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Abstract

Mechanics and flow of biological tissues

by

Arthur Scott Hernandez

Understanding the mechanics and flow of biological tissues invites a rethinking of how to

formulate faithful tissue scale continuum theories based on cell scale structure. A com-

mon approach in modeling biological material is to utilize or modify theories originally

developed to describe passive solids or fluids. Many textbooks and theoretical studies,

for instance, on the solid mechanics of tissues, such as muscle fibers, skin, or organs,

are typically based on elastic models of rubber or fiber-reinforced composites [1, 2]. For

flowing biological material, such as blood or metastasized cancer cells, a non-Newtonian

fluid model is often utilized [3]. While partly successful, these approaches do not con-

sider that biological tissues are composed of flexible cells which may support self-tension

and modify their own shape and are more akin to deformable droplets or foams than a

conventional solid or fluid. Unlike a passive material with a preset structure, a biological

tissue may adapt its mechanical properties at both the tissue and cell scale and presents

a more challenging system to model. The research contained in this thesis addresses two

questions. Firstly, how the solid-fluid transition of epithelial tissues can be understood

as a consequence of geometric frustration [4] where cells cannot achieve target shape

to relax tension and thereby behave rigidly, and how cells may utilize this to fine tune

tissue mechanical properties. And secondly, how to develop a hydrodynamic description

which distinguishes between shape elongation, which signals the solid-fluid transition,

and possible local nematic alignment.

vii
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Chapter 1

Introduction

1.1 Jamming of biological tissues

The form and function of biological tissues within animal and human physiology is

complex and involves a myriad of bio-chemical and mechanical processes as well as exter-

nal factors such as gravity, temperature, and light. Biological tissues are also inherently

modular, being composed of constituent cells that can carry out functions. In partic-

ular, one critically important ability of cells is the capacity to modify their shape and

even move, both autonomously and collectively, in response to forces, and is an essen-

tial part of many biological processes such as tissue morphogenesis [5, 6, 7, 8], wound

healing [9, 10, 11, 12], and cancer metastasis [13, 14, 15]. Single cell mechanics [16] and

motility [17, 18] are well-studied. The connection between cell scale and tissue scale

mechanics and motion is less well understood, however there has been a recent surge of

interest in cell jamming transitions in dense biological tissues [19, 20], especially in the

context of biological development [21, 22, 23, 24]. Understanding the mechanism that

controls the rheological state of biological tissue presents an important and challenging

problem in physics and quantitative biology.
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Introduction Chapter 1

A type of tissue frequently studied in biological development is the epithelium (plural:

epithelia). Epithelia are ubiquitous structures in biology as they form the surfaces of

organs, glands, and body cavities, and perform several functions which are key to survival

and development. This type of tissue forms when mesenchymal cells adhere to one

another to form a thin sheet of cells in what’s known as a mesenchymal-to-epithelial

transition [25]. This process is reversible in the sense that cells may separate from

one another and move autonomously via an epithelial-to-mesenchymal transition [26].

The phenomenon plays an important part in biological processes such as in embronyic

development [27, 26] and the metastasis of cancer cells [28, 29].

The epithelial-to-mesenchymal transition has been thought of as a sort of solid-fluid

transition: a tissue with specific form and arrangement of cells can become fluid-like

with cells re-arranging and slipping past each other, and is described as an unjam-

ming of cells [30, 22]. However some argue for the distinction between the epithelial-

to-mesenchymal transition and tissue fluidity [31, 21], because cells within a tissue may

flow and rearrange while still maintaining the strong adhesion between cells characteris-

tic of an epithelial tissue. Nonetheless, the jamming transition perspective has inspired

much work in theoretical physics and quantitative biology to describe the onset and loss of

rigidity in epithelial tissue, termed ”tissue jamming” [32] or ”cell(ular) jamming” [19, 20].

Various studies have tied the solid-fluid transition to multiple mechanisms, often occur-

ring simultaneously, such as crowding [33, 32, 34, 35], cell fluctuations [27, 36, 37, 38],

individual cell motility [39, 40], and cell-cell adhesion [41, 42].

Generally, cells in epithelia are densely packed, forming a confluent sheet with min-

imal connective material between cells. In simple epithelia, this sheet is a monolayer of

cells which break top-down symmetry by having cells’ apical membranes tethered to one

another via adherens junctions. The adherens junctions also connect to the cell cortex,

resulting in a network of cell edges under tension at the apical surface of the epithelium
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Introduction Chapter 1

which resembles a polygonal tiling. The adherens junctions bind cells to one another

by linking actin filaments which permeate the cell interior, and thereby allows cells to

mechanically coordinate with one another via their actin cytoskeleton [25].

The structure of the epithelium is directly reflected in the junction network, which

in turn is regulated by a variety of mechanisms, such as cell motility (cell-cell rear-

rangements), remodeling (birth-death processes, extrusions), myosin recruitment, and

cell packing morphology. The geometric information encoded in this network serves as

key data in quantitative biology and theoretical modeling of the mechanics and dynamics

of tissues [43, 44]. In particular, imaging analysis of the junction network of epithelia

both in vitro and in developing embryos reveals a close connection between cell shape

and network topology on one hand and mechanics and shape at the tissue scale.

In vitro experiments and analysis by Park et al. [30] of bronchial cells report a

transition of cells from a liquid-like state where cells freely exchange neighbors to a

jammed, solid-like, state at constant cell density, as quantified by the measured Mean-

Square-Displacement (MSD) of cell motion. Paradoxically, this jamming transition is not

associated with cellular crowding nor with increased cell-cell adhesion. In fact, amplifica-

tion of cell-cell adhesion was found to correlate, instead, with the unjammed, liquid-like

state. Rather, the observed fluidization of bronchial cells was found to be associated

with a change in mean cell shape. This counter-intuitive result validated a previous the-

oretical prediction of a rigidity transition in the Vertex Model of tissue, where the cell

shape index s, defined as the ratio of perimeter P over square root area A of each cell,

averaged over all cells, s = ⟨ P√
A
⟩, serves as a structural order parameter [45, 46, 47, 48].

For a given junction network, the shape index quantifies how rotund or elongated cells

are on average, with regular shapes having a smaller shape index than irregular ones.

In disordered vertex model simulations jamming is observed to occur at a shape index

of ≈ 3.81 [48], a value in agreement with experiments in bronchial tissues [30]. Larger

3



Introduction Chapter 1

values of s correspond to a liquid-like state where cells tend to be larger and elongated.

This type of cell-shape mediated fluidization of epithelia has also been observed in other

tissue, such as in Drosophila [49] and Tribolium castaneum [50] development, as well as

in tumor cells [51].

An example of the correlation between cell shape and solid-like or fluid-like tissue

response is gastrulation during early embryonic development in Drosophila [22]. At this

stage of development, the embryo consists of an ellipsoidal surface of cells wrapped around

a fluid yolk. A major morphogenetic event in Drosophila gastrulation is ventral furrow

(VF) invagination [52], where the embryo partially folds into itself, followed by subsequent

germ-band extension (GBE). During GBE cells are collectively transported by convergent

extension with frequent cell-cell rearrangements; simultaneously, cells on the dorsal side,

in what is known as the amnio serosa, accommodate GBE via a combination of both cell

shape changes and cell-cell rearrangements [24, 23, 7, 53]. Lastly, during early Drosophila

development, jammed and unjammed regions of cells correlate with regions of high and

low intrinsic curvature, respectively, reflecting the interplay between shape and rigidity

[54]. The synchronous fluid-like and solid-like tissue behaviors are key ingredients of

morphogenesis and aide the embryo in acquiring its final functional 3D shape.

1.2 How to describe rigidity

The study of the transition between flowing and solid states of matter is a rich area

of physics, with scientists utilizing different approaches depending on the specific sys-

tem. One framework to think about solid-fluid transitions is spatial symmetry such as

in crystalline solids which may be modeled as a lattice of atoms/molecules with discrete

rotational and translational order. This lattice structure defines a reference state of the

solid. The linear, and sometimes even nonlinear, mechanical response to external de-

4
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(a)

(c)

(b)

(d)

Figure 1.1—(a) Confocal image data taken from [46] of epithelial tissue from
Drosophila wing during development compared with vertex model representation of

epithelia as a polygonal tiling of the plane. (b)A T1 transition between a quartet of cells
whereby an edge shrinks to a vertex, and then decomposes into two vertices an d a new
edge. The result is an exchange of neighbors between cells. (c) A generalized version of

a T1 process involving more cells, resulting in an intermediate multicellular rosette
configuration whereby 5 or more cells share a vertex. (d) A T2 transition where a cell (
green triangle) shrinks to a vertex and is removed resulting in a multicellular rosette,

corresponding to cell delamination or apostosis.

formations imposed on this reference state, as characterized by elastic constants such

as Young’s modulus and Poisson’s ratio, can be theoretically predicted from the lattice

structure [55, 56, 57, 58]. The destruction of crystalline order - or melting - corresponds

to the loss of spatial symmetry and indicates the onset of fluidization [58]. The lattice

structure framework is intuitive when thinking of systems with a naturally periodic mi-

crostructure such as ice or metals, and has served as a springboard for statistical theories

addressing the role of defects and order in solid-fluid phase transitions in 2D such as

in KTHNY theory [59, 60, 61]. This framework of has also provided insight in studying

amorphous solids where the proliferation and flow of defect-like regions is associated with

5
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failure and plasticity [62, 63]. Additionally, the idea of a pre-stressed reference state has

been used to modify theoretical tools developed for crystalline solids to, instead, describe

the mechanical response of amorphous solids [64, 65].

The solid or fluid response of materials can also be understood by consideration of

the time scales involved. For example, Oobleck putty is a viscoelastic fluid composed

of cornstarch and water whose mechanical response is a function of the rate of imposed

strain. A sudden mechanical perturbation results in a solid-like response, but if perturbed

at a slower rate the putty responds like a fluid. In Oobleck polymer strands are embedded

in water and relax with a certain characteristic time after being deformed. If strained

at a fast enough rate, the polymers cannot fully relax resulting in stress built up and

solid-like response; whereas, at a slow enough strain rate the polymer strands can relax

before stresses build up, resulting in a fluid response.

Lastly, density mediated jamming is another route towards rigidity. In this case struc-

tural rearrangements cease upon increasing density due to particle crowding, resulting

in a spontaneous restriction of phase space and yielding a jammed state [66]. It is an

example of ergodicity breaking due to the spontaneous collective arrest of particles[67].

These examples, though not exhaustive, illustrate how, depending on the system, the

question of distinguishing between rigid and flowing states can be understood by different

metrics. It is not surprising that continuum models developed to describe the solid and

fluid aspects of biological tissues often make contact with, or even directly import, tools

from these other frameworks. For instance, the observed junction network in epithelia

can be naively taken to encode rigidity, as is the case with a crystalline solid or spring

network, and has motivated the use of a Hookean type elasticity model [68, 69, 70]. This

approach fails to capture the solid-fluid transition signaled by cell shape, nor accounts for

the non-affinity of the mechanical response which is a robust feature of cells in epithelia

[53].

6
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Biological tissues are characterized by several time scales corresponding to various

biochemical processes, cell division and death, cellular rearrangements, and morpho-

genetic events. In vitro rheological studies of cell aggregates and monolayers show that

cellular tissue responds viscoelastically: it is able to support stress on short time scales

but it flows on longer time scales [71]. A still relatively open question is how to formu-

late a constitutive relation between stress and strain that incorporates the role of cell

shape. There is analogy to rheological models of binary immiscible fluids [72] and foams

[73] under shear, where droplets or bubbles undergo shape changes, change orientation,

and rupture, engendering unusual rheology. Several groups have tried to incorporate

cell shape, birth and death processes, and cellular rearrangements in continuum models

of biological tissues, yielding models which connect these cell features to macroscopic

properties such as diffusivity, viscosity, strain stiffening, tissue polarity and finite yield

stress [74, 75, 76, 77, 78, 79].

Even though epithelial tissues can fluidize at fixed density, ideas developed in the

context of conventional packing and jamming theories can still be useful to describe the

atypical jamming transition of epithelia. An example is the notion of geometric frus-

tration, as known to occur in dense colloids [80], liquid crystals [81], magnets [82], and

packings of spheres [83]. These systems can exhibit structural organization which is

incompatible with the local interactions and/or the embedding space. This sort of struc-

tural incompatibility or geometrical frustration [4] can not only alter physical proprieties

[84], but also yield highly degenerate ground states [85]. Geometrical frustration has been

recently identified in Vertex and Voronoi models of epithelia tissues [86, 87, 88, 89] and

in programmable metamaterials, where the shape of the building blocks or the cells can

control mechanical response and engender anomalous elasticity, such as auxetic behavior

[90], as well as encode Goldstone modes [91, 92, 93, 94], self-assembly [95, 96, 97], and

rigid to floppy transitions [89, 98, 86].

7



Introduction Chapter 1

In the context of 2D biological tissues, the rigidity transition in the Vertex model

arises from the cells’ inability to simultaneously satisfy constraints set by target area and

target perimeter. This occurs for parameter values corresponding to target shapes which

are not geometrically realizable and thus are incompatible. The resulting frustrated state,

as will be explained in this thesis, yields rigidity. In the next section we describe the

vertex model and emphasize its inherently geometrical aspects. Next, I review relevant

work on the ground states of the vertex model which relate shape incompatibility to

rigidity, and provide some commentary on the connection between the model and the

isoperimetric inequality.

1.3 Vertex model: biological tissues as polygonal tilings.

The connection between cell shape and tissue functionality is a recurrent theme in bi-

ology and has interested scientists for over a century. For instance, a honeycomb packing1

is often tied to several biological processes, such as in Drosophila eye development and

hair formation on wing discs [100, 101]. The Scottish mathematician D’Arcy Thomp-

son attributed the ubiquitous motif of hexagonal packing in confluent tissues to force

balance, conceptualizing cells as bubbles in a foam under surface tension [102]. A cen-

tury later, laser ablation techniques have confirmed that junction networks in epithelial

tissues are typically under tension even when cells are irregular and undergo cell-cell

rearrangements [103]. Other structural motifs in the epithelium may be explained by

topology: an argument based on simple mathematical principles can explain why, on

average, cells have 6 neighbors due to cell proliferation, and offers an explanation for

the predominance of hexagonal topology2 in epithelia [105]. While these mathematical

1The honeycomb conjecture dates to antiquity and states that a honeycomb tiling subdivides the
plane with the least amount of perimeter, and was first rigorously proved in 1999 [99].

2The hexagonal topology of the junction network suggests that cells are also, on average, in some
sense also hexagonal in shape: if each cell has 6 neighbors, and therefore 6 edges, then one has a hexagon.

8
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insights aide in developing some intuition on the observed structure of cellular tissues,

they cannot provide a complete account for aspects such as cell size and shape changes,

nor mechanical properties, let alone the dynamics of bulk tissue during development.

An open question in tissue mechanics is the emergence of global scale mechanical

properties of biological tissues due to collective cell coordination and single cell proprieties

such as the various proteins within the cytoskeleton which give cells their shape and

integrity, as well as the adhesion molecules which bind cells together [106, 107, 108].

There have been several proposed theoretical models to describe epithelial tissues, both

at the microscope level, for instance, via a cellular Potts model [109], and at the tissue

scale via various continuum models which can account for polar and nematic order,

viscoelasticity, mechano-chemical feedback, and cell motility [110, 111, 112, 113]. A

fruitful starting point in capturing the mechanical proprieties of biological tissues has

been the vertex model, which describes a densely packed cell monolayer as a polygonal

pattern and was first proposed as a model for simple epithelia by Ref. [114].

The vertex model is a 2D model which describes each cell’s apical surface as a polygon,

each cell-cell junction as an edge between two polygons, and each multicellular junction

as a vertex, and thus the epithelium’s junction network is cast a polygonal tiling. The

precise formulation of vertex models differs widely between contexts, and the model was

originally developed to describe foams [115, 116], soap bubbles [117], and grain boundaries

[118]. In the context of epithelial tissues, the model can incorporate network tension, area

constraints, biochemical feedback, noise, as well as topological rearrangements connected

with cell motility, cell intercalation, and cell division through changes in lattice network

[44, 113].

Tissues exhibit several time scales with the shortest one being the relaxation of cell

The recent findings of small scale hexatic order in epithelia is unsurprising if one defines hexatic order
via cell shape [104].

9
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shape in response to local deformations, typically on the order of seconds to minutes.

Cell division and tissue shape changes occur on the order of hours to days. Thus, at

short time scales the tissue can be assumed to respond to imposed deformation quasi-

statically, motivating the assumption that cells are in force balance as described by an

energy functional. The vertex model free energy for a collection of N cells labelled by

Greek indices α, β = 1, 2, · · · , N can be written as [46]

E =
N∑

α=1

κA

2
(Aα − Aα

0 )
2 +

M∑
i,j

Λijℓij +
N∑

α=1

Γα

2
P 2
α (1.1)

The first term on the right hand side of Eq. (1.1) describes the energy cost for a cell

to change its area Aα relative to a target value Aα
0 , with κA is areal elasticity. It arises

from the incompressibility of cells tissue in 3D, which allows for cells to change their

area by changing their height. The second term corresponds to cell-to-cell interactions

along the junction network. Here ℓij is the length of the cell edge connecting vertices

i and j, with Λij the line tension along the corresponding edge. The sum here is over

all cell edges, as denoted by the M vertices of the network. Vertices are labelled by

Latin indices i, j = 1, 2, · · · ,M . The tensions Λij are controlled by the interplay of

cell-cell adhesion and cortex contractility and can be negative when adhesion overcomes

contractility. Finally, the last term describes active cell contractility and elasticity of the

cell’s cytoskeleton, which together set an overall cell contractility via Γ.

Given a coordinate system, the vertex positions can be prescribed by Cartesian vectors

Ri. Force balance then corresponds to minimizing the energy with respect to the positions

of the vertices, which gives a system of M coupled equations obtained by imposing

∂E
∂Ri

= 0.

The parameters of the vertex model account in an effective manner several bio-

chemical processes. For instance, the cell tensions Λij are controlled by the interplay

10
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of E-cadherins that tune cell adhesion [119, 120] and myosin that regulates contractility

of the cytoskeletal network and whose recruitment is in turn regulated by mechanical

feedback [53]. What makes this energy functional distinct from a Hookean approach

(masses and springs) is the second term due to line tension between cell junctions. In

lieu of each edge having its own independent spring constant, the strength of the ten-

sions is instead set by cell-cell interactions and network topology: cell-cell adhesion favors

contact, thereby increasing perimeter, whereas subcortical tension favors minimizing cell

boundary. Thus, each edge’s individual elasticity is inherently nonlocal.

The vertex model energy is highly degenerate and does not a priori fix a unique

ground state for any given network. Stability criteria such as Maxwell counting fail to

determine the system rigidity based on network topology3. To elucidate this degeneracy,

consider the special case where line tension is uniform Λij = Λ, then one may complete

the square and drop a constant term to re-cast the tissue energy as

E =
N∑

α=1

κA

2
(Aα − Aα

0 )
2 +

κP

2
(Pα − Pα

0 )
2 (1.2)

where P0 = − Λ
2Γ

sets target perimeter and κP = Γ. This energy penalizes harmonic

derivations away from target area and target perimeter instead of individual target edge

length. A mechanical system governed by this energy, unlike a Hookean network of

springs, is underconstrained for any network topology because area and perimeter con-

straints do not in general fix a unique shape, and therefore the system is floppy. Even a

hexagonal triangular polygonal network, which would certainly be rigid for a collection

3Models of confluent tissues, such as the vertex model, typically describe a tissue network with
predominately triplet junctions, i.e. 3 cells meet at each vertex. Quartet and higher order junctions and
can occur during cell-cell rearrangement via a T1 transition. A modified Maxwell counting procedure
outlined in [121] shows that the solid-to-fluid transition in the vertex model can be driven by both rosette
density (see Figure 1.1 (b,c,d)) and intracellular tension, confirming that network topology alone is not
sufficient.
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Introduction Chapter 1

of springs, is floppy: a triangle has 3 degrees of freedom, but this energy only constrains

two of them [122, 123].

Figure 1.2—Ground states of the vertex model for rescaled Λ and Γ of Eq. (1.1) from
[101] for a network of fixed lattice topology, where each vertex connects 3 edges. In the

grey region force balance/energy minimization fixes the network into a regular
hexagonal tiling, with a finite shear modulus. In the green and blue regions the system
is highly degenerate, corresponding to irregular hexagons, and has a vanishing linear

and nonlinear shear modulus in the green and blue regions, respectively.

What encodes rigidity into the model is the interplay between area and perimeter

constraints along with other possible external constraints such as imposed stretching,

shearing, dilatation, and the embedding geometry. The work of Staple et al. was the first

to explore how rigidity in the vertex model ties to target perimeter, P0 = −Λ
Γ
and target

area, A0. Their results [101] on the ground states of the VM, summarized in Figure 1.2,

show a transition between rigid states ( with non-zero shear modulus) to floppy states

12
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(with a vanishing shear modulus) at fixed lattice topology, with the transition tuned

by P0 and A0. Furthermore, they find that topological rearrangements, such as T1 and

T2 processes (see Figure 1.1), involve energy barriers. Thus, the lowest energy response

to imposed (small) shear deformations is cells changing shape rather than intercalation.

The vertex model encodes two distinct paths towards fluidity at constant density: a

purely geometrical route arising from the inherently unconstrained nature of the energy,

in contrast to the more conventional route of fluidization corresponding to topological

rearrangements of cells.

The rigidity transition tied to geometry can be thought in terms of a cell’s ability to

achieve a target perimeter, and therefore target shape (if we fix area) as tuned by P0,

and whether this is geometrically realizable. A cell’s perimeter must adhere to necessary

conditions that Euclidean geometry imposes on shape itself. The isoperimetric inequal-

ity describes these geometric constraints by stating a lower bound on the relationship

between a polygon’s area and perimeter in the Euclidean plane [124]

s∗0 ≤
P 2

A
(1.3)

Where s∗0 =
√

4n tan
(
π
n

)
is the isoperimetric quotient, and in the limit of large n recovers

the lower bound for general domains [124]. In the absence of external deformations

and boundary conditions, this inequality is the only constraint on the ground states of

the vertex model. This inequality is a weak constraint, amounting to a compatibility

condition on shape and cannot fix cell size4 or shape - for this, one really needs to

study the energy landscape of Eq. (1.1). However, the inequality is sharp in the sense

that, as shown in Chapter 2, s∗0 sets the transition, as tuned by P0 and A0, between

rigid and floppy states of the vertex when s∗0(n) = P0√
A0

for a system consisting of a

4Note that the isoperimetric inequality is scale invariant.
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uniform triangular, quadrilateral, and hexagonal network, corresponding to n = 3, 4, 6,

respectively. In disordered vertex models the critical point is given by s0(5) ≈ 3.81,

corresponding to a pentagon. The critical value s0(5) ≈ 3.81 can be argued by a scaling

analysis done in Ref. [48], but a more intuitive picture can be gotten by noting that

during a T1 transition a quartet of cells all become pentagons, see Figure 1.1 (b).

1.4 Outline

This thesis presents my doctoral research which has centered around a single ques-

tion, namely how cell shape controls the athermal bulk mechanical and flow properties

of a confluent biological tissue. It builds upon the work of Staple, Farhadihar and col-

laborators who first identified the deep connection between cell shape and tissue rigidity

[46, 45, 101]. All of my doctoral work has been restricted to a single theoretical description

- the vertex model. Nonetheless, this simple model engenders a great deal of possibilities,

as reflected by the myriad of theoretical and computational studies referenced above.

The first three chapters are based on articles published in PRE and Soft Matter,

and report on a mean field theoretic treatment of the linear and nonlinear mechanical

response of the vertex model. Despite the absence of several important physical fea-

tures, such as T1,2 processes, growth and death processes, and biochemical-mechanical

feedback, the mean field model encodes novel elasticity such as the coupling between

shear and compression/dilation modes, curvature mediated rigidity transitions, and ro-

bust non-affinity in the linear mechanical response. These anomalous elastic proprieties

are fundamental features of the model, and are obtained in both experimental and com-

putational data [79, 125, 77], demonstrating that they need to be accounted for in any

faithful continuum theory of tissue based on the vertex model. The fifth chapter presents

a continuum model which incorporates cell shape anisotropy as an order parameter for

14
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the solid-fluid transition, coupled to local order of elongated cells. While many epithelia

exhibit ordered states, fluidized tissues are typically disordered and thus cell anisotropy

and local (nematic) order are connected to distinct types of phase transitions. I conclude

in the sixth chapter with a brief summary.
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Chapter 2

Anomalous elasticity of the cellular

tissue vertex model

This chapter is adapted from a 2022 Physical Review E article [126] co-authored with

Michael Moshe, Michael Staddon, Mark Bowick, and M.Cristina Marchetti. Theoretical

work was performed by Michael Moshe and myself, and simulations by Michael Staddon,

with M. Cristina Marchetti, Mark J. Bowick, and Michael Moshe providing mentorship,

manuscript editing, guidance, and support.
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2.1 Introduction

Biological tissue are active materials capable of generating mechanical stresses and

transmitting such stresses at the organ and organism scale [127]. In the other direction,

imposed global forces on tissues typically result in individual cell responses [30], reflecting

the strong connection between tissue scale and cell scale mechanics. The ability of a

biological tissue to tune its own rigidity and thereby adapt its mechanical response to

external perturbations engender significant challenges for the formulation of a continuum

description.

Chapter 1 introduced the idea that a bulk tissue may become solid-like due to self-

tension of cells in the context of the vertex model, and tied the onset of rigidity to geomet-

ric incompatibility. This geometry-driven transition between rigid and floppy states has

been identified before in Vertex and Voronoi models of confluent tissue [86, 128, 87, 88],

but the characterization of the elastic and rheological response of the VM to external

deformations is only beginning to be addressed [129].

The existence of a potential energy and of a single reference state are crucial ingre-

dients for constructing continuum elastic theories of solids, where the linear response

to small deformations is analyzed via an expansion of the energy to quadratic order

in strains. Both ingredients are absent in living matter, where out-of-equilibrium ac-

tive processes prevent the formulation of a conservative potential energy and the under-

constrained structure of the cellular network results in highly degenerate ground-states.

