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ABSTRACT OF THE DISSERTATION

Rigorous results on unexpected conductance of certain low-dimensional materials
By
Xiaowen Zhu
Doctor of Philosophy in Mathematics
University of California, Irvine, 2022

Professor Svetlana Jitomirskaya, Chair

In this thesis, we will study the conductance of several models originating from con-
densed matter physics, including the Anderson model for random systems and the
Bistritzer-MacDonald (BM) model for twisted bilayer graphene (TBG). In fact, in
their time, both models exhibited unexpected conductance properties which bewil-
dered mathematicians and physicists. The Anderson model, developed in 1958 by
physicist P.W. Anderson, exhibited unexpected localization/insulating phenomena in
the 1D and 2D cases, while TBG was discovered experimentally in 2018 [20] to have
unconventional superconductance at certain “magic angles” with relatively flat bands.
This thesis has two primary parts. In the first part, we prove different types of local-
ization results in the Anderson model and other related models. In the second part,
we study the BM model in various magnetic fields from spectral, semi-classical and
physical perspectives; in particular, we focus on the existence and persistence of flat

bands which, though mysterious, is believed to be related to the superconductance of

TBG [62].

More specifically, for the first part, we initially provide a short non-perturbative proof

of Anderson localization and dynamical localization for the 1D Anderson model with

x1



arbitrary disorder (e.g. including Bernoulli potential). After that, we derive the dy-
namical localization in expectation in a related random CMV model with arbitrary
disorder. Finally, we work with 2D Anderson model with Bernoulli potential and

prove strong dynamical localization in expectation in this setting.

We start the second part by first discussing the influence of different magnetic and
electric potentials on the existence/persistence of flat bands for TBG. After the general
discussion, we divert our attention the strong constant magnetic fields and provide the
explicit asymptotic expansion of the density of states (DOS). In particular, we point
out the intrinsically different roles that chiral and anti-chiral potentials play in the
magnetic response of TBG. Finally, from the expansion of the DOS, we are able to
study the physical phenomena, including magnetic oscillations and quantum Hall effect
of the TBG. We find that the chiral potential enhances these phenomena, while the

anti-chiral potential diminishes them.

xii



Chapter 0O

Introduction

This thesis addresses work in both the localization of disordered systems and the rela-
tively flat bands of twisted bi-layer graphene (TBG) in magnetic fields, both motivated
by unexpected conductance of certain low-dimensional materials in condensed matter

physics. In this thesis, we report on some recent mathematical progress on these topics.

0.1 Localization in random systems

This section contains the introduction for Part I, including Chapter 1, 2, 3.

0.1.1 Physical Motivation

Inspired by Fuller and Feher’s experiment on the influence of donor impurities (such as
phosphorus [P] and arsenic [As]) in pure silica [Si], in 1958, physicist P.W. Anderson

published the seminal paper “Absence of Diffusion in Certain Random Lattices”. In



this paper, he argued that weak disorder allows diffusion; while strong disorder leads
to localization of electrons. Thus there is a metal-insulator transition of 3D disordered
systems. Later it was also realized that 1D and 2D! systems exhibit localization even

for arbitrarily weak disorder.

Such phenomenon is called “Anderson localization” and has been widely accepted
nowadays as one of the fundamental theories in condensed matter physics. Anderson,
together with his advisor Vleck and his collaborator Mott, was also awarded the Nobel
prize in 1977 in part for this pioneering work. However, it took almost 20 years for
the physics community to accept his idea and for mathematicians to get invloved in

the theoretical part. To quote Anderson from his Nobel banquet speech,

“Localization was a different matter: very few believed it at the time, and
even fewer saw its importance; among those who failed to fully understand
it at first was certainly its author. It has yet to receive adequate math-
ematical treatment, and one has to resort to the indignity of numerical

simulations to settle even the simplest questions about it.”

As Anderson has expected, over the next several decades, various mathematical tools
have been implemented in this problem and fruitful results have been obtained. To

state them more explicitly, we first introduce the model.

Localization for arbitrary disorder in 2D remains partly open mathematically, but is widely
accepted by physicists.



0.1.2 Anderson model and Anderson localization
Let H, : (*(Z%) — (*(Z?) be

(Hoo)(n) == Y (@(m) = 6(n)) + AV, (n)(n).
|m—n|=1
where {V,,(n)},cz« are independent and identically distributed (i.i.d.) random vari-
ables with a common probability distribution p, A > 0 is the coupling constant repre-

senting the strength of randomness.

We say that H,, exhibits Anderson localization if for a.e. w, H,, has pure point spectrum

and the eigenfunctions decay exponentially.

0.1.3 Mathematical Development

Overall results and various methods developed to prove localization in different regimes
can be categorized by three main factors: the dimension d, the regularity? of the
common distribution p, and the strength of randomness (also called coupling constant)
A. Some methods are only one dimensional; Most methods only work for regular
enough ; in 1D and 2D when localization is expected to hold for all A, larger A is

more accessible.

Known results and open problems.

e When d = 1, for any ), any nontrivial® p, H,, exhibits Anderson localization.

2 Absolutely continuous, or at least Holder continuous
3supported on more than one point



e When d = 2, H, is widely expected to be localized by physicists for all A and pu.

But Anderson localization is only proved for large enough A and arbitrary pu.

e When d > 3, H, is expected to be localized when A is large and delocalized when
A is small and a sharp phase transition is expected. For regular u, localization
for large enough A is proved but delocalization for small A and the existence of
phase transition are not proved. As for singular u, localization is only proved in

d = 3 with large enough .

Methods summarized.

The first rigorous proof of Anderson localization in 1D continnum model with regular
1 and arbitrary A was given by Goldshield, Molchanov and Pastur in 1977. In 1980,
the same results is obtained using another method by Kunz and Soulliard [59]. Since
then, several methods are developed in order to resolve the problem in other regimes

of d, u, A.

Proofs that work for arbitrary dimension d include multi-scale analysis (MSA), devel-
oped in 1983 by Frohlich and Spencer [37], largely improved in 1989 by von Dreifus and
Klein [82]; and fractional moment methods (FFM), developed in 1994 by Aizenman
and Molchanov [1]. However, both methods required regular p and large enough .
Since this thesis focuses on the low-dimensional cases, we refer to [2] for more details

in higher dimension.

In the 1D case with possibly singular potential p, the first proof was given in 1987
by Carmona, Klein and Martinelli [21] in d = 1. Their proof has made use of the
positivity and regularity of Lyapunov exponent for the 1D model together with the

MSA developed in [37], which is iterative and therefore relatively complicated. Re-



cently, several new methods were developed for proving localization in this regime.
In 2019, inspired by the non-perturbative proof of localization for the quasi-periodic
almost Mathieu operator [53], we provide a new proof of localization for 1D Anderson
model with arbitrary g and A. As in [53], the idea is to make full use of positivity and
subharmonicity of Lyapunov exponent to replace the iterative argument of MSA. (This
method will be introduced in Chapter 1.) We mention further that [18] also provided
another deterministically inspired proof in 2020; in the mean time, [44] developed a
parametric version of Furstenberg theorem which allowed them to provide a purely

dynamical proof under the same regime.

When d = 2,3, Anderson localization for singular p with large A\ was proved in 2020
[32] and 2021 [63] respectively.

0.1.4 Outline of results

e In Chapter 1, we provide the new, short, non-perturbative proof of Anderson
and dynamical localization in 1D for arbitrary g with bounded support. We
also provide a relatively independent uniform version of Craig-Simon results in
Section 1.5. We mention that over the past three years, the method was taken
in conjunction with [41], [69], [68], [65], [88], [27], and is expected to apply to
models introduced in [34], [36], illustrates the flexibility of this general scheme
for proving localization in random one-dimensional frameworks. Indeed, these
techniques provide the most direct route to localization in addition to providing

proofs of the strongest known localization results for such models.

e Notice that in fact, the original physical concept, localization, can be defined in

many different ways: exponential localization of time-independent wave function



as Anderson localization above, or absence of transport of the time-dependent
solutions for a.e.w (dynamical localization), or the absence of transport of the
time-dependent solution in expectation (dynamical localization in expectation).
In particular, in Chapter 3, we improved the results in [32] and [63] from Ander-

son localization to the strongest dynamical localization in expectation.

e In Chapter 2, we apply our new method developed in Chapter 1 to a related ran-
dom CMV model to derive for the first time Anderson localization for arbitrary
p. We also correct the errors in the formulas found in [58], [18], [74] and [73] in

Appendix B.

0.2 Magnetic response of twisted bilayer graphene

This section contains the introduction for Part II, Chapter 4

0.2.1 Physical Motivation

It is arguably one of the most exciting recent discoveries in condensed matter physics
that by twisting two sheets of graphene at certain “magic angles”, the electronic struc-
ture undergoes a transition from a Mott-insulating to a superconducting phase [20].
Such experiments are built on earlier theoretical work [33, 12] which introduced the
continuum model for the study of TBG. From this model they predicted the first magic
angle by observing the appearance of a relatively flat spectral band at some small an-
gle. To discuss our study of TBG in magnetic fields, we first briefly introduce the BM
model (see §4.2.1, [12]):



0.2.2 BM model

Hp  T°(x)
The BM model is an effective 4 x 4 matrix-valued Hamiltonian R ,
(T°(x))" Hp'

r € R?, composed of two twisted-Dirac-operators HY, HBG representing two isolated

graphene sheets [84] respectively, and a tunneling potential term

aoV(z/Ng)  anU(—x/Ng

o= [ PV @l
aU(—=z/Ng) oV (/)

where the diagonal and off-diagonal terms represent two different types of interlayer

tunneling potentials. In fact, when two layers of graphene are twisted at an angle 6, a

macroscopic honeycomb structure of scale Ay, called the moiré pattern, is formed (by

a purely geometrical superposition of two sheets of graphene; see Fig.4.1). Then the

two different types of interlayer tunnelings (see Fig.4.1) are respectively:

1. the chiral tunnelings U(z/)\g) and U(—x/\g) localized near the vertices of each
moiré hexagon, with tunneling strength a; and a stacking similar to AB’ and

BA’-stacking;

2. the anti-chiral tunneling V' (z/\g), localized near the centers of moiré hexagon,

with a tunneling strength ag and a stacking similar to AA’/BB’-stacking.

Here A and B label the equivalence classes of vertices on the honeycomb lattice and
atoms on the lower lattice are indicated by a prime, cf. Figure 4.1. We refer to the
BM model as the chiral or anti-chiral model in the limit of purely chiral (ap = 0) or

anti-chiral (ag = 0) tunneling interaction, respectively.

While in the full BM model, the bands close to zero appear only approximately flat,

7
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20g.9
0e9

Figure 1: Left: Visible moiré pattern at § = 5°. Right: Single moiré hexagon, with
(A=red, B=blue) and (A’=green, B’=black) denote vertices of two sheets of graphene
respectively.

it has been shown in [79, 6, 7] that the chiral model exhibits a perfectly flat band
at the magic angle [79, 6] while the anti-chiral model does not [7]. In our study of
the magnetic response, we find that chiral and anti-chiral tunnelings play intrinsically
different roles not only in spectral properties (see §4.3), but also in the asymptotic
expansion of DOS in strong magnetic field (see §4.5), which results in very different

physical behaviours (see §4.6).

More specifically, in §4.3, we dicuss the influence of different magnetic potentials on the
flat bands in the chiral and anti-chiral model. In §4.5, we derive the explicit asymptotic
expansion of the DOS in strong magnetic fields for both chiral and anti-chiral model.
We find that the magnetic anti-chiral model has a similar behavior as the magnetic
Schrédinger operator, where Landau levels split under perturbations of anti-chiral
electric potential, while the magnetic chiral model has stable Landau levels especially
at energy zero. Thus, chiral tunneling enhances the peaks of the DOS at Landau levels

which leads to an enhancement of physical phenomena including magnetic oscillations



and the quantum hall effect, which we discuss in §4.6, while anti-chiral tunneling

weakens them.

We also mention that our study of asymptotic behavior in the strong magnetic fields
originates naturally, in the physics perspective, from the interest in small twisting
angles. In fact, as the twisting angle 6 decreases to zero, the scale of the moiré hexagon
g ~ (sinf)~! increases dramatically. Thus, in the spirit of keeping a fixed magnetic
flux through each moiré hexagon, the study of a fixed magnetic field with small twisting
angle can be rescaled to a fixed twisting angle with a strong magnetic field. We denote

them as adiabatic (see §4.2.3) and semiclassical (see §4.2.4) scalings respectively).

In particular, this means we provide the theoretical background for the study of the
dependence of Landau levels on small twisting angle that have been studied for a
simplified model in [24] and numerically in [67] for a tight-binding model. Furthermore,
combining with the study of chiral and anti-chiral tunnelings, we put the substantially
pronounced peaks of the DOS for small twisting angles at the Landau levels in [67, Fig.
2,3] on a rigorous footing. Furthermore, our results apply to strong pseudo-magnetic

fields generated by physical strain.

0.2.3 Outline of results

We summarize all our main results with an outline of the paper below:

e In Section 4.2, we introduce the BM model with external magnetic field for TBG.
e In Section 4.3, we proved that

— periodic magnetic fields do not affect the presence of flat bands in Theorem



4.1.
— flat bands are persisted under rational magnetic flux in Theorem 4.2, 4.3.
— lots of quasimodes are located close to, and squeezing towards the zero
energy level in Theorem 4.4.
e In Section 4.4, we discuss general properties of the DOS including

e In Section 4.5, we derive asymptotic formulae for the DOS:

— of the chiral model: Theorem 4.5;
— of the anti-chiral model: Theorem4.6;

— is termwise-deferentiable w.r.t. B: Prop 4.5.9).
e In Section 4.6, we discuss physical applications of our semiclassical formulae.

e The article also contains two technical appendices to which some of the compu-

tations and auxiliary results for the derivation of the DOS are outsourced.

0.2.4 Comment on methods

Finally, we would like to comment on related results and techniques. In this paper,
we first perform a spectral and symmetry analysis of our model for various magnetic
perturbations. This includes the existence and absence of perfectly flat bands at magic
angles for different interlayer potentials and magnetic fields, see also [11] for related
results. We then discuss the existence and absence of the phenomenon of exponential
squeezing of bands which generalizes results obtained in the non-magnetic setting [6, 7].
In this row of mathematically rigorous results, we also want to mention the computer-

assisted proof of the existence of a real magic angle by Luskin and Watson [87].

10



Our approach to studying these physical phenomena is a thorough asymptotic analysis
of the DOS. Here, our approach is inspired by ideas of Helffer and Sjéstrand [47] who
studied the perturbation theory of periodic Schrodinger operators in strong magnetic
fields and Wang [86], who studied fine spectral asymptotics for random Schrodinger op-
erators in strong magnetic fields. While Helffer and Sjostrand stopped at studying the
spectral perturbation for strong magnetic fields, we obtain a full asymptotic expansion
of the DOS. This has also been obtained by Helffer and Sjostrand for weak magnetic
fields [48] where the analysis relied on the semiclassical eigenvalue distribution close
to a potential well. In our case, there is no natural well-structure and the asymptotic
expansion relies on an asymptotic expansion of the parametrix with a splitting argu-
ment to overcome non-elliptic regions close to the real axis. Unlike in previous works
by Helffer and Sjostrand [48] and an article on single-layer graphene by the first author
and Zworski [9], we resolve the issue of differentiability of the asymptotic expansion
with respect to the semiclassical parameter by relating the asymptotic expansion with
the one of the differentiated symbol, here. This expansion is needed for the rigorous
analysis of the DOS when differentiated with respect to the magnetic field which is

relevant for both the de-Haas van Alphen as well as the quantum Hall effect.

11



Part 1

Localization in random systems
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Chapter 1

Anderson localization for 1D

Anderson model

1.1 Introduction

Anderson localization for the Anderson model can be proved in several different ways
if the common distribution of the i.i.d.r.v’s is absolutely continuous. Without that
condition (or at least some Hoélder regularity) it remains an open question for d > 2,
and the number of approaches that work for d = 1 also drops dramatically. Such is
the situation, for example, for the Bernoulli-Anderson model. Anderson localization
for arbitrary 1D disorder was first proved in [21]. The approach was based on certain
regularity of the Lyapunov exponents coming from the (analysis around) the Fursten-
berg theorem to obtain an analogue of Wegner’s lemma (automatic in the absolutely
continuous case). After that the proof was reduced to multi-scale analysis, with initial

scale coming again from the positive Lyapunov exponent. Another argument was later

13



presented in [72], where an approach to positivity and regularity of the Lyapunov ex-
ponent using replica trick was given, again reducing the proof to multi-scale analysis.
Multi-scale analysis is a method that allows to achieve Green’s function decay and
ultimately localization from high probability of decay at the initial scale. It works in
a variety of settings. Originally developed by Frohlich and Spencer [37], it was signif-
icantly simplified in [82] but remains somewhat involved. It should be noted that in
the multidimensional case no shortcuts such as Furstenberg theorem or replica trick
are available, and the multi-scale analysis is used to reach conclusions analogous to the
positivity of the Lyapunov exponent simultaneously with the proof of localization. Yet
in the one-dimensional case positivity of the Lyapunov exponent essentially provides
the averaged decay statement, thus a large portion of the conclusion of the multi-scale

analysis, making its machinery seem redundant.

A method to effectively exploit positive Lyapunov exponent for a localization proof
based on the analysis of the large deviation set for the Lyapunov exponent was first
developed in [50] for the almost Mathieu operator, initiating what was later called
a non-perturbative approach, in contrast with earlier proofs based on some form of
multi-scale analysis [38, 76]. A robust method based on subharmonic function theory
and the theory of semianalytic sets was then developed in [16] and other papers sum-
marized in [15], to conclude localization from positive Lyapunov exponents for analytic
quasiperiodic and some other deterministic potentials. The fact that those ideas can
be applicable also to the Anderson model was mentioned in some talks by one of the
authors circa 2000, but the details were never developed. One goal of this chapter is
to obtain a proof of Anderson localization for the 1D Anderson model in the spirit of

[50] but with appropriate simplifications due to randomness.

Another proof, also based on large deviations and also avoiding multi-scale analysis
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was recently developed in [18]. The proof of [18] is based on deterministic ideas close to
the ones in [17], which we believe may be somewhat more complicated than needed for
the random case. We mention that yet another, purely dynamical, proof of localization

for the 1D Anderson model in [44].

One ingredient in our simple argument for spectral localization, Theorem 1.4, is Craig-
Simon’s upper bound based on subharmonicity of the Lyapunov exponent [25], a state-
ment that holds for any ergodic potential. In order to prove dynamical localization
we need a uniform in energy and quantitative version of this statement, that we prove
for general ergodic potentials satisfying certain large deviation bounds, a result that
could be of independent interest. We note that our proof does not explicitly use sub-

harmonicity.

The rest of this chapter is organized as follows. Section 1.2 contains the preliminaries,
the statement of the spectral localization result, Theorem 1.1, and its quick reduc-
tion to Theorem 1.2. We then prove the preparatory Lemmas 1.3.1, 1.3.2, 1.3.4, and
Corollary 1.3.3 in Section 1.3. Then we complete the proof of Theorem 1.2 in Section
1.4. Our proof effectively establishes a more precise result, Theorem 1.5, which in
turn immediately implies the Lyapunov behavior at all eigenvalues, Theorem 1.6. We
formulate and prove the general uniform Craig-Simon-type statement in Section 1.5,

and use it in Section 1.6 to prove dynamical localization.

15



1.2 Preliminaries

The one dimensional Anderson model is given by a discrete Schrodinger operators H,,

(H,O)(n) = U(n+1) + U(n — 1) + w, U (n),

where w,, € R are independent identically distributed random variables with common
Borel probability distribution . We will assume that S C R, the topological support
of pu, is compact , and contains at least two points. We will denote the probability
space Q = SZ, with elements {w,}ncz € Q. Denote u” as P. Let P be pletnZ op
SlabNZ - Also let T be the shift Tw; = w;_;. Finally, we denote Lebesgue measure on
R by m. We say that H, has spectral localization in [ if for a.e. w, H, has only pure

point spectrum in [ and its eigenfunctions W(n) decay exponentially in n.

Definition 1.1. We call E a generalized eigenvalue (g.e.), if there exists a nonzero
polynomially bounded function V(n) such that H,¥ = EV. We call ¥(n) a generalized

eigenfunction.

Since the set of g.e. supports the spectral measure of H, (e.g. [26]), we only need to

show:

Theorem 1.1. For a.e. w, for every g.e. E, the corresponding generalized eigenfunc-

tion W, g(n) decays exponentially in n.

For [a,b] an interval, a,b € Z, define Hy,4),, to be operator H, resticted to [a, b] with
zero boundary conditions outside [a, b]. Note that it can be expressed as a "b—a+ 17-
dimensional matrix. The Green’s function for H, restricted to [a,b] with energy E ¢
Ola,b]w 18

G[a,b],E,w = (H[a,wa - E>_1‘
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Note that this can also be expressed as a ”b — a + 1”-dimensional matrix. Denote its

(‘1'7 y) entry as G[a,b},E,w<$a y)

It is well known that

U(r) = =Glappw(® a)¥(a—1) = Gy pw(@,0)Y(b+1), z€la,b] (1.1)

and we have

o:=0(H,)=[-2,2]+S5 aew. (1.2)
Definition 1.2. Forc¢ > 0,n € Z, we say v € Z is (¢,n, E,w)-regular, if
G[:c—n,z—l—n],E,w(x; T — n) < e "

G[x—n,:c+n],E,w (l’, T+ n) S €

Otherwise, we call it (c,n, E,w)-singular.

By (1.1) and definition 2, Theorem 1.1 follows from

Theorem 1.2. There exists Qg with P(y) = 1, such that for every @ € Qy, for any
g.e. E of Hy, there exist N = N(FE,&),C = C(E), such that for every n > N,
on, 2n+ 1 are (C,n, E,&)-regular.

Some other standard basic settings are below. Denote

P[a,b],E,w - det(H[a,b],E,w - E), a < b

17



If a >b,let Poypw =1. Then

‘P[a,:c—l],E,wP[y-‘rl,bLE,w’

, v<y (1.3)

Glap,Ew(T,y)| =
[ermeERn] | Pt ]

If we denote the transfer matrix Tj, 4 £ as the matrix such that

W(b Y(a
o\ v
U(b—1) U(a—1)

where W solves H,¥ = EV, then

P[a,b],E,w _P[a—i-l,b],E,w
T’[a,b},E,w =

P[zz,b—l],E,w _P[a—l—l,b—l},E,w

The Lyapunov exponent exists by Kingman’s subadditive ergodic theorem and is given

by
1t 1
Y(E) = lim — [ log||Tjomn),puldP(w) = lim ﬁlogllT[oanE,wlla a.e.w.
0 n oo

n—oo 1M

Let v = ]{JTéEV(E) By the Furstenberg’s theorem v > 0. It follows from (1.3) that
the desired exponential decay of the Green’s function can be achieved if all the P,
n (1.3) behave as e~ thus leading to the study of deviations of In P, from
its mean. In fact, the key estimates underlying the analysis of [21] are precisely large

deviation bounds for the Lyapunov exponent due to Le Page [61]. Here we will use a

corresponding statement for the matrix elements [81]

Lemma 1.2.1 ( "uniform-LDT”). For any ¢ > 0, there exists n = n(c) > 0 such that,
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there exists Nog = Ny(¢), such that for every b —a > Ny, and any E in a compact set,

1
P |———log || P —~(E)| > < o—nlb—a+l1)
{w ‘b_aJr 7108 | Plag,pell = )‘ > 5} <e

It will also be convenient to use the general subharmonicity upper bound due to Craig-

Simon [25]
Theorem 1.3 (Craig-Simon [25]). For a.e. w for all E, we have

— 1 Tio,n),Ew
T og || Tiom),Ew || <

FE
Jim ———"=== < ()
1.3 Main lemmas
Denote
B[—Z,b],s = {(E,w) P Bl > e(v(E)+£)(b—a+1)} (1.4)
By = {(B.w) ¢ [Pugypo| < 07070t} (1.5)
and denote B = {w: (Bw) € B:, }, B = {F : (B,w) € B, }
[a,bl,e,E ) [a,bl,e S [a,b],e,w ’ la,bl,ed>
B[a,b},* = B[—Z,b],* U B[;,b],*'
Let Ej (w, . w,) be eigenvalues of Hpgp). With w|jgs = (W, -+, ws).

Large deviation theorem gives us the estimate that for all F, a,b, e

P(Bﬁ;’b]ﬂ) < g nlb—atl) (1.6)

Assume € = g9 < %I/ is fixed for now, so we omit it from the notations until Lemma
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1.3.4. Let ny = n(eg) be the corresponding parameter from Lemma 1.2.1

Lemma 1.3.1. Forn > 2, if x is (v(E) — 8¢, n, E,w)-singular, then

U B;"

+
UuB [z+1,2+4n]

[x—n,x—1]

(FE,w) € B

[x—n,x+n]

Remark 1.1. Note that from (1.6), for all £, z,n > 2,

P(By, LUB! L UB! p) < 3l

[x—n,:r:—&-n}, [I—TL,I—H, [x+l,:c+n],

Proof. Follows imediately from the definition of singularity and (1.3). O

Now we will use the following three lemmas to find the proper € for Theorem 1.2.

Lemma 1.3.2. Let 0 < §y < 9. For a.e. w (we denote this set as §y), there exists

N; = Ny(w), such that for every n > Ny,

max{m (B, ;1 3,1 10) MUBL, )} < g~ (M0—00)(2n+1)

Proof. By (1.6),

mx P(B[:H—l,fﬂn-f—l]) < m(g)e—no(2n+1)
mx P(B[ nn]> < m(O‘)e_??O(Qn—H)
If we denote
Q&o,n,-{— = {w : m(B[;H—l snt1] w) < 6_(n0_50)(2n+1)}

[777'9”]9“" ’

Q50 n,— — {W : m(B ) < 6_(770—50)(2n+1)}
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We have by Tchebyshev,
P(925, ,2) < m(o)e 0D, (1.7)
By Borel-Cantelli lemma, we get for a.e. w,

m(B— )} < 6—(770—50)(2714-1)7

max{m(B Cnnlw

[n+1,3n+1] ,w) )

for n > Ny (w). O

Remark 1.2. Note that we can actually shift the operator and use center point [ instead
of 0. Then we will get Q;(l) instead of Qy, N;(l,w) instead of Nj(w). And if we
pick Ni(l,w) in the theorem as the smallest integer satisfying the conclusion, we can
estimate when we will have Ny(l,w) < In®|l|, which is very useful in the proof for

dynamical localization in section 6.

The next results follows from :

Theorem 1.4. For a.e. w(we denote this set as Ss), for all E, we have

— 1 Tfn w T 1 T n|,B,w
max < lim o8 (| Ti-n.op.p, H, lim 08 1 on) Bwll [ Tiony o <~(E) (1.8)
I 1 TTL n w I 1 T n T w
max d Tm og || [n+1,2n+1),E, ||7 m og || [2n+1,3n+1],E, I < ~(E) (1.9)

Remark 1.3. (1.8) is a direct reformulation of the result of [25], Theorem 1.3, while

(1.9) follows by exactly the same proof.

Corollary 1.3.3. For every w € Qs, for every E, there exists Ny = Ny(w, E), such
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that for every n > N,

’7 “T[Ov”]vaH} < (V(E)+e)(nt1)

max{ | | ,-T[—n,O] Ew

maX{||T[n+1,2n+1],E,w||7 HT[2n+1,3n+1},E,w||} < 6<7(E)+€)(n+1)

Lemma 1.3.4. Let ¢ > 0, K > 1, For a.e. w(we denote this set as Q3 = Q3(e, K)),
there exists N3 = N3(w), so that for every n > Ns, for every Ej . . - wsni1): JOT

n

every y1, vy satisfying —n <y <yp <, |-n—y1| > £, and [n —y,| >

n

7, we have

Ej)(w’ﬂ+17"' 7w3n+1) ¢ B[_nvyl]’e’w U B[yQ’n]’E’w U B[_nun}ue)w'

Remark 1.4. Note that € and K are not fixed yet, we’re going to determine them later

in section 1.4.
Proof. Let P be the probability that there are some 1, 32, j with

Ej,(wn+1,--- W3n+1) S B[fn,yl],s,w U B[yz,n],s,w ) B[fn,n],s,w-
Note that for any fixed w,, - -+ ,wq, with [¢,d] N [a, b] = 0, by independence,

) - P[avb](B[a,b]7s7E. ) < e Mo(b—atl)

Ji(wesrwgq) ) —

Pre.ge(Blape.

Ji(we,wgq)

Applying to [a,b] = [—n,y1] or [y2,n], [c,d] = [n+ 1,3n + 1] and integrating over
W_py Wy, OF Wyyy Wy, We get

P(B[—n,yﬂ €

< 9~ Mo(F+1)
) ’Ejv<“’n+1ﬁ"‘ﬁ“’3n+1 )) — 2e ?

) U By, n).e,

3y (Wng 15 w3041

and

]P)(B[—n,n} ,€,w> S e (2n+1)
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SO

P < (2n + 1)32e ™(x+2)
Thus by Borel-Cantelli, we get the result. O]

Remark 1.5. Similar to remark 1.2, we can get Q3(1), N3(I,w) for an operator shifted
by ¢ instead, and get the result that for a.e.w (we denote this set as Q,), there exists
Ls(w), such that for any |I| > Lz, N3(I,w) < In?|l|. This will be of use in section 6 for

proving dynamical localization.

