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Abstract

Assorted Control Algorithms using Hybrid System Tools
by

Matthew J. Hartman

Hybrid systems are dynamical systems where the state is allowed to both flow contin-
uously and jump discretely. This dissertation addresses three somewhat disparate prob-
lems that are united by using hybrid system tools for their resolution. The first topic
is a parameter estimation algorithm where an existing algorithm is embedded within a
hybrid system, thereby permitting the use of several relevant tools. It is shown that a
set corresponding to correct parameter estimation has a robust stability property and
that a persistency of excitation condition leads to convergence to the correct parameter
estimate in finite time. The second topic involves implementing hybrid control through
high-gain observers. Here results on robustness of stability are repeatedly exploited on
the way to providing a semi-global practical stability result. Finally, the third topic is
a distributed algorithm for synchronizing agents on a circle. Here a hybrid system ap-
proach is necessary to overcome the topological obstruction of being confined to a circle,

while randomness is needed to overcome symmetry issues.
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Notation

R denotes the real numbers.

Z denotes the integers.

R™ denotes n-dimensional Euclidean space.

Z>; denotes the integers greater than or equal to 1.

B (resp. B°), denotes the closed (resp. open) unit ball in the Euclidian norm.
Given a set S C R™ and a point x € R, |z|s := inf g |z — y].

A function a : R>g = R is said to belong to class K if it is continuous, zero at

zero and strictly increasing.

A function a : R>g — Ry is said to belong to class K if it belongs to class K

and is unbounded.

A function 5 : Rs¢ X R>g — R is said to belong to class KL if it is continuous,

non-decreasing in its first argument, non-increasing in its second argument, and

limg 0B(s,t) = limy_,,3(s,t) = 0.



Chapter 1

Introduction

Hybrid systems are useful for dealing with a variety of control problems. From overcoming
topological obstacles [29] to modeling systems that experience impacts, there are many
situations where using a purely continuous or discrete-time system is inadequate to the
task. The framework for hybrid systems developed by the authors of [18], emphasizing
robustness of stability, has led to an extensive literature, expanding both theory and
applications for the framework. This thesis adds to that literature by presenting three

topics, each of which uses or expands the toolkit for hybrid systems.

1.1 Organization and Contributions

The remainder of this chapter introduces hybrid systems more broadly and presents
many of the tools used in later chapters.

Chapter Two presents a parameter estimation algorithm that owes much to the work
of Adetola and Guay. In [1], the authors present a parameter estimation algorithm that
consists of several differential equations such that if a particular matrix in the state

space becomes invertible, one can immediately solve for the parameter in question. The
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contribution this chapter makes is first to embed this algorithm into a hybrid system so
that it runs perpetually rather than being ‘one-shot’. We go on to show the existence of a
globally asymptotically stable set that corresponds to estimating the parameter correctly,
and that this set has robustness properties. We further give a Persistency of Excitation
condition, under which we can ensure that the parameter estimation happens in finite
time.

Chapter Three deals with the problem of implementing hybrid controllers for a con-
tinuous time plant when you have less than full state feedback available. Here we show
that if you have an observability condition related to uniform complete observability
[14], then you can implement such controllers using a high-gain observer, and obtain a
semi-global practical result with respect to several parameters.

Chapter Four presents a synchronization algorithm for agents on a circle under limited
communication. Here each agent has a state space that includes two circles: one on which
only jumps are possible, and one on which only flowing is possible. The agents first
converge in the ‘jump-only’ space by jumping to the position of one of their neighbors
according to a particular criterion, leading to synchronization. Concurrently, for each
agent the position in the ‘flow-only’ space tracks the position of the ‘jump-only’ space
using a hybrid algorithm, thus leading to synchronization in both subspaces. We go on
to show through heuristic argument that the algorithm performs well under a variety of

conditions.

1.2 Hybrid Systems

There are many ways to model systems having states capable of both continuous
and discrete change. Options include hybrid automata [22] and impulsive differential

equations [26]. The motivation for considering an alternative to these models is to have

2



Introduction Chapter 1

a general framework that extends useful results from nonlinear systems; in particular,
results on invariance principles [34], converse theorems [7], robustness of stability [16],
singular perturbation theory [35] and averaging theory [46] are easily accessible through
the framework we use. Moreover, systems modeled as hybrid automata can be reformu-
lated into this model [15].
We consider hybrid systems modeled as follows:
r = f(z), zeC

H: zeR" (1.1)
zt = g(x), xeD.

When the state is in the set C' (the “flow set”) it is allowed to change continuously
according to & = f(z); when the state is in the set D (the “jump set”) it is allowed to
jump according to x* = g(x) where z" is the post-jump value of x. More generally,
& = f(x) can be replaced by & € F(x) where F' is a set-valued mapping. Similarly,
™ = g(z) can be replaced by =t € G(z). Generalizing to set-valued mappings is useful
for capturing the behavior of some physical phenomena, as well as modeling perturbations
of .

To describe solutions to H, we need the concept of a hybrid time domain. A subset
E of R>¢ X Z> is a hybrid time domain if it is the union of infinitely many intervals of
the form [t;,%;41] X j, where 0 = t; < t; < t5 < ..., or finitely many of such intervals,
with the last one possibly of the form [¢;,¢,41] x {j}, [t;,tj41) x {7}, or [t;,00) x {j}.
Hybrid time domains can be parameterized by (¢, j), which means that z(t, j) represents
the state of the hybrid system after ¢ amount of ordinary time and j jumps.

Solutions to H take the form of hybrid arcs. A hybrid arc is a function ¢ : £ — R"
such that F is a hybrid time domain and ¢ — ¢(¢, ) is locally absolutely continuous for

fixed j. We define dom ¢ as the hybrid time domain associated with hybrid arc ¢.
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A hybrid arc is a solution to H if ¢(0,0) € C'U D and:

1) for all j € Zso and almost all ¢ such that (t,7) € dom ¢: ¢(t,5) € C, é(t,j) €
F(e(t, 7))

2) for all (t,5) € dom ¢ such that (¢,j + 1) € dom ¢: ¢(t,j) € D, o(t,j+1) €
G(o(t, 7).

A solution ¢ to a hybrid system is complete if dom ¢ is unbounded (in either the ¢ or
j direction). A solution ¢ is mazimal if it cannot be extended, i.e., it is not a truncation
of another solution ¢’ to some proper subset of dom ¢'.

There is a set of regularity conditions on H useful for establishing various results
including invariance principles, converse Lyapunov theorems, and robustness of stability
(see [15]). Labeling these conditions the Basic Assumptions, they are given as follows:
The sets C' and D are closed; the mappings F' and G are outer semicontinuousEhnd
locally boundedﬂ; F(z) is non-empty and convex for all x € C; G(z) is non-empty for all
x € D. These assumptions ensure that the set of solutions is sequentially compact and
semicontinuous with respect to initial conditions.

The following definitions pertain to stability in hybrid systems.
Definition 1 A compact set A of a hybrid system is

e stable if for each € > 0 there exists & > 0 such that every solution x of H satisfies

20,04 <8 = |a(t, )< e (t7)€doma.

o attractive if there exists a neighborhood of A from which each solution is bounded,

and each complete solution converges to A.

2A set-valued mapping F : R®™ = R is outer semicontinuous if its graph {(z,y) : * € R",y €
F(z)} € R?" is closed.

3The mapping F is locally bounded on a set C if for each compact set K C C, the set F(K) :=
ngF(x) is bounded.
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o asymptotically stable if it is both stable and attractive.

For a compact asymptotically stable set A C R", its basin of attraction is the set of
points in R” from which each solution is bounded, and each complete solution converges
to A. By definition, each point not in C'U D is in the basin of attraction. When the
basin of attraction is R™, A is said to be globally asymptotically stable (GAS).

Let A be compact and O be an open set containing A. A continuous function w :
O — Ry is called a proper indicator for A on O when w(z) = 0 if and only if z € A,
and also w(x;) tends to infinity when z; tends to infinity or tends to the boundary of O.
Every open set O and compact set A C O admits a proper indicator [25].

A characterization of asymptotic stability in terms of ICL functions is as follows:

Proposition 1 [15, Theorem 14] For a hybrid system H satisfying the Basic Assump-
tions, if a compact set A is globally asymptotically stable, then there exists 5 € KL such

that all solutions satisfy

|z(t, j)|a < B(|2(0,0)] 4t + 7) V(t,j) € domx.

Thus, for compact sets, asymptotic stability is equivalent to uniform asymptotic
stability.

For P and a continuous function o : R"™ — R, we define the o-perturbation of P,
denoted P,, through the data in (1.2)) where ¢on X is the closure of the convex hull of a

set 2.

Theorem 1 For system P under Assumptions[3 and [, suppose that the compact set A
is asymptotically stable. Then there exists a continuous function o : R" — Rs( satisfying
o(xz) >0 for all x € R™\ A, such that the compact set A is asymptotically stable for the

system P,.
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C, = {z:(z+o(x)B)NC # 0},

P F,(x) = conf((z+o(x)B)NC)+o(x)B Vo € C,,
’ Dy = Az (z+o(@)B)NC #0},
Gyo(xr) = {v:veh+oh)B, heg((z+o(x)B)ND)} Vo € D,.

(1.2)

The following represents a perturbation of a nominal hybrid system in a manner
that covers both temporal regularization-type perturbations and “inner perturbations”.

Consider

(z,7) € {(z,7) : ({z} +0B)NC # 0,7 € [0,2]} U (R" x [0, ]) (1.3)
at G(z + 6B)
S
Tt 0

(x,7) € {(z,7) : {z} +0B)ND #£0,7 € [0,2]},

where 0 > 0 and o is continuous. For this system we state a constant perturbations

robustness result.

Proposition 2 [17, Theorem 6.6] Suppose, for system (1.3) with 6 = 0, satisfying the
Basic Assumptions, that a compact set A x [0,2] is globally asymptotically stable. In

particular, suppose that there exist B € KL such that, for all solutions,

|z(t, )| axp2) < B(12(0,0)]| axp2,t + J) V(t,j) € dom (z,T).

