)@} () =s,8)/59¢,8),
SO(,8)=n"" Z wi()Yi()e? L0z, 1) Z(t,8) =SV (1,8)/50, B). (2.4)
i=1

We then have the score function, i.e. derivative of the log pseudo likelihood (2.3),

m(8) =n"! ; /0 (Zi(t) —Z(t,B) N (1),

Regarding notation, let us mention that all constants are assumed to be independent of n,
p and s,. We use K and p with corresponding enumerated subscripts to denote “big" and “small"
constants. We use Q to denote intermediate terms used in the statements or the proofs of various

results. We label the subscripts by the corresponding order of their appearance.

2.1.2 Organization of the paper

This paper is organized as follows. In Section 2.2, we provide the bias corrected es-
timator, Section 2.2.1, as well as the confidence interval construction, Section 2.2.2, for the
high-dimensional Fine-Gray model. Construction of a new Hessian estimator, the cornerstone for

our bias correction and variance estimation, is presented in Section 2.2.3. Section 2.3 presents
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properties of the developed estimator. Additional notations for theoretical considerations are
presented in Section 2.3.1. Bounds for the prediction error are presented in Section 2.3.2; The-
orem 6 is the main result on estimation. Section 2.3.3 studies the sampling distribution of a
newly develop test statistics while not requiring model selection consistency or minimal signal
strength. Theorem 7 is the main result regarding asymptotic distribution. There we present a
sequence of intermediate results as well. We examine our regularized estimator and the one-step
bias-corrected estimator through simulation experiments in Section 2.4, and apply them to the

SEER-Medicare data in Section 2.5.

2.2 Estimation and inference for competing risks with more

regressors than events

2.2.1 One-step corrected estimator

A natural initial estimator to consider under the high dimensional setting is a /1 -regularized
estimator, where the particular loss function of interest would be the log pseudo likelihood as
defined in (2.3). We note that our results are easily generalizable to any sparsity-inducing and
convex penalty functions, but due to the simplicity of presentation we present details only for the

[ regularization. That is, we consider

B(1) = argmin{ —m(8) + 18] | 2.5)

BeRP

for a suitable choice of the tuning parameter A > 0. Whenever possible, we suppress A in the

notation above and use ,@ to denote the /-regularized estimator. In the Section 2.3.2, we quantify
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the non-asymptotic oracle risk bound and show that the estimator above, as a typical regularized
estimator with p > n, converges at a rate slower than root-n. This implies that for inferential
purposes the bias of the estimator cannot be ignored.

Inspired by the work of [ZZ14] and [vdGBRD14], we propose the one-step bias-correction

estimator

~ ~

b:= 3+ 0Om(3), (2.6)

where B is defined in (2.5), © is an estimator of the “asymptotic" precision matrix © to be
defined later. The above construction of the one-step estimator is inspired by the first order Taylor

expansion of m(-),

m(3°) ~m(B) —m(8°)(8 - B°)
~1(8%) |8 — {B+Om(B)}| = m(8°){8° - b}. 2.7

The notation “~" in the above indicates that the equivalence is approximate with the higher order
error terms omitted. We aim to find a good candidate matrix ©, such that —m(3° )@) ~ I, with
I, denoting the p x p identity matrix. Note that when p < n an inverse of the Hessian matrix
above would naturally be a good candidate for @) but when p > n such an inverse does not

necessarily exist. We will elucidate the construction of © towards the end of this section.

2.2.2 Confidence Intervals

To construct the confidence intervals for components of 3°, we need the asymptotic
distribution of b. We will first establish the asymptotic distribution of the score m(3%). With

p > n, we have to restrict the space in which we want to establish the asymptotic distribution.
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The asymptotic distribution for m(3?) is established in the following sense — for any ¢ € R”
such that ||c||; = 1 we have

Ve m(3%) % N0,c" Ve),
where ¥ is the variance-covariance matrix for \/nm(3°). We construct the following estimator
for 1

V=n" lf(n,w)@z, (2.8)

where 7); and ; are defined as follows:

o= [ 120 -2 B0} 1), 29)
i = / %d@?(r), 2.10)
q( 121 (t> X)) / {Zi(u) — Z(u, B) }o; (u)dM} (u), (2.11)
n(t)=n"" 2‘{ 1(X; > 1), (2.12)
A (0) =106 2 g (1)~ "= ;uxj > NS 1) .14

As illustrated in (2.7), we have \/ﬁcT (B — [3°) to be asymptotically equivalent to
Ve ®m(3%) 4 N(0,eTeV0 ¢).

We may now estimate the variance of \/nc ' (B — 3%) using a “sandwich" estimator ¢'0707c.

Therefore a (1 — a)100% confidence interval for ¢ 3° is

[CTB— Zi—ap\/ cT(:)‘IA/C:)Tc/n, ¢'b+ Zl_a/z\/cT@‘IA/C:)Tc/nJ (2.15)
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with standard normal quantile Z;_g ;.

Our proposed approach addresses various practical questions as special cases. First, we
can construct confidence interval for a chosen coordinate B;’ in 3°. To that end, one needs
to consider ¢ = e, the j-th natural basis for R? and apply the result (2.15). Generally, we
can construct a confidence interval for any linear contrasts ¢' 3%, potentially of any dimension.
For example, we can have confidence intervals for the linear predictors Z ' 3° if the non-time-
dependent covariate Z is also sparse so that we may assume ||Z||; to be bounded. As the dual

problem, we may use the Wald test statistic

Z=/n(c'b-0y)/\/cT®VOT¢ (2.16)

to test the hypothesis with Hy : ¢' 3° = 6.

2.2.3 Construction of the inverse Hessian matrix

Although the early works under the linear model inspire the construction here, the specifics,
as well as the theoretical analysis, the latter remains a challenge. We start by writing the negative

Hessian of the log pseudolikelihood (2.3):
nort 8@, 8) -
—1(8) =n""! =P 7(,8)%2 Y dNC(1). 2.17
="y {s@(r,m (1.8) § dN{ (1) @17
We define

S-F { /0 "z u(t)}®2dNi0(t)} _E { /0 "z u(r)}de(z)} - 2.18)

Under the regularity conditions, to be specified later, we have X as the “asymptotic negative

Hessian" in the sense that the element-wise maximal norm || 3 4+ m(3°)||max converges to zero in
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probability. Our goal is to estimate its inverse ® = X1 = (6y,...,0,) ", where 6,’s are the rows
of ©.
By definition (2.18), the positive semi-definite matrix 3 is also the second moment of the

random vector
Ei—/ {Z;(¢ }dNO() (2.19)

with p(r) defined in (2.4). The expectation of Z; is zero,

E(E;) V (Z:(t) — p(O)YYi(OI(C; > 1)eP ZOpb(1)ar | = 0.

Hence, to estimate ®, we may draw inspiration from the early work on inverting the high-
dimensional variance-covariance matrix [ZRXB11]. Consider the minimizers of the expected

loss functions

7} = argminE(E,; - E' ) v =EE -8 )7, (2.20)
i

where Z; is the jth element of =, and =_; is a p — 1 dimensional vector created by dropping
the jth element from =. We show that the quantities ’y;‘ and 7; defined in (2.20) can be used to
2

construct the inverse of Y. This is because T+

7 can also be alternatively written as

E{(Z;- Bl ANE;}—~; " E{(E; - B v))E_;}. 2.21)

By the convexity of the target function E(Z; — =i Y j)z, ~; must satisfy the first order Karush-

Kuhn-Tucker conditions (KKT)
viTE{(Z; - B 4))E_;} =0. (2.22)

Applying (2.22) to (2.21), we have

(x]

p—]

=T _
i—EL)E )

~. N

—E{(
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We can then define a vector 8 = (1,—~; ") " /12 that satisfies
0/ = =E{(E ~E 17 E}/E{(EI ~E )21} = (1,0p-1) =e1.

Without loss of generality, we may define 6; accordingly for j = 2,..., p, satisfying OJ-TE =e;.

The matrix © = (6y,...,0,)" satisfies
00X = (e,...,e,) =1,,
therefore O is the inverse of 3. We now utilize the sample form of 3, (2.18),

—IZ / {Zi(t) — Z(1,B)Y22dN? (). (2.23)

In particular we observe that X is that it can be written as the sample second moment 3 =

nlyn | B2 where

== / {Zi(t) — Z(t,3)}dN?(1). (2.24)

This form allows us to define the inverse of 3. as a regression between the vectors Z;. For that

purpose we define the least squares loss function as

~ nos. ~ 2
Fj(ﬁ’]v/@):nilz<EI7J_EI—]7]> J=1....p, (2.25)
i=1

~
—-
%]

where &; ; is the jth element of B =, and = E;—jis a p — 1 dimensional vector obtained by dropping

the jth element from éi. We then define the nodewise LASSO in our context to be

%; = argmin {Fj(wﬁ) + 27»;!!7;\!1} G =0008)+ M- (2.26)
v, €ERP~
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Accordingly, we use 7; and ?? to construct

i/ (T3), k< J:

O = /@), k= (2.27)

Yik-1/(@3), k>
By the first order KKT condition, we have ((:)il)” =1and ]((:)il)]k| < Aj for j # k. Choosing
Amax = maxj—,. ,Aj = 0,(1), we achieve that ||C:)fl — I, ||max goes to zero. The one-step
estimator proposed in (2.6) with such © hence converges to the true coefficient 3° approximately
at the rate equivalent to m(3°), as illustrated in (2.7).

Our proposed nodewise LASSO estimator is innovative in several aspects. Given the
difficulty imposed by the model, we cannot make high-dimensional inference by simply inverting
the XX T for a design matrix X like in a linear or generalized linear model. The log pseudo
likelihood (2.3) has dependent entries. The covariates Z;(¢) for i = 1,...,n are allowed to be
time-dependent. Nevertheless, we identify for our model that the key element for the high-
dimensional inference is each observation’s contribution to the score, the =;’s. Our solution
generalizes high-dimensional matrix inversion in a non-trivial way to complex models with

censoring, non-standard likelihoods and weighting.

2.3 Theoretical considerations

In this section, we present the theory for the estimators B b and the confidence intervals
described in the previous section. We will quantify the non-asymptotic oracle risk bound for
the estimator above while allowing p > n with a minimal set of assumptions. Theoretical study

of this kind is novel, since in the context of competing risks, the martingale structures typically
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utilized are unavailable and new techniques need to be developed. In particular, we show that
the inverse probability weighting has a finite-sample effect that separates this model from the
classical Cox model (see comments after Theorem 6). We will also establish that a certain tighter
bound can be established whenever the hazard rate is bounded (Theorem 8).

Throughout our work we assume that {(7;,C;,€;,Zi(t)) : t € [0,00)} are i.i.d. with C;
independent of (7;,¢€;,Z;(+)). Moreover, for any 7 € [0,1*], G(t) = I(C; > t) is differentiable, and
its hazard function h°(t) = —G'(t)/G(r) < K. We also assume that the baseline CIF Fj (z;0) is
differentiable. The baseline subdistribution hazard h}(¢) = —dlog{Fi(t;0)}/dt € [p1,K>] for all

t € (0,¢%) and some p; > 0 and K < oo.

2.3.1 Additional notation

In the following, we introduce some additional notations. The counting process martin-

gales

M (1) = N} (1) /0 Yi(w)eB O R () du (2.28)

are essentially helpful tools in high-dimensions for establishing theory with dependent partial
likelihoods. Unfortunately, the uncensored counting processes {N!(¢),i = 1,...,n} are not
always observable. The observable counterpart N7 () has no known martingale related to it under
the observed filtration % = o{N?(u),1(X; > u),ri(u) u <t,i=1,...,n}. The Doob-Meyer
compensator for the submartingale N?(¢) under the observed filtration involves the nuisance

distribution of T;|e; > 1. To utilize the martingale structure for our theory, we have to define the
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“censoring complete"” filtration
FF =N (), I(C; > u), Zi() :u < t,i=1,...,n}, (2.29)

on which we have a martingale related to N7 (¢),

/ (¢ > 1AM () = NO(r) — / (G > u)Yi(w)e® B ) (). (2.30)
0 0

To relate the martingale (2.30) with our log pseudo likelihood m(3), we define its proxy with ,*

measurable integrand

(B)=n"'y /0 B7Z(t) - log (Z 1C; = r>Yj<r>ef’TZf<f>) dNy (1), (2.31)
i=1 Jj=1

We define processes related to m(3) and its derivatives as

SO,8)=n"" il(@- > n)Yi(1)e? %0z, Z1,8) =SV (1,8)/501,8). (232
i=1

They can also be seen as proxies to the processes in (2.4). To see that, observe that by conditioning,
E{SV(1.0)} =E [E{I(C 2 )%(0)| F)e® #2:(0)"
— & (Vi (1) B Zil0) g (@2
=E: o;()Yi(r)e Zi(1)"° ¢,

where

®i(t) = ri()G(1) /Gt A X;) (2.33)

is the weight with the true censoring distribution G(-). We denote their expectations as
s(1,8) =E{80(.8)} =E{a:()v:()e” #0z,(1)"2} . (2.34)
Our proxies precisely target those weighted samples, as S¢) (t,8) differs from SU)(¢, 3) only at

those summands with observed type-2 events.
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Note that the Kaplan-Meier estimator for G() can be written as
~ dNf (u)
Glr) = (1 - —) |
MI_ISI 1 (X,' Z I/t)
To study the convergence of G(t) to G(¢), we denote a martingale related to N£(t), the count-
ing process of observed censoring, M{(r). Let the censoring hazard be defined as h¢(r) =

—dlog(G(t))/dt. Under the “censoring” filtration
=o{N; (u),T;,&,Zi(-) :u<tji=1,...,n}, (2.35)

we have a martingale

ME(1 / I(C “(u)du. (2.36)

We use the integration-by-parts arguments [Mur94, the Helly-Bray argument on page
727] with random martingale measures, e.g. M/ (t), in our proof. The total variation of M} (¢;w)

is defined as

t
\/Mil(t;w) sup sup Z|M tisw (tj 5w)|- (2.37)
0

k=1.2,...0<H < <tk<t* i
Since M} (;w) can be decomposed into a nondecreasing counting process N/ (¢) minus another

nondecreasing compensator [ Yi(u)eﬂﬂzi(”)hé(u)du, we have a bound for its total variation
- r oT
\/Mi1 (t;w) < NH () -|-/ Yi(u)e® % pd (u)du. (2.38)
0
0

Similar conclusion also applies to M¢(z), i.e. we have a bound for its total variation

t* t*
\/ ME(r:w) < NE(E*) + /0 1(C; > 1) (u)du. (2.39)
0

As a convention, from hereon we suppress the w in the notation to keep it simple.
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2.3.2 Oracle inequality

We first establish oracle inequality for the initial estimation error |3 — 3°||; based on the
following set of conditions that are weaker than those in the next subsection.
(C1) (Design) With probability equal to one, the covariates satisfy
sup  sup ||Z;(1)|| < K3/2. (2.40)
i=1,...,nt€[0,t*]
The expected at-risk process is bounded away from zero, i.e., for positive K4 and p»

inf B [I(Ci > (< T < oo) mm{K4,e5”Zi(’)}} > pa. 2.41)
ref0,*

(C2) (Covariance) For K, in (2.41), the smallest eigenvalue of the matrix

®2

E [Z(t){l ~FA(Z)y min{Ks, eﬂ‘”zw}} 1
ho(t)dt

E {1~ Fi(52)} min{Ks, e 20)}]

l*
S(Ky) = E / Z() -
0
is at least p3 > 0.

(C3) (Continuity) Z;(¢) may have Ks ; jumps att;; <t;» < <t; g;, with minimal gap between

jumps bounded away from zero,

min  min f;—tire1 > P4-
i=1,..n1<k<Ks; " T P

Between two consecutive jumps, Z;(¢) has at most K¢ elements Lipschitz continuous with

Lipschitz constant K7 while the rest of the elements are considered to be constant.

Remark 1. Overall, the conditions above are minimal in the sense that they appear in results
pertaining to the Cox model [HSY ' 13, see e.g, (3.9) on page 1149; (4.5) and Theorem 4.1 on

page 1154].
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Remark 2. We consider a finite interval [0,t*]. Due to missing censoring times among those
with observed type-2 events, we have to make the additional assumptions to control the weighting
errors. Although the weighted at-risk processes ;(t)’s are asymptotically unbiased, the approxi-
mation errors in the tail t — oo are poor for any finite n. To avoid unnecessary complications, we
set the [0,t*] such that we always have sufficient at-risk subjects; note that (2.41) implies that

P(C>rt")>0.

Remark 3. We assume a finite maximal norm of Z(t). Condition (2.40) in (C1) is equivalent to

the apparently weaker assumption (see for example [HSY" 13] equation (3.9)):

sup  sup [ Zi(t) —Z;(1)]| < K. (2.42)

1<i<j<nte[0,t*]
This can be seen by noting that the Cox type partial likelihood for the proportional hazards model

is invariant when subtracting Z;(t) by any deterministic {(t).

Remark 4. Condition (C1) (2.41) carries two facts. First, the at-risk rate for type 1 events is
bounded away from zero. Second, relative-risks arbitrarily close to zero is truncated at a finite K4,
this is necessary in high-dimensions, in order to rule out the irregular cases where the non-zero
expectation of the relative risk is dominated by a diminishing proportion of the excessively large
relative risks. The same argument applies for (C2) in which a lower bound of the restricted

eigenvalue of the negative Hessian [BRT09] is defined.

Remark 5. We assume the smoothness of the time-dependent covariates Z(t). Subjects with
observed type 2 events, remain indefinitely in the risk sets for type I events. For time-dependent

covariates, continuity is helpful in establishing a slow growing rate of the maximal relative risks
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among those subjects; something that is a fact for time independent covariates. Note that the
coordinate wise continuity in Z;(t) is insufficient as p grows to infinity. We propose (C3) taking
into account likely practical scenarios, where the covariates are either constant, or change only

at finitely many discrete time points.

Under the above assumptions, we are ready to present our estimation error result. Since

the result holds in finite samples, we define a sequence of important constants first. Fora € > 0

and constants K1, --- ,K7 as well as py,---,p4 (introduced in the conditions above)
Qi (e) = X1 I=P10g (n/e) /papi, (2.43)
! 01 4K2( 1+K1t 4log(2/¢ 4K2K1t* 2log(2npt/e) 1
0,2 = 2O { i ) fHoe2fe)  akik | Plouplje) 1],
pzn n n
(2.44)
where [ =0, 1, and
0
03(n,p,8) = {20 (n,p,) + Kz 0\ (. p,€) | /o2 + Ks\/20g2pfe) /. (245)

In high-dimensional models an additional constant, the so called compatibility factor, plays an

important role. For a positive constant § > 1, the compatibility factor

K(§,0;—m(B°)) =  sup Vsoh {—m(57)b} (2.46)
0+4beC(E,0) [boll1

where C(&, O) denotes the cone set

C(G 0)={beR”:[bo, |1 <Elbol1},

with O denoting the indices of non-zero elements 3° and O, denoting its compliment.
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Theorem 6. For§ > 1 and a € > 0, let

A=03(n,p,e)(5—1)/(5+1)

with Q3(n, p,€) defined in (2.45). When n > —log(€/3)/(2p3) with pa given in (C1), we have
under regularity conditions (C1) and (C3) that

eN(E+1)soA

B-pl <

occurs with probability no less than
Pr (K(§7 0; —ﬁl(ﬁo)) > Q4) _ o3/ (2K3) _ o n(p2—2/n)*/(8KF) _ Se,
where Q4 is a positive constant satisfying
2K3(&+ 1)soM/(204)> < 1/e
and ) is the smaller solution of ne™™ = 2K3(& + 1)s,M/(204)>.

Our proof of Theorem 6 applies to the result with />-norm and general /,-norm for g > 1.

Namely, under the same conditions we have that

2eN &s(l,/ \

18—08°ly < E+1)0s

occurs with probability no less than

with the weak cone invertibility condition defined as

1/qy T ¢ 30
F,(§,0)= sup
(0= L o Tbalilb,
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A few comments are in order. For a fixed €, Q3(n, p,€) is of order log(n)+/log(p)/n.

Thus, Theorem 6, together with Lemma 5 (see below), guarantee that for A chosen to be of the

order log(n)+/log(p)/n
HB-ﬁOHI =0p (Salog(n)\/log(p)/n) .

The above estimation error rate to the error rate \/W of the simple Cox model [HSY 13,
YBS19], differing only by a factor of log(n). This factor is brought in by the error induced by
the IPCW weights. Therefore, under the rate condition s, log(n)/log(p)/n = o(1), we obtain an
asymptotically /;-consistent regularized estimator B

The quantity Q;(€) describes the error from IPCW weights through the measurable
approximation to processes S!), SO (r,3°) — S (z,8°). A naive bound for the measurable
approximation is proportional to the magnitude of the relative risks in s, naturally of the order
elBhKs < gso, potentially growing in exponential rate of n if s, < n for some a > 0. Such
bound grows way too rapidly to deliver any meaningful result. Observing that the summands in
S" and SO ata particular index i differ from each other only when the i-th subject has type-2
event we are able to establish a significantly sharper bound. For that purpose, we develop e-tail
bound of the maximal relative risk among observed type 2 events (see Lemma 17). The quantity
Qg) (n, p,€), involving Q;(¢) directly in the definition, gives the bound for the error from the
measurable approximation to S® (See in Section 2.7 Lemma 19).

For the rest of this section, we provide further details on the proof of Theorem 6, as well as
the technical challenges involved. We highlight two results, Lemma 4 and 5. The first establishes

properties of the score vector while the second one establishes the properties of the compatibility
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factor (2.46).
Lemma 4. Let Q3(n, p,€) be defined as in (2.45). Under Assumptions (C1) and (C3),
Pr(0(8°) | < 0s(0,p.€)) 2 1 — ¢ "PH/CRE) _penpa-2/n?/(857) s

Lemma 4 establishes that such event {|[m(8)||~ < M§—1)/(E+ 1)} (of interest in
Theorem 6) happens with high probability. This task is not straightforward in the presence of
both competing risks and censoring. The greatest challenge is the lack of the martingale property

in m(3°). Even if we use its martingale proxy (an approach useful in low-dimensions) as the
gradient of (2.31)

) = '3 [ 20 ~Z0. @) ) 247
with Z(z,3) defined in (2.32), the approximation error between 1a(3°) and m(3°) is difficult to
control because the error is determined by {®;(t) —I(C; > t)}eB"TZi () with o;(¢) defined in (2.2),
which can be significantly amplified when the relative risks grow with the dimension. To prove
Lemma 4, we first show that the relative risks among subjects with observed type 2 events has
sub-Gaussian tails. This is achieved through the argument that their CIF cannot be arbitrarily
close to one; otherwise, these subjects would have probability close to one experiencing type 1
event. As the CIF is monotonically increasing with the relative risks, it is also unlikely to observe
excessively large relative risks among the subjects with observed type 2 events. We then use
Lemma 13(i) in the Section 2.7 to establish the concentration of S)(z, 3°) — St )(z,3°) around
zero across all observed type 1 event times.

Theorem 6 assumes that Pr (k(&, 0; —im(3°)) > Q4) converges to zero for a sequence of

Q4 bounded away from zero, as sample size n goes to infinity. In Lemma 5, we show that such
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event happens with high probability. Using the connection between the compatibility factor and
the restricted eigenvalue [vdGB09], we show that K(&, 0; —1'1'1([30)) , the compatibility factor in

the cone C(&, O), is bounded away from zero with probability tending to one.

Lemma 5. Let Qél) (n, p,€) be defined as in (2.44). Denote

0s(n,p,e) = {205 (n, p,) + 4K:01" (n. p, &) + (/20K (n,p.©) } /o2

+ R (147K 2108 (04 1))+ /)" Kaolnpie .

where Qg(n, p,€) is the solution of

p(p+1)exp{—nQ¢(n,p,e)*/(2+206(n,p,€)/3)} =£/2.221.

If so\/1log(p)/n = o(1), we have under Assumptions (C1)- (C2) for n sufficiently large

Pr (K(&, 0;—(B8%)) > \/p3 —so(E+ 1)Q5(n,p,£)) >1—6e.

2.3.3 Asymptotic normality for one-step estimator and honest coverage of
confidence intervals

Obtaining the asymptotic normality is technically challenging. The log-likelihood has de-
pendent summands both through the initial lasso estimator as well as the Kaplan-Meier estimator.
We establish the asymptotic normality for the one-step estimator b and coverage of the confidence
intervals without requiring model-selection consistency of the initial estimator. To remove the
small-sample bias of IPCW, we need slightly stronger conditions than in the previous section. In

this section alone, we use K and p without subscript to denote the constants independent of n, p
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and s,; we have only one constant K, that is allowed to grow with the dimension and is therefore

denoted differently.

(D1) (Design) The true linear predictors are uniformly bounded with probability one

sup  sup B”TZ,-(I)‘SK. (2.48)

i=1,...,nte[0,t*]

(D2) (Hessian) The smallest eigenvalue Ayin(X) > p > 0, where X is defined in (2.18).

(D3) (Continuity) Each Z;(z) can be represented as

Z:(t) = Z:(0) + /0 & (u)du + /0 A (W)dNE ().

for random processes d(), A¥(t) and the counting process N?(¢) such that , 3° " di(t) is

uniformly bounded between +K and uniformly Lipschitz-K. Moreover, N;(¢)’s number of

jumps K, = o <\/n/(10g(p) log(n))) and an intensity function 2" (1) < K.

(D4) (Dimension) The rows of the matrix X! are [|6;/0, ||1 < K and sparse with sparsities

S1y---38p < Smax. Lastly, So(Smax +50)log(p)/v/n=o(1).

We next present Theorem 7 that justifies all the proposed inference procedures in Section

2.2.2. For that purpose we denote the asymptotic variance of m(3°) with
V =E{n; +;}*? (2.49)

where

m= [ 20 - w00 @:50)
0
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o t* t*m . .
%—Alé 1(X; > t)dM; (1), (2.51)

(1)
q() =E [l(r > %) [ (20 mla)wam) )] (2.52)
() = Pr(X; > u), (2.53)

with M} (t), M¢(¢) as defined in (2.28) and (2.36).

Theorem 7. Let © be defined as in Section 2.2.3. Let 'V, B, © and ‘/I\/ be defined as in (2.49),
(2.6), (2.27) and (2.8), respectively. Let ¢ € R? with |lc||; = 1 and ¢ ©®@VOc¢ — v? € (0,).

Then, whenever (C1) and (D1)-(D4) hold,

Vel (b—3°)
\/ cTOVOT¢

As a result of the stronger conditions required for Theorem 7, which we will explain in

4 N0, 1).

more details below, we are able to achieve an improved estimation error for the initial estimator

as stated in the next theorem.

Theorem 8. Under (C1) and (D1)-(D4), we can choose A < \/log(p)/n and Q4 = +/p3/2, such

that

18 8°Il1 = 0p (s0v/log(p)/n) = 0p(1).

For the rest of this section, we explain the assumptions and theoretical results needed for
Theorem 7 summarized in Lemmas 6-10. Condition (D1) is needed whenever the model departs
significantly from the linear case [vdGBRD14, FNL17]. In our case, the asymptotic normality

of \/nria(3°) depends fundamentally on the asymptotic tightness of /zm(3°). As a necessary
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condition, the predictable quadratic variation under filtration %,* of the martingale \/ﬁfﬁ(ﬁo )

(v/rm(3°)) = /O = i 1G> 0)Yi(0)e? L0 Z:(0) — Z(2, B°) Y hb (0)de,  (2.54)
i=1
must have a finite bound independent of the dimension of the covariates. This requires that the
magnitude of the summands in (2.54) either be bounded or have light tails. Hence, we cannot
allow the relative risk €8 Zi®) to grow arbitrarily large. We next observe that (D2) is a standard
assumption for the validity of the nodewise penalized regressions (2.26). Finally, note that
Theorem 7 utilizes Condition (D3); a condition stronger than (C3) needed for /n- approximation
error between i (3°) and m(3°).

If we define the population versions of the nodewise components defined in (2.24)-(2.26),

== [ 120) - pe)an (o), ) = (= - 5]y

~; = argminD;(7), ’c? =T(7}), (2.55)
~yERP-!
then the true parameters {’yj,’c? : j=1,..., p} uniquely define the inverse negative Hessian © as

described in Section 2.2.3. We prove this statement in the following Lemma.

Lemma 6. Under (D2), ©; ; = 1/’5? and 0j7_j17§ = 7}“. Moreover;

vilh <K, ’C? > p and

[©] < K/p.

Next, we discuss the properties of estimands v}, T; and O - defining components of the

variance estimate.

Lemma 7. Under (C1) and (D1)-(D4), for Aj < s,+/log(p)/n, we obtain

sup[13; ;|1 = Op (505v/102(p) /)
J

79



and sup; |?§ —’c?| = 0,(505j+/log(p)/n), leading to ||(:) -0 =0, (sosmam/log(p)/n)

The nodewise LASSO in (2.26), unlike [vdGB09] that has i.i.d. entries, has dependent
é,-’s through the common Z(z, ﬁ), see (2.24). Thus, our error rate takes the multiplicative form
SoSmax, instead of the summation s, + smax that may be expected under the generalized linear
models. In general, we consider our rate to be optimal under our model.

Using Lemma 7, we can establish the approximation condition for b proposed in (2.7).

Lemma 8. Under (Cl) and (D1)-(D4), the one-step estimator b satisfies the approximation

condition

Vie" {@m(87)+8° = b} = 0, (so(smax + ) l0g(p) /1) = 0,(1)
for any ¢ such that ||c||; = 1.

Next, we show the asymptotic normality of m(3?).

Lemma 9. Under conditions (C1) and (D1)-(D4), for directional vector ¢ € RP with ||c||; = 1
andc¢'O@VO "¢ — v? € (0,),
Ve Om(B°)/V/eTe1eTe % N0, 1).

The proof uses the same approach as the initial low-dimensional result in [FG99]. We
approximate m(3”) by the sample average of i.i.d. terms 7; + %; plus an o, (n_l/ 2) term. We
note that the same approach involves nontrivial techniques in order to be valid in high-dimensions.
In particular, we discover and exploit the martingale property of the term {w;(¢) —I(C; > ) }/G(t).

The last piece of our proof for Theorem 7 is the element-wise convergence of the “meat"

matrix (2.8) in the “sandwich" variance estimator.
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Lemma 10. Under conditions (C1) and (D1)-(D4),

sup [7(B) + i(B) — mi — il = 0, (18— 11 + Viog(p)/n) = 0,(1).

YV — V| max = 0p(1).

Hence,

Putting Lemmas 9 and 10 together, we obtain the main result stated in the Theorem 7.
The details of the proofs are presented in the Section 2.7. Throughout the proof, we rely
heavily on our concentration results for time-dependent processes, which we state in Section 2.7.1

and prove in Section 2.7.2.

2.4 Numerical Experiments

To assess the finite sample properties of our proposed methods, we conduct extensive

simulation experiments with various dimensions and dependence structure among covariates.

24.1 Setupl

Our first simulation setup follows closely the one of [FG99] but considers high-dimensional
covariates. In particular, each Z,; is a vectors consisting of i.i.d. standard normal random variables.

