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Abstract

Higher Categories and Topological Quantum Field Theories
by

Xingshan Cui

We give a construction of Turaev-Viro type (3+ 1)-TQFT out of a G-crossed braided
spherical fusion category for G a finite group. The resulting invariant of 4-manifolds
generalizes several known invariants in literature such as the Crane-Yetter invariant and
Yetter’s invariant from homotopy 2-types. Some concrete examples will be provided to
show the calculations. If the category is concentrated only at the sector indexed by the
trivial group element, a co-cycle in H*(G,U(1)) can be introduced to produce another
invariant, which reduces to the twisted Dijkgraaf-Witten theory in a special case. It can
be shown that with a G-crossed braided spherical fusion category, one can construct a
monoidal 2-category with certain extra structure, but these structures do not satisfy all
the axioms of a spherical 2-category given by M. Mackaay. Although not proven, it is
believed that our invariant is strictly different from other known invariants. It remains

to see if the invariant has the power to detect any smooth structures.
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Chapter 1

Introduction

The notion of a topological quantum field theory (TQFT) was invented by E. Witten
based on path integrals in physics [I]. M. Atiyah gave a mathematical formulation of
TQFTs [2]. Since then there has been a vast study of TQFTs both from the physics
side and mathematics side. Roughly speaking, a (d + 1)-TQFT associates to every d-
manifold a Hilbert space and to every (d + 1)-manifold a vector in the Hilbert space
corresponding to the boundary of the (d+ 1)-manifold. These assignments should satisfy
certain compatible properties as specified by the axioms. Each (d+ 1)-TQFT produces a
scalar invariant, called the partition function, for smooth closed (d + 1)-manifolds. This
is particularly useful in topology as it may have the power to detect smooth structures
on a given manifold.

The study of TQFTs is closely related to higher category theories [3][4]. In general,
an n-TQFT is to be described by the data of an n-category. On one hand, strict n-
categories are well-defined for any n [5] [6], but this is not enough for the purpose of
constructing TQFTs since many important higher categories are not strict and can not
be strictified either [7]. On the other hand, weak n-categories are only rigorously defined

for small n (like n = 1,2,3,4), and it is still controversial what should be the right notion
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CHAPTER 1. INTRODUCTION

of weak n-categories for higher n, although there have been many efforts in this direction
[8] [@O] [I0]. In the following, by n-categories we mean weak n-categories. Special n-
categories can be constructed from k-categories with certain extra structures for £ < n.
For instance, a monoidal 1-category is a 2-category and a braided monoidal 1-category
is a 3-category. When constructing TQFTs, especially (2 + 1)- and (3 + 1)-TQFTs, one
usually utilize these special n-categories to bypass the barrier of the poor definition of
general n-categories. We give a brief overview of some categorical constructions of (2+1)-
and (3 + 1)-TQFTs below.

There has been a significant amount of achievements in (2+1)-TQFTs. N. Reshetikhin
and V. Turaev constructed an invariant of 3-manifolds (Reshetikhin-Turaev invariant)
using modular tensor categories, which is believed to be the mathematical realization of
Witten’s TQFT from non-abelian Chern-Simon theories [I1]. V. Turaev and O. Viro gave
a state-sum invariant of 3-manifolds (Turaev-Viro invariant) with the data from a ribbon
fusion category [12]. Later this invariant was generalized by J. Barrett and B. Westbury
so that it takes a spherical fusion category as input [I3]. The Reshetikhin-Turaev in-
variant with the center of a spherical fusion category C as input is shown to equal the
Turaev-Viro invariant with C as input [14] [15] [16]. Apart from these categorical con-
structions of TQFTs, another approach is by using certain Hopf algebras, among which
the Kuperberg invariant [I7] and the Hennings invariant [I8] [I9] are non-semisimple
generalizations of the Turaev-Viro invariant and the Reshetikhin-Turaev invariant, re-
spectively. A special case of the Kuperberg invariant reduces to the Dijkgraaf-Witten
theory [20]. The study of (2 4+ 1)-TQFTs has had great effects on quantum groups,
3d topology and knot theories. For example, the Turaev-Viro invariant can distinguish
certain manifolds which are homotopy equivalent.

Going one dimensional higher. The theory of (3 + 1)-TQFTs, however, is not under-

stood as well as its counter-part in (2 + 1) dimension. The Dijkgraaf-Witten invariant

2



CHAPTER 1. INTRODUCTION

[20] in (3 + 1) dimension, as well as in other dimensions, measures the number of group
morphisms from the fundamental group of a 4-manifold to a given finite group. L. Crane
and I. Frankel constructed a 4-manifold invariant out of some algebraic structure, called
Hopf categories, and they also proposed a construction of a family of Hopf categories [21].
In [22], L. Crane and D. Yetter gave a state-sum invariant of 4-manifolds (Crane-Yetter
invariant) using a semi-simple sub-quotient of the category of representations of U,(sl)
for ¢ a certain principal root of unity. L. Crane, L. Kauffman and D. Yetter generalized
the construction for a ribbon fusion category [23]E] The Walker-Wang model in [24] is a
Hamiltonian realization in 3d of the Crane-Yetter invariant. The modular Crane-Yetter
invariant, which is obtained from a modular tensor category, turns out to be a function of
the Euler characteristics and the signature [25], and thus is a classical invariant. From a
different direction, D. Yetter gave a construction of (3+1)-TQFT from homotopy 2-types
[26], which is equivalent to a crossed module or a categorical group. Along a similar line,
A. Kapustin [27] and M. Mackaay [28] obtained 4-manifold invariants from 2-groups with
some additional structures. More recently, R. Kashaev produced a (3 4+ 1)-TQFT out
of a cyclic group Zy [29]. Although simple and elementary, it is not clear if Kashaev’s
invariant is related with those from categorical constructions.

Now we focus a little more on categorical state-sum constructions of TQFTs. In
(241) dimension, the typical state-sum model (Turaev-Viro invariant) involves a spherical
fusion (1-)category. Thus in (3+ 1) dimension, one would expect there to be a ‘spherical
fusion 2-category’ and all known categorical constructions of 4d-invariants should be
a special case. Modoidal 2-categories are defined in [30], and monoidal 2-categories
with duals are given in [31]. In [32], M. Mackaay proposed a definition of spherical 2-

categories by introducing certain extra structures based on monoidal 2-categories with

In [23], it was called a semi-simple tortile category. The generalized invariant is still called in the
Crane-Yetter invariant.



CHAPTER 1. INTRODUCTION

duals. However, as explained later, his definition is too restrictive and excluded many
interesting examples. Therefore, the question of what should be a ‘good’ definition of
spherical fusion 2-categories is still open.

Here we will not try to define spherical 2-categories. Rather, we consider a special
class, but still more general than those studied in literature along this line, of ‘properly
defined spherical 2-categories’. The main result of this thesis is a state-sum construction
of 4-manifold invariants out of a G-crossed braided spherical fusion category (G-BSFC)
Cp for G a finite group. G-crossed braided (spherical) fusion categories were studied
in [33][34][35][36] and also have applications in condensed matter physics [37]. Roughly
speaking, a G-BSFC is a G-graded spherical fusion category with a G-action and a G-
crossed braiding which satisfy certain compatible conditions. Note that a G-BSFC is
in general not a braided tensor category. Our construction is a state-sum model and a
natural generalization of the Tuaev-Viro invariant from (2 + 1) to (3 + 1). Although in
this thesis, we only describe the invariants for closed 4-manifolds, it is straight forward
to extend it to 3-manifolds and produce a (3 + 1)-TQFT.

It can be shown that out of a G-BSFC one can construct a monoidal 2-category with
some extra structures (See Section [2.3). One might claim that these extra structures
make it into a ‘spherical fusion 2-category’. However, they violate some conditions in
the definition of a spherical 2-category given in [32]. This suggests that the definition
of spherical 2-categories might need to be revised. Also it means that our result is not
included in [32].

The invariant from a G-BSFC generalizes most known categorical invariants in liter-
ature. If G is the trivial group, then C/; is just a ribbon fusion category and the invariant
we get is just the Crane-Yetter invariant. If CJ is obtained from a crossed module (See
Section , then we get the Yetter’s invariant from homotopy 2-types, a special case

of which is the untwisted Dijkgraaf-Witten invariant. Our invariant also includes some
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CHAPTER 1. INTRODUCTION

cases of the invariant in [28][27]. Moreover, if the G-grading is concentrated on the trivial
sector, namely, only the sector indexed by the trivial group element is non-trivial, then
a 4-cocycle in H*(G,U(1)) can be introduced into the construction to produce another
invariant, which reduces to the twisted Dijkgraaf-Witten invariant as a special case. It
remains to see if the invariant from G-BSFCs are strictly stronger than those invariants
and if it has the power to detect smooth structures.

Lastly, G-BSFCs are not rare. In [35][38][39], it was proved that equivalent classes of
G-BSFCs are in one-to-one correspondence, by equivariatization and de-equivariatization,
with equivalent classes of spherical braided categories containing Rep(G) as a subcate-
gory. Also, given a group morphism from G to the group of automorphisms of a unitary
braided fusion category C, if certain obstructions vanish, then C can be extended to a
unitary G-crossed braided fusion category, which is also a G-BSFC, with C as the sector
indexed by the trivial group element [33].

The structure of the thesis is organized as follows. In Chapter [2| we give a review
of category theories. We start from monoidal categories and then introduce different
structures including dual, braiding, G-action, etc. (Section . G-BSFCs are discussed
in Section 2.2 In Section 2.3 it is shown that with a G-BSFC one can construct a
monoidal 2-category with duals and certain extra structures. In Chapter [3| we define
the invariant of 4-manifolds out of a G-BSFC. Section |3.1] provides three equivalent
definitions of the invariant, which are defined on triangulated 4-manifolds. In Section
.2 a formula of the invariant is expressed in terms of the data of a G-BSFC such as the
F-symbols, R-symbols, etc. In Section [3.3] several examples are discussed. In particular,
it shows that some of known invariants arise naturally as special cases of our invariant.
Section gives a variation of the invariant. Chapter [4 contains a complete proof that
the invariant defined above is indeed an ‘invariant’. Finally, in Chapter [5| we point out

some open questions/directions for future study.
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Chapter 2

Higher Categories

In this chapter, we give a brief review of categories with extra structures such as tensor
product, dual, braiding, etc. The ultimate goal of this chapter is to introduce G-crossed
braided spherical fusion categories (G-BSFC) in Section , which are the input to the
(341) topological quantum field theory to be defined in Section . All of these categories
are special examples of higher categories, e.g., 2-, 3-, 4-categories. But we will not go
into details on general higher categories, except in Section the concept of monoidal 2-
categories is sketched, and we show that with any G-BSFC one can construct a monoidal
2-category with duals and certain addition structures, but these structures do not make
it into a spherical 2-category under the definition in [32]. We assume the readers are
familiar with the concepts of abelian categories, functors and natural transformations.
There are a number of excellent references such as [40] [41] [42] [43], etc.

A few notations are in order. If C is a category, denote the set of objects by C° and
the set of morphisms by C!. Capital letters, A, B, X,Y, are often used for objects and
little letters, f,g,h, for morphisms. For A, B € C°, Hom(A, B) is the set of morphisms
from A to B. Compositions of morphisms are to be read from right to left except in

Section [2.3 The identity functor is denoted by Ide. The identity morphism from A to

6



Section 2.1 Ribbon Fusion Categories

A is denoted by I, or I when it is clear from the context what the sub index should be.

2.1 Ribbon Fusion Categories

In this section, we give a review of monoidal category theories, which are the prelim-
inaries to the concept of G-crossed braided spherical fusion categories. In the following
subsections, we will talk about some basic ingredients such as tensor product, dual,

braiding, fusion, etc.

2.1.1 Monoidal Categories

A bi-functor ® on C is a functor ® : CxC — C such that &(f f', g¢") = F(f,9)F(f',q).
A bi-functor is usually thought of as a binary operation and ®(A, B), ®(f,g) are written
as A® B, f ® g, respectively. Given A € C°, define A® - : C — C as a functor by
(A®)(B):=A®B and (A®-)(f) == Ida® f. The functor - ® A is defined analogously.

A monoidal category is a tuple (C,®, 1, «, , 1), where C is a category, ® : CxC — C
is a bi-functor, 1 € C° is an object, and «, [, 7 are natural isomorphisms ®o (® x Id¢) —
®o(Ide x ®), 1®+- — Ide, -®1 — Idc, respectively. Namely, for A, B,C € C°, there
are natural isomorphisms ag4 pc: (A® B)®C S A® (BC), l4:1®A A, T4
A®1 — A. These isomorphisms need to satisfy the Pentagon Axiom and Triangle

Axiom:



Section 2.1 Ribbon Fusion Categories

1. Pentagon Axiom:

(Ao B)®C)® D

(A (B®C))® D (A® B)® (C® D)

aA,B@C,Dl lOCA,B,C@D

A® (B®C)® D) y AR (B® (C ® D))
(2.1)

Ta®ap,c,p

2. Triangle Axiom:
xA1,B

(A®1)®B 2% A® (1® B)

2.2
TA®IB\L w ( )

A®B

The bi-functor ® is called the tensor product functor, and A® B, f ® g are called the
tensor product of A and B, the tensor product of f and g, respectively.

Thus a monoidal category can be thought of as a generalization (or more precisely,
a categorification) of a monoid such that the product and unit are given by the tensor
product functor ® and the object 1, respectively, and that the axioms for associativity
and unit hold only up to isomorphisms. In a monoid (or a group), different orders
of multiplying a sequence of elements result in the same answer due to the axioms of
associativity and unit. In a monoidal category, since associativity only holds up to
isomorphism, we can only expect different orders of taking tensor product of a sequence
of objects result in isomorphic objects.

Given a sequence of objects A = (Ay,---,A,), a representation X of A is an ex-
pression obtained by first inserting 1’s in the sequence A;--- A, and then putting in
parentheses so that it gives a well-defined order of taking tensor product of the objects.
Denote by ®(X) the object resulting from taking tensor product in X. For instance,

X7 = (A1A42) Az and Xo = (A11)(AzA3) are both representations of (A, Ag, Ag). It is an
8



Section 2.1 Ribbon Fusion Categories

elementary fact that one representation can be converted into any other one by finitely

many local moves:

If X1, X5 are two representations which differ by one of the above local moves, then
there is an isomorphism ®(X;) — ®(X3) given by one of «,!,r tensoring with some
identity morphisms. Thus if X, X5 are any two representations, there exists an isomor-
phism ®(X;) — ®(X3) which is a composition of isomorphisms described above. In the
Pentagon Axiom, there are two sequences of local moves converting ((A;A2)As)A, into
A1 (As(A3A,)), and correspondingly there are two isomorphisms ((A; @A) Az) QA —
A1 ®(Ay®(A3®Ay)), one going along the left and bottom side of the pentagon, the other
going along the right side. The Pentagon Axiom requires that these two isomorphisms
are equal. Similarly, in Triangle Axiom, the two isomorphisms (A®1)® B — A® B are
also required to be equal. A little surprisingly, these two axioms actually imply that these

isomorphisms are always equal, which is given by the MacLane Coherence Theorem.