Then, for each € > 0 and compact set K, there exists 6 > 0 such that each solution to
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(1.2) starting in K satisfies

|x(t7j)|¢4><[0,2} < B(|x(070)|¢4><[0,2}7t+.]) +e V(taj) € dom (*IaT)'

1.3 Stochastic Hybrid Systems

Stochastic hybrid systems have been extensively studied in the literature and sev-
eral frameworks have been proposed. One of the important distinguishing factors of
these frameworks relates to how the randomness affects the dynamics of the system. A
summary of the various ways by which stochastic elements can be introduced in hybrid
systems is listed in [9, Ch. 1].

In [I1], [I0] piecewise deterministic Markov process are modeled, in which the con-
tinuous-time dynamics are deterministic, discrete-time dynamics are random and jumps
of the state occur either at random times or when the state exits an open domain.
In [48],[20] hybrid switching diffusions are analyzed where the continuous-valued states
are driven by a stochastic differential equation associated with a certain discrete-valued
state and jumps occurring at random time lead to changes in this discrete-valued state.
A general framework for stochastic hybrid systems is proposed in [23],[4] that can model
hybrid systems with randomness affecting both the continuous and discrete dynamics
while allowing for random jump times.

Most of the existing frameworks in the literature for modeling stochastic hybrid sys-
tems do not encompass systems that permit non-unique solutions. Non-unique solutions
arise in the case of stochastic systems when analyzing robustness of stability properties
[45],[39] and while defining notions of generalized random solutions [19]. In [42] the
framework is extended to hybrid systems with non-unique solutions while allowing for

stochastic elements in the jump map. This class of systems can be used to model systems

7
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with spontaneous transitions as illustrated in [42]. We note that this model does not al-
low for stochasticity in the flow map; such a generalization is considered in [43] where

the author adds diffusive flows through constrained stochastic differential inclusions.

1.3.1 Modeling Framework

For the rest of this paper we will adopt the mathematical framework in [42]. We
consider stochastic hybrid systems with a state x+ € R™ and random variable v € R™

written formally as

reC i€F(x) (1.4a)
reD 2" eG(x,v") (1.4b)
v~ op(s). (1.4¢)

As before, C' and D denote the flow and jump sets while F' and G denote the flow and
jump maps. The distribution function p is derived from the probability space (€2, F,P)
and a sequence of independent, identically distributed (i.i.d.) input random variables
defined on (Q, F,P). Let v; : @ — R™, i € Z>; denote a sequence of i.i.d random
variables and B(R™) denote the Borel-o field of R™. Then p is defined as p(A4) :=
Plw € Q : vi(w) € A) for every A € B(R™) and is independent of i because the
sequence of random variables {v}$°, are i.i.d. We denote by F; the collection of sets
{w: (vi(w),...,vi(w)) € A}, A € B((R™)?) which are the sub-o fields of F that form
the natural filtration of v = {v;}2,. The data of the system (1.4) will be represented
as (C,F,D,G,pn) for simplicity. The definition of random solution to requires
concepts of measurability for set-valued mappings. For a measurable space (7,I), a

mapping M : T = R" is measurable [32, Def. 14.1], if for each open set O C R", the set
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MYO):={teT: M(t)NO # @} € I'. When the values of M are closed, measurability

is equivalent to M ~*(C) being measurable for each closed set C' C R" [32, Thm. 14.3].
We now define the notion of random solution to the stochastic hybrid systems. A

mapping x from {2 to the set of hybrid arcs is a random solution of starting at z,

denoted by x € S,(z), if it satisfies the following properties.

1. (Feasibility) For every w € €, the pair (x,,, u,,) with x,, := x(w) and u,, a hybrid arc
with dom u,, = dom x,, and u,(¢,j) := v;(w) for all (¢, ) € dom x(w) N (R X Z>1)

is a standard solution staring at x.

2. (Causal measurability) For each i € Zxq, the mapping w + graph ,(x(w)) :=
graph(x(w)) N (Rsg x Z<; x R™) has closed values and is F;- measurable with
Fo ={2,Q}, and (Fy, Fo,...) the natural filtration of v.

To guarantee the existence of random solutions defined above, we impose the following

regularity property on the data (C, F, D, G, u) as in [42].

Assumption 1 ( Hybrid Basic conditions)

1. The sets C' C R™ and D C R" are closed.

2. F is outer semicontinuous, locally bounded and for each x € C, F(x) is nonempty
and convez.

3. G s locally bounded and for each v € R™, the mapping x — G(x,v) is outer

semicontinuous.

Assumption 2 (Stochastic Hybrid Basic condition) The set-valued mapping

v — graph(G(-,v)) == {(z,y) e R" xR" : y € G(z,v)}

1s measurable.
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The existence of random solutions to the stochastic hybrid system (|1.4)) under As-

sumptions 2-3 is established in [42, Thm 3.1].

1.3.2 Stochastic stability notions

In this section we review some of the stochastic stability concepts explored in [42].
The definition of a random solution to states that the graphs of the solutions are
measurable and so we express the stability notions in terms of probabilities on the solution
graphs. The dependence of random solution on w is suppressed and we write “x(¢,7) € S
for (t,j) € dom x” in place of “x,(t,7) € S for (¢,j) € dom x,,” where x,, := x(w) to save
on notation. The stability notions defined in this section are “strong” stability notions,
meaning they hold for every random process x generated by the stochastic hybrid system
from a particular initial condition.

Referring to the statement
P(graph. . (x) C (R* x (A+€B%))) >1—p, V(e A+dB°, xe8(Q), (1.5)

a compact set A C R” for a stochastic hybrid system is

uniformly Lyapunov stable in probability if for 7 = 0 and each ¢ > 0 and p > 0

there exists § > 0 such that ([1.5)) holds,

o uniformly Lagrange stable in probability if for 7 = 0 and each § > 0 and p > 0 there
exists € > 0 such that (|1.5)) holds,

o uniformly attractive in probability if for each € > 0, 6 > 0, and p > 0, there exists

7 > 0 such that (1.5 holds,

o uniformly globally asymptotically stable (UGAS) in probability if it is uniformly

10
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Lyapunov stable in probability, uniformly Lagrange stable in probability, and uni-

formly attractive in probability.

Next we present sufficient Lyapunov conditions as established in [42] to certify uniform
global asymptotic stability in probability for stochastic hybrid systems.
Let V := Uwemez>0 Vit1(w). A function V' : dom V' — R is a certification candidate

for (C, D, G, p) if
Cl. CUDUG(D x V) C dom V,
C2. 0<V(x)forallz € CUDUG(D x V), and

C3. [am SUDgec(aw) V(9)1(dv) is well defined for each # € D, with the convention that

SUDyeq(r0) V (9) = 0 when G(z,v) = @.

Under sufficient regularity assumptions (Assumptions 2-3) on the data of the stochas-
tic hybrid systems it is established in [42l Lemma 4.1] if V' : dom V — R is upper
semicontinuous [l and satisfies conditions C1-C2 then it satisfies the condition C3.

Let A C R™ be compact. A continuously differentiable certification candidate for
(C,D,G,p) is a Lyapunov function for A if there exists ay, s € K and a continuous

positive definite function p : R>g — R>( such that

ar(|z)a) < V(z) < ag(|z|a) Ve e CUDUG(D x V)

(VV(z), f(x)) < =p(lz]4) Vr e C, f € F(r) (1.6)
/Rm e V(glu(dv) < V(x) = p(|z]a) Vo e D.

The nest result then follows from [42, Thm 4.4].

3A function ¢ : R — R is upper semicontinuous if, for each sequence x; converging to z,
limsup; ., ¢(zi) < ¢(z).

11
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Theorem 2 Let A C R™ be compact. If Assumptions 2-3 hold for the system (1.4)), then

the existence of a Lyapunov function for A implies uniform global asymptotic stability in

probability of A for (1.4)).

The results developed in [42] also pertain to establishing certification candidates for
Lyapunov stability and Lagrange stability in probability. Weakened sufficient conditions
for uniform global asymptotic stability in probability and uniform global recurrence using

nested Matrosov functions are also developed in [42].

12



Chapter 2

Finite-time Parameter Estimation

2.1 Introduction

In a parameter estimation algorithm, one desires speed, accuracy and robustness.
There have been many contributions to such algorithms for nonlinear systems that fo-
cus on rate of convergence and robustness [13], [3], [33]. However, the advantage of
the algorithm presented in [I] is that it transcends the idea of rate of convergence by
identifying a parameter vector exactly and in finite time. This finite-time characteris-
tic suggests a discontinuity in the parameter estimation state, lending itself to a hybrid
system interpretation.

By analyzing a modified version of [I] in a hybrid setting, we take advantage of recent
theoretical advances to show that the parameter estimation has robust properties. For
instance, small uncertainties in aspects of system data assumed to be known lead to only
small errors in the parameter estimate. In fact, our main result shows that the hybrid
algorithm induces a robustly asymptotically stable set where the projection of this set in

the direction of the parameter estimate is equal to the unknown parameter.

13
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2.2 The Algorithm

We begin with the nonlinear system containing the parameter we want to estimate.

Consider

i = f(xz,u) 4+ §(z,u)b. (2.1)

Functions f and ¢ are continuous, x belongs to a compact set X C R”, and § € RP. We
know x, X, and u, but not . Our goal is to estimate 6 such that the parameter estimate
0 equals # in finite time, and given small uncertainties in f , g, v, X, and u, we will have
only small errors in 0.

The algorithm we use to meet this goal is inspired by [1] and consists of embedding
into a hybrid system. To get an idea of how this works, consider a system with

state 7 = {z, , 0,w,Q,n,T, 7} and continuous dynamics

& = f(a,u) + §(z, )b 6 = h(z)
= fz,u) + gz, w)0 + k(z — &) w= gz, u) — kw

(2.2)
Q=w'w n = —kn+ wh(z)
I'=w'(wd+x—i—n) =1

where k > 0, and h(Z) is an update law for the parameter estimate 0. These continuous
dynamics apply when 7 is in the seffl] C':= X x R" x RP x MB x SPP? x R" x RP x [0, T,
T > 0. The system also has discrete dynamics

t=2 3T =2 é+:Q_1F wh =0
(2.3)

Q=0 nt=0 Tt=0 =0

LSPP*P indicates the set of positive semi-definite matrices of size p x p; MB is the closed ball in the
Frobenius norm of appropriate dimension and radius M.

14
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that apply when z is in D := {z € C': det(Q) > €}, € > 0.

