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ABSTRACT OF THE DISSERTATION

Astrophysical and Phenomenological Implications of
Bound States in Extensions of the Standard Model of
Particle Physics

by

Lauren Marie Wozniak Pearce
Doctor of Philosophy in Physics
University of California, Los Angeles, 2014

Professor Alexander Kusenko, Chair

While the Standard Model of particle physics has undoubtedly been an experimental success,
several questions remain unresolved. In particular, the Standard Model cannot account for
the observed cosmological preference for matter over dark matter, nor does it provide a
viable candidate for dark matter. This motivates us to consider extensions to the Standard
Model; in this thesis, we will focus on several extensions of the Standard Model in which the
formation of bound states is a significant factor. We will argue that the formation of bound

states produces new phenomena that can address these unsettled questions.

First, we consider a strongly-coupled version of the Minimal Supersymmetric Standard
Model. We demonstrate that in this model, electroweak symmetry breaking may be triggered
by the presence of squark bound states which mix with the fundamental Higgs boson. Next,
we show that this model has a viable phenomenology (e.g., it does not have large flavor-
changing-neutral-currents or break SUq(3) symmetry). Additionally, this strongly-coupled

version of the MSSM can relatively easily accommodate electroweak scale baryogenesis.

Following this, we turn our attention to the possibility of dark matter bound states in
asymmetric dark matter models. We first consider a simplistic scalar model and demonstrate

that bound state formation can produce a detectable gamma ray excess in certain regions
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of parameter space. This signal is produced through the decay of the dark force mediator
whose emission necessarily accompanies bound state formation. Next, we consider models
in which the dark matter self-interactions are described by a broken Up(1) gauge group.
We argue that in such models dark matter is generically multi-component, consisting of two
species of ions along with dark atoms. We then investigate the possibility of using these self-
interactions between the different species to alleviate tension between the cold dark matter

paradigm and observations of dwarf galaxies, while retaining the ellipticity of larger halos.

Finally, we consider the formation and growth of Q-balls (non-topological solitons) in a
simplified model inspired by the MSSM. In particular models, Q-balls can trigger a phase
transition once they reach a critical size. In certain regions of parameter space, small charge
Q-balls can be approximated using the Bethe-Salpeter equation. This allows us to study the
growth of small Q-balls; by joining this to the semi-classical regime at large charges, we can
analyze their growth from individual squarks to critical size. In our simplistic model, we

show that Q-balls can indeed reach critical size on cosmological time scales.
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CHAPTER 1

The Standard Model of Particle Physics and Its

Shortcomings

1.1 The Standard Model of Particle Physics

The Standard Model of Particle Physics is a quantum field theory that describes the strong,
weak, and electromagnetic interactions at the subatomic level. A pedagogical introduction
of the Standard Model can be found in [6]; in this chapter, I will give a quick summary of
the Standard Model and outline several of its shortcomings which will motivate the research
presented in this dissertation. Historically, the Standard Model is an amalgam of the work
of several researchers, most notably Sheldon Glashow, Stephen Weinberg, and Abdus Salem
[7-9].

Interactions in the Standard Model are described by gauge theories, which are closely
connected to symmetries of the Lagrangian [10]. The Standard Model gauge symmetry group
is SU¢(3) x SUL(2) x Uy(1). The SUx(3) part describes the strong interactions, while the
SUL(2) x Uy(1) part describes electroweak interactions; this will be related to the observed
electromagnetic and the weak interactions in the following section. For simplicity, we will
illustrate gauge theories with a simpler example: the transformations of the Lagrangian

under the Abelian Uy, (1) gauge group which gives rise to quantum electrodynamics (QED).

We begin by considering the action of non-gauged group on the fields which appear in the

Lagrangian. The fields are organized into multiplets which have well-defined transformation



properties under the symmetry; these are characterized by the charge carried by the members

of the multiplet. In our Ugy,(1) example, the electron Dirac spinor transforms as

Y = = ey, (1.1)

where e is the charge of the electron and x is a constant parameter that specifies which
transformation is being performed; for U(1), it can be thought of as an angle of rotation.

Similarly, the conjugate field ¢ transforms as’'

= P = etx (1.2)
We see that 1'1)’ = 11, and thus the term ¢ is invariant. If, after transforming all of

the fields in the Lagrangian, the Lagrangian maintains the same form, we say that the

Lagrangian is invariant under the symmetry, or that the symmetry is a “good” symmetry.

For a symmetry that has not been gauged, the parameter(s) which describe the transfor-
mation (e.g., x in our Ugy,(1) example) are constants. This type of symmetry is called a
global symmetry, as the same transformation is applied everywhere in spacetime. To pro-
mote a theory into a gauge theory, we turn the global symmetries into local symmetries, in
which we allow the transformation parameters to vary as a function of spacetime location.
(E.g., x is replaced with x(2*).) We now demand that the Lagrangian be invariant under
these local transformations. Some terms, such as 110, are invariant under both local and
global symmetries. However, other terms are not; this is particularly true of the kinetic
terms (required for each field), which involve derivatives. As an example, the kinetic term

for an electron, zﬁ’y“auw, is invariant under local but not global Uy, (1) transformations, as

YO = vy O, — ihy* e, x. (1.3)

Consequently, to maintain the invariance, derivatives generally must be replaced with
gauge-covariant derivatives. A gauge-covariant derivative involves a gauge field, whose trans-

formation properties are determined by the requirement that the Lagrangian be invariant.

!Throughout this work, the symbol f will be used for the Hermitian conjugate. For Dirac spinors, an
overhead bar is used to designate vTq.



For our example, the derivative acting on the electron is replaced with
o — Dt = 0" +ieA,,

where A, is the gauge field. As this is a quantum field theory, the gauge fields have their
associated quanta, which are the particles which mediate the force represented by the gauge
field. In our Ugy,(l) example, the quanta of A, field are identified as photons, and the
force mediated by this field is electromagnetism. Generically, promoting a symmetry to a
gauge symmetry introduces interactions between the fields which are members of a multiplet
with a nonzero charge; these interactions are mediated by the gauge fields introduced in the

gauge-covariant derivative.

These gauge symmetries are internal symmetries of the theory, in contrast with spacetime
symmetries. These are the more familiar symmetries of rotations and Lorentz boosts, which
are represented by the Lorentz group. Including translations gives the Poincaré group, which
is the most general group of spacetime isometries of Minkowski spacetime. (We will return
to this point in Ch. 3, when we introduce supersymmetry.) As with gauge symmetries,

quantum fields are also assigned to multiplets of the Poincaré group.

Finally, we briefly classify the particle content of the Standard Model. The gauge fields
include the photon, the gluons, the W* bosons, and the Z boson, all of which are spin-1. A
fifth boson, the spin-0 Higgs boson, will be discussed in more detail below. There are also
spin-1/2 fermions which can be divided into two classes: quarks and leptons. Quarks carry
color charge and thus participate in the SU¢(3) strong interaction, while leptons do not.
Fermions can also be organized into generations; each includes two quarks and two leptons.
(On a technical level, this is advantageous because it is not sufficient that the Lagrangian
be invariant under a symmetry; quantum corrections known as anomalies can still ruin the
symmetry. However, if the fermions come in complete generations, then the Standard Model

is free from anomalies.)



Three generations of fermions are currently known. The first generation consists of the
up quark, the down quark, the electron, and the electron neutrino; the second generation
consists of the charm quark, strange quark, muon, and muon neutrino; the third generation
consists of the top quark, bottom quark, tau, and tau neutrino. The typical energy scale
of each generation is greater than the previous one, although as yet there is no known

explanation of this phenomenon.

In Ch. 6, we will introduce a new gauge symmetry regarding dark matter. Furthermore,
this understanding of interactions as gauge theories is foundation to the Higgs mechanism,

which will appear several times in this work, and which we discuss next.

1.2 Spontaneous Symmetry Breaking

The above introduction to the Standard Model emphasized the role of symmetries; how-
ever, not all the symmetries underlying a theory may be evident in the quantized theory (even
if the theory is anomaly-free). It is possible for the vacuum state to not be invariant under a
symmetry, even if the Lagrangian is invariant under that same symmetry. Consequently, the
symmetry will not be evident in the particle spectrum of the resulting theory, and we say
that the symmetry is spontaneously broken. This can give mass to the otherwise massless

gauge bosons through the Higgs mechanism, which was first presented in Refs. [11-13].

As an example, we first discuss a simplified model of spontaneous symmetry breaking.

Consider a theory of a single complex field, ¢, with the potential
V = —m?p? + Ap?. (1.4)

This potential is invariant under the U(1) symmetry ¢ — ¢’ = e'“p, where « is an arbitrary
phase. However, ¢ = 0 is a local maximum, not minimum, of the potential, and the theory
should be quantized about a minimum. The minimum of the potential is at the vacuum

expectation value (pg) = em/v/2)\, with the phase 3 arbitrary. (That is, there is a set of



degenerate minima parameterized by /3.) Without a loss of generality, we may choose 5 =0
and expand the potential about this point, which is an appropriate vacuum state. As the

U(1) transformation alters 3, the vacuum state is not invariant under the U(1) symmetry.

We will now consider the real and imaginary components of the field ¢ separately; the

expansion amounts to the replacement

1( ‘ ) (15)
Y — Yo+ —=(p1+1p2), .
’ \/§ ! 2

where the v/2 accounts for the different number of degrees of freedom in real and complex
fields; both ¢, and ¢, are real fields. Performing the expansion and dropping unphysical
constants gives

A A A
V’ = ngpf + m\/X (@1(,03 + QD%SOQ) + 19011 + 1903 + 5@%@%7 (16)

which is no longer invariant under the symmetry ¢ — ¢’ = e'®p (which takes ¢, to cos(a)e;
and ¢y to sin(a)ps). Thus, the symmetry present in the original theory is broken by the

choice of vacuum.

We also note that there is also no quadratic term of the form 3; since such a term would
represent the mass of the , field, this field is massless. This is a consequence of Goldstone’s
Theorem [14]; this is a general result which predicts a massless boson for each generator of
the symmetry group which is “broken” (that is, for each generator that, when it acts on the

vacuum, does not return that vacuum). The other field ¢; does have a mass term.

As the above example illustrates, a symmetry is spontaneously broken when the origin
is not the global minimum of the potential. Since quantum field theories do not include
terms linear in the fields (such terms can always be eliminated by a field redefinition), the
behavior of the potential near the minimum is generally determined by the quadratic (mass)
term. Thus, spontaneous symmetry breaking occurs when the potential has a quadratic

term of the form —m?2¢?. (Although naively such a theory appears to contain fields with an



imaginary mass, the final quantized theory expanded about the proper vacuum contains no

such physically unreasonable mass values.)

In the Standard Model, the electromagnetic interaction and the weak interaction are united
into one fundamental interaction, the electroweak interaction, corresponding to the gauge
group SUL(2) x Uy(1). Experimental evidence, though, shows that this symmetry appears
not to be realized; the Standard Model accommodates this by having the symmetry be
spontaneously broken through the Higgs mechanism. This mechanism also gives mass to the

W= and Z bosons, and possibly all of the fermions.

The Standard Model Higgs field has an associated potential, which has the same form
as Eq. (1.4), although the Higgs field ¢ is a complex doublet, not a complex scalar. The

elements of the SUL(2) x Uy (1) symmetry group act on the complex doublet field as

oo /2+if

o=y =e ©, (1.7)

where o are the Pauli matrices. The doublet ¢ can be written in terms of four real compo-

nents as

1 [ 1 +ip

©3 + 104
When this is expanded about a minimum of the potential, the resulting theory is no longer
invariant under the SUL(2) x Uy(1) transformations, although it remains invariant under a

residual Ugy, (1) gauge symmetry, which is identified with the electromagnetic interaction.

Following Goldstone’s Theorem, we would expect the theory to contain three massless
bosons, corresponding to the three generators of the SUp(2) x Uy(1) group that do not
leave the vacuum invariant; however, no such bosons are observed. This apparent conflict
is resolved through the Higgs mechanism, in which these degrees of freedom are “eaten
up” giving mass to the W* and Z bosons, which are necessarily massless in the original

SUL(2) x Uy(1) gauge theory. Mathematically, when one expands ¢ about the minimum



@0, the gauge-covariant derivatives produce the terms m?W W~ and m/2Z2. The massless

Goldstone bosons become the longitudinal degrees of freedom for these now-massive bosons.

The fourth degree of freedom in the complex doublet ¢ remains in the final theory; like
1 in our example, it is a massive scalar boson. This Higgs boson was recently discovered
by the ATLAS and CMS experiments at the Large Hadron Collider (LHC) [15,16]. In the
research presented here, the Standard Model Higgs mechanism appears in two places: in
Ch. 3, we consider modifications to electroweak symmetry breaking in a strongly-coupled
supersymmetric theory, and secondly, in Ch. 5 the Higgs boson will enable the decay of dark
sector particles to Standard Model particles. Additionally, in Ch. 6 we introduce a Higgs
mechanism in the dark sector to give mass to a dark mediator boson; this has important

effects on the cosmology of the resulting model.

1.3 Shortcomings of the Standard Model

Despite its immense experimental success, the Standard Model alone cannot be a complete
description of the subatomic world. In this section, we will focus on some of its failings,
which lead us to consider extensions of the Standard Model which address these issues. In
particular, the Standard Model cannot explain the observed matter-antimatter asymmetry

of the universe, nor does it provide a candidate particle for dark matter.

As is well known, matter and antimatter annihilate with each other. However, antimatter
is mysteriously missing in the cosmos. Large regions of antimatter in contact with matter
would produce copious amounts of electromagnetic radiation, but astronomers do not see
signals of significant matter anti-matter annihilation. Furthermore, the presence of additional
antimatter in the early universe would have altered the abundances of light nuclei produced
in big bang nucleosynthesis. All the evidence points to a cosmological abundance of baryons
over antibaryons, which is described by the parameter n = (ng — ng)/s, where ng is the

number density of baryons, nz the number density of antibaryons, and s the entropy density



of the universe. 7 remains approximately constant as the universe evolves; our current

observational evidence supports n ~ 10710,

In 1967, Sakharov laid out three conditions necessary to generate a baryonic asymmetry
in the early universe [17]. First, there must be baryon number violation; that is, some
process must treat baryons differently than antibaryons. Secondly, C'P-symmetry must be
broken; otherwise, equal numbers of left-handed baryons and right-handed antibaryons will
be produced, leading to no net asymmetry.? Finally, the interactions must occur out of
thermal equilibrium; otherwise C'PT-symmetry ensures that processes that increase baryon

number and processes that decrease baryon number will occur at equal rates®.

Since these three conditions are necessary, it is reasonable to ask whether they occur
in the Standard Model. While QCD and QED do not have processes that treat baryons
differently than antibaryons, transitions involving electroweak sphalerons do not conserve
baryon number. Furthermore, the vertex for a W+ boson interacting includes an element
from the CKM matrix, which has a single nonzero phase which breaks C'P-symmetry. Thus,
two of the three ingredients are present, but the third, thermal non-equilibrium, is not.
The only opportunity for weak interactions to fall out of thermal equilibrium is during
the electroweak phase transition, in which the Higgs boson acquires its nonzero vacuum
expectation value. However, for a Higgs mass of about 125 GeV (as has recently been
measured by the ATLAS and CMS collaborations at the Large Hadron Collider [15,16]),
this phase transition is second order [18]. Thus, the system does not depart from thermal
equilibrium, and the Standard Model alone cannot account for the observed preponderance

of matter over antimatter. In Ch. 4 and Ch. 7, we will discuss baryogenesis in two extensions

of the Standard Model.

2C'P symmetry is the product of applying C' and P symmetry operators to a system; C symmetry is in
the interchange of particle and antiparticles, while P (parity) inverts the spatial axes.

3CPT is the product of the C' and P operators, described in the previous footnote, with T', which is the
time-reversal operator.




In the early 1930’s, astronomers Jan Oort and Francis Zwicky observed that the speeds of
certain astrophysical objects were too fast for the amount of luminous matter present [19,20];
Oort considered orbital velocities of stars in the Milky Way, while Zwicky studied the speeds
of galaxies in clusters. This work was expanded upon in the 1970’s by Vera Rubin, who
studied the motion of stars in distant galaxies [21]. In all of these systems, the radial velocity
of an object at a particular radius is determined by the amount of mass enclosed by a sphere
at that radius. However, while the luminous material dropped off significantly as a function
of radius, these observations showed that the mass did not. Consequently, one is forced
to conclude that much of the mass within an individual galaxy or cluster is non-luminous.
Today, we believe that between 20 percent and 30 percent of the total mass-energy of the

universe is this non-luminous material, known as dark matter [22].

Even without extending the Standard Model, one can propose several possibilities for this
non-luminous material, such as dark holes, neutrinos, or massive compact halo objects (e.g.,
a relatively large number of planets of the size of Jupiter). Each of these possibilities is
discussed in the review [23], but none of the the Standard Model candidates prove viable.
For example, measurements of gravitational microlensing disfavor (normal) black holes and
massive compact halo objects, and neutrinos inhibit rather than assist early structure for-
mation. While astronomical observations eliminate the Standard Model possibilities, they

do not provide much guidance as to how to extend the Standard Model.

Perhaps the best-motivated candidates are WIMPs- weakly interacting massive particles.
As the universe expands and cools, interactions may not be sufficient to maintain a particu-
lar species in thermal equilibrium. If that particle is sufficiently long-lived, then the number
density of that species of particle evolves only through the expansion of the universe. Gener-
ically, a heavy particle with interactions near the weak scale freezes out at approximately
the correct abundance to account for dark matter; this is known as the WIMP miracle.
Supersymmetry (which will be discussed in Ch. 3 and Ch. 4) naturally provides a WIMP

dark matter candidate, the lightest supersymmetric particle. An overview of WIMPs, and



supersymmetric WIMPs in particular, is given in Ref. [24].

However, models outside the WIMP paradigm have also been considered. While colli-
sionless cold dark matter is frequently taken as a generic baseline model, self-interactions
between dark matter may be desirable. Such interactions are necessary if dark matter is a
thermal relic (such as a WIMP), but they may also be motivated on other grounds. They
enable momentum-transfer within dark matter halos, which can establish cored profiles, as
opposed to a cusps [25]. Furthermore, they may resolve the “too-big-to-fail” problem, in
which the observed number of dwarf halos is well beneath the value expected from collision-
less dark matter simulations [26-28]. These may be weak interactions, or there may be an

entire dark sector with its own set of interactions.

In models of asymmetric dark matter, dark matter is assumed to carry its own baryon-
number-like asymmetry; high-energy operators produce this asymmetry along with the ob-
served baryon asymmetry (for a review, see Ref. [29]). In Ch. 5 and Ch. 6, we will consider
self-interactions in asymmetric dark matter models, with a particular focus on the formation
of dark matter bound states. Further motivation for these models will be discussed in these

chapters.
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CHAPTER 2

The Bethe-Salpeter Equation

Bound states are a generic feature of strongly-interacting systems, which are notoriously
difficult to study. Omne popular technique to study such systems is to perform numerical
analysis on a lattice; in the final step, the lattice spacing is taken to zero. In addition to being
computationally intensive, this approach requires one to choose numerical values for most or
all the parameters of a theory. This is not beneficial for exploring the generic features of some
extension of the Standard Model with several unknown and lightly constrained parameters.
Such a numerical analysis could miss certain features due to a poor choice of parameters;
conversely, if a promising result is obtained, one must question whether this is a fortuitous
result from a lucky choice of numerical values. Thus, there is a need for analytical tools to

study bound states; one such tool is the Bethe-Salpeter equation.

The Bethe-Salpeter equation will be used extensively in Ch. 3, in which we use it to analyze
supersymmetry bound states, and in Ch. 7, in which we use it to approximate small charge
Q-balls. It will also be mentioned in Ch. 5, in the discussion of the mass of dark matter
bound states. Therefore, in this chapter we will introduce the Bethe-Salpeter equation in
some generality and illuminate the points that will be important to the subsequent chapters.
A pedagogical introduction to the Bethe-Salpeter equation as used in particle physics, and

the Wick-Cutkosky model in particular, can be found in [30].
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Figure 2.1: The exact Bethe-Salpeter equation in vertex form. The double line represents
the bound state which carries momentum P, and the single lines represent the constituent

particles.

The Bethe-Salpeter equation gives a relativistically covariant formalism for describing a

bound state in a quantum field theory [31]. Mathematically, it is frequently written as:

Q(P.p) = / %K(R . B)S(k — PI2)Q(P.k)S(k + PJ2), 2.1)

where () is the Bethe-Salpeter amplitude, K is the kernel, and S are the propagators of the
two legs. This is represented symbolically in Fig. 2.1.% This form of the equation is applicable

when the bound state is made of two identical particles, or a particle and its antiparticle.

We can transform the Bethe-Salpeter equation from the vertex form to an equation for

the wavefunction using

Q(P,p) = S(P —p/2)"'S(P +p/2) " W(P,p), (2.2)

which gives

d'k
(2m)*

S(P +p/2) ' S(P — p/2) " W(P,p) = / K(P,p, k)U(P,K). (2.3)

In these equations, K is the total kernel, which includes (with appropriate weightings) all

of the possible particle exchanges that contribute to the bound state. Similarly, S represents

LA similar figure appears in Ch. 3, where we identify the particles involved as squarks and consider one
specific kernel.
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the complete propagators, summed to all orders of perturbation theory. However, to make
practical use of the Bethe-Salpeter equation, one typically considers only the lowest order

contributions to K and S. For example, if the constituent particles are bosons, one may take

l

S(q) = prop—— (2.4)
while for fermions one may use
S(q) = m (2.5)

The kernel depends on the particular characteristics of the interactions in the model;
perhaps the most commonly used kernel is the exchange of a single massless scalar boson.
If additionally the constituent particles (“legs”) are identical spin-0 bosons, then this is the

well-known Wick-Cutkosky model [32,33]. In this case, to lowest order, the kernel is
AQ
K(Ppk)= —"> 2.6
(Popk) = = (2.

where A is the coupling constant between the legs and the exchanged massless scalar particle.

If we define A\ = A?/1672, then the Bethe-Saltpeter equation for the wavefunction is

m? + (§+p>2 m? + (g—p)Q U(P,p) = A /al‘*qM (2.7)

2 (p—q)*
after a Wick rotation.

In Ch. 3, we will consider a similar model, also involving scalars, but with a crossed-graph
kernel with massive bosons. We will specifically be interested in the case in which the bound
state has zero mass; we will now consider this case in the Wick-Cutkosky model. (These
results will inspire our trial wavefunctions in the variational approach used in Ch. 3.) If
P? = M? = 0, the above equation simplifies to

o+ PuP ) = 2 [t 28)
This equation has a spectrum of solutions, each with a corresponding eigenvalue A. One

particular solution of interest is U(P,q) = (p* + m?)™%; we now proceed to demonstrate

13



that this does indeed satisfy the integral equation. Let us name the right hand side Z and

introduce a Feynman parameter:

)\ , |
T=m | NG e ey
N 4 . 3(1 — x)?
B /d /d z(p—q)*+ (1 —x)(¢® +m?)]*
_ Ao . 3(1 — x)?
— 7T2/d q/o d (=2 + (=) (2t ap?)]* (2.9)

The denominator in the integrand can be rewritten as a Gaussian using the identity

ot [

i a*e B dao, (2.10)

which gives

= Q_j\ﬁ/d4q/0 dz /OOO do (1 —z)*a®exp (a[(q —ap)* + (1 — 2)(m® + xp?)]) . (2.11)

Although this appears complicated, we can now perform the d*q integral, as it is a Gaussian

integral; the result is

271'2 dx/ do‘_ a’(1 —x)?exp (a(l — z)(m® + zp®)) . (2.12)

Next the da integral gives

1 )2 1
Izi/ (1 —=)°de :é/ v (2.13)
2 Jo (A—=a)2m?+zp?]2 2 Jy [m?+ap?]?

and the remaining integral is

A 1
_ , 2.14
2m?2 m?2 + p? (2.14)
This does indeed equal the left hand side of the Bethe-Salpeter equation
1
2 N2 | 2\=3 _
(m? + p*)(m® + p?) = A (2.15)

if the eigenvalue is A = 2m?. As mentioned, this result in the Wick-Cutkosky model will
be used to motivate our choice of trial wavefunctions in Ch. 3. As we will work with the

vertex form of the Bethe-Salpeter equation, we note that the corresponding vertex solution

is Q(0,p) = 1/(p* +m?).
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In the general case in which the bound state mass is not zero, one can transform the integral

equation into a differential equation [33]. One way of writing this differential equation is [30]

d*v,, N A _n(n+2)
dt? tm2(1 +t)2 — M2¢?] 4¢2

U, =0. (2.16)

Although we will not repeat the derivation here, for sufficiently small A, the eigenvalues of

this differential equation are approximately [33]

A:%\/l—MQ/ZL (2.17)

Inverting this equation for the mass of the bound state, we find

A4
2 2 y2 2 2 2
which, in the limit that A < 1, gives
A4
M =2m = o e (2.19)

which we will see again in Ch. 7 as Eq. (7.22).

Thus far, we have only considered the scenario in which the two constituent particles are
identical; this is sufficient for the strongly-interacting MSSM scenario we investigate in Ch.
3 and Ch. 4. However, when we discuss the growth of small Q-balls in Ch. 7, we will have
different particles on the upper and lower legs. The more general Bethe-Salpeter equation
appropriate to this scenario is (after a Wick transformation)

. . A V(P q

[(m +A)* + (p— imP)*] [(m — A)? + (p — in2P)?] W(P,p) = ﬁ/d%ﬁa (2:20)

where m; =m+ A, ms =m — A, and

my mo

= (2.21)

=

- e
mi + mo mi + my

We have inserted a kernel which corresponds to the exchange of a single massless boson, and
again the legs are also scalars. The eigenvalue is now A = A; A /1672, where A; and A, are

the couplings at the top leg and bottom leg respectively. As before, this integral equation
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can be transformed into a differential equation, and a change of variables transforms it to a
form reminiscent of the equal mass case (see the extended derivation in [30]). The resulting

differential equation is

0, A (1= &2/m?) nn+2)]
dt? + m2(1+ )2+ (M2 — 4A2) /(1 — A2/m2))d]  4f2 } = 0. (2.22)

The similarities in form to Eq. (2.16) are evident. We conclude that if A = F(M?) is the

eigenvalue spectrum in the equal mass case, then in the unequal mass case,

A M? — 4A\?
——=F—]. 2.2
1—A%/m? <1—A2/m2> (223)
Using Eq. (2.17), we write
A 2 1/ M? —4A?
AT W (el (2.24)
1—A2m? 1 1\ 1= A2/M2
which, when solved for M2, gives
A? 272
M? =4 +4m* (1 — — ) |1 — ——— | 2.25
rant (125 |- s 229

This relation will be used extensively in Ch. 7, where it appears as Eq. (7.25).

16



CHAPTER 3

Strongly-Interacting Supersymmetry

3.1 A Brief Introduction to Supersymmetry

The introductory chapter discussed the important role of symmetries in the Standard
Model; consequently, a natural question is to what extent the symmetries of the Standard
Model can be extended. While the gauge symmetry group can be embedded in larger groups,
the same cannot be said of the Poincaré group which describes spacetime symmetries. This

important “no-go” theorem was proved by Coleman and Mandula in 1967 [34].

More precisely, they showed that, for a theory with non-trivial interactions between fields,
the underlying Lie algebra must be a direct product of the Lorentz algebra and an algebra
describing an internal (that is, gauge) symmetry group. The Lorentz algebra underlies
the Lorentz group and its non-simply-connected extension, the Poincaré group. Thus, the
Coleman-Mandula “no-go” theorem seemed to prove that the only possible way to extend

the Standard Model is to introduce new gauge interactions.

However, a loophole was discovered in 1971: one can build a quantum field theory based
on a superalgebra instead of an algebra [35,36]. Superalgebras are a more general mathe-
matical concept than algebras; the defining relations between generators can include anti-
commutation relations. (Formally, superalgebras are algebras with a Z, grading.) Super-
symmetric models extend the spacetime symmetries of the Standard Model using these su-

peralgebras; the simplest of these is the Minimal Supersymmetric Standard Model (MSSM).
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The new symmetry introduced by the superalgebra relates bosons (integer spin particles)
to fermions (half-integer spin particles). All supersymmetric models necessarily predict the
existence of an equal mass fermion for each boson and vice versa. These “superpartners” have
not been observed experimentally, and so it was immediately evident that supersymmetry
cannot possibly be a “good” symmetry. However, just as the Standard Model SUy,(2) gauge
theory is spontaneously broken, supersymmetry may be a broken symmetry. Thus, although
supersymmetry is, by some measure, one of the most elegant extensions of the Standard
Model, its elegance is dramatically decreased by the ad hoc introduction of supersymmetry-

breaking terms.

There are two primary ways of breaking supersymmetry, gauge-mediated supersymmetry
breaking and gravity-mediated supersymmetry breaking. For our purposes, it is important
that supersymmetry breaking generically introduces trilinear terms into the Lagrangian of
the form:

AijQTUiHuQUj + A;jQTDZ‘quD]‘ + h.c. (3.1)

where @) is the squark SUy,(2) doublet; the subscript U designates the up-type doublets and
D designates the down-type doublets. A lower-case ¢ denotes SUy, singlets, and again, U
and D subscripts distinguish up and down-type quarks. i and j are flavor indices, and the
Higgs doublets H, and H, are the up- and down-type doublets respectively. By strongly-
interacting supersymmetry, we will mean a model in which the scale of these couplings A;;

and/or Aj; is large compared to the scale of the squark masses.

Given that supersymmetry must be a broken symmetry, one may question the motivation
of such extensions of the Standard Model. Here, we briefly give two. Although the Standard
Model is renormalizable, the renormalization procedure for the Higgs mass requires certain
“bare” parameters to be fine-tuned to many orders of magnitude, which is considered unnat-
ural. In unbroken supersymmetric models, the fermionic and bosonic loop corrections to the

Higgs mass exactly cancel, and no fine-tuning is necessary. Since supersymmetry is broken,
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the cancellation is not perfect, but a Higgs mass near or just above the electroweak scale
remains natural. In general, the divergences which require renormalization are far less severe

in supersymmetric models due to the cancellation of fermionic and bosonic contributions.

Secondly, many supersymmetric models include a charge which distinguishes supersym-
metric particles from Standard Model particles. If this charged is conserved, the lightest
supersymmetric particle cannot decay. As supersymmetric particles will generally be pro-
duced in the early universe and eventually decay into the lightest supersymmetric particle,
we expect a large number of these remain at present. These may interact weakly with Stan-
dard Model particles, and therefore, this lightest supersymmetry particle is a good dark

matter candidate.

3.2 Motivation for Strongly-Coupled Supersymmetry

The ATLAS and CMS experiments at the Large Hadron Collider have recently discovered
a Higgs boson with a mass of 125 GeV [15,16]. This mass is larger than the range predicted
for the lowest mass Higgs boson in the MSSM, and additionally, these experiments have
not yet observed any superpartners [37]. There have been a number of efforts to reconcile
these observations with low-energy supersymmetry (e.g., Refs. [38-40]). At least one of
these models [40] assumes strong couplings in the supersymmetry breaking sector. This is
perhaps somewhat unusual, because models with gauge-mediated supersymmetry breaking
generically predict a small trilinear supersymmetry-breaking coupling A. However, a large
value of this coupling is helpful in raising the range of the Higgs boson masses toward 125
GeV [38,41]. Large trilinear terms can appear in gauge-mediated supersymmetry breaking

models, albeit some fine-tuning of parameters may be required in a realistic model [38].

It has already been established that the exchange of the (lighter) Higgs boson between
(heavier) squarks can lead to formation of bound states [42,43]. Thus, large trilinear cou-

plings lead to a new strongly coupled realization of the Minimal Supersymmetric Standard
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Model (MSSM). In this chapter, we focus particularly on the possibility that supersymme-
try breaking may trigger electroweak symmetry breaking via the formation of squark bound
states with the same quantum gauge numbers as the fundamental Higgs boson. These new
states can mix with the Higgs boson and thus they also can acquire a nonzero vacuum ex-
pectation value (VEV). Consequently, the resulting multi-Higgs low-energy effective theory

may have a very different appearance from the usual weakly coupled MSSM.

Let us consider a simplified version of MSSM, in which we will focus only on the third
generation of squarks. For simplicity, we will further assume that only one of the trilinear

terms is large,

L= Aty H,)tg, (3.2)

where 71, is the Y = 1/3 stop doublet under SUy,(2), tg is the Y = 4/3 stop singlet, and H,
is the Y = —1 Higgs doublet. (For clarity, we have not written the full potential; we assume
that it also includes the usual quartic H} term and mass terms.) To further simplify matters,
we additionally assume the squarks have a common mass M of a few TeV, considerably larger

than the Higgs mass m.

We have suppressed the SU¢(3) indices in Eq. (3.2), and we will concentrate on the
color-singlet bound state. We acknowledge that the same exchange of Higgs bosons will
generally also produce SU¢(3) non-singlet bound states. However, the singlet is the only
bound state that can mix with the fundamental Higgs boson, and as will be discussed in
below, consequently there is a range of parameters in which this bound state alone has a
non-zero VEV. In this case, the SU¢(3) symmetry underlying quantum chromodynamics

remains unbroken.

We have referred to the bound states as being made of squarks exchanging Higgs bosons.
However, this terminology requires some care. The trilinear coupling constant A; will, in

general, evolve with scale. If it remains large at all scales, then there is no regime in which
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it is proper to speak of individual squarks, as they are never the appropriate degrees of
freedom to use in an effective theory. Furthermore, as mentioned in Sec. 3.1, one motivation
for supersymmetry is its high-energy behavior, in which the quadratic divergences present
in the Standard Model are weakened due to the (near) cancellation between fermionic loops
and bosonic loops. If the degrees of freedom that appear in the weakly-coupled MSSM do

not appear at high energy, this result is called into question.

