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ABSTRACT OF THE DISSERTATION

Degenerate Diffusions with Advection

by

Yuming Zhang
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2019

Professor Christina Kim, Chair

Flow of an ideal gas through a homogeneous porous medium can be described by the
well-known Porous Medium Equation (PMFE). The key feature is that the pressure is pro-
portional to some powers of the density, which corresponds to the anti-congestion effect given
by the degenerate diffusion. This effect is widely seen in fluids, biological aggregation and
population dynamics. If adding an advection, the equation can be naturally contextualized
as a population moving with preferences or fluids in a porous medium moving with wind.
Furthermore we may consider drifts that depend on the solution itself by a non-local con-
volution, which describe the interaction between particles in a swarm model or a model for

chemotaxis. In this dissertation, we study those PDEs.

In the first two chapters, we consider local advection transportation driven by a known
vector field. Chapter 1 is devoted to investigating the Holder regularity of solutions in terms
of the L? bounds of the vector field. By a scaling argument, we find that p = d (spatial
dimension) is critical. Along with a De Giorgi-Nash-Moser type arguments, we prove Holder
regularity of solutions after time 0 in the subcritical regime p > d. And we give examples
showing the loss of uniform Holder continuity of solutions in the critical regime even for

divergence-free drifts.

In Chapter 2, we are interested in the geometric properties of the free boundary of the

solution (u): O{u > 0}. First it is shown that, if the initial data has a super-quadratic

1



growth at the free boundary, then the support strictly expands relative to the streamline.
We then proceed to show the nondegeneracy and C1® regularity of the free boundary, when
the solution is locally monotone in space. The main challenge lies in establishing the non-

degeneracy, which appears new even for the zero drift case.

In Chapter 3 and 4, we consider more general drifts given by a non-local convolution with
u, representing the interaction between particles as swarms of locusts or cells. Chapter 3
discusses the vanishing viscosity limit of the equation in a bounded and convex domain. The
limit agrees with the first-order system with a projection operator on the boundary proposed
by Carrillo, Slepcev and Wu. Thus our result gives another justification of the first-order
equation. We apply the gradient flow method and we explore bounded approximations of

singular measures in the generalized Wasserstein distance.

Chapter 4 considers singular kernels of the form (—A)~*u with s € (0,%). With s =1 we
recover the well-known Patlak-Keller-Segel equation which is an macroscopic description of
the chemotaxis phenomenon. The competition between the attractive interaction and the
diffusion is one of the core of subject of diffusion-aggregation equations. We study well-
posedness, boundedness and Holder regularity of solutions in most of the subcritical regime.

Several open questions will be discussed.
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CHAPTER 1

Regularity Properties of Solutions

1.1 Introduction

In this chapter we study nonnegative solutions u to the following problem:
w = Au" + V- (uV) inR?x[0,00) withm > 1. (1.1.1)

The advection term V : R? — R? is assumed to be time-independent, though our results
extend trivially to V(z,t) € L®(LP(R?); RY).

The m > 1 in the nonlinear diffusion term above represents anti-congestion effect (see [7,
28,44,71]), and has been considered in many physical applications, including fluids in porous
medium and population dynamics. Our system (1.1.1) can be thus naturally contextualized
as a population moving with preferences or fluids in a porous medium moving with wind
(see e.g. [8,25,29,44,51,58]). The goal of this chapter is to investigate well-posedness and

regularity properties of (1.1.1) in terms of bounds of V in LP(R?).

When m = 1, our equation is the classical drift-diffusion equation where an extensive lit-
erature is available for the corresponding regularity results, as we will discuss below. When
V =0, (1.1.1) is the classical porous medium equation (see the book [70]) where initially
integrable, nonnegative weak solutions exist, is unique and immediately become Holder con-
tinuous for positive times. In contrast to these two cases, few regularity results are available
for (1.1.1) with m > 1 and nonzero V, even in smooth settings. Below we discuss differences
in local behaviors of solutions between our equation and the aformentioned cases by a scaling

argument.



For given a,r > 0, let u,,(x,t) := au(rz,r*a™ 't). Then @ := u,, solves

Oyt = AU 4+ V - (Vi) with V(z) == a™ 7V (rz).

When V' = 0, the above scaling was used in [35, 38] along with De Giorgi-Nash-Moser
iteration arguments to derive Holder continuity results. Here 1/a is chosen to be the size
of oscillation for u,, in the unit neighborhood, and our goal is to show that this oscillation
decays with a polynomial rate as » — 0. Thus our interest is in the case when the oscillation

is large, i.e. when a < r~¢ for arbitrary small € > 0. Note that

~ 1 1-4
HV(')HLP(Rd) =a" ! p“V(')HLP(Rd)-

Recalling that a is bounded by an arbitrarily small negative power of » > 0, it is plausible
that if V is bounded in LP(R?) for some p > d, then solutions to (1.1.1) behave like the
classical porous medium equation in small scales and generate bounded, Holder continuous
solutions. Indeed when V € LP(R?) with p > d we will show that weak solutions exist and

stay bounded for all times, if the solutions are initially bounded.

These heuristics however pose serious challenges to deliver uniform regularity results for
our equation. The most apparent difference from the linear case comes from the fact that
our diffusion is degenerate at low densities. The key is to prove the oscillation reduction
in spite of the competition between the singularity of the drift and the degeneracy of the
diffusion in small scales. Perhaps for this difficulty, it stays open to show that solutions

become immediately bounded when starting with merely integrable initial data, when p > d.

On the other hand we are able to show that when p < d, uniform Holder estimates
are impossible even among divergence-free vector fields, thus establishing half of the sharp
threshold. This is again expected to hold from the above heuristics, however the correspond-
ing result does not seem to be shown for the linear case m = 1 to the best of our knowledge.
Our proof, based on barrier arguments akin to [65], uses the degeneracy of diffusion at low

densities and thus cannot be extended to the linear case.



Most results in this chapter come from a joint work with Inwon Kim [50]. In [50], Theo-

4

rem 1.2.1 is proved when p > d+ 755.

In my current work with Sukjung Hwang, we improve

it to p > d.

1.1.1 Summary of Results

Below we state two theorems that summarizes our main results.

Theorem 1.1.1 (Well-posedness and regularity). Let us consider (1.1.1) with nonnegative
iitial data ug € L'(R?) N L®(RY) and with ||V || 1»ray < 00.

(a) [Theorem 1.2.1] If p > d, then there exists a weak solution u € C([0,00), L*(R%)).

Moreover u is uniformly bounded for all t € [0, 00),

sup [u] < C(m, d, [[uolloo, [[uoll1, p; [[V'[l,)-

(b) [Theorem 1.2.4] The weak solution is unique if V is uniformly C in RY.

(¢) [Theoreml 1.5.1] If p > d, and if u is a weak solution of (1.1.1) in {|z| < 1} x [0,1]

that is also bounded, then w is Holder continuous in {|z| < 1} x (0,1).

As for (b), when V is not C'!, general uniqueness of weak solutions are open except between

strong solutions: see Theorem 1.2.5.

Regarding (c), some relevant results for (1.1.1) are from [31,35], where integrability condi-
tions are assumed on both V and VV. Let us also very briefly mention some results for the
linear case m = 1 where the threshold L{°L? remains the same. In [40,64] it is shown that
if Ve L>([0,T], BMO~*(R?)), then an initially integrable solution becomes immediately
Holder continuous. As for LP L] type bounds, Lieberman (see [55], Ch. VI) proves Harnack’s
inequality (which implies Holder continuity of solutions) for V' € L2 L] with %—l—% < 1. Later
Nazarov and Ural’tseva extend the results to % + % = 1,9 < oo in [60]. For the borderline
case, the corresponding result for LEL® drifts is open except for the stationary case, see [63].

The papers [61,73] consider this problem for divergence free drifts in spaces sharing the same



scaling property with L? and BMO™'. In two dimensions, even L'-bound for time indepen-
dent divergence-free drift turns out to be sufficient to yield continuous solutions ( [64], [65]).

Corresponding regularity results for m > 1 in two dimensions remains open.

Next we state the singularity results for the threshold case, where V € L4(R9).

Theorem 1.1.2 (Loss of regularity, Theorem 1.4.2). There exist sequences of vector fields
{V,.}n, which are uniformly bounded in L(R?), along with sequences of compactly supported,
uniformly bounded initial data {ug,}, such that the following holds: the solutions {un}, of
(1.1.1) with V,, and initial data g, stays uniformly bounded, but they do not share any

common mode of continuity.

The sequence of drifts given in above theorem represents strongly compressive drifts con-
centrated near the origin. Thus one naturally asks whether the regularity of solutions are
better with singular, but divergence-free drifts. It turns out that the critical norm for drifts

stays the same for divergence-free drifts.

Theorem 1.1.3. (Loss of reqularity II) [ Theorem 1.4.3] There is a sequence of vector fields
{Vi.}n that are uniformly bounded in L*(R3), and a sequence of uniformly smooth initial data
{tn0}n, such that the corresponding solutions {u,} of (1.1.1) are uniformly bounded in height

but not bounded in any Holder norm in a unit parabolic neighborhood.

The proof of above theorem is motivated by the corresponding result in [65], where loss
of continuity is shown for solutions of fractional diffusion with drift at critical regime. In
contrast to [65] our example makes use of the degeneracy of diffusion in small density region,
such as finite propagation properties or slow decay rate for the density heights. For linear
diffusion the corresponding loss of Holder regularity results appear to be open, to the best
of our knowledge. Let us mention that for linear diffusion with L'-drifts, [64] shows the
existence of discontinuous solutions for d = 3, while in two dimensions time-dependent

vector fields are needed to generate discontinuity in solutions (see [65]).



1.2 Priori Estimates

In this section several a priori estimates are obtained for solutions for (1.1.1).

Definition 1.2.1. We say an integrable vector vector field V : R* — R? is admissible if
V =Vi+ V5 where
Villoo + || V2l < 00 for some p > d.

Let V' be an admissible vector field given in Definition 1.2.1. For any e > 0, consider
smooth vector fields {V, Vi} such that, as e — 0, V¢ converges to V; in L®(R?) and Vi
converges to Vs in LP(R?). Denote V¢ := V¢ + Vi and

() == 2™ + ex.

For some large r > 0, we consider u., which solves the following problem:

%Ue,?‘ = Agpe(ue,r) + V- ('LLe,rve) =0 n Br X [0’7-']7
(Veoe(tey) +ue, V) v =0 on (8B,) x [0,T], (1.2.1)
uﬁﬂ"('r’ 0) = U()(,T) on Br

where v denotes the outward unit normal on 0B,. Note that (1.2.1) is a uniformly parabolic

quasi-linear equation with smooth coefficients, and thus u., exists and is smooth.

In the following theorem, we are going to prove that u., are uniformly bounded indepen-

dent of € and r. We use a refined iteration method of Lemma 5.1 [52].

Theorem 1.2.1. Let u = u,, solves (1.2.1) with initial data uy € L*(R?) N L>®(R?) and
admissible vector fields V¢ = V¢ + V. Then u(z,t) is uniformly bounded for all (x,t) €

R? x [0,00). The bound only depends on m, p, ||V |lso, IVsllp, luolli and ||uol]so-

Proof. Without loss of generality, let us suppose that the total mass of ug is 1 and so is
the total mass of u(-,t) by the equation. Let us omit the script € on V¢ and simply write

V=V+W.



Denote u; := max{(u—1),0}. Since u is smooth, we multiply «}~* on both sides of (1.2.1)

and find
(’9t/ uydz :n/ weu < —mn/ um_1VuVu7f—1dx—n/ VuVuitdz.

Since in the region where Vu; # 0, u > 1, the above
< —cm/ ‘Vulg
By
We have for any § > 0,
< 5/ ‘Vulg
B

Later we will fix a ¢ small enough such that the sum of the positive coefficients in front of

2 n_ n
dx —2(n — 1)/ Vuuf 1Vuf dz.
B

dz.

n I

n_q n
Vuuy Vuidz
B,

2
dx+C’n2/

21
‘Vuuf
ReN{u>1}

i) B, |Vu1% |?dx terms are bounded by c,,. The above shows
012

0|2 n_
(’315/ u?dxg—/ ‘Vuf dx+n2/ Vuu? Y d (1.2.2)
B, By {ux>1}

where the constant in “ <7 depends only on m,d. Next

'

Xni=

2

n

n_ 112 n_
Xng/ Vi(l+u)uz dx+/ Va(l+uu? | de
{u>1} o Juey )
X:;: )?;2

and
X [t
{uz1}

By Holder’s inequality,

1

1 1 1
X, 5 (/ ‘/22@{1 dl’) “ (/ U?QQ + u(ln—Q)(DdI) 2 5 (/ u;lqz + ugn—Q)Qde> 2
{u>1} {u>1} {u>1}

where ¢, = £, qil + q% = 1. By the condition
1 2

I>—>1—-. (1.2.3)
q2 d

Because u has total mass 1, the total volume of the set {u > 1} is bounded by 1. So
Xn1 S

13

X,2 and we have

1

1 1
Y < (/ e +u(n2)42dx) 2 < </ W2 4 1dSC) 2 < ‘
n ~o 1 1 ~ 1 ~
{u>1} {ux1}

2

+1
2q2

n
2
Uj




By Gagliardo-Nirenberg inequality,

WhereQ—;:(%—é)v—l—(l—y) and

-5/ (1)

which belongs to (0,1) due to (1.2.3), and C} only depends on p. By Young’s inequality

2 n O\ 2
+ Csn® (/ ufdw) +C (1.2.4)

n 1—
2
Ug

n

3
Uq

n

2
Uq

v
2

Y
+Cl‘

2q2 1 1

) n

. _ %
with ¢, = -

Again using Galiardo-Nirenberg inequality and Young’s inequality it follows

1-p

n n|B| =n n n n
‘ utll S HVuf uf + ’ utll < HVuf + ’ uf
2 2 1 1 2 1
with 8 =1/ (3 +1). So for some universal C, ¢ > 0
n 2 n 2 n 2
HVuf >C ‘ ut |l — c‘ uf (1.2.5)
2 2 1

From (1.2.2), (1.2.4) and (1.2.5), we have

2
at/ uy + co/ ulldr < Cn©+? (/ ufdx) + Cn?.

Now let ny, = 2% for k = 0,1,2... and Ai(t) = [u{*(2,t)dz. To conclude the proof we need

the following lemma, whose proof will be given in the appendix.
Lemma 1.2.2. Suppose {ny} is a sequence defined by

no =1, ngp1:=2n; +a for all k >0, where a > —1. (1.2.6)

Let {Ag(+),k = 0,1,...} be a sequence of differentiable, positive functions on [0,00) that
satisfies
d

S AL+ Codi S O + CH (A )P O™ g

for some constants Cy, Cy. Then {By(t) := A,ﬁ”'? )(t)} are uniformly bounded for all t > 0
and k, given that {By(0)} with respect to k and {By(t)} are uniformly bounded with respect
tot > 0.



-1
From above lemma, A,* are uniformly bounded. We have that ||u}(-,t)||, are uniformly
bounded for all ¢ and n € {2%,k = 0,1,2...}. By interpolation, this shows that |lu|, < oo

for 1 < p < oco. Since

/ udr < / (2uy)"dx + 2" / udr S 2",
r {u=2} {u<2}

we find the L* bound of u which is independent of r, e. O

1.2.1 Existence

In this section, we show existence of solutions to (1.1.1) with V' € L>®(R%) + LP(R?) for some

p > d. We use the following notion for solutions.

Definition 1.2.2. Let ug(z) € L>®(R?)NLY(R?) be non-negative. We say that a non-negative
function u(z,t) : R x [0,T] — [0,00) is a subsolution (resp. supersolution) to (1.1.1) if
ue C([0,T), L(RY) N L¥(R? x [0, T]),
uV € L*([0,T] x RY) and u™ € L*(0,T, H'(R?)).

And for all non-negative test functions ¢ € C=(R4 x [0,T))
T T
/ / updrdt > (resp. §)/ uop(2)p(0, x)dx +/ / (Vu™ +uV )V dxdt.
0o Jrd Rd 0 Jrd

We say u is a weak solution to (1.1.1) if it is both sub- and supersolution of (1.1.1).

Theorem 1.2.3. Assume V is admissible. Then there exists a weak solution u to (1.1.1)

with nonnegative initial data uy € L= (R?) N L(RY).

Proof. The proof is parallel to the previous works [5,6,8]. Recall that u, solve (1.2.1).
Theorem 1.2.1 states that for all ¢ € [0, 7], {u.,} are uniformly bounded in L'(B,)NL>(B,)

independent of e, r.

Using ¢.(u.,) as the test function in (1.2.1), we obtain

. T
—— ™t 4 S ulde
B, m + 1 ’ 2 0




- // Vo (ue,)|*dodt — // Ue V- Ve (ue,)dxdt.
% [0,T] B x[0,T]

From Holder and Young’s inequality

// Vo (ue,)|Pdedt < C + // u? |V dxdt (1.2.7)
Brx[0,T] Brx[0,1]

Let ¢ be such that § + % = 1. Then

€12 €2 2 €2
Hue,rv HL2(BT><[0,T]) < Hueﬂ“vl HLQ(BTX[O,T]) +2 Hue,rHLq(BTX[Q,T]) ||V2 HLP(BTX[O,T]) :

The two terms on the right hand side are uniformly bounded with respect to € and r, since
{ue,} are uniformly bounded in L*°(Bg) N L'(Bg).

By (1.2.7), {V¢.(uc,)} are uniformly bounded in L?(B, x [0,T]). As in Theorem 1 of [5],
{ter}eso is precompact in L*(B, x [0,T]). Along a subsequence as € — 0, we obtain a weak

solution w, to (1.1.1) in B, x [0,7] with no-flux boundary condition. Then following the
proof of Theorem 1 [5], it follows that u, € C([0,T], L*(Bg)).

Now we send r — oo. Notice that the L>([0,T], L*(B,)),p € [1,00] bounds we have
on {u,} and L*(B, x [0,T]) bounds on |Vu™| are independent of r. These bounds yields
sufficient compactness to yield a subsequential limit u € C([0, 7], L'(R?)) which is a weak

solution of (1.1.1). For complete details, we refer to Theorem 2 [5]. O]

1.2.2 Uniqueness

This section discusses two uniqueness results. First let us consider a relatively smooth vector

field V' and show comparison principle for weak solutions.

Theorem 1.2.4. Write V = (V'),_;
M >0

a and Iy as d x d identity matriz. Suppose for some

.....

V| < 400, —MI; < DV < MI,. (1.2.8)

Let u,u be respectively a subsolution and a supersolution of (1.1.1) with initial functions

U, Uy such that uy < uy. Then u < wu fort > 0.



Proof. Define a(z,t) := (u™ — u™)/(u — u) if u # 4, otherwise a(z,t) :== mu™'. Suppose

€ > 0 is small enough and N is large enough such that

// lu™ — a™|dxdt < €. (1.2.9)
R x[0,1]N{a>N}

Let ay. be a smooth approximation of a + € such that for ¢ € [0, 1]

e<ane <N, |ane(-,t) —min{a(-,t), N} —¢€l]s <e. (1.2.10)

For any smooth non-negative compactly supported test function &, we consider the follow-

ing dual problem to (1.1.1):

Pt anAp =V Vo +£=0 R x[0,T];
(1.2.11)
u(z,T) =0 on R?

for some T" € (0,1] to be determined. Since ay. > €, there is a unique solution ¢ > 0 of

(1.2.11) which is smooth.

We write u = u — u. Since u and @ are respectively super and subsolutions, by the weak

inequality satisfied by u with respect to test function ¢, we deduce

0< // ucptdxdt—l—// auA@dxdt—// uVVgodxdt—/ u(z, 0)p(z,0)d.
R x[0,T] R x[0,T) R x[0,T] R

Using that u(-,0) > 0,¢ > 0 and (1.2.11), then

// uédxdt < // lulla — an || Ap|dzdt
R2x[0,T] R2%[0,T]
aNe‘ %
an | Ap|Pdzdt | dxdt ) (1.2.12)
R4 x[0,T] R4 x (0,7 AN e

We want to obtain a priori estimate for the term Agp.

Fix ((t) be a smooth function such that 1 < ((t) < 2 and § > 2dM +4M +1 for t € [0, T

which can be done when 7' is small enough.

We multiply (1.2.11) by (A, after integration that is

//Rd [ ]CV~V¢Agod:cdt:
x[0,T
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// oiCApdxdt + // Can.|Ap|*drdt + // CEApdxdt.
R4 x[0,T] R4 x[0,T R4 [0,T]

Using integration by parts and Holder’s inequality in the first inequality, the above (see
Theorem 6.5 [70] in 6.2.1 for details).

// —Ct|V(,0| dxdt + // Can. | Apl*dzdt — // (VEV pdxdt
Réx[0,7] 2 Réx[0,7] R x[0,7]

> (dM + 2M) / / Voo2dudt + / / an | ApPdudt — C / / Ve Pddt.
R4 x[0,T R4 x[0,T) R4 x[0,T]
Then ffRdx[O,T] an. | AplPdrdt <

// §V-V¢Agpdmdt—(d+2)M// |Vg0]2dacdt+0// |VEPPdadt. (1.2.13)
R4 x[0,T] R4 x[0,T] R4 x[0,T]
By (1.2.8), —(V) < Ml and |V - V| < dM,

1 .
// CV - VoAedrdt = = // (|Ve|*V - Vdzdt — // ¢ @a Vi pu dudt
RAx[0,T] 2 J Jraxjom) RIX[0,T] !

,J
< (d+2)M // V2dudt.
R4 x[0,T

Plugging the above inequality and (1.2.13) into (1.2.12), we get

1
// wtdudt < C|VE| e 011 (// la—an d:cdt)
R4 x[0,T] RIx[0,T] aN,e

Now we use (1.2.10) and find out
// la — an*lul* < 2// Imin{a, N} + € — a.o|*|u|*dzdt+
R x[0,T] Réx[0,7]

2// 62|u|2d$dt—l—2// a®|u|*dxdt
Réx[0,T] {a>N}

< (2l +20ula gy +2) € < CE
So since ay, > €, by (1.2.12)

1
// ugdzdt < C||VE|| L2(raxor)€?-
R4 x[0,T

Letting € > 0, we conclude that [ fRdX[O uédzdt < 0 for all arbitrary C2° test function
¢ > 0. And so u < 0 within time [0, T7.

Finally since T only depends on d, M, doing this repeatedly finishes the proof. O

11



Our second uniqueness result is a consequence of the following L' contraction, which
holds between “strong solutions” if m is not too large depending on the singularity of V.
The existence of strong solutions remain open, with the exception of zero drift case (see [1]

and section 8.1.1 of [70]).

Theorem 1.2.5. Suppose ||V, < oo for somep > 2 and 1 < m < 1+ %. Let uy,us be

two nonnegative weak solutions to (1.1.1) with initial datas uy g, usg respectively. Assume in
addition that
3t(u1 — Ug) c Ll(Rd X [O,T])

Then the following holds:

/ (up — ug)4 (t)dx < / (urp — ugp)ydr  for 0 <t <T.
Rd

Rd
Proof. Let ¢ € C'(R) be such that ¢(s) = 0if s < 0 and p(s) = 1 if s > 1, with
¢'(s) € (0,2). Denote ¢,(s) := ¢(ns) for n = 1,2,... By definition of the weak solution we

have, with w := u* — ul’,

// (ug — ug)ppn(w)dadt = — // VwVe, (w)dzdt
R x[0,T] R x[0,T]
- // (uy —ug)V - Vo(w)dxdt
R4 x[0,T

= // [Vw[*¢), (w)drdt— // (ur — u2)V - Vw ¢, (w)dxdt.
R4 [0,T] R4 [0,T]

Since ¢!, < 2n,

— // (ug — ug)VVw ¢, (w)dxdt <
R4 x[0,T

// |Vw|*¢ (w)dz + 2n // luy — ug ||V |*dxdt.
R4 x[0,T] O<w<d

When p > 2, let ¢ be such that % + % = 1. Note that when w > 0, u; > us > 0 and thus

ug — ua|™ < Juf" — ul us| < Jwl.

12



Thus we have

// 1|u1—u2|2|V|2dxdt§// Dy — g |V Pl
0<w< - 0<w< -

< w@g) // |uy — ug|dxdt (// |V2|pdxdt> "
O<w< i R2x[0,T]

Then, since |u; — u;| < C([0, T]; LY(R?)), it follows that
1—pt2

/ (w1 — ua)s pu(w)da < Cn' w3 = Cpl
Rd

the right hand side of which goes to 0 as n — oo due to m < 1+ %. Now we send n — oo

to derive the desired inequality:
/ (ur — ug) ¢ (t)dx < / (u1,0 — uz,0)+dz.
Rd R4

If p = 2, parallel and easier proof yields the result. O]

1.3 Holder Continuity

1.3.1 Interior Estimates

In this section we establish the Holder continuity results for (1.1.1).

Theorem 1.3.1. Suppose V is locally uniformly bounded in LP(RY) for some p > d. Let u
be a non-negative weak solution to equation (1.1.1) in Q1. If u(-,t) is uniformly bounded by
M in @1, then u(-,-) is Hélder continuous in Q%. The Holder norm only depends on M, m,

p. d and ||V .

The proof of above theorem consists of several lemmas and propositions. We begin with

notations. The scaled parabolic cylinders are denoted by
Q(r,c) :={z,|z| < r} x (—cr?,0) for r,c > 0. (1.3.1)
The standard parabolic cylinder is denoted by @, := Q(r, 1).