It turns out that if a solution following the dynamics , with constraints C', D
jumps twice, then at the second jump we have o+ = QT = 0. Indeed, after a jump given
by at a time ¢, followed by continuous change according to the differential equation
on the interval [to, t1], we have n(t) = z(t) —&(t) —w(t)[0 —0(t)] Vt € [to, t1]. This
can be verified by noting that the equation holds at ¢y, and that the time derivatives of
each side are equal on the interval. With another jump at time ¢;, Q(¢;) is invertible due

to the definition of the jump set D. And so, using (2.2)) and ({2.3),

0 — O(t) Q10 = Q1) / " wT (F)w(r)ddr

to

_ Ot / T (P)w()0(r) + 2(7) — i) — n(r)dr

to

— Q) / T(r)dr = Q(t) " (T(t) — T(t))

to

= Q(t1)"'T(t)

which gives the result.

In the algorithm presented in [I], the parameter estimate is obtained by starting
a system similar to from a particular initial condition, waiting until ) becomes
invertible, and then calculating § = Q~'I". Our algorithm differs: rather than a one-
time estimation, we have an autonomous system that implements the particular initial
condition as a jump map and can therefore start from any initial condition. Another
difference is that in the continuous dynamics we move wh(z) from the Z equation
to the 7 equation in order to relax the assumption on the parameter update law (“é is

bounded” relaxes to the inequality in Assumption .

15
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C = XxR"xRP x MB x SPP”? x R" x R x [0,T]
D = {ze€C:det(Q) > ¢}
C fewtiews ] o]
flzu) + g(z, u)f + k(z — 2) z
P h(z Q~'l (2.4)
_ B g(x,u) — kw N 0
f(CL’,U) - wTw g(l‘) - 0
—kn + wh(z) 0
wT(wh +x — & —n) 0
\ B 1 _ L 0]

2.3 Main Results

We can express the algorithm of Section through the framework of Chapter One.
In particular, the algorithm agrees with the hybrid system P := {f, C, g, D} with state
T = {x,i,é,w,Q,U,F,T} and data given in . Note that although the previous
chapter deals with autonomous systems, and P is a system with an input, analogous

definitions apply to P (see [§]). We add the following assumptions?

Assumption 3 X is compact, k,e, T, M > 0, and there exists L > 0 such that
|h(z)| < Llz — 2| VzeC.

Assumption 4 The functions f, g, and h are continuous, u s measurable and belongs

to a compact set U, and

On the choice of parameters: the purpose of the function A is to give the user the
option of having a continuous-time parameter update law, since this might be useful

during the interval before the parameter estimate converges. However, a choice of h(z) =

4| .| indicates the Frobenius norm, which reduces to the Euclidean norm for vectors.

16
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0 will work perfectly well, as it satisfies Assumption [3] The choice of constant € is a
balance between small enough so that convergence time is fast, but large enough so that
the inversion of @) is numerically stable. The choice of T" should be sufficiently large so
that in the presence of a Persistency of Excitation condition (see Assumption , the
condition det((Q)) > € is met. Finally, choosing k small tends to decrease the convergence
time.

We proceed with stating the main stability result:

Theorem 3 For the system P under Assumptions 3 and [4], there exists a compact,
possibly empty, globally asymptotically stable set contained in S x {0} x MB x SPP*P x
{0} x R? x [0,T) where S = {x,2 : v € X,z = x}. Furthermore, for all solutions T to

P, t+j > 2+ 2T implies 0(t,§) =0 V(t,j) € dom 7.

Proof: Given in Appendix. [ |
This result constrains how solutions to behave, and particularly the part of the
solution corresponding to the parameter estimate. We can say more though — that
this stability property is robust, both to constant perturbations and state-dependent
perturbations.

Similarly, when a bounded disturbance is added to the & equation in system P, the
overall state of P remains bounded (Cf. [1, eq. 27]). This can be shown as follows:
during flows, which last for at most 7" seconds, a sector condition |f(z,u)| < Li|z| +
Ly Vz € C,u € U holds (see Appendix A), ensuring a bounded reachable set for T'
seconds from each bounded set of initial conditions. Then, during jumps, the state
enters a compact set that is independent of the size of initial conditions (for é, note
|Q7'T| < |adjugate(Q)||T|/det(Q) and det(Q) > € at jumps). This gives the result.

Finally, adding a Persistency of Excitation (PE) condition on g for system P ensures
that solutions to P are complete.

17
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Assumption 5 The function g is differentiable, t — u(t) is globally Lipschitz, mazimal

solutions to @ = f(x,u)+ g(x,u)0 starting from X are complete, and there exists 0,5 > 0

such that
/0 G (x(s), u(s)g(z(s),u(s))ds > BI Yty > 0.

to

This leads to the following result:

Theorem 4 For the system P under Assumptions[3, [4] and[3, mazimal solutions starting

from {z € CUD :1€l0,1]} are complete for sufficiently large T

Proof: Given in Appendix. [ |
The significance of this theorem is that knowing solutions to P are complete ensures
that the parameter estimate converges in finite time, and that the globally asymptotically

stable set in Theorem [3] is not empty.

2.4 Simulation

We simulate the algorithm using an example similar to that in [I]. For the system

;'El = T2+ 01%1 ;tg =3+ 02$1

x'g = 031‘? + 94.732 + 95.733 + (1 + JJ%)U Yy =21

we would like to identify the parameter " = [, ..., 05], while having the output y track
a reference signal y,.. Moreover, our measurements of xq, xo, x3 each contain uniformly
distributed noise on the interval [—0.15,0.15]. Using control laws given in [27] along
with our algorithm, we simulate this system in Matlab for both the case where we have
noisy measurements of z, and the case where we know x exactly. Choosing parameters
0=[-1-2123],k=01,¢=10"* T =12, y, = 1 + 0.1sin(7), and non-zero initial

conditions, we show results in Fig. 2.}
18
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Figure 2.1:
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In the case where x is known exactly, we see that after one jump at ¢ = 1.3, and a
second jump at ¢ = 4.6, the parameter estimate arrives at to the parameter, and stays
there for future time. In the case with noisy measurements of x, we can expect from
robustness that small perturbations in the system lead to small errors in 6. This is
reflected in Fig. since after the second jump, 6 lands near 6, and stays near for future
time. In fact, for noise levels on the order of 1072 or less, 0 is virtually indistinguishable
from the zero noise case 6. This illustrates the convergence of the algorithm from non-zero

initial conditions, as well as its robustness to measurement noise.
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Chapter 3

Implementing hybrid state feedback

through high-gain observers

3.1 Introduction

Hybrid-system-based controllers are useful for solving many control problems (see
[29], [24], and [15]). This invites the question: under what observability conditions can
one implement such controllers using only plant measurements? In [44], this question
is answered in terms of a local separation principle, where the plant, controller, and
observer are all allowed to be hybrid. Drawing on [41], this chapter presents a semiglobal
practical result, where we have a continuous-time plant with a hybrid controller, and
an observability assumption somewhat stronger than Uniform Complete Observability
(UCO).

We note that the authors of [2§] also implement hybrid state feedback through high
gain observers, and so we emphasize some differences between that work and the current
chapter. In [28] they consider a plant that is SISO and affine in control input and
assume a hybrid state feedback with a single-valued jump map. Access to a suitable
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Lyapunov function is needed in order to provide an explicit output feedback algorithm.
By contrast, this chapter considers a plant that is MIMO and general in control input,
assumes a hybrid state feedback where the jump map may be set-valued, and does not

require access to a Lyapunov function to provide an explicit output feedback algorithm.

3.2 Setting and Assumptions

We begin with the following system:

(3.1)

re X CR" ueU CR™, where X and U are closed, and f: X xU —- R" h: X — RP
are sufficiently smooth functions.

We assume an observability property.

Assumption 6 There exist an integer n,, smooth functions ® : RP(w+) 5 R”™ and
pi : R* = RP, i =0...ny, and for each function v : R — U and each solution to ,
we have, for all t where the solution to makes sense, x(t) = ®(y(t),...,y™) (1)),
y (1) = @i(x(t)), and y™ (1) = @, 11(x(t),u(t)), where y)(t) indicates the ith time

derivative of y at time t.
We also assume the existence of a hybrid state feedback controller:

Assumption 7 There exist closed sets C., D., X, and compact set X. satisfying C.,,
D.C X x X, C R"x R, continuous functions f.: C. — R¢, a: C. — U, and set-valued

mapping G, : R""¢ = R that is outer semicontinuous, locally bounded and nonempty on

22



Implementing hybrid state feedback through high-gain observers Chapter 3

D., such that the system

iy _ f(.T,Oé('f,LUC)) (ZL‘ T ) E C
e fe(w, )
) ) (3.2)
xt T
€ : (2, 2.) € D,
xt Ge(z, x,)

contains a globally asymptotically stable compact set A.

We proceed to build an output feedback based on these two assumptions. As a first
step, we add temporal regularization to the state feedback (3.2); this is needed to give
the (continuous-time) observer enough ordinary time to develop a good state estimate.

This can be written as:

i || rwate.n)
i, | = folz, zc) J(zyxe, 1) € (Co x [0,2]) U (X x R x [0,T])
T I o(7)
] (3.3)
1‘;"_ € GC(1‘7I‘C) , (.T,ZEC,T) €D, x [T, 2]
Tt 0

where T' € (0, 1] is a parameter to be chosen, f. and a are continuously extended so as

to be defined on X x R¢ and
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1 T € [0,1]
o(r) =
2—71 T e (1,2].
We proceed to build a high gain observer for (3.1). Denoting y; = 3 and using

Assumption [0, we have

Yo = Y1
(3.4)
y‘nyfl = Yn,
yny = (;Dny+1<x7u)'
Using ideas from [12] and [41], we build the state observer:
Zjo =41 + Llo(y — o)
Gyt = Gy + L1, 1 (y — 1) (3.5)
:&ny = Lny+1lny (y - QO) T Pny+1 (i‘(ﬁ), u)
jj(ﬂ) = Satmmax<®(g07 e 7gny))
where

. mmax

saty, . (+) :== min{1, o), (3.6)

||
Tmax > 0, L > 0 are parameters to be chosen, and the [;’s are coefficients of a Hurwitz

polynomial.