For cause 1, only 1,1 = 12 = 0.5 are non-zero. The cumulative incidence function is:
PI'(T; S Z',El' = 1|Zl) — 1 — [1 —p{l — exp(_t)}]exp(ﬁ]TZi).
For cause 2, Bo,1 = B23 =+ = Bo,p-1 = —0.5and Bop = By = --- = B2, = 0.5, with

Pr(T; <1lei =2,Z;) = 1 —exp (1% %),
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Table 2.1: Simulation results with independent covariates.

True MeanEst SD SE SE corrected Coverage Level/Power

n=200, p=300
Bii 05 051 016 0.13 0.25 0.94 0.92
Bip 05 047 0.5 0.14 0.22 0.94 0.93
Brio O 0.03 0.2 0.15 0.18 0.98 0.04
n=200, p=500
Bii 05 051  0.16 0.14 0.19 0.93 0.95
Bip 05 048  0.15 0.13 0.19 0.93 0.88
Brio O 0.01  0.10 0.14 0.16 1.00 0.01
n=200, p=1000
Bii 05 046  0.17 0.13 0.18 0.94 0.86
Bip 05 048  0.14 0.13 0.18 0.93 0.92
Brio O 0.00 0.11 0.14 0.17 0.99 0.06
n=500, p=1000
Bii 05 051  0.10 0.08 0.14 0.99 1.00
Biz 05 050  0.10 0.08 0.15 0.99 0.99
Biio O -0.00  0.07 0.08 0.14 1.00 0.03

We consider four different combinations: n =200, p = 300; n =200, p = 500; n =200, p = 1000;
and n = 500, p = 1000. Note that this setup considers sparsity for cause 1 but non-sparsity for
cause 2 effects. As the Fine-Gray model does not require modeling cause 2 to make inference
on cause 1, we expect that the non-sparsity in cause 2 effects should not affect the inference on
cause 1.

The results are presented in Table 2.1. We focus on inference for the two non-zero
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coefficients 311 and B, as well as one arbitrarily chosen zero coefficient 31,19. The mean
estimates are the average of the one-step b over the 100 repetitions, reported together with other
quantities described below. We can see from the average estimates column that the one-step b is
bias-corrected and that the presence of many non-zero coefficients for causet 2 does not affect our
inference on cause 1.

In practice the choice of the tuning parameters is particularly challenging; the optimal
value is determined up to a constant. Moreover, the theoretical results are asymptotic. These
together with the finite sample effects of n < p, lead to suboptimal performance of many proposed
one-step correction estimators [vdGBRD14, FNL17]. Suboptimality is amplified for survival
models, due to the nonlinearity of the loss function and the presence of censoring — both require
more significant sample size (to observe asymptotic statements in the finite samples). In the
following, we propose a finite-sample correction to the construction of confidence intervals and
in particular the estimated standard error (SE).

Let se(g s B) denote the asymptotic standard error as given in Section 2.2.2. As a finite-
sample correction we propose to consider se(@ j;B) in place of se(g 5 B) where the variance
estimation based on the initial LASSO estimate B\ is replaced by the one-step b. This can be
viewed as another iteration of the bias-correction formula. The resulting SE is therefore a “two-
step" SE estimator. We report the coverage rate of the confidence intervals constructed with
this finite-sample correction in Table 2.1 and we observe good coverage close to the nominal
level of 95%. We note that with 100 simulation runs the margin of error for the simulated
coverage probability is about 2.18%), if the true coverage is 95%; that is, the observed coverage

can range between 95+ /—4.36%. We note that the coverage is good for all three coefficients,
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Figure 2.1: Power curve for testing 31,1 = 0 at nominal level 0.05.

where non-zero or zero. In contrast, results in the existing literature suffer under-coverage of the
non-zero coefficients.

The last column ‘level/power’ in Table 2.1 refers to the empirical rejection rate of the null
hypothesis that the coefficient is zero, by the two-sided Wald test Z = (EJ —B1,)/ se(zj; ﬁ) ata
nominal 0.05 significance level. We see that although se(@ s B) is used, the nominal level is well
preserved for the zero coefficient 31 10, and the power is high for the non-zero coefficients By
and P > for the given sample sizes and signal strength.

We repeat the above simulations with different values for By ; to investigate the power of
the Wald test. The results are illustrated in Figure 2.1, where we see that the power increases with

n and decreases with p as expected.

84



2.4.2 Setup 2

In the second setup we consider the case where the covariates are not all independent,
which is more likely the case in practice for high dimensional data. We consider the block
dependence structure also used in [BASB09]. We consider n = 500, p = 1000; By ;.8 = 0.5,
B1,9~12 = —0.5 and the rest are all zero. B2 1~4 = B2,13~16 = 0.5, B2 5.8 = —0.5 and the rest of
B are all zero. The covariates are grouped into four blocks of size 4, 4, 8 plus the rest, with the
within-block correlations equal to 0.5, 0.35, 0.05 and 0. The four blocks are separated by the
horizontal lines in Table 2.2.

Table 2.2 shows the inferential results for the non-zero coefficients 1,1 ~ By 12, as well
as the zero coefficients B 13 ~ B 16 from the third correlated block that also contains some of
the non-zero coefficients, and plus arbitrarily chosen zero coefficient 1 39. The initial LASSO
estimator tended to select only one of every four non-zero coefficients of the correlated covariates
(data not shown), as it is known that block dependence structure is particularly challenging for
the Lasso type estimators. On the other hand, the one-step estimator performed remarkably well,
capturing all of the non-zero coefficients.

Compared to the results in the last part of Table 2.1 with the same n and p, the block
correlated covariates led to slightly more bias in b, although the CI coverage remained high. The
power also remained high, although in the third block with the mixed signal and noise variables

the type I error rates appeared slightly high.
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Table 2.2: Simulation results with block correlated covariates.

True MeanEst SD SE SE corrected Coverage Level/Power

n=500, p=1000
Bii 05 047 010 0.07 0.12 0.97 1.00
B, 05 048 010 0.07 0.12 0.94 0.98
Biz 05 047  0.10 0.07 0.12 0.98 1.00
Bia 05 047 0.0 007 0.12 0.94 1.00
Bis 05 048  0.10 0.06 0.11 0.93 1.00
Bis 05 046 0.0 0.06 0.11 0.94 1.00
Bz 05 047  0.09 006 0.11 0.95 1.00
Big 05 047  0.08 0.06 0.11 0.98 1.00
Bio -05 -044 008 0.06 0.11 0.93 1.00
Biio -0.5 -042  0.08 0.06 0.11 0.92 1.00
Bii1 -0.5  -041  0.08 0.06 0.11 0.91 1.00
Biiz 05 -043  0.07 0.05 0.11 0.94 1.00
Biiz 0 0.0l 0.06 0.05 0.11 0.98 0.11
Biia O 002 0.05 0.05 0.11 1.00 0.06
Biis O -0.02  0.06 0.06 0.11 0.99 0.08
Biie O 002 0.06 0.05 0.11 1.00 0.05
Bizo O -0.00  0.05 0.06 0.11 1.00 0.01
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2.5 SEER-Medicare data example

The SEER-Medicare linked database contains clinical information and claims codes for
57011 patients diagnosed between 2004 and 2009. The clinical and demographic information
were collected at diagnosis, and the insurance claim data were from the year prior to diagnosis.
The clinical information contained PSA, Gleason Score, AJCC stage and year of diagnosis.
Demographic information included age, race, and marital status. The same data set was considered
in [HPH™ 18a], where the emphasis was on variable selection and prediction error. Our focus is
on testing and construction of confidence intervals.

In the following, we consider 2000 patients diagnosed during the year of 2004. The only
cause for loss to follow-up was the administrative censoring at the end of the study which was
year 2011. Consequently, the year of enrollment was the only factor affecting the censoring
distribution. In our sample, all the subjects share the same year of enrollment 2004, so we may
reasonably make the independent censoring assumption. Among them 76 died from the cancer
and 337 had deaths unrelated to cancer. The process of identifying of the causes is detailed in
[RTH'19]. There were 9326 binary claims codes in the data. Here we would like to identify the
risk factors for non-cancer mortality using the Fine-Gray model. We kept only the claims codes
with at least 10 and at most 1990 occurrences. The resulting dataset had 1197 covariates. We
center and standardize all the covariates before performing the analysis. To determine the penalty
parameters A and A; we used 10-fold cross-validation.

In Table 2.3, we present the result for 21 coefficients. Here, we focused on potential risk

factors for non-cancer mortality, such as heart disease and colon cancer (different than prostate
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cancer); the coefficients to be tested were chosen ahead of time following recommendations
from the doctors. We also include the clinical markers associated with the prostate cancer in
comparison. A descriptions of the variables is given in Table 2.4. For each coefficient, we
report the initial estimate B, one-step estimate ﬁ corrected SE, the 95% CI constructed with the
corrected SE and the Wald test p-value (2-sided) calculated using the uncorrected SE.

In Table 2.3, we see that the claims codes ICD-9 4280, CPT 93015, ICD-9 42731 are all
related to the heart disease, and are all significant at 5% level Bonferonni correction for the 21
variables included in the table. However, a heart attack indicator variable, ICD-9 41189, shows
up significant at 10% level although the naive regularized estimator was not able to select this
variable as important; this indicates that our inference procedure is much more delicate (stable)
at discovering significant variables. In support of that, an indicator of a possible cancer in the
abdomen, CPT 74170, is reported as significant at 5% although the initial Lasso regularized
method failed to include such variable. Similar result is seen for the indicator of a fall (CPT
72050) which for an elderly person can be fatal. An indicator of a colon cancer (CPT 45380)
turns out to be significant at 10% although the Lasso method set it to zero initially. Therefore,
our one-step method is able to recover important risk factors that would have been missed by the
initial regularized estimator.

In contrast, non-life-threatening diseases, were not selected as significant predictors for
the non-cancer mortality. These include Parkinson’s (ICD-9 3320), Psychosis (ICD-9 2989),
Bronchitis (ICD-9 49121) and Dementia (ICD-9 2948) in the table. It is worth noting that
some of these were selected by the initial estimate but were then corrected by our test. We also

note that the prostate cancer related variables, PSA, Gleason Score ahd AJCC all have large
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cancer patients.

Table 2.3: Inference for the SEER-Medicare linked data on non-cancer mortality among prostate

Variables Initial estimate One-step estimate and Inference

B b se(d) 95% CI p-value
Age 0.075 0.096 0.009 [0.078,0.114] 2e-24"
Marital 0 0.218 0.147 [-0.071,0.507]  0.042
Race.OvW 0 -0.213  0.224 [-0.652, 0.225]  0.317
Race.BvW 0.244 0.528 0.122 [0.288,0.767]  le-04"
PSA 0 0.005 0.003 [-0.000,0.010] 0.041
GleasonScore 0 0.084 0.050 [-0.014,0.182]  0.085
AJCC-T2 0 -0.130 0.146 [-0.418,0.157] 0.218
ICD-9 51881 0.866 1.357 0.361 [0.650,2.064]  4e-07"
ICD-9 4280 0.404 0.697 0.062 [0.576,0.818]  2e-06"
CPT 93015 -0.061 -1.042 0327 [-1.683,-0.401] 4e-05"
ICD-9 42731 0.135 0.459 0.191 [0.086,0.833]  0.001"
CPT 72050 0 3.718 0208 [3.310,4.125]  4e-05"
ICD-9 6001 0 -2.454 0577 [-3.585,-1.322]  0.000"
CPT 74170 0 -1.689 0.288 [-2.255,-1.124]  0.001"
ICD-9 2948 0.539 0.746 0.205 [0.343,1.148]  0.009
ICD-9 49121 0.150 0476 0.215 [0.055,0.896] 0.015
ICD-9 2989 0.079 0450 0.135 [0.184,0.715]  0.062
ICD-9 79093 -0.056 -0.348 0.176  [-0.693,-0.002]  0.088
ICD-9 41189 0 1.332 0434 [0.480,2.184]  0.003™
CPT 45380 0 2250 0.544 [-3.318,-1.182] 0.003""
ICD-9 3320 0 0.378 0373 [-0.353,1.110] 0.327

* denotes 5% significance after Bonferroni correction for these 21 variables;

** denotes 10% significance after Bonferroni correction for these 21 variables
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Table 2.4: Description of the variables in Table 2.3

Code Description

Age Age at diagnosis

Marital marStl: married vs other

Race.OvW Race: Other vs White

Race.BvW Race: Black with White

PSA PSA

GleasonScore Gleason Score

AJCC-T2 AJCC stage-T: T2 vs T1

ICD-9 51881  Acute respiratry failure (Acute respiratory failure)

ICD-9 4280  Congestive heart failure; nonhypertensive [108.]

CPT 93015 Global Cardiovascular Stress Test

ICD-9 42731 Cardiac dysrhythmias [106.]

CPT 72050 Diagnostic Radiology (Diagnostic Imaging) Procedures of the Spine and
Pelvis

ICD-9 6001 Nodular prostate

CPT 74170 Diagnostic Radiology (Diagnostic Imaging) Procedures of the Abdomen

ICD-9 2948 Delirium dementia and amnestic and other cognitive disorders [653]

ICD-9 49121  Obstructive chronic bronchitis

ICD-9 2989 Unspecified psychosis

ICD-9 41189 acute and subacute forms of ischemic heart disease, other

CPT 45380 Under Endoscopy Procedures on the Rectum

ICD-9 3320 Parkinsons disease [79.]
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p-values for non-cancer mortality. This is consistent with the results in [HPH™ 18a], where under
the competing risk models the predictors for a second cause only has secondary importance in

predicting the events due to the first cause.

2.6 Discussion

This article focuses on estimation and inference under the Fine-Gray model with many
more covariates than the number of events, which is well-known to be the effective sample size
for survival data. The article studies the rate of convergence of a Lasso estimator and develops
a new one-step estimator that can be utilized for asymptotically optimal inference: confidence
intervals and testing. These results can be generalized to any sparsity-inducing and convex penalty
functions including but not limited to one-step SCAD, adaptive LASSO, elastic net, to name
a few. Moreover, it is worth noting that the variance estimation is novel in that it regresses a
re-weighted score vector onto the score vector; in this way, the usual difficulty with asymptotic
Hessian is avoided; it is worth pointing that the sandwich estimator or bootstrap carry biases in
high-dimensions.

An often overlooked restriction on the time-dependent covariates Z;(¢), i = 1,...,n, under
the Fine-Gray model is that Z;(¢) must be observable even after the i-th subject experiences a type
2 event. In practice, Z;(¢) should be either time independent or external [KP02]. In our case the
continuity conditions (C3) and (D3) are easily satisfied if the majority of the elements in Z;(z) are
time independent, which is most likely to be the case in practice. Our theory does not apply in

studies involving longitudinal variables that are supposed to be truly measured continuously over
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time.

We have illustrated that the method based on regularization only (without bias correction)
might have severe disadvantages in many complex data situations — for example, it may potentially
fail to identify relevant variables that are associated with the response. From the analysis of the
SEER-medicare data, we see that variables like CPT 72050 (related to fall) or, CPT 74170 (related
to diagnostic imaging of the abdomen, often for suspected malignancies) would not have been
discovered as important risk factors for non-cancer mortality by regularization alone. In reality,
both can be life-threatening events for an elderly patient. The one-step estimate, on the other
hand, was able to detect these, therefore providing a valuable tool for practical applications. The
one-step estimator is applicable as long as the model is sparse, and no minimum signal strength is
required; this is another important aspect which makes the estimator more desirable for practical

use than the LASSO type estimators.

2.7 Proof

We denote global quantities as Q and event sets as Q with subscripts labelled by their
order of appearance. Other quantities are all local, i.e. only defined for the current Lemma. We

denote the ordered observed type-1 event times as T(ll), ey T('KT).

2.7.1 Concentration Inequalities

Here we give the statements of the inequalities frequently used in our proofs. The notations

in this section are all generic.
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Classical Concentration Inequalities

Lemma 11. Hoeffding’s Inequality (Theorem 2 of [Hoe63] p.4) If X1,...,X,, are independent

and a; <X; <b; (i=1,2,...,n), then fort >0

_ 2122 )
Pri X—u>t) <ex _ .
Kpzn< p( " (o —a)?

Lemma 12. A version of Azuma’s Inequality (Theorem 1 and Remark 7 of [Sas13] p.3 and p.5)
Let { X, Fr. } 1 = 0% be a discrete-parameter real-valued martingale sequence such that for every

k, the condition |Xy — Xix_1| < ay holds almost surely for some non-negative constants {ay}y_,.

Then
12
Pr <krr]1ax | X — Xo| > t) < 2exp (——)

2
s 2Y o a;

Concentration Inequalities for Time-dependent Processes

Lemma 13. Let {(S;(t),Ni(t)) e RIxN:i=1,...,n,t € [0,t*]} be i.i.d. pairs of random
processes. Each Nj(t) is a counting process bounded by Ky. Denote its jumps as 0 < ;) < -+ <
tik, <t*. Let S(t) = n= 'YL | S;(¢) and E{S;(¢)} = s(¢). Suppose SUP| < j<n SUPsefo,+ 1Si(t) —

S;(t)|lmax < Ks almost surely. Then,
(i) Pr(supi_y__,Sup;_y . ||S(tij) =(1i))|| ey > Ksx+ (Ks)/n) < 2nKyge ™/2,
(ii) Assume in addition that each S;(t) is caglad generated by
t 1
/(0 =8(0)+ [ dwdut [ JwdNifu)

for some dy(t) and Js(t) satisfying ||ds()||max < Ls and ||Js(ut)||max < Ks, and E{N;(t)} =
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Jo hY (u)du for some hY (t) < K. We have

sup sup |[|S(7) —s(t)”maX = 0,(\/log(nKnq)/n).

i=1,...,nr€(0,*]

Lemma 14. Let {M;(t) : t € [0,t*], i = 1,...,n} be a F-adapted counting process martin-
gales M;(t) = Ni(t) — [o Yi(¢)hi(u)du satisfying sup,_; Sup; o+ 1i(t) < Kn. Let {®i(t) : 1 €

[0,¢%], i =1,...,n} be the q dimensional F;_-measurable processes such that

sup  sup || ®i(f)||max < Ko-
i=1,...,nt€[0,t*]
ForMo(t) =n 'Y, [§ ®;(u)dM;(u) , we have

(i) Pr <Supte[07t*] Mo (2)]|max > Ko (1+ Khl*)x—l—K@Kht*/n) < qu*”x2/4,

(ii) Assume in addition sup;_; _,sup;cio || ®i(t)|lmax = Op(an) and Kyt* < O(1). Then,

supPrefo,+] [|Ma () [lmax = Op(an+/l0g(q)/n).

2.7.2 Proofs of Main Results

We shall present our proofs in the following order. First, we give the proofs to our
theorems using the main Lemmas stated in Section 2.3. Second, we present the auxiliary lemmas
necessary for the proofs of main Lemmas. Third, we present the proofs to the main Lemmas.

Lastly, we present the proofs to the our concentration inequalities and auxiliary lemmas.

Proofs of Theorems

Proof of Theorem 6. Observe that the same techniques as those of [HSY113] apply (see for

example Lemmas 3.1 and 3.2 therein). The structure of the partial likelihood is the same as that
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of the Cox model modular the IPW weight functions w;(¢). Following the same line of proof we
can easily obtain on the event {|/m(3°)|| < AME—1)/(§+ 1)}, the estimation error of LASSO

estimator B defined in (2.5) has the bound

eS(E+1)s,h

18—l < , (2.56)
2(8, 05 —(B°))”
where ¢ is the smaller solution to
Ge % = Ka(§+ 1)soh/{2x(§, 0: —1in(8°)) ).
~ S 1)soA
13- < — 26T s (2.57)

2¢ (&, 0;—i(3%))°
with Gy = SUp, (o) SUP < j<u [P {Zi(r) — Z;(1) }| in the event i (8°)[[1 <AE—1)/(E+1).

The proof is then completed by applying the conclusion of Lemma 4. [

Proof of Theorem 7. Be Lemmas 8 and 9, we have

c'(b—p") _
\/ﬁcTG‘V@Tc =Vn

Om(3°)

d

In Lemma 10, we have shown that ||| max is bounded by K?(1 + KeXt*)2{1 +2(1 +
K)eX /p,}? with probability tending to one. In Lemma 6, we have shown that ||®||; is bounded

by K/p. Then, we can apply Lemmas 7 and 10 to get

c"@V0 e~ "0V ¢l < |cl|i|© — O]V lmx/| O] [lc]:
+lell {11+ 18 = O}V — Vlmax |1 lell

+lleli{l[®lli +[1© =0}V = Vmax + [|V/max}H O — Olli]c[ls
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=20,(1© = B|11) + 0|V — V|Imax) = 0p(1).

Note that we use the following fact

< [lell[®]h-

)4 P )4 14
.
le'®i=Y Y c®ij[ <) |l Y, 10
j=1 i=1 =1 j=1
O

Proof of Theorem 8. Since we assume (D1) now, the relative risks are bounded almost surely
from above and below by constants 0 < e=K < 8" Zi(t) < K < o, We may set K4 = e to directly
obtain (C2) from (D2). We can also improve the rate of estimation error in Theorem 6 by log(n)

because we need not let Q;(€) in Lemma 19 to grow with n. O

Auxiliary Lemmas

Lemma 15. Let {a;(t) :t € [0,t*],i = 1,...,n} be a set of nonnegative processes. Under (2.40),

where K3 is defined,

< (K3/2)l.

max

< (K3/2)l, and

max

HZZ 1ai(1)Zi(t)
Yi- 1“1(0

HE{az( )Zi(1)*'}
E{ai(r)}

As a result, the maximal norms defined in (2.4) and (2.32),

sup max SGY)
t€[0,1%] s0) (tu@) -

are all uniformly bounded.

} < (K3/2)la

o)

Lemma 16. Let K4 and p; be defined as in (2.41). Define

SO (t;Kg) =0~ Y 1(Ci > 1)Yi(r*) min{Ky, e %)}, (2.58)
i=1
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Let T(ll)7 ceey T(lKT) be the observed type-1 events. Under (C1), the event

91:{n”ZI(Xiztﬂzpz/(an, sup S (T(L);K4)292/2} (2.59)

i=1 kel.. Ky
occurs with probability at least 1 — e"P3/(2K3) _ pe—n(pa—2/n)/(8K3)

On Q, we have sup;¢| . g, §(O)(T(}C)) > p2/2.

Lemma 17. Let O, () = eX6K1l18°l=Ps10g(n/€) / (pap1) be defined as in (2.43). Under (C3), the

event

Qz(e):{ sup sup I(8:g > 1)eP” %0 < 0 (e )} (2.60)

i=1,...,nre(0,r*]

occurs with probability at least 1 — €.

Lemma 18. Define the IPW weights with true G(t), ;(t) = ri(t)G(t)/G(X; At), as in (2.33) and

05(n, p,€) = 4(K4/p2) { 1+ Kir*)\/4log(2/€) /n+ Kit”* /n} 2.61)
Under (C1),
Q;(¢) :{ sup sup |o;(r) — (1) < Q7(n7p78)} (2.62)
t€[0,t¥]1€[0,*]

occurs on event Q1 with probability at least Pr(Q;) —

Lemma 19. Define
A1) =80 (1,8 SV (t,8%),

with S© and S?) defined in (2.4) and (2.32). Let T( 1) (IKT) be the observed type-1 events for

some Ky < n. Denote Q(g) = eKeK118°I=P410g(n /€) / (pap1) and
l ) 4K3( 1+K|t 4log(2/¢) 4K2K1t* 2log(2npt/e) 1
0V (n, pre) = (21> { ) [4log( / sl g2np'/e) 1
psn n n
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as in (2.43) and (2.44). Under (C1) and (C3),

o= { s, am (1)

with Q1, Qs(€) and Q3(€) defined in Lemmas 16, 17 and 18, occurs with probability at least

<oy (n,p,e)} NQINL(e)NQs(e), (2.63)

max

1 — efnp%/(ZKz%) — nefn(p272/n)2/(8Kz%) — 58

On Q4(€), we have forl = 1,2,
SO (74,.6°) 8O (14,8
(%) 5 1)

Lemma 20. Denote AV () = SO (r,8°) — SO (r,8°) as in Lemma 19, with SV (t,3°) and

<2{0(n, p,€) + (K3/2)' 0 (n, p.£)} /2.

max

sup
kel...Kr

(1) (t,8°) defined in (2.4) and (2.32), respectively. Under (C1), (D1) - (D3) and (D4),

(i) 5Uprco1 1A (0)llmax = O, (VVIogln) /)
sup;_1 25uPye o) | AD (1) lmaxs supyefo ) 1 Z(E,8°) = Z(t,8°) o
SUP;e(0,:4] |‘Z(t760) — p(1) || and SUP;c[0,+] 1Z(t,8°) — p(t)]| are all O, ( lOg(p)/ﬂ) ;

(ii) Define
Ai(t) ={o;(t) —I(C; > 1) }Y;(2). (2.64)
Let ¢(Z) be a differentiable operator RP — R? uniformly bounded by Ky =< 1 with
IVG(Z)||1 < Ly = 1, and g(t) be a F,* adapted process in RY with bound in maximal

norm uniformly in time sup;c(o ) 18(t)||max < K < 1. Whenever qq' = p, we have

1/22/ qu Ne)TI(C > 0)dM! ()| =o,(1);  (2.65)

(iii) for any B € RP, sup,c(o 1 |1 Z(t,8°) = Z(t,B) ]l = Op([1B—8°I11); if 1B—8°ll1 = 0,(1),
BT BT
O@,8)  s0,8)|

0,(1B—8°[11)-

sup  sup
i=1,...,nr€[0,t*]
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Lemma 21. Let SO and S©© pe defined as in (2.4) and (2.32), respectively. Under (Cl) and

(D1), SUP;e[0,%] n/{Xi= 1(Xi = 17)}

» SUPrefo,r] |S(0) (1,8°)""| and SUP;e[0,%] |§(O) (1,8°)""] are

all 0,(1).
Lemma 22. Let '}, B and 'y;‘ be defined as in (2.25), (2.5) and (2.20), respectively. On the event
Qs0n8)) = {|ViT (7. B)|_ < &= Dn/ &+ D=1 ph, @266)
we have under (D2)
(i) the estimation error ¥j :=~; — *7;‘ belongs to the cone

Ci(8,0j) = {ve R t|lvoclli <&jllvo,lli} (2.67)

(ii) and ||[7; —~;lli < {sjA;(&; + 1) }/{2x;(E;, 0;)*}, with compatibility factor

V58 VIT (", B)e
(G, 05) = sup
TR btgecy (€500 180,11

(2.68)
forall j=1,...,p.

Lemma 23. Let T'j, E and '77 be defined as in (2.25), (2.5) and (2.20), respectively. Under (C1)

and (D1AD4), maxj-....p | V4T3 (7. 8) | _ = 0y (18- 8°ll1 + v/log(p)/n).

Lemma 24. Let f), 3., m be defined as in (2.23), (2.18) and (2.17), respectively. Under (C1) and

(D1)-(D4),

o5

= 0, <s0\/10g(p)/n> ;

(i) for any 8 such that |8 — 3°||; = op(1),

|-a@)-=| =0, (1B-8li+Viog(p)/n).
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Lemma 25. Let (&, O;) be define as in Lemma 22 (2.67). Under (C1) and (D1)-(D4), setting

Emax =maxj—1__,&; =<1, we have
Pr (me](?;j, )2 >p/2)

Proof of Main Lemmas

Proof of Lemma 4. Let T(ll), ceey T(IKT) be the observed type-1 events. We may decompose the
score m(3?) as its martingale proxy plus an approximation error,
m(3) =m(8)+n Y {Z(14.6°)-2(14,.8°) }.
k=1,...Kr

with Z and Z defined in (2.4) and (2.32), respectively.

Recall that the counting process for observed type-1 event can be written as N?(f) =
JoI(Ci > u)dN} (). Moreover, m([3°) takes the form of the Cox model score with counting
process {N?(t)} and at-risk process {I(C; > t)Y;(¢)}. The “censoring complete” filtration ,* can
also be equivalently generated by {N?(¢),1(C; > t)Y;(t),Z;(t)}. Thus, we may apply Lemma 3.3

n [HSY " 13] under (2.40) from (C1),
Pr(|[m(3%)]|.. > K3x) < 2pe /2,

Notice that the inequality is sharper than that in Lemma 14(i) because the compensator part of
m(3°) is zero.

The concentration result for approximation error

U (riyer) SO (1)

_ 0 _S(
< )3 ) Z( (k)P ) - g0) (T(}(),Bo> 50 (T(}()”@o>
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is established in Lemma 19 on Q4(g). We obtain the concentration inequality for m(3°) by

adding the bounds and tail probabilities together. 0

Proof of Lemma 5. Our strategy here is the same as that for Lemma 4. We first show that
(&, 0;—n(37)) is lower bounded by (&, O; —m(3°)) plus a diminishing error. Since m(3°)
takes the form of a Cox model Hessian, we then may apply the results from [HSY " 13].

By Lemma 4.1 in [HSY " 13] (for a similar result, see [vdGB09] Corollary 10.1),

K (&, 0;—m(8%)) > k*(§, 0;—m(B°)) — 5o (§ + 1)*[[1(8%) — m(B) | max-
Let T(ll), ey T&(T) be the observed type-1 events. We can write 1i1(3°) —m(3°) as

k|8 (T(}(),ﬁo) S® (T(}{)”Bo) ) e .
—n lkg'l 5(0) (T(}{)’Bo) ) <T(}(),ﬁo> —Z<T(}<)vﬁ ) +Z(T(}(),5 ) ,

with SO, SO, Z and Z defined in (2.4) and (2.32). By Lemma 15, supyepo,+ |1Z(¢,8°)]| and
SUP; [0,4+] |Z(t,3°)||- are both bounded by K3 /2. On the Q4(¢) as defined in Lemma 19, we

apply Lemma 19 once with / = 2 and twice with [ = 1 to get

[13(87) ~ (8”) lmax < {208 (n,p,€) +4K304" (1, p,€) + (5/2)K3 QY (n. p,) } /2.

with Q" (n, p,€) defined in (2.44).
Our (C1) and (C2) contains all the condition for Theorem 4.1 in [HSY"13]. Hence, we

may apply their result

(8, 0:—m(B%)) > (&, 0: B (Ka)) —50(E+1)K3

X {(1 +t*K2)\/2log (p(p+1)/e)/n+ (2/p2)t*K2Q6(n,p,e)2}

101



with probability at least Pr(€4(g)) — 3e. We have bounded S\ (1;K,) away from zero at all

observed type-1 events in 4(€), so the ¢~P3/(8K3) term is absorbed into Pr(Qq(g)). O
Proof of Lemma 6. The notations in the proof are defined in Section 2.2.3. Denote

t*

== [ {20~ n0}aN"(0).

Without loss of generality, we set j = 1. Since we define | = argmin,, ['(v) as the minimizer of

a convex function, it must satisfy the first order condition
VL) =E{(&1 ~E 7)) 1} =0,
Recall that t7 = T'(}). Applying the first order condition, we get
1 =E{& —EL 7} =E{E -El7)a1}.
We construct a vector @ = (1,—~; ") /12 € RP. Then, 6, satisfies
0] = = (1,—v{ HE{EE"}/1{ = (1,0,_,).