13



For given p, we will use

2d 1 2 1
(51 ::2__7 52::_517 q1 ::1__7 Q2::1__'
P 2 p p

2

2 > 1. Let us define a new variable

In particular if p > d > 2, ¢; + % >1,q0+

Then v satisfies

Next we re-scale v by

—1
v(z,t) == v(re,r*w™ ) in Q(r,w™*) with a:= m-
m

Then v solves
wa(vi)t =Av+1rV- (vif/), where V (z,t) := V (rz, r*w™t).

Also denote
vl = max{(v—k),0}, wv; :=max{(k—v),0}.

(1.3.2)

(1.3.3)

(1.3.4)

(1.3.5)

We begin with an energy inequality. The proof of the lemma below are in the same spirit

of the ones in Theorem 1.2 in [38] and Lemma 6.5 [37] which applies to (1.1.1) with V' = 0.

We will emphasize on the differences in the proof that occurs due to the nonzero drift term.

Let S be a measurable set in R?. The indicator function ys(z) equals 1 if z € S and it

equals 0 otherwise.

Lemma 1.3.2. Suppose v satisfies (1.3.5) in a neighbourhood of Qy for some positive w,r

such that w > oscg,v. Suppose V is locally uniformly bounded in LP(RY) for some p > 0.

Let ¢ € C§°(Q1) be non-negative and

(<1, |V <O, A <CE |G| <.

14



Denote B' := By N supp{C} and for q € (0,1]

0 q
Bk;q = (/ </ X{v(x7t)<k}dx> dt) )
-1 B’
0 T \73
Ak;q = (/ (/ X{v(:p,t)>k}d$) dt)
1 \JUp

and M*, M~ as the supremum and infimum of v in Q1 respectively.

Q=

If £ > M~, then fort € [-1,0],k < M,
t
_ N2
e ¢Pdz+ | ||V (v O)l5 s i ds S (CF + Co)w? B+
By x{t} 1 Brxs)
7 meglq + C 'r"S%ulJWnB,?q2

Fort e [-1,0,,% > M~ , k> M~, we have
/ Preq dx—l—/ IV (v ¢ Hzle{s 5 < (C? + Oy)w? Apg +
B1><{t}

+ ClT62w1+ A(D

01 q1
rolwm A koo

kiqq

(1.3.6)

Proof. Let us only prove the second inequality. After multiplying (1.3.5) by v; ¢? and doing

integration in space as well as from 0 to ¢, we get

vt t
wom™! </ (k+5)“£d£) ¢idz + / IV () 5,y
Bix{t} \Jo !

¢
< 207 / i I 5, s+ 200 / /B ( / (h+6) agdg) Cdads+t
- 1
t
r/ / vnlwf/V(v,jCQ)dxds—i—QClr// vﬂfﬂv,ﬁ(dmd&
—1 Bl 1

Since v}’ + k < w, we know

+ +

g < [ e oosae < [T gras < ko, (1.3.7)

The term r fjl fBl vm V'V (v ¢?)dzds is bounded by

t 5 - 1 t t o~
7“2/ / vm|V|2(2X{U>k}dxds—l——/ IV (v ¢) |2d:17ds+7‘/ / v |V v |V ¢|dxds.
1B, 2J.1J)B, ~1JB,

15



From the above inequality we deduce

t
[ il [NV @O by ds S Gk 3, + o [[
Byx{t} -1 Q1

r? // vi\f/\zgzx{wk}dxdt—l—(}'lr// v |V]oi Cdds.
1 1

We denote the last two terms in the above by X. Note v;” < w, therefore

v dxdt+

S u)Ak;l-

S w2Ak;17 }vlel,Ch

2
o[l q,
Recalling that Ay, = meas{Q1 N {v > k}}, it follows that

t
/ " ol ¢ (t)dx +/ IV (vii¢) H;le{s} ds < (CF + Co)w® Ay + X. (1.3.8)
By x{t —1

Now we bound the term X. Since V(z,t) = V(rz, r?w°t), by the assumption, for each

time ¢
~ _d _d
VOl =r"? IV, Sre. (1.3.9)

Then recalling ¢q; := 1 — 127’

0 % q1
r2/ |V|2C2X{v>k}dzdt < 7"2/ ( |V|pdas) (/ Xv>kdx) dt
Q1 By B’

-1

0 _ q1 g
< [ ([ st s a,,

Similarly, for ¢» satisfying %} + ¢2 = 1 we have

P[] Wixidn < A,
Q1

Combining with (1.3.8), this immediately gives (1.3.6) by the assumptions. Parallel argu-

ment applies for the first inequality, except that instead of (1.3.7) we apply
1 —af,,—\2 i -« L -
AP - egde < kv
0

and the bounds of v, V.
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Corollary 1.3.3. Under the assumptions of Lemma 1.3.2. If there exist some universal

constants c,e > 0 such that

2 1
k> cw, rwm < rw?, r2wtm < rfw?

Then we have
0
/1 |V (vi¢) H;le{s} ds < C|M* — k[*Aga + CrewAf). (1.3.10)

Proof. The proof follows from a straightforward modification of the one of Lemma 1.3.2.

First, by the assumptions we can replace the second and third inequalities in (1.3.7) by

+

[ grecs <i [ cde s S woelart - kP
0 0

Second by Holder’s inequality it is not hard to see that Ay, is increasing in ¢ for ¢ € (0, 1]
ie. Apg < Apg < A With these two and the previous proof, we conclude with the clean

expression (1.3.10). O

The first energy inequality in Lemma 1.3.2 will be used in Proposition 1.3.4. The second

one will be used in Lemma 1.3.10 and we will apply (1.3.10) in Lemma 1.3.9.

Next we prove two propositions which regards oscillation reduction. The first one implies
that under a suitable assumption the solution is bounded away from 0 with certain amount.
The other shows that if the assumption is not satisfied, then the supremum of the solution

decreases once we look at a smaller parabolic neighborhood.

Proposition 1.3.4. Letp > d, a = mT_l and

(21 o-8)

Suppose v solves (1.3.3) in a neighbourhood of Q(r,w=%) for some r,w > 0. Denote M~ =

inf {v, (z,t) € Q(r,w™*)} and let us assume that

W > 08Cq(ruw-yV; and M~ < % (1.3.11)
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Then there exists co € (0,1) that only depends on m,p and ||V ||r(@eruw-o) such that the

following holds: for all 0 < r < w® if

meas {(:U,t) € Q(ryw ), v(x,t) > M~ + %} > (1 —c)|Q(r,w™)|, (1.3.12)

then

_ w
VlQ(g ey 2 M7 +

Proof. Recall that v(x,t) defined in (1.3.4) satisfies (1.3.5) in Q1. Set

1 -n A __ L _ w w
Tn::§+2 7Qn_Q<rn71>7kn'_M _'_Z—i_WJ

. 0 ¢ N\
Bn;q = (/ , </B Xv(a:,t)<kndx> dt) .

Pick ¢, € C°(Q,U (Qn + (0, 2*”))) which equals its maximum 1 in Q. Since r2 —r2, | ~
27" we can assume

Recall the notation v, := max {k — v,0}. By Lemma 1.3.2, after integration we have

t
ess sup / |Uk_n|2d$ + / HV (Uk_nCn) H;,Bmx{s} ds
Br,, 1 x{t} —Tn+1

—rnt12<E<0

n, 2N 81,2 P n 02, 1++ Dgo
S A"w By + rwnw Bl + 2" w T Bl

Unravelling the definition and condition we have rfiwm < w?, rf2w'*m < w?. Therefore if

taking supremum of ¢ € [—r2,,0] as well as ¢ = 0, we obtain

™n

0
Hv,;gnﬂf/m = esssup /B |Uk_n<n|2(';t)d$+/2 HV(U,;QI)”;BMX{S}ds

—rn412<t<0 2,

< 4"w2Bm1 + w2BYqﬁq1 + 2"w? B2

niq2’

(1.3.13)

By Sobolev type embedding (see page 76 in [54]),

2

2 2 B~7

k, S || k, H o
HvknCTL”LQ(BTnX[ 2 0)) ~ UknCn V1,0 X n;l -

_rn+1 )
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So by (1.3.13), we get

~ ~ ~ ~_2_
S (4B + Bl +2° B2, ) w* B (1.3.14)

o, 6l
vk" " LQ(Bv'nX[_T%+1aO])

By definition, v, > 55 in Qni1 N{v < kny1}. Then

Exa —— (w2773 dedt > 2B, ..
" Qnr1n{vy, , | >0}

n+1

Notice the length of the time interval is bounded by 1. By definition, Bn;q is monotone in

q € [0,1]. In particular since ¢; < ¢ < 1,

Bn;q1 < Bn;qz < Bn;l‘

Putting above computations together, we arrive at

. 142 L2
Bupia S 16"B, ™ + 16" ZL BEY (1.3.15)
where .
0 p=2 T+r
» 2(p—d
Zn = (/ (/ Xv(z,t)<knd$) dt> and Kk := M
_T’I2L BT‘n pd
Define
21+~
hi =2(1+k), hy= (p—2)p
and then, after unravelling the definitions,
2
o}

—r2

7, = [/0 (A" (1)) 7 dt]

We observe that

S n
i1 < / (/ (v—p_ — k:n)’l2 dx) dt]
LY 2 Bn+1

2
hi

Tn+1

[0 ha ~h % 2
S / ) </ (U - - = kn)—zgnQ dx) dt - ||vk_7’bcn||L:L1LZ2(Qn)

On the left side, we apply the Sobolev type embedding (Proposition A.1.4) and then use

(1.3.16)

S

(1.3.13) to say

HUEnCnHi?ngz(Qn) < Cllvg, Gallbgn < w? By + 2" w? 23" (1.3.17)
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Then the combination of (1.3.16) and (1.3.17) provides

Zpi1 < C16" B, + C4" 21", (1.3.18)

With (1.3.15) and (1.3.18), we apply Lemma 1.3.5 to conclude that both Bn;l and Z,, tend
to zero as n — oo, provided

B, + Z3t"
are small enough. Boo;l = ( directly gives our conclusion.

]

We state a lemma concerning the geometric convergence of sequences of numbers. The

proof is given in [36].

Lemma 1.3.5. Let {Y,} and {Z,}, n=0,1,2,..., be sequences of positive numbers, satis-

fying the recursive inequalities

Vi < GO (Y10 4 Z0Ye)
Zpi1 < COM (Y, + Z117)

where C,b > 1 and k,a > 0 are given numbers. If
Yo+ Zyte < (20)’1%1)*%, where o = min{k, a},
then {Y,} and {Z,} tend to zero as n — oo.

Now we proceed to the second proposition.

Proposition 1.3.6. Let v and ¢y be as in Proposition 1.3.4. Suppose (1.3.11) holds while
(1.3.12) is not satisfied. Then there exist universal constants ci,co which only depends on

co,p and ||V||zr(q,)such that the following is true:

For r satisfying r < cyw®, there exists some n € (0,1) such that
r < — < .
VoG gume) S
The constant n is independent of w which may depend on cy.
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The proof of the proposition rests on a number of lemmas which are variants of Lemma
6.1, 6.2, 6.3, 6.4 in [37]. We will sketch the proof for some lemmas and emphasize on the

differences.

Lemma 1.3.7-Lemma 1.3.10 stated below are proven under the conditions of Proposition

1.3.6 and, for ¢y given in Proposition 1.3.4 we have
__w
]\4Jr - M Z 5 + CoW, (1319)
where M and M~ denote respectively the supremum and infimum of v in Q(r, w™?).

Let v(x,t) be as given in (1.3.4) and define

Apr(t) :=={z € Bg : v(z,t) > k}. (1.3.20)
We denote Ay (t) := Ay1(t).

Lemma 1.3.7. Let ky = M — cow. There exists 7 € (—1,—%) such that

Al <0 -a) (1-2) 7 1B,

Proof. Observe that, by (1.3.19), k; > M~ 4 5. If the claim is false,

C

_c0
meas{(x,t) el <1 te (—1,—%),11 > M+ %} > / T AR (D]dE > (1= )| B

~1
which agrees with (1.3.12) and thus contradicts with the condition of Proposition 1.3.6. [
Lemma 1.3.8. Let ¢y as given in Proposition 1.3.4, M™ in (1.3.19) and Ag(t) in (1.3.20).
There ezist universal constants cy,co > 0 and a sufficiently large positive integer ¢ = q(co)

which is independent of w such that if r < cyw® then for ky = M™ — $2w we have

02

| Ak, (1)] < (1 — ZO> |By| fort e [—0—20,0].

Proof. Without loss of generality we may assume that ¢y < 1. We follow the outline of the
proof for Lemma 6.2 in [37]. The additional ingredient is that we need to consider the effect

of the drift term and give a clear description of how small r need to be. For ¢ > 3, consider

B CoW
Y(w) =log” (cow — (v — (MT = cow))* + gz%w) '
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Then
24
0 <(z) < qlog2, and ¢'(x) € lO, —] for z € [0, M™]. (1.3.21)

CoW

Let ¢ be a cutoff function in B; that

(=1in By_,, ¢ €10,1], V(] <

> o

where A € (0,1) is to be determined.

Consider ¢ = (¢?)'(v)¢*(z). Let 7 be from Lemma 1.3.7 and set Q" := B; x [r,t]. By
calculating [, mv®v,(¢?)'(*dzdt and using equation (1.3.5), we find

w [ RICES [ (v o 0) (V) de

Notice that (¥%(t))” = 2(1 +¥(t))(¢'(t))?. So
a 2 2d Y 2 2d
v /le{t}d} W)z —w /le{f}w (W)l

+// ()|Vv|§da:dt+// (14 DI PITC

< AN RO b2V - [ Vom
o [ 1woviotiivio Jﬁ//ﬂw ()¢ - dodt.

J/

Since v < Mt ~w, ¥ < gq,

X2 S CU)QQ)\_z + 0(].)X1

From the Holder inequality and the fact that |[V¢| < A7 ¢ € [0, 1],

X< 0r [ (190 wb@) b HIVIC+ o1+ 0 PIVOlIVIG? + X op VG dode
< o(1) X, + 7 //T UW@M// + 0P (1 + Qﬂ)w’\z) \V|2dxdt + r//T A Loy |V |ddt.

Recall (1.3.21) and that v < w < 1. Hence we obtain

Xy < o(1)X, + (4%r2 /2w / / IV 2dadt + (2% /o)) / / V| dudt
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Now by (1.3.9)
X3 < o(1) X, + (4%r® /2w®) + (29gr°2 /o).

Let Ay r(t) be as given in (1.3.20). Computations in the proof of Lemma 6.2 [37] yield
[ ¢ = (g - 11052 A0,
B1><{t}
[ s < (glog2P|40, ()
BlX{’T}

where k; is as defined in Lemma 1.3.7. From the above,

Cq . C4aroq C2ro%q
qg—1)2  Alg— 12w coAg—1)2w>

| A, 1-a(t)] < (%) | Ak, (T)] + [

And we have
|Akp1-2 ()] > [Ar, ()] — | Bi\Bi-a| 2> |Ag, (t)| — CdA| By

By Lemma 1.3.7 and ¢ > 3, we obtain

2 s 5
1 — 1 49y91 99,402
A, (1)] < . O L Cd | 1B +Cy (ot —— ), (1.322)
q—1 Co A%q

1—-3 cAqu?  coghw®

where Cy and (' are universal constants.

Let us now choose A and ¢ such that

1 g \° Co c; 1,
= 1) < (1-9 ¢ Lot 2By.
AEaTew (q—1)-—< 2>(+”@’Aq—4%|“

It is possible to choose such ¢ since for ¢y small, (1 — %)(1+ ) > 1. Due to the drift term

we require

1
(4% e + 2% [eohw®) S Zqc| Bul.

Since ¢ is fixed and A(cp), g(co) are fixed, this condition is equivalent to r < c;w® for some

fixed ¢1(cp), c2(co) > 0.

Finally we can conclude with the right hand side of (1.3.22) < (1 —(%£)?)|Bu].
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Lemma 1.3.9. Let q be as given in Lemma 1.3.8. Then for any v € (0,1) there exist
c(7, co,q) > 0 and po(7y, co, q) > q such that the following holds: if r satisfies the assumption

giwen in Lemma 1.5.8 and further satisfies r < c, then

(0120 o~ ] o0 3.

Proof. The lemma is a variant of Remark 6.1, Lemma 6.3, 6.4 [37].

Write {u >k} := {z € By, u >k} for any u € W'?(By). Lemma 6.3 [37] says that for

any [ > k,
1 C
(I—k)|{u>k}|'a< |Vul|dz. (1.3.23)
|Bi| = [{u >k} | Jiuskp fusty
We will chosider | = k,y1,k = kg in above inequaltiy, wher k, := M™ — $2w, where s is a

sufficiently large integer to be determined below.

Let us choose A = A(7, ¢p) such that

(e D) <3le ()] w2

With above choice of A, let 0 < ((z,t) < 1 be a cut-off function compactly supported in
Q ( C—O) which equals 1 in Q(A, ).

72

Write
A(t) = {z € Bio¢ > kY, AL, = {(@.0) € QL D), 0¢ > k],
Ak,/\,co = {(l’ t)EQ( 62) ’U>k}
Then
wey | ¢ 11 C
W ¢ (1)h < / IV (00)|da. (1.3.25)
geHt e meas {Bl\Ags (t)} AL NS (®

Recall that from (1.3.20) Ag r(t) = {x € Bg,v >k} and Ax(t) = Ax1(t), so by definitions
of the sets
Apa(t) C AS(t) C Ap(t).

By Lemma 1.3.8, for any ¢ € [-%2, 0],

meas {31\Ais(t)} > meas { B\ A, (t)} > < ) | By
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Since |Ai (t)| is bounded by |By|,
CIAL,, (O 2 JAL (D] = [Ak a0

Then
0
_1
Aps ] < C / A ()] ht.

2

After integrating (1.3.25), Holder inequality yields that

wey c [°
a5 [ VOl
0J- Aks(t)\AkSH(t)

¢ }
s—2< /I, . e da:dt> ERRVS
“ A

ks CO k+1co

Next according to (1.3.10)

2,2

V (v0) Pdzdt <, ilkad + réw?.
IV (vQ) | SA on
Cv>ks,(m,t)€Q(1,%O) 2

1
2

Then

2s+1 223

Now we let r be small enough that r54poca2 < 1. Then for all g < s <pg—1

2.2
wey C [cw ¢ 9
|Aks+17)\‘ < C_% ( +rw A \ ks+1

Co
|Aks+17/\700’2 S C_é|ACS,CQ\Ai5+1,CO|'

| is uniformly bounded by |B;|. If py is large

As in [37], since the sum of |AS \AS

ks,co ks+1,c0

enough, there is sy € [q, pp — 1] that
4 / %
< Ca (ﬂ)
po—q—1 2

with ¢ = |Q (1, %) |. Let us choose s = sy. Then

CO‘A \AS

ksq co ksg+1,c0

Co

dv v
Ao € 5= 2[R0

Consequently

c c c
{o> a7 = Zwin @ (M 3) | =M ral < 1Aeyoral < 30 (15)]
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Note that py can be determined by ¢y, ¢, and so we only need r < ¢(cy, q,7).

Finally from (1.3.24)

- D “
{U>M 2pmeQ(l, 2)}’§

- D “
{U>M 2p0w mQ()\, 2)}‘

o020 4[e( )]
L]

The following lemma helps finding the value of v(cg, po). The proof is parallel to Proposi-
tion 1.3.4.

Lemma 1.3.10. Let py be as given in Lemma 1.3.9. Suppose p > d. There exists v € (0,1)

independent of w,r,py such that if r < cyw§ for some cy, co depending on co, py and

{0200, 300> (- )} <[00 2.

then

1
H($7t) €qQ <§,62—0) U > <M+— QPCOilw)H =0.

Proof of Proposition 1.3.6

Without loss of generality, we may assume ¢y < %. If M+ — M- < 5 + cow, then v is

bounded by MT < (2 + ¢y)w. In this case, taking n < (3 + ¢o) finishes the proof of the

Proposition with, for instance, ¢; = ¢, = 1.

Otherwise condition (1.3.19) is satisfied. In this case we fix ¢;, ¢o as given in Lemma 1.3.7,
po as in Lemma 1.3.9 and 7 as in Lemma 1.3.10. By Lemma 1.3.7 and Lemma 1.3.8, we
know that the conclusion of Lemma 1.3.9 is valid for the range of r satisfying r < c;w®. By
Lemma 1.3.9, we know that the condition in Lemma 1.3.10 is satisfied for the specific choice
of po. By Lemma 1.3.10 we proved that if (1.3.12) is not satisfied, the solution goes down
from above (from M to M T — g2 P2~ 1w) if restricted to the smaller box Q(1/2,¢y/2). This

yields the conclusion with n =1 — ¢y2 P01

26



Proof of Theorem 1.3.1 The proof follows an iteration process which was described in

the proof of Theorem 7.17 [70], based on Propositions 1.3.4 and 1.3.6.

Recall that M := supg, u and a = 2=L. Fix (20,t) € Q 1 without loss of generality we

can assume it is (0,0), and let v := u™.

The goal for the argument below is to obtain
n*w > 08Cq(akrpemyV for all integers k, (1.3.26)

where a,b,n € (0,1) only depends on M, m,p, ||V||zr(q,) and the dimension d.

We start with some Q(r, w™®) for some w > 0,0 < r < % such that
Q(r,w™) C Q%, W > 0SCQ(r o) V- (1.3.27)

For example we can take w = M.

Let us start with a given pair of (19, wy) that satisfies (1.3.27). Below we will generate a
sequence of pairs (r,,w,) that satisfies (1.3.27). For each n and the given pair (r,,w,) let
us denote

M- = inf v, M= sup v

n ? n

Q(rn,wn *) Q(rn,wn %)
Let ¢; and ¢y be as given in Proposition 1.3.6. For each given pair (r,,w,) the next pair

(rni1, Wne1) is generated depending on the following cases.

Case 1: if r,, > cyw;?, the situation is in some sense better since the oscillation is under control.
In order to apply the preceding scheme, let w,, 1 = wy,, rp11 = %rn, and we repeat until

it falls into Case 2 or 3.

Case 2: if r, < cqw? and either M, > “= or (1.3.12) holds, we claim v € [w,/4, M,] in

Q(%=,w,®). This is trivial if M, > “= otherwise with the help of (1.3.12) we can
apply Proposition 1.3.4. Then from classical regularity theory for parabolic equations,

it follows that (1.3.26) holds for k& > n.
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Case 3: We are left with the case r, < cow?, M, < %* and (1.3.12) fails. In this case

Proposition 1.3.6 yields constants 0 < ¢y, < 1 which are independent of w such that

05Coy(ra <0 o)V < nwy,. (1.3.28)
We choose
Wyl 1= NWp, Tpi1 i= C3Tn.
Here ¢ := £1%¢ is chosen such that Q(ry11,w, %) C Q(%, Lw, ). From this choice

of ¢5 and (1.3.28) it follows that (1.3.27) holds for (7,41, Wn11)-

Suppose Case 3 is iterated for n times. Then inside {|z| < cr,t € (—c5c¢3™r?,0)}, the
oscillation of v is bounded by n™w and here ¢, = %1007 cs = cow~®. This yields (1.3.26)

for k = n.

1.4 Loss of Regularity: Examples

In this section we show by examples that the regularity results obtained in section 3 and 4
are false for drifts in L4(R?). We will discuss examples with both potential vector fields and

divergence-free vector fields.

1.4.1 Loss of Continuity for Potential Drifts

First let us recall the description of stationary solutions for (1.1.1) with potential vector

fields.

Theorem 1.4.1. [ [8], [51]] For a radially symmetric, increasing potential ® € C=(R?), the

following s true:

1. The unique stationary solution of (1.1.1), with a prescribed mass M, is of the form

1

pu = <C(M) - m—_l@) j .

m
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2. Let p solve (1.1.1) with V. = V® and with smooth compactly supported initial data
po with [ po = M. Then the support of p stays bounded for all times, and ||p(-,t) —

P () || pooray — 0 as t — oo.

Based on above theorem, we can show that L¢(R?) bound on drifts does not guarantee

any modulus of continuity for solutions of (1.1.1) even when the solutions are uniformly

bounded.

Theorem 1.4.2. There exist a family of potentials ®4 such that V®,4 € LYRY) and a
family of initial data ui' which are uniformly bounded in L'(R?) N L>®(R?) N C>=(RY) such
that the following holds: The solutions u? of (1.1.1) with V = V&4 with initial datas ud

stays uniformly bounded but lacks any uniform modulus of continuity as A — oc.

Proof. Let ¢(x) = |z|?, and let p be a stationary solution of (1.1.1) p given in Theorem
1.4.1, with a sufficiently small mass such that p is supported inside of the unit ball. Let
ba(x) = ¢(Az), and p?(x) := p(Az), which is a stationary solution for ¢4. Let us next
modify ¢4 so that Ve, is uniformly bounded in L4(R?), let ® 4 satisfy

1. &4 = ¢4 if |z| < 1/A.

2. |[VO4| < |Voalif |z] < 2/A.

3. |V®4| < min{l, |z|7'} if |z] > 2/A.

4. &, is smooth, radially symmetric and increasing.

Then V®, is uniformly bounded in LY(R?) and p, is still a stationary solution for the
modified potential ® 4.