Implementing the state feedback (3.2)) with the estimate z(y) and temporal regular-
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ization, we obtain the following output feedback system:

i || reatem).e) |
te | fe(2(9), xc)
7 o(r) ’
L0 | sy )

(2,26, 7,9) € {(w,2c,7,§) € X x X x[0,2] x RFWFD : (proj (#(3)) x {wc}) N Ce # 0}
U(X x Re x [0, 7] x Rp(+D)

at x
zl Ge(2(9), xe)
€ ;
Tt 0
A N A
(2,2, 7,9) € {(,26,7,79) € X X X x [T,2] x RPOwFD - (proj (2(7)) x {x.}) N D, # 0}
(3.7)
where projy(x) := argmin |x — Z| is a closed set, y = h(x) and
zeX
91+ Llo(y — o)
SL(ya Le, g) =

Qny + Lnylny71<y - QO)

L0, (g = o) + Py 1 (2(3), 0(2(3), 2.)

With our candidate output feedback defined, we state the main result ﬂ

Theorem 5 For system (3.7) under Assumptions @ and @ for each € > 0 and each

*

compact set K, C X, Ky C Rp<"y+1), there exists x,,. > 0 and for each T > X7,

max

there exists T* € (0,1] and for each T € (0,T*] there exists L* > 0, and for each L > L*
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there exists Ay C (A + eB) x [0,2] such that the set {(x,z.,7,7) : (v,2:,7) € A1,z =
Dy, ..., Un,)} s asymptotically stable with basin of attraction including K, x X, x [0,2] x

K-

e

Consequently, global asymptotic stability of A under state feedback translates into
semi-global practical stability of A under the output feedback . We note that com-
pared to the results in [41] where they show semi-global asymptotic stability, we have the
weaker result of semi-global practical stability; this is due to the addition of temporal
regularization. However, for the case of AN D, = (), i.e. when there are no jumps near

the attractor, we will obtain semi-global asymptotic stability.

LMB indicates the closed ball in Euclidean space of appropriate dimension and radius M.
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3.3 Analysis

To analyze (3.7), we change coordinates. Defining e; := L™ (y; — §;), i = 0...n,,

(3.7) can be written as:

fx, @ (h(z, ), z.)
fe(@(h(z,€)), )
o(7)

| LAe + ¢(a, z, 2 (h(z, €)))

~

(2,10, 7¢) € Cy)

C ={(z,z.,7,e) € X x X.x[0,2] X Rp(ny+1) .

(broj {(h(a.e))}) x {ac} N1 C. # 0} U

(X x R® x

p(ny+1)
0,7] x R ) .

, (7,7, 7,¢) € D@y

Dgg) = {(z, 2., 7€) € X x X x [T,2] x RP(wH)
(projy {#(h(z,e))} x {z.}) N D, # 0}

where A is the Hurwitz companion matrix of the ;’s, T\, L > 0, and

>

(z,¢)

wo(x) — L™ ™eq

o1(z) — L' 7wey

Y
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(2,€))) == : ,
0

Az, ze, 2(h(z, e)))

A('T? Les :%(il(% 6))) = Pny+1 ($7 Oz(:i"(il(x, 6)), :UC)) — Pny+1 (fﬁ(ﬁ('% 6)), &(f(ﬁ(x7 6)), 'TC))

>

oz, xe, 2(

We note from the definition of e and A that § = h(z, e).

Next, for each M,§ > 0 and A C X x X, we define the following sets:

Kk, k,0 = {(x,7,,7,e) € K, x X, x[0,2] x Rp(ry+1)
e; = L™ (pi(x) —4;),i=0...ny,9 € Ky},
Es = {(z,ze,7,e) € X x X, x [0,2] x RPwH) - |5 — 3(h(x,e))| < 6}, 3.9
B = {(z,3.,7,¢) € X x X, % [0,2] x RPwHD) - |z — 2(h(z,e))| <6},
Ky = int(A+ MB) x [0,2] x R+
Ky = (A+ MB) x [0,2] x Rr(w+D),

where K Ko Ky, L corresponds to the set of initial conditions, Fs and Ej correspond to
small state estimate errors, and K, K correspond to sets that we expect solutions
starting from Kk, K, to remain in.

We proceed with a series of lemmas that will aid us in the analysis of . The first
lemma gives conditions under which the (z,x.) component of solutions to stays

bounded.

Lemma 1 For system (3.8) under Assumption @ for each € > 0 and each compact set

K, C X there exists M > 0, and for each ., > 0, there exists 6 € (0, 1] such that for
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each T € (0,0], L >0, = € Sgg)(Kk, ;1) and (t,7) € dom ,

z(t,5) € Ky Y(t,7) € domz N ([0, T] x N), (3.10)
and if
Z(t,j) € Es  Y(t,j) € domz N ([T, x [0,7]), (3.11)
then
Z(t,j) € Ky Y(t,j) € domz N ([0,1] x [0, ]). (3.12)
Proof: See Appendix. [ |

The next lemma states that as long as the (z, z.) component of solutions to the output
feedback system stays bounded, we can choose L so that |x— | becomes arbitrarily small,

arbitrarily quickly.

Lemma 2 For system (3.8) under Assumptions @ and @ for each e, M > 0 and each

*
max’?

compact set K, C X, Ky C RP(w+Y) - there exists x*

raz > 0, and for each Tpey > @

6 >0, T €(0,1], there exists L* > 0, such that, for each L > L* and T € Sgg)(Kk, k,,1)

and (t,7) € dom z, if

#(tg) €Ky ¥(t,j) € domz N (0,7] x [0, 1), (3.13)

then
z(t,j) € BEs  Y(t,j) € domz N ([T, 1] x[0,7]). (3.14)
Proof: See Appendix. [ |

The following proposition gives a stability result for the system (|3.15)), which differs
from the output feedback system (3.8)) in that the space of (x,z.) is constrained to a

compact set. The notation Cgg) and Dgg) indicates the flow and jump sets respectively,
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for system ([3.§]).

i f(a, a(@(h(z,e)), )

te | fe(@(h(z, €)), z.) (207 €) € Cgg N K

T o(7)

¢ | | LAe+ o(w,ze, i (h(x,€))) |
(3.15)
xT x
- Ge(#(h(z,e)), z. _
K € (#(h(z,e)), ) , (7,2, 7,¢) € Dgg) N K
Tt 0
L €+ - L 6 -

Proposition 3 For system (3.15) under Assumptions@ and@ for each e, M > 0, there
exists x¥, .. and for each ., > xt . there exists T* € (0,1] and for each T € (0,T%]

there exists L* > 0, such that for each L > L*, there exists Ay C (A + eB) x [0,2] such

that the set Ay x {0} is globally asymptotically stable.

Proof: See Appendix. [ |
We are now ready to prove Theorem [3]
Proof: Let K, and K be compact sets satisfying K, C X and Ky C RP(w+D) et € >

0, and let M > 0 be chosen according to Lemmal[l] Let z},,., > 0and z},,., > 0 be chosen

*
max

* ¥
max1’ “max2

according to Lemma [2|and Proposition [3| respectively, set = max{x } and
let Tpax > 5., Let T7 > 0 and 0 > 0 be chosen according to Proposition [3|and Lemma
repectively, set 7% := min{7}, 0} and let T' € (0, 7%*]. Let L} > 0 and L} > 0 be chosen
according to Lemma [2| and Proposition [3| respectively, set L* := max{L}, L3} and let
L>L~
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We proceed to show that solutions to starting from Ky K,.L stay in K.

Let x € S<KKI,KQ,L)- By Lemma , T satisfies , and then by Lemma ,
z(T,j) € Es N Ky for any j that satisfies (7, j) € dom .

Now suppose there exists (£,7) € dom Z such that Z(¢,j) € Es N Ky for (t,j) €

dom z N ([T, 7] x [0, 7]) and either
1. z(t,j +1) ¢ EsN Ky and (£,5 4+ 1) € dom Z, or

2. j(ri,j) ¢ Es N Ky for each i, for some monotonically decreasing sequence 7;

satisfying lim;_,.or; = t.

Due to the dynamics of (3.8)), Z(t,j+1) € Es. Then by Lemmawe have z(,j+1) €
Ky, ruling out the first case. Due to Lemmas |1| and , Z(t,7) € Es N K. Then by
continuity of Z(-, j) the second case cannot occur.

Therefore, Z is also a solution to . This, along with Proposition , implies that
for system (3.8)), there exists A; C (A -+ €eB) x [0, 2] such that A; x {0} is asymptotically
stable with basin of attraction including Ky, Kj.L- Switching back to the coordinates of

(13.7), we have the result. [ |

3.4 Simulation Study

This example uses a hybrid planar rotations controller from [31] with the control input
backstepped through an integrator using the ideas in [30], and furthermore implemented

through a high-gain observer. Consider a system with state (z,w,q,7,9) € S' x R x
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{1,2} x [0,2] x R* and dynamics

T wST

w K(Z,,q)

q | = 0 )

T o(7)
v | siwa.9) |

(projss (#(7)) x {q}) N Ce # O} U (S' x R x {1,2} x [0.7] x RY) (3.16)

(z,w,q,7,9) € {(z,w,q,7,9) € S* x R x {1,2} x [T,2] x R*:
(projs:(2(9)) x {q}) N D.. # 0}

where the output y = x, parameters T, = 1, Wper = 10, T = 0.1, L = 10, and

definitions

S = ,
1 0

C,:={(r,q) € S' x {0,1} : V(z,q) — pv(x) < 0.5},
D, :={(x,q) € S' x {0,1} : V(x,q) — py(x) > 0.5},

. o+ 2L(y — 9o)
sp(y,q,9) = ) ,

L2(y = Go) + 2(2(9), 0 (), £(£(5), 0, q))
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—UJAZQ — UA)QJA]l

0o (T, W, u) 1= ,
ui’l — ’UAJQ.i'Q
k(x,w,q) == —w — V, V' (2,q)S,
V(z,q) = P(exp((2q — 3)P(x)5)x),

x = min V(z
pv(z,q) Jin (z,q),

1
P(z) = 5(1 — 1),
:%(:I)) = Sa’txmax (g0)7

W(Y) = 82ty (D)),

AG) i I oy > 0.7

% otherwise.