This prevents the identification of a unique rest configuration with respect to which de-

formations and strains can be measured. As a result, the formulation of a continuum

elasticity of living matter that incorporates both active processes and the intrinsic rigidity

arising from the structure of the cellular network remains a formidable challenge.

In recent work, Schneibner et al. have proposed a continuum theory of active solids
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that lack a potential elastic energy [130]. By coarse-graining a model of active force

generators on a triangular lattice, these authors showed that the elastic stiffness tensor

of an active solid contains an asymmetric part that violates conservation of energy and

reciprocity. While the elastic response of a homogeneous and isotropic passive solid with

a single rest configuration is fully characterized by just two elastic moduli describing

the response to shear and isotropic dilation/compression, these authors showed that the

description of the mechanics of isotropic elastic solids with active bonds requires a theory

of “odd elasticity”, with two new elastic moduli that stem from the ability of an active

elastic medium to go through a closed cycle of quasistatic deformations with non-zero

total work output.

In this chapter we examine how geometric constraints affect the continuum elasticity

of cellular networks in the context of the two-dimensional Vertex Model (VM). The VM

describes a confluent tissue as a network of polygons tiling the plane. Each polygon repre-

sents a cell and is characterized by target values of area and perimeter encoding a variety

of bio-mechanical mechanisms [131, 114, 46, 45, 132, 44, 48, 113, 133]. The observed cells’

area and perimeter are controlled by a tissue energy that penalizes deviations from the

target values. Most studies of the VM have focused on disordered and active realizations,

where the polygons form a disordered network and active processes can drive cell rear-

rangements and neighbor exchanges [134, 89, 135, 136]. Here, in contrast, we consider

an ordered realization where the network is composed of regular polygons and neglect

active processes responsible, for instance, for T1 transitions. This allows one to isolate

the structural and energetic origin of the rigidity transition associated with geometric

incompatibility.

By combining mean-field theory and numerical simulations, we show that the re-

sponse of the VM to infinitesimal deformations is never described by linear Hookean

elasticity. Specifically, the fluid state exhibits vanishing stiffness up to a critical strain
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as it can accommodate external strains with zero stress by spontaneous shear. The rigid

state has finite linear response, but the measured elastic moduli do not satisfy the conven-

tional relations of isotropic linear elastic solids, where the response to small deformations

is fully characterized by just two independent stiffnesses. The strongest deviations from

linear elasticity are found in the critically-compatible state. In this state mechanical reci-

procity is violated, an anomalous coupling between bulk and shear deformations emerges,

and quartic rigidity is observed in response to specific linear deformations.

Recent work by [125] has examined numerically the response of a disordered Voronoi

model, that naturally incorporates topological rearrangements, to quasi-static shear. This

work finds that the compatible/fluid state exhibits zero stress below a critical applied

strain, confirming the results of our minimal mean-field approach. It additionally shows

that both the liquid and the solid exhibit shear stiffening above a critical strain and that

a mean-field theory that incorporates the ground state degeneracy of the compatible

regime captures the nonlinear behavior of the shear response.

Although derived from an energy, the VM elasticity shares similarities with odd elas-

ticity, including the breakdown of reciprocity and the emergence of an anomalous coupling

between isotropic and shear deformations. As in odd solids, the linear response of the

VM violates the basic symmetries of the elastic stiffness tensor of passive solids and the

elastic response depends on the protocol of the deformation. Contrary to odd elasticity,

these properties emerge not from a sustained energy input that breaks the conservative

nature of forces, but from pure geometric constraints that result in the failure of a Taylor

expansion to faithfully describe the elastic potential energy even for small deformations.

The geometric origin of the anomalous elasticity is highlighted through a derivation of

a generalized continuum elastic theory of the VM, which provides excellent quantitative

agreement with the numerical simulations. These findings provide new insights into the

geometrical aspects of tissue mechanics, which underlie in an essential way the rigidity
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transitions controlled by active processes. They also lay out a path for the design of new

mechanical metamaterials with mechanical properties mimicking those of living tissue.

The structure of this chapter is as follows: Sect. 2.2 reviews the properties of the

passive ordered VM. Sect. 2.3 introduces a mean-field approach to VM, implemented in

Sect. 2.4 to measure global response to uniform loads, and compared with numeric results.

Sect. 2.5 shows that the measured properties violate linear elasticity. Sect. 2.6 proposes

a visual representation of VM mechanics, uncovering the source of its peculiar behavior

and the required modifications to classical elasticity. The last section 2.7 provides a brief

summary and offers directions for the road ahead.

2.2 Vertex Model and geometric incompatibility

In the VM, each cell is described as a convex polygon with target area and perimeter

A0 and P0 respectively. Given a configuration with actual area A and perimeter P , the

cell stores a mechanical energy

Ecell =
κA

2

(
A− A0

)2
+

κP

2

(
P − P0

)2
. (2.1)

A tissue consists of a network of many such cells, covering the plane. Cells in epithelial

tissue typically resemble disordered arrangements of mainly 5−, 6− and 7−sided irregular

polygons, with an average coordination number of 3 at each vertex. To highlight the

qualitatively new mechanics emerging from purely geometric constraints, here we consider

the seemingly simple quasi-static response of a uniform tissue (i.e. uniform A0 and P0)

to uniform imposed loads that lead to uniform observed A and P . We assume that all

cells respond identically. Thus the tissue energy is E = N Ecell and it is sufficient to

analyze the behavior of a single cell. This corresponds to a mean-field theory of the
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tissue VM. Additionally, for clarity we mainly analyze the case of a triangular tissue.

This transparent example is also closer to the familiar discrete model of elastic materials

[55, 137, 138]. Our results are not qualitatively affected by the specific polygonal shape

considered.

A näıve degree-of-freedom counting reveals that the VM is under-constrained [121,

87]. Even the most rigid polygon, a triangular cell, has three structural degrees of

freedom, corresponding to the lengths of the three edges, but fixing target area and

perimeter only imposes two constraints, implying that a single triangular cell is floppy.

As mentioned in chapter 1, recent work has shown that VMs exhibit a transition

tuned by the target shape index s0 = P0/
√
A0 between a fluid-like state where cells freely

intercalate and a rigid state where cells are collectively jammed [48, 39, 30]. The order

parameter for this transition is the observed cell shape index defined as s = P/
√
A.

In early work the loss of rigidity was associated with the vanishing of energy barriers

for neighbor exchanges known as T1 transitions which mediate local changes in network

topology [48]. Studies of VMs with fixed topology (hence no T1 transitions) have sug-

gested, however, that a possible underlying origin of this transition is the geometric

incompatibility of the target shape index with the embedding space: in a regular version

of the VM, rigidification occurs when the target shape index violates the isoperimetric

inequality which requires s0 ≥ s∗0(n), with s∗0(n) =
√
4n tan(π/n) for a regular n-sided

polygon [45, 46, 86, 89]. An ordered vertex model of n-sided polygons hence undergoes

a transition at s0 = s∗0(n). For s0 < s∗0 the cells cannot achieve their target shape and

the tissue is in a rigid, incompatible state, with a single finite-energy ground state. For

s0 > s∗0 the tissue is soft/floppy, or compatible, with multiple zero-energy configurations.

Since in the incompatible state the tissue has a well-defined, albeit frustrated, ground-

state configuration, one may think that such a ground state would be a legitimate refer-

ence for measuring deformations and that an expansion about such a state to quadratic
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order in the strain would provide an accurate description of the linear elastic response of

the system. In the present chapter I show that this is not the case, and that the response

of ordered VMs to small deformations deviates qualitatively from linear elasticity. The

next section presents a mean-field model that justifies this conclusion and then uses it to

calculate the various elastic moduli that quantify the response to uniform imposed loads.

2.3 Mean field theory and ground states

The elastic moduli of a tissue encode information about the mechanical response to

uniform external loads. We assume that in a uniform ordered tissue the responses of all

cells are identical, and formulate a mean-field theory by considering the elastic energy

of a single cell, Eq. (2.1). To begin, we express the energy in terms of configurational

variables by introducing the symmetric 2× 2 metric tensor g. Denoting the unit vectors

defining a regular polygon by vi and the polygon’s area by ∆S, we can then write cell

perimeter and area as

A(g) =
√
detg ∆S , (2.2)

P (g) =
∑
i∈cell

√
vαi gαβv

β
i , (2.3)

where Greek indices α, β denote Cartesian components. Note that for triangles all config-

urations can be parametrized exactly as in Eqs. (2.2) and (2.3). For higher order polygons

the description of edges in terms of a single uniform metric is an approximation.

It is convenient to introduce dimensionless quantities by using
√
A0 as the unit of

length. The dimensionless form of Eq.(2.1) is then

E =
Ecell

κAA2
0

=
1

2
(a(g)− 1)2 +

r

2
(p(g)− s0)

2 , (2.4)
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Figure 2.1—(a) Ground-state energy E0 as function of the target shape index s0 and tilt
angle θ measured between the median and the cell base. The blue region corresponds to
zero energy, reflecting the degeneracy of the ground-state in the compatible regime.

The colored lines describe E0 as function of θ for s0 = 3.5, 4.55901, 5.3, corresponding to
the incompatible, critical, and compatible regimes, respectively. The three curves are
plotted together in (b) as function of θ, with the inset showing three different zero

energy configurations corresponding to the compatible green curve. (c) Observed s vs.
target perimeter s0. In the incompatible regime s0 < s∗0 the ground-state configuration
is isotropic, whereas in the compatible regime s0 > s∗0 the ground-state configuration is

anisotropic and degenerate. The smaller scale of the incompatible (blue edge) cell
illustrates the compromise of ground-state area and perimeter being smaller/larger

relative to their target values a < 1, p > s0.

with a = A/A0, p = P/
√
A0 and r = κP/(κAA0) a parameter that sets the relative

cost of perimeter to area variations. This form of the energy functional has strong

similarity with that of non-Euclidean shell theory, where stretching and bending terms

may be incompatible due to violation of geometric compatibility conditions [139]. The

absence of a stress-free configuration when s0 < s∗0 is transparent in this form, since the

isoperimetric inequality states that for s0 < s∗0 there does not exist any g which can

satisfy both a = 1 and p = s0 simultaneously.

Before examining the mechanical response to small perturbations, we need to find

the ground-state energy. This is determined by minimizing Eq. (2.4) with respect to all

admissible metric tensors g. The ground state metric g0 is given by

g0 = argmin
g

E(g; s0, r) . (2.5)
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The calculation of g0 for a given n-sided regular polygon as a function of (s0, r) can be

carried out analytically and is shown in Appendix 2.B for n = 3, 4, 6. For s0 < s∗0 there

is a unique ground state corresponding to a regular polygon and a gapped energy. In

this regime, referred to as the incompatible regime, the system is rigid. As s0 → s∗0 from

below, the energy gap vanishes. For s0 > s∗0 the system transitions to the compatible

regime, where there is a one-parameter set of zero-energy configurations, making the

tissue floppy. This is shown in Figure 2.1(a,b) where we plot the ground-state energy

of a single cell as a function of its target shape index s0 and the tilt angle between the

median and the cell base, which provides a measure of shear deformation. This angle

parametrizes a family of zero energy states in the compatible regime. In Figure 2.1(c) we

show the observed ground state shape index s as a function of the target shape index s0.

The inset displays ground-state configurations. In the incompatible regime for s0 < s∗0,

s = s∗0. In the compatible regime the system can achieve both target area and perimeter,

with a family of tilted polygonal shapes satisfying s = s0, corresponding to the flat region

in Figure 2.1(a,b). The smaller scale of the incompatible cell in Figure 2.1(c) reflects the

compromise between area and perimeter costs resulting from a < 1 and s > s0.

2.4 Linear Mechanical Response

Let us first consider a conventional elastic solid described by an energy E(g) with a

unique ground state g0µν = δµν that provides the reference (undeformed) configuration.

The mechanical response to a deformation is quantified in terms of the strain u which is

defined as the deviation about the reference configuration, i.e. by writing g = g0 + 2u.

Linear elasticity can then be formulated by expanding the energy around the reference
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state to quadratic order in powers of the strain

E(g) = E(g0 + 2u) =
1

2
Aαβγδ(g0)uαβuγδ +O(u)3 , (2.6)

with E(g0) = 0. For an isotropic solid the elastic stiffness tensor Aαβγδ must have the

form

Aαβγδ = λgαβ
0 gγδ

0 + µ
(
gαγ
0 gβδ

0 + gαδ
0 gβγ

0

)
, (2.7)

and depends on only two independent degrees of freedom, namely the Lamé coefficients

λ and µ. The various elastic moduli characterize the linear response to any deformation

and can then be expressed in terms of λ and µ, according to the expressions given in the

last column of Table 2.1.

Alternatively, one can bypass the Taylor expansion and directly calculate the energy

cost for each specific deformation. This corresponds to tuning one or more of the com-

ponents of u (denoted by δ), while leaving the others free to minimize the energy. For

instance, a uniaxial deformation is imposed by fixing u11 = δ while leaving u12, u22 free

to adjust to minimize the energy. The deformation energy Eδ associated with the specific

deformation δ then defines the corresponding elastic constant G according to

Eδ = min
uαβ ̸=δ

E(g0 + 2u) =
1

2
Gδ2 +O(δ3) . (2.8)

Of course the two procedures, i.e., the Taylor expansion and the calculation of the energy

cost of specific deformations according to Eq. (2.8), are equivalent for a conventional

elastic solid. Both routes show that the response to any deformation can be described in

terms of only two independent parameters.

Howevere, the situation is quite different for the VM. To make this apparent it is

useful to first consider the incompatible regime, where there is a unique ground state
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configuration g0µν = c2δµν , corresponding to a regular n-sided polygon. The constant c

is determined by energy minimization and is the real solution of a cubic equation, given

in App. 2.7 for n = 3, 4, 6. One may therefore be tempted to define the linear elastic

response of the VM in the incompatible regime using the Taylor expansion of Eq. (2.4).

Furthermore, since the reference configuration, i.e. g0, is isotropic, then so is the elastic

stiffness tensor Aαβγδ, which has the form given in Eq. (2.7) and is entirely determined

by the two coefficients λ and µ, given by

λ =

√
3

4
+

9r

8c
(3s0 − 7ℓ) ,

µ =
9r

8ℓ
(3ℓ− s0) .

(2.9)

A direct calculation of the deformation energy associated to a specific deformation,

i.e., a path in u space, defines the associated elastic modulus G according to

E(g) = min
uαβ ̸=δ

(
1

2
(a(g0 + 2u)− 1)2 +

r

2
(p(g0 + 2u)− s0)

2

)
= E0(g0) +

1

2
G(s0, r)δ

2 +O(δ3) .

(2.10)

The elastic constants calculated analytically with this second procedure agree well with

the results of numerical simulations, as shown in Figure 2.2. They depend on the path

taken in configuration space and cannot simply be expressed in terms of two independent

parameters. In particular, they are not related to those of Eq. (2.9) obtained via Taylor

expansion, which in turn do not agree with numerical simulations. This demonstrates

that the VM energy is non-analytic near the incompatible ground state and a Taylor

expansion does not apply.

In the compatible regime the ground state is degenerate, as shown in Figure 2.1(a),

where the flat region corresponds to a continuous set of rest configurations [86, 123]

or zero modes. This means that when subject, for instance, to a small uniaxial or
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Figure 2.2—(a-d) Comparison of analytical (solid) and numerical (points) elastic
moduli of an n = 3 VM as functions of target shape parameter s0 on a log-log scale.
The compatible/incompatible transition is at s∗0 = 2 33/4. The inset of (d) shows G4

and G5 on a linear scale, highlighting the vanishing of the measured response, beyond
the critical shape parameter. The moduli were calculated for various values of rigidity
ratio, ranging from r = 0.01 to r = 100. (e,f) Deviation from elasticity according to

Eq.(2.11) as function of shape index for various values of the rigidity ratio r. For r ≫ 1
perimeter deformations are more costly than area deformation and one observes

significant deviations from conventional linear elasticity. The deviations are smaller in
the opposite limit of r ≪ 1, where the energy is dominated by the area term.
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shear deformation, the system can accommodate the deformation by finding a new zero

energy configuration corresponding to the deformed shape, resulting in vanishing elastic

constant G. The elastic constants corresponding to a specific deformation can still be

calculated using the procedure defined in Eq. (2.10) and vanish whenever the deformed

state corresponds to one of the degenerate ground states. At sufficient finite strain the

system will eventually be unable to accommodate the deformation by simply exploring the

family of degenerate ground states, resulting in finite shear and uniaxial elastic constants

above a critical strain.

Thus, we have shown that the linear response of the VM depends on the protocol

of the deformation. For instance, the response to a uniaxial dilation/compression de-

pends on whether or not we allow the system to also spontaneously shear during the

deformation. This type of behavior has similarities with the odd elasticity of active

solids [130], as both systems exhibit spontaneously induced shear in response to isotropic

dilation/compression. In the next section we quantify the numerous ways in which the

protocol-dependent linear VM elasticity differs from the linear elasticity of a Hookean

solid.

Tissue Moduli
Deformation Fixed Free Linear elastic solid

G1 Uniaxial u11 u12, u22
4µ(λ+µ)
λ+2µ

G2 Uniaxial u11 = 0, u22 u12 λ+ 2µ
G3 Area u11 = u22 u12 4(λ+ µ)
G4 Shear u11 = −u22 u12 4µ
G5 Shear u12 u11, u22 4µ

Table 2.1: Elastic moduli for five different deformation protocols. The last column
shows the expressions in terms of the Lamé coefficients λ and µ for the case of a linear
elastic solid in 2D, where µ is the shear modulus and λ+ 2µ the compression modulus.
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2.5 Breakdown of linear elasticity

For bookkeeping purposes we define a set of elastic constants Gi, for i = 1, ..., 5, cor-

responding to the various deformation protocols as enumerated in Table 2.1. To quantify

deviations from isotropic linear elasticity we define two dimensionless parameters, η1 and

η2, given by

η1 ≡
G3G4

4G2G1

− 1 ,

η2 ≡ 1− 4G2 −G3

G4

.

(2.11)

Both vanish identically for a linear isotropic elastic solid, where the different Gi’s are

related to one another as in Table 2.1.

In Figure 2.2 we plot η1 and η2 as functions of s0 for various values of r. Here one

sees systematic deviations from linear elasticity that diverge at the critical shape index.

This shows that two measurements of mechanical response are insufficient to determine

the response of the VM to generic deformations, and thus linear elasticity is an ill-defined

approximation even for infinitesimal deformations. Thus unlike a conventional solid

whose linear mechanical response can be characterized by two mechanical measurements,

the VM requires, in principle, a measurement for each specific deformation.

To appreciate the deviation from conventional linear elasticity it is instructive to focus

on the critically compatible case for a triangular polygon with s0 = s∗0. In this case the

triangle is compatible, and there is only one configuration satisfying a = 1 and p = s0

simultaneously, corresponding to an equilateral triangle. The associated ground state

has zero energy and is unique.

We first calculate the response to area deformations by imposing u11 = u22 = δ

and letting u12 be selected by energy minimization. Figure 2.3(a) shows the energy as a

function of imposed area strain δ and shear strains u12, with the blue curve indicating the
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Figure 2.3—Energy landscape and mechanical properties of critically compatible
triangular cell model. (a) Energy as function of imposed area and shear strains,

showing an asymmetric response to area compression and tension. (b) Resistance to
area deformation as function of rigidity ratio for tensile (blue) and compressive (yellow)
area strain, compared with VM numeric results (dots). Inset shows the log-log plots of
energy-strain curves. (c) The cell-ratio defined in (2.12) as function of rigidity ratio.
Inset shows the cell ratio as function of imposed strain for a given rigidity ratio,
confirming that it is well defined material property. (e) Energy landscape for area
preserving deformations as function of the two shear strain modes, presenting a flat
landscape with vansishing quadratic rigidity and finite quartic rigidity. (e) Quartic

rigidity as function of rigidity ratio, with inset showing log-log plots of the energy-strain
curves confirming the quartic dependence of energy in strains. (f) Quartic order rigidity
as function of rigidity ratio (quadratic rigidity vanishes) compared with VM numeric
results (dots). Inset shows the energy-strain curves on a log-log scale validating the

quartic dependence of energy in strain.

energy minimizer for a fixed area deformation δ. We see that tensile deformations (δ > 0)

induce no shear while compression (δ < 0) yields finite induced shear. The bifurcation

of the red curve at the global minimum indicates spontaneous symmetry breaking in

the shear response. The asymmetry of the response to area deformations is displayed in

Figure 2.3(b) which shows G3 as a function of the rigidity ratio r for compressive (yellow)

and tensile (blue) deformations. The insets show log-log plots of energy-strain curves for

the tensile case, validating the quadratic dependence of energy on strain.

To quantify the magnitude of the induced shear we define a measure analogous to the
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Poisson ratio relating induced shear to imposed area deformation. The näıve measure

u12/δ is found to depend on the imposed strain δ and thus it is not a material property.

Instead one may define the cell-ratio

νcell = u2
12/δ . (2.12)

This quantity is plotted in Figure 2.3(c) and captures the asymmetry between tensile and

compressive deformations, with νcell = 0 for tensile forces and νcell ̸= 0 for compressive

forces. The inset of Figure 2.3(c) shows νcell for a specific r as a function of δ, confirm-

ing that this parameter is indeed a well defined material property independent of the

magnitude δ. Importantly, the cell-ratio quantifies the coupling between bulk and shear

deformations, which is absent in an isotropic linear elastic solid.

Next, we study the response to (area preserving) pure shear deformation by imposing

u12 = δ and letting u11 = −u22 to be selected by energy minimization, or vice versa.

The plot of the energy as a function of the shear deformations shown in Figure 2.3(d)

confirms that the two shear modes are decoupled as in classical elasticity. A log-log plot

of the energy-strain curve for one shear mode and various values of r is shown in inset

of Figure 2.3(e), revealing an inherently nonlinear quartic dependence that is in contrast

to linear elasticity. The quartic rigidity is plotted in Figure 2.3(e) on a linear scale.

Finally, we test the response to a uniaxial strain and discover that, similar to the

shear response, the quadratic rigidity vanishes and the response is quartic. The quartic

rigidity is plotted as function of rigidity ratio in Figure 2.3(f) and the inset shows energy-

displacement curves on log-log scale.

In summary, this section has shown how linear elasticity completely fails to describe

the linear response of the VM to small deformations in both the compatible and the

incompatible regimes. First, for s0 < s∗0 the assumption that the energy is analytic and
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can be expanded as in linear elasticity leads to an isotropic elastic tensor that depends

on two elastic moduli. Direct measurements of elastic response, both analytic and nu-

meric, contradict linear elasticity and thus contradict the assumption that the elastic

energy is analytic. At the critical point s0 = s∗0, the response to area deformations is

asymmetric, violating reciprocity. Second, the response to shear deformations exhibits

quartic rigidity, violating the superposition principle even for infinitesimal deformations.

Finally, we uncovered an anomalous coupling between area and shear deformations, with

a spontaneous breaking of symmetry in the shear response to isotropic dilations. This is

reminiscent of the recently discovered odd-ratio that quantifies area-shear coupling in a

generalized linear elasticity of active solids [130].

In the next section we explore the origin of the failure of linear elasticity using a

visual representation of the problem. For that purpose we start with a representation

of the classical elastic model using a triangular lattice of masses and springs and then

implement the geometrical representation for the VM.

2.6 Visual representation of the failure of linear elas-

ticity

2.6.1 Elastic triangle

To introduce the pictorial representation of deformations in configuration space we

first consider a common microscopic model for elastic solids, which is a lattice of masses

and springs. In 2D a triangular lattice of identical masses and springs leads, in the

coarse-grained limit, to homogeneous and isotropic linear elasticity [55, 140]. As previ-

ously mentioned, the response to uniform loads on a uniform VM of identical triangular

cells is equivalent to the response of a single triangle. Therefore we may consider a single
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Figure 2.4—Visualizing elastic and cell models in configuration space. (a) An elastic
triangle made of masses and springs. The rest and deformed configurations are marked
by the gray and black points correspondingly. The mechanical energy is a measure for
the distance of the configuration ℓ from ℓ0. (b) A triangular cell model with rest area
and perimeter. MP is the set of all configurations satisfying the rest perimeter and MA

is the set of all configurations satisfying the rest area. The black point is the energy
ground-state with its exact position depending on the rigidity ratio. (c) a deformed

triangular cell model, illustrating the content of the mechanical energy is measuring the
joint distance from the two surfaces. The yellow points are hidden internal degrees of
freedom that are selected to minimize the distance from MP and MA. (d) Floppy cell
with s∗0 < s0: The intersecting curve represents a continuous set of triangles satisfying

both P0 and A0 simultaneously. (e) Critically rigid cell with s∗0 = s0 having one
configuration that satisfy are and perimeter simultaneously. (f) MA and MP are
disjoint, hence no triangle can satisfy both conditions and it is therefore frustrated.
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triangle made of three identical masses and harmonic springs with rest lengths l0. The

rest configuration defines a point in configuration space, denoted by ℓ0 = (l0, l0, l0) and

shown as a gray point with its associated equilateral triangle in Figure 2.4(a). An arbi-

trary deformed state is denoted ℓ = (ℓ1, ℓ2, ℓ3) and shown as a black point and associated

deformed triangle in Figure 2.4(a). Deformation along the na =
1√
3
(1, 1, 1) direction cor-

respond to area deformation, i.e., response to pressure changes, and deformations along

the perpendicular plane spanned by n1 = 1√
2
(1,−1, 0),n2 = 1√

2
(0, 1,−1) correspond to

shear deformations. Deviations from the rest configuration cost energy proportional to

δℓ2, with δℓ = ℓ − ℓ0. When expressed geometrically the rest and actual configurations

can be represented by reference and actual (or induced) metrics g0 and g, respectively,

and the energy can be expanded in powers of u = 1
2
(g − g0) as in Eq. (2.6), with Aαβγδ

as in Eq. (2.7). Importantly, the energetic response to a generic deformation along a

given direction in configuration space is insensitive to the orientation, as expected from

a quadratic expansion. In addition, there is no coupling between bulk and shear defor-

mations; for example A1112 = 0.