1.4 Proof of Theorem 2.2

We will only provide a proof that 2n + 1 is (¢, n, F,w)-regular, the argument for 2n

being similar.

Proof. Let ¢ be small enough such that

e < min{(ny — do)/3,v}. (1.10)

Now let

L= elm=0-¢) 5 1,

and note that since S is bounded, by (1.2) we have there exists M > 0, such that
|P[a,b],E,w| < M(bfaﬂ), VE € o,w

Pick K big enough such that



Let 7 > 0 be such that

Mx <L-7<L (1.11)

Let Qo = Q1 N QN Q3(e, K). Pick @ € Q, and take E a g.e. for Hy, with U the
corresponding generalized eigenfunction. Without loss of generality assume W(0) # 0.

Then there exists Ny, such that for every n > Ny, 0is (y(E) — 8, n, E,&)-singular.

For n > Ny = max{N,(@), No(&, E), Ns(@), Ny(&, E)}, assume 2n + 1 is (y(E) —

8¢o,n, E, ®)-singular. Then both 0 and 2n + 1 is (y(E) — 8¢, n, E, &)-singular. So by

Lemma 1.3.1, E € B[;LH’%H]’EO@ U B[J;H’zn]m@ U B[Jgn+273n+1]760@. By Corollary 1.3.3
~ + + . . . —
and (1.4), £ ¢ B[n+172n]750@ U B[2n+2,3n+1},so,w’ so it can only lie in B[n+1,3n+1],so@‘

Note that in (1.5), Piny13n+1,86 18 a polynomial in £ that has 2n + 1 real zeros

(eigenvalues of Hp,11,3n+1)5), which are all in B = B, Thus B consists of

[n+1,3n+1],e,&0"

less than or equal to 2n + 1 intervals around the eigenvalues. E should lie in one of
them. By Lemma 1.3.2, m(B) < Ce~(m—00)2n+1) Qg there is some e.v. Ej n1,3n41),0

of Hipy1,3n+1]w such that
|E = Ejnt1 36l < ¢~ (m0—do)(2n+1)
By the same argument, there exists I, ), such that
B — By o] < e (0mt0)@nt)

Thus |E; [—nn)o—Ejmt1,n10] < 2¢~(10=00)2n+1) However, by Theorem 1.3.4, one has
Ejn13n+1,0 € Bi—nn)eo, While B [, 0o € Bl_nnjeo This will give us a contradiction

below.
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Since ’Ei,[—n,n],d) — Ej,[n+1,3n+1},dz| < 26—(170—50)(271-1—1) and Ei,[—n,n],d) is the e.v. of H[—n,n},&zu

> L -0 ans1)

—1,1),Ej [n41,3n41],6,@

i

Thus there exist y1,y2 € [—n,n] and such that

> ie(no—éo)(%-&-l)
- 2n

‘G[—n,n],Ej’[n+1’3n+1],@,u§(yla y2)
Let E; = Ej n41,3n41]0- We have B € By, n)c0, thus

| Plnn) e, By0] = c(1(Ej)—e)(2n+1)

so by (1.3),

| > 1 mo-s0)@nt1) () o) 2n 1) (1.12)

prn sE'&P TLEE'L:J‘
[ 7y1]7 gy [y27 ]7 37 2/,,’/

Then for the left hand side of (1.12), there are three cases:

1. both | =n —yi| > & and |[n —yo| > %

2. one of them is large, say | —n —y1| > & while [n — 1| < &

3. both small.

For (1),
1

—¢€

(mo—do+~(Ej)—e)(2n+1) « 2n(v(Ej)+e)
2n -

Since by our choice (1.10), 19 — o + V(E;) —e > v(E;) + ¢, for n large enough, we get

a contradiction.
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For (2),

ie(nof(ioavy(Ej)fE)(ZTH*l) < OENH ) ()T

2n

is in contradiction with (1.10) and (1.11)

For (3), with (1.10) and (1.11)

2i6(770—50+7(Ej)_5)(2n+1) < M%" < (L _ 7-)271 < (e(no—60+v(Ej)—8) _ 7-)2n
n

Y

also a contradiction.

Thus our assumption that 2n + 1 is not (y(E) — 8¢, n, E,&)-regular is false. Theorem

1.2 follows. [

Note that we have established the following more precise version of Theorem 1.2

Theorem 1.5. There exists Qg with P(£2g) = 1, such that for every @ € Qq, for any
g.e. E of Hy, and € > 0, there exists N = N(E’,&),é), such that for every n > N,

on, 2n + 1 are (y(E) — ¢, n, E,&)-reqular.

It is a standard patching argument (e.g. proof of Theorem 3 in [50]) that this implies
|Wg(n)| < Cp.e”E)=9m for any & > 0. Combined with Theorem 1.3, this immediately

implies that we have Lyapunov behavior at every generalized eigenvalue.

Theorem 1.6. For a.e. w for all generalized eigenvalues E, we have

o log T el
m — =

v(E)
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1.5 Uniform and Quantitative Craig-Simon

Craig-Simon theorem 1.3 implies that for a.e. w and every E € o there exists N(w, F)
such that for n > N, || Tjo n, 5| < e™TDOEFE) For the proof of dynamical localization
one however needs a statement of this type with N uniform in E. Such a statement
is the goal of this section. We will show that it holds for any ergodic dynamical
system satisfying the uniform LDT (Large Deviation Type) condition: Lemma 1.2.1.
Thus this result has more general nature than the rest of the chapter and may be of
independent interest. In particular, it is applicable to quasiperiodic dynamics with
Diophantine frequencies and analytic sampling functions. We note that uniform LDT
condition can also be replaced by a combination of a pointwise LDT condition and

continuity of the Lyapunov exponent.

We have:

Theorem 1.7. Let the ergodic family H,, satisfy Lemma 1.2.1. Fizeq > 0. For a.e. w
(we denote this set as Qy = a(g0)), there exists No(w), such that for any n > Na(w),
Eeo,

|P[07n},E,w| < e(V(E)+eo)(nt1)

An immediate corollary is

Corollary 1.5.1. Let H,, g9 be as above. Then there ezists Qo with P(Qy) = 1, such

that for w € Qy, there exists No(w) such that

max {|P[O,n],E,w|a |P[fn,0},E,w|7 |P[n+1,2n+1],E,w|, |P[2n+1,3n+1},E,w|} < €(V(E)+360)(n+1).

Thus we can replace Corollary 1.3.3 with this uniform version.
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Proof. We start with the following

Lemma 1.5.2. Let Q(x) be a polynomial of degree n—1. Let z; = cos M, 0<6<
1/2,i=1,2,--- ,n. If Q(x;) < a”, for all i, then Q(x) < Cna™, for all x € [—1,1],

where C'= C(0) is a constant.

Proof. By Lagrange interpolation, we have

Q) =Y Q@) [+ ‘_Z

i=1 i
Note that
i1 9g .
Zln\xi — x| = Z {ln sinm‘ +In sinwl —|—ln2}
i #i " "

= A+B+(n—1)In2.

We will use the following lemma without giving a proof.

Lemma 1.5.3 (Lemma 9.6 in [5]). Let p and q be relatively prime. Let 1 < ko < q be
such that

| sin 27 (x + kop/(29))| = 121132(1 | sin 27 (x + kp/(2q))].

Then

q
Ing+1n(2/7) < Z In|sin27(x + kp/(2¢))| + (¢ —1)In2 < Ing.

k=1
keko
For B, we take p=1, ¢ =n, x = —i/(2n), k = j. Then ky =i, and we get

B>Inn+In(2/7) —(n—1)In2.

For A, we estimate by Lemma 1.5.3 with p =1, ¢ =n, x = (i +20)/2n, k = j. If
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ko = jo is the minimum term of In | sin —ﬂ(HiLHQ) |, then

21 + 20 ; . 20
AZzInn+In2/7) - (n—1)In2—1In sjnM""ln sinﬁ(l_l_]—o_l_)
n n
For 0 < 6 < 1/4, we have
| sin M‘ | sin 7(2i420) | )
o T oz < om0

Thus

Y Ifzi—a;l > —(n—1)In2+Inn+C
J#i

2ma
n

Writing x = cos 222, by Lemma 1.5.3, we get

Y Iz -y < —(n—1)In2+2mn+C
J#i

Thus

xr — XI;
[t <on
i 0T

and we have

Q(z) < Cna®

Now we can finish the proof of Theorem 1.7.

We know that o is compact, so contained in some bounded closed interval. Assume

we are dealing with [a,a + A]. Unifrom LDT implies that 7 is a continuous function
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of £ [35]. Since v(F) is uniformly continuous, for any &g, there exists dy such that

V(E:) —v(E)| <eo, if |Ex— Ey| < do. (1.13)

Divide the interval [a,a + A] into length-0y sub-intervals. There are K = [A/d] + 1
of them (the last one may be shorter). Denote them as I, for k = 1,--- | K. For
Ity = [Ekns Ext1n), let Exi, -+, Egnn be distributed as in Lemma 5.3. Namely, set
Eiin = Egn + (x; +1)60/2, where z; are as in Lemma 5.3, 0 < # < 1/2. Note that for

any I, By € [Erin, B, [7(Ez) —7(Ey)| < €o. Since by the uniform-LDT condition
IP) ({O) : HZ — 1’ e n, S.t. |P[0,n},Eki,n,w| Z 6(7(Eki,n)+50)(n+1)}) S ne—ﬂo("‘*‘l)?

by Borel-Cantelli, for a.e. w, (we denote this set as Q(k)), there exists N(k,w), such

that for all n > N(k,w),
Plomp.in ] < eOERn#=000D i — 1
If we denote Vi, = infre(g,, , By, V(E), then by (1.13)
| Plo,n], Brsn o] < eV Brin)teo)(ntl) < o(mat2e0)(ntl) gy — 1 ... p,
Let M be big enough such that, for any n > M, C(n 4 2)e? )220 < efo(n+l)  Thys by

Lemma 1.5.2, applied to Q(x) = P[O’”}’E7W|E—Ek | G@tnsg , & polynomial of degree n + 1,
— B+ D%

we have that, if n > max{N(k,w), M}, for E € [Eyp, Ext1.4)

|Pon.pwl < Cn+ 2)eknt220(+2) < Oy 4 2)e(VEI+20)(nH2) £ (V(E)+320)(n+1)
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Let Q, = N Q(k), N(w) = max;{N(k,w), M}. Then for any n > N(w),
k

|p[07n]7E7w‘ < e(V(E)+3€o)(n+1)7 VE € |a,a+ A]

This allows us to also obtain a quantitative version of Theorem 1.7. Assume the
Ns(w) in Theorem 1.7 is chosen to be the smallest satisfying the condition. Let [ € Z,
NQ(Z,W) = NQ(TZCU). Let QQ = ﬂlEZ TZQQ.

Lemma 1.5.4. For a.e. w (we denote this set as Qs), there exists Ly = Ly(w), such

that for all |l| > Ly, Ny(l,w) < In?|l|. In particular, if n > In® ||, then
| Ptign), B0l < eV EVe)H) - for gll B € o
Proof. Let w € Qy, | € Z, k € N. By Theorem 1.7, Q has full measure. We have

P{w: No(l,w) >k} < ZP{W No(l,w) _n}<ZP Lin—1],5)

< Zcef('y(E)Jrso < C@ E)+e0)k

Thus
P{w : No(l,w) > In|I|} < Ce~ O(F)+eo)(n? 1)

By Borel-Cantelli lemma, we get the result and the corresponding €. O
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1.6 Dynamical Localization

Now we have established the spectral localization for 1-d Anderson model. With some
more effort, we can get the dynamical localization. We say that H,, exhibits dynamical
localization if for a.e. w, for any e > 0, there exists a = a(w) > 0, C' = C(e,w), such
that for all z,y € Z:

Sup |<5,7:7 e_itHw6y>| S Cg€€|y‘e—a|$—y‘
t

According to [28], we only need to prove that for a.e. w, H, has SULE (Semi-Uniformly
Localized Eigenfunction). We say H has SULE if H has a complete set {¢g} of
orthonormal eigenfunctions, such that there is @ > 0, and for each ¢ > 0, a C. such

that for any eigenvalue F, there exists | = [y € Z, such that
lpp(z)| < C.efltEle=ale=lel e 7

In fact, we will prove that g (z)| < CLeC™*UtleDe=olz=lzl gee (1.16), (1.18). In order
to do this, we need to modify Lemma 1.3.2, Lemma 1.3.4 using the same method as
in Lemma 1.5.4. Assume the N;(w), ¢ = 1,3 in Lemmas 1.3.2, 1.3.4 are chosen to be
the smallest parameters satisfying the condition. Let | € Z, N;(I,w) = N;(T'w). Let
Qi =My T'%, i = 1,3,

Lemma 1.6.1. For a.e. w (we denote this set as Qy3), there are Li(w), Ls(w) such

that for any |l] > max{Ly, L3},

max{N;(l,w), N3(l,w)} < In?|i|
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Proof. Let w € Oy, 1 € Z, k € N, then by (1.7)

P{w: Ni(l,w) > k} < ZP(QE,n,i) < Z2m(0)6—60(2n+1) < Ceo(2k+1)
n=k n=~k

Thus
P{w: Ny (l,w) > In?[l|} < Clo—%0(2In? [1]+2)

By Borel-Cantelli lemma, we can get the result. The same argument works for N3. [

Then we rebuild the criteria for regularity around a singular point .

Lemma 1.6.2. For a.e. w (we denote this set as ), for any 1, there exists N(I,w),
such that for any n > N(l,w) and for all E € o either | orl+2n+ 1, and either | or

[ —2n—1 are (y(E) — 8o, n, E,w)-regular.

Proof. In section 4, we proved that either 0 or 2n + 1 is (y(E) — 829, n, E, w)-singular

for all n > N(w), with and modify Q accordingly. H

Now, take Q= QQ U 52173 and fix w € Q. We omit w from notations from now on.

By Lemma 1.6.1 and Lemma 1.5.4, there exist L;, Lo, Lz such that for all |I| >
maX{Ll, Lg, Lg},
Ni() <In?l], Vi=1,2,3

for all F € 0.

Let I be a position of the maximum point of ¢5. Take L, with In® L, > [7(;)“_2850] +1.

For any n > In® Ly, and any e.v. E, lg is naturally (u — 8¢, n, E)-singular by (1.1).

Let L = max{Ly, Lo, L3, L4}, N(I) := max{Ny(l), No(1), N3(1), 7(51_2880}. Then for any
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I > L,
N(l) < In® || (1.14)

If |lg| > L, then for any n > N(lg), lg is (y(E)—8¢o, n, E)-singular, so x = lgp+(2n+1)
is (y(F) — 8eo, n, E)-regular. By (1.1), for any |z —lg| > N(lg)

op(x)] < 2e” O Se0letsl (1.15)
Since g is normalized, in fact for all x,

|90E(33)| < 2e(V(E)=820)N(lE) o —(v(E)—8e0)|z—Ix|

By (1.14), for any ¢,

lpp(z)| < 2e0E) =80 (1t llp]) o = (v(B)=8<0) l—Lx] (1.16)

If |lg| < L, for any ¢, for n > N(lg), we use the same argument as (1.15) and get
lpp(z)| < 2e~OF)-Beolle—tnl < 9¢¢ n*(1+15) o —(v(E)—8z0) |o—L| (1.17)

While for n < NIE, set My, = minke[,LLL ‘x,k|<N(k){66ln2(1+|k|)6_(7(E)_850)|m_k|} and

Cye = My*. Then for all |z — Ig| < N(Ig),

lpp(z)| < 1< Coet™ (HIED o= ((E)=8c0)lw—ls] (1.18)

Thus for C. = max{2, Cy.}, (1.16) (1.17) and (1.18) provide SULE. O
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Chapter 2

Anderson localization in random

CMYV matrix

2.1 Introduction

The aim of this chapter is to establish Anderson localization and dynamical localization
in expectation (see Definition 2.1 and 2.2) for random CMV matrices with arbitrary

distribution.

CMV matrices were introduced by Cantero, L. Moral, L. Vel ([19]) in 2003 and play
an important role in the study of orthogonal polynomials on the unit circle (OPUC).
See [73], [75], [43] for a concise and elegant report of the main results and [74] for a

detailed monograph on this subject.

The study of random CMV matrices was motivated by random Anderson models for

Schrodinger operators. When the distribution is absolutely continuous, Anderson lo-
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calization for CMV matrices has been proved in [80], [42], [74, Sec. 12.6] using the
spectral averaging method, but these techniques cannot be applied in the singular case.
For one-dimensional Anderson model, the first proof that can handle arbitrary random-
ness was given in [21], based on the multi-scale analysis. In 2019, [52] provided a short
proof of Anderson localization and dynamical localization (for the one-dimensional An-
derson model with arbitrary distribution) using positive Lyapunov exponents together
with uniform large deviation type (LDT) estimates and uniform Craig-Simon results.
In 2020, strong dynamical localization was proved in [41] following this method. In this
chapter, we exploit the techniques in [52] and [41] to prove Anderson localization and
strong dynamical localization for random CMV matrices with arbitrary distribution.
In particular, our results apply in the singular case. The main novelties of the proof
are the large-deviation estimates of determinants with modified boundary conditions
(Lemma 4.2) and a streamlined approach to the localization proof in comparison with

[52] and [41], so that EDL follows directly from our key statement (Theorem 2.4).

It is important to mention that the singular potential random CMV model was also
studied in [18] in 2019 as a close relative of the Anderson model, for which a new proof
of localization was also given in [18]. The CMV proof in [18] relies on certain results in
[58]. However those contain a significant number of misprints and minor errors (some
of those stemming from small misprints in [74] and [73]). Article [18] inherits those
errors, certain steps of the proof in [18] no longer work as claimed when the relevant
expressions are corrected. In particular, a crucial part of the argument of [18] on the
elimination of double resonances does not work as intended although we believe may

be corrected. We discuss this in Appendix B.

Finally, this chapter when taken in conjunction with [52], [41], [69], [68], and [65],

illustrates the flexibility of this general scheme for proving localization in random one-
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dimensional frameworks. Indeed, these techniques provide the most direct route to
localization in addition to providing proofs of the strongest known localization results

for such models (EDL).

The remainder of the paper is organized as follows:

In Section 2.2, we present the model and the main results (AL and EDL).

e In Section 2.3, we present a key theorem on regularity of Green functions from

which AL and EDL are derived.

e In Section 2.4, we present uniform large deviation theorem (Lemma 2.4.2) and

uniform Craig-Simon estimates (Lemma 2.4.4).

e In Section 2.5, we first provide an outline of the proof and prove our key Theorem

2.3.

e Finally, Appendix A provides technical details needed for subsection 2.3.3 and
Appendix B corrects the errors in the formulas found in [58], [18], [74] and [73]. It
is our hope that these corrections provide clarification for other readers working

on CMV matrices.
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2.2 Model and main results

2.2.1 OPUC

Let 1 be a probability measure which is supported on an infinite subset of JD where

D is the unit disk in C. Let ®,,(2) be the monic polynomial of degree n s.t.

(B, (2), By (2)) = /8 B0 (dn(z) = by, Vmim €

The ®,,(2)’s are called the orthogonal polynomials on the unit circle (OPUC) w.r.t. 7.

Let ¢,(2) = ‘;28” where || - || is the L?(0D; dn) norm.

It is clear that given 7, we can compute ®,(z) and ¢,(z) inductively from ®y(z) =
¢o(z) = 1. Moreover, there is a recurrence relation for ®@,(z) which we state here

without proof (see [74, Theorem 1.5.2]):

Proposition 2.2.1 (Szegé’s Recurrence). Given n, there is a sequence of o, € D s.t.

Boia(2) = 2, (2) — @07 (2)
D11(2) = 9,(2) — anz®u(2),
where Q(2)* := 2"Q(1/Zz) for polynomials Q(z) of degree n. The terms {a,}2, are

called Verblunsky coefficients. Furthermore, let p, = (1 — |a,|*)/2. We have

n—1
19,12 = |05 = P2 @acr]l® = [ 03
k=0
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Thus, for the normalized ¢,, we have

¢n+1 1 z _an ¢n

*
n+1

By Szegd’s recurrence, each 7 corresponds to a sequence of {a,}°°, € DN, Tt turns

out that this correspondence is bijective (e.g. [74, Theorem 1.7.11]).

Proposition 2.2.2 (Verblunsky’s Theorem). There is a bijection between nontrivial

(supported on an infinite set) probability measures n on OD and {a, }22, € DY.

2.2.2 CMYV matrices

A CMV matrix is a matrix representation of the multiplication-by-z operator on

L?*(0Dj; dn) w.r.t a basis which is obtained from orthonormalizing the set
{1,2,271 2%, 272, .- }.

It is important to understand the relation between n and «,, especially under perturba-
tions. On the one hand, the definition implies that 7 is a spectral measure of the CMV
matrix. On the other hand, the CMV matrices can be expressed by the Verblunsky

coefficients a, and p, = (1 — |, |2)2 > 0 (See [74, Sec 4.3] for more details):
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Qg Qipo  PipPo
po —01yy —pP10yg
Qap1  —0pQy Q3P P3pP2
C= p2p1  —p20u  —O0y  —P3Qep
Qups  —0uQ3  Os5p4  Ps5Pa
pap3  —pPa0y  —Q50  —P504

(2.1)

We will study a two-sided version of the above matrix. The two-sided version depicted

below is called an exztended CMV matriz.

Qop—1 —Op_1  Q1pp P1P0
Pop-1  —pPo0i—1 —O0gy —pP1Qg
Qopr  —Qo0y

E =
PP —pP200

Wwp2 pape
—Q3Qy  —pP302

Qups  —0y0g

PapP3  —pP4C3

Q504

—Q50

The relationship between C and £ is explained in Remark 2.3.
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2.2.3 Random CMYV matrices

As with the Anderson model, we are interested in the random extended CMV matrix
&, where o, = w, € D are i.i.d. random variables with common Borel probability
distribution p supported on a compact subset S of D. We assume p is non-trivial in
the sense that it contains at least two points and as we introduced in the introduction,
there are no regularity requirements on . Let the probability space be Q = SZ, with
elements w = {w, }nez € . Denote puZ by P. Let P, ) be pl™m% on Q,, y := StmninZ,
Hence whenever we write [m, n| in this paper, we mean [m,n] N Z. Also let T be the
shift on Q, i.e. (Tw); = w;_1. Finally, we denote Lebesgue measure on the unit circle

by m.

By the classical ergodicity argument for random operators (e.g. [26, Chapter 9]), we
see that the spectrum of &, is almost surely deterministic, i.e. there is ¥ C 0D s.t.
for a.e. w, 0(&,) = 2. Furthermore, the pure point spectrum, a.c. spectrum and s.c.

spectrum are all a.s. deterministic, i.e. 0.(&,) = X, * € {p.p.,a.c.,s.c.}.

2.2.4 Main results

We can now introduce our main results.

Definition 2.1 (AL). We say &, exhibits Anderson localization (AL, also called spec-
tral localization) on I if for a.e. w, &, has only pure point spectrum in I and its

eigenfunctions W, (n) decay exponentially in n.

Definition 2.2 (EDL). We say &, exhibits dynamical localization in expectation (EDL,
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also known as strong dynamical localization) on T if there is C;n > 0 s.t.

sup E (|<5p, e_“g“XI(é’w)éq)D < Ce =4l

teR

where x7 1s the characteristic function of Z.

We will prove in this paper that

Theorem 2.1 (AL). There is a set D C 0D which contains at most three points such

that, &, exhibits AL on any compact interval T C 0D\ D.

Remark 2.1. The existence of this exceptional set is due to the failure of Fiirstenberg’s

Theorem (see Subsection 2.4.3).

Theorem 2.2 (EDL). There is a set D C 0D which contains at most three points s.t.

&, exibihits EDL on any compact interval Z C 0D \ D.

2.3 Theorem 2.3 implies AL and EDL

Below, we will formulate the key theorem, Theorem 2.3. We then prove AL (Theorem
2.1) and EDL (Theorem 2.2) from it. To do so, we make some preparations in Sub-
section 2.3.1-2.3.3, state Theorem 2.3 in Subsection 2.3.4 and prove Theorem 2.1 and

2.2 in Subsection 2.3.5.

2.3.1 Decomposition of CMV matrices

We start with a decomposition of a CMV matrix which helps us to deal with its more

NI

complicated five-diagonal nature. Let a,, € D, p, = (1 — |,|*)2. Define the unitary
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matrix acting on ¢2({n,n + 1}) by

Define

L= 6., M=o,

n even n odd

Then one can check directly by computation that the extended CMV matrix satisfies
E=LM.

By definition of ©,,, a,, and p,, it is easy to see that £ and M are unitary on (*(Z).

Thus £ is also unitary. (More details can be found in [74, Theorem 4.2.5].)

Let Py : £2(Z) — *([a, b]) be the natural projection. Let Xjqp = PiayX (Pap)* for
X € {&, L, M}. Then it is easily verified that

Elab) = Loy Miay)- (2.3)

2.3.2 Modification of the Boundary Conditions

Notice that &y, L are not always unitary due to the fact that the “boundary
terms” «a,—; and o satisfy |a,—1| < 1 and |ap| < 1. Thus we can instead manually

create unitary operators by modifying these boundary conditions. Let §,~v € JD.
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Define
Qn, nF#a—1,0

Denote the extended CMV matrix with Verblunsky coefficients &, by €. Then define

o
i) = Plat)€Pla)-

5[6(1’}7] and M[Bavb] are defined correspondingly. Now 5[{1 L ﬁi’l] and /\/lﬁﬁb] are all unitary.

Remark 2.2. Notice that this modification is only a formal modification of the boundary
value |o,—1| < 1to [B| =1 and |ay| < 1 to |y| = 1. So, all the formulas for &£, with
au_1 and ay still hold for S[i Z] with 8 and 7. For example, E[i Z] = E[%})]'Mﬁz’jb] follows
from (2.3).

Remark 2.3. We will use Si "b], 561 "b] to denote single-sided boundary condition modi-

—1,

fication. By comparing (2.1) and (2.2), it is easy to see that C = 5[0 ool

2.3.3 Green’s functions, Generalized eigenfunctions, Poisson

formula

Now we can define the Green’s function. Usually it is defined to be G4 ). = (8[a7b],w —
z)~1. However, since &, is five-diagonal, it is more complicated than a Jacobi matrix,
and the restriction to [a,b] is not unitary. Thus we can modify the boundary and
rewrite the characteristic function (8['?1 B —2)¥=0as (z(ﬁ[ﬁa’l])* — Mﬁlz])\lf = 0. Then

A’ﬁ;’l]yz = (z([,’[iz])* - M@Vb]) is tri-diagonal (see Lemma A.0.1 in the appendix B) and
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it is natural to define the Green’s function to be
By By \—1 By \" sy \
Glap,: = (A[a,b],z) = (Z (E[a,b}> - M[a,b])

for |8] =yl =1, 2 ¢ o(£17).

Exponential decay of the off-diagonal entries of the Green’s function turns out to
be essential in the study of localization phenomenons. It is closely related to the

exponential decay of (generalized) eigenfunctions through Poisson formula.

Definition 2.3 (Generalized eigenvalues and generalized eigenfunctions). Fiz w. We
call z, a generalized eigenvalue (g.e.) of &,, if there exists a nonzero, polynomially

bounded function U, (n) such that E,V, = z,V,,. We call ¥,(n) a generalized eigen-

function (g.e.f.).

Lemma 2.3.1 (Poisson formula). Let ¥ be a g.e.f. of £ w.r.t. a g.e. z, i.e. EV = 2V.
Let |5| = |y| = 1. Then fora <z <,

(

U(a)(2B8 — z8q-1) + V(a — 1)zpa_1, a odd,
V(x) = -G L (x,a)
V(a)(og—1—B) —Y(a—1)pa—1, a even,

\
(

= Gy (7, 0)

U(b)(zap — z7) + ¥(b+ 1)zpy, b even.

\

We give a proof in Lemma A.0.2 in the appendix.
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2.3.4 Schnol’s theorem, Regularity, Key statement

Recall that Schnol’s theorem (see [56, Theorem 7.1], or [26, Sec. 2.4]) says that the
spectral measures are supported on the set of g.e.’s. Thus, to show Anderson local-
ization it is enough to show that for a.e. w, for any g.e. z, of &,, the corresponding
g.e.f. U, decays exponentially, because this would imply that each g.e. is indeed an

eigenvalue, so &, has only pure point spectrum.

Thus for a g.e.f. ¥, which is polynomially bounded, if we can show the Green’s function
|Gﬁ21173n+1},w7z(2n+ 1,n+1)| and \G&1173n+1]7w72(2n+ 1,3n+1)| are exponentially small,
then |, (2n+1)| will decay exponentially due to the Poisson formula. This idea inspires

us to define regularity as follows:

Definition 2.4 (Regularity). Let 5, v € OD. For fized w, z ¢ U(S[i”z]’w), c>0,n€Z,

we say x € Z is (¢, n,w, z)-reqular, if

|G€;zn7x+n},wyz(x, xr — n)| S e—cn7
|G[ﬁx7’1n,:r}+n},w,z(’r’ T + n)| S e~

Otherwise, we call it (c,n,w, z)-singular.