The control objective is to globally asymptotically stabilize a point on a circle, which in
this case amounts to making the set A := {z*} x {0} x {1,2} x [0, 2] x {0} asymptotically
stable, where 2* = (1,0). Figure[3.1]shows the trajectory of a solution starting from initial
condition (0,1,0,1,0,1,0,2,2). One can see peaking in the observer states and a jump
at t = 0.1 as the controller state switches before the solution converges to A.

A note on parameter choice: the saturation level should be chosen outside of where
one expects the plant state to be, given the desired basin of attraction. The dwell-time
parameter should be chosen sufficiently small such that the effect of temporal regular-
ization on the full state feedback is small. Finally, the high gain parameter should be

sufficiently high such that the error in the state estimate is small within the dwell-time

period. Generally some trial and error is needed before finding suitable parameters.
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Figure 3.1: Example trajectory for planar rotations controller.
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Chapter 4

Global Synchronization on the Circle

under Limited Communication

4.1 Introduction

In this chapter we turn to the topic of consensus of agents on nonlinear manifolds.
The topological constraints of nonlinear manifolds provide interesting design challenges
(an excellent overview of this topic is given in [37]). If one desires robust, global syn-
chronization for agents that evolve continuously on a circle, for instance, a stochastic,
hybrid controller is required (cf. [40] [21]). In this chapter, we present a class of con-
trollers that lead to global synchronization on the circle, where in contrast to the all-to-all
communication assumption in [40] and [21], we assume only a connected communication

graph.

35



Global Synchronization on the Circle under Limited Communication Chapter 4

4.2 Preliminaries

For £* € S, we define R¢(0) := R(0)£*, where R(-) is the rotation matrix

R($) = cos(¢) —sin(¢) |
sin(@)  cos(0)
and in particular, Re«([—¢, €]) is the arc of the unit circle centered at £* of length 2e.

A graph G is composed of a vertex set V and an edge set £. In this chapter, each
agent is identified with a vertex of the graph and designated with a positive integer so
that V = {1,..., N}. For each i € V we define the neighbor set N; :={j € V : (j,i) € £}.
When N is used as a subscript, it indicates a vector comprising data of the neighbors of
agent 4, and in particular, &y, := [&n,,, &na.ls “.’gn‘NiLi] where ny; < ng; < ... < np; and

FE{1,- NG}

4.3 Timer and Circle Systems
Consider the following timer system:

F=—1 7€0,T], "

where 7' > 0 and the random input v is uniformly distributed on [0,7]. The timer
decreases steadily until it hits zero, at which point it jumps randomly to a point in the

interval [0, 7).
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For each i € Z>( we define

(w) (t,i)E(lif)lm 7(w)

Qy; :={we Q:graph(r(w)) C (R X Z<ira x R™)}
Qap)i = {w € Q: (graph(r(w)) N ({t;(w) + T} x {i + 1,7+ 2} x (a,b)) # @} U Q.

(4.2)

The event €, 4),; corresponds to the timer belonging to (a,b) at regular time 7" after

the ¢-th jump. The following claim characterizes a useful subevent of €2, 4) ;.

Claim 1 For (4.1) with T > 0, v uniformly distributed on [0,T], and constants a,b
satisfying T > b > a > 0, there exists € > 0 and for each i € Z>y and random solution

7 € §,([0,T]) there exists ¥, ; C €2 such that

Q/(a7b),i C Q(a,b),i (4.3&)
Q0 € Firo (1.30)
the pair (Q, ) 4, Fi) is independent (4.3¢)
P( /(a,b),i> =€ (4.3d)
Proof: See Appendix. [ |

This claim is of interest as a preliminary step towards showing recurrence of a set corre-
sponding to the synchronization of agents.

We now consider the case of N agents, each of which has a timer state 7; and a state
which belongs to the unit circle & € S'. These agents are connected via a communication

graph G so that each agent ¢ knows the position éj of each of its neighbors j € N;. For
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each agent i € {1,..., N} we have

T; :Z(giTyTi)T7 V; 1= (Ul,i;UQ,i;US,i)7 T = (%Ty --‘@;)T e R
51' 0 7l ¢ 1 )
— =: f(&;) (&, ) €S x[0,T] =:C,
- » (4.4)
+ é i Na U; g - D
52 c -/\/’1(5 ) — Gj\/l(j?,'lh) (&,Ti) c Sl X {0} = D,
Tz'+ U3,;

where N is derived from a connected graph G containing N vertices,

v ~ gvg,m V14 = 0
G (€ vi) = (4.5)

and Gy, : (Sl = S' is an outer semi-continuous set-valued mapping that satisfies
JEN;
We make the following assumptions on the random variables:

Assumption 8 The inputs vy ,;, v, vs,; are generated from i.i.d random variables. The
random variable generating vy; has a distribution py defined in (4.7)), where p,. € (0,1].
The random variable generating va; has a distribution ps which is uniform on N;. The

random variable generating vs; has a distribution us which is uniform on [0,T].

prca a = O
p(a) = (4.7)
I —pre, a=1
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The overall system is {C., D, f., G¢, (111, j12, p3) } defined as follows:

C.:=Cx..xC
D.:={#€C,:i; € D forsomeie {l,..,N}}
Fo(@) :=F(21) X f(Z2)... x f(@n)

77?(5"’10 ::[‘%17 "'7:i‘i—17 GNi(:%vvi)7fi+1a 7xN]

Giv):= |J  wu@w).

ie{1,..,N}:z;€D

4.4 'Tracking Algorithm

(4.8)

With each agent i € {1,..., N} we associate a non-stochastic hybrid control system

with state z; = (&, 3;) € S! x {a, b}, input w; € S', and dynamics

(w;, x;) € C o = fwg, z;)

(wi, ;) €Dz = Glw;, ;)

)
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with definitions

C(a :{(wugl) € Sl X Sl : fz € R(Q)wh NS [%7 %T]}
Cy = ={(w;,&) €S' xS": & € R(O)w;, 0 € [-F, 2]}

C:= U CB'L X {/62}
Bi€{a,b}
(L(B:) + L(B)w; J&)JE;
0

f(wz‘,Ii) =

Da I{(U)z,fz) S Sl X Sl : fl € R(G)wl, RS [—%, %]}
Db :{(wz,fl) < Sl X Sl : & € R<9)wzv 0 e [2%7 4%]}

D = U Dﬁi X {Bl}

Bi€{a,b}
&
a € {a,b}\G; : (w;, &) € C,

G(U)i, .771) =

(4.10a)
(4.10b)

(4.10¢)

(4.10d)

(4.10e)
(4.10f)

(4.10g)

(4.10h)

This system has x; track w; via two modes: mode a is engaged when w; is far from

x; and moves x; at a constant rate clockwise; mode b is engaged when w; is close to z;

and uses a local tracking rule. These two modes are combined with hysteresis.

We proceed by defining an autonomous system based on (4.9) where the input w;

belongs to an arc of the unit circle:

C{*,e :{QZZ . (wl,:cz) S C, w; € Ré‘*([—G, E])}

Fg*,e(l’z‘) 3:{%

Des o :={x; :

Ge () :={yi :

:(wi, 24, Y:) € gph f,w; € Re«([—¢,¢€])}
(wi, ;) € D,w; € Rex([—€,€])}
(wi, 24, y;) € gph G, w; € Re+([—¢,¢€]).}
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For this system we have the following result:

Proposition 4 For system (4.11]) under the basic assumptions, for all & € S' and

€ €10, 5], the set Re ([—€,€]) x {b} is UGAS.

712

Proof: See Appendix.

4.5 Combined Algorithm

For each agent i € {1, ..., N}, the combined algorithm has a state z; := (é, T, &5, Bi) =

(T4, 2;) € St x [0,T] x S' x {a, b}, flow map and flow set

é = {(giaTiafiaﬁi) € Rﬁ : (giaTi) € éa (éafuﬂz) € C}?
and jump map and jump set
o . ()G (&, v1i,v24) + (1= 15(E:)) s

x Ip(2:)G(&, ) + (1 — Ip(x;))a;

D :={(&7,&,5) € C: (&,m) € Dor (§,&,5) € D}.

= G_!(ja vl,ia UQ,i)a

Define the overall state Z and permutation matrix 7 via

G = (éi;Tiafi»ﬁi)
Co= (¢ )T
= T¢C.

Kl
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Using (4.12)-(4.13)), we define the overall system:

Coy =T (C x ... x O) (4.15a)

Doy :=T({x € C :x; € D for somei € {1,...., N}}) (4.15b)

foo(@) =T (f(21) X f(Z2) X ... x f(Tn)) (4.15¢)

Ui(Z, 014, v9) :=[T1, oy i1, G(Z, 014, V224), Tit1s oy TN] (4.15d)
Goo(@,v) =T |J  Tul@ vii,020)). (4.15¢)

ie{l,..,N}:x;€D

4.6 Choices of jump map and simulation results

In this section, we discuss how different choices of é| ~; and probability distributions
affect the performance of the core algorithm (4.8)).

We refer to the mapping é| ;| (cf. ) together with distribution p as a jump rule.
We refer to the jump rule as random neighbor when p,.. = 1, that is, & jumps to the
position of a neighbor based on a uniform distribution over neighbors. We refer to the

jump rule as minimaz neighbor when p,. € (0,1) and

Gy (€n;) = G (En;) += arg min max | — &) (4.16)
Ceey, JEN

With this rule, the agent jumps to the position of a neighbor such that the maximum
distance to a neighbor is minimized.

We refer to the jump rule as minimum sum of squares neighbor when p,.. € (0,1) and

G (6n;) = Glosiny)(Ea) == argmin Y ¢ — &/*. (4.17)

CESN,L JGM

With this rule, the agent jumps to the position of a neighbor such that the sum of squares
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of distances to neighbors is minimized.
We are also interested in jump rules that depart slightly from the definition (4.5
but remain within a suitable perturbation. We refer to the jump rule as near-minimazx

neighbor when p,. € (0,1) and

CEGmmINi\(gNi)JF“/E

With this rule, the agent jumps to the closest position on the circle that lies within a
~-perturbation of minimax neighbor.

We compare these jump rules over a number of different communication graphs.
Following the ideas in [47], we consider a family of communication graphs inspired by
the ‘small-world’ phenomena. In particular, we consider a ring lattice graph where each
agent has an in-degree of four, and then subsequent graphs which are randomly ‘rewired’
versions of the ring lattice graph, where the amount of rewiring is parameterized by a
variable p € [0, 1], with p = 0 indicating no rewiring, and p = 1 indicating that every
edge gets randomly reassigned to another node.