We note that the analysis presented below will, in fact, assume only that | A;| is large; the
specific sign of the coupling will not appear. If A; is large and positive, the analysis of [3§]
suggests that perturbativity is not regained as the energy scale increases. However, if | A
is large while A; itself is negative, then perturbativity may be regained, since A; increases
as the renormalization scale increases. In this scenario, the desired loop cancellations are
certainly retained; the formation of bound states at low energies has no impact on the high
energy behavior. The difference with the MSSM is in the low-energy effective theory, which
contains different degrees of freedom: fewer squarks and more Higgs bosons, whose VEVs
produce a more complicated vacuum. In particular, in this vacuum the usual MSSM relations
between the gauge couplings and the scalar self-coupling do not hold, and, therefore, there
is no reason for the upper bound on the lightest Higgs boson to be the same as in the usual
version of MSSM. Hence, the tension between the MSSM and the observed Higgs mass is

ameliorated.

Thus, strongly-coupled supersymmetry may retain the beneficial aspects of supersymmetry
while addressing the relatively large observed Higgs mass; we are therefore motivated to
investigate the low-energy behavior of this theory. Due to the presence of additional bound

state Higgs-like doublets, a particular interest is electroweak symmetry breaking.
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Figure 3.1: The Bethe-Salpeter equation in vertex form. The double line represents the

bound state ® with momentum P, and the single lines represent the constituent squarks.

3.3 Electroweak Symmetry Breaking By the Bound-State Higgs

The up-type Higgs boson that breaks electroweak symmetry in the MSSM must be a
CP+ scalar doublet with Y = 1; additional doublets, of any source, with the same quantum
numbers will generically modify electroweak-symmetry-breaking. Such a doublet does arise
in the strongly-coupled realization of supersymmetry considered here, as a (fRfTL) bound
state. We might ask whether this bound state can possibly supplant the fundamental Higgs
boson in triggering electroweak symmetry breaking; this question will be investigated in this
section. (Note, however, that even if it is possible to trigger electroweak symmetry breaking
with the bound state, the fundamental Higgs boson is not superfluous; the bound state itself

is held together through the exchanged of members of the fundamental Higgs doublet.)
The bound state can be described by a Euclidean Bethe-Salpeter equation, as shown in Fig.

3.1. This Bethe-Salpeter equation is written in vertex form, where the internal lines represent

propagators and the usual Bethe-Salpeter wave function W(P, p) is related to Q(P,p) by
P 2 P ?
(§+4> + M? [(5—40 + M?

A general discussion of the Bethe-Salpeter equation and its solutions is given in Ch. 2. We

U(P,p) = Q(Pp). (3.3)

present the Bethe-Salpeter equation in this form because it is reminiscent of the chiral gap
equation; indeed, we will derive a similar gap equation below. In chiral symmetry breaking,

the gap equation describes the mass splitting between the chiral states; our analogous gap
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equation will likewise describe the mass splitting between left- and right-handed stops. Since
a mass splitting between left- and right-handed states (or as it is more commonly described,
a mass term connecting left- and right-handed states) is a hallmark sign of electroweak
symmetry breaking, we can use our gap equation to determine when electroweak symmetry
breaking has occurred. Namely, if we find the condition for which the gap equation has a
non-trivial solution, we will have found the condition for the bound state Higgs doublet to

break electroweak symmetry, given some caveats to be specified below.

We have mentioned that the bound state will generically mix with the Higgs doublet, and
so the mass eigenstates will generally be mixtures of the two. We will incorporate this mixing
in the following section; in this section, we assume no mixing between the fundamental and
bound state Higgs doublets. This allows us to determine whether the bound state alone can

drive electroweak symmetry breaking.

We have already represented the Euclidean Bethe-Salpeter equation diagrammatically in

Fig. 3.1; mathematically, this equation is
4

R

For simplicity, we have suppressed an SUp(2) spinor index on @ and a corresponding factor

1
[(P/2+ k)2 + M?|[(P/2 — k)? + M?]

K(P,p,k). (3.4)

d;; on the kernel. The lowest-order contribution to the kernel is a crossed graph, as shown
in Fig. 3.2. In this figure, the line labeled (P/2) + p represents an outgoing ¢z, and the line
labeled (P/2) — p represents an outgoing t~TL. The lines labeled L, R are the stops, and the
exchanged dashed lines are the fundamental up-type Higgs fields of the MSSM.

As discussed in Ch. 2, the Bethe-Salpeter equation has been solved exactly in the case
of the exchange of a single massless scalar particle; this is the well-known Wick-Cutkosky
model [32,33]. Unfortunately, our kernel is complicated by two factors: first, we have
a crossed graph involving the exchange of two bosons, not one, and secondly, we cannot

approximate the exchanged bosons as massless. If this were the case, then we would be
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Figure 3.2: The lowest-order kernel for the Higgs-like bound state.

at the onset of spontaneous electroweak symmetry breaking due to the fundamental Higgs
boson; however, we are interesting in the possibility of breaking electroweak symmetry with
the bound state Higgs doublet. Due to these two complications, we have not been able to
perform a general analysis of the Bethe-Salpeter equation. If one were able to solve this
integro-differential equation for a general momentum P, the result would be a relationship

between the values of P at which the equation has a non-trivial solution and the coupling

Ay

However, for our purpose of investigating electroweak symmetry breaking, the general
solution is unnecessary. Since P? = m%g, where mpg is the mass of the bound state, and
electroweak symmetry breaking occurs when the mass-squared become negative, we can look
at the specific value P? = m%¢ = 0, which corresponds to the onset of symmetry breaking.
Strictly speaking, at P = 0, we have four degenerate massless bound states, which correspond
to the two complex elements of the bound states SUL(2) doublet. As in the Standard Model
Higgs mechanism, at the onset of symmetry breaking, these states can also be considered as

states of a broken SUL(2) x Uy(1) theory: here we have a zero-mass composite Higgs boson,

plus three zero-mass Nambu-Goldstone bosons.

The simplifications that result from setting P = 0 allow us to investigate the kernel, and
the resulting gap equation, with decent quantitative accuracy. We introduce the notation
K(p, k) = K(k,p) for the original kernel evaluated at P = 0. We first summarize our goal:

Eq. (3.4), with P = 0, is an integro-differential eigenvalue equation. These eigenvalues are
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proportional to Af; if we imagine slowly increasing |A;|, the equation will at first have no
non-trivial solutions. This does not mean that bound states do not exist; rather, they do
not satisfy the Bethe-Salpeter equation with P? = 0 (nor should they, since they have a
positive mass-squared). As |A;| increases, it reaches the lowest eigenvalue, at which point
the gap equation has a non-trivial solution (namely, the corresponding eigenfunction). This
eigenfunction, which gives the bound state wavefunction, signals the presence of the massless
states discussed above. Hence, our goal is to find the lowest eigenvalue of the P = 0 equation,
which we can solve in turn for the value of the coupling |A;| at which the bound state mass-

squared becomes zero.

In the general case of a Bethe-Salpeter equation evaluated at P = 0, the Bethe-Salpeter

wave function (P, p) is the Fourier transform of the matrix element!

V(X ) = (0|7 (F (@1)n(xa) [ P) (35)

with P conjugate to the center-of-mass coordinate X = (1/2)(z1 + x2) and p conjugate to
xr1 — xg; the state |P) is the bound state. At P = 0 this looks like a vacuum-to-vacuum
propagator Apgr(x; — x3), but one must be careful when using this language. The true
vacuum is a non-perturbative construct, which may in general be quite different from the
bare vacuum (as in superconductivity, for example). In our case, the true vacuum has
matrix elements connecting L and R stop squarks, which represent the usual mass terms.
This connection comes from a symmetry-breaking order parameter that is a mass splitting
dM?(p?) found in this LR propagator which mixes L and R squarks. The order parameter
obviously vanishes in the symmetric case. (This is analogous to the evolution of the 1)

propagator in superconductivity as the temperature increases [44].)

To lowest order in this order parameter (that is, the matrix element connecting L and R

stop squarks), the diagonal propagators of the t,, g fields are just those already shown in the

'We continue to use {7, and t for the legs; however, in the general case the particles are not necessarily
squarks.
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Bethe-Salpeter equation,

1
A =A = .
rL(p) rRr(P) 2+ M2’ (3.6)
while the LR mixing propagator is
1 9, 9 1
Auale) = 3t W) e 37

Above, we discussed the interpretation of the Bethe-Salpeter equation evaluated at P = 0
at the onset of spontaneous symmetry breaking. Let us now consider the behavior one
expects as |A;| is further increased. As mentioned, at the onset of symmetry breaking we
can think of the four massless states, previously considered as the elements of the complex
bound state Higgs doublets, as one (real) bosonic degree of freedom (the Higgs boson) and
three other (real) massless states. At larger |A;| we expect a tachyonic (P? = m%q < 0)
solution [45]. When the theory is considered in the correct vacuum, one finds one massive
real boson and three massless bosons, which are “eaten up” giving mass to the W¥* and
Z bosons. This is completely analogous to the Standard Model, in which the Mexican-hat-
shaped potential is stabilized by the non-perturbative vacuum, which results in a condensate

and a massive Higgs boson.

Several times we have made reference to a gap equation. The gap equation is an integral
equation whose solution is the symmetry-breaking order parameter; hence, a non-trivial
solution corresponds to a non-trivial order parameter and hence symmetry breaking. To
connect this to the picture of symmetry breaking already presented, we will show explicitly
that the gap equation is essentially the Bethe-Salpeter equation at P = 0. Hence, the basic
equation we use in our analysis can be motivated either by considering the appearance of a
scalar field with negative mass-squared as the hallmark of electroweak symmetry breaking
as, or one can take the development of a mass term which mixes left and right state as
the hallmark sign. In the first case, one begins with the Bethe-Salpeter equation, and in
the second case, one begins the gap equation, but both of these ultimately give the same

equation. (Strictly speaking, the first scenario should be phrased in terms of the appearance

26



SM*> SM?* — §M?

Figure 3.3: Diagrams for the effective potential quadratic in §M? (weights not shown).

of the massless Nambu-Goldstone bosons in the true vacuum, but these Nambu-Goldstone
bosons are also a consequence of a non-trivial solution of the gap equation [44]. See [46] for

a proof of this Nambu-Goldstone mechanism in gauge theories such as QCD.)

Let us derive the gap equation. We express the dynamics of symmetry breaking through
the usual two-particle irreducible (2PI) effective potential I [47], in which I' is a functional
of §M?(p?). As mentioned, in this section we ignore a number of interesting phenomena,
including the VEV of the elementary Higgs field and its mixing with the bound-state Higgs;

therefore, the effective potential (in the notation of [47]) is
1
= ;Tr (In(G) + [1 — GGy']) + 2P1 graphs, (3.8)

where the trace is over space-time as well as the other relevant indices. G is the exact
propagator, and Gy is the free propagator (when relevant; the term in square brackets is
omitted for the LR propagator). The Schwinger-Dyson equations of the theory can be found

by considering the extrema of I' as the G are varied.

To lowest order in §M?, the effective action I' is given by the diagrams shown in Fig. 3.3,

which give the following expression

T = % / d*p p(p?)[5M2(p?))> — 25;)4 / d'p / d*k p(p*)oM*(p*) K (p, k) p(k*)6M? (k?),

(3.9)
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where

1
) = ——0—. 1
Variation of the quadratic terms in I' with respect to M? yields
SME(p?) = / B —— M) K (p.k) (3.11)
(2m)4 k2 + M? k2 + M? T '

This is the promised gap equation, and just as for chiral gap equations, it is the original
Bethe-Salpeter equation (in vertex form) at P = 0. (To see that this is identical to the
Bethe-Salpeter approach, set P = 0 in Eq. (3.3), and then identify Q(0,p) with §M?(p?).)
This illustrates again the necessary existence of composite Nambu-Goldstone bosons when
symmetries are broken without elementary Higgs fields [44,46]. This gap equation differs from
chiral symmetry breaking gap equations because the kernel is well-behaved in the ultraviolet
limit. The kernel falls like 1/p* (modulo logarithms) at large momentum, implying the same

falloff for 6M?; thus Eq. (3.11) is finite.

To analyze Eq. (3.11) we need to first study the kernel K (p, k), which has the form

K(p,k) =

4 1
(277)4/(1 5[62—|—M2][(P+€)2—{—m2][(k+g+p)2+M2H<k+£)2+m2]. (3.12)

Next we introduce Feynman parameters in order to perform the spacetime integral. Then

d*¢ 316(1 —xy — w9 — T3 — 14)
K(p, k) = /W/dxl dxo drs dry ! Déz Y (3.13)

where
Do = 24(02 + M?) + 23[(€ 4+ p)® + m?]| + 2o[({ + p + k)2 + M2 4+ 21[(k + £)* +m?], (3.14)
= (z1 + w9 + 23 + 24)0% + 20 - [23p + D2(k + D) + 21k] + 23D* + 2o (K + p)? + 1k
+ M?(29 + 34) + m? (21 + 3). (3.15)

We define a new variable of integration, ¢ = ¢ + z3p + z2(k + p) + x1k. The integral over ¢’

can be performed, which yields

K(p,k) =

i=1..4
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where

D = k*(z129+1374) +0° (0104 +2003) + (p+ k) 2m0x4+ (p— k) 22125+ M? (20 +24) +m* (21 +23).
(3.17)

We assume that the squarks are significantly heavier than the fundamental Higgs boson;
that is, M? > m?. In this case, x5, x4 must be small compared to the other Feynman
parameters, and so we write 2o = Ax and x4 = A(1 — z), with the new integration variables
running from 0 to 1. The integral over A will be dominated by small A, so we can drop this

variable judiciously. Then approximately

I] dxio (1 - in) = Nd\dz dzy des 6(1 — 21 — 3) (3.18)

i=1..4
and

D = ziz3(p — k)* + m?* (21 + 23) + Nak® + (1 — a)p* + M?], (3.19)

where

a=xx+23(1—2),0<a<1, (3.20)

and we dropped a term ~ A\? in D.

With this approximation, we can do the integral over A explicitly, with the result

1 A+ B 1
K(p k) =~ 672 /d$1d$3d$5(1 — T — x3) {Eln{ 5 ] - A(A—I—B)} , (3.21)
where
A=[ak® + (1 —a)p® + M?], B = x123(p — k)* + m?. (3.22)

Let us discuss the high-energy behavior of the kernel. If k? > p?, we may drop the terms
in A and B which are proportional to p?. Then B no longer depends on x and the x integral
can be done analytically, giving

(3.23)



Thus, the kernel vanishes rapidly at high momentum k; this confirms our earlier claim that
the kernel was well-behaved in the ultraviolet regime. (This is important because the kernel
goes inside an integral over d*k in the gap equation, Eq. (3.11). If the kernel became infinite
at large momenta k, the d*k integral in the gap equation would diverge, as does the chiral

gap equation.)

Now that we have reduced our kernel to the simpler form of Eq. (3.21), we return to
studying the gap equation (or P = 0 Bethe-Salpeter equation) given by Eq. (3.11). The
next step is to reduce it to a one-dimensional integral by integrating over the angles of k.
We observe that the angle between the four-momenta p and k appears only in logarithms or

in a term parametrically small with respect to M?; this allows us to make the approximation
/ A F[(p — k)] =~ 272 [O(p* — K2 F(p?) + O(K? — p) F(k?)] (3.24)

This is exactly true for F' = 1/(p — k)? and for constant F', and it is acceptable for the

logarithmic functions we encounter.

Formally, this approximation is equivalent to projecting out the s-wave contribution to
the kernel. To lowest (quadratic) order in 6 M?, the relevant part of the effective potential T’
1s

4

0= [ M) - 2(;1;)4 [ 5 4 )3 ) K (. K)o,
(3.25)

where K is the s-wave projection of the kernel, which is Eq. (3.21) after the approximation
(3.24) has been made. Variation of this equation gives the s-wave projection of Eq. (3.11),
which is a standard one-dimensional homogeneous Fredholm integral equation with a discrete

spectrum of eigenvalues A}. From either perspective, one arrives at the equation

SM?(p*) = (2’47;)4/% m/[—]\/([lz)gl((p, k). (3.26)
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We seek the lowest eigenvalue of this equation using a variational principle: we insert a
trial function into Eq. (3.25) and perform the integrals numerically. We then minimize the
resulting eigenvalue with respect to the variational parameter that describes the family of
trial functions. To motivate our trial functions, we consider first the known exact results for

a kernel in which only a single, massless scalar is exchanged [32],

K ~ —(p _1 N (3.27)

For the vertex form of the Bethe-Salpeter equation, given in Eq. (3.3), the lowest eigenfunc-

tion at P =0 is
1

—_—. 2
p*+ M? (3.28)

Q(0,p) = 6M?(p?) ~

(A proof of this is given in the discussion of the Bethe-Salpeter equation in Ch. 2.)

In the present problem the asymptotic behavior of the kernel is different (as shown in Eq.

(3.23)), so we chose the following as a zeroth-order trial function:

1

SME(p?) ~ ————.
0(p) p4+'u4

(3.29)

We have studied other trial functions, such as 1/(p* + p?)?, with similar results. We
improve this first variational estimate by using 6MZ as input to the right-hand side of Eq.
(3.25) and numerically calculating a new output §M?. We made a simple but accurate fit
to d M7, amounting to adding a term ~ p to the denominator of Eq. (3.29). Then we used
the average M3 = (1/2)(6MZ + 6M?) as a trial function, and calculated the output again.
This yields excellent agreement between the new input and output, as shown in Fig. 3.4, for

the specific value m/M = 0.05.

At this specific mass ratio, the critical coupling resulting from our numerical calculations
is

Ay
— ~15.14. :
1 S (3.30)
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Figure 3.4: A comparison of the input and output using the second-order eigenfunction M2,
as a function of p?/M?, calculated numerically as described in the text. In the case of the

exact solution, the two curves would be identical.
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Figure 3.5: Behavior of the critical coupling as a function of the elementary Higgs mass.

Given our motivation of accommodating the observed Higgs boson mass of 125 GeV, it is
useful to compare this result with the value A,/M = /6, which maximizes the lightest
Higgs mass in an approximate one-loop calculation [38,48,49]. We see that the coupling
which breaks electroweak symmetry is substantially larger. However, this is not the final
conclusion, since we have neglected mixing between the fundamental Higgs boson and the
bound state Higgs boson; this will be discussed below. Before we do so, though, the behavior
of the critical coupling as a function of the mass ratio is of interest. This is shown in Fig.
3.5. As expected, the critical coupling increases with increasing Higgs mass. We see that

even as m/M approaches zero, the critical coupling remains well above V6.
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3.4 Seesaw Symmetry Breaking: Effects of Including Mixing

The critical value determined above, A;/M = 15, has another significant drawback, from a
phenomenological perspective. To have a viable model, we must produce a Standard Model-
like vacuum state, in which SUp,(2) x Uy(1) is broken but SU¢(3) remains a good symmetry.
Even in its traditional realization, the MSSM has a number of dangerous color breaking

minima, and even minima in which electric charge is not conserved [50-57].

If the Standard-Model-like vacuum is only a local minimum, one has to examine cosmolog-
ical evolution; in many cases the vacuum that is populated first is the one in which the color
symmetry is preserved. Thus, cosmological evolution may favor the vacuum with unbroken
SUc(3) even in some cases where it is not the global minimum of the potential [56,58]. An
approximate criterion for the absence of dangerous color and charge breaking minima, based
on the analysis of [56], is

Ay
— <2 31

This is well-beneath the value of A;/M ~ 15 found above.

In fact, the problem is even more pronounced in our model. In addition to the color-singlet
states, the same trilinear scalar interactions can cause colored bound states to form. Since
the scalar exchange forces are essentially color-blind, the bound states with different SU¢(3)
properties can have similar binding energies. Therefore, the analysis performed above applies
equally well to both the states carrying color and without color, and so we conclude that
at A;/M = 15 all acquire a nonzero vacuum expectation value, breaking SU¢(3). Instead,
we prefer a vacuum in which SUq(3) is preserved, in which the colored bound states are

confined into color singlet through interactions with gluons, squarks, or quarks.

We will now show that by considering mixing between the fundamental Higgs boson and
the bound state Higgs boson, electroweak symmetry breaking can occur for smaller ratios of

A/ M, which at least appears to allow us to escape the above problems. This alone is not
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sufficient to ensure that the resulting model is phenomenologically viable; these issues, along

with a more extended treatment of protecting color symmetry, are addressed in Ch. 4.

In our case, we must now re-examine the same issue of electroweak symmetry breaking,
taking into account a number of new effective degrees of freedom, including those carrying
color charge. While the full analysis is obviously complicated and the results will inevitably
be model-dependent, there is one feature of the color-singlet states that sets them apart from
the rest: they can have a mixing with the fundamental Higgs bosons. In fact, this mixing
proceeds via the same coupling as that which enters the Bethe-Salpeter equation, and so the
mass matrix in the bound-state-fundamental-Higgs basis necessarily has both diagonal and

off-diagonal terms.

As the trilinear coupling increases, the mass-squared of all of the bound states decreases,
as discussed above. However, due to the off-diagonal terms, a linear combination of the
fundamental Higgs boson and the colorless bound state can develop a nonzero vacuum ex-
pectation value while the diagonal terms are positive. Since one of these diagonal terms
represents the mass-squared of the colorless bound state, which is expected to be similar to
the mass-squared of the color-charge-carrying bound states, we conclude that this leads to

a vacuum in which SU¢(3) is not broken by a colored bound state VEV.

Let us now discuss this possibility in more detail. In this case, electroweak symmetry
breaking occurs via a symmetry-breaking seesaw, when the following mass matrix has a
negative eigenvalue:

M2 = Wi M | (3.32)

Myp Mpg
Here ;% is the Higgs mass-squared parameter, which is negative in the Standard Model,
but which we take to be positive; myp is the mixing parameter calculated from the diagram

shown in Fig. 3.6, and mpg is the mass of the bound state. Our calculations above dealt with

m%g = P? = 0, which required the large value of A;/M quoted in Eq. (3.30). However, in
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Figure 3.6: Mixing of the composite and fundamental Higgs fields.

the presence of mixing, the symmetry breaking can occur for a non-zero mpgg and a positive
2 1
Wy, as long as

det(M3) = pu3mys —myp < 0. (3.33)

The value of the mixing parameter mpypg is determined by the strong dynamics; theo-
retically it can be extracted from a general solution of the Bethe-Salpeter equation (with
nonzero bound state mass), with a proper wave function normalization. However, due to
the complicated kernel, this calculation remains infeasible. Therefore, we parameterize the
mixing as

mpp = A, (3.34)

where ¢ is dimensionless number (which may depend on A; and on other parameters). The
critical coupling (the value of A; at which the mass matrix develops a zero eigenvalue) is

generally different from that in Eq. (3.30); we have:

Ay 1 [pugmps

Given that py can be arbitrarily close to zero (and, in fact, u% < 0 in the Standard
Model), the symmetry breaking can occur even for smaller values of A;/M. Of course, if
12 has to be fine-tuned to be small, the scenario in question becomes rather contrived. For
reasonable values of parameters and for the binding energy that is not as large as the mass,

which is the case for a smaller A;, there is a self-consistent set of values, for example,

JIEmEs 450 GeV
pg ~ 102 GeV, Mg ~2M ~2TeV, A, ~ "Hmes ~ e (3.36)
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and, thus the critical coupling is

Ay 045

We see that this is consistent with Eq. (3.31) for some reasonable range of parameters. Thus,
we conclude that electroweak symmetry breaking can occur for smaller values of the trilinear

coupling, when one includes the mixing between the Higgs doublets.

In this chapter, we have shown that the presence of squark bound states in a strongly-
interacting implementation of the MSSM can substantially modify electroweak symmetry
breaking. At sufficiently large couplings, the bound state itself can break the symme-
try; at smaller couplings, its presence is important due to the off-diagonal elements in the
fundamental-bound-state-Higgs mass matrix. These elements allow a linear combination of

the two states to break electroweak symmetry while protecting SU¢(3).

This scenario is clearly different from the widely discussed technicolor models [59], includ-
ing walking technicolor [60,61], models with color singlets [62], and the models in which
supersymmetry and technicolor are combined [63,64]. This scenario has the potential to
relate the scales of supersymmetry breaking and electroweak breaking in a novel way, and it
is evident that the effects of squark bound states should not be ignored in models with large
trilinear supersymmetry breaking terms. However, we have not shown that strongly-coupling
supersymmetry produces a phenomenologically viable model; this will be addressed in the

following chapter.
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CHAPTER 4

Phenomenology of Strongly-Interacting

Supersymmetry

In the previous chapter, we introduced the seesaw-symmetry-breaking mechanism, in
which a symmetry is spontaneously broken through the mixing of a fundamental Higgs
field with a bound state. This was illustrated in a strongly-interacting version of the Mini-
mal Supersymmetric Standard Model (MSSM), which differs from the usual MSSM in that
the trilinear supersymmetry-breaking coupling is taken to be large [42,43]. In this regime,
squarks form bound states via the exchange of fundamental Higgs bosons, creating additional
composite states, some of which can have nonzero vacuum expectation values (VEVs). In

this chapter we will explore the phenomenology of this strongly-coupled model.

This model has very different particle content in the low-energy effective theory as com-
pared to the usual MSSM; in particular, the model predicts more Higgs bosons and fewer
superpartners at the electroweak scale. Secondly, as mentioned in Ch. 3, the usual MSSM
bounds on the lightest Higgs mass are not applicable, because the bound-state quartic cou-
pling is not related to the gauge coupling. These point to the possibility of a very different
low-energy phenomenology than is typically associated with the MSSM, which is quite rele-

vant for the ongoing supersymmetric searches at the LHC.
In Ch. 3, we did address one phenomenological issue: preserving SUc(3) symmetry,

which motivated the introduction of the seesaw-symmetry-breaking mechanism. For the

self-completeness of this chapter on phenomenology, we will briefly review how this mecha-
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Figure 4.1: Kernels for squark bound states which produce SUp(2) singlets and triplets.

nism protects against color-breaking minima. Because squarks carry color charge, the bound
states come in both color octet and color singlet versions. If an octet state acquired a nonzero
VEV, it would break SU¢(3), making the model phenomenologically unacceptable. However,
to acquire a nonzero VEV through the seesaw-symmetry breaking mechanism, the bound
state must mix with the fundamental Higgs boson, which is only possible for an SU¢(3) sin-
glet state. Thus, it is the quantum numbers of the fundamental Higgs boson of the MSSM
that determine the pattern of symmetry breaking. Color symmetry is protected because the

fundamental Higgs doublet of the MSSM is colorless. (Please see Ch. 3 for more details.)

4.1 Description of Bound States

In Ch. 3, our primary focus was electroweak symmetry breaking, not phenomenology.
Therefore we did not give a complete accounting of all the possible squark bound states.
However, generically all of these states will appear in the low-energy effective theory. In
addition to the SUL(2) doublet which influences electroweak symmetry breaking, there are
SUy(2) singlets and SUL,(2) triplets; examples of the relevant kernels are shown in Fig. 4.1.
The vertices in these bound states are all proportional to A;; because Yukawa interactions
are attractive in all channels, all of these states exist if the doublet bound state exists. We
will assume that only |A;| (and possibly |A4,|) is large enough to produce bound states; these
bound states appear in the up and down Higgs sectors respectively. We have summarized

the possible bound states, along with their quantum numbers, in Table 4.1.
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Squarks | SUp,(2) Charge | SUc(3) Charge | Uy (1) Charge

1| g 202=3®1 | 303=6®3 1/3
2| it 222=3®1 | 3®3=6®3 —-1/3
3| trtr I®1=1 33=6®3 4/3
4| thth l@l1=1 33=6®3 —4/3
5| tpth 2®1=2 33=1®8 —-1/2
6| trt; 201=2 33=1®8 1/2
T it | 202=301 | 3@3=108 0

8| trth l@l1=1 33=1®8 0

Table 4.1: Quantum numbers of bound states; note that in SU(2), the anti-fundamental
representation 2 is identical to the fundamental representation 2. Line numbers are provided

for ease of reference in the text.

Let us summarize the states present in the model and their salient features. We observe
that rows 1 and 2 in Table 4.1 are Hermitian conjugates of each other; consequently, these
may be combined to form complex representations. Rows 3 and 4 may also be similarly
combined. Thus, the first two rows in the table describe a complex SUp(2) triplet and a
complex SUp,(2) singlet, while the next two rows describe another complex SUp(2) singlet.
All of these states carry color charge, and they also have fractional electric charge. The

implications of these states will be discussed further in Sec. 4.6 on collider phenomenology.

Similarly, the next two rows (5 and 6) are also Hermitian conjugates of each other, which
may be combined into a complex SUp(2). This is the doublet discussed in Ch. 3, which
is responsible for the seesaw-symmetry-breaking mechanism. There are additionally eight
colored states which do not generally acquire vacuum expectation values. The last two rows
(7 and 8) describe two real singlets and one real triplet; these come in both colored and

colorless versions. As we will show in Sec. 4.3, the electroweak phase transition is generally

first order due to the two colorless singlets.
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Thus, strongly-interacting supersymmetry has a rather extended Higgs sector. With so
many degrees of freedom, it is important to ensure that none of the colored states acquire
a nonzero VEV and not just the color octet SUp(2) states considered above. We note that
there are no terms which involve only a single colored field, because the Lagrangian must be
invariant under SUq(3). Thus, even if all color singlet states acquire nonzero VEVs, there is
no term linear in a colored field; such a term would necessarily induce spontaneous symmetry
breaking of SUx(3). Therefore, the effects of color singlet VEVs are limited to corrections to
the masses and couplings of the colored fields. Provided that the pre-electroweak symmetry
breaking masses are sufficiently large, the mass corrections will not drive the mass-squared

values negative, and SU¢(3) will remain unbroken.

The full model, including both up and down sectors, is rather complicated. Therefore, we
will make the simplifying assumption that the sectors are relatively decoupled, and we will
only consider the up sector. It is also possible that the bound states form only in the up

sector, if |A;| is large but |A4,| is not.

Now that we have characterized the bound states, we will consider the resulting phe-
nomenology. First, we will discuss flavor-changing neutral currents; this is a concern in any
model with additional Higgs doublets. Next, we will investigate the electroweak phase tran-

sition in this model. Finally, we will make some remarks regarding collider phenomenology.

4.2 Flavor-Changing Neutral Currents

Any model which introduces additional Higgs doublets must address flavor-changing neu-
tral currents (FCNCs), which are highly constrained experimentally and generically large
when additional SUL,(2) doublets are introduced. One well-known method of suppressing
FCNCs is to have the doublets couple to different types of quarks; for example, in the
MSSM the Higgs doublet H, couples to only up-type quarks and the doublet H; couples to

only down-type quarks. This suppresses FCNCs provided that the mixing between the two
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doublets (after supersymmetry is spontaneously broken) is not too large; this assumption

that the sectors are relatively decoupled is made both by the MSSM and our model.

However, even if the up sector and down sector are decoupled, our model potentially
has large FCNCs because we have two doublets within each sector: both the fundamental
doublet H, and the bound-state doublet ®, couple to up-type quarks. Therefore, we con-
sider a second way of suppressing FCNCs: if diagonalizing the quark matrix with respect
to interactions with one of the doublets also approximately diagonalizes the quark matrix
with respect to interactions with the other doublet, then FCNCs are small, because they
are proportional to the off-diagonal elements. Equivalently, FCNCs are suppressed if the
Yukawa couplings between the quarks and the first doublet are approximately proportional
to the Yukawa couplings between the quarks and the second doublet. This approach is fre-
quently disfavored because it typically requires fine-tuning, but we will demonstrate that

this condition is naturally satisfied in strongly-coupled supersymmetry.

The bound-state doublet is comprised of up squarks exchanging H, bosons. We note that
there is no tree-level coupling between u@ and %a; however, there is a tree-level coupling
between H,, and the quarks: the Yukawa coupling y,. Therefore, to lowest order, an up-type
quark sees only the H, contribution in the bound state, and so the coupling between the
quark and the bound state is y; = By,. This argument is shown diagrammatically in Fig.
4.2; the lowest order contribution to the Yukawa coupling between a quark and the bound-
state Higgs doublet comes through the exchange of a true Higgs boson H,. Therefore, it is
proportional to the Yukawa coupling 1, and the proportionality constant 5 describes the
mixing between H, and the bound state ®,. This mixing is clearly independent of the
quark involved on the right-hand side of the diagram. Therefore, the Yukawa couplings
satisfy y, = By, with a single proportionality constant 3. As claimed, FCNCs are indeed

suppressed naturally, without fine-tuning, at tree-level.
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q

Figure 4.2: The lowest order diagram for the Yukawa coupling between quarks and the bound

state Higgs doublet.

Figure 4.3: The next order diagram for the Yukawa coupling between up quarks and the

bound state Higgs doublet.

We may be concerned about higher-order corrections, particularly to the extremely small
up quark Yukawa coupling. The next order corrections to this coupling come from diagrams
like those shown in Fig. 4.3; here, we take the squarks and quarks to be super-CKM eigen-
states. The X fermion must convert a stop squark into an up quark; therefore, it must be
either a gaugino or a higgsino. However, diagrams with a gaugino are suppressed by the
MSSM alignment between squark mass matrices and Yukawa matrices, while diagrams with
a higgsino are suppressed by off-diagonal CKM elements. Therefore, to suppress FCNCs
at one-loop level, strongly-interacting supersymmetry requires no more fine-tuning than is

present in the weakly-coupled MSSM.

For future reference, let us relate y, and y; to the Yukawa couplings between the quark

and the mass eigenstates; this will be relevant in our discussion of baryogenesis in below.
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We write the mass eigenstates in terms of H, and &, by

U, = cos(0)H, + sin(0) P,

Uy = —sin(f)H, + cos(0)D,,. (4.1)
Then the relevant Yukawa couplings are given by

Y1g = co8(0)y, + sin(0)y, = (cos(0) + Bsin(0)) y,
Yaq = —sin(0)y, + cos(0)y, = (—sin(0) + B cos(0)) y,- (4.2)
In particular we note that
~ —sin(#) + Bcos(0)
Y2 = cos(6) + [ sin(6) Yo,

and we expect [ ~ sin(f) due to its close relation to the mixing.