For A > 1, consider a sequence of functions ug' > 0 such that they are uniformly bounded
in L{RHNL®(RY)NC>(R?Y) and [ui'de = [ pAdz = CA~?. By Theorem 1.4.1, the solution
u? of (1.1.1) with initial data uj and with V = V&, converges uniformly to p* = p(Ax)
and p? converges pointwise to a discontinuous function p> which is 1 at # = 0 and zero for

sufficiently small |z|. It follows that u* cannot share any uniform modulus of continuity.
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We are left to show that u? is bounded. To see this let v (z,t) := u? (A~tz, A=2t). Then
v = AN+ V- (v ATH (V) (AT)),

and [|A7H(V4) (A1) |55 = A7 [V E4||55

d+1

<A (/A | A2z | de —i—/ ||~ da + 1) < 0.
0 1

The vector field A= (V®,) (A~ z) are uniformly bounded in L4 and v4(0) are uniformly
bounded in L'(R?%) N L>*(R%). By previous Theorem 1.2.1, v* are uniformly bounded and

so are u?. 0

1.4.2 Loss of Holder Regularity for Divergence-Free Drifts

In previous subsection we have seen that drifts bounded in L?(R?) and initial data that are
bounded in L'(R?)N L>(R?) are insufficient to yield uniform mode of continuity for solutions
of (1.1.1). In this section we will show that the loss of regularity continues to be true for
divergence-free vector fields, though here we are only able to present loss of Hélder estimates.
Our example leaves open the possibility of weaker modulus of continuity.

Let us recall that, for u solving (1.1.1) with divergence-free V', the pressure variable v :=

m

—m =1 solves

m—1
vy — (m — 1)vAv — |Vo|* + V- Vo = 0. (1.4.1)

We will prove the following theorem by constructing barriers for the pressure equation above.

Theorem 1.4.3. There ezist a sequence of bounded vector fields {V,,} which are uniformly
bounded in L*(R?) and a sequence {u,}, of solutions for (1.4.1) with V,, that satisfies the

following:
1. {un(z,0)} are uniformly bounded in C*(R3) for any k > 0;
2. {u,} are uniformly bounded in R? x [0,1];

3. For any 0 > 0 we have sup, [u,]s = oo, where [f]s denotes the C° semi-norm of f in

R3 x [0, 1].
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o Construction of vector fields

Let us denote x = (1, z2,y) € R®. For s € (0,1), define

V(w1 20,y) = (—(y + 21 —22)" + (Y + 21 +22)°, (y — 21 +22)° — (Y + 21 +22)°, 0).

For € > 0, let k and p. be two smooth cut-off functions satisfying

X440 S R S X4
and
, 2
X[2€,10] S He S X[e,20]7 |#5|($) S m

Now we define V : =V x I with

Plo)i= jo ot (22 ) (202 ) .

Y

(1.4.2)

(1.4.3)

(1.4.4)

We claim that for all s,e € (0,1) any small, V is bounded uniformly in L3(R?). To show

this, by symmetry it is enough to consider the following regions:

Sl = {<$17I2)y) € Bl) ) Z 3maX{|[E1 + I2|7 |x1 - '/L‘2|}; |(x1’x27y)| Z 26}7

2 3
Sy = {(x1,22,y) € B, |(x1,22,y)] < 2€}.

1 1
Sy 1= {(351,1‘279) € By, sy > a1+ 12> sy > 0,[(21,22,9)| > 26}}7

In S;, k= p.=1and ||V x ¢|| < Cs|y|*~!. Therefore

1 3y 3y
||V(.T)||ig(sl) < C/O /0 /0 sy PV day daydy < s°C.

In Sy, since |x'|,|x| are bounded and p. = 1, each component in V x F' is bounded by

Cs3|yl*~L. Since pl < % similar bound holds in S5, and we have

3 ' %y %y 3(s—1)
||V(x)||L3(52U53) < C/ / / sly| dridzody < C.
o Jo Jo

We will prove Theorem 1.4.3 by comparison principle.
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For € > 0, let us define the parameters
M:=s3 and T:=M(1-(4)>7)/(2—>s). (1.4.5)

Define
2(t) = (1—(2—s)M )7+, te0,T] (1.4.6)

so that z satisfies

Z= =M1 2(0) =1, 2(T) = 4e.

We can write V = 5%(1/1, Vo, V3), inside Sy

1 1
Vi= _Z(y —x +x) T+ Z(y + 31+ x2)" 7,

1 _ 1 o
%:—Z(y‘i‘xl—l’g)s 1"‘1(@/"‘1’14‘332) 1,

1 1 1
Vi = —Z(y — 1z +x)" T — Z(y + o —x)" T — E(y + 21+ 29)

o Construction of subsolution

Let ¢ € C§°(B1(0)) be a smooth, non-negative, radially symmetric and decreasing function

with |Ap| < C for some C' > 0. For r € (0, ) and a constant c,, define

xl,wi,zy(t; z(t)) ‘

u(z,t) = cs2®()P(x,t) := cs2°(t)p (
Then the support of « lies inside the upper cone Sj.

Lemma 1.4.4. Let u be defined as above. Then there exist ry > 0 independent of € and a
universal constant C > 0 such that for r < ry and ¢, = Csir?, @ is a subsolution to (1.4.1).

Furthermore u(0,0,4¢,T) > cy(4€)®.
Proof. We need to check that
i — (m—1NuAu+V - -Vu<0
inside the support of 4, which lies in B,,. Since |Ap| < C, it suffices to show that
Clm—1)

(Zs)/ S _WCSZ (147)
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and
0,0 +VVP <0 (1.4.8)
in B,,.

Since (1.4.7) is equivalent to C'(m — 1)c, < sr?M ', it holds when

2
ST 7
g = —=——""-—5 s5r2,

C(m—1)M

Next notice

QP +V VO =0, with V = M 2572 (2, 20, y).

Hence to show (1.4.8), it suffices to show (V —=V)-V® > 0 fort € [0, T] and for (zy, x5, y—2) €
B,..

Recall that V = s%(Vl, Vo, V3), M = s~5. Since VO is parallel to (x1,xs,y), it suffices to

show that

((Vi, V2, Va) + 2" (21, 22,9)) - (21, 22,y — 2) > 0 for {w 1 af + 25+ (y — 2)* < 2"}

By (s — 1)-homogeneity of V| this is equivalent to
(V1, Vo, Vi) + (21, 29,9)) - (w1, 20,y — 1) > 0 for {w: 2 + 22+ (y — 1) <r?},  (1.4.9)
The left handside of (1.4.9) can be written as
1 s—1 1 s—1
f(x1,20,y) = —Z|y—$1+$2| (1+y—1)— Z’erxl — 2" (z2+y — 1)
1
— Z|y + o+ w2+ 2y — 1))+ 2t 2 Fy(y —1). (1.4.10)
Straightforward computation yields

f(0,0, 1) = fﬂ?l(()?O’ 1) = fx2(0>07 1) = fy(0>07 1)?

1
f-TilBi =1+s, fyy =4 —2s, fmlmz =0, f:viy = _5(5 - 1)’

So (0,0,1) is a local minimum of f. Hence there exists s > 0 which only depends on s

such that (1.4.9) holds for (x1,zs,y — 2z) € B,,., thus we conclude that v is a subsolution of

(1.4.1) when ¢, and r4 are sufficiently small. In particular observe that
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4(0,0,4¢, T) ~ c;2°(T) = cy(4e)® with ¢, < Csir?,

where C' is a universal constant which is independent of s, €.

O
o Construction of supersolution
Let us consider a smooth function ¢(R) : [0,00) — [0, 1] with the following properties:
1. ¢ is increasing with ¢(0) = ¢/(0) =0 and p =1 for R > 1.
2. There exists a constant C* > (0 that
(m — (e + 50) + [ < " (1411)

R

To construct such ¢, for instance we can choose ¢ = R? for |R| < 1/2 and extend it to a

smooth function satisfying 1,2. With the above ¢, define

B((z,y),1) = ¢ OMD

rz(t)
and
Mr—2 -
k(t) = (CO - C" . z(t)s) : (1.4.12)
where
Co = 20" Mr 27 (de) ™ ~r 25756, (1.4.13)

The choice of Cj is to ensure that k(t) stays nonnegative for 0 <t < T and k(0) = 2 =

Co
é—ir%%es. Also k' > Cz72%r72k? for t € [0, T].

For r < é, we define

) = k()D(x, t) == k(t)g ((“"1’“"27 v+ Z“))) .

rz(t)

Lemma 1.4.5. Let u be defined as above. There exist ro > 0 independent of € and a
universal constant C; > 0. If r < rs and k(0) < C’lr23§es, then u is a supersolution to
(1.4.1) in the time interval [0,T). Furthermore u(0,0,—4€,T) =0 and u(z,0) > COr2sses for

some universal C.
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Proof. Consider the region S;. Showing that u is a supersolution is equivalent to
(K'® + k0,®) — (m — 1)E*PAD — k2| VO|> + kV - VO > 0.

By (1.4.11),
Ck*27%r20 > (m — 1)K*®AD + k*|[VO|*.

Thus it suffices to show
Ed>Cz % %k%p, and 0P+V-Vd>0 (1.4.14)

in S := {(z1,22,y), —y > max{|r; + x2|, |x1 — 22|}, |x| > 2€}.

The first inequality in (1.4.14) holds, as before, due to (1.4.11) and the definition of k(t).
To show the second inequality, write V' = M~1(V}, V5, V3). In y < 0

A]\I(at(b + V. V®) = VSD ' ($1>$2ay + z)Z73+8 + VSO ' (‘/171/271/3)271-

By definition in the region S

1 _ 1 .
%:Z(y—l'l—i‘l'g)s1—Z(y+$1+$2) 1,

1 1
Vo = Z(?/+$1 —x9)"7 — Z(Z/+$1 + 29)57,

1 L1 1 .
‘/3:1(3/—361—1-@)8 1"‘1(31‘1‘%’1—%2) 1+§(y+xl+$2) L

As before we only need to verify that there exists r = r, such that inside |x;|? + |22|* +

ly + 1|2 <r
2 2 1 s—1 1 s—1
2|7 + |22 +(y+1)y+jy—$1+x2! ($1+y+1)+1|y+931—332\ (r2+y+1)

1
Fly+a+ wf T (—r — o+ 2y +2) 2 0.
Recall f defined in (1.4.10), then the above is equivalent to
f(_'rlv —Z2, _y) Z 0

near (0,0, —1) which has already been verified when r is small enough (depending only on

s). Hence u is a supersolution. Note that k(0) > Cr2s3¢®, and thus we conclude.
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Proof. (of Theorem 1.4.3). Let 6 > 0 be any small and fix one module of holder continuity
w(t) = C7°. Let us select s < 36 and € arbitrarily small. Let 7 be sufficiently small so that

Lemma 1.4.4 and Lemma 1.4.5 applies. Let C; be the constant in Lemma 1.4.5.

Consider a smooth function vy : R — R be supported in the upper half plane and

v

7 .
1. vy > Sr2s3e® in B, (0,1);

7
3

[\]
S
IN
Q

2 s
1risse’.

Let vy = v, solve (1.4.1) with initial data vy. Let us choose € small enough so that u given

in Lemma 1.4.4 with ¢, := %r?sges is a subsolution of (1.4.1). From comparison principle,

the solution to (1.4.1) with initial data vy satisfies

v(0,4¢,T) > C’r?sge%. (1.4.15)

Next let u be the supersolution as given in Lemma 1.4.5. Then we have u(+,0) > v, thus

by comparison principle it follows that vs > v. Then at time T,
vs(0, —4€,T) < u(0, —4¢,T) = 0. (1.4.16)
Putting (1.4.15) and (1.4.16) together, it follows that
105(0, 4€, T') — v,(0, —de, T)|/|8€|’ > Cr2sie2 =0 = CO(s)e2 . (1.4.17)
Finally, let us normalize parameters so that the singular time 7" is comparable to 1.
Use(x,t) = vsﬁ(M%x, Mt).

Let us normalize T" by

by
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where V' is defined in (1.4.4). Then {V,} are uniformly bounded in L3(R) for all s.

From (1.4.17), it follows that
|us(0,4¢/M2, T) — ug(0, —de/ Mz, T)|/|8e|’ > Cue??.

Then as ¢ — 0, any C% norm with 6 > 2s again grows to infinity at time 7" which is

uniformly bounded this time. Thus we can conclude our theorem if we choose

Up = Ul /n,ep,-

where €, is chosen sufficiently small such that the C™ norm of ., (¢, 0) is bounded.
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CHAPTER 2

Free Boundary Regularity

2.1 Introduction

This chapter, which is a joint work with Inwon Kim [49], continues the discussion about the
degenerate-diffusion-drift equation (1.1.1). Due to the degenerate diffusion, it can be shown
that the solution u is compactly supported for all times if the initial data ug is compactly

supported (see [51]). Our interest is on the regularity of the free boundary: 0{u > 0}.

(1.1.1) can be written in the form of continuity equation,
w — V- (Vp+V)u) =0, Q=R?x][0,00)

where

M _ymt, (2.1.1)

p:m—l

Hence formally the normal velocity for the free boundary can be written as
b=—(Vp+V)-i=|Vp| =V -7 on(x,t)el:=d{p>0} (2.1.2)

where 77 = 7i,; is the outward normal vector at given boundary points. Given that u solves
a diffusion equation, it would be natural to expect that the free boundary is regularized by
the pressure gradient |Vpl| if V' is smooth, as long as p stays non-degenerate near the free
boundary and topological singularities are ruled out. In general neither can be guaranteed

even with zero drift.
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2.1.1 Literature

When V' =0 (1.1.1) is the well-known Porous Medium Equation (PME), for which a vast
amount of literature is available. We refer to the book [70]. Let us mention several classical
results that are relevant in this chapter. The semi-convexity estimate Ap > —oo for ¢t > 0
was shown by Aronson and Benilan [3] and played a fundamental role in the regularity
theory of (PME). When the initial data py = p(-,0) has super-quadratic growth near the
free boundary, Caffarelli and Friedman [16] showed that the support of solution strictly ex-
pands in time. While nondegeneracy is not obtained in this scenario, they prove a weaker
description on the expansion rate of the free boundary by showing that its free boundary
can be represented as t = S(z) where S is Holder continuous. To discuss further regularity
results, it is natural to require some geometric properties of the solution to rule out topo-
logical singularities such as merging of two fingers. The C'1® regularity of the free boundary
is established by Caffarelli and Wolanski [18], under the assumption of nondegeneracy and
Lipschitz continuity of solutions. These assumptions are shown to hold after a finite time
To > 0 by Caffarelli, Vazquez and Wolanski [17], where Tj is the first time the support
of solution expands to contain its initial convex hull. More recently, Kienzler explored the
stability of solutions that are close to the flat traveling wave fronts to (PME) [46]. Kienzler,
Koch and Vazquez [47] improved this result and showed that solutions that are locally close
to the traveling waves are smooth: see further discussion on their result in comparison to

ours below Theorem 2.1.3.

Few results are available for qualitative properties of (1.1.1). With the exception of V' = z,
there appears to be no change of coordinates that eliminates the drift dependence in (1.1.1).
Well-posedness is shown in [9] and [35] for weak solutions and in [51] for viscosity solutions.
Asymptotic convergence to equilibrium of (1.1.1) is shown in [20] using energy dissipation
when V' is the gradient of a convex potential. A recent result in [50] shows Holder continuity
of solutions for uniformly bounded drift. Our aim in this article is to study the free boundary
regularity of (1.1.1). This is closely related to the nondegeneracy property of the pressure

variable p, as seen in the motion law (2.1.2). It appears that free boundary regularity exhibits
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some fundamental differences from the zero drift case. Numerical experiments in [57] present
the interesting possibility that an initially planar solution with smooth drift could develop
corners without topological changes. The free boundary regularity or nondegeneracy of

pressure is unknown even for traveling wave solutions in R? [59)].

2.1.2 Summary of Results

In this chapter, we will always assume
V =V(z,t) € Col(Q) (2.1.3)

and ug > 0 is continuous and compactly supported.
For our analysis, we will consider the pressure variable (2.1.1) and the equation it satisfies:
pe=m—1pAp+|Vo?+Vp-V+(m—1)pV-V (2.1.4)
in Q =R x (0, 00).
We first show the semi-convexity (Aronsson-Benilan) estimate through a barrier argument

on Ap. This is where we use the C2 norm of V.

Theorem 2.1.1. [Theorem 2.2.2] Let u solve (1.1.1) in Q with (2.1.3), and let p be the
corresponding pressure variable given by (2.1.1). Then for some o >0, Ap > —% — o in the

sense of distribution for allt > 0.

Next we discuss a weak nondegeneracy property in the event of no initial waiting time.
With zero drift this corresponds to the strict expansion property of the positive set, [16]. In
our case this property needs to be understood in terms of the streamlines. Let us define the

streamline X (t) = X (zo,to;t) to be as the unique solution of the ODE:
X (t)=-V(X(t),to+1), teR,
(2.1.5)
We will use the notation Q := {(z,t), u(x,t) > 0} and € := {z, u(-,t) > 0}. While

the streamlines are a natural coordinate for us to measure the “strict expansion” of €2; over
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time, the coordinate does not cope well with the diffusion term in the equation. The most
delicate scenario occurs with degenerate pressure, where the time range we need to observe
is much larger than the space range. To deal with such case we need to carefully localize V'

and utilize the actual streamline instead of its linear approximations.

Theorem 2.1.2. [Theorem 2.3.4] Let p be as given in Theorem 2.2.2, and fix (xo,ty) €
[':=0{p>0}N{t>0}. Then either of the following holds:

(Type one) X (—s) = X(xo,t0; —s) € I' for s € [0,t0];
(Type two) There exist Cy, 3 > 1 and h > 0 such that for s € (0, h)
plrtg—5) =0 if|lz—X(=s)| < C,s”, plz,tg+s)>0 if|z—X(s)] <C,s".
Moreover, if py satisfies the near-boundary growth estimate
po(x) > (dist(z,05))*™ for some v, >0 and Aug > —o0, (2.1.6)

then any point on I is of type two.

The growth condition in (2.1.6) is optimal, since there is a stationary solution to (1.1.1)

with a corner on its free boundary and with quadratic growth (see Theorem 2.6.3).

Next we proceed to show the nondegeneracy property of p, as it is essential for the reg-
ularity of its free boundary. This step presents the most challenging and novel part of our
analysis. To illustrate the difficulties, let us briefly go over the main components of the cel-
ebrated arguments in [17], which provides non-degeneracy of solutions for (PME) for times
t > Ty. One key ingredient in their analysis was the scale invariance of the equation under

the transformation

1+ Ae
(1+¢€)?

pen(z,t) = p((1+¢€)x, (1 + Ae)t+ B) for any A, B,e > 0,
In [17] p..a was compared to p to obtain the space-time directional monotonicity

x-Vp+ (At+B)p, >0 onl. (2.1.7)
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Applying (2.1.2) with V' = 0 we then have

Uy 1 T

Vo = @’

|Vu| = on I,

where the first equality is from (2.1.2), the second equality is due to the level set formulation
of the normal velocity, and the last inequality is due to (2.1.7) and the fact that Vp is
parallel to the negative normal —v on the free boundary. Thus non-degeneracy follows if we
know that the free boundary is a Lipschitz graph with respect to the radial direction. This
was shown in [17] for ¢ > Ty by the celebrated moving planes arguments, and thus we can

conclude.

For nonzero drift, neither scaling invariance nor the moving planes method is available due
to the inhomogeneity in V. In fact it is not reasonable to expect consistent free boundary
behavior for large times, except possibly when V' is a potential vector field. Still, it is
reasonable to expect that, without topological singularites and waiting time, the diffusive
nature of the equation (2.1.4) regularizes the free boundary. With this in mind we show
a local non-degeneracy result under the assumption of directional monotonicity and zero

waiting time.

Let us define the spatial cone of directions

0
Wy, = {y e R%: y% —pul < 2sin§} with axis 4 € S** and 0 € (0,7/2].  (2.1.8)

We say p is monotone with respect to Wy, if p(-,t) is non-decreasing along directions in

Wy,.. We also denote @, := {|z| < r} x (—=r,7).

Theorem 2.1.3. [Local Nondegeneracy, Theorem 2.4.6] Let p be a solution of (2.1.4) in
Q = R? x (0,00) with its initial data py = p(z,0) satisfying (2.1.6). Fiz (z9,Ty) € T with
Ty > 2. Suppose that p is monotone with respect to Wy, in Qo + (x0,T) for some 0 and pu.
Then there exists k. > 0 such that

(x +ep,t)

.. 1%
lim inf
e—0t €

> ke for (x,t) € TN (Q1 + (0, Tp)).

Above theorem is of local nature, with minimal conditions on the initial data that rules

out waiting time. For the proof we adopt a local perturbation argument introduced in [30].
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In the zero drift case, [47] considered solutions that are locally close to a planar traveling
wave solution, which endows a discrete small-scale nondegeneracy and flatness on the solu-
tion. It was shown there that over time the flatness improves in its scale to yield the usual
nondegeneracy and smoothness of the solutions. It was conjectured there whether a cone
monotonicity could replace the planar barriers, given that waiting time could be ruled out.
While we do not pursue improvement of flatness in scale, our result yields a positive partial

answer to this question.

Building on the above non-degeneracy result, we proceed to study the free boundary
regularity. To prevent sudden changes in the evolution caused by changes in the far-away

region, we assume that, in the weak sense,
pr < A(p-Vp+p+1) in @+ (zo,Tp) for some A > 0. (2.1.9)

Theorem 2.1.4. Let p be given as in Theorem 2.1.3. If in addition (2.1.9) holds, then p is

Lipschitz continuous and I' is C* in Q1/2 + (w0, Tp).

As for the proof, we largely follow the iterative argument given in [18], which compares in
different scales the solution with its shifted version. For nonzero drifts (2.1.4) changes under

coordinate shifts, and thus a notable modification is necessary in the iteration procedure.

The following is an application of the above theorem.

Theorem 2.1.5. [Theorem 2.6.1]. Let o : R — R be a smooth and bounded function. Let p
solve (2.1.4) in Q = R? x (0,00) with V = (a(w3),0) and the initial data po(z) = p(x,0) =

x1)4, under linear growth condition at infinity. Then T is locally uniformly C1< in Q.
(z1)+ 9 y Y Y

In [59] the existence of traveling wave solutions are shown with the above choice of V.
The free boundary regularity remains open for the traveling waves, and possible formulation
of corners has been observed in numerical experiments [57]. We consider the initially planar
solution that was used in [57] to approximate the travelling waves. Our argument rules out
the possibility of finite time singularity of the free boundary, but leaves open the possibility

of asymptotic singularity.
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We finish with examples which illustrate possible singular behaviors of free boundaries

that exhibit differences from the zero drift case.

Theorem 2.1.6. [Theorem 2.6.3]. There is V € C2(RY) such that (2.1.4) has a stationary

profile with a corner on its free boundary.

2.2 Regularity of the Pressure

In our analysis it is often convenient to work with classical solutions of (1.1.1), which is

made possible by the following result.

Lemma 2.2.1 (Section 9.3 [70]). Let U := By or RY. Suppose ¢ solves (1.1.1) in U x [0, 1]
with oo € LY(U) N L>*(U). Then there exists a sequence of o (or uy) which are strictly

positive, classical solutions of (1.1.1) and o — o locally uniformly in U x (0,1] as k — oo.
Let o be a solution to (1.1.1) with condition (2.1.3). By Theorem 1.2.1,

lollsc < a(IV]sc, lollx + [l@ollo) for all () € Q.

With this, we prove the fundamental estimate (for the pressure variable u = --o™1)

below.
Theorem 2.2.2. There exists a universal constant o such that

Au>-2 -6 inRx [T, 00) (2.2.1)
T

in the sense of distribution.

Proof. By Lemma 2.2.1, we only need to consider the smooth solutions. If (2.2.1) holds for

the approximated smooth solutions, it holds for general solutions in the sense of distribution.
Now we assume that u is smooth and consider p = Au. Then by differentiating (2.1.4)
twice, we get
pr = (m — Dulp + 2mVuVp + (m — 1)p* + 22 ujuy;

+Vp -V 428 ubs + Vu- AV + (m = 1) (pV -V +2Vu - V(V - V) + uA(V - V))
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By Holder’s inequality, we have

-2
< Mp2+22|uij|2—l—am,

- 2
[Vu - AV +2(m — 1)(Vu - V(div V)| < m|Vul® + om,

(m—1) (uA(div V) < om.
Thus we obtain

pe — (m — DulAp — 2mVu - Vp — %p2 —Vp -V +m|Vul> + om > 0.

Viewing u as a known function, we may write the above quasilinear parabolic operator of p
as Lo(p) and so we have Ly(p) > 0. Below will construct a barrier for this operator to obtain

a lower bound for p.

Let w := =L + u — 03 for some 7,07, 02 > 0 to be determined later. Then
o1 m o 2
_ 2 1
Lo(w) = (EwSE +uy — (m — 1)uAu — 2m|Vu|” — 5} (_t e +u— 02>

—Vu -V +m|Vul* + Cm.

Now we use the equation (2.1.4) to obtain

2
o1 2 M 91
L <———(m—=1D)|Vu|*— = | - —
o(w) < (e (m —1)|Vul 5 < t—|—7'+u 02) +om
01 m o1

< m 2 <
=+ 72 2(t+71) — gl urom <0,

if we choose o7 > 2/m and 0y > |julle + (20)Y/2. Hence Lo(w) < 0 < Ly(p), and by

comparison principle we conclude that

AuszwZ—%-@-
O

As a remark, if Aug > —oo in the sense of distribution, then there exists C' such that

Au > —C for all time.
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Next we prove a useful property about the support of solutions: if z¢ € €, for some ¢,
then X (xzg,tp;t) € Q; for all ¢ > to. The proof is parallel to the proof of Lemma 3.5 [48]
where they used a barrier argument. We will consider for ¢ > 0, since at ¢ = 0, © may not

even be continuous. Again we are using smooth approximations.

