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FundamentéliThermodynamics Since,Carathéodqu

L. Scope

f oty oa el e

Thermodynanios oves: its orjﬂin to a technlcal pﬁpblem, the eff1c1ency

- of steam engines. It has grown by two different mechanlsms. By the

logical expansion of limited observatlions to general laws, and by the

i extension of these laws to ever new fields. tarting from the.compressioni'

- .of & gas, the application of thermodynamlcs has been extended to sur;ace

'phenomena, elastnc procesues, electric and magnetjc changes, solutlons,

_phase changcs, chemlcal reactions, bio]oq1ca1 and cosmnologiecal pzoblems..-

Contemplating these steps of progress, videly varylng in kind and-
importance, one wonders if the question of the scope of thermodynamics
. has been given enough thought. Staking nuﬁ borders is usually an
appallingly sterile activity; In the present case it derives its justié

fication from the astounding genera11ty of thczmodvnamlcs and our ensulng

obligation of constructlng an approprlately gen°ral basis. Thermodynamics

covers, indeed, our entire knowledge of eouilzbrlum and processes
occurring near equilibrium in all fields of physical sciences. In th;s
sense thermedynamics may be called the root of 21l sciences. The
various branches sprout in the problems of kinetiecs and dynamies. - Thus
mechanical dynamics or electrodynzmics or chemical kineﬁics are indeéen-
dent branches, except tha£ eheir concepts must be concordant with

thermodynamical concepts in the special case of equilibriun.

&
t

The width of scope obliges us to exopress and discuss fundamental
thermodynanics by means of concepts of equally general applicability..
To some degree this requirement has been felt by several auihors. Thé

present survey is intended to show how it can be satisfied.
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" indispensable for expressing our observations.

Immediatelj the question arises. hov one can introduce -such concepLs

brjand, moreover hov one can demonst ‘ate their general applicabwllty.

i > i i 0

- In phy Cdl scrence, 8 concept 1s cef:ned by an expezlmental instruction. -

"For quantftatlve concepus, the 1nstruct10n must ]ead to a Dedekind cut

i.e.; 1 measurement; It is necessary and sufficient for the definition

~of d'property P that thefprescribed experimental procedure decides

1 vhether uhe value P, of P in an object A 1° greater Lhan, equal to, or

A

'fi'smaller than the value P of P in an object B. A deflnltion of this klnd

B

covers any number of a group of functlons transformable 1nto one ano*her

B by a.mono*onically-1ncreasing transformation. The :selection of a parti—

cular mem er of this group as & meas ure.ofvﬁhefproperty is essentially
arbitrary and a matter of convention. (Instead'of the temperature T we.
could"choose log T as & measure of the same proPerty.)

. There,remeins the.question of the‘general applicability of‘a'concept.
If we start with a,concept borrowed from mechanics-we are not entitled ﬁo
expect that it will be useful in electrlc phenomena. But how can we
find concepts that are generally appLJCable and, moreover, reveal them-
selves as heing so? Essentially, Kant has given us the guideline. In
8 someﬁhat free interpretation ve may express what we have learned fvom the
"Critique of Pure Reason" in this nay: In order to find concepts that
are necessarily general, we have to se arch for those  concepls that are

Kant;s own se<axch definiteiy was_unsuccessful. éuﬁ his guideline

was_sound,

‘In the following the contritutions of Cdratheodor/ and leter authors

to the foundations of thermodynzmics will be discussed. We shall than

resume ths investigation of the basic concepts.
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2. Carvathéodory

2). Heat end the First Law

. ’ :

As éoon as tﬁé investigations of Gibﬁs,AHélthItz, H{‘A.'Lorentz,
Nernst and others'had_exéanded thé‘field:of thermodynaﬁics, numerous B
?éuthbré\felt the need of éetting up a rigorous}systéﬁ, frée of cdntraQ
'~dic£ions. The idea wvas t6 derive the two laws and the essential cbntent
of thermodynamics from £wo'principles obtained by generalization of -
observations. The mésf beautiful realization of this program waé pre-
. sented by Planck (1897). | | |
Mach'é influence in those daysvwas strong énOugh to cauée an emphaﬁic:” )
- accention:the empirical basis. It was notl strong enough to produce a |
logical investigation of the basic concepts“such as Méch himself héd
undgrtaken in mechaﬁics. | |