2.6.2 VM triangle

I now implement the same visual representation described above for an elastic triangle

for instead the case of a triangular VM cell, that is a triangle defined by its target area

and perimeter. Contrary to the elastic triangle, the terms in the cell energy Eq. (2.1)

penalize geometric deformations of area and perimeter, which do not uniquely determine

a configuration of a triangular polygon. Instead, these geometric constraints target define

two constraint surfaces in configuration space. The area term penalizes deviations from

the target area, and identifies a 2D manifold of equal area configurations denoted by

MA and shown as an orange surface in Figure 2.4(b,c). The perimeter term penalizes
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deviations from the target perimeter, which identifies a 2D manifold of equi-perimetric

configurations MP shown as a blue surface in Figure 2.4(b,c). The black point in Fig-

ure 2.4(b) represents the ground-state configuration that is achieved in the incompatible

regime by balancing area and perimeter deviations. Contrary to classical elasticity which

measures the distance of a point in configuration space from a reference point, the cell

energy measures the joint distance from two target surfaces. This introduces additional

hidden degrees of freedom to the deformations, as shown in Figure 2.4(c) where the

energy of the deformed configuration (black point) is measured by selecting the closest

(yellow) points on the target manifolds MA,MP .

The state of the tissue is determined by the relative location of the two surfaces in

configuration space. In Figure 2.4(d-f) we show three different situations where the two

surfaces cross each other along a curve, at a point, or not at all, corresponding to a

floppy (s∗0 < s0), critically rigid (s∗0 = s0), and frustrated cell (s0 < s∗0), respectively. The

ground-state is a point located along the na direction in between the surfaces, with its

exact position depending on the rigidity ratio r: for r ≫ 1 (r ≪ 1) the cell is dominated

by perimeter (area) term and the ground-state is closer to MP (MA). Zero energy states

exist only if the two surfaces intersect as in Figure 2.4(d,e). When the two surfaces are

disjoint as in Figure 2.4(f), the joint distance of any point in space from the surfaces,

that is the energy, is necessarily non-zero, reflecting the energy gap and the emergent

rigidity of the cell.

Keeping this mind, it is then evident why a standard quadratic expansion of the en-

ergy relative to the ground-state, marked by the black dot in Figure 2.4(b), fails. Upon

imposing an area preserving deformation, that is deforming the configuration perpendic-

ular to na =
1√
3
(1, 1, 1), the energetic cost should arise directly from the perimeter term.

Perimeter and area are, however, both conserved to linear order by a shear deformation,

and the first non vanishing contribution comes from the quartic term in an expansion
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Figure 2.5—Area deformation in a critically rigid triangular cell. The rest surfaces MA

and MP intersect at a point marked by red dot, forming the zero energy ground-state.
Area deformation is imposed by constraining the configuration to lie on a different

equi-areal surface. (a) Area tension - the equilibrium sits along the (1,1,1) direction in
between the constraining green surface and the perimeter surface MP , thus remaining

isotropic. The energy involves both area and perimeter deviations. (b) Area
compression, leading to intersection of the constraining green surface with MP . The
selected configuration is therefore on the intersecting curve with zero perimeter energy

and induced shear strain.
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in powers of the strain. On the other hand, area deformations costs energy already at

quadratic order. Therefore, a direct calculation of the elasticity tensor leads to a zero

shear modulus and finite bulk modulus, and the vanishing of the former fails to describe

the linear mechanical response.

Another geometric visualization makes this argument more transparent. Given a

deformed state ℓ we denote the ground-state by ℓ0 and the closest points on (MP ,MA) by

(ℓp, ℓa), marked by yellow points in Figure 2.4(c). Clearly, ℓp, ℓa are functions of ℓ. Linear

elasticity, that is measuring the energy as the distance from ℓ0, is equivalent to measuring

the joint distance from ℓp(ℓ0), ℓa(ℓ0). We note that an imposed shear deformation δℓ

corresponds to a displacement in configuration space parallel to the perimeter preserving

surface MP . In this case, since MP is flat, ℓp(ℓ) = ℓp(ℓ0)+δℓ, that is the closest point on

MP is displaced to the same order as the deformation, thus contributing to the energy

at the same order as the linear elastic contribution, and thus cannot be neglected. In

other words, the failure of linear elasticity reflects the fact that MP is flat.

The breakdown of linear elasticity is normally accompanied by breakdown of reci-

procity, which in turn relies on the property of linear superposition of elastic fields [141].

In the VM, however, we find a stronger violation of linear elasticity and reciprocity that

emerges from non-analyticity of the ground-state energy. To demonstrate this, assume a

critically compatible triangle with target perimeter P0 = 3 and target area A0 =
√
3/4.

The triangle in this case is compatible, and there is only one configuration satisfying

A0 and P0 simultaneously: an equilateral triangle of edge length l = 1, with zero en-

ergy. In Figure 2.5(a,b) the orange and blue surfaces represent those set by target area

and perimeter, and intersect at the single point corresponding to the ground-state. Now

consider an infinitesimal area deformation. Area expansion corresponds to constrain-

ing the cell configuration to lie on the green surface in Figure 2.5(a). In this case the

perimeter necessarily deviates from its target value, and the closest point on MP remains
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isotropic. In contrast, an area compression corresponds to the situation shown in Fig-

ure 2.5(b), where the green surface describing the deformed area and the target perimeter

surface intersect, resulting in zero perimeter energy and finite degenerate area energy.

Therefore the system spontaneously breaks the symmetry by selecting a deformed state

corresponding to finite shear of fixed magnitude and arbitrary orientation. Furthermore,

the resistance to area compression depends only on area rigidity whereas area tension

depends on both area and perimeter rigidities. This is in complete agreement with the

analytical and numerical results obtained in Figure 2.3.

Finally, the visual representation in Figure 2.5 clarifies why the definition of the cell-

ratio given in Eq. (2.12) is independent of the imposed strain and therefore constitutes

a material property. Figure 2.5(b) shows that the imposed area strain δ measures the

translation of the green surface, and the induced shear strain is the distance between the

undeformed state, marked by the red point, and the curve where the green surface and

the blue manifold MP intersect. For small δ the part of the green surface that intersect

with MP can be approximated as a spherical cup. The relation between its radius of

curvature R, and the imposed and induced strains is

(R− δ)2 + u2
12 = R2 (2.13)

and for small δ we get

u2
12

δ
= 2R ≡ νcell . (2.14)

The cell-ratio quantifying the coupling between imposed area strain and induced shear

strain is thus a geometric measure of the curvature of the surfaceMA. Numeric simu-

lations and analysis confirm that this definition is well defined and independent of the

imposed strain magnitude, as shown in Figure 2.3(c).
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2.7 Summary and Discussion

In summary, this chapter has shown that the mechanical response of the VM to even

infinitesimal deformations deviates qualitatively from linear Hookean elasticity. This

deviation is not surprising in the compatible regime, where there is a continuum of

degenerate ground states, but is most striking in the incompatible regime, where the VM

has a single ground-state and responds elastically. In this case one may therefore expect

Hookean elasticity to be a valid approximation for describing linear response. We have

seen, however, that this is not the case.

In both compatible (floppy) and incompatible (solid) regimes the response of the VM

to small deformations depends qualitatively on the protocol of the deformation. In the

compatible/floppy phase small uniaxial stretches cost zero energy if the system is allowed

to change shape by spontaneous shear, but cost finite energy when shearing is forbidden,

thereby reflecting an anomalous coupling between bulk and shear deformations. The

compatible/floppy state can therefore accommodate imposed strains with zero stress by

spontaneous shear up to a critical value of the external strain.

In the incompatible/solid phase there is a single ground-state and the origin of de-

viation from linear elasticity is more subtle. To understand what drives this failure, we

have developed a graphic representation of the mean-field of the VM that illustrates the

existence of hidden degrees of freedom. This geometric representation shows that the

elastic solid holds two distinct sets of reference configurations defined by two constraint

surfaces (associated with target area and target perimeter) that may be either compatible

or incompatible with each other. When compatible, the system is fluid in the sense that it

can explore a manifold of degenerate zero energy states and accommodate deformations

with no energetic cost, at least below a critical strain. When the two reference states

are incompatible, the system is rigid and has a finite ground state energy determined
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by the distance between the two sets of reference states that cannot be simultaneously

accommodated. The existence of this finite energy or pre-stress provides a definition

of geometric rigidity. Upon deformation, the system can adjust this relative distance,

resulting in a nonlinear and nonreciprocal elastic response. The strongest deviation from

linear elasticity occur at the critical point or critically compatible state, where the sys-

tem has a single non-frustrated ground-state, yet reciprocity is violated, an anomalous

coupling between bulk and shear deformations emerges, and quartic rigidity is observed

in response to specific deformations.

This chapter has quantified the deviations from linear elasticity in both regimes by

examining the linear response to various deformation protocols. We have shown that the

analytical derivation of a linear elastic theory of the VM via Taylor expansion for small

strains is inconsistent with a analytical direct calculation of the linear response and with

numerical simulations.

In the present work, we have restricted ourselves to a mean-field theory that examines

the linear response of the VM to spatially uniform deformations, where all cells respond

in the same way. The identification of hidden degrees of freedom demonstrates that

analyzing the response of non-uniformly deformed tissue, e.g., the response of the tissue

to the contraction of a single cell, requires a generalized elastic framework. Importantly,

it validates the formulation proposed in earlier work [86] by my collaborator, where he

suggested that both the ground state and deformation of the VM can be captured by an

energy functional that measures the joint distance of the geometric state of the system

described by the metric tensor g from two sets of reference states quantified by metrics

ḡA, ḡP ,

E(g) = min
ḡA∈GA

min
ḡP∈GP

(
1

2
∥g − ḡA∥2 +

1

2
∥g − ḡP∥2

)
. (2.15)

It was shown in [86] that this energy functional yields the rigidity transition and cap-
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tures the response of the VM to uniaxial deformations. Recent work has additionally

proved [123] that a rigorous coarse-graining of the discrete triangular VM converges

yields the continuum model proposed in [86].

The relevance of the work detailed in this chapter goes beyond the scope of tissue

mechanics in two main directions. First, this work provides a new route for the design of

mechanical meta-materials with extreme properties. Specifically, the unusual mechanical

properties of the tissue VM stem directly from the geometry of the reference surfaces

in Figure 2.4. This suggests that one could design materials with extreme mechanical

behavior by constructing a cellular network where each cell has a specific local energetic

response, controlled by the geometry of the reference surfaces. Second, this work chal-

lenges the well-established paradigm in physics that response to small perturbations can

be analyzed via a Taylor’s expansion about the ground state, and that its failure can be

corrected by taking into account higher orders terms, which lead to complex nonlinear

physics. The VM provides a realization of a class of system where Taylor’s expansion fails

unless the reference states are incorporated as dynamical variables. This work suggests

a new framework for formulating the elasticity of underconstrained system by describing

them via quadratic energy functionals where the available (and possibly incompatible)

reference states are incorporated as dynamical fields. The identification of ground states

and elastic response then requires additional minimization with respect to such reference

states.

The failure of linear elasticity raises questions about other properties of undercon-

strained elastic media, such as the interactions between structural defects and their

role into tissue ”melting”. This work, together with the general framework proposed

in Ref. [86], forms the basis for analyzing these question, which is reserved for future

studies.
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Appendix 4.A VM numerical simulations

To test the analytical results, my collaborator Michael Staddon simulated numeri-

cally a VM with a regular lattice of triangular cells, implementing the model in Surface

Evolver [142]. Periodic boundaries are used to avoid boundary effects, with periodic

lengths Lx, Ly and a shear length Lxy such that (x, y) = (x + mLx + nLxy, y + nLy),

where m and n are integers. For a given shape index s0 and rigidity ratio r we first find

the ground state using a gradient descent method to minimize energy over the vertex

positions and the periodic boundary lengths Lx and Ly, with Lxy = 0.

From this ground state, we calculate the tissue moduli Gi, i = 1...5, using the same

procedures for u11, u12, and u12 (see Table 2.1). The periodic lengths are transformed as

Lx → Lx(1 + u11), Ly → Ly(1 + u22), and Lxy → u12Ly. We then minimize energy under

this strain by updating vertex positions and free strain parameters. The modulus G is

then calculated as E = E0+
1
2
Gδ2 where E is the mean energy per cell, E0 is the ground

state energy per cell, and δ is the strain magnitude. Unless otherwise state, a value of

δ = 0.001 is used. In Figure 2.6 we show the energy minimizing configuration of a unit

cell before and after shear deformation.

Appendix 2.B Analytical calculation of ground states

It is instructive to display the calculation of the ground states for a quadrilateral

(n = 4), where the isoperimetric ratio is s∗0 = 4. In this case the derivation is transparent

and can be carried out analytically.

The metric tensor can be parametrized in terms of the (dimensionless) lengths ℓ1 and

ℓ2 of opposite parallel sides of the quadrilateral and the angle θ between adjacent sides
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Figure 2.6—Numerical simulations. (a) Image of numerical simulations with no shear.
The periodic boundary are defined by a parallelogram with horizontal length Lx and

vertical length Ly. (b) Image of a sheared tissue, with shear length Lxy

as

gij =

 ℓ21 ℓ1ℓ2 cos θ

ℓ1ℓ2 cos θ ℓ22

 (2.16)

with p = 2(ℓ1 + ℓ2) and a = ℓ1ℓ2 sin θ. We choose 0 ≤ θ ≤ π/2. Inserting this into the

mean-field energy Eq. (2.4), we obtain

E =
1

2
(ℓ1ℓ2 sin θ − 1)2 +

r

2
(2(ℓ1 + ℓ2)− s0)

2 . (2.17)

The ground states are obtained by finding the metric that minimizes the energy. This

gives three equations in three unknowns,

∂E

∂ℓ1
= (ℓ1ℓ2 sin θ − 1) ℓ2 sin θ + 2r [2(ℓ1 + ℓ2)− s0] = 0 ,

∂E

∂ℓ2
= (ℓ1ℓ2 sin θ − 1) ℓ1 sin θ + 2r [2(ℓ1 + ℓ2)− s0] = 0 ,

∂E

∂θ
= (ℓ1ℓ2 sin θ − 1) ℓ1ℓ2 cos θ = 0 .

(2.18)
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Clearly the compatible state a = 1 and p = s0 identically satisfies all three equations.

This solution requires

ℓ1ℓ2 sin θ = 1 ,

2(ℓ1 + ℓ2) = s0 ,

(2.19)

with solution

ℓ1 =
s0
4
+

1

4

√
s20 −

s∗20
sin θ

,

ℓ2 =
s0
4
− 1

4

√
s20 −

s∗20
sin θ

,

(2.20)

provided

sin θ ≥ (s∗0/s0)
2 . (2.21)

or s0 > s∗0/
√
sin θ. In other words for any value of s0 > s∗0 the compatible solution is a

family of quadrilaterals with a = 1, p = s0 and tilt angle θ varying in the range specified

by Eq. (2.21). At s0 = s∗0 there is a single solution corresponding to a square with θ = π/2

and ℓ1 = ℓ2 = 1.

When θ = π/2, the last of equations (2.18) is identically satisfied. For s0 < s∗0 there

is then a state with ℓ1 = ℓ2 = ℓ given by the solution of

ℓ3 + (8r − 1) ℓ− 2s∗0r = 0 . (2.22)

This is the incompatible regime. There is a single ground state corresponding to a

regular square and the energy is gapped. If r ≫ 1, corresponding to the case where

perimeter deformations are much more costly than area deformation, Eq. (2.22) has

solution ℓ ≃ s0/4, corresponding to p ≃ s0 and a ≃ s20/16, with p/
√
a ≃ 4 = s∗0. In

the opposite limit of r ≪ 1 we find ℓ ≃ 1, corresponding to a ≃ 1 and p ≃ 4, with

p/
√
a ≃ 4 = s∗0. In general the compatible cell has p > s0 and a < 1, with p/

√
a = s∗0 for

all s0 ≤ s∗0.
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Figure 2.7—Mean-field phase diagram for a 4-sided VM in the (s0, r) plane. For
s0 > s∗0 = 4 the ground state is compatible, corresponding to a family of zero-energy
quadrilaterals parametrized by the tilt angle θ. At the critical point s0 = s∗0 there is a
unique ground state corresponding to a square cell with a = 1 and p = 4. For s0 < s∗0

the system cannot satisfy both area and perimeter constraints and the ground state is a
square with side determined by the real solution of the cubic equation (2.22). The
incompatible regime extends into the region s0 < 0 for r < r∗. The blue region

corresponds to a collapsed cell with a = p = 0.

The solution ℓ = 0 corresponds to a collapsed cell with a = p = 0 and minimum energy

Em = (1+ rs20)/2. Imposing that E(ℓ) > Em, where ℓ is the solution of Eq. (2.22), yields

the constraint ℓ > ℓm, with ℓm = 6rs0/(2s
∗
0r − 1) > 0. Using this condition it can be

shown that, as demonstrated in Ref. [45], the system is unstable, corresponding to a

collapsed cell, for r ≤ 1/8 and s0 < −2
r

(
1−8r
6

)3/2
. The corresponding phase diagram is

shown in Fig. 2.7.

In general, one can calculate the incompatible ground state for any n-sided polygonal

cell by noting that in this regime the ground-state metric is isotropic and can be written

45



Anomalous elasticity of the cellular tissue vertex model Chapter 2

Figure 2.8—Extension of Figure 2.2 to square and hexagonal tissue model: Comparison
of analytical (solid) and numerical (points) elastic moduli of an (a) n = 4 and (b) n = 6

VM as functions of target shape parameter s0 on a log-log scale. The
compatible/incompatible transition is at s∗0 = 4 and s∗0 = 1921/4 ≈ 3.72 respectively.

as

g0 = ℓ2

1 0

0 1

 (2.23)

with ℓ to be determined by energy minimization. Upon substituting g = g0 in Eq. (2.4),

the energy En of an n-side cell reads

E3 =
1

2

(√
3

4
ℓ2 − 1

)2

+
1

2
r (3ℓ− p0)

2 ,

E4 =
1

2

(
ℓ2 − 1

)2
+

1

2
r (4ℓ− p0)

2 ,

E6 =
1

2

(
3
√
3

2
ℓ2 − 1

)2

+
1

2
r (6ℓ− p0)

2 .

(2.24)

The value of ℓ that minimizes the energy is the solution of a cubic equation given in
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Eq. (2.22) for n = 4 and by the following equations for n = 3, 6

ℓ3 + ℓ

(
96r − 4√

3

)
− 32s0r = 0 , n = 3 ,

9ℓ3 + ℓ
(
24r − 2

√
3
)
− 4s0r = 0 , n = 6 .

(2.25)

The mechanical response to small perturbations relative to the ground state for a trian-

gular VM is shown in Figure 2.2 where analytical and numerical results are compared

and are in very good agreement. In Figure 2.8 one may compare numerical and analytical

calculations of the shear modulus for square and hexagonal tissue VM.
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Chapter 3

Non-affine linear response of the

vertex model

This chapter is adapted from a 2023 Soft Matter article [143] co-authored with Michael

Moshe, Michael Staddon, Mark Bowick, and M.Cristina Marchetti. Theoretical work

was performed by Michael Staddon and myself, and simulations by Michael Staddon,

with M. Cristina Marchetti, Mark J. Bowick, and Michael Moshe providing mentorship,

manuscript editing, guidance, and support.
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The linear elastic response of an ordered hexagonal vertex model to external deforma-

tions has been examined through calculations of the shear and bulk moduli [46, 68, 126].

Staple et al. [46, 126] evaluated the elastic moduli and first demonstrated the vanishing

of the shear modulus in the compatible state of the vertex model, populated by a sea of

freely deforming hexagons. A re-dressing of their work (within our context and notation)

on the energy ground states for a hexagonal vertex model is given in Fig. 3.1. In chapter

2, we showed that the vanishing of both shear and Young moduli in the soft regime stems

from the degeneracy of the compatible ground states, which allows the deformed tissue

to spontaneously shear to a new compatible ground state to accommodate the external

deformation [126]. We additionally discovered that the response is highly singular at

the critical point demarcating the two regimes, with a breakdown of linear elasticity and

anomalous coupling between compression and shear, as quantified by the development of

a new elastic constant, the cell ratio [126].

The previous chapter and aforementioned studies only allow for affine deformations of

the cells. This approximation can be viewed as appropriate for determining the short-time

response of the vertex model to strain. The vertex model has, however, additional degrees

of freedom and can relax stress by moving vertices in a non-affine way. Murisic et al. [68]

incorporated these effects into a vertex model consisting of a uniform hexagonal cells by

considering the hexagonal lattice as the union of two sub-lattices with a microscopic shift

between them and found that the shear modulus is 2/3 softer than previously reported.

Tong et al. [129] used simulations to measure the shear storage modulus and viscosity in

both ordered and disordered model tissues.

In this chapter, we expand upon previous work by incorporating simple non-affine

deformations in the single cell response. Using a mean field model for a hexagonal

lattice, we derive analytic expressions for all the linear elastic moduli of the tissue, and

verify these results using simulations. We show that, away from the critical point, the
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Strain diagrams

<latexit sha1_base64="eauGsTrzFa9ZKPJ5Y5cQApbKMrg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqAcPBS8eK5i20Iay2W7apZtN2J0IJfQ3ePGgiFd/kDf/jds2B60+GHi8N8PMvDCVwqDrfjmltfWNza3ydmVnd2//oHp41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek9u533nk2ohEPeA05UFMR0pEglG0kk/JDfEG1ZrbcBcgf4lXkBoUaA2qn/1hwrKYK2SSGtPz3BSDnGoUTPJZpZ8ZnlI2oSPes1TRmJsgXxw7I2dWGZIo0bYUkoX6cyKnsTHTOLSdMcWxWfXm4n9eL8PoOsiFSjPkii0XRZkkmJD552QoNGcop5ZQpoW9lbAx1ZShzadiQ/BWX/5L2ucN77Lh3V/UmvUijjKcwCnUwYMraMIdtMAHBgKe4AVeHeU8O2/O+7K15BQzx/ALzsc3We2Npg==</latexit>

a < 1

b Unstable Rigid Soft
<latexit sha1_base64="WGhfHHdNgt6iW1TQIKOJ0JTupO4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqBeh4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoNUHA4/3ZpiZF6ZSGHTdL6e0tr6xuVXeruzs7u0fVA+P2ibJNOM+S2SiuyE1XArFfRQoeTfVnMah5J1wcjv3O49cG5GoB5ymPIjpSIlIMIpW8lNyQ9xBteY23AXIX+IVpAYFWoPqZ3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyJlVhiRKtC2FZKH+nMhpbMw0Dm1nTHFsVr25+J/XyzC6DnKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl/+S9nnDu2x49xe1Zr2IowwncAp18OAKmnAHLfCBgYAneIFXRznPzpvzvmwtOcXMMfyC8/ENcOeNtQ==</latexit>

p = 0

<latexit sha1_base64="QRCEzyrvMP3w2zU/BxHZmGqxyt4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqBeh4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoNUHA4/3ZpiZF6ZSGHTdL6e0tr6xuVXeruzs7u0fVA+P2ibJNOM+S2SiuyE1XArFfRQoeTfVnMah5J1wcjv3O49cG5GoB5ymPIjpSIlIMIpW8im5Ie6gWnMb7gLkL/EKUoMCrUH1sz9MWBZzhUxSY3qem2KQU42CST6r9DPDU8omdMR7lioacxPki2Nn5MwqQxIl2pZCslB/TuQ0NmYah7Yzpjg2q95c/M/rZRhdB7lQaYZcseWiKJMEEzL/nAyF5gzl1BLKtLC3EjammjK0+VRsCN7qy39J+7zhXTa8+4tas17EUYYTOIU6eHAFTbiDFvjAQMATvMCro5xn5815X7aWnGLmGH7B+fgGWe+Npg==</latexit>

a = 0
<latexit sha1_base64="rfaY0qiOVMNJjHjcAV+Um3M0w5w=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVUU8S8OIxgnlAsoTZyWwyZHZ2mOkVQshHePGgiFe/x5t/4yTZg0YLGoqqbrq7Ii2FRd//8gpr6xubW8Xt0s7u3v5B+fCoZdPMMN5kqUxNJ6KWS6F4EwVK3tGG0ySSvB2Nb+d++5EbK1L1gBPNw4QOlYgFo+iktiY3RPf9frni1/wFyF8S5KQCORr98mdvkLIs4QqZpNZ2A19jOKUGBZN8VupllmvKxnTIu44qmnAbThfnzsiZUwYkTo0rhWSh/pyY0sTaSRK5zoTiyK56c/E/r5thfB1OhdIZcsWWi+JMEkzJ/HcyEIYzlBNHKDPC3UrYiBrK0CVUciEEqy//Ja3zWnBZC+4vKvVqHkcRTuAUqhDAFdThDhrQBAZjeIIXePW09+y9ee/L1oKXzxzDL3gf3/ktjpk=</latexit>

p > p0

<latexit sha1_base64="BMyClZTOrBeQiBQ17gl5SQuYlJk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqBeh4MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoNUHA4/3ZpiZF6ZSGHTdL6e0tr6xuVXeruzs7u0fVA+P2ibJNOM+S2SiuyE1XArFfRQoeTfVnMah5J1wcjv3O49cG5GoB5ymPIjpSIlIMIpW8im5Id6gWnMb7gLkL/EKUoMCrUH1sz9MWBZzhUxSY3qem2KQU42CST6r9DPDU8omdMR7lioacxPki2Nn5MwqQxIl2pZCslB/TuQ0NmYah7Yzpjg2q95c/M/rZRhdB7lQaYZcseWiKJMEEzL/nAyF5gzl1BLKtLC3EjammjK0+VRsCN7qy39J+7zhXTa8+4tas17EUYYTOIU6eHAFTbiDFvjAQMATvMCro5xn5815X7aWnGLmGH7B+fgGW3ONpw==</latexit>

a = 1
<latexit sha1_base64="Kxk38Xx7sLm6h3rM7OvVxsJJCUM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoOQU9gVUS9CwIvHCOYByRJmJ7PJkNnZYaZXCCEf4cWDIl79Hm/+jZNkDxotaCiquunuirQUFn3/yyusrW9sbhW3Szu7e/sH5cOjlk0zw3iTpTI1nYhaLoXiTRQoeUcbTpNI8nY0vp377UdurEjVA040DxM6VCIWjKKT2prcEN33++WKX/MXIH9JkJMK5Gj0y5+9QcqyhCtkklrbDXyN4ZQaFEzyWamXWa4pG9Mh7zqqaMJtOF2cOyNnThmQODWuFJKF+nNiShNrJ0nkOhOKI7vqzcX/vG6G8XU4FUpnyBVbLoozSTAl89/JQBjOUE4cocwIdythI2ooQ5dQyYUQrL78l7TOa8FlLbi/qNSreRxFOIFTqEIAV1CHO2hAExiM4Qle4NXT3rP35r0vWwtePnMMv+B9fAP3pY6Y</latexit>

p = p0

a

Area
<latexit sha1_base64="aU4L+tpCS6mqFd0GH3VTNHRoWJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdovV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVn1rqte46pSu8jjKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvreM1Q==</latexit>a

<latexit sha1_base64="oKfhwyCqHyKQ9Ml+r32LFR04hbU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjaRfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWldpHHUYQTOIVz8OAGanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM5A==</latexit>p
Perimeter

Figure 3.1—The vertex model for epithelia. (a) (a) The apical surface of an epithelium
is modeled by a polygonal tiling, with each polygon representing a cell. (b) Vertex

model phase diagram in the s0, r plane. Within the blue region cells are unstable and
collapse. Within the green region the tissue is in an incompatible state, with neither
preferred perimeter nor area achieved, and the ground state is a regular hexagonal

lattice. The tissue acts like a solid in response to shear. Within the yellow region both
preferred perimeter and area are achieved and cells have a degenerate ground state and
the tissue has zero shear modulus. The cell shapes show example energy minima, where
a cell may elongate, increase its pointiness using the angle ϕ, or increasing its shear tilt

angle θ as described in chapter 1 [126], in order to increase its perimeter while
maintaining unit area.

elastic constants of a regular VM of hexagonal cells satisfy the standard relations of

two-dimensional elasticity of isotropic solids. Despite this Hookean relationship, the

mechanical linear response exhibits robust non-affine contributions that can significantly

reduce the elastic constants, as known to happen in amorphous solids [144, 145, 146, 147].

