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Abstract

Coisotropic Symplectic Topology and

Periodic Orbits in Symplectic Dynamics
by

Marta Batoréo

The main theme of this thesis is the interaction between symplectic topology
and Hamiltonian and symplectic dynamics.

The first problem considered in this thesis concerns symplectic topology of
coisotropic submanifolds. We revisit the definition of the coisotropic Maslov index and
prove a Maslov index rigidity result for stable coisotropic submanifolds in a broad class
of ambient symplectic manifolds. Furthermore, we establish a nearby existence theorem
for the same class of ambient manifolds. The main tools used to achieve these goals
are Hamiltonian Floer homology and Kerman’s “pinned” action selector.

The existence of periodic orbits of symplectomorphisms lies at the center of
the second problem we consider. We are interested in a variant of the Conley conjecture
which asserts the existence of infinitely many periodic orbits of a symplectomorphism if
it has a fixed point which is unnecessary in some sense. More specifically, we show that,
for a certain class of closed monotone symplectic manifolds, any symplectomorphism
isotopic to the identity with a hyperbolic fixed point must necessarily have infinitely
many periodic orbits as long as the symplectomorphism satisfies some constraints on the
flux. The main tool used to prove this result is Floer homology for symplectomorphisms,

i.e. the Floer-Novikov homology.
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Chapter 1

Introduction

The subject of this thesis is symplectic topology with particular focus on the
topology of coisotropic submanifolds and on periodic orbits of symplectomorphisms.

Periodic orbits are among the most fundamental objects in dynamics. The
question about the existence of such orbits in Hamiltonian dynamics, where there is
no dissipation of energy, initially arose in the study of classical systems in celestial
mechanics. Classical mechanics is concerned with the laws describing the motion of
bodies under the action of a system of forces. Classically very little was known about
periodic orbits of Hamiltonian systems or fixed points of symplectomorphisms until in
the 1920s Birkhoff proved Poincare’s last geometrical theorem which asserts that an
area preserving twist map of the annulus must have at least two different fixed points.

Modern symplectic topology has its historical origin in classical Hamiltonian
mechanics on cotangent bundles. In this physical setting, a manifold X can be thought
of as the possible positions of particles in the physical system and the symplectic
manifold T* X, the cotangent bundle of X, is the phase space: all the possible positions
and momenta. A function defined on the phase space T*X is then the Hamiltonian.

Coisotropic submanifolds play an important role in symplectic geometry: they
describe systems with symmetries and provide a method to generate new symplectic
spaces (symplectic reduction) and they appear in homological mirror symmetry.

Two important classes of examples of coisotropic submanifolds are Lagrangian
submanifolds, which have half the dimension of the ambient manifold, and hypersur-
faces, which have codimension one. The dimension of a coisotropic submanifold ranges

between these two cases. These submanifolds also carry a natural foliation, called the



characteristic foliation, whose leaves have dimension equal to the codimension of the
submanifold. One of the topics of this thesis is the existence of special closed curves
in this foliation which can be viewed as a generalization of the existence of closed cha-
racteristics on a hypersurface in R?"?: if the parametrization of the periodic solutions
is neglected, the later problem aims for closed characteristics of a distinguished line
bundle over a hypersurface in a symplectic manifold, the characteristic line bundle.
Weinstein conjectured in [Wei79] that a hypersurface of a certain type always carries
a closed characteristic and Viterbo established it in [Vit87]. Other results within this
framework include the existence of periodic solutions of certain Hamiltonian systems
on prescribed energy levels; for instance, in [Rab79] and [HZ11].

In this setting, our first main result in this thesis is on the Maslov index
and symplectic area rigidity for coisotropic submanifolds in a broad class of ambient
symplectic manifolds. In [Zil09] and [Ginll], the Maslov index is defined for loops
in coisotropic submanifolds which are tangent to the characteristic foliation of the
coisotropic submanifold. The Maslov index of such a loop, z: S' — M, is the (Conley-
Zehnder) mean index A of a symplectic path which is a lift of the holonomy along the
loop to the pull-back bundle *T'M. Although such a lift is not unique, the coisotropic
Maslov index p is a well-defined real valued index.

With this definition of the coisotropic Maslov index, we prove (cf. [Bat12])
a result on the Maslov class rigidity. More specifically, given a closed displaceable
stable coisotropic submanifold, we show that there exists a non-trivial loop lying in
the submanifold with Maslov index bounded below by 1 and above by 2n 4+ 1 — k,
where 2n is the dimension of the symplectic manifold and k the codimension of the
coisotropic submanifold (see Theorem 2.1.3). Moreover, the result gives bounds on
the symplectic area bounded by the loop; this area is positive and bounded above
by the displacement energy of the coisotropic submanifold. This result was proved
by Ginzburg in [Ginll] for ambient symplectic manifolds which are symplectically
aspherical. The case where the characteristic foliation is a fibration is also considered
in [Zil09]. We extend the result in [Ginl1] to certain rational manifolds which need not
be symplectically aspherical. In the spherical case, the obtained loop may be trivial
with non-trivial capping. Hence, in our theorem we state conditions on the ambient
manifold for which this loop is non-trivial and has the referred bounds on the Maslov

index and on the symplectic area.



The Maslov class rigidity for Lagrangian submanifolds was originally studied
by Viterbo in [Vit90] for the Lagrangian torus and by Polterovich in [Pol91a, Pol91b],
for instance, for monotone Lagrangian submanifolds. These results show that the
Maslov class satisfies certain restrictions. Namely, the minimal Maslov number lies
between 1 and n + 1. Audin was the first to conjecture (as far as we know) that the
minimal Maslov number is 2 for the Lagrangian torus; cf. [Aud88]. Fukaya proved
this conjecture in [Fuk06]. There are two methods to prove this type of results. One
approach, introduced by Gromov in [Gro85], uses holomorphic curves. This approach
is the one used, for instance, by Audin and Polterovich (see also [ALP94]). A different
approach relies on Hamiltonian Floer homology and is found, for instance, in the work
of Viterbo, Kerman and Sirikgi; see also [Ker09, KS10].

The proof of our result follows the method used by Ginzburg in [Ginl1] which
is based on the second approach mentioned above together with the stability condition
and certain lower bounds on the energy estimated by Bolle in [Bol96, Bol98]. The proof
also relies on a suitable action selector introduced in [Ker09, KS10].

The second part of our theorem, which gives bounds on the symplectic area
bounded by the loop, complements and partially generalizes numerous rigidity results
for the Liouville class. Among these are Liouville class rigidity results for Lagrangian
submanifolds (see e.g. [Che96, Che98, Gro85, Oh97, Pol93)]), for stable coisotropic sub-
manfiolds (see e.g. [Gin07, Ker08, Ushl1]) and for hypersurfaces of restricted contact
type (see e.g. [Sch06]).

Furthermore, we prove a theorem of dense or nearby existence (Theorem 2.1.4)
which guarantees the existence of periodic orbits for a dense set of energy levels. This
result is established in [Gin07] for symplectically aspherical manifolds and, as mentioned
there, it can be viewed as a generalization of the existence of closed characteristics on
stable hypersurfaces in R?" established in [HZ11]. We state this nearby existence
theorem for a broader class of rational symplectic manifolds.

Our theorems hold for a large class of manifolds including negative monotone
manifolds (see definition in Section 3.1). Standard examples are surfaces of genus
greater than two and the hypersurface in CP" defined by 27" + ... + 2;;' = 0 where
m>n+ 1.

The second main result of our investigation concerns the geometric behavior

of symplectomorphisms. Namely, we are interested in the existence and number of their



periodic points. There are many interesting results for Hamiltonian diffeomorphisms.

Floer, in [Flo89], introduced a new approach, now called Floer theory, to es-
tablish the Arnold conjecture giving a positive lower bound on the number of fixed
points of such diffeomorphisms. However, the main focus of our work is on symplec-
tomorphisms which need not be generated by Hamiltonians. There are also variations
of Floer theory applicable in this case introduced by Dostoglou and Salamon in [DS93]
and Lé and Ono in [LO95, Ono95], but, in contrast with the Hamiltonian case, one
cannot expect Floer homology to immediately yield the existence of fixed points. For
example, a rotation of the two-torus is a symplectomorphism without fixed points.

Although here we are interested in symplectomorphisms which do not necessa-
rily arise from Hamiltonians, our result (cf. [Bat]) can be viewed in the context of what is
often referred to the Conley conjecture ([Con84]) which claims the existence of infinitely
many periodic orbits (of a Hamiltonian diffeomorphism). The conjecture was shown to
be true for symplectic manifolds with C1|7r2( ) = 0 and also for negative monotone ma-
nifolds; see [CGG11, GG09, Heil2] and also [FHO03, Gin10, GG12a, Hin09, LC06, SZ92].
The main difference between the Conley conjecture and our result is that in the Conley
conjecture the existence of periodic orbits is unconditional whereas in our result the
symplectomorphism is required to have one contractible (hyperbolic) periodic orbit.
Without loss of generality, when a periodic orbit is contractible, we may assume it is a
fixed point. Hence, for the sake of simplicity, from now on we consider the hyperbolic
periodic orbit v to be constant; see beginning of Section 5.2.2 for more details.

Due to this assumption on the existence of a periodic orbit of a specific type,
our result fits more accurately under what Giirel describes in [Giirl2b, Giirl2a] as the
generalized HZ-conjecture; see also [GG12b]. This variant of the Conley conjecture
claims that a Hamiltonian diffeomorphism with more than necessary fixed points has
infinitely many periodic points where more than necessary is interpreted as the lower
bound on the number of fixed points provided by some form of the Arnold conjecture.
For CP", the expected threshold is n + 1. The HZ-conjecture was originally stated (as
far as we know) in this form by Hofer and Zehnder in [HZ11, p.263] and was motivated
by the results of Gamboudo and Le Calvez in [GLC99] and Franks in [Fra88] (see also
[Fra92, Fra96]) where they prove that an area preserving diffeomorphism of S? having
at least three fixed points admits automatically infinitely many periodic points; see

also [BH11, CKR"12, Ker12] for symplectic topological proofs. In a broader context,



it appears that the presence of a fixed point that is unnecessary from a homological
or geometrical perspective is already sufficient to force the existence of infinitely many
periodic points. In fact, our theorem (see Theorem 2.2.1 and cf. [Bat]) asserts that, for
a certain class of symplectic manifolds, a symplectomorphism (isotopic to the identity)
with a hyperbolic fixed point must admit infinitely many periodic points (as long as it
satisfies some condition on its flux). The theorem is a symplectic analogue of a result
proved in [GG12b] for Hamiltonian diffeomorphisms. There are few results directly
supporting the conjecture for dimension greater than two: in addition to [GG12b],
a “local version” of the conjecture is considered in [GG12b] and the conjecture is
presented for non-contractible orbits in [Giir12b].

Some examples of manifolds that meet the requirements of Theorem 2.2.1
and admit symplectomorphisms (which are not Hamiltonian diffeomorphisms) with
periodic points are the product of complex projective spaces with tori CP" x T?™ (with

m + 2 < n) and the product of complex Grassmannians with tori Gr(2, N) x T2



Chapter 2

Main results

2.1 Rigidity of the coisotropic Maslov index

and the nearby existence theorem

In this section we state and discuss our result on the Maslov index and sym-
plectic area rigidity for coisotropic submanifolds (cf. [Bat12]). In order to state the
theorem, we must first briefly describe the Maslov index for loops in coisotropic sub-
manifolds (for a more detailed description of this index we refer the reader to Sec-
tion 3.4.1).