4.3 Temperature Evolution and Effective Potential

In this section, we will discuss the low-energy effective potential. Before we do so, it is
useful to consider the evolution of the model with temperature. We recall from Ch. 3 that it
is |Ay|, and not A;, which is relevant found bound state formation and electroweak symmetry
breaking. Since a Yukawa interaction is always attractive, the sign of the trilinear coupling
was completely irrelevant to our analysis. Ref. [38] shows that if A; is negative (with |A;|
large, as required for the bound states to exist), then A, increases as the renormalization scale
increases. Consequently, at sufficiently high temperatures, the model behaves as the standard
(weakly interacting) MSSM. At lower temperatures, the model undergoes a phase transition
to a strongly interacting phase, and electroweak symmetry breaking takes place. This is in
somewhat analogous to QCD, which is described by quarks and gluons at high temperatures,
but at lower temperatures the bound-state baryons and mesons are the appropriate degrees

of freedom.

If A; is large and positive, the same reference suggests that there is no energy scale in

which perturbativity is regained. Therefore, there is no regime in which it is appropriate to
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discuss individual squarks, and one may argue that the “bound states” should instead be
considered fundamental. For ease of exposition, we will assume that we are in the former
scenario, although the features of the baryogenesis phase transition to be discussed below
do not depend on this assumption. Additionally, as mentioned in Ch. 3, in this case it is

evident that the theory retains the ultraviolet behavior of the MSSM.

In the strongly-coupled phase, the model should be described by an effective Lagrangian
written in terms of the low-energy degrees of freedom, which include the bound states.
Ideally, one would like to calculate all the parameters in the effective potential in terms
of the parameters of high-energy weakly-coupled MSSM. However, because the theory is
strongly coupled, it is not feasible to calculate these parameters explicitly. A calculation
on the lattice may be possible [65], but no detailed results are available at present. In the
absence of such a calculation, one can only estimate the low-energy couplings using generic
values consistent with symmetries. (This is similar to the approach used to study strong
interactions before QCD was discovered and understood.) Obviously, the predictive power
of this approach is limited. However, since the values of “fundamental” MSSM parameters
in the high-energy Lagrangian are unknown and not strongly constrained, this approach

appears to be well justified.

We note that the colorless SUL(2) gauge singlets are not associated with any symmetry
breaking; therefore, they may acquire nonzero VEVs in the strongly-coupled phase. Such
vacuum expectation values have no physical meaning and may be removed with a field
redefinition that makes the tadpole diagrams vanish order by order in perturbation theory.
We will assume that this has been done in writing the effective potential. We have already
shown that the colored fields do not acquire nonzero VEVs, and we will neglect them for the

remainder of this section.

The notation used in this section is as follows: the complex SUp(2) doublet mass eigen-

states are Wy and W,, where ¥y has a negative mass-squared eigenvalue due to the seesaw
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symmetry-breaking mechanism, the real SUL(2) singlet mass eigenstates are S; and Sy, and
the real SUL,(2) triplet field is V. Then the effective potential, including all the color singlet

fields mentioned in 4.1, can be written as

V(SlaS27\I]17\I’27V) = ‘/2<Sl75’27\1]17q127v)
+ Va3 (W, Wo, S1) + Vap(Wy, W, So) + V5.(S1, S2, V') + Vg (W, Wa, V') + V3. (S1, S2)

+ Vi (W1, Wo) + Vi (W1, Uy, S1, 52) + Vi (W1, Uy, V') + Vi (S1, S2, V) 4 Vie(S1, S9),
(4.4)

where the mass terms are
Va(S1, So, Uy, Uy, V) = —m20 0y + m20l W, + m2, 52 + m2,52 + m2v7V. (4.5)

One of the doublet mass eigenvalues is negative due to the seesaw symmetry breaking mech-

anism, and we emphasize that the triplet, V', is real. The cubic terms are

Vap(U1, Uy, Sy 152‘If v+ ASQSQ\I’ Wy + As1252‘1f vy + h.c.,

AsySiVTV + Agy SyVTV,

AVl\IfT (0’ V)\Ifl + AVQ\I]T (0’ V)‘I/2 + AVlQ‘If (0‘ V)\:[IQ + h. C.,

) =

)
V3e(S1, 52, V)
Vaa(V1, ¥, V)
)

Ve(S1,S0) = AgS® + AgS3 + A'S2S, + A”S, 2. (4.6)
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Finally, the possible quartic terms are

Via(W1, Wa) = Ap(WW1)% + Mg (Wi W2)? + Ay (W] W) (W] W) + Ny (U] W5)?
F A (U70y) - (U17P) + Ao(VaT W) - (PoTWs)
+ A3(U17Uq) - (Vo Ws) + Ay (VU17Ws) - (U17Wy),
+ N (W) (W) + hee.
Vip (U1, U, S1) = A1 87U W) 4 Mg S7W Wy + Aoy S7UT W + Agp 5301 W,y
+ A512570I Wy + Ag10553W Wy + N0 51 oW Wy + hc,
Vie(U1, Wa, V) = Ay U0 VTV 4 Ay W0 VTV + Ay 0@ 0V V + hee,
Vaa(S1, 52, V) = AsvSZVIV 4+ Agy SVIV + A51251SoVIV + A\ (VIV)2,

Vie(S1, S2) = Ag ST + AsS3 + NS5 8a + NgS1.55 + AssS7S3. (4.7)

We note that the following 8 parameters are generally complex: Ago, 121512, Avia, Mg, Asie,

3 /
As12, Ag1g, and Ayia.

Due to the negative mass squared of WUy, the origin of the potential is not a local minimum
and the neutral component of doublet ¥ acquires a nonzero vacuum expectation value. The
terms ASlSl\IlilIfl and 1213152\111\1!1 produce terms linear in S; and Sy respectively, and so
consequently neither (S7) = 0 nor (S3) = 0 can be a local minimum. Hence, once ¥; acquires
a nonzero vacuum expectation value, the singlets also acquire a nonzero vacuum expectation

value.

When both ¥, and the singlets have acquired nonzero vacuum expectation values, the
neutral component of the other doublet, W5, must also acquire a nonzero VEV due to terms
such as S} \I/I‘Ilg; however, the charged component does not acquire a nonzero VEV. Next let
us consider the triplet; we parameterize it as V* = (Vi, V5, V3). The cubic terms in Eq. 4.6

include

: Vo2 —V+t/2
Ulovaw, = ol U, =l / / Uy, (4.8)
Vi+iVa W ~V=/V2 =V)2
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where we have identified the charge states. When the neutral component of ¥, acquires a
nonzero VEV, \IJIU“V‘“IQ produces a term linear in V°; consequently, this field also acquires
a nonzero vacuum expectation value. (The consequences of this for the py parameter and

neutrino masses are discussed in Sec. 4.5 below.)

The presence of gauge singlet Higgs states and the existence of tree-level cubic couplings
generically make the phase transition strongly first order. Because of these singlets, the
potential includes cubic terms. When the fields are expanded about their vacuum expectation
values, the cubic terms give terms linear in the VEVs. Such linear terms produce a barrier
which results in a strongly first order phase transition. This is identical to the manner in
which singlets produce a barrier in the Next-to-Minimal Supersymmetric Standard Model
(NMSSM) [66-69]. This is in contrast with the Standard Model and MSSM, in which the
cubic terms are forbidden by the SUp(2) symmetry. In the Standard Model, the transition
is not first order for a Higgs mass above 45 GeV. In the MSSM, the transition is weakly first
order, and only for such parameters for which the two-loop corrections generate a sufficient

barrier in the potential [70-73].

We note that in strongly-coupled supersymmetry, finite temperature corrections produce
terms proportional to T2M? in the potential, where M? are the mass eigenvalues of the
shifted fields as functions of the VEVs; this is the same as in the Standard Model [74,
75]. Hence, increasing the temperature will restore electroweak symmetry. However, a
comprehensive study of the temperature evolution of the potential is infeasible due to the
large number of parameters in the cubic and quartic terms. However, simply because there
are so many parameters, we expect there to be a region of parameter space in which the
phase transition occurs at a temperature of the order of the electroweak scale and with

= I (W1) 2+ (V) |2 < 247 GeV, with the difference to be provided by the down

sector.
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4.4 Baryogenesis

The strongly first-order phase transition reopens the possibility of baryogenesis at the
electroweak scale [76,77]. In addition to the first-order phase transition, additionally C'P
violation beyond that in the Standard Model CKM matrix is necessary. The full potential
written in Sec. 4.3 has eight complex parameters; two of these may be eliminated by rotating
the complex doublets ¥, and W,. This leaves six physical phases representing new sources
of CP violation. If |A,| is large, there are similar phases in the down sector, and mixing

between the sectors can give additional C'P-violating phases.

This C'P violation in the Higgs sector must be communicated to the matter sector for suc-
cessful baryogenesis. This can be accomplished through interactions in the bubble wall with
the top quark; only the top quark Yukawa coupling is sufficiently large for the interactions
to be in thermal equilibrium during the phase transition. Our analysis will follow that of
Ref. [78], which considered a simpler model with two Higgs doublets and a complex singlet,

of which only one doublet and the singlet acquired a nonzero VEV.

In general, both mass eigenstates ¥; and W, couple to up-type fermions, and thus the

effective Lagrangian contains terms of the form
~YgCar TPV TR — y&eang\I/ng + h.c., (4.9)

where Ty, = (tr,by) is the doublet which includes the left-handed top and bottom quarks,
and a,b are SUp(2) indices. We recall that y, and y, are proportional to each other, as
described by Eq. 4.3, which suppresses FCNCs. If we write the vacuum expectation values

of the doublets after spontaneous symmetry breaking as

0 0
<l1/1> = . ) <\1j2> = . ) (410)
et £pe?
then these terms become
(yg&re™ + y;&e%) trtg + h.c.. (4.11)
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Figure 4.4: One of the diagrams that modifies the phase of the top quark Yukawa coupling.

This is the usual top quark mass term; the nonzero phase is absorbed in a rotation of the
top quark. To simplify our analysis, we will assume that & > &; this is expected since the
mass term of Wy in the effective potential is negative but the mass term of U, is positive.
Therefore, the dominant contribution to the top quark’s mass is from the Yukawa coupling
between ¥, and the top quark, and thus we take y; ~ v/2m; /v = 0.996. We will define the
other vacuum expectation values to be (S1) = &3, (So) = &4, and (V3) = 2(V0) = &;.

When we consider the nonzero vacuum expectation values of the other fields, this top quark
Yukawa coupling is modified, and these modifications can introduce a nonzero physical phase
into the coupling. An example of one such contribution is shown in Fig. 4.4. The tree-level
corrections to the top quark Yukawa coupling after spontaneous symmetry breaking are given
by

- y/ = (0 — (00—
Yif = Yot Yig + m_tg (Asmf:s + Ag19€s + Avi1a€s + Np&162e™ 1702 1 N € peiO2700)
2
+ Noro€sba + Avia€d ), (4.12)
where ¢,y summarizes the contributions from diagrams that do not contribute a net phase.
(We have used the freedom to rotate Uy and ¥ to make the parameters Ag2 and 5\512 real;

we also recall that we have set up our effective Lagrangian such that the singlets have zero

VEV before spontaneous symmetry breaking.)
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Let us assume that the corrections are small with respect to y;; then this corrected Yukawa

coupling may be written as
Yip = yre', (4.13)

where

/

¢r = yiﬁﬂg <A51253 + Ag12€s + Avinds + Avia€s + Np616e" %) 4 N & &el P20
s

+N5126364) (4.14)

This change of phase in the Yukawa coupling can be transformed according to the standard
techniques [79,80]; the quarks are rotated by an amount proportional to their hypercharge
to eliminate the phase, which introduces a new kinetic term for the top quark which violates
CP. The phase ¢; can be approximated as space independent, although time dependent,
because the mean free path of the top quarks and gauge bosons is small compared to the
scale on which ¢; varies (which is approximately the thickness of the electroweak bubble
walls). Then this additional term in the Lagrangian has the form of a chemical potential
for baryon number. Consequently, during the transition the free energy is minimized for

nonzero baryon number. The equilibrium baryon density is
T? .
MB.eq = A= Or, (4.15)

where « is a constant of order 1; for a simple two-doublet model, it is 72/111 [79]. During the
phase transition, the sphaleron-induced B — L violation processes drive the system toward

this equilibrium value at the rate [81]:

dn T
d_tB = 18T—§n37eq, (416)

but the minimum of the free energy is not reached because the transition occurs too quickly.

The sphaleron transition rate is [76,77,80]

Kk(awT)4, my < cowT,
1—‘sp = (417)

YawT)3MTe BT =0, my > cawT,
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where k, o, and v are dimensionless constants. For the Standard Model, x is expected to
be between 0.1 and 1 [82], while o is expected to be between 2 and 7 [81]. Integrating the

above rate gives the baryon asymmetry produced during the phase transition,
np = 3arkay T*Ag,, (4.18)

where A¢; is the change in the phase of the top quark Yukawa coupling during the phase
transition; this is not necessarily ¢; because the sphaleron B + L-violating interactions may
go out of thermal equilibrium before the phase transition is complete. The entropy density
1s

272

=" g5(TT? 4.1
s = os(D)T°, (4.19)

and so baryon-to-entropy ratio after the phase transition is

"?B - %m%A@. (4.20)
To match the observed value of ng/s ~ 1071° the change in phase must be of order 1072
(assuming gg(Trw) ~ 100). This is a reasonable number; given the form of Eq. (4.14), we
expect this to be satisfied for a relatively large region of the parameter space of the effective

potential. Thus, we conclude that the electroweak phase transition in the strongly-coupled

MSSM can account for the observed matter asymmetry.

4.5 Implications of the Triplet Vacuum Expectation Value

We have noted in Sec. 4.3 that it is an unavoidable consequence of this model that the
neutral component of the hypercharge ¥ = 0 Higgs triplet acquires a nonzero vacuum
expectation value. In this section, we discuss the phenomenological consequences of this.
Models in which a single Y = 0 Higgs triplet acquires a vacuum expectation value have been
considered [83-87]; the low-energy behavior of this theory was described in detail in Ref. [88].
Such models are quite constrained by precision measurements of the py parameter, which is

experimentally measured to be py = 1.000450053 [89]. A Y = 0 triplet nonzero VEV (V°)
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modifies py by [88]
T4

2
Uy

Apy = (4.21)

We recall that we must have v, < 246 GeV; this means that we must have | (V) | = | (V5) |/

2 < 2.5 GeV, or equivalently,

<1072 (4.22)
If v, & | () |, we expect | (V3) | & Ay 102 /mi,; the above condition becomes

Ay 10y
V1 <1072, (4.23)
my,

We expect Ay and my, like the other parameters in the effective Lagrangian, to be
near the electroweak scale. The exact values of Ayq and my are determined from the
high-energy (MSSM) Lagrangian through strong dynamics, and it is infeasible to calculate
analytic expressions for them. It may be that a lattice calculation shows that triplet states
are less strongly bound than the singlet states, and thus have larger masses, or it may be
that this model requires some fine-tuning to satisfy this condition. We note that if Ay, and

v, are both on the 100 GeV scale, then we only require my ~ O(TeV).

Another concern with the triplet acquiring a nonzero vacuum expectation value is that
generically such vacuum expectation values may produce large neutrino masses [90-93]. We

recall the seesaw mass matrix of the neutrino sector,

5§ M
M, = , (4.24)
M D

where ¢ and D are Majorana mass terms for the left- and right-handed neutrinos respectively,
and M is the Dirac mass term. Phenomenologically, it is required for ¢ to be small; since D
is assumed to include a large contribution from high energy physics, any large corrections to
M can be offset by requiring a larger contribution to D. We argue that the nonzero triplet

VEV does not alter any of these terms.
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We note that lepton number is conserved in our high-energy theory (MSSM), and forming
squark bound states will not break lepton number conservation. Consequently, lepton num-
ber is conserved in our low-energy effective theory, and this symmetry forbids our low-energy
theory from generating Majorana mass terms, including §. (Of course, as in the MSSM, if
one wishes to use the seesaw mechanism to produce small neutrino masses, one must insert
lepton-number breaking terms “by hand” to create the Majorana masses; in this respect,
our model is no different than the MSSM. Our point is that despite having a nonzero triplet
VEV, we naturally do not have large contributions to the Majorana masses.) Furthermore,
regarding the Dirac mass term, we note that V' — vpvg diagrams are forbidden by SUp(2)
symmetry, and therefore the triplet VEV does not alter M either. Thus, although our triplet
does acquire a nonzero vacuum expectation value, it does not affect neutrino masses in any

way.

4.6 Collider Phenomenology

Finally, we make some qualitative remarks regarding the collider phenomenology of this
model. As we have shown in Table 4.1, this model has a rather extended Higgs sector, with
numerous states. As a result, it will be difficult to discern individual states at an experiment
such as the Large Hadron Collider, although broad excess may be detected. There may
also be additional observable consequences, although further study (including numerical

simulations) would be necessary to make concrete predictions.

The gauge singlet states can be detected via deviations of the Higgs decay branching ratios
from the predictions of the Standard Model [94,95]. Many of the Higgs states present in
this model carry color charge; this is in contrast to the Standard Model and the weakly
interacting MSSM, in which the Higgs sector contains only colorless states. Again, due to
the large number of such states they may be difficult to discern individually; however, these

states may influence the number and structure of jets observed in high-energy scattering
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processes.

Secondly, we have noted the presence of a Y = 4/3 triplet which carries color charge. Since
SUc(3) symmetry is preserved, these states must form a colorless combination by joining
with other colored particles, most frequently by pulling quarks from the quantum vacuum.
This process produces jets with an integer charge. However, some of these jets will carry
charge 42, for example, if a ;f; bound state combines with an up quark. These unusual

jets may be experimentally detectable.

Additionally, this model predicts numerous charge +1 states; these arise from the extra
doublet as well as the triplets. The Standard Model, in contrast, only has an electrically
neutral Higgs boson, while the MSSM has one set of £1 charged Higgs bosons. Further-
more, some of the singly charged states carry color charge, again in contrast to the MSSM.
Therefore, searches for charged scalar bosons may produce evidence for strongly-coupled

supersymmetry.

4.7 Conclusions

As an example of a strongly-interacting extension of the Standard Model with novel fea-
tures, we have considered strongly-interacting supersymmetry. In Ch. 3, we showed a par-
ticularly interesting theoretical feature: that the resulting bound states can mix with the
fundamental Higgs doublet, driving electroweak symmetry breaking. Although we illus-
trated this seesaw-symmetry-breaking mechanism with strongly-interacting supersymmetry,
the mechanism has broader applications to any model in which bound states can mix with
other scalar states. As applied to supersymmetry, it has the theoretical advantage of uniting
supersymmetry breaking, which produces the large trilinear couplings that lead to bound

states, and electroweak symmetry breaking.
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However, it is not sufficient for a model to be theoretically interesting; it also must pass
a series of rigorous constraints set by decades of experimental observations. In Ch. 4, we
studied the phenomenology of strongly-interacting supersymmetry. In particular, we found
that in addition to protecting SU¢(3) symmetry, the strongly-interacting MSSM naturally
avoided large flavor-changing neutral currents. Furthermore, this model can easily accom-

modate electroweak scale baryogenesis, in contrast to the Standard Model and the MSSM.

Thus, we have seen that going beyond the perturbative limit can lead to interesting theo-

retical possibilities and novel phenomenology that may be absent in weakly-coupled versions.
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CHAPTER 5

Indirect Detection Signals in Asymmetric Dark Matter

Models

5.1 A Brief Introduction to Asymmetric Dark Matter

We now turn our attention away from bound states in strongly-interacting supersymmetry
and to dark matter bound states. As was discussed in Ch. 1, one shortcoming of the Standard
Model is that it fails to provide a candidate particle for dark matter, and so numerous
extensions have been proposed. In this chapter and the next, we consider asymmetric dark
matter models. In these models, dark matter carries its own conserved particle number, and
interactions between the dark sector and the Standard Model gave rise to the observed baryon
asymmetry of the universe along with a corresponding asymmetry in the dark sector [96-116].

(For a recent review, see Ref. [29].)

Asymmetric dark matter models typically include self-interactions; this is necessary for
particles and antiparticles to annihilate in the universe, leaving a remnant determined by
the asymmetry. Such self-interactions may be also be motivated by several inconsistencies
between numerical simulations of collisionless cold dark matter and astronomical observa-
tions [25-28,117-128]. Self-interactions between dark matter particles can facilitate momen-
tum transfer and angular momentum transfer in halos, creating cored rather than cuspy
density profiles in both dwarf spheroidal galaxies and in larger halos. Secondly, the number
of subhalos of Milky-Way-sized dark matter halos produced in the simulations exceeds the

number of observed dwarf galaxies of the Milky Way, and furthermore, the most massive
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subhalos produced in the simulations are too dense to fail to produce bright stars. Self-
interactions can significantly modify small halos, although too much interaction can destroy

the ellipticity of large halos.

These self-interactions can take a number of different forms in asymmetric dark matter
models. Examples include hidden-sector particles with gauge bosons [124], Yukawa interac-
tions [129], and even non-topological solitons with a large enough geometrical size [120]. We
will consider two different types of interactions. In this chapter, we study a simplistic model
consisting only of scalars. In Ch. 6, we introduce a spontaneously broken gauge symmetry

in the dark sector.

In this chapter, we will demonstrate that although the typical indirect detection sig-
nal from self-annihilation is absent in asymmetric dark matter models, dark matter bound
state formation can provide a detectable signal. We will also discuss potential signals from
bremsstrahlung emission of the dark mediator, although we will the it is difficult to produce

a detectable signal above the large astrophysical backgrounds.

While this chapter is narrowly focused on the question of indirect detection signals, the
subsequent chapter considers a variety of topics. In particular, we will argue that in this
atomic dark matter model (with a broken U(1) gauge symmetry), dark matter in generally
multi-component, including dark atoms. The cosmology is consequently more involved, and
the possibility of several species with multiple inter- and intra-species interactions alters
the parameter space in which self-interactions modify halos. Thus, these two chapters will
establish that dark matter bound states have implications for indirect detection searches,

cosmology, and astrophysics.
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5.2 Scalar Self-Interacting Asymmetric Dark Matter Model

In most asymmetric dark matter models, indirect detection signals from dark matter self-
annihilation are absent at present, as it is assumed that dark matter today consists of an
asymmetric population of dark particles with few, if any, antiparticles. We will investigate
the possibility of generating indirect detection signals via bound state formation (Sec. 5.3)
and bremsstrahlung emission of a dark mediator (Sec. 5.4). We will consider a fairly generic
model of scalar dark matter S interacting through the exchange of a lighter scalar field o,
both of which are singlets of the Standard Model gauge group. The mediator field o can have
a nonzero mixing with the Higgs boson, and, therefore the ¢ boson can decay into photons
and other Standard Model particles, even if its couplings to Standard Model particles are

otherwise highly suppressed. This decay can ultimately produce a detectable signal.

We begin this section by introducing the minimal particle physics model that we will use.
Following this, we discuss the dark matter halo within the Milky Way. We then discuss the
relevant constraints on the parameters present in the model, although detailed discussion of
the implementation of these constraints is contained in later sections where the signal from
bremsstrahlung and bound state formation is explicitly calculated. Then finally we discuss

the decay of the dark force mediator in flight in the dark matter halo.

We supplement the Standard Model with a complex scalar SU(3) x SUL(2) x Uy (1) singlet

S; we also introduce a global Ug(1) symmetry, analogous to baryon number, under which
S — e, ST — e~ ST, (5.1)

Without a loss of generality we assume S particles carry unit Ug(1) charge, and because
of conservation of this charge, the S particles are completely stable. We assume that dark
matter today is composed of S particles, and the correct abundance is generated in some
process similar to or combined with baryogenesis. We do not assume that dark matter is

necessarily a thermal relic.
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The symmetries of the theory allows the term A\g(STS)*; which results in a velocity-
independent scattering cross section for the S particles. It is difficult to have such a cross
section large enough to resolve the problems with small halos without violating astronomical
bounds [25,28]. A velocity-dependent cross section, which arises when an interaction is
mediated by a light particle, can more easily reproduce our observations [27,130]. Therefore,
we also introduce an additional singlet scalar field o, which is also neutral under the global
Us(1). The most general potential, after the Standard Model electroweak symmetry is
spontaneously broken, is

m?2 m?2
V = M*h%0 +m%STS + 00+ 7h(h0)2 + Ap(h°)® + A,0° + A,551S0 + Apn(h°)’o
+ Apoo?h® + ApgSTSRY 4+ Mg (STS)? + %04 + %STS(W)2 + %
Aos Aoh

+ TO'ZSTS -+ TO'Z(hO)z, (52)

(h%)*

where h° is the Standard Model Higgs boson. The Higgs boson h° and o carry identical

quantum numbers and therefore mix. The mass eigenvalues are

1
miz =3 (mi +m2 £ \/(m% —m2)? + M4) , (5.3)

and the eigenstates are

¢1 = cos(0yr/2)h° + sin(0y/2)o0,

¢y = —sin(fy;/2)h° + cos(Or/2)o, (5.4)
where the mixing angle is
M2
tan(@M) = W. (55)

We will require that the mixing between the Higgs field and the o field be small; this
can be accomplished by setting the free parameter M appropriately. Then we may speak
of the o field and the Higgs field as approximate mass eigenstates with masses my; and m,
respectively; this allows the mass m, to be small even though no light scalar boson has been
observed. We further assume that any interactions between the dark sector particles (.S, ST,

and o) and Standard Model particles are highly suppressed.
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We note that the relevant unitless coupling for the attractive Yukawa interaction between
the S and o particles is a = A25/16mm%. This can be established in two ways. First, one
may consider the non-relativistic limit of two particle scattering. We recall that quantum-
field-theoretic wavefunctions include a normalization factor of 1/4/2mg for each S particle.
Therefore, the relevant prefactor before the overlap integral for one particle exchange is
dra = A2g/4m%, which gives o = A2/16mm%. Secondly, it is well known that the Bethe-
Salpeter equation reproduces the ground state energy of the hydrogen atom. Setting the
binding energy from the Bethe-Salpeter equation, A%./10247*m?%, equal to the hydrogen-
like ground state energy for identical particles, a*mg/4, again gives a = A%¢/16mm%. If
one instead defines o = A%¢/4mm% (as in e.g. [131]), then additional factors of 4 must be

introduced in other equations, e.g., the bound state mass.

Now that we have specified the particle physics of our dark matter model, let us consider
the Milky Way dark matter halo. We assume that the correct abundance of S particles
is determined by some process that is similar to baryogenesis or related to baryogenesis,
as in the models reviewed in Ref. [116]. The absence of antiparticles in today’s universe
eliminates the possibility of a signal from SS' annihilation. We use the Navarro-Frenk-

White profile [132] to approximate the spatial mass distribution of dark matter,

_ £0o
) = GTRIA TR (5.6)

We do not expect this profile to be accurate near the center of the galaxy; indeed, one of
the motivations of self-interacting dark matter is to remove the cusp at r = 0 in the NFW
profile. Therefore, we will cut off our integrals at scales of 1 kpc, and we emphasize that our
results are not dependent on the sharp cusp present in the NF'W profile. The parameters pg

and Ry are related to the virial mass, virial radius, and concentration by

R_Tvir
s — 07

o Mvir 1
P+ 0) - CJ/(1+C) 4nRE

(5.7)
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For the Milky Way, we use the parameters M, = 1.0 - 10'2M,, ryi, = 258 kpe, and C' = 12
[133]. This gives R, = 3.4-10% GeV ™' and py = 1.4 - 107%2 GeV*.

In this chapter, we will ignore the cosmological history of the dark sector. This is especially
questionable in the strongly-interacting regime, in which one generally expects significant
bound state formation in the early universe. In general, the cosmology of self-interacting
asymmetric dark matter models may be quite non-trivial; this will be explored in the next
chapter for a slightly different model. If desired, we can imagine the following scenario: in the
early universe, dark matter consists of one or more heavy species, with interactions sufficient
to annihilate to the necessary dark asymmetry. At a later time, once the recombination
process has frozen out, these particles decay into the particles considered here. These may

form bound states only when gathered into dense halos.

In calculating the cross sections for bremsstrahlung emission of o particles and bound state
formation, we will need to average over the relative velocities of the S particles. Therefore,
we need the velocity distribution P(v(r)) as a function of the distance from the center of the
galaxy. If the dark matter has virialized, then its average circular velocity should decrease
near the galactic center, except for a small region near the super-massive black hole. However,
the dark matter radial velocity profile and dispersion are currently unknown. Because of these
uncertainties, we will instead use a Maxwellian distribution with the effective temperature
Teg chosen such that the average velocity is 220 km/s. We note that simulations support
the assumption of a locally Gaussian velocity distribution even for cold dark matter [134],
and the isothermal approximation is better for self-interacting dark matter [25,130]. The

velocity distribution for two non-relativistic S particles is

3
P(v1,v9) dvy dvg = (47)? (2:1;&) e_m(”%”%)/?Teffva% dvy dvs. (5.8)

In terms of the total velocity vy = v; + v9 and the relative velocity v, = vy — va, the

distribution is

(4m)?
8

3
P(Urela UT) dvrel dUT - ( ms > eimS(UfelJrv%)/ZlTeﬂ’Ufel/U% dvrel dUT. (59)

2w Teﬁ‘
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We integrate over the total velocity to find the relative velocity distribution (in a reference

frame at rest with respect to the Milky Way),

47 mg 3/2 2
P (Vo)) dvpe = —— sV /ATemt g2 gy 5.10
A 2y (5.10)

Because the S particles are moving non-relativistically, this distribution also applies in their

center of momentum frame. We observe that this is peaked at slightly larger velocities than

the velocity distribution of a single particle.

The potential Eq. (5.2) contained several parameters, which cannot be set arbitrarily if
dark matter is to be comprised entirely of S particles as outlined above. There are numerous
constraints on these parameters, from both astrophysics and particle physics. In this section,
we will give only a general discussion of these constraints; the specifics of how we implement
them will be discussed when particular values for the parameters are chosen, which will
be done separately for bremsstrahlung emission (Sec. 5.4) and bound state formation (Sec.
5.3). Since we aim to produce an observable indirect detection signal, we must satisfy all

experimental constraints except those from indirect detection experiments.

First, we demand that this model make only insignificant modifications to the branching
ratio for the decays of the Higgs boson. We forbid the decay h’ — SST by requiring
ms > muo/2 = 63 GeV, using the recent Higgs mass measurements [15,16]. The decay
h? — oo can be arbitrarily suppressed by taking A,z to be sufficiently small; this parameter
is not used elsewhere in our analysis. We also demand that the mixing angle #;; be small
enough that the apparent branching ratio for h® — ¢ is less than the branching ratio for the

h® — v+ decay.

There are many well-known bounds on the self-interaction cross section of dark matter. As
explained in [129], these constraints more appropriately restrict o7, the momentum-transfer
cross section. (For identical particles, the closely-related viscosity cross section should be

used instead [135]. In the limit mgv/m, > 1, which will be valid for our parameters, these
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differ by O(1) and so we will ignore this complication.) The bullet cluster bound requires
oss/ms < 0.7 ecm? /g [136], and bounds from the evaporation of galactic halos favor ogg/

mgs < 0.1 cm?/g [28]. Naively, these bounds appear to be in conflict with the preferred range

to eliminate cuspy profiles, 0.56 cm?/g < 0g5/mg < 5.6 cm? /g [118,119].

However, because these bounds affect vastly different scales, they may be resolved by
considering a velocity-dependent cross section, as naturally arises in the Yukawa exchange
of a light boson [137], [129]. Furthermore, such a cross section may additionally solve the
“too big to fail” problem [26-28]. (It was this desire for a velocity-dependent cross section
motivated the introduction of the o boson above.) For an attractive Yukawa interaction,
as we have introduced above, the bounds are consistent for provided that the masses mg
and m, satisfy particular relations given in [27,138]. The precise constraint is a function of
Umax = \/m, the velocity at which vor peaks at a transfer cross section equal to

oA = 22.7/m2.

Additional bounds on the self-interaction cross section arise from observations of halo
ellipticity, as introduced in Ref. [139]. Self-interactions are desirable in resolving the above-
mentioned problems with small halos, but too much self-interaction can isotropize large
halos, which are observed to be elliptical. The specific bounds are model-independent;
Yukawa couplings are discussed in Ref. [125]. This reference considered dark matter masses
up to 4 TeV; however, we will consider larger masses, which will require us to extend these
bounds. Additionally, Ref. [28] has observed that these bounds may be somewhat weaker due
corrections from the triaxial distribution of dark matter outside of the core; however, as they
note, more detailed simulations are required to firmly establish this conclusion. Therefore, we
will parameterize this uncertainty by the coefficient F'; the numerical simulations discussed

in Ref. [28] could be interpreted as favoring F' ~ 0.1 for the particular halo model considered.

To extend the analysis of Ref. [125], we note that a dark matter halo will be spherical, as

opposed to elliptical, if collisions which change the particle velocities by factors of order 1
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Figure 5.1: A plot of the critical coupling o = A24/16mm?% as a function of mg. Couplings

below the critical coupling are consistent with the elliptical shape of large dark matter halos.

happen frequently enough. The rate at which these collisions occur is

Dy — / oy vy £ (o) (v) (nstra Fog) (02, /02), (5.11)

where o is the momentum-transfer cross section, given by or = [ dQ (do/dS2)(1 — cos(6)),
and f(v) is the dark matter velocity distribution. The analytic fit for o, the distribution
functions, and the relevant parameters for NGC 720 are all available in Ref. [125]. We note
that quantum corrections to the cross section become important if the limit mgv/m, > 1
is violated; however, all of our parameters will be in this regime. If not, corrections such
as those discussed in Ref. [135] should be included. We extrapolate the plot of the critical
coupling o« = A24/16mm?% to mg = 12 TeV in Fig. 5.1. We show the results for m, = 0.5 MeV
and for m, = 3 MeV, considering both FF' =1 and F' = 0.1. As an example of the effect of
this uncertainty, the critical coupling is decreased from 0.93 to 3.6 for m, = 0.5 MeV and
mg = 10 TeV.
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Figure 5.2: The minimum value of m, for which & = 2 or @ = 1 is consistent with large

elliptical halos.