Hence, we have

We can directly bound

[villh =110;/0; i —1<K—-1<K.

By (D2), the minimal eigenvalue of X is at least p. We obtain through a spectral decom-

position that the maximal eigenvalue of ® = X! is at most p~!. Hence, we have

T = (eJT@ej>_l >p
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and
|©]; < max [|6,;/0),j| max |®;; <K/p.
j=1,...p j=L,...p

O]

Proof of Lemma 7. By Lemma 23, we may choose §; =--- =§,=2andAj =--- =L, =A¢ <
O, (s0/10og(p)/n) such that Qs(A,&;) defined in Lemma 22 occurs with probability 1 — €. Then,

we establish the oracle inequality by Lemma 22,

~ 2 .
pr( max 5,7l /sy < 2 ) = Pr( min xi62,.00% = p/2) e
j=lp - P i

We have shown that Pr (minjzlwp K;(&;, Oj)2 > p/2) tends to one in Lemma 25. Hence,
max-1... |5 =} |1 = Op (Sosman/10g(p) /).
Define according to (2.55) E; = fé*{Zi(t) — p(t)}dN?(t). By Lemma 15, we have

sup;_1.._, |2l < K. We introduce

~ L4 - R . . i

Ci(v)=n" Z{Ej_Ei,fj'Y;}:n_ Z/o {Zij(t) —pj(t) =~ " Zi—j(t) +~ " p—j(t)}dN? (1)
=1 i=1

and decompose

22 =T;7,8) - L)+ —Ti(v)).

-~ ~

Li(3;,8)=Tj(v;) = 0p (sos iv/1og(p)/ n> by the results from Theorem 8, Lemma 20 and first

part of this Lemma. Apparently, I'; ('y}k) is the average of i.i.d. terms. The expectation of the

summands in T j(77) is defined as r; (¥;) in (2.55). Hence, we finish the proof by applying

Lemma 11.
Along with Lemma 6, we can prove with the previous results in this Lemma, e- Ol =
0, <sosmaX 10g(p)/n> : O
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Proof of Lemma 8. We decompose

N {@m(ﬁ") . B} (2.69)

= Vne'{© — O}m(B) +/ne  O{m(8%) —m(B)} + Vne (B°—B).  (270)

-0, = O, (50Smax+/10g(p)/n). Each summand in 1 (3) is the integral

By Lemma 7,
of Z;(t) minus a weighted average Z(t, B) over a counting measure dN? (t). By the KKT condition

and Theorem 8, [[(3) . = A < O(1/log(p)/n). Putting these together, we obtain

Vil {©® - ©}m(B)| < villc|1]|© — O] |m(B)||- (2.71)

= Op (soSmaxlog(p)/v/n) = 0p(1). (2.72)

By the KKT condition and Theorem 6, m(ﬁ) | <A = n=(1/2=4)_ Hence, the first term in (2.69)

is 0,(1). Like in the proof of Lemma 9, we have ||¢ ©||; < ||c[|1||®||; < KeX /p, from Lemma
6.

Define 3, = 3° + r(B — 3°). Applying mean value theorem to A(r) = ¢ Om(p,), we get
¢’ Onm(3°) — ¢’ Om(B) = ~/(7) =~  On(5;)(5 - 5°)
for some 7 € [0, 1]. By Theorem 8, we have
1878711y =718~ Bl = Oy (50\/log(p) /) .

By Lemma 24(ii), || —1(85) — X||max = O)p (s(, log(p)/ n) . Along with Theorem 8 and Lemma

6, we have

-~

Vale' ©{m(8%) —m(B)} +¢' (8°— B)| =vnle O{Z+1(B3:)}(8° - B)|
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<valle|1©] | - 1ir(87) — lmax]l B — 6°:
=0, (s;log(p)/v/n) .

O

Proof of Lemma 9. Since w;(¢)Y;(t) # I(C; > t)Yi(¢) implies €; > 1 thus N/ (¢*) = 0, we have the

equivalence dN?(t) = w;(¢)dN} (t) = I(C; > t)dN/(t). Recall for the following calculation that

t ﬁo _ IZ(’O ()Zi(l‘)®l,

00,87 =1 $ 162 (0 070
i=1

A () =8 (,8°) -8V (t,87),

E{s¥(1,8°)} =E{8"(1,8°)} =" (1,8°)

Z(1,8°) =S (,8°) /80, 8%), Z,8°) =S (t,8°)/5"(2,8°),
p(t) =s 6,8 /50,8, Yi(t)=1-N(t—)

t
and M! (1) = N (1) - /0 Yi(1)e® H b () du.

We decompose
V(%) =12y, /0 {Zi() = 2:,8°) } AN} (1)
i=1
1 Z / 20— 20,87 Y o,(6)am) (1)
. 1/22 / Z(1,8°) }I(C; = 1)aM] (1)

+n 1/22 / Z(1,°) ~ 21, 8°) } 1(C; > 1)am (1)
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+n 12 Z / : {Z(1,8°) — u(t) } A (0)hi (1) dt
i=170
2% [ 20 - o) o 0aml )
i=170
Eh+Dh+ 15+

Notice that /; is a ,* martingale. We have || (1) — Z(t, 8°)| = 0,(1/10g(p)/n) from
Lemma 20(i). Hence, we can apply Lemma 14¢(ii) to get ||/ || = /1O, (4 /log(p)/nz) =o0,(1).

We further decompose /> into 3 terms

a2y / " AN s a2 Y / A% e > namt o)

SiJo 5Oz, 80) i=1/0 SO)(z,8°)
+n_1/2i/t*M{M(f)—Z(l BV H(C; > t)aM; (1)
=170 SO(r,3°) 7 B l

1"

SL+1 + 1

By (D1) and (D3), each Ml-1 (t) has one jump at observed event time and ¢X K—Lipschitz else-
where. Since the {C;, Ti1 :i=1,...,n} is a set of independent continuous random variables,
there is no tie among them with probability one. Hence, we may modify the integrand in
I, and I} at observed censoring times without changing the integral. Replacing A (¢) with
n 'Y, Ai()eP LD Z,(1)®!, we can apply Lemma 20(ii) to get that |175||s and ||7}|| are both
op(1).

The total variation of M} (¢) is at most max{1,eXK#*} < 1. By Lemma 20(i), we have
IAO () {p(t) — Z(t,8°)} | = Op(1/log(n)log(p)/n). Hence, we obtain the order for 1,
115"l.. = 0, (+/Tog(n) og(p) /n) = 0,(1). Similarly, we obtain [ |.. = O, (+/Tog(n) log(p) /n) =

op(1).
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Besides the one in Lemma 18, ;(¢) — ®;(¢) has another martingale representation. Denote

the Nelson-Aalen estimator

(Xi > u) ¢
/): e >u)dNi (u).

We have a F; martingale

(1) :ﬁc(t)—/()lhc(u)du: Z/ s X;b;u)de(u).

By Lemma 14(i), sup;¢g s+ \M<(t)| = O, (n*1/2> For r > X; and §;€; > 1,

oi(t) — (1) = —i(t) /0 (4> X)) dME (1) + Ri(1)

with an error

Ri(l) _ (/?(()?) —exp {[’_jc (Xz) _[’_\Ic(t)} + % lef(gl(u>Xi)nd(u) + /(:I(u > X,)dW(u)} .

It is the discrepancy between the Kaplan-Meier and the Nelson-Aalen plus a second order Tailer

expansion remainder. We shall show that it is O,(1/n). Since

/Otl(u > X;)dM< (u)

<2 sup [¥7(r)| = 0, (w12,

t€[0,t%]

the second order remainder

. —_ t _
e Jo1(u>Xi)dM (u) _|_/ I(u > X;)dM¢(u)| = Op(l/n)'
0

Under (C1), {Y I(X; > 1)} < {Y",I1(X; > t*)} ! = 0,(1/n). Let ¢, be an observed cen-

soring time. The increment in —log(G(t)) — H(t) at ¢ is a second order remainder

1 1
log [ 1— — —0,(n?.
g( gu%z%Q X zey Ol
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Hence, sup;cig | — log(G(t)) — H ()| = O,(1/n). Applying the Mean Value Theorem, we
obtain sup;¢ g | IG(t) —exp{—H(1)}| = O,(1/n). Under (C1), G(t) > G(¢*) is bounded away
from zero, and —log(G(z)) < —log(G(t*)) is bounded from above. We have shown that both
G() and H(¢) are uniformly \/z consistent. We obtain that G(X;) is bounded away from zero

and H° (¢) is bounded with probability tending to one. Putting these together, we obtain

sup sup [Ri(t)| =0,(1/n).
i:l,...,ntE[OJ*]

Define

a0 = Y102 [ {200~ ) ) ),

() =n"'Y0  I(X; >t) and q(t) = E{q(¢)}, n(t) = E{R(¢)}. We write I4 as i.i.d. sum plus

error through integration by parts,
ey / (Zi(0) ~ u(0)} &, (1)) (1)
ey / (Zi(0) - (O} o1(1) = &,(0)} v} (1)
S / (20) - w0l 0) Y / (Zi(0) - O} R(DAM] (1)

_/ q(t) C
122/ (l)IXk u)dM; (1)

+n1/2k_21 /O ﬁ(?);)@) (/1) — () (X > u)dM(r)

n t* 1
SJo ()

Ny Z / e —a) O wyan o

+n~{q(0) - q(0)} = 1(Xy > u)dM (1)

5)

2 1P 1) Y 1 410
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Iil) —|—If) is already a sum of i.i.d.. We have shown that sup,c( -+ [Ri(#)| = O,(1/n). Hence,
we have ||1?)]|.. = 0,, (ml/Z) = 0,(1). I(t > X;) [ {Zi(u) — po(ut) } @;()dM] (1) is uniformly
bounded by K(Kt* + 1). It has at most one jump and is KK—Lipschitz elsewhere. Hence, we
can apply Lemma 13(ii) to get sup;c(o 1 [|4(t) —q(t)|l« = Op(1/log(p)/n) and sup,c(g s+ [T(t) —
()| = 0,(y/log(n)/n). Notice that 1., 1\ and n=' ¥, ["R(t)~ (X, > u)dM(¢) in 1" are
all F; martingales. We may apply Lemmas 14(i) and 14(ii) to obtain If) =0,(+/log(n)logp/n) =
0,(1), 1) = 0,(\/Togp/n) = 0,(1) and 1.*’ = 0,,(log p/ /1) = 0,(1).

By Lemma 6, we can bound the /; norm of c'e by

HCT@HI = Z Z |ci] @] < Z |ci|[K/p=K/p.

i=1j=

Finally, we write ¢' ©ria(3°) as i.i.d. sum

Y e [ ) -uyanan 0 [ A0 0] +o,(1)

En!/2 ZCT@{m — i} +op(1).

i=1
We have E{¢" ©n;} = 0 because of its martingale structure. We show E{¢' ®1;} = 0 again by

introducing its martingale proxy
E{c'©y;} =E [/ot ' ©{Zi(1) — p(0)}I(Ci = 1)dM; (1)
+EVOZ ¢ ©{Zi(1) — p(0) Y E{&i(1) —1(C; = 1)|T;, Zi(-) }dM; (1) | .

The first term above is zero because of the martingale structure. The second term is zero
because the IPW weights satisfy E{@;(t) — I(C; > 1)|T;,Z;(-)} = 0. Each ¢"@{; —n;} is

mean zero and bounded by K /pK (1 +Kt*) + K/pK (1 + Kt*)(1 + Kt*)2eX /p, with probability

109



equaling one. The variance ¢' ©7/®c has a bounded and non-degenerating limit v2. Hence,
{c"®(p;i—m;):i=1,...,n} satisfies the Lindeberg condition.

By Lindeberg-Feller CLT,

c'Om(p’) ' OFL {ni— Yi}

eeve T Ve TN
We conclude the proof of the Lemma. [
Proof of Lemma 10. We define
o= [ {20~ )00 ),
with
i = -n § [ e

Under (D1) and (C1), the total variation of Mi1 (t) is at most 1 +2e?KX /p, with probability tending
to one by Lemma 21. The difference between 7); and 7); is

eIBOTZi(u) eﬁTZ ( )

-1 . 0
— 1 =n Z/ {Z I/l /6)}0)1( ) ( ){g(o)(u,ﬂ") S0 (u ﬂ)}dN ( )

[ w0 ~ 2 By )7 )

By Lemmas 18, 20(i) and 20(iii), sup_; ___, |7 — 7jille = O, (H B—8°]l1 ++/log(p) /n).

Then, we study

= 12 / {Zi(1) = (W)} DI(C; > u)dM}(w)

We have the bound ||Z;(u) — p(u) || < K from Lemma 15. ®;(«) is not F,* measurable, but we

can define a new filtration 7;} = 6{X;,8;,€;,Z;("),1(C; > u),N} (u),Z;(-) :u<t,j+#i} for each
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i, such that

0! ;/ {Zi(u) — p(u) yo;(u)l (Cj > u)del(l/l) :ni_ﬁi+0P<1/n)
jA

is a ;; martingale. Hence, we can apply Lemma 14(i) to get

Pr (||n,- — Fjille > K(1 + eKK*)\/4log(2np ) fn + K (1 —|—26KKZ*)/n> <e/n.

Taking union bound, we get ||n; — 7il|« = O,(+/log(p)/n). Hence, sup;,_y |7 — nill =

0y (18~ 8°Il1 + v/log(p)/n).

Recall that q(z) and q(¢) also take a similar form. We can likewise define

0 = Y1005 %) [ {240 - o)Nwait (o

i=1
and

@O =" Y10 %) [ {Zl) - )b} ),

i=1

By Lemmas 18, 20(i) and 20(iii), we have

sup sup [&(1) =)l = 0p (1B~ 811+ v/1og(p) /n) .

i=1,...,nt€(0,*]
By Lemma 13(ii), sup;c(o,+ 19" (1) —q(?)[| = O) < 10g(p)/n>. We only need to find the rate

for

@0 -0 = L 10> X Y [ Y 00 - ) @1(€; = ant )
i= j= i=

We repeat the trick for n; — 7;. Applying Lemma 14(ii) to the i martingale

MIO =T [ 7t Y20 - @) 01(C > wan )
J#i
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and obtain sup;_; _, Sup;c[o ] IMZ(2) | = O,(+/log(p)/n). Hence,

sup [|q"(t) = q(t)ll- <2 sup sup [M(t)]l+ Op(1/n) = Op(+/log(p)/n).

t€[0,1%] i=1,...,nte(0,t*]
Putting the rates together, we have sup,c(g .+ [1q(t) — q(?)[|l. = O, (HB— Bl + log(p)/n).
We can directly obtain sup;c( - [T(t) — n(t)| = O, ( log(n)/n> from Lemma 13(ii).

Define

- r q(t) 70
b = /O S A0

The total variation of ]\7If (1) is at most 1+ 2eX /p, with probability tending to one by Lemma 21.

Using the results so far, we have

sup |[hi =il = O, (B8l +v/1og(p)/n) .

i=1,...,n
The remainder
o -1 < r q(t) c
pi—pi=n"Y / 1G> 01X > 1)dMS (o)

is a F; martingale. We can put the n martingales in R?” into a R"? vector and apply Lemma 14(i),

9~ Will = 0, (VIog(np) /) = 0, (Viog(p)/n).

sup

i=1,...n

Therefore, we get sup,_y.__, [ — ill = 0 (18— 8111 + /Tog(p)/n).

Finally, we decompose

~ n A~ —~
1Y =V llmax <" Y 170+ illool |7 + i — 15 — i oo
i=1

n

+n7 Y 17+ i — 1 — il oo |1 + i
i=1

n

n”! z(ﬂi+¢i)(775+¢i)T -V

i=1

+

max
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We have shown that sup;_; , [|[7; + i — i — il = 0p(1). Moreover, sup;_; |17 + Bl
is 0,(1) by Lemmas 15 and 21. In addition, we observe that n= ' Y7 (m; + ;) (m: + ;) " is an
average of i.i.d. terms whose expectation is defined as 7. By Lemmas 15 and 21, we have the

uniform maximal bound

sup || (i + i) i+ i) lmax = sup || (mi+2bi) |12

i=1,...n i=1,...n

is also O, (1). We finish the proof by applying Lemma 11 to the last term in the decomposition

above, ||n! ?:1(77i+¢i)(77i+¢i)T_VHmax'

Proofs of Auxiliary Lemmas

Proof of Lemma 13. (i) Without loss of generality, let #1] be the first jump time of N;(¢). By

the i.i.d. assumption, #;1 is independent of all S;(z) with i > 2. Thus, the sequence

!
Li=n""Y {Si(t11) —s(tn)}
i=2

is a martingale with respect to filtration {o(S;(r),i <1),l =2,...,n}. The increment is

bounded as
no! {S,'(l‘]]) — S(t”)} = n_lEsj {Si(ﬁ]) — Sj(l]])} < n_le.

Applying Lemma 12 to L,, we get Pr(||L,|| ., > Ksx) < 2ge~"/2. Since the dropped

max

first term is also bounded by Kg/n, we get
Q —nx>
PI’(HS(Z‘M)—S(Z‘H)HmaX>K5x+Ks/n) <2qe /2.

We use simple union bound to extend the result to all #;;’s whose number is at most nKjy.
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(ii) Define a deterministic set 7, = {kt*/n:k=1,...,n} UZ.. By the union bound of Hoeffd-

ing’s inequality [Hoe63] , we have

Pr <sup 1S@) —s(t)Hmalx > K5x> <2(n+ |‘Z}\)qe*”"2/2.

teT,

Combining the result from Lemma 13(i), we obtain

[S(2) = (1) || o = Op(V/0g(npg) /1)

over a grid containing Z, and jumps of N;(r). We only need to show that the variation of

S(z) —s(¢) is sufficiently small inside each bin created by the grid.

Let ¢’ and ¢ be consecutive elements by order in Z,. By our construction, there is no jump
of any of the counting processes N;(¢) in the interval (¢',7”). Otherwise, the jump time
is another element in 7, between ¢’ and " so that ¢’ and ¢” are not consecutive elements
by order. Under the assumption of the lemma, elements of all S;(¢)’s are Lg—Lipschitz in
(¢',1"). Moreover, |t” —t'| <t*/n because of the deterministic {kt*/n:k=1,...,n} C Z,.

Along with the caglad property, we obtain a bound of variation of S(¢) in (¢',¢")

sup [IS(t) = S(t")llmax < sup  sup [[Si(t) — Si(t")lImax < Lslt" —'| < Lst"/n.
re(t’ 1) i=L,...nte(t' ")

For any 7 € (¢',"), we bound the variation of s(¢) by

t”

I5(6) =5V man < [ 1) i+ [ B0 ()} < (Ls-+ KsK)1* .

For arbitrary ¢ € [0,7*], we find the the corresponding bin (#',#”] contains ¢. Putting the

results together, we have

IS(t) = s(t)llmax < IS() = S(") lImax +[[8(t) = (") llmax + [1S(¢") = (+") | max
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< 0,(\/10g(npq)/n) +O(1/n).
O

Proof of Lemma 14. (i) The summands in Mg(¢) are the integrals of % _-measurable pro-

cesses over F;-adapted martingales, so M (?) is a F;-adapted martingale [KP02, p.165].

Suppose {7; :i = 1,...,n} are the jump times of {N;(r)}. We artificially set 7; = ¢* if
N;(t) has no jump in [0,#*]. Define 0 < R} < --- < Ry, be the order statistics of {7 :i =

nyU{kt*/n:k=1,...,n}. Hence, {Ry: k=1,...,2n} is a set of ordered ¥, stopping
times. Applying optional stopping theorem, we get a discrete time martingale Mg (Ry)

adapted to Fg, .

The increment of Mg (R;) comes from either the counting part or the compensator part,
which we can bound separately. By our construction of R;’s, each left-open right-closed bin
(R, Ri+1] satisfies two conditions. There is at most one jump from Y7 | N;(¢) in the bin at
Ry+1. The length of the bin is at most ¢* /n. The increment of the martingale Mg (7) over

(Rk, Ry+1] is decomposed into two coordinate-wise integrals, a jump minus a compensator,

R R
_12/ k+1 dN —n_lZ/ k+1 luh d

With the assumed a.s. upper bound for sup;¢(g | [|®i(t)|[max < Ko, we have almost surely

the jump of Mg (7) in the bin be bounded by

ol Z /Rk+1 Ni(u)

Sch/n.

max
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(i)

Additionally with the assumed upper bound for sup;_; _,sup;cjo+ hi(t) < Kj, we have

the compensator of Mg (#) increases over the bin by at most

We obtain a uniform concentration inequality for Mg (Ry) by Lemma 12

< K¢>Kh(Rk+] —Rk) < Kq;Khl*/l’l.

max

/R 1:“‘ n! Z &, (u)hi(u)du

i=1

Pr{ sup |[Ma(Re)|max > Ka(1+Kyt*)x | <2ge ™/,
k=1,...2n
Remark that the uniform version of Lemma 12 is the application of Doob’s maximal

inequality [Durl0, Theorem 5.4.2, page 213]. For t € (Ry,Ryy1), we use the bounded

increment derived above

||M(I><t)_MCI>(Rk)Hmax < SKq)Khl*/n.

/RR;{+1+ n! z": D;(u)hi(u)du

kT i=1

max
Under the additional assumption sup;_; _, sup;cio s || ®i(*)|lmax = Op(an), we can find

Ko ¢ for every € > 0 such that

Pr( sup  sup ||®;(t)||max < anﬁan) >1—¢/2

i=1,...,nr€(0,t¥]

for any n. We apply Lemma 14(i) to obtain that event

{ sup ||Mo(?)|lmax < Ko ean{(1+ Knt*)\/2log(4q)/n+ Kut* /n},

t€[0,1%]

sup  sup {|®;(r)]|max Sch,ean}

i=1,...,nt€(0,t*]

occurs with probability no less than 1 —&.
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Proof of Lemma 15. Notice all g;(t)’s are nonnegative. Hence, Y  |a;(t)| = X7 ai(t). We

apply Holder’s inequality for each coordinate

(Egano || fra07}|

Hence, the maximal norm of ¥, a;(¢)Z;(¢)®' is bounded by (K3/2)" under (2.40). Similar result

Z ®1 Lizi |ai(t)|

can be achieved with the sum replaced by the expectation.
To apply the result above to the processes S (r,3) /5 (z, 3), B), SV, 8) /8O (¢, 3) and

D(t,8) /5O (t,B), we set a;(t) as ;(1)Y;(t)eB Zi0) and I(C; > )Y;(t)eB Zil0), O

Proof of Lemma 16. Since {I(X; >t*),i=1,...,n} are i.i.d. Bernoulli random variable, we may

apply Lemma 11 for lower tail,

n
Pr (n_l ZI(XI- > 1) <Pr(X; >1t") —x> < exp(—2nx?).

i=1

By (2.41), we can find lower bounds for the probability
PI'(X,‘ > t*) > Pr(Ci > t*,oo > Tl-l > t*) = G(t*)E{Fl (OO;Zi) —F (I*;Zl‘)} > pz/K4.
We may relax the inequality at x = p,/(2K4) to

Pr ("_1 Y Ixi>t) < Pz/(2K4)) < e 03/ (2K)
i=1

Because I(C; > 1) > I(C; > t*) and Y;(¢) > Yi(1*), S©(r;Ky) is a lower bound for S (¢).
The summands in S(© (t;K4) are i.i.d. uniformly bounded by K4. Thus, we may apply Lemma

13(i) with one-sided version,

" ( sup S (1:Ky) < E{S')(1:Ka)} — Kax — K4/”> < ne /2,
kel.. . Kr
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By (C3), the expectation has a lower bound
E{SO(1:Ky)} = G(r*)E [{1 — A (1:Z;)} min{Ky,e?" OV > .
We relax the inequality at x = (p/2 — 1/n)/Ka,
Pr ( sup SO (1:Ky) < p2> < ne"(P2=2/n)*/(8KY)

kel.. Kt

]

Proof of Lemma 17. Since g; > 1 implies Ti1 = oo, the probability of observing a type-2 event

conditioning on Z;(-) has an upper bound
Pr(g; > 1|Z;(-)) :exp{ — / eﬁOTZi(”)h(l)(u)du}
0
<exp {—Kex/ 1 <e50TZi(M) > Kex> h(l)(u)du}.
0

Hence, we may derive a bound for

Pr <8i8,~ > 1, sup B L) Ke> < Pr <8,~ > 1

sup &%) S g,
t€[0,t%]

1€[0,t%]

if we can bound [;°1 (eﬁUTZ"(“) > Kex> hi(u)du away from zero with a certain x whenever
B Zi1) > K, for some ' € [0,7].
Under (C3), there is an interval I’ containing ¢’ of length p4 in which Z;(-) has no jumps.

The variation of linear predictor is bounded

sup [B°" Zi(t) — B°Zi(t")| < KK7||B°|ooPsa-
tel’

So, the relative risk e?’ Zi() is greater than K, exp{—KsK7||3°||-p4} over I. Hence, we get a

lower bound for

/0 1 (eﬂoTZ"(”) > K. eXP{—K6K7||5"||ool34}> ho(u)du > papi.
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We finish the proof by taking a union bound overi =1,...,n. [

Proof of Lemma 18. Recall that M¢(t) = I1(C; < t) — [§1(C; > u)h®(u)du is a counting process
martingale adapted to complete data filtration ¥;. The Kaplan-Meier estimator 6(t) has the

martingale representation [KP02, p.170 (5.45)],

G\(I) X > Lt) c
MO(1) = 1 1;{/ 0 1): i, = M),
For 9;¢; > 1 and r > X,
e G G G 6
;i (1) — (1) = @(Xi)M (Xi) + G(X,-)M (1),

so we will be able to establish a concentration result for the error from Kaplan-Meier

§2Q1(8)(K3/2)l sup |MG(t)]

t€[0,1%]

w Y ()~ B0} HOZ, (1)
i=1

max

if we first obtain a concentration result for sup;cjy IM®(t)|. On event n~! YiI(Xj>u) >
p2/(2Ky), the integrated functions are ¥;_-adapted with uniform bound 2(K 4{ p2)2. The hazard

h¢(t) < K; by (C1). Hence, we may apply Lemma 14(i) with x = y/4log(2/€) /n to obtain

Pr( sup |MC (1) < 2(Ks/p2) { 1+ Ki1*)\/4log(2/€) /n+ Kit" /n}> (2.73)

r€[0,4]

<Pr(Q;N(g)) —e. (2.74)
O

Proof of Lemma 19. A sharper inequality is available if Z;’s are not time-dependent. We may
exploit the martingale structure of A()(r)/G(r). With general time-dependent covariates, we
would decompose the approximation error AD (t) into two parts, the error from Kaplan-Meier

estimate @(t) and the error from missingness in C;’s among the type-2 events.
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Define the indicator v;(¢t) = I(t > X;)I(d;€; > 1). Since {w;(¢t) — I(C; > t)}Yi(t) is non-

zero only when v(¢) = 1, we may alternatively write

n! Z{w, 1G> 1)}oi(r)e®” B0Z,().
We may use the upper bound sup;_; __, Sup;cg ) [Vi(t 1)e? Zie (€) on Q;(¢). By Lemma
18,
n7' Y {oi(0) — @) }oi(e)e® FOZ( | < 01(e)(K3/2)' Q1 (m,prE)
=1 max
on Q» (8) NQ3 (8)

Define the error from missingness in C;’s among the type-2 events as
n! Z{w, 1Gi > )}bvi(t)e® HOZ,(1)%.
Since E{r;(t)|T;} = G(t A T;), [FG99] has shown that
E{@i(1)|Ti} = E{I(C; > 1) |Ti} = G(1).

Applying tower property, we have E {5(1) (t)} = 0. Hence, we can apply Lemma 13(i) with

x = /2log(2np!/¢)/n

Pr{ sup
kel..Kr

is at least Pr(Q; Ny (€)) — €. This finishes the proof of the first result.

max

< 010)ks/2)'{ /2108200 fe) -+ 1/n}>

We prove the other result by decomposing the differences into terms with A() (1),

NG (I7B()) B g(l)(t”B”) _ 1 A(1) t) o st (t’ﬁo) A(O)(l‘).

O@.8°)  $O@rp) 5O, | SO(z,8°)50)(z,8°)

120



SO (r,8°)/8O)(¢,3°) is the weighted average of Z;(1)®*, so its maximal norm is bounded by

(K3/2)". On the event Q,

1

i 0 QU 0
s¥(1,8%) S()(t,ﬁ)‘ < 2 AD @)t 52— 40|
P2

SO(r,82) 50z, 80)

2!71py

We can simply plug in the bounds and tail probabilities for A©) (T(}C)> and A() <T(}C)) in

(2.63). ]

< (K3/2)leK < 1.

max

eﬂoTZi([)Zi (l)®l ‘

Proof of Lemma 20. (1) By (C1) and (D1), we have
Thus, all terms involved are bounded. Moreover, B Zilt )Z,-(t)®l jumps only at the jumps

of Nf(t) by (D3). Define the outer product of arrays u € RP1*"*Pd and v € R?**44' as

X XDgXGr XX
u®v S Rpl paxaq qd/? (u®v)ll = uil?"'uid X Vid+lu~

seemshgag! ol gl

Between two consecutive jumps of N7 (z),

1

<eK{(K3/2)'K +1(1 > 1)(K3/2) 'K} =< 1.

d 0Ty,
Eeﬁ Zi) g, (1)

max

e HOZ,(1)71 3T d(r) +1(1 > 0)e® HOIZ, (1) 2 (1)

max

Hence, B’ Zilt )Z,-(t)®l satisfies the continuity condition for Lemma 13(i1).

Like in Lemma 19, we first replace @;(r) by @;(t) = r;(t)G(t)/G(X; At). Denote A (1) =
n Y {@(1) — 1G> 0)}Yi(t)eP” HOZy(1)®!. By Lemma 18, sup;cpg, |AD(r) -
3(1)(I)Hmax =0, (n_1/2>. Then, we apply Lemma 13(ii) to the i.i.d. mean zero pro-

cess A (1),

sup |A(0) = 0, (ognplK) /)

1€[0,r%]
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Similarly,

sup [§0(r,8%) = (t,8%)|lax = O, (\/mg(nplm/n) ‘

t€[0,1%]

Finally, we extend to results to the quotients by decomposition

S(l)(twgo) . §(1)(Z7/60) _ 1 A(l)(l) _ st ([,/80)

_ AL A0 (7).
sO(t,8°) 50,80 SO0 $O)(t,87)S(t.5°)

The denominators are bounded away from zero by Lemma 21 by choosing Ky = eX.

(ii) First, we show that A;(7) is related to the martingales

ME(@) = NE() = [ 1= NF () ()

A;(?) is non-zero only after an observed type-2 event. To simplify notation, we define the

indicator for non-zero A;(t), v;(t) = ri(t)Y;(t)I(t > X;) = 1(8;€; > 1)I(t > X;).

Denote the Nelson-Aalen type estimator for censoring cumulative hazard as

Ae(r) = ; /0 t {gz(xj > u)}_ll(Xi > u)dNE (u).

