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Abstract: Accelerator storage ring designs based on nonlinear integrable Hamiltonian systems
provide a novel test-bed for studying the interplay between nonlinear dynamics and space charge
at high intensity. In this work, the structure of beam Vlasov equilibria is explored for a constant
focusing channel based on the nonlinear focusing potential of the Integrable Optics Test Accelerator.
The dynamics of the single-particle orbits is explored in the combined space charge and external
focusing fields as a function of beam current, and the self-consistent relaxation of a mismatched
beam to equilibrium is characterized.
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1 Introduction

In the study of intense charged particle beams in an accelerator storage ring or circular collider,
a constant focusing model approximates the beam as a non-neutral plasma confined by a set of
applied static focusing fields, which are related to the fields of the true periodic lattice through
an appropriate form of averaging [1]. Such models have been used to study successfully several
qualitative features of beam dynamics at high intensity, including the structure of Vlasov equilibria
[2, 3], the stability/instability of collective space charge modes [4], and the mechanisms of beam
halo formation [5, 6]. While such models typically assume the presence of linear external focusing
forces, the purpose of this article is to address novel features of the beam dynamics that occur in
strongly nonlinear constant focusing channels of a particular type.

The example considered is based on the Integrable Optics Test Accelerator (IOTA), a storage
ring at Fermi National Accelerator Laboratory designed (in part) to investigate the dynamics of
beams in the presence of highly nonlinear transverse focusing fields that generate integrable single-
particle motion with large intrinsic betatron tune spreads (∆νx,y > 0.25) [7, 8]. A primary
experimental goal is to determine the degree to which the decoherence of transverse oscillations
may be used to mitigate the development of instabilities [9] and core-halo resonances at high space
charge intensity [10, 11]. Integrability of the single-particle Hamiltonian motion is enforced by
design to improve the transverse dynamic aperture and beam confinement [7, 12].

In Section 2, a constant focusing channel based on the nonlinear focusing of the IOTA storage
ring is introduced. In Section 3, the associated Vlasov equilibria are explored. In Section 4, the
regularity of single-particle orbits within the equilibrium beam is examined. In Section 5, we study
the relaxation of an initially mismatched beam to equilibrium through the mechanism of nonlinear
phase mixing. A conclusion follows.
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2 A Nonlinear Integrable Focusing Channel

We consider an unbunched, coasting, monoenergetic beam confined transversely by a strongly
nonlinear focusing potential similar to that used in the Integrable Optics Test Accelerator at Fermi
National Accelerator Laboratory [7, 8]. In particular, consider a constant focusing channel in which
motion is described by the Hamiltonian:

H =
1
2

(p2x + p2y ) +
1
2

(k2x x2 + k2y y
2) −

τc2

β
U

(
x

c
√
β
,

y

c
√
β

)
+

qφ(x, y, s)
β20γ

3
0mc20

. (2.1)

Here s (path length) is the independent variable, kx = ky = 1/β, β [m], c [m1/2], and τ [unitless]
are constants, andU is the function:

U (ζ, η) = Re
(

z
√
1 − z2

arcsin(z)
)
, z = ζ + iη. (2.2)

In this model, β denotes the beta function of the bare linear focusing (the focusing when τ = 0 and
φ = 0), the relativistic factors contain a subscript 0 to distinguish them from the constants β and c,
and all momenta are normalized by the design momentum p0 = β0γ0mc0. The beam is assumed to
be longitudinally uniform, and in the laboratory frame the (2D) space charge potential φ satisfies:

∇2φ = −
ρ

ε0
, φ|∂Ω = 0, (2.3)

where ∂Ω denotes the transverse conducting boundary. In the special case that φ = 0, the Hamilto-
nian (2.1) describes integrable motion, admitting two independent invariants of motion of the form
[7, 13]:

HN =
1
2

(p2xN + p2yN + x2N + y2N ) − τU (xN , yN ), (2.4a)

IN = (xN pyN − yN pxN )2 + p2xN + x2N − τW (xN , yN ), (2.4b)

where

W (xN , yN ) = Re
(

z + z∗
√
1 − z2

arcsin(z)
)
, z = xN + iyN (2.5)

and

xN =
x

c
√
β
, yN =

y

c
√
β
, pxN =

√
βpx

c
, pyN =

√
βpy
c

. (2.6)

One may verify that {HN , IN } = 0, where {·, ·} denotes the classical Poisson bracket.
Table 1 contains the basic parameters appearing in (2.1) that are used throughout this paper.