Theorem 2.1.1 (MacLane Coherence Theorem) [/]/ If X, Xy are any two repre-
sentations of the same sequence of objects in a monoidal category C, then there is a unique

isomorphism between ®(X1) and ®(Xsy) consisting of compositions of a,l,r's.

We call the unique isomorphism in Theorem a canonical isomorphism. A monoidal
category (C,®, 1, a1, r) is sometimes written as C for simplicity.
A monoidal category C is defined to be strict if all the «,l,r’s are identity maps,

namely, the canonical isomorphism between different representations are actually the

9



Section 2.1 Ribbon Fusion Categories

identity. Another theorem of Mac Lane shows that every monoidal category is monoidal
equivalent to a strict monoidal category. The concept of ‘monoidal equivalence ’ is defined
below.

Let Cy,Cy be two monoidal categories, and we use the same symbols {®, 1, «,, 7} for
C1,Cy. A monoidal functor from C; to Cy is a triple (F,®,1), where F' : C; — Cq is
a functor, ® is a natural isomorphism F o (- ® -) — F(-) x F(+), i.e., ® is a family of
isomorphisms {®, 5 : F(A® B) — F(A)® F(B) | A,B € C°}, and ¢ : F(1) — 1 is

an isomorphism such that the following diagrams hold:

<I>A1’A2®I
.

F((A; ® Ay) ® As) "0 (A, @ Ay) @ F(As) (F(A) ® F(Ay)) ® F(Ay)
F(aAl,AQ,AB)l laF(An,F(AQ),F(Ag)
F(A1® (A2 ® Ag))—— F(A1) ® F(A2 ® As) o5 F(A1) ® (F(A2) ® F(A3))
(2.3)
F1® A) % F(1) @ F(A) 225 10 F(A)
lA)l f”‘” (2.4)
> FI(A)

F(A®1) —2% F(A) @ F(1) 2% FA) @1

“)l f”/” (2.5)
> FI(A)

I
Roughly speaking, a monoidal functor is a functor which preserves the monoidal

structure.

Definition 2.1.2 Two monoidal categories C1,Cy are monoidal equivalent if there there
are monoidal functors F': C; — Co, G : Co — Cy, such that F o G is equivalent to Idc,

and G o F' is equivalent to Idg, .

Theorem 2.1.3 [/4] Every monoidal category C is monoidal equivalent to a strict monoidal
10



Section 2.1 Ribbon Fusion Categories

category C*".
Due to Theorem [2.1.3] we can always assume monoidal categories are strict.

Example 2.1.4 1. Vect : The objects are finite dimensional vector spaces over C and
morphisms are linear maps between vector spaces. The tensor product functor & is

the usual tensor product, and the unit 1 is C.
2. Given a finite group G, one can form three monoidal categories.

e Vecte : The objects are G-graded vector spaces over C and morphisms are G-

graded linear maps.If V.= @ V,,W = @ W,, then VR W = (Vo W),,
geG geG geG
where (V@ W), = @ V,, @ W,,. The unit 1 = @ 1,, where 1, = ¢,.C.

9=9192 geG

e G : The objects are members of G. For g,h € G, Hom(g,h) = {I,} if g = h,
and O otherwise. The tensor product and unit are the multiplication and unit

i G, respectively.

e Rep(G) : Objects are left modules (representations) of G and morphisms are

G-module morphisms.

3. Rep(H) : the category of representations of a bi-algebra H. The previous example

Rep(G) is a special case corresponding to H = C|G], the group algebra.

4. Auty(C) = The objects are monoidal equivalences of a monoidal category C, and
the morphisms are natural isomorphisms. The tensor product is the composition of

equivalences and the unit is Ide.

In the next few subsections, we are going to introduce some extra structures on a
monoidal category. In the following, let C be always a monoidal category. Whether

or not assuming C is strict depends on personal flavors. If one assumes C is strict,

11



Section 2.1 Ribbon Fusion Categories

many diagrams and equations can be simplified since the «,[,r’s are identity maps.
By Theorem [2.1.3] there is no loss of generality for such an assumption. Thus we will
assume C is strict. But one should keep in mind that all the extra structures can be
equally defined in a non-strict category and all commuting diagrams still make sense by
inserting some canonical isomorphisms involving «,l,r’s at appropriate locations. For
instance, if by : 1 — A® A*, dy : A*® A — 1 are two morphisms, then the following

diagram in a strict category should be replaced by Diagram in a general category

instead.
A Ao A @ A L2 4
ba®I QA A% A I®dA
A—>1®A A (ARA)RA S AR (A RA) —H Al —5 A

(2.6)

2.1.2 Rigid Monoidal Categories

Given an object A, a right dual of A is an object A* together with two morphisms
by 01 — AR A" dy: A*® A — 1 such that ([ ® da) o (ba ® 14) = I4 and
(da @ Ia+) o (1o @ by) = Ia~. The left hand side of the two identities above can be

written as Diagram [2.7] and respectively, if there is no assumption of C being strict.

ba®I QA A* A

A 1A M7 (A A7) AN A (A @ A) 29 A1 4 A

(2.7)

12



Section 2.1 Ribbon Fusion Categories

Figure 2.1: Pictures of some morphisms

—1 -1

A2 A1 L 4r g (AR AY) A (A @ A) @ A 12 1@ A A, g6
(2.8)

Similarly, a left dual of A is an object *A with b’y : 1 — *"A® A, d, : AR*A — 1
such that (dy @ [4) o ([a@V,) =I4 and (I-a @ dy) o (V4 @ [+a) = 4.

The conditions defining left and right duals will be easier to memorize with the tools
of pictorial calculus. Here we only give a minimal illustration of using pictorial calculus.
In Section more details will be filled in. For a more rigorous treatment of it, see
[45] [14].

A morphism f : A — B is represented by Figure a). If f is the identity map, we
also represent it by Figure b). The ba,d4,V, and d/; are represented by Figure
¢),d),e) and f), respectively.

Here are some rules for the representation of morphisms with pictures. Pictures
consist of arcs and boxes. Arcs are directed as specified by an arrow, and the segments of
the arc near its ends are required to be vertically aligned. There is an object attached to
each arc. Each end of the arc represents an object. If the segment near one end is directed
downwards, then the object the end represents is the same as the one attached to the
arc; otherwise, it is the the right dual or the left dual. At this point it is not clear which

dual it should be unless we specify it. Later on when more structures are introduced, e.g.

13



Section 2.1 Ribbon Fusion Categories

A A

A A
Figure 2.2: Identities of a right dual

A A

A A

Figure 2.3: Identities of a left dual

pivotal structure, the left dual will be the same as the right dual and thus the ambiguity
will be gone. Composition of two morphisms corresponds to stacking one on top of the
other; tensor products corresponds to juxtaposition. With these conventions, the two
identities defining a right dual are illustrated by pictures in Figure 2.2 and the identities
defining a left dual in Figure [2.3]

The following lemma shows that if a right dual exists, then it is unique up to a unique

isomorphism. In the same way one can also show the left dual is also unique.

Lemma 2.1.5 [J1] If (A*,ba,d4), (A*, ba,d4) are both right duals of A, then there exists

a unique isomorphism ¢ : A* —s A*, such that by = (IQ¢)oby and dy = dso (¢ '@ 1).

Definition 2.1.6 A rigid monoidal category is a monoidal category such that there exists

a right dual and a left dual for each object.

In a rigid monoidal category, one can define the right (resp. left) dual of a morphism.
For f € Hom(A, B), the right dual f* € Hom(B* ® A*) is defined as (dp @ I)(I ® f ®
I)o (I ®by), or pictorially as Figure 2.4 Similarly, the left dual *f € Hom(*B,*A) is

defined as (I ® djg) o (I ® f @ I) o (¥, ® I), or pictorially as Figure [2.4]
14
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B B
A A

Figure 2.4: f* (Left) and *f (Right)

Proposition 2.1.7 The assignment A — A*, f —— [* defines a monoidal functor
() : C — coPrev. Similarly, *(-) : C — CP"" sending A to *A and f to *f is also a

monoidal functor.

Since (CP"?)P" = C, (-)* and *(-) are both monoidal functors from C to itself.

2.1.3 Fusion Categories

An abelian category is C-linear if the morphism spaces are vector spaces over C and
compositions of morphisms are C-bilinear. A functor from a C-linear abelian category
to a C-linear abelian category is C-linear if it is a C-linear map restricted on morphism
spaces. All functors on between C-linear abelian categories are assumed to be C-linear.

An object A in a C-linear abelian category is simple if Hom(A, A) ~ C. It can be
shown that if A, B are simple objects that are not isomorphic, then Hom(A, B) = 0. An
abelian category is semi-simple if every object is isomorphic to a direct sum of simple
objects.

If C is semi-simple, denote by L(C) the set of isomorphism classes of simple objects.

Definition 2.1.8 A fusion category is a semi-simple C-linear rigid monoidal category C

such that 1 is simple and L(C) is finite.

15
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2.1.4 Pivotal and Spherical Categories

Let C be a rigid monoidal category. A pivotal structure on C is a natural isomorphism
d : Ide — ()™, namely, for each object A, there is an isomorphism d4 : A — A™,

such that
1. dagp = 04 ® 0B;
2. 0% =0,
3. 6p=1.
Definition 2.1.9 A pivotal category is a rigid monoidal category with a pivotal structure.

In a pivotal category C, the left dual can be defined in terms of the right dual. Specifically,
given an object A and its right dual A* with ba,d4, one can define v, := (I ® (521) o
bas,dy = da« o (04 ® I). Tt is straight forward to check that (A* b/, d,) satisfies the
conditions of a left dual. Thus as an object, the left dual and the right dual are the
same, and in the following we will simply call the dual of an object.

If C is a C-linear pivotal category with 1 simple, we can define the concept of left
trace and right trace of a morphism. Since Hom(1,1) ~ C, one can fix an isomorphism
sending I; to 1 € C. Thus every morphism in Hom(1,1) can be identified with a scalar
in C.

For f € Hom(A, A), define left trace Tr'(f) := ds o (I ® f) o b/, and the right trace
Te"(f) :=dy o (f ® I) 0 ba. Pictorially, these traces are illustrated in Figure 2.5

The following properties on the left traces explains the notion of a ‘trace . The same

properties also hold for right traces.
Proposition 2.1.10 1. TY'(-) is a linear functional on Hom(A, A).

2. Tt'(fog) = TY'(g o f) for f € Hom(A, B),g € Hom(A, A).
16
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A

Figure 2.5: Tr!(f) (Left) and Tr"(f) (Right)
3. Tr'(f @ g) = Te'(f) Tr'(g) for f € Hom(A, A), g € Hom(B, B).
4. To'(I) = 1.

Definition 2.1.11 1. A C-linear pivotal category with 1 simple is spherical if Tr! =
Tr".

2. A spherical category C s strict if it is strict as a monoidal category and the pivotal

structure is the identity natural isomorphism, namely, Ide = (-)**.

Thus in a spherical category, we simple use the notion ‘the trace of f ’, and the
notation Tr(f) for either the left trace or the right trace. By [46], every spherical category
is equivalent to a strict spherical category. Therefore, we will assume spherical categories
are strict.

In a spherical category, one can use the trace operator to define a bilinear pairing.

Explicitly, define ( , ) : Hom(A, B) x Hom(B, A) — C by (f,g) = Tr(f o g).

Definition 2.1.12 A spherical category is non-degenerate if the pairing { , ) is non-

degenerate for all A, B.
Proposition 2.1.13 Spherical fusion categories are non-degenerate.

Definition 2.1.14 1. The quantum dimension d4 of an object A is dy = Tr(14).

17
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2. If C s a spherical fusion category, the total quantum dimension D of C is the
positive square root of D* := Y. d2. The notion ‘positive square root ’ makes

aceL(C)
sense by Lemma below.

Lemma 2.1.15 [/2] If C is a spherical fusion category, then dq = da- and da is real.

Note that we have used the same symbol d4 for the morphism d4 : A*® A — 1 and
the quantum dimension of A, but in most cases it will be clear which quantity we mean
by da, and otherwise we will point it out explicitly.

If C is a spherical fusion category, then for a,b € L(C), we have

a®b= EB (2.9)

ceL(C

The N¢,'s are non-negative integers, called fusion rules. A category is multiplicity free

it N¢, is either 0 or 1. Denote by a the dual a*. The following properties hold.
Ni)a:N(i)l:é&b? ab Nb Nbc NC

At the end of this subsection, we give a brief introduction on pictorial calculus in a
(strict) spherical category. See [14] for more detailed discussions.

We first define pictures in the plane R? with the standard orientation. A picture
in R? is a union of rectangles and directed arcs (open or closed) restricted in R x [0, 1]

subjected to the following conditions:

1. All rectangles are disjoint and all arcs are disjoint. The interior of any arc is disjoint
with any rectangle. The end points of an arc are either on R x {0,1} or on the
bottom or the top edge of a rectangle. Arcs intersect with R x {0, 1} or a rectangle

transversally.

18
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Cl Ck R x {1}
doe b R x {0} Dﬁpl

1

Figure 2.6: A local picture near a rectangle (Left), R x {0} (Middle), R x {1} (Right)

2. Each arc is labelled with an object. Each rectangle is labelled by a morphism
f : A — B where the description of f is as follows. Let the picture around
the rectangle be as shown in Figure 2.6, then A = AT ® -+ ® A% and B =
B ® ---® BPr, where ¢; = 1 if the arc labelled by 4; is directed downwards near
the rectangle and € = —1 if it is directed upwards, f; is defined in the same way
depending on the direction of the arc labelled by Bj;, and for an object C', C*! is
C and C~1is C*.

Given a picture R, let R be as in Figure (Middle) and Figure (Right) near
the intersections of R with R x {0} and with R x {1}, respectively. Then define S(R) =
Cr®--@C* and T(R) = D' @ ---® D}, where ¢; and §; are defined in the same
way as above. A picture R can be interpreted as a morphism from S(R) to T(R) by the
following rules.

Interpret the pictures in Figure [2.1| as the morphism below them. If Ry, R, are
disjoint and put side by side, then R LR is the tensor product of Ry and Rs. If R1, R»
are two pictures such as T(R;) = S(R2), then we can glue Ry on top of R, along their
common end points and compress the resulting graph to within R x [0, 1]. The morphism
represented by the glued picture is the composition of R, followed by Rs, i.e., Ry 0o R;.

By the above rules, any picture can be interpreted as a morphism which is a composi-
tion of morphisms, each of which is a tensor product of some morphisms from Figure [2.1]
By [14], the morphism thus obtained is well-defined, and if there is an isotopy mapping

one picture to another picture and preserving the labels of arcs, then the two pictures
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represent the same morphism.

Proposition 2.1.16 [T]|] If C is a spherical category, then

1. If the direction of an arc is reversed and the label attached to that arc is changed

to its dual, then the new picture represents the same morphism as the old picture.

2. Let S* = R?U{co} be the oriented sphere and naturally embed R? into S*. If Ry, R

are pictures in R? that are isotopic in S?, then they represent the same morphism.