In the Lagrangian setting, the Maslov index gives an explicit isomorphism,
w: 71 (A(n)) — Z, between the fundamental group of the Lagrangian Grassmannian

and Z (cf. [Arn67]) and the Maslov class is given by the generator of

H'(A(n),Z) = m(A(n))

12

Z.

Then, the Maslov index of a loop z: S' — L in a closed Lagrangian submanifold,
p(x) € Z, is obtained using the above index together with a trivialization of T L.
For closed coisotropic submanifolds, the Maslov index is defined (|Ginll,
Zil09]) for loops tangent to the characteristic foliation as the mean (Conley-Zehnder)
index of a symplectic path obtained from a lift of the holonomy along the loop to the
pull back z*T'M. This is a well-defined real valued index, p(z,u) € R (see Exam-
ple 2.1.2), and it generalizes the usual Lagrangian Maslov index. More specifically, let
(M?",w) be a symplectic manifold and N2"~* a closed coisotropic submanifold of M of

codimension k. Then (T,N)¥ C T,N for each p € N and, denoting by wy the restric-



tion of w to N, we note that the distribution TN := kerwy on N is integrable. By
the Frobenius theorem, there is a foliation F (the characteristic foliation) on N whose
tangent spaces are given by T'N¥, i.e. T'F = kerwy, and the rank of this foliation is

k. Consider a capped loop Z = (z,u) tangent to T'F and the holonomy along x
Hy: T+ Fp) = T Fo.-
There is a symplectic vector bundle decomposition of the restriction of TM to IN:
TM|, =(TF®T"N)&TF

where we identify the normal bundle T+F to F in N with TN/TF and the normal
bundle T+ N to N in M with TM/TN. Lift the holonomy along = to z*T'M. The
capping u gives rise to a symplectic trivialization of *T'M, unique up to homotopy,

and hence this lift can be viewed as a symplectic path
U: [0,1] — Sp(2n).
Following [Zil09] (see also [Ginll]) we adopt

Definition 2.1.1. The coisotropic Maslov indez is defined (up to a sign) as the mean
index of this path, i.e.
(w,u) = —A(D).

This Maslov index is independent of the lift of the holonomy along . However,
in general, it depends on the trivialization arising from the capping u (see Section 3.4.1
for the definitions of the indices). The proof that this Maslov index is well-defined can
be found in [Zil09]. In Section 3.4.1, for the sake of completeness, we give a direct proof

of this fact.

Ezample 2.1.2. Consider the Hamiltonian defined in (C",wp) by
n
H(z):=1/2) " M|l
=1

with \; € R* (where wy is the standard symplectic form). The ellipsoid defined as the
regular level set H~1({1}) is a hypersurface (and hence a coisotropic submanifold) of

C". For each j =1,...,n, the loop parameterized by
v;(t) == (0,...,0,2(t),0,...,0)

7



where
zj(t) = etz

(with |2;|> = 2/); and ¢ € [0,27/);]) is a periodic orbit of the Hamiltonian system of
H lying in H=*({1}). A calculation shows that the Maslov index of the loop (v;,u;)
is given by

2 n

pOv, ug) = =A(y5,u5) = += > n

T =1
where u; is some capping of «;. In this case, the index is independent of the capping
we use.

To compute p(v;,u;), we use U = d(@}; )40y the linearized flow along +. The

foliation F is formed by the integral curves of ¢k;. See Section 3.2.1 for the description

of the Maslov index when the loop is a periodic orbit of a Hamiltonian.

With this definition of the coisotropic Maslov index, we prove (in Section 5.1.1)

the following result on the Maslov class rigidity.

Theorem 2.1.3. Let (M?",w) be a rational closed symplectic manifold, N*>"~* ¢ M?"
a closed stable displaceable coisotropic submanifold of M and F its characteristic foli-

ation.

Assume that one of the following conditions is satisfied
e M 1is negative monotone,

e ¢(N) < hy, where e(N) is the displacement energy of N and hq is the rationality
constant of M,

o 2n+ 1 < 2N, where N is the minimal Chern number of M.

Then, for all € > 0, there exists a capped loop ¥ = (v,v) such that 7 is a

non-trivial loop tangent to F and

1< w® <2n+1-k,
0< Area(y) <e(N)+e,

where Area(7) := /w.



The condition that M is closed can be replaced in the theorem by geome-
trically bounded and wide. Recall that a symplectic manifold is said to be wide if
it admits an arbitrarily large, compactly supported, autonomous Hamiltonian whose
Hamiltonian flow has no non-trivial contractible periodic orbits of period less than or
equal to one; see [Giir08] for more details. The proof of the theorem in this case is
essentially the same as when M is closed.

The requirements that IV is displaceable and stable are essential. For ins-
tance, a closed manifold N viewed as the zero section of its cotangent bundle T* N is
not displaceable (cf. [Gro85]) and the Maslov index of a loop in N is always trivial since
m2(T*N,N) = 0. Moreover, the assumption that N is stable cannot be entirely omit-
ted: there exist Hamiltonian systems having no periodic orbits on a compact energy

level which arise as counterexamples to the Seifert conjecture; cf. [Gin99, GG03].

Furthermore, as a corollary of the previous main result we obtain (cf. [Bat12])
a theorem of dense or nearby existence, that is, a theorem which guarantees the exis-
tence of periodic orbits for a dense set of energy levels. This result is presented
in [Gin07] for symplectically aspherical manifolds. Here, we state this nearby exis-
tence theorem for a broader class of rational symplectic manifolds. The structure of
our proof is essentially the same as in the referred paper and the necessary changes are
contained in the proof of the theorem in Section 5.1.2.

Let M be a closed rational symplectic manifold and consider a map ? =
(F1,...,Fy): M — RF whose components Fj are Poisson-commuting Hamiltonians,
ie. {F;, Fj} =0 for i # j and satisfy dFy A...AdF}, # 0 in Ny where N, := ?’1({(1}),
for a € R*, and Ny is a displaceable coisotropic submanifold of M with codimension k.

Assume that one of the following conditions is satisfied
e M is negative monotone,
e e(Ny) < ho,
e 2n+1<2N.

Then we have the following nearby existence result.

Theorem 2.1.4. For a dense set of reqular values a € R¥ near the origin, the level

set N carries a closed curve x (with capping u in M) tangent to the characteristic



foliation F, on N,.

2.2 Hyperbolic points and periodic orbits of symplecto-
morphisms

In this section we state and discuss our result on the existence of infinitely

many periodic orbits of symplectomorphisms. More specifically, we proved (cf. [Bat])

the existence of infinitely many periodic orbits of symplectomorphisms isotopic to the

identity as long as they admit at least one hyperbolic periodic orbit and satisfy some
constraints on the flux.

Consider a symplectomorphism ¢ in the identity component of the group of

symplectomorphisms of (M, w). The flux homomorphism (see definition in Section 3.3)

associates with ¢ a cohomology class [0] in H'(M,R). We say that ¢ has rational flux
if the group formed by the integrals of 6 over the loops in M is discrete, that is,

(0], 7 (M) = hZ

for some h; € R.
Then we have the following result on the periodic orbits of such symplecto-

morphisms.

Theorem 2.2.1. Let M>" be strictly monotone (i.e. M is monotone and ci,n) # 0

and [w]|x, 1) # 0). Assume that
e N >n/2+1 (where N is the minimal Chern number) and
Bxa=q[M] in HQ.(M)=H.,(M)®A (2.2.1)
for some ordinary homology classes o, B € H (M), with deg(c), deg(B) < 2n.
Then any symplectomorphism in Sympy(M,w) with
e a contractible hyperbolic periodic orbit v and
e rational flur where hy = (p/r)hy (where hy is the rationality constant of M)

has infinitely many periodic orbits.
Here p and r are coprime positive integers and q is the element of the Novikov

ring defined as in Section 4.5.1.

10



The assumption on the existence of a hyperbolic periodic orbit v is extremely
important. A significant feature of hyperbolic orbits is the fact that the energy of
(Floer) trajectories approaching an iteration of v and crossing its fixed neighborhood
cannot be small, i.e. is bounded away from zero by a constant independent of the
order of iteration (see Section 5.2.1). The main tool used to prove our result is filtered
Floer-Novikov homology (see Section 4.2.2). Our assumption that the flux and the
action grow together plays an important role in the proof.

The following proposition (proved in Section 5.2.3) leads to examples of sym-

plectomorphisms which meet the requirements of the main theorem.

Proposition 2.2.2. Given a symplectic isotopy ¢y of (M,w) with ¢o = id and a loop
~v in M, there exists a Hamiltonian deformation, ¢, of ¢ such that v is a hyperbolic
one-periodic orbit of V1.

In particular, the fluz of {¢+} is equal to the flux of {1:}.

Ezample 2.2.3. Consider M = CP™ x T?" (where m + 2 < n) with the standard
symplectic form. Recall that, in this case, the symplectic area of T?" is one, c1(T?") = 0
and that, under the normalization wes[go] = m + 1 (where wgg is the Fubini-Studi
form on CP™ and gq is the generator of Ha(CP",R)), CP™ is a monotone symplectic
manifold. Denote the rationality constant of M by hg. Consider a symplectomorphism
¢ given by the shift of § € H'(M,R) with hy = (p/r)ho. The symplectomorphism ¢
has no fixed points. According to the previous proposition, there exists a Hamiltonian
deformation ; of a symplectic path ¢; connecting the identity to ¢ such that v, has
a hyperbolic fixed point.

Remark 2.2.4. The hyperbolicity condition is required so that the orbit has the im-
portant feature mentioned above and which is also described in Section 5.2.1. Hence,
more generally, a symplectomorphism with a periodic orbit having the property in
Theorem 5.2.1 (and satisfying the requirement on its flux) admits infinitely many pe-

riodic orbits.

Remark 2.2.5. Hypothetically the requirements on the minimal Chern number and the
interdependence of the flux and the (spherical) rationality of the manifold can possibly
be relaxed or even eliminated. However, the homological assumption (2.2.1) is crucial

in the proof.

11



The proof of the theorem goes by contradiction and, if a symplectomorphism
admits finitely many fixed points, it admits an iteration k for which the action of all
the k-periodic orbits are in a small neighborhood of A\yZ. Using the feature of the
hyperbolic orbit, the fact that quantum homology acts on the (filtered) Floer-Novikov
homology and condition (2.2.1), we obtain a k-periodic orbit with action outside the
small neighborhood of AgZ. Our assumption that the flux and the action grow together

plays an important role in the proof.

12



Chapter 3

Some facts from symplectic

geometry

In this chapter we introduce the notation used throughout the thesis and
recall some facts about symplectic manifolds and symplectomorphisms considered in
the main theorems.

We are interested in certain structures and properties of symplectic manifolds
which are described in Section 3.1.

Our first result, on the rigidity of the coisotropic Maslov index, concerns the
existence of periodic orbits of a Hamiltonian on coisotropic submanifolds tangent to
its characteristic foliation. The periodic orbits of Hamiltonian systems can be charac-
terized as critical points of a functional on the space of capped loops. In Section 3.2,
we describe this action functional and the mean and Conley-Zehnder indices. In Sec-
tion 3.4, we recall the definition of the Maslov index for coisotropic submanifolds and
give some properties of this index for the so called stable coisotropic submanifolds.

The periodic orbits of symplectomorphisms can also be viewed as critical
points of some functional but in this case on the space of tailed-capped loops. In

Section 3.3, we describe this action functional and the mean index.