2.3.5 Proof of AL and EDL

We can now formulate our key statement:

Theorem 2.3. There is a set D C 0D which contains at most three points such that,

for any compact interval T C ID \ D, if we let v = ingy(z) > 0, then for any
zE

0 <e<v/2 there is N = N(e),n=mn(e) >0 s.t. Y¥n > N, Vo € Z, there is a subset

Qx’n C Q[x_n7x+n] s.t.

46



1. P(Qp) > 1 — G0t

2. Yw € Qyp, either x or x+2n+ 1 is (y(z) — 2, n,w, 2)-regular for any z € L.

This Theorem will be proved in the next two sections. We first show Theorem 2.3

implies Theorem 2.1 and Theorem 2.2 before proving Theorem 2.3.

Proof of Theorem 2.1 (AL). Find D, Z, v from Theorem 2.3. For any 0 < ¢ < v/2,
find N(e), n(e), Qs from Theorem 2.3. For any « € Z, since Y | P ((2,.,)¢) < 00, by the
Borel-Cantelli Lemma, for a.e. w, eventually either z or z+2n+1is (7(2) —2¢,n, w, 2)-

regular.

On the other hand, for a.e. w, take any g.e. z € Z. Let ¥, (m) be the corresponding
g.e.f.. WLOG assume ¥, (x) # 0. Thus by Lemma A.0.2, we claim that for such z, w, z
and U, x is eventually (v(z)—2¢, n,w, z)-singular. For if z is (7(z)—2¢, n, w, z)-regular

infinitely often, then ¥, (z) = 0.

Since x is eventually (y(2)—2¢, n,w, z)-singular, x+2n+11is (y(z) —2¢, n,w, z)-regular.
Thus ¥, (x + 2n + 1) decays exponentially as n — co. A similar argument applies to

U, (x+2n+2). Therefore, for a.e. w, all of the g.e.f.’s ¥,,(n) decay exponentially. [

Proof of Theorem 2.2 (EDL). By Theorem 2.1, for a.e. w, there is an orthonormal
basis {Wy,} of eigenfunctions of £,. Denote the corresponding eigenvalues by zg,.

Define the localization center as the left-most ¢, € Z s.t.

[Uhw(ere)| = max Wy (n)].

We will employ the following lemma from [51] which provides a sufficient condition for

EDL:
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Lemma 2.3.2 ([51]). If there are C >0, 7 > 0, s.t. for any x,y € Z

E( ), [Yru(@)]’) < Ce, (2:4)

kick, =y

Then there are C' > 0, v > 0, s.t.

sup E(|(3,, €™ xr(Eu))]) < Ol =yl + 1)e 71,

teR

Thus, we only need to show (2.4). To do so, observe that for any w, ¢, as a localization

center is always (y(z) — 2¢,n, w, z)-singular for those n s.t. e=(7=2)" < 1. By Theorem

_log(2)

2.3, if w € Q,,, where we take n = maX{N, %

}+1 then |z — cxo| =n > N and

thus z is (7(z) — 2¢,n,w, z)-regular. Then we have
Vp(@)] < 20 Wpu(y)e”OO2NED vz —y| > n,w € Q.
Since WUy, is an orthonormal basis, by Bessel’s Inequality, we have

S W@ <4 Y [y e 2l < gemm2lel

k:ck,w =y kckw =y

Thus if |z — y| > n, we have

B Y [l / S W (@) ()

ke w=y AN (W) K:ck, =y

n /( S W (o) FdP(w)

Man )" kicr =y (2.5)
<1 de"W=2le—yl L p=nle—yl 4 |

<5e eyl
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with 4 = min{v — 2¢,n}. If |z — y| < n, since ¥y, is orthonormal basis, we have

> W@ <1, thus E( Y [hu(@))?) < 1. (2.6)

kick,w=y ke w=y

Since there are finitely many x’s in the case when |z — y| < n, combining (2.5) and

(2.6), we see that there is C, s.t. for any =

Z |‘I’k,w($)\2 < Ce eyl

Kk w=y

Having shown (2.4), EDL follows by Lemma 2.3.2. ]

2.4 Uniform LDT Estimates and Uniform Craig-

Simon Results

In this section, we introduce the uniform large-deviation-type estimates (uniform LDT)
and uniform Craig-Simon results which are preliminary results needed for the proof
of Theorem 2.3. We begin by connecting the Green’s function with determinants of

box-restrictions, transfer matrices and Lyapunov exponents.

2.4.1 Determinants with boundary conditions

Let

Pt = det(z = €25 ) = det(AL),

[a,b],w [a,b]

(2.7)
]D[gzz},w,z = <pa—1 e pb)_lpﬁ”y

[a7b} ,W’Z :
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Ifa > b,let P77 =1. Note that although we have modified the boundary conditions

[a,b],w,z

in P[a b,z WE keep p,—1 and p, unchanged in the second formula above. Moreiver,

PP

(0.b] 0,2 and P['(;Vb] ., are defined similarly.

By Cramer’s rule, we have

|P€/’.$ 1 sz.q]i-l b wz| v
| - PPl £,
7D[ab w,z k=x
) (2.8)
[ax l]wﬁz [y+1b] ’ agxgygb
Y
[a,b],w,z

2.4.2 Transfer Matrix and Lyapunov Exponents

Recall by Theorem 2.2.1,

¢n+1 (Z) . i z _O-/_n gbn(z)
(ba*z+1 (Z) Pn —Qnz 1 an('z)*
Denote
1 z —Q
S.(a) = — ,
Pa \ —aqz 1

Let T4 = S.(ap) - - - S:() be the transfer matrix, then

Pp11(2) ~ Ty Pa(2)
— 4]a,b

$h11(2) ¢a(2)
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By [85, Theorem 1] together with Remark 2.3, we have:

T 1 Zp[a+1,b],z 7)[;’11,7].’2 - Zp[a+1,b],z
o] = 1
Pa Po Z(P[a,ll)i,z - ZP[aJrl,b},z)* (P[aJrl,b],z)*
or _
ZPa 1,b],2z pa—lP;L.Z - ZPa ,bl,z
T = la+1,b] [a,b], la+1,0] (2.9)
-1, * *
Z(paflp[mb]’z - ZP[a—i—l,b],z) (P[a—l—l,b},z)

where Q(z)* = 2"Q(1/z) if Q(z) is a polynomial of degree n.

Note that %Sz(a) € SU(1,1), where
u v
SU(1,1) = cu,v € Cul—uP=15,

and for 1/, we take the principal branch. Note also that SU(1,1) = Q- SL(2,R)-Q,

i1
where () = —% . Thus, the definitions of Lyapunov exponents for SL(2, R)-
1 1

cocycles and the corresponding properties (positivity and continuity, large deviation
and subharmonicity results) generalize to SU(1,1)-cocycles. Moreover, ||S,(a)| =
||\/LESZ(04)|| when |z| = 1. Thus, when the «,’s are i.i.d., by Kingman’s subadditive
theorem ([55]), the Lyapunov exponent v(z) is well-defined:

1t 1
v(z) = lim — log || Ti0,1) 0,2 || dP(w) = h_>m Elog\|T[07n]7w,Z|], a.e. w.
O n o0

n—oo N
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2.4.3 Positivity and Continuity of Lyapunov Exponent

By Fiirstenberg Theorem, random Schodinger operators have positive Lyapunov expo-
nent: y(z) > 0 for any z € R. At the same time, random CMV matrices may have an
exceptional set D C 0D which contains at most three points s.t. v(E) > 0 on 0D\ D.
In fact, depending on the support of y, either D = () or D = {1, —1} or D = {1, 6,6},
for some 6y € JD. The reason is, roughly speaking, the positivity get destroyed when
S.(c) and S(a;) have a common invariant measure. This would happen only if «;,
a; and z satisfy certain algebraic conditions which characterize the exceptional set.

See [74, Theorem 12.6.3. and 10.4.18] for more details.

Continuity of Lyapunov exponents on Z C JD \ D can be proved using the general
method (e.g. [22, Sec.V.4.2], [14]) originally developed by Fiirstenberg and Kifer [40,
Theorem B] for self-adjoint random matrices, which by conjugation, extend to SU(1,1)
random matrices naturally. We also refer to [18, Sec.2], [46, Sec. 7] for a review of the

proof of continuity of Lyapunov exponents.

We fix an interval Z C 9D \ D from now on and denote v := in%v(z) > 0.
zE

2.4.4 Uniform Large-deviation-type estimates

We can now introduce the uniform large-deviation-type estimates, a crutial component
of the proof of Theorem 2.3. These LDT type estimates for ||7jqw || were proved
in [61]. Here we use a matrix-entry version from [81, Theorem 5]. The result was
proved for SL(2,R)-cocycle. Here by conjugation, we rewrite it for our SU(1, 1)-cocycle
Tiap)w,-- So under the same assumption for positivity and continuity of Lyapunov

exponent, which, in particular, holds for any compact interval Z C 0D, we have the
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following lemma:

Lemma 2.4.1 ( “uniform-LDT”). Given a compact interval T C 0D \ D. For any

e > 0, there exists n =n(e,Z), N = N(¢,Z) > 0, such that

1
P {w : ‘m lOg ’<T[a,b],w,zu7 U>’ - fy(z)

for any b —a > N, for any unit vector u, v and any z € L.

Thus for our model, we have

Lemma 2.4.2. Given a compact interval T C 0D \ D. For any ¢ > 0, there is an

n= ﬁ(E,I),Nl = N1(€,I) > 0 s.t.

20

b—a-+1
“lb—a+1
‘ 1
lb—a+1

log | Py 4.l = 7(2)
1Og |P[;71b],w,z‘ - 7(’2)
log | Pyl | = 71(2)

for every b—a > Ny, and any z € T.

(2.10)
(2.11)

(2.12)

Proof. First recall that a4 is supported on a compact subset of D, pr = /1 — |ag|?.

Thus there is § > 0 s.t.

|Oék‘§1_5<17

0<d<|p|<1-0<1.

(2.10), (2.11) and (2.12) above each require seperate consideraions.

(2.13)

To prove (2.10), let u = (1,0)", v = (1,1)” in Lemma 2.4.1. By (2.9), the 2P, 14
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term cancels and we get

1
P{w:‘b—logma 1Pl = () 26} < b)),
—(I

By (2.13), pa—1 can be absorbed by large enough b — a + 1 and a modified e.

As for (2.11), the inequality follows from (2.10) by setting a; = —@4p-1—; fora—1 <

j < b and observing that P[;;,lb],z(aj) = P[;j)j;z(aj).

Lastly, to prove (2.12), notice that by (2.7) and Lemma A.0.1, we have

[a,b],
Pa—1"""Pb Pa—1"""Pb

‘det (A b )‘ ‘Ag‘% 173[ b1 — Avp- 1Hb o Anns

And by Lemma A.0.1 and (2.13), we have § < |4}~ ' < 2. Thus by Lemma A.0.1,

the first and second terms are bounded respectively by

ap=1p—1,- ap=1 1,
‘Pab 1] < ’Ab,ll; 7>[oL,b—l] ‘A b F)[ ,b—1] ‘ [ab 1]
0 T Pa—1"" P Pb
b—1
‘Abb 1 H An n+1 _ pbfl HZ_:la pn _ pbfl S i
Pa—1"""Pb Pa—1"""Po  Pa—1pp 0
Hence,
1,1
o] = 5 < [Pt < 5 [P+
and the third inequality follows. O]
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2.4.5 “Bad sets” and Singularity

To simplify the notation, we introduce “bad sets” and use them to characterize “sin-

gularity” in Defintion 2.4. Denote

Bﬁm-ﬁ- _ {(w7 Z) eI xO: |Pﬂ1’Y | > 6(7(z)—&-s)(b—a+1)}

[a,b].e [a,b],w,2

B = {(w,z) eI x0: \P[ﬁﬁ | < e(w(z)*e)(b*‘l“)}

[a,bl.e, — a,blw,zl =

Let B and B?)F be the z and w sections of B>%. Let B?Y, = BP%t

[a,b].€,2 [a,b],&w [a,b],€ [a,b]€,% [a,b],€,%

BP~ . All of these sets have corresponding definitions for the single-sided boundary

[a7b} 787* :

case. Thus, (2.10), (2.11), (2.12) can be rewritten as

]P)(B* ) < efn(bfaJrl)

[a,b].e,2

where * can be any of the three kinds of boundary conditions 5, or 3, -, or -, 7.

We can characterize singular points using the bad sets:

Lemma 2.4.3. For anye < v/2, forn > 2, if x is (7(2) — 2¢,n,w, z)-singular, then

(w,z) € B uBSt U BT

[x—n,z+n],e [x—n,z—1]e [x+1,z4+n],e

Proof. The result follows imediately from the definition of singularity and (2.8). [J

2.4.6 Uniform Craig-Simon results

We will also use a uniform version of Craig-Simon’s results. The Craig-Simon estimates

[25] are a general subharmonicity upper bound estimate. It is extended in [52, Theorem
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5.1] to the uniform version. See [52, Section 5] for more details.

Lemma 2.4.4 (Uniform Craig-Simon). Let &, satisfy the uniform-LDT condition in
Lemma 2.4.1. Then for any e, there is ij = ij(e), Ny = Ny(€) s.t. for any x € Z,

n > Ny, there is Qw,n s.t.

1 P(Qun) > 1 — nenm+D),

2. for any w € Qx,n, we have for every z € L.

maX{|P§;—;-1,:c+n],z" |P)[-:;’Y—n,z—1},z|} < 6(7(2)+€)(n+1)7 i.e.

(w,2) & By 0 UBY

[x+1,z4+n],e [x—n,z—1],e"

Proof. The deterministic result is a direct reformulation of [52, Theorem 5.1}, while

the probabilistic results can be extracted from the last line on Page 9 in [52]. O

Remark 2.4. We mention in particular that 77 in Lemma 2.4.2 and Lemma 2.4.4 for the

same ¢ are the same. In fact, the 7 in Lemma 2.4.4 comes from applying 2.4.2. (See

[52]).

2.5 Proof of Theorem 2.3

We will prove Theorem 2.3 in this section. Heuristically, Theorem 2.3 says, with high
probability, one of two points will be regular if they are far enough from each other.
The idea is that with high probability, if z is a (y(z) — 2¢, n,w, z)-singular point, then
z will be exponentially close to 0(Eg—nzin)w). We will denote this set by Qg(clq)I So,

if we have two far away singular points x, y, then 0(Ej—ngin)w) and o(Ep—nzin)w)
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are also exponentially close to the same z. However, we can also show that with high
probability o(Ep—nzinw) and 0(Ez—nzin)w) cannot be exponentially close. We will
denote this set by QQL Then QSZL N QEEQZL will be the set of high probability where one

of these two points must be regular.

For convenience, we will omit w, z from the subscript of T}, .2, I and

ES
[a’b]7w7z’ [a7b}7w7z

Ala,bjw,> in this section unless it is necessary.

2.5.1 The first set QS}}L

As we mentioned above, we choose Qg(cl% s.t. singularity implies exponential closeness

to the spectrum:

Lemma 2.5.1. For any 0 < € < v, there are n; = m(e) , N1 = Ni(e1) s.t. for any
Qg%@), s.t.

)

n> N,z €Z,0<<mn, there is QS}ZL

1. ]P)(Q(xlzz) >1— m(I)e—(m—(S)(2n+1) . ne_m(gn_,_l);

2. Forw e Qg(ﬁlzl, if x is (y(2) — 2e,n,w, z)-singular, then
dist(2, 0 (Ep—nyptnlw)) < e~ 0@n+1),

Proof. Fix any 0 < € < /2. Let 7i(¢), Ni(¢) be as in Lemma 2.4.2. Let Ny(e), Qup
be as in Lemma 2.4.4. Then let n := 7, N := max{N;, N»}, and

Q)= {w - m(B7 ) < eiél(Q”H)} N Q. (2.14)

z, [z—n,z4+n]w/ —
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By Chebyshev’s Inequality and Fubini’s Theorem, we obtain part (1):
Pwymﬂgme{@JLQ@dengﬁwzeﬂ}+Pmm)

< m(_’[)e_(m—é)@n-‘rl) + pe—m@ntl)

Now for part (2), take any w € Q;(,}L, and any (v(z) — 2¢,n,w, z)-singular point z. By
Lemma 2.4.3,

(w,2) € B~ uBlT L uBt

[x—n,z+n]e [x—n,z—1],e [z+1,24+n],e’

However, since w € @x,n, by Lemma 2.4.4,

(w,z) ¢ BPt uBt

[x—n,z—1],e [z+1,z4+n]e"

We see that (w, z) € B> . Thus

[x—n,z+n],e

= Bﬁ,%— with m(BB’%_ ) < 6—6(2n+1)’

[x—n,z+n],e,w [x—n,z+n],e,w
where the latter is due to (2.14). Notice further that

Bry— e {Z : |P6’7 | S 6(7(2)_5)(2n+1))}

[x—n,z+n],e,w [x—n,z+n],w,z

where for each w, |P[€ jnx +n]7w72| is a polynomial in z with roots 0(5['(; Zm: +n]7w). Thus

Byy

BB is a finite union of intervals, each centered around points of U(S[m_n wtn] )

[x—n,z4n],ew

of overall length less than e~%(?»*1)_ Thus,

dist(z, o (E2 )) < e 0C@ntD),

[x—n,x+n],w
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2.5.2 The second set Qg%

As mentioned above, the aim of choosing Qg(f% is to make sure U(S[i D +n],w) and
0(553 it ot3n 1)) are not exponentially close for w € Q).

Lemma 2.5.2. For any § > 0, there is 15(5), N2(0) s.t. for any n > Ny, x € Z, there
is Q7 s.1.
1. P(O2) > 1—2(2n + 2)3e @t

2. If we Q;(le, then

[x—n,z+n] ,w) ’ 0( z+n+1,2+3n+1

dist (U(gﬁW g[ﬁﬂ }w)> > 9~ 0(2n+1)

Proof. Since each entry in £ is bounded, there is M s.t.
|Pay,s] < M Va<beZVzeTl

Choose ¢ < §/2. Apply Lemma 2.4.2 to get 7(¢'), Ni(¢'). Choose K > %. Let

5 1= KNI and

R
2 = 5>

2 PR 6" Y 577
(Qgﬁﬂ)l)C T U U <B[m—n,z+y1—1],€’,zi U B[:v+y2+1,:v+n],a’,zi) U B[z—n,m—f—n],a’,zi
2 €Z(w) (y1,y2)€Y

where
n
Y={(yny):z—n<y <p<z+tn |y — (—n),|n —y| > g},
Z=Zw)= Z<w[z+n+1,w+3n+1]) = 0(5[z+n+1,x+3n+1],w)~
We remark here that while z;(w) and Z(w) depend on w, they actually only de-
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pend on Qpini1243041] Which is independent from Qp_p z4n. Thus 2, = 2z(w) =
Zi (w[HMLHgnH]) in B? operates like any other fixed z that does not depend

[z—n,z4+n],z;

on w. A rigorous argument is as follows:

For any fixed w,, - - - ,wg, with [¢,d] N [a,b] = 0, assume d — ¢,b— a > N;. By indepen-
dence,

)= P[a,b](B* ) < e 2(b—a+1)

[a’b]vg/’zi,(wc,m wq)

P[Cyd}c (B[*a,b],s’,z

i, (we,rwq)

where * represents corresponding boundary conditions, z; (. .. w,) € 0(E,q). Applying

to [a,b] = [t—n, x4y —1] or [x+yo+1, x+n] or [x—n, z+n], [¢,d] = [x+n+1, x+3n+1]

and integrating over wq, - - - ,wy, we obtain for n > N,
8. Sy (1)
P(B[xinvm+y171]7slvzi U B[z+y2+17x+n},g/7zi) S 26 PE ’

P(B" ) < et

[x—n,x+n],e’,2;

Thus we obtain part (1):

PQZ) >1—(2n+1)((2n + 1) +1)2e P& > 1 —2(2n + 2)%e ™«

We prove part (2) by contradiction. Let w € 9532,,, we assume that there are z; €

0-<5[33+n+1,:c+3n+1})7 Zj € O-(g[z—n,:c—l—n]) s.t.
‘Zi . Zj| < 2675(2n+1).

Then

1
26

HGBN

[x—n,z4+n],w,z;
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Thus there are z —n < y; <y < x +n s.t.

’P[z n,z+y1 —1],w,z; P[z+y2+1 z4n],w,z; 5(2n+1)

1
|Gx nm+n}wzl(ylay2)’ Z %6

| Ple—n,atnlwz

There are three cases, and we claim that each leads to a contradiction.

L If jyy — (—n)| = %, |n — y2| > %, since
Y B7’Y
W ¢ B[a: n,x+y1—1],e’,2; U B[x—f—yg—i—l,x—l—n],a’,zi U B[z—n,cc—i—n],a’,zi’

if K > 1, we have

2L66(2n+1> < G+ -(1z) =) n+1) < (e,
n

But § > 2¢/. Thus when n is large enough, say, n > N3, there will be a contra-

diction.
2. If one of [y; — (—n)| and |n — yo| > %, then if K > 1, we have

i65(2n+1) < M¥Een nCEE) (5 (z)—e)(2n+1) o2t (1 +2e)

2n -

By our choice of K > 21°g2]\,4 , we have § > 105}?4 + 2¢’. Thus again, when n is

large enough, say, n > Ny, we arrive at a contradiction.

3. If both |y; — (—n)| < — 42| < &, then

i n

i€5(2n+1) < M7 o~ (r(z1) =) (2n+1) < e@nt1)(

2n

log1V1+€)

log M

By our choice of K, we have § > + ¢’. Thus when n is large enough, say,
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n > N5, again we arrive at a contradiction.

Take Ny = max{Ny, Na, N3, Ny, N5}. Then for any n > N,, we have a contradiction

for all three cases, and hence

dist (a(é’ﬁy ), 0(5577 )) > 9p—d(2n+1)

[z—n,z4n],w [z+n+1,24+3n+1]w =

We now prove Theorem 2.3:

Proof of Theorem 2.3. By Lemma 2.5.1, for any ¢ > 0, we can find n,(¢), N1(¢) and
d =m/2, st. (1) and (2) of Lemma 2.5.1 hold. For such 4, apply Lemma 2.5.2 to
find 79, Ny and ngl for any © € Z, n > Ny. Now let n := min{n,n/2}, N =
max{ Ny, No}. Set

Q= QU

)
z,n

N Qgcl-i)-2n+1,n N 9;221

Then we obtain part (1):

P(Qyp) > 1 — 2m(T)e mEHD/2 _ope=mEntl) _ 9(9p 4 9)3e-mn+1)

>1— Cefn(2n+1).

As for part (2), let w € €, ,,. Assume both z and = 4 2n + 1 are (y(z;) — 2¢,n, w, 2)-

singular. Then by Lemma 2.5.1, we have

dist(2, 0(Ez—netn)w)) < e—0@nt1)

dist(z, 0(8[I+n+1,x+3x+1] w)) < e 0t
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Thus

; B, B, —5(2n+1
dist <O<S[xzn,x+n},w)’ O—(g[wln+1,x+3n+1},w)> < 2e Bt )

However, Lemma 2.5.2 guarantees that if w € €2, ,,, then

[x—n,z+n],w [x+n+1,243n+1],w

dist (a(gﬂﬁ ), o(EX7 )) > 280 +D),

which is a contradiction. Thus at least one of the two points x or x 4+ 2n + 1 must be

regular. O
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Chapter 3

Dynamical Localization for the

Singular Anderson Model in Z¢

3.1 Introduction

We consider the d-dimensional Anderson model, a random Schrodinger operator on

(%(Z%) given by:

(Hog)(n) = Y (6(m) = 6(n)) + Va(n)o(n).

jm—nl=1
Here, the V,,(n) are independent and identically distributed (i.i.d.) real-valued random
variables with common distribution u, Vn € Z? We will assume that S C R, the
topological support of u, is compact and contains at least two points. The underlying
probability space here is Q = S, with elements {wn}neze € Q. The probability
— gAnz? (

measure ” will be denoted by P and its restriction to subsets Qx where
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A C Z9) by Py.

This paper will provide a comprehensive, self-contained proof from the end of an
appropriate multi-scale analysis (MSA) result to Anderson and (strong) dynamical

localization.

In order to properly contextualize this paper and detail exactly what it provides, it is
necessary to briefly describe some chronology and background related to the results
alluded to above. Soon after the MSA had taken a firm foothold in the literature and
community, Germinet and Klein provided an axiomatic treatment of conditions needed
in an MSA to obtain dynamical results. Previous work by the same authors showed
that these axioms held in the so-called regular potential regime and thus provided a
proof of dynamical localization in such situations. Bourgain and Koenig then used the
multiscale framework to prove localization (again at the bottom of the spectrum) in
the continuum Bernoulli case. It is worth noting that this paper represented a signif-
icant leap in technique and process demonstrated by their use of unique continuation
principles as well as the Peierls argument. One unfortunate consequence of the MSA
in the singular potential regime is the weaker than usual probability estimates that
result. In the presence of regularity, it is possible to use the same probability estimates
for spectral localization coupled with a short Borel-Cantelli argument to quickly obtain
dynamical results. While the above argument does not apply in the singular regime,

Klein and Germinet nevertheless proved that dynamical localization continues to hold.

Recently, inspired by a unique continuation principle developed for the Z? lattice (Ma-
linkova et. Al), Smart and Ding obtained the ingredients for a multiscale analysis and
the corresponding spectral results. This work was then extended to the Z? lattice by

Li and Zhang. These results represent the analog of Bourgain and Koenig’s work in
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the continuum. It is thus expected that dynamical localization and the various other
consequences obtained by Germinet and Klein should hold here. Again, the issue is
that Bernoulli (and more generally singular) potentials imply very weak probability
estimates and additional considerations are needed to obtain dynamical localization.

This paper provides these additional steps.

While the techniques presented here closely follow the work of Germinet and Klein,
there are some features worth mentioning. Firstly, the treatment by Germinet and
Klein is carried out in the continuum; thus, there are technical issues that can be
avoided as well as estimates that can be simplified and improved in the discrete set-
ting. In this regard, we are able to improve certain probability estimates by using the
fact that points on the lattice are at least a unit distance from each other. While these
improved estimates eventually get eroded by other requirements of the MSA, it is our
hope that such considerations prove useful in other contexts, especially when trans-
lating results from the continuum to discrete setting. Secondly, unique continuation
in the discrete setting is even weaker than in the continuum and this is reflected in
the even weaker probability estimates that are used as a starting point for the MSA.
As such, we provide the necessary modifications needed to obtain dynamical localiza-
tion under these very weak conditions in a general (Z%) lattice setting. This not only
provides a proof of dynamical localization (at the bottom of the spectrum) in Z? and
Z2, but also hopefully provides a simple reference in the event corresponding initial

estimates (e.g. MSA inputs) are obtained in dimension d > 3.

The remainder of this paper is organized as follows:

e Section 3.2 contains the preliminary definitions and notations needed to state

the main results,
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e Section 3.3 summarizes properties of the generalized eigenfunction expansion and
the main concepts, (3.2), “normalized generalized eigenfunction” used to prove

localization.

e Section 3.4 provides two main Lemmas needed to pass from the MSA to the

precursor for localization.

e Section 3.5 provides the two spectral reductions needed for the proof of the key

Theorem 3.3.

e Section 3.6 contains the proof of dynamical localization in expectation.

3.2 Preliminaries and Main results

3.2.1 Preliminaries

We first provide the necessary notations and definitions needed to state the main

theorem.

For x € Z%, let |z| = mialx|xi|. Let (x) = (1 + |2|*)Y/2. Fix v > d for the rest of the
paper and denote T, ¢(x) = (v — x¢)"¢(x), where 2o € Z4. When x5 = 0, we will

simply write T,,. Let ||¢|]| = [ Y. #(n)? denote the £* norm of ¢.

nezd

For an operator A : (2 — (2, let || A|| denote the operator norm. Let ||Al|, = Tr(|A[P)}/?
denote the Schattern norm. In particular, ||A||; and ||Al|; denote the trace norm and

Hilbert-Schmidt norm respectively.

For z € Z% let Ap(z) = {y € Z* : |y — x| < L/2}. Let A, 1, (x) = A, (z) \ Az, (2).

67



We omit z when it is clear. Let Py : (2(Z%) — ¢*(Z%) be a projection to (2(A). Let
Hya = PyH, Py and G, p = (H,r— E)~*. Let x; denote the characteristic function

on R.

We start with the concept of a “good” box or scale.

Definition 3.1 (Good boxes and scales). We say that:

1. A= Ap(zo) is (w, E,m)-reqular if Vz,y € A with |y — x| > ﬁ, we have

|G (@, y)| < emm=o;
2. A= Ar(z) is (w, E,m,n)-good if A is (w, m, E)-reqular and

|Gunpll < e

3. The scale L € Z is (E,m,n,p)-good if for any x € Z¢, we have
P{w: Ar(x) is (w, E,m,n)-good} > 1 — L7
Remark 3.1. We fix 0 <17 < 1 and omit it in the statement of most theorems.