2.1.5 Braided Monoidal (Tensor) Categories

A braided monoidal (tensor) category is a monoidal category C, together with a
natural isomorphism ¢ : ® — ® o Swap, where Swap is the functor which swaps the

two components of C x C, such that Diagram and commute. For A, B € C°,

denote by ¢4 p the natural isomorphism, namely,

cap:A®B — B® A.

(A® B)®C
CW Wj‘
(BoA)eC A® (B C)
OLB’A’C\L lCA,B®C (2].0)
B®(A®C) (B(C)® A
Im %A
B®(C® A)
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4< > p B A
Figure 2.7: ca p (Left) and CZ}B (Right)

A 4 B
B < A isot:opy

A \B A B

Figure 2.8: c;lB ocaB = lagB

(A X B) ® C
cB}Ny wc
(B2 A) @ C A® (B ()
aB,A,Cl lcggC’A
B®(A®C) (BC)® A
I%k\ AA
B® (C & A)

(2.11)

The morphisms c4 g and CZ}B are represented by the pictures in Figure (Left) and

(Right), respectively.

Thus Iagp = cAf}B o c4,p corresponds to the picture of the LHS of Figure , which

is isotopic to the RHS representing the identity morphism.

With this convention, Diagram [2.10] and [2.11] can be represented as equalities of

pictures shown in Figure (Left) and (Right), respectively.

A spherical braided category is called a ribbon category. The picture calculus can

be extend from spherical categories to ribbon categories by adding the convention that

the braiding and its inverse shown in Figure 2.7 Then two pictures represent the same

morphism in a ribbon category if and only if they are related by a regular isotopy.
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NS AP Sl

Figure 2.9: Equalities of the braiding

A

Figure 2.10: The twist 64

Let C be a ribbon category, and define 0,4 : A — A, called the twist, to be the
isomorphism represented by the picture in Figure [2.10] Note that this picture is not
regular isotopic to a vertical line representing the identity map in the plane.

The following proposition is a summary on properties of the twist.

Proposition 2.1.17 The twist 0y defined for each object is a natural isomorphism

Ide — Ide that satisfies the following properties.
1. Qa0 = (04 ®@0p)ocpaocan;
2. QA* = (QA)*,'

3.0, =1.
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2.2 G-crossed Braided Spherical Fusion Categories
(G-BSFC)

G-BSFCs are the main ingredients we wish to introduce. In [47], they are called
G-equivariant fusion categories. Let (C,®,1,a,l,7) be a tensor category and G be a
finite group. Recall in Section that Autg(C) is the monoidal category where objects
are auto tensor equivalences of C, morphisms are natural transformations, and tensor
product of two tensor equivalences are compositions of functors. Also recall that G is the
monoidal category where the objects are elements of G, the only morphism between two
elements is either the identity map if they are the same or none otherwise, and tensor

product is given by group multiplication.
Definition 2.2.1 A G-action on C is a monoidal functor (F,0,¢) : G — Autg(C).

The above definition is a highly concise way to describe a G-action. To be more
clear about it, we unpack the definition as follows. For ¢ € G,X € C° f € C},
F(g)(X), F(g)(f) are often written as 9X,9f respectively, to indicate F' is an action.

For each object g € G°, ie., g € G, F (g) is an auto monoidal equivalence, and thus

it comes with natural isomorphisms:
Yoxy (X ®Y) —9X®9Y, and g, : 91 — 1

These natural isomorphisms satisfy the axioms in Equations
Since (F, 9, €) is a monoidal functor, there is a natural isomorphism 6, : F(gh) —
F(g) o F(h) and a natural isomorphism € : F'(e) — Idc. Or more specifically, for each

X € C° there is an isomorphism d, 4.y : "X — ?("X) and ex : °X — X, such that
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the following diagrams commute:

ohx SoMX 9hxy ey X,y
ghfl l hf efl lf (2].2)
ghY — g(hY) 2% T> Y
g9,h;Y

gh(X@Y) ghX®Y.‘]( (X®Y)) (Yn;x,v) g(hX®hy) (X @Y) X2, EXQY XoV

. Vohx h .
'th,X,YJ/ l g:hx by 'Ye,X,Yl /&Y

X @ 9y VIX) @YY XY

6gyh;X®59,h;Y

(2.13)

gth Ogh,k; X gh(kX)
5g,hlc;Xl lég,h;kx (2'14>

(X i, (X))

9(Oh, ks x

96X (Sg,e;X g(eX) egX (SegX e(gX

ng lg(e’" \ l (2.15)
9x

Definition 2.2.2 A G-action on a strict monoidal category is strict if all the isomor-

phisms Yg.xy, 0g, 0g n:x, €x are identity maps.

A G-crossed braided spherical fusion category is a G-graded spherical fusion category
D = @ C, together with a G-action and a family of natural isomorphisms {cxy :

geG
X®Y —9%Y ®@X | X e€C,Y €D} such that the following conditions are satisfied.

1. Each C, is a full subcategory, and it is called the g-sector. There is only zero

morphism between two objects from different sectors.

2. C,®Cy C Cyy.
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3. g(Cg/) C ng/gfl.

4. The cxy’s, called crossed braiding, are self consistent, namely, for X € C,,Y €

Ch7 Z € Ck?

(X®Y)®Z
(YX)®Z XY ®2)
OJQY,X,Z\L J/CX,Y@Z (216)
Y @ (X ®2Z) YeZ) X

I®Cx,2l l’yg;y,z@ﬂ

Y ® (92 @ X) « (Y @97)0 X

agy 97X

L "txX)ev)ez
c ®1

YV %(X)I)@I

YoiX)oZ ("X eY)®Z
aY,kX,Zl lath,Y,Z (2.17)
Yo ("X ®2) X @ (Y ®Z)
I®CE’1Xl lc;ézaz,x
Y ®(Z®X) « T Y®oZ)oX

5. The G-action is consistent with the crossed braiding, namely, for X € C,,Y € D,

the diagram commutes:

Yg': X, Y

NX®Y) y IX @9Y

/ Cc,/ /
J (CX,Y)l l XY

Y ©X) o, () ©IX 5 Y @K — (1Y) @9 X

Vg'i 97, X y 1
g% s g’,g;Y® glgglygl;Y(X)

(2.18)
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9B A A IB
Xo X
A< Np BY N4
Figure 2.11: ¢4 p (Left) and CZ}B (Right) for A € C4

Note that if GG is trivial, then the definitions above are the same as those of spherical
braided fusion categories, so a {e}-crossed braided spherical fusion category is simply a
ribbon fusion category.

Every G-BSFC is equivalent to a strict one as indicated the following theorem. Rough-
ly speaking, an equivalence of G-BSFCs is an equivalence as a monoidal functor and it
preserves all additional structures, e.g., crossed braiding, G-action, etc. For the rigorous

definition, see [4§].

Theorem 2.2.3 [/8§/ Let D be a G-BSFC, then there ezist a strict G-BSFC D’ with a

strict G-action and an equivalence F': D — D' of G-crossed braided categories.

Thus there is no loss of generality to restrict the study on strict G-BSFCs with strict
G-actions, which is the assumption for the rest of the paper. Namely, one can assume
that the ax vz, lx,rx,Vgx,v, 09, 0g.n;x, €x are identities.

Following [47], we can use the same picture for a regular braiding to represent the
G-crossed braiding as shown in Figure 2.11]

Similar to braided spherical fusion categories, here we can also define the twist 04 :
A — 9A for g € C4 by the same picture:

The following proposition is parallel to the properties of the regular twist.

Proposition 2.2.4 [/7] In a G-crossed braided spherical fusion category, the twist 0.

satisfies the following properties:

1. Osgp = (eghﬁA & 993) O CyB,AOCAB, Ae Cg,B € Cn;
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A

Figure 2.12: The twist 04

2. 04 = (04)";
3. 01 = _[,
4. "(04) = 0ny.

2.3 Monoidal 2-categories with Duals

In this section we show that a monoidal 2-category with certain extra structures can
be constructed from a G-crossed braided spherical fusion category (G-BSFC) introduced
in the previous section. The readers can skip this section if they are only interested in
the (3 4+ 1)-TQFT out of a G-BSFC. Here we do not intend to list the full definition of
monoidal 2-categories as it would be of too much distraction. Rather we only give the
core structures and refer the readers to [30][31][32] for detailed discussions.

A (strict) 2-category has O-morphisms (objects), 1-morphisms, and 2-morphisms. For
any two objects A, B, there is a set of 1-morphisms Hom'(A, B) and for any two 1-
morphisms f, g with same the domain and codomain, there is a set of 2-morphisms
Hom?(f,g). Usually, 0-morphisms will be denoted by capital letters A, B,C, etc., 1-
morphisms by lowercase letters f, g, h, etc., and 2-morphisms by Greek letters «, 3,7,
etc. We use regular arrows for 1-morphisms and double arrows for 2-morphisms, namely,

f:A— B, a: f = g. Both 1- and 2-morphisms can be composed. Only in this

27



Section 2.3 Monoidal 2-categories with Duals

section, we will use the convention that composition of morphisms are to be read from

left to right. Explicitly,

e Composition of 1-morphisms:

o : Hom'(A, B) x Hom'(B,C) — Hom'(A4, C)

(f,9) — fog

e ‘Vertical’ composition of 2-morphisms: for f, g, h € Hom' (A4, B),

x : Hom?(f, g) x Hom?(g, h) — Hom?(f, h)

(o, B) — axf

e ‘Horizontal’ composition of 2-morphisms: for f, g € Hom'(A, B), f’,¢ € Hom'(B, C),

o : Hom?(f, g) x Hom?(f, ¢') — Hom?*(f o f',gog')

(a, ') —  aod

These compositions satisfy various associativity axioms. (In the non-strict case, the
associativity axioms need to be replaced by certain Pentagon Identity similar to that
in the definition of monoidal categories.) In fact, monoidal categories are in one-to-one
correspondence with 2-categories with only one object. Explicitly, if C is a monoidal
category, define a 2-category C with a single object as follows:

Denote the object by * (or anything else). Then 1-morphisms between * and x are
objects of C and 2-morphisms of C are 1-morphisms of C. Composition of 1-morphisms

and horizontal composition of 2-morphisms in C are given by tensor product of objects
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and tensor product of morphisms in C, respectively. Vertical composition is just the
regular composition of morphisms in C.

Conversely, given C, a 2-category with one object , by reversing the rules in the
above paragraph one can define a monoidal category.

Thus, a 2-category is in some sense a generalization of monoidal categories. And
similar to the case of monoidal categories, the coherence theorem for 2-categories shows
that every 2-category is equivalent to a strict 2-category in an appropriate sense.

A (semi-strict) monoidal 2-category with duals is a (strict) 2-category C with the

following structures:
e For A, B € C° there is an object A ® B € C%

e For f € Hom'(A, B),C € C°, there are 1-morphisms f ® C' € Hom'(A® C, B® C)
and C ® f € Hom'(C ® A,C ® B);

e For a € Hom?(f,g),C € C°, there are 2-morphisms a ® C' € Hom*(f ® C, g ® C)
and C ® a € Hom*(C ® f,C ® g);

e For f € Hom'(A, B), g € Hom'(C, D), there is a 2-morphism, called the tensorator,

Ry (AR g)o(f@®D) = (f®C)o(B®yg);
e There is a unit object 1 € C°;

e For f € Hom'(A, B), there is a I-morphism f* € Hom'(B, A), a 2-morphism
if 1 Ia = fo f* and a 2-morphism ef : f* o f = Ip called the dual, the unit,

and the counit of f, respectively;

e For A € C° there is an object A* € C°, a l-morphism iy : 1 — A ® A* and

a l-morphism ey : A* ® A — 1 called the dual, the unit and the counit of A,
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respectively, and a 2-morphism T4 : (i4®A)o(A®e) = 4 called the triangulator
of A.

Again these structures need satisfy certain compatible axioms. See [31].
Now we show that from a G-BSFC we can construct a monoidal 2-category with duals
and certain extra structures as well. Let C be a G-BSFC and we denote the morphism

space Hom(A, B) by Hom,x (A, B) to avoid confusion. Define a 2-category C as follows.
e 0-morphisms C° := G.

e 1-morphisms Hom'(g;, g2) := CY. 4, for g1, go € G; namely, the 1-morphisms from g,

to go are objects in Cy,4,, where g; is the inverse of g;.

e 2-morphisms Hom?(4, B) := Hom,x (A, B) for A, B € Hom' (g1, g2) = CJ,,,; name-
ly, the 2-morphisms from A to B are the regular morphisms from A to B in Cj.
Note that here and only in this example, the notations for each level of morphisms
are different from those specified at the beginning of the section. Namely, in C,

we will use g1, g1, -, for objects, capital letters A, B,--- , for 1-morphisms, and

Greek letters a, 3, - - -, for 2-morphisms.

e For A € Hom'(g,9,), B € Hom'(gs, g3), the composition Ao B := A® B €

Hom' (g1, g3).

e For o € Hom?(A, B), 3 € Hom?(B, C), the vertical composition a * 3 := ao 3 €
Hom?(A, C); namely, vertical composition in C corresponds to regular composition

: X
in C.

e For a € Hom?*(4, B),o’ € Hom?*(A’, B'), where A,B € Hom'(g,¢), A, B €

Hom'(gs, g3), the horizontal composition o’ := a® o’ € Hom*(A® A', B® B').
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One can check this defines a 2-category. Now we introduce the monoidal structure and
duals on C. To avoid confusion, the tensor product in C will be denoted by the symbol X
instead of ®, while in CJ still by ®. We list below explicit constructions corresponding

to the items in the definition of monoidal 2-categories with duals.

e g1 X gy = g190.

e For A € Hom'(g1,¢:),9 € G, AR g := 9A € Hom'(g,9,¢29) and g R A := A €

Hom'(gg1, gg2). Note that as a set, Hom' (g1, go) = Hom'(gg1, 9g2)-

e For a € Hom*(4,B),g € G, a Mg := 90 € Hom*(AX g, BX g) = Hom?(A, IB)
and g X a := a € Hom*(g X A, g ¥ B) = Hom*(A, B).

e For A € Hom'(gy,¢2), A € Hom' (g}, ¢,), note that (gy X A')o (AR g}) = A ® %A

and (AR ¢}) o (g R A') = 1A ® A Define the tensorator Xaa = € Tin’

e The unit 1 := e is the unit of G.

e For A € Hom' (g1, g2), A* is the same as the dual of A when viewed as an object of

Cl; The iy and ey are defined as by and da, respectively.

e For g € G, g* := g, and iy, e, are defined as the unit 1 of Cj, and T, is the identity

map I7.

It is direct, though a little tedious, to check C is indeed a monoidal 2-category with
duals.

Below we show that actually there are more structures in C. However, these structures
do not make it into a ‘spherical 2-category * defined in [32].

Given A € Hom' (g1, go), define #A := %24, A% := 9"A € Hom(gy, g1) as follows [32].