Lemma 2.2.3. The set {u > 0} N {t > 0} is non-decreasing along the streamlines.

Proof. Choose t > ny > 0. Recall (2.1.5), we denote X (x,¢;s) with s > 0 as the streamline

starting at (z,t). By (2.2.1) and the equation, denoting Cyp = = + o, we have

Osu(X(x,t;s),t+5) = (u + Vu - V)(X(z,t;5),t+ 3)

v

(—Co(m — Du+ |[Vul* + (m — )uV - V(X (2,t;5),t + s)

Z _CU(X(:E7t7 S)vt + 8)

where C'= (m — 1)(Cy + ||V - V||o). Thus for all s >0

e u(X (x,t;8),t +5) > u(w,t). (2.2.2)

In particular, if x €

w(X(z,t;s),t+s) >0 forall s > 0.

2.3 Regularity of the Free Boundary

Here we study the propagation of the free boundaries along streamlines. The central idea
in [16] was to measure the time the free boundary moves away from a given point by distance
R, in terms of the average pressure in a ball of size R, making it sufficient to track the size

of the pressure average over time instead of the free boundary movement.

The first lemma states that if the average pressure is low around a free boundary point,

then the support cannot expand out too fast.
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Lemma 2.3.1. Suppose to > ny > 0. There exist 19,co such that for any R > 0 and
T E (0,7’0), ’Lf
u(z,tg) = 0 for x € B(z, R),

coR?
f u(z, to+ 7)de < =—,
B(X (zo,to;7),R) T

then
u(z,to+7) =0 for x € B(X(xg,t9;7), R/6).

Proof. Note that Theorem 2.2.2 yields

Au> —Cy = 7 5 fort > 1. (2.3.1)
"o

For simplicity, suppose g = 0,ty = 0, and consider the rescaled function
t(z,t) = —u(Rzx, Tt). (2.3.2)
Then u satisfies
i = (m — 1)aAd + |Val> + Vi - b + (m —1)a V.
with 5’(:)&, t) := £V (Rx,7t), and the corresponding streamline X(t) = %X(O, 0;7t).
Set € := Cy7y and then Au = 7Au > —e. Here € can be arbitrarily small if 7y is small.

From our assumption, it follows that

7{ u(z, 1)dx < co.
B(X(1),1)

Using this and that @ + e|z|?/(2d) is subharmonic, we find for z € B(X(1),3),

3 €|z|? j{ N elyl?
2d Jpx@/2) 2d

< Zd% iy, 1)dy + oe < 2% + oe.
By

(2.3.3)

Now consider

v(z,t) :=u(x + X(t),1).
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By (2.3.1), we know Av > —e. From the equation, v satisfies

vz, t) = (m — DoAv+ | Vo2 + Vo (0 (z+ X, 8) —0(X,8) + (m— DoV -b(z + X, 1)

v

—e(m — 1)v + |[Vo]* — o7|Vo||z] — o1v

> —e(m —1)v — otv — o7?|z|?,

where the first inequality is due to the fact that for some universal o
Vb <or and |b(z+X,t)—b(X,t)| <orlzl, (2.3.4)

while in the second inequality, we applied Holder’s inequatlity.

Since € = Cyt and Cy > 1, we obtain
vi(z,t) > —oev — o€ |z, (2.3.5)
Hence we get in By x (0,1)

v(z,1) > e Hy(a,t) — (1 — e D)e |z

> e Tv(x,t) — oe.
Using (2.3.3) and taking € to be small, we conclude that
v(z,t) < e7(2%q + oe) in B1 x (0,1). (2.3.6)
To conclude we need to proceed with a barrier argument to put an upper bound for the

support of v. To this end observe that

v —(m—1vAv = |[Vu]2+Vu- Uz +X,t) = V(X 1)+ (m—1)oV-U(z+ X, 1)
< Vv +o7|Vo||z| +oTv
and thus

L1(v) == v — (m — DvAv — 2|Vo]* — o7%|z|> — o710 < 0. (2.3.7)

Define

oty = (g + L)
+
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By direct computations, £1(p) >0 for £ — £ < |z| < 5 if
1 t 1 o€ 9¢
S (L —c —1)(d - 1)|z|! —) 21 2

This is valid for ¢ € (0, 1) provided that we take A to be small and then € to be small.

By the assumption we have v(z,0) = 0 in B, and thus v < ¢ on lz| < 1/2,t =0. On
the lateral boundary || = 1/2,t € (0,1), by (2.3.6) if ¢o, € are small enough depending on
universal constants

v < e7(2%q + oe) < < .

5L

Hence by comparison in B 1 X (0,1) we have v < . In particular

w(z+X(1),1) =v(z,1) < p(z,1) =0
for |z| < ¢ and we proved the lemma.

]

The following says sufficient average pressure pushes the support to expand out relative

to the streamline.

Proposition 2.3.2. Suppose to > 19 > 0. For any c¢; > 0, there exist X\, co, 79 > 0 such that
the following holds. For R >0 and 7 < 19, if If

R2
]{ u(z, to)dr > c;—
B(zo,R) T

then
2

u(X (o, to; AT), to + A1) > CQR_.
T

Proof. 1. Let Cy be as in (2.3.1), and set (g, tg) = (0, 0) by shifting coordinates. We consider

the corresponding density variable o(z,t) = (" Lu(z, t))ﬁ and its rescaled version
- T 1
Q(ﬂ?, t) = (@) et Q(RZ’, Tt)a

which then solves

b= AG" +V - (80) where V(z,t) == }%V(R:c,ﬁ).
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Since Au > —Cy, 7 < 79, choosing € = Cyrg yields Ag™ > —ep. As before we set

X = X(t) = }%X(O,O;Tt) and plz, 1) = oz + X, 1).

2. For Y (t) := fBl p"(x,t)dx. First let us show that Y () stays sufficiently positive if e\

is small.

Note X (0) = 0, therefore by our assumption

=0 (ﬁu) w1 (z,0)dx
B(0,R)
- sy
>0 | —= u(m,O)dx)
(RQ B(0,R)
> oef ™t =: 4.
where ¢ is universal. Due to (2.3.5) and v(z,t) = -Z-p™ (z,t), for e small enough and
2] < 1
(p™) > —oep™ — o*|xPp > —oep™ — oe. (2.3.8)
Consequently
/ m
Y(t) > e 7Y (0) — oet > e TN, — oed > % ~ P (2.3.9)

for t € (0, \] if e <<, 1.

3. Next we will establish a lower bound on the growth rate of Z(t) := |, !

o Y (s)ds, using

the weak solution formulation of .

Lemma 2.3.3. For universal constants o1,0 and v,
t t )
e“’“t/ Yds < 02/ p"(0,s)ds + o2€” + 09| Y |m (2.3.10)
0 0
Proof. As in [16], we introduce the Green’s function in a unit ball so that G solves

AG = —046(x) +04lp, and G =0,VG=0ondB. (2.3.11)
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Let us only discuss the dimension d > 3, where G is defined as

Gx) =z —1— %(1 — |z?). (2.3.12)

We want to differentiate fB( G(z — X)é(z, t)dx with respect to t. Since G(z — X) =0

X,1)

for 2 on the boundary of B(X,1), we have

( / IIRCEEP oL t)dy)'

— / VG(z — X) -V(X)ddx + / Gz — X) g da
B(X,1) B(X,1)

— / C VG(z - X)) (V(X) =V (x)adz + / AG(z — X) g™ dx =: Ay + As.
B(X,1)

B(X,1)
(2.3.13)

Recall the definition of & and bounds on V', we know VY > —oel,. Then for x,y € RY,
(F(2) = V(W) - (@ —y) = —oelz —y|>.
By (2.3.12), we know VG(z) = —(d — 2)(|z|~® — 1)z. Thus,
= [ @) X e = %) GO - F)ads
(d=2)(|lz = X" = Dz - XP*oda (2.3.14)

Gz — X)odx

/B(f(,l)
/

(X,1)

As for Ay, applying (2.3.11), we obtain

Ay = —040m(X,t) + 0/ 0" (z,t) dx. (2.3.15)
B(X,1)
Using (2.3.14), (2.3.15), we find for some universal o > 0

(/Boz,t) Glz - X)atz, t)dy)/ > 0y 0" (X, t) +0 / (2, 1) do

B(X,t)
- ae/ G(x — X) o(x, t)dz.
B(X,t)

Hence we derive

t t
e’ | G(lz|)p(x, t)dx > —ad/ e?“p™(0, s)ds + a/ / e?“p™(x, s) dzds,
0 0o JB

By

o1



which simplifies to

/O ety (syds < o | Gllap(e. e + o /0 (0, 5)ds. (2.3.16)

By

Next following the proof of Lemma 2.3 [16], using (2.3.16) and the integrability property
of G, we can bound [ 5, Gpdx by the sum of Y and powers of €. We conclude the proof of

the lemma. 0

4. Now let us show that a contradiction occurs if our statement is false and

R2
u(X (0, A7), A7) < co—.
T

In terms of p, we have

P (0,A) <o(m)ed .
Assume e\ << 1 and apply (2.3.8) again, we obtain for some universal o and ¢ € (0, A]
p™(0,t) < 0e”ey Tt + gel.

Let us assume for some o large enough

1

et > o€+ o(e7 e TN+ e)?), (2.3.17)
and then we have for ¢ € (0, A\] and some universal o3
t 1
02/ P (0, s)ds + o9€” < a3Y (t)m.
0
Here we used (2.3.9). Thus in this situation, by (2.3.10), for t € (0, \]

t
e‘”“/ Yds < (o9 + a;:,)Yi.
0

Writing Z(t) = fot Y (s)ds, we have for some universal o

A
7' > oe 7™ with Z(a) > 3\ (2.3.18)
where the second inequality comes from (2.3.9), and

_m
m—1

TN — X~ ]

2c3=e
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Solving the ODE (2.3.18) (with inequalities replaced by equalities) shows t € (0, 3]

1

20+ 5) > (e = £(1)) 77 (23.19)

where for some universal o4 > 0

t+A/2 (eaet _ 1)
ft) = / oe "%ds = ge P2 ~ oyt 4 oet?
/2 o¢€

since we can assume e << 1.

It is direct that f is monotone increasing in t. Notice the right hand side of (2.3.19) goes
to +00 as

t— 7 ((esA)' ™)
which is impossible provided that f~'((cz\)'™™) < 3, which is equivalent to
1-m A 2
(c3N) < f(§) ~ o4\ + TEN. (2.3.20)

It is not hard to see that (2.3.20) holds if A > C(c¢1,0) and geX << 1.

We have proved the proposition with 75 = €¢/Cy, A satisfying (2.3.20), and ¢, satisfying
(2.3.17).

]

For any (z9,%y) € T, consider the streamline segment ending at point (xg,t). We use the

notation
T(l’o,to) = {(X(.To,to, —S), to — S), ENS (0,t0)} .

We have the following theorem:

Theorem 2.3.4. Suppose ty > 1y > 0 and fix any point (xg,tg) € I'. Then the following is

true:

(1) Either Y (xo,to) C T or Y(xo,to) NT = 0.
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(2) Suppose the second case, then there exist positive constants C,, B, h such that for all
s € (0,h)

o(z,tg—5) =0 if |z — X(z0,t0; —5)| < C,s”,

o(z,tg+8) >0 if |v— X(wo,to;5)| < C.s”.

If the second case holds for (xo,to) € ', we say (xo, 1) is of the second type. Here 3 only
depends d, ny and ||V||Cs,g.

Part (2) is a quantitative description of the second alternative in part (1). The proof is
essentially given by Theorems 3.1-3.2 [16] based on the Lemmas 2.3.1 - 2.3.2. Let us only
sketch the proof for part (1) below.

If the assertion of (1) is not true, then without loss of generality we can find ¢y > t; > t5 > 0

such that tg — ¢t >>t; — t5 and
To € Fto, Xy = X(l‘o,to;tl — to) & Ftl, XTo 1= X(QT(),tO;tQ — to) §é th.

Consequently for some R, u(-,ty) = 0 in B(xg, R). Since 7 = X(x9,t2;t; — t2), by Lemma

2.3.1,
CQR2

j{ u(z, ty)dz > :
B(x1,R) l1— 1o

Since tg — t; >> (tl — t2>, Lemma 2.3.2 yields that U(Jfo,to) = U(X(Jfl,tl;to — tl),t0> > 0,

which leads to the contradiction.

When the initial data grows faster than quadratically, it is possible to characterize the
constants C,, h in above theorem in terms of time variable. By a compactness argument,
iteratively using Theorem 2.3.4 and arguing as in the remark on Theorem 3.2 in [16], we

have the following theorem.

Theorem 2.3.5. Suppose (2.1.6). Then any point xy € I'y, with ty < T is of the second type
and the constants Cy, h in Theorem 2.3.4 (2) only depend on the conditions.
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2.4 Monotonicity Implies Nondegeneracy

In this section, we discuss nondegeneracy property of solutions. We start with the following

theorem.

Theorem 2.4.1. Let u solve (2.1.4) in Qy. Suppose Au > —Cy and T is of type two in Qs.
Suppose in addition that there exist 0 € (0,7/2) and p € S such that u is cone monotone
with respect to Wy, in Q2. Then there exists a constant C' > 0 such that for sufficiently

small € > 0 we have
u(X (z,t;Ce) — eu, t + Ce) > 0 for (z,t) € N Q. (2.4.1)
Remark 2.4.2. The constant C' in Theorem 2.4.1 depend on
{0, C\, h, B, Cy and universal constants },

where C,, h, [ are constants given in Theorem 2.3.4. An estimate of C)y can be found in

Theorem 2.2.2.

The main ingredient in the proof of the theorem, motivated from [30], is the construction

of a supersolution for the following operator associated with v(z,t) := u(z + X (t),1).

Lov = v—(m—1)vAv—|Vo|*~Vu-(V(z+X (t),t) =V (X(t), 1)) — (m—1)oV-V(z+ X (t),1).
(2.4.2)
Since the supersolution to be constructed is a rescaled inf-convolution of v, comparison of

the two leads to space-time monotonicity of v.

Let 1) be a positive smooth function in By and 0 < ¢ < % and v € C*°(By) be non-negative.

Consider

z):= inf o(y).
f@)i=, inf o)

We have the following two properties.

Lemma 2.4.3. If for some 01 = 01(d) > 0 large enough

al\VW

Aty =
Y=
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in By, then for some universal oy, in By
Af(z) — Av(y) < 02| V|l max{Auv(y), 0} if f(z) =v(y).

Without loss of generality, we can take o9 > 3.

Lemma 2.4.4. For x € By,
V(@) = Vo) = [Vo@)l[Ve(z)] if flz) =v(y).

We postpone the proofs of the two Lemmas to the appendix.

Let ¢ : R? — (0,00) be a smooth function and o, be as given above. For some constants

o, Ag, My > 1 we define

w(z,t) = (1 + Apet) inf u(y + rep + X(0,0;¢(t)), (1)) (2.4.3)
yEB(x,Re(z,t))

where

R (z,t) := ep(z)(1 — at) (2.4.4)

((t) = (1+ ou M)t + 2

). (2.4.5)

We will choose Ay and « in Proposition 2.4.5 and My, r in the proof of Theorem 2.4.1.

Proposition 2.4.5. Suppose Au > —Cy in Qz. Fiz My > 1 and consider ¢ : By — R such

that

_ a1|Ve]?
B¢ = (2.4.6)
i < o) <rMy,  ||V@|lew < My for some r € (0,1),

Then there exist Ay, o, T, €9 depending only on My and universal constants such that for all

e < € the function w defined in (2.4.3) satisfies
Low >0 in B, x (0,7).
Proof. Below and within this section, we will use the notation
X = X(0,0;t), X¢:=X(0,0;¢(1)).
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By Lemma 2.2.1, we may assume that u is smooth.

Denote v(z,t) = u(x + Xy, t) which solves Lov = 0, and suppose
7 <min{l/Ag, 1/(02My), 1/(5a)}, (2.4.7)
where A, @ will be determined in (2.4.15). Define g(t) := 1 + Aget. By definition of (,
0i¢(t) = (1 4 o2Moe) g(2),

0<(—t<ooyMyte <oe (by(24.7)) (2.4.8)

for some universal o. By definition of w there is z(x) such that w(z,t) = g(t)v(z(x),{(t))
and

|z — x| < e(My+ 1)r. (2.4.9)
We will write w = w(z,t) and v = v(z(z),((t)). Computing as in [48] it follows that

8tw > A()G’U — atRe |V'UJ| + (C/)g U
= Agev + pae g|Vo| + (1 + o9 Moe) gy, ( by (2.4.4)) (2.4.10)

> Apev + %|Vu| + (1 + 02 Mye)g?v,  ( by (2.4.6)).
0

By Lemma 2.4.3,

—Aw > —gAv — 03|| VR || oo | Av|
> —(14 09Moe)gAv — Cre  ( since Av > —Cp)

where C = 0CyM,. By Lemma 2.4.4,
[Vw — g(Vv)| = [VR||gVv| < eMy| V.
Because o5 > 3 and € is small,
[Vwl? < (1+ 02Moe)g* Vo],
For x € B,, we have

V(e + X, Q) = V(X O < [[VV |oor < 07,
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and thus
(Vw —gVv) - (V(z + X¢, () — V(X¢, Q) < oMyre|Vol.

By definition of g(t),
g — (1 + 02 Moe)g?| S o2 Moe.

Hence
|ng — (1+ 02Moe)g® V| [V (z + X¢, () — V(X¢, Q)| < ooaMore|Vul.

By (2.4.9),
V(z+ X, () = V(z+ X, ()| < oMyre.

Therefore, by (2.4.11)-(2.4.13)

(2.4.11)

(2.4.12)

(2.4.13)

[Vw - (V(z + X, €) = V(X Q) = (1 + 02Moe)g* Vo - (V (2 + X, ¢) = V(X Q)]

o(1 4 o9) Myre|Vo| := Caore| V.

Similarly
19(V-V(z+ X)) — (14+ CMoe)g*(V - V(2 + X¢)| < Core.

Putting together above estimates we get
Low = dw — (m — DwAw — |Vw|* — Vuw - (V(z + Xe, () = V(X Q)

—(m—1Dw(V-V)(z+ X, ()

> Agev + —]V | 4+ (1 + 0o Moe)g* (v, — (m — 1)vAv — [Vo|?)

— (L + 09Moe)g* Vv - (V(z + X, ¢) = V(X(, Q)
— (m — D)1+ 03Mye)g*v(V - V(2 + X, Q)

— Crev — Core|Vu| — Cyrev.
Using (2.4.2) we obtain

Ly

(1 4+ CMye)g*Lov(z,¢) — (C1 + Cor)ev — Core| Vo

= Apev + 2—MO\VU| (Cy 4 Cyr)ev — Cyre| V|
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Write

«
203 = A(] - Cl - 02?”, 204 = 2—]\40 - Cg.

Assume € to be small enough and we have
Lo(w) > La(w) — Lo(w) + 20,7 |Vv| + 2Csev
> Csew + Cyre|Vw| — [Vw |V (2.4.14)
—(m—=1Nw|VV(zx+ X, () — VV(z+ X, )|

where Vo= |V(z + X¢,() = V(X () — (V(z + Xy, t) = V(X4 1))]
First, we estimate Vj:

¢
Vo = / OV (x + X, 8) — 0,V (Xs, 8)ds
¢

¢
< /t [(VV)(x 4+ X5, 8) — (VV)( X, s))V(X)| + [(0V)(z + Xs, 8) — (0, V) (Xs, )| ds
¢
< olel [PV LIV + DOV ds < are

Next
IVV(z+ X, () — VV(z + Xy, t)| < oe.

Thus by (2.4.14), if C3,C} are taken sufficiently large depending on universal constants, it

follows that Lo(w) > 0. This is possible if we choose Ay, a such that
Ag = oMy(1+Cy), a=oM; (2.4.15)

where o is universal.

Proof of Theorem 2.4.1

Let ® be the unique solution of
A(@™ ) =0 in Bi\Banssio
O = Ad,e on 0Bs, 6/10

q):lsiHQ on 0B,
2 2

29



where o7 is as in Proposition 2.4.5 and A,y is large enough that @(g) > 3. Then for some
M0(67d) >1
1
— S d S Mo, qu)”oo S MO in Bl/2-
My

With above M, let Ag, a, 7 be as given in Proposition 2.4.5.

Next fix any (2,%) € Q; NT and let C*, h, 3 be as given in Theorem 2.3.4. Choose t; such
that
0<ty < min{T, h, 0/(1 + Cg)} (2416)

and set 7 := min{C, 1", 2} > 0 so that, due to Theorem 2.3.4,

u(z,t —t,) =0 for all 2 € B(X(&,1; —t1),7). (2.4.17)

In the proof we set the point (X (&,; —t,),f —t;) to be the origin for simplicity. Recall
the notation X; := X(0,0;¢) and that in our setting (X;,,¢;) € I.
Let us consider
v(x,t) == u(x + Xy, t),
which then solves Lov = 0. By (2.4.16) and (2.4.7), we have {(x+ Xy, t),z € By,t € [0,t1]} C
Q1.

It follows from (2.4.17) that
v(z,0) =0 in B,. (2.4.18)

For P := —Zp and rg := {5 sinf, we define () := r®(*=%). Recall w defined from (2.4.3):

w(x,t) = (1 + Apet) B0 wgglcl)f(kat)) v(y + rew, ((t)).

Now we define the cylindrical domain
Y :=(B(P,r/2)\ B(P,19)) X [0,4]

and compare v with w in this domain. Observe that (2.4.6) is satisfied inside ¥. By Propo-
sition 2.4.5,
Lo(w) >0 in 3.
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We claim that w > v on the parabolic boundary of X. First from (2.4.18) it follows that
w(z,0) >0 =wv(z,0) on B(P, g)
Next observe that, since v(0,t1) = u(Xy,,t1) = 0,
v(0,t) = u(X;,t) =0 for t € [0,4].
Due to the cone monotonicity and definition of v,

w(-t) > v(-t) = 0in B(P,ry) C B(—gu,gsme), for t € [0, ).

Next, since ¢(z) = §sind on OB(P,r/2),

w(z,t) = (14 02Moe) inf v(y+rep, ()
B(:r,re(lfat)y)

(2.4.19)
= (14 09Moe)  inf  uy + rep+ X¢,¢)

B(z, 5 sin0)

Hence to prove our claim it remains to show that w > v on dB(P,5) x [0, 7).

By (2.4.8), we know s := ((t) — t < o Myet < ge. For (z,t) € 3, (2.2.2) yields that
e u(X(z,t;8),t 4+ 5) > u(z,t) where C = (m — 1)(Co + ||V - V|so)- (2.4.20)
Set b, := V(0,0). Since V is smooth, |X(z,t;s) — z| < os. By (2.4.8), we have
X (2,t;8) — 2+ bys| = |/ X(z,t:y),y) — budy|

|VV||X(2 t;s) — z| + 19, V]s) s

<082 < Csing
<05 S € sin
if € is small enough (e < %). Also we can obtain
| X — X; + l;*s| < % sin 6.

Thus
| X (2, t;8) — 2 — Xe+ X)) < %sin&.
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Therefore fix ¢, let z(y) = y + rex + X (t) and take infimum of y € B(x, %sin6)

inf  u(y +rep+ X, () = inf  w(z(y) — Xe+ Xt +s
yE€B(z, 5 sin 0) (y K < C) yeB(x, % 5in ) ( (y) ¢ t )

> inf w(X(z2(y),t;s),t+s).
_yGB(i:,resinO) ( ( <y) ) )

From (2.4.20),

inf e uly + rep + X, ¢) > inf uly + rep + X(t), ).
yEB(x, 5 sin0) (y a ¢ C) y€B(z,resin 0) (y a () )

Due to (2.4.19), we derive

w(x’w > (1 + 02M0€)670(C*t) " inf. O)U(y +rep + Xt,t)

with C' = 0(Cy + 1). By (2.4.8) and (2.4.16), ( —t < oMyet. Since t < o /(1 + Cy), if o is

smaller than a universal constant,
(14 02 Mye)e ™D > (1 + gy Mye)e 72Moc/2 > 1.
Now by cone monotonicity and (2.4.16), for small e,
w(z,t) > u(z + X3, t) = v(x,t) on OB(P,r/2) x [0,t],

and we have proved our claim, i.e. w > v on the parabolic boundary of >. Now comparison

principle yields w > v in X.

Note that by (2.4.7) (1 — «aty) > 4/5. Since ¢(0) > 3r, For |z| < re/5 we have
12
—rep € B(x, ETE) +rep C Bz, 0(0)e(1 — aty)) + rep

and
(14 Agety) v(—rep, ((t1)) > w(x,t1) > v(x, ty).
Since 0 € 'y, (v) we have
(14 Agety) v(—rep,((t1)) > sup  wv(z,t1) > 0.
2€B(0,%5)

We can now conclude.
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Theorem 2.4.6. Let u be a solution of (2.1.4) in Q with vy satisfying (2.1.6). Fiz (x¢,Tp) €
I with Ty > 2. Suppose that u is monotone with respect to Wy, in Q2+ (29, To). Then there

exists a constant k., > 0 such that
w(z + €, t) > Rye (2.4.21)
for all (z,t) € T N(Q1+ (z0,To)) and sufficiently small e > 0.