For instance, the bulk modulus can be softer in the rigid state than in the soft fluid-

like state and jumps discontinuously across the solid to fluid transition. We highlight

several novel behaviors of vertex model elasticity, such as negative Poisson’s ratio and

a softening of the tissue as the ratio of cell area to perimeter stiffness increases. We

verify our analytical results using numerical vertex model simulations of a regular tissue

consisting of hexagonal cells.

The remainder of the chapter is organized as follows. In Section 3.1 we state the

vertex model simulation and deformation protocol to extract various elastic constants.

In Section 3.2 we introduce the VM and its mean-field implementation used in the present
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work, and present a new derivation of the ground states that allows us to quantify the

degeneracy of the compatible regime. In Section 3.3, after highlighting the distinction

between the affine and non-affine deformations allowed in our model, we present results

for all the elastic constants. We conclude in Section 3.4 with a brief discussion.

3.1 Vertex model: simulation and deformation pro-

tocol

3.1.1 The vertex model of epithelia

In this chapter we study the same vertex model as presented in chapter 1 (see

Eq. (1.1)). We consider a hexagonal network (see Fig. 3.1) instead of a triangular one

like in chapter 2. For the convenience of the reader, we briefly re-state the model and

assumptions here.

Let before, we neglect topological rearrangements to focus on the role of geometry.

Thus both our theory and simulations results correspond to a hexagonal polygonal tiling

with fixed topology. We further simplify the model by assuming that all cells have the

same preferred area Aα0 = A0 and all edges have the same tension Λij = Λ. The inter-

facial energy can then be written in terms of the cell perimeter,
∑

⟨ij⟩ ΛLij =
1
2

∑
α ΛPα,

where the factor of 1
2
arises because the interfacial energy of each edge is shared by two

cells. The tissue energy can then be recast in the form

Etissue =
1

2

∑
α

K(Aα − A0)
2 +

1

2

∑
α

Γ(Pα − P0)
2 + E0 , (3.1)

where P0 = − Λ
2Γ

is the preferred perimeter, and E0 is a constant term obtained from

completing the square. Since we care about the gradient of energy and not the absolute
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value, we discard E0 in the following.

Finally, we work in dimensionless units by normalizing the energy with KA2
0 and

lengths with
√
A0. The dimensionless tissue energy is then given by

Etissue =
1

2

∑
α

(aα − 1)2 +
1

2

∑
α

r(pα − s0)
2, (3.2)

where aα = Aα/A0, p
α = Pα/

√
A0, r = Γ/KA0 is the rigidity ratio, and s0 = P0/

√
A0 is

the target shape index of the cell.

3.1.2 Deformation Protocol

To numerically obtain the elastic moduli, we simulate the mechanical response of

the vertex model under different deformations using a tissue of 4 hexagonal cells in a

periodic box of lengths Lx(0) and Ly(0), and area A(0) = Lx(0)Ly(0) determined by

energy minimisation, and implemented in the Surface Evolver software [142]. For the

incompatible regime, the ground state is a regular hexagonal cell. For the compatible

regime, while the ground state is degenerate, we use a hexagon with 120◦ angles between

edges and with the edge lengths determined by energy minimisation. First, we use an

intermediate rigidity ratio of r = 0.1, and test the response across a range of preferred

values of the target shape index, from s0 = 0 to s0 = 4.6, covering both the compatible

and incompatible regimes.

To calculate the shear modulus, we deform the ground state (Fig. 3.2 top-left) by

applying an initially affine deformation to vertices and the boundaries: xi(ϵ) = (1 +

ϵ/2)xi(0), yi(ϵ) = (1 + ϵ/2)−1yi(0), and Lx(ϵ) = (1 + ϵ/2)Lx(0) and Ly(ϵ) = (1 +

ϵ/2)−1Ly(0), where ϵ = 0.001 (Fig. 3.2 top-middle). We then allow the vertex posi-

tions to relax to an energy minima (Fig. 3.2top-middle), and record the change in tissue

energy δE before and after the deformation. The shear modulus is then numerically
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Deformation protocols

Ground State Constrained Relaxed
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Figure 3.2—Strain protocols for measuring elastic moduli of the vertex model. (Top,
Middle, Bottom) From the ground state, the periodic box lengths and vertex positions
are transformed and constrained according to an affine transformation, shown by the
arrows. From the constrained state, the system is relaxed according to tissue-scale or

box constrained. (Top) The shear modulus is calculated by applying a shear
transformation to the box. In the constrained state, every edge has the same tension,
producing a net force on the vertices, hence this is not a force-balanced state. After
relaxation, forces are balanced through a non-affine transformation on the vertices.
During relaxation the box size is fixed. (Middle) The bulk modulus is calculated by

applying an isotropic expansion to the box and vertices. During relaxation the box size
is fixed. (Bottom) The Young’s modulus and Poisson’s ratio are calculated by applying
a uniaxial strain to the box and vertices. During relaxation the height of the box may

change and vertices may move.
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estimated by G = 1
A(0)

2δE
ϵ2

.

In the ground state of the incompatible regime, cell edges are under tension and meet

at 120◦ angles. After the initial affine deformation, the angles change and the tissue is

no longer in a force-balanced configuration (Fig. 3.2 top-middle). As we allow the tissue

to relax, it responds with a non-affine deformation; vertices which are of the same y-

coordinate alternate between moving left and moving right during relaxation, returning

the angles between edges to a stable 120◦ configuration (Fig. 3.2 top-right). Such a

deformation cannot be described by a single affine transformation, but rather by two

affine transformations applied to different subsets of vertices [68].

To demonstrate the importance of this relaxation step, we report the response to

two types of deformation protocols: (i) “constrained” deformations which are obtained

where after deformation of the bounding box the cell vertices are not allowed to move

to minimise the energy of the tissue, and (ii) “relaxed” deformations where the vertices

are allowed to adjust their position to achieve force balance and the global tissue shape

remains controlled by the geometry of the deformed box. Note that in the compatible

regime the relaxed state can also be achieved by allowing the tissue to change its global

shape [126], and the resulting linear elastic constants are the same.

For an intermediate rigidity ratio r = 0.1, we find that the shear modulus decreases as

s0 increases and becomes zero at the transition to the compatible regime. In particular,

the relaxation step allows cells to decrease their perimeter, and thus energy, resulting in

a relaxed shear modulus that is softer than in the constrained case (Fig.3.3a). In the

compatible regime, the tissue is initially under no tension since the target perimeter is

achieved. Upon straining the tissue, the perimeter increases and tissue energy increases.

If tissue’s cells cannot respond then the larger the initial perimeter, the higher the change,

resulting in constrained shear modulus that increases with s0. However, when the tissue

is able to relax, the vertices move to reduce the perimeter until the target perimeter is
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Results

a b

c d

Figure 3.3—Non-affine deformations allow for a softer mechanical response. (a) Shear
modulus G, (b) bulk modulus K, (c) Young’s modulus Y , and (d) Poisson’s ratio ν
against target shape index s0 for a rigidity ratio r = 0.1. The constrained values

represent elastic moduli where vertices are constrained by the given deformation. The
relaxed values lines represent the moduli allowing for non-affine deformations, where
vertices may relax, subject to the boundary conditions. Dots represent simulated
values. Lines represent analytic values. Shaded regions show the range of possible

values in the constrained case, depending on the initial shape of the cells.
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achieved again, allowing for the net energy to remain constant, leading to a zero shear

modulus.

To calculate the bulk modulus, we apply the isotropic transformation xi(ϵ) = (1 +

ϵ)
1
2xi(0), yi(ϵ) = (1 + ϵ)

1
2yi(0), and Lx(ϵ) = (1 + ϵ)

1
2Lx(0) and Ly(ϵ) = (1 + ϵ)

1
2Ly(0),

where ϵ = 0.001, such that A(ϵ) = (1 + ϵ)A(0). During the relaxation step, we allow

the vertices to move, with the box lengths fixed. The bulk modulus is then given by

K = 1
A(0)

2δE
ϵ2

.

In the incompatible regime, force balance requires a constant 120◦ angle between

edges, thus the tissue expands isotropically. We find that the bulk modulus increases as

the target shape index s0 increases, and is equal between the relaxed and constrained

cases (Fig.3.3b).

In the compatible regime, the deformation initially increases the perimeter. During

the relaxation step, the tissue responds in a non-affine way to restore its perimeter to its

preferred value and so energy change only arises from the area term and we have a bulk

modulus K = 1. Interestingly, this is lower than the bulk modulus in the incompatible

regime just before the transition and thus, there is a discontinuity in the bulk modulus

as s0 passes the transition point. In contrast, the constrained case is unable to relax the

cells’ perimeters and so has a higher bulk modulus and does not exhibit the discontinuity

(Fig.3.3b).

Next, we apply a uniaxial deformation to calculate the Young’s modulus and Poisson’s

ratio: xi(ϵ) = (1+ ϵ)xi(0) and Lx(ϵ) = (1+ ϵ)Lx(0) (Fig. 3.1c). We then allow the vertex

positions and box height Ly(ϵ) to relax to minimise energy. The Young’s modulus is

given by Y = 1
A(0)

2δE
ϵ2

and the Poisson’s ratio by ν = − (Ly(ϵ)−Ly(0))/Ly(0)

(Lx(ϵ)−Lx(0))/Lx(0)
. Note that this

definition of the Poison’s ratio is equivalent to that in 2D elasticity and therefore its values

are limited between −1 < ν < 1. The extreme case ν = 1 corresponds to incompressible

system, analogous to the case of ν3d = 0.5 for incompressible 3D materials.
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Again, the tissue undergoes a similar non-affine relaxation as under shear strain, re-

ducing the Young’s modulus compared to the constrained case (Fig. 3.3c). In this case,

though, we find that the Young’s modulus is non-monotonic. For s0 close to zero, the

Young’s modulus increases as s0 increases. For higher s0, increasing s0 further decreases

the Young’s modulus towards zero at the transition point, after which the Young’s mod-

ulus is zero. However, in the constrained case the Young’s modulus increases after the

transition point due to the increased bulk and shear moduli. Interestingly, the Poisson’s

ratio is negative for small s0 and increases towards a value of 1 as s0 increases, before

remaining 1 in the compatible regime (Fig. 3.3c). In the constrained case, the Poisson’s

ratio is actually lower than in the relaxed case for small s0, in particular, in the compat-

ible case the Poisson’s ratio decreases as s0 increases while for a relaxed tissue it remains

1.

This phenomena highlights the counter-intuitive nature of VM mechanics. In classical

elasticity ν = 1 corresponds to incompressible solids, commonly considered as very stiff.

Here we find that the tissue approaches ν = 1 for higher values of s0 corresponding to

compatible tissue with floppy response. This seeming contradiction is resolved by noting

that in this limit cells can accommodate rest area and perimeter simultaneously and

therefore upon deformation their area remains intact, just as in incompressible solids.

The simulations highlight the complex mechanical behaviour of the vertex model

to applied tissue-level strains, both in its elastic moduli and the vertex-level non-affine

deformations while relaxing the energy. The non-affine relaxation step allows the tissue

to reduce its elastic moduli in the compatible regime. In particular, while the shear and

Young’s moduli are zero at the transition point, increasing p0 increases the moduli in the

constrained case, while they remain zero in the relaxed case. However, the simulations

do not give an intuitive understanding for why the bulk modulus is discontinuous, or why

we can get a negative Poisson’s ratio. Thus, in the remainder of the paper, we develop
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a mean-field theory of the vertex model that can account for non-affine relaxation of the

tissue under strain to derive analytic expressions for the elastic moduli and understand

the source of the complex phenomena mentioned above.

3.2 Vertex model: mean-field theory and ground states

3.2.1 Mean-field theory of vertex model

To understand the numerical results, we construct a mean-field theory by assuming

that all cells responds equally. Additionally, we parametrize the non-affine pathway by

which cells may respond to relax imposed deformations and by reducing their perimeter.

Since all cells are assumed identical, the tissue energy is just Etissue = NE and one can

simply consider the energy E of a single cell, given by

E =
1

2
(a− 1)2 +

1

2
r(p− s0)

2. (3.3)

Each cell consists of horizontal edges of length l1 and diagonal edges of length l2, with

ϕ the angle between horizontal and diagonal edges (Fig. 3.4a). This parameterization

captures the behavior of the tissue observed in our numerical simulations, where it is

the angle between edges that changes during relaxation. Although cells have additional

degrees of freedom, the description in terms of these three degrees of freedom is sufficient

to capture the ground states of the tissue VM, and the response of the tissue under shear

and bulk deformations in simulations (Fig. 3.2). To both examine the ground states and

the response to deformation, it is convenient to parametrize each cell in terms of the

height h and width w, as shown in Fig. 3.4a, given by

h = 2l2 sinϕ , w = l1 − l2 cosϕ . (3.4)
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p0 = 4.5

Figure 3.4—Shape parameterization of the vertex model and ground states. (a)
Schematic of the vertex model and cell shape parametrization. Cells are defined by the
lattice height h, width w, and angle between edges ϕ. (b) The ground state in the solid
state is a regular hexagonal lattice, with ϕ = 2π/3. (c) The ground state used in the
soft state with ϕ > 2π/3. (d - f) Cell area (d), cell perimeter (e), and edge tension (f)

vs target shape index p0 for various values of the rigidity ratio r. Dots represent
simulated values, lines are the analytical results.
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Each cell then contributes an area a = wh to the tissue. We stress that the angle ϕ is

distinct from the shear tilt angle θ introduced previously in chapter 2 [126], where cells

may tilt or untilt in order to change their perimeter. While the shapes obtained from an

initial regular hexagon by varying the shear tilt angle θ correspond to affine deformations

of the hexagon, those parametrized by ϕ generally correspond to non-affine deformations

of the regular hexagon. Inverting Eqs. (3.4), we obtain

l1 = w +
1

2
h cotϕ , (3.5)

l2 =
1

2
h cscϕ . (3.6)

Cell area and perimeter can then be written as

a = hw , (3.7)

p = 2w + hf(ϕ) , (3.8)

where

f(ϕ) =
2 + cosϕ

sinϕ
, (3.9)

resulting in an energy

E =
1

2
(hw − 1)2 +

1

2
r(2w + hf(ϕ)− s0)

2 . (3.10)

This form makes it evident that the VM energy is underconstrained as area and perimeter

do not uniquely determine cell shape.
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3.2.2 Ground states

The ground state configurations are obtained by minimizing the energy with respect

to the cell width w, height h, and angle ϕ and are solutions of the three coupled equations

∂E

∂ϕ
= hrf ′(ϕ)(2w + hf(ϕ)− s0) = 0 , (3.11)

∂E

∂h
= w(hw − 1) + rf(ϕ)(2w + hf(ϕ)− s0) = 0 , (3.12)

∂E

∂w
= h(hw − 1) + 2r(2w + hf(ϕ)− s0) = 0 . (3.13)

As shown in the previous chapter, we find a transition at s0 = s∗0 between two distinct

states. For a regular lattice of n-sided polygons s∗ is given by the isoperimetric value

s∗0(n) =
√
4n tan(π/n), with s∗0(6) =

√
8
√
3 ≈ 3.72. The isoperimetric inequality p ≥

s∗0(n) provides a lower bound on the perimeter of a regular n-sided polygon for given

area [124]. For s0 > s∗0(n) the cell is in a geometrically compatible regime, where both

preferred area and perimeter may be achieved in the plane, and the tissue has zero shear

modulus [46, 68, 86, 125] (Fig. 3.1b). For s0 < s∗0(n) the cell is in an incompatible

regime, where both preferred area and perimeter cannot be simultaneously satisfied,

and the tissue behaves like a solid by resisting shear deformation [45, 86, 98, 126]. The

corresponding ground state of the tissue is a lattice of identical hexagonal cells (Fig. 3.1b).

As s0 is further lowered the cell may become unstable and collapse to zero area and

perimeter (Fig. 3.1b). Additionally, in a small range of parameters near the collapsing

region more exotic ground states exist, with mixed lattices of square and octagonal, or

dodecahedral and triangular cells providing lower energy than hexagonal cells [46].
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Compatible State, s0 > s∗0(6)

For s0 > s∗0(6) Eqs. (3.11) are identically solved by hw = 1 and p = 2w+hf(ϕ) = s0,

and the zero ground state energy vanishes (Fig. 3.4c-e). We refer to this situation as

the compatible state. The ground state configuration is a family of 6-sided polygons

parametrized by the angle ϕ, with

h =
s0 ±

√
s20 − 8f(ϕ)

2f(ϕ)
, (3.14)

w =
s0 ∓

√
s20 − 8f(ϕ)

4
, (3.15)

where both roots are acceptable solutions for a given value of ϕ, corresponding to either

tall and thin or short and wide cells. It is evident from Eq. (3.14) and Eq. (3.15) that

such a solution exists provided s20 ≥ 8f(ϕ). The function f(ϕ) has a minimum at ϕ = 2π
3
,

with f(2π
3
) =

√
3 corresponding to s0 = 2

3
23

1
4 = s∗0(6). At this value of s0 there is a

single zero energy solution that corresponds to a hexagon of unit area. For s0 > s∗0 there

is degenerate continuum of zero energy solutions corresponding to deformed hexagons

of unit area, perimeter s0 and ϕ ∈
[
2π
3
, ϕm(s0)

]
, with ϕm determined by s20 = 8f(ϕm)

(Fig. 3.4c). There exist many other parameterizations that can give ground state shapes

in the compatible regime, for example, cells becoming tall and thin, cells decreasing the

angle ϕ to increase their perimeter, or cells tilting as in the previous chapter [126].

Incompatible State, s0 < s∗0(6)

For s0 < s∗0 the cell cannot simultaneously realize the target area and perimeter. We

refer to this situation as the incompatible state. Eq. 3.11 requires f ′(ϕ) = 0, with solution

ϕ = 2π
3
, such that f(ϕ) =

√
3. An intuitive explanation for this fixed angle is that all

edges are under identical tension, and so by force balance a junction of three edges must
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have equally spaced angles. Eqs. (3.12) and (3.13) then imply that
√
3h = 2w. This

gives a perimeter p = 4w and area a = 2√
3
w2 = p2/8

√
3, which means that the cells are

regular hexagons in the incompatible state (Fig. 3.4b).

We can combine Eqs. (3.12) and (3.13) to obtain a cubic equation for the perimeter

p3 +

(
rs∗0

4 − 2s∗0
2

2

)
p− rs∗0

4

2
s0 = 0 , (3.16)

with s∗0
2 = 8

√
3 and a = p2/s∗0

2. The cubic equation can be solved perturbatively in the

limit of low and high rigidity ratio r.

At low rigidity ratio, i.e., r ≪ 1/p2∗, we find

p = s∗0 − s∗0
2

(
s∗0 − s0

4

)
r +O(r2) , (3.17)

a = 1− s∗0

(
s∗0 − s0

2

)
r +O(r2) . (3.18)

The cell remains close in shape to a hexagon of unit area, with a reduction of the perimeter

relative to the value p∗ (Fig. 3.4d-e). The tension, given by 2r(p − s0) = 2r (s∗0 − s0) +

O(r2), decreases monotonically as s0 increases and vanishes at s0 = s∗0, where the cell

reaches the compatible state and is under no tension (Fig. 3.4f). If s0 becomes too small,

the stable configuration collapses to a point with zero area and perimeter (Fig. 3.1b).

For high rigidity ratio, i.e., r ≫ 1/s∗0
2, the perimeter and area can be expanded in

inverse powers of r, with the result

p = s0 +
2s0
s∗0

2

(
1− s20

s∗0
2

)
1

r
+O

(
1

r2

)
, (3.19)

a =
s20
s∗0

2 +
4s20
s∗0

4

(
1− s20

s∗0
2

)
1

r
+O

(
1

r2

)
. (3.20)

In this limit the cell shape index is close to the target shape index (Fig. 3.4d-e). The
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tension 2r(p− s0) =
4s0
s∗0

2

(
1− s20

s∗0
2

)
+O

(
1
r

)
is nonmonotonic in s0, increasing from almost

no tension at s0 = 0 before decreasing as s0 approaches s∗0 (Fig. 3.4f). As the rigidity

ratio increases the tension saturates to the value 4s0
s∗0

2

(
1− s20

s∗0
2

)
, which has a maximum

value of 2
3
23−

7
4 ≈ 0.414 at s0 = 8/

√
3 ≈ 2.149 (Fig. 3.4d). For s0 ≤ 0, the cell collapses

to a point with zero area and perimeter (Fig. 3.4b).

Finally, we note that when topological transitions are allowed, tissues may also unjam

and undergo a solid-to-liquid phase transition when cell rearrangements cost zero energy.

In disordered realizations of the VM, the unjamming transition occurs at s0 ≈ 3.81, a

value close to, but slightly larger than s∗0(5) [48]. Intuitively, for the tissue to rearrange

in a T1 transition with zero energy barrier, two hexagonal cells must momentarily lose an

edge and become pentagons while still maintaining their preferred perimeter and area.

Cell motility can further promote fluidity and lower the transition point, as explained in

Ref. [39].

3.3 Mechanical response of the vertex model

3.3.1 Deformations protocol

It is evident from Eq. (3.10) that area and perimeter (or equivalently height and

width of the box shown in Fig. 3.4a) do not uniquely specify a polygonal shape. In

the compatible regime there is a family of zero energy shapes corresponding to either

tilted polygonal shapes obtained by affine deformations or non-affinely deformed polygons

parametrized by the angle ϕ. In the incompatible regime, if only affine deformations are

allowed, both the ground state and each deformed state are unique for fixed area and

perimeter. Allowing non-affine deformations introduces, however, additional degrees of

freedom that can lower the energy for a given set of parameters.
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In the following we examine the response of a tissue initially in a ground state to an

externally imposed strain. The deformation is imposed globally on the tissue by changing

the shape of the bounding box. Such a deformation uniformly changes the shape of

the cells and generally results in a state where individual vertices are no longer force

balanced (Fig. 3.2 top-middle). We will refer to this state as the “constrained” deformed

state. Due to the presence of hidden degrees of freedom the system can, however, lower

its energy and relax to a state of local force balance. In the compatible regime this

relaxation can occur via motion of the vertices that correspond to non-affine deformations

(Fig. 3.2 top-right). In the compatible regime the relaxation can occur either via non-

affine deformations with fixed box shape or through a global tilting of the tissue, which

entails affine cell deformations, as previoulsy discussed in chapter 2. [126]. The elastic

constants measured in the “relaxed” state of the compatible regime are the same for the

two relaxation protocols.

Operationally, constrained deformations are achieved by first fixing either the cell

height, width, or both, and then transforming the vertices according to the given defor-

mation, as done in Staple et al. [46]. We prevent spontaneous tilting of the tissue, which,

as discussed in chapter 2, can be used to soften the mechanical response using only affine

deformations in the compatible regime [126].

We next evaluate the various elastic moduli of the vertex model. As we will see

below, a new result of our work [143] is that in the incompatible regime cells can find

new deformed states by relaxing through non-affine deformations (Fig. 3.2), resulting in

a softer response than obtained in previous studies [46] (Fig. 3.3).
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3.3.2 Shear Modulus

To calculate the shear modulus of the tissue, we apply an area-preserving pure shear

deformation, corresponding to w → w(1 + ϵ/2) and h → h(1 + ϵ/2)−1, with ϵ the strain.

We allow for a non-affine deformation to relax the tissue by minimising energy with

respect to the angle ϕ for each value of strain (Fig. 3.4). The shear modulus is defined

as

G =
1

a

∂2

∂ϵ2

(
min
ϕ

E

)∣∣∣∣
ϵ=0

. (3.21)

As area is preserved under pure shear, we only need to consider the energy cost due to

changes in perimeter.

Compatible State, s0 > s∗0

In the compatible case, cells can accommodate shear and maintain their area and

perimeter at the target values a = 1 and p = s0 by changing shape, i.e., by adjusting

the angle ϕ to a value other than 2π/3. The perimeter of the deformed cell is given by

p(ϵ, ϕ) = 2w(1 + ϵ/2) + hf(ϕ)/(1 + ϵ/2). The cell can maintain p = s0 by deforming

to a new compatible ground state corresponding to an angle ϕ∗ given by the solution of

p(ϵ, ϕ∗) = s0. Clearly the energy remains zero, demonstrating that the shear deformation

cost no energy and

G = 0 (3.22)

for all rigidity ratios and s0 > s∗0 (Fig. 3.5a). This of course only holds up to a maximum

value of strain determined by the angle ϕm(s0). Beyond this value the fluid-like com-

patible tissue stiffens and acquires a finite shear modulus, as mentioned by [101], and

recently by [125].