Define R;(t) = G(t)/G(X;) — 1 + [y G(u—)dH(u)/G(X;). Let ¢ and ¢ be two con-
secutive observed censoring times greater than X;. The increment R;(c41) — Ri(cy) is in

fact

Y I(Xj > ci1) - Y I(Xj > crpn

:G\\(Ck){zl}—ll(szck+l)_l 14 ! }:0.
G(X;) )

For t > X;, we have R;(¢t) = 0. Thus,

Ai(t) ={G(1)/G(Xi) = 1+ N5 (1) = N§ (X;) — Ri(1) yoi(1)
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o T 10 > 0)dMS(w)
_/ w)dME( /Xiw,-(u—)m(u) ! ?_1I(Xj2u)’ +
+ / (> 1) — os(u—) Yo ()€ (u)dus (2.75)
Xi

Notice v;(¢) does not change beyond X; if C; > X;, i.e. an event is observed. Since
h¢(u) < K < o, we may modify the integrand at countable many points without changing

the integral

4&@2@—&()%( /A i (u

Hence, (2.75) gives an first order linear integral equation for A;(u). The general solution to

the related homogeneous problem
t .
_ / AR ()du,  Ai(X7) =0
Xi

has only one unique solution A;(¢) = 0. Thus, we only need to find one specific solution
to (2.75). Define an integral operator /o f = f)t(, f(u)h®(u)du. Then, the solution to f(r) =

g(t) —I o f(t) can be written as

fO)=(1—I1+P—=P+..)og(t)2elog(r).

By inductively using integration by parts, we are able to calculate

:nlzi:() ;30 nk/Hc (w)dg(1).

Hence, the solution can be calculated as the series
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with a #;— martingale

Y1 1(Xj > u)dMS(u)
7=1I(Xj > u)

t t
MA(r) = /O 1(C > u)vi()dME () — /0 o1 (u— Y0 (1)
Now, we use the martingale structure to prove the Lemma. Denote the #,* martingale

Me() = Y [ Gl g1 = an )
i=1

ME (1) satisfies the condition for Lemma 14(i). Hence, we have sup;¢(o | [|M(#)|max =

0, < log(q’)/n). Also define

Ai(t) = {i(r) —1(Ci > 1) }Yi().

By Lemma 18, sup;_; _,Sup;cpo~ [Ai(f) — Ait)] = 0, (n’1/2>. The total variation of

each A;(r) is at most 2. Hence, we can apply integration by parts to (2.65),

Gl(t*)Mg(t*—)@)nl/zi:lAj(f*—)d)(Zj(f*_))
a2 Z i M) (2 (1)amA ()
—nl/z/ ME(1) G “ZA (1))

2L —bL— L.
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We have shown that [Mé(t*—)| = O, ( log(q’)/n> andsup;_; ,|A;(t"—) —Zj(t*—)| =
0, (n_l/z). By assumption, ||¢(Z;(t*—))|lmax < Ko =< 1. As a result, we may replace the
Ai(t) in I; by A;(r) with with an 0, ( log(q’)/n> error. Since Zj(t*—)q’)(Zj(t*—))’s are

1.1.d. mean zero random variables,

n

™" Y A" ) (Zs (" =) lmax = O, (V/10g(a) /)

j=1

by Lemma 11. Multiplying the rates together, we get ||} ||max = <\/ log(q)log(q’)/ n>
op(1).

I, can be expanded as

"_l/zé/ot* G(t)_lMg(l‘){I(Cj > 1)v;(t)h(Z;(t))

- et Okt )0k (1) (Zy (1))
Yic I(Xk > 1)

I(X; > 1) }de(r)

By Lemma 21, n{¥}_,I(X; > t)}_l = 0p(1). The integrand in I is the product of

ME#(t) and a O,(1) term. Hence, we can apply Lemma 14(ii) to get the order for I,

12 lmax = 0, (v/Tog(@) Tog(aq’) /n) = 0, (1).

By (D3), we may further expand /3 into

W2 [ M) @ 6o ‘IZA (1) 1)
0

+n‘/2/ ME(1) @ G —‘ZA J(1)dNE(r)

=L+,

where A@(Z(t)) = ¢(Z;(t)) — ¢(Z;(t—)). By assumption on i(Z) and (D3), we have

14 ()] an i(f)) are bounde pI€ and Ly K, respectively. 1t
Vo(Z(1))" & d Ap(Z; bounded by L,K and L,K, respectively. With
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supycio, | [ME(1)| = 0, (/Tog(q)/n) and N5(1*) < K, = o(/n [ (log(p) Tog(n))), we may
replace the A;(¢)’s by Zj(t)’s with an 0,(1) error. Each Zj(t)Vcﬁ(Zj(t))de(t) has mean
zero and at most K;, + 1 jumps, and it is (LK + KyK)-Lipschitz between two consecutive

jumps under (D3) and conditions on ¢(z). By applying Lemma 13(ii), we get

sup ||n”" ZA (1) ' &i(1)|| = 0p(+/log(ng)/n).
r€[0,4] max
Hence, ||4]|max = Op(1/log(q’)log(ng)/n) + 0,(1) = 0,(1). By applying Lemma 13(i) to

{Aj(O)AR(Z(1)),N3(t) 1 j=1,...,n},

we get at the jumps of N} ()’s, at the t;, satisfy

n

n Z lk A¢ ))‘

sup  sup
i=1,...nk€l.. Ky

= 0p(Vlog(nKaq)/n) = Op(v/log(ng)/n).

Hence, || ||max = Op <K,, V/log(ng) log(q’)/n> = 0p(1). This completes the proof.

(iii) Define 8, = B° + r{3 — 8°} and hj(r;t) = Z;(t,B,). The subscript j means the j-th

element of corespondent vector. By mean-value theorem, we have some r € (0, 1) such that

hj(1:t) = hj(0:1) = <{B gy 78288 <r,ﬂr>—s<1><r,ﬁr>®2>

O, 8,

(115720 ]
= ({,3 BO}TZ il ()t ) {Zi(t)_Zj(l,,Br)}®2>

J
Since each ||{Z:(r) — Z;(z, ﬁ,)}®2HmaX < K7 under (C1), their weighted average

n eﬁr l()
i_zi nS tﬁr)

< K3.

{Zi(1)~Z(1.8)}"*

max
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Hence, we have shown that

sup [|Z(t,8°) —Z(t,8)|l-- < 18— B°1K3 = 0,(I1B—B°|I1).

t€[0,r*]

By a similar argument, we can show for some r € (0, 1)

B BTZ) e Z-(t)(g _ Zn: )eﬂr j(1)
©O)(z,8°)  sO)(,8) O)(z,8,) =1 )(t,5/)

[Zi(1) - Z,(0)).
On event {||3— 8| <K,n"! YL (X >t*) > e Xp,y/2}), we have

inf SO (t,8) > r /2% inf SO(r,8%) > r* /2% K.
1€[0,%] 1€]0,%]

Hence,

€740 501, 3°) — B 20 5OV 1, B)| < | B 81 2Kse™ ¥ [p2 = 0, (1B~ 811 )

The event occurs with probability tending to one because we have||3 — 8°||; = o »(1) from

Theorem 8 and sup, [ ;-] 15O (2,8°)71] = 0,(1) from Lemma 21.

Proof of Lemma 21. Consider the event

Q= {n_] iI(X,- > ) (g;=1) > e_sz/Z} :

i=1
Each I(X; > t*)I(g; = 1) is i.i.d. with expectation G(¢*)E[{F;(e0;Z) — F1(t*;Z)}]. Applying
Lemma 11 under (2.41) and (2.48) from (C1) and (D1), we get that Q occurs with probability
e e

Apparently, we have I(X; > 1) > I(X; > t*)I(g; = 1). Morevoer, S©) (¢, 3°) and S (¢, 3°)

are both lower bounded by n= ! Y7 I(X; > t*)e XK.
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On Qy, sup;cjo ) n/{EiL 1(X; > 1)} < 2¢* /p; and

max{ sup |SO(r,8%)7"], sup |§(°)(t,ﬂ")‘1|} < 256X /po.

t€[0,¢*] t€[0,r*]

-~

Proof of Lemma 22. To simplify notation, wherever possible we will use r () =T(,0).

(i) We want to prove that for all j =1,..., p, the differences 7; :=7; — 'y;‘ belong to a certain

convex cone.

It follows from the KKT conditions that, for/ =1,....,p—1,

oL (7, ~ o~
S hjsgn(5j0) =0 if 5y £ 0;
oL;(9;) s

Denote Oj:={l € {1,...,p—1}: Vi #0} and 0f:=={l,...,p—1}\ 0;. For§; > L, it
follows from the KKT conditions above that on the event
Qo 1= {[[ V4T (v)ll < (& = DA/ (& + D},
with §; = oy + (1 — )y}, a € (0,1)
0 <23/ ViT;(%))7;

=3{VL;(3) = VL7 }

BF ’YJ) ~ BF( ]) ~To T (%
=) 7 Vil = VAL
leO‘ ,7171 IGZC:)j J 8’7]71 Y ]( J)
_ _ ~ G DAy (& —DA;
< —A; ; 1) FA; |+ 1|7 + =
< Jléq')’J,ngn(’Yj,l) Jlezojhj,l’ §+1 H Yj,0 ,Hl E_,—Fl H jOHl

28\
= §+1”717O ”1 §+i” J70/H1
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(ii) Letv=~/||7|l1 be the /;-standardized direction for ¥ =4 — v*. By part (i) and convexity
of I'j in 7}, any x € (0, ||| 1] satisfies

Z)Mj ) 2§jkj}}vo.]\1
&j+1 §+10 7

! {vaj(’Y* +xv) — vaj(’Y*)} <

We relax the inequality about x above to establish an upper bound for ||¥||;. By the

definition of k;, the left hand side can be bounded by

A~

TIVE(y +0) = VB () | = VAR (v >

xl[vo,lIT%;(&;, O;)
Sj ’

The right hand side can be bounded using the complete square {||vo,||1 —2/(§; + 1)}2,

o 2, o,
& _|_1|| o ||1+§ iHVO,Hl:z}‘uHVO,Hl_&leSk](&/"‘UHVO,H%
J

Combining the bounds for both sides in the inequality, we get an upper bound for ||¥||;.

Proof of Lemma 23. We define

="y / (250 ()~ Zi (1) (0N 1)

By Lemmas 20 and 6,

max [Vl (v,8) = VoL ()l = O, (18 = B7Il1 + /1og(p) /)

J=Leop
Vyf‘ j(}) is the average of i.i.d. vectors with mean \ (7;) = 0 and maximal bound K 2(14+K).

We can apply Lemma 11 to the matrix (Vyf‘l (¥7)s--- ,Vyf‘ p(77p)) to get

max VAL 537 loo = [H(OVAT (975 VAL p (1) e

oo P
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= 0p(y/log(p?)/n) = Op(v/log(p)/n).

Proof of Lemma 24. (1) We define

_]Z/ {Z }®2dN0()

The total variation of each N?(¢) is at most 1. By Lemma 20, we have

sup [|2(1,8) = 1l = 0, (B8 + VIog(p)/n) .

t€[0,t%]

Hence,

12— S < 2K0, (B8l + v10g(p)/n) = 0, (B8l + v/ 1og(p) /n) .

Now, 3 is average of i.i.d. with mean X and bounded maximal norm K?. We apply Lemma

11 with union bound,

Pr <||2 5l max > K2x ) < 2p2e

Choosing x = +/log(2p?/¢)/(2n), we have 15 — 2| max = 0,(+/log(p)/n).

(i1) We alternatively use the following form

:n_lzn:/z* n_liwj(t)Yj(t)eﬁ Zj(t)Zi(l'>®2_Z(t”6)®2 AN (1).
i=17/0 j=1

$Ot,B)

By Lemma 20(iii), we have

[52(8) = 581(8°) lmax = Op (118~ B°I11).
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We also have a similar form for

@) =n'y. [ {‘1 >’>Y(f§)ﬁZ()zl-@@z—ia,ﬂ)@z}de<z>.
i=1

By Lemma 20(i), we have

[181(8°) = 82(8°) |max = Oy (v/10(p) /).

Finally, we use the martingale property of

m(3°) - % ‘IIZ1 / { jgj i(r,@”)@}I(azr)dM}(r)

n! 2 / {Zi(t) ~Z(t,8°)} 1 (C; > )am) 1)
Y [ [0~ 20,895~ 12:0) )] 1C 2 0avg o)
i=1
under filtration %,*. The integrands in the first two martingale terms are bounded by
K?. Hence, we can apply Lemma 14(ii) to obtain that their maximal norms are both

0, < log(p)/ n> . We apply Lemma 20(i) to the integrand of the third term, equivalently

expressed as

{1() = Z(1.8°) H{Zi(1) = Z(1,8°)} " +{Zi(t) = p(O) Hp(1) = Z(1,8°)} .
Therefore, we obtain ||m(3°) — 3| max = 0, ( log(p)/n>.
We put the rates together by the triangle inequality.

]

Proof of Lemma 25. The proof is similar to that of Lemma 5. Define the compatibility factor for

Cj(&;, 0;) and symmetric matrix ® as

\/s;g' g
Kj(&j,Oj;(I)) = sup _—.

02geci(e.0) 8ol
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Apparently, k;(§;,0;) = x;(&;, Oj;V$F(7*,3)). Notice that
~ n t* - ~ o~
VIL ) =i Y [ (i)~ 2 B g ) =
i=1

where 3 _ j—jisa by dropping its jth row and column. By Lemma 4.1 in [HSY " 13] (for a similar

result, see [vdGB09] Corollary 10.1),
k(6 0)? = 65 (8, 05 j—j) 2 %5 (&;, 0B —j) =&+ 1 [1Z—jmj = Zjm il max.

For any non-zero g € RP~!, let g* be its embedding into R” defined as

g k<j
g = 0 k=
k-1 k>7]

Then, we may establish a lower bound for the smallest eigenvalue of 3 _; _; by (D2)
inf g'S; jg= inf g Sg">p|gl3.

0#£geRpr-1 0£geRr—!

Hence, inf;—y _ , K?(F,j, O, Z—L—j) > p. Using the result in Lemma 24(1) under (D4), we have
J=l...p

_inf K;(E;, Oj)z >p—|[|X%- f3||malxsmaxJ,fllaxp(gj + 1>2 =p—op(l).

Therefor, if max =< 1, we must have that {inf ixk;(&5, Oj)2 >p/ 2} occurs with probability tending

to one. ]
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Chapter 3

Estimating Treatment Effect for
Time-to-Event Outcome with
High-dimensional Covariates in

Observational Studies

3.1 INTRODUCTION

The proliferation of publicly accessible “big data" from Electronic Health Records (EHR)
provides an abundant resource to study the effect of various treatments on the patients. This
type of comparative effectiveness studies serve as the alternative or exploratory projects when
a randomized trial is implausible or uneconomical [HYB™ 10, SKD"15]. With the availability

of linked large databases the challenge in studying causal treatment effects, is to handle a large
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“p > n" number of potential confounders.

Motived by studies in cancer, we consider the situation where the treatment effect of
interest is on a survival outcome, while having to account for a large number of potential
confounders. Despite scientific knowledge [HHWMO02], in databases like these whether each
covariate is a true confounder is often unknown. Machine learning methods had been considered
for confounder selection in this type of high dimensional settings, but it is now known that
directly applying such methods can lead to bias in the estimated treatment effect. This is well
understood, for example, in the case of regularization, the control of estimation variance with
diverging dimensions is achieved at the cost of estimation bias [vdGB11].

Orthogonal score is a familiar concept from the semiparametric statistics literature [New90,
BKRW98]. It relates to the profile likelihood and the least favorable direction in likelihood
inference, which includes nonparametric likelihood for semiparametric models [SW92, MvdV00].
The efficient score function generated by the profile likelihood is a special case of the orthogonal
score function. It is known that an estimator obtained from an orthogonal score function should
not be affected by the bias (or equivalently, slower than root-n convergence) in the estimation
of the nuisance parameters, or misspecification of the nonparametric (i.e. nuisance parameter)
part of the model [New90, BKRW9S8]. Recently the orthogonal score has been applied for
debiasing purposes in estimating treatment effects [BCH13, Far15, CCD" 18], and was referred
to as [Ney59] orthogonality.

There is a connection between orthogonal score and double robustness that has not always
been made explicit in the literature. Doubly robust (DR) property refers to the context of causal

inference and missing data problems, where there are at least two working models, one for the
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outcome and another for the missing data mechanism (or equivalently, treatment assignment since
the same subject cannot be observed under more than one treatment). An estimator is doubly
robust if it is consistent as long as one of the two working models is correct [RR95, RRO1, BRO5].
When p is larger than n, [Farl5] showed that the doubly robust estimator in [RR95] is still
consistent. For time-to-event outcome subject to censoring, DR estimators have been studied by
[ZS12], [ZZYK15], [KLZ18], [WLL"17] and [JLS™17] when the number of covaraites is fixed.
A form of DR estimators was proposed in [RMN92] where the score function was the product of
the error terms of the two working models [RRvdL00, VBC12, KLZ18]. By the error terms we
mean the observed outcome or treatment assignment minus its expectation under the working
model. Such a score function turns out to be very similar in its form as an orthogonal score under
certain models, as will be seen in later works and our derivation below.

In this paper, we use the propensity score model for treatment assignment to construct
an orthogonal score function for the estimation of the treatment effect. In addition, we also
consider the cases where the propensity score model might be wrong, or the specified survival
outcome model might be wrong, and in the high dimensional setting the sparsity assumption is
violated. We study such double robustness properties of our estimator of the treatment effect. The
organization of the rest of the paper is as follows. In Section 3.2, we propose inference method on
treatment effect when both the Aalen additive hazards model and the logistic regression propensity
model are correct. In Section 3.3, we develop doubly robust estimation with the extensions in
closed form estimator, cross-fitting and further regularized estimators. Section 3.4 contains an
extensive simulation study. In Section 3.5, we apply our method to the empirical study on the

treatment effect of radical prostatectomy versus conservative management using SEER-Medicare
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Linked Data. The conclusions and discussions are given in Section 3.6. The detail of theoretical

derivations is given in the Section 3.7.

3.2 Treatment Effect with High-Dimensional Covariates

3.2.1 Model and Orthogonal Score

Let T be the event time of interest, C be the censoring time. We observe X = min(7,C)
and 8 = I(T < C), where I(-) is the indicator function. Let D be the treatment assignment, and Z
be a p x 1 vector of covariates. Let A(¢; D,Z) be the conditional hazard function of T given D

and Z. Under the additive hazards model [CO84, Tho86, ED87, LY94],
Mt;D,Z) =Ao(t) + DO+ 3" Z, (3.1

where Ao () is the baseline hazard function. The treatment effect under model (3.1) is 6, which is
our parameter of interest. Our goal is to draw inference on 6 while allowing the dimension of the
covariates p to be much larger than the sample size n.

In this paper, we consider binary treatment assignments. For example, we may assume

the logistic regression model for D given Z:

PD=1|Z)= e 32
D=1|Z) = .

( ‘ ) 1 e'YTZI ) ( )
where Z1 = (1,Z1,...,Z,) " represents the vector of covariates with the intercept term. The

above conditional probability of treatment assignment is often called the propensity score in the

literature.
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In the following we will use W = (X, 8, D, Z) to denote a single copy of n independent and
identically distributed observations. Let A(-) = [, Ao(u)du denote the baseline cumulative hazard
function; and the subscript ‘0’ in the following will be used to index the true parameter value
under which the data are generated. Following the convention of [AG82], we denote the counting
process and at-risk process for subjects i = 1,...,n as N;(t) = 6;/(X; <t) and Y;(¢) = I(X; > 1),

respectively. By Doob-Meyer decomposition we define
t
Mi(3B,8) =Ni(t) ~ [ Yiw){(D+ 87 Z)du+dA(w)}. (3.3)
0

which is a martingale with respect to the filtration %, ; = 6{N;(u),Y;(u),Di,Z; - u<t,i=1,...,n}
when evaluated at the true parameter values.

In the presence of high dimensional covariates, directly fitting model (3.1) via regulariza-
tion methods such as LASSO is known to lead to bias in the estimate of coefficient (8,3")"; this
is also illustrated in our simulation results later (Table 3.1). Instead we consider the orthogonal
score for estimating the treatment effect. Writing the nuisance parameter = (3, A,~), a score

function W is an orthogonal score for 0 if the Gateaux derivative with respect to M

0
a—E{\l’(eo;ﬂo +rAn)} =0, (3.4)
r r=0

where 0p and 1 are the true values, respectively, and AN =m —1g. In other words, the
orthogonality of a score function is defined as the local invariance of the score to a small
perturbation in the nuisance parameter around the true parameters. Under orthogonality, the
estimation to the treatment effect is not affected by the convergence rate of any consistent

estimation to the nuisance parameter, as illustrated in Figure 3.1. We note that this orthogonality
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Figure 3.1: The contour for score functions with simulated data under additive hazards model
and logistic regression models at sample size 5000. Left - the score without orthogonality
[LY94]; Right - our orthogonal score with true propensity score. The orthogonal score is robust

to error in nuisance parameter for estimation of the causal parameter.

was given in [New94] as the condition such that the limiting distribution of estimators of the
parameters of interest is not affected by the estimation of the nuisance parameters.
In order to construct the orthogonal score for our parameter of interest, 6, we utilize the

propensity model (3.2). We state our score and its orthogonality in the following Lemma.

Lemma 26. Under models (3.1) and (3.2) and the assumption

C 1L (1,D)|Z, (3.5)
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the score
1 ¢ Y Dor
06:0.07) =, Y. {Pi—exitty Zu) | [P ami(r ) (.6)

where T < oo is an upper limit of time, identifies the true parameters (0o; B0, Ao, Yo) and is an

orthogonal score for 0.

To utilize the orthogonal score to estimate 0, (3.6) is seen as an equation for 6 only, and
after solving for ® we plug in a consistent estimate of the nuisance parameter (3, A,-y) to obtain
0. Under proper regularity conditions regarding how the dimensions expand, we find that the
asymptotic variance of 0 may follow from the classic estimating equation theory, with (3, A,~)
again replaced by its consistent estimator to obtain a consistent estimate of the asymptotic
variance.

The condition (3.5) is stronger than the usual non-informative censoring assumption,

where C L T|(D,Z). This condition can be relaxed if a consistent estimator of the conditional

distribution of C given D and Z is available, and we discuss this more later.

3.2.2 Inference on 0

Before proceeding we extend the above description of how to use (3.6) by allowing an
estimator of the baseline cumulative hazard function to depend 6, /A\(, 0). This is natural since
under the additive hazards model (3.1), the usual estimator of A(¢) is a function of 6 [LY94]. The
extension is useful for the doubly robust estimator that we develop in the next section. Under
conditions specified below, the property of the orthogonal score still holds with the ‘estimator’ of

A~ o~

the nuisance parameter (3,A(+;0),7).
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For the purpose of guaranteeing firm guarantees on inference regarding 6, that is not
dependent on exact model-selection consistency of regularized estimators, we make the following

set of assumptions.

Assumption 5.

(i) W is generated according to models (3.1) and (3.2);

(i) C L (T,D)|Z:

(iii) P (supi_y_, [|1Zill < Kz) = 1;

(iv) sup;cjoqro(t) < Ka;

(v) E{E(Y (t)|Z;D = 0) Var(D|Z)} > &y > 0;
(vi) E{E(N(t)|Z;D = 0) Var(D|Z)} > ey > 0;

(vii) the total variation of //{(-;9) is bounded by K, uniformly in © with probability tending to

one;

(viii) /A\(t; 0) is approximately linear in © with respect to the total variation in the neighborhood

of 9o,
T

\/{K(r;e)—x(t;e())} = 0,(16—89)): (3.7)

t=0

(ix) the rates of estimation errors follow

1og(p)[|1B — Bolli + sup |A(:80) — Ao(r)| + |7 —oll1

t€[0,71]
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+Vnl¥ =01 (HB—ﬁoHl + sup |/A\(f;90)—/\0(l)|> =o0,(1), (3.8)

t€[0,1]

and the estimation error to the baseline hazard follows additionally

/0 CH(0)A{A(1,80) — Ao(t)} = 0,(1) (3.9)

for any process H(t) adapted to the filtration Fn; = 6{N;(u),Y;(u),D;j,Z; : u < 1t,i =

L,....n} with tight uniform bound, sup,co  |H(t)| = Op(1).
Then we have:
Theorem 9. Under Assumption 5, © that solves d(0; B, A(6),7) = 0 satisfies
6~ 1v/n(6—69) ~ N(0,1), (3.10)

where the variance estimator takes the closed form
6% = n 'Y 8:{D; — expit(y | Zy;) }2eOPXi
= r 2 i
{n~"EiL1 (1 Di)expit(y " Z1:)X; }

Remark 6. Several penalization approaches are available to estimate the high-dimensional

(3.11)

regression coefficients in the additive hazards model (3.1) under various assumptions [GG12b,

LLI13]. [LMO7] proposed a Lasso estimator of the form

B:argminBTHn,B—2,8Thn+7»]|ﬁH1, (3.12)
BeRP

where Hy = Y| [6{Zi — Z(t)}*?Y;(t)dt /n, Wy = ¥, J5{Zi — Z(t)}dNi(t) /n, with Z(t) =
Y Z:Yi(t) /YR Yi(t) and a®? = aa for a vector a. To estimate [3 in our model (3.1), we
may use B, = (0,8) in (3.12). The estimation of v from model (3.2) is similar; we may use the

LASSO estimator for the logistic regression model [SKO3]:

n

~ .1 A z
¥ =argmin—— Y {{DryTZli —log(1+ e’YTZ")} +A Y |yl (3.13)
yeRrH T j=1
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Remark 7. For A a natural choice is the Breslow type estimator

~ Y {dNi(u) — Yi(u)(B] Zps)du}
A= [

with Zp; = (D;, Zl-T)T. According to our Lemma 37 in Section 3.7.5, the total variation of (3.14)

(3.14)

is bounded with large probability as required by Assumption 5-vii. One may also use estimators

dependent on © under Assumption 5-viii. We expand on one special choice /V\(-,G) in Section

3.3.1.

Remark 8. For the LASSO estimators given in Remark 6, oracle inequality for ['-estimation
error have been established under either the restricted eigenvalue condition [BRT09] or the
compatibility condition [vdGO07, vdGB09]. By [GGI2b], [ZSZH17] and [vdGO0S8], the LASSO

estimators with oracle penalty parameters follow

18~ Bolli = 0, (spv/Tog(p)/n) , I = v0lls = O, (s/Iog(p)/n) ~ (3.15)

under suitable regularity conditions, where sg and sy are the sparsity of Bo and ~yo, respectively.
The estimator of the baseline cumulative hazard A defined in (3.14) has a rate of uniform
convergence O, <||[§ — Bolli ), and A satisfies (3.9) whenever [; is consistent. If the dimensions
and the sparsity levels satisfy sgsy = o (y/n/1og(p)), then Assumption 5-ix holds. This means
that the dimension p can be of ultra-high exponential order when the sparsity levels grow slowly.
When p is of polynomial order in n, the sparsity of both models may grow up to rate n'/*. Or, the
sparsity of one model is allowed to grow as rapid as /n while the sparsity of the other model is

constant.

Remark 9. Assumption 5-v has two implications. First, the treatment assignments cannot be

deterministically decided by the covariates; we need a proportion of subjects with propensity
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strictly between zero and one. Second, there should be a proportion at-risk at the longest possible
followup time among these subjects with propensity strictly between zero and one. The first
part is a relaxed form of the positivity condition,also known as overlapping condition: the
propensity score P(D = 1|Z) is bounded away from zero and one for every possible Z which
applies to all subjects [Imb03, WCI10]. In practice, the treatment assignment may violate the
positivity condition when a subpopulation is guaranteed to receive the treatment or the control.
As an example in our data, the distribution of estimated propensity of receiving received radical

prostatectomy is not bounded away from one in Figure 3.4.

Remark 10. Assumption 5-iii is a common assumption for high-dimensional non-linear models
[HSY" 13, vdGBRDI14]. Assumption 5-iv is a standard assumption under additive hazards model
[LY94, LL13]. We rely on the Assumptions 5-iii and 5-iv to obtain the concentration results of
various empirical processes. Assumption 5-vi implies a positive event rate among subjects with

positive chance of being assigned into either treatment arm.

The proof of Theorem 9 has two parts. In the first part, we establish the asymptotic
equivalence between the score with the estimated nuisance parameter and the score with the true

nuisance parameter,

>)

0(6:8,A(-,0),7) = 0(6; B0, Ao, Y0) +0p (v/1]6 — 8p| + 1) , (3.16)

by utilizing one consequence of the orthogonality that the score is insensitive to perturbation in
nuisance parameter. In the second part, we use the identifiability from Lemma 26 to establish the
asymptotic normality of 0. Our proof allows the hazard contribution from the covariates, ﬁOT Z;,

to grow arbitrarily large with the growing dimensions. Our asymptotic normality is the first result
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established with unbounded hazards of a time-to-event outcome, which distinguished us from
existing literatures on the topic [HBX17, YBS18].

Theorem 9 leads immediately to inference on the treatment effect 0. Using computation-
ally efficient methods like LASSO for the nuisance parameters, our inference procedure adds no

extra computational burden, and is therefore ready for practical uses.

3.3 Exploring the Doubly Robust Property

It is immediate from (3.6) that the estimator from solving the orthogonal score equation
might be doubly robust (DR) when p is fixed, since it is of the form as the product of the error
terms from the two models. While this may not be the most common way to construct a DR
estimator in the literature, it was noted in [RMN92] , [VBC12] and [KLZ18]. In the classical
literature on misspecified models, the estimators obtained under the misspecified model are known
to converge to the so-called ‘least false’ parameters. Extension of DR approaches into high-
dimensional settings so far mainly relies on the convergence of the estimators to the ‘least false’
parameters, which now need to be well-defined as p increases [Farl5]. Few work has studied the
asymptotic behavior of estimators under model misspecification under high-dimensional settings
[Tan18]. In our empirical analysis, we find that the LASSO estimator with penalty parameter
selected by cross-validation deviates substantially from the ‘least false’ parameters under dense
or misspecified model (see Table 3.1). The observation suggests that the theory established on the
convergence to the ‘least false’ parameter may be unsound for directing practice. Moreover, the

‘least false’ framework cannot handle a special type of ‘misspecification’ under high-dimensional
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setting— the dense coefficient in a correct model cannot be estimated consistently. Given the
limitation of ‘least false’ parameter framework, we propose the measurement on the magnitudes
of estimators and develop our DR methodology and theory based on the magnitudes. As we shall
show, our magnitudes framework provides both a weaker requirement in theory and a broader
applicability in practice.

In this section, we first describe a special case of our estimators from Section 3.2, which
has a closed-form expression that is computationally efficient and stable. In Section 3.3.2 we
introduce the cross-fitting scheme, which generally leads to relaxed sparsity conditions. Finally

in Section 3.3.3 we develop the the doubly robust estimator.