We are interested in the following types of localization:

Definition 3.2. We say H, exhibits

1. Anderson localization (AL) in an interval I C R if for a.e. w, H, has pure point

spectrum and the eigenfunctions decay exponentially.
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2. Dynamical localization (DL) of order p in I if for a.e. w,

sup || (X)Pe™""x s (H.,) 8| < oo

t>0

3. Strong dynamical localization in expectation of order (p,s) in I if

E {sup H<X>peitH“XI(Hw)6g||S} < 00

t>0

We define the generalized eigenfunction (g.e.f.) and the generalized eigenvalue (g.e.v.)

as follows:

Definition 3.3. Fizv. If Hp = E¢ and ¢(z) < C{x)” for some C > 0, then we call ¢
a g.e.f. of H w.r.t. the g.ev. E. Let OY(E) ={¢:Z¢ - R : H,¢p = E¢, ||T, 1 ¢|| <

oo} denote the set of g.e.f.’s with fired w, v and E.

Fix v > d for the rest of the paper and omit it.

Let Tyyo(x) = (x — 20)"¢(x), where o € Z%. We denote Ty, by T when zy = 0. One
can check that (y) < v2(z)(z —y). Thus ||T;'7T,|| < 22(x — y)?, which means

1T 0 <00 & T, ¢l < oo.

Then we can introduce our key definition:

Definition 3.4. Given w € Q, n € Z* and E € R, define the quantity

e 9(z) .
Wy(z; E) := qbeS@liI()E) —||T;1¢||7 if OL(F) # 0

||PA2L,L($)¢||

Wy(x; E) ==
(@ B) = s Tl

, if Ou(E) # 0
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Remark 3.2. Roughly speaking, W, (x; E') (or W, 1(x; E')) quantifies the highest extent
of localization at = (or the band Ay, (x)) among all g.e.f.’s w.r.t. the same E. This
quantity will be very useful in the proof of dynamical localization because it provides

a “uniform-in-g.e.f.” upper bound.

3.2.2 Main results

Theorem 3.3 provide the estimates of the decay of W, (x; E') from ”the end of MSA”,

while Theorem 3.4 extract the localization results from this estimates.

By ”The end of MSA”, we mean that there is m > 0,s > 0,p > 0,1 C R and

Lo > 0 s.t. any scale L > Ly is (E, m, s, p)-good-scale for any FE € I.

In particular, as we mentioned, when d = 2,3, by rewriting [31, Theorem 1.4],63,
Theorem 2.4], we derived the following "the end of MSA” results (by taking ny, =

mo = §, By = ¢ and Ly = Lo(no, mo) > « large enough).

Theorem 3.1. Let d = 2,3, for any 0 < py < 1/2, there are mg,no, £y > 0 and
Lo = Lo(mo,no) s.t. if E € (0,FEy) and L > Ly, then L is (E, mg, N0, po)-good scale.

Our first results, which works for all d is:

Theorem 3.2. Assume Z C R is an open bounded interval. Assume further that there
is Lo s.t. YL > Lyg, scale L is (E,m,n,p)-good for some m, p>0,0<n <1 and for

all E € Z. Then there 1s 0 < p < p,

Theorem 3.3. Let Z C R be a bounded open interval, m >0, p > 0, s € (0,1), and
assume there is a scale L, s.t. any L > L is (E,m,s,p)-good for all energies E € T.

Let M = m/30"2 where i = f(p) := {n € N: 2" —1 < p}. Fizp € (0,p), let
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w= /2, with = p™ where p >0 and n; € N s.t.
(14+p)t<p<l and (np+1)B<p—p.

Let

I, ={EcT: dist(E,R\I)>e M"}

Then given a sufficiently large L, for any xo € Z%, there exists an event Uy, 4, .t.

1. Up zy € Fa, (z0) and P{Up ., } > 1 — L7,

2. If we Uy, €I, we have
Wz (E) > e M = W zo,0(E) < e ME

and thus

Wz (BYWeao.r(E) < e 3ML" for large enough L.

This theorem is proved in Section 6. Based on this, we derived the following localization

results:

Theorem 3.4. Let T C R be a bounded open interval. Assume that there is a scale L
s.t. any L > L are (E,m, s, p)-good scale. Then for all 7o € Z¢ and I C I C I, we

have:
1. foranyx €Z% L>1, and s € (O, %i), there is C' s.t.

E {||W.(z; E)W,,(x; E)||5Lm(1’duw(E))} < O [~ Pd=s),

2. H, has Anderson localization in T a.e. w.
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3. Given b > 0, for all s € (0, %) we have strong dynamical localization of order

(bd, s), i.e.

E {sup (|[(x - xo>bdeitH“Pw(I)(5on1)S} < C < .

t>0

3.3 (Genralized eigenfunction expansion

In this section, we provide a brief introduction to generalized eigenfunction expan-
sions. This is necessary for several reasons: first, not every self-adjoint operator has
eigenfunctions (i.e. those with continuous spectrum) and second, these eigenfunctions
are needed to define the W, (z; E) below and the W, (x; E') play a crucial role in the
estimates from section 6 and hence in the proofs of the localization results from section

7.

In what follows, we will enlarge the domain (using rigged Hilbert spaces) and employ
the Bochner integral to ensure we have access to the appropriate decompositions. We
note that this presentation, while self-contained, is brief and further details can be

found in sections 15.1 and 15.2 of [10].

Let H,H_ be the rigged-Hilbert spaces:
Hy = 3(7% (2)?dx), H =2 dx), H_ =7 (z)"*dx).

We have ||T*1f||7.[+ = [ flls = T f]|_-

Define two natural embeddings i, : Hy — H, and i : H — H_. View T Let

T, =Tiy, T =1_T. Then Ty, T_ are isomorphisms between H and H, and ‘H and
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H.
For any self-adjoint operator A : H — H, we could form a chain and derive corre-
spondingly C':=T_AT, : H, — H_ as follows:

H, S H LD A Dy Sy

Then A — C'is a Banach Isomorphism between B(H, H_) and B(H,H). Consider the
Schatten norm ||A||, = (Tr(JAPP)? in B(H,H). We could then define the Schatten

norm || - ||, + in B(H4,H_) induced from B(H,H) by the isomorphism:

1€y« = T CTE],

The Bochner Theorem below will help us obtain the desired generalized eigenfunction

decomposition later. We provide it without proof here:
Theorem 3.5 ( [10, Theorem 15.1.1] footnote here). Let 6 : B(R) — B(H4,H_) be
an operator-valued measure with finite trace, i.e.

1. 0(B) is non-negative for any Borel B C R,

2. Tri(0(R)) < oo,

3. 0(LU B;) = >_0(Bj), converging in the weak sense.

J J

Then 0 can be differentiated w.r.t. trace measure p(B) = Try(6(B)). This implies that

JQ(E) : 1y — H_, sit.
0(B) = / QE)dp(E)
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where )

0<Q(E) =Tre(Q(E) =1, p-ae E,

Q(F) is weakly measurable w.r.t. B(R),

The integral holds in the Hilbert-Schmidt norm.
\

In particular, for the projection-valued spectral measure P, (B) := xg(H,) : H — H,
we apply the theorem above to 0,(B) := i_P,(B)iy : Hy — H_, which satisfy the

conditions:

Tra(i-Pu(R)iy) = Tr(T PuR)TT) < Y IT760P < > ﬁ <00

nezd nezd

Thus there are Q(E) : Hy — H_, and p,(B) := Tr(T'P,(B)T") = ||[T'P,(B)||3,
s.t.

i PBYiy = [ QuBN(E)
with Tro(Q(E)) =1, for p,-a.e. E.

Furthermore, for u € ‘H,, for f € Bi,(R) be a bounded Borel function. We have:

P = ([ QuBrin e )u

f(H.)Pu(Byu = (/B f(E)Qw(E)d,uw(E)> ) (3.1)

and

Range(Qu(E)) C Ow(E),  for pi-a.c.E.

The proof can be found in [10, Theorem 15.2.1]. Thus if Range(Q,(E)) C H, po-a.c.E,

then H, has p.p. spectrum.
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Define W, (x; E), W, (2; E), Wy (2; E), W, 1(z; E) to estimates the extent of localiza-

tion for the g.e.f.s

Ww(;p’ E) = $€OL(E)

\ 0, otherwise.

Woa: B) = § oveum) 1

\ 0, otherwise.

wpiiauey  Qu(E) #0
\Afw(;p7 E) = { Qu(E)p#0 " ¥

0, otherwise,

swp sl Qul(E) #0
Ww,L(x; E) = { Qu(E)p#0 """ ¥

0, otherwise.

The estimates provided in the following lemma are the key to estimating the kernel
present in the dynamical localization statements. The W, above allow us to avoid the
analysis of one generalized eigenfunction at a time which necessarily entails passing
to centers of localization to obtain global estimates. Thus, the price one pays for the

notational burden is significantly outweighed by the uniform control they afford.

Lemma 3.3.1. We have

e F () P11 < / FE) X2 Qo B) 1l (),

HXI,LQW(E)5IH1 S HXJS,LQW(E)‘|2H5IQM(E)H2

< W23 B) W (5 B)|| T Qu(B)o| 1T Qu(E)]]o:
Definition 3.5 (Gerneralized eigenfunction). A non-zero vector ¢ € H_, ¢ # 0 is
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called a generalized eigenfunction (g.e.f.) of H, : H — H if there is E € C, called
generalized eigenvalue (g.e.v.) s.t. Yu € Dy(H,) = {¢Y € D(H,) N H|H, Y € Hi},

<¢7 ku)i = E(¢> u)ia

where (+,+)+ : H_ X Hy — C is the continuous extension of original inner product on
H xH, by density of H in H_. Let’s denote the set of g.e.f. w.r.t. g.e.v. E for H, by
0,(E). Let ©,(F) = 0,(F)U{0}.

If g.e.f. ¢ € H, then by density of H € H_, ¢ is an eigenfunction.

3.4 Preliminary Lemmas

Below are the preliminary lemmas needed for the proof of the main theorem. The first

lemma is deterministic and describes the stability of good boxes.

Lemma 3.4.1. Assume w, Ey, Lo,z are fized and YL > Lo, Ap(x) is (w, Eg, mo, S)-
good. Then ¥Ym < mg, AL, s.t. YL > L,,, VE satisfying |E — Ey| < e”™L we have

Ap(x) is (w, E,m, s)-good.
Proof. Recall the resolvent identity:

Gw,E,AL(x) - Gw,EO,AL(x) = (EO - E)Gw,E,AL(x)Gw,EO,AL(x)'

Thus,
||Gw,E,AL(J3)H < ||GW7EO7AL(CC)H + |E0 - E|||GUJ7E,AL($)||||GW7E07AL(-Z’)||

1—s _ 1-—s
< Cel " 4 Qe tL

Gw,E7AL(x) | ’7
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and so,
1—-s
Cer

Llfs
H — 1 Ce mL+L1—s < 206 *

HGUJEAL

Also, if m < my,

|Gobnp@)(a,0)] < [Go o @)(a,0)| + B = Eol|Go.pa@)(a0)]|Gu.go @) (b))

— — — 1-s 1—s
<e mola—b| te moLeL +L

< e—m\a—b\

when L is large enough. Denote the threshold by L,,. O]

The following lemma provides the connection between good loops and the quantity W.

In particular, we obtain a connection between the definition of a good box and W.

Lemma 3.4.2. Let | > 12. For fized w, if there is a (I, Ey, mg, s)-good loop A in

ALy, (20), then 3C; = s.t. V|E — Eo| <e ™! E € T,Vm < mgy, we have
dist(E,0(Hy,,))Weo(E) < CLE 495

Proof. Let M = ||V || + sup |E|. Let | > 12 so that § —2 > L. Note that
BeT

| o Hy, = B
_ —_ 1 1_ 2
dist(E, 0(Hy,)) = [|(Hy,, = E) ™" = inf uwn |

Recall A is a closed loop in G. So it“circles” a region A C R?. Let x4 : Z¢ — {0,1}
be the characteristic function of A on Z.

Let ¢g be a g.e.f. of H, wrt. Ey, ie. (H, — Ey)pg = 0. Take v = xa¢o, we found
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that (Ha,, — Fo)y(x) will be 0 at most points x € Ay, except for those near A.

||(Ha,, = Eo + Eo = E)xadol|

[IX a6l
> @+ 12%M  max g(y)|

dist(z,4)<1,z€Zd ly—x|<2,y€Zd

B |6(0)]

C(L§ — L{)4*Me™571""" max |¢(y)|
YEAL,, Ly
|9 (o)

max [¢(y)]

YEALy L,

|p(0)]

dist(E, o (Hy,)) <

<

ml

CM44Lde™"s

<

Notice max |¢(y)] = max (y—xo)”<|f(j)>|u < (Lu)"||T; 1¢]|. Thus, by the definition
YEAL, Ly YEAL,, Ly y=o

of W,.(E), we get

dist(E, 0 (Ha,, ))Wau(E) < CLE 4%

Let L. be the coarse lattice N, = £7Z¢ with sides S = {(z,y) € N XN : [z —y|; = £}
Let £; be the fine lattice Ny = Z? with sides S; = {(z,y) e N XN : [z —y[; = 1}. In

the following context, we will always choose [ € 3Z% so that L. is a sub-lattice of L.

Definition 3.6 (Good node and loop). Fiz w, for each x € N, we say

1.z € Nis a (w, E,m,s)-good (-bad) node if Aj(x) is a (w, E,m,s)-good (-bad)

boz.

2. AC S isa(l,E, m,s)-good loop (shell) if it is a closed loop (shell) in S where

each node x € A is a good node.
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3. P C S is a bad path if it is a non-self-intersecting path of graph S and each node

1s a bad node.

Remark 3.3.
We say a (I, E,m, s)-good shell A is totally inside a subset S C R*if | J,_ , Aipo(z) C S.

Let yfcfg L1.Lo denote the event

{w:an (w,l, E,m, s)-good loop exists totally inside Ay, 1, (xo)}.

Since the probability of each node being good is quite large by Theorem 3.1. We expect
relatively large probability for having good loops as well. The next lemma quantifies

the probability estimates of this event.

Lemma 3.4.3. Assume E is fived, and the scale | is (E,m, s,p)-good. We have

L l o—Li—1l _ Lo—Lq—1
P{yiig,m,m} >1- Qd(%g)dled)wl PG

In particular, if l = VL, L, = %, Lo = L, when L 1s large enough, then

I[D {y(E) } Z 1 _ Lfcdvpﬁ.

Remark 3.4.

Notice that y(fi}im only depends on 5, (x)-

Z
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Proof. Fix E € Z. First notice that

(y;fj,LhLQ)c = {w : there is no good loop totally inside Ay, 1, }

= {w : there is a bad path escaping from 8Azl+l+2 to OA}, o}

o—L1—21—4

Notice that each such bad path must contain at least N := & 6175 + 1 many

which means it should contain —~——-many in-

bad nodes starting from 8AJLFIH+2, BI—1

dependent bad nodes. And the number of all possible paths like this is less than

2d(LHE2yd=1(2d)N Qg we get

31/5
Li+1+2
E A <« 1— d—1 od\ N —pdN
P{(Vrag.4)F < 20—+ 29N
= Qd(ng_l—/l;Q 1)d‘1(2d)%+1lfpd(%+1)

The second inequality follows from the first one by plugging in and let L be large

enough. O]

3.5 Multiscale to Localization

In order to prove Theorem 3.3, we need two intermediary results: Theorem 3.6 and

Theorem 3.7.

3.5.1 The first spectral reduction

Theorem 3.6. Given b > 1, there exists a constant Ky, > 1 s.t. for any K > Kg,,

for large enough L, for any xo € Z%, there is an event Qr, ., with
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1. Quor € Fap(ao) and P{Qru}t =1- (%)_Sd

2. for any w € Qy, 1, given E € T s.t. if there exists a g.e.f. ¢ with ¢(xqy) # 0, then
for L large enough

dist (E’, U(I)(HW,AL(Q;O)» < e"ME
Proof. The strategy here is two-fold:

1. Construct Q,, 1 by layers.

2. Estimate the probability of the event Q, 1 occurring.

Given Ly, we define [y = /Lo, and [, = []?_”177 for k =1,2,--- 7, where (14+7)" = 2,
so lp = lg = Lg. Let Ly = Lx_1 + 2JI; where J is a large constant to be determined

later. Then we have

Ly =Lo+2J ) I < (14 2Ji)Lo.
k=1

Now we use an inductive construction to form the set Q, 1.

. . o . . EO,’L .
1. Given mg > 0. For the initial layer A, we pick ylo’ JTo.Lo where Ey; are energies
s.t. the union of [Ey; — e‘molo,Eo,i + e‘molo} covers Z. We need to choose

then we have

T Eo;
26,',,1‘010 = O(eV™) many of them. Let Y, = ), ylofm7L0,

P{Yy} > 1— CeVEoL,“»V 0 > 1 - ce Vo,

0,i

Recall that yl(”fz’ 1, only dependson €2y, , . Inparticular, f Ts.Lo only depends

on QALO‘
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2. For the remaining events, we use an inductive scheme. If wy, € Qy, s

given, we can consider all eigenvalues Ey j = Ej j(wa, ) of Hy, o, . For
- - k—1

each such Ej ;, we can then consider Y, ]fjl 1.1, Notice the dependence here is
only on w € 2y, ,  so there is no conflict with the previous wy,  and the

induction is well-defined.

Let Yi(wa,, ) = yf:fhlk’Lk(wAkal), where we pick J > J,4 (note that J

depends on ¢4,). In this situation, we have

P{Y,} > 1 — Litd-1g7dp cin?) > _ [ -6d
Having obtained the box Az, and we choose the event depending on 2 Ag, tO be

QmoﬂLﬁ = ﬂ Y}c(wk—ﬁ
k=0

and we have

P{Qwo,Lﬁ} >1- L55d‘

Thus, to obtain Q,, ., we choose an Ly s.t. L = L; < (1 + 2J4,n)Lg. Then for any

K > Kgp =1+ 2Jg,n, we have
Quor > 1— Lg% >1— (=)™,
0, = 0 - K

We now need to verify that for w € Q,, ., £ € Z with some g.e.f. ¢(zo) # 0, we have

=

dist (B, 0P (Hyn, o)) < e ™
Eo.
L

Notice, by lemma 3.2 applied to Y \ﬁ; lo.Lo? E € 7 implies there exists an Fjy; s.t.
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|E — Ey;| < e ™. So, we have,
diSt (E, U(Z)(H%ALO(wo))) S 6—m1l07

where we choose m; < my. Thus, there exists an E; ; € J(H%ALO(M)) st. |[E—Ey | <
e~milo < e=mil  We now apply lemma 3.2 to yf;’;l 1, and repeat this process n times

to obtain:

X

dist (E,U(I)(HMAL(J;O))) <e™

3.5.2 Second spectral reduction

Definition 3.7 (reduced spectrum). The reduced spectrum of H, in Ap(zo), in the

enerqy interval L is given by

O_(I,red) (Hw,AL(CEo)) =

where L, = L*" forn=10,1,2,3,--- , N, and pV = 3.

Theorem 3.7 (second spectral reduction). Let b > 1, Given large enough L, for each

x € Z% there exists an event X1, 4,, with
Xizo € Fap@o) and P{xrz}>1-— b6
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1. If E € T satisfies

Wewo (E) > e VE  and  dist (E,R\Z) > g/ (3.3)
then
diSt<Ea U(Iyred)(Hw,AL(ﬂﬂo))) < e MK (3'4>

2. and we have

#O.(I,red) (Hw,AL(xo)) S CL(nl—l—l)Bd (35)

To obtain (3.4) from (3.3), one needs Q,, ; = ﬂfj:o Quo.L,- In this case, by Theorem
3.6 and the definition of the reduced spectrum, the desired results follow.

Proving (3.5) requires sufficiently more work.

First notice that, compared with the typical estimates on the number of eigenvalues of
Hopp (o) 160 #0(Hyp, (wg) < CL4, we want much tighter bound. Because (n;+1)3 >
0 could be very, very small. The reduced spectrum nomenclature stems from the fact
that the number of elements in it is largely reduced (but there are still enough to obtain
the required deterministic estimate). To achieve these goals, we introduce the notion

of a "notsobad set” which helps control the number of close eigenvalues for Ay (z¢) and

A% (o).

Let L' < L, zp € R, and consider Ay ;, the annulus centered at xo(we omit zy from
the notation for the time being). Let L, = L*", for n = 0,1,2,--- ,n;. Let R, =
{AL, () }rer, be the standard L,-covering of Ay ;.. Given Ky € N (where K, will be

chosen later), we say

Definition 3.8. The annulus Ayp s is (w, E, Ky)-notsobad if there are at most Ko

points in R, , denoted by r;,1 <1 < Ky, s.t. Vo € Ay \ ©, where © = Uri Asr,, (r:),
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there exists a (w, £, m,s)-good box Ap, (r) € Ry, s.t. x € A, (r) for some n, €
{1,2,...,m}. And an event N is (A 1/, E, K3)-notsobad if N € Fip s and Ap pr is
(w, E, Ky)-notsobad for all w € N.

Remark 3.5. © is called the singular set and the above definition captures the fact that

outside of the singular set, each point is good in at least one level L,,, n € {1,2,... ,ny}.

The following lemma gives a probability estimates on such a set.

Lemma 3.5.1 (Probability estimates). If Ky > K, = Kg(d,p, b) and L > L =
f)(d,p, b, K3), then for all E € T, there exists a (AL, L', E, Ks)-notsobad event ./\/’/g?y
with

P{N A%} >1— L7

We can now define the set we need to satisfy (3.5) by:

Na= [ MY er,

L
EGO‘(H%AL/ )

ni
NL’ZO - ﬂ NALnfle’ﬂ(xO)
n=1
Thus, P{N7 4} > 1 — Oy L, > 1 — Cny L~*94/? by Lemma 3.5.1.
We also have:

Lemma 3.5.2 (Deterministic nice property). If w € Np 4, then

#o0(Z,red)(Hyn,) < C'[,(m+1)sd
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Proof. First notice by definition that

#U(I7 Ted)(Hw,AL) < #{{EH}ZI:O B, € U(Hw,ALn) & |Ez — Ej‘ < 26_%LmaXi’j}

= #Dy*

We can count the RHS by layers inductively. We start with the layer L,,, and omit xg

and w for convenience so,
4D = Ho(Han,, ) < C(Lu)"

Given {E,};' € D}, we compute #{E : if E,_; = E, then {E,};', € D;*}.
Denote the previous set by Bj_;. Since w € Ny, for any n, A, 1, is an
(w, Lyp_1, Ly, E,)-notsobad set. Let ©,, be the corresponding singular set and set
oy =UnL, ©,UAL, . Then we have:

ni
07 < L&+ Ko(3(Li1)m,)? = L + (ny — k + 1) K37 P4 < CL2
n=~k

If E € By, then Vo, v € A, \ ©)*. So there is n, € {k,k+1,...,m}, s.t.

v €A, L, \©On,. and there exists a (w, E,,,m, s)-good box A, _,), containing x

ng+j—1

for some j € 1,2,...,ny, where (L,,_1); = L” . Since

m

Lnx < e_pr ¢ < 6_%(1’”1‘)]

m

|E—FE, |<e X

, A(an—l)j is also (w, £/, m, s)-good by Lemma 3.4.1.

Let ¢ be the normalized eigenfunction of £ on Hyn,, > Then

neg+j—1 7m/Lp2n171
(&

[op(2)] < e
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So we have

S p@P=1- 3 lep@P 21— LMV 210

n n
z€O,! z€Ar, \O!

when L is large enough.

#B 1 Y |ow(@)]® < tr{Pom Pr(Haa,, )} <ClOF <COLY

a;E@Zl
Thus #By,_; < 2CLA? and using the inductive estimate from layer L, to layer L;, we

have

#Dy < CLy, (L™ < OLm DA

proof of Theorem 3.7. Xrz, = Q Lo UNL 2, provides the desired event. n

proof of Theorem 3.3. For fixed E, let M) = {E : Wyaor(E) < eMEY then

L,xo
P(MP) ) > 1 — C,uL 7. The goal here is to extend the estimate uniformly for

LamO

E € 7 while maintaining the probability estimates. We achieve this by a judicious
choice of E,, and then estimating the remaining terms by through FE,. We set

M,z = N M

L,xg
EEUZ’TEd(Hw,AL (zg)

and we have P(Mp ,,) > 1 — CL~p~(m+Dh)d,
. [P
Also by our assumptions, W, ,, > e ME7? > ¢ &, whenever K > 900, so we

are free to choose K = 900 for Theorem 3.6. Having done this, if we take b =

1+ 5(p — (n1 +1)B), and take Us o = X120 U Mz, then P{U; 4} > 1 — L7P7
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Now if w € Uy, 5, by Theorem 3.7, we have
dist(E, o@D (Hy p, (s)) < € KE

i.c. there exists By € 0T (H,, 1, (u)) 8:t. |[E—Ey| < e~ %, Since craig Wi, 4, 1(Eo) <

e’%L, by the stability of W, ;, 1, we have Wy, ., .(E) < e~ wL,

3.6 Dynamical Localization in Expectation

In this section, we extract localization results from Theorem 3.3.

proof of Theorem 3.4. By (3.1), we have

e () P D), | < / FE) X2 Qo ()6 1 (E)
< / ) o 1 QB2 18, Qu(E) s ( E)
< / FE)IWalws EYW. (25 B jtos ({EY) dp(E)

< Hao DIz .y 51D [Wes(23 EYWoo (; B
€
where by Theorem 3.3, we have

T

E {IWoiro (BYWosio,t (B ooy | < ™35 PAUE, 1} + C2 LV P Uy 1}
< Ce 2t 4 oo

< C'[(sv—pd)
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Thus

E {||xe.0.f (Ho) Po(1)8e |13} < Ol oo (1o L~ P4
By taking L = 2 above and summing it up, we get
E {Sup (X — x>bd€_itHwa([)5xH5} < CZ o St (k-+1)sbd— k(pd—sv)
t
p

< C’Z (25bd_ﬁd+5”)k < 0.
k

pd
bd+v "

where s <
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Part 11

Relatively flat bands of TBG
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Chapter 4

Magnetic response of Twisted

bilayer graphene

4.1 Introduction

The introduction is already given in Section 0.2, we only recall the BM model and

outline below for the reader’s convenience:

Hp  T%(x)

The BM model is an effective 4x4 matrix-valued Hamiltonian R ,
(T%(x))" Hp'

r € R?, composed of two twisted-Dirac-operators HY, ng representing two isolated

graphene sheets [84] respectively, and a tunneling potential term

aoV(z/Ng)  aU(—x/Ng)
aU(=x/Ng) oV (x/Ng)

T%(x) =

where the diagonal and off-diagonal terms represent two different types of interlayer
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Figure 4.1: Left: Visible moiré pattern at # = 5°. Right: Single moiré hexagon, with
(A=red, B=blue) and (A’=green, B’=black) denote vertices of two sheets of graphene
respectively.

tunneling potentials. In fact, when two layers of graphene are twisted at an angle 6, a
macroscopic honeycomb structure of scale \g, called the moiré pattern, is formed (by
a purely geometrical superposition of two sheets of graphene; see Fig.4.1). Then the

two different types of interlayer tunnelings (see Fig.4.1) are respectively:

1. the chiral tunnelings U(z/)\g) and U(—x/\g) localized near the vertices of each
moiré hexagon, with tunneling strength «; and a stacking similar to AB" and

BA’-stacking;

2. the anti-chiral tunneling V' (z/)g), localized near the centers of moiré hexagon,

with a tunneling strength «g and a stacking similar to AA’/BB’-stacking.

Here A and B label the equivalence classes of vertices on the honeycomb lattice and
atoms on the lower lattice are indicated by a prime, cf. Figure 4.1. We refer to the
BM model as the chiral or anti-chiral model in the limit of purely chiral (ag = 0) or

anti-chiral (a; = 0) tunneling interaction, respectively.
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Outline and all results. We summarize all our main results with an outline of the

paper below:

e In Section 4.2, we introduce the BM model with external magnetic field for TBG.
e In Section 4.3, we proved that

— periodic magnetic fields do not affect the presence of flat bands in Theorem

4.1.
— flat bands are persisted under rational magnetic flux in Theorem 4.2, 4.3.

— lots of quasimodes are located close to, and squeezing towards the zero

energy level in Theorem 4.4.
e In Section 4.4, we discuss general properties of the DOS including
e In Section 4.5, we derive asymptotic formulae for the DOS:

— of the chiral model: Theorem 4.5;
— of the anti-chiral model: Theorem4.6;

— is termwise-deferentiable w.r.t. B: Prop 4.5.9).
e In Section 4.6, we discuss physical applications of our semiclassical formulae.

e The article also contains two technical appendices to which some of the compu-

tations and auxiliary results for the derivation of the DOS are outsourced.

4.2 Introduction of magnetic BM model

We start by introducing relevant notation.
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Notation. Throughout this article we identify R* ~ C by x = (x1,72) ~ z = x1 + is.
We denote by L the Lebesque measure on R? ~ C. For functions of complex variables
f(z,2) we often just write f(z). We write f = On(g)n if there is a constant C,, such
that || fllg < Cuag. In particular, f = O(h™)g means that for any N there exists

Cy such that ||fllg < CyhY. We also use the short notations (x) := /1 + |z|?,

B (r)={y:|y—z| <r}.

We introduce the symbol class S(R*"; ) := {p € C°(R?* x Ryy) : Jhg, for ally €
N 3c, > 0 s.t. for all (z,§) € R* for all h € (0, hg) : D, ep(@,& h)] < Cv}. In

addition, let S5(R2.) denote the class of symbols a € C*(R** x Rs) such that
0200 a(w, & h)| < Cagh™ ) for all o, 8> 0.