The proton beam kinetic energy, the nonlinear insert strength τ, and the scale parameter c are
chosen to correspond to those used in the IOTA ring design [8]. The parameter β is given by
β = C/∆ψ, where C = 39.97 m is the IOTA ring circumference and ∆ψ = 31.4 rad denotes
the horizontal/vertical phase advance per turn. For simplicity, we take the spatial domain to be
rectangular with the half-aperture a = b. Finally, the dimensionless quantity 〈HN 〉 characterizes
the size of the beam in its 4D phase space. The corresponding beam emittances are slightly larger
than the values ε x,n = ε y,n = 0.3 µm provided in [8].
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Table 1. Table of parameters for a nonlinear focusing channel (2.1) modeled on the IOTA nonlinear potential
for high-intensity proton beam operation.

Parameter Value Unit
(γ0 − 1)mc20 2.5 MeV

τ -0.4 -
c 0.01 m1/2

β 1.27 m
a, b 1.69 cm
〈HN 〉 0.125 -

ε x,n , ε y,n 0.4, 0.8 µm

3 Vlasov Equilibria

We search for stationary solutions of the Vlasov-Poisson system associated with (2.1) in the form:

f (x, px, y, py ) = f0e−H (x,px,y,py )/H0,

∫
f (x, px, y, py )dxdpxdydpy = 1, (3.1)

where f0 is a normalization constant. The space charge potential φ appearing in H must satisfy
(2.3) to ensure self-consistency, which gives:

∇2φ = −
I

ε0 β0c0

∫
f (x, px, y, py )dpxdpy, φ|∂Ω , (3.2)

where I denotes the beam current and ε0 is the permittivity of free space. The resulting system (3.1-
3.2) is solved using the spectral Galerkinmethod described in [14], which yields φ as a superposition
of 2D Fourier modes. The parameter H0 is chosen to produce a specified value of 〈HN 〉, which
results in the emittance values provided in Table 1.

Figure 1 shows contours of the spatial projection of the equilibrium density (3.1) for increasing
values of the beam current I. In each case, the potential φ is computed using 15 × 15 modes. At
zero current, the contours coincide with the equipotentials of the external focusing terms in (2.1).
Note that the focusing potential has singular points at (xN , yN ) = (±1, 0), which provide strong
horizontal confinement. As the current is increased (for fixed 〈HN 〉), the beam size increases in
the vertical direction, and the “hourglass" shape of the contours is enhanced. At high intensity, the
density maximum in the beam center splits into two distinct maxima.

To verify that the phase space density f in (3.1) is stationary, a beam consisting of 1M particles
was sampled from f and tracked self-consistently according to the Hamiltonian (2.1) using the code
IMPACT-Z [15]. A second-order symplectic integrator [16] was used for numerical integration in
s, with stepsize ∆s = 0.0014β. At each step in s, the solution of the Poisson equation (2.3) for the
space charge potential φ is obtained from the particle data at s using the gridless spectral algorithm
described in [17] on the rectangular domain [−a, a] × [−b, b].

Figure 2 illustrates the horizontal and vertical density profiles (projections) for the three values
of beam current used in Fig. 1. The initial profiles coincide with the profiles obtained after tracking
for distance s = 140β. Note the depression appearing in the vertical beam profile near y = 0,
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Numerical Example:  Tracking of an Equilibrium Beam in 
an IOTA Constant Focusing Channel 
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Beam energy:  2.5 MeV protons 
Thermal beam with <H> = 0.125  (norm. emittances εx,n = 0.4 µm, εy,n = 0.8 µm) 
Constant focusing nonlinear insert:  τ = -0.4, c = 0.01 m1/2, L = 1.8 m 
Twiss beta:  1.27 m    (Based on the IOTA ring circumference and tune.) 

Physical parameters: 

Numerical parameters: 1M particles, with 1K numerical steps per 1.8 m 
symplectic spectral space charge solver, 128x128 modes 
rectangular domain w/ a = b = 3.39 cm 

120 mA current 60 mA current Zero current 

G(h) / exp(�h/H0)

Density 
contours 

Figure 1. Contours of the spatial projection of the equilibrium phase space density (3.1) obtained for a 2.5
MeV proton beam with current I = 0 (left), I = 60.7 mA (center), and I = 120 mA (right) in a constant
focusing channel described by (2.1) for the parameters in Table 1.

which becomes more pronounced with increasing intensity. For the case I = 60 mA, each of the
four density profiles along (x, px, y, py ) remains visibly stationary over a propagation distance of
s = 2000β, corresponding to 318 (undepressed) betatron periods of the bare linear focusing. (See
Fig. 5 of [14].)