Proof. Theorem 2.2.2 yields that Au > —oo0 in Q3 + (z9,Ty). Furthermore, when (2.1.6)

holds for ug, Theorem 2.3.5 yields that I' is always of type two. Thus if we consider
(z,t) := u(z + zo,t + Tp),

this u satisfies all the conditions in the previous Theorem 2.4.1 and therefore (2.4.1) holds
for 4. After shifting coordinates we may assume that xq = 0, Ty = 0. For simplicity we will

denote u by wu.

We claim that there is k£ > 0 such that for all € sufficiently small

sup u(y,t) > ke for (z,t) e T NQ;. (2.4.22)

yEB(z,¢€)
Now fix one (#,%) € I'NQ;. Suppose (2.4.22) fails for (z,t) = (2,%) and we want to obtain

a contradiction.

By Theorem 2.4.1, there exists C' such that for all e sufficiently small
r1 = X(& +ep, t; —Ce) & Qo
By the cone monotonicity condition,

xy — pe+ B(0,sinfe) ¢ Q¢ (2.4.23)

Set

and then



By the equation of streamlines, we have |f'(t)| < o|f(t)| and thus
|21 — 20 — ep| = |f(=Ce) — f(0)] < (e — 1) < sinfe/2 (2.4.24)

if C%€? is sufficiently small compared to sin 6.

According to (2.4.23) and (2.4.24), we have
R := dist(x9,T;_,) > sinfe/2.

Therefore

u(-,t — Ce) = 0 in B(xy, R).

By the assumption, the failure of (2.4.22) implies that

7{ u(x,t)de = 7{ u(z, t)dr < ke.
B(X (x2,t—Ce;Cé€),R) B(%,R)

Now let ¢y be from Lemma 2.3.1, and we take k = k(cg, C,8) to be small enough such that

for all small e > 0

Hence Lemma 2.3.1 shows

u(z,t) = 0 in B(Z, R/6),
which contradicts with the fact that £ € I';. We proved the claim.

Now for any (x,t) € I'; and for any v € (0, 1), by (2.4.22), there exist k. := k7, €(y) > 0
such that

sup  u(y,t) > ke for any € € (0,¢).
yEB(z,ve)

Therefore we can find y € B(x,~e) that u(y,t) > k.e. From the geometry, if v = () is
small enough,  + e € y + Wy ,. Due to the condition that u is cone monotone, we can
conclude

u(x + ep, t) > ke for any (x,t) € TN Qq and € € (0, ).
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2.5 Flatness Implies Smoothness

In this section we study regularity properties of I' and we are going to prove Theorem 2.1.4.

Proceeding as in the proof of Theorem 2.4.6, it is enough for us to show the following theorem.

Theorem 2.5.1. Let u be as given in Theorem 2.4.1, and assume (2.1.9) in Qo. Then there

exists a € (0,1) such that T N Qy is a d-dimensional C** surface.

The cone monotonicity and (2.1.9) provide sufficient monotonicity properties for the solu-
tion to rule out topological singularities and to localize the regularization phenomena driven
by the diffusion in the interior of the domain. For the proof we follow the outline for the
zero drift built on [18] and [17], while we elaborate on the differences. First we establish

Lipschitz regularity of solutions as well as nondegeneracy at the free boundary.

Lemma 2.5.2. Let u be a solution of (2.1.4) in Q. Suppose (2.1.9), the cone mononicity
and Au > —Cy hold in Q3. Then u is Lipschitz continuous in Q1 and I' N Q% s a d-

dimensional Lipschitz continuous surface.

Proof. First let us prove that |Vul is bounded in @;. From the equation and Au > —Cj
uy > |Vul? — o(Co + Du+ Vu - V. (2.5.1)
Above estimate combined with condition (2.1.9) yields
(A+0)|Vu| +C(Co, A, 0)u+ A > |Vul?,

which turns into a bound on |Vu|. The bound on u; now follows and (2.1.9). Hence for some

L depending on A, Cj and universal constants, we have

Next, the cone monotonicity implies that I' is Lipschitz in space, and hence it remains to
show that I' is Lipschitz in time. Lemma 2.2.3 and smoothness of V' indicate that, for any

7>0and u(-,t) :=u(-,t+7)

(2(u) N Q12) C ( Ct-neighbourhood of Q(u")) N Q.
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Thus it remains to show the other inclusion.

For any (z,t) € I' and C; > 1, by the cone monotonicity
u(-,t) =01in B(y, R),

where y := z — Cy7p and R := Cysinf 7. By (2.5.2) and the fact that | X (y,t;7) —y| <
Voo

s u(et+7) < u(X(y, 7)) + L(R+7)
z€B(X (y,t;7),R)

<wu(y,t)+ oLt + L(1+ Cysinf)r
S CCl T,

where C' depends on L, ||V||. Thus
R? 2 o2
u(z,t +7)dz < CCi7 < ¢g— = (¢o Cf sin” 0) 7.
B(X(y,t;7),R) T
The last inequality holds if C} is large enough compared to L, ||V, 6. Lemma 2.3.1 yields
u(x — CyTu,t+7) =0
and therefore for some C

(Q(u") N Q1/2) C ( Ct-neighbourhood of Q(u)) N Q1.

The following proposition strengthens the nondegeneracy in Theorem 2.4.6.

Proposition 2.5.3. Under the conditions of Lemma 2.5.2, there exist § < % and ¢; > 0
such that

Vou(z,t) > e in Qs NQ(u).

Proof. Fix any (#,%) € {u > 0} N Qs for some § < ¢ small enough to be determined. Let
h = dist(z,T;) < 6. From Lemma 6.1, I'(u) is Lipschitz continuous. Let us denote the

Lipschitz constant as L;, and choose Cy = Cy(Ly) > 2 such that

dist(2,T;_,) < (Cy — 1)h.
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Denote (y,s) such that s = t — h,y € 'y and dist(&,y) = dist(#,T'y). Thus B(y,h) C
B(#, Cuh).
By the fundamental theorem of calculus and (2.4.21),

f V,u(z, s)dx > f% u(z, s)dx > K,
B(y,h)N{u>0} h 0B(y,h)N{u>0}

for some k! > 0 only depending on k, and L;.

Let us define
O = {(z,t) € Q, dist((x,t),00) > r}.

Fix k € (0,1) to be a small constant only depending on &/, such that

/
7{ V,u(x, s)dr > =y
B(y,h)NQrh 2

Therefore there exists

z € B(y, h) N Q™ € B(z,Cyh) N Q"

such that

) |*?2

V,u(z,s) > . (2.5.3)
Differentiating (2.1.4), it follows that ¢ := V,u satisfies the following parabolic equation
¢r=(m—1DoAu+ (m — DulAp+ 2Vu+V)-Vo+ (m —1)pV -V + f.

where

f=Vu-V,V+(m—-1uV-V,V.
Since u is Lipschitz continuous and V' is smooth, f is uniformly bounded. Then
¢ = e 1| fllool(t — 5)  with Gy = (m — 1)(Co + [V V)

satisfies

¢, > (m — DuA¢' + 2Vu+V) - V'

Let
2= Q"N (B(0,C5h) x (—h,0) + (&,1)). (2.5.4)
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For any (x,t) € ¥ N Q; which is kh away from I', by the cone monotonicity and (2.4.21) we
have

u > ckh  for some ¢ > 0 independent of h. (2.5.5)

The rescaled version of ¢, w(x,t) := ¢'(xh + &,th + s) satisfies

wy > (m — 1)%Aw +@Vu+ V) -Vu inY, = (- (i 5)/h (2.5.6)

Since 3 > ¢p > 0 in ¥, due to (2.5.5), the operator in (2.5.6) is uniformly parabolic. Let
us apply the Harnack inequality to w and write it in terms of ¢. We find for some C' > 0,

. . . 1 K
P Cs(t—s) . > > *
B0 D 4 [ fllaclf —5) > £0(29) > o

where the last inequality follows from (2.5.3).

Since t — s = h < §, further assuming § to be small enough, we can get ¢(z,) > e > 0.

Finally we conclude that V,u > ¢; > 0 for some ¢; > 0 in N Qs.

Next we show the strict monotonicity of u along the streamlines.

Lemma 2.5.4. Let u be given as in Proposition 2.5.3. Consider v(x,t) = u(x + X, t) with
X := X(0,0;¢). Then there exist 6 < & and ¢y > 0 such that

v >y in Qs N {v >0}

Proof. By definition, v solves (2.4.2) i.e. Lo(v) = 0. In Qs, by (2.5.2), we know v < Lé.

Using the regularity of V' and Lemma 2.5.4, we have
1
O > —Co(m — 1)v + §|V1}|2 — 4V (z 4+ X) = V(X)]? = (m — Dv||VV |
2
> —0Cob + 5 — 42| VV % - 06

2
> _ g0yl + % — 08— LS

for (z,t) € Qs, which is positive if ¢ is small enough compared to Cp,c;, L and universal

constants. O
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Now we are ready to follow the iteration procedure given in [18]. Their argument, by now
classical, describes the enlargement of directional monotonicity for the rescaled solutions as

we zoom in near a free boundary point. More precise discussions are below.

Recall (0,0) € I'. For 6 > 0, consider the rescaled v and its corresponding drift and

streamline

vs(z,t) == %v((h,ét), Vs(x,t) :=V(dz,dt), Xs:= X(0t), (2.5.7)

and let us reset v, V, X as vs, Vs, X5. Then there exists a universal o that

Ve <o, IVV]eo + [Villoo € 06, |D*V|oo + [[VOV [|oo < 06, (2.5.8)

From Lemmas 2.5.2 - 2.5.4, for sufficiently small § > 0 we have

0<v<L, 1/L<|Vu|,Vw, vy <L, Av>-Lé in @, (2.5.9)

Now we introduce some notations. V := (V,0;). We denote f; :== 0y, f, fij == 8§izjf. Let

v, it be two vectors in R4 or R%. We denote the angle between them by

(v, 1) := arccos ( —_ ) e [0, 7).

[v[[ul
Let p € R? and 6 € [0,7/2]. Let v € R¥! define the space-time cone /Wg’l, for 6 € [0, 7/2]

as

Wy, = {p e R*™Y, (p,v) <6} (2.5.10)

We say v has the cone of monotonicity Wgw if

~

Voo >0 inQ forallpe /Wgw.

The following lemma, yielding the initial cone of monotonicity for v, can be proven parallel

to the Proposition 2.1 of [18]. Let us write the positive time direction as e, .

Lemma 2.5.5. Let v solve (2.4.2), and assume (2.5.8)- (2.5.9) . Let po := (1/3/2)(u,0) +
(1/\/§)ed+1. Then there exists 6y > 0 such that

A 1 —~
Vv > —  in@Qi  for all unit p € Wy, -

— 2L
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Now we begin our iteration procedure. Fix some J(L) € (0,1) to be chosen later, and
define
v(z,t) = %U(ka, Jkt)  for k € N. (2.5.11)
Then vy satisfies equation (2.4.2) with V (z,t) replaced by by := V(J*z, J*). Let us write
X,.(t) to be the streamline generated by by, starting at (0,0). We have X := X,(0,0,t) =
X (0,0; J*¢).

Due to (2.5.8) - (2.5.9) we have in @,

(Ak) 0 S Vi S L, A’Uk Z —L5, |V?Jk| + |6tvk| S L;

(Bi) Vv, Oy, > %;

(C) [lbelloe < 0, 1 VBilloo + 10:bklloe < 08T%, | D2Billoc + [V Ob e < 062 T,

In [18], they show inductively that the cone of monotonicity /ng,#k for vy has strictly
increasing 6y, converging to m/2 as k — oo. This and the rate of increasing angles leads to

the C'%* regularity of the free boundary.

However for us the competition with drift term requires a stronger inductive property than
the cone of monotonicity, see the remark below Lemma 2.5.8. We make an extra observation

that follows from the enlargement of cones as well as the nondegeneracy of the solution:
(D) There exist g, 0, > 6y such that @pvk > ¢, J* for all unit p € Wgwk in ;.

We will proceed with several lemmas that leads to the enlargement of cones in Proposi-
tion 2.5.10. The proofs of the lemmas will be postponed until after the Proposition.

For simplicity of notations, we write v := vk,l; = gk, X = Xj. First we show that some
improvements on monotonicity can be obtained on the set {v = €}. And this is one place

we need to use (D).

Lemma 2.5.6. [Enlargement of Cones] Suppose (Ay) — (Dy) holds for v. For any e € (0,1),

there exist r < %,60, C' only depending on €, L such that for any v € (0,€), 6 € (0,dy), unit
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pE /W%uk N 8% and 1 := Ce ' cos( p, Vo, —2r) ), we have
o((@8) +7p) > (1+79)0 on (Bs x (=2r,20) 1 {v = ¢}

and v < € in Qo

Next we show that this improvement can propagate to the zero level set of v.

Lemma 2.5.7. Suppose v is a solution of (2.4.2) and (Ax) — (Dg) hold for v, and w is a
supersolution of (2.4.2). Let 6(€),r(¢),7(€) be as given in Lemma 2.5.6. Suppose that w > v
and w > (1+7v)v in (B% x (—=2r,2r)) N {v = €}. Then, if € is small enough (independently
of r,0,T),

w = (1+7y)vin (By x (=2r,2r)) N {v <€}

Lastly we further improve the monotonicity in a smaller domain.

Lemma 2.5.8. Let v,w, T be as in Lemma 2.5.7. Consider a smooth function ¢ : R" — R*
such that ¢ is supported in Bs, and ¢,|Ve|,|D*¢| < k7 for a sufficiently small k > 0. If

v < € in Qo then we have
w(z,t) >v(x+ (t+2r)p(x)p, t) in Q.

Remark 2.5.9. Above lemma was shown for the zero drift case in [18] based on the invariance
of (PMFE) under coordinate translations. This invariance does not hold for us, and thus we
modify the iterative arguments as follows. In each step we construct a barrier of the form
w(x,t) = v((x,t) + p) + e(t) for some e > 0. The last inductive property (Dy) ensures that
this extra term e(t) can be chosen small enough at each iteration, to derive the improvement

of cone monotonicity up to the free boundary.

Now we give the main proposition.
Proposition 2.5.10. Let v be a solution to (2.4.2). Suppose (0,0) € I' and (2.5.8)- (2.5.9).

Then there exist J, S € (0,1) and a monotone family of cones ng#k with Oy, = 0_4 —|—S(%7T—

Or_1) such that

~

Voo(z,t) > (2L) ' in Qe for any unit p € /ng,uk.
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Proof. Let €,7r,y be as given in Lemmas 2.5.6-2.5.7, which only depend on L and universal
constants. For some § < 9y, we reset v, E,X as Ug,gg,X(;. Next let vy, be as in (2.5.11) and
similarly as before set l;k, Xi. We will take some J < r to be determined. It is straightforward

that for all £ > 0, (Ag) — (Cx) hold. When k = 0, due to Lemma 2.5.5, (Dy) holds for v = vy.

Let us suppose that (Dy) holds for some k& > 0 with py, 0 > 6y i.e. the hypothesis of
Lemmas 2.5.6- 2.5.8 are satisfied. We will show (Dj41).

For any v € (0, ¢) and a unit vector p € /ng#k, define
w(x,t) == vi((z,t) +vp)
which satisfies Lo(w) > —FE7v in @1 where E' is an upper bound of
V|| Vb (z + Xi)| + (m — 1)@V - V, by
By the condition (Ay)(C) and the fact that |0, Xx| < o, we can set
E=oLsJ".

Thus by Lemma 2.5.6, w := w + E(t + 2r)~ satisfies the hypothesis of Lemmas 2.5.7-2.5.8.

According the lemmas, we can select r € (0, %) only depending on L,o. Next take one ¢

satisfying the condition of Lemma 2.5.8 and we assume
¢ > or’s7ty in B, for some universal o. (2.5.12)

By the lemmas, we find that with ¢’ := or3x/L and in Q,

w(z, ) = vp(z + (t+ 2r)p()p, 1)

S (o (BY) (2513

> vg(x,t) + 7. ( by (2.5.12))

> Uk('I?t) +
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By the definition of 7 in Lemma 2.5.6, we obtain in @, N {vx > 0}
vp((2,t) +9p) — vi(w, 1)
Vour(z,t) = L—»O 5
> lim wi@,t) = vz, ?) —3Er
70 g (2.5.14)
> 1t —oLéJ*r ( by (2.5.13))

= Oy cos( p, Vop(p, —2r)) — o Lo J*r
where C) := ¢/Ce™! which only depends on L, 0. From (Ay) and (Dy,)

Vpl)k

——(u, —2r) >
[V L
Taking 0 to be small enough only depending on L and o, (2.5.14) yields

s — Vv, —2r) > Lk (2.5.15)

cos( p, Vog(p, —2r)) = 2 573

~

C X
V,oug(x,t) > 71 cos(p, Vug(p, —2r)) in Q, N {vx > 0}.
Thus in the same region

@pvk

cos(p, Vug(z,t)) = 2 |(x,t) > 2C—Lcos<p, Vog(p, —2r)). (2.5.16)
k

For p € S, set

p(p) == %cos(p, Vo (i, —2r)).

For any g € B(p, p(p)) we have sin{p,q) < p(p) and thus

cos(q, Vog(z, 1)) > cos(p, Vug(z,t)) —sin(p, q)

> S_L os(p, Vo, —2r)) — p(p)  ( by (2.5.16)) (2.5.17)
&)
= Ecos(p, Vg, —2r)).

It follows that

. C,
quk(x7t) Z m

- G
. 8L4

cos( p, Vug(p, —2r))  ( by (Ag) and (2.5.17))
(2.5.18)

—JF (by (2.5.15)).

Since (2.5.18) holds for all ¢ € B(p, p(p)), there exists a larger cone ngHMH for some
prer € RIS € (0,1) and 0y, = 0), + S(%T( — 0) such that

A C —~
Voue(x,t) > @Jk for all unit vector p € Wy, 4., and (x,t) € Q.
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Here S can be chosen in a way that it is independent of 6y for all 8, > 6,. We refer readers
to Proposition 2.5 in [18] and [15] for more details.
Let J := min{C1/(4L?),r}. Recalling vgi1(x,t) = Lop(Jx, Jt), we obtain for all unit

D€ W9k+1vﬂk+1

. . C
Vovgs1(x,t) = Vyu, > 8—L14Jk > ¢, J* in Q1.

We checked (Dj41) and therefore by induction we conclude the proof of the theorem.

2.6 Discussion of Traveling Waves and Potential Singularities

In this section we discuss evolution of solutions in two space dimensions, in several explicit

scenario.

2.6.1 A Discussion on Traveling Waves
For simplicity, we restrict to two space dimensions d = 2. The drift is chosen as

b(z1,x3) == (a(x3),0), where a is Lipschitz and bounded. (2.6.1)

Our regularity analysis cannot address the traveling waves themselves, but we are able
to say that such singularity, if at all, is of asymptotic nature. More precisely we show that
dynamic solutions, used in [57] to approximate the travelling waves, stay smooth in any finite

time interval.

Theorem 2.6.1. Let u solve (2.1.4) in R2 x (0,00) with b given in (2.6.1) with the initial

data ug(x) = (x1)4. To find a unique solution we impose the growth at infinity %lt) —

1 as x;y — 0.

For u given as above, the following holds:

(a) u is uniformly Lipschitz continuous in R? x [0, 00).
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(b) For any fixzed T > 0, there exists To(T") > 0 such that for allt € [0,T] and T < 1

Opytt £ T70p,u > 0.
(¢c) u is nondegenerate, and T'(u) is C1* in R? x [0, T].

Proof. Let us rewrite (2.1.4) with our choice of b:

O — (m — DuAu — |Vul? — o) Opyu = 0.

(2.6.2)

Let p(x,t) := (1 + o1t), with o1 := sup|a| + 1. Then ¢, is a supersolution of (2.6.2) with

the same initial data as u, and thus u < ¢. In particular, for any € > 0
u(r — oreeq, €) < p(x — oreeq, €) = (1) = u(x,0),

where we denote the positive x; direction as e;.

(2.6.3)

Let uf(z,t) := u(x — oreey,t + €) for e > 0. From (2.6.3), it follows that u¢(-,0) < wup.

Since u¢ also solves (2.6.2), by comparison principle it follows that u¢ < w, and thus

U — Uy, < 0.

(2.6.4)

Above inequality with (2.5.1) yields that w is uniformly Lipschitz continuous in space and

time.

Next to show (b), let us define, for € > 0 and oy = sup |8125|,

w(x,t):= sup w(r+y—eep,t).

ly|<ee=o2t

As done in Lemma 2.4.4, for some y € B(y, ee=72")

wi(w, t) = (uy — ogee” 7" |Vul)(y, t).

Therefore

w; — (m — DwAw — |[Vw]> = Vw - b— (m — D)wV - b

—

< —ogee | Vw| + [Vw|  sup  |b(y — eer) — b(z)]

je€B(z,ee~2t)

< (—ogee” 7 + e ||| 00) [Vw| <0,
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where in the second equality above, we used the fact that b only depends on z5. Since
w(z,0) < wg, again comparison principle for (2.6.2) yields w < w. By this ordering, for
t<T

u(z,t) > sup  u(x +y—eep,t)

ly|<ce—o2T
which leads to part (b) with 7 < tan(arcsin(e=22T)). Since (a)-(b) implies (2.1.9) and that

u is cone monotone, Proposition 2.5.3 and Theorem 2.5.1 yields (c).

]

Before stating more examples, we need the following technical lemma which is used for

comparison.

Lemma 2.6.2. For some R > 0, set U := By or R%. Let 1 be a non-negative continuous

function defined in U x [0,T] such that

(a) ¥ is smooth in its positive set and in the set 1, — AYp™ — V - (giﬂ) >0,
(b) * is Lipschitz continuous for some o € (0,m),

(c) T'(¢) has Hausdorff dimension d — 1.

Then
Wy — AY™ =V - (bp) >0 in U x [0, T

in the weak sense i.e. for all non-negative ¢ € C*(U x [0,T))
T T B
/ Y dpdxdt < | (0,2)p(0,x)dx + / / (VY™ + 1 b)V¢ dudt. (2.6.5)
0o Jre RY 0 Jre

We postpone the proof to the appendix.

Theorem 2.6.3. There exist solutions ui,uy to (2.1.4) in Q with bounded smooth spatial
vector fields and non-negative, bounded and smooth (in its positive set) initial data such that

the following can happen.
1. wy is stationary and there is a corner on Io(uy).
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2. For a finite time, there is a corner of shrinking angles on T'y(us).

Proof. Write (z,y) as the space coordinate. Let
b:= —V®(z,y) for some smooth function ®,
and then it can be checked directly that
uy := max{®,0}
is a stationary solution to (2.1.4). Notice I'g(uq) is the 0-level set of ® and we claim that if
® is degenerate, the interface can be non-smooth.
For example, we can take
®(z,y) = 9(x)g(y)

where g is a function on R that it is only positive in (0,1). Then 0{u; > 0} is a square. In

particular, 9{u; > 0} contains a Lipschitz corner at the origin.

Next we show (2). Take b := (az, by) (for a moment) and
At) (2 — k(t)y?) 4 if x >0,

g0($, Y, t) =
0 otherwise ,

where
At) = ™ k(t) = koe' for some o1, kg > 0.
Then the I';(y) contains a corner with vertex at the origin.
Let us show that ¢ is a supersolution to (1.1.1) for ¢t € (0,1/07). Due to Lemma 2.6.2, we
only need to check this for = > k'/2|y|.
Lo:= g —(m—1)pAp — [Vo|> = Ve b—(m—1)pV b

= (2® — k)N — MKy — (m — D)X (2% — ky?)(2 — 2k) — 4222 — 4N\ k%2

—2a)\z” + 2bkAy? — (m — DA (2® — ky?)(a + b)

= (2® — k) (N — X2(m — 1)(2 — 2k) — A(m — 1)(a + b) — 2a — 4)\?)

+ \y?(20k — k' — 40k — 4Mk? — 2ak)

> (2% — kyP)A (o1 — o(\,m, ko, a,b)) + M\i2k((2b — 1) — (4\ + 4\k +2a)).  (2.6.6)
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Now we fix a and take b such that
20— 1 > 4\ + 8Xkg + 2a > 4\ + 4Xk(t) + 2a,

if o1 > 10 and ¢t < 1/0y. Next we further take o; to be large enough such that, the
first part of (2.6.6) is also non-negative. We conclude that for ¢t € (0,1/07), ¢ is indeed a
supersolution and its support contains a corner with angles shrinking from 2 arctan(k, %) to
2 arctan(k(t)"2).

Now consider a solution us with initial data u such that uy = ¢(x,y,0) in B; and

uy < ¢(x,y,0). By comparison, ¢ > uy for all times and so
Qu(uz) € ()  {z > K2()|yl}-

Since b = 0 at the origin, the origin is a one-point streamline. By Lemma 2.2.3, 0 € Q;(us)
for all t > 0. Thus I';(us) has a shrinking corner for a short time. Lastly since us is compactly

supported, we can truncate b to be bounded which does not affect uy and its support.
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CHAPTER 3
Vanishing Viscosity Limit

3.1 Introduction

In this chapter, we consider a more general equation than (1.1.1):

9 —eAp—V - (W(VV+VWsxp) =0 in Q x [0,T7,

ot
eV +puVV 4+ uVW s i) -n =0 on (99) x [0, (3.1.1)
w(z,0) = po(z) on

where 0 C R?, n is the outer normal direction of the boundary and p(-,t) is a probability

measures supported in 2.

The system describes the density of moving particles which are confined to some region

and flow with a velocity field
vi=—(eVu/pn+VV + VW x p)

inside of the domain. One part of the velocity field is generated from interactions between
different particles represented by the interaction potential W, given by (VW % u). This
type of problem arises in many applications with various interaction kernel W, such as in
swarming models with W (z) = —Ce 1l W (z) = —Ce " and in models of chemotaxis with
W (z) = 5= log ||, see [26,27] for more references. At the same time, the particles are subject
to an external potential V' (z). For the diffusion term, the model takes into account random

movements of the particles.