3.3.1 A closed-form estimator

As discussed in Remark 7 earlier, we may have different choices for the estimator of the

cumulative baseline hazard A. A particular choice is the weighted Breslow estimator:

W u T u
Ko = [ Bl ;<Y;<>§,(<D)9+B Z)du}. .

where w! (v) = Di{1 — expit(vy ' Zy;)} = D;P(D; = 0|Z;). Note that the w!’s are the weights

among the treated subjects. With (3.17) the score (3.6) becomes a linear function in 0:

0(6;3,A(-,6;3,7),7)

B

(1= D)expitty" 2ai) [ (i) ¥iu) [B7 2~ Zluiy) Y+ aN (i) )

:ICD SI»—‘
T

(1—D;)expit(y ' Z1:)X;, (3.18)

™=

I
—_
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where we denote the weighted processes Z(f;7y) = "L Ziw! (Y)Yi(t) /X w! (y)Yi(t), and

dN(t;7) = X w! (7)dNi(1) /X7, w! (7)Yi(r) with the same weights as in (3.17). Therefore

we have

XL ) S5 (M) Vi) | BT{Z ~ Z(wsH)du+ dN (7))
0= —T : (3.19)
— L wi ()X

where w9 () = (1 — D) expit(vy ' Z1;) = (1 — D;)P(D; = 1|Z;) are the weights among the subjects
in the control group.

In Section 3.7.1, we show that § can be seen as through directly estimating the difference

between the two cumulative hazard functions of the treated and the control groups.

Remark 11. Since A defined in (3.17) depends linearly on 6, it is easy to see that A satisfies
Assumption 5-viii. The average weight in the risk set at any time t is bounded away from zero

under Assumptions 5-ii and 5-v because
E{w! (7)Y (1)} = E{w' (%)Y ()} = E{Var(D|Z)E(Y (1)|Z;D = 0) }e~®.

Following that, one can verify that A meets all conditions given in Assumption 5. Hence, the
inference result in Theorem 9 applies for the closed-form estimator © in (3.19). Note that
according to Theorem 9, the asymptotic variance of 0 does not depend on the specific estimator
of the cumulative baseline hazard, so there is no loss of asymptotic efficiency by only using the

treated subjects in A.

Remark 12. In the construction of ©, we weight treated subjects by w} () and controls by wd (),

defined after (3.17) and (3.19), respectively. Consider the standardized version of the weights
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with true parameter

! = wl (1)) Y wh(70), 0 = wd(20)/
=1

w? (70)- (3.20)
Jj= =1

‘17
We discover that the weights in (3.20) balance the covariates between treatment and control.
Following the popular R package twang [RMM™ 17, RM07], we manifest the covariate balance

after weighting by the weighted empirical cumulative distribution functions,

_ n! Y W?('YO)I(Zi <1z)
—1vn

,d=0,1, (3.21)
n i=1W§i(’)’0)

n
Fd,n (Z) = ZW?I(Zi < Z)
i=1

where we denote the multivariate indicator 1(Z < z) = Hi']:l 1(Z/ < 7)) with ZJ and 7/ being
the j-th coordinate of vectors 1 and z, respectively. Under logistic regression model (3.2), the

expectations of the weights given covarites both equal the conditional variance of treatment,
E{w?(v0)|Z} = expit(~g Z1){1 — expit(vg Z1)} = Var(D|Z). (3.22)

Using (3.22), we heuristically obtain the limit of (3.21)

E{w!(v)(Z <z)} _E{Var(D|Z)I(Z <1z)}
E{w?(v0)} E{Var(D|Z)}

Fyn(z) ~ ,d=0,1. (3.23)

Notice the right-hand side in (3.23) does not depend on d, so the distributions of covariates
in both treatment arms are roughly the same after weighting. The covariate balancing plays
an important role in the robustness when the outcome model is misspecified. Following the
tradition of [RR83], classical causal inference methods including matching, stratification and
weighting [RR83, RR84, RR85, Ros87, RB0O0O, VD 14] have been recently revisited and improved
with high-dimensional covariates when the estimation to the propensity score becomes challenging

[IR14, vdL14, VVI5, Tanl7].
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3.3.2 A cross-fitted orthogonal score

Cross-fitting, also known as data-splitting [Cox75], allows relaxed conditions on ...,
and is increasing being used in high-dimensional problems [CCD*18, ATW19]. Algorithm 1

demonstrates a cross-fitted version of our orthogonal score method.

Data: split the data into k folds of equal size with the indices set I1, D, .. ., I

for each fold indexed by j do

AN A~

1. estimate the nuisance parameters (B(f ) , Al , ﬁ(j )> using the out-of-fold
samples indexed by I_; = {1,...,n}\[;;

2. construct the cross-fitted score using the in-fold samples

o (030 A0, 51) = Z[D expit() 2,)|

|J|1€I

x /0 D [dNi(t) —Y,-(t){(D,~6+ B<f>Tzi) dt+d7\(f)(t;e)H . (324

end

Result: Obtain the estimated treatment effect §c r by solving

k
% Z o) (9;5(1')7/\(})7,7(1)) —0. (3.25)
j=1

Algorithm 1: Estimation of the Treatment Effect via k-fold Cross-fitting

The cross-fitting algorithm described in the box induces independence between the score
and the estimated nuisance parameters, further reducing the effect of the nuisance parameters on
the estimation of the treatment effect in addition to the orthogonality of the score function. For

our purposes, the cross-fitting has two main advantages. First, it simplifies our methodology and
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theory for the doubly robust estimation in the next subsection, as we use survival information to
further regularize the initial LASSO estimator; measurability issues in the martingale argument
would otherwise arise without the independence induced by cross-fitting. Second, we are able to
handle cases with less sparsity (see also Remark 13 below). This is achieved because it allows the
convergence in Assumption 5 to be relaxed from uniform error (/! distance in the coefficients) to
average model deviance below (often proportional to /> distance in the coefficients). To describe
the estimation error of the out-of-fold estimators evaluated on the in-fold samples, we denote
(X«,04,Dx,Z,) as an independent copy from the same distribution as the original data, for which
the expectation E, is taken. We define the average model deviance for the estimated model

coefficients in (3.1) and (3.2) as

(3. o) =\/1E* [ / R(C —ﬂo)TZ*}znmdr] ,

Dy(7,%) :\/]E* [{expit (Y"Z.) —expit (v Z+) }2] ) (3.26)

Note that @B(B, Bo) is the same as the norm used in [GG12b] equation (15). Compared to the
uniform error, the average model deviance has a convergence rate that grows slower when sparsity
increases.

Now we state our relaxed conditions for inference.

Assumption 6. Suppose conditions 5-i to 5-viii in Assumption 5 are satisfied with (B\,//{,;)\/) =

<B(1),K(1)ﬁ(j)> forall j=1,... k. Assume additionally,

(i) the rates of estimation errors follow

Dy (B(D,ﬁo) + sup

t€[0,7]

K(j) (t;e()) —A()(l)‘ + @y <;Y\(j)770>
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+viy (39.5) (Q)ﬁ (8.60) + sup

+€[0,7]

KU)(z;eo)—Ao(t)D —o0,(1). (327

We have the inference result for 8 with the cross-fitted estimator /G\c 7 defined in (3.25).

Theorem 10. Under Assumption 6, ﬁc r obtained from Algorithm 1 satisfies

o~

G,/ vn(Ber —80) ~ N(0,1), (3.28)

with the closed-form variance estimator
“Iyvk ()T 2 20D;X;
n YN Yier, 8i{ Di — expit(31V) T Zy;)} 262

2
{ﬂ_l Y Yier, (1 - D) eXPit@(j)TZIi)Xi}

~
G =

(3.29)

The proof of Theorem 10 follows the same strategy as that of Theorem 9.

Remark 13. The cross-fitted score (3.25) can handle a larger number of covariates, less sparse
models and more flexible estimators of the baseline hazard. We explain these three advantages by
comparing Assumption 6-i to Assumption 5-ix. First, (3.27) allows a larger dimension without the
extra log(p) factor in (3.8). Second, the average model deviance is less sensitive to the growth
in sparsity than the uniform error. For LASSO estimators (3.12) and (3.13) with oracle penalty
parameters in particular, the rates in terms of average model deviance has been established as

[GGI12b, ZSZH17, vdGOS8]

Dy(B.80) = 0y (/sp108(p) /1) . D7, %0) = O, (\[sylog(p)/n) . (3.30)

If sgsy=o0 (n/{log(p)}z), then (3.27) holds. When p is of polynomial order in n, the sparsity of

1/2

both models may grow up to rate n'/“. Or, the sparsity of one model is allowed to grow as rapid

as n while the sparsity of the other model is constant. The tolerance to sparsity of our method is
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comparable with results established under linear models without censoring [BCH13]. Third, the
removal of condition (3.9) allows various estimation methods of the baseline hazards besides the

Breslow type estimators, e.g. parametric models or splines.

3.3.3 A doubly robust estimator

With the preparation in Sections 3.3.1 and 3.3.2, we present our methodology on the

doubly robust estimation. Here we consider the partially linear additive hazards model [YLZ08]
AMt,D,Z) =DO+g(t;Z), (3.31)

and the general propensity model
P(D=1|Z) =n(Z). (3.32)

Under model (3.31), 0 retains the treatment effect interpretation.
We apply the cross-fitting algorithm described in Section 3.3.2 to the score (3.18) in
Section 3.3.1. Suppose that (B(j)ﬁ(j)) is the LASSO estimator of (3,~) using the out-of-fold

samples for fold j. The cross-fitted version of (3.19) takes the following form,
o D Xie WG S5 (anie) ~ i) [BUT 2~ 20 AV b+ N 30 )
— Y51 Xier, W AV)X;

of = )

(3.33)
with the weighted processes under cross-fitting Z(/) (t:7) = Lier, Ziw! (V)Yi(?)/ Lier, wl(¥)Yi(t),
and dNU) (1;~) = Yiel, w! (V)dNi(t) [ Lier, w!(7)Yi(t). The weights w° and w' defined in Section
3.3.1 for the weighted Breslow A and closed form estimator 6.

Define the average model deviance as in (3.26) for the correctly specified model. Similar

to the definition of the average model deviance, we denote (X,,d.,D.,Z,) as an independent
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copy from the same distribution as the original data, for which the expectation [E, is taken. We

define the magnitude of the estimation for the misspecified model within each cross-fitting fold,

2 (8) =\ [ B7E. [{z. w0 r.)] B

M, (7) = [E @)X+ [E vl G) v} (3.34)

with u(t) = E.(Z,)/E.{Y.(t)}. Here we define the magnitudes with (3,7) for the brevity in
notation of the ensuing discussion. Eventually, we shall establish our doubly robust estimation
under the magnitude condition with the cross-fitted estimator ( B (1), qU )) and the samples in fold-j
as the stared random variables.

Throughout this section we will make an assumption that the magnitudes above are

bounded. That in turn, can be simply guaranteed by a bounded /'-norm ||3]|; or |¥||1. To see

that, observe

| 4 elAlliKz | 4 elAlliKz

My(B) < 1BIM|Z:]lv/T,  My(A) < EA{(1-DIY.(0)}  E DY)}

Hence, with a finite || Z, || and strictly positive E,.{D,Y,(t)} and E.{(1 —D,)Y.(7)}, r.h.s. above
is guaranteed to be finite as long as both /'-norms are finite. Moreover, we discover that using
cross-validation to select the penalty factor in LASSO is sufficient to control the magnitudes. Let
{B(X) : X >0} and {F(A) : A > 0} be classes of LASSO estimators with different penalty factors
A under additive hazards model and logistic regression model, respectively. The sets are often

called the LASSO regularization path [FHT10]. In practice, the most common way of deciding

the penalty factors A is k-fold cross-validation. Suppose the optimal penalty factors are selected
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by the risk minimization

7»5 = argmin lg(,@(?»)), /X’Y = argmin/y (Y(})), (3.35)
A>0 A>0

where the generalization losses for 3 and ~ are defined as

500 = [ 2. ([0 2 -u)] v ) ar 2 [B. [67 (2. - o) av.0].

L(y) = —E.(D.y " Z.) +E, {log (1 + eVTZ*) } . (3.36)

Mp describes how large the average predicted contribution of covariates in the hazard is, so
Mp (B (7&5)> at the best estimator in the LASSO regularization path should not be excessively
larger than the true contribution of the covariates in the hazard. Using the connection between

Mg (B) and the quadratic term in the lg () above, we establish a bound for the magnitude of the

additive hazards LASSO estimator with optimal cross-validated penalty.

Lemma 27. Under the partially linear additive hazards model (3.31) , we have

~

2y (By)) <4 [ Ede(r2Pr.0)ar (3:37)

o~ A~

We prove Lemma 27 by comparing the lg(ﬁ (Ag)) to ZS(O) = 0. Since zero is always in

the LASSO regularization path for a sufficiently large A [GRS12], we must have the upper bound

o~ A~ o~ A~

ZE(B (Ag)) < 0. We use the Cauchy-Schwartz inequality to obtain a lower bound of s (B(Ag)).

We reach (3.37) by the fact that the lower bound is always less than or equal to the upper bound

o~ A~

for ZE (B(Ag)). My describes how close the estimated propensity scores are to the actual treatment

assignments in both treatment arms of the risk-set at t = 1, so My(5(Ay)) should be bounded

when the treatment has enough randomness in the risk-set at = 7, as required by the Assumption
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5-v. We derive an equivalent characterization of the Assumption 5-v that there exist a set Z on
which P(Z, € Z), E.(D.|2), E.(1 —D.|Z) and E,(Y.(t)| Z) are all bounded away from zero.
Focusing on the analysis of the set Z, we establish a bound for the magnitude of the logistic

regression LASSO estimator with optimal cross-validated penalty.

Lemma 28. Under Assumption5-v, we have with probability tending to one

3y (3(0) < (147 ey e e, .39

~
~

We prove Lemma 28 by comparing the 5 ((Ay)) to Iy(70), where A is the intercept only
estimator (log(1—n/Y" (D;)),0,...,0). The intercept only estimator 7y is also always in the
LASSO regularization path for a sufficiently large A [FHT10], so l; (7o) is an upper bound for
ly (?(iy)) Assumption 5-v implies the existence of a set Z in the covariate space with positive
probability, at-risk rate at + = T and true propensities bounded away from zero and one. Using the

~

Jensen’s inequality on the expectation taken over set 2, we establish a lower bound for [y (A ().

The lower bound is closely connected with the magnitude 94, <'Ay(7\,y)> . We obtain (3.38) by the

fact that lower bound is less than or equal to the upper bound for I (‘)\/@Y))

Remark 14. Lemmas 27 and 28 give surprisingly nice guarantees on the LASSO estimators with
cross-validated penalty when the model assumption is wrong. Our results here has opened up a
new direction of studying the properties of penalization methods under model misspecification.
Unlike the common “least false parameter" argument, our bounds on the magnitudes require no
quasi-model assumptions like sparsity. Consequently, our doubly robust estimation developed

under the magnitude conditions is extremely sharp in theory and broadly valid in application.
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Remark 15. When the model assumption is correct under suitable regularity conditions, the rate
of consistency for LASSO with cross-validated penalty factor is always controlled by that for
LASSO with oracle penalty factor. Quite surprisingly, this connection between the oracle penalty
factor and the cross-validation is seldom manifested, though such fact is fundamental for any
property established under oracle penalty factor to carry practical significance. Since the LASSO
with oracle penalty factor is one element in the regularization path, any bound on its estimation
error is also a bound for the estimation error of the “best” element along the regularization
path. When the generalization loss possesses local convexity at the true coefficient, the cross-
validated penalty attains such “best" element. Therefore, the LASSO with cross-validated penalty
factor converges to the true coefficient in at least the same order of the LASSO with oracle
penalty factor. Extension from the generalization loss to the sample cross-validated loss usually

requires the same set of regularity conditions under which the oracle inequalities are established

[GG12b, ZSZH17, vdGOS)].

Our regularity conditions for the doubly robust estimation are stated with the estimation

magnitudes below.
Assumption 7.
(a)- Suppose conditions 5-ii to 5-iv in Assumption 5 are satisfied.

(i) {W;}L_, is generated according to model (3.1) and (3.31);
(ii) sup;_;  Dg <B(j)a BO) =o0p(1) and sup;_; ;. My ('T’(j)> < Kgg, +0p(1).

Or:
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(b)- Suppose conditions 5-ii, 5-iii and 5-v in Assumption 5 are satisfied.

(i) {W;}_, is generated according to model (3.31) and (3.2);

(ii) the hazard g(t;Z) satisfies \/]E{ 2(,Z2)Yi(1)dt } = Ka = o(y/n);

(iii) the rate condition

{KA+ sup R ([3( ))}

j=1,.

s Dy (79,950) =op(1). (339

J

Under either Assumption 7(a) or Assumption 7(b), the average model deviance for the
correct model converges to zero. That is, Dy <B(j), Bo> = 0,(1) under Assumption 7(a) and
Dy <'Ay(j ),'yo> = 0, (1) under Assumption 7(b). When the logistic regression model is wrong, we

assume a bounded % (ﬁ(j )> so that the denominators in éc £ (3.33) are bounded away from zero.

When the additive hazards model is wrong, we allow Mg ( J) ) and \/ E{ [y &2(t;2;)Y(r)dt },
the measure of the true average contribution of covariates in hazard in Lemma 27, to grow with

sample size.

Theorem 11. When either of Assumption 7(a) or Assumption 7(b) holds, § cf» defined in (3.33),

is consistent for 8y, i.e. |0 —8g| = op(1).

Our proof relies on the double robustness of our score at population level. When the addi-
tive hazards model (3.1) is correct, the true 0y solves the equation E {q)(j ) (60; Bo, Ao,?(j )) } =0
for any ?(f ). When the logistic regression model (3.2) is correct, the true 6y solves the equation
E { (90 Bl ,'yo> } = 0 with any BU) and AU).

Theorem 11 implies an important corollary on the doubly robust estimation when the

violation of the sparsity assumption on one model renders the consistent estimation of that model.
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We state the immediate consequence of Lemmas 27 and 28 and Theorem 11 in the following

corollary.

Corollary 1. Suppose we use LASSO (3.12) and (3.13) to estimate (B(j)7,7(j)) in k-fold cross-
fitting. The penalty factors are selected by generalized cross-validation. Under the conditions 5-i

to 5-v in Assumption 5 and additionally:

(i) JEE-{(8) Z.)?Y.(1) )i < K,

(ii) the dimensions satisfy \/(sﬁ Nsy)log(p)/n=o(1),
(iii) other regularity conditions from [GG12b] and [vdGOS8],
0./, defined in (3.33), is consistent for 8y, i.e. |§ — 89| = 0,(1).

Corollary 1 demonstrates our unique contribution to the doubly robust estimation in
high-dimensions in developing the magnitude condition. When the sparsity s exceeds sample
size n, various concentration results on the estimators by penalization methods no longer hold.
Regardless, we are able to show that our orthogonal score method produces consistent estima-
tion with very common LASSO-cross-validation estimation procedure on the high-dimensional
nuisance parameters when the sparsity of either model is small.

The other forms of our orthogonal score method, 0 in Section 3.2 with Breslow estimator,
the closed form 8 in Section 3.3.1 and 60 r in Section 3.3.2 with Breslow estimator, may also
produce doubly robust estimation, as suggested by our simulation study later. The estimators
constructed with Breslow estimator require obscure condition for the derivative of score with

respect to 0 being bounded away from zero. In practice, such requirement may trigger numerical
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instability when the extra condition is violated. The estimators without cross-fitting generally
require stronger conditions in dimensions or sparsities, similar to the inference case discussed in
Section 3.3.2. Here we choose not to expand on those results to free the readers from unnecessary
technicality for the suboptimal methods.

The orthogonality of our proposed score, as shown in Lemmas 26, no longer holds
when one of the models is misspecified. As a result, the estimation error in causal parameter is
dominated by the bias from the nuisance parameter estimator. With increasing dimensionality
p, the bias from LASSO grows faster than y/n-order. Therefore, the inference problem on 6
through 8, r under the double robustness setting is fundamentally different from the work with
low-dimensional covariates [ZS12, ZZYK15, KLZ18, WLL" 17, JLS"17]. The task requires a
quite different approach, which goes beyond the scope of the current paper. Nevertheless, our

consistency result provides a solid initial estimate for future pursuit of inference method.

3.4 Simulation

We assess the performance of the proposed estimators in the following simulation. In the
simulation, we consider three pairs of dimensions n = p = 300 and n = p = 1500. The covariates
Z1,...,Z, are independently generated from N(0, 1). The censoring time C is generated as the
smaller between T and Unif(0,co). For each setup below, the parameters T and ¢( are chosen
such that n/10 treated subjects are expected to be at risk at # = 7, and the censoring rate is around
30%. For each scenario with each sample size, we repeat the simulation 500 times.

To test the inference method, we generate the event time 7' from the additive hazards
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model,

Mt|D,Z) = —0.25D+ 3" Z (3.40)

and the treatment assignment D from the logistic regression propensity model
P(D = 1|Z) = logit (thTz). (3.41)

Under model (3.40), the true treatment effect 0 is —0.25, and the baseline hazard A is set as 0.
To ensure that the baseline hazard is non-negative, only samples satisfy B’ Z; > 0.25 are accepted
in the data. The coefficients 3 and - contain two types of signals, the strong signal of size 1
and the weak signal of sizes 0.1 and 0.05 for 3 and -, respectively. We consider the following 3
sparsity levels in :

very sparse (sg = 2, sy = 1): 8= (1,0.1,0,...,0),v = (1,0,...,0);
——

p—2 p—1

sparse (sg = 6, sy =3): 8= (1,0.1,...,0.1,0,...,0),v = (1,0.05,0.05,0,...,0);
5 p—6 p—3

moderately sparse (sg = 15, sy = 10): 8= (1,0.1,...,0.1,0,...,0),
N —— N —
13 p—15

~=(1,1,0.05,...,0.05,0,...,0).
8 10
o

All the intercepts V;’s in the propensity models are chosen such that P(D = 1) = 0.5, i.e. the
treatment rate is around 0.5 marginally. We set the sparsities of the logistic regression model to be
smaller than those of the additive hazards model because the LASSO of the former is empirically
more sensitive to increase in sparsity. Four pairs of sparsities, (sg = 2,5y = 1), (sg = 2,5y = 10) ,

(s = 15,5y =1) and (sg = 6,5y = 3), are studied in the simulation.
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To test the doubly robust estimation method, we consider several setups under which the
estimation to model is no longer consistent. First, we simulate from the models (3.40) and (3.41)
with dense coefficients:

Dense (sg = 30, sy =20): 8= (1,...,1,0.1,...,0.1,0,...,0),
e N N —
4 26 p—30

~v=(1,...,1,0.05,...,0.05,0,...,0).
——— — ——
4 16 p—20

Two pairs of very sparse - dense combinations, (sg = 2, sy = 20) and (sg = 30,sy = 1), are studied.

Second, we consider the misspecified model for event time with exponential link
A(t|D,Z) = —0.25D +exp (ﬁTZ> 10.25 (3.42)

when the logistic regression propensity model is correct. The coefficients are set as (sg = 2,5y = 1).

Third, we consider the misspecified propensity model with probit link
P(D = 1|Z) = probit (yl + 'yTZ> (3.43)

when the addive hazards model for event time is correct. The coefficients are alse set as
(s = 2,5y = 1). Finally, we consider another misspecified propensity model with determin-
istic treatment assignment

D|Z =1 (fz > ,u> (3.44)

with u being the median of v " Z. The additive hazards model for event time is correct, and the
coefficients are also set as (sg = 2,5y = 1).
We estimate the coeffcient of the logistic regression with covariates Z by LASSO 7 (3.13)

by the R-package glmnet and the coefficient of the additive hazards model with covariates (D, Z)
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by LASSO (ﬁlam, ,@) (3.12) by the R-package ahaz. The penalty parameters are selected by 10-
fold cross-validation. We estimate the baseline cumulative hazard by the Breslow estimator (3.14)
K(t;@lam, B) We set the number of folds in cross-fitting as 10, and estimate the coefficients for
each fold by LASSO with 9-fold cross-validation. In Table 3.1, we present the estimation error
of the nuisance parameters from LASSO with respect to the true parameters or the least false
parameters. The uniform error panel contains the estimation errors from LASSO in /;-norm and
the Breslow estimator in /.-norm. The deviance panel contains the mean estimation errors from
cross-fitted models in terms of the deviance (3.26). Here we use sample average n ! ):’J‘.:l Yier,

to approximate expectation [E,,

B=\ v X X[ [ {89 - a0z} noal,

j=liel L

—_~ k r o

D, = \ ol Zl ; {expit (30)72,) — expit (v 2:) }]. (3.45)
Jj=liek

The magnitude panel contains the median estimated magnitudes from cross-fitted models as
defined in (3.34). Here we use sample average k/nY;c; to approximate expectation E,, and take

maximum across all folds,

n/k n n/k
J:1,.,.,k Yie, | <,3( )>X,- Yiel, w) (3(1)) Yi(7)

(3.46)

When the Assumption 5-v holds, for all setups except the deterministic treatment assignment
(3.44), the magnitudes are controlled quite well empirically by cross-validation, there is no

evidence suggesting that magnitudes may blow up with larger dimensions.
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Table 3.1: Estimation error of the nuisance parameters. Letters “E", “P" and “D" represent the
misspecified models with exponential link, probit link and deterministic treatment assignment.
Under dense case (SB = 30,5y = 20), the LASSO estimators do not concentrate around the true
coeffcients. The least false parameter is infinite under deterministic treatment assignment. The

magnitude is properly controlled with cross-validation.

n&p Sparsity/ Uniform Errors of LASSO Deviance from Magnitude

Misspec. and Breslow Cross-fitting from  Cross-
fitting

for 8,~ Binl, Finl, Ainl Dy D, My 9,
300 2,1 0.61 1.38 0.27 0.34 0.09 0.37 36.73
1500 2,1 0.42 0.80 0.13 0.20 0.05 0.41 29.78
300 6,3 1.13 1.75 0.31 0.46 0.10 0.35 29.84
1500 6,3 0.90 1.13 0.17 0.27 0.05 0.40 23.49
300 15, 10 2.87 297 0.46 0.67 0.12 0.38 35.11
1500 15,10 243 2.02 0.28 045 0.07 0.44 27.16
300 30,20 6.22 5.01 0.60 096 0.15 0.42 48.72
1500 30,20 5.19 3.75 0.36 0.63 0.09 0.48 34.97
300 E,P - - - 0.71 0.09 0.58 29.19
1500 E,P - - - 0.47 0.05 0.65 2291
300 -,D - >100 - - 017 - >100"
1500 -,D - >100 - - 013 - >100""

* The dashed entries are not well-defined due to misspecification;

** The divergence of magnitude is expected because setup “D" violates Assumption 5-v.
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We present the results of 4 proposed estimators for inference and doubly robust estimation:
9 obtained from (3.6) with the Breslow estimator (3.14), the closed form estimator 0 (3.19)
and their cross-fitted counterparts @cf and 6, 1 as described in Algorithm 1 and (3.33). As the
benchmark, we also present the result of the estimation of 6 from LASSO for the additive hazards
model with covariates (D, Z) which set the penalty for 0 to be zero. Since 0 is not penalized, its
estimation bias is entirely caused by the partially adjusted confounding due to estimation errors
in the nuisance parameter.

We present the inference result in Table 3.2. The benchmark 65 has large bias/sd ratio,
which confirms the difficulty of drawing inference in our design. Our devised orthogonality has
corrected the bias in all four variations of our proposed method. The biases are at least reduced
by half from LASSO, and the reduction rate grows rapidly with sample size. All of our four
variations achieve the coverage rates of the 95 % confidence intervals very closed to the nominal
level at the large sample size n = p = 1500. At the smaller sample size n = p = 300, 6, ¢ the
closed from estimator with crossfitting also has a reasonably close coverage rate to the nominal
level. has the best coverage. With a closer look especially at the smaller dimensions n = p = 300,
we find the comparative advantage of the closed form estimator and the crossfitting scheme. §C f
and éc r demonstrate the benefit of cross-fitting with even smaller Bias. The closed form éc  with
enhanced numerical stability has smaller sd than §C r with Breslow, which leads to the improved
CI coverage.

We present the estimation result with inconsistent estimation to one model in Table 3.3. In
the dense scenarios, we observe from Table 3.1 that the LASSO estimators deviate substantially

from the underlying true coefficients. When the treatment assignment is deterministic, the least
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Table 3.2: Inference result for simulation under moderately sparse Scenarios. True ATE = -0.25.

Censoring rate 30%.

Sparsity Benchmark ATE Inference Result
LASSO 6 6 with Breslow Closed form &

sg Sy Bias  sd Bias  sd se Cover Bias  sd se Cover
n=p=300

2 1 0.054 0.097 0.029 0.097 0.091 924 % 0.032 0.094 0.091 93.0%

6 3 0.071 0.094 0.050 0.095 0.093 92.0% 0.052 0.092 0.093 93.0%

15 1 0.088 0.135 0.051 0.123 0.128 93.6% 0.049 0.122 0.128 94.0%

2 10 0.099 0.094 0.050 0.099 0.094 89.6% 0.052 0.096 0.094 89.8%
n=p=1500

2 1 0.031 0.040 0.009 0.041 0.041 942% 0.011 0.041 0.041 94.0%

6 3 0.033  0.042 0.015 0.043 0.042 93.0% 0.017 0.042 0.042 93.6%

15 1 0.047  0.063 0.019 0.064 0.058 91.4% 0.020 0.063 0.058 912%

2 10 0.077 0.041 0.019 0.043 0.043 91.6 % 0.022 0.043 0.043 91.6 %

Sparsity ATE Inference Result with Cross-fitting
0, r with Breslow Closed form 8,
sg Sy Bias  sd se Cover Bias  sd se Cover
n=p=300
2 1 0.012 0.100 0.090 91.0% 0.011 0.093 0.090 934 %
6 3 0.027 0.100 0.092 924 % 0.028 0.089 0.092 94.6 %
15 1 0.018 0.134 0.127 938 % 0.013 0.123 0.127 958 %
2 10 0.032 0.106 0.094 894 % 0.032 0.097 0.094 932 %
n=p=1500
2 1 0.006 0.042 0.041 94.8% 0.009 0.040 0.041 954 %
6 3 0.010 0.044 0.041 92.8% 0.014 0.041 0.042 942 %
15 1 0.006 0.064 0.058 924 % 0.012 0.061 0.058 93.0%
2 10 0.017 0.044 0.043 924 % 0.019 0.042 0.043 928 %
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Table 3.3: Doubly robust estimation with inconsistent nuisance estimator. True ATE =-0.25.

Censoring rate 30%.