4 Single-Particle Orbits

The spectral Galerkin code [14] described in the previous section generates as additional output the
2D Fourier coefficients clm of the space charge potential of the equilibrium beam. Single-particle
orbits may then be tracked using theHamiltonian (2.1), where φ is represented as a time-independent
sum of modes:

φ(x, y) =
lmax∑
l=1

mmax∑
m=1

clm
√

ab
sin

(
lπ
2a

(x + a)
)
sin

(mπ
2b

(y + b)
)
. (4.1)

This reduces the computing time required to study the long-term orbit behavior, eliminating the
need to perform a costly space charge computation on each time step. In addition, the space charge
potential in (4.1) is smooth and free of particle noise. (The error in the potential (4.1) is determined
by the initial solution of the nonlinear PDE, which is dominated by the truncation of the Fourier
sum. Here lmax = mmax = 15.) As a benchmark, we used this procedure to track 1M particles
sampled from the equilibrium distribution (3.1). This results in stationary density profiles similar
to those shown in Fig. 2.

Figure 3 illustrates the sum of the external focusing potential and the equilibrium space charge
potential in the dimensionless form (after scaling by β/c2):

V (xN , yN ) =
1
2

(x2N + y2N ) − τU (xN , yN ) +
β

c2



qφ(x, y)
β20γ

3
0mc20


. (4.2)

Note that the potential flattens near the origin with increasing intensity, as expected. To characterize
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x or y (cm)

X, initial 
X, final 
Y, initial 
Y, final 

I = 0

x or y (cm)

X, initial 
X, final 
Y, initial 
Y, final 

I = 60 mA

x or y (cm)

X, initial 
X, final 
Y, initial 
Y, final 

I = 120 mA

Figure 2. Horizontal and vertical density profiles of a 2.5MeVproton beam in equilibrium (3.1), given before
and after tracking a distance L = 140β in the constant focusing channel (2.1). The curves corresponding to
the initial and final profiles coincide.

 
 

Properties of the Total Constant Focusing Potential  
(Space Charge Computed Using 15x15 Spectral Modes) 
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120 mA 60 mA 

-0.5 0.5 yN
0.01
0.02
0.03
0.04
0.05
0.06
V

xN = 0

-0.5 0.5 xN
0.1
0.2
0.3
0.4
0.5
0.6
0.7
V

yN = 0

60 mA 
120 mA 

Figure 3. Lineout of the total potential formed by the sum of the external potential and the equilibrium
space charge potential for the cases I = 60 mA and I = 120 mA. (Left) Along the horizontal line yN = 0.
(Right) Along the vertical line xN = 0. Note the presence of two minima in the case I = 120 mA.
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this effect, one may expand (4.2) to obtain terms of second degree in xN and yN :

V (2) (xN , yN ) =
1
2

Ax2N +
1
2

By2N + CxN yN . (4.3)

The coefficients A, B, andC were obtained numerically using (4.1-4.2) for the three cases considered
here, and these are provided in Table 2. Since C ≈ 0, horizontal (vertical) motion is stable near the
origin when A > 0 (B > 0) with betatron frequency ωx ∝

√
A (ωy ∝

√
B). Thus, we see that:

∆ωx

ωx,0
=




−0.24 for I = 60 mA,

−0.40 for I = 120 mA,
(4.4)

where ωx,0 denotes the frequency in the absence of space charge and ∆ωx denotes the change in
frequency at nonzero current. This analysis does not apply to the vertical motion near the origin,
which is unstable when I ≥ 60 mA. (Note, however, that stable fixed points exist away from the
origin.)

Table 2. Quadratic part (4.3) of the total focusing potential (4.2). The computed value of C satisfies
|C | < 10−12, as expected from the symmetry of the external potential under the reflections xN 7→ −xN ,
yN 7→ −yN .

0 mA 60 mA 120 mA
A 1.8 1.048 0.648
B 0.2 -0.009 -0.052
C 0.0 0.0 0.0

A key question regarding the dynamics of beams in nonlinear integrable focusing channels
is the relationship between integrability of the single-particle motion and the presence of space
charge at high intensity. To explore this, 8K distinct initial conditions of the form (x, 0, y, 0) were
sampled from a disk of radius 1.5 cm. Orbits were tracked in the sum of the external potential and
the equilibrium space charge potential φ for a distance s = 2903β (462 betatron periods). Figure
4 illustrates the result of applying NAFF to characterize the rate of tune diffusion D, which is
characterized by:

D = log10
√
∆ν2x + ∆ν

2
y, (4.5)

where ∆νx (∆νy ) denotes the change in horizontal (vertical) tune computed over two successive
intervals of distance s = 1451β.