We will see in Sec. 5.3 that a large coupling is desirable to produce a significant signal
through bound state formation. This is generally a problem with halo ellipticity bounds;
however, these become weaker as m, increases. Therefore, we also calculate the minimum
m, for which @ = 2 or @ = 1 is consistent with the observed ellipticity of large halos, as
a function of mg. The results are shown in Fig. 5.2. Again we see that taking F ~ 0.1

dramatically weakens the bound.

Next we consider constraints from direct detection experiments. Experiments such as
XENON100 [140] and CDMS [141] have set an upper bound on the cross section for the in-
teraction between S particles and nucleons; because this interaction primarily occurs through
Higgs boson exchanges, this constrains Ay,g. The stability of neutron stars generally imposes
stronger constraints on Apg [142-145] but these constraints do not apply to scalar dark
matter with masses at the TeV scale or above [146]. We will not use Apg in our analysis;
therefore, it can be set arbitrarily small. These constraints can also restrict the quartic
couplings [147]; we may also set these arbitrarily small because they will not be used in our

analysis.
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We note that while we can arbitrarily suppress the S-nucleon interaction which occurs
through the exchange of a Higgs boson, there is an additional diagram in which the S boson
emits a ¢ boson, which transforms into a Higgs boson via the mixing, which then interacts
with the nucleon. This diagram involves the coupling A,g and the mixing angle 8,;, and we
cannot take either of these parameters to zero without eliminating the signal we are trying
to produce. (Although we will see that the mixing angle may be quite small while still giving
a detectable signal.) Thus, in principle, one cannot arbitrarily decrease the S-nucleon cross
section while maintaining a detectable indirect detection signal; there is a minimum value
set by this diagram. We will now show that the contribution of this diagram is indeed quite

small and is not in tension with direct detection bounds.

The oscillation time scale 7o = 20 E/Am? is generally many orders of magnitude smaller
than the interaction time scale, which can be estimated by considering the overlap of the
wavefunctions. Consequently, averaging over the “detector scale” (nucleon size), along with
the source location, will simply give a factor of 1/2. (This is in contrast with neutrino
oscillation experiments, for which 7,4 is large in comparison to other experimental scales,
due to the small Am?. In this scenario, Am? ~ mj.) The S particles under consideration
are generally much heavier than the protons; we will consider masses between 4 and 10 TeV.
Therefore, in the center of momentum reference frame the S particles are approximately
stationary, while the protons approach at speeds of approximately 220 km/s. The momentum
transfer is approximately 2m,v = 1.5 MeV, which is far below the scale at which the nucleon

form factors must be included.

In calculating the matrix element, the particle exchanged should be taken to be one of the
mass eigenstates given in Eq. (5.4). The mass eigenstate will carry a 4-momentum on the
scale of p* = (mgv?/2, msv), which is relatively small. Therefore, the diagram in which the
exchanged eigenstate is mostly comprised of o (that is, ¢o) will dominate. We will calculate

this diagram in the laboratory reference frame, in which the denominator of the propagator
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is m3 — m%0* /4 + m%v? &~ m%v? and the relevant matrix element is

' 0 0
— M =~ 3U$AUS cos (7M) % sin (7M) u,

where v is the vacuum expectation value of the Higgs boson and u, @ are spinors for the

proton. This yields

9 A2.m?m? 0 0
2 o oS'hqn 2 M ) M
|IM|* ~ mé@‘l 2 coS <7) sin (7) .

Because the velocities are non-relativistic, the initial energy squared is approximately (mg +
)2 ~ 2 h. h . . .
m,)” ~ mg, which gives an approximate cross section

1 9 Aism?,mi Q(GM) .2<9M)
o~ cos® [ — |)sin“ [ — | .

16mm?  mivt v2 2 2

Let us consider one choice of parameters (which we will use below): mg = 4 TeV and
Ass = 20 TeV, corresponding to @ = 2. For the average effective mass of a quark, we use 3
MeV, and we choose #); = 1073, This gives o ~ 107" GeV 2. All of our other choices for
parameters give a cross section below this value. This is well beneath the limits from direct

detection experiments, which are 1073 cm? (1071¢ GeV~?) [140, 141].

At present, there is significant uncertainty in the contribution of the s-quark to the effective
quark mass, and since the Higgs coupling to s is much larger than the couplings to u and
d, even a relatively small contribution of the sea quarks with higher masses can dominate
the cross section. The measured s quark contribution, manifest as the nuclear pion-nucleon
sigma term, is uncertain, and the resulting uncertainty in the cross section can be as large
as an order of magnitude [148]. However, the cross section calculated above is at least two
orders of magnitude beneath the lowest cross sections experimentally accessible. Therefore,
direct detection experiments do not currently constrain the vast majority of the available

parameter space.

Thus, in conclusion, the primary constraints that we must impose on the masses and

coupling A,s consist of the velocity-dependent constraints from astronomical observations
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(e.g., the bullet cluster) and constraints from halo ellipticity. We will explicitly verify that

we satisfy these when we consider specific parameter choices in Sec. 5.3 and Sec. 5.4.

Thus far, we have not addressed how we are going to produce an indirect detection signal.
We will consider emission of ¢ particles from either bremsstrahlung or bound state formation.
Although this particle’s interactions with Standard Model particles are assumed to be small,
it can decay through its (small) mixing with the Standard Model Higgs boson. It therefore
has the same decay modes as the Higgs boson (provided they are kinematically allowed),
although the amplitudes are suppressed by the o-Higgs mixing parameters. Since we have
seen that astrophysical constraints require a small mass m,, we consider the decays o — vy
and o — ete”. For m, ~ a few MeV, the dominant decay is ¢ — ete™. The decay rate in
the rest frame of the ¢ boson is

2 2 in2(0+, /2 Am?2 3/2
r,,, — Jwmemosin(fh/2) (1 - —me) , (5.12)

2 2
32mmyy, mg

where gy is the weak coupling constant. If m, < 2m., the decay ¢ — eTe™ is kinematically
forbidden, and instead the dominant decay is ¢ — ~7. In the o particle’s rest frame, the

decay rate is

0
s (41 ) atusty 2
| — o N,e’F,| . 5.13
g 102473 m2, > Naie; (5.13)

i
In this equation, qey, ~ 1/137, N, is the number of color states of the particle in the loop,
and e; is this particle’s electric charge. The dominant contributions to the loop will be from

electrons, up quarks, and down quarks, for which
F=—11+0-7)f(1)), (5.14)

where 7 = 4m?/m?, and

(arcsin <\/1/_7'>>2 T 21,

— (s /n-) —im)” T<1

f(r) = (5.15)
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Figure 5.3: Diagrams for the scattering of o particles with dark matter.

and n. = 1 ++/1 —7. In a reference frame in which the o particle is moving with speed
v, the lifetime is 7 = v/T" due to time dilation. For the decay products to be observed, the
o particles must decay in flight before they travel the ~ 8 kpc separating Earth from the
galactic center. For our choice of parameters, the mean distance traveled in one lifetime is

significantly shorter than this distance.

However, constant scattering can act like a quantum Zeno experiment that prevents the
decay. Therefore, we must also show that the mean free path for ¢ particles in the Milky
Way is greater than the distance they travel in one lifetime (measured in the Milky Way
reference frame). Since the quartic coupling A,s and the cubic coupling A, may be made
arbitrarily small, we assume that the scattering is dominated by the So interaction mediated

by an S boson; there are two diagrams that contribute, which are shown in Fig. 5.3.

In the Milky Way reference frame, the o particle is moving relativistically with energy F,,
while the S particle is moving nonrelativistically with velocity v of order 1072. We do not
assume any relation between FE, and the kinetic energy of the S particle. Since the cross
section is a relativistic invariant, we may evaluate it in the center of momentum frame, which

is attained by boosting by § = E,/(E, + mg). Keeping only the largest terms, we find that
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the initial and final four-momenta in the CM frame are

pg,i = (’}/BmSH 0,0, 7ﬁm5)7
pg"i = (’YmSa 07 07 _75m5)7
Py s = 7Bms, yBmssin(f),0,v78ms cos(f)),

Pg,f = (ymg, —yBmgsin(0), 0, —ySmg cos(0), (5.16)

where we have used the fact that the collision is elastic. The matrix element is

—iM = — A(%'S . AiS 7
mg — (Psi — Pof)? Mg — (Dsi + Do)
_ Als B Alg
m% - m% + 2ps;i  Pof m% - m% — 2ps.i 'pa,i,
AZs Alg

T 2v26mE + 29232mZ cos(0)  —292BmE — 29232m2’

Al 1+ cos(6)
- 2mi ((1 +68)(1+ ﬁcos(e))) ’ (5.17)

which yields the cross section

1 |IM|?
= ds)
4 6472 / Y21+ B)2mZ

B Al ™/ 1+cos() \*
T 128775(1 + B)*mb /0 (1+ﬁcos(9)> sin() do,
_ Ags 28+ (1-p6%)In((1-8)/(1+8))
~ 64mmb v663(1 + 3)° '

(5.18)

The mean free path is £ = (ong)™!, where ng can be found using Eq. (5.6). Since ng
depends on 7, the mean free path will also depend on 7; it is the smallest as we approach the
galactic center. Although we will avoid small radii due to the central cusp, let us evaluate
the mean free path at 1 pc as an extreme example. For mg = 5 TeV, A, = 3 TeV, and
E, =1 TeV, the mean free path of order 10%® m; if we decrease E, to 1 MeV, it increases
only to 7(10% m). These are much greater than the 10?° m between the galactic center and

the Solar System; therefore, scattering will not decohere the oscillations.
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We are now certain that the o bosons produced in the Milky Way will decay to v~ or
ete™, potentially providing an indirect detection signal. To determine the signal, we also
need to know the width of the energy distribution of the decay products. The decay channels
considered are two body decays; therefore, the energy spectrum of the decay products is a
sharp line at m,/2 in the rest frame of the m, particle. This energy spectrum must be
boosted into the Milky Way reference frame, in which the o particles are moving with speed
v = \/W Because the o boson is spinless, the resulting energy distribution is flat.

Consequently, for decays to an electron and positron, the energy distribution is

P(E.) = ! (5.19)

VI(EZ —mg)(1 — 4mZ/m?)

for . between the values of

E, E2 —m2)(1 — 4m2/m?
Ee,max; Ee,min = 7 + \/( z mO)( me/mcr) . (520)

Similarly, for decays to two photons, the energy distribution is

P(E) = —— (5.21)

for . between the values of

E,
B ey Eomin = = % Y7 (5.22)

In this section, we have outlined a minimal scalar self-interacting asymmetric dark matter
model. We have also discussed the constraints we must impose on the parameter space, and
the decays of the dark force mediator that may produce a detectable indirect detection signal.
However, we have not considered the production of the o bosons, nor have we considered the
spectrum of the signal that would be observed at the Solar System. We will next complete
the analysis for the emission of ¢ bosons in bound state formation; following this, we consider

bremsstrahlung emission in Sec. 5.4.
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5.3 Signal From Dark Matter Bound State Formation

It has previously been noted that many models of self-interacting dark matter, including
supersymmetric models, permit the existence of dark matter bound states [131]. The same
reference notes that the decay of emitted force carrier particles could, in theory, produce a
signal for indirect detection experiments. In this section, we will by explicitly calculate this
signal for the above asymmetric scalar dark matter model. We will show that it is indeed
possible to produce a signal above current observational bounds, establishing the possibility
of indirect detection of self-interacting asymmetric dark matter. However, we will further

show that the limit o < 1, as taken in Ref. [131], does not produce a detectable signal.

For illustrative purposes, we choose specific points in parameter space, taking care to
satisfy the constraints discussed in Sec. 6.1. To facilitate the formation of bound states, we
desire a large coupling A,g; we will choose a = A%,/16mm?% = 2. Although calculations
in strongly-interacting regimes are notoriously difficult, the astrophysical bounds discussed
in Refs. [125,138] may be extrapolated to large «; the transfer cross section used in both
references includes corrections for strong interactions. We will also consider & = 1 and show

that this is not sufficient to produce an observable signal.

First, we ensure that our parameters are consistent with large elliptical halos; as discussed
in Ref. [125], the restriction on a becomes weaker as m, is increased. Fig. 5.2 shows the
minimum m, as a function of mg for which we may consistently take o = 2. The choice

2> 30 MeV; we will choose m, = 40 MeV. Similarly, for mg =

~Y

mg = 4 TeV requires m,,
4 TeV and o = 1, we must satisfy m, = 20 MeV; we choose m, = 25 MeV. We must also
ensure that our parameters are consistent with the velocity-dependent bounds based on the
bullet cluster and other astrophysical observations. The velocity for which (vor) = ofp**

IS Umax = /2am,/mmg; this is 1100 km/s and 2000 km/s respectively for the two sets

'Readers familiar with atomic dark matter models may be concerned because for a gauge vector mediator,
the ground state has nonzero angular momentum at such large coupling constants. This does not hold for
the exchange of scalars considered here.
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of parameters above. To be consistent with astrophysical data, we then must have g%/
mg < 100 GeV~? [138]; the above numbers correspond to 0.2 GeV ™ and 9 GeV . Finally,
bound state formation is hindered if a real ¢ boson cannot be emitted. Therefore, we must
also take m, < B, where the binding energy B = a?mg/4. For the first set of parameters
chosen, the binding energy is 4 TeV, and for the second set of parameters, B = 1 TeV.
For both, m, < B. Hence, these two points in parameter space satisfy all the requisite

constraints.

The rate of formation of bound states, neglecting charge depletion, is given by

dNgs
dt

= /ns(T)2<TBSUre1 dv, (5.23)

where ng(r) = p(r)/mg is the number density of S particles and opg is the cross section for
bound state formation. Because the S particles do not escape to infinity, this cross section
cannot be approximated using the Born approximation. However, we are in the classical
regime (mgv/m, > 1) even though the coupling is strong; therefore we do not need to
include additional quantum corrections such as those calculated numerically in Ref. [135].

We now proceed to calculate this cross section in the classical limit.

We will approximate the o boson as massless. The cross section for non-relativistic
electrons and positrons to form a bound state through photon exchange was calculated

in Ref. [149]; we adapt this derivation for scalar fields. The matrix element is

M = —1 / ‘P}(’I"l, ’l"2> (Z Aneik.rn> \Di(’f’l, 7‘2)(137'1 d37"2(27T)5(EZ’ — Ef — Eo-). (524)

n=12

In this equation, r; and 7y are the locations of the two S particles respectively, ¥ is
the wavefunction of the bound state, and V; is the wavefunction for the two incoming S
particles. The factor e~ represents the wavefunction of the ¢ particle, and the sum
is over the two S particles it can couple to. In this equation, the wavefunctions have the

standard normalization in quantum field theory; however, since we are interested in the
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non-relativistic limit, let us use wavefunctions that are normalized to one. Then the matrix

element is
_ Ao * —ikry —ik-ry 3 3
M= —Z2m \Ilf('rl,rg) (6 +e )\I/Z‘(T'l,’r'g)d Tld TQ(QW)é(Ei—Ef—EU).
s
(5.25)
Next we define
rR=" —; r27 r=17y—Ty (5.26)
and write the wavefunctions as
Ui(ry, 7)) = R (1), U i(ry, ) = P RO, (p), (5.27)

where Q = p; + p, is the total momentum of the initial particles. Similarly, P is the

momentum of the bound state. Performing the d®>R integral yields

M= —i ;n‘j; / Ui (r) (e®72 + e ) Wy (r)dr (2m)*0(E; — Ef — E,)6%(Q — k — P).
(5.28)
The reduced matrix element is
M = / i (r) (%72 + e *T2) Wy(r)dPr, (5.29)
and the differential probability is
aw = V. Aus sop - BN(Q - k — PY MR R d2d P, (5.30)
(2m)22E, 4m?%

where V' is the normalized volume, T' is the interaction time, and df) is the solid angle for
the o particle. The remaining integrals enforce momentum and energy conservation; we
may perform them by directly imposing these constraints in our calculation. The transition
probability per unit volume and unit time is

A2 k20

112
- . 31
W= 2 2E, o) M (5:31)

If m, < B, then E, ~ |k| and this simplifies to

A2 |KldQ -
= _C . .32
4m? 2(27r)2|M| (5.32)
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The differential cross section is do = dw /vy Where v, is the relative velocity of the particles
in the initial state. We define the relative momentum by p = pw,q where = mg/2 is the
reduced mass. |p| is also the momentum of one of the incoming particles in the center of
momentum frame; we now specialize to this frame. (We note that the cross section is Lorentz

invariant, and therefore still applicable to other reference frames.) Then

A2 |k|dQ -
do = =28 17" A2, 5.33
ims fpl 22 M (5.33)

The free S particles do not escape to infinity; they exist only in the initial state. Therefore,
at large 7, U;(7) must be a superposition of a plane wave and an outgoing spherical wave,
which we approximate as a Coulomb wave. This approximation should be reasonable in the
classical regime. The appropriate wavefunction with these limits is [150] (also discussed in
Ref. [149])

W,(r) = ™/’ (1 — iQ)F(iC, 1,i(pr — p - r))e’P", (5.34)

where ( = A,smgs/4|plms = A,s/4|p|, and F is the confluent hypergeometrical function.
This has the same normalization as a plane wave. We note that the cross section will be

very sensitive to the ratio A,s/|p| ~ Ass/ms due to the first exponential.

For the final state W¢(r), we adapt the hydrogen ground state wavefunction; this is reason-
able in the approximation that m, is negligible. For the actual hydrogen atom, in which the
interaction is mediated by a vector gauge boson, the ground state carries non-zero angular
momentum for o > 1/2. However, the derivation of this result depends on the fact that the

mediator is a vector gauge boson, while our mediator is a scalar boson.? Thus we take

\II _ 773 —-rn
p=y e (5.35)

2In QED, the gauge derivatives in the field equation give rise to (E — €2 /r)2, which gives a term ~ e*/r2.
This combines with £(¢+1)/r? and leads to the a > 1/2 requirement. In the scalar exchange considered here,
there are no gauge derivatives and we simply insert the potential ~ aexp(—mr)/r into the field equation.
No term like o /r? appears.
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where 17 = (|p| = A,s/4; this is the radius of the bound state. The reduced matrix element

3
M _ ,n—eﬂ-C/ZF(l . ZC) / eip-'rfrn (eik-r/2 + efik-r/2> . F(ZC, 1’ Z(pr —p- T')) d3r. (536)
T

To evaluate the integral, we differentiate the identity [151]

: d’r [|&® + (n —ilp)*] ™

ip—r)r=r piic 1 i(or — o - 1)) — = 4 , 5.37
/e (€ L —p-r)Sh = ante SETEE . (58)

with respect to n. The result is
/ei(”“)""mF(iC, Li(pr —p-7))dr
2 _ inl\2]—iC o L2 2
e s (772 %Ipz|)2_]v Ui 2!129\)[(19 K) i/ | in— i)
[(p — k)? + 72?7 [|&|* + (n — ilp])?]

= g(k, X), (5.38)

where y is the angle between p and k. We observe that g(k, ™ — x) = g(—k, x). If the angle

between k and p is T, the reduced matrix element is

M = @e’wm —iC) <g ('g T> +g (—@ T>> . (5.39)

This can be evaluated numerically. The last remaining unknown quantity in (5.33) is |k|,

which can be found from the energy conservation equation

2 2
PE gy

9 -
m m 2(2m — B)

+ |k, (5.40)

where we have noted that in the center of momentum reference frame, the bound state also
has momentum |k|. We find the total cross section by numerically integrating (5.33). We
must also average over a relative momentum distribution P(|p|); the total averaged cross

section is given by

Azs [RIIMP -
Ops = // Tms [p|(@m)? P(|p|) d|p| 27 sin(Y) dY. (5.41)

We note that in the non-relativistic limit the momentum difference of the two particles is

independent of reference frame; therefore we can calculate P(|p|) in any convenient frame
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even though we specialized to the center of momentum reference frame above. The total cross
section is, of course, Lorentz invariant. Using Eq. (5.10), we find the relative momentum

distribution

P(|pl)dlp| =

4%\/@(&

3 2 Teﬂ‘

3/2 ]
) e dp) (5.42)
Mg

This gives us the desired cross section for bound state formation.

In fact, we are interested in the rate of bound state formation, which we recall is given by
Eq. (5.23). We should average the whole equation over the relative momentum (instead of

simply substituting the average cross section), using

dN, 2D,
s = [ustpav [ [ 22elop, )y p(p) iyl (5.43)
S

The first set of parameters discussed above corresponds to a cross section of 4.11-1072 GeV?,
which gives the rate dNgg/dt = 2.1-10'* GeV. In one year, 9.8-10* bound states are formed,
which means that during the lifetime of the Milky Way, 1.3 - 10°% would have formed. This
is indeed negligible in comparison to the total number of S particles between 1 kpc and 8
kpc, which is 7.2 - 109, This justifies our neglect of charge depletion. If we decrease o to
1, then the cross section drops by two orders of magnitude, to 5.76 - 10~* GeV?2. The rate
is also two orders of magnitude smaller, dNgg/dt = 2.9 - 1012 GeV. Again, we may neglect

charge depletion.

The S particles do not interact electromagnetically. Therefore, when a bound state is
formed, the excess energy is carried off by emission of a o particle. Although the binding
energy is large enough that a Higgs boson could be emitted instead, the o particle dominates
because it is lighter and has a stronger coupling to the S particles. Because of the nonzero
o-Higgs mixing, this o particle may decay into Standard Model particles. Given our choices

for m,, the dominant decay is ¢ — e*e™ for both @ = 2 and a = 1.
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In the rest frame of the Milky Way, the o particles will have a typical energy equal to
the binding energy; the additional energy the o particle may carry from the kinetic energy
of the nonrelativistic S particles is negligible. Using Eq. (5.13), we find that the lifetime of
the o boson, in the Milky Way’s rest frame, is 1.46 - 10% GeV, or 9.61 s, for the first set of
parameters. The distance that they travel before decaying is 10° m, which is significantly
less than the distance from the galactic center to the Solar System. For the second set of

parameters, the lifetime is 9.36 - 10%* GeV =~ 6.17 s, and they similarly decay in flight.

As explained in Sec. 5.2, the resulting electrons and positrons have a flat energy distribu-

tion; their spectrum is
dN. 1 dNgs
AE.dt /(B m2)(1 — dm2[mz) di

These particles have typical energies on or just below the TeV scale; they lose energy through

(5.44)

synchrotron radiation and inverse Compton scattering rapidly, within about 1 kpc [152].

Therefore, few of these high-energy electrons and positrons will be observed near Earth.

There are three sources of background photons: the cosmic microwave background (CMB)
radiation, starlight, and the starlight reprocessed by dust (including the extra-galactic back-
ground light, which is the starlight re-emitted by dust outside Milky Way). Outside the
central molecular zone, the cosmic microwave background radiation dominates the photon
number density [153]. For the signal from distances between 1 and 8 kpc from the galactic

center, one may safely neglect scattering from photons other than CMB photons.

Because of the smallness of the IC mean free path, other propagation effects are not
significant; we will show explicitly that we can neglect the energy loss due to synchrotron

radiation, which is described by
dE,

T —begnc EZ, (5.45)
where the unitless coefficient bgyy is given by
40'T 82
syne = 3o (5.46)
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or is the Thomson cross section. Since we consider a spherical region extending from 1
kpc to 8 kpc, very few of the fermions will be created in the galactic plane. Therefore, the

appropriate magnetic field is 1 G [154,155], which gives bsyne = 6 - 107%3.

This is to be compared to the energy loss of a single fermion due to inverse Compton

scattering, which is described by the equation

dE,

= —bios E? 5.47
dt ICS e’ ( )
where now the unitless coefficient is
4UKNUbh
bICS - W (548)

e
okn is the Klein-Nishina cross section, which reduces to the Thomson cross section when
relativistic corrections are negligible. For scattering with scattering CMB photons, bics =
5.2-107*! and is approximately independent of energy, for the set of parameters with o = 2.
For the parameters with o = 1, we have bicg = 5.3 - 107! instead. Since this is two orders
of magnitude larger than the corresponding value for synchrotron radiation, we may neglect

energy loss due to synchrotron radiation.

Now we proceed to calculate the photon energy spectrum from inverse Compton scattering
with CMB photons. The cosmic microwave background radiation is a blackbody at Teyp =

2.73 K; therefore the photon density per unit energy is

dQNph,CMB . 1 62
dVde — mexp(e/Tems) — 1

npn(€) (5.49)

where € is the energy of the unscattered photon. For inverse Compton scattering, the number
of scattered photons per unit energy per unit time produced by an electron or positron with

Lorentz factor v is given by [156, 157]

d*>N. o
B = [ den@oa(Bien), (5.50)
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where oxn(FE, €,7) is

O'KN(E,E,’}/) = G(q,F) (551)

4evy?

and

G(q,T') = 2qIn(q) + (1 +2¢)(1 — q) + 2ngq(1 — q),

4e el E
= —_— ?7: —2’ _—
me

r

me’
We have put a subscript on tg in Eq. (5.50) to denote that this variable measures the time
during which the fermion scatters against CMB photons. We use the symbol E for the final
energy of the scattered photon. The Thomson limit corresponds to I' < 1 which is applicable

here. By energy conservation, only energies E between the following values are allowed:

ymeIl'
4y2 + TV

ymeI'
Emax(fYa 6) = 1+ T’

Epin(7,€) = (5.52)

which we enforce by writing

N,
dE dts

(E,v) = /Ooo de npn(€)on(E, €,7)O(Emax (7, €) — E)O(E — Enin(7v,€)).  (5.53)

This equation gives the number of photons per unit energy per unit time scattered by an
electron or positron with energy ym,. From the fermion energy distribution given in Eq.

(5.19), the corresponding distribution is

P(y) = (5.54)

for v between the values

V(B2 —mg)(1 — 4mg/m3)

2m,

“Ymax; Ymin — + (555)

Averaging d*N.,/dE dt over the v distribution gives

N,
dE dts

(E) = / " pey) / " de (01 (. €,7)0 (Eunan (1, €) — E)O(E — Enin(7,€)).

Ymin 0

(5.56)
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Figure 5.4: dN,/dE, given by Eq. (5.58), evaluated for the first set of parameters (o = 2,
mg =4 TeV, m, = 40 MeV).

This equation gives us the number of photons scattered per electron (or positron) per unit
time; however, we require the total number of photons scattered by one electron before it
loses all of its energy. Properly, we should integrate over tg; this is complicated because 7 is
a function of tg. Therefore, we will approximate

dN, &N

dE ~ dEdtg T (5.57)

where T' = 1/bicsE. = 1/bicsyme. is the relevant time-scale for energy loss. This gives

dN, 1 Tmax P () /
N gy = LAV E B (7, €) — E)O(E — Ein (7, €)).
T bros e/vmm v ) de npn(e)oxn(E,€,7)0( (v.€) — E)O( (v, €))

(5.58)

This equation describes the total number of scattered photons of a particular energy, for
a single electron or positron. In Fig. 5.4 we have evaluated this equation for the a = 2
parameters for energies between 1 GeV and 10 GeV. We observe that the number of photons
drops off rapidly as a function of energy. To find the total number of photons per unit energy

per unit time, we must multiply by the rate of production of the high energy fermions, which
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yields

aEdt D= T@ hosme Ty /0 € npn(€)orn(E, €,7)

“O(Emax(7,€) = E)O(E — Enin(7,€)). (5.59)

ANyt _ ANps 2 /’Vmax P(v)
il

From this result, the number of photons produced per unit energy per unit time, we can find

the flux of gamma rays at the Solar System.

The scalar ¢ particles emitted in bound state formation are not emitted preferentially
in any direction; therefore we expect an isotropic flux of these particles about the galactic
center. Similarly, as a scalar particle, its decay products are emitted isotropically. Since
the CMB is also isotropic, the distribution of scattered photons will be isotropic about
the galactic center. Therefore, the photon flux per unit area may be approximated by an
equivalent point source at the galactic center. This a rather crude approximation to the
true diffuse flux is only meant to demonstrate that a detectable signal is possible. If such
a signal were to be observed, more careful analysis should be done before attempting to fit
this scenario to the data. Integrating out to r = 8 kpc will include the flux (as seen from
Earth) from the hemisphere centered on the galactic center. Thus, we divide by 27 st to
find the average flux per unit area per unit angle. We emphasize that this is an average;
as a function of solid angle, we expect the signal to be greater near the galactic center and

smaller further away from it.

Furthermore, we note that the production of the dark force mediator bosons o scales as
the density squared, which increases towards the galactic center. Since the o bosons only
travel 10° m before decaying into the fermions which scatter the CMB photons, the signal
is dominated by the innermost region we consider. Since we have cut off our calculation
at an inner radius of 1 kpc to avoid the known cusp in the NF'W profile, the signal comes
predominantly from the region near this cut. Therefore, the point source approximation is

better than one may naively expect.
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Figure 5.5: Depending on the model parameters, the signal can range from undetectable
to already excluded. The signal is shown for mg = 4 TeV, m, = 40 MeV for a = 2,

and m, = 25 MeV for a = 1. For comparison, we also show data from Fermi LAT space

telescope [158].

The average flux over the hemisphere centered on the galactic center, neglecting the galac-

tic center itself, is

AN, tot 1 1
= —T". . . 5.60
dEdt 2mst 4mw(8 kpe)? (5.60)

To compare with the the sensitivity of the Fermi-LAT Gamma Ray Telescope, we evaluate
E2®; this function is plotted in Fig. 5.5. The signal for a = 1 is peaked at a lower energy
and falls off more sharply, as we would expect because the binding energy is smaller. We
see that a = 2 produces a signal that is one order of magnitude larger than the values
measured by Fermi-LAT, but the signal produced by a = 1 is two orders of magnitude too
small. Therefore, we conclude that sufficiently large couplings may produce a detectable
signal. This suggests that WIMPonium models [131], which assume o < 1, will not produce

a detectable signal through bound state formation.

One can also show that the resulting signal is rather insensitive to the precise value of m,,,

provided that ¢ — eTe™ remains the dominant decay. However, this parameter is highly
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constrained by the astrophysical bounds discussed in Sec. 5.2. Finally, we also note that this
signal depends relatively weakly on the cutoff we imposed to avoid the center cusp of the
NFW profile. If we cut off the integral at 1 pc instead of 1 kpc, the signal would only be
about 20 percent greater. Hence, including a central core is not likely to be raise the o =1

signal to detectable levels.

Next we will briefly discuss the possibility of producing a detectable positron or electron
signal. This is a particularly interesting question because of the positron excess observed by
PAMELA [159], which was confirmed by Fermi-LAT [160] and more recently AMS-IT [161].
In order to travel from the galactic center to the Solar System relatively unimpeded, the
fermions would need to be lower energy than those discussed above, which lost significant
energy due to inverse Compton scattering. Energy loss due to inverse Compton scattering

is somewhat suppressed for energies on the GeV scale.

The energy of the fermions produced by the decay of the dark force mediator depends
only on the mass of the S particles and «, and to produce a significant number of dark force
mediator particles, we must keep « relatively large. (Smaller values of a suppress the bound
state formation cross section.) Therefore, to produce 10 GeV-scale positrons and electrons,
we must decrease mg to the scale of a few hundred GeV. This is below the scale typically

discussed in the WIMPonium literature.

Naively, these parameters appear to run into difficulties with the halo ellipticity bounds [125];
for example, mg = 100 GeV with o = 2 appears to require m, be at least 232 MeV, for
which the dominant decay is to muons instead of eTe~. (However, it should be noted that
the analytic approximation for the cross section begins to break down at m, ~ 100 MeV).
This appears to eliminate the possibility of an observable electron or positron excess. We
have noted that a more detailed analysis of the bounds by [28] suggests that these bounds
should be about an order of magnitude weaker. When we considered these bounds in Sec.

5.2, we parameterized this uncertainty with the parameter F', which is one if the consider-
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ations of [28] are ignored. If one assumes F' ~ 0.1, then a small region of parameter space
remains which is consistent with the halo ellipticity bounds and m, is small enough (50-80

MeV) that the decay to ete™ dominates.

The analysis proceeds as above, up to the calculation of the inverse Compton scattering.
For these lower energy electrons and positron, we do not expect inverse Compton scattering
to be a significant effect. However, other effects can influence the shape of the spectrum ob-
served at Earth. For example, positron annihilation may dramatically decrease the detected
positron fraction, and we expect these particles to lose energy due to bremsstrahlung. A

detailed analysis could be run using cosmic ray propagation software such as GALPROP.

However, we believe that it is unlikely that the resulting spectrum could reproduce the
observed positron excess observed in PAMELA, Fermi-LAT, and AMS-II. The energy spec-
trum of fermions produced through the decay of dark force mediator particles is flat, and
while this spectrum will no doubt be modified by a detailed analysis of propagation from
the galactic center to the Solar System, we think the resulting £3® is unlikely to be as flat
as that observed by PAMELA. Furthermore, the positron excess extends to higher energies
beyond that which can be accommodated by our model. Hence, we conclude that bound
state formation in self-interacting asymmetric dark matter models is unlikely to account for

this observed excess.