Figures show histograms of each jump rule under three different communica-
tion graphs. We see that as the average graph distance between agents becomes lower,
the relative effectiveness of the near-minimax jump rule becomes larger. This is because
the near-minimax rule combines the fast convergence to a semi-circle characteristic of
conformist-type algorithms with fast convergence once on a convex manifold character-

istic of averaging-type algorithms.
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Jump rule comparison, pet of sclubions with 2nd moment < 0.001 within ¢ seconde, arbitrary nitializations, ring lattice graph, 100 simulations, 7 =1e-008, N =20
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Figure 4.1: Comparison of jump rules under a ring lattice
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Figure 4.2: Comparison of jump rules under a small world
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Jump rule comparion, pet of selutions with 2nd moment < 0.001 within ¢ seconds, arbitrary initializations, randomly rewired graph, 100 eimulations, ¥ =1e-006, N =20
100

T T T pRCEE D T T T
i -t e
90 - r il
rand o
—— —hest =
80 — ; o -
— = -randnear g el e
it o
— — - bestnear ; i
70 r n
60 — —
B
H
8 oE0- o
H
fol
a0 - -
- -
0 -
10 ! -
0 £ Iz | | I
0 2 4 [3 3 1 12 14

Figure 4.3: Comparison of jump rules under a randomized communication graph

45



Chapter 5

Conclusions and Future Directions

In chapter two we presented a finite-time parameter estimation algorithm and showed
that a set corresponding to the correct parameter estimate had the property of robust
asymptotic stability. We further gave a persistency of excitation condition under which
solutions are guaranteed to be complete.

In chapter three we showed that, under a reasonable observability condition, one can
implement hybrid controllers of continuous-time systems through a high-gain observer
to obtain a semi-global practical result. It would be interesting to see if a similar result
could be extended to the case where the plant is also hybrid.

In chapter four we presented an algorithm for synchronization on the circle under
limited communication. We compared the performance of different versions of the algo-
rithm under a variety of communication graphs. Further work needs to be done showing
that the set corresponding to synchronization state has the global asymptotic stability
in probability property. It would also be interesting to extend the algorithm idea into

other topologies beyond the circle, e.g. S* or SO(3).
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Appendix A

Proofs

A.1 Proof of Theorem [3

We begin by recalling two definitions.

Definition 2 For a hybrid system H (1.1)) and set X C R™, we define the reachable set
from X ad]]

R(X):={y € Ry = 6(t, j), ¢ € Su(X),(t, j) €dom ¢},
and the omega limit set from X as

Qu(X) = {y € R":y = lim 6y(ti, i), 61 € Su(X),

We now consider a proposition, introduced in [5]ﬂ

183,(X) indicates the set of maximal solutions to H from the set of initial conditions X.
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Proposition 5 Let X be compact. Suppose that for a hybrid system H satisfying the
basic assumptions, RY,(X) is bounded and Qyy(X) C int(X). Then Qu(X) is compact
and asymptotically stable with basin of attraction containing X. Moreover, it is the

smallest such set contained in int(X).

This result will be the main tool in the proof of Theorem [} We add the following

definition:

Definition 3 Given sets A and S where A C S = S} X Sy X --- x S, and variable

r = (21,%2,...,2) € S, we define the projection of A in the x; direction as
proj.,(A) :={a; € S : (a1, a,...,4a;,...,a;) € A}

This leads to the following lemma:

Lemma 3 Suppose A, BC S =51 XSy X ---x S5, and B= By X By X --- X By,. Then
projz, (A) C projs, (B),
= (ACB).
Proje, (A) C proj, (B)

Now we are ready to prove the stability result.

Proof:  (Theorem |3)) Throughout this proof, we analyze a system that is a gener-
alization of P. Consider the hybrid system P := {F,C, G, D} with data given in (A.1]),
satisfying Assumption . In this system, we replace the functions f and § with free
variables that live in a closed ball, giving us a differential inclusion rather than equation.
This allows us to ignore the control signal u and focus on the parameter identification
problem. After analyzing 75, we will apply the results to P, noting that solutions to P

are contained in the solution set to P when M; is sufficiently large.

2int(X) indicates the set containing all the interior points of X .
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C = XXR"XRI x MB x SPP”? x R" x R? x [0, T]
D = {ze€C:det(Q) > ¢}
( [ vo + D7y vib; 1)
vo + Y b v + k(z — &)
h(z)
Ao ) [v1 v ... v,] — kw
F(.CE) T f f - wT,w )
—kn + wh(z)
B w (W +x — & —n) (A1)
| i 1 1)
' T T )
T
Vo Q'
U1 N 0
. € M1B G(ZL’) = 0
Uy 0
0
. \ L 0 4

We apply Proposition |5 to system P and compact se

X = MQ]B X MQIB X M3]B X (M + 1)]B X SPpo(M4)

X MsB x MgB x [—1,T + 1]

where constants My — Mg are determined by 7', M, and X and will be described in
greater detail later on.

First of all, since C' and D are closed, F and G are outer-semicontinuous and locally
bounded, Fis non-empty and convex for all z € C', and G (x) is non-empty for all z € D,
the Basic Assumptions are satisfied.

Next, we show that R%(X ) is bounded by demonstrating that F(Z) obeys a sector

condition, ruling out finite escape times. Then, since solutions flow for a maximum time

3SPP*P(M) indicates the set of positive semi-definite matrices with maximum eigenvalue upper
bounded by M.
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T, and jump to a bounded set, we have that R%(X ) is bounded.

We proceed to show that F/(Z) obeys the sector condition |f| < Ly|z| + Ly Vf €
F(z), Vi e C for some positive constants Ly and Ls, where we choose |Z| := |z| + |&] +
104 |w| +|Q|+ || +|T|+|7| as the norm in the space to which Z belongs. In the following
series of inequalities, note that =, w, and the v’s are bounded and |h(Z)| < L|z — 2| from
Assumption [3],

FI < Jil + 2]+ 101 + o] + Q1 + [l + [T] + |71

< Li(|2] + [nl) + L < Ly[7] + Lo.

This implies that P will not exhibit finite escape time.

To see what happens to ¥ at jump times, note that after one jump followed by
continuous change according to F' on the interval (f1,1) to (f,1), we have n(t,1) =
x(t,1) — &(t,1) — w(t,1)[0 — O(t,1)] V¢ € [t1,t5). With another jump at time (¢, 1),

Q(t2,1) is invertible due to the definition of the jump set D. And so,

to

0 = Qts, 1" Qlts, 1)0 = O, 1)7 (s, 1)0dr

t1

:Q(t2,1)—1/2wT(7,1>[w(7,1)9(7,1)+x(7,1)

t1

— (1) — i D]dr = Qlts, 1)) /tQ F(r, 1)dr

t1

= Q(t2,1) " (D(t2,1) = T(t1,1)) = Q(t2,1)'D(ta,1)

which is the value that G assigns  at time (f»,2). Then for all j > 2, ]é| = |h(z)] <
Lz — 2| = 0 since 2 = i during flows and 2T = z during jumps. And so, noting that
flow time is bounded by T, we have for all solutions z to P, t + j > 2 + 2T implies
0(t,7) =0 Y(t j) e domz.
This implies that, after two jumps, every jump is to a point in the compact set
X x X x {0} x {0} x {0} x {0} x {0} x {0}. Furthermore, since flow time is bounded by
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T and we have no finite escape time, it follows that R%(X ) is bounded [15, Proposition
7].

The next step in applying Proposition [5| to P is to show that Qps(X) Cint(X). We
do this by applying Lemma 1 where A = Q3(X), B = int(X) and v = z. The next
several paragraphs will consist of showing that the projection of {25(X) onto each state
is a subset of the projection of int(X) onto that state.

To start, = belongs to the compact set X and we have proj,(Qs(X)) = X C
int(MsB) = proj,(int(X')), for sufficiently large Ms.

For z, since 0 =0 for hybrid time t 4+ j > 2 4 27T, and Z resets periodically to x, we
will have the behavior # = & during flows and 2+ = x during jumps. This implies & = z
for t + j < 24 2T and therefore proj;(25(X)) = proj.(Qs(X)) = X C int(MB) =
projz(int(X)). This furthermore shows that the projection of Q4(X’) onto = and Z is
S={x,z:2€ X,z =z}

For 6, we know proj;(£25(X)) = 6 since we have shown that 0=0fort+j>2+2T.
And so, proj;(25(X)) = 0 C int((M3)B) = proj,(int(X)) for some Mz > 0.

The state w is constrained a priori to the set MB. Therefore proj,(Qs(X)) C
int((M + 1)B) = proj,(int(X)).

For @, the size of projo(25(X)) is a function of 7" and M; since @ resets to zero
every T seconds, and the growth of () is bounded by w, which is itself bounded by M;
and T'. But for any 7" and M, there exists M, large enough such that proj,(Qs(X)) C
SPPP(M,) = projo(int(X))).

For 7, note that 0 converges to # for complete solutions, which implies 7= z, leading
to & = z (since # jumps to x). This implies h(Z) = 0 by Assumption [3, giving us
1 = —kn during flows, and hence proj,(25(X)) = 0 C int(MsB) = proj,(int(X)) for
some Mz > 0.

For T, the size of projr(25(X)) is a function of 7', M;, X, and 6 since I' resets to
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zero every T seconds, and the growth of I' is bounded by variables whose bounds depend
on T, My, X and 6. But for any 7', M;, X and 6 there exists Mg large enough such that
Sy Cint(MgB) = projr(int(X)).

For 7, it is clear that proj,;(Q25(X)) = [0,T] C int([—1,T + 1]) = proj,(int(X)).

And so, by Lemma [3] we have (25(X) C int(X) which, along with boundedness of
R%(X ), completes the requirements of Proposition 1. We have that €25(X’) is compact
and asymptotically stable with basin of attraction containing X. Furthermore, we see
from the analysis that Q5(X) C S x {0} x MB x SPP*P(My) x {0} x MsB x [0,T] with
S ={x,&: 2 € X,z = x} for sufficiently large M, and Mg. Moreover, by increasing
M;z — Mg we do not change Q4(X) since the states of the system are either bounded or
reset to bounded values. Therefore we can take X to be arbitrarily large, implying that
the basin of attraction includes C'U D. And so we conclude that P contains a compact,
globally asymptotically stable set 25(CUD) C Sx {0} x MB x SPP*? x {0} x RP x [0, T.