The goal is to study the asymptotic behaviour of solutions as € — 0. If simply replacing

€ by 0 in (3.1.1), the equation becomes a first order equation. the solution of the first order
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equation can be very rough (for example the sum of delta masses), it does not make sense
to assume Neumann or Dirichlet boundary condition. We find one candidate is the model
proposed by Carrillo, Slepcev and Wu [27,72] where they considered the case with no random
movements. In the model, in order to characterize the boundary behaviour, they define the

following projection operator P, : R? — R? as follows

v ifv-n <0,
P.(v) = (3.1.2)

v—(v-n)n ifv-n>0.
The equation is formulated as:

g,u(m,t) + V- (uPy(=VV = VW s p)) (z,t) =0 in Qr,
ot (3.1.3)

w(z,0) = po(z) on Q.
Wellposedness of (3.1.3) is given in [27] and the solutions are shown to be both gradient flow
solutions ( [2]) and weak solutions. The generalization of such results to time-dependent

domain can be found in [75].

We are going to show that (3.1.3) can be indeed obtained as the limit as € — 0 of the
diffusion equation (3.1.1), imposing the additional condition that the domain is bounded
and spatially convex. This result is significant since it provides a natural justification for the

first-order system (3.1.3).

This chapter belongs to the second part of the [75]. In the original paper [75], both the
equations (3.1.1), (3.1.3) are studied in the space-time domain, possibly unbounded with
some minor requirements on the regularity of the boundary. The main Theorem 3.3.1 is
proved allowing the domain to be time-dependent (Qr = U(2(t) x {t})) as long as each

time slice €(¢) is bounded and convex.

3.2 Wasserstein Gradient Flow

Let us always assume the following two assumptions in this chapter.

(0) © c R? is bounded and convex.
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(C) V(-),W(:) € C*(RY).

The following discussions are mainly from [2,33].

3.2.1 Wasserstein Distance

Given a probability measure p, we write mo(u) = [pa |2[?dp as the second moment of . The
set of all probability measures on € with finite second moment is denoted by P»(Q). The
set of absolutely continuous (with respect to Lebesgue measure) probability measures with
finite second moment is written as P$. For u € Pg, we usually write u = uL? where u is its
density. For probability measures supported in €, we will think of them as measures in R?,

extended by 0 outside Q.

Now we discuss the Wasserstein metric and we refer readers to [2] for details. Suppose
X,Y are measurable subsets of R? and p; € Pao(X), 2 € Po(Y). A plan between gy, po
is any Borel measure v on X x Y which has p; as its first marginal and ps as its second
marginal. We write v € I'(u1, p2). It has been shown that there exists an optimal transport

plan v € T'(uq, p2) such that

/ |x—y|2dv<x,y>=min{ / |x—y|2dv'<x,y>,v’erwl,m}.
XxY XxY

The above quantity is defined to be the 2-Wasserstein distance between pq, s (the Kan-
torovich’s formulation). Throughout this chapter we use this distance for probability mea-
sures with notation dy (-,-) unless otherwise stated. And later by Wasserstein distance
(metric) we mean 2-Wasserstein distance (metric). We denote the set of optimal transport

plans between py and pg by To(u, i2).

Let o € Po(Y), a measurable function t : Y — X transports ps onto py € Po(X) if
p1(B) = pa(t™(B)) for all measurable B C X, and we write i1 = typs. If s € P4(Y), then
for any iy € Po(X) there is an optimal transport map t4! : Y — X such that t“2#u2 11

to

(with reference to [56]). And we have, in Monge’s formulation,

) = [ 442(0) = aPdao)

81



Given g, pg € Po(X), p € P5(X). Let t/!,th? be an optimal transport maps from p to

p1 and po respectively. Then the Pseudo- Wasserstein distance with base i is defined as
i) = [ 183~ 6P
By Proposition 1.15 [33], d,, is a metric on
P.(X) := {i € probability measures on X, dw (u, ') < +o00}.

And we have for any g, dw(-,-) < d,(-, ).

3.2.2 Gradient Flow Structure

Let us define the energy function ¢(u) associated to (3.1.1) as
¢ () = U () + V(1) + W(n) (3.2.1)

1
= e/gulog udx + /QV(x)du(x) + 5 /92 Wz —y)du(y)du(z)
and the energy associated to (3.1.3) as ¢(u) := ¢°(u).

In U term, u is the probability density function of u if p is absolutely continuous with
respect to Euclidean measure. We set ¢°(1) = oo if u is not absolutely continuous. We will

discuss the gradient flow structure later.

Define the proper domain of functional ¢¢ is

Dom(¢) == {p € P2(), ¢(n) < +o0}.

Notice there is no difference between i € Dom(¢') and u € Dom/(¢¢) for some € > 0. Next

as a convention,
.

Yu if u # 0,

— =40 if Vu =0,

+oo  if Vu # 0,u=0.
\
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Definition 3.2.1. (absolutely continuous curve). Given an interval I C R. u(-) : I — Py()

is absolutely continnous if there exists m € L'(I) such that
¢
dw (1(t), u(s)) < / m(r)dr for all s,t € I,s < t.

According to Theorem 8.3.1 [2], for any absolutely continuous p(t), there exists a Borel
vector field v(z,t) such that
O+ V- (pv) =0

holds in duality with C3°(R? x I). We call v the velocity field of p.

Definition 3.2.2. (subdifferential). Given ¢ : Py — RU {400} with € > 0 as the above.
belongs to the subdifferential of ¢¢ at p € Dom(¢©) if for all w € Py(Q)
0°w) 2 )+ [ (6,88 = ibdn+ old(w. )
9)

We write £ € 0¢°(p).

Definition 3.2.3. We say that an absolutely continuous curve u(t) is a gradient flow solution
to (3.1.1) if
v=—(eVu/u+VV +VWxpu) whene>0,

v=P,(—(VV + VIV x p)) when € = 0,
belongs to the velocity field of pu(t) and

—v(-,t) € O(¢(u(t))) for L'-a.e.t > 0.

When e = 0, the existence and uniqueness of the gradient flow solution to (3.1.3) are
solved in [27]. When € > 0, the well-posedness of gradient flow solution to (3.1.1) is by-now
standard by the celebrated JKO scheme.
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3.2.3 JKO Scheme

Without loss of generality, we consider the case when ¢ = 1:

0

St =V (Yt YV (VW s p)p) =0 in O,

(Vi +VVu+ (VW s pp+cp)-n=0  on dQr, (3.2.2)
= o on ).

Suppose pg € Dom(¢') and conditions (C)(O) hold. Fix a small time step 7 > 0, define
Jr Py (Q) — PI(2) by

J- (1) € argmingep,q) {%d%v(u, v) + Qﬁl(v)} : (3.2.3)
First we show the existence of such minimizers. With the assumptions (C) on V, W, we have
¢! is lower semi-continuous, coercive, compact. Then

it {5+ 00

veP2(Q) | 27

is bounded below. And we can find a sequence of measures whose energy converges to the
infimum and they all belong to P$ due to the internal energy. Then lower semi-continuity of
¢! and compactness guarantee the existence of the limit. Details can be found in section 2.1

in [2] or Lemma 4.2 of [72]. Since {2} is convex, we have the uniqueness of the minimizer.
Set

pr = J, 0. 0J.(o) € P(Q).

Define a discrete type solution with time step 7 as
p(t) = pt it t € ((k—1)7, k7). (3.2.4)

Let us fix pg € Dom(¢!') and any T > 0. If 7 is small enough and n7 < T, then it can be
shown that there exists C' > 0 independent of 7, k,n, T such that

n—1

> i (k) < Cr gMum) < C

k=0
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This provides enough compactness of p,,7 € (0,1). As proved in [2,45] that along the
subsequence 7 — 0,

() = () € C° ([0, 7): Po(R)
It can be shown that u(t) is a gradient flow solution to (3.1.1) and furthermore it is also a

weak solution in duality with C>(Q x [0, 00)).

3.3 Vanishing Viscosity Theorem

Theorem 3.3.1. Assume (C)(O) hold, pg € Dom(¢°) for some € > 0, and it is supported
in Q2. Let u(-) be the weak solution to equation (3.1.1) and p(-) be the weak solution to

equation (3.1.3) with the same initial data py. Then there exist constants ¢, C' that

A2y (e (t), u(t)) < Cemate for allt € [0, 00).

Lastly let us mention that in [32], the vanishing viscosity limit problem in the whole
domain was studied in the case when V = 0 and —W is the Newtonian potential. Their
proof heavily relies on the specific choice of kernel W, and also the fact that the domain is

R? which eliminates the task of determining the limiting boundary condition.

3.3.1 Proof of the Theorem

We consider equations (3.1.3) and (3.1.1) in bounded, convex domain in this section. Let u¢
be the weak solution to (3.1.1) and p be the weak solution to (3.1.3). We want to show that

1 converges to p in Wasserstein metric as € — 0.

Now we give two lemmas.

Lemma 3.3.2. Suppose (O)(C) hold, and j1o € Dom(¢'). Let

w@w:(e

Then for any 0 < e <1,

Vue

+VV + VW % /f) (z,1).

ue
/ [0 (2, t)|” uf (, t)dadt < C.
Qr
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The proof of the lemma is standard (see Proposition 10.4.13 [2]). Recall the internal
energy is denoted as

U(pn) = e/ ulog udx where 1 = ul®.
R4

We can have the following.

Corollary 3.3.3. Settings are as above. For any 0 <T' < T, [, , .U (u(t))dt — 0 as

e — 0.

Proof. By the Euclidean Logarithmic Sobolev inequality (see [42] [34]) and the fact that

u(t) is supported in Q(t),

d 1 Vus|?
/ ulogu‘dr < = log(—/ de)
Q) 2 2mde Q) uc

Write US(t) := U (u(t)). Then
T €2
/ exp (e 'U(t)) dt < C’/ dedt < Ce?
0 Op U

We used Lemma 3.3.2 and the regularity of V, W in the last inequality. Now for e small

enough, assume e2e¢” > N holds for all N > ¢~2. Thus

T T
/ e U(t)dt < / e zdt + / et
0 0 Ue(t)>e2

1

T
< Ce2 +/ e?exp (e 'U(t)) dt < Cez
0

which finishes the proof. O

The next lemma is one important ingredient to the proof of the convergence. Note it is
possible that & Dom(¢°), the plan is to regularize it and replace it by a i € P?. We look
for a i with density function uniformly bounded by e™* for some 0 < a < 1. Additionally
we need de(p, ft) to be small where d (-, -) is the Pseudo-Wasserstein metric with base p°.

As a remark, this is stronger than requiring dy (p, i) to be small.
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Lemma 3.3.4. Given any i € Po(Q),v € P(Q) where Q is a bounded, convex subset of R

For any s > 0 small enough, there exists i, € P2(Q) such that
dy(p, ps) < C's and

max {us(z),z € Q} <s

The constant C' only depends on the diameter and the volume of €2

We postpone the proof to the next section. Now we give the proof for our main theorem

in this chapter.

Proof. (of Theorem 3.3.1).
(st + (1 — s)i)up® with p¢ = p(t). The convexity of

For any wy € P (2(t)), let pus
the domain implies s € PS(2(t)). For any Fréchet subdifferential of ¢ at u¢ (see section

2]) &€ € L?(uf;R?), we have
(be(:u’s) B ¢€(M6) € jwi s €
e [ e

lim inf
s—0

By (C), ¢¢ is A—convex for A = min{\,3)}. So by the Characterization by Variational

inequalities and monotonicity in 10.1.1 [2]

¢ (ps) — ¢ (1°) < ¢°(wy) — (1) —

S

w|>/z

(1= s)dyy (wr, 1)

Then we take s — 0 and find
(3.3.1)

5
o)~ )2 [ i+ G, )

By the JKO scheme, 1€ is a gradient flow solution and we can choose £¢ = —v°, the tangent

velocity field of u°.
—VV —=VWxpu) = —v is one Fréchet

Similarly since p is a gradient flow solution, & :=

subdifferential of ¢ at ;1 and then for any wy € Py (t))
(3.3.2)

A
o) =000 2 [ (662~ i+ S ).
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For each t we use Lemma 3.3.4 to modify pu. Take v = pf, s = ez and let L= s €
P(Q(t)) with it = aL? Then for all 0 < ¢t < T

max {u(z,t)} < ¢z, dye(fi, p) < Cedia,

Plug in wy = 1 in (3.3.1),

O EO) 0 0 (0) 2 [ €=+ S

Qt
€ MU . € € i m € 5\ € A_\2
> (€, b —i)du + (€5, the — the)dps + = (dw (i, p°) + Ced2)=,
() (1) 2
Let v° be an optimal transport plan between u, €. The above
> [l nd s [t -t - Cdfy ) - Cet (333
Q(t)?

Q(t)

Take wy = pf in (3.3.2),

(€(x),y — x)dy" + gdiv(u, (). (3.3.4)

Q)

b (1 (1) — 6 (ult)) > /

Next by Holder’s inequality

1
/ (gﬁ,tﬁf—tge)dwdt‘ < (/ \56\2d;fdt> (/ [t — the
QT QT QT

By Lemma 3.3.2, fQT |€€|2dpcdt is uniformly bounded and

Q(t)

is the Pseudo-Wasserstein distance induced by p¢ € Pg. So

2al/falt)

%
Qd/f) = dye (1, 1)

T
/ (€5, the — tZe>du€dt' < C/ dye (p, pr)dt < CewaT.
Qr 0

This inequality as well as (3.3.3) (3.3.4) gives for any 7" € [0, T]]

|- + ) = e <

2
O

Tl

[ @)~ ona s [ dpas oa
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d
Because (x,t) < € @2 pointwise and the domain is bounded, we have

T/
/ U(fi)dt = e / (tilog @)(z, t)dadt < Cerz T,
0 Q

T/

Also note (ulogu) is bounded below, we have —U(u(t)) < Ce. Then

T/
/ (=E@) + & (y), 7 — y)drydt < C/ iy (p, ) dt + Cem2 T, (3.3.5)
QT’ 0

By Theorem 8.4.7 and Lemma 4.3.4 from [2], we find

d
—d2 <2

10N

ww—w@w—wmwﬂ/ (E(y) — E(x), 2 — g,

10N

By (3.3.5) and d%,(p, ) (0) = 0, we deduce that
T/
By (01T £ C [ diy )it + 50T
0

for all 7" € [0,7T] and d(¢) = Cem for some constant C' depends only on the domain and

universal constants. Then Gronwall’s inequality finishes the proof that we have
diy (1, 1) () < (e)te.

Actually if we keep track of the constants, d(¢) < Ce” for all 5 € (0, 77) where C' depends
on 3, A, the volumes and diameters of Q(t),t € [0, 7. ]

3.3.2 Modification of Measures in P-Wasserstein

Proof. (of Lemma 3.3.4)

Without loss of generality, suppose €2 has volume 1 in Euclidean measure. Let e be the
Euclidean measure restricted in 2 and then e € P?(2). Since v is absolutely continuous, t¢

and t# exist and t¢ is one to one on (2 outside a v zero measure subset. Let

o= (L= )t + 5t0) , 0)

be the generalized geodesic joining p, e with base v, which is defined as in Definition 9.2.2 [2].

Due to the convexity of the domain, we have p, € P2(£2). By Proposition 2.6.4 [33], the

89



generalized geodesic is of constant speed in the sense that

dy(p, pis) = sdy(p, €).

Since the domain is bounded, d,(u,e) is uniformly bounded for all probability measures

v, i, e. We deduce that d,(p, ps) < Cs.

Now we show the pointwise boundedness of p;. Let ¢ = xp,.(z) which equals 1 in B, and

0 outside. Thus
/ngdus = /Qgp ((1 = s)th + sto) dv = v {((1 — s)tt + ste) ™! B,(z)} (3.3.6)
Write S := ((1 — s)t# + st¢) "' B,(z). By definition
vol {B,(x)} = vol {((1 — s)t" + st&) S}.
Now we apply Brunn-Minkowski inequality (Lemma A.1.8) to find the above
> vol {stS} = s%(9).

So
0(8) < s~ol{B,(x)} = vol { By(1)} (g)d.

By (3.3.6), for any ¢ = xp,.(z) we find out

1
— | pdu, < s
vol {BT(m)}/QSO Hs = 8

This shows that ug is an L> function in Q with bound s~¢. O

We make a remark that the modification of 1 done in Lemma 3.3.4 can not be replaced
by simply convoluting p with a smooth, positive, compactly supported function. We want
to show that, the difference between one measure and a “small perturbation” (including
convolutions) of it can be large in the Pseudo-Wasserstein metric for some base measure. To
illustrate the main idea, let us consider the following base measure v which is a sum of delta

masses. And instead of convolution, we first consider small shifts.
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Suppose in R2, € > 0,

1 1 1 1 1 1
v = 55(—1,0) + 5(5(1,0), H1 = 55(—6,1) + 55(5,—1)7 o = 55(5,1) + 55(—6,—1)-
Then the optimal transport maps from v to pu; are
(e,—1) when z = (1,0), (e, 1) when z = (1,0),
t (z) = ty*(z) =
(—€,1)  when z = (—1,0); (e,—1) when z = (—1,0).

So
(11, 12) = / 61— 22 = 4.
]RQ

For small €, geometrically po is just a small perturbation of p;. This shows that a little shift
may cause a large difference in Pseudo-Wasserstein metric. And so it is possible that the
convolution of y with %p(+) (¢ is a bump function and € is a small positive value) is far

away from p in view of the Pseudo-Wasserstein metric.
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CHAPTER 4

Aggregation Equations with Singular Drifts

4.1 Introduction

In this chapter, we consider the following equation
uy = Au™ — V- (uVIsu) in RY x [0, 00), (4.1.1)

with nonnegative initial data u(x,0) = ug € L*(RY) N L>=(RY), where the degeneracy arises

due to the range of m, m > 1. The non-local drift is given by the Riesz kernel
d
Ksu=cKs+u where s € (O, 5) , Ko(2) = 2|72, ¢ > 0. (4.1.2)

When d > 3, for a suitable choice of ¢ = ¢(d,s) > 0, the convolution is governed by a

fractional diffusion process: Ksu = (—A) *u ( [66]). This chapter is from my paper [74].

The model arises from the macroscopic description of cell motility due to cell adhesion
and chemotaxis phenomena, see [12,22,69]. In the context of biological aggregation, u de-
scribes the population density and the degenerate diffusion models the local repulsion taking
over-crowding effects into consideration. This effect can also be found in many physical
applications, including fluids in porous medium ( [44,70]). The homogeneous singular kernel
models long-range attractive interactions between cells, with smaller s representing stronger
aggregation at near-distances and therefore more singular. For larger s, we consider stronger
force at long-distances. The competition between the diffusion and the non-local aggregation

is one of the core subjects in the study of aggregation models.

To find the balance of the two competing effects, we use a scaling argument, also see [11,23].
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Define
up(x,t) = rlu(ra, rdm=D+2), (4.1.3)

and then formally (—A)~%u, = r4=2(—A)"u. It is straightforward to check
Ou, = Au)t — pd—dm=2sx7 (u,V - Ksuy,).

So m = 2 — 2s/d leads to a compensation between the diffusion and the aggregation. The
range m > 2 — 2s/d where the diffusion dominates over the aggregation is often referred to

as the subcritical regime. The range m < 2 — 2s/d is called supercritical.

When s = 1, K represents the Newtonian potential and (4.1.1) is the well-known de-
generate Patlak-Keller-Segel equation. In the corresponding subcritical regime, the well-
posedness, boundedness and continuity regularity properties of solutions have been estab-
lished in [5,10,29]. When m = 2 — 2/d, it has been shown in [11,39] that the mass of the
initial data plays an important role. More precisely, if the initial mass is larger than one
critical value, solutions can blow up in finite time and otherwise they always stay regular.

In the supercritical regime, finite time blow up is again possible, see [5,67].

In this chapter, we consider the natural extension of the Newtonian potential: Iy =
(—A)~ with s € (0, %) (see (4.1.7) for details). For this kernel, to the best of our knowledge,
only stationary solutions have been analyzed before. [19] studied the existence of stationary
solutions in the fair competition regime: m = 2 — 2s/d. It was shown in [22] that stationary
solutions are radially symmetric decreasing with compact supports and have certain regu-
larity properties in most of the subcritical regime. Recently in [21,24], the equations with
repulsive-attractive kernel, of the form K(z) = Lz% - % with 2 > a,b > —d, are studied. [21]

analyzed the asymptotic and the singular limits as m — oo, and [24] proved the boundedness

of solutions when the repulsive potential has a stronger singularity.

Our goal is to initiate investigating the dynamic equation (4.1.1) in the subcritical regime,
starting with its well-posedness and regularity properties. Many questions stay open as we

discuss below.
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4.1.1 Summary of Results

Throughout the chapter, we assume

(1)d >3, m>2—2s/d,
(4.1.4)
(2) up € LY(RY) N L>®(R?) and uq is nonnegative.

Next we give the notion of weak solutions to (4.1.1) which is similar to those in [6, 14].

Definition 4.1.1. Let ug(z) € L®(R?) N LY(R?) be nonnegative and T € (0,00]. We say
that a nonnegative function u : R? x [0,T] — [0,00) is a weak solution to (4.1.1) in time
[0, T with initial data ug if

u e C([0,T], L"RY) N LR x [0,T]), u™ e L*(0,T, H'(R?)),

(4.1.5)
and uVKau € L'(R? x [0,T])

and for all test function ¢ € C>°(R? x [0,T)),

// upydzrdt = / uo(x)o(0, z)dx + // (Vu™ + uVEKsu)Vodadt.  (4.1.6)
R4x[0,T R4 R2X[0,T]

Theorem 4.1.1. [Ezistence and Boundedness] Suppose (4.1.4), and either s > 5 orm < 2
hold. Then there exists a nonnegative weak solution u to (4.1.1) with mass preserved and u is

uniformly bounded for allt € [0,00). The bound only depends on s, m,d, and ||ug||1 + || w0 co-

This can be seen as a variate result as compared to [5,43,68] where Keller-Segel systems or
equations are considered. We approach the problem by two approximations: regularization
of the gradient of the kernel and elimination of the degeneracy, see (4.2.3). The existence of

smooth solutions for the approximated problems is standard [6].

With the approximations in mind, the first goal is to obtain a priori uniform in time
L>-bound of solutions. We use an iteration method which can be found in [52], and show
a sequence of differential inequalities. The key is to bound the attracting term by the
degenerate diffusion. By scaling, the condition m > 2 —2s/d is critical, the use of which will

be highlighted.
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If 1/2 < s < 1, the uniform bound is obtained separately when m < 2 and m > 2, and
only for the former range of m if s < 1/2. Here s = § is a borderline, because |[VK,] is only
locally integrable when s > % In the proof, we will apply Sobolev inequalities and properties
of fractional Laplacian. It is essential that each estimate needs to be consistent with the
scaling and this turns out to be a useful hint for us, for example the choice of exponents in
inequality (4.2.20). When s > 1, interpolation inequalities for fractional differentiation are
no longer helpful. To go around the technical difficulty, we adopt a different argument by
studying the singular convolution integrals in three different ways according to the steps of

the iteration, see the proof of Theorem 4.2.4.

As for the remaining range m > 2 and s < 1/2, we conjecture the same a priori bound.
While likely a technical issue, challenges for m > 2 arise as well in [22], where stationary

solutions are shown to be in W (R%) only when m < 2.

With aforementioned a priori bound, a compactness argument yields the existence solution
to (4.1.1), see Theorems 4.3.1- 4.3.3. One hard part is to justify the singular interaction term
when s < 1/2. Due to the loss of the integrability of |V K|, VK * u is not well-defined for
u € L' N L. To overcome this difficulty, we observe the following a priori estimate under
the condition m < 2,

Vu € Li,([0,00), L*(RY)).

Using this, we can make sense of V(—A)~%u in the space L2 ([0, 00), L*(R?)), see Lemma

loc

4.3.2.
Next let us state the uniqueness result.

Theorem 4.1.2. [Uniqueness] When s > 1, there is a unique weak solution to (4.1.1) with

mitial data ug.

In [5,6], the uniqueness problem was solved when s = 1. We will take their approach and
prove for s € (1, 2).

As for the regularity property, with the help of [50], we have the following theorem.
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Theorem 4.1.3. [Hélder Regularity] Suppose s € (1, 2). Let u(-,t) be a weak solution to

(4.1.1) with initial data ug. Then for any T > 0, u is Holder continuous in R x (1, 00).

A lot of open questions remain to be investigated in the subcritical regime: existence result

for s < 1/2 and m > 2, uniqueness for s < 1 and Holder regularity for s < 1/2.

Let us comment that our results and proofs adapt to more general kernels K, such that
\Ky(2,y,t)|, [VoK(z,y,t)|, |D2K,(z,y,t)| share the same singularity as |z — y| =425 |x —
y| 72 o — y| 797228 respectively near z = y. Some modifications are needed if we only

assume |K,(x,y,t)], Vo K,(z,y,t)|, |D>K(x,y,t)| to be bounded away from x = y.

4.1.2 The Singular Kernel

We use the notation —(—A)" with r € (0, 1] for fractional Laplacian operator which is defined
on the Schwartz class of functions on R¢ by Fourier multiplier with symbol —|£|*", see chapter
V [66]. Alternatively, —(—A)" can also be realized as the following singular integral in the

sense of Cauchy principal value, see [53].