Sparsity Benchmark ATE Estimation Result
LASSO 613 9 with Breslow Closed form 6
sp Sy Bias sd VMSE Bias sd VMSE Bias sd VMSE
n=p=300
30 1 0.141 0202 0.247 0.080 0.169  0.187 0.074  0.169 0.185
2 20 0.078  0.090 0.119 0.051 0.099  0.111 0.052  0.096 0.109
E 1 0.233 0.397  0.461 0.117 0.375  0.393 0.106  0.366  0.381
2 P 0.095 0.102  0.139 0.041 0.101 0.109 0.043 0.097  0.106
2 -0.598  0.204  0.632 -0.103 0217  0.240 -0.124  0.223  0.255
n=p=1500
30 1 0.057  0.083  0.101 0.018 0.082  0.084 0.018 0.081  0.083
2 20 0.061 0.042  0.074 0.020 0.048  0.052 0.022  0.047 0.052
E 1 0.132  0.169 0.214 0.049 0.167  0.174 0.049  0.163 0.171
2 P 0.050  0.043  0.066 0.012 0.045  0.046 0.014  0.044 0.046
2 D -0.308  0.092  0.321 -0.032  0.104  0.109 -0.040 0.107 0.114
Sparsity ATE Estimation Result with Cross-fitting
6(. . with Breslow Closed form éc f
B Sy Bias sd VMSE Bias sd VMSE
n=p=300
30 1 0.049 0.197  0.203 0.026  0.177 0.179
2 20 0.036 0.106  0.112 0.034  0.099 0.104
E 1 0.054 0.396  0.400 0.001 0.364  0.364
2 P 0.021 0.105  0.107 0.019  0.097  0.099
2 0216 0506 0.550" -0.133  0.258  0.290
n=p=1500
30 1 0.000 0.085  0.085 0.004  0.080 0.080
2 20 0.018 0.049  0.052 0.020  0.047 0.051
E 1 0.027 0.169  0.171 0.024  0.163  0.165
2 P 0.008 0.045  0.046 0.011 0.043  0.045
2 -0.031 0.107  0.111 -0.040 0.116  0.123

* One divergent iteration is removed from the summary.
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false parameter does not exist. Under these situations, our magnitude condition may still hold or
be enforced while the classical condition of concentration around the least false parameter is no
longer valid. All four variations of our orthogonal score approach have reasonable estimation error
decaying with larger sample size, showing evidence of consistency. Our estimators have smaller
bias than LASSO 63. Most notably under the determinist treatment assignment scenario when the
benchmark LASSO fails completely, our proposed methods still have quite accurate estimation.
Similar pattern among our variations as in Table 3.2 is observed. 6C r and 0,  demonstrate the
benefit of cross-fitting with even smaller Bias. Under most scenarios, the closed form écf with
enhanced numerical stability has smaller sd than @C r with Breslow at n = p = 300, which leads
to the improved MSE. Again in the scenario “D" at n = p = 300, 0,  demonstrates the clearest

evidence of the enhanced numerical stability when it avoids the divergence experienced by 6.

for exactly the same task.

3.5 Data Analysis

Typically clinical databases like the United States National Cancer Institute’s Surveillance,
Epidemiology, and End Results (SEER) contain disease specific variables, but only limited
information on the subjects’ health status such as comorbidities otherwise. In studying causal
treatment effects, this leads to unobserved confounding [HYB10, YXM19]. On the other
hand, the availability of information from claims databases could make up for some of these
“unobserved’ confounders, as they have been shown to contain much information about these

comorbidities [HPH ' 18b, RTH ' 19].
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Table 3.4: Description of the SEER-Medicare Linked Data.

12114 Conservative

5623 Surgery

Feature Label Count (%) or Mean (SD)  Count (%) or Mean (SD)
Age 66-69 4523 (37.3 %) 2443 (43.4 %)
70-74 7591 (62.7 %) 3180 (56.6 %)
Marital status Married 8743 (72.2 %) 4181 (74.4 %)
Divorced 726 (6.0 %) 315 (5.6 %)
Single 985 (8.1 %) 408 (7.3 %)
Other 1660 (13.7 %) 719 (12.8 %)
Race White 9855 (81.4 %) 4704 (83.7 %)
Black 1560 (12.9 %) 543 (9.7 %)
Asian 201 ( 1.7 %) 115 (2.0 %)
Hispanic 143 (1.2 %) 86 (1.5 %)
Other 355(2.9 %) 175 (3.1 %)
Tumor stage T1 8293 (68.5 %) 2426 (43.1 %)
T2 3821 (31.5 %) 3197 (56.9 %)
Tumor grade Well differentiated 6238 (51.5 %) 2963 (52.7 %)
Moderately differentiated 71 (0.6 %) 58 (1.0 %)
Poorly differentiated 5786 (47.8 %) 2594 (46.1 %)
Undifferentiated 19 (0.2 %) 8 (0.1 %)
Prior Charlson 0 7932 (65.5 %) 3875 (68.9 %)
comorbidity score <1 2716 (22.4 %) 1174 (20.9 %)
>2 1466 (12.1 %) 574 (10.2 %)
Prostate-Specific- <10 9292 (76.7 %) 4519 (80.4 %)
-Antigen > 10 2822 (23.3 %) 1104 (19.6 %)
Gleason score <7 6186 (51.1 %) 2979 (53.0 %)
>17 5928 (48.9 %) 2644 (47.0 %)
Year 2004 1783 (14.7 %) 953 (16.9 %)
2005 1715 (14.2 %) 928 (16.5 %)
2006 2153 (17.8 %) 1006 (17.9 %)
2007 2393 (19.8 %) 1041 (18.5 %)
2008 2260 (18.7 %) 954 (17.0 %)
2009 1810 (14.9 %) 741 (13.2 %)
Claims codes Ave count (SD) 57.7 (31.6) 60.9 (31.9)
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Figure 3.2: Kaplan-Meier curve for treatment (solid) vs control (dashed) across all years.

Motivated by our previous linked SEER-Medicare database projects, we consider 16854
prostate cancer patients diagnosed during 2004-2009 as recorded in the SEER-Medicare linked
database. The data contains the survival of patients, the treatment information, demographic
information, clinical markers and the insurance claims codes. We include in our analysis age,
race, martital status, tumor stage, tumor grade, Prostate-Specific-Antigen (PSA), Gleason Score,
Prior Charlson Comorbidity Score and 20675 claims codes possessed by at least 10 patients.
Among all the patients, 1158 (6.87 %) deaths were observed while 15696 (93.13 %)were still
alive by the end of year 2011. Our main focus is the treatment effect of surgery on the overall
survival of the patient. In our sample, 5360 (31.80 %) patients received surgery while 11494
(68.20 %) patients received other types of treaments. The Kaplan-Meier curves for the treatment
and control groups are presented in Figure 3.2. A summary of statistics of the clinical markers,

demographical features and total number of claims codes are presented in Table 3.4. On average
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at diagnosis, a patient receiving prostatectomy has 60.7 claims codes while a patient receiving
conservative management has 57.7 claims codes.

With the improvement in diagnosis, treatment and management for the disease, the non-
cancer causes become the dominant over cancer related causes for the death of patients over
the years[LYSY04]. Such changes suggest a comprehensive consideration on both the cancer
related and health maintenance related factors for medical decisions on initial treatment. Radical
prostatectomy is quite effective reducing the cancer related death, but it comes with its own risk.
With the progress in a combination of radiotherapy, chemotherapy and hormonal therapy, the
benefit of conservative management can also be competitive for the disease with a rather slow
rate of development. To account for the confounding issues, studying the comparative effect of
radical prostatectomy on the overall survival of the patient using the observational data requires
information from cancer related prognosis and general health factors including demographic
information and the medical records, as reflected in the claims codes. Due to the lack of tool for
handling high-dimensional claims code data, existing work on the topic either gives up the rich
information on the patients’ health status [SKD*15, YXM19], or only uses very limited propor-
tion of the information through some summary statistic [HYB"10], and they reached different
conclusions. Another issue reported in the study is the existence of heterogeneity in treatment
pattern across geographic region [HPG01]. In our data, the information on the geographic
region is described by the hospital referral region (HRR). Conventionally for low-dimensional
data, covariates like HRR are excluded from the analysis if they do not associate with the outcome.
For high-dimensional data, however, [BCH13] have shown with their proposed*“double-selection”

that adjusting for covariates associated with either the propensity or the outcome effectively
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High-dimensional Confounders Treatment Assignment Survival Event
(Prognostic Variables | (Radical Prostatectomy vs. (Death of
and the Claims Codes) Conservative Management) Cancer Patient)

(a) Analysis I: adjust for confounding in clinical markers, demographic features and claims code.

T

High-dimensional Confounders Treatment Assignment Survival Event
(Prognostic Variables ———| (Radical Prostatectomy vs. (Death of
and the Claims Codes) Conservative Management) Cancer Patient)

T f

Treatment Pattern
(Hospital Referral Region)

(b) Analysis II: modelling the heterogeneity in treatment pattern across hospital referral regions
(HRR) by interactions between HRR and patient features including clinical markers,

demographic features and claims code in the propensity score model.

Figure 3.3: Causal diagram of our analyses.
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Hospital Referral Region (HRR).

Figure 3.4: Distribution of Estimated Propensity Scores. In both analysis, some subjects in the

treatment has propensity score close to one while others in control has propensity score close to

Z€10.

corrects bias from the initial regularization and selection process. With the proposed method in
Section 3.2-3.3, we study the comparative treatment effect of radical proctectomy in two analyses
involving high-dimensional covariates. The causal diagrams of the analyses are illustrated in
Figure 3.3. In our Analysis I, we adjust for the potential confounding effect from clinical markers,
demographic features and high-dimensional claims code. In our Analysis II, we model the
treatment heterogeneity across geographic regions by adding into the propensity score model the
interaction between HRR and the covariates in Analysis 1. The numbers of covariates considered

in the analyses are 4056 and 20676, respectively, both exceeding the number of observed events

1158.
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In both analyses, we apply the same methodology as described in the simulation Section
3.4 to estimate the propensity score model (PS) and the additive hazards model (OR) by LASSO.
The penalty factors are selected by 10-fold cross-validation. In Figure 3.4, we present the kernel
smoothed densities of the estimated propensity scores from both analyses. As mentioned earlier,
we observe that some patients received deterministic treatment assignment with the propensity
score very close to ether zero and one. The cross-fitted estimators for PS and OR are also obtained
through LASSO. The penalty factors in cross-fitting are selected by 9-fold cross-validation. We
estimate and draw inference on the treatment effect by 0 with Breslow, closed form 6 and their
cross-fitted counterparts 6{: r and 0, r. We also provide the results from the marginal analysis
without any adjustment, regression adjusted by low-dimensional clinical marks and demographical
features and the IPW with the PS estimated by logistic regression on the low-dimensional clinical
marks and demographical features. For Analyses I and II, we report the estimates by the additive
hazard model LASSO estimate that does not penalize the treatment effect term and the IPW with
PS estimated by LASSO. Since the estimators from these two methods are not regular, we do not
give variance estimation or inference result.

We report the analysis results in Table 3.5. The point estimates for the treatment effect
from all methods are negative, but they vary in the strength and significance of the effect. Both low-
dimensional analyses, the covariate adjusted regression and the IPW, suggest that the treatment
is not significant at 0.05 level. Once one of the PS model or OR model is employed to adjust
for confounding explained by the claims codes through LASSO, the effect strength is magnified,
but inference is not available. When both models are utilized through our orthogonal score

method, three of the four variations of the method, 0 with Breslow, closed form 0 and closed
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Table 3.5: Estimates of treatment effect (x 10~3) from the linked SEER-Medicare data. Crude

analysis did not adjust for any covariates. @, 0, §C rand 0. r are the four variations of our

orthogonal score approach, where the subscript ‘cf” denotes the cross-fitted version; LASSO

estimator 0 penalizes only the covariates effects 3 but not 6.

Approach Estimate  SE 95 % CI p value
Crude analysis -3.910 0911 [-5.695,-2.125] <0.001
Adjusted by clinical and demographic features ~ -1.342 0972  [-3.247,0.564 ] 0.168
IPW with PS estimated from clinical and de-  -0.437 0.627 [-1.666,0.792 ] 0.486
mographic features

Analysis I: clinical, demographical and claims

data

LASSOB* 2674 - - -
IPW with PS estimated by LASSO " -2.642 - - -
© with Breslow -2.112 0969 [-4.012,-0.212]  0.029
Closed form 0 -2.094 0969 [-3.994,-0.194] 0.031
§Cf with Breslow and cross-fitting -1.809 0979 [-3.729,0.110] 0.065
Closed form écf with cross-fitting -3.223 0975 [-5.134,-1.311] 0.001
Analysis II: clinical, demographical, claims

data and their interaction with Hospital Refer-

ral Region

LASSOB* 2674 - - -
IPW with PS estimated by LASSO " -2.939 - - -
0 with Breslow -2.050 0973 [-3.957,-0.142] 0.035
Closed form 6 -2.026 0973 [-3.934,-0.119] 0.037
§Cf with Breslow and cross-fitting -1.770 0982 [-3.694,0.154 ] 0.071
Closed form écf with cross-fitting -3.210 0978 [-5.126,-1.293] 0.001

* Inference is not directly available. Only the estimates are reported.
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form 6,  with cross-fitting, suggest that radical prostatectomy has significant benefit compared
to conservative managements at level 0.05. According to our simulation study, we recommend
to follow the conclusion of éc r. The conclusion of our analysis differs from that of [HYB'10],
which suggests a potential change in treatment effectiveness between 1995-2003 and 2004-2009.
Yet we infer from our analysis a message similar to that of [HYB™10], that the low-dimensional
covariates including clinical markers and the demographical features are inadequate to account
for confounding. The detail information on the patients past medical records in the claims
code, including but not limited to life threatening disease like the heart attack, is very likely the
confounder omitted from the low-dimensional analysis. The finding is consistent with existing

findings on treatment pattern [HPG101].

3.6 Discussion

In this paper we have devised the propensity score in a novel way so that the resulting
estimate of the treatment effects with biased input from regularized regression is consistent
and asymptotically normal (at root-n rate). In addition, we provide several refinements to our
proposed method to achieve doubly robust estimation in the cases where the propensity score
model might be wrong, or the specified survival model might be wrong, or the sparsity assumption
is violated. With a delicate choice on the estimator for the nuisance parameter, we obtain a closed
form estimator. We also improve our inference result with a relaxed model sparsity condition by
incorporating cross-fitting (also known as data-splitting) to our method. We combine the closed

form estimator and the cross-fitting together to achieve the doubly robust estimation. Our result
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on double robustness extends the existing work by relaxing the assumption of convergence to the
“least false" parameter to that of the boundedness of estimation magnitude. While the convergence
assumption can hardly be verified in practice, we propose a further regularization step to enforce
the proposed bound of the estimation magnitude.

Compared to existing literatures on the inference problem with high-dimensional data,
most notably the work of [CCD 18, ZZ14, vdGBRD14, JM14], our paper has its unique contri-
bution. [CCD™ 18] studied the inference on the treatment effect under partially linear conditional
mean model. Their Double Machine Learning approach relies on the orthogonal score constructed
with the cross-fitting scheme. The proposed inference method in the Section 4 of [CCD 18]
is very general, but it cannot be applied for survival data due to censoring, when the time to
event response is not always observable. Moreover, typical models for survival outcome are
conditional hazard models that cannot be directly treated as the conditional mean model. Our
methodology makes significant progress in the analysis of censored time-to-event data based on
the martingale technique under the conditional hazard models. By focusing on the LASSO, we
are able to give clear theory for orthogonal score approach without cross-fitting in our Section 3.2,
which shows a stronger performance in simulation than its cross-fitted counterpart. The one-step
debiasing methods [ZZ14, vdGBRD14, JM14] address the inference problem for low-dimension
projection of the coefficients from the high-dimensional regression, which can be applied to draw
inference on the treatment effect. Unlike our orthogonal score approach that uses a single score
for the treatment effect, the debiased estimation and inference for one coefficient of interest by
the one-step debiasing involves the scores for all other nuisance coefficients. Since no covariate

is identified as the treatment, the one-step debiasing methods do not involve any propensity
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model. All methods of this class utilize a consistent estimation to the sparse precision matrix, i.e.
the negative inverse Hessian, to reduce the bias of the initial regularized estimator. Compared
to our sparsity assumption enforced upon the propensity model, the sparsity condition on the
precision matrix is harder to interpret and verify in practice. As for the finite sample performance,
the debiased LASSO is reported to have substantial under-coverage of confidence interval for
non-zero coefficients [DBMM15], while our method has shown decent close-to-nominal coverage
for the non-zero treatment effect in our simulation.

When the distribution of the censoring time given treatment and covariates can be consis-
tently estimated, we may relax the independence between treatment and censoring in condition

(3.5) for inference. Suppose the survival probability of censoring time follows
P(C >¢|D,Z) =S(t;D,Z). (3.47)

We modify our score in (3.6) to include v(z; D,Z) = S(t;D =0,Z) /S(t; D, Z) in the list of nuisance
parameter,

n

1 T
0.(0;8,A,7v,v) = ZZ{ i — expit(y ZI,)}/O PO (1, Dy, 2;)dM;(1; 8, A). (3.48)

The score (3.48) possesses orthogonality property, so we can use (3.48) to draw inference similar
to Theorem 9 with suitable estimator to v. The doubly robust estimation depends on the actual
model for (3.47) and requires potentially delicate arrangements as in Sections 3.3.1-3.3.3.

It is natural to consider the extension of our inference method to the more popular Cox

proportional hazards model,

Mt;D,Z) = P98 Ly (r). (3.49)
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However, such extension is not trivial as the usual score for the relative risk of the treatment is

fully nonlinear,
1 & (7
-y / Di{dNi(r) ~ Yi(1)e" 8 o)} (3.50)
nizi/0

The orthogonalization takes a way more complicated form,

n

1 (T ©dNi(t) —Yi(0)eP OB BaAr)
Ry - _ 3.51
: Y { expit (7 1 ) } /0 exp {Di0+ [{ (P — 1) eB ZidA(u)} (3.51)

i=1
We are working on the problem in a separate paper.

Another future direction is the inference on treatment affect based on the doubly robust
estimation. We suggest three potential solutions to overcome the lack of orthogonality discussed
at the end of Section 3.3.3. First, inference is possible when the distribution of the nuisance
estimator either is known or can be approximated. Though the distribution of LASSO is largely
unknown, some progress has been made under the linear models [TTLT16]. Second, replacing the
LASSO by debiased LASSO [Z2Z14, vdGBRD14, JM14] could be an attractive approach to supply
information on the distribution of the nuisance estimator. However, several challenges exist for
this approach. The performance of debiased LASSO under misspecification needs to be studied,
and the modification of the debiased LASSO is needed to make consistent model predications.
Third, alternative estimation methods for the nuisance parameter can be explored to minimize the
bias passed to the estimation of the treatment effect. The idea has been studied for linear models
under various names including Targeted estimation (TMLE)[vdL14], bias reduced estimation
[VV15] and calibrated estimation [Tan18]. The extension to survival outcomes, however, can be

quite technical.
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3.7 Technical Details and Proofs

In this section we provide details of all of the theoretical results. We provide additional
details on the closed form estimator in Section 3.7.1. We present the proofs of the Theorems
and Lemmas stated in the main text in Section 3.7.2. The auxiliary results needed in the proofs,
including classical and new concentration results, are stated and proved in Sections 3.7.3-3.7.6,
whose proofs are given in Section 3.7.7. The results in Section 3.7.3 are technical preliminary
steps in the proofs of the main results. We state and prove them separately to promote the
conciseness and readability of the proofs of the main results. Section 3.7.4 contains the classical
concentration equalities we use in our proofs. We establish some new concentration results in
Section 3.7.5. We put some minor but frequently used results in Section 3.7.6. The notations with

letter H are all generic and are replaced by suitable objects when we apply the results.

3.7.1 Details on the closed form estimator

Define

bl

T ! () {dN: () — ¥i() BT Zudu}
A, = [ " () Ew)

Y1 w0 () {dN: () — ¥i() BT Zodu}
Mgy = [ = " W07 ) |

(3.52)

Under the additive hazards model (3.1), A! and A° can be seen to estimate Ag(r) + 6r and Ag(r),

respectively. It is then immediate that (3.19) is equivalent to

IS @Yi(nd (R (1:8.7) - R0 B.7) }
?:1"’?@))(1‘ 7

¢
I

(3.53)

which estimates 0 under the additive hazards model (3.1).
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Remark 16. As a generalization to (3.53), we may draw inference on 0 using the estimator

J§H@a{A :8.7) - A1:8.9)}

6(H) = JEH (1)

(3.54)

for any adapted process H(t) such that [ H(t)dt is bounded away from zero. It can be shown

that all such é(H ) have the same asymptotic distribution under the conditions of Theorem 9.

3.7.2 Proof of Main Results

Proof of Lemma 26. We first verify the identifiability of the true parameters by the score. At
the true parameters (09, 30, A0,70), Mi(t;00,80,Ao) is a martingale with respect to filtration
Fay = 6{Nj(u),Yi(u),D;,Z; : u <t,i=1,...,n}. Since the other elements D; and Z; are all
measurable with respect to ¥, ;, the martingale integral ¢(6o; B0, Ao, 7o) is also a F, ,-martingale.
Therefore, E{$(00; B0, A0,¥0)} = 0.

To show the orthogonality, we define the directional perturbations
Br = Bo+rAB, Ar(t) = Ao(t) + rAA(t) and v, = o + rAy.

We decompose the expected directional derivative in nuisance parameters at the true parameters

into 2 terms,

0
E,E{q)(eo;ﬁh/\r»'yr)}

r=0
1 < ’ D;6pt T
=—F r_zz{ i — expit(7y Zh)}/o e ’OYi(t){A,B Z;dl—}-dAA(t)}
i=1
1 eYo o Zai T D0
—E|-Y — vz / 0 M 180, Bo, Ao)
I’ll:1 <1+e'7()zlz>
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The effect of treatment D; on the conditional expectation of the at-risk process
E{Y;(¢)|Di, Zi} = P(T; > t|D;, Z;)P(C; > t|D;, Z;)

has two components, the effect on the event-time and that on the censoring time. Under the

additive hazards model (3.1), the survival probability at time ¢ is modified by a e 2% factor,
P(T; > t|D;, Z;) = P(T; > t|D; = 0,Z;)e %0 Pi®dt — p(T; > 4|D; = 0,Z;)e L%
With the conditional independence between treatment and censoring (3.5), we have
P(C; > t|D;,Z;) = P(C; > t|D; = 0,Z;) = P(C; > t|Z;).

We prove in Lemma 41, that E{e”®Y;(¢)|Z;,D;} = E{Yi(t)|Z;,D; = 0} is 6{Z;}-measurable
under model (3.1) and condition (3.5). Using the fact E {D,- — expit('y(;r Zy;) |Z,~} = 0 under model
(3.2), we apply the tower property of conditional expectation to calculate that the first term equals

Z€10,
[ [ {0 et 22} B {5002} {46 2+ as) ) o

The second term is again a ,;-martingale, so it also has mean zero. Therefore, the expected
directional derivative in nuisance parameters at the true parameters is the sum of two zero terms,

which is zero. By definition of orthogonality, the score ¢ is orthogonal. 0

Proof of Theorem 9. We use the orthogonality of the score (3.6) to establish under Assumption 5

8= — 000070+ 0,(8 )
Y Di{l— expit(ﬁyOTZIl.)}(eeoxi ~1)/60

(3.55)

The proof of (3.55) involves tedious calculation, so we present the proof separately in Lemma 29.
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When the dimension of covariates Z is fixed, the representation (3.55) immediately leads
to asymptotic normality through mere formality. However, the growing dimension of covariates
in our high-dimensional setting may cause the violation of the classical boundedness assumptions
on the summands of ¢(6¢; Bo, Ao, ¥0). We go through the following technicalities to achieve the
same asymptotic normality result in high-dimensions without any additional assumption.

The rest of our proof takes 4 steps. First, we show that 0 is consistent for 0. Second,
we establish the asymptotic normality of the score ¢ at true parameter. Third, we obtain the /n-
tightness and the asymptotic distribution of 0— 0p. Finally, we show that the variance estimator
is consistent.

Step 1:

Under model (3.1),

0(80; Bo, Ao, Y0) = Z/ {D; — expit(~yg Z1;) }e®P?dM;(t) (3.56)

is the final point of a martingale with respect to filtration %, ; = 6{N;(u),Yi(u),D;i,Z; 1 u <t,i =

1,...,n}. Its expectation is thus zero,

E{¢(80: B0, Ao,Y0)} =0. (3.57)

The true 09 is thus identified by the score ¢. We apply the concentration result of Lemma 35 with

(3.57), getting

0(00: Bo, Ao, Y0, W;) = 0p(1). (3.58)

Under Assumption 5-ii, we use the martingale property of M(t), defined by (3.3), and Lemma 41
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to calculate the derivative with respect to 0 at 6

0
%E{Me;ﬁo,/\oﬁo)}

6=0,

= EE ({D — expit(yg Z1))}DE {/OteDeot{th(t;D,Z) —Yi(r)dt}

e

= —/OT]E[]E{Y(t)|Z;D =0} Var(D|Z))dt. (3.59)

Under Assumption 5-v, (3.59) is bounded away from zero

T

T
/ E[E{Y (¢)|Z:D = 0} Var(D|Z)|dt > / E[E{Y (7)|Z;D = 0} Var(D|Z)|dt > tey.  (3.60)
0 0
Since the summands in the denominator of (3.55) has bound
IDi{1 — expit(yg Z1;)} (%% — 1) /00| < ™1, (3.61)

we can use the Hoeffding’s inequality (as in Lemma 31) to establish a lower bound

2
nEY

n
P (n_l ZD,{I — expit(vg Z1;) } (€%% —1)/00 > Ey/2> >1—e 8%, (3.62)
i=1

Plugging the rate (3.58) and the lower bound (3.62) into (3.55), we conclude that 0— 80 =0,(1).

Step 2: Let X(y),...,X(;,) be the order statistics of the observed times and

1 & [Xw
i = L% [ D et za e am ),
n=Jo

1 & [Xw ,
M = Y [0 Dyexpittr Zudmi(e), (3.63)
i=1
for k =0,...,n. We note that the score ¢ with true parameters can be alternatively expressed as
0(80: Bo, Ao, Y0) = M, — M. (3.64)

Since both integrands in (3.63) are nonnegative and bounded by t(1V ¢%7), we can apply

the Lemma 36 to get that both M, ,1 and M,?, hence M ,1 — M,?, are martingales under filtration

183



FM = o{N;(u),Y:(u+),Di,Z; - u € [0,1],i = 1,...,n} satisfying, most importantly,
max {E{(M{ —M}_ )2 | FM} E{(M) — M )2 FM) ) <8t (1 v e /n?, (3.65)
By the Cauchy-Schwartz inequality, we have
(Mg =M =My +My_)* <2(My =My y)* +2(My =My )*. (3.66)

Hence, we establish an upper bound for the quadratic variation of y(6; 30, Ao, o) from (3.65)
and (3.66),

E{(M} —M{_; —M}+M]_)*|FM} <3282(1veP™)?/n?, (3.67)

As a result, the variance

n

65 = Var{y/n0(60: Bo, Ao, v0)} =nE | Y E{(My =M —M;_ +M_ )P IFM Y| (3.68)
i=1

is finite, bounded by 327%(1V e%7)2,
Now, we verify the Lindeberg condition for the martingale central limit theorem [Bro71].
The event

VMg =M — M+ M| > e (3.69)

occurs only if one of
ValM} =ML || >€/20r /M) —M) || >¢/2 (3.70)
occurs. Thus, we must have the following inequality

I(Vn|My —M_| — M +M}_|| > ¢)

< I(VnlME =My | > &/2) +1(VnM] —M]_| > €/2). (3.71)
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Along with (3.66), we have

1 1 0, 140 2. 1 20 0
E{(M} —M{_; — M} +M}_)*/n|My — M —M;_ +M]_| > ¢}

n
n

i=1

< 2nY E{(My —M;_y)*sv/nlMg — M| > e/2}

i=1

+2n Y E{(M} —M}_ )% v/n|M) —M]_| >¢/2}. (3.72)
i=1

By Lemma 36, the limit of the right hand side in (3.72) is zero. Hence, we can apply the

martingale central limit theorem to
VnG, ' 9(80; 8o, Ao, Y0, Wi) ~ N(0,1). (3.73)
Step 3: We define the asymptotic standard deviation of \/n (6 —0p) as
6 = 0y/E[D{1 — expit(vg Z1) He** —1)/6y). (3.74)
Since 8 solves ¢(e;ﬁ,7\(e)ﬁ) = 0, we have along with Lemma 29

Vo~ (8 —6) — \;—fq)(eo;ﬁoﬁo,wi)

- O (E[D{l — expit(yg Z1)}(¢*X —1) /6]
Gy

1 & i .
" Y Di{1 —expit(yg Zy;) }(e%¥ — 1)/90>
i=1

+0,(1++/n6—6p)). (3.75)

Again using the bound (3.61), we apply the Hoeffding’s inequality (as in Lemma 31) to establish

that

E[D{1 — expit(~yy Z1)}(®X —1)/6¢] — % zn: Di{1 —expit(yy Z1;)} (%% —1)/80  (3.76)
i=1
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is of order O, (n~'/?). Hence, the right hand side of (3.75) is of order 0,(1 + /1|6 —8g)). Along

with the normality (3.73), we establish the \/n-tightness of the estimation error
10— 60| = 0,(n" /). (3.77)

Plugging in the rate of estimation error into the righthand side of (3.75), we obtain the asymptotic

equivalence
V6™ (8 —69) — v/n6, ' 0a(80: B,9) = 0,(1). (3.78)

1

Step 4: To show that 6 ! defined in (3.11) is a consistent estimator for 6~ !, we decom-

pose the numerator of 6 into

1 & A

- Z Si{Dl’ — eXpit(j)/\TZIi)}ZEZGD"X"

n!
n

— Z [5 (Di — expit(3 T Z4;)}2e2P% _ (D, —explt(fyoTZIi)}zezeoDiXi]

1: Y 00D;t12
ZZ/ [{D; — expit(~q Z1;)}e%P 12dN;(1). (3.79)

By mean value theorem, the first term in the righthand side of (3.79) can be written in terms of

0 = (1 —£)0)+£0 and Ye = (1 —&)v0 + &7 with some & € [0, 1],

(v0— 'T’)T i di{D; — eXplt(Pya le)}e'Vg d Zy; £20:DiXi
n i=1 <1_|_e7}’; le>2
A_ n
+(9 6p) ZZ&D,'X,'{I exp1t(»y§ 74 )}2 20:DiX;

i=1
0, (|13 —oll1 + 16— 80])- (3.80)

The second term on the righthand side of (3.79) is the optional quadratic variation of ¢(80; B0, 0, Ao)

bounded by ¢2%7. By the Hoeffding’s inequality (as in Lemma 31), we have the concentration of
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the second term around the variance of ¢(6¢; B0,70,A0),

1 [T
VX | D~ expit(3g Za )P PN ()
i=1

= B [ Ui~ expittng 2} (1)) + 0011

= oy+op(1). (3.81)

Putting (3.80) and (3.81) together, we have the numerator of 62 (3.58) equals Gé + op(l). Simi-

larly, we decompose the denominator of ¢ into

1 n eeXi

o~ 1 .
" Y [Di{1 - expit(y " Zy)} 5 Di{1 — expit(yg Z1,)}
i=1 0

OoXi _

6o

¢ (3.82)

minus (3.76). Again, we have (3.82) is of order OP(@— 80|+ |7 —Yol[1) = 0p(1) through mean

value theorem. Under the additive hazards model (3.1), we must have
By Z+dAo(r) >0 (3.83)

for all Z such that Pr(D = 0|Z) > 0. Under Assumptions 5-ii, 5-v and 5-vi, we can establish a
lower bound for o,
[t
oo = E /0 {D — expit(~q Z)}2*P%'y (1){ (DB + B] Z)d!1 +dA0(t)}]

_ | /ot {D —expit(yg Z)}2P% E{Y (1)|Z;D = 0}{(D8y + B, Z)dt + dAo(t)}]

T
= E / D{1 — expit(yy Z)}zeOO’E{Y(r)\Z;D:0}9041:1
B

+E { / T{D — expit(vyy Z)}2eP% dE{N(t)|Z;D = 0}]
0

v

0+ ¢! "E[Var(D|Z)E{N(t)|Z;D = 0}]

e N0Te, (3.84)

v
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Hence, the limit is bounded by

E [D{l —expit(y) Z1)} S5 foX 1} 00t
ol = < ——_ (3.85)
\/E[S{D — expit(vyy Z1)}2e2P%X] Vel Notey

Therefore, we have

6 '=06"+0,(1) (3.86)

by continuous mapping theorem.