However, if the shape of the cell is constrained then applying a shear transformation
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could increase the perimeter. To calculate the shear modulus under an affine transfor-

mation, we must consider the changes to the cell perimeter from its initial configuration.

The shear modulus is defined by

Gaffine =
1

a

∂2E

∂ϵ2

∣∣∣∣
ϵ=0

=
1

a
r

(
∂2p

∂ϵ2
(p− s0) +

(
∂p

∂ϵ

)2
)∣∣∣∣∣

ϵ=0

. (3.23)

and since for ϵ = 0 we have a = 1 and p = s0 this simplifies to

Gaffine = r

(
∂p

∂ϵ

)2
∣∣∣∣∣
ϵ=0

. (3.24)

Since an affine transformation also changes the angle between the edges, we must consider

the effect of the transformation on each edge when calculating the change in perimeter.

The length of the two edges shown in Fig. 3.4a change as

l1(ϵ) = l1(0)
(
1 +

ϵ

2

)
(3.25)

and

l2(ϵ) = l2(0)

((
1 +

ϵ

2

)2
cos2 ϕ+

(
1 +

ϵ

2

)−2

sin2 ϕ

) 1
2

; (3.26)

with first derivatives

∂l1
∂ϵ

=
1

2
l1(0) (3.27)

and

∂l2
∂ϵ

=
1

2
l2(0)

(
1 + ϵ

2

)
cos2 ϕ−

(
1 + ϵ

2

)−3
sin2 ϕ((

1 + ϵ
2

)2
cos2 ϕ+

(
1 + ϵ

2

)−2
sin2 ϕ

) 1
2

; . (3.28)

Thus

∂p

∂ϵ
|ϵ=0 = l1(0) + 2l2(0)(cos

2 ϕ− sin2 ϕ) (3.29)
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Heatmaps

a b

c d

Figure 3.5—Elastic moduli of the vertex model. (a) Shear modulus, (b) bulk modulus,
(c) Young’s modulus, and (d) Poisson’s ratio against target shape index s0 and rigidity

ratio r.

and

Gaffine = r
(
l1(0) + 2l2(0)(cos

2 ϕ− sin2 ϕ)
)2

. (3.30)

The cell angle ϕ defines a family of solutions with
√
3 < f(ϕ) < p∗0/8, as does the

choice between the ± branch in our solution for cell height and, and so we obtain a range

of values of the constrained shear modulus, and thus Young’s modulus and Poisson’s

ratio, as ϕ is varied. We find that as p0 is increased, the minimum shear modulus in

the constrained case remains 0 while the maximum possible shear modulus increases

(Fig. 3.3a).

Incompatible Case, s0 < s∗0

In the incompatible case cell edges are under uniform tension. By force balance, this

implies that the angle between edges remains ϕ = 2π
3

even under small deformations
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at the tissue scale. The ground state configuration is a regular hexagon with perimeter

p = 2w +
√
3h. Using Eq. (3.24) and the relations for height and width in terms of the

perimeter, h = 1
2
√
3
p and w = 1

4
p, we obtain

G =
r(p− s0)p

4a
. (3.31)

In the rigid, incompatible state the shear modulus is a monotonically increasing function

of r and vanishes at the transition s0 = s∗0 (Fig. 3.3a, Fig. 3.5a), in agreement with earlier

results [68]. The non-affine deformations of the relaxed tissue allow for a softer response

of the tissue, with the shear modulus being a factor of 3/2 stiffer when only considering

vertices constrained by the affine shear strain [101, 46], as confirmed by simulations

(Fig. 3.3a).

For small rigidity ratio (r ≪ 1/s∗0
2), we can expand G in powers of r, with the result

G =
1

4
s∗0(s

∗
0 − s0)r +O(r2) . (3.32)

The opposite limit of large rigidity ratio (r ≫ 1/s∗0
2) yields

G =
1

2

(
1− s20

s∗0
2

)
− 1

s∗0
6

(
s∗0

2 − s20
)2 1

r
+O

(
1

r2

)
. (3.33)

3.3.3 Bulk Modulus

To calculate the bulk modulus, we change the area a → a(1+ϵ) by rescaling the height

h → h(1 + ϵ)
1
2 and width w → w(1 + ϵ)

1
2 , and allow the angle ϕ to vary to minimize the

deformation energy. The bulk modulus is then given by

K =
1

a

∂2

∂ϵ2

(
min
ϕ

E

)∣∣∣∣
ϵ=0

, (3.34)
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with

∂2E

∂ϵ2
= a2 + r(p− s0)

∂2p

∂ϵ2
+ r

(
∂p

∂ϵ

)2

. (3.35)

To evaluate this expression we need to consider separately the compatible and incompat-

ible states.

Compatible state, s0 > s∗0

We have previously shown that in the compatible case the angle ϕ can adjust to

maintain a fixed cell perimeter under small deformations as dictated by local force-

balance. Thus ∂p
∂ϵ

∣∣
ϵ=0

= 0 and ∂2p
∂ϵ2

∣∣∣
ϵ=0

= 0, and the bulk modulus is simply

K = 1 (3.36)

for all r and s0 > s∗0 (Fig. 3.3b, Fig. 3.5b).

By contrast, if we allow for only affine deformations then the perimeter expands

isotropically p(ϵ) = (1 + ϵ)
1
2p(0). In this case ∂p

∂ϵ

∣∣
ϵ=0

= 1
2
p(0) and ∂2p

∂ϵ2

∣∣∣
ϵ=0

= −1
4
p(0),

giving a bulk modulus equal to

Kaffine = 1 +
1

4
rs20, (3.37)

which can be significantly higher than the non-affine result for high r, emphasising the

need to consider non-affine displacements (Fig. 3.2).

Incompatible State, s0 < s∗0

In the incompatible state for s0 < s∗0 the angle that minimizes energy remains ϕ = 2π
3

for small perturbations to cell height and width to ensure tension balance at the cell

vertices. The cell then expands isotropically, such that p(ϵ) = (1 + ϵ)
1
2p(0), resulting in
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a bulk modulus

K = a+
1

4a
rps0 (3.38)

shown in Fig. 3.3b and Fig. 3.5b. We note that as s0 approaches the critical value s∗0(6)

from below, the bulk modulus has the value lims0→s∗0
−K = 1+ 1

4
rs∗0

2. On the other hand,

in the compatible regime K = 1. Thus the bulk modulus exhibits a jump discontinuity

at the critical point separating compatible and incompatible states. In contrast, if vertex

positions are fixed by uniform dilation without relaxation, the bulk modulus is continuous

and higher in the compatible region (Fig. 3.3b).

In the limit of low rigidity ratio (r ≪ 1/s∗0
2), we find

K = 1 +
1

4
s∗0(3s0 − 2s∗0)r +O(r2) . (3.39)

The bulk modulus increases with s0 up to the critical value, at which point it discontin-

uously jumps to 1 for all s0 > s∗0, independent of r. Interestingly, for s0 <
2
3
s∗0 the bulk

modulus of the incompatible solid is lower than that of the compatible fluid, suggest-

ing that contractility can actually reduce the bulk stiffness of the tissue. Additionally,

increasing the rigidity ratio further reduces the bulk modulus for low s0.

In the limit of high rigidity ratio (r ≫ 1/s∗0
2), we find

K =
1

4
s∗0

2r +

(
3

2

s20
s∗0

2 − 1

2

)
+O

(
1

r

)
. (3.40)

Thus the bulk modulus increases with the rigidity ratio.

We find that for low s0 the bulk modulus can be significantly lower in the rigid than

in the fluid state, which can affect the rate of spreading monolayers [148]. This is due

to the fact that at small p0 cells have a smaller area while the energy required to deform
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the cell is proportional to the square of the area change. Therefore it costs more energy

to strain a single cell than to strain two cells with half the area, similar to the reduction

in effective stiffness obtained when springs are placed in series.

The bulk modulus is also a non-monotonic function of the rigidity ratio. For small r

the bulk modulus decreases with r as the size of the cell decreases, reaching a minimum

near r = 2/s∗0
2 ≈ 0.144 before increasing linearly in r for high r, due to the growing

contribution from the perimeter elasticity.

3.3.4 Young’s Modulus and Poisson’s Ratio

Next we calculate the Young’s modulus and Poisson’s ratio (Fig. 3.2 bottom row) by

stretching the width of the cell w → w(1 + ϵ) while allowing the cell height h and angle

ϕ free to minimize the energy. The Young’s modulus is defined as

Y =
1

a

∂2

∂ϵ2

(
min
h,ϕ

E

)∣∣∣∣
ϵ=0

(3.41)

and the Poisson’s ratio as

ν = −1

h

∂h

∂ϵ
= −w

h

∂h

∂w
. (3.42)

To evaluate Y and ν we use the relationship between the linear elastic constants, Y =

4KG
K+G

and ν = K−G
K+G

, which have been shown to hold away from the critical point.

Compatible state, s0 > s∗

In the compatible state, the ground state degeneracy allows the cell to achieve the

target shape index and area for small strain by reducing cell height and finding values of

the angle ϕ different from 2π/3, i.e., by changing its shape, with no energetic cost. As a
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result for s0 > s∗ we find

Y = 0 , ν = 1 . (3.43)

for all r (Fig. 3.3c-d, Fig. 3.5c-d). When constrained to affine only deformations, the

Young’s modulus can take a range of values from zero to a maximum value which increases

with p0, due to the increasing shear modulus. Similarly, the Poisson’s can range from a

maximum of 1 to a minimum value which decreases with p0.

Incompatible case, s0 < s∗

It has been shown that away from the critical point the elastic constants of the VM

satisfy the familiar relation of linear elasticity of isotropic solids [126]. We can therefore

use the relations Y = 4KG
K+G

and ν = K−G
K+G

to evaluate Y and ν in the incompatible regime,

with the result

Y = (p− s0)
rp (4a2 + rps0)

a(4a2 + rp2)
, (3.44)

ν = 1− 2rp(p− s0)

4a2 + rp2
. (3.45)

We find that the Young’s modulus is a non-monotonic function of both target shape index

and rigidity ratio (Fig. 3.3c, Fig. 3.5c). The nonmonotonicity with s0 is most pronounced

at intermediate values of r, where at small s0 the Young’s modulus increases, rather than

decrease, with increasing s0.

At both high and low rigidity ratio, the Poisson’s ratio remains close to 1 for all s0,

indicating that the cell preserves its area under deformations (Fig. 3.3d, Fig. 3.5d). At

intermediate values of the rigidity ratio and small s0, the nonmonotonicity of the Young’s

modulus results in a negative Poisson’s ratio, which indicates that a tissue stretched in

the x-direction, also expands in the y-direction.
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In comparison to the constrained response, we find that the relaxed response gives

a softer Young’s modulus for all rigidity ratio and target shape index values, since the

shear modulus is also softer by a factor of 2
3
(Fig. 3.3c). Similarly, the Poisson’s ratio is

higher in the compatible state for all s0 < s∗0 (Fig. 3.3d).

In the limit of low rigidity ratio (r ≪ 1/s∗0
2), the Young’s modulus and Poisson’s

ratio are given by

Y = s∗0(s
∗
0 − s0)r +O(r2) , (3.46)

ν = 1 +
1

2
s∗0(s0 − s∗0)r +O(r2) , (3.47)

showing that when s0 is increased towards the critical point from the solid side (s0 → s∗0
−)

the Young’s modulus vanishes and the Poisson’s ratio increases towards 1.

In the limit of high rigidity ratio (r ≪ 1/s∗0
2), we obtain approximate expression by

expanding in 1/r as

Y = 2

(
s∗0

2 − s20
s∗0

2

)
+O

(
1

r

)
, (3.48)

ν = 1− 4(s∗0
2 − s20)

s∗0
4

1

r
+O

(
1

r2

)
. (3.49)

The Young’s modulus also has a maximum value of 2 at s0 = 0.

3.3.5 Origin of negative Poisson’s ratio

We can understand why certain cell parameters give a positive or negative Poisson’s

ratio by looking at how the energy gradient with respect to cell height changes as we

change the cell width. The gradient ∂E
∂h

can be thought of as the effective force acting on
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the height of the cell, given by

∂E

∂h
= w(hw − 1) +

√
3r(2w +

√
3h− s0). (3.50)

In the ground state, this will be zero. Then, if we vary the cell width but keep the height

fixed we can measure the change in force as

∂2E

∂w∂h
= 2hw − 1 + 2

√
3r. (3.51)

When this value is positive, then as cell width is increased, the effective force acting

on cell height increases and so the cell height will decrease as it relaxes to the energy

minimum. Consequently, the sign of this value is the same sign as the Poisson’s ratio.

The second term 2
√
3r comes from the perimeter contribution in the VM and accounts

for energy changes due to perimeter elasticity. Since p ≥ s0, the cell is under tension and

the perimeter term aims to shrink the cell. Increasing the width further increases the

perimeter and so tension increases, providing more force to shrink the cell. Thus, the

perimeter elasticity always acts to shrink the cell and contributes to a positive Poisson’s

ratio.

The first term, 2hw− 1 = 2a− 1, represents the energy change due to area elasticity.

We can write this as 2w(h − 1/2w), which we can think of as an spring like force with

stiffness 2w and target height 1/2w. As width increases, the height becomes closer to the

target height, reducing the strain. At the same time, the effective stiffness 2w increases,

increasing the pressure. Thus there is a trade off between less restoring force on the cell

area versus increased effectiveness of changes in cell height. The net effect on whether

this increases or decreases the perimeter depends on the size of the cell area: when cell

area a < 1
2
the area term acts to increase cell height when width is increased, and for
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a > 1
2
the area term reduces the cell height.

For high rigidity ratio, the perimeter term dominates and so an increase in cell width

leads to a reduction in cell height. For low rigidity ratio, the area term dominates and the

cell area is close to 1 (Fig. 3.4d), thus an increase in cell width reduces the area pressure

and cell height decreases. However, in the intermediate regime for low s0 cell area is

small, meaning the area term acts to increase cell width, and the area contribution and

perimeter contributions are of comparable size, resulting in negative Poisson’s ratio.

We can calculate the transition to a negative Poisson’s ratio exactly at s0 = 0, which

corresponds to the situation where the contribution to cell edge tension from cortical

contractility and cell-cell adhesion precisely balance. In this limit the equation for the

ground state perimeter, Eq. 3.16, becomes

p

(
p2 +

rs∗0
4 − 2s∗0

2

2

)
= 0 (3.52)

with solution

p = s∗0

√
1− 1

2
rs∗0

2 . (3.53)

a =

(
1− 1

2
rs∗0

2

)
(3.54)

for r < 2/s∗0
2 ≈ 0.144. For r > 2/s∗0

2 the cell is unstable and collapses to zero area.

We can calculate whether cell height increases or decreases when width is increased by

calculating how the effective force on the height, ∂E
∂h
, changes with width. Substituting

our formula for area we find

∂2E

∂h∂w
= 1− 3

4
rs∗0

2 = 1− 6
√
3r (3.55)
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where we have used s∗0
2 = 8

√
3. Thus for r > 4

3
s∗0

2 ≈ 0.096 and s0 = 0 the tissue has a

negative Poisson’s ratio.

3.4 Conclusions

This chapter focused on the linear response of the 2D vertex model consisting of a

hexagonal polygonal tiling by calculating the shear modulus, bulk modulus, Young’s mod-

ulus and Poisson’s ratio, using a mean-field approach that allows for a class of non-affine

deformations, which agree well with numerical simulations. Approximate expressions are

provided in the limit of high and low rigidity ratio. These calculations match previous

results showing a rigidity transition controlled by purely geometric effects and tuned by

the target shape index s0.

For cells in the incompatible case, s0 < s∗ ≈ 3.772, the tissue has a finite shear modu-

lus which decreases with s0. For cells in the compatible case, s0 > s∗0, the shear modulus

becomes zero for all s0. However, when the tissue is constrained by the deformation

protocol, the result is a stiffer mechanical response to shear in the incompatible case,

and the compatible case can have a finite shear modulus, which depends on the initial

configuration of the cells, and that increases with s0. The constrained cases correspond

to the elimination of cell shape zero modes.

The bulk modulus of the tissue increases with s0 in the incompatible regime, and then

has a jump discontinuity at s0 = s∗0, where it changes from a larger value in the solid state

to a value of 1 in the fluid state. In the incompatible case, cells perimeters increase upon

isotropic expansion of the tissue, but in the compatible regime cells can change shape to

preserve their perimeter under small changes in area. However, this discontinuity is not

observed when the tissue is constrained. Additionally, in the incompatible regime the

bulk modulus can decrease below 1 for small rigidity ratio, r. This indicates that cell
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contractility can reduce the stiffness of the tissue, resulting in a larger bulk modulus in

the “soft” phase than in the “solid” phase.

Under uniaxial strain, we find the Young’s modulus of the tissue can be non-monotonic

with respect to s0, initially increasing and then decreasing towards zero in the incom-

patible case. The Poisson’s ratio can become negative for small s0 and intermediate

rigidity ratio, as cells can reduce their energy more by increasing their area through an

orthogonal expansion, than by reducing their perimeter. Within the compatible regime,

the tissue has zero Young’s modulus and Poisson’s ratio equal to one. However, when

only constrained deformations are allowed the tissue can have a finite Young’s modulus

in the compatible regime, similar to the shear modulus.

The results of this chapter highlight the complex linear elastic behaviour that can

arise from the simplest version of the vertex model due to its underconstrained nature.

For simplicity, we have assumed that cells are regularly arranged and that we only have

small strains. This analysis might be most applicable in tissues with a regular crystalline

structure, such as the Drosophila pupal wing [100] However, it would be interesting to

extend these sort of calculations to the case of disordered cell networks.

The principal take home message of this chapter is the importance of allowing for

unconstrained degrees of freedom, in this case non-affine deformations, to relax the system

and give a softer mechanical response to strain. The constrained case may be thought of

as the short-time response of the tissue to strain, and the relaxed case as the long-time

limit. Although the specific non-affine mechanical pathways presented here are unique

to hexagons, an analogous non-affine mechanical mode is observed to be in disordered

tissues such as Drosophila and are known as ”isogonal modes” [53].

Finally, one should note that the emergence of rigidity observed in this work draws a

direct link with the rigidity of mechanical frames and granular models, where mechanical

stability occurs at critical coordination number, or at finite strains, and are normally
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accompanied by a discontinuous jump in the bulk modulus. Nevertheless, the results of

this chapter show that geometric incompatibility is a crucial ingredient that has to be

taken into account for an estimation of the critical coordination number, and is left for

a future work [149, 150].

In conclusion, the work in this chapter demonstrates that the vertex model, thought

of as a collection of geometric constraints rather than a reference ground state structure,

can engender interesting, tunable, linear mechanical responses. In particular, the linear

response exhibits a strong non-affine contribution under uniaxial compression and shear,

as well as a negative Poisson’s ratio. Typically, these two phenomena in crystalline

solids require special lattice constructions, whereas in the vertex model exotic mechanical

response can be achieved by tuning the relative competition between area and perimeter

constraints via r and geometric compatibility via the target shape index s0.
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Chapter 4

Nonlinear response and role of

curvature in the vertex model

This chapter is adapted from a 2023 Soft Matter article [151] co-authored with Michael

Moshe, Michael Staddon, and M.Cristina Marchetti. Theoretical work was performed by

myself, and simulations by Michael Staddon, with M. Cristina Marchetti and Michael

Moshe providing mentorship, manuscript editing, guidance, and support.
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In the previous chapters we saw how individual cell shape can determine tissue scale

mechanical proprieties via a mean field treatment of the vertex model. Furthermore,

despite that the mean field approach neglects cell-to-cell rearrangements and tissue inho-

mogeneities, we found fairly good agreement with vertex model simulations which allow

for individual cells to respond differently and also include a tissue boundary.

Importantly, the vertex model exhibits zero modes that exist at the level of a single

cell. This is made more evident by assuming all cell edges have identical adhesion and

contractility, the VM energy reduces to penalizing harmonic deviations away from a

target area A0 and target perimeter P0 (see Eq. (2.1)).

In chapters 2 and 3 we utilized this shape degeneracy to parametrize mechanical

pathways for a tissue to relax stresses from imposed deformations. These pathways

could not be deduced based off the energy ground state configuration nor the polygonal

tiling structure like in conventional elasticity. Instead, the degeneracy is reflected in the

form of the energy and these pathways were inserted by hand and energy minimization

with these ”hidden” degrees of freedom.

In chapters 2 and 3 a careful study of the linear response of the VM to mechanical

deformations was provided, and in general the mechanical response of the vertex model is

well studied, for instance see Refs. [45, 46, 68]. However,the non-linear response relatively

less so. Recent work showed that the VM exhibits shear-thickening in the compatible

regime [125, 152]. In the same vein, this chapter presents a careful study of the non-linear

elasticity of the VM under finite dilation and compression via a mean-field approach and

simulations. Previously, in chapter 1, the onset of compatibility in the vertex model at s∗0

showed anomalous elasticity as reflected by an asymmetric bulk modulus under dilation

and compression, as well as coupling between stretching and shear modes [122].

In this chapter, I show that the asymmetry of the bulk modulus continuously extends

away from s∗0 under finite compression and dilation. In particular, the vertex model
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exhibits a dilation-hardening for compatible tissues and a compression-softening of in-

compatible tissues for finite critical strain. The hardening (softening) nonlinear response

to dilation (compression) is reflected by a jump (drop) discontinuity of the bulk modulus

and is associated with the sudden lifting (onset) of zero-modes.

These results are of particular importance to systems that are residually stressed,

such as cell layers with spatially varying cell geometry or curved tissue, where they may

result in a shift of the critical s∗0. In general, understanding the mechanisms through

which tissues fine-tune their rigidity in response to areal re-scaling is relevant to several

biological processes, such as tissue growth, shrinkage, response to applied deformations,

and in particular to shape changes where 2D tissue layers spontaneously fold into 3D

curved states [153, 154, 155]. In previous chapters a strong emphasis was made be-

tween the vertex model’s rigidity transition at a critical target shape index s0 and the

isoperimetric inequality. The inequality is a purely mathematical statement about the

limitations which space set on shape. Unlike Euclidean space which is scale invariant,

curved spaces have a length scale associated with their curvature. In 2D surfaces embed-

ded in 3D Euclidean space this is given by the radius of curvature. This breaks the scale

invariance in the isoperimetric inequality. For instance, for closed curves on a sphere of

radius R the inequality is modified to be [124]

s∗0
2 − A

R2
≤ P 2

A
(4.1)

Under certain assumptions a version of this inequality exists for polygons on both posi-

tively and negative intrinsically curved surfaces. Numerical studies of the vertex model

have confirmed that intrinsic curvature plays a role in the jamming and unjamming of

cells [156, 54, 157], reflecting the inherently geometric nature of the model.

Based on insight from the planar 2D non-linear elasticity, this chapter utilizes the
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mean field theory to predict how local compression/dilation due to intrinsic curvature

shifts the transition between rigid and floppy states in curved tissue.

The organization of the chapter is as follows: in section 4.1 I introduce our mean-field

VM, which describes 2D tissue elasticity at the single cell level. Section 4.2 outlines the

calculation of the non-linear bulk modulus of the mean-field model and discusses simu-

lation results. In section 4.3 I give a description of complementary numerical methods

used to test our mean field theory. In section 4.4 I present a Landau energy argument

to elucidate the connection between the asymmetry of the bulk modulus and the finite

critical strain that controls the onset/lifting of zero-modes. Section 4.5 uses the results

from mean field theory to predict the effective critical shape index for cells on a curved

surface. I show that the prediction for the rigidity transition in curved geometry agrees

well with numerical simulations by Sussman [156]. I conclude with a brief discussion in

section 4.6.

4.1 Mean-field theory of ordered vertex model

As in chapters 2 and 3, the mean field theory considers a uniform regular 2D tiling

where all cells respond identically to applied deformations. This approximation can cap-

ture the response of tissues subjected to uniform constraints or loads, and only relevant

details of the set-up are briefly repeated here. Details of the mean field model are given

in appendix 4.6, and the reader is advised to refer to Ref. [122] or chapters 1 and 2 for

more details. The tissue energy is the sum of the energies of identical individual cells,

and therefore the mean field approach reduces the VM to a single polygonal cell. All

bulk tissue properties, such as elastic moduli, are calculated at the single cell level. The

simulations are carried out for a lattice of regular polygons. For concreteness, simulations

and mean field theory are for hexagonal cells unless stated otherwise. All results hold
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analogously for other polygons.

Lengths are rescaled by
√
A0 and the tissue energy per cell is rescaled by κAA

2
0, with

κA the area stiffness, such that the energy per cell contains only two dimensionless free

parameters and is given by

E =
1

2
(a− 1)2 +

r

2
(p− s0)

2 , (4.2)

where r ≡ κP

κAA0
is the rigidity ratio, s0 ≡ P0√

A0
the target shape index, and a and p are

the actual area and perimeter of the cell.

To parameterize cell shape degrees of freedom, we work with a Cartesian coordinate

system (X, Y ) encompassing the cell with Y along the height, and X along the width,

as shown in Fig. 4.1. The area and perimeter of a cell are purely geometric objects, and

shape changes under various deformations can be computed given a transformation law.

Like before in chapter 3, externally imposed dilation and compression are imple-

mented via an overall re-scaling of the cell’s height h and width w via the transformation

w → w(1 + ϵ) , (4.3)

h → h(1 + ϵ) , (4.4)

with ϵ ∈ (−1, 1). In response to the strain, the cell may also spontaneously shear while

maintaining the imposed rescaled area, as shown in Fig 4.1. This ”tilt” is a self-shear

parameterized as

w → w + th , (4.5)

h → h , (4.6)
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where t(θ) ≡ tan (θ) parametrizes the shape degeneracy of cells. In addition, hexagonal

ℓ#
ℓ$

ℓ%

Initially undeformed cell

Frustrated compressed state

ℓ#
ℓ$

ℓ%

Relaxed tilted state

ℓ%
ℓ$

ℓ#

ℓ#
ℓ$

ℓ%

Frustrated stretched state

Figure 4.1—Under compression/dilation a cell may respond via a self-shear
transformation by tilting either right or left. For example, at the rigidity transition,

s0 = s∗0, both compression and dilation induce perimeter and area tension. Only under
compression, however, cells can relax perimeter tension by changing shape, while

simultaneously preserving area.

cells can also respond via non-affine deformations, which are known to reduce the shear

and Young’s moduli in the incompatible regime [143]. This study precludes non-affine

pathways for cell response as previous work in chapter 2 showed that this approximation

captures well the response to isotropic compression/dilation [122].