_ - _ §1¥ARgs _ _ -
92—>91®91@92gﬂ291g92®92—>91
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2oMAXG _

G — 2 XNg X gy @eXgpNgpg — ¢

Therefore, #A := 924, A# := 91 A, Similarly, for « € Hom?*(A, B), A, B € Hom' (g1, g2),
define #a := %2a € Hom?(#A, #B), o := %'a € Hom' (A%, B#). Note that there is the
isomorphism:

0 TA— AF

According to Definition 2.4 in [32], the isomorphisms 6, make C a pivotal 2-category.
According to Definition 2.5 in [32], for any g € G, A € Hom'(g, g) = C., the left trace
Trp(A) ;= g A = A and the right trace Trr(A) := AKX g = 9A. According to
Definition 2.8 in [32], for the category to be spherical, there should be a 2-isomorphism
o4 :Trp(A) = Trg(A) which satisfies certain conditions as specified there. However, in
a G-BSFC, this implies that for any A € C,, g € G, there is an isomorphism o4 : A —
9A, which in general does not exist.

As a summary, out of a G-BSFC we have constructed a pivotal 2-category, which in

general violates Definition 2.8 in [32], and thus is not necessarily a spherical 2-category.
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Chapter 3

Invariants of 4-manifolds

In this chapter, we introduce the key construction of the 4-manifold invariants out of a
G-BSFC. The invariant, called partition function, is a state-sum model and a natural
generalization of the Tuaev-Viro invariant. Although we will only describe the invariants
for oriented closed 4-manifolds, it is straight forward to extend the construction to 3-
manifolds and to 4-manifolds with boundaries, and thus produce a (3 + 1)-TQFT. In
Section [3.1] three equivalent definitions of the partition function are given based on
ordered triangulations. To show these indeed define an invariant of 4-manifolds, one needs
to prove the partition function is independent of the choice of ordered triangulations on
a given manifold. Considering that the proof is quite technical and lengthy, we defer it to
Chapter [ In Section [3.3] several examples of the partition function are given showing
that our invariant generalizes several known categorical invariants in literature such as
the Crane-Yetter invariant and Yetter’s invariant from homotopy 2-types. We also give a
concrete example of a non-trivial G-BSFC, which is obtained by the de-equivariatization
process. Finally in Section [3.4 we study a variation of the invariant, namely, when
the a G-BSFC is concentrated on the sector indexed by the trivial group element, then

a 4-cohomology class in H*(G,U(1)) can be introduced into the model. The resulting
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Section 3.1 Partition Function

invariant reduces to the twisted Dijkgraaf-Witten invariant as a special case.

3.1 Partition Function

An ordered triangulation of a manifold is a triangulation with an ordering of its
vertices by 0,1,2,--- . Let 7 be an ordered triangulation of a closed oriented 4-manifold
M, and for k = 0,1,2,3,4, let 7" be the set of k-simplicies of the triangulation. The
restriction of the ordering on each k-simplex o € T* induces a relative ordering of the
vertices of 0. Under this relative ordering, we write o as (0 1 --- k — 1). For each
o € T* we define the sign, ¢(0), of o to be + if the orientation on ¢ induced from that
of M coincides with that coming from the ordering of its vertices; ¢(o) is defined to be
— otherwise.

Let D =C;5 = @ C, be a G-BSFC, and let L(D) be the set of isomorphism classes
of simple objects. o
Definition 3.1.1 A D-coloring of T is a pair of maps F = (g, f), g : T* — G, f :
T? — L(D), such that for any simplex 3 = (012) € T2 with the induced ordering on its

vertices,

f(012) € Cyo2)-19(01)9(12)-

Given a D-coloring F' = (g, f), for each 8 = (012) € T2, we arbitrarily choose a
representative in the class f(012) and denote it by foi2 or just 012 when no confusion

arises. For an edge (ij), we also write g(ij) as g;; or ij, g(ij)~" as g;; or ij.

Remark 3.1.2 Since the representative for each triangle color is chosen arbitrarily, it is
possible that even if two triangles are assigned the same color, their representatives could
still be different. Our approach is thus more general than the common one, where a rep-

resentative for each isomorphism class is fixed at the beginning and these representatives
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Section 3.1 Partition Function

are assigned as triangle colors. The approach here is necessary and will become clear in
Section[{.4 where we prove the partition function does not depend on the ordering of the

triangulation.

Assume now a representative for each triangle has been chosen. For any 7 = (0123) €

T2 with the induced ordering on its vertices, consider the boundary map:

8(0123) = (123) — (023) + (013) — (012).

We assign to (0123) two vector spaces:

Vi (0123) := Hom( fozs ® g23f012 , Jo1s ® fie3),

Vi (0123) := Hom( fo13 ® fi23, fozs ® 7 fora)-

Note that by the properties of a coloring, the objects foos ® 92 fy1, and foi3 ® fio3 are
both in the sector Co g0, 910905~ Lhis is necessary since otherwise the spaces Vi (0123) and
Vi (0123) would always be trivial.

Recall that for any two objects X,Y € D, the pairing on Hom(X,Y) x Hom(Y, X) is

defined as follows:

(,):Hom(X,Y)x Hom(Y, X) — C

(0,¢) = Tr(¢y)

The pairing ( , ) is non-degenerate, and thus there is a natural isomorphism between
V4 (0123) and V. (0123)*, V- (0123) and V;(0123)* induced by the pairing.

Finally for any 4-simplex o = (01234) € T* with the induced ordering on its vertices,
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Section 3.1 Partition Function

the partition function Z;(U)<O') is defined as follows. Note that the boundary map is given

by:
0(01234) = (1234) — (0234) 4+ (0134) — (0124) + (0123).

If €(0) = +, we first define the functional Z;(01234) : V;5(0234) ® V;F(0124) ®
Vi (1234) @ Vi (0134) ® Vi (0123) — C by the picture shown in Figure [3.1] (Left). The
meaning of the picture is interpreted in the following way. Given an element ¢y ® ¢ ®
P2 ® Pp3 @ ¢y, each ¢; is to be inserted in the corresponding box, and the resulting
graph represents a morphism in Hom(1,1), which is a scalar multiple of Id;. Then
Z;E(01234)(¢0 ® 1 @ 2 ® P3 ® ¢4) is defined to be that scalar. Note that the label gs4
to the left top corner of the box containing V- (0123) in the picture means the action of
gs4 on the space Vi (0123). It is direct to figure out the object labels on each edge of the
picture and check that all the compositions of morphisms make sense.

Using the non-degenerate pairing ( , ), this defines a linear map Z;(01234):
Z5(01234) : Vi (0234) ® Vi (0124) — Vi (1234) ® Vi (0134) ® Vi (0123),

such that (Z7(01234)(¢g ® ¢1), d2 ® 3 ® ¢a) = Z(01234) (o ® 1 ® ¢ @ b3 ® ).
Note that the domain of Z;(01234) corresponds to the negative boundaries, and the
codomain corresponds to the positive boundaries. Thus we can think of Z(01234) as a
map from negative boundaries to positive boundaries.
Similarly, if e(o) = —, consider instead the functional Zj(01234) : V; (0234) ®
Vi (0124) @ Vi1 (1234) @ V7 (0134) ® V5 (0123) — C by the picture shown in Figure
(Right), which is obtained by reflecting the picture in Figure (Left) along a horizon

line. In the same way we get a linear map:

Z7(01234) : Vi (1234) ® Vi (0134) @ Vi (0123) — V7 (0234) ® Vi (0124),
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CAY Ly

§34
Vi (0123) Vi (0234)
Vi (0134)

Vo (1234) Vi (0124)
Vi (0124) Vi (1234)

Vi (0134)

g34

+ +

Vi (0234) VT (0123)

N U
Figure 3.1: (Left): Z5(01234); (Right): Z5(01234)

by (o ® b1, Z5 (01234) (o @ 3 @ ¢4)) = Z5(01234) (o ® 1 @ s @ ¢h3 @ ). Noting that
9(—01234) = —(1234) + (0234) — (0134) + (0124) — (0123),

we can also think of Z,(01234) as a map from negative boundaries to positive boundaries.
Each 3-simplex 7 is the intersection of exactly two 4-simplices o7 and 0. If 7 is a
negative boundary in oy, it must be a positive boundary in oy. Thus, Vi (7) appears

exactly once in the domain and codomain for some 4-simplex. Thus we have

X 257(0) : Q) Vit (1) — Q) Vit (7).

oeT? TET? TET?

37



Section 3.1 Partition Function

Definition 3.1.3 Given a G-BSFC D and an ordered triangulation T of a closed ori-

ented 4-manifold M, the partition function Zp(M;T) of the pair (M,T) is defined by:

(D*/|GN'TICTT dygs) Te( @ 257 (o))

) B BET? oeT4
ZD(M) T) - Z (D2)|7-1| ) (31)
F=(g,f)

where F' runs through all D-colorings of T .

Theorem 3.1.4 (Main Theorem) The partition function Zp(M;T) is an invariant

of closed oriented 4-manifolds.

To prove the Main Theorem, we need to show that Zp(M;T) is independent on:
1. the choice of representatives for each triangle color,

2. the ordering of vertices of a triangulation,

3. the choice of a triangulation.

These will be proved in Section [4.1] Section [4.2] and Section [4.4] respectively.

Below we derive two other formulas for the partition function, which will be used in
the invariance proof.

For any two objects X,Y, the non-degenerate pairing ( , )xy induces canonical
isomorphisms Hom(X,Y) ~ Hom(Y, X)* and Hom(Y, X') ~ Hom(X,Y)*. Define (, )%y

to be the dual map of (, )xy :

(, )xy :C— Hom(X,Y)" ® Hom(Y, X)" ~ Hom(Y, X) ® Hom(X,Y),

and let ¢xy = (, )}Y(l)
If {v;}ier and {w;},er are a basis of Hom(X,Y') and Hom(Y, X), respectively, such

that (v;,w;) = d;6; ; for some non-zero numbers d;, then it is direct to check that ¢xy =
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Section 3.1 Partition Function

Z d;lw, X v;.
iel
Now assume an coloring F' = (g, f) and a representative for each triangle color have

been chosen. For each 3-simplex 7 = (0123) € T2, there is thus the element

. _ — +
¢F;T T ¢f023®g23f0127f013®f123 = VF (0123) ® VF (0123)'

Let Vp = @ Vi (1) @ V(7).
TET3
From the definition of Z}(U) (o) for each o € T*, again it is not hard to see that if

T € T3 is the intersection of two 4-simplices o1, 09, then Vi (7) ® V5 (1) appears as a

component in the domain of Z;(OI) (01)® Z;(UQ)(UQ). And therefore, the map &) Z;(U) (o)
ceT4
is a functional on V.

Proposition 3.1.5 Let ¢p = Q ¢p.r € Vi, then Zp(M;T) is given by the following
TETS
formula:

(D*NNGNTICTT dyw) )

Zp(M;T)= Do (@ Z7 @) r) (3:2)
F=(g,f) oeT?

We will give a third formulation of the partition function as a state sum model. For
simplicity, we assume that the category D is multiplicity free. The more general case can
be considered in a similar way.

Let fL(D) be an arbitrary complete set of representatives, one for each isomorphism
of simple objects. Recall for each triple (a,b,c) of simple objects such that NS = 1,
namely, (a, b, c) is admissible, we have chosen a basis element B% € Hom(c,a®b), and a
basis element B, € Hom(a ® b, ¢), such that for any ¢, ¢’ € L(D), B¢,B® = §..1d,, and

that > BB, = Id,g. These identities are also illustrated in Figure .

ceL(D)
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c d e a b
a b c I a <> b= 5616/ Z c =
c a b a b c c a b a b
) (IT) (T11) (V) V)

Figure 3.2: Some identities

For simple objects (a,b, ¢,d), let BS, ., = BB, thus
{Bopea:c€ L(D), (a,b,e), (c,d,e) admissible}

is a basis of Hom(a ® b,c ® d), and moreover, we have (B, ., B§;7ab> = ¢ ¢rde.

Definition 3.1.6 An extended D-coloring on the ordered triangulation T is a triple F=
(9, [, 1), g:T* =G, f:T>—= L(D), t:T>— L(D), such that,

1. f07" any 5 = (012) € 7_2; f<012) € C§02901g12;

2. for any T = (0123) € T3, t(0123) € Ciosgorg1290s -

As before, we choose arbitrarily a representative for each f(012) and #(0123), and
denote these representatives as foia, to123 or 012,0123. Then, for each o € T, the 25j-
symbol Z;(U)(a) is defined to be the evaluation of the graph in Figure|3.3| (Left) if e = +,
and Figure (Right) if e = —.

Proposition 3.1.7 The partition function has the state sum model:

(D/|GNTICTT dp))(TT Z57(0))

. o a€T? oeT*
ZD(MaT) - ) Z (D2)|7-1|< H dt(r)) (33)
F=(g,f,t) TET3
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3493 J34:23(19

3493\34:2301 5

Figure 3.3: (Left): Z1(01234); (Right): Z7(01234)
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Section 3.2 A Formula for the Partition Function

g/a b 9b
\( — U, (abic) \(

Figure 3.4: Definition of U-symbol

3.2 A Formula for the Partition Function

Here we give an explicit formula for the 25j-symbol ZA;(U) (o) in Figure 3.3|in terms of
the data of a G-BSFC D = C/; such as the F-symbol, R-symbol, etc. This formula will
be convenient for computer calculations. For simplicity, we assume D is multiplicity free.
The formula for the general case can be obtained in a similar way. Let us first define the
relevant data in D.

Let L(D) be a complete set of representatives of simple objects. Recall that given
a,b,c € L(D) such that (a,b,c) is admissible, namely, N = 1, the morphism spaces
Hom(c,a ® b) and Hom(a ® b, ¢) are both one-dimensional, and we have chosen a basis
element B2 in Hom(c,a ® b) and B¢, in Hom(a ® b, ¢). See Figure 3.2 for their pictorial
representations and related identities. For the rest of the section, all the summation

variables will run through L(D) unless otherwise noted.

e U-symbol: for any g € G,a,b,c € L(()D) such that (a,b,c) is admissible, g(B%)
is a scalar multiple of B;’;“’”. Denote this scalar by U,(a,b;c). See Figure for

the pictorial definition.

e n-symbol: for g,h € G,a € L(D), n,(g,h) is defined to be the isomorphism from
9 to /(ha).

e F-symbol: for any a,b,c,d € L(D) such that Hom(d,a ® b ® ¢) # 0, there are two

'In Section , Na(g, h) is denoted by dg piq-
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a b c a b c
d d
B, B

Figure 3.5: Two Bases By and By

a b c a b
m =Y Fgx,
d d

Figure 3.6: Definition of the F-symbol

set of bases:
B, ={(B®®1I)o By | méc L(D),(a,b,m),(m,c,d) admissible}

By = {(I ® B*) o Bi™ | n € L(D), (b, c,n), (a,n,d) admissible}

These two bases are represented pictorially in Figure . The matrix relating the two
bases are called F-symbol or F-matrix. Explicitly, the F-symbols and F~!-symbols
are defined as shown in Figure [3.6] and [3.7] respectively.