3.1 Symplectic manifolds

Our main results are for closed rational symplectic manifolds. In this section

we describe and discuss the properties of such manifolds needed in the proofs. For

13



more details see [MS95].
Recall that (M,w) is closed if it is compact with no boundary and is said to

be (spherically) rational if the group
([w], m(M)) C R
formed by the integrals of w over the spheres in M is discrete, that is,
([w], m2(M)) = hoZ

where hg > 0. When ([w], m2(M)) = 0 we set hg = oco. The constant hg is called the
rationality constant and it is the infimum over the symplectic areas of all nonconstant
spheres in M with positive area. More explicitly,

ho :== inf JA LA) > 0},
0 Aelg(M)“w ) | {w,A) >0}

Consider an almost complex structure J on M compatible with w, i.e. such
that (£,n) := w(§, Jn) is a Riemannian metric on M. For every symplectic manifold
(M,w), the space of compatible almost complex structures is non-empty and con-
tractible. Similarly, a Riemannian metric g is compatible with w if it is of the form
g(+,+) = w(, J-) for some almost complex structure .J.

Denote by ¢; := ¢1(M, J) € H?(M, Z) the first Chern class of M. The minimal
Chern number of a symplectic manifold (M, w) is the integer N' which generates the

discrete group (c1, m2(M)) C R formed by the integrals of ¢; over the spheres in M, i.e.
<Cl, TI'Q(M)> = ./\[Z

where N' € Z*. When (c1,m(M)) = 0, we set N' = oo. The constant N is given
explicitly by

N = AG;I;EM) {(c1,A) | {c1,A) > 0}.

A symplectic manifold (M,w) is called monotone (negative monotone) if the

cohomology classes ¢; and [w] satisfy the condition

Cllmy(ar) = A [W][ry(an)

for some non-negative (respectively, negative) constant A € R.
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The manifold (M,w) is called symplectically aspherical if

01|7r2(M) =0= [W]|7r2(M)-

Notice that a symplectically aspherical manifold is monotone and a monotone (or ne-

gative monotone) manifold is rational.

3.2 Hamiltonian diffeomorphisms
All the Hamiltonians H on M are assumed to be one-periodic in time, namely,
H:S'x M - R,

where S! = R/Z, and we set H; = H(t,-) for t € S'. The Hamiltonian vector field
Xp of H is defined by tx,w = —dH. The time-one map of the flow of the Hamiltonian
vector field X is called a Hamiltonian diffeomorphism and denoted by ¢p.

The composition gp}i o Lp% of two Hamiltonian flows is again Hamiltonian and

it is generated by K# H where
(K#H); = K; + H; o (%)L (3.2.1)

Remark 3.2.1. In general K#H is not a one-periodic Hamiltonian. However, K#H is
one-periodic if Hy = 0 = H;. This condition can be met by reparametrizing the Hamil-
tonian as a function of time without changing the time-one map. Thus, in Section 5.1,

we will usually treat K# H as a one-periodic Hamiltonian.

When two Hamiltonians K and H are one-periodic, we denote by KiH the
two periodic Hamiltonian equal to Ky for ¢ € [0,1] and Hy_; for t € [1,2] (where we
assume K1 = Hp and H; = Kj). Then define the k-periodic Hamiltonian H ok o=
Hy...yH (k times) the natural way.

The Hofer norm of a one-periodic Hamiltonian H is defined by
1
Hl|| := H; — min Hy)dt.
18] = [ g Hy = i 1)
The Hamiltonian diffeomorphism ¢y is said to displace a subset U of M if
erg(U)NU = 1.
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When such a map exists, we call U displaceable and define the displacement energy of
U to be
e(U) :=inf {||H||: ¢ displaces U}

where || - || is the Hofer norm.

3.2.1 Capped loops, the Hamiltonian action functional

Let 2: S — M be a contractible loop with capping u: D* — M, i.e. u|yp2 =
x. Two cappings v and v of x are called equivalent if the integrals of w and of ¢; over
the sphere obtained by attaching u to v are both equal to zero. For instance, when M
is symplectically aspherical, all cappings of x are equivalent. A capped closed curve T
is, by definition, a closed curve z equipped with an equivalence class of cappings.

The action functional of a one-periodic Hamiltonian H on a capped closed
curve T = (x,u) is defined by

A7) = — / wi [ Hie)d
u St

The space of capped closed curves is a covering space of the space of contractible loops
and the critical points of the action functional are exactly the capped one-periodic
orbits of the Hamiltonian vector field Xz. The action spectrum S(H) of H is the set
of critical values of the action.

A (capped) periodic orbit Z of H is said to be non-degenerate if the linearized
return map

ngH: Tx(O)M — Tx(O)M

has no eigenvalues equal to one. Note that capping has no effect on degeneracy or
non-degeneracy of Z.

Using a trivialization of «*T'M arising from the capping of z, the linearized
flow along x

d(p'}_[: TCE(O)M — Tx(t)M

can be viewed as a symplectic path ®: [0,1] — Sp(2n). The mean index of Z is defined
by A(z) := A(®); see Definition 3.4.3. When we need to emphasize the role of H, we
write Ay (Z). A list of properties of the mean index can be found in Section 3.4.1. In

general, the mean index and the action depend on the equivalence class of the capping
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u of the loop z. More concretely, let A be a 2-sphere and denote by T#A the recapping
of T by attaching A. Then we have

AF#A) = AE) — 2 (1, A) and  Ap(3£A) = Ay (z) — /A w.

Consider a non-degenerate path ®: [0,1] — Sp(2n), i.e. such that ®(1) has
no eigenvalues equal to one. We denote by pcy(®) the Conley-Zehnder index of ®.
For a non-degenerate capped closed orbit = (z,u), its Conley-Zehnder index is given
by the Conley-Zehnder index of the symplectic path ® obtained from the linearized
flow dcpfq and a trivialization arising from the capping uw. Up to a sign, it is defined
as in [Sal99, SZ92] and we use the normalization such that poy(Z) = n when 7 is a
non-degenerate maximum (with trivial capping) of an autonomous Hamiltonian with
small Hessian; cf. [GG09].

We have the following relation between the Conley-Zehnder and mean indices

for non-degenerate paths and orbits; cf. [SZ92]:

|IA(®) — ez (P)| < n and hence |A(Z) — pez(T)] < n. (3.2.2)

3.3 Symplectomorphisms

In this section, we recall some properties of symplectomorphisms following
[LO95].

We denote by Symp(M,w) the symplectomorphism group of (M,w) and by
Sympg (M, w) the identity component in Symp(M,w).

Let ¢ € Sympy(M,w) and consider ¢; a symplectic path connecting the iden-
tity to ¢, i.e. ¢g = id and ¢1 = ¢. A vector field X; is defined by:

d
%Qﬁt = Xt o ¢t- (331)

Recall that the flur homomorphism is defined on the universal cover of

Sympg(M,w) as follows:

—~—

Flux : Sympy(M,w) — H'(M,R)
o [/w(Xt,-)dt} (3.3.2)
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Let 6 be a closed one-form which represents the cohomology class F/‘I\u;((gg)
Throughout this work, we assume that the group formed by the integrals of 6 over the

loops in M is discrete, that is,
([0], 71 (M)) = MZ (3.3.3)

for some h; € R. When the group ([0], 71(M)) = 0 we set hy = co. The symplectomor-
phism ¢ is said to have rational flux when (3.3.3) holds.

A symplectomorphism ¢ is called ezact if it is the time-one map of a Hamil-

tonian vector field (see Section 3.2 for the definition).

3.3.1 Tailed-capped loops and the action functional

Let z: S1 — M be a contractible loop, where S! = R/Z, with capping u: D?
— M, i.e. ulgpz = x. Two cappings v and w of x are called equivalent if the integrals
of w and of ¢; over the sphere obtained by attaching v to w are both equal to zero.
Denote by LM the space of (capped) loops in M.

The integration of the form 6 defined by (3.3.2) along loops gives a homomor-
phism

Ip: m (M) — R

7»—)/0.
gl

Consider the covering m: M — M associated with ker Iy C m;(M), i.e. the deck

transformation group of the cover  : M — M is isomorphic to
™ (M)
ker Iy

Denote by ev: LM — M the evaluation map z — x(0) and by ev the corresponding

(3.3.4)

map on LM. Consider the covering space of LM associated to the homomorphisms
Io,: m(M) — R
A — 2/01 =:2(c1,A)
A
and
I,: m(M) — R

AF>—Aw:—@A>
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which we denote by LM. The deck transformation group of the obtained covering
space is isomorphic to the quotient group
mo (M)
ker I, Nker I,

This construction gives rise to a covering space of LM, which we denote by LM , SO

that the following diagram commutes:

LM~ oM 2> M (3.3.5)
T
LM~ M - M

where j is the projection from LM to LM and ; the corresponding projection from

LM to £M. The deck transformation group of LM — LM is the direct sum

(w1 (M)/ ker Ig) @) wa (M) / (ker I, Nker I,,).

An element of the covering space LM is represented by an equivalence class

of pairs (Z,v) where
i) Z is a loop in ]\7,
ii) v is a disc in M bounding 7 and
iii) (Z,v) is equivalent to (y,w) if * = y and
Loy (vt (—w)) = 0 = Ly (vt (-w))
where v = 7(v) and w = w(w).

An element of £M can be viewed as a capped loop with a tail attached to it
in M (see Figure 3.1). Consider an element [(Z,7)] € LM and a capped loop (z,v) in
M such that 7(z) = x and 7(v) = v. Fix a point py € M and consider a path in M,
t, connecting py to x(0). We say that two objects 7= (z,v,t) and ? = (y,w,t’) are

equivalent if
i) v =y,

ii) I, (v#(—w)) = 0 = I, (v#(—w)) and
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DPo

Figure 3.1: Tailed-capped loop

iii) Ip(t#t') = 0 where t#t’ is the concatenation of the paths ¢ and t'.

The equivalence class [%] (in M) corresponds to the equivalence class [(Z,v)] (in M ).
Let ¢ € Sympy(M), ¢ a symplectic path connecting ¢g = id to ¢1 = ¢ and
X, the vector field associated with ¢; (as in (3.3.1)).
Lé and Ono proved in [LO95, Lemma 2.1] that we can deform {¢;} through
symplectic isotopies (keeping the end points fixed) so that the cohomology classes
[w(X],)] and ﬁ&(&) =[] are the same (where X/ is the vector field associated with

the deformed symplectic isotopies ¢y).

Lemma 3.3.1 (Deformation Lemma). For ¢ € %(M,w), there exist
i) a smooth path ¢ in Sympy(M,w) with ¢po = id, ¢1 = ¢ and ¢i41 = ¢ 0 ¢1 and
i1) a Hamiltonian Hy : M — M with Hy11 = Hy

such that
—w(Xt, ) =0 + dHt = (9t.

The fixed points of ¢ = ¢ are in one-to-one correspondence with one-periodic

solutions of the differential equation
.f(t) = Xo, (tv x<t)) (336)

where Xy, is defined by —w(Xy,,-) = 6;.
The set of one-periodic solutions of (3.3.6) is denoted by P(6;) and coincides
with the zero set of the closed one-form defined on the loop space of M, LM, by

0oy (3,6) = /0 W(,€) + 0,(=(8)) (€)dt (3.3.7)
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where x € LM and € € T, LM (i.e. £ is a tangent vector field along the loop x).
By the Deformation Lemma 3.3.1, there exists a periodic Hamiltonian

H:S'x M — R suchthat dH; =0, (teS") (3.3.8)

where 0; ;== —w(Xy,-). The time-dependent Hamiltonian flow on M generated by
E is the pull back of the original symplectic flow on M. In particular, the set of
contractible periodic solutions of the Hamiltonian system P(H) is the set 7~ 1(P(6;))
and P(H) := j*(P(H)) is the critical set of the functional:

1 ~
A (7)) = — /D v+ /0 Bt 5(t))dt (3.3.9)

where 7(v) = v (recall j is given by (3.3.5)). The action functional is homogeneous

with respect to iterations

Ao ([, 0]7) = kAR ([, 7))

where [Z,9]¥ is the k-th iteration of [Z,%] and depends on the equivalence class of the

capping v of the loop z:

where A € mo(M).