Finally, we note that it may be possible to adjust the parameters so that an excess of
positrons or electrons above PAMELA’s observations is produced, although again careful
analysis of the propagation of the fermions would be necessary. If such an excess can be
produced, we would expect it decrease at or before the TeV scale, at which point the spectrum
would be limited due to inverse Compton scattering energy losses. Since no such behavior is
observed in PAMELA’s spectrum, one would translate this into bounds on the parameters.
However, since the parameter space in which such a signal is potentially possible is already

quite small, any resulting constraints (if any) would be quite weak.
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5.4 Signal From Bremsstrahlung Emission of Dark Force Media-

tors

In this section, we discuss the signal produced by bremsstrahlung emission of a ¢ boson
which decays to photons. We will see that the resulting signal is significantly beneath
observational limits due to the substantial background at lower energies. In bremsstrahlung
emission, the energy of the emitted o boson is comparable to the kinetic energy of the S
particles. Since these have a velocity of order 1073, the typical energy scale of bremsstrahlung
emission will be 6 orders of magnitude below mg. We will require m, < 9°mg/2 because
we do not want an additional suppression from the difficulty of emitting real o bosons.
This will influence the implementation of the constraints discussed in Sec. 5.2. (We note,
however, that due to the contribution of the tail of the relative velocity distribution, we do

not necessarily expect a sharp cutoff at the average kinetic energy).

Additional constraints come from the astrophysical considerations discussed in Sec. 5.2.
As has been noted, Ref. [138] explores bounds for velocity-dependent cross sections; they
present their results as a function of vy, = \/W. If Upmax ~ 10 km/s, then the
astrophysical constraints are consistent if 22.7/m2mg < 35 cm?/g = 16000 GeV~* [27].

~

Combining this with m, < v*mg/2 yields

22.7-4
74 - 16000 GeV 3

1/3
mg > ( ) = 1.3 TeV. (5.61)

Let us choose mg = 10 TeV and m, = 0.5 MeV.

This does not include observations of large elliptical halos; now that we have set the
masses, this will constrain the coupling of A,s. From our results in Sec. 5.2 extending the
analysis of Ref. [125], we must take o = A2 /167 M2 < 0.93 (for the masses chosen above). If
we choose to saturate this bound, we find A, = 68 TeV. These values give vyax ~ 50 km/s,

consistent with our initial assumption that vpax ~ 10 km/s.
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Figure 5.6: Diagrams contributing to the emission of a bremsstrahlung o boson. The solid
lines represent S bosons, while the dashed lines represent o bosons. The top line shows

t-channel scattering, while the bottom line shows u-channel scattering.

The o boson can be emitted by either of the S particles, or it could also be emitted by
the o boson exchanged between the S particles through the A, coupling, which is thus far
unconstrained. In order to enhance the signal, we will saturate the perturbativity bound,
taking A, = 3.5 MeV. On the other hand, we will also consider A, = 0, which is equivalent
to neglecting the two diagrams on the right of Fig. 5.6. While this certainly will not help
to increase our signal, the properties of the signal will be qualitatively different in the two

cases in interesting ways.

Next, we find the cross section for bremsstrahlung emission of a soft ¢ boson, which
involves evaluating the 10 diagrams shown in Fig. 5.6. Note that the t- and u-channel
diagrams cancel to lowest order in the m, — 0 limit. Therefore, the resulting cross section
is smaller than what one may naively expect. Let us denote the incoming four-momenta

as p; and po, the outgoing momenta of the two S particles as p3 and p4, and the outgoing
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momentum of the bremsstrahlung ¢ particle as p;. The matrix element is then

—ZM - _ AiS . AgS
(m2 — (p3 — p1)*)(mg — (pa+ps)?) (M2 — (p2 — pa)?) (Mm% — (p3 + ps)?)
B Adg B Al
(m2 — (p3 — 1)) (M3 — (P2 = p5)?) (M2 — (p2 — pa)?) (Mg — (P1 — p5)?)
B A2g A,
72— (o= pR) (2 — (o — pr)®) T P8 T P4 (562

where the last term, in which the momenta ps and p4 are switched, represents the contribution
of the bottom row of diagrams. We will specialize to the center of mass frame; we note that
the total cross section is a relativistic invariant and therefore it is irrelevant what frame it

is calculated in. Without a loss of generality we write the momenta as

1 |p1’2
b1 = mg + 7()’07 |pI| )
mg

2
ot = (s 25 i) cos(n), s sin( ). o os(B) )
2
v = (ms + gy Palsin(64) cos(n), |y sin(8s) sin(6), cos<e4>) ,

ot = (V/mz + bl Ips| sin(05), 0, [ps] cos(s) ) (5.63)

The cross section is given by

M2 . |
vom = | e (2)%6 e pu— pe) dLips, o
7 / A(E, + E2)2< m)"0"(pr+ P2 — p3 — pa — ps) dLips (5.64)

where the extra 1/2 comes from the two identical particles in the final state and dLips is the

well-known Lorentz-invariant phase space for the final state particles,

dLips — TT &P

)

In the phase space denominators, we may make the approximation £y = Fy, = F3 = F, =
mS, and we integrate over the three-momentum delta function, setting p; = —p, — ps.

When the S particles are nonrelativistic, the energy delta function is

2 2 2
5 <|p1| B |4 _ P4 + p5| _ /mg _ ,p5|2> ) (5.66)

mg 2mg 2mg
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Let us define 045 to be the angle between p, and p;. The delta function enforces

2 2 2
P/ _ P4 _ Ps _ |P4[Ps| cos(0as) _ \/m: 0, (5.67)

mg mgs 2m5 mg

| 2

which can be solved for |p,| in terms of |p;| and 6y5:

|p5| COS(045

1
2 ) 5\/|P5\2 cos?(0s5) — 2|ps|* + 4lp;[* — dmsy/mZ + [ps[%. (5.68)

|p4| =

We must of course ensure that the result is positive. By our choice of coordinates, the d¢s
integral is trivial; this leaves the integrals over 04, ¢4, 05, and d|ps| to be done numerically.
This integral is not infrared divergent due to the nonzero mass of the o boson. Since the
initial momentum in the center of momentum frame is p; = v,e1/2mg, the above calculation

gives the cross section as a function of v,,;. We can then average over the relative velocity

Obrem = /P(vrel)a(vrel) dvrel (569)

using Eq. (5.10).

Finally, we address Sommerfeld factors, which multiply the cross section and naively can
have a large impact at low velocities. (Note that this is a multiplicative factor in addition to
the typical 1/v behavior of the cross section). These describe the formation of a quasi-bound

state during the interaction; the modified cross section is

o /v
OSomm — 11— eXp(—’ﬂ'Oé/U) g. (570)

For the parameters under consideration, these factors can be extremely large, of order 10° or
10. However, it has been argued that in this regime the Sommerfeld factor as written above
is unreliable; additional diagrams beyond the ladder diagrams implicitly summed in the
above equation must be taken into account and a proper resummation suggests the factors
are of order O(1) to O(10) [162]. This is supported by some experimental evidence [163,164],
including more recent observations at BABAR [165]. We will argue below that even these
large Sommerfeld factors (if correct) would not be sufficient to produce a detectable signal

through bremsstrahlung emission.
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Evaluating the cross section numerically, including averaging over the relative velocity of
the incoming particles, gives oppem = 0.0108 GeV~2. This is the same order of magnitude as
the a = 2 cross section for bound state formation; we note, however, that we did not have
to increase the coupling « into the non-perturbative regime in order to reach this value. In
general, for comparable values of «, the bremsstrahlung cross sections are significantly larger

than the bound state formation cross section.

The rate of production of bremsstrahlung ¢ bosons is

dN,
dt == // nS(T>2fUrela—brem<vrel)P(”rel) dVdUrela (571)

where ng(r) = p(r)/ms is the number density of dark matter S particles and p(r) is given
by Eq. (5.6). We have also averaged over the relative velocity of the S bosons, and the
integration extends from 1 kpc to 8 kpc, the distance from the solar system to near the
galactic center, ignoring the central cusp. When we saturate the perturbativity bound with
Ay, we find dN, /dt = 3.21-10" GeV, or 4.87-10%7 s71. As might be expected, for A, = 0 we
find the lower rate dN, /dt = 1.45- 10" GeV ™' = 2.20 - 10% s7!. The substantial difference
(two orders of magnitude) shows that the first case is dominated by the diagrams in which
the emitted o boson comes from the exchanged o boson. Since the two cases are dominated

by different diagrams, we expect qualitative differences in their spectra.

We will show that bremsstrahlung emission does not produce a detectable signal, while
we found that bound state formation can make such a signal for sufficiently large couplings.
Since this is perhaps a surprising result, one may find it beneficial to compare the calculations.
We emphasize, however, that such comparisons must be made carefully, since the bound state
calculations were performed in a different region of parameter space. We wish to emphasize
that for any fixed perturbative value of «, the rate of bremsstrahlung production will always
be much greater than the rate of bound state formation, as one would expect. However, if
one compares the value of dN, /dt found above with dNgg/dt given in the previous section,

which are evaluated at different parameters, one finds that dNgg/dt is larger by about an
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order of magnitude, even though we have chosen parameters such that the cross sections
are comparable. This is a result of taking mg = 10 TeV here as opposed to 4 TeV above;

increasing mg decreases the number density ng(r).

The spectrum of the emitted o bosons (per SS — SSo event) is

dN o 1 dO’ brem
= . 5.72
dEa Obrem dEcr ( )

As we might expect, this spectrum is peaked at 600 keV, which is on the same scale as the

kinetic energy. The resulting spectrum of the total produced o bosons per unit time is

dzNo- ) dabrem
dt dEJ = (/ TLS(T‘) dV) /Ureld—E,JP(Urel) dvrel- (573)

For m, = 0.5 MeV, the dominant decay mode of the ¢ boson is ¢ — 7, which is described

by Eq. (5.21). If we assume the mixing angle between the o boson and the Higgs boson is
1073, then the typical lifetime of the produced o bosons is 10° s, during which they travel
about 10 m, which is significantly less than the 102° m between the galactic center and the
Solar System. Therefore, they will decay in flight, and the spectrum of the resulting photons

is given by

AN, d>N,
=2 P(E.,.E,)dE 74
dE, dt /dt dE, (B, Bo) dEq, (5.74)

where the distribution of photon energies, as a function of the initial ¢ boson energies, is
given by Eq. (5.21). (The E, dependence appears in evaluating the Heaviside step functions.)
As we would expect, this spectrum is peaked around 300 keV. We note that the tail of the
spectrum is larger for smaller A, values. As a result, the signal for A, = 0 will be skewed

towards higher energies.
The production of dark force mediator particles results in an isotropic flux of these particles

about the galactic center; similarly, we expect the flux of their decay products to be isotropic

about the galactic center. Again we estimate the flux using an equivalent point source at
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the galactic center,

1 1 dN,

o — -
Ard? 27 stdE, dt’

(5.75)

where d = 8 kpc is the distance from the galactic center to the solar system. As before, since
we have calculated the number of produced o bosons out to a radius of 8 kpc, the signal
included here comes from the hemisphere centered on the galactic center, which explains the
27 st in the denominator. The true flux will be somewhat greater towards the galactic center
and somewhat less towards the edges; however, this is a relatively small effect, contributing
perhaps an order of magnitude increase as we approach the center. (We remind our reader

that we are already neglecting the contribution from the cusp at the galactic center itself.)

Again, with the same caveats as above, let us compare with the bound state case. The
photon energies here are spread out over the scale of 100 keV, whereas the photon signal
from CMB scattering we produced from the bound state production is spread over the
scale of 100 GeV. However, a single high energy fermion produces about 10%-10* GeV-scale
photons through scattering off with CMB photons, while each ¢ boson produced through
bremsstrahlung produces a mere two photons. As a result, the estimated ratio of fluxes is
Pprem/Pps ~ 10* or 10°. We note that since the two scenarios are in different regions in
parameter space, this cannot be interpreted as the ratio of actual bremsstrahlung-produced

photons to bound state produced photons in the galaxy.

As noted, the relevant energy scale for bremsstrahlung emission is on the scale of hundreds
of keV. Astrophysical backgrounds are significantly larger at this smaller scale; the SPI in-
strument on the INTEGRAL experiment records E3® on the order of 1-10 keV/cm? s st
for energies between 20 keV and 1000 keV [166]. The flux of bremsstrahlung-emission pro-
duced photons cannot be distinguished from this large background. The resulting signal is
shown in Fig. 5.7; the larger A, = 3.5 MeV signal is about 7 orders of magnitude beneath
INTEGRAL’s observations. We also can see the qualitative difference in the signal shapes
alluded to above; this is because for A, = 3.5 MeV, the rightmost two diagrams of Fig.

93



@ (keV /cm? s st)
S 3

2

¢ }10-11,

107124

107134 ‘ ‘ ‘ ‘
10 50 100 500 1000

E, (keV)
| o a=.93,A4, = 3.5 MeV o a=.93,4, = 0MeV |

Figure 5.7: The flux of gamma rays produced by bremsstrahlung emission of o particles and

their subsequent decay for mg = 10 TeV, m, = 0.5 MeV.

5.6 dominate, whereas these are absent if A, = 0. Without these diagrams, the signal is

significantly smaller, but it is peaked at higher energies.

We have noted above we have not included the Sommerfeld enhancement. Even if we
assume that the naive Sommerfeld factor given by Eq. (5.70) is accurate to arbitrarily large
scales, this enhancement is not sufficient to produce a detectable signal. For the parameters
in the range discussed, the naive enhancement is of order 10 or 10, which is still too small

to produce the seven orders of amplification required for the signal to be detectable.

The signal can be increased by increasing the couplings; and indeed, as discussed in Sec.
5.2, there is some uncertainty in the halo ellipticity bounds (which set the upper bound on
Ays). However, producing a detectable signal requires increasing the coupling a to ~ 103,
well outside the perturbative regime and far beyond what can be made consistent with the
halo ellipticity bounds. It is true that A, is unrestricted by astrophysical bounds, but in

order to amplify the two relevant diagrams to the scale of INTEGRAL’s observations, we
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would need to take A, /m, ~ 103, which is again unreasonably large.

Finally, even if the signal produced near the Milky Way’s galactic center is not detectable,
perhaps such processes enhance the gamma ray or x-ray emission of nearby dwarf galaxies
sufficiently to be detectable; however, a simple estimate reveals that this is not the case.
Even if the signal calculated above, for the Milky Way galaxy, was somehow shrunk into a
dwarf galaxy 40 kpc from us which covered a 3°-by-3° patch of the sky, the number of counts
expected in an ideal 1 m? detector is of order 107> keV ™' s, which is again well below the
background emission. Therefore, we conclude that bremsstrahlung emission of dark force

mediator particles cannot produce significant indirect detection signals.

5.5 Summary

We have considered indirect detection signals produced by a minimal scalar asymmet-
ric self-interacting dark matter. Due to the asymmetry, dark matter today cannot self-
annihilation, and this typical indirect detection signal is absent. However, the decays of a
mediator particle can potentially produce high energy cosmic rays, reopening the possibility
of indirect detection. We considered two processes that can produce a significant number of
dark mediators: bremsstrahlung emission and dark bound state formation. The first process
produced a large flux; however, it was at lower energies where the background is larger. We
saw that for sufficiently large couplings, bound state formation can potentially produce a

signal above current observational limits.
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CHAPTER 6

Atomic Dark Matter with a Massive Gauge Mediator

The previous chapter was concerned with the possibility of indirect detection in a minimal
scalar self-interacting asymmetric dark matter model. As noted, we ignored issues of cos-
mology, which allowed us to assume that dark matter today is single-component. Here, we
return to these questions in a slightly different model, inspired by the Standard Model. The
fields that make up normal matter are the fermionic quarks and electrons; therefore, we like-
wise take dark matter to be fermionic. As discussed in Ch. 1, the Standard Model is defined
in terms of its gauge group; therefore, instead of considering Yukawa interactions in the dark
sector, we will introduce a gauge interaction. In this chapter, we will explore the nature of
dark matter in the resulting model, showing that it is generally multi-component, with two
species of ions and dark atoms. Therefore, there are several types of intra- and inter-species

interactions, and so we return to the issues surrounding scattering in dark matter halos.

6.1 Atomic Dark Matter Model

Thermal relic dark matter (whether asymmetric or not) assumes the existence of inter-
actions which efficiently annihilate dark matter until it reaches the observed density. In
asymmetric dark matter models, the existence of a particle-antiparticle asymmetry reduces
the annihilation rate, and therefore, to reach a particular relic density a larger annihilation
cross section is required. The cross section does not need to be much larger; if the annihilation
cross section is about 2.4 times larger than the canonical thermal value, then antiparticles
contribute less than 1 percent of the total dark matter density [168]. The annihilation cross

section to Standard Model particles is constrained by direct detection experiments and col-

96



lider experiments; for asymmetric dark matter, these constraints push the interaction scale
above the weak scale [170-173]. To avoid these constraints, one can consider a model in
which dark matter does not annihilate directly into Standard Model particles; one possibil-
ity is that it annihilates into other dark sector particles, which may or may not subsequently

decay into Standard Model particles.

As means of generating these interactions, we consider a model with a new Abelian gauge
group in the dark sector (see e.g. [113,114,174]). An advantage of this type of interaction
is that it can result in an accidental particle number symmetry at low energies, which is
necessary in asymmetric dark matter models. We will refer to this conserved particle number
as the dark baryon number Bp. In this section, we argue that the dark matter in this model

is multi-component in much of the relevant parameter space.

6.1.1 Massless Mediator Boson

First, we argue for the multi-component nature of dark matter in the case of a perfect
Up(1) gauge symmetry, in which case the dark photon is exactly massless. The dark baryon
number asymmetry must be generated by interactions which are invariant under this gauge
symmetry. Therefore, of the relic particles with the net dark baryon number, half must be
positively charged under Up(1), and half negatively charged. In general, we expect dark
matter to consist of the lightest positively charged dark particle and the lightest negatively
charged dark particle. A comparison can be made to the Standard Model; the baryonic
asymmetry carried by protons is inevitably associated a net positive electric charge. However,
the universe as a whole is electrically neutral due to a corresponding negative charge carried
by electrons. As the lightest positively charged and negatively charged particles in the
Standard Model, both protons and electrons are stable. Consequently, we will call the two
stable dark ions the dark proton pp and the dark electron ep. We will designate their masses
by m, and m,, their Up(1) charges by ¢, and ¢., etc. We will further assume that these

particles are fermions, and we assume m, > m..
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The low-energy effective Lagrangian of this model is

. . 1 v
E = ﬁD(’Llp — mp)pD + GD(le — me)eD — Z D;ng s (61)

where FI = 0" A, — 0" A%,. (As in QED, we will use A, for the field in the Lagrangian, and
vp for the dark photon when discussing processes such as eppp — vpyp.) We note that there
is no problem in writing mass terms for the dark electron and dark proton, as they are singlets
under the Standard Model gauge group. The covariant derivative is D* = 0" +iq;g A, where
g is the Up(1) coupling constant; we will generally use ap = g*/4w instead. For this to be
an asymmetric dark matter model, we must have a dark matter population which carries
a net dark baryon number Bp; this implies the existence of high-energy interactions which
generate gauge-invariant and Bp-violating effective operators, which are suppressed at low

energies.

Since the relic dark matter population consists of oppositely charged dark protons and
dark electrons, they may form dark hydrogen atoms, of mass my = m, + m. — A, where
A = ppai,/2 is the binding energy. (The dark reduced mass is pp = mym./(m, + m.).)

This must satisfy the consistency condition

Dark matter today generically consists of dark protons, dark electrons, and dark hydrogen
atoms; thus it is naturally multi-component. The cosmology of this scenario is discussed in

Ref. [175], and we will use some of these results in Sec. 6.2 below.

6.1.2 Massive Mediator Boson

While long-range self-interactions are desirable insofar as they ameliorate disagreements
between simulations of cold non-interacting dark matter and astrophysical observations,
these self-interactions cannot be infinitely long-ranged; as one example, such interactions

would influence the clustering of matter at very large distances. Consequently, dark matter
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self-interactions must be screened, for example, due to the mediator having a nonzero mass.
This is the case we consider; we assume the dark photon has a small but nonzero mass Mp.
Since this requires the Up(1) symmetry to be broken, we introduce a dark Higgs field, a

complex scalar ¢p with charge ;. The additional terms in the Lagrangian are
Ly = DudpD"ép — N3 — vp)*. (6.3)

At zero temperature, the field ¢p has a nonzero vacuum expectation value (¢p) = vp.

Consequently, the dark photon acquires a mass
Mp = (87Tq;ap)1/2v,3. (6.4)

(Since vp will not appear elsewhere in our analysis, we will treat Mp as a free parameter.)

We expand about the vacuum in the unitary gauge, in which ¢p = vp + ¢p/v2. The

2:

2, = 4\p, and the interaction terms involving the dark

physical Higgs boson has a mass m

Higgs boson and the dark photon are

(rgap)?m? rapm?
Lint = (27rq§ocp)g02DA“A“ + (47TqiaD)1/2MDg0DA#A“ — %@% - W@%}
D D
(6.5)

Now that the dark photon is massive, it may be able to decay. We augment our model
with a kinetic mixing between the dark photon and the hypercharge mediator field, involving
the renormalizable operator [176,177]

€
2
This allows the decay into Standard Model fermions if Mp > 1.022 MeV at a rate [178]

Lmix - FY/J,I/FEV' (66)

F’YD*f*'f_ = fl;)M 05204[)]\/[1)7 (67)

where fgp; counts the number of available decay channels. If this coupling exists but the
dark photon is lighter, it may still decay into neutrinos via the resulting mixing with the Z
boson, or to three photons through a loop diagram. However, these decay rates are severely
suppressed. For completeness, we also note that the dark Higgs may mix with the Standard

Model Higgs boson through the term Ayu o7, H2,,-
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As in the Standard Model, finite temperature corrections will restore the Up(1) symmetry
at high temperatures; therefore, the cosmology of this model includes an additional phase
transition, discussed in detail in Sec. 6.2 below. This Up(1)-breaking phase transition occurs

at a dark sector temperature of
Tppr ~ vp = Mp/(8nqiap)'/”. (6.8)

As long as this phase transition takes place after the Bp-asymmetry generation, our previous
arguments from the massless model apply, and this establishes that equal asymmetries of pp

and ep must be generated.

Bp-asymmetry generation must take place before annihilations diminish the dark matter

abundance below the observed dark matter density, that is, when
Y, =n,/s > Qpmpe/ (som,) = 10711100 GeV /m,). (6.9)

Here n, is the number density of dark protons, s is the entropy density of the universe, p.
and sg are the critical density and entropy density of the universe today, and Qpy; ~ 0.2.
For thermal dark matter, this implies mp/Tysym < 25+ In(mp/100 GeV), where Tysym is the
dark-sector temperature at the time of the dark asymmetry generation. In realistic models
one expects Bp-asymmetry generation to occur at larger temperatures, but let us consider
the lower bound of this constraint (replacing the thermal relic with the dark proton, m,).

This is still necessarily above the Up(1) phase transition temperature if
Mp < (8nqiap)'*m,/25. (6.10)

(Note that this assumes that the dark sector and Standard Model sectors are in thermal
equilibrium when the asymmetry is generated, as expected if the same process is responsible
for the baryon asymmetry as well as the Bp-asymmetry. If this is not the case, there would

be logarithmic corrections involving the ratio of the sectors’ temperatures.)

If the Up(1) symmetry is unbroken when the asymmetry is generated, the gauge invariance

argument in Sec. 6.1.1 applies; thus this condition implies the creation of an ep asymmetry
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along with the pp asymmetry. (It does not automatically ensure the survival of a significant
ep abundance at late times. After the breaking Up(1), the dark electron no longer carries a
conserved quantum number, and the produced asymmetry may be washed out. To determine
whether there is a significant abundance of dark electrons today, we will need to consider
the sequence of various cosmological events, and therefore, we postpone a discussion of the

relic dark electron abundance until Sec. 6.2.4.)

We note that it is not necessary to use the Higgs mechanism to give the dark photon a
mass; instead one may use the Stiickelberg mechanism. In this case, the particles charged
under the Up(1) gauge group still couple to the dark photon through a conserved current,
and the above arguments from gauge invariance apply. Hence, equal asymmetries of pp and

ep are again generated.

Although we will consider halo dynamics more carefully in Sec. 6.3, we will present some
crude estimates here considering only dark proton-dark proton scattering. This will show
that condition 6.10 is satisfied in much of the parameter space of interest, in which ion colli-
sions are significant but compatible with the ellipticity of larger halos. These desiderata fit
together most comfortably if the self-scattering is long range, which occurs if the momentum
transfer dominates over the mass of the mediator, or m,v/2 2 Mp. For dwarf-galaxy-size

halos (with v ~ 10 km/s) and larger, this implies

Mp <2-107° my, (6.11)

The region of parameter space that fulfills condition (6.10) generally contains the long-
range scattering regime where Eq. (6.11) is satisfied; specifically, this holds for couplings
ap 2 qi -7 -107°. Taking into account the minimum value of ap required for efficient
annihilation in the early universe, this corresponds to m, 2 q;2 -45 keV, which covers all of
the range of interest for g, ~ O(1). In other words, if one wants significant scattering in dark

matter halos in even this rather minimal model, one must consider the regime in which dark
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Figure 6.1: The left plot demonstrates the region of parameter space in which dark asymme-
try is generated in two species; the right plot shows the same for parameter choices relevant
to halo structure. ay, is the minimum coupling for efficient annihilation of the symmetric
dark matter component. (These plots are for ¢, = 1; ap > 47 exceeds the perturbativity

bound.)

matter is multi-component. Even if one doesn’t necessarily require the pppp interaction to
be long ranged, condition (6.10) encompasses much of the parameter space ion which this

scattering can affect the dynamics of smaller halos. We illustrate this in Fig. 6.1.

The first plot shows clearly that dark matter is generally multi-component across a wide
range of dark proton masses, although the condition depends somewhat weakly on the cou-
pling ap and &, the ratio of the temperature between the dark and visible sectors when
dark proton self-annihilations freeze out. Increasing the coupling ap increases the parameter
space in which dark matter is multi-component. To the right of the golden dashed line, dark
proton collisions are long range in halos with v ~ 10 km/s; in this regime, self-interactions
may modify the shape of smaller halos. As claimed, this region is entirely contained in the

multi-component regime.
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The second plot focuses on choices of parameters relevant for large and small halos. For
the blue lines, we have chosen the minimum value of ap for which (under the assumption
of single-component dark matter) there can be a significant effect on the dynamics of small
halos, corresponding to a,,/m, = 0.5 cm?/g at v = 10 km/s. (Because the cross section
decreases with speed, the ellipticity of larger halos is retained at this value.) The green
lines refer to the opposite limit; we have taken o,,/m, = 1 cm?/g at v = 220 km/s, which
gives the maximum value of ap that is currently considered compatible with the observed
ellipticity of large halos. To the left of the dot-dashed line, ap < apmin and the scenario
does not appear viable, that is, naively the dark proton self-interaction in halos is too strong.
As we discuss in Sec. 6.3, this region of parameter space may produce viable scenarios when

the formation of dark atoms is taken into account. (ap min Will be defined in Sec. 6.2.)

Thus, we see that in much of the parameter space an abundance of both dark electrons
and dark protons is produced, and if these ions survive until late times, they may form
Up(1) neutral bound states. In the non-relativistic regime and for a massive dark photon,
the interaction between the pp and ep ions is given by a Yukawa potential

V= - 2DeMor (6.12)
T

which has bound state solutions if Mp < pupap. These bound states can be found by solving
Schrodinger’s equation using a Hulthén potential [179,180]. (Note that as ap becomes large,
the Dirac equation must be solved instead; if ap > 1/2, the ground state has nonzero angular

momentum.) The binding energy of the bound state is approximately

2 2
Azamm<L—Mb>. (6.13)

Dark atoms form via the process pp + ep — Hp + vp(w), where w is the energy of the
emitted dark photon vp, which is given by

2 2

2

HUDV,e1
=A+—=—5 6.14
S T (6.14)

w +
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where v, is the relative velocity of the pp and ep ions in the center-of-momentum frame.
This process only occurs if w > Mp, and note that for A + ppv2,/2 < mpg, the energy is

approximately w &~ A + ppv2, /2.

Although the cosmological evolution of this model will be discussed more thoroughly in
the subsequent section, for now we note that bound states form when the temperature drops

beneath the binding energy. Thus the condition for their formation in the early universe is
1,
Mp < A= 39DHD- (6.15)

This constraint is stronger than the condition for bound states to exist, and it is also stronger
than Eq. (6.10), the condition for the asymmetry to be generated in the dark sector before
Up(1) is broken.

6.2 Cosmology

Although this atomic dark matter model is rather minimal, with only a single Abelian
gauge group necessarily broken in order to screen large-scale effects, it has a complex cos-
mology. We generically expect two phase transitions: one when the Up(1) symmetry is
broken and another when the ions form bound states at 7" ~ A. Additionally, there are
several other cosmologically important events, such as dark asymmetry generation and the
thermal freeze-out of annihilation reactions. A generic sequence of events in this model is

given in Table 6.1; however, other orderings are possible.

6.2.1 Kinetic Equilibrium Between the Standard Model and Dark Sectors

The cosmological sequence outlined below will depend in some detail on the ratio of tem-
peratures in the dark and Standard Model sectors. We assume, as is typical in asymmetric
dark matter scenarios, that the baryon number and dark baryon number asymmetries are

generated when the two sectors are in thermal equilibrium at a common temperature 7,y
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Event Temperature Scale
Dark asymmetry generation Tisy
Thermal decoupling of dark and Standard Model sectors | Tyee
Freeze-out of pppp annihilations Tppso = my/30
Freeze-out of epép annihilations Tpefo = me/30
Dark recombination A2 Tppr 2 A/50
Up(1)-breaking phase transition Tppr ~ Z\/[D/(qué(x,j)l/2
Dark photon chemical decoupling Tpp ~ Mp/[40(87q5a p)'?]
Big Bang Nucleosynthesis Typen ~ 1 MeV

Table 6.1: One possible sequence of cosmological events and temperature scales. The sub-
scripts D and V refer to the dark and Standard Model sectors; for asymmetry generation

and thermal decoupling of the two sectors we assume a common temperature.

and that the sectors later decoupled at Ty... Afterwards, the comoving entropy is separately

conserved in each sector, which means that the two temperatures Tp and Ty are related by

QDTE) _ 9D ,dec
gVT‘?} gv.,dec

, (6.16)

where gp and gy are the number of relativistic degrees of freedom in thermal equilibrium in
the dark and Standard Model (visible) sectors respectively. We define the ratio £ = Tp/Ty;
this can take values < 1 depending on the number of degrees of freedom in each sector and
the order in which they decouple. £ will evolve in time; as an example, if the mass scale of
the dark sector is large, then these degrees of freedom will decouple first, resulting in & > 1.
However, the later decoupling of degrees of freedom in the visible sector will push & to lower

values. In the following, we will find it useful to define

¢ = min[1,¢]. (6.17)

We note that if the dark photon (or the dark Higgs boson ¢p) is sufficiently long-lived,

it can contribute to the relativistic energy density of the universe, which is constrained by

105



observations. In this case, these observations require £ < 1. However, our considerations
include scenarios in which the dark photon can decay into Standard Model particles through
the kinetic mixing introduced in Sec. 6.1; hence we consider both cases with £ < 1 and £ > 1.
A more thorough discussion of the fate of the dark sector photons and scalar bosons is given

in Sec. 6.2.4 below.

If other processes bring the dark sector and visible sector into equilibrium, we will again
have £ = 1 at later times. The only such process in this minimal model is the kinetic mixing
between the dark photon and the hypercharge boson. The energy transfer between the two
sectors occurs predominantly via scattering of ordinary electrons on the lightest charged

species of the dark sector, which is either ep or ¢p, with rate

d do
d_f ~ g / OELv—=dD, (6.18)

where 6E;, ~ k(1 — cos(f)) with & ~ 31/2T is the longitudinal energy (and momentum)
transfer per collision in a plasma at temperature 71'; here we have assumed we are in the
relativistic regime. n, and ng are the number densities of (ordinary) electrons and the

lightest charged species of the dark sector. The momentum-transfer cross section is

2 2
/dQ(l — cos.(&));;—?2 R~ Ame al;;fEMMed In [csc(Omin/2)] (6.19)

where fi.4 is the reduced mass of the scattering particles (an electron and either ¢p or ep).
The mass of the Higgs boson, my, is a temperature-dependent quantity; we are considering
the situation before Up(1)-symmetry breaking. After the dark phase transition, the scat-
tering of the physical scalar ¢p with ordinary electrons is loop-suppressed, as can be seen
from Eq. (6.5). O, is the minimum scattering angle, which can be estimated as csc(Opin/
2) = 1+ (2Apebyek)?/(2appap), where Apepye = min(Ay, Ap) is the smallest of the Debye
screening lengths of the ordinary and dark plasma, with Ap = T'/[47 max(nea gy, npap)].
This scattering process does not bring the sectors into equilibrium if

Ldp

- i 2
s < (6.20)
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where H is the Hubble parameter and p ~ (72/30)g,T* is the energy density of either sector.
For relativistic number densities of charged particles in the two sectors, (1/p)dp/dt < 1/T;
due to the long-range nature of the interaction, the energy exchange rate becomes larger
as the temperature drops. Consequently, this condition should be evaluated at the latest
time when both sectors have significant number densities of relativistic charged particles,
at T ~ max[m.gm/3, min(m./3,vp)] ~ max|mesm, maq|/3, where we have defined m,; =
min(mg, m.). We have used Tpr ~ vp as the latest time the ¢p particles can participated
in the energy exchange between the two sectors. After one of the species becomes non-
relativistic, the energy transfer is further suppressed. This yields roughly the condition

3
Eap <1072 max(?n@’SM’md) , (6.21)
Me sv MIN(Me s, Mg)?

where we have approximated In[esc(fmin/2)] ~ 20. Obviously, the term in the parentheses
is greater than 1 and the bound becomes more relaxed the heavier the dark-sector charged

particles are.

We emphasize that it is improper to consider this a constraint on the model; if satisfied,
it simply allows for £ # 1. Furthermore, this is a sufficient but not necessary condition;
the sectors would also be hindered from reaching equilibrium if the dark photons decay or

become non-relativistic before this process would bring the sectors into equilibrium.