Figure 3.7: Definition of the F'~'-symbol
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Section 3.2 A Formula for the Partition Function

C C

Figure 3.8: Definition of the R-symbol R

e R-symbol: the R-symbol is defined as a scalar shown in Figure [3.8]

With the data defined above, the 257-symbol Z;(U)(U) in Figure can be expressed
as a concrete formula. Explicitly, let 0 = (01234) assume an extended coloring F has been

assigned to o, then Z;(U) and Z; (o) are given by Equation and ﬁ respectively.

54 . 024,234,3423012 1 /57 59y p24012,234 ; —14024,29012,234
ZF(U) = § :Fd;a,0234 No12(34,23) R, (F )d;0124,a
d,a

014,124,234 (F’1)014’134’374123 034,34013,34123
d;1234,0124 d;0134,1234 d;310123,0134

23 _ —1,034,3%023,3423012
Uzz(023, %012; 0123) Uz (013,123; 0123) (F 1)d;0234,§0123 dg (3.4

5 _1,024,234,3423012 5 75 24, 1 024,2%012,234
Z (o) = Z(F 1)d;0234,a no12(34,23) (R, 012’234) ! Fd;a,o124
d,a

(F—1)014,124,234 F014,134,37123 ( _1)034,37013,37123
d;0124,1234 17 4;1234,0134 4:0134,330123

_ 53 034,34023,34:23012
U (023,2°012; 0123) Usz(013, 123; 0123) o o opss  Gd (3.5)
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Section 3.3 Examples

3.3 Examples

In this section, we give several examples of the partition function defined in Section

[3.1] Some of the known invariants in literature emerge as special cases of our construction.

3.3.1 Crane-Yetter invariant

The Crane-Yetter invariant was introduced in [22], where the authors gave a state
sum construction of 4-manifold invariants with the modular tensor category Rep(U,(sl3))
as input, where Rep(U,(sly)) is the category of representations of U,(sly) with ¢ some
principal 4r-th root of unity. Later on the construction was generalized so that it takes
any semi-simple ribbon category as input [23] E] This generalized state sum invariant is
still called the Crane-Yetter invariant denoted by CYe(M).

For a G-BSFC D = C} = @ C,, if G = {e} is the trivial group, then D has only
one sector C = C, and it is a rgileaion fusion category. In this case, the only color on a
1-simplex is the unit e, so we can just assume there is no color at all on 1-simplices.
The colors on each 2-, 3-simplex run through a complete set of representatives in C. For
each colored 4-simplex, the partition function is given by Figure[3.3] where all the relevant
group elements are trivial, and this is equal to that defined in [23]. It is then trivial to see
that the resulting partition function Zc{xe}(M ) is the exactly the Crane-Yetter invariant
CYe(M).

3.3.2 Yetter’s invariant from homotopy 2-types

A (strict) categorical group is a rigid tensor category G such that (®,1, (-)*) satisfies
the axioms of groups strictly and that every morphism is invertible. Note that here

the morphism spaces are not required to be a vector space. Namely, in a categorical

2In the paper, such a category was called semi-simple tortile category.
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group, all the structural isomorphisms «, [, r are identity maps and A* @ A = A® A* =
1, fo(fH*=I, (f/H)*® f =1 for any object A and morphism f.

There is a one-to-one correspondence between categorical groups and crossed modules
which are defined below.

Let G, H be two finite groups. A crossed module is a quad (H, G, p,a), where p :
H — G is a group morphism, and a : G x H — H is a group action of G on H, such

that the following two conditions are satisfied.

1. p commutes with the G-action, i.e., for any g € G, h € H, p(a(g,h)) = ‘p(h), where

the right hand side is the conjugation action.

2. The action a extends the conjugation action of H on itself, i.e., for any h,h' € H,

a(p(h'), h) = "h.

We will usually write the action a(g, h) = %h.

Given a categorical group G, let G = G and H = Ujeg Hom(1,g). It is clear that
G is a group with the product ®, the unit e = 1, and the inverse () = (-)*. Define
p: H — G by p(h) =t(h), and define the G-action by a(g,h) = I, ® h ® I;. It is an
exercise to check that H is also a group, and (H, G, p,a) is a crossed module, which we
denote by Mod(G).

For the converse direction, given a crossed module (H, G, p, a), define the categorical

group Cat(H, G, p,a) as follows.

1. Objects are elements of G. For gi,¢9, € G, Hom(g1, g2) := p~*(q1g2) C H. The

composition of morphisms are the product in H.

2. For h € Hom(g1,¢2), ' € Hom(g,,q4), 91 ® ¢, :== q1g,, and h @ ' = %hk’. The

unit 1 is the unit in G. The «a, 1, r’s are identity maps.

3. For g € G, the dual g* := g, and the b,,d,'s are identities.
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Again, it can be checked that Cat(H, G, p,a) is a categorical group.

Proposition 3.3.1 If (H,G, p,a) is a crossed module and G is a categorical group, then
Mod(Cat(H,G,p,a)) = (H,G,p,a)) and Cat(Mod(G)) = G.

Proof: Direct verification. [ |
From a crossed module (H,G, p,a) we can construct a G-BSFC denoted by D =
D(H,G,p,a) = @ C,. As a category, D(H, G, p,a) is the same as Vecty, the H-graded
category. We idiflfify the simple objects in D with elements of H. For each g € G, the
g-sector C, is spanned by all simple objects in p~'(g). This defines a G-grading on D due
to the fact that p is a group morphism. The G-action on simple objects of D is defined to
be the action a on H. It can be checked that this is a well-defined action, and Condition
(1) above guarantees that the G-action g sends the g’-sector to the 9¢’-sector.
Let h € C4, 1/ € Cy, namely, p(h) = g,p(h') = ¢, then h® b’ = hh' € C,y, and
90 @h=""N @h="0®h=hh'e C,y, where the second equality is due to Condition

(2). We define the G-crossed braiding by the identity map, namely,
o =1d:h@ W — W @ h

We now describe the partition function associated with D(H, G, p, a). Let F= (g, f,1)
be an extended coloring. Then for each 2-simplex (012), fo12 € Cgprgorg1s- FOr any 3-

simplex (0123), if the space V*(0123) is to be non-zero, we need to have

fo34% fora = forafras = tores (3.6)

Thus the color on a 3-simplex is uniquely determined by those on its boundary faces.
Given an extended coloring such that the condition from Equation is satisfied for

every 3-simplex, it is direct to see that for each 4-simplex o, Z *(o) = 1 by Figure .
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Definition 3.3.2 Given a crossed module (H,G, p,a) and an ordered triangulation T of

M, an admissible coloring is a map F = (g, f), g: T* — G, f: T?> — H, such that,

1. for any 2-simplex (012); P(f012) = §o2901912;

2. for any 3-simplex (0123), fo3a% fora = fors fras-

An admissible coloring is a C(H, G, p,a)-color in the sense of [26]. The following
property shows actually the partition function associated with D(H, G, p,a) is exactly

the Yetter’s invariant Yo ¢ ) associated with Cat(H, G, p,a) in [26].

Proposition 3.3.3 Let D = D(H, G, p,a) be the G-BSFC obtained from a crossed mod-
ule, then

|H|I 7117

Zp(M;T) = W#(Hanpv a) = Yemapa) (M), (3.7)

where #(H, G, p,a) is the number of admissible colorings.

Proof: In D, it is clear that the quantum dimension of each simple object is 1,
and the total dimension square D? = |H|. Then the first equality follows from Equation
[3.1.3] The second equality follows from [26]. |

If H = {e} is the trivial group, there is a unique group morphism py from H to G,
and a unique action (the trivial action) ay of G on H. Then according to Definition
, an admissible coloring is simply a map g : 7+ — G, such that for each 2-simplex
(012), go2g01g12 = e. In this case our partition function is reduced to the untwisted

Dijkgraaf-Witten invariant DWe (M) [20].
Proposition 3.3.4 Let Dy = D({e}, G, po, ao), then

Zpy(M;T) = ’G‘%#({e},G,po,ao) - :EZEEZ;%;%: = DWe(M), (3.8)
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where mo(M) is the set of connected components of M and Hom(mg(M), G) is the set of

maps from mo(M) to G.

Proof: The first equality is by Proposition [3.3.3
Note that both of the two sides of the second equality is multiplicative with respect
to disjoint union of connected components. Thus it suffices to prove the equality for a
connected manifold M, namely, |mo(M)| = 1.
Choose a maximal spanning tree K, which is a sub complex of 7' with |7° —1 edges.
Then it is easy to see that there is a |G ||TO‘_1 to one correspondence between the set of

admissible colorings and Hom(m (M), G). |

3.3.3 Trivial G-grading with trivial G-action

Given a ribbon fusion category C and a finite group G, we can construct a G-BSFC
D = @ C,, where C;, = C if g = e, and C, = 0 otherwise, and G acts on D by identity.
We cgfl(s;ider the partition function associated to D.

Since the nontrivial part of D is constrained in the trivial sector, the coloring g
on 1-simplices needs to satisfy the Dijkgraaf-Witten coloring, namely, gp2g01912 = € for
each 2-simplex (012). The colorings on 2- and 3-simplices are independent of those on
1-simplices, and they are the same as the colorings of Crane-Yetter model. Moreover,

the partition function corresponding to each colored 4-simplex is the same as that of

Crane-Yetter since the group action here is trivial.

Proposition 3.3.5 If D has a trivial G-grading and a trivial G-action where the trivial
sector of D is C, then Zp(M;T) = CYe(M)DWq(M).
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Proof: By Equation and the argument above,

(D/IGDTI(TT dp)( T Z27(0))

. . a€cT? oceT*
ZD(M7T) - ) Z (D2)|7~1|< H dt(r))
F:(gvat) TETS

L OYTUL dr)(T, 24(0)
=2 G2 (DL o)

TETS

1
= ZWOYC(M)
g

— DWo(M)CYe(M),

where Z<)(g) is the partition function of o for which we have hidden the dependence
on the coloring.

|

In Section we will give some variations of the construction of the the partition

function, in which the twisted Dijkgraaf-Witten invariant will appear as a special case.

3.4 Variation: Trivial G-grading

In this section, we study a variation of the partition function.

Let C be a ribbon fusion category, and let D = & C, be a G-BSFC with a trivial
G-grading, namely, C. = C, and C, = 0 for g # e. Thugeg is a ribbon fusion category with
a G-action. In this case, we show that we can introduce a 4-cocycle w € H*(G,U(1)) in
the construction of the partition function, and this results in a new invariant.

Since the G-grading is trivial, the colors g on 1-simplices must satisfy the condition

Go2901912 = e for each 2-simplex (012). The colors on 2- and 3-simplices run through

a complete set of representatives in C. For each fixed coloring, we will introduce an w
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Section 3.4 Variation: Trivial G-grading

factor to the partition function. Explicitly, using the notations in 3.1}, the new invariant

can be defined as follows:

Definition 3.4.1 Given a G-BSFC D with a trivial G-grading, a 4-cocyclew € HY(G,U(1)),
and an ordered triangulation T of a closed oriented 4-manifold M, the partition function

Zp(M;T) of the pair (M, T) is defined by:

(D*/|GDT(TT dpis) Tr( @ 257 (o))

BET? oeT4
Zpw(M;T) = E (D w(go1, Gr2, g23, ga4), (3.9)
F=(g.f)

or written in state sum model by:

(D*/IGDTICTT dye) H4Z ()
Zpw(M;T) = Z (D2O;|€77:1( I d:i)T) w(go1; 912, 923, g34).  (3.10)

F:(g7f7t) €T3

The invariance proof of Zp,(M;7T) can be processed in a similar way as that of
Zp(M;T) with slight modifications, so we will omit the details. For instance, to show it

is invariant under the 3-3 pachner move, Equation 4.26is replaced by Equation |3.11}

d . . .
> {2 Z27(01234) 2 (01245) 2 (02345)
I, d0124d0234d0245

I3

w(01,12,23,34)w(01, 12,24, 45)w (02, 23, 34, 45)}

d . .
= Z A 7%(01235)Z1(01345) Z+(12345)
d0135d1235d1345
I

3

w(01, 12, 23, 35)w(01, 13, 34, 45)w(12, 23, 34, 45)} (3.11)
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Section 3.4 Variation: Trivial G-grading

In Equation the product of the three w factors on the left hand side is equal
to the product of the three factors on the right hand side, and this is precisely because
w is a 4-cocycle and the colors on 1-simplices satisfy googo1 912 for each 2-simplex (012).

Cancelling the w factors on both sides, we get back to Equation [4.26

Proposition 3.4.2 If D is a G-BSFC with a trivial G-grading and a trivial G-action,
and w € HY(G,U(1)), then

Zpo(M;T) = DWE(M)CYe(M), (3.12)

where DWE(M) is the twisted Dijkgraaf-Witten invariant [20]. In particular, If D =
Vect, then Zp,, = DWE(M).

Proof: A similar argument as that in Section shows that Zp,, can be written

as follows:
(DG T dra)( 11, 27 ()
ZD,w(M;T): Ot€1 o€ (,c)(g » 912, 923, g )
F_Z (D2)|7’\( H dt(T)) 01, Y12, §23, 434
—(g,f,t) TET3

(D)TCTL dy)( T 299)(o))

w(go1, 912, Go3, 931) D oeT zeT”
gm0 T D)L d)

TET3

ZG“TO\ w(gor, 912, 923, g3a) CYe (M)
g

— DWE(M)CYe(M).
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Chapter 4

Proof of Invariance

In this chapter we will prove in turn that Zp(M; T) is independent on the choice of repre-
sentatives for each triangle color (Section [4.1]), the ordering of vertices of a triangulation

(Section [4.2)), and the choice of a triangulation [4.4]

4.1 Invariance under Choice of Representatives

To define the partition function Zp(M;T), for each coloring F = (g, f), we chose
arbitrarily a representative fs for the triangle color f(8), 8 € T2 In the following,
we show that Tr( ®4 Z;(U)(J)) is independent on the choice of representatives, and thus
Zp(M;T) is alsogifll—lependent on the choice of representatives by Definition m

Let ¢4 : A = A'. ¢p : B =5 B’ be isomorphisms in D. Denote by Tﬁf the

following linear isomorphism:

Tff : Hom(A, B) — Hom(A', B')

¢l — dp o ¢h o pa.
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Section 4.1 Invariance under Choice of Representatives

That is, the diagram in Diagram [£.I] commutes.

B -, p
¢§T TT;f’ B (95) (4.1)

A2y

The isomorphism T(f " satisfies functorial properties, namely,
L. If ¢c : C = €, then T3S (%) o Tgf(qsg) = T3 (¢ 0 ¢5).
2. T34 (Idy) = Idy.

Lemma 4.1.1 The isomorphism T(ff preserves the pairing, i.e.,
(05, 05) = (T2 (68), Ty2 (63))-

For the rest of the section, we fix a coloring F' = (g, f). For each 2-simplex (ijk) € T2,
assume we have arbitrarily chosen two representatives of f(ijk) denoted by ijk and ijk’,
respectively. To distinguish these two choices, we attach an apostrophe to all quantities
related to the second the choice, e.g., Vi (0123)’, Z(01234)', etc.