Combining the results (3.73), (3.78) and (3.86), we obtain
V6~ 16— 6g) ~ N(0,1). (3.87)
This is the desired conclusion. We hence finish the proof. 0

Proof of Theorem 10. We obtain from Lemma 30 the same representation as (3.55),

0(60; Bo, Ao, Y0) +0p (16— 69))
n= LY Di{1 —expit(yy Z1;)}(e%X — 1)/

B — 00 = (3.88)

The rest of the proof is identical to the Steps 1-4 in the proof of Theorem 9. [

Proof of Lemma 27. To see that zero is always in the LASSO regularization path, we shall spell
out the associated penalty factor. The gradient of the loss 3(3) = B"H,3—23"h, in the additive

hazards model LASSO (3.12) at 3 =0 1is

n
Vi5(0) = Z/ {Zi— Z(1) Y dNi(1))
i3
Since we are studying a pure computational matter, we may use the computable vector Vig(0)
to set up A > [|VIg(0)[|- [GRS12]. With the A thus chosen, we have 3 = 0 satisfy the LASSO

KKT condition HVZB (0) Hoo < A. Therefore, zero is an element in the regularization path. By the

optimality of 1[5 according to (3.35), lg( ) = 0 must be an upper bound for [} (B (7»5))
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o~ A~

Then, we derive the lower bound of ZE(B (Ag)) related to the magnitude Mg (é) We

apply the Cauchy-Schwartz inequality to the linear term in lé(ﬁ),
1508) = (8 2 [ E. [67 (2. —ul0)}aN. 1)
=243 (8 =2 [ B, [87 {2 — o)} V- (0g(e. 2.

>3 (68) (MB (8) —z\/ e [Y*a)g(r,z*vwr) .

Putting the upper bound and lower bound to gather, we must have

25(8) <2,/ [ B 00800,

This is the conclusion of the Lemma. O]

Proof of Lemma 28. To see that the intercept only estimator 4 is always in the LASSO reg-
ularization path, we shall spell out the associated penalty factor. The intercept only esti-
mator 4y makes constant predictions expit(y, z) = D = Y*_ | D;/n. The gradient of the loss

Vi) =—n"'Y" {Diy"Z;—log(1 - ¢?'Z)} in the logistic regression LASSO (3.13) is

1 & 1 0
Viy30) = — Y | {Di~ D} - _
iz Z; ~u ?:]{Di_D}Zi

Since we are studying a pure computational matter, we may use the computable vector Vig(0)
to set up A > |1 ¥* {D; — D}Zi||. [FHT10]. Notice that we follow [FHT10] in (3.13) by
leaving the intercept term not penalized. With the A thus chosen, we have the first coordinate
in |VIy(70)| being zero and the rest strictly smaller than A. Therefore, 7y is an element in the
regularization path. By the Markov inequality, 4y converges to (log(1 —1/E.(D.)),0,...,0).

Under Assumption 5-v, ey < E,(D,) < 1 — gy, so we have an upper bound for l; (o),

ly(Y0) < —Ex(Ds)1og(E«(Dx)) — {1 — Ex(Ds) Hog(1 — E.(Dx)) +0,(1) < —log(ey) +0p(1).
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By the optimality of Xy according to (3.35), the upper bound of /y (o) must also be an upper

bound for 3 ((Ay)).
Define the set Z={z: E,(Dy|Z.=12) > ey /2,E.(1—D,|Z,=12) > ¢y /2 and E, (Y, (T)|Z, =

z,D, =0) > ey /2}. We decompose

E.[Var(D+|Z.)E.{Y.(t)|Z:, D« = 0}]
=B [E+(D+|Z:)E. (1 — D4 |Z:)E{Y,(7)|Z+, D = O}]
—E,[E. (D, |Z,)E..(1 — D,|Z,)E{Y,(1)|Z,, D, = O}(Z, € Z)|
+ B [E (Do |Z.)Eo (1 — D,|Z,)EL{Y, ()| Zy, D, = OH(Z, € Z°)]

<P.(Z, € Z)+ey/2.

To satisfy Assumption 5-v, P,(Z. € Z) must be at least €y /2. Then, we derive a lower bound of

ly (7) by analyzing the expectation in set 2

Iy () = = E[D.log{expit(y ' Z.)} + (1 — D) log{1 —expit(y ' Z.)}]
> —E.[D,log{expit(y " Z,)} + (1 —D,)log{1 —expit(y ' Z.)}|Z. € Z|P.(Z. € Z)
> — g} 4K, [log{expit(y  Z.)}|Z. € Z] — €} /4E. [log{1 — expit(y' Z.)}|Z. € Z]

> 2 /4log (E*{expit('yTZ*ﬂZ* e Z}) — €2 /4log (E*{l —expit(y | Z,)|Z, € Z}) .

The last step above is the consequence of the Jensen’s inequality.

~

Putting the upper bound and lower bound of I3 (¥(Ay)) together, we have

~
~

E.{expit(§ (hy) 'Z,)|Z, € Z} > e HloeEr)/e7

E.{1 —expit(fy(xy)TZ*NZ* €z} > o 4log(er) /ej
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The bounds above are connected to M, (?(ﬂ)) through

E{wd(F(M)X.} > 1} /8E. {expit((Ay) ' Z.)|Z. € 2},

E{wi(F(M)Ya(1)} > &5 /8. {1 —expit(Y (My) ' Z4)|Zs € Z}.
Therefore, we obtain the bound 9, (ﬁ(ﬂ)) < (14+171)8e, e Hlogler)/ & O

Proof of Theorem 11. We prove the theorem under two setups given by Assumptions 7(a) and

7(b) separately. We denote the cross-fitted weighted Breslow estimator A defined in (3.17) as

Yicr; Wi (V){dNi(u) = Yi(u)(Di0 + B Z;)du}
Yier; wi (V)Yi(u) ’

AD.0:87) = [ (3:89)

constructed with samples in fold-j. We denote the cross-fitted score associated with the closed
form estimator éc ¢ for fold-j as
v (6:8,7)
—oV/) <9;6,/\(j)(-,9;6,7>,7)
—_ - Z Wt / (le.(u) ~Yi(u) [B(J’)T{Zi ~Z9(u;7D) Ydu +df\}(j)(u;¢),(j))} >
161

——Z (1—D;)expit(y ' Z1,)X;, (3.90)
zel

(a) First, we show that the true parameter is identified by the score. That is
Y (80:89,30) = 0, (1). (3.91)
We decompose

w0 (60; 38U, g(j))
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= LY D ewpit3Y Z) W) (B9~ o) Zadr

zEI

)i (1)(BY) — Bo) " Zydt

Yicr,{Di — expit(FV) T Zy;) P %Y (1) -
/ J - wl-l/ (,7(1)
Yier; wl (FD)Y;(r)

+n Y {D; — expit(7)Z4;)} / P00 g0 (1)

153

i'el;

i€l;
Eier Dy~ expit 30 Za) )P0 () |
__lg;/ Z,GI w; (’Y(J))Yl(l‘) Wi’('y )dMi’(t)

We shall show that each term Q1-Q4 in (3.92) is negligible.

By applying twice the Cauchy-Schwartz inequality, first to the sum then to the integral, we

have a bound for O,

il < Y16k / V(0)(BY) — o) Zadr < -\ [I1leksn [T (B~ Bo) 212X

161 i€l;

(3.93)
Also from Assumption 7a-ii, the squared average model deviance E.{(8Y) — 89) TZ,}2X,
converges to zero. Applying the Markov inequality conditioning on the out-of-fold data,

we have its asymptotic equivalence to the empirical counterpart

7 |Z{ —B0)"Z°X; = E{(BY) — Bo) 2.} X, 4 0,(1) = 0,(1). (3.94)
J icl;

Plugging (3.94) to (3.93), we conclude that Q1 = 0,(1).

Similarly for Q,, we apply the Cauchy-Schwartz inequality twice,

1 ¢ Zielj{Di—expit(’y( )TZ1;) }ePiboryi(t
02| <- /0 [ Zielj w; (’Y(J))Yl-( ) lgw (1;80,7U))Y;(t)dt
Y {(BY) — Bo) TZ:}2X:. (3.95)
i€l;

192



From Assumption 7a-ii, we have a lower bound for E, {w! ("?(j))Y* ()} >K 5{; . Applying
the Hoeffding’s inequality to the empirical version of the process, we get ﬁ Yier; w} ('Ay(j ) )Yi(T) >
K;{:’ /2 with probability tending to one. The denominator term in Q5 is decreasing process
in ¢ thus achieves it minimal at t = 7, so it has the lower bound K g;é /2 with probability

tending to one. Along with (3.94), we conclude from (3.95) with probability tending to one
0, < 251K, 0, (@B (BU>, Bo>> = 0,(1). (3.96)
Q3 and Q4 are martingale integrals with respect to filtration
F1,0 =0 ({(Ni(u),Y;(u),Di,Z;) - i € Ij,u <t} U{(X;,8;, D, Z;) i € 1_j}).
The integrands are bounded with probability tending to one under Assumption 7a-ii, so we
obtain by Lemma 37 that Q3 = O, <n’1/2> and Q4 = O, (n’1/2>.

We combine the results for Q1 — Q4 to establish the identifiability result (3.91).

By the Assumption 7a-ii, we have the denominator in 6 (3.33)

== Z Y (1 - D)) expit(3Y) " Z4)X;. (3.97)
] li€l;

bounded from below by ZkK;%l with probability tending to one.
3

Utilizing the linearity of y, we can write

) 0
(6—80) = YN (Q?ﬂ ):op(l). (3.98)

We hence obtain the consistency of 8.
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(b) Under model (3.31), we have for i € I; the following martingale with respect to filtration

Fr,0 = & ({(Ni(w),Yi(u), Dy, Z;) i € Ijyu <t} U{(X;,8:, D5, Z;) s i € 1 j})

Jo

T
Mi(e) = Ni(1) = [ Y(0){Di8o -+ go(t: Z) Y. (3.99)
First, we prove the identifiability result like (3.91). We decompose

W) (09: B, 5

= = Z{D — expit(FV TZ];‘)}/OTeDieothi(t)

161

4= Z/ {D; — expit(vyg Zy;) } " GOIY( t)go(t;Z;)dt

tel

— [5 LD~ expittg 2a) PO (0BT (2, ul0) Y

ze[

+ / Y {Di — expit(q Z1:) }eP®0'¥;(1){8dr — AN (1:300))}

lel

—1—/ Z{explt Yo Z1;) — expit(FV) T Z1,) 1Py (1) go (1, Z:)d1
zeI

— [ T tenvit(g 2ai) — expit(3 T 22} P 0BT (2, — )Y

161

+ / Y {expit(vqg Z1;) — expit(FV) T Zy;) 1P Y; (1) {80t — AN (1;7))}

zel
— [ LD expittd 24P (0B ule) 2 (7
zEI
— [ X expitind Zu) —expit31) 7 Zu) }eP ()59 {ulo) - 20 (159 Y
lel
= 01+02+03+04+ 05+ Q¢+ 07+ 0s+ Qo. (3.100)

Q) is the final element of the F; N—martingale,

O1,=— Z{D —explt('y TZ1,~)}/OteDieO”dMi(u). (3.101)

161
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The measurable quadratic variation of Q1 ; is

) = 22{1) expit(y TZ1,-)}2/ POty (1) go(1;Z;)du. (3.102)

i€l;

By the Cauchy-Schwartz’s inequality, we have the upper bound for

Z/gotZ

i€l;

Var(Q;) =E(Q;.): <E %v neZKST’c\/

Under Assumption 7(b), we have

\/Z/ g0(t;Z;)dt = 0,(nKy)

by Markov’s inequality. Thus, we have Var(Q;) = O(Kp/n) = o(1). By the Tchebychev’s

inequality, we obtain Q1 = 0,(1).

Using Lemma 41, we have for 0,

E[{D; — expit(vy Z1;) }e”*'Yi(t)go(t: Z;)]
=E(E[{D; —expit(vyg Z1;) }e"'Yi()|Zi)g0(t; Z:))

=0.
The variance of O has bound

Var(Q») :%E <[/()T{D,~—explt( Z1,)}eD eoty( 1)go(t;Z; )dt} z)
SlezKet]E {/OTY,-(t)g%(t;Zi)dt} .

n

Under Assumption 7(b), we have Var(Q,) = O(Kj /n) = o(1). By the Tchebychev’s

inequality, we obtain Q> = 0,(1).

195



Similarly for Q3, we obtain from Lemma 41 that E(Q3) = 0. Using the above fact, we give

a bound for the variance of Qs,

1 T . 2
Var(Q3) SZE ({/0 {D; — expit(vg Z1;) }eP 'y, (1) 8V T{Z; —H(f)}df] )

<L Ko ( /0 ! [gw{zi _ ‘u(l‘)}} 2Y,-(t)dt> . (3.103)

n

~/ .

Under Assumption 7(b), we have Var(Q3) = O ({MB (B(J)> }2/n) =o0(1). By the

Tchebychev’s inequality, we obtain Q3 = 0,(1).

For Q4, we also have from Lemma 41

sup

1 ) .
- Y {Di- expit(vyg Z1;) e”®'Y;(¢)
t€[0,7]

il

=0, (n7).

Again using the Cauchy-Schwartz inequality, we bound the total variation of the measure

in Q4,
T ~ . ~ . . ~ . .
/ {60+ BYTZD (1:3) Yt + aN) (1;5))] i
0

<KgT+ 1+ /0T { n (t)}zdt\/eZKer Y X (ﬁ(j)TZ,)z.

Tier,wl (GO, 4

Using Lemma 42 and the Markov inequality, we have the bound above is of order
0, <||,§(j) ||1j>. Therefore, we obtain under Assumption 7b-iii Q4 = O, <H§(j) Hljn_%) =
op(1).

For terms Qs5, we use the Cauchy-Schwartz inequality

T
‘Q5| S%\/‘C Z{expit('y(—)rlli) — expit(?(j)TZIi)}Z\/eZKefc Z/O g%(t;Zi)Yi(t)dt.

iE]j i€]j
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We apply the Markov’s inequality under Assumptions 7(b) and 7b-iii to get
05 =0, (@y (’7(j),70) KA) =o0p(1).

For terms Qg, we use the Cauchy-Schwartz inequality

BUT{Z; — (1) }Yi(t)dr

T . .
|06| < | = Z{explt('yoTZli) —expit(F )T Zy;)}
et i€l

We apply the Markov’s inequality under Assumption 7b-iii to get
Q6 =0 (Q)y (’V(D,%) Mg (EU)» =0p(1).

In term Q7, we establish a uniform bound

sup Z{explt Yo ) Z4;) — explt('y( Tle-)}eD"eotYi(t)
t€[0, 1:] i€l;
Y {expit(yg Z1;) —expit(Y) T Zy;) }2 [ |1]e?Ket
ielj

by the Cauchy-Schwartz inequality. Hence, the process above has a bound of order
0, <Q)y <§(j),'yo)> uniformly in ¢ € [0,7]. We have the same upper bound for the total
variation of the measure as that in Q4, O, (fMB (B\(j))). Thus, we establish the order
Q7=0, (Q?y (3’”%70) Mg (@”)) =0p(1).

For terms Qg and Qg, we use the Cauchy-Schwartz inequality to bound the discrepancy

between u(t) in Mg (ﬁ ) and the empirical Z()(z, Bl ),

00Ny, 2
BT Lo — 7D SOV — wiYYie)  agyre o
BT ) =20 = B B w0 -2
s AW (RN Y (1))2
< T ULy (697 2, -y 1)
{Zra WA () )T
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~ . 2
_iey [BUT (2=} ¥
B Yier, Wi (FV)Yi (1) .

(3.104)

The last step above comes from the fact that w!) (UMY (1) € [0,1]. Under Assumption
(7b-iii), we obtain
T - : P .
1B (ute) = 20 ¢ 30y Pt = 0, (3B ) = op (DAY ).
0
Therefore, we follow the strategy of Q3 and Q¢ to get Qg = 0,(1) and Q9 = 0,(1).

Combining the results for Q-Qo, we establish that y(/)(6p; B FU) Dy =0,(1).

By the Lemma 42, we have the denominator in 9 (3.33)

=—= Z Y (1-D;)expit(3Y) " Z1)X; (3.105)
] Liel;

is bounded from below by key /2.

Along with the identifiability of 6y by W, we obtain the consistency for 0.

3.7.3 Preliminary Results

Lemma 29. Under the Assumption 5, we have for 0 in a compact neighborhood of 0 such that

8] < Kg

Viio (6:8,A(,6).7)
=v/nd(80; B0, Ao, Y0) — %(9 —6o) Zn:Di{l — expit(yg Z1;) } (™% — 1) /60

i=1

+0,(14/n[8—60]) + 0, (V[0 — 8|*) + 0, (V1[0 — 89 *). (3.106)
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Lemma 30. Suppose the |I;| < n. Under the Assumption 6, we have for © in a compact neighbor-

hood of 8y such that |8| < Ky
N (e; 3D AU)(., ), g(j))

- L(6 —00) Y Di{1 — expit(vg Z1;) }(e%¥ — 1) /8¢

=/ndY) (80; Bo, Ao, ¥0)
\/ﬁ iEIj

+0,(14 /1|8 —89|) + 0, (/18 — 60[*) + 0, (/1|8 — 6 ]*). (3.106)

3.7.4 Classical Concentration Inequalities

Lemma 31. Hoeffding’s Inequality Theorem 2 p.4 in [Hoe63]. If X1,...,X, are independent

and a; <X; <b; (i=1,2,...,n), then fort >0

_ 2n2t?
Pr(X —u>1) <exp <—n—> .
i:l(bi —ai)2

Lemma 32. A version of Azuma’s Inequality Theorem 1 p.3 and Remark 7 p.5 in [Sas13]. Let

{Xk, F}x = 0 be a discrete-parameter real-valued martingale sequence such that for every

k, the condition |Xy — Xy_1| < ay holds almost surely for some non-negative constants {ax}y_,.

Then
l2
Pr| max |Xz—Xo| >t ) <2exp| ———=
(kel,...,n| k= Xol 2 ) - p( 222—1‘%)
Lemma 33. Bernstein Inequality for Sub-exponential Random Variables
a) Fori.id. sample as in Chapter 2 Section 1.3 of [Wail9]:

Let X be a random variable with mean E(X) = w. If X satisfies the Bernstein’s condition

with parameter b, i.e.

kWb, fork=2,3,...,

| =

o)



the following concentration inequality holds for an i.i.d. sample X1,...,X,

]P>< 2:) SZeXp{—z(bzn—ibt)}.

b) For martingale as in Chapter 2 Section 2.2 of [Wail9]: Let My,...,M, be a martingale

1 n
;;Xi—ﬂ

series with respect to filtration F; C --- C F,. If the martingale differences satisfies the

Bernstein’s condition with parameter b, i.e.

kW, for j=1,....n—land k=23,...,

| =

‘E{(MJH —Mj)k|fj}’ <

the following concentration inequality holds

1‘2
P M| >t <2 - 5.
(,3}}?,"' 1z ) 2|35 |

Lemma 34. Dvoretzky-Kiefer-Wolfowitz (DKW) Inequality [DKW56, Mas90] Let X1,...,X,
be i.i.d. samples from a distribution with c.d.f. F(x). Define the empirical c.d.f. as F,(x) =

n! Y I(X; <x). Foranye >0,

Pr (sup IFy(x) — F(x)|) < 2e7 €,

xeR

3.7.5 New Concentration Results

All the concentration results are adapted to the cross-fitting scheme. We repeated use the

following two notations for index set and index set specific filtration.

Definition 1. We denote I C {1,...,n} be a index set independent of observed data {W;,i =

1,...,n} whose cardinality satisfies |I| < n.
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Definition 2. We define the filtration for index set [ as
Frp= 6 ({Ni(u),Y(u+),Di,Z; cu<t,i € [} U{8;,X;,Di,Z; - i € I°}).

Remark 17. The difference between i, with Y;(u+) and the usual filtration defined with Y;(u)
is that the former contains information about independent out of fold samples and the censoring
times at present time t so that the observed censoring times are stopping times with respect to

Fi+. On the other hand, we still have the martingale property
E{M;(t)| Fr:-} :E{M,-(t)|_¢[;_} = M;(t—) (3.107)

because the extra censoring information at t is not in ¥;_, and out of fold samples are indepen-

dent of M;(t) fori € L

Lemma 35. Define the filtration Ft(i) o ({N;(u),Yi(u),D;,Z;: u <t}). Let Hi(t) be a Fr(i)-
measurable random process, satisfying P(sup;c(o 1 |Hi(t)| < Ku) = 1. Under the model (3.1) and
the Assumption 5-iv,

P (/TH,-(t)Yi(t)ﬂOTZidt > x) (3.108)
0

Moreover, we have

' / E{H;(1)Y;(1)B] Z:}dt| < 2K% (K + 60V 0)T + 4Ky (3.109)

and the concentration result for all € € [O, \/ﬂ and index set I defined as in Definition 1

(i

where K = 2Ky (Kpo+69 VvV 0)T+2|u| +4Kp.

|[| Z/ H;(t BoTZ dt — /TE{Hi(I)K‘(I)BJZi}dt

iel

> Ke) <4 M2 (3.110)
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Lemma 36. For an index set I defined as in Definition 1, we define the filtration ¥;; as in
Definition 2. Let M;(t) be the martingale (3.3) under model (3.1) and H;(t) be a nonnegative
J1-measurable random processes, satisfying P(sup,c(o 1 |Hi(t)| < Ku) = 1. Denote the order

statistics of observed times as X1y, ..., X(|1). Then,

My IIIZ/ 1), k=0,....| (3.111)

iel

is a martingale with respect to ¥y, and we have for j > 2
E{ (M =) | 72} < 12K/ (3.112)

Besides, for every € > Ky /+/|I| we have

Y E{ ff M Tl - M| > €}

icl

<(€2[1] + 2K /1] + 2K2 e~V I/Kn (3.113)

Lemma 37. For an index set I defined as in Definition 1, we define the filtration ¥, as in
Definition 2. Let M;(t) be the martingale (3.3) under model (3.1) and H;(t) be a F;;-measurable
random processes, satisfying P(sup;c(o 1 |Hi(t)| < Ku) = 1. Denote Xy), ..., Xy be the order

statistics of observed times. Under Assumption 5-iv, for any € < 1,

( L, e

iel
Moreover, we also have

< 8KH8> > 1 —4e MIE/2, (3.114)

{|1|Z/H JdM;(u } \//H )dM;(u) < 4Kpg +8Kpe (3.115)

iel
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where \/T_, f () is the total variation of function f(t) over [0,1], and

sup < 8Kye + 2Ky /|| (3.116)

t€[0,1]

||l€1/H ) dM; (1)

whenever the event in (3.114) occurs.

Lemma 38. For an index set I defined as in Definition I, we define the filtration ¥;; as in Defini-
tion 2. Let M;(t) be the martingale (3.3) under model (3.1) and H;(t) be a Fy ;-measurable random
processes with tight supremum norm maxi—1,..nSup;cjoq [Hi(t)| = Op(1). Under Assumption
5-iv, for any € < 1,

=0, (n"?). (3.117)

L,

iel

Lemma 39. Let H; be a random variable, satisfying P (SUPizl,.,.,n |H;| < KH) = 1. For an index

set I defined as in Definition 1, we have the concentration result

sup
tel0, r]

Lemma 40. For an index set I defined as in Definition 1, we define the filtration ¥, as in Defini-

ZHY —E{HYi(2)}

IGI

> SKH8> < 8¢ MIE/2, (3.118)

tion 2. Let M;(t) be the martingale (3.3) under model (3.1) and H;(t) be F;,-measurable random
processes, satisfying P(sup,ci 4 [Hi(t)| < Ku) = 1. Let H be a set of functions, potentially not
F14-measurable, but having a finite bound P (supﬁ6 3 SUPsef0] \H(1)| < Kv> = 1 and a finite
total variation P (supﬁ e VEH(1) < Kv) =1, where \/j, is the total variation on 0,1]. Under

Assumptions 5-iv and 5-v,

> 16KHKV8+2KHKV/|I|> <de 2 (3119)

7L, Ao

i€l

( sup
HedH
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3.7.6 Other Auxiliary Results

Lemma 41. Under Assumption (5-i1) and models (3.1), or more general partially linear additive

risks model (3.31), we have
E[e”™"Y;(1)|D;, Zi) = B{Y;(1)|Z;, D; = 0}. (3.120)
Under model (3.2),
E[{D; — expit(yg Z;) }eP®'Y;(r)] = 0 and E[{D; — expit(~g Z;) }?®'Y;(1)Z;] = 0. (3.121)

Moreover, we have for index set I defined as in Definition 1 under Assumption 5-iii,

sup Z{D expit(y 1Z; )}eDieOlYi(t) =0, (n_%) and
t€[0,1] ’I| icl
log(p)
sup {D; — expit(~g Z;) }?%Y,(1)Zi|| = O ( : (3.122)
t€[0,7] |I| ,gzl 0 p \/ﬁ

Lemma 42. Suppose model (3.2) is correct, and ¥ is consistent for ~o, i.e. Dy(5,70) = 0p(1).

For an index set I defined as in Definition 1, we have under Assumption 5-v

lim P nf — E 0Tey /2 =1 3.123
n—>1 oo (IEIO‘C |I| ,eIW e Y/ ) ( )
and lim P inf E eXI)lt ‘)’ Z Y >ey /2| =1. 3.124

n—oo <t€0"c] ’ | icl ll) ( ) Y/ ) ( )

3.7.7 Proofs of the Auxiliary Results

t eeot

Definition 3. By the Mean Value Theorem for e® , we have

e — %" = (0—0)re® | for 6, = &,600+ (1 —&,)0 with & € [0, 1]. (3.125)
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Kot

In a bounded set of 8 such that [6] < Kp, we have the bound sup, g 4 e < Ko Since

Glt

0; depends on 0, potentially estimated with all information from the data, the process "' is not

necessarily J;, ,-adapted, causing extra complication in our proof.

Proof of Lemma 29. We define the filtration as
Fur =06 ({Ni(u),Yi(u+),Di, Zi :u <t,i=1,...,n}),

using I = {1,...,n} in Definition 2.

We prove the statement (3.106) by investigating each terms in the following expansion,

\/EQ)(O,B,/A\(,G),’A)/)
= /nd(8; 8o, Ao,0)

n

1 . T . =
—n2 Y {D; - explt(’)’oTZu)}/O 0 (t)(B— Bo) " Zidt
i=1
n

- Y (Di—ewittn 21} /0 e Diry, () [aR(:,0) ~dno(1)}

1 R : D
—n~2 Y {expit(y ' Z1,) —explt(’YoTZu)}/ PO dM;(1;8, Bo. Ao)
i=i

n
+n- 2 [3 Bo) Z{expﬁ*y Z1 ;) —expit(v, Z1,) }/ PO (1) Zdt

b Y fenpit( 2) — expit(n 21} || Pn(e) {aR(1,6) —dno(0)}
i=1 0

= Q1+ + 03+ 04+ 05+ Q¢ (3.126)

The first term Q; contains the leading terms. The rest Oy — Q¢ are the remainders.

We expand Q; with respect to 0 at 0,

01 = Vno(60: B0, Ao, 0)
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n T
—n"%(8—80) Y {D; — expit(+] Z1.)} /O ' DY (1)dt
i=1

1 L , g
+——(6—00) Y {D; — expit(v] Z1)} /0 0 DitdMi (1)
i=1

NG
1 n T
+%(e—eo)2;{1)i—expn(7§ 7))} /0 DA AM;(t) +1Y;(r)dr}
= Q011+012+013+ 014, (3.127)

where Q1 4 comes from the Mean Value Theorem for €% — %1 (3.125). 0 1,1 1s the leading term.
Each summands in Qj » is bounded by %%, so Q) 5 is of order O,(1/n|6 — 6p|). Through an

integral calculation, we have

T Xi
/ PO DY (1)t = Di/ O dr = Dy 1) /8y, (3.128)
0 0

so we can write Q1 > as

1 n
v ) Y Di{1 —expit(vg Z1,) } (%% — 1)/80. (3.129)
i=1

In Q1 3, we have a ¥, ;,-martingale
1 & [° T D6
—Z/ {D; —expit(vy Z1 ;) }e" ™" DitdM;(t), (3.130)
ni=i/0

whose integrand is bounded by e%*. By Lemma 37, (3.130) is of order Oy (n_l/ 2). Hence, 013

is of order O, (|6 —89|) = 0,(1/n|0 —8p|). Note that we need to prove our statement uniformly

in 0, so we cannot directly utilize the martingale structure in Qg 4

T 1 n
/O eerf; Y {D; — expit(yg Z1,) }Dit*dM;(t). (3.131)
i=1
Alternatively, we use Lemma 40 to establish the rate of (3.131) as O, (n_l/ 2). The other term in
Q1.4

- Z{D expit(y, Z1, }/ D, itYi(t)dt (3.132)
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is bounded by eXe®1. Then, Q) 4 is of order O, (/1|0 — 69|?). Therefore, we have term Q; equals
1 1 n e o
T l; (803 Bo, Ao v0) — %(9 —8o) ;Di{l —expit(yg Z1,)} (™ —1)/80  (3.133)
plus an 0, (/1|0 — 6o|) + 0, (+/n|6 — B|?) error.
We expand Q», with respect to 0,
n

0 = —n Y ADi- expit(’voTZLi)}/OTeDieolYi(f)(ﬁ—ﬂo)TZidf

i=1

—n"2(8—6) iDi{l — expit(yg Z1,1)} /OT 1Y (1)(B — Bo) " Zid
i=1

= (211022, (3.134)

where 0> > comes from the Mean Value Theorem for €% — %7 a5 in Definition 3. By the Holder’s

inequality, we have an bound for Q5 i,

02,1] < v/nt||B— Bl sup

1€[0,7]

Z{D expit(yy Z1,) eP®'Y;(1)Z;

[}

From Lemma 41, we have

» log(p)
sup {D; — expit(~ ZLi)}eD’eO’Y,-(t)Zi =0 ( _
t€[0,7] Z - b \/ﬁ
Under Assumption 5-ix, we have Q| = <10g( )| = Bl 1> op(1). We again apply the

Holder’s inequality to find the upper bound for Q> »,

02| < V8 —80lt]|B— 8|1 sup

ZD {1 —expit(yy Z1,) }e*'Yi(1)Z;
t€[0,7]

(o]

Under Assumptions 5-iii and 5-ix, we have 0> = O, (\/ﬁ|6 — 8|18 3| 1> =0(y/n|0 —6p)).