3.3.2 Mean index and the augmented action

A one-periodic orbit z of ¢ € Symp(M,w) (i.e. a periodic solution of (3.3.6))

is said to be non-degenerate if
d¢;c(0) : Tx(O)M — T:):(O)M

has no eigenvalues equal to one and z is called hyperbolic if none of the eigenvalues has
absolute value equal to one. Observe that a hyperbolic periodic orbit is non-degenerate.
We say that ¢ (or H when ¢ = @) is non-degenerate if all its one-periodic orbits are
non-degenerate.

Let (x,v) be a capped periodic orbit of ¢. Using a trivialization of x*TM

arising from the capping v, the linearized flow along x
d¢t3 Tac(O)M — Tx(t)M
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can be viewed as a symplectic path ®: [0,1] — Sp(2n). The mean index of (z,v) is
defined by Ag(z,v) := Ay(P); see [SZ92].

Recall that the time-dependent Hamiltonian flow on M generated by H (ob-
tained in Lemma 3.3.1) is the pull back of the original symplectic flow on M, hence a
periodic orbit # € P(H) is non-degenerate if and only if 7(Z) is non-degenerate as a
periodic orbit of ¢ and it is hyperbolic if and only if 7(Z) is hyperbolic as a periodic

orbit of ¢. Moreover,
Ap([z,0]) = Ag((x,v))
and it has the following properties:

Ao ([7,0)F) = kA7([7,7)),

and
Ap([z, v]#A4) = Ax([2,v]) — I, (4)

where A € mo(M). The augmented action is defined by

Ag([.5) = A7) — 2 A7), (3:3.10)

Notice that the augmented action is independent of the capping v and it is homogeneous

with respect to iteration, i.e.

3.4 Coisotropic submanifolds and the Maslov index

We are particularly interested in closed coisotropic submanifolds. Recall, from
Section 2.1, that a N2"~¥ is a coisotropic submanifold if (7, N)* C T,N for each p € N
and that these submanifolds admit a foliation F defined by T'F = T'N®. In this section,
we recall the definition of the Maslov index in this setting and discuss some properties

of this index for stable coisotropic submanifolds.

3.4.1 Definition of the coisotropic the Maslov index

The objective of this section is to revisit the definition of the coisotropic
Maslov index and give a direct proof of the fact that it is well defined. As mentioned

in the introduction, similar notions of index are originally considered in [Ginl1, Zil09].
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First, we define the Maslov index of a loop of coisotropic subspaces of (R?", wg)
where wp := dx A dy and (x,y) are the coordinates in R?" = R™ x R". Then, we define
the Maslov index of a capped loop lying in a coisotropic submanifold and tangent to
the characteristic foliation of the coisotropic submanifold. We start by recalling the
definition of the mean index given in [SZ92]. For its construction, we need a collection

of mappings given by the following theorem:

Theorem 3.4.1 ([SZ92]). There is a unique collection of continuous mappings
p: Sp(V,w) = S'

(one for every symplectic vector space V') satisfying the following conditions:

o Naturality: If T': (Vi,w1) — (Va,w2) is a symplectic isomorphism (that is, T*wq =
w1), then
p(TeT™) = p(e)
for v € Sp(Vi,w1).

o Product: If (V,w) = (V1 x Va,w1 X wa), then
(@) = p(p1)p(p2)
for o € Sp(V,w) of the form (21, 22) = (121, p222) where p; € Sp(V;, w;).
e Determinant: If ¢ € Sp(2n) N O(2n) ~ U(n) is of the form

X =Y
Y X

(p:

then
plp) = det(X +1iY)
o Normalization: If ¢ has no eigenvalues on the unit circle, then
plp) = +1

Remark 3.4.2. The map p: Sp(2n) — S! is given explicitly by

COEIC I | P

A€o (p)NST\{-1,1}
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where o (i) is the set of eigenvalues of ¢, mg is given by

mo == #{{A} | A €a(p)NR}

and m, ()\) is some multiplicity assigned to an eigenvalue A\ € S'\{—1,1}; see page
1316 in [SZ92] for the details of the definition of m.
Notice that only the eigenvalues of ¢ on the unit circle and on the negative

real axis contribute to p(¢).

Then, the definition of the mean index of a path U: [0,1] — Sp(2n) is given
by:

Definition 3.4.3 (Mean Index; [SZ92]). Let W: [0,1] — Sp(2n) be a path of symplectic
matrices. Then choose a function a: [0,1] — R such that p(¥;) = e™*®), The Mean

index of the path W is defined by
A(P) := (1) — a(0)
The mean index A has the following properties:

1. Homotopy Invariance: A(WV) is an invariant of homotopy of ¥ with fixed end

points
2. Concatenation: A is additive with respect to concatenation of paths:
A(T) = A(Yj,q)) + AP |fa,1)
where 0 < a <1
3. Loop: A(e¥) = A(p) + A(pe¥) if either ¢ or U is a loop

4. Naturality: A(TUYT~!) = A(¥) where T: (Vi,w1) — (Va,ws) is a symplectic
isomorphism and ¥ € Sp(V,w;)

5. Product: A(V) = A(¥q) + A(W3) where ¥ € Sp(V = Vi X Vo, w = wy X wy) is
given by W(z1,29) = (V121, Uaz9) where ¥; € Sp(V;,w;).

The Maslov index of a loop of coisotropic subspaces is given (up to a sign) as the mean

index of a certain path of symplectic matrices.
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Definition 3.4.4 (Maslov Index for Coisotropic Subspaces). Consider
C= (Ct)te[o,l]
an oriented loop of coisotropic subspaces of (R?",wg) and
H;: Co/Cy° — Ci/CL°

a path of symplectic linear maps. Recall that a loop C is oriented if one can orient the

space C; (continuous in t) so that Cy and C; have the same orientation. Pick a path

U: [0,1] — Sp(2n) satisfying Wy = Id, ¥;(Cy) = C; and ¥, . =H, (3.4.1)

Co/C§

and define the real valued index p: € — R by
,LL(C, H) = _A(\Il)a

where € is the set of loops of coisotropic subspaces of (R?",wy).
If the loop C is not oriented, we define the Maslov index u(C, H) as half of

the Maslov index of the loop obtained by traversing the initial loop twice.

Proposition 3.4.5. The Maslov index given in Definition 3.4.4 is well defined.

Proof. We prove this proposition in three steps by considering the following cases:
1. The loop C is constant with C; = Lg a fixed Lagrangian subspace of (R?",wy).
2. The loop C is constant with C; = Cy a fixed coisotropic subspace of (R?",wy).
3. General case: C is a loop of coisotropic subspaces of (R?",wy).

Step 1: Assume, without loss of generality, that C is the constant horizontal
loop Lo := {(z,y) € R*" | y = 0}. Then consider ¥: [0,1] — Sp(2n) as in (3.4.1) and
notice that since C; = Lo is Lagrangian, H = 0. For ¢ € [0, 1], we have that U, fixes
the lagrangian L if and only if it is of the form

Ay B
! ! where B AT = A;'B,.
0 AT

This path is homotopic to the concatenation of two symplectic paths of the form:
A B
0 A

: A0 "
v, = ! T and W, =

0 A~ r
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where we essentially first travel along ¥; with By = 0 and then, when we reach

A1 B() =0
0 AT

we build up B; from 0 to Bj.
Since \I/;, has constant eigenvalues, A(¥") = 0. Hence, by property (2), the
mean index of U is equal to the mean index W'

Suppose that A is diagonalizable, i.e., it can be written in the form

(Al)t 0
A, =P, (P)~1 (3.4.2)

::Dt

where P, € Sp(2n) and each block (A;); corresponds to an eigenvalue (\;); of A;. Then,

in this case,

-1

A4 0 P 0 D, 0 P 0
0 A T 0o P77 0o DT 0o P77
—_———
=:1

and, by the naturality property of the map p, we have p(¥;) = p(I'y) for all t € [0, 1].

Claim 3.4.6. For allt € [0, 1], we have p(I'y) = 1.

Proof. For the sake of simplicity, we will drop, for now, the subscript ¢ in the notation.

By Remark 3.4.2, we have

o) = (1o [ A
A€o (T)NST\{—1,1}
= (1™ H A () ma (V)

Aeo(T)NS\{-1,1}
ImA>0

= (=1)mo H AN =mp (V) (3.4.3)

Aeo(D)NSI\{-1,1}
ImA>0

where o (T") is the spectrum of I'. Recall that only the eigenvalues of I' on the unit circle
and on the negative real axis contribute to p(I'). Regarding the eigenvalues on S, it

can be proved, directly from the definition of m4, that my(A) = m4 (). Hence, using
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the notation with the subscript ¢, we obtain by (3.4.3) that p(I';) = (—1)"0)t, for each
t € [0, 1], where

(mo)t = #{{)\t,)\;l} € O'(Ft)l At € R_} = #{)\t € O'(Dt)i At € R_}

The last equality follows from the fact that A; is an eigenvalue of D, if and only if A
and \;! are eigenvalues of Ty. Since Dy is continuous in t and det(Dy) # 0, the signs

of det(Dyp) and det(D;) are the same. The determinant of D, is given by

det(Dt): H )\t H )\t H )\t

A ER— A ERT At E(C\R
—_—— ——
>0 >0

where the products run over A; € o(D;). Then the sign of det(D;) is determined by
the number (mod 2) of the real negative eigenvalues of D; and we have (—1)(m0)o =

(—=1)(mo)t for all ¢ € [0, 1]. Since, by (3.4.1) Dy = Id the result follows immediately. [

Hence, we have proved that, under the assumption (3.4.2), p(\I/;) =1 for a
fixed t € [0,1]. Since the set of diagonalizable matrices is dense in the set of matri-
ces, the result holds for a “general” ;. It follows that A(¥') = 0 and hence we have
A(T) =0.

Step 2: Consider ¥: [0,1] — Sp(2n) as in (3.4.1) and the symplectic decom-

position of R?":
R*™ = (R™/Co @ C5°) @ Co/Cg"- (3.4.4)

Since Uy € Sp(2n), (V) = V and U(Cy/C5°) = Co/Cg°, the path ¥, has
the form
(W)l 0
0 H,
with respect to decomposition (3.4.4), where V := R?*"/Cy @ C§°. By property (5) of
the mean index,

A(T) = A(T|y) + A(H).

Since V is symplectic and C;° is Lagrangian in V, we have by step 1 that A(¥[|y) =0
and hence A(¥) = A(H). Therefore, the mean index A(V¥) only depends on the mean
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index of H and the result is proved for case (2).