We denote standard partial derivatives by 0y, and accordingly D,, := —i0,,. The prin-

cipal symbol of a semiclassical operator a(x,hD,) is denoted by oo(a(x,hD,)). We say

a symbol a has an asymptotic expansion in S¥, a ~ z;io aj, if a € S¥ and there is a

sequence of a; € S(I;j s.t. kj = —o0 as j — oo and a — Z;V:o a; € S?N“. When k or

0 = 0, we omit the respective sub and superscript. The spectrum of a linear operator
o _

T is denoted by Spec(T"). We also introduce rotated Pauli matrices o}, = e‘i%"i”akei%"?’,

for k=1,2.

4.2.1 Moiré lattices and TBG

We recall from the introducting that by twisting two honeycomb lattices against each
other, the emerging moiré honeycomb pattern exhibits different scales Ay at different

twisting angles 6.! Thus it is easier to characterize such macroscopic honeycomb

Un fact, \g = 5553555 when [0] < 7/6 by [70, 33].

2 sin(
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structures using a “unit-size honeycomb lattice” of side length f/—%:

Let w = exp(%), (1 = 4miw, ¢ = 4miw?. The “unit-size honeycomb lattice” is
invariant under translations along a triangular lattice I' = (GZ & (:Z. We denote
its unit cell, dual lattice, and the Brillouin zone of the dual lattice by £ = C/I,
I = mZ & nyZ, and E* = C/I'*, where 1y, = \“}—25 and 7y = —\/ig. We also define the
corresponding terms for a scaled honeycomb lattice of scale A by I'y = A(HZ ® A7,
Ey, =C/Ty\, T% = X'mZ @& X 'pZ and Ef = C/T%. Let Ty, Ty € L(L*(C)) be the

standard translation operators (Tju)(x) := u(z — ;).

4.2.2 Chiral and anti-chiral tunnelings

The chiral and anti-chiral tunneling potentials, V' and U, are smooth “unit-size” pe-

riodic functions (cf. [12]) satisfying for a; = 3miw’ with j = 0,1,2 the following

symmetries

V(z+aj) =wV(z), V(wz)=V(2), V(z)=V(=2), V(2) =V(-2),

U(z+a;) =wlU(z), U(wz)=wlU(z), U(z)=U(z).

In particular, since ¢; = 3ay, (» = 3ay, we have V(z+¢;) = V(z) and U(z+¢;) = U(z)
for j = 1,2. Thus V(z), U(z), U-(2) := U(—=%) are periodic on I". The tunneling

potentials on the physical moiré scale are then V(z/\g), U(2/Xg), U_(2/Xg).

4.2.3 Magnetic BM model with Adiabatic scaling

To introduce the BM model with magnetic field we start with the physical or adiabatic

scaling. Since we will immediately change to a semiclassical scaling, we denote all
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0.5 0.5
5 5
5 0 5 5 0 5

(a) tunneling potential |[V'|? (b) tunneling potential |U|? (c) tunneling potential |U_|?
for AA’/BB’-coupling. for AB’-coupling. for BA’-coupling.

-5 0 5

Figure 4.2: The tunneling potentials for different coupling types on unit-size honey-
comb lattice.

objects with a ”~” in this paragraph. Let A(Z) = (A;(2), A3(2),0) € C™(C;R?)
be the magnetic vector potential of a magnetic field perpendicular to the TBG. The
tunneling potentials, U and V', defined on the “unit-size honeycomb lattice” are then

rescaled to the physical moiré-size by rescaling coordinates by Ag. Thus the magnetic

BM model is 5#° : D(s#%) c L2(C;C*) — L*(C;C?)

i HY 0 0o 7
A=A+ =T |+
0 Hp (T%* 0
N 2 - . &V (Z/N) aU_(Z/X
with B9 = 3" 0%(Ds, — Ay(3)) and T9(3) = | (/) aaU-(2/%) , where \g, U
i=1 aU(Z/2g) @V (3/ )

and V' are given above and &; represent the tunneling strength, i = 1, 2.

4.2.4 Magnetic BM model with Semiclassical Scaling

We shall now rescale the Hamiltonian in the previous paragraph to “unit-size” and

multiply the Hamiltonian by Ay to work in another more convenient scaling called the
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semiclassical scaling: Let z = Z /g, a; = Ngtti, Ai(2) = )\914,’()\92) (overall represented
by a unitary operator U), we consider
HY 0 0 T(2)

A (2) = Ng(UAUY)(2) = + = AP+ (2), (41)
0 Hpf T(z)* 0

where HY = Y2 6%(D,, — A;(2)), or equivalently, H% = e~"1%3 Hp¢'1% where

i=1"1

= || it 4 =20~ 4 , T(z) = aV(z) eall-{z) | (4.2)

a* 0 a* =2D; — A(z) aU(z)  aV(2)

We denote the chiral model by H#° = H#°|,—0 and the anti-chiral model by H#° =

Remark 4.1 (Strong magnetic field). Here o; = «;(6) depends on 6, but we shall not
emphasize this dependence further. Instead, we observe that small twisting angles
naturally correspond, for constant magnetic fields, to the limiting regimes o 2 1 and
B > 1. This provides the basis of our study of large magnetic fields which we coin the

semiclassical scaling.

Remark 4.2 (Periodic magnetic potentials). When considering periodic magnetic po-
tentials A € C*°(C/I"), where I is commensurable with respect to the moiré lattice
I', it suffices to consider a larger lattice I with respect to which both the magnetic
potentials and tunnelling potentials are periodic, i.e. I'" C n;I'NnyI” for some n € N2.
Therefore, we shall restrict us, when discussing periodic magnetic potentials, to po-

tentials that are just periodic with respect to I'.

Bloch-Floquet theory for magnetic BM. We now recall the standard Bloch-

Floquet theory when the magnetic potential is composed of a linear part Acon(z) =
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—gzi and a periodic part A,e, € C*(E; C), which corresponds to a constant magnetic
field B and a zero-flux magnetic field respectively, and the electric potential is periodic

Vv e C*(E;C).

Lemma 4.2.1. Let A € Z\ {0}, B = gm for some p € Z. Let Uy = nZ x 7,1

with v, = 4nwiX, o = 4ww?i). Define the magnetic translations for all m € Z* and

v ey by
VMM T ZB _
Ty tmars =€ Tiniyi+mass Where Tou(z) = exp > Im(5z) | u(z + 7).
(4.3)
There is a unitary map Ug : L*(C;C") — Hp defined by
Upu(k, z) = Z e Re(O+2K)_gy (), for all z,k € C, where (4.4)

RSN
Hp = {U c L*(C*C"): T vk = vk, Uk = e_iRe('W)vk, for ally €Ty, K € F}i},

such that

® _
Up (2, D) UG = (2, D, )dk where 56 (2,D,) = #°(2,D, + %), (4.5)

EX

where each 3! is defined on L%(E\) :=={f € L} (C): T, f = f, for ally € T\}.
Proof. Recall by (4.1), a = 2D, — Acon(2) — Aper(2). By direct computation, we get

[1,,2D, — flcon] = [1,,2Dz + Acon] = [T}y, Aper] = [15,, 7] =0, for all vy € I'y,

T, T = exp (% Im(ﬂ_a)) Totp = €xp (iB Im(ﬂ_a)) T5T,, foralla,f el
In particular, for B, A as specified in the Lemma, we have % Im(92v1) = —ikem. Then
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T, T, = (=1)*T, . Thus, with T, defined as in (4.3), we have

TaTg = TOH-B = Tg’]I‘a, for all o, 8 € ', (4 6)

[Ty, a] = [Ty,a"] =[T,, V] = [T%f%ﬂe] =0, for all v € T'p.

Thus {T, },er, forms an abelian group of transformations commuting with #%. Fur-

thermore, one can check by (4.4) and (4.6) that

T,Upu(k,z) = Upu(k, z), forally e g,

Upu(k + K, 2) = e R pu(k, 2), forall k' € T%,2 € C.

Finally, from [T,,a] = 0, e i Re(O0F2)K) geiRe(+2)%) — ¢ 4 k and UpPUZ' = ¥, we

conclude (4.5).

]

Remark 4.3 (Floquet transformed operators). In this article, we shall use the con-
vention that for operators S that commute with translations {T,},er,, as defined
in Lemma 4.2.1 we introduce the family of operators fgi Sk dk = UpSU};, where
S(z,D.) = S(z,D. + ).

Proof. Assume g x(2) = e*ka(E)e_EQTBe*iRe(ZR) for S(z) = # and some analytic
function fi(z). By direct computation, one observes that axtox = 0. Thus we only
need to find an fi such that o € LE(Ey), ie. Ty thox = thox, j = 1,2. Let
Yo = —71 — 7Ye. By linearity, it is enough to show T 9o = 9ok for j = 0,2. It is more

convenient to work with these two base vectors. Now applying e” to both sides and

99



noticing that ']NT%. = eSije_S = exp (—gvj(% + ;) + 70, + 7}85), we get

~ 52 . — 2 . =
T, (fk(f)efTBeﬂRe(ZkO = fi(2)e™ 5 e,
Si(Z + %) B

T o <Z(%' + ;)22 +75) + %(%‘R + %‘k)> :

In particular, let w = z, for 79 = 47 \i and ~, = 47w?\i, we have

fi(w — 47 Xi) — pAmAIm(k)i
fi(w) ’
fr(w — 4 dwi) (47)

= exp [2rAB Imw(2w — 4mdwi) + 2w\ (wk — @k)] .
Se(w)

General functions that satisfy such boundary conditions are fi(z) = %1 11 (== —

2k|w) where 0 and 2y are to be determined to satisfy (4.7) and ! (z|T) is a Jacobi

1
2

theta function. Using the properties of Jacobi theta functions below

Vap(2|T) == Z exp(mi(a +n)*7 + 2mi(n + a)(z + b)), Im7 >0,

neL

Vap(z+1|7) = 62’”'“19(171,(z]T), Vap(z 4+ 7|7) = 6_2”(”1’)_””19(171,(2]7),
we see

fk(Z - 47T>\Z)
fi(2)

Ji(z — dmdwi) .z , . _
— exp(—4m b + — + 2wz — i —
) exp(—4mAwbi oy T 2mad — i TWi)

= exp(mi(1 — 46X)),
(4.8)

Comparing (4.7) with (4.8), and use 8tA\’BIm(w?) = ky = 1, we find § = Imk + 2

and 2, = 2 \wk — i wk — iAok + % + 3.
Then since [ax, aj] = 2B, we can inductively define a sequence of ), x such that

Gnx = V2B(n+ 1)1k and  axnx = V2Bn,_q k.
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Figure 4.3: Constant magnetic field: On the left, flat bands for chiral model (a; = 1);
in the middle (f = 0) and on the right (6§ = 7) non-flat bands for anti-chiral model,

(Oéo = 1)

V-1, V1,
By (4.2), one can check for n > 0 we have Hp R +v2nB 1o

i¢n,k i¢n,k

4.3 Spectral properties

In this section, we provide a basic spectral analysis of the magnetic BM model. We

start by reducing the chiral and anti-chiral Hamiltonians to an off-diagonal form.

4.3.1 Spectral properties of chiral and anti-chiral model

The chiral model is described by the Hamiltonian (4.1) for ap = 0, which after conju-
gation by % = diag(e?/4, e=003/4 /%) . = Y AU , reads

- 0 (D.)* with D, 2D; — Ay(z) —iAy(2) a1U(z) do)
D. 0 aU_(2) 2D; — Ay (z) — iAs(2)

Instead, when setting o, = 0 and conjugating by a unitary V), with A = ¢’7, we obtain
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the anti-chiral model which is described by the Hamiltonian

0 DO *
HE = VAV = (Drc) with
'Dgc 0
Vi Vs A 0 0 0
V == for Vl = ,VQ == B s (410)

Vo Wy 0 0 0 =X

D _ aoV(2) eW2(2D; — (Ay(2) +iAs(2)))
ei9/2(2Dz — (A1(2) —iA2(2))) agV (2)

The off-diagonal structore implies that for both the chiral and anti-chiral model with
magnetic field, the spectrum is symmetric with respect to zero. In particular, let

U := (03 @ id¢z) then it follows that Us4U = —3#, and UALU = — 0.

We start by studying the existence of flat bands in magnetic fields that are periodic with
respect to the moiré lattice. Consider the Hamiltonian 5#? introduced in (4.1). We
shall use the Floquet operators J4? as introduced in Lemma 4.2.1 for quasi-momenta
k € C acting on the fundamental cell C/T" with periodic boundary conditions. We then

introduce the parameter set, of flat bands at energy zero, for the chiral Hamiltonian

A= {041 € Ci0 € [ Speczen) (%ﬂcﬁ‘(m))}

keC

and denote the analogous set of aq for the anti-chiral model by A,.. Our first theorem
shows that in the chiral Hamiltonian, periodic magnetic fields do not affect the presence

of flat bands as characterized in [79, 6] and shown to exist in [6, 87].

Theorem 4.1 (Magic angles—Periodic magnetic fields). Consider the BM model with
[-periodic magnetic potentials A € C*(E;R?):

For chiral Hamiltonian: The magic angles are independent of the magnetic potential,
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Figure 4.4: Spectrum of Ty for k ¢ I'* with periodic magnetic field. The TKV19 o
do not depend on the magnetic field strength.

i.e. a € A, for A =0 if and only if « € A, for non-zero A € C*(E;R?). In particular,
we have the upper bound |A. N Br(0)| = O(R?).

For anti-chiral Hamiltonian: The anti-chiral Hamiltonian, with magnetic potentials as

above, does not possess any flat bands at zero, i.e. Ay = 0.

We split the proof of Theorem 4.1 on the existence/absence of flat bands into two parts,
separating the statement about the chiral Hamiltonian from the statement about the

anti-chiral Hamiltonian. We start with a discussion of the chiral Hamiltonian.

Proof of Theo. 4.1, Chiral part. For the chiral Hamiltonian (4.9), ag = 0, it suffices

to analyze the nullspaces of the off-diagonal operators. Without loss of generality, we

can study the nullspace of Dy .(a;) where 0 € Spec(Dy.)(a;) < a;' € Spec(Ti) with
0 U(z)

Birman-Schwinger operator Ty, = (2D; — (A1(2) +iAs(2)) + k) ! for
U_(z) 0

k ¢ I'*. For any zero mode yx € L*(F) to Dy (a1, B = 0) it follows that 1y = xx 1o €
L*(E), with 1 as in (E.3) solves

Dyo(on)tx = 1o Dyc(on, B = 0)X1§+Xk £2D2 — (A1(2) + iA2(Z)))¢O(ZZ =0.

TV
=0

~~
=0
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This shows that JZ.(B = 0) possesses a flat band if and only if JZ.(B) possesses one
for B a I'-periodic magnetic field. That magic angles a; of the chiral Hamiltonian can
then be characterized by reciprocals of eigenvalues of Ty with A = 0 follows then from
[6, Theo. 2|. We now utilize the compactness of Ty, with A = 0, to give an upper

bound on the number of magic angles.

Indeed, let z = 21 + ixe = 2iw(y; + iwys), we shall here consider D; and V in new co-
ordinates (y;,ys). Thus, decomposing for Ay := IINTj, with Iy : L*(R?/27Z?; C?) —
(*(Z3n1; C?) such that Iy (3,cz2 an€™™) = {@(nyn0) tinyl<n, @n € C* and By =

Tk — Ay we can estimate specializing to k = 1/2

[AN[h < [Ty (Dz =X)LV
<V3IUIs ) : 72

[m oo <N ‘ (m1+%>2+(m1+%) (m2+%)+(m2+%)2

—-1/2

—\/§HUH<X>< Z ’(m1+%)2+(m1+%) (m2+%)+(m2+%)2

[m[oo <2

—1/2
P R RIS
2<|m|eo <N

V2N  p2n

-1

oo (oo [ )

= V3|Ull (17 + (V2N = 1)7) < G,

Similarly, we have that

/
| By || < |mS|uEN ‘ (m1 + %)2 + (m1+3) (ma+ 1) + (ma + %)2 ‘ U] o

MWl G
O

2

Thus, for |a;| < R we take N, large enough, such that [Ja;By| < £ < 1/2. Thus,
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we may pick N = [RC}/2]. Hence, we can write 1 — oyTx = (1 — a; By )(1 — (1 —
a1By)'a Ay) and the magic ;s are the zeros of f(z) = det(1—(1—a;By) oy An).
Using the standard bound for Fredholm determinants, we have |f(z)| < e2FlAilh <

e2RON < oR*C1C2 Hence, as f(0) = 1, Jensen’s formula implies that the number n of

zeros of f for a € By(R) is bounded by n(R) < log(2)~! <4R20102>. O

We now continue by showing that the anti-chiral Hamiltonian does not possess flat

bands at energy zero.

Proof of Theo.4.1, Anti-Chiral part. By (4.10), we have to study the invertibility of

—i6/2 T
Kx(ao) == 4 Ulox) where Qk(ap) = o Vi) 2k 4)

QR(QO)* /\ @5(1(, A) Oéo€_i9/2m

and we introduced

2.(k, A) = 2D, + k — (A (2) — iAs(2)) and Za(k, A) = 2D + k — (A, (2) + iAs(2)).

We shall omit the ay dependence and set § = 0 to simplify notation. The formal inverse

A )\2 - *\—1 - )\2 - * —1
of Ky is given by K! = ( Qi) Oul Qi) . The operator

—(M = QRO TIQ% AN — QpQx) ™
R 3 k; — Ky for ks fixed, and A € R is a self-adjoint holomorphic family with compact

resolvent on L?(C/T"). A flat band would imply that Ky (ap) is not invertible for any

k € C. To simplify the analysis, we write

2 2

Qk = Z(DJ + kj — Aj(l‘))O’j —|—V and Qli = Z(Dj + kj — Aj(a:))aj +7,
j=1 7=1
—:Hp —Hp
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where V = diag(V, V). Recall also the Pauli operator Hp given as

Hpx = (Hpx)” = (D1 + ki — A1(2))* + (Ds + ko — As(2))?) — (0145 — 02A1) ()03,

In this setting, we have that both ki, ko are real. Thus, we have for S(\) = Hp — \?

Qi@ — N = (1 + ([Qf, V] + VQr + V*Qi + VV*)S(A)HS(N)

—Wi ()

Q@i — N = (1 + ([Q1, V] + V*Qi + VQ5. + VV*)S(A)HS(N).

/

—Wa(N)

We now complexify the real part of k, which is ki, and choose k = k; + ik, with
ky := (p +iy), where p,y, ko € R. Since 0¢(Qx) is the Dirac operator and the Pauli

operator its square, we find by self-adjointness that

ISV M NQueS ) L QS M = Oyl ™).

Assuming that there exists a flat band to Ky, it follows that

—1 € Spec(W1(A)), Spec(W2 (X))

in a complex neighbourhood of k; € R by Rellich’s theorem. Then [54, Thm 1.9]
implies that for all k; € C we have —1 € Spec(W;(\)), Spec(Wo(A)). But this is

impossible, by the estimates on ||S(\)7!|| for |y| large enough. O

After discussing periodic magnetic potentials in such detail, we shall now study the

effect of constant magnetic fields.
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Figure 4.5: Periodic magnetic field A;(z) = 2v/3cos(Im(z)): On the left, the lowest
bands of the anti-chiral Hamiltonian, oy = 1, where 0 is not protected, under periodic
magnetic perturbations, on the right the lowest bands of the chiral Hamiltonian, a; =
1, where 0 is protected.

The zero energy level of the relativistic Dirac operator with zero potential and non-
zero constant magnetic field is a flat band with respect to any lattice for which the
magnetic flux ® := [, B(z) dz > 0 through the fundamental domain satisfies ® € 27Q.
We will argue next that the flat band persists for the chiral Hamiltonian where the
fundamental domain is determined by the moiré lattice. For general magnetic fields,
the concept of bands does not apply. Instead, since a flat band for a Floquet operator,
corresponds to an eigenvalue of infinite multiplicity of the original operator, one should
study the presence of eigenvalues of infinite multiplicity. Then, we have the following
result that we split up into one statement on flat bands and one on eigenvalues of

infinite multiplicity

Theorem 4.2 (Bands). Let A be a magnetic potential associated with a constant field
B > 0 such that the magnetic flur ® through any moiré cell C/T satisfies ® € 2mQ,
then the chiral Hamiltonian possesses a flat band at zero energy. This flat band persists

when adding a periodic magnetic potential Aper € C°(E).

Theorem 4.3 (Eigenvalues). Let oy € C be such that the chiral non-magnetic Hamilto-

nian (B = 0) possesses a flat band, i.e. a magic angle. When adding to 7€.(B = 0)
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any magnetic field B € L. with flur |®/27] > 12 or any periodic magnetic po-

comp
tential Aper € C®(E), the operator €. has an eigenvalue of infinite multiplicity. If

o0

comp @8 above, then F. possesses an eigenvalue of multi-

ay 18 not magic, and B € L
plicity |®/27]| at zero. In particular, for non-zero constant magnetic fields the chiral

Hamiltonian possesses an eigenvalue of infinite multiplicity at zero for any oy € R.

Proof. To see that 0 is in the spectrum of the Hamiltonian of the chiral Hamiltonian,
we use that we can multiply any ¢ = (1,1) € C* such that (B = 0)¢ = 0 and

define the new function x = (@11, p1¥2) which then satisfies J2(B)x = 0.

By the Aharonov-Casher effect [26, Sec.6.4], there are precisely | ®/(2) | linearly inde-
pendent square-integrable zero modes. Multiplying this with the Floquet-periodic zero
modes of the chiral model, which exist for all a; € C gives the claim for the magnetic

fields of compact support. When «; is magic, the

Turning to constant magnetic fields with flux ® € 27Q, through a fundamental domain
E for some n, then by adding potentials Ay, € C*°(E), there is by Proposition E.0.2
a @i such that (aj + Aper)px = 0 and the existence of a flat band at zero follows. If the
fields are not commensurable, the same argument shows the existence of an eigenvalue

of infinite multiplicity.

The stability under perturbations by periodic magnetic potentials, follows directly

from the existence of periodic ¢y # 0 such that, (2D; + Aper)tbo = 0. O

2We let |y| be the largest integer strictly less than y.
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4.3.2 Hormander condition and exponential localization of

bands

In this section, we study the exponential squeezing of bands for periodic magnetic
fields and small angles. In particular, we shall see that in the chiral model, there will
be at least ~ 1/6 many bands in an exponentially (in #) small neighbourhood around
zero. We conclude this property by studying the existence of localized quasi-modes in
phase space. Phrased differently, for small twisting angles any angle wants to be magic.
We shall prove this for the chiral model and then show that in the anti-chiral model
such quasi-modes do not exist. In the case of the non-magnetic BM Hamiltonian, this

has been established in [6, 7].

4.3.3 Exponential squeezing in chiral model

The chiral model possess in general a lot quasi-modes located close to the zero en-
ergy level. Indeed, since h = 1/B is our semiclassical parameter, the principal sym-
bol of hD?, with D? as in (4.9), is just in semiclassical Weyl quantization p(z,() =
oo(hD?)(2,() = 2¢ — A(z). The existence of localized modes will depend on the

vanishing /non-vanishing of the bracket

{p,p}(z) = 2(0:A(2) — 0,A(z)) = 4iB(z). (4.11)

We observe that with our quantization, the principal symbol and consequently the

Poisson bracket are independent of the potentials. To see the effect of the potentials,
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one may look at the non-equivalent tight-binding limit

Dlrp = 2Dz = E) AR ve) . (4.12)
U_(2) 20D; — (A1(z) +iAs(2))

The semiclassical principal symbol of DgT g 1s given by

2C — (Ax(2) +1ida(2)) U(z)

U_(2) 20 — (Ax(z) +1i42(2))

UO(DS,TB)<27C) =
The determinant of the principal symbol of DZTB and its conjugate symbol is given
for W(z) := U(2)U_(2) by q(2,¢) := (2 — (A1 (2) +i45(2)))" — W(2).

We then have the following existence of quasimodes result, which for the semiclassical
scaling in DY follows from the Poisson-bracket (4.11) along the lines as presented for

vaT 5 below.

Proposition 4.3.1. There exists an open set 2 C C and a constant ¢ such that for
any k € C and 2y € Q, there exists a family 0 — uy € C°(C/T;C?) such that for
0<6<by,

(Dlrs — Ok)ua(2)| < e, Jugllre =1, [ug(2)] < e, (4.13)

Proof. Since the Poisson-bracket in complex coordinates reads

{01, 2} = 0cq10.q2 + 3&]1326]2 — 0.q10cq2 — 32(]135(]27
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we find that under the constraint that ¢ = ¢ = 0 at some point (z, ()

1/2

{0, 3}(2,¢) = (9:90:G — 9.40:4)(2, ¢) = 8i|W (2)|B(2) — 8i Im(8.W (2)W (2) ).
We then have that using that U(z) = 0
W (2) = —2*(0.U(0))*(1 + O(|2)) and 8.W (2) = —22(9.U(0))*(1 + O(|z])),
which shows that
W) 0. (2) = 2i|2[2]0.U(0)[20.U(0)(1 + O(|2])).

This implies the following expansion of the Poisson bracket at zero

{a,q} = 8i[2[*0-U (0)]*(B(2) — 2Re(0:U(0)) + O([2])).

The result then follows from a real-analytic version [29, Theorem 1.2] of Hormander’s

local solvability condition: For a differential operator @ = >_, <, aa(z,0)(0D)* with

real-analytic maps = — a,(x,f) near some z,, we let ¢(z,&) be the semiclassical

principal symbol of Q. If for phase space coordinates (z,&;) we have q(zg,&) =

0, {q,q}(xo,&) # 0, then there exists a family vy € C(2), Q a neighbourhood of

Tg, such that for some ¢ > 0

(0D);Qua(x)| < Cae™’, lvgllzz = 1. |(00,) vo(x)] < Coe™H0l/".
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We then have the following result exhibiting the exponential squeezing of bands:

Theorem 4.4 (Exponential squeezing of bands). Consider the semiclassical scaling
of the chiral Hamiltonian with magnetic potential A € C*(FE) inducing a non-zero
magnetic field or consider the chiral Hamiltonian with tight-binding scaling (4.12) and
arbitrary magnetic potential A € C*(FE). For the Floquet-transformed operator, the

spectrum is a union of bands
SpeCL2(E) (%{6) = {Ej (k’ 6)}j€Z> Ej(k> 9) < Ej+1 (k7 9)7 k € C’

where Ey(k,0) = min; |E;(k,0)|. Then there exist constants co,c1,co > 0 and 6y > 0

such that for allk € C and 0 € (0,6,),
1B, (k, 0)] < coe™ 7, |j] < eaf™".

Proof. By using the above proposition and [6, Prop. 4.2], we can use the proof of [6,

Theo. 5] to deduce the result. O

4.3.4 Anti-chiral model

To see that the conclusion of Theorem 4.4 does not hold for the anti-chiral Hamiltonian,
we proceed as follows, and shall again restrict us to the slightly more technical tight-
binding scaling. Consider in (4.10) for small § > 0 the operator, with by := 20D, —
(A —iAp) — 0k,
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Then, the existence of a zero mode is equivalent, for z € Q := {w € C; V(w,w) # 0},

to a zero mode of the operator

We then find

Proposition 4.3.2. If u() is smooth on a bounded domain with
WFh(u(e)) = {(ZO7C0)} < T*Q7

then it follows that ||u(8)| < $||P(O)u(8)]],6 | 0. Thus, there do not exist any quasi-
modes P(8)u(0) = O(0%).

Proof. Since oy(p) is real-valued, the condition dp # 0 on {p = 0} precisely means

that p is of real principal type which implies the result by [89, Theo. 12.4]. ]

The principal symbol of P(6) is given by ao(P(6))(z, 2,(, () = |2¢ — (A} — iAy)|? —
a2|V(z,2)|?. This is of real principal type since real valued and oo(P(6)) = 0 implies
Ocoo(P(0)) = 4(2¢ — (A; +i4y)) # 0 assuming V(2,2) # 0 for all z € C. By the
proposition above, ||P(0)u(f)|| is bounded below by function of order 6. In particular,
(4.13) does not hold.

4.4 Density of states

In this section we study general properties of the density of states and study the

possible values the density of states takes for the Hamiltonian of TBG.
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4.4.1 General properties

In this subsection, we assume that the magnetic potential of the Hamiltonian is of
the form A = Ape; + Acon Where A, € C(E) and Ay is the vector potential of a
constant magnetic field of strength B. Let f € C.(R) then we define the regularized

trace

rfl"(f@fe)) = lim Tr(1p, f(‘%ﬂe) Ip,)

where 1, is the indication function of the square centered at 0 of side length 2RR. By

Riesz’s theorem, there exists the so-called density of states (DOS) measure p satisfying

Te(f(#7)) = / £(t) dp(t). (4.14)

We start by showing the existence and smoothness of the DOS.

Lemma 4.4.1. For [ € C2(R) the reqularized trace of f(H°) exists, satisfies

1

(A7) = 1

Trr g (f(%”e \E|/ft%ﬂ0 (x,z) dz,

and depends smoothly on B € R and 6 € R\ {0}, with Schwartz kernel f(#°)(x,y)
of f(A7).