It was Carathéodory (1909) who felt the need of én entiieiy new
systeﬁ.‘ He may have been led to th;s probiem‘By.the fact that he hadv} 
previously deveioped a very suitable'toolﬂfpr discussing the second law
ih'the theory of Pfaffian expressions. But, his contributgon to a new
formulafion of‘the first law vas even more important. His mathematically

_trained‘mind was offended by a redundsncy in the primary céncepts. o
The origin of ther@odynamics had,‘indeed, entaiied the'combined
"use of thermal'and mechanical concepts, both based directly on observa-
tions. Carath56d0ry set out Lo unify the syétem'by reducing thermal
.notions to mechanicél terms. The notions in question are aﬁount of ﬂé&t»

and temperature.

.Carathécdory leads to a non-thermal vresentation of the first law

by way of a direct experirmental definition of the idea of an adiabatic
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'1 uall. He notices that the equilibrlum state of an object enrlosed

: 'in avdeformable-ve sel oepends on the outside pressure buL thdt {the

r',state of an obgect encloeed in a rlgtd vessel. is not subgeet to any

L-::conditlon dependent on the mechanlcal pr0pero1es of the environment.

In an entirely analogous vay there may or mny not exist equilibrwun
conditions that have nothing to do wlth the outside pressure »There
‘are.walls of such a nature that an enclosed ohject is subject to no
"other butvmechanieal equilibrium conditions; such’walle are ealledv
v‘-adiabaticé they are apﬁroximately realized by a thermos bottle, But
_there_are other'walls,‘called diethermle, sucn'that_an enelosed objectf
“1s subject to one other equilibrium condltion, in gggggggg to any.
mechanical conditions. |

Now the first law can be formulated: If an object enclosed in

. an adiabatic vessel changes from an initial state I to a final state

F the work W done upon the object is always the same. It may therefore

"~ be used to deflne a state function, the energy F, such that

EF - EI =W,

| Thls may oe illustrated bv & simple examplerle ges is enclosed'ln a
cylinder equipped with a pieton and an electric heating coil. The
cylinder is kept in a thermos bottle. lf ve compress the gas and let:
it then expandjto the original volume without doing any work, we attain'
‘a final state in which the gas is warmer. The same state can be
attained by introducing electric work into the heating eoil.‘ The amount
of vork required to attein thersame final ‘state is the same in both

cases.

The amount of heat introduced into an object in a diathermic

a -



a5  UCRL-17817

vessel is nowvdefihed?as | '
Q'= F}."‘ EA - YI", o ' v (21.1)
- It is zero for an adiabatic change.

Temperature is introduced as a staté.function.such that equality

: i;of the temp¢ratures of thé_object ahd'the envirénmeﬁt repreéénts the

non-mechanical equilibrium condition for an objéct'in a'diathermic"

Y vessel..

Thus the thefmal'éoncgpts are.indeed rgducgd to mechaniéﬁquhes:“v
so that ﬁﬁe’unity of the.system is_gstébliéhed. >, | |

'Epistemologicallylfhé great progfess resulﬁs*fhmnthe}eliminétion'¥
of heat as a fundémental conéept that is based directly on observétiqp:t
f'Whenever such a redundant édncept is introduced it must be later removed;
this is done agaiﬁ by appeai to experiment. | |

.“iﬁ thevpresent problem, Carathéodéry eliminated ﬁhe unnecessary
. appeal by réducing the prihciple of the firstvldﬁ.tova state@ént coﬁé-i 
cgrniné only‘adiahatic changés. The redundant system covers ﬁp the )
lack of a straightforward, logical presentation'by a double recourse
"to observation.

In the éuésﬁion of heat Cargthéodory piOneered* the cleanﬁp of:

thermodynamics. But he left a good deal undone.