Step 3: Let ¥: [0,1] — Sp(2n) be a path as in (3.4.1) and consider a loop
®: [0,1] — Sp(2n) which depends only on C and satisfies ®;(Cy) = C;. Recall that
C is an orientable loop and hence we may consider such a loop ®. Define the path
T: [0,1] — Sp(2n) by ¥; := &, ' ¥; which satisfies ¥;(Co) = C; for all ¢ € [0, 1]. By step

2, A(V) = A(H), where Hy: Co/CS° — C;/C° is given by
-

Wy

—1 _ —1
e e, oy Vil ooy = 2ty ooy He

Since ® is a loop, then by property (3) of the mean index we have A(¥) = A(®~'¥) =

A(@7) + A(W) and ACH) = MA@ 0w)) + A(H). Hence
0

which only depends on H and on ®. Since ®; only depends on C;, A(¥) only depends
on H and C. Therefore, the Maslov index u(C, H) := —A(V) depends only on the loop
C = (C¢) and the linear map H and not on the choice of the path ¥ as long as it satisfies
the properties in (3.4.1). O

We, now, define the Maslov index of a capped loop lying in a coisotropic
submanifold and tangent to the characteristic foliation of the coisotropic submanifold.
Let (M,w) be a symplectic manifold, N?"~* a coisotropic submanifold of
(M,w) and F its characteristic foliation. Consider x: S — N a loop in N tangent
to F and w: D? — M a capping of the loop x in M. We have the symplectic vector

bundle decomposition
TW|y = (TM/TN & TF)&TN/TF.
Assume x*TF is orientable and hence trivial. Denote by & a trivialization of x*TF:
FTFE S x Ty0)F-
Moreover, we have the following isomorphism
TM/TN =T*F,
and hence £ ® £* can be viewed as a family of symplectic maps

E¢: TM/TNyo) @ Ty(0)F — TM/T Ny @ Typ)F.-
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Denote by Hy: (I'N/TF),) — (I'N/TF)y ) the holonomy along z. The capping u
gives rise to a symplectic trivialization, unique up to homotopy, of x*T'M. Using such

a trivialization, the map Z; @& H; can be viewed as a path
U: [0,1] — Sp(2n)
which, up to some identifications, satisfies

o =1Id, V(T,)N)=TyyN and | (3.4.5)

(TN/TF)o = It

Definition 3.4.7 (Maslov Index of a Capped Loop). The Maslov index of (z,u) is
defined by
wlx,u) = —A(D).
If 2*TF is not orientable, we define u(x,u) as u(x? u?)/2 where (22, u?) is

the double cover of (z,u).

Remark 3.4.8. By Proposition 3.4.5, p(z, u) is independent of the trivialization &. How-
ever it may depend on the capping u. We give some properties of the coisotropic Maslov

index (cf. [Ginll)):
e Homotopy Invariance: p(z,u) is invariant under a homotopy of x in a leaf of F.

e Recapping: p(x,u#A) = p(x,u) + 2(c1, A) where u#A is the notation for the
recapping of (z,u) by a 2-sphere A.

e Homogeneity: pu(z*,u¥) = kp(z,u) where (2*,u*) is the k-fold cover of (x,u).

3.4.2 Stable coisotropic submanifolds

In this section, we give the definition and some properties of stable coisotropic
submanifolds. This class of coisotropic submanifolds was introduced in [Bol96, Bol98|
and is defined as follows.

The submanifold N is said to be stable if there exist k one-forms aq, ..., ax
on N such that

Kerda; D Kerwy foralli=1,...,k

and

a1 A ANag AW £0 on N.
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Notice that this condition is rather restrictive. For instance, a stable Lagrangian sub-
manifold is necessarily a torus and a stable coisotropic submanifold is automatically
orientable. Thus, examples of stable coisotropic submanifolds include Lagrangian tori
and also contact hypersurfaces. Moreover, the stability condition is closed under pro-
ducts. For more details, we refer the reader to [Bol96, Bol98, Gin07, Ush11].

As a consequence of the Weinstein symplectic neighborhood theorem, we ob-

tain tubular neighborhoods of stable coisotropic submanifolds:

Proposition 3.4.9 ([Bol96, Bol98]). Let N2"~* be a closed stable coisotropic subma-
nifold of (M?",w). Then, for r > 0 sufficiently small, there exists a neighborhood of N

m M which is symplectomorphic to
Ur = {(g,p) € N x R": [p| < r}

equipped with the symplectic form

k
w=wnN+ Z d(pjoj)
j=1
where p = (p1,...,pr) are the coordinates in R* and |p| is the Euclidean norm of p.

Thus, such a neighborhood is foliated by a family of coisotropic submanifolds
N, = N x {p} with p € B¥ := {p € R*: |p| < r} and a leaf of the characteristic
foliation on IV, projects onto a leaf of the characteristic foliation on V.

Furthermore, we have

Proposition 3.4.10 ([Bol96, Bol98, Gin07]). Let N?"~* be a stable coisotropic sub-
manifold of (M?",w). Then

e the leaf-wise metric (a1)? + ... + (ag)? on F is leaf-wise flat;

e the Hamiltonian flow of p = (p?+...+p3)/2 is the leaf-wise geodesic flow of this

metric.

3.4.3 Stable coisotropic submanifolds and the Maslov index

Consider z = (z,u) a non-trivial (capped) periodic orbit of the Hamiltonian

flow of p. Then, as a consequence of Proposition 3.4.5, we obtain that the mean index
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A,(z) of a periodic orbit Z of a leaf-wise geodesic flow on IV is equal to, up to a sign,

the coisotropic Maslov index of the projection of £ on N. More precisely,
p(m(x), @) = =Ap(x, u) (3.4.6)

where 4 is the capping of the orbit m(z) given by the capping u of x together with the

cylinder obtained from the projection of x on N; see Figure 3.2.

y I

Figure 3.2: Capping .

The following result establishes bounds on the Conley-Zehnder index of a
small non-degenerate perturbation of a capped periodic orbit (z,u) of p which goes

beyond (3.2.2). (Here as above N is stable.)

Proposition 3.4.11 ([Ginll)). Let p' be a small perturbation of the Hamiltonian p
defined in Proposition 3.4.10 and x' a non-degenerate periodic orbit of p' (with a capping

u') close to a non-trivial periodic orbit x of p (with a capping u). Then
Ap(z,u) =1 < peg((2,0)') < Apw,u) + (n — k)

where (z,u)" = (2/,u).
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Chapter 4

Floer homology

Symplectic topology offers a powerful tool for finding periodic orbits, Floer
homology. The Conley-Zehder index mentioned in Section 3.2 is used for the grading
of (Hamiltonian) Floer homology which is the main tool used to prove our first main
result (Theorem 2.1.3). This version of Floer theory is described in Section 4.1 (for
more details see [Sal99]).

The main tool used to prove the result on periodic orbits of symplectomor-
phisms is a variation of (Hamiltonian) Floer homology. In Section 4.2, we discuss Floer
homology for symplectomorphisms, that is, Floer-Novikov homology. The quantum
homology (defined in Section 4.3.1) acts on the Floer-Novikov homology. This action
is described in Section 4.3.2 and needed in the statement of our second main result

(Theorem 2.2.1).

4.1 Floer homology for Hamiltonians

4.1.1 Definition of Floer homology

Let us recall the definition of the Floer homology for a non-degenerate Hamil-
tonian H. The Floer chain groups are generated by the capped one-periodic orbits
of H and graded by the Conley-Zehnder index. The boundary operator is defined by

counting solutions of the Floer equation

@ + Jt(u)@

= -VH
0s VH(u)
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with finite energy. Floer trajectories for a non-degenerate Hamiltonian H with finite

energy converge to periodic orbits Z and § as s — oo and satisfy

ou

thd
Os ‘ 5

E(u) = An(z) — An(y) = /Z /Sl

The boundary operator counts Floer trajectories converging to periodic orbits y and x
as s — +oo and satisfying the condition [(capping of Z)#u| = [capping of 7].
This construction extends by continuity from non-degenerate Hamiltonians to

all Hamiltonians; see [Sal99, SZ92] for more details.

Remark 4.1.1. The total Floer homology is independent of the Hamiltonian and, up to
a shift of the grading and the effect of recapping, is isomorphic to the homology of M.
More precisely, we have

HF,(H) = H, (M) ® A

as graded A-modules; see, for instance, [GG12a, MS12] and references therein for details
on the definition of the Novikov ring A or Section 4.3.1 for the description of A in the
case where M is strictly monotone. In particular, the fundamental class [M] can be

viewed as an element of HF),(H).

Remark 4.1.2. To ensure that the Floer differential is defined, we either assume M to
be weakly monotone (see e.g. [HS95, MS12, Ono95, Sal99]) or utilize the machinery of
virtual cycles (see e.g. [FO99, FOOO09, LT98]). In our main result, one of the possible
conditions on M is negative monotonicity. In this case, M?" is weakly monotone if and

only if N> n — 2, where NV is the minimal Chern number.

4.1.2 Filtered Floer homology

Let us recall the definition of the filtered Floer homology for a non-degenerate
Hamiltonian H (see e.g. [GGO09] and references therein). The (total) chain Floer
complex CF,(H) =: C L) (H) admits a filtration by R. For each b € (—o0, 0]
outside S(H ), the chain complex C’F*(_OO’b) (H) is generated by the capped one-periodic
orbits of H with action Apg less than b. For —oo < a < b < oo outside S(H), set

CF"Y(H) := CFP(H) JCF " (H).

The boundary operator 0: CF.(H) — CF,_1(H) descends to C’F*(a’b)(H) and hence

the filtered Floer homology HF*(a’b) (H) is defined.
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This construction also extends by continuity to all Hamiltonians. For an

arbitrary (one-periodic in time) Hamiltonian H on M, set
HF“Y(H) .= HF“Y (/) (4.1.1)

where H is a non-degenerate perturbation of H and —oo < a < b < oo are outside
S(H).
When a < b < ¢, we have C’Fﬁb’c)(H) = CFfa’C)(H)/CFfa’b)(H) and thus

obtain the long exact sequence

... > HFE"Y(H) > HE)(H) - HF"O(H) - HF“Y(H) - ... (4.1.2)

4.1.3 Homotopy maps

By definition, a homotopy of Hamiltonians on M is a family of (one-periodic
in time) Hamiltonians H® smoothly parameterized by s € R and such that H® = H"
when s is near —oo and H® = H! when s is near oo; see [Gin07] and references therein
for the definitions, properties and proofs.
Set
o0
E ::/ max 0s H; dtds.
o Jst M

For every C' > E, the homotopy induces a map of the filtered Floer homology, which
we denote by W o1, shifting the action filtration by C:

U o : HE@Y(HY) — HFCTOTO (. (4.1.3)
Example 4.1.3. Let H® be an increasing linear homotopy from H® and H', i.e.

H* = (1~ f(s)H’ + f(s)H'

where f: R — [0, 1] is a monotone increasing compactly supported function equal to

zero near —oo and equal to one near oco. Since

E < | max(H'— HY) dt, (4.1.4)
gt M
we have the homomorphism W gog1 for every C' > m]‘z}[x(H ' H% at.
S1
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Furthermore, we have the following continuity property for filtered homology:
let (a®,b°) be a family (smooth in s) of non-empty intervals such that a® and b° are
outside S(H?®) for some homotopy H*® and such that (a®,b*) is equal to (a®,b") when s
is near —oo and equal to (a',b!) when s is near co. Then there exists an isomorphism

of homology
H F(ao:bo) (F0) =, HF@b) (gt (4.1.5)

When the interval is fixed and the homotopy is monotone decreasing, the isomor-

phism (4.1.5) is in fact Vo1 which in general is not the case.

4.1.4 Kerman’s “pinned” action selector

One important tool used in the proof of Theorem 2.1.3 is an action selector
defined for “pinned” Hamiltonians. This tool was first introduced in [Ker09, KS10]
for a class of Hamiltonians and manifolds which are somewhat different from those we
work with. However, the definition of the action selector is essentially the same. In
this section, we describe this action selector and a special orbit associated with it.

Let M be a rational symplectic manifold and U an open neighborhood of
the coisotropic submanifold N of M. Consider K: M — R a compactly supported
autonomous Hamiltonian such that the neighborhood U contains the support of K,
supp K, and U is displaced by a Hamiltonian H. We may assume H is non-negative
with minimum value equal to zero. Suppose that K is constant on N where it attains
its maximum value max K =: L, the maximum value L is greater than ||H|| and that
K is strictly decreasing and C?-close to L on a small neighborhood of N.