6.2.2 Efficient Annihilation of Dark Matter

To develop an significantly asymmetric dark matter population, it is necessary that the
processes pppp — 7Yp7Yp and epép — Ypyp annihilate away the symmetric dark matter
components; the cross section for this process is

2
T

(0U)ann = WS, (622)

i
where m; = m,,, m. and S is the Sommerfeld enhancement factor, which is relevant only at

large couplings ap. (Note that a similar cross section holds for pppp — epép.)
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The self-interaction cross section for thermal relic dark matter is constrained by the ne-
cessity of producing the correct abundance at freeze-out; specifically, (0v)sym ~ éann -6 -
10726 cm? /s, where &, = 1 if the dark sector dominates the energy density of the universe
when annihilations freeze out, and éann = & = (Tp/Tv )ann if the ordinary-sector energy
density dominates [125]. (This is for non-self-conjugate dark matter, and considering only
s-wave annihilation.) For symmetric dark matter, this fixes the coupling as a function of the

dark matter mass mpy;:

_ o\ 12
_ (41078 [ Gam ) (_MmoM_
OéD,Sym(mDM> = (4. 10 ) (Ssym) <102 GeV> . (623)

The Sommerfeld enhancement factor Sgm becomes important for mpys 2 800 GeV (see e.g.
[135]). Asymmetric dark matter models require efficient annihilation in the early universe to
eliminate the symmetric component of dark matter, leaving only the asymmetric component.
Thus, if one parametrizes the annihilation cross section as (00)ann = f X (00)sym, then one
must require f > 1.4 for dark antiparticles to be less than 10 percent of the dark matter
density; for antiparticles to contribute less than 1 percent, one must have f > 2.4 [168].
Thus, instead of an equality, we have a minimum value of ap set by the dark proton mass.
Taking into account the two annihilation channels and taking f = 1.4, the condition for

efficient annihilation is

_ 1/2
—3y [ ann m
o= (3.4-1073 —r ). .24
Qp > QD min (3 4-10 ) (Ssym (102 G6V> (6 2 )

This constraint can be relaxed if more annihilation channels exist, although this would

require a more complicated dark sector.

The annihilation of the dark fermions freezes-out around Tp g, ~ m; /g, with [167-169]

) -2
o A~ 30 + In ( i S (00)ann > . (6.25)

100 GeV 10=24 cm?3/s

This typically occurs before dark recombination.
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6.2.3 Dark Recombination and Residual Ionization Fraction

Once the temperature of the dark sector drops below the binding energy of dark atoms,
it becomes energetically favorable for the dark ions to form atoms. There are three regimes
describing this dark recombination process [175]. For large ap or small masses, the recom-
bination process is quite efficient and can be described well by the Saha equation until this
process freezes out. On the other hand, for small ap or large masses, recombination is very
weak and most dark matter remains ionized. In the intermediate regime, recombination
occurs in quasi-equilibrium and the details of atomic transport are important. (Dark mat-
ter also remains ionized if the dark photon mass is greater than the binding energy.) The

residual ionization fraction can be approximated by [175]

¢ 2
min [1, 10—105]3_4R (mH—“é’) 7 Mp < %
Tp ~ ap \ GeV ) (6.26)
o
1, MD > DTM7

where £pg = min(1,&pg] and &pgr = (Tp/Ty)pr is the temperature ratio at dark recoms-
bination. This equation is less than satisfactory when xp < 1; however, due to the af,
dependency, the region near but below 1 is only a small slice of parameter space. Using
thermodynamic equilibrium equations, we can estimate the temperature at which the re-

combination process freezes out, Tp o = A/ yec 0, Where

Treefo R 53+ In [EDR (&—D>5 (M)} . (6.27)

0.1 mups
This temperature may be either above or below the temperature of the Up(1)-breaking phase
transition. If it is above the temperature of this phase transition, everything proceeds as
above. Even if the Up(1)-symmetry is broken, we expect Eq. (6.26) and Eq. (6.27) to be
reasonable approximations since they are based primarily on equilibrium thermodynamics,

which is nearly unchanged for a small photon mass.

The dark atoms produced by recombination may bind into molecules, particularly H?.

While the process Hp + Hp — Hz + vp is slow, it can be catalyzed by the presence
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of a small ionized component, through the process Hp + pp — H%;“ + vp followed by
H]%Jr + Hp — H? + pp. Because the binding energy of dark molecules is (slightly) smaller
than the binding energy of dark atoms, this process requires a slightly tighter condition on
the mass of the dark photon. In the following, we neglect the possibility of dark molecule
formation, which merits a dedicated study. Some discussion of the scattering properties of

dark molecules is given in [181].

6.2.4 The Dark Phase Transition and Late-Time Dark Electron Abundance

We have determined the condition to generate an asymmetry in both dark electrons and
dark protons, Eq. (6.10), and we have noted that if dark ions remain until late times, they
may form dark atoms. The dark protons are, by assumption, the lightest particles that carry
the conserved dark baryon number; consequently, they cannot decay and their abundance
must remain. However, after the Up(1)-breaking phase transition, the dark electron no
longer carries any conserved quantum numbers. Thus, it is possible for this asymmetry to

be washed out and the dark electron abundance to be diminished by epéep annihilations.

The survival of a significant abundance of dark electrons depends particularly on gy, the
charge of Higgs field. For specific values of g4, dark electrons may acquire a Majorana mass
or Majorana-type mass mixing with other species. As a specific example, we consider g4 = 2,

which allows for the coupling
,C 2 —%quéCD’LGD,L — y7R¢DéCD7R€D,R + h.C., (628)

where ep 1 and ep g are the left- and right-chirality components of ep, and y;, and yg are
dimensionless Yukawa couplings. (We recall that ep is a singlet under the Standard Model
gauge group and so the L and R indices do not imply any SUp,(2) charge assignments.)
These terms give a Majorana mass to dark electrons after Up(1) is broken, which allows
oscillations between ep and ép, potentially washing out the observed asymmetry. As ep

is a singlet under the Standard Model gauge group, it may also have a normal Dirac mass
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term without breaking SUL(2). If the Majorana contribution is small with respect to the
Dirac mass (that is, |y, — yrlup/me < 1), the mass eigenstates are approximately the

self-conjugate fields

i
€p,1 ~ E (eD,L +e€pr —€pr— GCD,R) ; €p2 ~ E (eD,L +eéeprtepr+ BE,R) )
(6.29)
with masses my 2 = m. Fyvp where y = (y, +yr)/2. These eigenstates have the interactions
1 1 1 _ 1 _
L. = §€D,1Zd€D,1 + §€D,2@¢Z€D,2 - §(me - Z/UD)eD,leD,l - §<me + yUD)eD,zeD,2

“1269 AP ep 1Yueps + hec., (6.30)

Y _ _
- — €p.oe — €ép1€ +
2\/§SOD( D2€D2 D,1 D,1)

where we have set ¢p = (vp + vp/v/2)exp(ifl). As this is a case of near maximal mixing,
ep — €%, oscillations are rapid and may erase the Up(1) asymmetry carried by the dark

electrons completely. (For typical parameters, H < wos. is easily satisfied.)

However, the formation of ppep bound states can severely hinder the ep — ép oscillations.
The oscillation of a dark electron bound in a dark atom is energetically forbidden if the energy
gain from oscillation is insufficient to unbind the dark electron. The energy difference between
the mass eigenstates is 2yvp, while the expectation values of the kinetic and potential energies
of a dark atom are (Ex) = A, (Ep) = —2A and the total energy is —A. For an p},e}, bound
state with the same wavefunction (or the same superposition of plane waves), (Ex) = A,
(Ep) = 2A, giving a total energy of 3A. Thus if 2yvp < 4A, dark atoms are energetically

stable. This sets an upper bound on the Yukawa coupling
y < 20030 (A/Mp), (6.31)

where we have take g4 = 2. The right hand side cannot be arbitrarily small; for bound
state formation we must have A/Mp > 1 and requiring sufficient annihilation in the early
universe sets a lower limit on ap. Of course, for bound states to hinder wash-out due to
oscillation, dark recombination must occur before the dark phase transition which generates

the ep Majorana mass term. Equivalently, this requires Tp pr < A/Zyec fo, OF

Mp < (327TaD)1/2 A/ Zrec fo- (6.32)
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When this is satisfied, dark matter today remains at least partially atomic, even if the
asymmetry in free dark electrons is washed out and they self-annihilate. Note that this

condition is stronger than Eq. 6.15, the condition to form bound states.

If dark atoms have not formed before ep — €ép oscillations begin, then these oscillations
can erase the Up(1) asymmetry carried by the dark electrons. However, they cannot alter
the total abundance of dark electrons and anti-electrons if epép annihilations are inefficient
when the oscillations regenerate the eép population; then the abundance of ep ions can only
decrease by a factor of at most 1/2. In this scenario, the abundance of dark electrons after

the freeze-out of annihilations and before oscillations occur is

Y-e,fo = ne,fo/s = Ny, fo/s = QDMPC/(mpSO)7 (633)

where p,. is the critical energy density and sy the critical entropy density today. Annihilations
are inefficient if Tonn < Hpr, where Tann = sprYeo(00)eann and Hpr ~ 1.66,/gprThr/
mp;. These are the annihilation rate and Hubble parameter at the time of the dark phase
transition; also gpr, Tpr = Tppr/épr and spr = (272/45)gprTpr are the number of effective
relativistic degrees of freedom, the temperature, and the entropy density at the same time.
(00V)e.ann 1s the self-annihilation cross section times relative velocity of dark electrons, given

by Eq. (6.22). Substituting these expressions and using condition (6.10) yields
Mp < 107 1épr(32map) 2ap m,m? ) GeV?2. (6.34)

If this is satisfied, then the relic ep abundance changes by at most a factor of 2. For a
more detailed treatment of the coupled effect of oscillations, annihilations and scatterings,

see Ref. [182].

In Fig. 6.2, we plot conditions (6.32) and (6.34), which shows the region of parameter space
where dark matter at late times is necessarily multi-component, either because dark atoms
are present along with dark protons or a significant density of dark electrons remain. We see

that generally the region where Eq. (6.34) is satisfied is within the region where Eq. (6.32)
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Figure 6.2: Condition (6.2) is satisfied beneath the black lines; then dark matter includes
dark atoms. Condition (6.34) is satisfied beneath the red lines; then the dark electrons
abundance remains significant even without the formation of dark atoms. (We have set

ap = 0.1 and ¢4 = 2).

is satisfied. Although the parameter space in which dark matter is multi-component is more
limited than the general case without Majorana masses (Fig. 6.1), a significant portion of
the region with long-range scattering will be multi-component for light dark electron masses.
(The entire region shown in the plot is in the regime in which the asymmetry is generated

in both dark electrons and dark protons.)

As seen in this figure, the range of dark photon masses encompassed by either condition
(6.32) or (6.34) decreases as m, decreases. However, the dark electrons cannot be arbitrarily
light without implications. If m, < Mp, then the annihilation of non-relativistic electrons
in dark photons is forbidden. Then dark electrons decouple while relativistic, and their relic
density is generically large, which influences later cosmology. Consequently, there would
be significant cosmological bounds on the temperature ratio between the sectors. (It is

possible that additional annihilation channels allow the electrons to decay into lighter degrees
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of freedom, but similar reasoning would constrain the cosmological abundances of these
particles; additionally, this would be a less minimal model.) Therefore, even if Majorana
masses are generated, a significant region of parameter space remains in which dark matter

is multi-component.

Again, though, we emphasize that these conditions only apply for a limited range of g4
values, namely those for which a Majorana mass or Majorana-type mixing is generated for
the dark electrons. In a generic model, this is not the case and the only condition for dark
matter to be multi-component at late times is that the asymmetry be generated in both
dark electrons and dark protons (Eq. (6.10)). The absence of these terms corresponds to
the conservation of a global U(1) remnant symmetry under which ep is charged. In analogy
to the Standard Model, we will call this symmetry dark lepton number Lp. By a linear
transformation, we can define the quantum numbers of the dark ions to be Bp(pp) = 1,
Bp(ep) = 0 and Lp(pp) = —Lp(ep) = 1. In this scenario, the high-energy processes
which generate the Bp asymmetry conserve Lp, and equal asymmetries in pp and ep are
generated. As the dark electron is the lightest particle charged under Lp, it is stable and

thus its asymmetry is preserved.

If condition (6.10) is satisfied, and either Eq. (6.32) or Eq. (6.34) if necessary, then dark
matter is multi-component at late times. Consequently, considering only dark proton col-
lisions in halos does not accurately represent the dynamics of dark matter self-interaction;

one should include the different intra- and inter-species collisions. We give such an analysis

in Sec. 6.3.

6.2.5 The Fate of Dark Photons

Although dark protons and dark electrons decouple from the dark photons at the end of
dark recombination, the dark photons and the scalar field ¢ remain chemically coupled via

the annihilations ¢},¢p <> 7pyp until one of these species becomes non-relativistic. We will
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assume that ¢p is heavier than 7p; this is true for A > 27rqq2>ozD. This leads to constraints
on the abundance of dark photons after the chemical decoupling. It is straightforward to

reverse this assumption; then the constraints apply to the ¢p abundance instead.

The Up(1)-breaking phase transition takes place at a temperature 7' = Tppr ~ vp.
Immediately after the phase transition, vp and ¢p are moving at least quasi-relativistically,
if not relativistically. The heavier ¢p bosons become non-relativistic at Tp < m,/3. The

dark photons become non-relativistic at

[9 2
M M4/ 2Tq50p /A
e . (6.35)

3 3

Over a substantial region of parameter space Mp is within one order of magnitude of m,,.
Therefore, we expect the dark photons to become non-relativistic shortly after the ¢ p bosons

do so. The annihilation cross section for wpwp — Ypyp is

44mqiad, 20M2 12 M3 M2N'?
~ 1— — | |1-— 6.36
(O-U)QDDQDDH'YD'YD mi ( 11mi + 11 mé) ( mi) ) ( )
The ¢p bosons freeze-out with an abundance
Tpto =my/Tp ~ 41 +1n [qga%?((}e\//m@)} : (6.37)

In the parameter space of interest, m, < m,, and the ¢p annihilation cross section is
comparatively large. Consequently, the relic abundance is small in comparison to that of the
dark protons, and so it is cosmologically insignificant. Additionally, if m, > 2Mp, then the
¢p bosons decay rapidly into dark photons after they decouple; if mp +1.022 MeV < m,, <
2Mp, they may decay into pp — ypete™ via a virtual dark photon and its kinetic mixing

with hypercharge.

The ¢pvyp chemical decoupling also determines the abundance of dark photons. During

decoupling the temperature is Tp ., = My, /Ty, 0, and therefore

2 (6.38)

1/2
Mp  zppMp (27rq§ozp> /
— ~ I@yfo —)\ .
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Once decoupled, the dark photons may decay into Standard Model charged fermions via their
hypercharge mixing (Eq. 6.6) at the rate given by Eq. (6.7) if Mp > 1.022 MeV. For smaller
masses, the dark photons may be long-lived (although they can still decay into neutrinos, or
to three photons via a loop diagram). Either case has potential implications for cosmology.
The decay of the dark photon abundance into Standard Model particles injects relativistic
energy density, which can affect Big Bang Nucleosynthesis (BBN) and the Cosmic Microwave
Background Radiation (CMB). On the other hand, if a significant relic abundance survives
until very late, it can affect the time of matter-radiation equality or contribute to the matter
density of the universe. Thus, we must require either that the dark photons decay before

BBN or that their energy density be sufficient small (to be specified below).

Decay Before BBN: A basic requirement for this scenario is that the dark photons must
have acquired their mass before BBN (that is, the dark phase transition must occur before

BBN) TV,PT > TV,BBN ~ 3 MeV. This occurs if

1/2
102 Mp
6.6 . 6.39
fpr < (q;ap> (10 MeV) ( )

Requiring Ty decay > TvBNn gives the condition

(6.40)

N 10-10 (10 MeV)1/2
€ .
7\

All of these must be satisfied for dark photons to decay before BBN.

Survive through BBN: If either of the above inequalities does not hold, or Mp <
1.022 MeV, then dark protons survive through BBN. If they are relativistic at this time,
observations require égpy < 0.6; this corresponds to the relativistic energy density of one
extra neutrino species, as allowed by current data [183]. Dark photons will be relativistic
during BBN if Mp < 3&epnTveen =~ Epan -9 MeV; if the dark photons are heavier than this,

they are non-relativistic during BBN and no constraint is set on &ggn.
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Furthermore, we must require that the abundance of dark photons does not alter the time
of matter-radiation equality, and if dark photons remain until today, they must be a sub-
dominant component of the dark matter. The number density of dark photons, normalized

with respect to the entropy density s, is

3

D~ —2 _Rh(z,,), 6.41
s g*,5<t’yp) ( ’YD) ( )

Ty

Y

where g, s(t,,) is the effective number of relativistic degrees of freedom at the time of dark

photon decoupling, and ., is given by Eq. 6.38. The function h(x) is

1 o0 [02 _ .2 0.8, T <3,
hz) = 22 / dy% ~ (6.42)
T er —

=13
g 0.42%/2e72, T2 3.

Depending on when (and if) the dark photons become non-relativistic, there are three

possible cases:

1. Dark photons alter the time of matter-radiation equality if they become non-relativistic
and dominate the energy density of the universe at some temperature Ty qom > Tveq,
where Ty ~ 5 eV is the temperature of matter-radiation equality. In this case, when
Ty = Tvaom, sY (yp)Mp =~ py = (72/90)g.T}}, where py is the energy density of
the universe. This gives Ty 4om =~ 4Y (yp)mp. Putting together the constraints Mp/

Ty.gom > 3 and Tvgom > Tyeq yields

1.25eV & h(z,,)
<
MD g*,S(t'yD)

In this case we must require that photons decay before they would dominate, or

< 0.08. (6.43)

Ty, decay > Tv.dom, Which requires

€>6-1070f71/2 i Mp ' h(z.,) (6.44)
9*,8(75713) 10 MeV T

in addition to Mp > 1.022 MeV.

2. If Eq. (6.43) is not satisfied, then the dark photons do not dominate the energy density

of the universe before matter-radiation equality. We need only require that if the dark
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photons have become non-relativistic today, their relic abundance is not the dominant
component of the dark matter. Their contribution to the matter density of the universe

is Q(vp) = soY (vp)Mp/pe, and to have Q(vyp) < 0.01 requires

1/3 1/3
Gi5(t 100 keV _
&, <0.02 (%) (M—D h(z.,) 3, (6.45)

which also implies that Ty gom < Tyeq. This condition holds if
Mp > 3&Tyo~ & -7-107* eV, (6.46)
where the subscript 0 refers to the present.

3. If Eq. 6.46 is not satisfied, then dark photons are still relativistic today, and the only

applicable bound is gy < 0.6. This case includes the limit of a massless dark photon.

The various constraints are illustrated in Fig. 6.3 for the case ¢ — 0. If € # 0, these con-
straints can only be relaxed due to the possibility of dark photon decay, although condition
(6.21) provides an upper bound. Additionally, € is constrained by experimental results; for a
compilation of bounds, see Ref. [184], and for minicharged particles, see Ref. [185]. Bounds
on very light dark photons mixing with hypercharge are given in Ref. [186]. Additionally,
this kinetic mixing opens direct detection channels, although a study of direct detection
requires considering the both the inelastic and elastic scattering of each different species
with matter [187-189]. Related studies of direct detection of multi-component dark matter
with long-range interactions can be found in Refs. [190-193]. Furthermore, if a significant
fraction of dark matter remains ionized today, dark atoms can potentially form in the dense
environment of halos [131,194]. In the previous chapter, we discussed how the decay of the

emitted mediator may produce observable indirect detection signals.

6.2.6 Dark-Matter Kinetic Decoupling and Large-Scale Structure

If dark matter remains coupled to a thermal bath of dark photons until later times, this

can affect the matter power spectrum and gravitational clustering. In particular, the acoustic
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Figure 6.3: Bounds on the ordinary-to-dark temperature ratio, { = Tp /Ty, assuming € — 0.
In the blue region, the extra radiation due to relativistic dark photons exceeds the BBN limit;
this constraint applies to {gpn. In the red regions, the relic abundance of dark photons may
alter the time of matter-radiation equality or dominate the dark matter density. These
apply to &,,,. To the right of the grey line, the dark photons may decay into Standard Model

fermions, which can relax or eliminate the bounds.

119



oscillations of the coupled dark matter and dark-radiation system can imprint a new char-
acteristic scale on the matter power spectrum, which can affect the CMB temperature and
polarization spectra [124,175,195,196]. Thus, observations of the CMB and galaxy surveys

give additional constraints on ap.

In this model, dark matter and dark radiation remain coupled mostly via Compton scat-
tering of dark photons on dark ions and Rayleigh scattering of dark photons on neutral dark
atoms [175]. The scale of dark acoustic oscillations is [196]

eV AR
Ypao = ap (K) ( ) , (6.47)

mpyg

assuming a significant fraction of the dark ions are in bound states. Observations of the

< 0.6 is saturated;

Y

CMB and galaxy surveys require Ypao < 1074 if the inequality gy
lower values of {gpn relax this bound [196]. For our model, with a massive dark photon, we
note that these constraints are applicable only if the dark photons are relativistic when the
CMB is generated; that is, Mp/Tpcvs S 3, or Mp S 3éempTv.ems = Eomp - 15 eV. Thus,
these constraints limit only a rather small range of dark photon masses, and we will see that

constraints from the ellipticity of large halos are generally stronger.

6.3 Dark Matter Self-Interaction in Halos

As we have noted in the introduction to this chapter, one motivation for considering
self-interacting dark matter is that such interactions can modify the dynamics of small
halos, alleviating the tension between cold dark matter simulations and observations. For
definiteness, we will assume that in the entire parameter space, dark matter is made of equal
amounts of p}, and e, with no relic antiparticles present, and that these dark matter ions
may be bound into atoms, with an ionization fraction given by Eq. (6.26). This is inevitable
only if condition (6.10) holds (and, if ¢4 = 2, also (6.32) or (6.34)); as noted above, these are
sufficient but not necessary for all models. As this covers much of our parameter space, we

focus on the multi-component case; for a study of halos for a single-component dark matter
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coupled to a vector boson, see Refs. [128,135].

6.3.1 Dark Matter Scattering Rates

To determine the effect of dark matter self-interaction on halo shapes, we first need the
scattering rates for the various dark interactions (i.e., ion-ion, ion-atom, atom-atom). We

assume that dark matter has a velocity distribution which is locally Maxwellian

3 3/2
f(v,v):( ) e 30/ 2? (6.48)

22

where v = o(r) is the rms average velocity, which is generally a function of position inside
the halo. Let I',, I'c, and I'y be the average rates of momentum-changing collisions for dark
protons, dark electrons, and dark hydrogen atoms respectively; each of these rates includes

contributions from scattering with each other species,

Fp = Fpp + Fpe + FpH?
Fe = Fep + Fee + FeHa

'y =Twup+Thue+Tan. (6.49)
I';; is the average momentum-loss rate from species i to species j [175],

pzy
Fl — 650
= (6:50)

where p; = m,;v is the average rms momentum of species ¢ and p;; is the average momentum-

loss rate of species 7 due to collisions with species j in the halo. We estimate this as

Dij = nj(r)/d?’vif(vl, )/d?’vj f v, 0)|v; — 'v]|/dQ damé ij,
3 — sz]
=n(r) [ dv f(v,Ba)v [ dQ—50py, (6.51)

where n;(r) is the number density of species j, do;;/dS) is the differential cross section for ij
scattering, dp;; is the momentum transfer from 7 to j, and finally 0,¢ = v/27. Both the cross

section and momentum transferred depend depend only on the relative velocity |v; —v;| and
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the scattering angle #. The momentum transfer is

m;my;

dpij = vg(0). (6.52)

m; + m;
The angular function g(#) depends on whether the total, longitudinal, or transverse momen-

tum transfer is considered,

(2sin 0/2), L7 7,
gtot(e) = 9 ( / ) =
2 min(sin(6/2), cos(6/2)], =7,
( 1 — cos(0), (N
glong(e) = ( ) 7& !
\min[l —cos(f),1 + cos(0)], =7,
g (0) = | sin(9)]. (6.53)

The case i = j takes into account that forward and backward scattering of identical par-
ticles are equivalent. In recent self-interacting dark matter simulations, the longitudinal
momentum transfer is used and distinguishable particles are assumed, with the resulting

momentum-transfer cross section defined as

or = /dQ(l — cos(@))j—g. (6.54)

For the ion-ion collisions, governed by a Yukawa potential, we use existing analytical
formulas for op. In the small coupling regime, r;; = 4app;;/Mp < 1 where p;; = mym;/
(m; + m;), the Born approximation is valid and the momentum-transfer cross section is

[197-199)

born 2 12] |:1 <1 + Tij) Tij :| (6 55)
o = n — ) - —1, .
T Mp, Bij Bij + T
where 8;; = apMp/v?*u;; and v is the relative velocity of interacting pair. For larger cou-

plings, the Born approximation is inapplicable, but the classical approximation becomes
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valid. In this regime, the attractive eppp cross section is

( 1
25 ( 5ep> e S 107

871' 32
class ~_ ep -1 3
O-T,ep ~ M% 1 + 1.5ﬁ1'65’ 10 5 BEP S ].0 9 (656)

0.817
e [ln (Bep) + 21In(Bep) + 2.5 +
\ D

Bep 2107

(ﬁep)

This classical approximation is valid only if r.,/5., > 1; for 1 < r., < S, the scattering
cross section exhibits resonances due to the contribution of virtual bound states [128,135].
These resonances affect only a small part of parameter space, and we will ignore them
for simplicity. Hence, we use the classical approximation everywhere outside of the Born

approximation’s range of validity.

For the repulsive pppp and epep scattering in the classical regime we use [125,199]

2m 1
| M2 ln(]-_l__g)a Burgl
U%?js — 1 (657)

| M2 (In(26:) — m(In(26,:)))?,  Bu 21

While the ion-ion collisions are significantly affected by the nonzero dark photon mass,
the atom-atom and atom-ion collisions are less affected. The nonzero mass modifies the
interatomic potential at distances r 2 1/Mp, while even in the massless case the interatomic
potential is significant only within a Bohr radius ag = (upap) ™' (See Ref. [181] and references
therein.) In the regime in which an asymmetry is generated in dark electrons and dark
protons (i.e., which satisfies Eq. (6.10)), the Bohr radius is smaller than 1/Mp and so the
effects of the finite photon mass are minimal. Consequently, we will use the atom-atom and

atom-ion scattering rates determined using a massless dark photon.

However, even in the limit of a massless dark photon, this is currently considerable un-

certainty in the existing literature about the atom-atom and atom-ion collision rates. We
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present results following two different approaches, developed in [181] and [175]. First, though,

we summarize the differences in the approaches.

The authors of Ref. [181] calculated the low-energy atom-atom scattering cross section by
the direct computation of the phase shifts induced by interatomic potentials. The atom-atom
cross section exhibits a rich resonant structure due to the multiple states of hydrogen-like
atoms, but away from the resonance the energy dependence of the transverse energy-transfer

cross section can be fit across a wide energy range by

2 2\ 217!
MU MU
b+ b | — by | —— .
o (4MDCY%> i (4/@0%) ] ’ (659

where the energy-transfer cross section is defined as

0Ty =~ (ND ap ) -

do

oy, = / 40 sin’() (6.59)

The use of o7, rather than oy may be well-motivated by physical arguments; however, as
simulations use o7, this choice makes it difficult to compare with simulations. The parame-
ters by, by, and by are determined by numerical fits and depend mildly on the ratio m,/m..
To cover a continuum range of the ratio m,/m., we interpolate the parameters between the

values provided in Ref. [181].

However, Ref. [181] does not address atom-ion scattering; thus we ignore atom-ion colli-
sions when adopting this approach. This is justified because atom-ion collisions are either
subdominant or insignificant throughout the entire parameter space. Atomic interactions
are screened on the scale of the Bohr radius, while ion-ion interactions are screened on the
scale of the smaller photon mass; hence ion-ion interactions dominate over atomic interac-
tions when present (i.e., for zp > 0.5). While the atom-ion cross section may be comparable
or larger than the atom-atom cross section, it plays no role if there are few ions present
(xp < 1). For moderate values of xp it possible that atom-ion collisions dominate the

momentum-transfer rate, but in this fairly limited regime the gauge coupling is typically not
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large enough for the interactions to affect the halo dynamics. This assertion is confirmed

using the analysis of Ref. [175], described next.

The authors of Ref. [175] estimate both the atom-atom and atom-ion collision rates by
rescaling the experimentally measured rates for ordinary atoms and ions. They consider the
momentum-transfer cross section and average over a Maxwellian velocity distribution. The

results are

apv®/* Me SMMH e Mesmmy U s
Tim ~ ng [15m(4/3)%5T(19/8)] ( ) ( = ) {1 4+

A? [ipA upA 225 ’
T o 30V3m3a v (mym,)'/? LTSy 027
pH = H A? my +my (o +my)A 150 ’
C o 30V3m3ad0 (mygm,)'/? | _Mesumme 17_2 —5/2
cH a A2 mpg + me (wp +myA 150 ’
nym.
Ly~ 22T
Hp o pH>
NeMe
FHe ~ N FeH; (660)

where m.sq = 511 keV is the (normal) electron mass. These are valid in the interval
107® < Eqn/A < 10, where E., = p;v%/2 is the center-of-mass energy of the colliding
particles. As noted in [175], this is expected to over-estimate the atom-atom collision rate
at low-energies; in fact it diverges as v — 0, in contrast to the approach of [181], which finds
that the s-wave contribution dominates. Our numerical analysis shows that [175]’s approach
gives significantly larger cross sections than [181]’s approach even in its assumed range of
validity (by about an order of magnitude). Part of this difference can be attributed to using

the momentum-transfer cross section instead of the energy-transfer cross section.

6.3.2 Effects of Scattering on Halos

We have established that the scenario considered here generically results in multi-component
dark matter, with several types of inter- and intra-species interactions. Consequently, dark

matter simulations of single-component dark matter are not directly applicable; but we will
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use insights from these simulations to determine reasonable conditions to study the impact of
dark matter interactions on the dynamics of dark matter halos. We have two complementary
goals: first, to determine rough constraints that ensure that scattering in Milky-Way-sized
halos does not destroy their observed ellipticity, and secondly, to identify regions of parameter
space in which scattering could affect the dynamics of dwarf-galaxy-sized halos, potentially

bringing predictions into better agreement with observations.

We define an effective average momentum-transfer rate
Leg = hpmin ('), Leyie/R) + he min (I, Lot /h) + hg min (Cy, Cegie /h) (6.61)

where h,, he, and hy are the mass fractions carried by dark protons, dark electrons, and

dark atoms respectively,

- ZL‘Dmp xDmp

hy = R ,
rp(my +me) + (1 — xp)mpy My

TpMe ITpMe

he = ~ ,
zp(my +me) + (1 —xp)mpy My

1—
hy = (1= 2p)mu ~ (1 —p). (6.62)

zp(my +me) + (1 —zp)mpy
It depends on the position in the dark matter halo, through its dependence on the densities
and the velocity dispersions of the dark matter species. (The velocity dispersion dependence

arises mostly through the strong velocity dependence of the cross sections given above.)

Lot is an estimate (to be specified below) for the magnitude of the effective momentum-
transfer rate above which there is a significant effect on the halo; it is this value that we
compare to ['eg. It also generically depends on the position inside the halo. In Eq. 6.61, we
cap the contribution of each contribution at I'.i;/h, with h < 1. The physical reasoning for
this is that if the momentum-transfer rate of a species is large, but the species contributes
only a fraction of the mass in the halo, then the effect of the momentum loss by this species
on halo dynamics is unimportant. This species’ contribution should not drive I'eg above

the critical value. Only the interactions of species which carry a significant portion of the
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halo mass should determine the dynamics of the halo. This cap is an albeit somewhat crude
way of incorporating this; h is the fraction of dark matter which, if strongly interacting,
can drive [eg to its critical value. We somewhat arbitrarily choose h = 0.5. (This choice
is partly informed by the dynamics of dark matter and ordinary matter in halos. Ordinary
matter contributes 15 percent of the mass of the universe and is quite self-interacting and

dissipative, but it does not significantly affect the clustering of dark matter at most scales.)

The strongest constraints on dark matter self-interactions arise from the observed ellip-
ticity of halos of the size of the Milky Way or larger; these correspond to distances r ~
(4 —50) kpc from the center of the halo [200]. Therefore, we evaluate I'eg at ppy = 1 GeV/
cm?; this is estimated to occur at r ~ 4.5 kpc for both an NFW and an isothermal profile. We
also set ¥ = 220 km/s. We define ™YW as follows: For the chosen values of the dark matter
density and velocity dispersion, and in the limit of single-component dark matter of mass m

with a velocity independent scattering cross section, one must require or/m < 1 cm?/g [28].

For single component dark matter, Ieg = ppas(or/m)v; thus we set

MMV = (1 GeV/em?)(1 em?/g) (220 km/s) ~ 1.2 Gyr™' ~ 17H,. (6.63)

crit

We require TMY < MW where 'MW is the effective momentum-transfer rate evaluated

at the above density and average velocity. This is a reasonable bound for preventing the

thermalization and isotropization of the halo.

Secondly, we want to identify regions of parameter space in which self-interaction can
affect the dynamics of smaller halos; since the dwarf spheroidal galaxies of the Milky Way
are consistent with isothermal isotropic profiles, these considerations set only a lower bound
on Ter. We evaluate the momentum-transfer rates at ppy = 0.5 GeV/em? and v = 10 km/
s. (For a review of the kinematics of dwarf spheroidal galaxies, see Ref. [201].) For single
component dark matter, the desired cross section is o7/m > 0.5 cm?/g [25,27,28,130]. Thus

we set

PV = (0.5 GeV/ecm®) (0.5 cm?/g) (10 km/s) =~ 0.014 Gyr~—' ~ 0.2 H,. (6.64)

crit
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MW DW
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Note that the above approach in choosing I" renders our bounds independent
of the dark matter density at which the momentum-transfer rates are evaluated, and thus
can be reasonably compared to estimated constraints from dark matter simulations. Evalu-
ating the momentum-transfer rates requires knowing the spatial distributions of the different
species of dark matter; however these depend on the strength of the various interactions and
the relative abundances of each species. Ultimately, the clustering of multi-component and

self-interacting dark matter must be resolving through simulations; here we will make the

simplifying assumption that all species follow the same density profile

np(r) ~ (1 —xp)ppm(r)/mu (6.65)

ny(r) = ne(r) ~ xpppm(r)/mu. (6.66)

We note that we do expect n,(r) = n.(r) due to the attractive ppep interaction and intra-
species repulsion. However, since the ion-atom and atom-atom interactions are typically
much weaker than the ion-ion interaction, it is possible that atoms and ions have separate
profiles [174]. However, in the limits xp ~ 1 or xp < 1, we do expect all the dark matter
species to follow the same profile, determined primarily by the gravitational pull of the

dominant species.