Proof. Let N.,Np CT'be N, :={Ce€l':(+F CBg}and Ng:={Cel:(+FC

Br # 0}. Then
= U E+(CcBgrC U E+(=: 5.
GEN: CENR
Thus for nonnegative f,
1 1 1
s, f(#7) < —— Tr(1p, f(H° 1s, f(227)). 4.15
’SRl (Sf( ))<’BR‘ I'( BRf( ))Slsr‘ (SR,f( )) ( )
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Furthermore, by definition, we see that for some C,C" > 0, for all R,
#(Np\ N,) <CR, and |Sg\S,|<C'R. (4.16)

Recall that T, defined in Lemma 4.2.1, satisfy [T¢, %] = 0, therefore [T, f(57)] =
0. Furthermore, since T¢ 1y T_¢ = g, thus Tr(lg. f(57%)) = Tr(1g f(£7)).

Hence,

Te(Ls, f(7)) = Y Tr(lpyc f(A7) = (#N,) Tr(1p f (7))

CeNr
and similarly Tr(1s, f(5#7)) = (#Ng) Tr(1g f(5#?)). Inserting this into (4.15), tak-

ing R — oo we get by using (4.16) that

Tr(f(A?)) = — Trpzm (f(7)).

To conclude the smooth dependence on 6 and B, it suffices to adapt the arguments

starting at [13, p.251].

In the next Proposition, we show that the integrated density of states of the twisted
bilayer graphene Hamiltonian is stable under small perturbations of the magnetic field

that do not close any spectral gaps.

Proposition 4.4.2. Let the magnetic vector potential A = Acon + Aper be the sum of
a linear potential associated with a constant field By and Apee € C®(E). Assuming
to, t1 & Spec(H#?), there exists a neighbourhood B C R, open, connected, with By € B

as well as m = (my,my) € Z* such that for any perturbation of the constant magnetic
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field B € B, to,t, ¢ Spec(#) the DOS satisfies

p((to, 1)) = |;3| (m B|f| m2>-

Proof. By density, we may assume that By|E| = 2r2 € 2mQ. This implies by choosing

A = ¢ that By|E,\| € 27Z. Let A,x be the n-th Bloch band of 54’ for n € Z on

k € 5. The spectrum of % has band structure and is given by Spec(%ﬂe) = U,J,

where .J,, = kLé Ak Let tg, t; & Spec(#?). We call Z the set of bands fully contained
€E3

in (to,?1). In terms of k — u,, x given by the eigenvectors associated with A, x spectral

projection of 4 is given by

ﬂuo¢n(ﬁf5)vk($)::§/n L o (H67) sy o) dy with
Ex

Wity (B0 (2,y) =D wjac()ue(y

JjeET
So the spectral projection L, (%) = Uy fgi Lgg 10y (FEE >|E* U, of 7 is

LWM%%wm:/mmm%%@wmwwmm
R

dk
H(tOvtl)(‘%pG)(%y) = / ﬂ(to,tl)(f%ig)(%y)m.
X A

Since to,t; ¢ Spec(#?) and let N := |Z|, then by Lemma 4.4.1

to,t1)):= [ 1 T -
p(( 0 1)) /EA (totl)( Z‘ SU |E)\ /*Z 477'2 ’E)\|

A JeET

thus Tr(1, 4, (7)) = |Ei If f € C(R), such that f(xz) =1 for z € convl, J,?

3conv is the convex hull
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and f(z) =0 for x € Spec(#7) \ conv|J, J,, then

o((to 1)) = / F(t)oldt) = %

Recall that By|E| = BO|EA| = 2rf € 2rQ. We then introduce a new lattice rcr
generated by Cl = (; and Cg = ¢(o. Then Bo|(C/f‘] € 277 and \F/f‘| = q. As before, if
to,t1 ¢ Spec(7), then

By|E|

—7Z+Z
o +

6(Bo) = |ETr Ly 1y (#°)) = |Elp((to.12)) = |E / £(t)dp(t) elzc

where the last inclusion follows since p, ¢ are coprime i.e. there exist ¢,d € Z such
that cp + dg = 1. Note that if zy € R\ Spec(2#?), then there exists € > 0 such that
z & Spec(?) for all |z — 2o| and small perturbations of the constant field |B— By| < ¢
and ¢(B) is locally a smooth function of the constant field B by Lemma 4.4.1, so there

exists By € B C R open, connected and m € Z? such that for B € B,

B|E|
oot = [ siona |E\( o "”)'

4.5 Semiclassical expansion of Density of states

In this section, we provide explicit asymptotic expansions of the regularized trace in
the semiclassical limit B > 1 for constant magnetic field in the spirit of Remark 4.1 for
the chiral and anti-chiral model respectively. We also comment on the differentiability

of the DOS at the end of this section in preparation for applications in the next section.
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We consider (4.1) with fixed 6 and constant magnetic field B:

HY 0 0 T(x
A=A+ V()= | " + e (4.17)

Notice that the spectrum of % is composed of Landau levels \, p := sgn(n)/2|n|B
(see Lemma 4.5.2) which will be perturbed by the tunnelling potential ¥ (see Remark
4.5). To simplify the notation, we therefore introduce the Landau bands A, gy :=
(A—1.8 17 Nloos Ant1.8 — |7 ||oo) for n € Z, in which the spectrum of S# is contained

around the n-th Landau level A, g, cf. Remark 4.6.

Now we state the main result of this section which is the asymptotic expansion of the

DOS. We start with the chiral model:

Theorem 4.5 (Chiral model). Let A\, p = sgn(n)+/2|n|B. For a fitedn € Z, fore >0

small enough, for all f € CX (A, py) with K > g — 2, we have

T = |2 0n) + S Aveld) )| + Ouisr (B (019
with
Un) = G [ad (U= = [UGn))? +410,0-(n) = ,U (m)]?]
Ave(g) = |—;| /E g(n)L(dn),

n = a9+ &, and Oy i 5y = On(|V]looll fllox)

Furthermore, fix N € Nt and consider 2N + 1 Landau bands with n € {—N,..,N},

then for alle > 0 small enough, for any f € CE((A_(n+1),8+ | |loos Ant1.8 — |V ||o0))
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with K > g — 2, we have

Te(f () =

R
3
> LMZ

where Oy kfy = >, Onk,fy-
n=—N

Our proof also shows that all higher order terms, which in general have complicated
expressions, in the expansion of Tr(f(.4)) are of the form f*)(\, 5) (see (4.49)),

which is different from the anti-chiral case studied below.

Next, we consider the anti-chiral model, where the sub-leading correction in the regu-
larized trace is already of order v/B. Since the dominant sub-leading correction in the

anti-chiral case is one order higher than in the chiral case, we only state the correction

up to order v/B.

Theorem 4.6 (Anti-chiral model). Under the same assumption as in Theorem 4.5,

we have for all € > 0 small enough, f € CX (N, py) with K > g —1

B VB

Te(f( ) = tno(F) = 5

2 tna(f) + On k1. (BY), (4.19)
e

where On,e..r = On([| ¥ ||l fllex), Avelg) = 7 [ 9(n)dL(n).

tn,O(f) = AVG (f()‘n,B + Cn) + f()\n,B - Cn)) 9

tna(f) = Ave (s f' (Mg + ¢o) + 52 (Ang — )

aosing V(n)l, aocosg Vi(n)|, n#0,
I LU EXC I |
ao|V (n)], ao|V (1)l n=0.
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Furthermore, fit N € NT and consider 2N + 1 Landau bands with n € {—N, .., N}.
Foranye >0, f € CE(IAn_18+ 17 lloos Avi1 — |V ||o)) with K > % — 1, we have

Fr ) = 3 | L) + Y0 (5)] + Oy (B)

o™ 21
n=—N

N
where O(N),K,f;// = Z On,K,f,"//'
n=—N

For the rest of this section, we shall temporarily stop using the identification z =
(r1,m9) ~ z = x1 + ixy and start with some preparations to prove the two results,
before. Let X¢ = diag(o?, ;7). We can rewrite (4.17) as £ = X¢D,, +%%(D,,+Bx1).
We will only use x = (1, x2) to denote the position, while z is used as another unrelated

arbitrary complex number in the resolvent (#? — 2)~1.

Quantizations. Let z = (1,23), & = (&,&) € R% For a symbol a(z,&) € S(R] ),

we define the (hy, hy)-Weyl quantization "' (z, hyD,,, haD,,) : L?(R%) — L?(R2) as

(GW(J;> thwl? hQDM)u) (QJ) eﬁ(xl_y1)£1+%(x2_y2)£2a (%7 5) u(y>dyd€

(4.20)

" or

In this section, we shall employ two different quantizations: in Subsection 4.5.1 to
4.5.2, we use the (hy, hs) = (1,1)-Weyl quantization. Starting from Subsection 4.5.3,
we use the (z2, hD,,)-Weyl quantization of the operator-valued symbol which is related
to the (hi,ha) = (1,h)-Weyl quantization (see Subsection 4.5.3 for more details).
Occasionally, we denote a" (z, hyD,,, hoD,,) by a" for convenience when there is no

ambiguity of (hq, hs).
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4.5.1 First Reduction: Symplectic reduction

In this subsection, we first apply a symplectic reduction to J#?, then provide a spectral
description of %! and #?. In the end, we introduce the Helffer-Sjostrand formula

for our study of the regularized trace Tr(f(#?)).

Symplectic Reduction. Let (hy, hy) = (1, 1) for this subsection. Then the operator
P and ¥, when viewed as a (1,1)-Weyl quantization, have symbols 54/ (z,&) =
Y&+ BYY(&+11) and ¥ () respectively. The following lemma provide the symplectic

reduction of #?:

Lemma 4.5.1. Let h = 1/B. Then there is a unitary operator % , symbols 4 (x, &) =
Y06+ X0xy and W (x,€) = V(29 + B2y, hEy — hY2E)), s.t.

U A (x, D)W =BG (x,D,), (4.21)

WY (@)U~ =WV (2, D,). (4.22)

Remark 4.4. Notice that 4?(x,€) does not depend on (z9,&), thus the (1,1)-Weyl-
quantization is 4 (x, D) = (XD, + ¥921) ® l2r,,), where 2, ) is the identity
map on L*(R,,).

Remark 4.5. Tt follows that % % ~* = V/B(4{ +Vh#'"). When B — 0o, we can

interpret 9% := 49 + Vh#'" as a small perturbation of 4.

Proof. Recall that a symplectic transformation (y,n) = x(x,&) applying to a symbol
a(z,€) = aory,n) € S(R?Y), implies the existence of a unitary operator U, :

LA(R2) — L*(R2) s.t.

Uea" (2, D)UY = (a0 k™ )W (y,D,). (4.23)
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By applying the following three symplectic transformations to #(x, £):

ki(z, &) = (21,82, &, —22), Ka(x,§) = (951 + B, %,81,82 — %>7
KS(ZB7€) = <\/§$17 _%7 5_%7 _B£2> )

we find

A o k7t okt o kgt (x,€) = VB(XY& + Yhay),
(4.24)
Y o /4;1_1 o /@2_1 o n§1($,f) =Y (xs + h%a?l, h&y + hégl).

By (4.23) and (4.24), the unitary operator Uy := U,, o U, o Uy, has then the desired

properties. ]

Spectral Properties. As mentioned in Remark 4.5, we study the spectral properties
of 4% and 7 by viewing them as perturbations of ¢¢ and . Therefore, we start
with 4¢ and )

Lemma 4.5.2. The spectral decompositions of 4 and ! are given by

Spec(4Y) = { A\, :=sgn(n)\/2|n| : n € Z} with eigenspace N,

Spec(H#Y) = {\,.p = sgn(n)\/2[n|B : n € Z} with eigenspace % N?,

where
x> ul ()81 (z 0
N’ = span (w2)s1(2) , 1 Vs, 55 € L*(R,,)
0 x> u, (1) s9(1)
1
. . sgn(n) 7, - -, n€Z\{0}
Here uf = e Tu,e T, u, = C, ()12 ,C, = V2 , as well
i | 1, n=0

22
asr_1 = 0, 7y = C" (Dy, + iz1)™e~2 where C', is constant s.t. Irmllr2@,,) =1 for
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m € N.

0 a
Proof. The main observation here is for Gp = 01D,, + o9x; = where
a* 0
a = D,, —ixy, we have [a,a*] = 2. Thus a and a* form a pair of annihilator and creator.
By the standard argument for the ladder operators, there is a sequence of normalized
rm(z1) = C/ - (OL"‘)me’T1 = C! (Dy, + ixl)me’Tl, for m > 0 s.t. ar,, = V2mr,,_;
and a*r,, = \/2(m + 1)r,,+1. Then one can check by computation and (4.21) that u?,

N? and % N? defined above are eigenvectors and eigenspace of 4/, 4¢ and £ w.r.t.

eigenvalue A\, A, and A\, g, for all n € Z. O

Remark 4.6. Since 5% = 7 + ¥, thus

Spec(A?) C By .. (Spec(7)) = | B M),

Fix n, since ¥ is bounded, when B is large enough, {W}Ij—nlsl are disjoint.
Since the DOS measure p is supported on the spectrum, by (4.14), the regularized
trace Tr(f(#?)) is not affected by modifying f within the spectral gap (M\e_1.5 +
191l s = 17 1loe)s e Tr((agny FH) = Tel(xy i ), for amy
k € Z. Thus we will start with f supported on a fixed A, g » to avoid the influence of

bands nearby and then consider the general case of f supported on a fixed number of

bands (see Theorem 4.5, 4.6 and their proofs in Subsection 4.5.5).

Remark 4.7. Both A\, p and A, are called Landau levels of 7 and ¥ respectively. To
study the corresponding operators near the Landau levels, we denote 527 := #°—\,, z,

%?n =) — M\, 9 =97 — )\, and %Oetn =90 —\,.

Helffer-Sjostrand formula and regularized traces. We proceed by recalling the

Helffer-Sjostrand formula. Let K € N. Given f € CEFTY(R), we can always find 1,

123



a order-K quasi-analytic extension of f, by which we mean a function f € CX+1(C),
such that

fle = f, and [0:f| < C||f|lcx+1| Im 2%, for some C > 0. (4.25)

The concrete construction can be found in [4, Sec. 4.1] or [30, Theorem 8.1], where we
can also choose f s.t. supp(f) D supp(f) is arbitrarily close to supp(f). We omit the

proof which can be found in the quoted references.

Lemma 4.5.3 (Helffer-Sjostrand formula). Let H be a self-adjoint operator on a

Hilbert space. Let f € CETYR) and f be its order-K quasi-analytic extension, then

f(H) = 2% /(C d:f(2)(z — H)'dz A dZ. (4.26)

In particular, for f € CET(A, py), define fo(z) = f(x + \,.p) a function localized

around zero. By Remark 4.7, (4.21) and (4.26), we have

U F(AVU = U fo( VU — —Qi / 0. Fol(2) (2 — U AU dz A dz
™ Jc
. (4.27)
= @ / 9= fo(2)(4% — Vhz)"t dz A dz.
27T C

Thus to study f(#?), it is enough to study the resolvent (4¢ — v/hz)~".

4.5.2 Second reduction: Grushin problem

In this subsection, we apply the Schur complement formula twice for operators goa,n
and ¢? to characterize (9 — v/hz)~! using the effective Hamiltonian. In our context,
the Schur complement formula is also called a Grushin problem and we shall use that

terminology in the sequel. See [77] for more information on Grushin problem.
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Unperturbed Grushin problem. To set up our Grushin problem, we introduce the
space BY := B¥(R,,;C%) := (1 + D2 + 2%)"*2L*(R,,; C*). Then

99 9% BIft'® L*(R,,;C) —» B ® L*(R,,;C) C L*(R2;C*)

0,n) “In

are bounded. Define R} = R} (9) : BY ® L*(R,,;C) — L*(R,,;C?) and R, = R, (0) :

n

L*(R,,;C?) — Bi“l ® L*(R,,; C) by

(Rt)(xq) = /RKZ(xl)*t(xl,xQ) dr, and R, (s)(z) = K°(x1)s(xs) (4.28)
with
ue T
K(x)) = (1) ! : (4.29)
0 u 9 (xy) s

Then (R})* = R,,.
First, we consider the Grushin problem for the unperturbed operator %(’jn —Vhz:

Lemma 4.5.4 (Unperturbed Grushin). Fiz n € Z. Let R! and R, be defined as
(4.28). Let
%Gm —Vhz R,

Rf 0

n

Pon = Pon(z;h,0) =

Then Py, is invertible iff Vhz ¢ { A\ — A\t m # n}, and the inverse is

g()’n = (7)0771)_1 = 7 Y (430)
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where Eypny = Ry, By = R}, Egna(z;h) = Vhz Ieaxe and

up, (uh,)* 0
0 ([0 )* 0w, (u,)) e 0
0 Km(Km) 0,n
Boalsih) = 2 —Jﬁzzz Mo — A —vhr »
m#n 7 n m#n m n 0 €o.n
(4.31)

with A, = sgn(n)\/2|n|,n € Z. Furthermore, we have

EO,n,— (g(ﬁn — \/EZ)EO,n,—l- = _EO,n,:i: and

(g()e,n - \/ﬁz)_l = EO,n - EO,n,—&—(EO,n,:t)_lEO,n,—‘

Remark 4.8. One can verify that Ef, maps N to 0 and Nf, to % if m # n.

Perturbed Grushin problem. Next, we consider the perturbed Grushin problem

for 49 — V/hz.

Lemma 4.5.5 (Perturbed Grushin). Let RE, #W be defined as (4.28), (4.22). Let

99 —Vhz R;
Pn =Pu(z;h,0) := = Pon + VhW
R0

where W = diag(#},, 02x2). Fizn € Z, there exist hy = min {2”,,/}"00, MZW%%QM }, s.t.

for all h € [0, hy), P is invertible with inverse

L -1 . En En,—‘r
En = (P) " = (4.32)
En,f En,i

which is analytic in 2| < 2[|[# ||oo- FEn+(z) : L*(Ry,; C?) — L*(R,,; C?) is called the
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effective Hamiltonian and satisfy
Eni(z)=Vh (z ~ RV (1 +\/EE0,RWW)—1R;) = Vh(z—2Z"). (4.33)
In addition, we have

En_(4° —Vhz2)E,, = —FEn+ = VhE, _E,, = 0.E, 1, (4.34)

(@) ~Vh2)' =E, — B, B\ B, . (4.35)
Proof. Let hg be defined as above. When h € [0, ho), |2| < 2||# ||, we have

Vhz & DA — Ap:m #n} = Py, is invertible with ||Pg,,|| > 1.

VI|W||so < % = P, = Pon + VAW is invertible with inverse &,.
IVhz| < M = Fo.(2),E.n(2) are analytic by (4.31), (4.30).
Furthermore,
En =Py = (I + VIPIW)'Poy = (=1 (£, W) Eg -
=0

In particular, we get from the (2,2)-block of P, ! that

(=1 W2Egp WY (Egn VY Byt

VI

En,i(z) = EO,n,i(Z) +
1

J

= Vhz = VAR WY (A +VhEy, #"V) 'R .

In fact, by direct computation, one get that Fy,,, E, . and E,, _ can all be represented

by entries of &, which we proved are analytic, thus &,(2) is also analytic.

In the end, (4.34) and (4.35) follows from &,P,E, = P, and the diagonalization on
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4.5.3 Properties of effective Hamiltonian

In this subsection, we proceed with our study of E, +(z), E,y(z) and 0.E, 1 o E, },
with their symbols denoted by E,, 1 (29, &2; 2, h), E;j[(xg, &; 2, h) and 1y, (w9, &o; 2, h) :=
0.En+#E, ! (29,83 2,h). Apart from analyzing boundedness and asymptotic expan-

sions of symbols, we are especially interested in understanding the z-dependence and

z vs. h competition of the symbols.

Before starting to analyze these properties, we introduce a key concept of this section:

the operator-valued symbol and its quantization.

Operator-valued symbol. Let 0" (xy,&; 21, Day) € S (R2, 3 L(BEH; BE ), which
we shall call an operator(-in-(z1, Dy, ))-valued symbol (in (z9,&s)), then its (22, hD,,)-
Weyl quantization is defined as 0" (2, hDy,; 21, Dy, ) @ L*(Ryy; BEM) — L2(R,,; BY )

such that
(0" (z3, hDyy; 21, Dy, u) (2)

iwo—yo)6o [ [ T2+ dyad
:/6 o (b ( 22y27§2;$1,Dz1) U) ($1;§1) gjrh&

In particular, if we have a symbol a € S (Rjg), and we view (z9,&) as parame-

ters and consider the (z, D,,)-Weyl quantization of it, we get a“(z, D,,, &) which
is an operator-valued symbol in (z,&;) (the superscript w represent the (xy, D, )-
Weyl quantization). If we do a further (z9, hD,,)-Weyl quantization of a"(z, D,,, &),

then we get the (1, h)-Weyl quantization defined in (4.20).

Remark 4.9. For the rest of this section, given an operator, e.g. 4¢, E, + and #V in
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(4.21), (4.32) and (4.22), instead of viewing them as the (1, h)-Weyl quantization of the
scalar-valued symbol in S (Ri,g)> we will view them as the (zq, hD,,)-Weyl quantization

of the operator-valued symbol in S (R,%Q@; L(Bkr; B;ff)), for appropriate kq, ko € Z.

1)

In particular, since ¢4/ only depends on (x1, D,,), E, + only depeneds on (w3, hD,,),
#W (x,D,) is the (1, h)-Weyl quantization of the symbol ¥ (25 + vVhay, hés — Vhé)),

we see that the operator-valued symbol of 4, E, + and #'" are respectively
S92y + 29D,,, Eni(wa, &2, h), and ¥ (x, Dy, &) = V(x5 + Vhay, & — VhD,,)
where f(z,&) = f(xa + Vhay, & — Vh&). And since now

UV (x)U ™ =#V(x,D,) = VW (2, Dy, hD,,), (4.36)

we will use ¥V to replace #V in Lemma 4.5.1 and 4.5.5. Finally, we mention that

the proof of Lemma 4.5.1 implies in general

U f(x)% = fV(x,D,,,hD,,). (4.37)

Boundedness with z dependence. We now study the boundedness of the operator-

valued symbol £, 1, E i and r, as well as the z dependence of them.

n,

Notice that since E,, 4+ only depends on (x2, hD,,), when viewed as a (z2, hD,,)-Weyl
quantization, its operator-in-(xy, D, )-valued symbol coincides with its Cyxo-valued

symbol. For convenience, we write Sé“(]RiQ&; Coxo) as S¥ and omit the “0” in ¢ and k.

Lemma 4.5.6 (Boundedness). Let hy, E, 1+ be as in Lemma 4.5.5. Then for all

h € [0, hy), we have the symbol of E,, 1, E, +(xa,&2; 2, h), belongs to 52 uniformly in

129



12| < 2||¥ |0, i-e. for any a, 5> 0, there is Copn = Copn(||¥ |lco)s -t

sup  [|0%,08 Bt (72,65 2,h)|Icas < CagnVh,  for all |2] < 2|7 ||oc.

(w2,82)€R?

Furthermore, if |Im z| # 0, then we also have that for all h € [0, hy), |z] < 2[|7 s,

a, >0,

3/2

o _ h _1 —(lal+18)—
108,02, €20 < o (1, ) ¥ T 05400 35)

h3/2 e B
||8§28§2Tn(x2,§2;z,h)||¢;2x2 < Cy ., max <1,m> | Im 2|~ (el+1AD-1, (4.39)

3+

: : _ 5
In particular, if 0 <6 < i and |Imz| > h°, then E, L € S andr, € S).

Proof. When h € [0, hy), |2| < 2| ||oc, En+ is a YDO because P, is. In fact, we can
check term by term that the operator-valued symbol

Po(z, Dy, &) € S(RZ, . L(BET x C* BE x C?)).

x2,62)

By invertibility and Beal’s lemma,

En(x2,§2;z,h) € S(RQ E(B];jl X 627Bg’c€1 X C2))

2,827

In particular, we have

R} € S(R?

x1?

e L(BsC%), R, € S(RZ, . L(C? BitY),

(4.40)
Eon € S(R, ¢ L(BY; BE), 77 € S(R2, o L(BE: B)).

x1? xr1 )

Furthermore, by (4.31), when |vhz| < M, FEy,, is uniformly bounded. Thus

130



E,.1 0.FE, € S35 uniformly.

Then we consider E,, i and r,. Let [y, I, --- be linear forms on Ri%&. Let L; =

lj(x2, hD,,). Since E, 4 o E; L =1, we get
ady, B} = —E,  oady, E, 10 E,},
where ady, A = [L;, A]. Since ad (Ao B) = (ad, A) o B+ Aoady, B, thus
ady,(0.Eps 0B L) =—0.E, s 0 E,  oady, E,r 0 E, L +ady, 0.E, 10 E, .
By (4.35), ||\/_Eni||(c2X2 = O(|Imz|™). Recall that E, 4, 0,E, + € S—2, thus

h h
Jacs, (VAE Dlless = O ( o ) and lade, 0:Ene © B D less =0 ()

| Im 2|2
By induction,

H adLl ©--+0 adLN<\/EET:,1t)H(C2x2 =0 <%>

lads, 0 0 s, (0B s © By ess = O (it

By a parametrized version of Beal’s lemma, [30, Prop. 8.4], we get (4.38) and (4.39).
]

Asymptotic Expansion with » dependence. We proceed by discussing the asymp-
totic expansion of E, .+, E, ! and r,. Again, we are concerned with z-dependence of
each term in the asymptotic expansions. In order to focus on the main points, we
outsource further details concerning the asymptotic expansion of E, + and E,, L, cf.

Prop. C.0.1, and its proof in the Appendix C, and present a shorter version here that
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only summarizes the results that we eventually need in the sequel.

Lemma 4.5.7 (Asymptotic expansion). Let ho, E, 1+ be as in Lemma 4.5.5, 0 < 6 <
1/2. If h € [0, ho), 2| < 2| ¥ |los, |Imz| > h°, then ry(x2, &5 2,h) = 0.E, +#E, L has

an asymptotic expansion in Sg:
P2, &2, 2,h) ~ Y a1y (w0, &5 2), with hary; € CRARES (4.41)
=0
More specifically, there are d, jr1(T2,82; %), €njral(T2, &) € S s.t.

k
Tnj = Z 2= Zno) H it (T2, €2;2) (2 — 2n0) '] (4.42)

k k=2
with [ dpjki(22,2:2) = Z 2% jkal(T2,&2) and 2,0 given in Prop. C.0.2. Let
=0

(J+1)6—1Z

R, :=mr,— Z hﬂ“n], then R, j € S ?,d.e. forall o, B >0, there is CF, 5, s.t.

7=0

sup  |02,08 R < Cl g,z =000l 15D, (4.43)
(w2,£2)€R?

Furthermore, for the expansion of Trez(r,), we have for n = xq + i&s,

2 A2
Chiral J,,(J = 3) : Trc2(Femo + h2Tent + hrens) = = ~ 0+ U,

1 2 2
Anti-Chiral #° (J =2) :Tre2(Tacno + h2Tacn1) = & + sn(z + C")\/E

ac,n 22 _ 2 (22—62)2 ’
n

(4.44)

where (n) = 5 |2([U_(m)[* = [UM)P)? + 410,U(n) = 0,0 )2, 8y = 3(Da, —i0,),
apsin()[V(n)| n#0 agcos(5)[V ()| n#0

sn(n) = and cp(n) =
|V (n)] n =0, |V (n)] n=0.
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Remark 4.10. Notice by Prop. C.0.2, 2,0 = 0 for the chiral model. Thus we have
2(j—1) )

Temj = . 207971 f, (29, &) for appropriate f, jx € S when j > 1.
k=0

4.5.4 Trace formula

Now we are ready to characterize Trf(#?)) using E, 1 and still use the operator-

valued symbol and (z9, hD,,)-quantization in this subsection.

Lemma 4.5.8. Let E, 1 be as in Lemma 4.5.5. Let f € CETY (A, py) and fo(x) =

f(@ + \og) be as in (4.27). Then the regqularized trace Tr(f(A°)) satisfies

Te(f(2)) = —M%M/C/Eazfo Trez(ro(22,&2; 2, b)) dag déy dz AdZ,  (4.45)

Lemmas needed for the following proof are outsourced to Appendix D.
Proof. By (4.27), (4.35), and the analyticity of F,(z) when h € [0, ho), |2] < 2||7|c,

U (AU = _%ﬁ / 82f0(En,+E;}kEn7,)(z) dz N\ dZ.
C
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Thus we have

Tof () = Jim o Ty (e F(#7) 1) = Jim o Ty 2 (472 'y )

h <o~ .
ivh Try </ 8zfo(ﬂgEn,+E;1iEn,_]lg) dz A dz)

R—oo  8TR?

1 8sz/8 fo Try (ﬂR En+EniEn_]1R) dz A dz
—00

— lim —87TR2/<9f0T1r2 <]1RE En+Eni]1R) dz A dz

R—o0

- ngrolo B 87TR2

= lim _167T2hR2 /0 f() /RZ Tl"([:? (]IR#8 En :I:# i#ﬂR) dl‘g dfz dz N\ dz

R—o

/afom (ﬂRa Bos inR) dz A dz

N _4w2h|Ey /C/Eazfo Tr: (0. Ent#E,, 1) dus déy dz N dZ

where % 1lg % ' = llR follows from (4.37). And Tlg/ = Tlg/(a:g, hD,,) where 1z(z2, &)
coincides with 1g(xy,z5) but is viewed as a function of phase space variables (9, &s)

rather than x. In addition, Try = Trzzgz.cs), Tro = Trr2g,, c2).