For each 8 = (ijk) € T?, choose any isomorphism ¢y, : ijk — ijk’. If 7 = (0123) €

T3, let ¢_,, ¢, be the isomorphisms defined below.
b_r = duos @ (dora) 1 023 ® 012 = 023 ® 2012/

¢+7- = ¢013 X ¢123 : 013 X 123 L) 0]_3, X 123/

Then we have the isomorphisms T(ff: V() — VA(r), T(f: D Ve(r) —

Vi (7). See Diagram . When it is clear from the context, we will drop the sub-
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Section 4.1 Invariance under Choice of Representatives

script /superscript, and simply write 7' j:f: as T.

013 ® 123 —2 4 013 @ 123
ﬁ [esi® (4.2)
023 ® 2012 -2 023’ ® 2012/

Lemma 4.1.2 For any 4-simplex o = (01234) € T*, Diagram[{.3 and[4.4 both commute.

o+
VH(0234) ® Vi (0124) @ Vi (1234) ® Vi (0134) @ Vi (0123) ZE23d)
lT@T@T@T@% (4.3)

Vi (0234) @ Vi (0124) ® Vi (1234)' @ Vi (0134)' @ Vi (0123)

75 (01234)

Vi (0234) @ Vi (0124) © Vi (1234) © Vi (0134) @ Vi (0123) C
lT@T@T@T@% (4.4)

Vi (0234) @ V- (0124) @ Vi (1234) @ V1 (0134)' @ V1 (0123)

Proof: 'We only prove the case for Diagram [£.3] The other case can be proved in
the same way. Let ¢y ® ¢1 ® P2 @ ¢3 ® ¢4 be in the domain of Z;(01234). Consider the

following diagram, where it is not hard to see that the the two maps on the sides of the
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Invariance under Choice of Representatives

horizontal arrows represent identical maps.

034 ® 34023 @ 3423012

AN

¢—0234®34'T3(¢012)

$034®>H(P_0123)

s 034" ® 24023 @ P01/

N

1d®% ¢, 1d®%'T(¢4)
3 vl $031®4 (¢ 10123) PIP:7 PO v B
034 ® °*013 ® °*123 — » 034" ® "7013 ® °7123
A~ b 0134034 (p123) A~
¢3RI1d T(¢3)®Id
_ 34 _
014 ® 134 © 3123 — 2H0® 1) 14 o 134" @ 4123
N G014@P_1234 N
Id®¢po 1d®T(¢2)
014 ® 124 © 234 Po11E0 1254 s 014’ @ 124’ @ 234/ (4.5)
A~ D+0124RP234 N
P1R1d T(¢1)R1d

024 ® 24012 ® 234

G—_0124Q¢234

A

Id®c =1 53
® 234,34.23012

$024® (

24.23.34 3753

(¢012)) ®P234

s 024’ @ 210

Trdse

12" ® 234’

234/ 34-23019/

$024®@¢2340°1 %3 (po12)

024 ® 234

® 3123012

AN

do®Id

» 024" © 234/

¢+0234®ﬂ‘ﬁ(¢012)

4

® 23012/

T(¢o)RId

034 ® 24023 ® 3423012

b—0234@°123(p012)

s 034/ @ 2023 @ 3423012

The second square diagram commutes by the naturality of the G-crossed braiding. All
other square diagrams commute by Diagram [£.2] Thus, the whole diagram commutes.
Denote the composition of the vertical maps on the left (resp. right) side by L (resp.
R), then Z;(01234)(¢y ® ¢1 @ by ® ¢3 ® ¢4) = Tr(L), Z}(01234)(T(¢o) @ T(1) @
T(¢2) @ T(¢3) @ T(¢4)) = Tr(R). Since L, R are conjugate by the above diagram, thus

Tr(L) = Tr(R) and we have Z;(01234) = Z;:(01234)(T%?). |

Proposition 4.1.3 For any o = (01234) € T*, Z;(U)(U) commutes with T. More pre-
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Section 4.1 Invariance under Choice of Representatives

cisely, the following diagrams commute.

Z}(01234)

Vi (0234) @ Vi (0124) 202 v (1934) @ Vi (0134) @ Vi (0123)
lT@T lT®T®T (4.6)
Vi (0234) @ ViH(0124) o Vi (1234) @ Vi (0134)' ® V' (0123)

- (01234)

Vi (0234) @ Vi (0124) 02 1 (1934) @ Vi (0134) @ Vi (0123)
lT@T lT®T®T (4.7)
Vi (0234) @ Vi (0124) e Vi (1234) @ Vi (0134)' ® Vi (0123)

Proof:  Again we only prove the case of Diagram [].6
Let po@¢1 € Vi (0234) @V (0124), da@p3@¢4 € Vi (1234) @V, (0134) @ Vi (0123),
then

(T®T®T)o Z5(01234)(do @ ¢1), (TR T @ T)(¢2 ® p3 @ ¢4))
=(Z;(01234)(¢o ® 1), P2 @ 3 ® ¢4)

=Z(01234) (¢ ® ¢1 ® 2 ® 3 ® hs) (4.8)

(ZF(01234) o (T @ T) (¢ @ ¢1), (TR T @ T)(d2 @ 3 @ )
=Z£(01234) (T(do) @ T(¢1) @ T(¢h2) @ T(h3) @ T(ps))

=7+(01234) 0o (TR TR T QT QT) (¢ @ Py ® hy @ b3 @ by)

=71(01234)(¢0 ® 61 @ 2 ® b3 @ 1) (4.9)
The first “= 7 in Equation[{.8 is by Lemma[{.1.1, and the third “= 7 in Equation[{.9 is

by Lemmal|4.1.2
Since the equalities in Equation [{.8 and [{.9 hold for any ¢;,i = 0,1,2,3,4. this
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Section 4.2 Invariance under change of ordering

implies Diagram [4.0 commutes. |

Theorem 4.1.4 Given a coloring F' = (g, f), we have

Te(R) 237 (0)) = Tr(XR) 257 (o).

ceT4 oceT?

As a consequence, the partition function Zp(M;T) is independent on the choice of rep-

resentatives for each triangle color.

Proof: It suffices to prove Diagram commutes, which follows from Proposition

since each V1 (7) is acted on by exactly one pr(a) (o).

® 237(0)

® Vilr) “—— @ Vi(n)

TET3 TETS

® T ® T (4.10)

TreT3 reT3

& Vi(r)

TET? ® Z;go)(o'), TET?

4.2 Invariance under change of ordering

When defining the partition function, we require that the triangulation be equipped
with an ordering on its vertices. In this section, we show that the partition function is
actually independent of the ordering, and we will use Equation as the definition of
the partition function.

Let S, be the permutation group on the set {0,1,--- ,n — 1} with the standard
generators s; € S,,,1 =0,1,--+ ;n — 2 swapping ¢ and ¢ + 1. Let F,, be the free group on

n generators Sg,--- , S5, 1, and denote by p, : F,,_1 — S,, the quotient map sending §;
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Section 4.2 Invariance under change of ordering

to s;. If § and § are any two elements in F,,_; such that p,(5) = p,(§') = s € S,,, then
we say § and § represent the same permutation s and § is a representative of s.

For each s € S, and any non-empty subset 7' C {0,1,--- ,n — 1}, if we order the
elements in T and in s(7T), respectively, by 0,1,--- |T| — 1 according to their relative
order, then we get a permutation sr, called the restriction of son 7', on {0, 1, -- , |T'|—1},
namely, sp(i) = j if s maps the i-th greatest element in 7" to the j-th greatest element
in s(T). When no confusion arises, we simply write sy as s. For example, if s = 59 € Sg,
then sgo1y = so € S, Sgo2y = Id € Sy. It is clear that sy is a group morphism in the
sense that s} s = (s's)r.

The rough idea of proof of invariance under reordering goes as follows. Let 7 be a
fixed ordered triangulation with vertices ordered by 0,1,--- | N —1, where N = |TY|. Let
T’ be any ordered triangulation obtained from 7 by reordering its vertices. Apparently,
each reordering of vertices corresponds to an element of Sy. To make it clear, if s € Sy,
then we obtain 77 from T by replacing the label i of a vertex by s(i). See Figure
for the reordering of a 2-simplex. That is, we are thinking that the ‘physical’
unordered triangulation is fixed all the time; only the labels on vertices are
permuting. For a k-simplex o = (apa; -+ -ax_1) € T*, denote by o, the corresponding
k-simplex (o(ag)o(ar)---o(ax_1)) € (T')*. Note that o and o, are the same as an
unordered simplex. Given a coloring F' = (g, f) on T, we wish to define a corresponding

coloring F' = (¢, f') on T” so that,
1. for each 2-simplex 8 € T2, ds = dg, ;

2. for each 4-simplex o, there exists an isomorphism ®% : Vp(do) — Ve (9os) such

that ZF(O') = ZF/<O'S) o ds;

3. & .= ® (I)f, . VF(T) — VF/(T/) maps (ﬁp to (ﬁpl .

ceTH
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Section 4.2 Invariance under change of ordering

2 s(2)

A A
0 1 s(0) s(1)

Figure 4.1: Reordering by a permutation s

If the above conditions are satisfied, then it is clear that Zp(M;T) = Zp(M;T’). The
first condition is satisfied trivially as will be seen later. The ® clearly depends on the
reordering restricted to the 4-simplex o. It is natural to try to construct ®% for each
reordering s; € Ss and assume &% = 7, ®*'. Namely, we wish ® acts like a group
action. Unfortunately, this turns out to be false. For instance, (IDf;;i ®% is not equal to
the identity; it is, however, equal to the identity up to certain canonical isomorphisms.
Thus in the following, we will actually first define an action ®% for § € F; and show that
that if § and § represent the same permutation in S, then there is a canonical way to
identity them. To define the action ®3, we will need to consider in turn actions of F; on
colors of i-simplices for ¢t = 1,2, 3, 4.

First we fix some notations. In general letters s,s’ are used to represent elements
of S,, and 5,5 elements of F,,_;. We will still think of the generators 5; of F,,_; as
swapping ¢ with ¢+ 1, although this is actually the role of p,(8;). By a colored k-simplex,
k=1,2,3,4, we mean an ordered k-simplex with a coloring on its sub 1-simplices and sub
2-simplices (if any). Let S* be the set of all colored k-simplices, where two k-simplices

are identified up to relative ordering of their vertices. For instance,

Slz{o « | ta€eG}

2
S*={ . i i »  ta,bce G Ais simple in Caop}
0 1

a

For k = 2,3,4, associated to each colored k-simplex o is an array o[0],--- , o[kl
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Section 4.2 Invariance under change of ordering

where o[i] is the colored (k — 1)-simplex corresponding to the face d;0. We combine the
indices if there are multiple of them, e.g., o[i|[j] = o[i,j]. We use C(o) to denote the
group element color on ¢ if £ = 1, and the object color if kK = 2. For k = 3,4, a colored
k-simplex o is uniquely determined by the arrays o[i] 's. For k = 1,2, a colored k-simplex
o is uniquely determined by the arrays o[i] 's and their colors.

In the following, we consider in order the effect of the reordering of a k-simplex on
its colorings for k = 1,2, 3,4. This involves studying the action of F}, (resp. Sgy1) on S*.

Firstly, define the action of F; on S* by

This action factors through S, since 53 acts as the identity. Thus when the vertices of a
colored 1-simplex are reordered by sq, the color on the 1-simplex is changed to its inverse.
By abusing of notations, we also write so(a) = a,a € G.

Secondly, consider the action of F, on S?. For each § € F;, define

2 5(2)
AN
00— 5O 5y

where 3(i) = p3(8)(i),7 = 0,1,2, is the reordering, 5(a) is the action of p(5);p1} on

« ,and §(b), 5(c) are defined analogously, and

Explicitly, the generators act as
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Section 4.2 Invariance under change of ordering

or written in another way, 3¢(b,c,a; A) = (c,b,a; A*), 51(b,c,a; A) = (b, a,c; b(A*)),
where we identify a colored 2-simplex ¢ with the quad (C(o[0]), C(o[1]), C(o[2]); C[o]).

It is easy to check that §; sends colored 2-simplices to colored 2-simplices. The
action of Fy does not in general factor through Ss since, for instance, $%(b,c,a; A) =
(b, c,a; E((bA*)*)), but B((bA*)*) is not always equal to A. However, since B((bA*)*) is
canonically isomorphic to A, this does give us some hints on relating the action of § and
§" which represent the same permutation.

Let us recall some structures in D.

04 A T A
04 :A "5 9A Aecy,
bag O(AT) T (9A) Vg € G

Definition 4.2.1 1. If A, B are two objects of D, a morphism f € Hom(A, B) is
called a canonical isomorphism if it 1s a composition of morphisms which are tensor

products of 0,0, ¢, I and their inverses.

2. A linear map ® : Hom(A, B) — Hom(A', B') is called a canonical isomorphism if

®(1h) = gohof for some canonical isomorphisms f € Hom(A’, A),g € Hom(B, B).

Canonical isomorphisms will be denoted by can. It is clear that composition, tensor
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Section 4.2 Invariance under change of ordering

products, inverse, dual, G-action of canonical isomorphisms are still canonical isomor-
phisms. And a canonical isomorphism from A to B is unique, if it exists.

It is straight forward to check the following equalities.

52(b,c,a; A) = (b, c,a; A™) (4.11)
B(b.c,a: ) = (b.e.a: (P47)7)) (4.12)
S05150(b, ¢, a3 A) = (a, ¢, b; (C(A™))") (4.13)
518051(b, ¢, a; A) = (a, &, b; " ((PA*)™)) (4.14)

Lemma 4.2.2 Let 5,5 € Fy be such that ps(8) = ps3(§') = s € Ss, then for any colored

2-simplex o,

1. 3(0)[s(i)] = s;(a]i]) for i = 0,1,2, where s; is the restriction of s on the edge i.
Namely, if s is a reordering of o, then the effect of § on any sub 1-simplex is equal

to the action of the restriction of s on that simplex.
2. There is a canonical isomorphism from C(5(0)) to C(5'(0)).

Proof: It can be checked that if the first part of the statement is true for s and 5",
then it is true for their product 5§5”. Thus it suffices to verify it on the generators §, and
s1, which is straight forward.

To prove the second part, note that by the identities in Equations — [A.14) there
is a canonical isomorphism C(c) — C(8%(0)), C(o) — C(52(0)), C(505150(0)) —
C(515051(0)). The general case follows from the naturality of these isomorphisms. W

Lemma [4.2.2| can be applied to the following situation. Assume o’ and ¢” are two
colored 2-simplices in 7 with a common colored 1-simplex «. Let s € S4 be an reordering
of cU0d’, and &, §’ be a representative of s,/, s,#, respectively. Then the effect of § and

§” on « coincides, both equal to the action of s,.
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Section 4.2 Invariance under change of ordering

Also by Lemma [£.2.2] if § and § represent the same element in Sz and o is a colored
2-simplex, then the effect of § and §' on C(o) is related by a canonical isomorphism,
namely, there is a canonical isomorphism can from C(5(0)) to C(§'(0)).