6.3.3 Discussion of Results

In this section we present graphs showing the parameter space that satisfies the criteria
outlined above. Our first constraint is a strict bound from requiring that Milky-Way-sized
halos retain their ellipticity; the region where this fails is colored pink in the plots below.
The second, a desiderata, shows the regime in which self-scattering can affect smaller halos;
this region is enclosed by a blue line. We also hatch the region where there is insufficient an-
nihilation in the early universe in this simplistic model, although this bound can be loosened

by a less minimal dark sector. In the grey region, the self-consistency bound 4up > my + A
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Figure 6.4: Halo bounds as a function of ap and mpy (fixed A and Mp) for {pr = 0.3,

following the methods of [175].

is violated. The broken lines in plots following [181] result from the numerical interpolation

of b[),

bl, and bQ.

There are several different quantities one can use to describe the relevant parameter space.

One can describe the dark atoms using the coupling ap and atomic mass my along with

either the binding energy A or the reduced mass pp. The full parameter space is then

described by one of these sets of three parameters along with Mp, the mass of the dark

photon. The two resulting sets of parameters are useful for different tasks; considering the

binding energy is useful in looking for indirect detection signals (as outlined in the previous

chapter), although fixing the reduced mass is more helpful when analyzing the cosmological

129



A =100keV, Mp = 0.1keV, £pg = 3 A=1MeV,Mp=1eV,épg =3 A=1MeV, M, =0.1MeV, épg = 3

107! - T T
Disfavored by ellipticity of large halos Disfavored by ellipticity of large halos \\g?- Disfavored by ellipticity of large halos \\,“
-~
Ll o
107! 107!
Qqo02H -7 0000 ALl i a I~ ==t a
s 10 R I e ey A N E N 3
..... Favored by Y TTTTT1 ,
galactic substructure =y N S 10
Insufficient Insufficient
annihilation in anm}u]a!mn in
Insufficient early universe early universe
annihilation
10-3 dup>mpy A in carly universe Lok 4pp>mpy+A | 10k dpup>my +A al
10! 10? 10° 10* 10! 10? 10° 104 10! 102 10° 10*
my  [GeV] my [GeV] my [GeV]
A=50MeV,Mp =5MeV, épg =3
A=5MeV,Mp =100keV, épg = 3 A=10MeV, Mp =1MeV, &g =3
Fr T T
. 5 : : 5 )
Disfavored by ellipticity © = | | Disfavored by ellipticity of 7 Disfavored by AL
OfF ke letlor ‘\&‘“ large halos - ellipticity of PN
‘\\v;\ large halos 7
N
107! S B s - 4
i - >
O - s ’ o
< - - . o
AL ip =001 - Favored by N
A zalactic +9-
o a substructure o
S .
S]
3r B
10—2 L
Insufficient A
annihilation K i
in early L
universe| . i
/
4 : [
' dup>mp+A
_a| 4up>mp+d App>mpy+A D>MH
1073 kb A A a . f " " 2k L .
10! 10? 10° 10* 1 10! 10? 10° 1 10! 10?
my  [GeV] my [GeV] my  [GeV]

Figure 6.5: Halo bounds as a function of ap and my (fixed A and Mp) for Epr = 3, following

the methods of [175].

history. Consequently, we present plots both with the binding energy A and the reduced

mass pup considered as an independent parameter.

First, we look at the effects of scattering on halos as a function of the dark coupling ap
and the dark atom mass my; we fix the dark mediator mass. In Figs. 6.4, 6.5, and 6.6, we
also fix A, while in the following three, Figs. 6.7, 6.8, and 6.9, we fix up. In each of these
sets, the first two (i.e., 6.4 and 6.5, 6.7 and 6.8) use the approach of [175]; the remaining two
(6.9 and 6.9) follow [181]. Figs. 6.4, 6.5, 6.7, and 6.8 additionally demonstrate the weak &pg

dependence, as each choice of parameters is evaluated at both é&pr = 0.3 and &{pr = 3.
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Figure 6.6: Halo bounds as a function of ap and my (fixed A and Mp) for &pr = 0.5,
following the methods of [181].

The most pronounced feature of this plot is the “wedge”, which demonstrates that the
scattering rate varies non-monotonically with ap and mpyg. This can be understood as follows:
for small ap, dark recombination is inefficient and dark matter today consists mostly of ions
(xp =~ 1). At very low values of ap, there is negligible self-interaction among the ions, but
increasing ap increases the scattering rate, which can become sizable before recombination
becomes very efficient. At the other extreme, dark atoms are efficiently formed in the
early universe, and the atom-atom scattering cross section increases the dark matter self-
interaction in the halos, leading to I'eg > [';5¢. This wedge feature becomes more pronounced
as ¢pr is increased. It is also present whether we follow the analysis of [175] or [181]. As

may be expected from the above explanation, the precise edges of the wedge, but not its
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Figure 6.7: Halo bounds as a function of ap and my (fixed up and Mp) for {pr = 0.3,

following the methods of [175].

existence, depend somewhat weakly on the choice of T'¢.

We emphasize that this behavior exemplifies the importance of carefully considering the
cosmology of models in which dark matter couples to a light mediator. Failing to consider

dark recombination would overestimate ion scattering, which would give inaccurate bounds

on ap and my.

These plots also clearly demonstrate that the scenario considered provides a region of pa-
rameter space in which dark matter interactions can affect smaller halos without endangering

the ellipticity of large halos; this is the region enclosed by the blue line which is not colored
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Figure 6.8: Halo bounds as a function of ap and mpy (fixed up and Mp) for &pgr = 3,

following the methods of [175].

pink. Furthermore, this region exists both at small are large ionization fractions, although
the large ionization case may be in tension with having sufficient annihilation in the early
universe. (However, the fourth plot in Fig. 6.4 demonstrates that this is not necessarily the
case.)

The existence of a region satisfying both TDYV > TDW and 'MW < TMW can be traced to
the velocity dependence of the cross sections. Both the atom-atom and ion-ion cross sections
decrease with increasing velocity; for ion-ion scattering, o;; oc 1/v* as Mp — 0; larger values
of Mp weaken this dependence. The sensitivity of ogy to velocity varies according to the

two approaches considered. According to Ref. [181], the atom-atom contribution is velocity-
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Figure 6.9: Halo bounds as a function of ap and my (fixed up and Mp) for {&pr = 0.5,

following the methods of [181].

independent at low energies, while at higher energies it can scale as 1/v* or even as 1/v?.
Thus, the different velocity scales relevant for dwarf halos and Milky-way-sized halos enable
us to satisfy both conditions simultaneously in some regions of parameter space, consistent
with the motivation for considering self-interacting dark matter given at the beginning of

this chapter.

In the up plots (Figs. 6.7, 6.8, and 6.9), we also explore the region in which A < Mp <
pipap. In this region, bound state solutions exist (and hence my and A are well-defined),
but bound state formation is hindered due to the impossibility of emitting an on-shell dark
photon. In this region, therefore, we take xp = 1. We see interesting behavior around the
dividing line Mp = A; in the upper middle plots of Figs. 6.7 and 6.8, the pink shaded region
extends to larger my values above the diving line, which is the region in which bound states
form. Conversely, in the bottom middle plots of 6.7 and 6.8, the pink shaded region extends
to larger mpy values below the dividing line, in the region where bound states do not form.

(Recall that the pink shaded region denotes the regime in which MW > MW )
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Figure 6.10: Halo bounds as a function of ap and Mp (fixed A and my) for {pr = 0.3 (top)
and ¢pr = 3 (bottom), following the methods of [175].

This can be understood as follows: If TXV is determined by atom-atom scattering on the
Mp < A side of the Mp = A line, then in the Mp > A region the absence of atoms may
be sufficient to prevent I}V from exceeding the critical value. Hence, TV will exceed its

critical value for a larger range of dark atom masses where dark atoms can form. Conversely,

MW

if we are in a regime in which ion-ion scattering determines '}V, then the bound I}V > TMY

is more stringent in the Mp > A region, because in this region xp = 1 and more ions are

present.

Next, we present plots in which my and either A or pp are held constant, while ap

and Mp vary. These are shown following the approach of [175] in Figs. 6.10 and 6.11,
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Figure 6.11: Halo bounds as a function of ap and Mp (fixed pup and my) for &pr = 0.3

(top) and {pr = 3 (bottom), following the methods of [175].
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following the methods of [181].
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and following the approach of [181] in Fig. 6.12. The wedge seen in the previous plots is
converted to a gap between the pink-shaded region and/or the region enclosed in blue. The
most notable feature is how little the bounds evolve with the mass of the dark mediator. We
do see that the bound from Milky-Way-sized halos weakens as the dark mediator becomes
heavy:; this is as we expect due to the increased screening. The importance of the mediator
mass near the Mp = A bound, beyond which it is difficult to form bound states although
these solutions exist in the theory, is evident in Fig. 6.11. Generally, the constraint is
stronger on the Mp > A side due to the increased number of ions with large scattering
cross sections, although the left-most plots of Fig. 6.11, in which the momentum transfer is
dominated by atom-atom scattering, is a notable exception. Again, the formation of dark

atoms significantly alters the allowed and preferred regions of parameter space.

Figs. 6.13 and 6.14 show the parameter space as a function of my and Mp following
the methods of Ref. [175]; Fig. 6.15 follows Ref. [181]. Consistent with Figs. 6.10, 6.11,
and 6.12, minimal evolution with the dark photon mass is seen until near A = Mp. The
regime in which dark matter self-interaction can influence small halos while preserving the
ellipticity of large halos can extend over nearly a whole decade in ap. (In Fig. 6.14, the

region Mp > ppap, is grayed out because there are no bound state solutions.)
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@p =0.08,A =5MeV, épg = 0.3

and {pr = 3 (bottom), following the methods of [175].
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Figure 6.14: Halo bounds as a function of my and Mp (fixed up and ap) for &pr = 0.3

(top) and {pr = 3 (bottom), following the methods of [175].
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Figure 6.16: Halo bounds as a function of A and Mp (fixed my and ap) for {pr = 0.3 (top)
and ¢pr = 3 (bottom), following the methods of [175].

In the next set of plots (Fig. 6.16, Fig. 6.17, and Fig. 6.18), we fix the dark coupling ap and
the dark atom mass my, while allowing Mp along with either A or up to vary. Again, we
see very little evolution with the dark photon mass. The wedge feature again results in two
bands. We see that it is generally easier to alter the shape of small halos while retaining the
ellipticity of large halos at small ionization fractions, when most of the charge is contained

in dark atoms.
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Figure 6.19: Halo bounds as a function of A and my (fixed Mp and ap) for {pr = 0.3 (top)

and ¢pr = 3 (bottom), following the methods of [175].

Next we hold the dark coupling ap and the dark photon mass Mp constant while allowing

my along with the binding energy A or reduced mass i p to vary. This allows us to investigate

the evolution of the wedge region with binding energy /reduced mass, which we were not able

to do effectively in the first set of plots. These are shown in Fig. 6.19 as a function of A

following the approach of [175], in Fig. 6.20 as a function of pp following the approach

of [175], and in Fig. 6.21 as a function of A following the approach of [181]. In particular,

we note that the wedge extends for a much larger range of dark atom masses taking the

approach of [181] as opposed to [175]. We also see that, when considering this set of fixed

parameters, the existence of the wedge occurs only for a narrow range of binding energies or

reduced masses, and it is also rather sensitive to {pr. Consistent with the above remarks,
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Figure 6.20: Halo bounds as a function of pup and my (fixed Mp and ap) for &pr = 0.3
(top) and {pr = 3 (bottom), following the methods of [175].

we see little evolution of the parameter space until the dark photon mass becomes relatively

large.

Additionally, these plots show both small and large ionization regimes in which these
desiderata hold; see particularly the first two plots in Fig. 6.19. As noted previously, the
favored region at high ionization fraction is frequently in tension with having sufficient anni-
hilation, but this region should not necessarily be considered forbidden, as an extended dark

sector with additional annihilation channels may loosen this bound.
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Figure 6.22: Halo bounds as a function of ap and A (fixed my and Mp) for {pr = 0.3 (top)
and ¢pr = 3 (bottom), following the methods of [175].

Finally, we consider the remaining possibility: fixing my and Mp; Fig. 6.22 shows these
as a function of A and Fig. 6.23 shows these as a function of pup. As these are rather
similar to previously shown plots, we show the analysis only for following [175]. These plots

particularly illuminate the evolution of the preferred region at large ionization fractions.
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(top) and &pr = 3 (bottom), following the methods of [175].
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Figure 6.24: Halo bounds as a function of ap and m, = m. (fixed Mp) for {&pr = 0.5,

following the methods of [181].

We have seen that arbitrarily small dark photon masses produce viable scenarios, even at
moderately large values of the dark coupling (e.g., Fig. 6.12). This is due to the formation
of dark atoms, which generally suppresses the dark matter self-scattering rate. If the dark
photon has mass, this mass must necessarily be small for existence dark atoms to form,;
for Mp > A, the formation of atoms is kinematically suppressed due to the emitted dark
mediator being off mass-shell, and for Mp > pupap, the spin-zero bound state solution
does not exist. The above plots did explore the Mp > A regime by setting the ionization
fraction to one; however, to explore the Mp > upap regime one should use a different set

of independent variables, as the parameters my and A are not well-defined in this regime.
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Figure 6.25: Halo bounds as a function of aop and m, = m, (fixed larger Mp) for {pr = 0.01

(top) and {pr = 1 (bottom), following the methods of [181].

Consequently, we next present plots in which we use m,,, m., Mp, and ap as independent

parameters; these are all made following the approach of [181]. In most of these plots,

we will set m, = m, for simplicity; this also most closely approximates single component
self-interacting dark matter models.

In the first set of plots, Fig. 6.24, we investigate the evolution of the wedge seen in the
plots above. We see that it generically becomes larger as Mp is increased, consistent with
the plots shown above. The two bottom plots explore the region with no bound states; we
observe that in this regime, the large ion-ion scattering cross section results in spherical

large halos, as we expect from our observation that dark atom formation tends to relax this
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following the methods of [181].

constraint.

Next we consider larger mediator masses, at both é&pg = 0.01 and Epr = 1; these are shown
in Fig. 6.25. In these plots, we can see that both the MW > TMW (pink) region and the

crit

BV > TDW (enclosed in blue) region extend into the large mediator mass regime, in which
there are no bound state solutions. However, as the dark photon mass continues to increase
with respect to ap, the screening effect does eventually reduce the effective momentum

transfer beneath the critical value.

In this limit, there is again a viable regime in which the scattering remains sufficient to
affect smaller halos without destroying the ellipticity of larger halos. We emphasize that
in this scenario this is due entirely due to the screening from the dark photon mass, in
contrast with the preferred parameter space due to the formation of dark atoms. However,
for cosmologically stable dark photons, a large mass implies rather strong upper limits on &,
as shown in Fig. 6.2. This bound can be weakened by increasing qia p; however, this cannot

be taken too large without weakening the ionization fraction. However, if the kinetic mixing
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Figure 6.27: Halo bounds as a function of Mp and m, = m, for fixed xp and &pg, following

the methods of [181].

between the dark photon and hypercharge is sufficiently large, then the dark photons will
decay rapidly, relaxes or eliminating the constraints shown in Fig. 6.2. We emphasize that
even in this minimal model, there are a variety of viable regions of parameter space, with

very different characteristics.

While Fig. 6.25 shows this additional possibility, it does also illustrate the dramatic effect
that the formation of dark atoms has on halo ellipticity bounds, which we have explored
above. When the ionization fraction is small, the effective momentum rate does not exceed
its critical value due to the weakness of atom-atom scattering. We also observe that the

effect of changing épg is rather minimal, mostly altering the location of the lines of constant
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ionization.

These figures have all investigated the case m, = m.; however, the limit m, > m, is also
of interest. This is shown in 6.26. This provides an even larger region in which the mass
of the dark photon screens the interactions sufficiently to retain the ellipticity of large halos

while allowing scattering to modify the shape of smaller halos.

The above discussion has emphasized the importance of the ionization fraction. At small
ionization fractions, scattering may be suppressed by atom-atom scattering, which is weaker
than ion-ion scattering (however, this may still be strong enough to cause L' to exceed its
critical value). At lower ionization fractions, screening can only be accomplished by a larger
dark photon mass; this may or may not require one to go into the regime in which dark
atoms do not form. Consequently, it is of interest to fix the ionization fraction xp; this is
shown in Fig. 6.27. The preferred region tends to be at relatively large dark proton/dark
electron masses, unless one considers relatively large dark photon masses, consistent with

the above discussion.

6.4 Summary

In this chapter, we have considered a rather minimal model of self-interacting asymmetric
dark matter: a dark sector interacting through a broken Up(1) gauge group. We have
argued that for small dark photon masses, the dark asymmetry is necessarily produced
in two species oppositely charged under Up(1); furthermore, these species generically can
survive to form dark atoms. Therefore, even in this simplistic model, dark matter is generally

multi-component, comprised of negative dark ions, positive dark ions, and dark atoms.

This model necessarily has a more involved cosmology, which involves a dark phase transi-
tion (if the symmetry is broken using a dark Higgs field) and a period of dark recombination.

The different annihilation processes may freeze out at different temperatures; the decay of
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the dark Higgs boson and/or the dark photon can affect the visible sector. These factors
lead to a rich cosmological history, with many possibilities; we have discussed this in Sec.

6.2.

Finally, single-component halo bounds are generally not applicable to this model; in the
final section, we have considered such bounds taking full account of the multi-component
nature of the dark matter. We have seen that scattering in halos may be suppressed due to
dark atom formation or due to large dark photon masses, both of which result in regions of

parameter space in which scattering can modify small halos while large ones remain elliptical.

This chapter complements the previous chapter, which did not consider a Up(1) gauge
group, and thus was able to consider single-component dark matter. However, the indirect
detection signals studied there are also generally applicable to this model, and can probe

regions of parameter space in which the coupling is rather large.
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CHAPTER 7

Solitosynthesis-Induced Phase Transitions

Now we turn our attention to our third, and final, topic. We return again to the question of
baryogenesis. In Ch. 4, we explored the possibility of producing a baryonic asymmetry dur-
ing the electroweak phase transition in a strongly-coupled supersymmetric model. However,
this is not the only possibility; other phase transitions in the early universe can also produce
the necessary asymmetry. In this chapter, we consider a different possibility, a phase transi-
tion induced by Q-balls. Q-balls [202] are non-topological solitons [203-206] that are stable
because they carry a conserved global charge. They arise in a number of models, and, in par-
ticular, in supersymmetric extensions of the Standard Model, where they carry baryon and /or
lepton number [207]. Stable supersymmetric Q-balls can form in the early universe from the
fragmentation of an Affleck-Dine condensate [100,208-212] or in other processes [213,214],
and they can play the role of cosmological dark matter [100,101,208-211,215-217].

Furthermore, it has been suggested that Q-balls can facilitate phase transitions even when
the tunneling rate is too small for the phase transition to occur otherwise; the Q-balls
accumulate charge until they reach a critical charge, at which point they expand, causing
a phase transition [218,219]. Such phase transitions have been considered as a potential
baryogenesis mechanism. While the possibility of such a phase transition has been explored
in the literature [220,221], a complete model of it has not yet been demonstrated. This is due
to difficulties with the quantum nature of small charge Q-balls and also with the properties
of Q-balls in the false vacuum. This chapter will demonstrate, from beginning to end, a

model in which a phase transition is induced by solitosynthesis of Q-balls.
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This chapter is organized as follows: first, we specify the potential that gives rise to our Q-
balls and show that it has the requisite properties; then we consider the properties of the non-
topological solitons in the false vacuum. There are primarily four regimes to consider. For
large charges, the thin wall semi-classical approximation is valid, while for smaller charges,
the thick wall semi-classical approximation is valid. For intermediate charges, we interpolate
between these two regimes. For extremely small charges, quantum effects are important and

the semi-classical approximation is invalid; instead, we apply the Bethe-Salpeter equation.

After we have described the radii and energies of the Q-balls, we proceed to consider the
properties of the phase transition; in particular, the critical charge and the critical radius.
Then we discuss solitosynthesis, the process by which Q-balls grow by accreting charge. We
find the temperature at which such growth begins, and then we calculate the rate of growth
in each regime. We demonstrate that the growth is not hindered by charge depletion and
freeze out, which could end solitosynthesis before critically sized Q-balls form. Finally, we
discuss explicit numerical examples to show that such a phase transition is a theoretical

possibility.

In all this, we use a simplified toy model inspired by the Minimal Supersymmetric Standard
Model (MSSM). In the last section, we discuss the application of this analysis to the MSSM,

and in particular we consider phase transitions of cosmological interest.

7.1 The Potential

For this analysis, we will use an MSSM-inspired potential [217,220]

m? 2 A
V(G H) = 54+ S5E0? = Ahd® + LR +

&644_&

I 7.1
2+ (7.1)

in which ¢ is a squark field and h is the lightest Higgs boson. For simplicity, we use real
fields. In general, renormalization effects, including the effects of Q-balls if they exist, can

be significant [222]; we take the couplings to be the renormalized couplings. We assume
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Figure 7.1: A contour plot of the potential V(gG, h). There is a local minimum at the origin
and a global minimum at (h) = 169 GeV and (¢) = 631 GeV.

that any other particles which carry baryon number are heavier than the squark, to ensure
the squark’s stability. The origin is always a local minimum of this potential; however, for
particular values of the coupling constants, a different global minimum exists. For example,
if my, = 200 GeV, my, = 10 GeV, Ay = 240 GeV, A\; = Ay = 0.1, and A3 = 19, the origin is
a local minimum and there are global minima at (h) = 169 GeV and (¢) = £631 GeV. Fig.

7.1 shows a contour plot of this potential.

Phase transitions involving multiple fields are difficult to solve exactly; a reasonable ap-
proximation is that they occur along the line connecting the two minima. This is a valid
approximation when the potential does not have an unusually shaped barrier; we see no sign
of an unusual barrier in the contour plot. The potential along this line may be found by

substituting ¢ = ¢sin(d) and h = ¢ cos() with 6 = 1.309:
V(¢) = 18700 GeV?¢? — 58.0 GeVe® + 0.0447¢". (7.2)

This effective potential is shown in Fig. 7.2. We see that there is a large barrier between the

minima; this suppresses phase transitions induced by thermal fluctuations.
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Figure 7.2: The effective potential along the line connecting the false vacuum to the true

vacuum. The large barrier suppresses phase transitions driven by thermal fluctuations.

Next, we must demonstrate the existence of Q-balls in the false vacuum (located at the
origin). The conserved charge carried by the Q-balls is baryon number; this is conserved in
the false vacuum because squarks do not have a vacuum expectation value. The condition
for the existence of Q-balls involving multiple fields is that 2V/ ", Q¢7 is minimized at a
nonzero value of the fields, where Q) is the charge of the field ¢, [202,207]. This condition
is derived using the semi-classical approximation, and therefore is applicable to states with
large charge (as will be clarified below). Because the baryon number carried by the squark
field is 1/3, we consider the minimum of 6V/¢*. Because of the ¢gh term, the origin will not
be even a local minimum of V/¢?; in fact, the global minimum of this function is located at

do = 624 GeV and hg = 168 GeV.

Therefore, Q-balls carrying baryon number exist in this vacuum. Furthermore, V' (go, ho) =
—6.18-107 GeV*:; this is beneath the value in the false vacuum, V(0,0) = 0. This is necessary
for a Q-ball induced phase transition to occur; such a phase transition converts the fields
everywhere to their vacuum expectation values inside the Q-ball, ¢y and hy. Since this is not

quite the true minimum of the potential (which is located at ¢ = 631 GeV and h = 169 GeV),
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the system will then slide classically into the true minimum.

Again, we consider the potential along the line connecting the initial vacuum and the final

state (the interior of the Q-ball), which, with ¢ = ¢sin(0), h = ¢ cos(#), and 6 = 1.308, is
V(4) = 18700 GeV*¢? — 58.2 GeV3¢? + 0.04500". (7.3)

We can also describe the Q-balls in terms of the effective ¢ field. The field inside such a
Q-ball is the value of ¢ that minimizes V(¢)/¢?, which is \/@ + hg = ¢o = 646 GeV. Thus,
at least for large charge, we can consider the Q-balls as coherent oscillations of ¢ quanta,
but when the classical approximation is not valid, we should remember that the charge is

really carried by bound states of squarks exchanging Higgs bosons.

Because squarks carry charge 1/3, the charge present in a particular field configuration

(including a Q-ball) is

in?(1.
Q= g/d?’x 7= Sl (3308)w/d3x ¢, (7.4)

where w describes the oscillatory time dependence of the fields. While the first equality is
generally true, the second holds along the line connecting the interior of the Q-ball to the
origin of the potential. For later convenience, we measure the charge in units such that
Q = sin?(1.308)Q’/3; then,

Q = w/d% 2. (7.5)
Physically, )" is the charge in a single ¢ quanta. In terms of ()’, a single squark carries
charge 3.107; this will be even closer to 3 the nearer the global minimum is to the ¢ axis.
Speaking loosely, since 0 =~ 7/2, the field ¢ is “almost” the squark field, and the charge @’

is approximately the number of squarks present.

Generically, then, we consider a potential of the form

2
mg

A
V() = 506% — A" + J6* (7.6)
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in which the field ¢ is made of squarks and Higgs bosons, and the general form of the relation

between the charges is
3Q
"= ) 7.7
@ sin?(9) (7.7)

Let us make a few brief remarks about other sources of correction to the potential. At the
scale of color confinement, we expect the squarks to arrange into color singlets of the form
eabceag@g‘Qf Ge, where Greek indices denote SUp(2) indices and Latin letters denote color
indices [223]. To avoid complications from these corrections, we will ensure that the relevant
temperatures for our final analysis are above the scale of the QCD phase transition. We
note, however, that even when this is not satisfied, the scalar binding interaction mediated
by Higgs bosons is much stronger than the strong interaction, and so modifications to the Q-
balls are expected to be rather minimal. A second source of corrections to the potential are
the finite temperature corrections A>72¢? and \T'¢®. Although the temperatures considered
will be large in comparison to the QCD scale, they will still be significantly smaller than
mg and A, and so the finite temperature corrections will not in fact be significant in the

numerical examples we will consider.

7.2 Properties of Q-Balls in the False Vacuum

The exact and general equation for the energy of a Q-ball of arbitrary charge has three terms,
/ s (L0 1 2
B@Q) = [ dx (5101 + 51Vl +V(9)) (73)
The field oscillates in time as e™*¢(z) where the frequency is related to the charge by
1 g
Q = Q—/dgx PO P =w / »* dx. (7.9)
7
After some manipulation, one can write [224]

E= /d% (%WqﬁIQ + Vw(qb)) +w@',

= S3[o(2)] + w@’, (7.10)
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where the first term is the three-dimensional FEuclidean action of the “bounce” solution

tunneling between the two minima of the effective potential V,(¢) = V(¢) — w?¢?/2.

In our analysis below, we will need to describe the Q-balls for a variety of charges; in par-
ticular, we would like to know their mass and radius as a function of charge. For sufficiently
large Q-balls we may use the well-known thin wall approximation; for smaller Q-balls, the
thick wall approximation can be made. For the region between these two limits, we can use
an interpolation to approximate the behavior of the Q-balls. However, there is a regime of
very small charges in which even the thick wall approximation, which remains a semi-classical
approximation, is inapplicable. We will use the Bethe-Salpeter equation to approximate the

Q-ball properties at these small charges.

First, let us review the thin wall regime. In this regime, the energy of a Q-ball may be
calculated in a different manner, due to [225]. Beginning again with Eq. (7.8), we use the

oscillatory time dependence to write
EQ) = _ @ Jr/1 (Vo) &z + /V(d)) d*x
2 [¢*dPx 2 ’
Q/Q
T2 [P
where T = [(V$)? d®z/2 and V = [V(¢)d®z. In the thin wall approximation, ¢ ~ ¢ for
r < R—6/2and ¢ ~ 0 for r > R+6/2, where § is the width of the surface of the Q-ball. The

+T+V, (7.11)

thin wall approximation is valid if 6 < R. The “volume” term then has two contributions,
one from the interior of the Q-ball and one from the surface. In the interior of the Q-ball,
the potential is V(¢yp), while in the surface of the Q-ball, it is BmZ@3, where 3 is a positive

constant. Therefore, the volume term is
- 4
V= /V(¢) dPzx = §7TV(¢0)R3 + 410 R? - Bmags. (7.12)
In the surface, the field changes by d¢ = ¢ in the distance Ar = §, thus dé/dr ~ ¢g/J.

Introducing a constant « to account for the uncertainty, the surface term is
?

T:4MR?ay.

(7.13)
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The energy must be a minimum with respect to both § and R; minimizing with respect

to d gives § = y/a/Bm3 and

Q/Z
= Sl + 8mmov/aff - R*¢F + V(qbo) : (7.14)
By manipulating Eq. (7.10), one can relate /af to the one-dimensional Euclidean action

for the true potential
%o
Si= [ VAV(E) o = 2m/absh (7.15)
0

which is related to the three-dimensional action through S3 = 47 R?V (¢)/3 + 4w R%S; [224,
226]. Minimizing the energy with respect to R results in a constraint between the charge

and the radius:
9@/2
813

V(¢o) > 0, the last term dominates over the second term; neglecting this term allows us to

0= + 16mmo/aBGR® + AnV (o) RS (7.16)

solve for R in terms of the charge. This gives the familiar R oc Q/® behavior [202]. However,
for Q-balls to induce a phase transition we must have V(¢g) < 0, and so one cannot neglect

the second term. This sixth order equation has no closed form solution.

For the thick wall approximation, we consider Eq. (7.10). As the charge becomes small,
the frequency w becomes large; then the asymmetric minimum in V,,(¢) is significantly lower
than the symmetric minimum. This is true independent of the sign of V(¢y); in fact, since
we have V(¢o) < 0, the asymmetric minimum is lower than the symmetric minimum even
at w = 0. Therefore, the Euclidean action S3 is the same in both cases, and the relations

between the energy, radius, and charge are unchanged. These are [224]

, e ¢
E = l—— === 7.17
@mo(1-5 -5 ). (1.17)

-1 Ly T4
R = €My 14 56 + gﬁ + ..., (718)

where € = ’A?/3Sym? and S, ~ 4.85 was determined numerically. This is valid when:

?)Swmg
2A2

3Swm0

Q< VR Q' < (7.19)
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The thick wall approximation, like the thin wall approximation, neglects quantum correc-

tions; thus it breaks down when these are large, which occurs around Q' < 7 [227].

No general solutions are known for the regime between when the thin wall approximation is
valid and when the thick wall approximation applies. Therefore, we use a linear interpolation
between the two regimes. We will need only the radius in terms of the charge @', for which
we use

Q-7 Q'

R = TRthin + 7Rthick- (7.20)

We have already written Rynq in terms of @'; however, as found above there is no closed-
form equation for R, in terms of )'. Therefore, we use a numerical approximation for the
thin wall radius at small charge of the form R ~ a + bQ’*/®. While this can only be justified
by its numerical accuracy, it can be motivated by neglecting the third term in the constraint
Eq. 7.16. Then in the intermediate regime the linear interpolation becomes

_Q-T
-5

35

R TA

(a+0Q"%®) + (7.21)

The stability of states with very low charge is vital to building critically sized Q-balls,
but for these states, one cannot use the approximations already discussed because quantum
effects are important. At small charge, it is furthermore incorrect to think of the Q-balls
as made of ¢ quanta; instead we should remember that they are bound states made of
squarks and Higgs bosons. Unlike the full supersymmetric model discussed in Ch. 3, in our
simplified model we have not given put the squarks or Higgs bosons in SUp,(2) doublets; nor
have we assigned them hypercharge quantum numbers. Consequently, in this simple model,
the squarks exchange Higgs bosons directly; the basic kernel is the single particle exchange
that appears in the Wick-Cutkosky model, which has been discussed in some detail in Ch.
2. We may use this model in the limit that the Higgs mass is much lighter than the squark
mass. As this approximation is not perfect, we use an effective coupling A in our analysis,
which we tune to ensure that the energy at large charge matches the result from the thick

wall approximation.
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In this section, we will use the label n = 3@, the number of squarks present in the state,
to designate the bound states. At the end, we will relate this to the charge )’ that we have
been using as a label in the other regimes using @’ = 3Q/sin*(), Eq. (7.7). The lowest
state is a single squark, and then the first step is the relatively simple case of two individual
squarks forming one n = 2-ball; in this equal mass and equal coupling case the bound state

masses given by the Bethe-Salpeter equation (in the Wick-Cutkosky model) are

% At
My=2m(1- 2 V=om(1-— 2 ), 7.22
" ( 8n2> o 204872min? (7.22)

ifa = 1212/1671'771(2) < 1. We may find the binding energy for the ground state by taking n = 1.