In each case, there exists a region surrounding the origin (blue) that consists of initial conditions
with regular orbits. This region fills the entire disk when I = 0 (the motion is integrable), and
shrinks with increasing current. In particular, there exists a mixture of regular and chaotic orbits
within the equilibrium beam (whose boundary is indicated by the white curve). Despite the presence
of chaotic orbits, note that the motion is bounded due to the fact that (2.1) is a conserved quantity
satisfying:

lim
|(x,px,y,py ) |→∞

H (x, px, y, py ) = +∞, (4.6)

so that no particle with finite energy can escape to infinity.
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Frequency Map Analysis of Orbits in the Total Constant Focusing 
Potential  (These beams are extreme cases, for illustration.) 
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•  8K distinct initial conditions (x,0,y,0) in a disk, at the entrance to the nonlinear insert.   
•  Orbits are tracked in the sum of the external potential and the equilibrium space charge potential 

(using 15x15 modes) for 2048 passes through the 1.8 m nonlinear constant focusing section.   

Singular points of 
the NL potential at: 

(±1.13 cm, 0)

y 
(m

) 

tune diffusion 

tune diffusion 

y 
(m

) 

60 mA Beam 120 mA Beam 

Motion is  
bounded due to  
H conservation. 
 
Integrable region 
shrinks with  
increasing current. 

x (m) x (m) 

Figure 4. Regions of regular and chaotic motion. The white curve illustrates the boundary of the equilibrium
beam. The red crosses denote the two singular points of the nonlinear potential, located at (x, y) = (±1.13, 0)
cm.

5 Dynamics of Relaxation

In this section, we consider the dynamics of a beam that is initially mismatched to the nonlinear
focusing channel. To introduce mismatch, we generate a beam with a distribution of the form (3.1)
that is matched to an incorrect value of current. Figure 5 illustrates the evolution of the rms beam
sizes and emittances for a beam that is in equilibrium at I = 0, but which is propagated at I = 60
mA. Initially, the mismatch induces fluctuations of rms beam size as large as 30%, but both beam
sizes and emittances appear to equilibrate within 20 betatron periods. This approach to equilibrium
is driven primarily by rapid filamentation of the beam phase space that is caused by nonlinear phase
mixing in the external potential, an effect which is seen most clearly in the vertical phase space
(Fig. 6).

Figure 5. Relaxation to equilibrium of beam sizes and emittances in the nonlinear integrable focusing
channel (2.1).
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Figure 6. Vertical phase space of a mismatched beam relaxing to equilibrium in the channel (2.1) with
I = 60 mA, showing filamentation due to strongly nonlinear external focusing.

Figure 7 (left) shows the beam density profiles obtained after tracking this beam for a distance
s = 140β. After tracking, both the horizontal and vertical beam size are increased, and a depression
has appeared in the vertical beam profile, characteristic of the equilibrium at I = 60 mA. For
comparison (right), we have shown the density profiles of the equilibrium beam at I = 60 mA.
After tracking over the same distance at the mismatched current I = 0, the horizontal and vertical
beam size are reduced, and the depression in the vertical beam profile has appeared. This suggests
that a beam sufficiently near an equilibrium of the form (3.1) relaxes to equilibrium on a time scale
s ∼ 100β, and that reversible transitions between two Vlasov equilibria may in some cases be
observed by modifying the beam current.

6 Conclusion

Several features of the dynamics of beams in a nonlinear integrable focusing channel were investi-
gated. The Vlasov equilibria can be determined, and these equilibria possess features not observed
in the case of linear external focusing, including the appearance of local density minima and unusual
density contours. (See [18] for additional examples.) At high intensity, the presence of space charge
leads to a mixture of (bounded) regular and chaotic orbits within the equilibrium beam, and the
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X, initial 
X, final 
Y, initial 
Y, final 

x or y (cm)

0 current equilibrium beam 
propagating at 60 mA current 

X, initial 
X, final 
Y, initial 
Y, final 

x or y (cm)

60 mA equilibrium beam 
propagating at zero current 

Figure 7. Evolution of the density profiles in x and y for a 2.5 MeV proton beam, given before and
after tracking a distance s = 140β in the constant focusing channel (2.1) at an unmatched current, showing
transition to equilibrium. (Left) A beam in equilibrium at I = 0, tracked using I = 60 mA. (Right) A beam
in equilibrium at I = 60 mA, tracked using I = 0.

strong nonlinearity of the external focusing fields drives rapid relaxation to Vlasov equilibrium.
Such dynamics might also be studied using intense beams in nonlinear Paul traps [19].

The external focusing potential considered here has the property that it increases without
bound as |(x, y) | → ∞, so that orbits are spatially confined. It is of interest to determine how
these qualitative features change in the presence of an integrable potential without this property. In
addition, to what extent do these results generalize to the case of bunched beams in an integrable
3D focusing potential? Finally, work is ongoing to determine which of these qualitative features
persist in the presence of a realistic focusing lattice with periodic s-dependence.
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