Thirdly, we consider the reordering of 3-simplices. Again for the same reason as
before, we will need to study the action of F5 on colored 3-simplices. If s € S; is a
reordering of a colored 3-simplex o and s is a representative of s, it is natural to require
the effect of § on a sub 2-simplex « to be the action of a representative of s,. There is no
canonical choice of representatives. We start with generators s; and choose the shortest
word as the representative of (s;),. Explicitly, §;(o) is defined as in Equation , where
the §;’s on the right hand side are considered as elements of F; and we identify o with

the quad (¢[0], o[1], o[2], o[3]).

Si(0) = 8i(o[0], o[1],0[2], 03]) = § (50(c]0]), 0[2], 0[1], 51 (c[3])) i=1 (4.15)

The following lemma shows the action defined indeed satisfies the natural requirement

mentioned above.

Lemma 4.2.3 Let § € F3,s € Sy be such that ps(5) = s, and let o be any colored
3-simplex, then

5(0)[s(d)] = L (o)), i=0,1,2,3, (4.16)

where Lf_) : F3s — Iy is a map such that pg(LZ(i)) = s:. In particular, if p4(5) = pa(5),

then p3(L}) = ps(Ly).

Proof: Again the statement holds for the generators, and it holds for the product

of two elements if it does for each of them. [ |
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Section 4.2 Invariance under change of ordering

Lemma [4.2.3 has the following consequence. Assume a 2-simplex [ is the intersection
of two 3-simplices ¢’ and o”, § = o'[i] = ¢”[j], and s € Sj is a reordering of o’ U o”.
Restricting to each 3-simplex, we get an reordering s’ on ¢’ and s” on ¢”. Choose
an arbitrary representative § and §” for s’ and s”, respectively. Then in(i) and L;Z(j)
represent the same permutation, namely, sz, and thus there is a canonical isomorphism
from §'(o')[s'(i)] to §"(a")[s"(j)].

Recall that for a colored 3-simplex o, there are associated Hilbert spaces V* (o), where

we have dropped the subscript symbol F' since o is assumed to be colored. Specifically,

V*(0) = Hom(C(o[1]) ® ““"*¥C(a[3]), C(a[2]) ® C(a(0]))
V= (0) = Hom(C(o[2]) ® C(a[0]). C(o]1]) ® “*PC(o(3]))

If o/ and o are two colored 3-simplices which differ by a reordering, we show below that
their associated Hilbert spaces are related by canonical isomorphisms.

For each 3; € F3, we will define V(3;) as a linear isomorphism from V*(o) from
VF(s;(0)), and extend the action to V() for any § € F;. Assume o = (0123) and denote
the colors of sub 1- and 2- simplices of ¢ by the simplices themselves, e.g., 12,23,123,
etc. Then by Equation [1.15 one can write out §(c) explicitly. For instance, o[3] =
(12,02,01;012), 30(0)[3] = 50(c[3]) = (02,12,01;012*). It is direct to check that

V7~ (50(0)) = Hom(013* ® 023,123 ® 2012*).

Similarly, once can find the expression for V*(s;(c)). Then the action V/(3;) is defined

in Figure and [4.4]
If p4(3) = ps(§') = s and o is a colored 3-simplex, then by Lemma and Lemma

4.2.3, there is a canonical isomorphism canfrom C(5(o)[i]) to C(8'(0)[i]). If g € G, then

65



Section 4.2 Invariance under change of ordering
V(o) = Hom(023 ® 012,013 ®123) Y69 V=(5y(0)) = Hom(013* ® 023,123 ® 23012*)
123 23012
013 123
023 23012
V= (o) = Hom(013 ® 123,023 ® 2%012) V(0 V+(50(c)) = Hom(123 ® 23’012* 013* ® 023)
023:: ::23012
013 123
123 23012
Figure 4.2: Definition of V'(5p)
V() = Hom(023 ® 2012,013®123)  YGY  V—(5,(0)) = Hom(023 ® 123*,013 ® *12012*)
013 1312019
013 123 )
[
023 23012
023
V= (0) = Hom(013 ® 123,023 ® 012) V¢V  V+(5(0)) = Hom(013 ® 1%012*, 023 ® 123*)

023

. L

o o

N =

Qj]:f
N‘ =
[ V)

(=} w

=

»

013 13:12919

Figure 4.3: Definition of V(5;)
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<
—~

0
N
—

V* (o) = Hom(023 ® 22012,013 ® 123) V= (32(0)) = Hom(012 ® 3123*, 23023* @ 2%013)

2
023 013
23,
013 123
023 23012
23012 | 123
V~(0) = Hom(013 ® 123,023 ® 3012) V(3 V+(32(0)) = Hom(?%023* ® 23013,012 ® 2*123*)

23012 123

— 23,
023 23012
—
013 123
Figure 4.4: Definition of V(52)

the g-action on any canonical isomorphisms are still canonical isomorphisms. Thus by

composing and pre-composing canonical isomorphisms, we have an isomorphism can :

VE(3(0)) — VE(F(0).

Lemma 4.2.4 For any colored 3-simplex o, and 5,5 € F3 such that ps(3) = psy(5') =

s € Sy, the following diagram commutes:

V(3)

VE (o) —— V=) (3(0))
\ l (4.17)
V:I:sgn ( ))
where sgn(s) = =+ is the sign the s and we use the convention that ++ = —— = +,+— =

—_t = —.

Proof: Tt suffices to prove the statement for the pairs (3, §') = (s?,¢),i = 0,1,2 and
(505180, 515051), (518251, 825152), (S0S2,8250). These can be checked by direct pictorial

calculus. ]

67



Section 4.2 Invariance under change of ordering

Lemma 4.2.5 For any §,s' € Fy such that ps(3) = p4(8'), o a colored 3-simple,
1. V(3)@V(3) : VH(0)@V~ (o) — V*9mE)(5(0))@V ~9")(5(0)) is pairing preserving.
2. can®can : VT(5(0)) @V~ (5(0)) — V(5 (0)) @ V~(§(0)) is pairing preserving.

Finally we consider the reordering of 4-simplices. For a colored 4-simplex o, denote

by V*(d0o) the tensor product of the Hilbert spaces associated with its boundary:
VE(90) = VH(o[1]) @ VE(o[3]) @ VT (0[0]) © VT (0[2]) ® VT (o[4])

The generators of F; act on S* as follows:

.

([1], o0, 30(012)), S0(a13]), So(o[4])) i =0

So(0]0]),0|2|,0(1], 51(0(3]), $1(0|4 1=1
5i(0) (S0(a[0]), o[2], o[1], 51(0(3]), 51([4])) | (418)

We need to check that RHS of Equation 4.18]in each case is indeed a valid colored

4-simplex. If o is a colored 4-simplex, then for 0 <¢ < 4,0 < 7 < 3, we have

o eli-1 i
oli, j] = (4.19)

olj+1,d i<j
The following lemma asserts that the action of Fj preserves this property.

Lemma 4.2.6 If s € Fy, and o is a colored 4-simplezx, then (o) satisfies Equation .

Proof: Direct verifications on the generators. [ |

Similar to Lemma [4.2.3] we have the following lemma.
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Lemma 4.2.7 If p5(5) = s € S5 and o0 € 8* is a colored 4-simplex, then
3(0)[s(i)]) = H"(alil), i =0,1,2,3,4, (4.20)

where H(i )+ Fu — Fy is a map such that Pa s(l)) = 5.

(2

By Lemma 4.2.7],

V(HY) : VE(oli]) = VO (3(0)[s(0)]),

4
Thus V(3) := @ V(H:V) : V(o) =5 V9n(9%(95(c)) is an isomorphism.
i=0
Lemma 4.2.8 For each colored 4-simplex 0 € S* and § € Fy such that p5(3) = s €

Ss, the following diagram commutes, where and for the rest of the section we drop the

subscript F' for the Z;f

VE(do) V), yresgns) (05(0))

\ lzim(s) (4.21)

Proof: It suffices to prove for the case s = §;, which again is done by pictorial

calculus. ]
Now we are ready to prove the main theorem of the section on the independence of

the partition function on the ordering of vertices.

Theorem 4.2.9 Let 7,7’ be two ordered triangulations of M which differ by a reorder-
ing s € Sy, then for each coloring F' = (g, f) of T, there is a corresponding coloring

= (¢, f') and an isomorphism ® : Vp(T) — V@ (T'), such that dsy = dyp(a,) for
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any 2-simplex o € T2, ®(¢r) = ¢/, and that the following diagram commutes.

( —> VF/ T’)

7 (o) (4.22)
® 749)(0) "€<T'>4

ceT4
In particular, this implies that Zp(M;T) = Zp(M;T).

Proof: Fix a coloring F' = (g, f) on T. For each simplex ¢ € T, denote by ¢’ the

corresponding simplex o in 7.

For each colored 1-simplex «, identify o/ with s,(a). That is, color o with s4(ga)-

For each colored 2-simplex 5 = (5[0], 5[1], 5[2]; C(5)), arbitrarily choose a represen-
tative 5 for sg, and identify ' with $3(5), namely, transport the colors on 55(3) to §’
according to their relative ordering. Lemma guarantees the coloring on common
edges of different 2-simplices are consistent, which is equal to the coloring already given
above. Denote the resulting coloring on 7' by F’ = (¢, f’). The map F' +— F’ gives a
one-to-one correspondence between the set of colorings on 7 and the set of colorings on
T

Since the dual functor and the G-action preserve the quantum dimension of objects,
it is clear from the definition of the F,—action on S? that dya) = dyriarn

For each colored 4-simplex o, arbitrarily choose a representative s, for s,, and let

5,(0c) = 6. By Lemma the following diagram commutes:

Ve(a)( ) V(s") VE(O')(a )

)5 (4.23)
ZE(G)\ lZ

Note that here we cannot identify ¢ with ¢’ directly since the color on a sub 2-simplex

of & may not be the same as that on the corresponding sub 2-simplex of ¢’. However, it is
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true that the colors are both determined by the action of some elements in £, whose image
in S3 is the restriction of s on that 2-simplex. Thus there is a canonical isomorphism
connecting these two colors and hence there is a canonical isomorphism from V=(5[i]) to

VE(o'[i]). And the following diagram commutes:

V@) (90) 52 Ve (95) —ms V) (90)
)
Ze(o'/)

kmw (4.24)
Z<9)(a) C (o)

Define ® : Vi(T) — V@(T") to be the tensor product over all 4-simplices of the

isomorphism on horizontal line in Diagram [4.24] i.e., ® = &) can o V(3,).

ceT4
This implies the diagram in the theorem commutes.
Next we show ®(¢pp) = Q.
Let 7 be the common face of two 4-simplices oy, 09, and assume 7 = o1[i] = o2[j].

Without loss of generality, assume VI (7) appears as a component in the domain of
Z)(qy), and thus V; (1) must be a component in the domain of Z2)(cy). Only for
the rest of the proof, let s; = Sy, 82 = Suy, 51 = S0y, 82 = S0y, and let &1 = §,,(07) and
Gy = §4,(09).

By Lemma 4.2.7, we have
G1[s1()] = HEO(7), Galsa(h)] = H2V(7),

aMM(?%Z@M:&ZMW§W

Let H, = ;j(“, Hy = ng(j). Note that H(7), H»(7) and 7/ have the same underlying

3-simplex.
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The map @ restricted to the component V1 (7) ® V5 (1) is the map ®:

Hp)®V (Hf/)

Vi (7) @ Vi (7) son(s2) (Hy (7)) @ V=597 (Hy (7))

lcan@can

V;/Q"(ST) (7_/) & V};SQ”(ST) (7_/)

To show @' (¢p,) = ¢ppr .1, it suffices to show @’ preserves the pairing. Since the canonical
isomorphisms preserves the pairing, it suffices then to show (I ® can)o (V(H;) @ V(Hs))

in the the following diagram does.

Vit (1) @ Vi () LR yrsgntso) (B, (7)) @ V—s9m(0) (Hy (1))

e, e

Ve (Hy () @ Vo) (o )

By Lemma}4.2.4 the above diagram commutes, and by Lemma[4.2.5| V(H;)®V (H;)

preserves the pairing.

4.3 Pachner Moves

Let M = M™ be any closed manifold of dimension n. A triangulation 7 of M means
a simplicial complex 7 such that the underline topological space TP is homeomorphic
to M. Pachner moves are set of local operations on triangulations which convert a
triangulation of M to any other triangulation of the same manifold.

Let 0, be any n-simplex. Its boundary, denoted by 9(c,,), consists of n+ 1 (n — 1)-
simplices. Let d(o,) = I U J be a bi-partition of d(o,,) into (disjoint) sets I and J such
that |I| = k,|J| =n+ 1 — k. We say two triangulations 7, 7" are related by a pachner
move of type (k,n+1—k)if I C T and 7' = (T \ I)U J for some oy, I, J. Apparently,
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Section 4.3 Pachner Moves

Figure 4.5: Pachner move (1,2); n =1

i i 1,3 ; ;
: : 2,2 : :
Figure 4.6: Pachner moves (1,3), ;=2

pachner moves of types (k,n + 1 — k) and (n + 1 — k, k) are inverse operations if the
partitions are taken to be (I, .J) and (J, I) respectively. If two triangulations are related

by a pachner move, then their underlying spaces are homeomorphic.

Theorem 4.3.1 [/9] Let M = M"™ a closed manifold and T, T’ be two triangulations of
M, then there is a sequence of triangulations of M, T = To,T1, -+, Tp = T, such that
any two neighboring triangulations are related by a pachner move of type (k,n+ 2 — k),

1 <k <5 +1, orits inverse.

Some examples of pachner moves are listed as follows.

If dim(M) = n = 1, we have pachner moves of type (1,2) and (2, 1) which are inverse
to each other. See Figure [4.5]

If n = 2, we have pachner moves of type (1,3), (2,2), and (3,1). See Figure [4.6]

We are more interested in the case n = 4, where we have pachner moves of types
(3,3),(2,4),(1,5) and their inverses. Given a 5-simplex o5, we order its vertices by
0,1,2,3,4, and denote the face which does not contain the vertex ¢ by (0- - g -4). For

each type of pachner moves, we pick a specific partition I,.J, and call it the typical
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I | I
k=4102345 01245 01234 | 12345 01345 01235
k=3| 0124 0234 0245 | 0135 1235 1345
k=2| 024 135

Table 4.1: Comparison of 7 and 7~ for 3-3 move

pachner move. The typical pachner moves for n = 4 are as follows:

(02345)(01245)(01234) &% (12345)(01345)(01235)
(02345)(01245)(01234)(12345) <% (01345)(01235)

(02345)(01245)(01234)(12345)(01345) <% (01235)

4.4 Invariance under Pachner Moves

We prove that the partition function Zp(M;T) defined in Section is invariant
under pachner moves. Since in Section it has been shown that Zp(M;7T) does not
depend on the ordering of the vertices, we only need to consider typical pachner moves
of types 3-3, 2-4, and 1-5. Let 7,7’ be two ordered triangulations whose vertices are
ordered in such a way that they only differ by a typical pachner move. In each of the
cases, let I, = T*\ (T7)* be the set of k-simplices which belong to 7 but not 77, and
similarly let I = (77)* \ T*. Tables [4.2] and [4.3]list the differences between 7 and
T’ corresponding to each typical pachner move 3-3, 2-4, and 1-5, respectively. Without
loss of generality, assume the 4-simplices 02345, 01245, 01234 in 7 are positive, while
12345, 01345, 01235 in 7" are positive. Thus if any of 12345, 01345, 01235 are in T, they
must be negative.