Hence, term Q> = Q2 1 + Q22 is of order 0, (1/n|0 — 69|+ 1).
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Very similar to our treatment of Q,, we expand Q3 with respect to 6,

Q3 = —\/’3/0T _Z{D expit(yg Z1,1)}e”*"Y;(7) {dx(t’e)_dx(t’eo)}

i [ —Z{D — expit(7 Z1,) "' Yi(r) | { dA(1,60) — dAo(r) }

_n*%(e _ 90) i_ZlDi{l — eXPit('Y(;—Zl,i)}/OtteeftYi(t) {d//{(t,e) —d/\()(l)}

= 0311+032+033, (3.135)

_ eeot

where Q3 3 comes from the Mean Value Theorem for o as in Definition 3. From Lemma

41, we know that,

sup

Z{D expit(yg Z1,1) " Yi(1)| =
refoq) |1

Together with Assumption 5-viii, the integral Q3 ; as an upper bound

T

\/ {7\(1,9) —K(z,eo)} = 0,(v/n|8 — 6)).

t=0

V/n sup Z{D — expit(yy Z1;) }eP (1)

refo7] |1

We apply (3.9) in Assumption 5-ix to Q3> and get 032 = 0,(1). By Helly-Bray argument
[Mur94], we have a bound for Q3 3
~ PN
0301 = V0 0 { [A(5.0) ~ Ao(e)] e+ [ [R1.6) ~ na(r) et }.
’ 0

Under Assumptions 5-viii and 5-ix, our bound gives the rate Q3 3 = 0,(1/n|0 —6g|) + 0, (\/n|0 —

00|?). Therefore, 03 = 031 + Q32+ Q33 = 0,(v/n|0 — 80| + 1) + 0, (/1|6 — 89?).
In terms Q4 — Qg, we have the model estimation error for the logistic regression. By a

Mean Value Theorem argument, we have a uniform bound for the error

expit( ' Z1;) —expit(yg Z1)| < |7 =1 sup ||Zile (3.136)

i=1,...,n
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because the derivative of function expit(-) is uniformly bounded by one.

We expand Q4 with respect to 0,

no
Qi=—ntY /0 (expit(3 T Z11) — expit(vg Z1) 1P aMi(r)

1

n.
—n"2(8—09) Z /0 ¥ Di{expit(y " Z1 ;) — expit(vg Z1.;) }tdM;(t)

n

+n" 5 (6—69) Z{explt 2% le —explt('yo Z,;) }/ Deeft(IG,—te(H—l)d

=041+ Q42+ 043, (3.137)

where Q43 comes from the Mean Value Theorem for ¥ — %' a5 in Definition 3. v is Fus-
measurable, so we can apply Lemma 38 to Q4 1. According to (3.136) and Assumptions 5-iii
and 5-ix, Q4.1 = O, (|7 —|l1) = 0p(1). For Q4,, we apply Lemma 40 with A be the set of

{e%:16,] < Ko} to get Q4 = 0,(|0 — 09|). For Q4 3, we use the uniform bound from (3.136)

sup || Z;]|eX0"(2KgT + 1).

i=1,...n
Under Assumption 5-iii and 5-ix, Q43 = 0, (/|0 — 8¢|). Therefore, we obtain Q4 = 0,(1/n|6 —
0o+ 1).

We apply the Holder’s inequality and (3.122) to Qs,

2
051 < VA7 - 0lh 1B Bolhe e { max 1.}

Under Assumptions 5-iii and 5-ix, we have Qs = 0, (1).

We expand Qg with respect to 0 similar to Qs,

Q6 =+/n / [ Z{explw Z1,) — expit(v) Z1,)}eP 0¥ (1) | {dA(1,6) — dA(1,00) }
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L

i=1

+n2(8—6) i{eXpit('ArTZl,i) — expit(yp Z1,1)} / (1) {df\(f 8) —do(t )}
i=1 0

T —~
{oxpit(y Z1.) —expit(ng Z1,)} | e”¥i(r) {dA(r,80) — o)}

n

=06,1 + 06,2+ 06,3,

where Qg 3 comes from the Mean Value Theorem for e — 9 a5 in Definition 3. By (3.122) and

Assumptions 5-viii, we have an upper bound for the integral Qg

T
Vi sup 5=l sup [1Zll \/ {At,0) ~ A(r,60) } = 0p(vrl6 8]

lE[OfC] =1,...,n t=0

By Helly-Bray argument [Mur94], we have a bound for the integral

/O “ Doty () {d?\(t,eo) . dAo(t)}‘ < {‘K(c,eo) ~ Ao(1) ‘ Ko7 | /0 i \K(z,eo) ~ Ao(t) ‘ deerf} .

Apply the bound to Qg > along with (3.122), we have

052= 0, (ﬁnfy—wuli max [1Z]. sup K(r,eo>—Ao<t>\> .

t€[0.1]

Under Assumptions 5-iii and 5-ix, Qg2 = 0,(1). Similarly, we have Qs 3 = 0, (/16 — 6[?) +
0p(v/n|6 —8p|). Hence, we obtain the rate Qs = Q1 + Q62+ Q63 = O, (\/71\9—90\2) +

0p(v/[B—60] +1).

Combining the results for Q1-Qg, we finish the proof. ]

Proof of Lemma 30. The proof of the lemma follows fundamentally the same strategy as that of
Lemma 29. The main difference is that we use the Cauchy Schwartz inequality instead of the
Holder’s inequality to derive MSE type of bounds.

We define the filtration for the j-th fold as

.‘7:[]‘71‘ = G({Nl(u)aYl(u+)7Dl7Zl ‘u < tai S Ij}U{6i7Xi7Di7Zi RS I—j}) )
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using / = I; in Definition 2.

We prove the statement (3.106) by investigating each terms in the following expansion,

Vo) (8; 89 AU (. 0),50))
= VoY (8; 80, Ao, 0)

0 Y {Di —expit(g Z1, }/ POy (1)(BY) - Bo) " Zdt

i€l;

—nd Y (D ewpit(ng 210} | e3i0) {dRU)(1,0) ~ dholt) }

i€l;

_na Z{expr[ )17, i) —expit(yg Z1.) }/ P dM;(1;0, By, Ag)

i€l;

b Y {expit3)21,) —expit(3g 210} || P H0)(BY) — o) Zude

i€l;

. T ~
e Y {expit(3Y) " 2u,) —expit(y9 212} [ 3i(r) {aAV)(1,0) —do(0)}

i€l;
= 01+02+ 03+ 04+ 05+ Q. (3.138)
The first term Q; contains the leading terms. The rest Oy — Q¢ are the remainders.

Following exactly the same derivations in the proof of Lemma 29, we have term Q; equals

1 .
Z¢ (80: B0, Ao, Y0) — —=(0—80) Y Di{ 1 —expit(yg Z1,)}(e*X —1)/8p  (3.139)
zEI \/_ zEI

plus an 0,,(y/]8 — 8g]) + 0, (/[0 — By |2) error.
We expand Q», with respect to 0,

0 = —n Y (Di- expltvozl,}/ DOy, (1)(BY) — Bo) " Zdt

i€l

—n (8- 60) ¥ Di{ 1 —expit(g Z1,)} / Y1) (BY) — Bo) Zudr

i€l

= 021+ 027, (3.140)
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or eeol‘

where Q5 > comes from the Mean Value Theorem for e as in Definition 3. Denote

T A~ .
021, =1{Di— CXPit(’YoTZI,i)}/ POy (1) (BY) — Bo) " Zydr.
0

Using the independence across folds, we can calculate the expectation for i € I;

E(Q2.1.)
= [ BB — o) TEID; — expit(ng 21} T (1) 21
= / E(BY) — Bo) "E[E{D; — expit(yg Z1,)|Z;}E{e”®"Y;(t)|D;, Z;}Z;)dt, (3.141)

which equals zero by Lemma 41. Hence, E(Qz’l) = 0. We calculate the variance of Q> ;
Var(Qz1) =n' Y E(Q3 ) +2n " Y E(02,1i021,) (3.142)
i€l; i<j{i,j}cl;
Note that we have

/ POy, (1) (BY) — By) Zydr

< Koy, ‘(B(j) —ﬂo)TZi . (3.143)
0

Under Assumption 6-i,

Y B < ] il e { (@j),go)}z:op(rzz):0,,(1).

i€l;

Using the independence across folds again, we have

E(Q2,1,02,1,) = E{E(Qz,u\é(j))E(Qz,l,j!ﬁ(j))} =0. (3.144)

Thus, we establish the rate Var(Q» 1) = 0,(1). By the Tchebychev’s inequality, we have Q> | =

0p(1). For Q> 5, we denote

T —~ .
022 = Di{1 —expit(vg Z1,)} / O (1)(BY) — Bo) " Zidt (3.145)
0
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apply Cauchy-Schwartz inequality to give an upper bound

Q22| <n2(0—80) [nY 03, (3.146)
i€l;

Under Assumption 6-i, we have from bound (3.143)

E(0%a) < {13 (B 80) } = 0,0,

Applying the Markov’s inequality to Y, Q%,z,i’ we have 02 = 0,(1/n|0 —69|). Hence, term
Q, is of order 0, (1/n|0 —6p| +1).

Very similar to our treatment of Q», we expand Q3 with respect to 6,

0v = Vi [ Y (D~ expit(n Z4.)}e”*'%i(1)| {dAV(1,0) ~dAY) 1,00) }

i€l;

—n Y {D; — expit(vg Z1)} / 901y, (1) {dAU) (1, 00) — do(r)

i€l;

1

—n 5 (0—00) ¥ Di{1 — expit(v] Z1 4 }/ 194%,(1) {dRO(1,6) ~ do(r) }

i€l
= 031+032+033, (3.147)
where Q3 3 comes from the Mean Value Theorem for % — €% as in Definition 3. From Lemma
41, we have,
sup | Y (D —expit(yd Z1,)}" (1) = 0, (n4).
refos] |7 ic;

Together with Assumption 5-viii, the integral Q3 1 as an upper bound

T

Vit sup Z{D —expit(yg Z1,)}eP %, (1)| \/ {A0)(2,6) ~ A9 (1,60) b = 0,(v/7n]6  B0)).
refo7] |1 i€l; =0
Denote

T ~
032 = {Di=expit(3 21} | eP®¥i(r) {aAV(¢,00) —do(r) |
0
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Using the independence across folds, we can calculate the expectation for i € /; according to

Lemma 41

E(Q32,) = /O E (BI{D: — expit(rg Z1.)}e"¥i(0)|2]) [4B{AD) (1,00} —dno(0)].

which equals zero by Lemma 41. Hence, E(Q32) = 0. Moreover, we have a diminishing bound

for Q3 5 ; by Helly-Bray argument [Mur94] under Assumption 6-i
~ T~/
max 02, < [A)(x,80) — Ao(®) [ 0™+ [ |RU(1,80) ~ Ao(r)| de® = 0, (1.
1€l 0

We denote M3, ,, = \/Lﬁ Y icptm Q32 as the partial sum of the first m terms in Q3 > whose indices
J

are in I}:’”. It is a martingale with respect to filtration 435 ,, = © ({W, i€ Ijl-:’" UL]-}). By the

Azuma’s inequality (as in Lemma 32), we have Q32 = M3, |1, = o0p(1). Similarly, we apply

Helly-Bray argument [Mur94] to show that

1033] < /n|6— 69| {‘/A\(j) (1,8) — Ao(7)

T ~ .
L / A1)~ Ao(t)
0

dee’t}.

Under Assumptions 5-viii and 6-i, we have Q3 3 = 0,,(1/n|0 — 8¢|) + O, (/1|8 — 6p|?). Therefore,

03 =031+ Q032+ 033 =0p,(/n|0— 80| + 1) + 0,(1/n]0 — 6 [?).

We expand Q4 with respect to 6,

1 (i ) T,
Qy=-—n"2 Z{explt(’Y(j)Tzl,i) - eXPIt(’Y()Tzl,i)}/O P aM; (1)
iEIj
1

T .
—n"2(60—6p) ), /0 ¥ Di{expit(F) Zy ;) — expit(vg Z1,1) }tdM;(t)

iGIj

. T
+n2(0—8p) Y {expit(3) " Zy ;) — expit(vg Z1,1)} /0 Yi(t)Die® (18, — 100 + 1)dt

i€l;

=041+ Q42+ 043, (3.148)
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or eeol‘

where Q4 3 comes from the Mean Value Theorem for e as in Definition 3. Denote

, t
04,1,i(t) = {CXPit(’AY(j)TZLi) - eXPit(’Y()Tzl,i)}/ P M),
0

Since {expit(y/)TZ; ;) —expit(vy, Z1 ;) }eP®" is %1, +-adapted, each Q4,1,() is 7, ,-martingales.

Then, E{Q4 1} = 0. The optional quadratic variation of };c 1; Q4,1 18
t
[Z Q4717i] Z{explt Z1 ,) — explt( JZL,')}Z/ €2Di90thi(l‘)
i€l; i€l 0

< Z{explt TZ1;) — expit(yy Z1,) }2e*koT.

i€l;
, ) 2
Under Assumption 6-i, we have E{expit(y\/)TZ, ;) — expit(v, Z1,)}*> = {Q)Y (fAy(f),'y())} =

o0p(1). Hence,

Var Q41 ZE{

iel

ZQ4,1,;] }—Op( ).

iel

We obtain Q4 1 = 0,,(1) by the Tchebychev’s inequality. For Q4 2, we apply Lemma 40 with # be
the set of {€% : |6;| < Ky} to get Qs2 = 0,(|6 — 6p]). For Q4 3, we apply the Cauchy-Schwartz

inequality

|Q43] < ne 6 —60] |Y {expit(3)TZy;)— eXPit(’YoTZLi)}Z\/’lezKeT(KeT +1)2.

i€l;
Again with E{expit(3)) T Z, ;) —expit(yy Z1,)}> = 0,(g}) = 0,(1), we obtain from the Markov’s
inequality that Zielj{expit('?(j)TZL,-) —expit(yy Z1,:)}*> = o0p(1). Hence, Q43 = 0,(1/n|6—6p|).
Therefore, we obtain Q4 = 0,(+/n|0 —6g| +1).

We apply the Cauchy-Schwartz inequality to Qs,

2
|0s| <n~ 2 Ko T Y {expit(FWTZy ;) —expit(vg Z1)}2, [ Y { —Bo)"Z; } X2,
i€l; i€l
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Using the independence across folds, we apply the Markov’s inequality to get

(fﬂ)y( ,'ro) Dy (B(j)ﬂ(’))’

which is 0, (1) under Assumption 6-i.

Similarly, we apply the Cauchy-Schwartz inequality to Qg,

Q6| <n 26 Y {expit(31)T 21 1) — expit(vg Z1,)}2

i€l;

< Y [ /0 “eDory (1) {d?\(i) (,0) —dAo(t)}] i}

iEIj

Under Assumption 5-vii, we can apply the Helly-Bray argument [Mur94] to find the bound,

/TeDietYi(t) {d//{(j) (t,0) — dAo(t )}’ Pi0Xi {A( )(Xi,e) —Ao(Xi)}‘

0

/ Deeef (t,0) — Ao(r)}dt.

( )(lue)_AO

Hence, 05 = 0y (v/iy (7). 70) supyepo A ). which is 0,(1-+ /0 — Bo|) un-

der Assumptions 5-viii and 6-i.

Combining the results for Q1-Qg, we finish the prove. [

Proof of Lemma 35. We prove the result for nonnegative H;(z). The general result can be obtained

through decomposing H;(¢) into the difference of two nonnegative processes
H;(t) = H;(t) V0 — [~ {Hi(t) A O}] (3.149)

and use the union bound with the result for the nonnegative processes.
Under the model (3.1), u satisfies P(D;0¢ + B(—)FZ,- > —dAy(t)) = 1. By the Assumption

5-iv, we have a lower bound ]P’(,Bg Z;>—Kx—69V0)=1.The ,BOT Z,; is potentially unbounded
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from above, so we have to study the bound for the upper tail. For x > Ky (Ka + 69 V 0)T,

7 (f o

< P (KHXi,BOT 7> x>

< o/CK).

Denote A; = [

1(By Zi > K+ 80V 0)I(C; >X/KH)exp{ al IM Ao (x/KH>}

BOTZdt>x>

Ku  B)Z By Zi

(3.150)

H;()Yi(t) By Zidt, = [§ E{H;(2)Y:(t) B, Z;}dt and Ky = Kz (Kx +00V 0)7. First,

we can find a bound for the expectation

|l

_ ’/ E{H:(1)Y,(1)3] Z:}d1

<

’/0 E{H;(1)Y:(t)Bq Z:I(|Bg Zi| < Ka)}dt

n ‘IE {/(:Hi(z)n(t)ﬁgziz(ﬁgzi > KA)dt}

KHKAT+/ IP(/ Hi(1)Y:(t)Bg Z:1 (B, Zi >KA)dt>x>d
0

KuKs +2Ky. (3.151)

Then, we bound the centered moments for k > 2

E(A; — )

IA

IN

IN

IN

E{(A; — )" I(Ai < Ka+ 1V 0)} + E{(A; — "I (A; > Kp+ v 0)}
(K + ) + /0 P{(Ai — ) I(A; > K+ 0) > x}dx

‘ (Ka—un0)k
(Ka + |u]) +/O P(A; > K + 1V 0)dx

+ P(A; > x"/* 4 u)dx
(Ka—pn0)k
2(Ka+ u))* + k! (2Kn )

k! (Ka + 1] + 2K ) (3.152)
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Thus, A; is sub-exponential. By Bernstein inequality for sub-exponential random variables (as in

Lemma 33), we have for any € € [0, /2]

(i

We thus complete the proof. [

LA

iel

> g(Kp + |uf +2KH)> < 2¢MME/2, (3.153)

Proof of Lemma 36. Let Xy, ..., Xz be the order statistics of observed times. Under filtration
1., they are ordered stopping times (see Definition 2 and Remark 17). By optional stopping

theorem [Durl0], we construct a discrete stopped martingale

3.154
M II\,GZI/ (3.154)

under filtration % = 6{N;(u),Yi(u+),Di,Zi, X : u € [0,X)],i € I}. The increment of the

discrete martingale has two components,

H
M=y = RN )
iel

Xk
ZY (k—1) /() Hi(1)[{Di0o + By Z;}dt +dAo()], (3.155)

\1\ icl Xk-1)

one from the jumps of N;(¢) and the other from the compensator. Under Assumption 5-iv, there is

almost surely no ties in the observed event times, so we have a bound

{

The compensator term in (3.155), second on the right hand side, is potentially unbounded. We

1 1) N )

iel

gKH/|I|) :IED(“l,| maIXH(X( )SKH/|I|> =1. (3.156)

have to study its tail distribution. Conditioning on Tkli 1» we calculate the distribution of Xy as

P(X(x) > Xk—1) +x|FE)
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||
= H]P)(Ci NT; > X(kfl) —I—X‘Ci NT; > X(k71)>Yi(X(k,l>)
i=1

< exp | — Y Yi(Xpo1){(DiBo + By Zi)x + Ao(X—1) +x) — Ao(X—1))}| - (3.157)
iel

We denote the function in the exponential index as

= Y VX 1){(Di0 + By Zi)x + Ao(X (1) +x) — Ao(X 1)) }- (3.158)

i€l

Note that A(x) is nondecreasing, so its inverse A~!(x) is well defined. Next, we evaluate the tail

f>

distribution of the compensator term

X (k) T
<|I| ZY /)('(k]) Hi(t)[{Dieo + By Z,’}dt —|-d/\0(f)] > X

iel

< P(KuAX) — Xk—1))/ 1| > x)
= P{X(y > Xp—1)+ A~ (nx/Kur)}
< e \W/Kn, (3.159)

For j > 2, we calculate the moments

B0 Ml I

. 1
J J

iel
X(k) T / H ok
T X [ @D 00+ B Zibar+dno(0)]| |,
|I| iel X(k—1)
< KH+{/ —|I|xf/Kde}'
1]
Ky Ky 1:|j
= + J
e
< jI2Ku/)I|) . (3.160)
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This statement above proves (3.112), the first conclusion of the lemma.

For € > Ky /+/ 1|, event

VilME =il | > e

occurs only if the following event occurs,

1

7 Y Hi(X)dNi(X i) +e/\/]1]
icl

1

u

icl

We can bound

2.
E{ (M =ML )% MY M| > e

IN

E iZY,-(Xk n) / () D0+ B Zi}dr + Ao (2)] 2
1] *=1) X(k-1) 0

icl

Xk
Y V(X)) /X Y H(1)[{DiBo + By Ziydt + do(1)].
(k1)

(3.161)

(3.162)

1 X(k) T
<t Xty [ D0+ 8] 2+ dnatt) > e/ VT ) |
1] Xk-1)

icl

IN

2 oo
& —eVlll/Ky | / e MV Ker g
] &/l

21| + 2Ky /1] + 2K, —ey/TT/Kn

This proves (3.113), the other conclusion of the lemma.

(3.163)

]

Proof of Lemma 37. Without loss of generality, we again prove the result for the nonnegative

H,(t).

Let X(1),...,X(7) be the order statistics of observed times. We define the sequence

M,f’, k=1,...,n, along with filtration F* = 557;((](), as in Lemma 36. By Lemma 36, M,f’ is

a ¥, -martingale satisfying (3.112), so we can apply the Bernstein’s inequality for martingale
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differences (as in Lemma 33). For € < 1, we have

1 X
P sup —Z/ >H,~(t)dM,'(t) >4Kye | =P sup |[MY|>4Kye <2 M€/,
U= k=11
(3.164)
This proves (3.114), the first result of the lemma.
The total variation of the integral with nonnegative H;(¢)’s can be written as
T
\/ Z/H )dM;(u) » = Z\//H )dM;(u
=0 m iel |I| i€lt=0
- mZ/H u)dN;(u mZ/H u)dM;(u)(3.165)

icl icl
Hence, (3.115) the second result of the lemma follows directly from the first result (3.164).

To find the bound of variation between X(;_1) and Xy, simply consider that H;(t) is
nonnegative while dN;(¢) and Y;(¢){ (D00 + B Z:)dt +dAo(t)} are nonnegative measures. Hence,

the extremal values in the intervals can be explicitly expressed as

(k—1)
N Z/ Hi(u)dMi(u) = - Z/ Mi(u) = MiLy, (3.166)
1€ [X(-1):X, | |z€1 | ‘zel
and
H; (X
inf Z/ Hi(u)dM;(u Z/ mit) =t = W) 5469,
te[ 161 |I| icl |I|
Therefore,
1 t
sup |—Y / Hi(w)dMi(u)| < sup M|+ Ky /|I. (3.168)
1€[0,1] |I| ier”0 k=1,....,n
For general H;(t), we simply decompose H;(t) = H:"(t) — H; (t) and use the union
bound. [
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Proof of Lemma 38. The proof uses the conclusion of Lemma 37. For any € > 0, we can find K¢
according to the tightness of H;(¢) such that P (maxi:h“’,, sup;efo,q [Hi(t)[ > Kg) < €/2. Define
the truncated processes H;¢(t) = (—Kg) V {H;(t) A K¢}, which is still #;,-adapted, as well as

bounded by K¢. By Lemma 37, we have
log(8/¢
< 8K M) e,

| i

Since H;¢(t) = H;(t) forall i =1,...,n and ¢ € [0, 7] with probability at least 1 —€/2, we have

( <3 J%ﬁﬂ—e.

The last equation defines the rate in (3.117). ]

IIIZ/ Hie(1)dM;(t

iel

MZ/H 1)dM;(t

i€l

Proof of Lemma (39). Let B, i € I, be independent Bernoulli random variables with rate (H; +

Ky)/(2Kg). By a simple calculation, we have the following empirical distribution for B;X;

i Z Yi(t =1 21 (B;X; >t) and E{B;Y;(t)} = ﬁl@{fm(z)} + %E{Y(r)}. (3.169)

iel iel

We decompose

i g;H Yi(1) —E{HY(1)} = 2;’1 %‘;B Yi(t) —E{HY;(t)} — KyE{Y (1)}
i Z;Y )+ KyE{Y (1)}
2KH H;+ Ky
_W;(Bi—w) Yi(1). (3.170)

Applying the Dvoretzky-Kiefer-Wolfowitz (DKW) inequality (as in Lemma 34) to the first two

terms in (3.170), we have

sup
t€[0,7]

ZB Yi(t) —E{HY;(t)} — KyE{Y (¢)}

iel

> KH8> <2¢7ME/2 (3.171)
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and P [ sup ZY — KyE{Y (1)} > Kye | <27 11€°/2, (3.172)
t€[0,1] icl
Denote X(;), i = 1,...,n, as the order statistics of X;’s. We further decompose the third term in

(3.170) as

By the Hoeffding’s inequality (as in Lemma 31), we bound the first term in (3.173)

|

Let (i) be the i-th element in fold 1. We define a filtration %, = 6({(H;,X;) :i € [} U{B; :i =

2Ky

H; — Ky
st B, — L
u Z( ' 2Ky )

iel

> KH8> <2¢ MEY/2, (3.174)

1,...,m}) under which we have the following martingale
2K, i)+ Ko
H H
- . 3.175
i =2 X (0", 17
By the Azuma’s inequality (as in Lemma 32), we have
P <‘M|7|) > 21<He) <2 €2, (3.176)
We finish the proof by putting the concentration inequalities together. [
Proof of Lemma 40. By Lemma 37, the probability that the event
I & [°
— Z/ Hi(u)dM;(u) < 8Kye (3.177)
is no less than 1 — 4e~"€/2. We shall show that
1 & [F~
-y / H(OH;(1)dMi(1)| < 16Ky Kye+2KuKy /n (3.178)
ni=170
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on such event.

By Lemma 37, the following function

L& [
=) /O Hy()dM (i) (3.179)
i=1

has total variation bounded by 4Ky + 8Kp€ on event (3.178). As a result, we can apply the

Helly-Bray integration by parts [Mur94]

& [T~ H(T) & [° 1y ~
Y [ AwE©OaM0 = =2 [CH@aro - [ LY [ HaMi) pafio).
=170 n 570 o |n/=o
(3.180)
By Lemma 37, both terms have bound on event (3.178)
AT & [
ﬂ):/ H;(t)dM;(t)| < Ky x 8Kpye, (3.181)
noi=J0
Tl b t ~
/ -y / Hi(w)dMi(u) S dH ()| < Ky x (8Kye+ 2Ky /n). (3.182)
o |n;=/o
Plugging in the upper bounds to (3.180) finish the proof. U

Proof of Lemma 41. Since we assume that 7; and C; are independent given D; and Z;, we have
E[Yi(¢)|D;, Z;]) = P(T; NC; > t|D;, Z;) = P(C; > t|D;, Z;)P(T; > t|D;, Z;). (3.183)
Under Assumption 5-ii, the censoring time is independent of treatment given covariates, SO
P(C; > t|D;,Z;) =P(C; > t|Z;) (3.184)
is 6{Z;} —measurable. Under model (3.31),

P(T; > t|D;, Z;) = pJoMtDiZi)dr _ ,—DiBor— [ go(tiZi)dt _ e—DieotIp(Ti >t|D; =0,Z;). (3.185)
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Therefore, we have the following representation
E[eP Y, (1)|D;, 2] = P(C; > t|Z;)e~ 1o80@2)d — E1y,(1)|Z;, D; = 0}, (3.186)

which is obviously 6{Z;} —measurable. By the tower property of conditional expectation, we can

calculate the expectations for any 6{Z; }-measurable random variable U; through

E[{D; —expit(g Z;) }e”*'Yi(1)U]
= E[{D;— expit(vq Z;) }E{eP®"Y,(r)|D;, Z;: U]
= E[E{D; —expit(vg Z;)|Z:}E{Y;(¢)|Z;, D = 0} U]
_ o (3.187)

We obtain the two equations in (3.121) by setting U; above as 1 and Z;, respectively.

To deliver the concentration result (3.122), we decompose

|I| ZI{D explt Yo le)}eD GOZY |I| Z]D {1 eXPlt(’Yo le)}Y( )
AS AS
|I| Z D) expit(7y, Zl,)}Y( ).
i€l

Each coordinate of

ZD,{I expit(vyy Z1)}Yi(¢) and —Zexplt Yo Z1,)Yi(2),

k= U=

is bounded, so we can apply Lemma 39 to get

sup [ 1Y Dy{1 —expit(yq Z1.)}(0) — VE [Di{1 —expit(vg 21 )}%(0)] | = 0, ().
tE[O,‘E] |I| iel

sup | (1 Dy)expit(yd Zu)}%(0) ~E [(1 - Dy)expit(ng Za) (1) | = 0, (n”2).

t€[0,7] Ul icl

(3.188)
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From (3.121), we know that
B [ Di{1 — expit(yq Z1,)1Yi(r)| =B [(1 - Dy)expit(vg Z1,)¥,(1)] (3.189)

Therefore, we have proved the first rate in (3.122) by combining (3.188) and (3.189). In the same
way under Assumption 5-iii, we have a concentration result from Lemma 39 for each coordinate
of ﬁ Yici{Di — expit(~y, Z1;) }¢”®"Y;(t)Z;. We take the union bound to obtain the second rate in

(3.122). U

Proof of Lemma 42. We provide the proof for the first result (3.123). The proof for the second
result (3.124) is identical. Since the weights w! (%) are nonnegative and Y;(¢)’s are non-increasing,
we have lower bound
Zw ZD {1 —expit(5 " Zy;) }Yi(7). (3.190)
|I | icl |I | iel

it is sufficient to show

lim P (\I! Zw ) > sY/2> =1. (3.191)

iel

We decompose

7z - Eronr

iel zel

ZDz{eXplt(7 le) —explt(’)’o th)}Y( ) (3-192)

‘I’ i€l

The first term in (3.192) has expectation bounded away from zero by Assumption 5-v

E{w! (v0)Y:(t)} = E{Var(D;|Z1;)e® E{Y;(t)|Z1;, D; = 0} } > ¢ Ko%gy. (3.193)
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Since w! (40)Y;(t) are i.i.d. random variables in [0, 1], we have by Hoeffding’s inequality (as in

Lemma 31),
1 _ —
12" ()X (0) = E{Var(DiZ17)e™ E{Y; (1) Za;, Dy = 0}} + Oy n 12) > e 7Mo%y 1 0,(1).
il
(3.194)
By the Cauchy-Schwartz inequality, we have the bound for the second term in (3.192),
1 o~ .
11 L Dilexpit(3 " 2a) — expit(ng Zu) i)
il
1 o~ .
< \/ M Y {expit(3 T Zy;) — expit(yy Z1:) }>. (3.195)
il

By the Markov’s inequality, the bound above is of order Op, (Dy(¥,70)) = 0p(1). Therefore, we

have
1 ~
me}(v)lﬁ(t)+ol,(l) > gy, (3.196)
icl
Hence, we obtain (3.191), a sufficient condition for (3.123). [
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