227‘1“ d+2r -
~(-AYul) = Jim 2o BT
R—0+ 74/ |F(—7")| R4\ Bg(z) |y| o

dy.

We denote the constant in front of the singular integral as cq,. The domain of the operator

can be extended naturally to the Sobolev space W?r2(IR4).
We write |[V[*" := (=A)".

We define the following bilinear form associated to the space W"2(R9):

Bo0) =y [ LDV 0l

|$ _y|d+2r

for v,w € Wn?(R?). Then
B.(v,w) = ((=A) v, w) 2 ::/ w(—A)"vdx.
Rd
Using Parseval’s identity and definitions, we have for 0 < r; < r

(=A)"v, w)p2 = (V[ "0, [V["w) 2.
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For details, we refer readers to [53] and Section 3 [13].

Proposition 4.1.4 (Proposition 3.2 [13]). For every v,w € WH?(R?), we have

Vo(z) - Vw(y)
|z — yld-2r2r

B.(v,w) =C

dxdy.

The inverse operator of fractional Laplacian is denoted by —(—A)~* which can be realized

as the Riesz potential

(—A)u(z) = » K(z,y)u(y)dy; (4.1.7)

Here s € (0,%) and u is a function integrable enough for (4.1.7) to make sense. We refer

readers to [14,53,62] for more details.

When s > 3, VK,u is well defined for u € L*(R?) N L>(R?). When s < 1, if we further
assume that u is y-Holder continuous with v > 1 — 2s, VK u can be defined via a Cauchy

principal value

VEu(z) == | VoK(z,y)(uly) - u(z))dy.

]Rd
4.2 A Priori Estimates

In this section several a priori estimates ( Ly°L2 and Lg°LS° bounds) are obtained.

Let us regularize the equation (4.1.1). Instead of modifying /C,, we consider the following

approximation

V() = C(2)V, K (2, 0) (4.2.1)

where € > ( is a small parameter and ¢, is a smooth, radially symmetric, nonnegative function

that

(.=0for |z| <eand |x| >2/e, ( =1 for |z| € [2¢1/€],
(4.2.2)
V(| S 1/efor x| <2 |V(| Sefor|z] >1/e

It is not hard to see
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(1) Vi, is a smooth vector field and V, () = c(—d + 2s)|z| =422z for |z| € [2¢,1/€];
(2) |V - Vie(x)| < Clz|~97%2% holds for some C' > 0 only depending on d, s and for all z.

Consider the following problem

0
Syl = eAuc + Au™ — V- (uVie xu) =0 in RY x [0, 00),

d (4.2.3)
ue(z,0) = up(z) on R?

which is uniformly parabolic with smooth compactly supported interaction kernel. By The-

orem 4.2 [6], there exists a unique solution u, to (4.2.3) which is nonnegative and smooth.

In the following subsequent theorems, we are going to prove that u, are uniformly bounded
for all time independent of €. As mentioned before, we will treat the following five cases
separately: {m < 2,1/2 <s <1}, {m>21/2<s<1},{m <2,s <1/2}, {m<2,1<
s <d/2} and {m > 2,1 < s < d/2}.

Theorem 4.2.1. Suppose (4.1.4), s € (3,1] and let u := u, be a solution to (4.2.3). Then u

is uniformly bounded for all time and the bound only depends on d, s,m and ||ug|| 1+ ||uol| Lo~ -

Proof. Define a sequence {ny, k € N*} C R* by
no=1, mngy1:=2n,+1—m forall & > 0. (4.2.4)

We find nj, = 28(2 — m) — 1 +m. Tt follows from m < 2 that n; — oo as k — oo.

Fix any k£ > 1 and we know n; > n; = 3 — m. For simplicity of notation, let us write

m4n—1
n = ng, l:nk_1:T<n.

Now, without loss of generality, suppose that the total mass of ug is 1 and so is the total
mass of u(-,t) by the equation. Since u is smooth, we multiply ©"~! on both sides of (4.2.3)

and find

8t/ u"dr < —n/ Vu™Vu tdr + n/ (uVie *u) - VU tda
Rd Rd ]Rd

Rd

n+m—1

Vu 2

2
dr+ (n—1) / Vse x uVu'de. (4.2.5)
Rd
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By property (2) of V., we obtain

X = VS e xuVu'dr = / (—=V - Vi) *uude
]Rd

=€ / /R T e (\ﬂxis_ D) gy

Since u is nonnegative

(u(@) = u(y)) (W"(2) —u"(y) < (u'(z) —u'(y)) (W (2) =" (y)),

and thus

X<O[@d Q»WMHW%WMPMDM@

|£L‘ _ |d+2—2s

= C/ V(=A)"*u'Vu""dz  ( by Proposition 4.1.4)
Rd
|(_A)1fsul| unJrlfld:L_

<C H|V|2_25UIH2 Hu"H_lH2 ( by Holder’s inequality)

2-2s, 1 e
= CIvEly lafllyubys -
By Gagliardo-Nirenberg interpolation inequality
[19p-2u]l, S [1Velf; el 2.6
[y T

with a(n), B(n) satisfying

1 2-2s (1 1 1 11
- S at+l-a, i =(:-=)B+1-8
2~ d +(2 d)O‘Jr SR PO g (2 d)5+ &

It can be checked that a > 2 — 2s if and only if s > % The conditions of Theorem A.1.1 are
fulfilled.

Letting (n) := o + “H=L3 yields

n+1 1 -y’

1
X < vl fla ;"

It follows from (4.2.6) that

1 1 9(n)-2_28+n+1_l—2_28+ 4 —2m
- d l - d n—14+m

514

99



Since m < 2, {#(n)} is decreasing as n — oo and the limit equals (2% + 1) / (2+13)

which is less than 2. Very importantly when n =3 —m, 6(3 —m) < 2 is equivalent to

2—2s 1 1 2s
( p +3—m>/(§+3)<2 — m>2—g.

So in all

inf 2—6(n) >0 and inf 6(n) > 0. (4.2.7)

n>3—m n>3—m

Now by Hélder’s inequality, for any small 6 > 0
x < 2w+ Gy (425)
where

2(2—m) 1 _ 0(n)
—Z(Q—Q(n))§2+cn and Cn'_—Q—Q(n)'

According to (4.2.7), {c,} are uniformly bounded for all n > 3 —m. By Gagliardo-Nirenberg

- n—I 1 1
ol S w3 ]} were = ("=0) /(345

Direct calculation shows 4* < 2. Next by Young’s inequality

0 =60(n):=2+

inequality

[ e s a7 ), T < 819l + s [l (429
Rd
where

v =9(n):=2- 22(lm——_77lz) <2 —Cn~" and (not hard to check) 4/ > 0.

Finally by (4.2.5), (4.2.8) and (4.2.9), we obtain for all n > 3 —m

,_Y/ 9/
ﬁt/ u"dr + c/ udr < Cn (/ uldx) + Cnentt (/ uldx)
Rd Rd Rd Rd

where ¢, C are independent of n.

Recall (4.2.4). Since for some universal C'

ny ~m 25, 0,9 <24+ Cn"', e, <O,
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writing Ay = [p. u" dx yields

d .
T Ak + cAp < CP 4+ CF A" for all k > 0.

Finally applying Lemma 1.2.2 concludes the theorem.

Theorem 4.2.2. Theorem 4.2.1 holds in the regime m > 2 and s € (%, 1].

Proof. Denote u; = max{u— 1,0}, & = min{u, 1} and so u = u; + @. For some n > 2, let us
multiply ©7~! on both sides of (4.2.3). We get

8t/ uydr = n/ u} tuydr < —mn/ um_1VuVu’f_1dx+n/ (Vae x u) uNVui tdr .
R¢ Rd R

Rd

J/

~~

Because

/ u" VuVuy T da :/ (uy + 1) 'V, Vi da
R4

R4
Cm n+t1 2 n |2
S L i ‘Vuf dz
n R4
for some C,, > 0 bounded from below for all m > 2, we obtain
n+1 2 n 2
@t/ uyde < —C’m/ Vu,? | + ‘Vuf dr +nX. (4.2.10)
R4 R4
Let us now estimate X:
X = Ve * wuNVultdr + / Ve * 0 uNVu!tdr
R4 R4

S / Viex uVuyde + / Ve * u Vit dr + / Vse*xt uVultdx
R4 R

Rd

=Y, + Y, + X. (4.2.11)
We will first consider X;. By the fact that

s>—, 4<1, u€ L' and |V, (v)] < |o|74 12

N | —

101



we have

|Viex 0] (x / |z — y| 25 dy<C’/ udy—l—/ |z —y| 25 dy < C.
R4 |z— y|<1

Hence for any small § > 0

X, =C u!Vu’fl‘dx,S/ uulg_l‘Vulg dx
Rd Rd
5 m
< an/ (uf 4+ uf™?) do + —HVuf 3
R4
< an/ uydr + Csn + —HVu 3. (4.2.12)
Rd

In the last inequality (4.2.12), we applied

n |2
/ u2dx S/ u’fdm—k/ ldx < Huf
R? ur>1 1<u<2 2

Next by Gagliardo-Nirenberg and Young’s inequalities

il < coon [t [t [ < cmud [+ Sl e
S|Ur ], = ot Y, U N R R o
where we picked
_1/ L,
2/ \2 d)’
So by (4.2.12), for some universal small § > 0
1) n (|2
X, < Cyn + Ot |[u? + 2 HVuf (4.2.14)
n
For Y; withl=n —1,n, as proved before (in Theorem 4.2.1)
+ 2
— Uy (y)> < = NSt
Y, S //R?d |x — dxdy < » V(—=A)%u,? Vu,? du.
By Fourier transformation and Holder’s inequality,
— 2 — 2 1—s —— 2 s
2-2s | Bt 9| [
v [ de(/ w’ df) (/ u’ dg)
Rd R4 Rd
141 (2 1—s s
< (/ Vu,? da:) (/ ulfrld:ﬁ)
Rd R
1—s 1 l+1 2
<Csn's u12 — HVU
2
112 ESHIP 1
< Csn ‘ u + — HVU12 ( since s > 3 ). (4.2.15)
n

102



When [ =n — 1, by (4.2.15) and (4.2.13), we get for some C' only depending on o

n ) n (|2
Y,_1 < On® T |lu2|] + = HVuf
1 n
When [ = n, as done previously
n+1 5 n+1 2
Y, <C’nd+1‘ +—Hvu12
n 2
By Gagliardo-Nirenberg,
nt1 )2 n 2L 251 n 1282
‘uIQ 1:‘uf7<C’HVU1 u121

where

Blzﬁl(n):%/(%—f_é)a B2 = Pa(n) = n—i_l—ﬁl

By Young’s inequalities

2681 || n (262 6p Vu2 2B1p u? ||2P2e
CHVUI u [Vu? |l N Juf |I? )
p €lq
c n 'Yn 2
< Csn® uf d+2 ”Vul
where we pick
1 p
= ~n, =——, Cé/)p= .
P o 1 p—1 /v nd+2
_ 1 ﬁ B1(d+1)
Thus e 4 — - = 171 , we find e 7 = Csn 51 7
p p B1
2 1 2 d+1
e oyl 2 g, = B D

1—51_ n(1—p) 1—5
It is not hard to check that for all n > 2, 8;(n) < £1(2) < 1. And so ¢, is uniformly bounded
for all n > 2. Thus we proved that for any small 6 > 0

1) ntl |2
— HVu12
n

n ||y 6 n 2
Y, < Csner +2 HVuf +
n 2

2

Combining with (4.2.11) and (4.2.14), for some ¢ (= ¢, +d + 1) > 0 uniformly bounded
for all n > 2

n+1 2

nX < Csn? + Csn® (’ u1%

") +avad]]

n

2

Ug
1 2
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Therefore by (4.2.10)

d. . .
st + ([

2 n+1 n 2 n
+ HVU12 uf || + ‘ uf
2 1

7") . (4.2.16)

1

2
)§n2+nc <‘
2

Again by Galiardo-Nirenberg inequality and Young’s inequality

where § = £/ (5 + ). So for some universal C, ¢ > 0

n 0 1-6
uf

n n

uf

uf

n
uf

n
S v
2

|

< HVuf + ‘
2 1 2

1 1

n 12

u? (4.2.17)

2
_C’
2

n (|2 n
HVuf 2C’uf
2

1

By (4.2.16), (4.2.17), we have

Tn

n
uf

d
Sl + sl S 0 e [uf |

Recall here v, <2+ %
Now letting n = 2% with k € N* and Ay = [, uf*dz gives

%Ak“ F Ay < CF 4 R AT (4.2.18)

By Lemma 1.2.2 and (4.2.18), u; (2, t) is uniformly bounded for all ¢ > 0 and so is u(z,t). O

Theorem 4.2.3. Theorem 4.2.1 holds in the regime: m € (2 — 2s/d,2) and s € (0, 3].

Proof. Recall (4.2.4), and for any k > 11let n = ny > 3 —m, | = ny_y = ZH=1. Multiplying

u™~! on both sides of (4.2.3), we obtain

815/ udr < —Cm/ |Vul]2d:1:+0n/ Vs.e x uVu"dz. (4.2.19)
Rd Rd Rd
For the interaction term:

/ Vie xuVu'de = / (=V Vi) *xuudx

Rd Re

S | V(=A)uVu"dx  (by property (2) of Vi, and Proposition 4.1.4)
R4

< V(=A)Su! Va1 dy

Rd

S / ‘|V|1_25ul‘ ‘|V|u”+1_l} dx  (by Fourier analysis).
R4
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By Young’s inequality, for any p > 1, ¢ > 1 satisfying % + % =1, the above
1
S e
p n q

1
= nPlIXP 4 — X,
n

To choose the p, q, we use the scaling by considering u, = r%u(rxz,t). Then
H‘V’k%ui“i _ (rkzsrdZ)P ”’v‘kzsquz;
1912 = (et 10 g1

To match the scaling, we want (1—2s+dl)p = (1+d(n+1—1))q in the case when m = 2— 2.
Using 217 + % =1, we find
_2+dm+n—1)

2+dm+n—1)
= = ) 4.2.20
P = T am = " T Tram 1o (42.20)
These are the values we pick for p,q. When n =3 —m, [ = 1, we obtain
2+2d 2+2d
3— =—— q¢(3- = 4.2.21
p(3—m) 1+d(m—1)’q< m) 1+d(3—m) ( )

While as n — 0o, p(n) is monotonically decreasing, ¢(n) is monotonically increasing and
p(n) = 2, q(n) — 2.

Also it is not hard to see that

p(n) _1+d(3—m)
p(n)>1,¢q(n)>1,1< ) S Trdm—1) c1(d,m),
p(n) =2 = < fj((jl:j)_ 5~ % (4.2.22)

By Lemma A.1.6 and Young’s inequality, for any ¢ € (0,1)

Xy, <O HVU"H#HZ = C'// u(mH1=20g ‘Vul‘qdac

R4

QN RN

< G [ 1201|257 4 6|7l [|

= Con [[u' ][5 + 6 [[ v

105



In the last inequality, we used (4.2.23). Now by Gagliardo-Nirenberg interpolation inequality
- )
Cs 3 < Co |9l 57 < [0+ Come [

where
1,1 1 3 d
I=alGrgha=15"%

Therefore

Xy < Con ||| + 26 || W[5 (4.2.24)
As for X7, again by Gagliardo-Nirenberg interpolation inequality
Xo =192, < o [l

where we need to put

It is not hard to check that s < a(n) < 1 uniformly for all n > 3 —m. Moreover, we claim
that

sup a(n)p(n) < 2.

n>3—m

By monotonicity of a(n)p(n) in n, we only need to check when n = (3 —m). By (4.2.21)

and direct calculations,

2
a(3—=m)p(3—m) <2 <~ m>2—§.
With this, we obtain
XD S — IVl + Conlul 77 (4:2.25)
where ¢y is a constant that
a(l — a)p?
> A P!
Cy =~ (Cl + ) 9 _ ap
and by (4.2.22)
2p—2) 1
= =~ —. 4.2.26
v=n(n) =~ o " n ( )
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Putting together (4.2.24) and (4.2.25) shows

n/V&6 x uVu'de < n XY + X,

< Csn =t |35 4 Csnt ||l + 36 ||Vl
Picking & small enough, (4.2.19) shows for ¢* = max{c; + ¢; + 1,¢0 + 1}
%) /R udx + /R IVl Pdz < Csne” ||ul]|7 . (4.2.27)
As done in (4.2.9), for some 7' € (0,2)
(TR A b (0 Y o [ R E

To conclude, we find out that

2+~

d n n c*
o Il + Ju"ll, < €+ Cn ;

o]

where C, ¢* > 0 only depends on s, d, m.

Finally as in Theorem 4.2.1, since n = ng,l = ng_q in (4.2.4), we proved the desired
differential inequalities for all k. By considering A; = fRd u"dx, we conclude the proof after

applying Lemma 1.2.2.

Theorem 4.2.4. Theorem 4.2.1 holds in the regime: m € (2 —2s/d,2) and s € (1,%).

Proof. For n > 3 —m, denote [ = anH > 1. We multiply "~ on both sides of (4.2.3) and

obtain
8t/ u"dr < —mn/ IV uVu T dr + n/ (Vae ¥ u) uVu™ tdx
R4 R4 R

< —C’m/ (V! [2dz — (n — 1)/ (V- Viexu)u"de. (4.2.28)
Ré R¢ /

N

-

X:=
Let x(x) = X|z/<1() be an indicator function. Taking A; := xV-V, and Ay := (1-x)V -V,

yield
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1. A, is compactly supported and |A;|(z) < |z|7472+2,
2. |A;| bounded in LT (RY) for all 1 < &' < s,

3. A, is bounded.

Fix one s’ such that

2/
s'e(l,s) and m>2—78.

We have
X < |Aq| % uwu"de + C’/ | As|oou(y)u™(z)dzdy =: X1 + Xo.
Rd R2d
By Young’s convolution inequality
X, < el ], (4229
with

25" — 2
P

p,qg>1 wm@mg%+$:1+ (4.2.30)
Claim: for any 6 > 0, there exist C(8), ¢(d) > 0 such that for all n > 3 — m, [ = 2m=1
X, < O+ Cnc Jul |75+ & w2 (1.231)
We will discuss the proof below according to different values of n.
(i) Suppose n < 5. We can write
Jall, = e[, Wl = [l (12:32)
By Gagliardo-Nirenberg inequality and Young’s inequality,
il < CATES Il oy < C I (23
where a, § are given by
l 1 1 l

—+(5+5)a=1, —+@+

1
-)p =1 4.2.34
np 2 d q 2 d)ﬁ ( )
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Now we take

n+1 25" — 2 25" — 2
p n/(+ y >,q (n+)/(+ y )

Since n < 4=, (4.2.30) is fulfilled. With this choice of p, g, by (4.2.34) we have

25/ —27
1 1\*! l 25" — 2
—B=(=+= 1— 1
a=0 (2+d) ( n+1(+ y ))>O

. . d -
uniformly in n > 3 —m by n < ;7. By definitions of n, [, we compute

n+1 1 1 n+1 25

2 — —+ )2 -
e N
1 1., 25/
240y —9_ =2
> (5 + ) m—2- 20
with equality holds when n = 3 —m. Thus we get
n+1
sup o <2 4.2.35
nEBP’m l(n) ( )
and this is exactly equivalent to m > 2 — 278/. In particular, we have sup,>3 ,, a <1

dueton+1> 2l

From (4.2.29), (4.2.32) and (4.2.33), it follows that

n+1
1

X< Vel T )

By Young’s inequality,

+1 +1
e R L
2 + 1

X1 <
D1 € qq

for any € > 0,

where we select

2 b1
pin)=—7m, @an)= .
) = e ) =

By (4.2.35), we obtain inf,>3_,,, p1(n) > 1 and thus ¢; is uniformly bounded. Pick
e = (6/n)"/P1. Finally because ¢; is bounded and " < 2+ £ for some universal ¢, we

conclude with (4.2.31).
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(ii) If | < 5555 < n, use ¢ = 23/(1727 p = 1in (4.2.29) and calculate «, 8 accordingly by
(4.2.34). In this situation, we get

A |
1>— ->—
np q 2

and thus it is immediately to check that «, 5 € (0,1). (4.2.29) and (4.2.33) yield
alt —a)™ -B)L
Xy < O ||l ST |t (T (4.2.36)

Direction computation shows

2 /
sup oz— + 5— < 2 and this is equivalent to m > 2 — il
nz3-m l(n) " l(n) d

Because
1 +1
+(1—5)—=nl ~24 S

{ n

n 1 n
a7+57+(1—0z)7

holds for some universal ¢ > 0, we obtain (4.2.31) by (4.2.36) and Holder’s inequality.

(iii) Lastly suppose n > I(n) >

L. We take p = 1, ¢ = & in (4.2.29). Since |ul|, is
bounded, the set {u > 1} is of finite measure. By the assumption, we get ¢ < [. By

Jensen’s inequality

/ uldz S/ udm+/ ulde < C+ C||ull}.
R4 u<l u>1

Thus
X = [l |y flull, < C ]y (1 [[a]]]). (4.2.37)

By Gagliardo-Nirenberg,
€
llly = el < € Vel et
where « is given by £ 4 (3 + 1)a = 1. From this we get
Xy < [t (a8 (D)
<C Hvulug? (1 [l D) (4.2.38)

a”l)
<Cn'+ - HV¢H¢+CHV¢H2||W5 e
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In the last line we used the mean inequality and
n n-—10 (1 1 d
S (L

Next compute

no1 1 9 m. 1 1 .92
9 et hpp 2oy a2
=Gty R -7 2G ) g
and we find
n
<o 1.2.39
BLA T ( )

As before after applying Holder’s inequality in (4.2.38), we can prove (4.2.31). (4.2.39)

shows that the constants in (4.2.31) can be chosen independent of n.

In all we finished the proof of the claim and proved (4.2.31). As for X5, note that X, <

C'||lu™]],, so it can be handled similarly as the estimate (4.2.37).

Putting together the estimates (4.2.28), (4.2.31) and taking 0 to be small, we obtain for
alln>3—m
Oy u™ |, + || Vul|[2 < Csn® + Con ||| (4.2.40)
for some C, ¢ > 0 independent of n. Using (4.2.9) and (4.2.40), we get

d _
%Ak+1 + Ay < CF + CkAiJrcz *

with Ay = [Ju™]|; and ny = 2¥(2 — m) — 1 + m. Finally the proof follows as before.

Theorem 4.2.5. Theorem 4.2.1 holds in the regime: m > 2 and s € (1, g)

Proof. For any n > 1, we multiply u}~' on both sides of (4.2.3) where u; = (u —1),. We

@/ uydz :n/ u uydr
Rd R

< —mn/ u" ' VuVuy T dr + n/ (Ve * u) uVuy~'da
R4

R4

N J/

have

-

Y:=
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Since m > 2,
2

n|2 ntl
n/ u™ ' VuVul T de > n/ (14 uy)Vu, Vuy tde > C Vui| + ‘Vuﬁ dx,
R4 Rd Rd
we obtain
Vui| +|Vuy? | de+nY. (4.2.41)

(9t/ uydr < —Cp,
Rd

R4

Recall the notation © = v — u;. For Y, we have

_1
Y — n / ‘/:976 * UVU?CZ{L’ + / ‘/8,6 * U VU?_ldI
n o Jra -
5/ |V'st€‘*uu?d$+/ IV - Vo % uuy™tda
R4 e
S [V Vil s G+ e+ [ 9Vl s 1)
Re e

5/ |V-Vs7€|*u1u’fdas+/ \V-Vs,€|*ﬁu?dzx+/ (V- Vie| * Lpyy <1y ude.
Rd Rd Rd

Because |V - V| < |z[7972725 s > 1 and

jal, eyl 15 Al 1), Luwany (1) € LH(RY),

we have for some universal constant C

V- Viel x4+ |V - Vi * 1y < C.

Also due to (4.2.42) and u(-,t) € L'(R?), we deduce

Y < |V-V'S’€|>x<u1u7fdx—l—/ uydr + 1.
Rd RY

Next fix one § € (1, s). By Young’s convolution inequality,

Y St llpllullg + [luf s + 1 (4.2.42)

where p, g satisfy
1 1 25 — 2
p7q21a _+_:1+ .
P q d

Now fix one m € (2 — 2,2) and set | = 2#2=1. Note that
2

2 ntl
+ ”Vu12 ‘ )
2 2

[Vl < || vui
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It then follows from (4.2.41) and (4.2.42) that
n 2 n n
Ol + [ V|| < Crllutflpllully + Crllut |l + Cn.

Then we only need to show (4.2.40) with m, s replaced by m,§, and after that the proof

follows the same as before.

To show (4.2.40), actually ||u}||; can be treated the same as in (4.2.9). For [[u}||,|lu1llqs
we go to (4.2.29) and follow the proof of the Claim below it.

4.3 Existence of Solutions

In this section, we show the existence of weak solutions to (4.1.1) in the subcritical regime
with s € (0,%). Let u, be a solution to (4.2.3). By Theorems 4.2.1-4.2.5,

sup |ue(, )1 + fJue(-, 8) ||l < o0 (4.3.1)
€€(0,1),t>0

First consider the case when s > % Notice |V | is locally integrable near the origin, and

SO

Vi ¥ ()] < c/

lz—y|<1

[Vielz —y)|dy + C/ ue(y)dy < 0o (4.3.2)

|lz—y|>1

uniformly in €. We have the following theorem.

Theorem 4.3.1. Assume (4.1.4) and s € (3,2). Then there exists a weak solution u to

(4.1.1) with initial data ug and u preserves the mass.