Furthermore, noting that u is bounded, we can find M; sufficiently large such that

solutions to P are contained in the solution set to P. Therefore, our characterization of

Q5(C' U D) holds for Qp(C U D). |

A.2 Proof of Theorem [4]

We recall two lemmas: one from linear algebra, and another concerning PE signals

through LTT systems.

Lemma 4 [2, Corollary 8.4.10] Given symmetric matrices A, B € R™*" if A> B >0,

then det(A) > det(B).

Lemma 5 [30, Lemma 2.6.7] Let u : Rsg — R™. If u is PE, u,i € Ly, and H is a

stable, minimum phase, rational transfer function then I:[(u) is PE.
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We begin the proof by noting that solutions to P will not end due to the following
situation: the w component of the solution is at the boundary of MB and the flow map
of w is directed outside of MB. This situation is excluded by the fact that w resets to
zero at jumps, and during the time between jumps it obeys w = g — kw, which is ISS

T

[38] with respect to g. To see this, consider V(w) = trace(w ' w) as a Lyapunov function.

Then

V(w) = trace(0.5(w w4+ w ) = trace(w’ (§ — kw))

1
= trace(w' § — kw'w)) <0, V|w| > E|§|

Since x and u belong to compact sets, the inequality

1
M>— sup |g(x,u)l

rzeX uelU

from Assumption [4| guarantees that solutions to P will not end in this manner.

Our ensuing method is to consider maximal solutions to z = f(Z,u) starting from
{z € CUD:71€]0,1]}, and then showing that we can find a T* where, for all T' > T,
7(t) = T implies det(Q(t)) > e.

Proceeding along this path, we see that w is the output of a strictly stable, minimum
phase LTI filter with input g

() = glatt), (), H=——,

w = H(i).

We apply Lemmato @i(t), and note that @, & € Ly since we assume ¢ — u(t) is globally
Lipschitz, x is bounded and g is differentiable. Although this lemma assumes a vector

signal, it applies as well for the matrix signal case. It also turns out that the parameters
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of the PE output are dependent on the initial conditions of the system H. But w € MB
means that the initial conditions of H lie in a compact set, and therefore we can find
parameters independent of these initial conditions.

And so, given that g is PE for system P, w is PE, implying the existence of §,« > 0

such that

/0 ’ w' (8)w(s)ds > al.

This means, for any positive integer m,
mé
/ w' (s)w(s)ds > mal.
0

Choosing m such that (ma)? > €, and then 7™ such that 7" > md + 1, we have for all

T7>T"

T-—1 md
[ TG+ Q) = [T u(s)ds = mar

which, by Lemma 2, gives us det(Q(T — 1)) > det(mal) = (ma)? > e. Given we start

from {z € CUD : 7 € [0,1]},

Tt)=T = te[T—1,T)

= det(Q(t) > det(Q(T — 1)) = det(Q(t)) > e.

This implies that for system P, solutions starting from {z € CUD : 7 € [0, 1]} will be

in D when 7 = T. Since we have ruled out finite escape times in Appendix A, and by

Assumption 3, maximal solutions to # = f(z,u)+ g(x,u)0 starting from X are complete,

54



Proofs Chapter A

we have that maximal solutions starting from {z € CU D : 7 € [0, 1]} are complete for

sufficiently large T

A.3 Proof of Lemma [1

Let € > 0 and K, be a compact set satisfying K, C X. We introduce the following

system

T flz,a(x+ 0B, x.))
. | € felx + 6B, x.) ;
T o(r)
(z,20,7) € {(x,26,7) : ({z} + 01B) X {z})NC. £ 0,7 €[0,2]} U (X x R® x [0,0])
xT X
xf | €| Golx+ 6B, z.) |-
Tt 0

(2,26, 7) € {(x,20,7) : ({2} +6:B) x {z.}) N D, # 0,7 €[0,2]},
(A.2)

which can be thought of as the state feedback system (3.2) subjected to a perturbation
which covers temporal regularization perturbations in the manner of , as well as
“inner perturbations”.

In the case of under Assumption [7| with §; = 0, we have that the set A x [0, 2]
is globally asymptotically stable, which follows from the fact that ¢(0) > 0 and the
dynamics affecting the (x,z.)-component of the state are identical to those of .

Thus, defining 7 := (z, 2., 7) and using Proposition |1} let § € KL satisfy

|‘%(t7j>|A><[0,2] < B("i‘(()u O>|A><[O,2]7t +]) V(t,j) € dom T (AS)
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for system ([A.2)) with 0; = 0. Using that K, and X, are compact, let M; > 0 satisfy

(K, +B) x X, C A+ M;B,

and define
M := B(My,0) + 2e.

Let .« > 0 and using Proposition , let 6; > 0 be such that
|2(¢, )| .ax0,2) < B(1Z(0,0)|axp2,t +J) +€ V(¢ j) € domz

is satisfied for solutions to (A.2)) starting from (A + M;B) x [0, 2]. Define

—1
T ( o |f<x,a<fc,xc>>|) ,
(z,xe,2)E(

Kg4B)X X XTmaxB

(A4)

(A7)

which is well-defined since X, is compact, and take 0 := min{%,T*, 1}. Let T € (0,9],

L>0,7 ¢ Sgy(Kk, x,r) and (t,7) € dom z.
From ({3.8) it is clear that

v iL C < ) A? Cc
|f(z,al@(hlz ),z < A g (@03 7C))]

when z € (K, + B). Since the z-component of Z does not change at jumps, if

z(t,j) € (K, +B) (t,7) € domz N ([0, 7] x N),
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then
N < . : _ .
o6 OOI ST s f(athed)] () € domen(0,T 1)
(A.9)
Thus, by our choice of T" and the fact that x(0,0) € K, it follows that
|z(t,7) — z(0,0)] <1 (t,7) € domz N ([0, 7] x N), (A.10)

which with (A.4]) and (A.5)) implies that (3.10]) is satisfied.
We proceed to analyze the system (A.11)) below, which differs from (3.8) in that flow

and jump sets include the constraint |z — 2(h(x,e))| < & (due to Ej, defined in (3.9)).

i f(z, a(@(h(z,e)), a.))

(& (& 1 ]/:’/ ) bl C p—
el 2 Jo(&(hlw,e),zc) , (1,20, 7,¢) € Cggy) N Es
T o(7)

| ¢ ] I LAe + ¢(z,z., & (h(z, ))) ]
(A.11)
at x
: G(@(h(z,e)), _
te € (#(h(,e)), o) , (2, 7,€) € Dgg) N Es.
Tt 0
L 6+ - L € -

Using (3.11)), (A.4)), and (A.10), there exists Z; € S ((A+MiB) x [0, 2] x Re(™ 1)

such that z(t,5) = Z,(t — T, §) for (t,7) € domZ N ([T,#] x [0, j]). Then, since |z — 2| < &
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implies & € (z + 0B), we have 7, € S@ag)((A+ MiB) x [0,2] x RP(y+1)),

[ i ] [ flz,a(x + B, x.)) |
T fe(x 4+ 0B, )
6 )
7 o(7)
i é | i LAe—f—qb(:L’,:L‘c,i‘(iL(l’,@))) i

(l‘,Q?C,T, e) € ({(l',xc,T) : (({37} + 25]B> X {:CC}) NnC, # (Z),T c [072]}
U(X x R x [O,T])) x RP(ny+1)

xt x
xf Ge(x + 0B, z.)
& )
Tt 0
et e

(x, 2,7, €) € {(2,2,7) : ({2} +20B) x {z.}) N D # 0,7 € [T, 2]} x RPCwHD,
(A.12)

Furthermore, because T < 6y, g < 61 and the dynamics of e do not affect (z, z.,7) in
(A.12), the (z,x., T)-component of Z; is a solution to (A.2)) starting from (A + M;B) x
0,2]. Therefore, 74(t, j) satisfies (A.6]), and hence Z(t, j) satisfies

|((‘T(t7j)7mc(t7j))|«4 = |(x(taj)axc(taj)ﬂ-(taj)”AX[O,Z]
< 6(’(x<070>7$0(070))|.»47t_T+j) +€
< B(Mq,0) + €

(A.13)
<M V(t,j) € dom z N ([T, 4] x [0, ]]),

which implies (3.12]).
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A.4 Proof of Lemma 2

Let €, M,c >0, K, C X and K; C RP™+1 be compact sets,

*
X = max x|+ c
max (z,2e)EA+MB | | )

Tmax = Thovs 1 € (0,1], and § > 0. We define the following:

max’

Pr(z,e) = D(po(x) — L ™eg, o1(x) — L' ™ey, ..., o0, (T) — €y,),

wo(z) = Jo
b = maXxGKI,@ng )
(A.14)
Ap = {(x, 2,7 €) € X x X, % [0,2] x R - D (2, €)] < Trmax )

Bl = max(x,a:c,i‘)e(A+MB)xa;,naXIB |¢(I7 Le, j)‘

Noting that @, is locally Lipschitz, let ¢; > 0 satisfy
1B, (2,¢) — r(x,0)] < Zle| V(z, 20 €) € (A+ MB) x ¢ B, (A.15)

&1

independently of L. Let P > 0 satisfy PA+ ATP = —I and let L} > 0 be such that

Amax (P) —LT 2| P| 5,
bL™ < Al
(D) P (QAmm(P)> Tt =a (4.16)
is satisfied for all L > Lj. Let L > 0 be such that
c Amax(P) —LT 2|P|f1
— bL"v —_— o A7
‘ ( e (o) ) < (A.17)
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is satisfied for all L > L3. Let L* := max{L;, L3}, L > L*, T € S@8) (Kk, x,,1) and
(t,7) € dom z. Let W (e) := VT Pe. Then,

W) = 2W1(e) (¢"Pe+ e Pé)
_ %(LJ(PA + ATP)e +2¢" Po(a, 2., 2 (h(, €)))) .
< —Le'e |e||P|5 -
— 2W(e) W(e)
_I |P| 81
S BmP) T =

Then by a comparison lemma, noting e does not change at jumps,

Wi(e(t, 7)) < W(e(0,0))exp (m;j(tp)) N 2\P\51\L/)\min(P_) 1 exp <2)\;f(tp)))
S le(t,d) < tigmdam@w(%;im>+mﬂ@
Amax(P) ny —Lt 2|P| By
=\ A2 OP (2Amm(P)) T

(A.19)
Therefore, from (A.16)) we have

le(t, )l <er (t,]) € domz N ([T,] x [0, 7).