22. Entropy and the Second law

In the discussion of the second law, Caraihfodory again started
an important siraightening process. Here he eliminated the use of

such ertificilal devices as the Carnot cycle or a pericdically overating

Carathéodory mentioned that G. B. Bryzn (1905) and J. Farrin (1906)
had noticed the redundancy before. I have noi found any statement or
hint of a pertinent nature in these {wo papers.
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jmachiﬁé; These”deviées. historically well-Jhsﬁified,idid never excel .-

:'.1in clarity, dlrectneqs and conuplcuous nenerality of axgument.

Carauhcodorj dﬂrlves the second lav from the follovlng emplrjcgl

- Pri“C’Ple- In the nelehborhood of any stste A of an object there are
i:iother states B thau cannot be reacheo from A in adlebatlc prOCegses..f fi'
For example, the temperature of a galvanic cell in a thermos bottle md§ }.J
 be increased by 5ntroducing electzlc work into 8 heat:ng coil without

’charglng or discharglng the celW But there is no wvay of adlabatlcally

decreasing the temperature, directly or-indirectly. ~T9,be sure, a
vdiécharge of thé celi'may bevcoupled wiﬁh a'temneratuvé decréﬁée bﬁt‘
re°titu+ion of the original charge leads again to the orLgindl (or é L
higher) temperatule, never to a lover temperature at thc same state of
. charge.

The prinéiple that such adiab;ticallyninaccessible_stateé exist is.
intrdduéed.by Carathéodory.as & géneralizatibn ofvexperimentallfindingg; "
T It leads.to the definitioﬁ of entropy. The first iﬁw fﬁrnishes a
differentiél expreséion (Pfaffian expresgion) ) o
| dq = ar -&w B _ '(22.1)
for the heat introduced if the process is quasistatic, i.e., a sequence
of equilibrium states. In thls case the worx.gh'lntroduced can be
expressed By proverties Qf the object. (If'eéuilibrium is not established,
- not ail properties bf the object have well-defined values and Hﬁ can
be expressed only by properties of the environment.)
| Such a Praffian expression as eqn. (?2.1) is, in general, except
for trivial caées; not integranle. Bul if the curves deflined by
Lo =ar -fu =0 - (22.2)

do not lead 1o gll points in the neighborhood of the stariing point,



R -"=UCRL~17817;

.then téQ.é)'isiintegréﬁlé: 'In ofher words;-qécording tb é theorem

of Cafqﬁﬁéodofyvfor Pfaffiéns; éhe condition (22.2) for an adiabatic; :_:
g quasistﬁti& change is then equivalent to the‘constancy of a state
v'fpnct;on S given by |
| ~3ds:=32yh = (dg.:gw)/T‘z.o. SRR '<(22;3) 
‘,Thé.differéntiai dS of 8 is obtained by multiélying (22.2) vy a st;te
function l/T. Thevthéorém states the.existencé of the state funqtions o
'8 and‘T érovidcd that the family of curvés defined Ey (22.2) does égﬁ
cover all neighbor points. | | | |

Accbrding to (22.3) éhe entrcpy‘s i; eonstant in an gdiabétic~

' quasistaﬁic change. The set of aéiabatic~quasistatically»accessible

- states represents the border between sdisbatic-irreversibly sccessible

- states and adiébatically-inaccessible states. ¢onventionally_irreverSible"

 changes are characterized by

s>0 . o (22.h)

"so that thelentrOpy is sufficientiy‘defined by a Dedekind cut. It is

méasured in diathermic changes by ﬁhe quasistatically introduced -

héat as- .
as = da/7. | ,v (22.5)

Since the définition of T cannot include the valué zero, T must be

definéd either as a}ways vositive or &lways negative. Considéra;ién'

- of thermal interaction identifies T as the temperature.

b d c
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‘L3.' Later DcveJovmert

In the twe]ve ycars followlnv Carathcodory s paper his ach1evements=llff' »

ln thermodynamics vere hardly noticcd. But uhen Born (l9°]) had pub~'i'i
lished a 31mplif1ed presenfatlon codbined with an emphatlc appteclatlon,
Carauheodory s ideas were wioely sLudled and accepLed._