Consider the quotient map jg: HE,(K) — HFéL_(s’LM)(K) and define the

element [maxg| € HE&L*&’LH)(K) as

(max ] := jr ([M])
where the fundamental class [M] is seen as an element of H F},(K); recall Remark 4.1.1.

Definition 4.1.4 ( “Pinned” Action Selector). For 6 > 0 small and o > L+, consider
the inclusion map

to: HEFO LK) < HEE09)(K).
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Define

oK)= (isgginf {a>L+6: 1a([maxg]) =0}.

We have ¢(K) € S(K) and ¢(K) = Ak (Z) for some capped orbit z which is
called a special one-periodic orbit.

Claim 4.1.5. There exists C € HF,(L_LJ(S’ Oo)(K) such that OC = [maxg| where

o HFY(L{:I&’LJF(SJFHHH)(K) —)HF,,&L_(S’LJF&)(K)

is the connecting differential in the long exact sequence (4.1.2) (with a = L — 0, b =
L+0andc=L+0+||H|).

Proof. For § > 0 sufficiently small, namely such that L — ¢ > ||H||, consider the

following commutative diagram:

HF(L+6’ L+5+||H||)(K)

n+1
lo

HF%L—(S, L+6) (K)
HF%L—6—||H||,L+6)(K) Vod HF%L—(S,L+6+||H||)(K>
i /
o

HF%L_J’ L+0+(|H]|) (K#H) (S] HFgLL—é, L4-6+||H||) (H)

where ¢ is the inclusion and 0 is the connecting differential in the long exact se-
quence (4.1.2) (witha=L—0,b=L+dand c=L+ 3+ ||H||). The maps ® and ¥
are induced by monotone homotopies between K and K# H: the map @ is induced by
the linear monotone increasing homotopy from K to K#H (recall that H > 0) where,
in Example 4.1.3, C' = ||H||; the map ¥ is induced by the linear monotone decreasing
homotopy from K#H to K where, in (4.1.3), C = 0.

Since @ displaces supp K, the one-periodic orbits of K# H are exactly the
one-periodic orbits of H and moreover S(K#H) = S(H); see [HZ11]. Then the map
O is an isomorphism induced by a linear monotone homotopy between K#H and H
due to the continuity property (4.1.5) of filtered homology.

Note that the vertical part of the diagram, which consists of the maps 9 and

L, is part of a long exact sequence as in (4.1.2).
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Consider the projection
ju: HF(H) — HFE=OLHo+IHD (),

and the image
]H([MD c HF(L—(S,L+6+||HH)(H)

of the class [M] € HF,,(H). Since
L—46>|H],

we have

0= ju([M]) € HE O oD (g1),

(This last equality is proved similarly to Lipschitz continuity of the action selector with

respect to the Hofer norm.) Hence
HF (=0 LHHIHI () 5 W 0 07 0 j([M]) = o([maxg]) = 0

where the first equality follows from the fact that jg([M]) is equal to the image @ o® o
J([M]) of the class [M] seen as an element of HF,(K) and the map j is the projection

j: HE,(K) — HEL=-IHILLY0) (fr)

Then
0 = [maxg] € HF =0 L+ (K)

and, since ¢ and O are part of a long exact sequence, it follows that there exists C €

HFgLLJIé’LMJFHHH)(K) such that
AC = [maxg] € HFL = L40) (f0y,
]

Consider a small non-degenerate perturbation K’': S' x M — M of K with
max K’ = L attained at a point p € N (which does not depend on the perturbation
K') and such that

(ag,a1) . (a0,a1) ( gt
HEF (K):= HEF (K") (4.1.6)

with ap, a1 € S(K), S(K'); recall definition (4.1.1).
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Consider the class [maxg/] := jg/([M]) € HFT(LLJ’LM)(K’) and define

c(K') = (isgf[')inf{a > L+ to([maxgr]) = O}.

where ¢, HF,SL%’LH)(K’) < HE™ a)(K’) is the inclusion map. We have ¢(K') —

¢(K) as K/ - K and ¢(K') = Ag/(Z') for some capped orbit Z’. A special one-periodic
orbit 7’ for K’ is obtained explicitly the following way: by (4.1.6) and Claim 4.1.5, we
obtain a class [¢] € H Féf{é’ OO)(K ") such that 9[¢] = [maxgs]. Within each chain &
pick a capped orbit with the largest action and then among the resulting capped orbits

choose a capped orbit Z’ with the least action. Moreover, we have pc,(Z') =n + 1.

Remark 4.1.6. The orbit Z’ does not have to be connected with the constant orbit
(7p, up) by a Floer downward trajectory (where 7, is the constant loop p and wu,, is its
trivial capping). However, there exists a capped orbit ¢’ with this property and such
that

L <Ag(y) < Ag(T).

The orbit ¢’ is given explicitly by the following construction: take all chains ¢ such
that 9[¢'] = [max/]. Within each chain consider a capped orbit connected to (v, up)

with the least action and among these orbits consider one with the least action, 7'

For a Hamiltonian K as above, consider a sequence (K;) such that Kj is
as K’ above and K; — K as j — oo. By the Arzela-Ascoli theorem, there exists a
subsequence of special one-periodic orbits Z; which converges to an orbit Z of K which
is called a special one-periodic orbit of K. Recall that ¢(K;) — ¢(K) as j — oo and
pez(Z5) =n+ 1.

The following results give upper and lower bounds for the action of a special

one-periodic orbit.

Lemma 4.1.7. For a special one-periodic orbit T of K, we have the following action

upper bound:
Ax(z) < L+ ||H|| (4.1.7)

Proof. Since (([maxg]) = 0 (proved in Claim 4.1.5), ¢(K) < L+||H||. By the definition
of Kerman’s “pinned” action selector, we have ¢(K) > L. Then the result follows

immediately from the fact that Z is a carrier of the action selector c. O
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Lemma 4.1.8. A capped loop T as in Lemma 4.1.7 satisfies
Ar(Z)—L > ¢ (4.1.8)
where € > 0 is independent of K.

Proof. Consider a sequence (K;) as above. Let u; be a Floer downward trajectory
connecting the orbit g; defined in Remark 4.1.6 and the constant orbit (v,,u,). If
E(uj) is below hg, then we may apply a similar argument to that in lemmas 6.2 and 6.4

in [Gin07] which draws heavily from [Bol96, Bol98] and we obtain
d < E(uj) = Ak, (7;) — Ak, (%)
where d > 0 is independent of K;. Define
€ := max{hg,d} > 0.
Then E(uj) = Ag,(5;) — Ak, (7p) > € and, since Ak, (7;) < Ak, (Z;), it follows that
Af;(T;) =L > e (4.1.9)

Then take (4.1.9) to the limit when j — oo and we obtain the desired result

Ax(@) — L > e

4.2 Floer homology for symplectomorphisms

In this section, we recall the construction of the Floer homology for symplec-

tomorphisms following [LO95] (references therein and [Ono06]).

4.2.1 Definition of Floer-Novikov homology

Let ¢ be a symplectomorphism (isotopic to the identity) defined on a strictly
monotone manifold M, consider an almost complex structure J on M and fix an almost
complex structure Jon M corresponding to J. Consider the Hamiltonian H associated

with ¢ as in (3.3.8) and recall that we denote by P(H) the set of contractible periodic
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orbits of the Hamiltonian system associated with H and by P(H) := j~1(P(H)) (sce
Section 3.3.1). The maps u: R x S* — M which satisfy the equation

Bstl + J (W) (9 — X 5 (W)) = 0 (4.2.1)

with boundary conditions

im (s, ) = [ZF, %] (4.2.2)
and
[T, 0 #u] =[z7,07] (4.2.3)

form the space of connecting orbits on LM. The energy of a connecting orbit in this

space is given by
00 1
u) = / / |05t dtds = Ag([z7,07]) - Aﬁ([f+,5+]) (4.2.4)
—o0 J0

Denote by M([z~,57],[#",01]) := M([&,07],[#",01); H, J) the space of
solutions of (4.2.1), (4.2.2) and (4.2.3) with [#%,7%] € 73( H).
The Conley-Zehnder index pc, of a non-degenerate periodic solution [z,v] €

LM satisfies

0 # |Az([2,0]) — pea([2,0])] < n. (4.2.5)

and is I';-invariant (where I'y is w1 (M) / ker Ip), i.e. pey([Z,7]) = pez(a - [2,0]) for any
a € I';. This index satisfies the following identities:

1) pea([T, v#A]) = pea([2,9]) + I, (A)
i) dim M([27,07], [27,07]) = poa([F7, 07 #4]) — pea([T7, 074A))

for A € mo(M).
Denote by Py (H) the subset of P(H) of periodic solutions with piey([Z,7]) = k.

Consider the chain complex whose k-th chain group Cj (f[ ) consists of all formal sums

with [Z,7] € Pr(H), {33 € Z2 and such that, for all c € R,
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For a generator [%, 7] in Cy(H), the boundary operator 8y is defined as follows

@)= Y. (7] ) ]
noz([gw])=k—-1
where na([Z, v], [y, w]) € Z2 is the modulo-2 reduction of the number of elements in the
quotient space M([Z, 7], [J, w])/R. The boundary operator 9 satisfies 9> = 0 and we
have the homology groups

ker Oy,

HFNi(6,) = — e

(4.2.6)

Moreover, this homology is invariant under exact deformations (see Theorem 4.3 in

[LOYS)).

4.2.2 Filtered Floer-Novikov homology

The (total) chain Floer complex C,(H) =: C{oeee) (H) admits a filtration
by R. Define S(H) the set of values of the functional Aj (defined in (3.3.9)) which
is called the action spectrum. For each b € (—oo, 00] outside S(H), the chain complex
cl—oob) (H) is generated by equivalence classes of capped loops [(Z, ¥)] with action Ay
less than b. For —oo < a < b < oo outside S(ﬁ), set

C PN (H) = cV () jol o (H).

The boundary operator 9: Cy(H) — Cy_1(H) descends to CﬁEa’b)(ITI ) and hence the
filtered Floer-Novikov homology H FNﬂga’b)(G) is well defined.
This construction also extends by continuity to all symplectomorphisms in

Sympg(M,w). For an arbitrary ¢ € Sympg(M,w), set
HEN"(9) .= HFN"" () (4.2.7)

where [0] := ﬁﬂ&(&) with ¢ a non-degenerate perturbation of ¢ and —oco < a < b < 0o
outside the closure of the action spectrum of a Hamiltonian corresponding to ¢ obtained
as in (3.3.8). Observe that since the symplectic manifold (M,w) and the flux are
rational (in the sense of Section 3.1) the action spectrum is nowhere dense (see e.g.
[HZ11, Sch00]) and hence we may assume a and b are just outside the action spectrum

of the referred Hamiltonian. This definition does not depend on the perturbation.
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4.3 Quantum homology

The quantum homology of M, HQ.(M), is an algebra over the Novikov ring,
A. In this section we recall their definitions; see (Chapter 11 in) [MS12] for more
details. Here we follow (Section 2.2 in) [GG12b].

4.3.1 Novikov ring and quantum homology

In the case where M is strictly monotone, the Nowvikov ring A is the group
algebra of a group I' over Zsy, Zs[I']. The group IT' is the quotient of mo(M) by the
equivalence relation ~ where A ~ B if I.,(A) = I.,(B), or equivalently, if I,(A) =
1.(B), ie.

I' =mo(M)/ker I, = mo(M)/ ker I,.