The second line follows from the Helffer-Sjostrand formula in Lemma 4.5.3. The third
line follows from Lemma D.0.3, where we proved 1} E..E,LE, _ 1y is trace class.
The fourth line follows directly from Lemma D.0.4. The fifth line follows from (4.35).

The sixth line follows from

1

T £(12(R 0y 1 )iL2 (B 1)) (0" (22, R Dy, )) = Py

/ Tep(at 102, €0))dirad,

z2,82

The seventh line follows from periodicity of ¥ and thus periodicity of 0, F, +#F, ',

which follows immediately by looking at the asymptotic expansions. O]
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4.5.5 Proof of main results
Now we can prove our main Theorems 4.5 and 4.6:

Proof of Theo. 4.5, 4.6. Let 0 < § < 1/2. Assume f € CN (A, py). Let fo(z) :=
f(z + A\, p) which is supported on a nbhd of 0. Recall by Lemma 4.5.8, we need to

compute

Tr(f(#9)) = —MQ;M/E/C@E]?O Trez(rp(z2,&2;2,h)) dz A dz dzy ds. (4.46)

We can rewrite the integral

J—1
{ / Oz fo Tree (ry)dz A dz} (z9,69;h) = / 0:fo > h2 Trca(ry)dz A dz
C C =0
+ / agfo Trc2 (Rn’J>dZ ANdzZ
| Im z|>hS

+ / 85f0 TI'([:Q (RnJ)dZ ANdz
| Im z|<hS

2:A1 + A2 + Ag.

Notice that by Remark 4.6, we only need to consider f supported at |z| < ||#]], for
which we can pick f s.t. fo is supported inside |z| < 2||% ||« for the integral. As in

Lemma 4.5.7, we take J = 3 in the chiral case and J = 2 in the anti-chiral case.

First of all, we compute A; by (4.44) and the general version of Cauchy’s integral
formula, see [49, (3.1.11)]: Let X be an open subset of C. Let g € C!(X), then

!
2mig™ (¢) = /Xf)gg(z)(z_nﬁdz NdZ. (4.47)

In particular, take X to be an small open neighborhood of supp(fo). By , (4.47) and
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the definition of fj, we have

o= [ 0shu |2+ Zastn] dz s = 2 [2000m) + )" O]
Lo, L sk s

dz N\ dz
z2—c¢, zZHc (z—c)?  (2+cn) sheE

Al,ac:/az.fﬂ Tr(C2
C

= 2mi [f(/\n,B + cn) + f(/\n,B - Cn) + f,<)\n,B + Cn>3i\/ﬁ + f/(/\n,B - cn)S?L h] .

For Ay, by (4.43) and |z| < 2||¥||se, when |Im z| > h?, there are C,, C", s.t.
Al < [ jaRRICuRE O RLd) < Ol fllomn | kit
| Im z|>h?

Finally, by (4.25), (4.39), (4.42), 0 < § < 1/2 and |z| < 2||¥||, we have for some

Chj, C"
3 J-1 _
| As] < / 10=fol || Trea(ra)| + Y |Trea(h2r, ) ] dz A dz
| Im z|<h?S j=0

1 b 7L o ok
< 1 Tm 2| * | A dz
< /|1mz|§h5 | fllcrsr| Tm 2| lmax <\Imzl’ |Im2|4> —i—Z T 21 2 Ndz
J-1
< 20 e |V [m (o0, 0302 3 i j—w] dx A dz
7=0
< O fllomsa || ¥ JochB 12,

Define C, i v = max(Cy,, CL, C|| ¥ ||| fllcre+1. We see

§_ - —
|A27C’ < On7K7f,'Vh2 46a |A2,ac| < Cn,K,f,“//hl 35) |A3| < Cn,K,f,’f/h(K 1)6.

136



Combine the estimates of A, Ay, Az, and plug them into (4.46), we have

~ 1 n| ., 1_ —1)6—
Trf() = %f()\n,B) + |2—7T|f (An.B)(1) + Oy i gy (R2 ™4 4 pE=DI1Y (a.15)
4.48
- 1 1
0y _ —35 (K—1)6—1
Trf () —%htn,o(f) -+ —27r\/ﬁt"’1(f) +OMh™ +h )

where t,0(f) = Ave[f(\, FOns + ¢l taa(f) = Avels2f(\up — cn) +

Cn) +
s2f(An.p + ¢n)], and Ave(g) = % S 9(m)dn. Thus we proved (4.18) and (4.19).

In general, fix N € Nt and we consider 2N + 1 Landau levels centered at 0. Let B be
large enough s.t. {W}:}_ N do not intersect. For any f € CET(A_(yi1)5+
| |loos AN+1.8 — || ¥ |loo), by Remark 4.6, values of f on the gap do not contribute to
Tr(f (7)), thus we can apply the partition of unity of f on {An,B;//}g:_N, i.e. find
fost. f= fj fn and supp f,, C Ay, g». Then we can apply (4.18) and (4.19) to
each f, and :leév the sum. That gives us the rest of the Theorem 4.5 and 4.6.

Furthermore, as mentioned in Remark 4.10, 2, o = 0 in the chiral case, thus each term

in the expansion of r, is of the form r,, ;. = >, 2*771f, i (22,&). Now assume f

is smooth enough, then for any J € N, by (4.47), we can see that

k—j—1

ZW > Frgulm)f ), for some Fju) €5 (449

Thus for the chiral case, every term in the asymptotic expansion of rfr( f(2£?)) only

depends on derivatives f*) at \, 5.

137



4.5.6 Differentiability

Finally, we comment on the differentiability of the regularized trace with respect to
the magnetic field. That h — Tr(f(#?)) is a differentiable function follows already
from Lemma 4.4.1. However, what does not follow from Lemma 4.4.1 is that the
asymptotic expansion itself in Theorems 4.5 and 4.6 is differentiable. The following
Proposition, which uses the same notation as Theorems 4.5 and 4.6 shows that term-

wise differentiation yields the right asymptotic expansion:

Proposition 4.5.9 (Differentiability). Under the same assumption of A\, g, €, as
in Theorem 4.5, we have that B — Tr(f(H?)) is differentiable. For all e, [ €
CH(Mnpyy), that K > S — 2, then for Onx sy = On(|¥ ool fllox), we have: For
the chiral model 5% = 3,

0T (f () =Y A iy, ) 4 LOme)

(2[n|)?
87V B

(4.50)
Ave(u)f”/()\n,B) + On,K,f,“l/(BiHa)

For the anti-chiral model 9 =

ac’

0uTe(f()) = V2B (4

47 A

<2t"’0(f) T 2]n]tn,1(f’)> + On,K,f,V(B*%JF&S)

(4.51)

In particular, when n = 0, we get a better estimate for the chiral and anti-chiral case

respectively:

OpTr(f()) = %f(O) + OO,K,f,V(B_%+46)

1 3

QBTr(f(Ji’;i)) = %t0,0(f) + iV/B

(4.52)
toa(f) + OO,K,f,‘I/<B_1+35>
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where t,o(f), taa(f), Y, s, and ¢, are the same as in Theorem 4.5, 4.6.

To prove this proposition, we will need to prove two auxiliary Lemmas 4.5.10 and
4.5.11 discussing properties of O, E,, +, OpF,, ! and 07, which are similar to the two
properties needed for E, 1, E,, ! and r, previously in 4.5.6 and 4.5.7. The rest of the
proof is similar to Sec. 4.5.5. We start with some preparations: To discuss the differ-

entiability of asymptotic expansions, we define # for a(x,&; h),b(z,&h) € S (Ri,g)
by

. M
ih . ]
a,#;lwb — [€2U(DI7D£yDy7D7}) (§U(DSC7D§7DZJ7D77)) ] (a/(x757 h)b(y7 T/? h)) |§zg

(4.53)
= Z Ca,ﬂ(ag,ﬁa)#(ayﬁ,nb>’
|lal=]8|=M
where o(x,&;y,m) = (§,y) — (x,n). Then we see that,
On'(a#th) = a#y'b + Y Cijx (Oha) #, (D). (4.54)
z‘+j;1§;M
J

The following result is derived for general M € N but we will, for simplicity, only

consider the M = 1 case later:

Lemma 4.5.10 (Boundedness). Let hy, E, 4+ be as in Lemma 4.5.5. The symbol
En 1 (29, &; 2, h) is smooth in h when h < hg and for any M € N, OV E,, 1 € SM=3 yni-
formly in |z| < 2||¥ ||, t-e. for any multi-index o, B, there is Co gy = Copn(]|? )
s.t.

105,06,0" En+(23, 3 2, B)llcas < CapnVhe  for all |2] < 2|¥ .
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If [Tmz| # 0, M > 0, then O} E;, L and 9)'r,, satisfy

nlw

14+2M
||8§28?28,124E72i(x2,§2;z,h)||(c2X2 < Cy p,n max (17 |3> h | T 2|2V ~lo{2185)

| Im 2

(NI

2

||8§‘28? O (29,62, 2, 1) Cars < Ca g Max (1, |3> h=M| T 2| ~2Mlel=181 (4 56)

|Im 2

1
In particular, when 0 < § < 1/2 and |Imz| > h°, we have O} E, } € Sév[(%*l)ﬁ and

oMr, € Séw(zaﬂ) .

Proof. Let P, be as in Lemma 4.5.5, by 4.40, 4% —/hz, RE € S(Rig’&). Furthermore,
since 9% = 49 + /L, by direct computation, we see M (4° — Vhz) € SM=3 while

OMRE =0, for M > 0.

Then consider &, = P, !. First of all, by the proof of Lemma 4.5.6, we have

En(t, Dy, &) € S(RY, g3 L(By, x C% Byt x C%)).

72,827

By differentiating &, = &, #P,#E, w.r.t. h and using (4.53) and (4.54), we have

OnEn = ~EHPuHE Y. Cas (00, EattOl, & PuttEn) (4.57)
laf=[8]=1

Since O,P, € S%, thus 0,&, € S3 above. By differentiating (4.57) w.r.t. h and

using (4.53) and (4.54), we see that 97E, € S3. An iterative argument shows that

oME, € SM=3_ In particular, OME,+ € SM=3_ Furthermore, by differentiating

i = E A #E, (#E, L wr.t. h and using (4.54) and (4.53), we have

OB,y = —E A # B s #E L — > Caﬁ(‘)ﬁQ’&Egi#@i&Enyi#E;i.(4'58)
|a=]8]=1
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When |Im 2| > h°, by (4.39) and [89, Theorem 4.23(ii)], we see that
8B, L] = O(h™2 | Tm 2| 72) + O(h~2|Im 2| ) = O(h~%| Im 2| 2).

Furthermore, since (D, , AV] = (D,, A)" and —[x;, A"] = (hD¢, A)", we see that

h—3 hN
ladg, o---adg, (OuE,L)"| =0 ( )

|Im 2|2 |Im 2|V
By [30, Prop. 8.4], we get

h>
10z, 35 OnEy i (2,9 2, 1) [|cyn < Cap max (1 m) h*%\Imz|’2’|a|’|5|. (4.59)

Iterating this process by taking dj, of (4.58), expanding it and using (4.53), (4.54) and
(4.59), we see that every time we differentiate, we derive an extra order of 1/(h|Im z|?).

Thus we obtain (4.55) for M > 0. Then

ahrn = ahazEn,:t#E;lt + azEn,:t#ahE;;: + Z Ca,ﬁ(a§27gzazEn,i)#(ax2 2 n, j:)

lo|=|B]=1
By (4.39), (4.55) and [89, Theorem 4.23(ii)], we see that ||9pr? || = O(h~! Im 2|72).
By the same argument as for E;li, we get (4.56). O

We shall now focus on M = 1, for simplicity, and study the asymptotic expansion of

a}ﬂ“n.

Lemma 4.5.11 (Asymptotic expansion). Let 0 < § < 1/2 and |Im z| > h°, then Oyr,

- S Q426
has an asymptotic expansion in S5

o0
J_ J_ . .
O ~ E h2 Ly E hz g Gnj, where ry; are giwen in Lemma 4.5.7.

Jj=1
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. ] J
JH1)+1-3 J+1)6+1-35

J—1
Let Qn,J = ath - Z h%_lqn,j € S(g 5 i.e.,
j=1

for all a, 8> 0, there is Cp 5, s.t.

Then h%_lqm € S(g

sup 02 02 Quy| < O, h3 1= (FNI=dal A, (4.60)
(z2,62)€R?

Furthermore, for the expansion of Trcz(0pry), we have for n = xq + i&s,

)\2
Chiral A, (J = 3) : Trca(h™2qu1 + 4a2) = 54 (),

s2(2%2 + ) (4.61)

Anti-Chiral #° (J =2) : Tree(h™"2q,, ) = .
( ) C ( q ,1) (22 B C%>2\/ﬁ

ac,n

We will prove that the termwise differentiation of the asymptotic expansion of r, in

(4.41) is indeed an asymptotic expansion of Oyr, in S§5+1.

Proof. Let g = v/h and consider 7, ~ 3 ¢/r, ;. By Borel’s theorem (c.f. [89, Theorem
=0

4.15]) (c.f. [49, Theorem 1.2.6]), we see that for such r,; € C*(RZ, ., ), there is

Fn € CO(RS X Ryyg,) st 7 = > ¢?rpj. Thus
7=0

Ogfn =Y _Jg" "ruy. (4.62)
j=1

On the other hand, by uniqueness in Borel’s theorem, we see that 7, — r, = O(h™).
Thus 0,7, — Oy, = O(g™). Thus (4.62) is also an asymptotic expansion of J,r,.
Furthermore, since oy,r, = ﬁﬁgrn, thus we proved 0,1, has the following asymptotic

expansion in S;J’%:

1 > L, =1 > J,3i_1
ahrn ~ W ;jh Tn,y = ; §h2 Tn,j
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The rest of the Lemma follows from Lemma 4.5.7. O

Proof of Prop. 4.5.9 . Recall that fo(z) = f(z + v/2|n|/h) also depends on h. By

differentiating (4.45) w.r.t. h, we get

O Te(f(A2)) = 2h2|E| //8f0 ) Tree (1) dy déy dz A dZ

\/2|TL| //a f/ 2+ Qn/h) Tr(cz(rn) d,’L‘2 d£2 dz N dz

87T2h2\E\
_ 47T2—h|E\/<c/EaZf0(z) Tre2(0pry) dag dés dz N dzZ := —By — By — Bs.

where the asymptotic expansion of By = %Tr(f(%”e)) and By = 2‘23 Te(f/(#7)) are
known by (4.48). While B3 can be computed by splitting the integral as in Subsection
4.5.5:
[/ 0z fo Trez(Opry)dz A dz] (22, &3 h) :/ 9z fo Z e Trea (gn g)dz A dz
C C j=1
+ / @fo TI'((jQ (Qn"])dz ANdzZ
Im z|>h?
+ / s fo Tree (Qn,g)dz N dz
| Im z|<hS
=Al + Ay + AL,

and we imitate the estimates of Ay, Ay, A3 in the Subsection 4.5.5 with 0,r, instead
of r,, and we use Lemma 4.5.10 and 4.5.11 instead of Lemma 4.5.6 and 4.5.7. In short,

we need (4.47) and (4.61) for A’, (4.60) for A, (4.56) and Lemma 4.5.11 for A} and

we derive that

All,c = ﬂ—if//()‘mB))‘?zu(n)a A/l ac \7;_% (S?zf/<)‘n,B - Cn) + ngf/(An,B + Cn)) )

|AY| < Cruge gy b2 17D AL < O ey R0
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from which we can find B;. And we summarize By, By, B3 below:

For the chiral model where J = 3, we have

Bl,c = 195 ()\n,B) + |;l_| Ave(il)f”()\nyB) -+ On,K,f,"VU?fi%iAM —+ h(K*1)5*2)’

V2 2ln|)? S
BQ,C — |Z’f/(/\nB> + ( ‘n|) Ave(ﬂ)fm()\m]g) +On7K7f7'y/(h_1_45—i—h(K_l)(s_E)

2h? ’ 8hs

= P Op) Ave(W) + Oy g gy (h72790 4 pUE-20-2y

Whenn%OandK>%—3,wehave

T (o)) = =L 05) = 57 O) = CLI ve(st O

+ O™ 7%,
When n =0 and K > % — 3, since By = 0, we get a better estimate:

1

——5/(0) = Ouseprh™2 7%

OWTr(f(Heo)) =

For the anti-chiral model where J = 2, we have

1 1
Bi e = ——t, —t, On h—1—36 h(K—1)5—2
1, 2 h2 10(f> + 9 3 J(f) + Jﬂfﬁf/( + )7

mh2
Vv 2n| Vv 2|n| . _1)9-3
B o = tn / tn ! On +(h 34 h(K 1)
2, i o(f) + h? () + Onr gy (h727° + 2),
1
BB,aC = 4—§tn,1(f) + On,K7f7“//(h_1_36 + h(K_Q)(S_Q).
mTh?2

Thus when n # 0 and K > § — 2, we have

T (1 0r2) = =LA (1) = o (2o + v Eltaa )

_3_
— Onprh™ 2%,
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Figure 4.6: SAH oscillations: Smoothed out DOS p(f,) with f,(z) = e /V2mo
illustrating the oscillatory features. On the left, B = 30 and on the right B = 50 for
o=1.

Ifn=0and K > % — 2, since By = 0, we get a better estimate:

. 1 3
T ) = — _ ~1-35
WTx(f(H,.)) 572 0.0(f) e ton(f) + Oox srh
Recall h = . By 05 = —550,, we get the results (4.50), (4.51) and (4.52). O

4.6 Magnetic response quantities

This section discusses applications of the regularized trace expansions derived in the
previous section, cf. Theorems 4.5 and 4.6 as well as Proposition 4.5.9. They form the
rigorous foundation of our analysis in this section and we shall focus on qualitative

features rather here, instead.

Our main contribution on magnetic response properties of TBG is a careful analysis of
the oscillatory behaviour of the DOS. While this effect can be easily explained using

the Poisson summation formula, we shall illustrate this phenomenon, by considering a
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Figure 4.7: Magnetization and susceptibility for 5 = 4, a; = 3/5, and chemical poten-
tials =5 (left) and p = 10 (right).

Gaussian density f,(z) = B_WT;M)TQ/ V2mo and analyze the Shubnikov-de Haas (SdH)
oscillations in a smoothed-out version of the DOS p — p(f,) in Figure 4.6 for o =1
using the asymptotic formulae of Theorems 4.5 and 4.6. As a general rule from our
study, we find that the AB/BA interaction leads to an enhancement of this oscillatory
behaviour compared to the non-interacting case, while the AA’/ BB’ interaction damps
oscillations. The smoothing effect of the AA’/BB’ interaction is due to a splitting and
broadening of the highly degenerate Landau levels. This splitting has also consequences
for the Quantum Hall effect, see Fig. 4.12. We also study the de Haas—van Alphen
(dHvA) effect in TBG, see Fig. 4.7 and 4.10 for which we find a similar phenomenon.

We study magnetic response quantities by thoroughly analyzing the following cases:

e The free or non-interacting case, corresponds to two non-interacting sheets of
graphene modeled by the direct sum of two magnetic Dirac operators, see also
9, 8] for similar results in a quantum graph model and [71] for a thorough analysis

of the magnetic Dirac operator, directly.

e The chiral case, which corresponds to pure AB/BA interaction.
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e The anti-chiral case, which corresponds to pure AA’/BB’ interaction.

For our analysis of the de Haas-van Alphen effect, we shall employ a cut-off function
ny € C2(R) that is one on the interval [0, v/2BN] and smoothly decays to zero outside
of that interval, enclosing precisely N + 1 Landau levels and ™ which is equal to
one on [—v2BN,v2BN]. The choice of cut-off function mainly plays the role of a
reference frame. In particular, for the study of magnetic oscillations it seems more

natural to consider 7y instead of ny™

as the former cut-off function singles out the
effect of individual Landau levels moving past a fixed chemical potential . We shall
employ the leading order terms for the regularized trace in this section, as specified
in Theorems 4.5 and 4.6 and Proposition 4.5.9. For this reason, we write functionals
p(f), where f € C>®(R), as p(f) ~ g, to indicate that g are the first terms in the

asymptotic expansion of p(f) and analogously for derivatives of p(f) with respect to

the magnetic field.

150 ¢ ; 150 | /
—f o —free
100y — ohiral s 1007 —chiral A o
501 a-chiral (9=0) //0/ 50 a—ch!ral (6=0) /\ { ’J
a-chiral (9=r/2) .. 47 a-chiral (9=m/2) / X/
X0 — X0 F___/
© 27 A
B0 s0| AN
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100 147 -100 7y
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-20 -10 0 10 20 -20 -10 0 10 20
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Figure 4.8: Smoothed out longitudinal conductivity 0., oc —p(Anj(A — p)) with ng,
the Fermi-Dirac distribution, showing Shubnikov-de Haas oscillations. On the left,
B = 30 and on the right B = 50 for g = 1.5. with «;

3
=
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4.6.1 Shubnikov-de Haas oscillations

We shall start by discussing Shubnikov - de Haas (SdH) oscillations in the density of
states. A common method of measuring SdH oscillations is by measuring longitudinal
conductivity and resistivity, see also [83, 78]. In the following, let o € R?*? be the
conductivity matrix, such that the current density j = oF, where E is an external
electric field, then the resistivity matrix is just p = o~!. Hence, we shall focus on

conductivities in the sequel.

The SdH oscillations are most strongly pronounced at low temperatures in the regime
of strong magnetic fields and describe oscillations in the longitudinal conductivity o,

of the material.

The expression for the longitudinal conductivity goes back to Ando et al [3] who derived

the following relation, see also [39],

Ooal(B i, B) = — / T — MR do(N),

where ng(z) = is the Fermi-Dirac statistics. In the free case, i.e. without

1
ePetl
any tunnelling potential, the oscillations happen precisely at the relativistic Landau
levels. For the chiral model, oscillations caused by higher Landau levels are enhanced

compared to the free case, whereas oscillations in the anti-chiral case are much more

smoothed out.

The oscillatory behaviour of the longitudinal conductivity is visible both as a function
of chemical potential, for a fixed magnetic field strength, as shown in Fig. 4.8 as well

as function of inverse magnetic field in Fig. 4.9 for fixed chemical potential.
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Figure 4.9: Smoothed out longitudinal conductivity 0., oc —p(Anj(A — p)) with ng,
the Fermi-Dirac distribution, showing Shubnikov-de Haas oscillations. On the left,
B = 30 and on the right B = 50, both for g = 2.5. with «; = 0.35.

4.6.2 De Haas-van Alphen oscillations

In 1930, de Haas and van Alphen who discovered that both the magnetization and
the magnetic susceptibility of metals show an oscillatory profile as a function of B~
This effect is called the de Haas-van Alphen (dHvA) effect. Even in the simpler case
of graphene, both the experimental as well as theoretical foundations of that effect are
not yet well-understood [64, 57, 71]. One problem in understanding the dHvA effect
[71], lies in the dependence of the chemical potential on the external magnetic field. To
simplify mathematical analysis, it is more convenient to work in the grand-canonical
ensemble, which is also discussed in [23, 71, 60]. The comparison with the canonical

ensemble is made in this subsection as well.

The grand thermodynamic potential for a DOS measure p, at inverse temperature 3,

and field-independent chemical potential u is defined as

Qs(p, B) := (fs * (nvp)) (1),
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Figure 4.10: Magnetization and susceptibility for 5 = 4, «; = 3/5, and chemical
potential y = 5.

where f5(z) := —B71log(e”® +1). The magnetization M and susceptibility x are then

in the grand-canonical ensemble defined as

_99(u. B)

_ OMjg(p, B)
0B '

M (B, pu, B) = and x (8,1, B) = 95

The susceptibility describes the response of a material to an external magnetic field.
When y > 0 the material is paramagnetic, when y < 0 diamagnetic, and strongly

enhanced y > 1 for ferromagnets.

While the approximation of computing the magnetization in the grand canonical en-
semble is common, one should strictly speaking compute it in the canonical ensemble,

instead.

In this case, the charge density o given by the Fermi-Dirac statistics, with ng(x) :=

eﬁx—lﬂ, according to

T p(ng(- — )

is fixed and the chemical potential becomes a function of p and B.
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To see that this uniquely defines y as a function of p and B large enough, it is sufficient

to observe that

pes S () (A VB)

nez

is a monotonically increasing function. The Helmholtz free energy is then given as

980 980
970 970 |
< 960 ¢ > 960+
I —free —free
990 — chiral 950/ = chiral -
940 | ~ —anti-chiral 040 | | —ahtl'0h|f3| |
1050 5 10 10 5 0 5 10
I I

Figure 4.11: Charge density with respect to chemical potential. Magnetic field B = 30
for B =1/2 and § = 2. We consider 100 Landau levels around zero and an anti-chiral
model with 8 = 0.

Fs(0, B) = Qg(u(o, B), B) + u(p, B)o

with the magnetization given as the derivative M (3, o, B) = —%]?B). Hence, the

magnetization in the canonical ensemble is also given by

~ 90(u, B)

M B) =
(ﬁv 0, ) 0B M:M(Q,B)’

where the difference to the grand-canonical ensemble lies in the B-dependent chemical
potential. The dHvA oscillations are shown in Figures 4.7 and 4.10, with the AB’'/BA’
interaction leading to enhanced oscillations and the AA’/ BB’ interaction damping the

oscillations, compared to the non-interacting case.
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Figure 4.12: Full quantum Hall conductivity (4.56) on the left with § = 2, B = 40
and on the right the high temperature conductivity (4.57) with § = 5,B = 50.

4.6.3 Quantum Hall effect

The (transversal) quantum Hall conductivity o,, is, by the Streda formula [66, (16)],

for a Fermi energy u given by

N

oo B = 3 8[)(%”361(9._“))'

In case of the chiral Hamiltonian, the Gibbs factor yz,(u) = e?*»VB=#) allows us to

write
019,0(67 Hy B) -
(1+o(1)) ( 3 2B ) (1 SOVB sV - m)
+ 3 —A”M"Jl f \/%VGM) 15 (A VB = 1) (Yo, (1) — 4v80 (1) + V5.0 (1)) )

At very low temperatures, and p well between two Landau levels, the contribution of
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the derivative of the Landau levels with respect to B can be discarded.

We then obtain the high-temperature limiting expression

N

A —
Gaye(Bopts B) = > n5(An,p — 1)

T —
n=—N A

{3 | < i}

as ng(An.p — i) = 1 — H(A\V/B — p) for 31 oo, where H is the Heaviside function.

This expression reveals the well-known staircase profile of the Hall conductivity which

can already be concluded in this model in the 8 — oo limit from Proposition 4.4.2.

For the AA’/ BB’ interaction, the situation is rather different. Due to the broadening

and splitting of the Landau levels, the staircase profile is less pronounced at non-
. ~ tn o— .

zero temperature. Setting uy.4c(3, pt, B) == tno(ng(e — p)) — %, where in

the limit 3 — oo, the second term vanishes, for ;1 away from the spectrum as nj

is a 0y approximating sequence such that also in case of the AA’/BB’ interaction

< u}l.

hmﬁ%oo a-xy<ﬁu K, B) = |{n7 ’)\n,B
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Appendix A

Tridiagonality

This appendix set up Lemma A.0.1 needed in Chapter 2.

Lemma A.0.1. The matriz S, = (2(£)* — M) is tridiagonal. We omit z and denote

the (i, j)-entry by A; ; for convenience, when a < i,j <b. Then we have

zo + o, 7 even, zpj, ] even,
Ajj = v Ajry = A =

—za;_ — @5, J odd, —pj, J odd.

Remark A.1. If we modify the extended CMV matrix at a — 1 and b by § and ~, then
the corresponding matrix A[Ba’:z] _ is the restriction of S, on [a, b] but with a,—; = 3 and
ap = 7. Fix an interval [a, b]. We denote S?7 by the infinite matrix S, with o, = 3

and ap = 7.
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Lemma A.0.2. Let ¥ solve EV = 2V, then for a <n < b,

(

5 U(a)(2B — z04_1) + ¥(a—1)zp,_1, a odd
U(n) =— G .(na)
V(@)(aus —B) — Va—Dpos,  aeven

\
(

= Gy (n:0)3

V() (zap — 2zv) + U(b+ 1)zpy, b even
\

Proof.

F)[a,b}sz\l/ =0
=Py SETV + Py (A — AP W =0
ip[ab}s (P[ab]\lj‘f'P[ab}c\I/)—f—Pab](S _SB’Y) =0

:Aﬁ ¥ = =Py (S — SENG — PSP Py ¥

There are two terms on the right hand side. One is always 0:

PloyyS27 P ¥ =
i 1 [Y(a—1) 0| rowa—1
Agz ) Aﬁv Agzﬂ 0 0 0f rowa
0 A AN AL 0 0| rowbd
i AR U(b+1) 0| rowb+1

where we use Remark A.1 and Lemma A.0.1 to get Aa _1 = Ag w1 = 0.
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The other has two non-zero terms:

P[a,b](Sz — 55’7)\1/ =

[ . 1 |V(a—1)

Avasy Aze Agen O . U(a) V(a—-1)A,, 1 +¥(a)A,,
0 Ay Ay Apn W (b) U(b)A,, + V(b +1)A, .,

i BRI

where A7 = A, , — Al
Now

¥(n) =— Gﬁ{:{;],z(”a b) (T(0) Ay, +T(b+1)A;,,,)

_ Gfﬂ

a,b],z

(\If(a — 1A+ \I’(a)A;a)

where A;y is derived from Lemma A.0.1 and Remark A.1

ZPa—1, a odd, — 2041 + 28, a odd,
Ac:a—l = Act,a =
—Pa—1, a even. Qg1 — B3, a even.
- —pp, b odd, - —ap + 7, b odd,
Ab,b+1 = Ab,b =
zZpp, b even. zay — 27, b even.