"An 1mportant modlflcation of the r=conc1 law has been proposed by
.Buchdahl (1958). He‘introduces as generalized emplrlcal ‘principle the r;‘

| ;classiflcation of the s»ates of an object. There is a class of states

" "B which are the results of ad1aba+ic changes startlnﬂ from state A vhlle

no adJabatlc cnanne leads from B to A (adlabatic—irrevcrelble channes)

¥

Theré is a second class of states C which is not adlahatically accessible""

:l_from A.  The thlrd class of Suates:h JS adiabatlca]ly acc0551ble from
';A and the state A is also adiabauical]y acce351ble from anj of the' fvr
states (adiabat:c~revexsible chcnges) | |
This princlple is sufflcienu for a Deéekind*cut and therefore forl
‘a definition o’ a state function S which has the same value for A and |
all states D, (conventlonally) hipcer values for the states B and

- (accordingly) lower values for the states C.

The gain in clarity and dizecu emphasms of the’ essentia] contept

B of the second lav 1s obvious.

Caratheodory s attempt to presen; thermodjnamwcs on an ax1omatlc
basis, has been caken up by several authors (EhrenfestnAfanassgewa i
1925, Landsberg 1956, 1951, Falk 1959;7Falk and Jung 1959, Callen 1950).

The revierer is not comoe*eno to discuss the netbcnatlcal aspects .

of these elaborate attempts. He has not heen able, however, to find ’

in then any significance reg irdlne the presentation of thermodynsmics
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”--véfngs g'physical scienee.- The ba51c concepts of thermodynamlcg have A

"rqf:not been conuldered and they hwve been wronnly represented. Thus

ax1cmmtjc jn thcrmodynamlcu hes remained a ﬁame for cths that are

'*.e:‘not interconvertlble vith real money. A fgmoug mathemat1c1an once

*’stated that he Dreferrﬂd th sc1ence becavse it cannot flnd any practlcal[
1ﬂtuse., There is no necd hexe to discus‘ eltnen the Tactual ba51s or the
;moral value of thls statement but 1t 5s obv1ous that 1t is 1ncompat1ble

ifgw;th the ijective_Qf_applying axlomaties to thermodynamlcs.fv
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b, Basjc Conuep

UP tO this point no- attempu ‘has. bcen made to 1ntroduce preCLSE L R

'f;flgconceptg 1n an orderly fashlon .  Since the purpose of the n:ccedlnﬁ

'°'-::Sect10ns was_a_rep01, of the work of Caratheodory and other authors, faf ﬂ¢'T"“

-iﬁ:_Sugh'an_attempt would have been’pedantic and even unfair. At this poinﬂ;_;f.*uﬁA”

" however, ve haVe to resume the discussion of the first Section so that we “

L Vare pzepared then to re¢lize the achlevemnnts and the shortcomlngs of

'Tfff earller authors in regard of the ba51c concepts.-

The significance and rcqulrements of an or6011y introductlon of
- the_basic'concePtS'haMQbeen 1pdicated in tne flrst Section. The nlhlllsté?:l
};iiattitﬁde bf Junaping into .a discué sion of terms whose mednlng never. has
lilbeeﬁ explained obvibuélytdbés not make sense in physical sciences. 'It'
'f:hés-neVe: been.dpenly advocated, yet it has been silently adopted by -
"ll wriﬂefs in tﬁerﬁodynémiés'without a s:ngle exoeptjon. Denblgh (1955)1
has been moze candid than Ouhers by frankly passing the buck: "The |

notion of work is not regarded as being in noed of deflnntlon of 1 hermo?vx

“'l“: dynamics, since it is a concept vhich 1s a1ready defined by the prlmary

" science of mechan;cs. ‘Since thermodynamlcs has g much wider scope than -
: mechahics, a.mé;hanical definiinn can never do. Zemansky's (1.957)
explanatidn, going bvack to Poincaré, namely; thatlwork can be used td ,
1ift ;.weight, is gntirely vagzue &nd'éannot.be translated into-opera£i§é 
terms. |
" The method of'introducing basic cbncepts has éeenloutliﬁed a fou
years ego (Redlich, 1962). The mezning of the concepts must be
-explained in ordinary language; no terms of e pﬁrticular science muéf

be used, but the concepls must be appliceble in all physieal sciences.