An element in A is a formal finite linear combination,

S aaeh

where oy € Zs. We set the degree of e, for A € T, as I, (A) which grades the ring
A. We have I ~ Z and denote by Ay the generator of I' with 1., (Ag) = —2N. Then
q:= e € A has degree —2N and the Novikov ring is the ring of Laurent polynomials

Zalq~", ql.
The quantum homology of M is defined by

HQ.(M) = H.(M) ® A

(where A is the Novikov ring) where the degree of the generator o ® e/ is deg(a)+
I.,(A) (a € H(M), AeT,). The product structure is given by the quantum product:

axB=>Y (axpB)ac’ (4.3.1)

Ael

where (o * 8)4 € Hy(M) is defined via some Gromov-Witten invariants of M and has
degree deg(a) + deg(B) — 2n — I, (A). Thus

deg(a x B) = deg(a) + deg(B) — 2n.

When A =0, (a*3)g = an B, where N stands for the intersection product of ordinary

homology classes.
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Recall that in (4.3.1) it suffices to restrict the summation to the negative cone

I,(A) <0 and, under our assumptions on M, we can write
axB=anB+Y (axB)",
k>0

where deg((a * 5)r) = deg(a) + deg(B) — 2n + 2Nk and the sum is finite.

The product * is a A-linear, associative, graded-commutative product on
HQ.(M). The fundamental class [M] is the unit in the algebra HQ.(M). Thus
ace = (a[M]) * o, where a € A and o € H,(M) is canonically embedded in HQ.(M).

The map 1, extends to HQ.(M) as

I,(a) = max {L,(A4) | aa # 0} = max { — hok | ay # 0}
where a = 3" ase? =3 apq®. We have

L(a+B) < {1,(a), L(8)} (4.3.2)

and

I,(axB) < I,(a) + 1,(B).

4.3.2 Quantum product action

We describe an action of the quantum homology on the filtered Floer-Novikov
homology. We follow [GG12b, Section 2.3] for the Floer-Novikov setting; see [LO96,
Section 3] for more details. Let [o] € H.(M). Denote by M([z,v], [y, w]; o) the moduli
space of solutions @ of (4.2.1), (4.2.2) and (4.2.3) with [Z,9], [§, @] € P(H) and such
that u(0,0) € o where o is a generic cycle representing [o] and 7o & = w.

Then the dimension of this moduli space is given by
dim M([&, 3], [7. @: ) = pea (& ) — pea ([ @) — codim(a).

and let m([Z,v], [y, w];0) € Zgz be the parity of #M([z,7], [y, w]; o) when this moduli
space is zero-dimensional and zero otherwise.

For any ¢, ¢ & S(H), there is a map

P, : Cic,c’)(ﬁ) - C(&d) (a)(EU

x—codim
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induced by
b ([7,0]) = Y m([z,7], [§, @); 0)[g, @)].

[9,]
This map commutes with the Floer-Novikov differential 9 and descends (independently

of the choice of the cycle representing [0]) to a map

pyy : HEN)(0) - HFN') 0).

x—codim(o)

The action of the class a = q”[o] € HQ.(M)

o s HENL(0) » HFN) ) (0). (4.3.3)

is induced by the map
o ([7.0]) = D m(a”[2. ), [§, @); 0) (5, ]
[y, w]

where q is as in Section 4.3.1 and q”[%, 7] is [Z, @] € PH where w = 7 o @ is obtained
by recapping v = 7 o v the following way w = v#(vAy) (where Aj is the generator of
the group I' defined in Section 4.3.1).

By linearity over A, the map ®, can be extended with a € HQ. (M) so that
(4.3.3) holds.

The maps @, also give an action of the quantum homology on the filtered

Floer-Novikov homology. We have the following properties:
Py = id
and
Opd, = Pgyq- (4.3.4)
Remark 4.3.1. Observe that in the multiplicative property (4.3.4) the maps on the two

sides of the identity have, in general, different target spaces. For any interval (a,b),

consider the following diagram:

() dq (e, )+ 1 () P (e, )+1w(a)+1u(B)
HFN,”" () —— HFN*_QnJFdeg(a)(e) — HFN*_4n+deg(a)+deg(ﬁ)(9) (4.3.5)

T |

(e,d )41 (B*a) (a,b)
HFN*—2n+deg(6*a) (9) HFN*—Qn-i-deg(ﬁ*a) (6)

where a > ¢+ I,(a) + I,(8) and b > ¢ + I,(a) + I,(B). Then the identity (4.3.4)
should be understood as that the diagram (4.3.5) commutes.
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Chapter 5

Proofs of the main results

5.1 Rigidity of the coisotropic Maslov index

In this section we focus on the rigidity result of the Maslov index for coisotropic
submaniofolds. The proof of Theorem 2.1.3 is presented in Section 5.1.1. As a corollary
of the main theorem we obtain the nearby existence theorem (Theorem 2.1.4) which is

proved in Section 5.1.2.

5.1.1 Proof of Theorem 2.1.3

Fix R such that Up = N x B% is defined by Proposition 3.4.9. Consider € > 0
small and 0 < r < R/2. Assume U, is displaced by some Hamiltonian H and consider

L > e(U,). Let Kp,,.: [0, R] = R be a smooth decreasing map such that

 Kpre(0)=L

o Ky, . is strictly decreasing and C%-close to L on [0, €]
e Ki .. is concave on [g, 2¢]

e K ,. is linear decreasing from L — ¢ to € on [2¢,r — €]
e Ki . is convex on [r — ¢, 7]

e Ki,.=0on[rR]
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We also denote by K7, . the Hamiltonian
KL,’I",E: M — R

defined by K, ,.(|p|) on Ur and equal to zero outside Ug.

Fix r and consider the family of functions Ky, . depending smoothly on the
parameters L and €. These Hamiltonians have the same properties as the Hamiltonian
K in the previous subsection.

The key to the proof, as in [Ginll], is the following result which gives the

location of a sequence of special one-periodic orbits T;.

Lemma 5.1.1 ([Ginll]). There exists L > e(Ur) and a sequence ¢; — 0 such that a

special one-periodic orbit of K ., T; satisfies
Ip(:)| € [e4, 2€i]
where p = (p1,...,px) are the coordinates introduced in Proposition 3.4.9.

Remark 5.1.2. In [Ginl1], the result of Lemma 5.1.1 is proved for a class of Hamiltonians
which is slightly different from the one we work with. However the above lemma holds

for the same reasons as the result in the referred paper.

Consider L and the sequences ¢; and Z; as in Lemma 5.1.1. By Proposi-
tion 3.4.10, if we reparametrize Z; and reverse its orientation, then Z; can be viewed as
a periodic orbit z; of p. Since the slopes of the Hamiltonians K7, ., are bounded from

above (for instance, by 2L/r), then (by the Arzela-Ascoli theorem) we define

7: = limit of (a subsequence of) (7(x; ), % ).

where p(m(z; ), % ) = —Ap(x; ,u; ) by (3.4.6). Then, by (3.2.2),

—n < pez((z7 0y )) — Az, uy) <n

and hence



where the first equality uses the fact that x; is in the region where K, ., is concave,
i.e., where |p(x;)| € [ei,2¢;] and we obtain the following bounds for the Maslov index

of (m(z; ), w; ):
1 <p(r(z;),u; ) <2n+1. (5.1.1)
Considering the limit (of a subsequence) of (5.1.1), we have
1<pu®) <2n+1. (5.1.2)

By Proposition 3.4.9, we obtain
AKL,E,L' (i) = Kvai(a_;i> _/ w
U
— Kial@)~ [ w- o) litn(e) (5.1.3)
u

where 4; is constructed as in Section 3.4.3; see Figure 3.2.

Moreover, by (4.1.7), (4.1.8) and (5.1.3), we have
0<e<Kualep) [ w-lpa)lin) - L < e(U), (5.1.4)

The limit (of a subsequence) of — [.— w is Area(¥) since the (sub)sequence of the sym-
plectic areas C%-converges and the rzlorm of the derivative of 4; is uniformly bounded.
Since [p(z; )| € [ei,2e:], Kpe,(x;) € [€5, L — &;] and the sequence I(7(z;)) is bounded
(since the slope of K ., is bounded), then, taking the limit (of a subsequence) of (5.1.4),

we obtain
0 < e < Area(y) < e(U,). (5.1.5)
Recall that € is independent of €;. Then, taking r > 0 sufficiently small, we have
0 < Area(7) < e(N) +e.

Hence, we have the desired bounds for the area of 4. To obtain the Maslov
index bounds as presented in the theorem (which go beyond (5.1.2)), we will first prove
that the orbit ~ is non-trivial. Assume the contrary, that is, that ~ is a trivial orbit.
Then, by (5.1.5), the capping v of v must be non-trivial. Recall that we have one of

the following conditions:
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e W is negative monotone,
e e(N) < hy,
e 2n+1<2N.

Suppose that W is negative monotone. Then, (¢, v) and Area(¥) have opposite signs.
However, by (5.1.2) and (5.1.5), they are both positive and we obtain a contradiction.
If e(N) < hp or 2n+ 1 < 2N, we obtain contradictions by the definition of the
rationality constant hg and (5.1.5) or by the definition of the minimal Chern number
N and (5.1.2), respectively. Therefore, v is a non-trivial orbit. Furthermore, there
exists a (sub)sequence of non-trivial orbits z; as in Lemma 5.1.1 which converges to 7.

Then, by Proposition 3.4.11, we have

—p(m(z;)suy ) =< per((vy vy )') < —plw(ey), @) +n—k
|
— pez((ziu;)') = —(n+1)

where the first equality uses the fact that x; is in the region where K .. is concave,

i.e., where |p(x;)| € [ei,2¢;]. Then
1<up(n(z;),w ) <2n+1—k

and considering the limit (of a subsequence) we obtain the desired bounds for the
Maslov index of ¥:

1<) <2n+1-—k

5.1.2 Proof of the nearby existence theorem

We prove the existence of an orbit (with the required properties) in a level
N, arbitrarily close to Ny and the wanted result follows immediately. Consider K :=
f(Fy,..., F) where f: RF — R is a bump function supported in a small neighborhood
of the origin in R* and such that the maximum value of f is large enough. Since the
support of f is small, we may assume that the support of K is displaceable and all
a € supp f are regular values of F Hence the coisotropic submanifolds N, are compact
and close to Ny when a € R¥ is near the origin. By lemmas 4.1.7 and 4.1.8, there exists

a capped one-periodic orbit of K (in some regular level N,) such that

max K < Ag(Z) < max K + ||H]| (5.1.6)
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where H displaces supp K. The capped orbit T can be approximated by non-degenerate
capped orbits with Conley-Zehnder index equal to n+1 and hence, by (3.2.2), we obtain

1< A@) < 2n+1.

Since one of the three conditions mentioned in the statement of the theorem is satisfied,
the orbit x is non-trivial. Indeed, assume that =z is a trivial orbit. Then (5.1.6) is
equivalent to

0 < Area(z) < e(N).

Then using the area and (mean) index bounds on Z and assuming one of the above three
conditions, we obtain a contradiction (following the same reasoning as in Section 5.1.1).
Furthermore, since the Hamiltonian K Poisson-commutes with all F}, the

orbit = is tangent to the characteristic foliation F, on Nj,.

5.2 Hyperbolic points and periodic orbits of symplecto-

morphisms

In this section we focus on the result on hyperbolic fixed points and perio-
dic orbits of symplectomorphisms. The proof of the main theorem of this section
(Theorem 2.2.1) relies on an important feature of hyperbolic fixed points of symplec-
tomorphisms which is described in Section 5.2.1. The proof of Theorem 2.2.1 is then

presented in Section 5.2.2. In Section 5.2.3, we prove Proposition 2.2.2.

5.2.1 Ball-crossing energy theorem

Here, we describe the key property of hyperbolic periodic orbits which sup-
ports the proof of the main theorem (see [GG12b, Section 3] for more details including
the proof of the Ball-crossing energy Theorem).