The deformed energy of an isotropically dilated or compressed cell is then given by

E(ϵ, θ; s0, r) =
1

2

[
ℓ2(1 + ϵ)2 − 1

]2
+

r

2
[p(ϵ, θ, ℓ)− s0]

2 , (4.7)

where ℓ(s0, r) is the rescaled undeformed characteristic cell size (see appendix 4.6 for
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details) and the deformed perimeter is

p(ϵ, θ, ℓ) =

√
2ℓ

33/4
(1 + ϵ)

(
2
√

1 + t(θ)2 +

√
1 + (t(θ)−

√
3)2

+

√
1 + (t(θ) +

√
3)2
)

. (4.8)

If we set ϵ = 0 and minimize with respect to θ we recover the results of Ref. [122]: the

ground state energy is gapped for s0 < s∗0 and vanishes for s0 ≥ s∗0, with a manifold of

degenerate shapes, or zero-modes, parametrized by θ. To study the response to ϵ ̸= 0

we minimize θ as a function of applied strain in a manner analogous to our study of the

linear response [122]. Formally, the energetic response is given by

E = min
θ

E(ϵ, θ; s0, r). (4.9)

Because height and width are fixed by dilation/compression the energy minimization is

1D and corresponds to solving,

∂E

∂θ

∣∣∣∣
s,r,ϵ

= (p− s0)
∂p

∂θ

∣∣∣∣
s0,r,ϵ

= 0 . (4.10)

This equation has two solutions: either a cell utilizes shape degeneracy via θ so that

the perimeter accommodates both dilation/compression and target shape index s0, or

the perimeter is totally set by dilation/compression with no tilt response. The relevant

energy minimizing solution is a function of s0, r and ϵ.
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4.2 Nonlinear elasticity

The non-linear response under finite dilation and compression is characterized by the

bulk modulus, defined as

K =
1

2acell

(
∂2

∂ϵ2
min
θmin

E(ϵ, θ; s0, r)

)
s0,r,ϵ

(4.11)

where acell =
3
√
3

2
ℓ2 is the rescaled cell area. Evaluating Eq. 4.11 at ϵ = 0 yields the

linear response, whereas a finite ϵ gives the non-linear response under finite strains. The

minimization with respect to θ must be carried out before differentiation because the

self-shear is implicitly dependent on ϵ via Eq. 4.10.

In the incompatible solid state, (s0 < s∗0), we find that the mean field model and sim-

ulations exhibit a discontinuous drop in the bulk modulus at a critical compression. The

discontinuity occurs due to a spontaneous self-shear of the cell which allows the perimeter

tension to vanish. Conversely, under dilation the bulk modulus remains continuous as a

function of strain, as shown in Fig. 4.2A. Increasing r shifts the critical strain to higher

values, reflecting how a higher perimeter tension may support higher compression before

giving way to spontaneous self-shear.

In the compatible floppy state, (s0 > s∗0), the bulk modulus is continuous under any

finite compression but exhibits a discontinuous jump at a critical strain upon dilation, as

shown in Fig. 4.2B. At sufficient dilation, the zero-modes of the degenerate ground state

are ”exhausted”, resulting in a frustrated and thereby rigid state. Unlike the incompatible

state, the critical dilation is insensitive to r.

At the transition, s∗0, both dilation hardening and compression softening are present

for arbitrarily small strains, and reflect an asymmetry of the response to area rescaling.

To quantify the asymmetry of the response, we show in Fig. 4.2C the difference between
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dilation and compression bulk modulus ∆K as a function of s0 for various values of the

dilation/compression strain. For s0 near the critical value, s∗0, the asymmetry persists

away from the critical point even for modest values of the strain (> 0.002). Note that

the curve ∆K vs. s0 is also not symmetric about the s0 = s0∗ axis; this is due to the fact

that the critical strain depends on r in the incompatible state, but not in the compatible

state.

The origin of the bulk modulus discontinuity can be in part understood by writing

the explicit expression for K obtained from Eq. 4.11

K =
1

2acell

[
a2 + r

[
p(θmin)− s0

]∂2p(θmin)

∂ϵ2
+ r

(
∂p(θmin)

∂ϵ

)2 ]
. (4.12)

The contribution due to perimeter tension, r
(
p(θmin) − s0

)
, in the solid phase vanishes

if cells can accommodate target perimeter and imposed compression simultaneously via

self-shear, resulting in a discontinuous drop of the bulk modulus. Conversely, in the

floppy phase sufficient dilation will result in a sudden contribution from perimeter ten-

sion. In the following section, we formulate a Landau-type energy analysis to understand

how dilation/compression can trigger or suppress zero-modes associated with shape de-

formation under dilation and compression.

4.3 Simulation protocol

My collaborator Michael Staddon performed numerical simulations of the deformation

protocol in the incompatible regime ( s0 < s∗0(6)) using a tissue of 4 hexagonal cells

in a periodic box of lengths Lx and Ly. The cells consisted of regular hexagons with

l1 = l2 = l3 determined by energy minimization. This also determines the periodic box

lengths. A strain of size ϵ is applied by mapping all vertex positions x → x(1 + ϵ) and
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y → y(1+ϵ) and the box Lx → Lx(1+ϵ), Ly → Ly(1+ϵ). After straining the system, the

energy is minimized with respect to the vertex positions within the new box size. The

measurement of the bulk modulus is defined as K = 1
LxLy

2δE
ϵ
, where δE is the change

in minimum energy before and after strain. The simulations were performed with the

Surface Evolver software [142].

4.4 Landau energy expansion

To understand how compression or dilation may trigger or lift shape degeneracy I

treat θ as an order parameter for the onset of shape degeneracy. In other words, a finite

θ signals that cells can adjust their shape to accommodate imposed strains, while θ = 0

when cells remain rigid and do not change shape in response to external strain.

Upon expansion of the energy given by Eq. (4.7) in power of θ to quartic order one

finds,

E(ϵ, θ; s0, r) = E(ϵ, s0, r) +
α

2
θ2 +

β

4
θ4 +O(θ6) , (4.13)

where

α = 3
√
3rℓϵ

(
ℓϵ −

s0
s∗0(6)

)
, (4.14)

β =
107

√
3

32
rℓϵ

(
ℓϵ −

89

107

s0
s∗0(6)

)
, (4.15)

and ℓϵ ≡ ℓ(1 + ϵ). Minimization of this approximate θ4 energy gives two solutions: (i)

θmin = 0 for α > 0, and (ii) θmin = ±
√

|α|
β

for α < 0. The Landau expansion highlights

the role of strain ϵ as tuning parameter between the cell responding with θmin = 0 or by

spontaneously tilting via a shear of θmin = ±
√

|α|
β
. The form of α reflects an asymmetric
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response between compression versus dilation. From α one can extract the critical strain,

ϵ∗, which controls the onset/lifting of shape degeneracy.

ϵ∗ =
1

ℓ

s0
s∗0(6)

− 1 (4.16)

The vanishing of the critical strain at the critical shape index coincides with the the

failure of linear elasticity for any applied strain [122]. Note that the expansion implies a

tricritical point. Specifically, β < 0 occurs around the transition point s0 ≈ 3.72 either

for large compression of ϵ ≈ −0.17, or for smaller strains deep in the floppy/compatible

regime, around s0 ≈ 4.47. However, the Landau expansion considered here only considers

a single pathway, via θ, by which cells may respond to moderately imposed strains. To

handle larger deformations one would need to increase the expansion and/or incorporate

other affine and non-affine pathways of cell-level response. Thus β > 0 defines the limits

for which the above expansion is valid.

In the compatible regime ℓ = 1 because target area is always achieved. Additionally,

ϵ∗ is independent of the rigidity ratio r. Whereas in the incompatible regime ϵ∗ depends

on r through ℓ.

We input the cell response via θmin into the energy and expand in powers of strain ϵ.

E(ϵ; s0, r) =min
θ

E(ϵ, θ; s0, r) (4.17)

=min
θ

E(ϵ, s0, r) +
α

2
θ2 +

β

4
θ4 +O(θ5, ϵ3) (4.18)

=E0 +
1

2

(
∂2E(θmin)

∂ϵ2

)
ϵ2 +O(ϵ3) . (4.19)

In the final line the harmonic coefficient contains contributions from θ which reduce the

overall response of the tissue. If we do not minimize over θ before expanding in ϵ, the

resultant deformed energy does not incorporate the self-shear response due to cell shape
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changes. A summary of the consequences of the additional degree of freedom θ on the
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Figure 4.2—Panel A shows the mean field non-linear bulk modulus versus compressive
strain in the incompatible regime for r = 1, 10, 100. A sudden discontinuous softening
occurs at a critical strain ϵ∗. Panel B shows the hardening of the mean field bulk

modulus at a critical dilation in the compatible regime. Note that in the incompatible
regime ϵ∗ depends on r and is thereby sensitive to the balance between perimeter and
areal elasticity, whereas in the compatible regime, the critical strain is only a function
of the shape index. Panel C compares the mean field model (solid line) to simulation

(dots) and shows the difference in the linear response between dilation and compression
for strain magnitudes ϵ = |0.01|, |0.006|, |0.002| in red, blue and green, respectively. The
the asymmetry of the response decays continuously away from the critical shape index.
Panels A,B, and C corresponds to hexagons. Panel D shows the effective critical shape

index for a random tiling of N cells on a sphere of radius RG =
√

N
4π
. The mean field

prediction is for pentagons, whereas the simulation data are for a disordered VM taken
from Ref [156].

response are as follows: In the incompatible regime, the θmin = 0 solution corresponds to
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a linear response in the solid state (see Fig. 4.4), whereas θmin = ±
√

|α|
β

corresponds to

the softer renormalized nonlinear response at critical compression strain. On the other

hand, in the compatible regime, the linear response is always given by θmin = ±
√

|α|
β

which allows the perimeter tension to vanish. The hardening under finite dilation occurs

at a critical dilative strain ϵ∗ and corresponds to a switch from θmin = ±
√

|α|
β

to θmin = 0,

resulting in a higher response. This hardening phenomena is due to the cell’s inability

to access degenerate ground states to accommodate large dilation.

4.4.1 Strain dependent critical shape index

So far the mean-field model has predicted how compression (dilation) controls the

onset (lifting) of shape degeneracy. The rigidity of the solid is defined by the absence

of zero modes at the single-cell level. Therefore the mean field treatment suggests that

dilation and compression shift the rigidity transition of the vertex model.

The shifted critical shape index is determined by the condition α(s0, ϵ) = 0. Solving

for s0 yields a simple linear relationship between the effective critical point and strain

scritical0 = s∗0(n)ℓ(1 + ϵ) , (4.20)

where we used the modified version of Eq. 4.14 for n-gons (see appendix 5.C). Note

that the absence of rigidity does not mean absence of residual stresses, as area tension

may still be finite. This is reminiscent of the simultaneous existence of zero-modes and

states of self stress [158], as well as the simultaneous onset of soft modes and geometric

frustration [159, 160]. From Eq. 4.20 we construct a phase diagram in Fig. 3 showing

how both tuning target shape index and imposed areal strain can control the onset of

rigidity.

Until now we have discussed the effect of finite strains on the value of the effective
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critical shape parameter, regardless of the origin of areal strain. One possible source of

strain that is highly relevant to biological tissue is the formation of local intrinsic curva-

ture, as is the case in bronchial epithelial tissue and early stage embryos [153]. A simple

toy model to understand the effect of curvature is a two-dimensional spherical tissue

model. The sphere radius may induce effective tension or compression on cells depending

on their total preferred area which may be smaller or larger than 4πR2. Simulations of

the vertex model constrained on a sphere have in fact reported that the rigidity tran-

sition signaled by the critical target shape index is sensitive to curvature with s∗0 shifts

depending on curvature magnitude and relative cell size [156].

In the rest of this chapter, I examine the effective dilation/compression induced by

curvature. This is done by calculating the cell area on a curved surface relative to its flat

counterpart, and define the difference between the two to set an effective areal strain.

Utilizing Eq.4.20, one may then predict the critical target shape index for solid-liquid

transition of curved 2D tissues.

4.5 Rigidity transition in the presence of curvature.

The mean field treatment is extended by pertubatively calculating cell area on surfaces

of constant curvature in powers of GR2
cell, where G is the Gaussian curvature, and Rcell

the cell radius. Regular polygons of fixed radius (defined as the distance of the centroid

to a vertex) differ in area depending on the surface on which they are embedded. The

mismatch in area between curved and flat cells engenders an effective strain.

All geometric information of a surface M is encoded in its metric tensor g. For a

general shape/cell on a surface, D ⊂ M , the area is defined as

A =

ˆ
D

√
det gd2x (4.21)
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Figure 4.3—Phase diagram detailing how both target shape index and imposed
compression/dilation control the floppy-rigid transition for hexagons as described by

Eq. 4.20 for rigidity ratio r >> 1.

In this presentation it is clear that the determinant of the metric serves as a weight

which accounts for the local compression/dilation between points. Unlike the planar

setting of the mean field model where the surface’s metric is trivial, i.e. gij = δij, the

metric on curved surfaces - even uniformly curved - is not homogeneous but instead is

a function of space. Nonetheless, the surface metric always admits a local expansion

in normal coordinates, (x0, x
i) which are defined by the condition that geodesics can be

locally parameterized as straight lines, i.e. γ(λ) = (x1λ, x2λ). In these coordinates, a

series expansion of the surface’s metric in powers of curvature yields

det(g) = 1− G
3
|x|2 +O(|x|3). (4.22)

The expansion reflects how variations of the metric are tied to curvature, and is locally

approximated as flat with higher order corrections. The derivation of Eq. 4.22 is given
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in appendix 5.A.

In following calculation I restrict attention to surfaces of uniform curvature - constant

G - and hence only consider flat, spherical, and saddle-like surfaces. Of course, real curved

biological tissues are not uniform either due to boundary conditions or heterogeneities.

The approximation is controlled by the dimensionless geometric parameter η set by the

radius Rcell of the cell over the radius of curvature RG, η ≡ Rcell

|RG |
, where G ≡ ± 1

R2
G
. Thus

the mean field approach will hold best for tissues with moderate curvature or relativity

small cells.

Area of cells on curved surfaces

Upon series expansion of the surface’s metric, the cell area to quadratic order is given

by,

A =

ˆ
D

√
det gd2x

≈
ˆ
D

d2x− G
6

ˆ
D

|x|2d2x , (4.23)

The first term yields the flat cell area. The calculation may be generalized to n-sided

polygons for easy comparison of various tilings. To parameterize the polygonal n-sided

cell D one may decompose it into 2n triangles about the centroid as illustrated in Fig. 4.4.

Details are given in Appendix 5.B. To quadratic order the area is

A = Ā

(
1− G

12
R2

cellf(n) +O(R4
cell)

)
, (4.24)

where Ā = nR2
cell cos

(
π
n

)2
tan
(
π
n

)
is the area of the cell on a flat surface, and f(n) ≡

cos2
(
π
n

) (
2
3
+ 1

3
sec2

(
π
n

))
. In the limit of either very small cell size or very small curvature,

the cell area reduces to the flat case.
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In the limit n → ∞ the first correction yields G
12
πR2

cell, which reproduces the classical

result of Bertand-Diguet-Puiseux on the area comparison of 2D geodesic discs of radius

Rcell between curved and flat spaces [161].

4.5.1 Shift of the rigidity transition

From Eq.4.24 and the form of the deformed area term in Eq. 4.7 we may write the

induced dilation/compression strain set by curvature as

ϵR(n) = −1 +

√
1− G

12
R2

cellf(n)

= −1 +

√
1− cos2

(π
n

)(2

3
+

1

3
sec2

(π
n

)) G
12

R2
cell . (4.25)

The effective strain depends on the number of edges due to the discrete rotational sym-

metry of polygons: points on each edge are weighted according to their distance from the

centroid. The predicted shift in the critical shape index is

scritical0 (n,G) = s∗0(n)ℓ(n)(1 + ϵG(n))

≈ s∗0(n)(1 + ϵG(n)) . (4.26)

where I have set ℓ ≈ 1, which restricts our prediction near the planar critical target shape

index or large rigidity ratio r >> 1. Eq. 4.26 is the main result of this chapter. In the

next section it is tested against simulation data.

Comparison with simulation

In recent work by Sussman [156] a disordered vertex model of N cells on a uniform

sphere of radius RG =
√

N
4π

was simulated for various N . At the onset of rigidity the
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critical shape index was extracted and reported to vary as a function of N , which mono-

tonically increased until plateauing at s∗0(5) ∼ 3.812 for large N (see Fig. 4.2 D).

To compare with simulation in Ref. [156] I re-cast GR2
cell in terms ofN and consider the

mean field treatment for pentagons, n = 5, corresponding to the rigidity of a disordered

VM in the flat case. Sussman considered a sphere of radius RG =
√

N
4π

with average

cell area set to unity, i.e. Acell ≡ N
4πL2 = 1. Since the mean field calculation is for a

single cell I make the ad-hoc choice to take Rcell corresponding to a pentagon, which

corresponds to the critical shape index in flat disordered simulations and tissues [48, 30].

Thus 5R2
cell cos

(
π
5

)2
tan
(
π
5

)
= 1 =⇒ R2

cell ≈ 1
2.377

(see Eq. 4.40).

Therefore the relative ratio of cell size to radius of curvature goes as
R2

cell

R2
G

≈ 4π
2.377

1
N
.

This yields the predicted critical shape index

scritical0 (n = 5, N) ≈ 3.812

(
1− 1.36

N

)1/2

. (4.27)

A comparison of this result to the simulations of Ref. [156] is shown in Fig. 4.2D.

Besides expanding to higher order, the calculation can be improved by computing the

ground state characteristic cell size ℓ0 for curved vertex models, but this is beyond the

current mean field approach. Additionally, [156] reports that the shape index distribution

broadens for larger R2
cellG (smaller N) reflecting a greater diversity of polygons at the

rigidity transition than the flat counterpart. Taking into account this greater diversity

could help refine the curvature correction in Eq. 4.27. In particular, for large curvature

other polygonal shapes besides the pentagon could be relevant for disordered systems.
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4.6 Discussion

Utilizing a mean field model, this chapter has showed that the asymmetry of the linear

response of the vertex model under dilation and compression continuously extends away

from the critical shape index for finite strains. The asymmetry reflects how an initially

rigid tissue may be sufficiently compressed to induce shape degeneracy and thereby relax

perimeter tension, yielding a softer bulk modulus. Conversely, sufficient dilation applied

to a compatible (floppy) cell lifts shape degeneracy, yielding an increase of the bulk

modulus. Thus applied dilation and compression shift the rigidity of the VM in 2D.

Using this insight, mean field model can be extended to calculate the effective dila-

tion/compression engendered by intrinsic curvature and thereby predict the curvature-

induced shift of the rigidity transition by calculating the effective critical shape index.

The prediction is compared to simulations by Sussman [156] with good qualitative agree-

ment.

The mean field prediction, namely Eq. 4.26, provides a metric which can be applied

to studying the rigidity transition in curved biological tissues in a manner analogous

to studies in the flat case. For instance, as previously mentioned in chapter 1, during

Drosophila embryo development regions of jammed and unjammed cells are have been

observed to correlate with regions of low and high positive intrinsic curvature [54]. Ad-

ditionally, the shift of rigidity upon compression/dilation could be tested, for instance,

in experiments such as those of Ref. [28], where an epithelial monolayer is compressed

or stretched via an underlying deformable substrate.

Of interest is a recent similar mean field calculation where, instead of cell area, cell

perimeter is calculated on a sphere [157], and from this the shift in the critical target shape

index is calculated. The authors also find good qualitative agreement with simulation,

thereby further verifying the role of curvature in the rigidity transition of the vertex
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model and also providing a complementary mean field approach.

Appendix 5.A Details about metric expansion

The purpose of this appendix is to give a brief explanation of the series expansion

of the metric in terms of curvature. A complete and rigorous treatment may be found

in many textbooks on Riemannian geometry such as in [162, 163, 164]. The metric is

a second order symmetric tensor whose components are spatially dependent function of

the surface. It governs all geometric data in that the distance between any two points is

given by the line element

ds2 = gij(x)dx
idxj. (4.28)

In general, about a given point x0 ∈ M the components of the metric may be approx-

imated as constants to 1st order. One may diagonalize this approximation such that

the metric at x0 is given by δij. However, upon expanding to 2nd order the metric’s

components are not necessarily also spatially constant. In fact, if there exist coordinates

such that the metric’s expansion is spatially constant up to 2nd order then the metric is

totally flat in the neighborhood, which we will briefly show below. Normal coordinates

about a point x0 are defined as coordinates which parametrize a geodesic curve, γi, as a

straight line, i.e. local coordinates xi such that γi(λ) = xiλ, where γ(0) ≡ x0. In these

coordinates the Christoffel symbols are extracted from the geodesic equation

0 =
d2γi

dλ2
+ Γi

kℓ

dγk

dλ

dγℓ

dλ
. (4.29)
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Utilizing normal coordinates, Eq. 4.29 implies Γi
kℓ(x0) = 0. Differentiation also yields the

differential constraint equation.

∂jΓ
i
kℓ(x0) + ∂kΓ

i
ℓj(x0) + ∂ℓΓ

i
jk(x0) = 0. (4.30)

The Riemann curvature tensor is defined as

Ri
jkl = ∂kΓ

i
jl − ∂lΓ

i
jk + Γi

pkΓ
p
kl + Γi

plΓ
p
kj. (4.31)

From the differential constraint and the definition of Ri
jkl, one can show

∂lΓ
k
ij = −1

3

(
Rk

ijl +Rk
jil

)
. (4.32)

Symmetry of the metric implies the covariant derivative of the metric vanishes, i.e. ∇g =

0 =⇒ ∂kgij − Γp
jkgip − Γp

ikgjp = 0. The second derivative of the metric in normal

coordinates is

∂2
klgij = −1

3
(Rklij +Rjlik) . (4.33)

The Taylor expansion of the metric in normal coordinates yields

gij = δij −
1

3
Rijkℓx

kxℓ +O(|x|2). (4.34)

Higher order terms can be generated iteratively by calculating higher order differential

constraint equations from Eqs.4.30 and ∇g = 0. For 2D surfaces the Riemann curvature
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tensor only has a single d.o.f. and admits the representation [163]

Riklj = G(gikglj − gijgkl). (4.35)

Where G is the Gaussian curvature. From this the Ricci tensor follows Rij ≡ gklRiklj =

Ggij. Using the expansion of the metric, we have to lowest order

Riklj = G(δikδlj − δijδkl) +O(|x|2) (4.36)

Rij = Gδij +O(|x|2) (4.37)

These expressions reflect that locally any surface looks either flat (G = 0), spherical

(G > 0), or saddle-like (G < 0). To lowest order the metric expansion about p becomes

gij =δij −
1

3
G(δikδlj − δijδkl)x

kxl +O(|x|3) (4.38)

and determinant yields

det(g) = 1− 1

3
G|x|2 +O(|x|3) (4.39)

which shows how curvature induces local compression or dilation. Higher order terms

contain gradients and higher order invariants of Rijkl, and are completely determined by

G. It follows that if the quadratic contribution vanishes, then the metric is totally flat

locally.

Appendix 5.B Pertubative polygon area expansion

To explicitly parameterize the polygonal cell D, we will consider a regular n-gon and

decompose it into 2n-triangles about its centroid as pictured in Fig.4.4. Working in terms
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of polar coordinates, this yields for the first term

ˆ
D

d2x = 2n

ˆ π
n

0

ˆ Rcell cos(π
n) sec θ

0

dθrdr

= nR2
cell cos

(π
n

)2
tan
(π
n

)
(4.40)

In the limit of n → ∞ we get πR2
cell, as expected for circles. Using the same coordinate

system, we compute the first correction due to curvature

G
6

ˆ
D

|x|2d2x =
G
6
2n

ˆ π
n

0

ˆ Rcell cos(π
n) sec θ

0

dθr3dr

=
G
12

R4
cell cos

4
(π
n

)
n

(
2

3
+

1

3
sec2

(π
n

))
tan
(π
n

)
(4.41)

Appendix 5.C Mean-field vertex model

The mean field model is defined by the area and perimeter of a single cell, which is

parameterized by n-edges να given by

ν⃗α ≡ ℓ0

(
cos

(
2πα

n

)
, sin

(
2πα

n

))
(4.42)

Where ℓ0 the characteristic cell edge length. The perimeter is the sum of each edge length

P =
n∑
α

√
ν⃗α · ν⃗α (4.43)
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Under an affine transformation, denoted as the matrix F, the deformed perimeter is given

by

P =
n∑
α

√
(Fν⃗α) · (Fν⃗α). (4.44)

The area can be calculated by the cross product

A =

ˆ
D

dx2 = n|⃗a× b⃗| (4.45)

where a⃗ and b⃗ are defined in Fig.4.4.

The deformed are is straightforward to calculate by using the identity |(Fa⃗)×(F⃗b)| =

det(F)|⃗a× b⃗|. Thus under an affine transformation the deformed area can be written as

A =det(F)n|⃗a× b⃗| (4.46)

=det(F)
n

4
ℓ20 cot

(π
n

)
. (4.47)

The energy per cell is cast as

E =
κA

2

(n
4
ℓ20 cot

(π
n

)
det(F)− A0

)2
+
κP

2

(
n∑
α

√
(Fν⃗α) · (Fν⃗α)− P0

)2

(4.48)

To non-dimensionalize we define reference lengths ℓA and ℓP such that

A0 =
n

4
ℓ2A cot

(π
n

)
(4.49)

P0 = nℓP (4.50)
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θ = #
$

! = 	 $(& − 2)2&
R!"##

ℓ$ = 2R!"##	sin/
R!"##	cosθ

"⃗3 A	 ⃤="# |a×b|

Figure 4.4—The shape of a regular polygon can be determined by the number of edges
and the length of each edge. To modify and aide our calculation for various n-gons, we
decompose a polygon into n triangular wedges as illustrated in the figure. Thus one

may specify a regular polygon by the number edges and either the edge length ℓ0 or cell
radius Rcell.