That proves the result.
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Appendix B

Corrections

In this appendix, we provide corrections for some of the issues from [58], [74], [18], [73]
as mentioned in Chapter 2. We first provide the correct results in their notations and
then, for the reader’s convenience, we rewrite them in our notation when there is a
correspondence. Finally, we give either a short proof or a reference for those citations

in [58] which are invalid now.

B.1 Corrections for [64]

1. Formula (3.6) in Lemma 3.3 should be C = EE)f_O). Or in our notation, C = E[B,IJ’F'OO}.

It follows from the definition, see Remark 2.3.

2. Formula (3.14) in Lemma 3.6 should be ®,,(2) = @@fﬁl](z). Or in our notation,

d,(z) = 73[67172;1}(2). See [73, Theorem 5.3| for a proof.
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3. Formula (3.16) and (3.17) in Lemma 3.7 should be

®)(z) = @7 (z) and  @f(z) = % Y(2) (B.1)

where ®2(z;v) means first replacing a,,_; by 7, then multiplying every ay,0 <
k <n—1and v by § (instead of the reversed order). In our notation there is no
direct correspondence, but if we denote X [[Z Z](C ) to be X [/Z ’Z] with all coefficients

Qg, -, p_1,7 being multiplied by ¢, where X can be C,&,P, -+, then
_17' _57' _17 _Bv
Pion-1j (8) = Plon_1j and P[O,nzl} (B) = P[O,nzl]'

See [74, Theorem 4.2.9] for a proof. See also [73, Theorem 5.6] for a clear restate-
ment but with a typo: If D is a diagonal matrix with elements 1, \™*, 1, A7, - -
and M, differs from M by having A in the (0,0)-position instead of 1, then
DC(Aa)D™" = L({an}) M5 ({an}).

4. Formula (3.18) in Prop. 3.8 should be

1
Pl

GE (2 b, )] =

ak—1 I+1,b
o5 (=)o ]<z>‘
a,b :
o5 (2)
In our notation, the equality is given in (2.8). Notice that we have no extra
parameters % because our definition of P[i Z} ., 18 different from the corresponding

definition of ¢£§L;’](z) This result follows by direct computation using Cramer’s

rule.
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5. Formula (3.22) in Lemma 3.10 should be

a,b a,b a, ab
O R ) oM (2) — o (2)
Ty (2) = 5

2\ (6 2) = () (2) (@) (2) + (8 (2)

where we used a different formula for T, 4, i.e. (2.9). For a proof of the correct

form, see [74, (3.2.17), (3.2.27)].

6. Formula (3.23), (3.24) in Cor. 3.11 should be

[a,b]
z 1
¢57. ( ) _ T[a’b](Z)

N -8

b 1 z 1
Bletl(z) = — < o1, > .
Po\\ By -8

and

Note in the proof of Cor. 3.11, they used (3.2.26) in [74], which has a typo and

the correct form should be

A L 1
_ " =T.(2) | _|- (B.2)
A@p1)” A

Proof. The first equality follows from (B.1) and (B.2). The second equality

follows from the first equality and

1 a,b— _ a,b—1]\ %
(@52 + (5 ).

a,b 3
Vi = @5 () = o
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B.2 Corrections for [19]

1. Equation (7.4) should be
1 z ; . 1
(bﬁab]( >__< 7Sb7a<T w) >
PANBTY -8

We believe this can be used then to derive (2.12) by [81, Theorem 5]. Then one

could complete the proof of double elimination in [18].

2. The second to the last equation of Page 39 should be

o §m
G2 (ks 2)| = (20 sz

71,72 (

pw,[a,b]
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Appendix C

Asymptotic expansion

In this appendix, we shall prove Prop. C.0.1 which, in particular, includes the proof

of Lemma 4.5.7. The quantization is as in Subsection 4.5.3.

Proposition C.0.1. Let hy, E, 1+ be as in Lemma 4.5.5. For h € [0,hg), |2| <

2| # ||, we have

1. The symbol -=E,, . has an asymptotic expansion in S: There are a, ; € S s.t.
) Vi En, ) Js

j—1

1 i , .
—=Ep 4 (29,822, h) ~ ZhEEm (2,823 2) with By, j = Zan,j,k(@,&)zkd > 1.
vh k=0

(C.1)

In particular, E,o = 2 — zn0, En1 = —zn1, FEno = —2n2, where z,; are

giwen explicitly in Lemma C.0.2.

2. Let0 < 6 < 1/2, if|Im z| > h%, then VhE; L has an asymptotic expansions in S:
n,+ 1

k jk—2
There are by j k1, Cnjka €5 St if [] bnjki(T2,82:2) = Y. 2%njka(®2, &), we
=0 a=0
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have

Bk~ Z h3 F, (12, 63 2), with

i L (C.2)
Fn,jzz (2 — zn0) 1H ngied (T2, €25 2) (2 = Zn0) 1) -
k=0 1=0
Thus h%Fn,j € SIE=3)+8 I particular, we have
Fn,O = (Z - zn,())il’ Fn,l = Fn,Ozn,an,Oa
(C.3)

Fn y & T Zn
Fn,2 = Fn,O (zn,an,l + Zn,ZFn,O - { = % ’O}> ;

where {-,-} is the Poisson bracket.

3. Let 0 < § < 1/2, if |[Imz| > h?, then 7, has an asymptotic expansions in

k
S§: There are dn,j,k,l(x27€2;z):en,j,k,a(x27£2) €5, st if Hdn,j,k,l($27£2;z> =
=0

k=2
> 2% jkal(T2,&), we have

a=0

rn($27 52; Z, h) ~ Z h%rn,j(an 52; 2, h)> with

§=0
J k
Tnj = Z(z - Zn,O)_l H (dn,j,k,l(x%éé; Z)(Z - Zn,())_l) .
k=0 1=0
s

Thus hzrw € S (JH1)i—g In particular,

Tno = Fn,07 Tna1 = Fn,la Tn2 = Fn,2 - (8zzn,2)Fn,0'
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4. In particular, denote n = x4 + i, then the leading terms of Trez(ry,) are:

2 2
Chiral A2, : Tre2(remo + h%rw,l + hrepe) = — —|— 0+ ”ﬂ( )h,

9 942 2 2
Anti-Chiral %’;ﬁn Trez (Facno + hérac,n,l) =3 - 5 T SnQ(Z EC;)\/E’
22 —c (22 —¢c2)

2

where t(n) = % [02(U_ () — [0 + 40,0-0) — 0,U )P, 0y = 302, -

aosin(8) V()| n£0 aocos(DIV(n)| n#0
i0e,), su(m) =4 and ca(q) =4
a0l V(1) n=0, a0l V(1) n=0.

We will prove Proposition C.0.1 in the rest of this appendix in two steps: First, we
compute explicitly the leading terms (three terms for the chiral model, two for anti-
chiral model) in the expansion of Z,(x,&;2,h), the symbol of ZV, where E, +

Vh(z — ZV) by (4.33). Then, we derive in general the z dependence for each term in
the expansion of £, 1, from which we build up both the legitimacy of the existence

of asymptotic expansions of E,, ! and 7, and the z dependence for each terms in the

expansions.
Explicit leading terms. Recall that by (4.33) and (4.36), E, + = Vh(z — ZV) with

ZW (w3, hDyyih) = REVYV(I +VhES, V) 'R;,

o (C.4)
=N " hE (-0 REVV(ES, VYR, = Zh QW (2, hD,,; h),
k=0 k=0
where R, Ef,,, 7" are given in (4.28), (4.31) and (4.36). Then we can express the

asymptotic expansion of Z, (2, &) in terms of Q, x(x2,&2):

Proposition C.0.2. Let Q) (22, hDy,;h) = (—1)*REVV(ES, VW)ER,. Then sym-
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bols Qn.0, Qni1, Qn2 have the following asymptotic expansions

Qno(w2, 6 h) = QW(w2, &) + VEQUY (2, &) + hQT) (w2, &) + Os(h?),
Qna(m2,82;h) = Qﬁfi(xz,&) + \/ﬁ@gﬁ(%a&) + Os(h),
Qn2(12,62:h) = Qg?)z(xz,&) +0s(Vh).

In the chiral model, for n = xy + i, D, = %(Dx2 —1Dg,),
a?\,
Qf:(,?l,o = QEQr)Lo = ngr)m =0, Q((ZO’I?L]_ = _IT UU|2 - \U,m 03,
O A 0 D,U — D;U_
Qc,n,O - 2 _ )
D,U_ — D;U 0

(

=2 2In[(JU? + |U-?) Dowo +(|U]* = |U-[*)as] n #0,

1
Q=% . [P o
—4z n = 0.
0 |U_f?

\

While in the anti-chiral model, when H#° = ., we have, when n = 0,

1 0 1 0
Qgc?o,o = Q;g,c?o,l = Q;C?O,l = Q;(ac?oz =0,

_9;
\%
© _ €z @ _ %
Qac,0,0 = Qo 0 ’Qac,0,0 - Z 0. _
exV* 0 e2'Ng, e,V

0 e_gisz,&V
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when n # 0,

a2|V]? sin? (¢ za2|V|? sin? (¢
Qa(w)no - O Qacnl % ]12><27 Qe(\,gn,l = - 0| l)\Q (2) ]12><27

0o v |V [2sin?($)cos(g) [ OV

0 0 0

Qf(ﬂlC?TL,O = Qo COS(%) 7Qgc?n,2 = - 4)\22 : . )

V 0 n V= 0

0 A, eV
Qz(azc?mO - % (Z\n\ cos(g) — {03 sin(g)) ) 22
Axmv 0

(e}
In particular, Z, has an asymptotic expansion Z, ~ hgzn,k in S with
k=0

0 0 1 2
200 = QW) 201 = QYL+ Q) 2o = QW+ Q)+ QF).

Proof. Notice that @y, x(z2, &) = fR (KY(zy)) %w#(Egm“/;w)#sz(xl)dxl. Re-
call that by (4.29), (4.1), and (4.31), we have

Thus, inserting the above expressions into the definition of ), x, we find for its symbol

-
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where T% = T% (9 + h%xl, & — h%Dxl). In particular,

Q 0 J @) TPu, b day
n,0 — B ,

f(uge)*(T“’)*udel

_ u9 *Twe—O Tw *u(’dx 0
le _ f( n) O,n( ) nWl1 ) 7 and

0 _f(uga)*(Tw) 60nTw 9d$1
0 WV Twes? (Tw) el Ty Odx,
Q n 0,n 0,n
n,2 — R
J w1y eOnTweOn(Tw)* b day 0

(C.5)

Notice that since both 7% and 68771 depend on h, we need to further expand them in
order to obtain asymptotic expansions of (), ;. Thus the proof of Proposition C.0.2

rests now on the following two lemmas.

Lemma C.0.3 (Expansion of 7% and € n)-
1. Let T € C3°(R2). Recall that T(x,€) = T(xs+h2wy, & —hi&) € S(RL,). Then

T"(z, Dy, &) = T(22,&) + VI(Viy e, T (22, &), (21, — Dy, ))

h
+ §<($17—Dm)aHeSST(ﬁz,fz)(il?l,—D D7)+ Osee

3
2

)

sz, m,)) (h

152

2. Let ef),, be as in (4.31). Then egn(a: Dzl,&) has asymptotic expansion €f, ~

Xk
> hzay(ef,) where ox(e,) = > G (Am—An)’““

k=0 m#n
Lemma C.0.4 (Projections). Let S¢ = span{u’,u® } with S, := S°. The following

properties hold:
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1. We have S = S, in particular u?, = cos (£) u,,? + isin (%) uZf.

n 7’

0 «
2. Let M = € C?*2 then Mu, € S,_1 U Syi1, for any n > 0. More
6 0
specifically for 6 =0

ol 151}
Mugy, = — (g1 — U—(n+1)):F?(Un71 + u—(n—l))a Jorn >2

Muyy = —(us —u_9) £ ﬁuo, and Mugy =

9 \/§ E(Ul —u_l).

3. We have z1ul € S8_, U S? |, D,ul € S8, USY. . More specifically

1 %'n

oy = L2l (Vi D) 4 (VA VA T)

+ul  (Vn+1+n) iug(n+1)(\/n+ 1LFv/n)], for|n|>2
4

7
0 0
Ty, = Uy +

5 [us(V2 £ V1) +uly(V2F V1)) and 2rug = = (uf + uly).

4

Proof. We omit the proof of this Lemma here as it follows from straightforward but

lengthy basis expansions and the simple observation that (u;? u’) = cos (g) Omn +

isin (%) 6, —n. O

From the preceding Lemmas C.0.3 and C.0.4, we can compute the asymptotic expan-

sion of each term of @, x in (C.5) and therefore prove Prop.C.0.2.
For the (1,2)-entry of @0, by Lemma C.0.3, we have

/(ui)*f“’unedaz‘l :/(ufl)*Tunedxl + \/E/(ufl)*(Vm’gQT, (x1, —Dx1)>u;9dx1

+ g /(ui)*((xl, —D,,),Hess T(x9, &) (21, — Dy, ) uy, day
).

N

=itiip + Vhiliy + iy + Osge, \(h

£51C2x2
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Specializing now to the chiral case, in which case 8 = 0, we choose

0 a1 U(1,8)
aU_(12,&) 0

T(x9,&) =

where in the chiral case, by Lemmas C.0.3 and C.0.4, we see that

AnQr1t

gnO_O t((zan_ 2 (a U—_a U) and thL,O:(L

while in the anti-chiral case, choosing T'(xs, &) = gV (29, &) idc,, ,

0
agcos(5)V n #£0,
tgi?mO = 2 ) t;]gn,(] = O’ and
0406722"/ n= 07
\
(
@ 5 (2l cos(3) — iogsin(3)) Auye V. m # 0
ac,n,0 —
05N, .,V n=>0

Due to the conjugacy relation [(u?)*(T%)*u;%dx; = ([(u;?)*T*uldz,)*, the expan-
sion of Qf ; follows by (C.5).

Similarly for the (1,1)-entry QY |, denote

— [y T T ubdey = ) + 40V Osas ()
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where, using Lemma 1, in the chiral case,

2

), = == (U2 = [U-[?) and
A —FRII(UP + U= + (UP = [U-P)], n#0
c,n,l =

—odz e, n=0

and in the anti-chiral case

a3|V|25in2(%) 0
O o 7 and ) | —
ac,n,l — ac,n, 1=

0, n=>0

. ad|V|? sin2(%)z

o
S
I
o

In a similar fashion, the (2,2)-entry of @1, defined in (C.5), can be obtained by
precisely the same computations after only replacing # by —@ and T by T, i.e. U
switching with U_ and using V* instead of V. Thus the asymptotic expansion of Q?m

follows.

Similarly for Q? , we restrict us to the (1,2) entry in (C.5). Then, we denote

n

Qﬂwﬁwﬁ@%%ﬂWGmltb+@w e (V)

It follows then by Lemma 1, that in the chiral model ¢ 5 = 0 while in the anti-chiral

) Yc,n,
ad|V|? sin2(g) cos(g

Y3V v By the conjugacy relation

model, tﬁg% =
[ty @y Fren T e = ([ Wy Toe Ty el T, da)

this also yields directly the expansion of QY

ac,n,2*
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Existence, derivation and z-dependence. Now we prove the rest of Prop. C.0.1,
which includes the existence and derivation of asymptotic expansion of E, ! and r,

and the z dependence of each terms in the expansions of F, +, E _li and r,.

Proof of Prop. C.0.1. By (C.4) and Prop. C.0.2, E,+ = Vh(z — Z,), and Z, has

an asymptotic expansion in S. Thus, \/LgEn,i also has an asymptotic expansion in S:

\/LgEmi ~ Z h%En] with F, ; € S. To exhibit the z-dependence, we notice that only
J

Ey., depends on z in (C.4). Thus, by (4.40), we have

Z) = RyV" (W 4+VhEy, V") 'R, = R{ VYR, + > RV (VhE, 7V)" R,
a=1

x X B
S Yowe | SRS ()
,3:0 m n

a=1 m#n "

— RYVVR + Z Z W21 AY (29, hD,,)

a=1 v=0

1
RV R Z (jz Mk(@,th))

=1 k=0

for some appropriate A, o(%2,&) € S and a, (72, &) € S. Thus we proved part

(1).

For \/EE; !, first of all, by a parametrix construction using the formal expansion of

the sharp product

a#b Zk' (( Dx27D£27D D )> (a(x27£2>b(y777>>>

T2=Y, &2 =n

we can formally derive (C.2) and (C.3). More specifically, there is a formal expansion of

\/EE;L which is denoted by VhF, ~ > h%Fw-, s.t. \/LﬁEni%L\/ﬁFn = ly45. Denote
J
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0(Dyy, De,; Dy, Dyy) in (C.6) by o, we can solve for F, ; by considering

]12><2 = En’:t%LFn_l ~ Z Z h%En,a%:éFn,,B

z2=Yy,§2="

Then we compare the parameter of the term of h% on both sides and get

j—a—8

. :ZB<(5) " (Bualen &)y, n>>>

Y

$2=y7§2 =n

from which we can solve for F, ;. Furthermore, by (C.1) and E, o = z — 2,0, We can

check inductively that for j > 0, there are b, j 5, cpjr st

J

k
Fn,j:ZZ_ZnO IH n]klx27£27 )(Z_Zn,O)_1)7

k=0 1=0
k j+k—2
1 . _ e .
with an7j7k7l($2,€2, z) = E 2%Cp j 122, &), for appropriate ¢, ;r € S.
=0 a=0

Notice that %ﬁ differs from the actual sharp product #:

a#b=e '30(Da3,Dey3Dy, D) (a2, 62)0(y, M) |2a=y, e2=n- (C.7)

Now we claim that this formal expansion for vAhF, is legitimate as an asymptotic
expansion in S¢ and in fact, it is exactly the asymptotic expansion of \/EEME when

2] < 2||7 || and |Im z| > h°. In fact, VA(E,L — F,) € S~
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In fact, since |z| is bounded and |Im z| > h? and F, ; is a rational function in z, thus
hiF,; € S§(5 2 Since j(6 —3) + 8 — —o0, (C.2) is not only a formal expansion

but is indeed an asymptotic expansion of F, in the symbol class Sg.

Furthermore, comparing (C.6) with (C.7), we see that F,#FE, =1 — R, with R, €
S, By Beal’s lemma, there is R, € S~ s.t. (1 — RW)™' = 1 - RY. Thus
\/EE; L=F#(1-R") ¢ 52 and have exactly the same asymptotic expansion as F,

in (C.2) since R, € S;>. Thus part (2) is proved.

It follows that 7, := 0., +#FE,, ! is also well-defined with an asymptotic expansion

in Sg. Since

2

o~ S W30 Eno# Y hiF,,
a=0 B=0
WD Wl (A RENERIBERURS)Y
a=0 8=0 =0 z2=Yy,§2="
) j—a=p
=0 a=0 5=0

Jj Jj—a .
ZZ h%rw‘,a,ﬁ ((%U)

(Ena(T2, 2 2) Fo gy, m; Z)))

x2 :y7£2 =n

Combining it with part (1) and (2) and the fact that o is linear in D,,, De,, we get
part (3). Part (4) follows directly from part (1), (2), (3) with Prop. C.0.2. O
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Appendix D

For the proof of Lemma 4.5.8

In this appendix, we provide several lemmas that together complete the proof of Lemma
4.5.8. We start with a proposition that expresses the Hilbert-Schmidt norm of the

quantization in terms of its operator-valued symbol.

Proposition D.0.1. Let 4, 5 be two Hilbert spaces. Let P : R* — L(3A; 5)
be an operator-valued symbol in the symbol class S(R : L(H4; 75)). Furthermore, let
|-Ilas denote the Hilbert-Schmidt norm of maps 4 to s or L*(R,; 74) to L*(R,; 7).
Then

1
w 2 _ 2
IPY (kD) s = 57 [ 1P )l dy dn

In particular, if 760 = 75 = R, for the scalar-valued symbol P, we have

Hp<yan)|’%2(R2;R)

|PY (g, hD,) s = ——

(D.1)

The next Lemma allows us to interchange the order of trace and integration.
Lemma D.0.2. Let E,, _, E, . be as in (4.32). Let fl;v, ]_l;V be as in the proof of
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Lemma 4.5.7. Then, there exists a constant C' > 0 such that

W — =W _
HIlR Em—”HS(LQ(Rg)vLQ(RzQ)) S Ch 1/2R and ||En,—]lR HHS(L2(R%),L2(RI2)) S Ch 1/2R.

Proof. The first equation follows from (D.1). For the second equation, we first recall

that

Claim D.1. Ifa € S(R*"; L(X,Y);mq), b € S(R*; HS(Y, Z); m3) and mymy(z,§) €

LZ(R?C’E), where my, my are order functions, then

b#a € S(R*™; HS(X, Z);myms) and (b#a)" = b"a" € HS(L*(R?; X); L*(R™;Y)).

Similar to Lemma 1 in [86], we can show that

Claim D.2. For any k' s.t. 1 < k', we have

1. Ep_(22,6) € S(R2, . : L(B;¥:C?)),

2,627 1 )

2. Ip(x, Dy, &) € S(R2, . s HS(L2 5 B );m), where m(ws, &) = (1+ (|(22,&)] —

1) T

R))™¥ is the order function.

Then it follows that, by Claim D.1, we have B, _#1j, € S(R?, . ;HS(L2,);m), i.e.

2,62
1B, #15(x2, &) lms(r2,) < mlw2, &) = (14 (|22, &) = R)1) ™

Thus by Prop. D.0.1, since for all £ > 0,

/ [+ ((x2, &) — R)4] " dwde = nR? + O(R™™ (72842 = O(R?),
R2
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we get ||En,—ﬂg/||HS(L2(RI2;L2(R11;C4));L2(R12;(C2)) < Ch™'2R and the Lemma is proved.

]

Lemma D.0.3. Let E,, _, E, 1, E, 1 be as in (4.32). For Imz # 0, both operators
iy B E;\E, 1l and 1y E, E, E, 41y

are trace class as bounded linear operators L(L?(R,,; L*(Ry,; C*))) and L(L*(R,,; C?)),

respectively.

Proof. By Lemma D.0.2, the fact that ]NIEVE,L# is the adjoint of En’_ilg/ and bounded-

ness of E, ¢ from (4.35), we have

o i ) < O
Try (1, En7+EniEn,,IlR) < h%|1mz| and Tr2(ﬂ;VEn,fEn,+En,li]12/) < h%|1mz|.

The second proposition allows us to change the position of E, _ in the averaging and

limiting process in the proof of Lemma 4.5.8.

Lemma D.0.4. Let E,, _, E, 1, E, 1 be as in (4.32), then

3
_ —w =W CR:>
Trrereicey(Ay Ent By L En - 17) — Trram, o0 (Ig En—En B, 4 1R ) < hlTm 2]
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Proof. Since Tr(AB) = Tr(BA) when AB and BA are both of trace class.

Tv,(liy B, By LB, T ) — Trao(ly B, E,  E; A1)
~W o — _
= Tro(En- (1 ' Bu By L) = Tro(1 ) B - Bun B, )
= Tvs (B, 1y — T B, ) Bu B k| 4+ T [T (B T = T3 B )Bi Bk
~W . W -1
=Tty [[En,,, 1wy EMEHJJ 4 Try []lR (B Iglw By By L

= TI'Q(Al) + TI"Q(AQ)

w

where [E, _, 1|y = En,,ilg/ —1g E, . Then the following claim completes the proof.

Claim D.3. ForImz #£ 0, Ay, Ay are trace class operators and there is a C > 0 such
that
TI‘Q(Al), TI‘Q(AQ) S Ch_1| Im Z|_3/2R3/2.

Proof of Claim D.3. From Lemma D.0.2, we already know
“[Em—’ IlR]WHHSW < Ch_1/2Rv

where HSY = HS(L?*(R,,; L*(R,,;CY)); L*(R,,; C?)). We will improve the upper
bound from Ch™'/2R to Ch~'/?R/2,

Let X% =1 — X, Tl; — 1 — 1. First notice that from the proof of Lemma D.0.2, and

replacing Xr by X%, we have

H[En,—a HR]w($2>€2)”HS < [1+(R—|832752)|)+]k’ ||[En,—v ﬂ?%]w(x%éé)HHS < [1+(\(m2g;k)\_3)+]k
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where [E, _, 15| (22, &) = En_#1—1z#E, _ is the symbol in (3, &) of [E, _, 1g]w
and HS = HS(L?*(R,,; C*); C?). Since [E, _,1g]y, = —[En_, 1$]w, we have

1B~ Ll (w2, €2) s < [l + [[(22, &) = RI".

Thus by Prop. D.0.1 and a strightfoward computation of the following integral

o [l @)l = R duadts = fopgyor s + o =

z2,£2

O(R)7

we find that ||[E, _, 1z]w||gsw < Ch~Y2RY2. Since fl;VEw is the adjoint of E, _ fl;v,

this yields that

Tr(Ay) < Ch=32R¥? Tr(Ay) < Ch™®%R3/2.

In next Lemma, we summarize the averaging property of the periodic symbols to reduce

the regularized trace to a fundamental cell.

Lemma D.0.5. Let B, _, E, 4, E,+, 1g be as in (4.32). Then

o1 _ o
}%5204—]%2 o Tre2 (1g#0. En s #E, s #15) dvy d&;

1 ~
:E/ (%f Tr(c2(aZEn7:t#E;’i> dIL‘Q dfg
E

The proof of this Lemma can be found in [86, Prop.3].
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Appendix E

Magnetic Bloch function on torus

In this appendix, we construct Bloch functions associated to the magnetic Dirac op-
erator Hp defined in (4.1) following [45], for a constant magnetic field B under the

symmetric gauge A(z) = —Ziz.

We now consider the Bloch-Floquet transformed magnetic Dirac operator Hp with

- 0 ax
ax :=a+k=2D,— A(z), Hpx :=

*

ar. 0
Proposition E.0.1. For any k € E}, there is a sequence of Bloch function 1,y €

L%(E)), such that

ak%,k =0, Gk¢n,k = \/ﬁwn—l,b al*(wn,k =vn+ 1¢n+1,k-

The zero mode function v x(2) is given by

z2 . r 1 )
Yox(2) = Coe %) fi (2 e e 1Re(R) it fi(z) = eMmkta)zy, | = 2w |,
’ 22 \ 47\
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Figure E.1: Periodic wavefunction at zeroth order Landau level.

where S(z) = |Z|jB, U is a Jacobi theta function and zx = 2Awk — idwk — iAok + 1 +£.

Let ¢_1x := 0. In particular, Hp yx has eigenfunction u,x with eigenvalues A, x for

1
sen(n )y, — = n#0
Unx = C, B ()1 , O = v . Anx = sen(n)/2|n|B, Vn € N.

VYjn) k 1 n=0

Any T-periodic function f is, for some suitable coefficients (f,), of the form f(z) =

> nezz [a€™™X where n - x = nyxy + nox, with

i(wz — w2)

V3

i(wz — @z).

N (E.1)

T, = and x9 =

We now aim to construct Bloch functions in the presence of a constant magnetic field
in addition to a periodic magnetic potential, for which the vector potential is also

periodic, with Fourier expansion following (E.1)

Aper(@1(Ow) + 22(M?)) = Y Ape®™ € LX(C/T). (E.2)
nez?\{0}
Proposition E.0.2. Let I' = \(Z x wZ) where A = Blf:f(w). The zero mode Bloch
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function (9 ax,0) to a Floquet transformed magnetic Dirac operator

0 (ai + A%,.)

per
HD,per = >

(ak + Aper) 0

with both a constant magnetic field By and a periodic magnetic field with vector poten-
tial (E.2), where Aper € L*(C/T), is characterised by (ax + Aper)o.ax = 0. For each

k € C, there exists a unique solution

\/g)\ An 2min-x
. i Z e }

niw? — Now

Yo.ak(2) = Gox(2) exp [ - (£3)

nezZ\{0}

for z = dw(z1 + wxy) where we use (E.1). Similarly, (—2i0, + Aper(z))ibvo(z) =0 has

a periodic solution ¥y(z) = exp [— % > M} :

now?—niw
neZ?\{0}

Proof. Notice that for arbitrary ¢, we have e ?aye? = ay — 2i0:¢(z). If we can find ¢
s.t. —2i0:0(2) = Aper, then ¥y 41 = e %1y satisfies (ayx + Aper)10.ax = 0. From (E.1)

we find

8—62”‘1"‘ _ 21

z _E

- A 2T
(n1w2 _ n2w)€27rzn~x and 62627rzn-x _

V3

(n2w2 _ nlw)e%rin-x

we see that ¢(z) = % > mwf—jnwe%mz is a solution. O

nez2\{0}
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