By a complete set of representatives we mean a set of objects which contains exactly
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1, I
" 02345 01245 01234 | 01345 01235
N 12345
b3 0124 0234 0245 | 0135
- 2345 1245 1234
024
h=2 245 234 124
k=1 24
Table 4.2: Comparison of 7 and 7' for 2-4 move
1. I
" 02345 01245 01234 12345 01235
- 01345
J— 3 0124 0234 0245 2345 1245 1234
- 0134 0145 1345 0345
k9 024 245 234 124
- 034 014 134 045 145 345
24
F=11 0 14 34 45
k=0 4

Table 4.3: Comparison of 7 and 7’ for 1-5 move

)



Section 4.4 Invariance under Pachner Moves

one representative for each isomorphism class of simple objects. For the rest of the section,
a summation variable concerning simple objects in the category is always assumed to run
through an arbitrary complete set of representatives, unless otherwise stated. Recall that
an extended coloring is a map F = (g, f,t), which assigns a group element to each 1-
simplex, an isomorphism class of simple objects to each 2-, and 3-simplex, such that these
assignments satisfy some restrictions, see Definition [3.1.6l Then to define the partition
function, a representative is arbitrarily chosen for each 2- and 3-simplex with an extended
coloring. The partition function is a sum over all extended colorings, see Equation [3.3]
In light of the observations above, we can rephrase the definition of the partition function
as follows.

We let each 1-simplex run through the set of all elements in G, and let each 2-; 3-
simplex run through an arbitrary complete set of representatives (i.e., each 2-, 3-simplex
has its own complete set). Then an extended coloring can be viewed as a choice of value
for 1-, 2-, and 3-simplices, so that the resulting configuration satisfies the restriction in
Definition [3.1.6] If a configuration is not an extended coloring, we set its contribution to
zero. As before, we denote the color of a simplex by the simplex itself. Then Equation

can be rewritten as Equation [4.25, where we have omitted the dependence of Z<) (o)

A

F.
o 1] da
D2/|GNIT a7 5o
zoim) = Y B ] 249%0) (4.25)
TVT2,7T3 sers | o€TH

By Equation [4.25| to prove Zp(M;T) = Zp(M;T"), it suffices to show that Equa-

tions [4.26] and hold, corresponding to the typical pachner move 3-3, 2-4, 1-5,

respectively, where all simplices which do not present among the summation are assumed

to have a fixed coloring on them.
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d . .
Z O 77(01234)27(01245) 21 (02345)
d0124

d0234d0245
d . .
—Z — 1 7%(01235)Z*(01345) 2 (12345) (4.26)
d0135d1235d1345
13

1o ; ; ; o
2 le_f y Z7(01234)Z1(01245) Z1(02345) 2~ (12345)
I fely
I3
1 - ~
= Z7(01235)27(01345) (4.27)
Ié 0135

Il d
D2 G |IO‘046[2
3 (D*/|G])

2\ |1
10’1'1712,13 (D )I 1| H dT

T€I3

=77(01235) (4.28)

Z+(01234)27(01245) 2% (02345) 2~ (12345) Z~(01345)

The above three equations are to be proved in Section 4.4.1} [4.4.2 and 4.4.3] respec-

tively. In the proof, the following simple lemmas will be heavily used. For the section of
invariance proof under pachner moves, we take one more convention that all diagrams of
morphisms in figures are assumed to have their top and bottom identified, namely, the

diagrams in figures are actually the trace of the morphisms drawn.

Lemma 4.4.1 (Merging Formula) Let A, B be two objects of D, and {eap; : i €

I}, {ega; : 7 € I} be a basis of Hom(A, B) and Hom(B, A), respectively, such that

(eap,isepaj) = o, then for F € Hom(A, B),G € Hom(B, A), we have (G, F) =
7
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Figure 4.8: Trace Identity (2)

> f(G,eA7B7i><F, ep.aq). Specifically, the following special examples will be used in the
il "
invariance proof.

1. Let F € Hom(a®b,c®d), G € Hom(c® d,a ®b), then

1 x x
<G7 F> = Z d_<F7 Bcd7ab><G7 Bab,cd>'

2. Let FeHom(a®b®c,d®@e® f), G € Hom(d®e® f,a ®b® c), then

d;
<G7F> = d.d <F7 (Id@Bgf,bc) © (Btaice,az ®Id)><G7 (Bgz,de ®]d) © (‘[d® Bgc,zf»'
zly

The identities in Part 1 and Part 2 are also illustrated in Figure [{.7 and Figure [{.8,
respectively.

Lemma 4.4.2 Let g,¢' € G and a,b,c,d, e be simple objects of D such that a @b € Cyy,

then the equality is Figure [{.9 holds.
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>, gl

de D2
cecg,decg/, © c d = @
eEcggl

Figure 4.9: Dimension Identity

Proof:

LHS = Z ddddeBabab = Z Z —DB; ab,ab Z dd*Ned**c

c,dye e€C, ,cecg de deC,
ab ab = § G ab ab
eGC /CECg €€C g’ | |
DZ
—Id,gp
|G| a®

4.4.1 Invariance under 3-3 move

In this subsection and the next two subsections, picture calculus is used heavily. For
the partition functions defined in Figure [3.3 we will omit the labels on 2-simplices, and
only keep those on 3-simplices. Given a colored 3-simplex (0123), we will use the the
short notation illustrated in Figure [£.10} From this notation, it is direct to work out the
color of each edge in the figures representing partition functions. The idea of proof is to
express each side of the equation as a weighted sum of diagrams, combine these diagrams
into one using the Merging Formula, and show that the resulting diagrams for two side

of the equation are homotopic and thus represent the same morphism.

Proposition 4.4.3 Let 7,7’ be two ordered triangulations which differ by a typical 3-3
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013 123 023 23012
i _
0123 = 012 0123 = o012
A 4
023 23012 013 123

Figure 4.10: Short notations for basis elements

pachner move, see Table for their comparison. Then the identity in Equation
holds, assuming all simplices which do not present among the summation variables have

been assigned a fized coloring.

Proof: The proof is best illustrated using picture calculus and Lemma [£.4.1] Note
that the top and bottom of each diagram (see below) are identified, so within each
diagram morphisms are cyclically ordered, namely, one can move a morphism on the
bottom to the top and vice versa. Also, the summation terms are written below the
diagrams. It is direct to check that the final diagrams in both LHS and RHS represent
the same morphism, which justifies the equation.

7

Below we give a brief explanation of each “=" sign.

LHS:
(D By definition.

(2) Apply 45 to the first diagram. Move the top two morphisms involving 0245, 0234

in the third diagram to the bottom.
(3 Apply Lemma to the second and third diagram.

(4) Isotope the second diagram.

(3 Apply Lemma [4.4.1]

RHS:

(D By definition.
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(2@ Apply Lemma to the first and third diagram.

(3) Apply Lemma to the two diagrams.

(4) Isotope the diagram. Note that the group element acting on 0123 changes from 35
to 45 34 due to braiding.
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Section 4.4

0145
0125
0245
do24 do24
do124d0234do245 do124do234do245
IQ, 3 127 3
2345 2345 2345
o o o
& & &
0235 0235 0235
& + &
0345 0345 0345
5. N - PRI
. 0234: : 0234: [ N
: : 1534 :
A & © o123
+
LR
© o134
A
LR =Y LR
© o124 0124 © |1234
4 4 4
1234 0145 0145 @ 0145
4 4 = 4
1245 1245 1245
o o o
& & &
0125 0125 0125
d024 d024
do124d0234 do124d0234

024,0124,0234

024,0124,0234
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1235

Z di3s
do135d1235d1345

4 !
WL
35
35 Y -
0123;
+
0135 0345
+ -
15
+
1345
a 0145
15
1245
+
+
0125 0125
+
0235 0235

d13s

dorasd
135,0135,1345 13071345
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4.4.2 Invariance under 2-4 move

Proposition 4.4.4 Let T,7T" be two ordered triangulations which differ by a typical 2-4
pachner move, see Table [{.9 for their comparison. Then the identity in Equation
holds, assuming all simplices which do not present among the summation variables have

been assigned a fixed coloring.
Proof: LHS:
(D By definition.
(2) Use the result of the LHS in the proof of Equation [4.26]

(3) Apply Lemma to the two diagrams.

(4) Move the morphism involving 2345 and the braiding above it from the top to the

bottom.
(5 Isotope the diagram.

(6) Apply Lemma 4.4.2 Note that after summing over the variables 245, 234, 2345, the

factor remained is |—(1;|, which is cancelled with the variable 24.
RHS:
(D By definition.
(2) Move the morphism involving 0123 in the first diagram from the top to the bottom.

(3) Apply Lemma to the two diagrams.

(4) Isotope the diagram.

(5 Isotope the diagram.
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2345
4
+
0235
+
0345
0234° 1345
0245
1235 _
2345 0145
2345 = +
0235
1245 +
0125
0345 1234 -
1 1 Z % doasdzadiog
—_ - D? daz4sd d
2 d,, (iT o7 2345d1245d1234
I,I>,13 a€l; T€l3 245,234,124

2345,1245,1234
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+
0235
+
\ 0235 0345
2345 0345 o2 0235
A A A
4 5N
0235 _/ 0134
4537 v ; \Z
a © o123 SN 0345
0345 C lo134; 0145 \_
: 1534
- SN + 0123'
A
1534 Y % 15 Y
0123: 0145 1345  Jots4
+ 4 AN o
FERE
© o134 _ _ _
e 1345 1235 0145
4 4 4
0145 _ N _
+ 1235 0125 1345
4 a 4
- 4
1345 2345 _
+ 0125 - 1235
® ©, )
1235 = + = .
N 2345 0125
+ 2345
0125 - _ _
= 2345 2345
\ + + \
z 1 doasdosa 1 doasdoss 1 doasdoss
D2 da3as D2 da3as D2 da3as
24 24 24
245,234 245,234 245,234
2345 2345 2345
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RHS =

1 1
Z do13s Z do135

0135 0135
Y - Y
: 0134: : 0134:
A &
_ _ 5N
0145 0145 : 0134:
4 & A
1345 0145
& 4
1345
+
1235
+
.
0125 _
- 1235
A
& G
0235 0125
35N -
@ L ® ¥
= ™ = 0235
& 4 &
0345 0345 0345
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4.4.3 Invariance under 1-5 move

Proposition 4.4.5 Let T,7T"' be two ordered triangulations which differ by a typical 1-5
pachner move, see Table [{.3 for their comparison. Then the identity in Equation
holds, assuming all simplices which do not present among the summation variables have

been assigned a fixed coloring.

Proof:
LHS:

(D By definition.
(2) Use the result of the LHS in the proof of Equation m
(3) Apply Lemma to the two diagrams.

(4 Apply Lemma [4.4.2|

(5) The strand labeled by 345 can be isotoped to an isolated loop, and thus it con-
tributes a factor dsss. Note that the resulting diagram is equal to the RHS of

Equation [4.28] after a cyclic shift of morphisms.
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+
0235
. A
0235
V ma N
+ 0345 0123
0345 - e
N \o 0345 N
45 34 .
© Jores: + 0235
+ -
5 Y ¥
: 0134‘: 0135
A 4
"
— 1345
0145 -
+
1345 1345 0135
4 4 4
1235 1235
) N | @
& & = &
0125 0125 0125
3 D2 1 ach D1 agléda D23 g .
Gl (D2)2 d D= —2 D= 345 D=\3 9345
04143445 1G1PY) TQJS > IO 11 & 2 (\GI) (D?)* 2 (@) (D)%
Jo:={034,014,134, 04,14,34,45 resy 0414, 04,14,
045,145,345} J5:={034,134, 34,45 34,45
J3:={0134,0145 045,145,345} 345 345
1345,0345} J4:={1345,0345} -1
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Future Directions and Open

Questions

We have constructed a 4-manifold invariant out of a G-crossed braided spherical fusion
category and this invariant is a generalization of several known invariants in literature.

Here we point out a few directions/questions for future study.

1. What is the power of the invariants? Can they distinguish any smooth structures?
In particular, it is worth checking if the invariants are strictly better than the previous
known ones, e.g. the Crane-Yetter invariant.

The Crane-Yetter invariant from a modular category is a classical invariant, which
can be expressed in terms of the signature and the Euler characteristic [25]. It would
be interesting to also give the invariant from a G-BSFC an interpretation in terms of
the intrinsic properties of the manifolds. We believe that our invariant is related to the

homotopy 3-types with the exact relation to be studied in the future.

2. It is appealing to generalize the invariant in the following three directions.

In [50] and [51], a refined version of the Crane-Yetter invariant was introduced, name-
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ly, the invariant was associated with a pair (M,w), where M is a closed oriented 4-
manifold and w € Hs(M,Z,), and the original Crane-Yetter invariant is a normalized
sum of the refined invariant over all w € Hy(M,Zy). Moreover, the refined invariant
gives a state sum formula of the second Stiefel-Whitney class and the Pontrjagin squares
of second cohomology classes. It is interesting to see if our invariant also has a similar
refinement.

Secondly, the extension of a braided category to a G-crossed braided category depends
on the vanishing condition of some obstruction in Oy € H*(G,U(1)). We conjecture that
even if this obstruction does not vanish, one can still get a 4-manifold invariant from
some structures beyond G-crossed braided categories.

Lastly but more importantly, we are interested in defining a G-BSFC where G is
allowed to be an infinite group, such as U(1), and in modifying the state sum model so
that the partition function converges. It is expected that the resulting invariant would be
much stronger than the current one, and might be related to Donaldson/Seiberg-Witten

invariants.

3. By [35][38][39], equivalent classes G-BSFCs are in one-to-one correspondence,
by equivariatization and de-equivariatization, with equivalent classes of ribbon fusion
categories containing Rep(G) as a subcategory. Ribbon fusion categories are the input
to the Crane-Yetter invariant. Thus we wonder whether there are any relations between
the invariant from a G-BSFC and Crane-Yetter invariant from the corresponding ribbon

fusion category containing Rep(G).

4. In (2+1) dimension, a non-semisimple generalization of the Turaev-Viro invariant
is the Kuperberg invariant [I7], which is defined based on Hopf algebras. Our invariant

is a (3 4 1) analog of the Turaev-Viro invariant. Thus it is interesting to see what the
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(3 + 1) analog of the Kuperberg invariant is. We speculate that the base to the (3 + 1)
Kuperberg invariant is some special class of Hopf algebras. In [29], a 4-manifold invariant
is produced from the cyclic group Zy. We think this should be a special case of the (3+1)
Kuperberg invariant where the Hopf algebra C[Zy] is a particular case in the relevant

class of Hopf algebras.

5. On the physics side, the Walker-Wang model [24] is a Hamiltonian realization of
the Crane-Yetter invariant. What is the Hamiltonian realization of the invariant from a

G-BSFC?
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