Then using (3.13)), (A.14), (A.15), and the fact that Tmax > max( e ycatms 2] + ¢, we

have

#(t,j) €A, (t4) € domz N ([T,1 % [0,]]).
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And so, using (A.17):

j(t,§) = 2(x(t, 5), e(t, )| = |1 (2(t, ), 0) = saty,, (Srz(t. j), e(t, 5)))]
= [Pr(a(t,),0) = r(x(t, ), elt, )]

C
— t’ )
Ze(t. )

c Amax(P) 2| P[5
< — bL"y
o C1 ( )\mln P P ( mm ) L

<0 (t,7) € dom z N ([T, 1] x [0, 7)),

IN

which implies (3.14]).

A.5 Proof of Proposition

This proof is based on [15, Corollary 19]. Let €, M, ¢ > 0, 2}, = MaX(z g )carmB ||+
and Tmax > Th... We introduce the following system, which differs from (3.3) in that the

space of (z,z.) is restricted to A+ MB when 7 > T

i [z, alz, z))
Te = fc(xaxc) )
T o(T)
(2, 20,7) € ((Co x [0,2]) U (X x R® x [0, 7)) N (A + MB x [0,2)) A.20)
x;" € Gc(x’xc) , ($,$C,T)E(DCHA+MB)X [T,Q]
Tt 0

Using Assumption [7|and o(0) > 0, it is clear that A4 x [0, 2] is globally asymptotically
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stable for (A.20) when 7" = 0. Then using Proposition [ let 3 € KL and T* € (0, 1]

such that for all T' € (0, 7],
@ (t, )] axio < BUZ(0,0)]axp:t+5) +e V(t,j) € dom i (A.21)

is satisfied for solutions to (A.20) starting from (A + MB) x [0,2]. Let T' € (0,7%

and using (A.14]), let ¢; > 0 satisfy (A.15)) independently of L. Let P > 0 satisfy
Tp _ : x._ 2|P|B :
PA+ A"P = —1. Using (A.14)), define L} := = T 1, let p> 0 satisty

b(x, 20, 2(h(z,e)))| < ple]  Y(z,z0, 7€) € AL (A.22)

and let LY > pApax(P). Let L* := max{L}, L3} and L > L*.
We begin by showing that there exists A; C (A + eB) x [0, 2] such that A; x {0} is

globally asymptotically stable for

o] [ f@aGh@e)e) |
Te _ fc(i(il(x7€))7xc>
T o(r)
| € ] ] LAe + ¢(z, zc, #(h(z, €))) i
(z,2c,7¢) € Cgg N((A+ MB) x [0,2] x {0})
(A.23)
at Go((h(z,e)), z.)
< )
Tt 0
L 6+ - L 0 -

(x,z.,7,€) € Dgg N ((A+ MB) x [0,2] x {0}),
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which differs from (3.15]) in that the variable e restricted to 0.
First of all, since e = 0 for all solutions to (A.23)), it follows that the (z,x.,7)
component of solutions to (A.23|) agree with solutions to (A.20)), and thus solutions to

(A.23)) satisfy (A.21)). Then since |(x, Zc, T)| axjo,2] = |(%, )| .4, solutions to (A.23)) satisfy

|2(t, 5)|a < B(|2(0,0)| 4, t +7) +€ V(t,j) € dom z, (A.24)

implying that the set (A + eB) x [0,2] is uniformly attractive. Then defining A, as the
Omega-limit set of A+ MB for , using results on Omega-limit sets [6], we have
that A; is globally asymptotically stable for and contained in (A + €B) x [0, 2].
Hence A; x {0} is globally asymptotically stable for .

We proceed to show that Ay := (A + MB) x [0,2] x {0} is globally asymptotically
stable for (3.15). Let V(e) = e Pe. Then,

V(e) = (" Pe+e'Pé)
= (Le"(PA+ AT P)e +2¢" Pg(z,¢))

< 16(2, €)| Amaz(P)e| — Lle|*.

Using and L > pAmax(P), we have that V(e) < 0 for all Z € A. Furthermore,
le] < ¢ implies Z € Ap. To see this, we note that the choice of .« implies |z]|+¢ < Tyax,
which, with implies |® 1 (x, )| < Tmax, and hence T € Ay,

Furthermore, by defining W (e) := veT Pe, and using and the fact that L >
% + 1, we have that W(e) < 0 for |e| > ¢1, and hence V(e) < 0 for |e| > ¢;. Thus V
is a global Lyapunov function for 4,, which implies global asymptotic stablity for A,.

Using the preceding fact, and the fact that A; x {0} is globally asymptotically stable

for (A.23)), we conclude by [15, Corollary 19] that A; x {0} is globally asymptotically
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stable for (3.15]).

A.6 Proof of Claim

Let T'> 0, v be uniformly distributed on [0, 7] constants a, b satisfy 7' > b > a > 0,

€= (b;“)g, i € Z>o, and T € S,([0,77).

The following measurable function rounds a real number down to the nearest integer

multiple of a constant:
|7]5 := max{m € {0,0,26,...} : m < 7}
For each ¢ € Z>( we define

T i(w) == T, (i (w), 1),

|Ti(w)]s €10, T — =a] = (viya(w) € (a + bTTa, b— bfTa) and
vip(w) € (T = |ma(w) s — 54,7 = [ma(w) s — 559))}
Qevrirn) = {w € @ 1y(w) + T (w) = T}

Q(ti+T,i+2) = {w €0: T|_7i(CU) + T i+1 (CU) + T|—7i+2(w) > T > T|_7i(CU) + T i+1 (w)}

(A.25)
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The subsequent identities follow from the dynamics (4.1)):

Ti(w) =t (w) —ti(w) VieZsy YweQ\Qy,
T in(w) =vip(w) Vie€eZsy Ywe Q\Qy;
Toti(w) + T i+ 1) =1 (W) + 11 — T Vi€ Zsg Vw € Quqrivn) \ Qi
Toti(W) +T,i4+2) =1 3(W) + Trip1 + Tripe — T Vi€ Zsg Yw € Qg qrita) \ Q-
(A.26)

We proceed to show (4.3a)). Let § = b_T“ and w € Q/(a’bm. If we Qy;, then w € Qe p

by definition, otherwise suppose w ¢ ;. For case one suppose |7 ;(w)|s € [T — 22, T).

4
Using (1:2), (A:23), and (A:28) we have

Ti(w) € [T — 52,7

Trit1(w) = vigi(w) € (a+ bTTaa b)
= Ti(w) + i (w) € [T +a, T + b
= w € Q4141
= 1,(t;(w)+T,i+ 1) € (a,b)

= w E Q(a,b),i‘

For case two suppose |71 ;(w)]s € [0,7 — 22). Again using (£.2)), (A.25), and (A.26)
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we have

Ti(w) €0, T — =2)
it (W) = vip(w) € (T — ms(w) — 54,7 — 714(w)),
Tir2(w) = Vipa(w) € (a + 3%, 0)

= 1 i(w) + (W) € (T — 52,7,
Ti(w) + T (W) + Tie(w) € (T +a, T +b)

= w € Qe 11i+2)

= 71,(t;(w)+T,i+2) € (a,b)

= w € Qg p)-

For (4.3b)) we note that Q’(a p)i is the result of sigma field operations on measurable
sets derived from JF;,o-measurable functions.

For (4.3c]) we define

Asim ={weQ:|[mi(w)]s=md}

Q/(a,b),i|n,¢=m5 ={weQ:moe (T- bTT“,T] = (viz1(w) € (a

+
S
I
IS]
S
|
(=
I
S]
o
=
o
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and note that for all i,m € Z>o, 6 > 0:

Asik m Asiv =9,
=y,

Ed
J 4550 =0
k=0

Asim € F; (A.28)

/
(a,b),i|n,i:m6 € 0(Vit1, Vit2)
/ o /
Asim N Qapyi = Asiom N Qg py il

b—a)?
P(Q/(a,b),i|ﬂ—,i) = % =€

Using (A.27)) and (A.28)), we establish (4.3d)):

T T
5] Il
= > P(Asim N Upys) = € Y P(Asim)
m=0 m=0
Ky

Let B € F;. Using (4.3d), (A.27), (A.28)), the i.i.d. property of the v’s and the definition

67



of probability measure, we have

IED(B N A57i,m N Q/(a,b),i‘ﬂ—,z:mfs) = P(B N A5,i,m>P(Q/(a,b),i|ﬂ—,¢=m5>

= P(BN Asim N Yapyi) = P(B N Asim)

1L 1L
= Y P(BN Asim N Qupy) =€ > P(BN Agim)
m=0 m=0
1< EY
= P BmAMme’(%b)z)_dP( BN Asim)
m=0 m=0
= P(‘B N Q/(a b) z) - G]PJ(B) = P(B)P(Q,(a b) 1)7
which implies (4.3c)).

A.7 Proof of Proposition

Let £&* € S', e € [0, 5] and define

/

1 —T,(5), §i € Re-([—¢,€])

Vi(z)=<¢1- ]Ib(ﬁi)f*TR(ﬁ)fu §i € Rex ([, —¢])

|1- L(B)ETR(=€)&, & € Re([e, 7).

During flows, V (z;) < —T,(8;)(€*T R(€)J&)? < 0 when & € Re-([—7, —¢]), and V(z;) <
—I(B:) (€T R(—€)J&;)? < 0 when & € Re«([e, 7]). During jumps from mode a to mode b,
we have §; € R ([—E{—g, %]) and hence V* —V < 0. During jumps from mode b to mode
a, we have &§ € Re- ([%’ 111—2”}) and hence V*+ —V < 0. This plus an invariance principle
( [34, Theorem 4.7] noting that the ‘backend’ arc is not invariant, and consecutive jumps

are impossible) implies that Re« ([—¢,€]) x {b} is UGAS.
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