Let ¢ be a symplectomorphism (isotopic to the identity) on a symplectic
manifold (M, w) and fix a one-periodic in time almost complex structure J compatible
with w. We consider solutions @ : ¥ — M of the equation (4.2.1) where ¥ C R x S}
is a closed domain (i.e. a closed subset with non-empty interior). By definition, the

energy of u is

B(@) = / 04| dtds
b
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where |[0sul|77 is [|0s(m o w)|| where || - || stands for the norm with respect to (-,-) =
w(-, J).

Let v be a hyperbolic one-periodic solution of (3.3.6) in M and 7 a lift of
~v to M ,le. v € P(f[ ) hyperbolic. Recall the definition of the covering space M in
Section 3.3.1 and of the Hamiltonian H associated with ¢ in (3.3.8).

We say that u is asymptotic to 7% as s — oo if & contains a cylinder [sg, 00) x
S1and u(s,t) — 7% (t) C®-uniformly in ¢ as s — oo.

Let U be a (sufficiently small) neighborhood of v with smooth boundary and
define U := 7~ 1(U).

Theorem 5.2.1 (Ball-Crossing Energy Theorem; [GG12b]). There exists a constant
Coo > 0 (independent of k and ) such that for any solution u of the equation (4.2.1),
with w(0%) C U and 0% £ 0, which is asymptotic to 7* as s — oo, we have

E(@) > coo. (5.2.1)

Moreover, the constant cs can be chosen to make (5.2.1) hold for all k-periodic almost

complex structures (varying in k) C*-close to J uniformly on R x U.

5.2.2 Proof of Theorem 2.2.1

As mentioned in the introduction, to simplify the setting, we may assume
that ~ is a constant orbit. This is due to the fact that there exists a one periodic
loop of Hamiltonian diffeomorphisms 1! defined on a neighborhood of 7 such that
PH(y(0)) = y(t). We may think of y(t) = v(0) as a fixed point of (¥!)~! o ¢; (see
Section 5.1 in [Ginl0] for more details). Furthermore, attach a capping w to v and fix

a lift, 7 := [y, w] € ENM, so that

Aﬁﬁ) =0= Aﬁ(ﬁ) (5.2.2)
Remark 5.2.2.

1. To ensure condition (5.2.2), we may have to consider an iteration of ¢ which we
continue denoting by ¢: in fact, by passing if necessary to an iteration, we can
guarantee that the mean index of v with respect to any capping is divisable by
2N. Then there exists a capping such that the mean index is zero and finally
by adding a constant to the obtained associated Hamiltonian we can assume the

action is also zero.
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2. Observe that since v is hyperbolic, the mean index Az (7) is equal to the Conley-
Zehnder index pc,(7) and hence pcz(7) = 0.

Arguing by contradiction, assume that ¢ has finitely many periodic orbits.

Consider an iteration of ¢, still denoted by ¢, so that p is sufficiently large, namely,
(2p —3)ho — A(n+1) > 0 (5.2.3)

where A is the monotonicity constant of M. The r-th iteration ¢" (where r is defined

in Theorem 2.2.1) has finitely many periodic orbits and we denote them by x1,. .., Zy,.

Remark 5.2.3.
1. Observe that 1*:1\1;((;5;) = 7"1*:1\1;((5)

2. The periodic orbit 4" of ¢" is hyperbolic and we keep the notation - for this orbit
and ¢ for the iteration ¢".

Fix a one-periodic in time almost complex structure J' (and denote by J
the corresponding almost complex structure on M ). Let U be a neighborhood of v
such that no periodic orbit of ¢ except v intersects U. By Theorem 5.2.1, there exists
a constant ¢, > 0 such that, for all &, all non-trivial k-periodic solution of (4.2.1)
asymptotic to ﬁk as s — oo has energy greater than c.

For each i = 1,...,m, attach a capping v; to the loop z;, fix a lift [(Z;, ;)] =:
Ti € LM and define

a; € S,llo by Ag(z;) mod ho,

a; € S;ho by Aﬁ(/x\z) mod phy.

Remark 5.2.4. Observe that a; and @; are independent of the initially attached capping
and fixed lift. (The second follows from Remark 5.2.3 (1).)

Take €, 0 > 0 small, namely,
2(e+9) < Xand € < ¢ (5.2.4)
Then, by Kronecker’s Theorem, there exists k (large) such that for alli=1,...,m

l|kai||n, <€ and ||ka@;||pn, < 9.
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Here ||al|, € [0, /2] stands for the distance from a € S} = R/hZ to 0. Observe that k
depends on € (and ), hence on ¢, and ultimately on the neighborhood U.

Consider a non-degenerate perturbation (bl of ¢¥ such that (4.2.7) holds and
the Hamiltonian K associated to ¢ (in the sense of (3.3.8)) satisfies the following

properties:
o Kis k-periodic and C?-close to ﬁhk,
e K coincides with H%* on the neighborhood U and

e K is non-degenerate.

If ¢* is non-degenerate, we can take ¢l = ¢*. Then, by Remark 5.2.4 and assuming

§ < ho, there exists k (large) such that for all Z k-periodic solution of K

| A% (@) (5.2.5)

Mn, <

and
either ‘A ‘ < §or ’A | (p—1)ho (5.2.6)

where A%O (7) stands for Az (z) mod ho.
For any k-periodic almost complex structure .J sufficiently close to (the k-
periodic extension of) J ', all non-trivial k-periodic solutions of the equation (4.2.1) for

the pair (¢l, J ) asymptotic to 7% as s — oo have energy greater than c.

Lemma 5.2.5. [GG12b, Lemma 4.1] Let 7 := (p—1)hg— 5(n+1). The orbit 3* is not
connected by a solution of (4.2.1) to any T € P(K) with relative index +£1 with action

in (—7,7).
In particular, 3 is closed in clm (K) and 0 # %] € HFN(_T’T)(H/) More-
over, 7% must enter every cycle representing its homology class [7*] in HFN( ™) ).

Proof. Assume the orbit ¥ is connected, by a solution @ of (4.2.1), to some Z € ]3(1? )
with index pey(Z) = £1 with action in (—7, 7).

Consider the first case in (5.2.6), i.e. }.%Tf{(/x\)‘ < 4: since

H.Aho < e (by (5.2.5)),

Mg

i) E(@) > coo > € (by Theorem 5.2.1 and (5.2.4)) and
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i) Az(¥%) =0 (by (5.2.2)),
we have
|Az(Z)| > ho — e
Then, by the definition of augmented action (3.3.10) and since
i) |Az(@)] < 6 and
i) 2(e +8) < A (by 5.2.4),

we have

2
‘Af{(/{f)‘ > X(ho—e—(S) =2N —
Thus, by (4.2.5),
|,ucz(§c\)‘ >2N —1-n>n+2-1-n=1

where the second inequality follows from the requirement that N' > n/2 + 1. We
obtained a contradiction since ucy(Z) = £1.

Consider now the second case in (5.2.6), i.e. ‘jf((f)‘ > (p — 1)ho: by the
definition of augmented action (3.3.10), we obtain

Az @) > (0~ Dho — 58z @)] > (0~ Dho— S(n+1) = 7

where the second inequality follows from the fact that |Az(Z)| < n + 1 (which holds
since pioz(T) = £1 and by (4.2.5)). Hence the action of Z is outside the interval (—7, 7)

and we obtained a contradiction. O

The previous lemma also holds for gqy* with the shifted range of actions
(=7,7) — ho. For an interval (a,b) contained in the intersection of the action inter-
vals (—7,7) and (—7,7) — hg, Lemma 5.2.5 holds for both tailed-capped orbits 7* and
q7"* and the interval (a,b).

Remark 5.2.6. Observe that such an interval (a, b) exists since —7 < 7 — hgy due to our
initial assumption on p, namely, (2p — 3)hg — A(n + 1) > 0 (5.2.3).

For the sake of completeness, we state the result in the following lemma.
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Lemma 5.2.7. The orbits ¥* and q3* are not connected by a solution of (4.2.1) to

any T € P(K) with relative index £1 with action in

(a,b) C (=7,7) N (=7 — hg, ™ — hy).

In particular, 3% and q3* are closed in Oi“’b’(f() and [FF] # 0 # [7F] €

HFN,Ea’b)(G/). Moreover, the orbits 7% and q7* must enter every cycle representing

their homology classes, respectively [F*] and q[7*], in HFNia’b)(Gl).

Recall that, by (5.2.5), all periodic orbits of ¢ have action values in the e-
neighborhood of hoZ. With the following lemma we obtain a contradiction and the

main theorem follows.

Lemma 5.2.8. The symplectomorphism ¢ has a periodic orbit with action outside the

e-neighborhood of hoZ.

Proof. For ordinary homology classes o, 5 € H,(M) with deg(a), deg(8) < 2n as
in the statement of Theorem 2.2.1, consider ®g.([7¥]) as an element of the group
HEN"(0') with (a,b) = (—7, 7). Since B * a = q[M], then by (4.3.4) and (4.3.5) we
have
0500([7"]) = Ppual([F*]) = Cqp (7)) = 4@y (F*]) = 7"

Take o and n generic cycles representing the ordinary homology classes o and [, res-
pectively. The chain ®,®,(7*) represents the homology class q[7*] and hence the orbit
q7* enters the chain ®,®,(7"*) (by Lemma 5.2.7). Hence, (see Figure 5.1) there exists
an orbit 3 in the chain ®,(3*) which is connected to both A% and q7* by trajectories
which are solutions of (4.2.1). By the Ball-Crossing Energy Theorem 5.2.1, (5.2.4) and

i) Az(3") =0
i) Ap(qy") = —ho,

we obtain

—e> Az(y) > —ho +e
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Orbit Action

Ak ° 0 } e-neighborhood of 0
@
y )
A o,
o ° —ho } e-neighborhood of —hyg

Figure 5.1: The e-neighborhood of hyZ

5.2.3 Proof of Proposition 2.2.2

We will prove this proposition in four steps. In the first three we assume -y is
a constant loop and in the fourth step we consider the general case.
Step 1: Assume that «y is a constant loop, i.e. v(¢) = p. Then there exists a Hamiltonian
H: S'x M — M such that ¢;(p) = ¢4 (p) where ¢t is the Hamiltonian flow associated
with H. (Observe that dH is given by £¢,(p) = X, (¢(p)).) The point p is a fixed
point of the composition (gofg)_l o ¢¢. Notice that the flux of this composition is equal
to the flux of ¢; since (pf;) ™! is the flow of some Hamiltonian usually denoted by H inv,
We keep the notation ¢; for this composition.
Step 2: There exists a Hamiltonian H : S x M — M such that ¢ = 901;1’ near p since
0; = dH, near p for some H . The composition (cqu,)_l o ¢y = id near p. (Observe that
the flux of {¢;} is equal to the flux of {(901;1,)*1 o¢}.) Again, keep the notation ¢ for
this composition.
Step 3: Consider a Hamiltonian K : S*x M — M such that p is a hyperbolic fixed point
of px. We have obtained an isotopy ¢} o ¢; (with the same flux as {¢;}) such that
~(t) = p is a hyperbolic fixed point of the symplectomorphism g o ¢;. We continue
denoting the composition % o ¢; by ¢;.
Step 4: Consider now the general case where (t) is a loop and denote (0) by p.
Applying steps 1 through 3 to the point p, we obtain a symplectic path ¢; such that p
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is a fixed point of ¢1. There exists a loop of Hamiltonian diffeomorphisms 7; such that
ne(p) = v(t) (see e.g. [Ginl0, Section 5.1] for more details). Then ~ is a hyperbolic

periodic orbit of the time-one map of the composition 7; o ¢. O
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