This existence result can be established by a compactness argument by taking e — 0 in
(4.2.3). With the help of (4.3.1), (4.3.2), the proof (which we skip) is parallel to the one
in [5], see their Theorems 1,2,7.

Let us focus on the situation s < % We need the following a priori estimate.
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Lemma 4.3.2. Assume (4.1.4), s € (0,3] and let u, be the solution to (4.2.3). Then for

any T > 0, there exists a constant Cr independent of € such that
IVtell 2o T Ve * tell p2 i) < Cr- (4.3.3)
Proof. Recall (4.2.27) and we take n = 3 — m. After integrating in time, we find
/ ud " dx(T // |Vue|?dedt < / u?"dz(0) + C|3 — m|c/ |27 dt.
R R x[0,T] 0
Since ||ue|[3—m(t), ||uell1(t) are uniformly bounded in time,

IV tel|7> sy < C +CT. (4.3.4)

Denote p = |z| and recall (4.2.1), we have

VS,e(x) = c((p)Va P_d+28-

We can find g(p) : (0,00) — R such that

g (p) = c(=d +25)C(p)p~ " and g(1) =c. (4.3.5)

By (4.2.2), we have
l9(p)| < Cp~**,1g'(p)| < Cp~@71F2
for some C' > 0 only depend on d, s. Actually for p € [2¢,1/e], we know g(p) = cp~@+%.
Let ¢ : [0,00) — [0, 1] be a smooth bump function that ¢(p) =1 for p < 1 and p(p) =0
for p > 2. Let us decompose ¢ into two parts and write

g=9s+ g =pg+ (1 —p)g.

Seeing from (4.3.5), for some universal constant C' = C(d, s) > 0

2
sl < c/ p~ ¥ pildp < C, (4.3.6)
Va2 < C /| (F0)9) + Vol (a)e
z|>1

2 ')
S C/ (p—d+25)2pd—1dp + C/ (p—d—1+25)2pd—1dp (437)
1 1

< C (sinced>3,s<1).
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It is not hard to see

2 2 2
[Vie * ueHL?(RdX[o,T]) < 2||gs(|z]) * VueHL?(Rdx[O,T}) + 2[[Vgy(|z]) * UEHL?(Rdx[O,T}) :

= 2X1 —+ 2X2
Using Proposition A.1.5, (4.3.4) and (4.3.6) give

T T
o= [ oo Vudiar< [ a9l d
0 0
2 2
= [lgsll; ||Vu€||L2(]Rd><[O,T]) < oo.

For Xy, by (4.3.7) we obtain

X, < // / (Vg (x — y)u?(y)dydxdt < C’// y)dydt < oo.
Rex[0,T]) RX[OT

In all, we have proved

||‘/S,€ * uﬁ”LQ(RdX[O,T]) S C
where C' only depends on d, s, T and ||uc||1 + ||tel|oo-

]

Theorem 4.3.3. Assume (4.1.4), s € (0,1]. Then there exists a weak solution to (4.1.1)

with initial data ug.

Proof. For any small € > 0, let u. be a solution to (4.2.3). Let us show the following tightness
of {u(+,t)}c in L*(R?): for any T > 0

I%im ue(x,t)dxr — 0 uniformly in € € (0,1) and ¢ € [0, 7. (4.3.8)
7 Bgy

Take a function p = oy r € C°(R?) such that for some N >> 1

=0 1in|z| <R,
=1 1in2R < |z| < NR,

0<e<1, |Vl SR |Ap| SR inRY
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By the equation (4.2.3), for any ¢ € (0,7

/ Uep dx(t) :/ uep dx(0 / / €Ue + u” Agod:vdt—i—/ / (ueVse xu )V dodt .
R4 R Re

-~

1Z= 2;_
By (4.3.1) and the condition |Ap| < R™!, Y] converges to 0 as R — oo uniformly in € and
t <T. Next by Holder’s inequality and Lemma 4.3.2,
Yo < Ve * tell, lucVell, < CrR™
Combining the assumption that uy € L'(R?), we have

/ ue(z, t)p(x)dr — 0as R — 0
Rd

uniformly in €, N. Finally letting N — oo, we proved (4.3.8).

Next by (4.3.3) in Lemma 4.3.2, [[Vue| j2gax(o7y) < Cr. This, as well as (4.3.1) and (4.3.8),
implies that {u,}. is precompact in L' (0, T, L'(R?)). The proof follows from the work of [5,6].
Thus by passing € — 0 along subsequences, we have u, — u in L'(0,T, L*(R?%)). Again due

0 (4.3.3), we can have
we L20,T, H'(RY)).

Therefore V(—A)*u is well-defined which is a bounded function in L?(R? x [0,7]). Now

we need to show the weak convergence of Vj . % u, to V(—A) "u.

Let £ € C°(R? x [0,T],R?) be a test function. We have

// (V;E * Ue — V(—A)_Su) Edxdt
R2x[0,T]
= // VeexEue — V- (=A)°¢ udadt
R X [0,T7]
SC// [Viex —V-(—A)S§|d:cdt+0// V- (—A) ¢ ue — ul dadt.
Rex[0,T] . Rix[0,T]

(4.3.9)
Here we used that u.,u are uniformly bounded. Note that u, — u in L*(R¢ x [0,7]), and

hence to show the above integral converges to 0 as ¢ — 0, we only need to show X — 0.
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Suppose { = 0 in By, x [0, T] for some R¢ € (0,4/¢) and hence by (4.2.1), (4.2.2)

x<cfff N6le =) = Tl €0, 8) = L)
R2d x [0, T
< CLip(§) ///| | 2 =y~ — y| (Xjaj<re + Xpyl<re) drdydt
z—y|<2e
< 2C Lip(§) T// |2| " dzdw
|z|<Rg,|2|<2€
< C(d,s) Lip(€) T R{ €**

which converges to 0 as € — 0. Thus V; . * u. = V(—A) *u weakly in distribution.

Again by (4.3.3) and interpolation,
[V(=A) " uc|| L2axjor) < Cr
So actually we have
Vie * ue — V(—A)"*u weakly in L*(R? x [0, T)
which gives
UV e % ue — uV(—A)"*u weakly in L*'(R? x [0, 7).

We proved the existence of weak solutions.

From the equation and (4.3.8), we deduce the mass preservation of u: for all £ > 0. Finally

the property u € C([0,T], L}(R?)) follows from [5,6].

4.4 Uniqueness and Holder Regularity

This section is concerned with the uniqueness and the continuity properties of (4.1.1) in the

subcritical regime for some s.

Theorem 4.4.1. Assume (4.1.4) and s € (1,%). Then there is a unique weak solution to

(4.1.1) with initial data ug.
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Proof. Fix any T > 0, let u;, uy be two weak solutions in R? x [0, 7] with the same initial

data. By definition they satisfy (4.1.5).

We will follow the approach of [5,6] and estimate the difference of uy, us in H~!. For each

t > 0, define ¢(-,t) through
Ap(x,t) = ui(x,t) —us(x,t) and ‘llim o(x,t) =0.
T|—00
By the equation

1d

——/ \Vo|*dx :/ (Vul* — Vué”)Vcﬁdx—/ (ugr — u2)(Vsu1) Vo dx
2dt Rd R4 Rd

—/ UQ(VICS(Ul — UQ>)V¢ dr =: X1 + X2 + X3.
R4

Direct computations yields
X, = —/ (u® — ug')(ug —ug) <0.
Rd
Note that |D?K,(2)| ~ |2|772*2 and d + 2 — 2s € (2,d). Therefore, denoting
A1(Z) = X|z\21D2Ks(Z’), Az(z) = X|z|<1D2Ks(z):
we have A;(z) is bounded and A,(z) € L. Since w; is uniformly bounded for ¢ € [0, T],
DK s 0) <€ [ A= pluntdy +C [ Aale = o)y
R R
S / u(y)dy +/ | Az(z — y)ldy < C.
R R
We get
X, = —/ Ap VK Vo dr = / Vo D*Ku1 Vo dr < 0/ | D2 uy||[Vo|*dr < C|| V5.
R4 R R
As for X3, by Young’s convolution inequality,
X3 = / uy(D*K, x Vo)V da
Rd
— [ (@)« VOVodr+ [ w(aalz) xVOTods
R4 Rd

<O Ar = Véll, [V, + Cll Az, [Vl
< C||Vo|: (since A; is bounded).
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Set n(t) = [|[V¢||3 and we find

%n(t) < Cn(t).

Also we have 1(0) = 0 due to u;(z,0) — uz(x,0) = 0. By Gronwall’s inequality n(t) = 0 and
we find uy(-,t) = ug(-,t) in H~* for all t € [0, T]. Since T is arbitrary, we conclude the proof

of the theorem.

]

Now consider the regularity problems with s > 1/2. Let u be a solution to (4.1.1) and

denote

V(z,t) .= VKsu(z,t).

Then we can rewrite the equation as
u = Au™ + V- (V). (4.4.1)

By Theorems 4.2.1- 4.2.5, in the subcritical regime, u is uniformly bounded in L>(R? x
[0,00)) and ||u(-,t)||; = ||uo|li < oco. Thus
Vit = VK] S [ o=yl > uly, 0y
Rd
S / ly| = dy + / u(y, t)dy (4.4.2)
lz—y|<1 lz—y|=1

<C

which only depending on d, s, ||ug||1 + ||#]|eo. Following from the proof of Theorem 4.1 [50]
which studied (4.4.1), we deduce that weak solutions to (4.1.1) are Holder continuous for all

t > 0 and we proved Theorem 4.1.3.
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APPENDIX A

Appendix

A.1 Some Inequalities

A.1.1 Embedding Inequalities
Take p > 1 and consider the Banach spaces
VP(Qr) i= L(0,T5 LP(Q)) N LP(0, T; W(Q))

and

VP(Qr) == L>®(0,T; LP()) N LP(0, T; Wy P (),

both equipped with the norm v € V?(Qr),
[vllve(er) = esssup [[v(-, 8) [0 + [[Vvl|p0,-
0<t<T

Now we introduce some embedding inequalities (Refer Chapter I in [36]).

Theorem A.1.1. (Gagliardo-Nirenberg embedding inequality) Let v € W, P(Q), p > 1. For

every fized number s > 1 there exists a constant C' depending only upon d, p and s such that
[vllgn < ClIVYlZallvllg

where a € [0,1], p,q > 1, are linked by
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and their admissible range is

;

qe[S,OO],OéE[O L)]? Zfdzlv

> pts(p—1
g€ls, 7&], a€0,1], if1<p<d s<{

QG[S,OO),OZG[O,dp_i_j—(Z;_d)), Zf1<d§p

Theorem A.1.2. (Sobolev embedding theorem) Let p > 1. There ezists a constant C' de-
pending only upon d,p such that for every v € L>(0,T; LP(2)) N LP(0, T} Wol’p(Q)),

p/d
// v(x, t)|? dedt < C7 (ess sup/ |v(z,t)|” d:c) <// |Vo(z,t)|” dmdt)
Qr o<t<T Qr

p(d+p) '

where q = =

By Holder’s inequality, we have

Corollary A.1.3. Let v be as the above. Then

HUHq,QT < CHUH\/P(QT and

1017 0 < C HIvl > O 0l

P,
Proposition A.1.4. There exists a constant C' depending only upon d and p such that for
every v € Vy'(Q7),

[0llgrer < Cllvllven

where the numbers q,v > 1 are linked by

and their admissible range s

;

g€ (p,oo), re (p*o0); ford=1,

g€ (p,72), r€(poc); forl<p<d,

P

q € (p,00), re(%z,oo); for1<d<np.
\
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Proof. Let v € V() and let r > 1 to be chosen. From Theorem A.1.1 with s = p follows

that
T 1/r
([ 1et.aar)
T 1/r
<o [ Ivutnlar) essplot i
0 <r<T
Choose « such that ar = p. m

Proposition A.1.5. [Young’s convolution inequality] For all p,q,r € [1,00] satisfying 1 +
1/q=1/p+1/r, we have for all functions f € LP(R?), g € L"(R?)

1S * gllee < [Ifllzellg]

Lr-

The following lemma is useful which can be proved by using Calderén-Zygmund inequality,

see Theorem 4.3.3 [41].

Lemma A.1.6. There exists a constant C > 0 such that for all1 < p < oo and u € W'P(R?)

1V |ull, < Cmax{p, (p — 1)~} | Vu,.

A.1.2 Homogeneous Sobolev Space
We refer readers to [4].

Definition A.1.1. Let s € R. The homogeneous Sobolev space is the space of tempered

distributions f over R%, the Fourier transform of which belongs to L} .(RY) and satisfies

/]

i [ €I ORds < oo

Proposition A.1.7. If |s| < g, H* can be considered as the dual space of H™* through
the following bilinear functional: for any f € H%, g € H™*, (f,g) — Jga f()g(x)dx. Fur-
thermore if s = 1, H' is the subset of tempered distributions with locally integrable Fourier

transforms and such that |V f| € L*(R?).
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A.1.3 Brunn-Minkowski Theorem

Lemma A.1.8. Let d > 1 and let A and B be two nonempty compact subsets of R?. Then

the following inequality holds:
vol{ A+ BY4 > vol { A}V + vol{ B}'/?,
where A+ B denotes the Minkowski sum:

A+B:={a+beRac A be B}

A.2 Additional Computations for Chapter 1

A.2.1 Proof of Lemma 1.2.2

Suppose By (0), By(t) are bounded by M, then A(0) < M™. Solving the differential in-

equality gives that for all ¢ > 0

t -1
Ai(t) < e_COt/ eCos (C’ln’“ + ClkAi:Cm’“ (s)) ds+ M™.
0

If Ap_1(t) are uniformly bounded by M;._; for all ¢, we can choose a constant Cy depending

only on (Cy, Cy, M) such that
Ap(t) < COM + CCFMIT™ 4 M™ < O 4 CoF M (A.2.1)
We claim that it can be proved by induction that
Ai(t) < C5F for some constants C3(Co, C, M), cx(Ch, k). (A.2.2)
Here {¢;} is defined inductively by
Cy
co=1, ¢, := (2 + n—)ck_l + k+ 1. (A23)
k

By a slight abuse of notation, we will write C’s as constants which only depend on C7, Cy, M, a

(independent of k) and they may vary from one expression to the other.
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Cl—1 =

To see the claim, by induction taking M1 = C5*' in (A.2.1), we only need
Oy 4+ CECE ™) < o,

And it is not hard to see by definition, ny < k + cx_1(2+ Cin; '), So if choosing Cy large

enough, we only need

k+14cp_q1(24Cin !
03 1( k ) S ng

which is exactly (A.2.3). We proved the claim.

By (A.2.3) and simple calculations,

k
' C
cr = (ZJ bj,k) +k+1 where b; = Hf:j(g + n_l)

=1 ‘

Notice ny, = 2¥(a + 1) — a, there is a constant Cy(a, C}) that % < Cy2 % for all k > 0. So
bie < 29I (14 €27,

Then we apply the fact that given z,, > 0 and ) z,, < C4, we have for some other constant
C>0
IL,(1+z,) < C’+C’an.

We find out
b <2801+ Cy) <287 and

koo
J
ckSC’ZkZE—i—k—I—lf,Zkﬁnk.
j=1
So ¢, < Cng. By (A.2.2), we proved that

-1
A" () < ¢ uniformly for all k € N° and ¢ > 0.

A.3 Additional Computations for Chapter 2

A.3.1 Proof of Lemma 2.4.3

The idea in Lemma 9 [15] is to compute

o b fa)- i)
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Suppose locally near the origin

fl@) = inf vz +p@)y).

Choosing an appropriate system of coordinates, we can have

f(0) = v(p(0)en);
V(0) = aey + Bey,.

We will evaluate w by above by choosing v(z) = v, /|v.| where

P he L P T

(& _o X; €5
p(0) T p(0)
with 7 such that

(147)° = (1+ B + a2
With this choice of v, we define y = x + p(x)v(x). Next we can write
y=x+Y.+o(z])

such that Y, — ¢(0)e, is a first-order term that can be thought as a rotation combined with
an expansion. And

DY, — ¢(0)en)
Dx

y(0) = p(0)er, ]

< 0] Vel|oo-

Explicit formulas can be found in [15]. Then
$ @)= 10 < § @) - oy(O)da
< ¢ olyle) ~ oY)z + § oY) = o(y(0)de

r

By the condition on ¢ and the computations done in Lemma 9 [15], the first term is non-
negative.

DY,
Dx

If v is smooth, the second term converges to |

by

w0 Av(y(0)) as r — 0 which is bounded

0 ||Vl max{Av(y(0)),0} = 0||V¢|le max{Av(p(0)e,),0}.

Thus we finished the proof.
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A.3.2 Proof of Lemma 2.4.4

Let us suppose z = 0 and only compute 0, f = 0,, f. If Vo(y) = 0, it is not hard to see
o1 f(0) = dv(y) = 0.

Otherwise suppose Vu(y) # 0, then y € 9B(0,4(0)) and v obtains its minimum over
B(0,¢(0)) at point y. Let us assume

Y= (y1,92,0,...,0)  and thus |y;|* + [y2]* = (#(0))".

For smooth v, it is not hard to see that
Vol
p(0)

Vou(y) = —ky with k =

Near point y
v(r) —v(y) = —kyi(r1 — y1) — kya(z2 — y2) + o[z — yl).

To estimate w((d,0, ...,0)), consider the leading terms:
A(8) = —kyr(x1 — y1) — kya(za — yo) = —kyi (21 — 6) — kyawa + kyi + kyz — kynd.
By a standard argument, under the constrain
|2y — 0| + |@a|* + |zs]® + ...+ |zn|* < (6,0...0)%,
A(0) achieves its minimum at
71 = y19(3,0..0)/ (4] + 13)° + 0, 72 = 12p(8,0...0)/ (41 + 13)?
with value
o (8,0..0) (42 + y2)F + Ky + ky? — kyd = —ko(8,0..0)0(0) + kp(0)2 — kyé.
Thus

01f(0) = lim A(6)/6 = =k (0) Drp(0) — k-

6—0

So we find
d1f(0) = dv(y) = —kp(0) d1p(0) = Vo[ d1p(0).

This leads to the conclusion.
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A.3.3 Proof of Lemma 2.5.6

~

Let g = V,v which then solves

g = (m—1)gAv+2Vv - Vg + (m — D)oAg+ Vg (b(z + X) —b(X)) + (m —1)gV - b

By the condition (Ag)(Cy), as before

Vv - Vob(z 4+ X)| +|(m — 1oV - V,b| < oLéJ*.

Now apply Harnack’s inequality in (Bz x [=3r,3r]) N {v > 1e}. As done in Proposition

7
1
2.2 in [18], if we restrict to a smaller region (Bs x (=2r,2r)) N {v > €} for r small enough
(depending on €), there exist C,C" (depending on L, ,€) such that
Vpu(x, t) > OV, —2r) — C'6.J*.

By (Dy), we have @pv(u, —2r) > J*. Thus we can select § small enough such that for
some C' > 0

Vyo(a,t) > CVyo(p, =2r) in (Bs x (=2r,2r)) N {u > €}. (A.3.1)
To show the assertion, we need to show
U((l’, t) + ’YP) B ’U(l’, t) >

> Tv(x,t) =Te
~

which holds by the definition of 7 and (A.3.1). Lastly we can take r < 57 and thus by (Aj)

and 0 € I'g, we have v < € in @y,

A.3.4 Proof of Lemma 2.5.7
Let a € (—2r,2r). Let f be a non-negative C'* function defined in B1 such that
1
f=0in Bi; IVf] <e |[Af] <10e and f =€ if |z| = 3

Define
w(z,t) = v(a,t) + Ty(v(r,t) + e(t +a) — f(2))".
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Then we claim that w is a subsolution in ¥ := (B% X (=2r,—a)) N{v < e} if € is small
enough independent of r < % Let us follow [18] and only point out the differences coming

from the drift. We denote the following two operators as

Lo = w— (m—1)wAw — |Vw|?,

Low = w; — (m—1)wAw — |Vw|]? = Vw- (b(z + X) = b(X)) — (m — 1) wV - bz + X).

Let g(s) := 7ys™ and thus ¢’ = 77 x{s>0}. Following the computations in Lemma 3.1 in [18]
we have
we = (149w +ed,
Vw=Vov+¢'V(v—f),
Aw = (1+¢)Av— gAf +¢"|V(v— f),
Lo<(1+¢)Lv— (% - C’e) ¢ with C only depending on L and o.
Since Low — Lw = —Vw - (b(z + X) — b(X)) — (m — 1)wV - b, then
- 1 . . .
Low < (14 ¢")Lv— (ﬁ — C’e) g —Vw- - (blz+X)—=5bX))—(m—1wV-b
= (14 ¢) L+ (14 ¢)(Vo- (b(z+ X) = b(X)) + (m —1)vV - b)
. ; A
—(Vo+¢Vw—)bz+X)-bX))—(m—-1)(v+g)V-b— (— — Ce) q
= ¢Vf-(bz+X)=bX))+ (m—1)gV-b— (— - C’e) q.

By (Dy,), we have [|b]le < 0, [|[Vb|o < 06J. And since we assumed § < ¢ and J < 1,

[Vb]|s < oe. Also since g(s) < eg(s) for s < ¢, we have for (z,t) € Q12
|9’V f - (b + X) = b(X)) + (m = 1)gV - ]| < oc’¢’.
Thus Loy <0 if € is small enough.

The rest of the proof follows from the proof of Proposition 2.3 [18], where we compare w

and w in ¥ to conclude that
w(z,—a) > (1 +7y)v(z, —a) in Bin {v<e} (A.3.2)

for all a« € (—2r,2r).
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A.3.5 Proof of Lemma 2.5.8

Based on (Ay) — (Bg) and the elliptic regularity estimate, one can argue as in Lemma 3.2

of [18] to conclude that
vD;jjv > —Cy, foralli,j=1,..,din Qy, (A.3.3)

where Cy depends only on L, universal constants and the Lipschitz constant of T'(v). We

will use this fact in the computation below.

For a given vector 7 € S41, define h such that
h(z,t) = (L+7my)v(z + (E+2r)¢n,t), y:=x+ (L4 2r)¢n.

Note that |y — x| < K77.

Next Lemma 2.5.7 implies that w > h on the parabolic boundary of
Y= (Bi x (=2r,2r)) N {v < €}.
We claim that £oh < 0 in X. Write 7" := 7. We have

hy = (1+7") (v + vy0),
Vh=(1+7)(Vo+uv(t+2r)Ve),

Ah = (1+7") (Av+2(t + 2r)Vog - Vo + vgs(t + 2r)2[Vo[* + v(t + 2r)A¢)
From (A.3.3) and the computations in Proposition 2.4

. . 1
Lh < (14+7)Lo(y,t)— 7 (z — Cﬁ)
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where C' depends only on m, L, Cy,o. Thus

Loh < (14 7)Louly,t) — 7 (% - C’/{) —Vh- (E(x FX) - E(X)) — (m — 1AV - b(z + X)

— (14 )Ly t) — 7 (% - m) ~ (4o (B + X) By + X))
— (m = 1)1+ 7,V - (B + X) - by + X))
— (1 +7)vg(t + 2r)V) - (E(x X)) - E(X))

<7 (% . cm) 4 (14+7) |Vl HVEHOO lz — y| + (m — 1)1 + 7)o HD?EHOO lz — y|
+ (L) gl (¢ +20) 199l ||V5] _lal.

Now apply (C%) and since d < ¢, we have HVZ;H < oe, ||D*V||, < g€’ Since |[V¢| < k7,

we obtain
/ 1 / / 2 /
Loh < —T T~ Ck | —oLest — oLerkt — oLe kT
/ 1 .
< -7 E—C’Fa—aLf@ <0 in X,
if k is small enough. Take ) = p. By comparison principle we can conclude that

w> (14+7y)v(x+ (t+2r)p(z)p,t) > v(r + (t+ 2r)p(x)p, t) in Qg

As a corollary of Proposition 2.5.10, the C''* regularity of I' (Theorem 2.5.1) follows from
the relation 0 = 0,1 + S(w/2 — 0;_1) given in above Proposition. We refer to Theorem 1

in [18] for the proof.

A.3.6 Proof of Lemma 2.6.2
Fix one non-negative ¢ € C>°(R? x [0,T)). Denote

Up:={¢p>0}n{y>0}.

For any € > 0, take finitely many space time balls U;,7 = 1, ...,n such that

1. for each i > 1, |U;| < €? and U; is in the e-neighbourhood of I'(v)),

130



2. {Ui}iz1,.n is an open cover of I'(¢)) N {¢ > 0}.
Since I'(¢) is of dimension d — 1, we can assume
n<1/et (A.3.4)

Take a partition of unity {p;,7 = 0,...,n} which is subordinate to the open cover {U;};>.
Then for ¢ > 1,
Vil +10ipi| S 1/e. (A.3.5)

By the assumption, 1 is a supersolution in the interior of its positive set. And since € can

be arbitrarily small, to show (2.6.5) we only need to show

n(e) T .
=3 ([ [ vome— e Viop) e [ w0200, 210z ) 0

as € — 0.
By property 1 of U; and the regularity assumption on %, in all U;,7 > 1 we have

m—«

Y < Cen,  [VY™| < CYmOVYe| < O™

Now from (A.3.4), (A.3.5) and a < m, it follows that

—d+1 1 m >
|I.] < Ce (//Ul 6(1/1 + |Vy™|) dadt + /Uﬂ{to}w((),x)dx

7

m—«

a +€)

SC(Eé + €

which indeed converges to 0 as € — 0.
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