And rescale energy by κAA
2
0, yielding

E =
1

2

(
ℓ2 det(F)− 1

)2
+

r

2

(
ℓ

n∑
α

√
(Fν⃗α) · (Fν⃗α)− s0

)2

(4.51)

Where r ≡ κP

κAA0
, s0 ≡ P0√

A0
is the target shape index, and ℓ ≡ ℓ0√

A0
is the re-scaled

characteristic cell edge length. In the incompatible state, the ground state corresponds

to a regular polygon with ℓ0 defined to minimize the energy. This involves solving the

cubic equation defined ∂E
∂ℓ

= 0. The relevant solution obeys the inequality ℓ ≤ 1 for all

s0 ≤ s∗0. In the compatible state energy minimization yields ℓ ≡ 1 for choices of r and

s0 ≥ s∗0.
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Inputting deformations

We model all cell shape distortions due to both applied deformations and cell re-

sponse of the cell by linear affine transformation F. For example, compression/dilation

correspond to

Fϵ =

1 + ϵ 0

0 1 + ϵ

 . (4.52)

We also parametrize a self-shear corresponding to the cell adjusting its perimeter without

changing the imposed re-scaled area by enforcing the constraint det
(
Fcell

)
= 1. This only

fixes a single degree of freedom, leaving in principle three components of Fcell free. For

simplicity, we only consider the the cell’s response by tilting through a simple shear

transformation

Fcell
θ =

1 tan(θ)

0 1

 (4.53)

We set the overall transformation in the mean field model as

F = Fcell
θ · Fϵ = (1 + ϵ)

1 tan(θ)

0 1

 (4.54)
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Chapter 5

Hydrodynamic theory of deformable

particles

This chapter is adapted from Physical Review E article [165] published in 2021 with M.

Cristina Marchetti. The idea was conceptualized by M. Cristina Marchetti with theoretical

calculations performed by myself.
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Many extended systems, such as biological tissue [166], foams [167, 168], emul-

sions [169, 170], and colloidal suspensions [169] can be described as collections of de-

formable particles. A variety of mesoscopic models have been developed to examine the

role of particle shape on the structure and rheology of these soft materials.

Cellular Potts models [109, 171] and Vertex and Voronoi models [172, 173, 45] have

been successfully used to describe dry foams and confluent layers of biological tissue,

where cells completely cover the plane with no gaps, with extensions to three dimen-

sions [174, 68]. These models describe cells in confluent tissues as tightly packed irregu-

lar polygons covering the plane and predict a jamming-unjamming transition tuned by a

target cell shape that captures the interplay of cortex contractility and cell-cell adhesion,

with the mean cell shape serving as a metric for tissue fluidity [47, 48, 39]. Vertex and

Voronoi models do not, however, have a natural extension to situations where the cell

packing fraction is below one, although gaps between cells have been incorporated in

recent work [175, 27]. In contrast, both particle deformability and density variations can

be incorporated in multi-phase field models and in models of deformable particles [176],

which have been used to examine solid-liquid transitions as a function of both particle

shape and density.

Less well developed are continuum descriptions of the rheology of materials where the

constituents can change their shape. An important example is the classic work by Doi

and Ohta that describes the dynamics of the interface between two immiscible fluids un-

der shear, incorporating formation, rupture and deformation of droplets [72]. Continuum

mechanics of confluent tissue have been constructed phenomenologically and employed

to connect structure and mechanics in Drosophila development [177, 178]. Ishihara and

collaborators formulated a continuum model that couples cell shape to mechanical de-

formations at the tissue scale [76]. Their work, however, only captures simultaneous

cell anisotropy and alignment of elongated cell shapes, without distinguishing between
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a tissue where cell shapes are on average isotropic and one where cells are on aver-

age anisotropic, but not aligned, as observed in simulations of Vertex/Voronoi mod-

els [39, 179]. It is in fact the single-cell anisotropy that provides an order parameter for

cell jamming in Vertex and Voronoi models [47, 48, 39], where fluid states of elongated

cells are obtained without nematic order of elongated cells. The importance of this dis-

tinction in a continuum theory of tissue mechanics was highlighted recently in work by

one of us and collaborators [78].

In this chapter we adopt the Poisson-bracket formulation [180] to obtain continuum

equations for a fluid of deformable particles in two dimensions. This method has the

advantage of providing a systematic derivation of the reversible part of the hydrodynamic

equations once the continuum fields have been identified. The approach considered here

is inspired by work by Stark and Lubensky [181, 182] who used the Poisson-bracket

approach to derive the hydrodynamics of a nematic liquid crystal. As in liquid crystals,

we identify both a continuum scalar field that quantifies fluctuations of individual cell

shape and a cell shape tensor field that captures both cell elongation and alignment. An

important difference is that, while in passive liquid crystals molecular shape fluctuations

decay on fast (non-hydrodynamic) time scales, numerical studies of both Vertex and

Voronoi models of 2D confluent epithelial tissues [47, 48, 39] have shown that mean

cell shape, as measured by the cell perimeter normalized by cell area, provides an order

parameter for a transition between solid and liquid states. In the solid state cells are

isotropic and encounter finite energy barriers for neighbor exchange. These barriers

vanish in the liquid state, where cells acquire anisotropic shapes with large perimeters.

The role of mean cell shape as a direct metric for tissue fluidity has been confirmed by

experiments in various cell types [30, 40]. Thus shape-anisotropy fluctuations are long-

lived near the transition, justifying the inclusion of this field in a hydrodynamic model.

The equations derived here provide a continuum model for collections of interacting
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deformable “particles” and can be adapted to describe both confluent and non-confluent

systems.

The chapter is organized as follows. Section 5.1 provides the microscopic definition

of the continuum fields used in the hydrodynamic model. Section 5.2 briefly summarizes

the Poisson-bracket (PB) method and the calculation of the various PBs (with details

given in Appendix 5.5), and discuss the reactive and dissipative contributions to the

coarse-grained dynamics. The final continuum equations are displayed in Section 5.3. In

Section 5.4 I discuss the form of the continuum equations for the specific case of a cellular

tissue, and conclude with a brief discussion in Section 5.5. Details of the derivation of

the PBs and of the mean-field free energy of the Vertex model are given in appendices.

5.1 Continuum fields

We consider a fluid whose constituents are N extended particles of arbitrary shape.

The contour of each particle, referred to below as a ‘cell’, is described by a polygonal

shape joining n vertices located at rαµ, where µ = 1, 2, · · · , n labels the vertices and α =

1, 2, · · · , N labels the cells, as shown in Figure 5.1. Each cell has a total mass mc, which

we assume equally distributed among the n vertices. Note that (hence mass) proteins

can often be anisotropically distributed in the interior of cells, resulting in important

properties at the scale of the whole cell, such as planar cell polarity [178, 183]. The

assumption of uniform mass distribution hence amounts to neglecting cell polarization.

Including the dynamics of cell polarization is of course important in a number of biological

situations, and will be considered in future work.

Cell shape is described by a shape tensor defined as

Gα
ij =

1

n

n∑
µ=1

∆xαµ
i ∆xαµ

j , (5.1)
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where ∆rαµ = rαµ − rα, with rα = 1
n

∑
µ r

αµ, and Latin indices i, j denote components.

The shape tensor has been used to describe polymer conformation [184] and the structure

of foams [185], as well cellular shape in epithelia [76, 78]. It quantifies area, perimeter and

elongations of convex polygonal shapes composed of n vertices connected by rigid edges.

The limit n → ∞ corresponds to an ellipse. We define microscopic mass, momentum

Figure 5.1—A deformable particle (referred to as a ‘cell’) is described as an n-sided
irregular polygon defined by the positions rαµ of its vertices, for µ = 1, · · · , n, relative

to the location of the centroid rα of the polygon.

and cell shape density fields as

ρ̂(r, t) =
∑
αµ

m δ(r− rαµ(t)) , (5.2)

ĝ(r, t) =
∑
αµ

pαµ δ(r− rαµ(t)) , (5.3)

Ĝij(r, t) =
∑
α

Gα
ij δ(r− rα(t)) . (5.4)

with m = mc/n, and pαµ = mṙαµ is the conjugate momentum. Coarse grained quantities

are then defined as ρ(r, t) = [ρ̂(r, t)]c, g(r, t) = [ĝ(r, t)]c and Gij(r, t) =
[
Ĝij(r, t)

]
c
and

correspond to macroscopic continuum fields describing the system on length scales large

compared to both the size of the particles and their mean separation. Note that since the
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microscopic single-cell shape tensor Gα has dimensions of length squared, the density of

cellular shape tensor Gij is dimensionless. As we will see below, the trace of the shape

tensor density provides a measure of the density of cell perimeter, while its traceless part,

G̃ij = Gij − 1
2
δijTr[G], captures both cell anisotropy and local alignment of elongated

cells.

The cellular shape tensor can be written in terms of its eigenvalues as

Gα
ij =

1

2
(λα

1 + λα
2 ) δij + (λα

1 − λα
2 )

(
ν̂α
i ν̂

α
j − 1

2
δij

)
, (5.5)

where λα
1 > λα

2 and ν̂α is the eigenvector of the largest eigenvalue. Its traceless part can

be written in terms of the local molecular alignment tensor, G̃α
ij = (λα

1 − λα
2 )Q

α
ij, where

Qα
ij =

(
ν̂α
i ν̂

α
j − 1

2
δij
)
.

For regular n−sided polygons, the shape tensor is diagonal with λα
1 = λα

2 . In this

case the cell area A
(n)
α and perimeter P

(n)
α can be expressed in terms of the invariants of

the tensor Gα as

A(n)
α =

n

2
sin

(
2π

n

)√
det[Gα] , (5.6)

P (n)
α =

√
2n sin

(π
n

)√
Tr[Gα] , (5.7)

The derivation of Eqs. 6 and 7 is given in Appendix 5.5. Single cell anisotropy is

measured by Mα = λα
1 − λα

2 which vanishes for regular polygons. To quantify single-cell

elongation independently of alignment of elongated cells, we follow [78], albeit with a

slightly different definition of the shape tensor, and introduce an anisotropy density field

defined as

M̂(r, t) =
∑
α

Mαδ(r− rα(t)) (5.8)
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and the associated coarse grained field M(r, t) = [M̂(r, t)]c. Work on Vertex/Voronoi

models of confluent biological tissue, as well as multiphase fields models, has demon-

strated the correlation between tissue fluidity and anisotropy of single-cell shape, as

quantified here by M . In Vertex models, this anisotropy provides an order parameter for

the solid-liquid transition [48, 39].

In the following, we construct hydrodynamic equations for a fluid of deformable par-

ticles that couple structural changes encoded in cell shape and alignment of elongated

cells to flow. The dynamics of the fluid on scales large compared to the cell size and

mean cell separation is described in terms of a few continuum fields: the mass density ρ,

the momentum density g, the single-cell anisotropy density M and the cell-shape tensor

density Gij.

5.2 Poisson-Bracket formulation of continuum dy-

namics

Here we briefly summarize the Poisson-bracket (PB) formalism. Consider a sys-

tem whose microscopic dynamics is determined by canonically conjugate positions rα

and momenta pα. We describe the dynamics in terms of a few microscopic density

fields Ψ̂a(r, t; {rα}, {pα}), for a = 1, 2, · · · . These fields are chosen to be either hydro-

dynamic fields associated with conserved quantities, broken symmetry fields, or quasi-

hydrodynamic fields that decay on times scales large compared to microscopic ones. In

the specific case of interest here {Ψ̂a} = (ρ̂, ĝ, Ĝij, M̂). The dynamics of the correspond-

ing coarse-grained fields Ψa(r, t) = [Ψ̂a(r, t; {rα}, {pα})]c is governed by the equations

∂tΨ
a(r, t) = V a(r, t) +Da(r, t) , (5.9)

112



Hydrodynamic theory of deformable particles Chapter 5

where V a and Da represent the non-dissipative and dissipative parts of the dynamics,

respectively. The reactive term V a is given by

V a(r) = −
ˆ
r′
{Ψa(r),Ψb(r′)} δF

δΨb(r′)
, (5.10)

where F [{Ψa}] is the free energy,

{Ψa(r),Ψb(r′)} =
[
{Ψ̂a(r), Ψ̂b(r′)}

]
c
, (5.11)

and

{Ψ̂a(r), Ψ̂b(r′)} =
∑
αi

(∂Ψ̂a(r)

∂pαi

∂Ψ̂b(r′)

∂rαi

−∂Ψ̂a(r)

∂rαi

∂Ψ̂b(r′)

∂pαi

)
. (5.12)

Finally, the dissipative term in the kinetic equation is controlled by all the neglected

microscopic degrees of freedom and can be written as

Da(r) = −Γab δF
δΨb(r)

. (5.13)

The dissipation tensor Γab is in general a functional of the {Ψa} and their gradients. It is

a phenomenological quantity controlled by the requirement that ∂tΨ
a can only couple to

driving forces δF
δΨb(r)

that have different sign under time reversal, to guarantee that such

terms describe dissipation. Close to equilibrium it is a symmetric tensor and it must

obey Onsager’s principle [186].
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5.2.1 Poisson brackets

The calculation of the PB of mass and momentum density is straightforward and can

be found in the literature [181], with the result

{ρ(r), gi(r′)} = ρ(r′)∂iδ(r− r′) ,

{gi(r), gj(r′)} = −∂′
i[δ(r− r′)gj(r

′)] + ∂jδ(r− r′)gi(r
′) , (5.14)

The main PBs to be calculated here are those involving the fields describing cellular

shape. The details of the derivation are shown in Appendix 5.5, with the result

{Gij(r), gk(r
′)} = ∂k[Gij(r

′)δ(r− r′)]

− [Gil(r)δjk +Gjl(r)δik] ∂lδ(r− r′) , (5.15)

{M(r), gi(r
′)} = [∂iM(r)]δ(r− r′)− 2R(r)

M(r)
G̃ij(r)∂jδ(r− r′) . (5.16)

where we have defined R(r, t) =
[
Tr[Ĝ(r, t)]

]
c
.

To calculate {M(r), gi(r
′)} we have used the identity G̃α

ikG̃
α
kj =

M2
α

4
δij. where the tilde

denotes the traceless part of a rank-2 tensor, G̃ij = Gij − 1
2
δijTr[G].

This allows us to write

Mα{Mαδ(r− rα), gi(r
′)} = 2G̃α

kl{G̃α
klδ(r− rα), gi(r

′)} . (5.17)

Finally, the other PBs can be obtained using the identity

{Ψn(r),Ψm(r
′)} = −{Ψm(r

′),Ψn(r)} . (5.18)
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5.2.2 Reactive terms

To evaluate the various contributions to the continuum dynamics, we need to specify

the free energy of the system. In general, this has the form

F = FK + FV

=

ˆ
r

[
g2

2ρ
+ f(ρ,M,∇M,Gij,∇Gij)

]
, (5.19)

where the first term is the kinetic part and the free energy density f depends on the

fields and their gradients.

Using the expressions for the Poisson-brackets we can then evaluate the reactive terms

V a, with the result

V ρ = −∇ · (ρv) , (5.20)

V g
i = −∂j(ρvivj)− ρ∂i

δFV

δρ
+ (∂iM)

δFV

δM
+ (∂iGkl)

δFV

δGkl

+∂j

(
2Gjk

δFV

δGik

− δijGkl
δFV

δGkl

)
+2∂j

(
R

M
G̃ij

δFV

δM

)
, (5.21)

V G
ij = −∇ · (Gijv) +Gik∂kvj +Gjk∂kvi , (5.22)

V M = −v · ∇M +
2R

M
G̃ij∂ivj . (5.23)

The elastic and density couplings in Eq. (5.21) can be rewritten in a more familiar form

as gradients of pressure and of an elastic stress. The details can be found in Appendix

5.5, where it is shown that we can write

−ρ∂i
δFV

δρ
+ (∂iM)

δFV

δM
+ (∂iGkl)

δFV

δGkl

= −∂ip+ ∂jσ
E
ij (5.24)
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where the pressure p and the elastic stress σE
ij , that plays the role of the Ericksen stress

of nematic liquid crystals, are given by

p = ρ
δFV

δρ
− f , (5.25)

σE
ij = − ∂f

∂∇jM
∇iM − ∂f

∂∇jGkl

∇iGkl . (5.26)

The last two terms in Eq.(5.21) correspond to gradients of a reactive elastic stress σG
ij ,

given by

σG
ij = 2

R

M
G̃ij

δFV

δM
+ 2Gjk

δFV

δGik

− δijGkl
δFV

δGkl

. (5.27)

The reactive term for the momentum density equation can then be written as

V g
i = −∂j(ρvivj)− ∂ip+ ∂j

(
σG
ij + σE

ij

)
. (5.28)

5.2.3 Dissipative terms

There is no dissipative term for the mass density ρ if it is conserved. Dissipative terms

in the momentum equation must be odd under time reversal and hence must couple to

gradients of velocity. In general, shape anisotropy and alignment of elongated cells will

entail anisotropic viscosity coefficients, as in the case for liquid crystals. For simplicity,

here we only introduce two viscosities to account for shear (η) and bulk (ηb) deformations

and write

Dg
i = ∂jσ

D
ij , (5.29)

with

σD
ij = 2ηDij + ηbδij∇ · v , (5.30)
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where Dij is the symmetrized and traceless rate of strain tensor,

Dij =
1

2
(∂ivj + ∂jvi − δij∇ · v) . (5.31)

Dissipative couplings in the equations for the shape density tensor Gij and the shape

anisotropy field M must be even under time reversal and hence can couple to M , Gij and

their gradients. Dissipation will arise from topological rearrangements, as well as from

birth/death events when density conservation is broken. In general we can write

DG
ij = −ΓGG

ijkl

δFV

δGkl

− ΓGM
ij

δFV

δM
, (5.32)

DM = −ΓMM δFV

δM
− ΓMG

ij

δFV

δGij

. (5.33)

The kinetic coefficients Γab can generally depend on the shape tensor and anisotropy

density field. To linear order in these fields, a general form is given by

ΓGG
ijkl =

M

2γG
(δikδjl + δjkδil)

+
1

γ1
(δikGjl + δjkGil + δilGjk + δjlGik) , (5.34)

ΓGM
ij = ΓMG

ij =
Gij

γ2
, (5.35)

ΓMM =
1

γM
+

M

γ3
, (5.36)

where the kinetic coefficients γi, for i = G,M, 1, 2, 3, encode the characteristic time scales

of dissipative processes. For simplicity we have assumed ΓGM
ij = ΓMG

ij although in general

the parameters controlling the relaxation in these terms could differ. Note that the

second term in Eq. (5.34) has the form introduced in Ref. [187] for the kinetic coefficient

describing the relaxation of the conformation tensor in a polymer suspension.
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5.3 Final equations

Putting it all together, we now write the final form of the equations we have obtained.

It is convenient to write

∂ivj = Dij + ωij +
1

2
δij∇ · v (5.37)

where Dij is the rate of strain tensor given in Eq. (5.31) and ωij is the vorticity,

ωij =
1

2
(∂ivj − ∂jvi) . (5.38)

The set of continuum equations for our fluid of deformable cells is then given by

∂tρ = −∇ · ρv, (5.39)

ρ (∂t + v · ∇) vi = −∂ip+ ∂j
(
σG
ij + σE

ij + σD
ij

)
, (5.40)

d

dt
M =

2R

M
G̃ijDij − ΓMM δFV

δM
− ΓMG

ij

δFV

δGij

, (5.41)

D

Dt
Gij = GikDkj +DikGkj − ΓGG

ijkl

δFV

δGkl

− ΓGM
ij

δFV

δM
, (5.42)

We have defined

d

dt
= ∂t + v · ∇ ,

D

Dt
=

d

dt
−[ω, ·] (5.43)

where d
dt

is the convective derivative and [ω, ·] is the corotational derivative 1.

The equation for the shape tensor Gij contains couplings to flow vorticity and strain

rate which control the tendency of extended and deformable particles to rotate with flow

and align with streamlines. The shape tensor Gij plays a role similar to that of the

1For tensors ωij and Dij , the communtator is defined as [ω,D]ij = ωikDkj −Dikωkj
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conformation tensor in a polymer suspension [184]. In fact, if we ignore the additional

anisotropy density field M , the equations derived here for a fluid of deformable particles

have the same structure as a one-fluid model of viscoelastic polymer solutions [187].

Unlike in models of polymer suspensions, however, the coefficient of the coupling to

strain rate, known in that context as the slip parameter [184], is found to be simply

equal to 1 in our PB formulation.

It is also convenient to separate the dynamics of Gij in that of its trace and deviatoric

part. The corresponding equations are given by

d

dt
R = 2G̃ijDji − ΓGG

iikl

δFV

δGkl

− ΓGM
ii

δFV

δM
, (5.44)

D

Dt
G̃ij = RDij + G̃ikDkj +DikG̃kj − δijG̃klDkl

−
[
ΓGG ..

δFV

δG

]ST
ij

−
[
ΓGM

]ST
ij

δFV

δM
. (5.45)

where [...]ST denotes the symmetrized and traceless part of the tensor. These equations

need to be completed by an expression for the free energy FV in terms of the shape

tensor and anisotropy density field. Such an expression of course depends on the system

of interest. In the next section we consider the specific case of a model of dense biological

tissues.

5.4 Cellular tissue

In this section we utilize the vertex model to complete our hydrodynamic theory to

describe the interplay between cell shape and flow in confluent biological tissues, where

cells are tightly packed, with no intervening gaps. As previously mentioned, Vertex and

Voronoi models have been extensively used in describing cells as irregular polygons tes-

selating the plane [172, 173, 45]. Since the vertex model explicitly depends on geometric
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quantities such as cell perimeter and area, we may naturally re-write the energy in terms

of cell shape anisotropy. The relevant aspects of the model itself are briefly repeated here

for convenience, with a more thorough treatment given in chapter 1.

The behavior of the tissue is controlled by an energy that describes the tendency of

each cell to adjust its area Aα and perimeter Pα to target values A0 and P0, given by

EV =
∑
α

[κA

2
(Aα − A0)

2 +
κP

2
(Pα − P0)

2
]
, (5.46)

with κA and κP stiffness parameters. The first term arises from tissue incompressibility in

three dimensions and the second captures the interplay of cell-cell adhesion and cortical

contractility. By scaling lengths with
√
A0 and energies with κAA

2
0, the scaled energy of

each cell is given by

ϵα =
1

2
(aα − 1)2 +

r

2
(pα − s0)

2 , (5.47)

with p0 = P0/
√
A0 the target shape parameter and r = κP/(κAA0).

Numerical studies of this energy have identified a rigidity transition at a critical

value s∗0 of the target shape parameter between a rigid, solid-like state for p0 < p∗0 to

a fluid state for s0 > s∗0. Single-cell anisotropy as quantified by the mean cell-shape

index s = ⟨Pα/
√
Aα⟩, with the brackets denoting an average over all cells, provides an

order parameter for the transition. Czajkowski et al. [78] derived a mean-field model of

this rigidity transition, albeit using a different definition of the cell shape tensor Gα
ij as

compared to the one used here. The derivation carried out with our definition is outlined

in Appendix 5.5. The result is a quartic Landau-type free energy density fM where the

the cell shape anisotropy density M plays the role of an order parameter, given by

fM =
α(s0)

2
M2 +

β

4
M4 , (5.48)
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where α(s0) vanishes at s0 = s∗0 and β > 0. The definition of the shape tensor of

individual cells only affects the precise values of these parameters that also depend on

the reference polygonal shape, but does not change the form of the free energy density

nor the value of s∗0. The free energy given in Eq. (5.48) is obtained by assuming small

deformations from regular polygons and constant cell perimeter. It predicts a mean-field

transition at α = 0 from a state where cells are isotropic (M = 0) α > 0 or s0 < s∗0 (the

solid state) to a state where cells are anisotropic (M =
√
−α/β) for α < 0 or s0 > s∗0

(the liquid state).

This work suggests a phenomenological free energy for a confluent tissue that cap-

tures both fluctuations in the cell anisotropy density M that quantifies the liquid-solid

transition and the shape tensor density G̃ij that quantifies alignment of elongated cell as

Fc =

ˆ
r

[
α(p0)

2
M2 +

β

4
M4 +

K

2
(∇M)2 +

χ

2
Tr[G̃2] +

KG

2
(∂jG̃ik)

2

]
. (5.49)

We do not include terms of order Tr[G̃2]2 as we do not expect any nematic order of cellular

shapes in the absence of externally applied or actively generated internal stresses. Also,

we have assumed constant cell perimeter, corresponding to R = Tr[G] =constant. In

general, the various parameters in Fc will depend on R.

It is important to stress that G̃ij and M are not independent. The traceless tensor

G̃ij can be written as

G̃ij = SG

(
ninj −

1

2
δij

)
, (5.50)

which defines the director field n(r, t) associated with alignment of elongated cells and the

magnitude SG of orientational order. Cell alignment can only occur if cells are elongated

(M ̸= 0), hence SG(M) must vanish when M = 0. We assume SG = MS, where S plays

the role of a nematic order parameter for orientational order of elongated cells. Clearly,
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S is defined only in states where M is finite.