"




i

The dis cu5510n nay be 1lluut1ated by examples but it must not be bused
*iOn examples. The inev1tabllity of the 1ntroduced concepts must be

. shown and therefore no concept must be defined by_enumeration of parti-.

- cular examples.

The goal of1hatural science is the description 6f‘reprodu¢ible
“events. Thus they are distinguished from history, which.describes uniqﬁe’_'

. events. The experimental nature of.the'physical sciencés requires &

'7  partlcular dLStinCuiOn of pr0pertjes that can be varled accordlng to

vour pleasure. A descriptlon u31ng such pr0pert3es ensures the experjmentdl
- reprdducibility of the condltlons of observation. |
Our desnrlptlon of the world the so~called natural Jaws, is tenfa- ;é ﬂ
.'tive. If an cevent’ is not correct]y pledlcued the underlylng natuza] |
law" must be amendéd. The refutability of all results of natural. scien@é.
by ﬁew obééfvations,-inléarﬁicuiar by experiment, "has been clearly pointed
ouﬁ by -Popper (1935) as a decisive chéracteriétic. | -

. On‘this‘bésis a set of basic concepis can be.develOPed.‘ A brief |

outline follows. | .

41, Object and Isolation

. The concepts "object” andA"isola£icn"1gre indi;pénsable because we
cannot dgécribe the whole universe in a single swoop. The description
.can procee@ only piecemeai. The two concepls are coupled: "Objecﬁ"‘
is anything that can be igolated, and an "isolated" object is one whose
properties'remain unchanged whatever changes may havpen in ité
env1ro"ment.

In these concepts as well as in all O*Herslwe pernit ourselves

far-reaching idealization. But legitimzate idealizations start from
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"erperimehtsT situstioss.v'ﬁ%e "jsolated~objecth,-for 1qstdnce, 18 an
| ide8114ation of & conotano-volume calorlmeher. A properly constructedu
concept e]xmrn&teu the cluosy lancuage that would be reoulxed in a
- direct.descriptlon of.an experlment with all its shortcomlngs. 'Aﬁ ’

" -idealized calorimeter; i,e;, ihe container of anvisolated object, WOuidis;rirfvfl;1
ibe described by 8, whole series of sequences: -'Waiis of decreaSino thiéké-sl

o ness at constant rlgidity, vacuun jackets of decrea31ng pressure, supports S

~* of decreasing cross section, and so on. The 1mperfect rea117atlon of

.. the experiMGntallconditions does not prevent:us from using 1deallzed A

concepts such as "isolated object" and numerous others.

42, 'Interacsion b? Contact ‘
'After the first step of study;ng 1solaLed objects, the second 10.
' obvious]y to examine interaction beuveen tvo otherwmse isolated objectssif?"“
E@plrically‘we notice that 1nteraction exists>a;ways Vhenever two obgects‘;ia
~touch each o?her. One eondition of isolation is enclosure ih a vacuum -
ojacket,'sueh as a thermos bottle. Interacﬁion bytcontact is also calleo';7
thermal interection. ‘

.'If enfobject A in‘eontacf withbanhobject_B becoﬁes wsrmer, ve say
T, < TB and conyersely;_ The observation of fhermal interactionvconst%-v 
tutes therefore the besis for a Dedekind cut and thus for the definitioh
of ﬁhe’temperature'T.‘ | |