For the remaining states, the masses and couplings at the top and bottom of the ladder
are unequal; after a Wick rotation, the Bethe-Salpeter equation in the ladder approximation

is

-+ &Y+ (= PP [om = A + (o imPP) 00) = 5 g 2, (29

where the masses of the particles, myop and Mpettom, are m £ A. We have discussed this
case in Ch. 2; however, we will repeat the main results here. The coupling constant in the
above equation is A\ = gropGbottom/16m2 = (n — 1)A%/1672, where giop = (n — 1)A is the
coupling at the top of the ladder and gporom = A is the coupling at the bottom of the ladder.
The total charge @ of the resulting Q-ball is n/3. The energy-momentum four-vector of the
bound state, P, is given by (M, 0) where M is the bound state mass. 7; and 7, come from

transforming to a “center of momentum” reference frame; these are

Miop Myottom

. = . (7.24)
Miop + Mpottom Miop + Mpottom

=

The binding energies are [30]

A? A2 1
2 2 2

We use this equation iteratively to find the masses and binding energies of the small charge

Q-balls; the results are shown in Table 7.1.

162



n (No. squarks) Mass of Q-ball Binding Energy
1 my 0
2 2mg — 0.0000989A* /m3 | 0.0000989A* /m3
3 3mg — 0.0002659A*/m3 | 0.0001670A*/m3
4 4mg — 0.0005298A* /m3 | 0.0002639A* /m3
5 5mg — 0.0009163A%/m3 | 0.0002865A* /m3
6 6mgo — 0.0014506A* /mg | 0.0005343A*/m}
7 Tmg — 0.0021577A% /m3 | 0.0007071A* /m3

Table 7.1: Energies of small Q-balls from Bethe-Salpeter equation.

We have calculated this until n = 7, or Q = 7/3. Using 6 = 1.308, this corresponds to
@' = 7.51 Since this is greater than 7, the thick wall approximation is applicable. In the
thick wall regime, a Q-ball with this charge has energy

M = 7.51mg + 0.333A"/mj. (7.26)

The difference in the first terms (about 7.2 percent) comes from the fact that states described
by the Bethe-Salpeter equation do not have exactly the same proportion of squarks and Higgs
bosons as the Q-balls described in the thick wall regime. This can be further improved by

moving the global minimum closer to the ¢ axis. This is because

Q'mo = n\/mg sin?(0) 4+ m?2 cos?(6)/ sin*(9), (7.27)

as seen by comparing potentials (7.1) and (7.2), and using the relation between n and @'

Comparing the second terms in the mass equations gives A = 4.514. Using the value of A
in the potential in (7.2) gives an effective coupling of A = 263 GeV for the coupling between
the squarks and the Higgs boson, while the value that we put into our original potential in
(7.1) is 240 GeV. These differ by 9.6 percent; we attribute this difference to a combination

these two factors: first, the difference in squark-Higgs proportions already mentioned above,
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and the inherent inaccuracy of the ladder approximation in the Bethe-Salpeter equation. We
note that the difference does not improve if we iterate the Bethe-Salpeter equation to larger
charges. Eq. (7.25) for the bound state masses is valid provided that A < m?. Now that
we have set A, and thus \, we can verify that we satisfy this bound. For the largest A’, at

n = 7, this ratio is approximately \/m? ~ 6A4/(1672 - 3.5°m?) = 0.0053.

7.3 Critical Values for the Phase Transition

Now that we have described the Q-balls in each of the four regimes, we next discuss the
solitosynthesis-induced phase transition. In the thin wall regime, the interior of the Q-ball is
nearly in the true vacuum; it is at least in a state which has negative energy density. If charge
continues to increase, the Q-ball expands, converting more space into the negative energy
state. At a particular value of the charge and radius, it expands uncontrollably, thereby
converting all space into the negative energy state; following this, the system will roll down
to its true vacuum [218]. This Q-ball-induced phase transition can occur even when such a

phase transition cannot be induced by thermal fluctuations.

As will be demonstrated in our numerical example, the critical charge is of order 10°,
which is within the thin wall regime. At the critical point, not only is dF/dR = 0, but also
d*E/dR? = 0, which gives the additional constraint

9@/2

0= "5 + 16mmoy/ afs R, — 8TV RY, (7.28)
21y
where V' (¢g) = —Vh with V5 > 0 in the phase transition case. We solve the two constraint

equations, (7.16) and (7.28), for the critical charge and radius:

_ 10moy/aB¢?
3V ’

3
Q. = zmm/i—‘g’ (—10m%‘\2}z_ﬁ¢§> . (7.30)

We aim to show that Q-balls of this size will grow from individual squarks.

R, (7.29)
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7.4 Solitosynthesis

7.4.1 Solitosynthesis Temperature, Rate of Diffusion, and Freeze-Out

Now let us discuss the growth of Q-balls. In thermal equilibrium, the number density of

Q-balls of a particular charge is given by a Saha equation:

9o’ 21 \*? By /T
ng = neng'—1 | ——= e Q" 7.31
Q= e (mgT) (7.31)

where B is the binding energy of a soliton (Q-ball) of charge @' and g¢ is the internal
partition function of the soliton. g4 is the number of degrees of freedom associate with the
¢ field. While we have chosen to work with real fields which are not arranged in SUL(2)
doublets as a simplification, we will set g4, = 3, to account for the possible color states, to
make the model somewhat more realistic. (Taking gs = 1 makes only minor changes to the
analysis.) The charge density n is the number of free squarks; since 6 ~ /2, conceptually
we can think of this as the number of ¢-quanta (1-balls) present. This is given by
ne=mmy— > Qng, (7.32)
Q'>2
where the baryon asymmetry is 7 and in the radiation-dominated era the photon density is

2¢(3)T3 /.

The typical approach would be to solve these coupled equations numerically. However,
the critical charge is generically of order 10 to 10°, which leads to at least 10® coupled
equations. It is infeasible to solve these simultaneously. Therefore, we take a different
approach following [228] and consider the evolution of a single Q-ball. We will see that the

Q-balls grows sufficiently fast that we can ignore charge depletion; then

2.40473
ng &Ny = 15— (7.33)
A single Q-balls grows or shrinks according to
dq)’
dt = rabs(Q/) - Tevap(Q/)7 (734>
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where 7,15 is the absorption rate and 7e,, is the evaporation rate; by detailed balance,

nQ’Tabs<Q/) = nQ’JrlTevap(Q/ + 1) (735)

The rate of absorption is 7aps(Q')ngveTabs(Q’), Where oans(Q)') is the cross section for a
Q'-charged Q-ball to absorb a ¢ quanta. For large charges, o.,s(Q’) ~ TR% As we will
verify numerically below, the radius does not change rapidly as a function of charge, at
least in the large charge regime. Consequently, oaps(Q') & aps(Q" — 1), and together, these

approximations yield

dQ/ _ / nQ-1 /
dt — Tabs(Q ) - NQ/ rabs(Q - 1)7
R 00 (Q)) (1 - ”Q) : (7.36)
TLQ/

Thus the determining factor is ng_1/ng: if this is less than 1, absorption dominates,
but if it is greater than 1, evaporation dominates. From the Saha equations (7.31), this

important ratio is

2 —3/2
ng—1 T 2T BT
= — ! 7.37
ng 202404 ( Mo ) ‘ ’ (7.37)

where we have used gg =~ gg—1 since our Q-balls are large objects made of scalar par-
ticles (and hence have no internal spin degrees of freedom). At large temperatures, the
exponential is negligible and this scales as T%/2. However, this ratio is less than 1 only if
T > 1n~%/3my, which is typically quite large due to the smallness of 7; it may even be above
the reheat temperature. Therefore, relatively quickly in the evolution of the universe, we

expect evaporation to dominate.

As the temperature decreases, the exponential term is no longer negligible. Because
Bg < 0, this term decreases ng/—1/ng. Therefore, at some solitosynthesis temperature
Ts absorption will dominate and the Q-ball will grow; this temperature is determined by

BQ/

Is = In(gy) — In(n) + (3/2) In(mo/Ts) — 1.34°

(7.38)
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It is possible for the binding energy to be sufficiently large that solving this equation for
temperature results in an imaginary value; returning to Eq. (7.37), this happens when B¢
is so large that the right-hand side is always less than 1, which entails ng > ng/_; always.
Physically, whenever a (@’ — 1)-ball forms, it will always grow into a larger ball; we may
say that the solitosynthesis temperature for these charges is infinite. Smaller charges have
smaller binding energies, and so we will find finite solitosynthesis temperatures for small
Q-balls. Therefore, we will need to wait for these smaller Q-balls to form, and then wait for
these to grow into the larger ones which can always grow. As this suggests, Tss is greater for
larger charges, which we will verify numerically. Therefore, Q-ball growth is a winner-take-all

situation, and the solitosynthesis temperature cannot cut off a growing Q-ball.

The above calculation tells us when it is more favorable for a Q-ball to grow rather than
evaporate charge. However, since a Q-ball grows by absorbing the nearby charge, if the
nearby charge is not be replenished sufficiently quickly through diffusion, there may be a
local depletion of charge near the Q-ball which limits its growth. If this occurs, the rate of
growth will be given by 74, the rate that free squarks diffuse into the surface of the Q-ball,
instead of 7,p,s. Ref. [229] is concerned with the related process of the diffusion of evaporating

squarks away from a Q-ball. The particle flux through the Q-ball surface is given by

dQ .
rain = - = —4drkRDng, (7.39)

where D ~ aT~!, a ~ 4 for relativistic squarks, and k ~ 1 was determined numerically. We
need to adjust this equation because we are concerned with particles diffusing towards the
Q-ball; the rate has the opposite sign and we multiply this by the velocity of the nonrela-
tivistically squarks. Thus,

rdif = U¢167TRT_1nZSq. (7.40)

This gives the ratio rgig/rans = 47 -1 /R. Perhaps surprisingly, this is small for high

temperatures and large for low temperatures. This occurs because the rate of diffusion is
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proportional to T%/? while the rate of absorption is proportional to 77/2. Even though dif-
fusion decreases as the temperature decreases, the rate of absorption drops faster; therefore,
diffusion will limit the growth of Q-balls for temperatures above 4/R. For radii of order 0.01
GeV ™! to 0.1 GeV ™!, this temperature is of order 40 to 400 GeV, which is significantly above
the solitosynthesis temperatures. Therefore, diffusion will replenish the charge sufficiently
quickly at the relevant temperatures for Q-ball growth. This, combined with the winner-
take-all behavior, demonstrates that global depletion of charge is not an issue, provided that
most of the charge is in free squarks during solitosynthesis. We will verify this last point

numerically.

The growth of a Q-ball can also be ended (prior to it reaching the critical size) by the
freeze-out of the accretion interactions. The reactions responsible for Q-ball growth freeze-
out when their time scale is greater than the Hubble time scale, 77 = H~'. While the
universe is radiation dominated, the Hubble parameter is 7?%/Mp;, and so the Hubble time
scale is 77 = 2.43 - 10'® GeV/T?. The time scale of Q-ball growth is Taps = 1/7aps = 1/
neovy. We consider the later reactions in the sequence; then the heavy Q-balls are effectively
at rest and the Q' = 1-balls are moving nonrelativistically in thermal equilibrium, with

vy & 24/2T /mmg. Use the geometric cross section o = mR? yields

2 2T
e = [ 7.41
Tabs = 4 80snTe R\ my (741)

Setting these time scales equal and solving for 7' gives

2
92 1
T = V2r : (7.42)
2.43- 10" GeV - 4.808n R?,/my

When we do our numerical analysis below, we will find that these are orders of magnitude

smaller than the temperatures relevant to the phase transition.

Thus, we have determined the temperature at which a Q-ball of particular charge begins

growing, for sufficiently large charges. (Small charge Q-balls will be discussed separately
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below.) We have also determined the rate of growth as a function of radius; since this is

different in each of the four regimes considered, we will now focus on each regime separately.

7.4.2 Rates of Growth

Our goal is to show that we can grow a critically-sized Q-ball in the early universe. There-
fore, we must find the rate of growth for a single Q-ball in each of the four regimes. For the
thin wall, thick wall, and intermediate regimes, we have sufficiently large charge that we can
use the absorption rate discussed above. For the Bethe-Salpeter regime, a different analysis

will be used.

Let us begin with the thin wall regime. For temperatures below the solitosynthesis tem-
perature, the rate of evaporation is small, and we may approximate dQ’/dt = nyV0.bs(Q")
from Eq. (7.36); we note that we have large charges in the thin wall regime, and so we can use
the geometrical area for the cross section. Additionally, since charge depletion is negligible,
we may assume n = nn.,. The @' = 1-balls being absorbed are in thermal equilibrium at
T < my with average velocity v, = QW . (As we have noted, an individual ¢ quanta
is almost interchangeable with individual squarks for § ~ 7/2.) In the radiation-dominated

era, the temperature and the time are not independent; they are related by

1 3
t= ¢ 7.43
72\ TonaN "0 (7.43)

where N is the effective number of degrees of freedom of the particles in thermal equilibrium,

with fermionic degrees of freedom weighted by 7/8. In our toy model with only the Higgs

boson, squarks, and photons, we have A" = 6. Then we have
dt = —1.34- 10" GeV dT/T>. (7.44)

Thus, the differential equation for the growth of one Q-ball as a function of temperature is

/
- 1 A _ o 4808 [T
1.34 - 10'8 GeV dT 2 ™™g

(7.45)

using n., = 2.4047° /72
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The right-hand side involves the radius which is not independent of the charge; however,
in the thin wall approximation the radius cannot be written in terms of the charge because
of the form of the 6th order equation relating them, given by Eq. (7.16). Fortunately, one
can write the charge in terms of the radius, and then we consider the rate of the growth of

the radius of the Q-ball until it reaches the critical radius:

0 — \/1287r2m90\/045¢§ RO 327r29Uo¢3 RS,

=V a6R6 + (15R5. (746)

This gives
dQ/ _ 6&6R5 + 5&5R4 dR — _ng%/QM7 (747)
2\/ CLGRG + (I5R5 2\/ CLGR + as
and the resulting differential equation is
18
R71/2 6a6R + 5@5 AR — — 1.64 - 10 GeVT]Tl/2 dT. (748)

2\/ CLGR+ 50,5 v/ Mo

Both sides of this equation can be integrated explicitly,
206 R + 2 R(agR
T R4 g (2R 2V R (ol as) ) e
\/ g 2\ / Qg

as 1 as + QCLGR,‘ + 2\/&632‘ (CLGRi + CL5) 2 164- 101877 GeV <T3/2 T3/2)
n =35 start )
\/ Qg 2y/a6 3 A/ Mo tart

(7.49)

where R; is the radius of the smallest Q-ball at which the thin wall approximation is valid
and Ty 1S the temperature at which this Q-ball starts to grow. This can be less than T
(for the Q' corresponding to R;) if these Q-balls do not form until a lower temperature. If
we set R = R,, this equation can be solved for the temperature at which the Q-ball becomes

critically sized.

Now we turn our attention to the thick wall regime. We begin with the differential equation

(7.45) which is valid in the thick wall regime also. We use R = 3S,mg/Q’'A? to write the
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differential equation as

10’ 52m3/2
whose solution is
52m3/2
QP — QP =295-10" Geva—Zn (T2~ 17"7) (7.51)

where Ty is the starting temperature for thick wall growth. This is either the Q' =
solitosynthesis temperature, or the temperature at which ) = 7-balls form, whichever is

smaller.

Now that we have addressed both the thin and thick wall regimes, let us consider the
intermediate regime. Again, we begin with the differential equation (7.45), but this time we

use the linear interpolation for the radius, Eq. (7.21), which yields

/Q’f Q2 dQ’ ~1.09-10'® GeVy (
r o ((Q = T)(a+bQ?/P) +215,/Q2A2)? VMo

The left-hand side of this equation must be integrated numerically.

T2 T 2) . (7.52)

Now we turn to the primary issue addressed in this chapter, the growth of very small Q-
balls. In this regime, cross sections cannot be approximated by the geometrical area and so
Eq. (7.45) is not valid. However, because these are the first steps of solitosynthesis, nearly all
of the charge will be in these lowest seven states (which we again label with n, the number of
squarks present in the state). Therefore, one can return to the initial method of considering
the evolution of the number densities as a function of temperature; we have 8 equations to

solve numerically, instead of 10°.

The number densities of the Q-balls are given by the Saha equations like (31), which we

write in terms of fractional densities X, = n,n/N, where N is the total number of squarks,
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n - 2.40473 /7?. We find

9 3/2
Nn _ 1 Mn—1 Q oBn/T
N g¢ N moT ’
3/2
X _ ﬁxl Xooa (20 )Y oBn/T
n gs n—1\meT ’
n 2404y [27T\*? 5
X, = X1 X BT 7.53
n—1 312 ( - ) 1A1€ ) ( )
where we have used X; = ny/N and g, = 3. We also have the additional constraint

Xi+Xo+ Xs+ Xy + X5+ X+ X7 =1.

Note that it is not necessary for every Q-ball to reach the critical size to induce the
phase transition; only one per Hubble volume, 1/H? where H = T?/2.43 - 10'® GeV, is
needed. Therefore, as a conservative approach, we numerically find temperature at which
there are of order 10 n = 7-balls per Hubble volume and begin the thick wall analysis at this
temperature. We also verify that at this temperature most of the charge remains in n = 1-
balls (free squarks); otherwise, the analysis above is invalid because we assumed negligible

charge depletion.

Due to the exponential, X; is large at low temperatures; it is also large at high tem-
peratures due to the T%/2 factor. In between these two extremes it reaches a minimum.
(This description of the behavior is identical to the balancing of evaporation and absorption
we discussed above for larger charge values.) Typically, the solitosynthesis temperature for
Q' = T-balls is after the number of n = 7-balls per Hubble volume has dropped beneath 1;
that is, most of the n = 7-balls have evaporated away. Then we need to wait until n = 7-balls
form again at lower temperatures before any Q-balls may grow to the critical size. However,
there exist scenarios in which the number of n = 7-balls per Hubble volume is still greater
than 1 when the universe cools to the solitosynthesis temperature of )’ = 7-balls; in this

case, they may begin to grow immediately.
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In such cases, our analysis underestimates the temperature at which the phase transition
occurs. Since larger Q-balls begin accreting charge earlier, it is likely that there are even
larger Q-balls that have not evaporated away when the temperature reaches their (higher)
solitosynthesis temperature. If one of these n = 7-balls has time to induce a phase transition,
then we can be certain that any larger ones that had the opportunity to grow earlier would
also induce a phase transition; thus, in these cases our analysis establishes only that the
phase transition occurs. It should be noted that in these scenarios it is especially important

to verify that most of the charge is in n = 1-balls. (We will discuss this more below.)

7.5 Numerical Analysis

Finally, we demonstrate that the potential above is one in which all of these processes can
work together to result in a phase transition.! As an reminder, the numbers selected above
give mgy = 193 GeV, A = 58.2 GeV, and A = 0.0450, which gives a potential where the thin
wall approximation is valid for large charge. Above, we also found that the value of ¢ inside

the Q-ball is ¢y = 646 GeV:; at this value, the potential is —V with 1y = 6.18 - 107 GeV*.

The other constant that must be set is 1, the baryon asymmetry. In the actual universe,
this is about 5 - 10719 to induce baryogenesis via this phase transition, one must of course
take 7 = 0.2 In this chapter, our emphasis is on demonstrating that such a phase transition,
induced through Q-balls accreting charge, is a theoretical possibility even when small charge
states are included in the analysis. We are not trying to establish that such a phase transition
definitely happened during the evolution of our universe; we leave the problem of building
a phenomenologically acceptable model for a later work, although we will discuss some
issues regarding MSSM phenomenology below. Therefore, in this first numerical example,

we will take 7 = 8 - 10~7. This value illustrates the phase transition well, although the final

!Note that I have chosen a slightly different set of parameters than in Phys. Rev. D 85 125022.
2In these models, the Q-balls are typically formed via the fragmentation of an Affleck-Dine condensate
and not through charge accretion, e.g., [100,208-212]
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Charge @’ Radius (GeV ™) Bg/(GeV) T, (GeV)
Q.= 5.36-10° 0.341 9.31-107 00
5000 0.0375 6.20 - 10° 1.72-10°
1000 0.0195 9.60 - 10* 1.28 - 10*
500 ~0.0148 4.46 - 103 3950
200 ~0.0102 1.03 - 103 932
7 0.118 0.482 0.0155

Table 7.2: Solitosynthesis temperatures for several charge values. Observe that because
the temperature rises with increasing charge, it cannot cut off a growing Q-ball. The top
three were calculated in the thin wall regime, while the last one was calculated in the thick
wall approximation. The other two are in the intermediate regime; to approximate their
solitosynthesis temperatures, we used the thin wall result. By infinity, we mean that such a

Q-ball always grows.

temperature will be below the QCD confinement temperature; therefore, we will also give a

second, although more complicated, numerical example which avoids this.

With these parameters, the critical charge is 5.36-10° and the critical radius is 0.341 GeV ™.
We present a table of the radii and solitosynthesis temperatures for various charges in Table
7.2. With these radii and our chosen value of 1, the freeze-out temperature is of the order

10724 GeV, which is significantly smaller than any of the temperatures we will consider.

We begin with solitosynthesis in the Bethe-Salpeter regime. At the Q' = 7 solitosynthesis
temperature, there are of order 1072 n = 7-balls per Hubble volume. Therefore, we need to
wait until these small Q-balls form again at low temperatures before thick wall growth can

begin. Numerically, we find that there are order 10 n = 7-balls at T'= 0.0121 GeV.
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Figure 7.3: Fractional densities of small Q-balls, which shows the growth of very small
Q-balls. Notice that as temperature decreases, the number of n = 7-balls increases, while

the number of n = 1-balls decreases.

Next we address charge depletion. At the starting temperature of 0.0121 GeV, less that
4 - 10710 of the charge is in any of the bound states; free squarks are dominant. However,
we also need to know what is the lowest temperature for which this assumption is valid; if
our final temperature is beneath this, then our analysis is untrustworthy. To approximate
this, we consider at what temperature the majority of the charge is no longer in n = 1-balls
(individual squarks) if we ignore all of the states above n = 7. These charge densities are
shown in Fig. 7.3. We see that the majority of the charge is no longer in individual squarks
around 7" = 0.0031 GeV. As long as our final temperature is above this, we are justified
in neglecting charge depletion. (As has been noted noted, charge diffuses fast enough that

local charge depletion is not problematic.)

The thick wall approximation is valid until Q" & 80; the two constraints (7.19) give Q' < 80
and )’ < 228. The growth in this regime is relatively rapid. The growth in this regime is

virtually instantaneous; the temperature drops by less than 1 part in 10°. Thus, the starting
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Figure 7.4: Numerical fit for the radius as a function of charge @’ in the thin wall approxi-

mation, for small charges. This fit is used in the interpolation in the intermediate regime.

temperature is still 0.0154 GeV for growth in the intermediate regime. The thin wall regime
becomes applicable for Q' > 228; therefore, we will use the intermediate regime for charges
between 80 and 1000. First we determine the constants a and b for Eq. (7.21); we numerically
fit the function a + bQ?/> to the radius for small values of Q. The result is plotted in Fig.
7.4; this yields a = 9.21-107° and b = 1.24-1073. Substituting this into differential equation
(7.52) and solving numerically gives Ty = 0.0116 GeV for the temperature when the Q-ball
reaches (' = 1000. This is less than the solitosynthesis temperature for such a Q-ball (which

is larger for larger charge), so thin wall growth begins immediately.

Before proceeding to the thin wall analysis, we first verify that Rgy1 ~ Rg, as was
assumed in the derivation of Eq. (7.49) (and also the solitosynthesis temperature). The
mass (energy) and radius for the thin wall approximation are shown in Fig. 7.5; we see that
this approximation is reasonable. Using T' = 0.0116 GeV as the starting temperature in Eq.
(7.49), we find that the Q-ball grows to critical size at T = 0.00550 GeV. This temperature

is greater than 0.0031 GeV, and furthermore, it is greater than the freeze-out temperature
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Figure 7.5: Radii as a function of charge in the thin wall regime.

scale; therefore, we conclude that such phase transitions are indeed theoretically possible.

As mentioned, the previous numerical example is not strictly speaking acceptable, because
the final temperature is less than the QCD scale, A = 0.217 GeV, at which confinement
introduces additional complications. Therefore, we consider a second example, which avoids
this problem. We use the same potential as above; thus mg, A, and A are unchanged. The
critical charge and radius are also unchanged, as are the ranges where the thick and thin wall
approximations are applicable. Similarly, the numerical fit for the radius at small charges

used in the intermediate regime is unchanged.

We will, however, choose an exceptionally large n = 3 - 10%. Then the solitosynthesis
temperature for Q' = 0.258 GeV, above the QCD scale. Furthermore, at this temperature,
there are still of order 10°® n = 7-balls per Hubble volume; thick wall growth may begin
immediately. This is one of the exceptional cases mentioned at the end of Sec. 7.4.2; even
though these Q-balls are evaporating away, there are sufficiently many of them for growth to
begin immediately. For clarity, we plot the number density of n = 7-balls per Hubble volume

in Fig. 7.6 to show it has the expected behavior. Furthermore, at this temperature, around
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Figure 7.6: Number of n = 7-balls per Hubble volume as a function of temperature.

65 percent of the charge is in individual squarks, and so we may ignore the charge depletion
if the phase transition occurs sufficiently rapidly. (The large percentage of charge in squarks

should not be surprising, since the larger Q-balls are in the process of evaporating.)

We will show that these Q-balls can grow into a critically charged Q-ball and induce
the desired phase transition. However, as emphasized in Sec. 7.4.2, this underestimates
the temperature at which the phase transition occurs. This is because larger Q-balls may
likewise have evaporated sufficiently slowly that there are still sufficiently many of them to
induce the phase transition when they begin accreting charge at their larger solitosynthesis
temperatures. Since there are so many 7-balls at their solitosynthesis temperature, this is
extremely probable. If larger Q-balls began accreting charge earlier, they would induce the
phase transition before the 7-balls we analyze here. However, if these 7-balls can induce a
phase transition, then we can be certain that any larger ones that began growing earlier

would also induce the phase transition, and so the phase transition certainly occurs.
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As above, the thick wall growth is virtually instantaneous; there is no appreciable drop in
the temperature. Similarly, the growth in the intermediate regime is also extremely fast; the
temperature changes less than 1 part in 10° . Finally, growth in the thin wall approximation
is also extremely fast; again the temperature changes by less than 1 part in 10°. Thus, such
a Q-ball becomes critically charged within a temperature change of 107 GeV, and so the
final temperature is still above the QCD scale. Again, though, we can only conclude that
the phase transition occurs, and not that it occurs at this temperature (chosen to be near
the QCD scale). This is why we additionally presented the first numerical example, which is

a more typical case in which our analysis also determines the phase transition temperature.

7.6 Potential Applications to the MSSM

While the theoretical possibility of such a phase transition is in itself interesting, one would
also like to know whether such a phase transition could occur in extensions of the Standard
Model such as the MSSM, which naturally provides squarks carrying baryon number. This
analysis suggests that, provided that the requisite vacuum structure can be found, such phase
transitions are indeed possible. Indeed, one can ask whether such a phase transition is possi-
ble within the evolution of our own universe. If squarks do exist, they must be significantly
heavier than quarks. Therefore, they will decay rapidly, and thus we cannot build critically
charged Q-balls out of them in our current vacuum. However, such a phase transition could

have occurred in the past, if the vacuum structure has these requisite properties:

1. A global minimum in which no squarks or sleptons develop vacuum expectation values,
so that baryon number and lepton number are conserved. (This minimum corresponds

to our current vacuum.)

2. A local minimum in which no squarks develop vacuum expectation values, so that

baryon number is conserved.

3. In the local minimum, quarks must be heavier than squarks, so that they are stable
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against decay into quarks.

4. In the local minimum, one of the bosons that mediates an interaction between squarks

must be lighter than the squarks; this is required for bound states to develop.

5. The potential expanded in the local minimum must allow the creation of Q-balls

through the squark fields.

6. The barrier between the local minimum and the global minimum must be sufficiently

large to suppress tunneling between the minima by thermal fluctuations.

There will be additional complications in the Bethe-Salpeter stage of the analysis from
the crossed-graph kernel, discussed in Ch. 3; however, the techniques of that chapter can
be extended to cover this scenario. Therefore, our primary concern is about the vacuum

structure of the theory.

Such a vacuum structure can indeed be found; as an example, consider an MSSM potential

of the form

V = —mp H* H + m&Q"Q + m2q G + mj

o o 3 3
L'L+m i+ J(H H)? - As (HQ*@ + H*Qg*)

— A (Hi*i + H*ZZ'*) e (H*HQ*Q + H H{ G+ Q*Qd*d)

"~ - 2 N 2 N2
4oy (H*HL*L Y HHF + 'L *z) + % (H*H . Q*Q) + %1 (H*H . L*L)
g5 S 2. 9 Faiop)?
+2 (H*H L 00— 2@*@) +2 (H*H Ty 21*1) , (7.54)

where Q and § are squarks, L and { are sleptons, and H is a Higgs boson. One local minimum
of this potential is at <Q> =(q) = <f}> = <g7> = 0 and (H) = my,/v/\. For these values of

the coupling constants:

m; =mj = 10V/2 GeV, my = 0.5v/2 GeV,

ma =mg = 15v/2 GeV, A =23 GeV,

Ags =31 GeV, A = 0.006,

g1 = g2 = 0.6, y=1, (7.55)
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the global minimum is at the minimum mentioned above, while a local minimum occurs at
<Q> —(§) =0, <L> — 5.025 GeV, <l> — 5.136 GeV, and (H) = 8.292 GeV. Since the
squarks do not acquire a VEV in this vacuum, baryon number is conserved and can be used

to construct Q-balls.

In the false vacuum, the lightest squark ¢’ has a mass mg of 7.80 GeV. Because lepton
number is not conserved, the sleptons mix with the Higgs boson; the lightest of these eigen-
states is A’ with a mass of 6.83 GeV. We assume that the quark acquires a mass from the
term ygH g in the Lagrangian; then it has mass y (H) = 8.29 GeV, and so the lightest squark

is stable against decay into a quark.

The potential along the line connecting the minima is
V(¢) = .324¢* — 7.38 GeV ¢ + 41.2 GeV? ¢, (7.56)

which is shown in Fig. 7.7. We notice that the barrier separating the local minimum from
the global minimum is quite large, which dramatically suppresses tunneling through thermal
fluctuations. By expanding the potential in terms of the appropriate eigenstates in the false
vacuum, one can show that Q-balls constructed of ¢’ and A’ fields do exist. Thus we have all

of the necessary ingredients for a solitosynthesis-induced phase transition.

While most of our analysis could be straightforwardly applied to this model, the main
contribution of the chapter, the analysis of the Bethe-Salpeter regime, cannot. We have noted
in Sec. 7.2 that the field content of the states described by the Bethe-Salpeter equation does
not necessarily match the field content of Q-balls described by the thick wall approximation.
In our numerical example, we made the difference small by choosing the global minimum such
that sin(f) ~ 1. However, in this scenario we must have sin(f) < 1 because we must tunnel
to a state near the global minimum, which like the false vacuum has (§') = 0. Therefore, the
analysis should be modified to account for the fact that the Q-balls consist almost entirely

of the A’ field, with very little of the ¢ field.
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Figure 7.7: The potential along the line connecting the false vacuum to the true vacuum, in

our MSSM potential.

However, even if such a phase transition could not have occurred in the evolution of our
universe, it is still important to study the regions of parameter space in the MSSM in which
such a phase transition could occur. Such a phase transition could destabilize a vacuum
previously thought to be stable on cosmological timescales, leading to further constraints

beyond those of [58].

In this chapter, we have used the Bethe-Salpeter equation to analyze small Q-balls. At
least for certain models, this allows a smooth transition to the semi-classical regime described
by the thick wall approximation. As an application of this technique, we have considered
the growth of Q-balls through solitosynthesis, starting from individual squarks. We have
considered their growth in a radiation-dominated universe like ours, although we have chosen
unreasonably large values of 7. We have established that such Q-balls can indeed reach

critical size and induce a phase transition.

182



CHAPTER 8

Conclusions

The primary aim of this thesis was to demonstrate that bound state formation in extensions
of the Standard Model results in novel features which can potentially resolve well-known
problems in the Standard Model. We have illustrated this with three examples: strongly-

interacting supersymmetry, dark matter bound states, and Q-balls.

In Ch. 3 we introduced the strongly-coupled version of the Minimal Supersymmetric Stan-
dard Model. We motivated the large trilinear couplings by the recently measured Higgs
boson mass; an inevitable consequence of large couplings is the formation of squark bound
states. These bound states can influence electroweak symmetry breaking through the seesaw-
symmetry-breaking mechanism, connecting supersymmetry breaking and electroweak sym-
metry breaking in a unique manner. In the subsequent chapter, we investigated the phe-
nomenology of this strongly-interacting model. We saw that it avoids common problems
such as large flavor-changing neutral currents or breaking SUc(3). Beyond this, it can easily
accommodate electroweak-scale baryogenesis, in contrast to the Standard Model and the

MSSM.

In Ch. 5 and Ch. 6, we considered dark matter bound states in self-interacting asymmetric
dark matter models. In Ch. 5, we showed that ongoing formation of bound states in the dense
Milky Way halo can produce a detectable indirect detection signal. This was illustrated in a
minimal scalar model; in Ch. 6, we introduced a broken Up(1) gauge symmetry into the dark
sector. We established that in much of the possible parameter space, the dark asymmetry is

necessarily generated in two oppositely charged ions, which may form dark atoms. This has
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significant implications for the cosmological history of such models. Additionally, since dark
matter is generally multi-component with different inter- and intra-species interactions, the
effects of scattering in dark matter halos cannot be estimated by a single-species model. We
have investigated the parameter space which is disfavored due to large elliptical halos and

the parameter space in which dark matter self-interaction can modify small halos.

Finally, we considered Q-balls in a simplified model inspired by the MSSM. We showed
that in certain regions of parameter space, we are able to describe small charge Q-balls
using the Bethe-Salpeter equation. This allowed us to study the growth of Q-balls from
single squarks to large charges; in particular, we were able to establish that, in at least
some models, Q-balls can reach their critical size and induce a phase transition. Such phase

transitions are one potential baryogenesis mechanism.

These three examples concretely demonstrate the unique opportunities present in exten-

sions of the Standard Model which include bound states.
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