Cell sheets commonly interact with a frictional substrate that eliminates momentum

conservation. Frictional drag with the substrate generally exceeds inertial forces, and the

Navier-Stokes equation for the momentum is replaced by a Stokes equation quantifying

force balance on each fluid element. Within this overdamped limit, and considering

a minimal form for the various dissipative kinetic coefficients, the tissue dynamics is

governed by2

∂tρ = −∇ · (ρv), (5.51)

ξvi = −∂ip+ ∂j
(
σG
ij + σE

ij + σD
ij

)
, (5.52)

d

dt
M = 2

R

M
G̃ijDij −

1

γM

δFc

δM
− G̃ij

γ2

δFc

δG̃ij

, (5.53)

D

Dt
G̃ij = RDij + G̃ikDkj +DikG̃kj − δijG̃klDkl

− M

γG

δFc

δG̃ij

− G̃ij

γ2

δFc

δM
, (5.54)

where ξ is the frictional drag and

δFc

δM
=

[
α + βM2

]
M −K∇2M , (5.55)

δFc

δG̃ij

= χG̃ij −KG∇2G̃ij (5.56)

It is useful to consider a simplified form of the equations obtained by retaining only

lowest order terms in fields and gradients. In this case the Stokes equation and the

equations for the shape fields can be written in the explicit form

Γv = −∇p+ η∇2v + ηb∇∇ · v +∇ · σG , (5.57)

2We consider here uniaxial systems.
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d

dt
M = 2

R

M
G̃ijDij −

1

γM

[
α + βM2

]
M +D∇2M , (5.58)

D

Dt
G̃ij = RDij + G̃ikDkj +DikG̃kj − δijG̃klDkl

− rMG̃ij +DG∇2G̃ij , (5.59)

where D = ΓMK, DG = ΓKG, r = χ/γG + α/γ2 and

σG
ij = 2R(α + βM2)G̃ij +

1

2
δijχS

2
G . (5.60)

The single-cell anisotropy field M here plays the role of tissue fluidity. The first term

on the RHS of Eq. (5.58) captures the fact that shear deformations, coupled to local cell

alignment, can increase cell anisotropy, and thereby drive fluidification. The second term

describes relaxation towards the ground state as controlled by the tissue free energy,

with a cost for spatial variations in local fluidity controlled by the stiffness D. The

reactive terms in Eq. (5.59) describe flow alignment of elongated cell shape. The term

proportional to r describes changes of cell shape tensor due to dissipative processes, such

as topological rearrangements, at a rate proportional to the tissue fluidity M . The last

term in Eq. (5.59) describes the stiffness against deformations of local cell alignment.

The prefactor to G̃ij in Eq. (5.60) represents the zero-frequency tissue shear modulus

and vanishes at the transition point, corresponding to fluidization of the tissue.

Finally, in a confluent tissue the cell number density n = ρ/mc is slaved to the

mean cell area ⟨Aα⟩ with n = 1/⟨Aα⟩. For cells that are only slightly deformed from

regular polygons, ⟨Aα⟩ ≃
√

det[G] ≈ Tr[G], where we have used Eq. (5.65). The density

equation, Eq (5.51), can therefore equivalently be written as an equation for the cell area
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or for |G| ≡ det[G], given by

(∂t + v · ∇) |G| = |G|∇ · v . (5.61)

5.5 Conclusion

Using the Poisson-bracket formalism, we have derived hydrodynamic equations for a

fluid of deformable particles in two dimensions. Shape fluctuations are described by two

continuum fields: (i) a coarse-grained scalar field that captures single-particle anisotropy,

and (ii) a shape tensor field that quantifies both particle elongation and nematic align-

ment of elongated particles.

We have specifically applied the model to sheets of dense biological tissue, where,

as discussed in chapters 1 and 2, the onset of single-cell anisotropy is identified as an

order parameter for a solid-liquid transition driven by the interplay of cortex contractility

and cell-cell adhesion [48, 39]. In other words, in confluent tissue single-cell anisotropy

is effectively an experimentally accessible measure of the rheological properties of the

tissue, with isotropic cell shapes identifying the solid or jammed state and anisotropic

shapes corresponding to a liquid. Previous work has examined the dynamics of a coarse-

grained cell shape tensor and its coupling to mechanical stresses [76]. This work did not,

however, distinguish between a tissue of elongated, but isotropically oriented cells and one

where the cells are elongated and also aligned in a state with nematic liquid crystalline

order. The new ingredient of the work presented in this chapter is to distinguish the

dynamics of tissue fluidity, as quantified by the single-cell anisotropy field, from that of

cell-cell alignment, and examine the interplay between flow, which can be either externally

applied or induced by internal active processes, fluidity and possible nematic order of

cell shapes. The equations detailed within this chapter hence provide a starting point
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for quantifying the rheology of biological tissue. Future extension needed to develop a

complete framework of tissue rheology include the coupling to the dynamics of polarized

cell motility and the inclusion of structural rearrangements arising from cell division and

death. Additionally, these equations can be further modified to incorporate how imposed

deformations shift the transition between solid and fluid states as explained in chapter

4 where we saw how compression/dilation can shift the vertex model between solid and

floppy states, as well as the finite shearing which can rigidify a fluidized vertex model

[125].

Finally, the equations developed here provide a hydrodynamic model for fluids of

deformable particles, capable of accounting for both the dynamics of small shape defor-

mations and density changes.

Appendix 3.A Useful identities

The eigenvalues of a 2× 2 symmetric matrix Gij are given by

λ1,2 =
1

2
(Gxx +Gyy)±

1

2

√
(Gxx −Gyy)2 + 4G2

xy , (5.62)

and

λ1 − λ2 =
√
(Gxx −Gyy)2 + 4G2

xy , (5.63)

λ1λ2 = GxxGyy −G2
xy . (5.64)

One can straightforwardly then show that the following identities hold

(λ1 − λ2)
2 = [TrG]2 − 4 detG , (5.65)

(λ1 − λ2)
2 = 2Tr[G2]− [TrG]2 = 2Tr[G̃2] . (5.66)
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Finally, for a regular polygon, Gij is always diagonal and thus λ1 = λ2 = λ. In this

case Eq. (5.65) gives TrG = 2
√
detG. For small deformations from a regular polygon

TrG ∼ 2
√
detG, which implies that we can think of TrG as either a measure of square

of cell perimeter or a measure of cell area.

Appendix 3.B Elastic Stress and Pressure

It is convenient to rewrite some of the term in the reactive part Vg of the momentum

density equation given in Eq. (5.21) to express them as gradients of pressure and an

elastic stress. The goal is to rewrite the following terms

δV g
i ≡ −ρ∂i

δFV

δρ
+ (∂iM)

δFV

δM
+ (∂iGkl)

δFV

δGkl

. (5.67)

By relating functional derivatives of FV to derivatives of the free energy density f , which

is a function of the hydrodynamic fields and their gradients, we can write

−ρ∇i
δFV

δρ
= −∇i

(
ρ
∂f

∂ρ

)
+

∂f

∂ρ
∇iρ , (5.68)

(∇iM)
δFV

δM
= (∇iM)

(
∂f

∂M
−∇j

∂f

∂∇jM

)
=

∂f

∂M
∇iM −∇j

[
(∇iM)

∂f

∂∇jM

]
+

∂f

∂∇jM
∇i(∇jM) , (5.69)

(∇iGkl)
δFV

δGkl

= (∇iGkl)

(
∂f

∂Gkl

−∇j
∂f

∂∇jGkl

)
=

∂f

∂Gkl

∇iGkl −∇j

[
(∇iGkl)

∂f

∂∇jGkl

]
+

∂f

∂∇jGkl

∇i(∇jGkl).(5.70)
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Combining these three terms, and using

∇if =
∂f

∂ρ
∇iρ+

∂f

∂M
∇iM +

∂f

∂∇jM
∇i(∇jM)

+
∂f

∂Gkl

∇iGkl +
∂f

∂∇jGkl

∇i(∇jGkl) (5.71)

we can write

δV g
i = −∇ip+∇jσ

E
ij (5.72)

in terms of the pressure p and an elastic stress σE
ij , given by

p = ρ
∂f

∂ρ
− f , (5.73)

σE
ij = − ∂f

∂∇jM
∇iM − ∂f

∂∇jGkl

∇iGkl . (5.74)

The stress σE
ij plays the role of the Ericksen stress of nematic liquid crystals.

Appendix 3.C Evaluation of Poisson-brackets

First we show the details of the calculation of the fundamental PB {Gα
ijδ(r−rα), gk(r

′)}.

To evaluate the PB we use the following

∂∆xαν
i

∂xβµ
j

= δαβδij

(
δµν − 1

n

)
, (5.75)

∂

∂xβµ
j

δ(r− rα) = −δαβ

n
∂jδ(r− rα) , (5.76)

δ(r− rα) = δ(r− rαµ −∆rαµ)

= δ(r− rα)−∆xαµ
i ∂iδ(r− rαµ) +O(∆x2∇2) . (5.77)
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We write

{Gα
ijδ(r− rα), gk(r

′)} = −
∑
β,ν

∂Gα
ijδ(r− rα)

∂xβν
k

δ(r′ − rβν) . (5.78)

Then

∂Gα
ijδ(r− rα)

∂xβν
k

= − 1

n
δαβGα

ij∂kδ(r− rα) +
1

n
δαβδ(r− rα)

(
δik∆xαν

j + δjk∆xαν
i

)
. (5.79)

Inserting Eq.(C5) into Eq.(C4) and using that
∑

µ∆rαµ = 0, we obtain

{Gα
ijδ(r− rα), gk(r

′)} = Gα
ij [∂kδ(r− rα)]

1

n

∑
ν

δ(r′ − rαν)

−δ(r− rα)
1

n

∑
ν

[
δik∆xαν

j + δjk∆xαν
i

]
δ(r′ − rαν) . (5.80)

Finally, using

δ(r− rαν) = δ(r− rα −∆rαν)

≈ δ(r− rα)−∆xαν
k ∂kδ(r− rα) , (5.81)

we obtain

{Gα
ijδ(r− rα), gk(r

′)} = Gα
ijδ(r

′ − rα)∂kδ(r− rα)

+δ(r− rα)
[
δikG

α
jl + δjkG

α
il

]
∂′
lδ(r

′ − rα) . (5.82)

From this one can immediately obtain Eq. (5.15).

To evaluate the PB {M(r), gk(r
′)} we let Gα

ij = Iα
2
δij + G̃α

ij, with Iα = Ĝα
kk and
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G̃α
ij = Mα

(
να
i ν

α
j − 1

2
δij
)
and use the following identities

G̃α
ikG̃

α
kj =

M2
α

4
δij , (5.83)

G̃α
ikG̃

α
ki =

M2
α

2
. (5.84)

We can then write

Mα{Mαδ(r− rα), gk(r
′)} = 2G̃α

ij{G̃α
ijδ(r− rα), gk(r

′)} . (5.85)

Using Eq. (5.82), we find3

{G̃α
ijδ(r− rα), gk(r

′)} = G̃α
ijδ(r

′ − rα)∂kδ(r− rα)

+δ(r− rα)
[
δikG̃

α
jl + δjkG̃

α
il − δijG̃

α
kl

]
∂′
lδ(r

′ − rα)

+
Iα
2
(δikδjl + δjkδil − δijδkl) δ(r− rα)∂′

lδ(r
′ − rα). (5.86)

and

{Mαδ(r− rα), gk(r
′)} = Mαδ(r

′ − rα)∂kδ(r− rα) +Mαδ(r− rα)∂′
kδ(r

′ − rα)

+
2IαG̃

α
kl

Mα

δ(r− rα)∂′
lδ(r

′ − rα) . (5.87)

The PB {M(r), gk(r
′)} is then given by

{M(r), gk(r
′)} = δ(r− r′)∂kM(r)− 2

[∑
α

IαG̃
α
kl

Mα

δ(r− rα)

]
∂lδ(r− r′) (5.88)

3Note that the PB of G̃ij given below is the same as the PB of the quantity Rij of Ref. [181], albeit
in 2D instead of 3D.
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and involves a new field

∑
α

IαG̃
α
kl

Mα

δ(r− rα) =
∑
α

Iα

(
να
i ν

α
j − 1

2
δij

)
δ(r− rα) . (5.89)

We will need to make approximations to close the equations. We will approximate as

follows ∑
α

IαG̃
α
kl

Mα

δ(r− rα) ≈ R(r)G̃ij(r)

M(r)
. (5.90)

Appendix 3.D Mean Field theory of Vertex Model

Following [78], we construct a mean-field free energy by rewriting the single-cell Ver-

tex model energy in terms of the cell anisotropy parameter Mα. We then cast a Landau

type expansion of the energy in powers of cell anisotropy, and find that the harmonic

coefficient may be tuned by target shape index s0 which serves as the ”temperature”

parameter. Let us define

Mα = λα
1 − λα

2 , (5.91)

Rα = λα
1 + λα

2 , (5.92)

which gives λα
1,2 = (Rα±Mα)/2. Equations (5.6) and (5.7) are exact for regular polygons,

but also hold approximately true for slightly deformed polygons where the shape tensor

remains diagonal and Mα/Rα ≪ 1. We can then write

Pα ≈
√
2n sin

(π
n

)(√
λα
1 + λα

2

)
≡ ν̃(n)

√
Rα , (5.93)

Aα =
n

2
sin

(
2π

n

)√
λα
1λ

α
2 ≡ µ̃(n)

2

√
R2

α −M2
α . (5.94)
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The single-cell energy can then be written in terms of Rα and Mα as

Eα =
KA

2

(
µ̃

2

√
R2

α −M2
α − A0

)2

+
KP

2
(Pα − P0)

2 . (5.95)

Following [78], we restrict ourselves to small deformations from a regular polygon and

expand Mα/Rα ≪ 1, with the result

Eα =
KA

2

[(
µ̃Rα

2
− A0

)2

+
1

2
Rµ̃

(
A0 −

Rµ̃

2

)(
Mα

Rα

)2

+
Rµ̃

8
A0

(
Mα

Rα

)4

+O

((
Mα

Rα

)6
)]

+
KP

2

(
ν̃
√

Rα − P0

)2
. (5.96)

We further assume that the cell perimeter is constant, or Pα = P0, hence Rα = P 2
0 /ν̃

2.

Substituting into Eq. (5.96), we can rewrite the single-cell energy density eα = Eα/A0 as

eα = e0 +
1

2
α(n, s0)

(
Mα

A0

)2

+
1

4
β(n, s0)

(
Mα

A0

)4

, (5.97)

where e0 is a constant and

α(n, s0) =
κAA

2
0µ̃

2

4s20

(
s∗0

2 − s20
)
, (5.98)

β(n, s0) =
κaA

4
0µ̃ν̃

6

4s60
, (5.99)

with s0 = P0/
√
A0 the shape index, our tuning parameter. Also, α(n, s0) has been

written in terms of the critical shape index,

s∗0 = ν̃

√
2

µ̃
=
√

4n tan(π/n) . (5.100)
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The limits of these approximations where tested numerically in Ref. [78], where it was

shown that Eq. (5.97) provides a good description of the model near the transition point,

where cells are only minimally deformed.

More familiar particulate systems can be tuned between solid and liquid states by

changing the density or packing fraction. As discussed in more detail in chapter 1 and 2,

confluent tissues have a packing fraction of unity, but nonetheless can be tuned between

liquid and solid states by changing the target shape index s0 that measures the target

cell perimeter in units of the target cell area. For s0 < s∗0 the system is frustrated as

cells cannot reach both their target area and perimeter, resulting in finite energy barriers

for cellular rearrangements, and the tissue is a solid [47, 48]. For s0 > s∗0 such energy

barriers vanish and cells easily exchange neighbors, resulting in a liquid-like state.

Recall from chapter 1 that the value of critical target shape index s∗0 depends on the

specific undeformed polygonal shape, with s∗0 = 4 for squares and s∗0 = 2
√

2
√
3 ≈ 3.722

for hexagons. Eq. (5.98) shows explicitly that α changes sign at s0 = s∗0, while β > 0.

For α > 0 the stable ground state has M = 0 and corresponds to a solid-like state of

isotropic cells. For α < 0 the stable ground state is a fluid of anisotropic cells, with

M/A0 = ±
√
−α/β. At α = 0 the system undergoes spontaneous symmetry breaking

and fluidizes, choosing one of two equivalent axial direction along which to elongate. Here

we have defined M as positive by assuming λ1 > λ2, hence breaking from the outside the

Ising symmetry of the model.

The nature of this solid-liquid transition has been discussed in the context of Voronoi

and Vertex model simulation, where a continuous transition results in fluidization at

constant density, as quantified through measurements of energy barriers and mean-square

displacement. [48, 39].

Finally, it was shown in Ref. [78] that the quartic form given in Eq. (5.97) is also

obtained by assuming constant cell area, albeit with different expressions for the coeffi-
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cients α and β. In both cases the coefficient α changes sign at s0 = s∗0 and the behavior

near the transition is unaffected by the approximation used.

Appendix 3.E Derivation of Eqs. 5.6 and 5.7

The shape tensor approximates a polygonal cell, labeled by α, as an ellipse defined

by,

(rα − rαC) · (Gα)−1(rα − rαC)
T = 1 , (5.101)

where rαC is the center of the cell. In a coordinate basis where the tensor is diagonal the

equation for the cell boundary is given by

(x− x0)
2

λ1

+
(y − y0)

2

λ2

= 1 , (5.102)

where 1/λ2
1,2 are the eigenvalues of Gα−1

and determine the major and minor semi-axes

of the ellipse. For a regular polygon we have λ1 = λ2 = R2, and Eq. (5.102) reduces to

the equations for a circle of radius R. Consider a regular n-sided polygon with edges ℓ

circumscribed in a circle of radius R, as illustrated in Fig. 5.2. The polygon has a total

interior angle of (n−2)π. The angle between any two neighboring edges is φ = (n−2)π
n

and

the central angle is given by θ = 2π
n
. Elementary trigonometry then yields the following

relationships:

P = nℓ = 2nR sin
(π
n

)
, (5.103)

A =
n

2
sin

(
2π

n

)
R2 . (5.104)

For regular polygons the eigenvalues of the shape tensor are equal, with λ1 = λ2 = R2,

and Eqs. (5.104) and (5.103) can be recast in the forms given in Eqs. (5.6) and (5.7) for

the area and perimeter of regular polygons. Although Eq. (5.7) does not hold for general
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Figure 5.2—Regular polygon, of side ℓ circumscribed inside a circle of radius R.

deformed ellipses, it is the first order approximation of the exact expression given by a

hypergeometric function and has been validated numerically for small deformations [76,

188].
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Conclusions

In this thesis I have discussed theoretical work on the vertex model in its most simple

incarnation, neglecting mechanical-chemical feedback, cell motility, and topological rear-

rangements, and instead focused on its purely geometric aspects. Making use of a mean

field approach my collaborators and I showed that the model encodes novel mechanical

proprieties. This includes the rigidity transition as tuned by the target shape index s0,

but we also find that the linear elasticity of the model can encode auxetic behavior,

robust non-affinity in response to even for infinitesmial strains, and tunable elasticity

depending on parameters (s0, r). The tunability of the elastic constants, as reflected by

the Young’s and bulk modulus, highlights that the solid proprieties of the vertex model

are not reflected in the network topology, as would be the case for a conventional system

of masses and springs. Instead the mechanical properties are controlled by self-tension

due to geometrical frustration of cell shape.

We also showed that the vertex model energy does not admit a conventional Taylor

series expansion about a reference state, and is non-analytic at the solid-floppy transition

point. The model does not encode a unique reference state, as target perimeter and

target area can never fix a unique cell shape. While the solid phase of the model does
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Conclusions Chapter 6

exhibit a unique energy ground state, corresponding to a pre-stressed frustrated state,

this is not a true reference state. The model, instead, contains hidden degrees of freedom

related to the inherent shape degeneracy of the energy, and thus there is, in principle,

a continuous family of degenerate reference states for a single cell in both solid and

floppy phases. This continuous family of reference states was incorporated into the

mean field approach as additional degrees of freedom by direct parametrization. The

additional degrees of freedom are responsible for the floppy, fluid-like mechanical response

in the compatible/fluid phase (s0 ≥ s∗0), as well as the non-affinity of the mechanical

response in the incompatible/solid phase (s0 < s∗0) whereby shape degeneracy encodes

non-affine pathways by which cells may accommodate imposed deformations. They are

also responsible the anomalous coupling between shear and compression modes at s0 = s∗0,

which cannot be predicted a priori from structural analysis of the cell network.

Incorporating these additional degrees of freedom are essential to capture the non-

linear mechanical response of the model to finite deformations. We found that isotropic

compression and dilation shift the transition point s∗0: finite compression will make an

initially rigid system floppy, whereas finite dilation will exhaust shape degeneracy of cells

and thereby make an initially floppy system become spontaneously rigid. A similar mean

field approach showed that an initially floppy vertex model can exhibit shear-thickening,

where finite shearing exhausts shape degeneracy and results in rigidification [125]. Fur-

thermore, we were able to utilize our mean field study to make a prediction on how

intrinsic curvature can also shift the transition point s∗0 by treating curvature as an

effective compression/dilation on the tissue.

In the studies reported in chapters 2, 3, and 4 on the nonlinear response, as well as

the work in Ref. [125], the mean field model was able to make predictions supported by

simulations which exhibit varying degrees of inhomogeneities between cells. Perhaps the

most surprising success is indicated in Figure 4.2 back in chapter 4 where the mean field
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model predicts the shift of the transition point between solid-like and fluid-like phases

due to curvature for a disordered vertex model simulated on a sphere, a scenario where

none of the mean field assumptions hold.

A natural next step is formulating a faithful continuum description of the vertex model

which incorporates the novel elasticity to shape degeneracy studied in this thesis. In

particular, the bifurcation between solid-like and fluid-like phases as mediated by external

deformations. To the author’s knowledge, the most successful continuum description

which consistently incorporates the dual solid-like and fluid-like phases of the vertex

model is the work by Fielding et al [79], which unfortunately is not a closed model1.

A study done in Ref.[189, 190] has shown that modified elasticity field equations can

capture anomalous elasticity in amorphous solids by including additions terms which can

model plastic events tied to quadrupole and dipole interactions. Perhaps a similar route

may be useful for developing a faithful continuum formulation of the vertex model, and

is the a framework I plan to pursue in future work.

1The model in this paper is not closed in the sense that the form of the stress is prescribed rather
than directly integrated with other dynamical equations via a force-balance equation.
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[139] E. Siéfert, I. Levin, and E. Sharon, Euclidean frustrated ribbons, Physical Review
X 11 (2021), no. 1 011062.

[140] R. Kupferman and C. Maor, Variational convergence of discrete
geometrically-incompatible elastic models, Calculus of Variations and Partial
Differential Equations 57 (2018), no. 2 1–27.

[141] J. R. Barber, Elasticity. Springer, 2002.

[142] K. A. Brakke, The surface evolver, Experimental mathematics 1 (1992), no. 2
141–165.

[143] M. F. Staddon, A. Hernandez, M. J. Bowick, M. Moshe, and M. C. Marchetti,
The role of non-affine deformations in the elastic behavior of the cellular vertex
model, Soft Matter 19 (2023), no. 17 3080–3091.

[144] M. L. Falk and J. S. Langer, Dynamics of viscoplastic deformation in amorphous
solids, Physical Review E 57 (1998), no. 6 7192.

[145] B. Utter and R. Behringer, Experimental measures of affine and nonaffine
deformation in granular shear, Physical review letters 100 (2008), no. 20 208302.

[146] W. G. Ellenbroek, Z. Zeravcic, W. van Saarloos, and M. van Hecke, Non-affine
response: Jammed packings vs. spring networks, EPL (Europhysics Letters) 87
(2009), no. 3 34004.

[147] A. Zaccone and E. Scossa-Romano, Approximate analytical description of the
nonaffine response of amorphous solids, Physical Review B 83 (2011), no. 18
184205.

[148] M. F. Staddon, M. P. Murrell, and S. Banerjee, Interplay between substrate
rigidity and tissue fluidity regulates cell monolayer spreading, Soft Matter 18
(2022), no. 40 7877–7886.

[149] O. K. Damavandi, V. F. Hagh, C. D. Santangelo, and M. L. Manning, Energetic
rigidity. i. a unifying theory of mechanical stability, Physical Review E 105
(2022), no. 2 025003.

148



[150] O. K. Damavandi, V. F. Hagh, C. D. Santangelo, and M. L. Manning, Energetic
rigidity. ii. applications in examples of biological and underconstrained materials,
Physical Review E 105 (2022), no. 2 025004.

[151] A. Hernandez, M. F. Staddon, M. Moshe, and M. C. Marchetti, Finite elasticity
of the vertex model and its role in rigidity of curved cellular tissues, Soft Matter
19 (2023) 7744–7752.

[152] M. J. Hertaeg, S. M. Fielding, and D. Bi, Discontinuous shear thickening in
biological tissue rheology, arXiv preprint arXiv:2211.15015 (2022).

[153] B. Schamberger, R. Ziege, K. Anselme, M. Ben Amar, M. Bykowski, A. P. Castro,
A. Cipitria, R. A. Coles, R. Dimova, M. Eder, et. al., Curvature in biological
systems: Its quantification, emergence, and implications across the scales,
Advanced Materials 35 (2023), no. 13 2206110.

[154] F.-L. Wen, Expansion of ring-shaped supracellular contractile cables induces
epithelial sheet folding, Physical Review E 106 (2022), no. 6 064403.

[155] Y. Ogura, F.-L. Wen, M. M. Sami, T. Shibata, and S. Hayashi, A switch-like
activation relay of egfr-erk signaling regulates a wave of cellular contractility for
epithelial invagination, Developmental cell 46 (2018), no. 2 162–172.

[156] D. M. Sussman, Interplay of curvature and rigidity in shape-based models of
confluent tissue, Physical Review Research 2 (2020), no. 2 023417.

[157] M. De Marzio, A. Das, J. J. Fredberg, and D. Bi, Epithelial layer fluidization by
curvature-induced unjamming, arXiv preprint arXiv:2305.12667 (2023).

[158] X. Mao and T. C. Lubensky, Maxwell lattices and topological mechanics, Annual
Review of Condensed Matter Physics 9 (2018) 413–433.

[159] I. Levin and E. Sharon, Anomalously soft non-euclidean springs, Physical review
letters 116 (2016), no. 3 035502.

[160] M. Arieli, E. Sharon, and M. Moshe, Geometric approach to mechanical design
principles in continuous elastic sheets, arXiv preprint arXiv:2105.00751 (2021).

[161] A. Gray and L. Vanhecke, Riemannian geometry as determined by the volumes of
small geodesic balls, Acta Mathematica 142 (1979) 157–198.

[162] A. Gray, Tubes, vol. 221. Springer Science & Business Media, 2003.

[163] T. Willmore, Riemannian Geometry. Oxford Science Publications, 1993.

[164] O. Veblen and J. Whitehead, Foundations of Differential Geometry. Cambridge
Press, 1932.

149



[165] A. Hernandez and M. C. Marchetti, Poisson-bracket formulation of the dynamics
of fluids of deformable particles, Phys. Rev. E 103 (Mar, 2021) 032612.

[166] T. Lecuit and P.-F. Lenne, Cell surface mechanics and the control of cell shape,
tissue patterns and morphogenesis, Nature reviews Molecular cell biology 8 (2007),
no. 8 633–644.

[167] D. J. Durian Phys. Rev. Lett. 75 (Dec, 1995) 4780–4783.
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