43, The "Zeroth Lau" and Non-Thermal Tnteraction |

Carathfodory believed that the definition of temperature requires,

as an eqplrjca’ly based condition, the statement: "If an objéct A is in

'

thermal equilibrium with B (TA"TB), and if A is in equilibrium with C,. -

then B and C are always in equ1llorium with each other.” This condition



13- UCRL-17817

ﬁas:bcgﬁ Eélléd'the‘ﬁzéréth law" by Fouwler and Cuggeﬁheim:(1939),'é;‘
:férm' Iépeated_ﬁy numéious authqrs. Itlisiétiénge thét no auﬁhor ha#.‘
;,thiced‘that;aﬁ anﬁlogbus éondition should be presupposed for the‘cqhﬁ_
cepts of the mechanical force, of:voitage,rof the chemicél pqténtial‘ﬁ-iv
aand other quaﬂﬁities. | o
f'Théj"zeroth law" is nbt ihe generaliiﬁtion of observations,rit is
nqt_a'neéessary coﬁdiﬁiéﬁ-féf ﬁhe definition of teﬁpgraﬁure and it is
7 50 law. Ifs realvéignif1;ance,can'be iiluSérated by the'folloﬁing -.
- example. ‘We choose an obJject A thch,is permeable for neutfons;v'

an object B that absorbs neutrons, ahd an object C that radiates

neutrons. . Not knowing anything of these fadiation‘prOPerties,‘ve estab;'f*‘f'

lishifhérmal'eéuiiibrium between A and B, and beﬁween A and C.  Thenv '
‘we find that B warus up on cohﬁactAwith c. o | -
-Do Qefconclude tha@ the concept of tempérafure ié meaningiess?i By’
no mééhs. We conclude that‘thére'is a nev, non-therﬁal.méde.of intg}— -
action and set out to describe isolation and the particular ébnditions 3
of interaction for this newbmode.
A more conveﬁtiénal example would be the choice A = water, B = benzene,

. C = carbon teﬁrachloride.' The thermal equilibria AB and AC are easily

!

established but B and C produce a heat of mixing_on contact;

The generaiization is obviouéi 'Whenever fhe so~called geroth iaw
is invalid we have to search for a new mode of interactibn.

'

. Each new mode leads’to some particulér interaction gadgets which
permit us to esteblish or eliminete interaction between two objects.
| These may be a meclanicai conneézion for mechanical interactidn, or a
pair of copper wires and a switch for elecfric interaction, or a

semipermeable membrane for mixing and chemical reactions, and so on.
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,Insteéd.bfva *1av91éipfessiﬂg a gcneQalizatiOﬁ of observéd facts, v§;=%f
'have a requirement, a."rule 6f order" iﬁpqsed by us.on any.desqfiption" ”
of natural events. | |

P0pper 5. czlterion of Iefutability shows imm°diate1y that the
"zeroth law" is not an:empirical statement: It can never be found tq'5e ' B
‘_inﬁélid | If 1t is talen as é'factualvstatemené, one is forcéd to inﬁro;a
¢‘duce in 1ts appllcaulon condittons of isolation (Carathﬁodory s varﬁoas.
walls") that comevqs afterthougnt. As 1ntrqdu;¢d.at the start, thgy-‘
" are entirely indefinite.~ Resﬁrictions imp55ed afterwards in pﬁr£iéﬁlgf; ';'  
‘scases have sappeu the conceptual strengbh of thermooynamics. |

hh. Interaction Condition, Generalized Coordinates

'What_do¢sv"establishing nanthermal.inﬁgfaction" betﬁeen two dbjgéts :
r;mean? Simple examples are easily giveni in the interacﬁion Between tﬁé'
welghts on a balance- it means relessing the arlgstlna mechanism, in the
: unitihg of two.gases it means openingvthe'stopcock in the conneclting
' tube, iﬁ_the interaction betweén 8 gélvanicvcell and a capacitor it meanéi
closing a swiﬁch. But what is the general significance of such an
operation in a quantitétive descriétion? |

- The ﬁrOpertiés of an isolated object are independent of the
- properties of another iuolated object. Accordingly, if is the general

characterlutlcs of 1nteract10n thzt a condition

F(x',x") = B o (4h.1.)
‘is imposed on e property x' of the first object and a properiy x" of
the second. one. . Since we can feplace any quanﬁity byfa monotonically

1ncredcinb function, we may always transform the interaction condition (4k.1) +c

~
+
»
it

" +x" = const. ' (4h.2)

or - o dx' + ax" = 0. o (4h.3)

. -
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’ This is usuale, though not always, done.:

| As long as we consider only one var1dbl° x' of én object the pzrti—
jcular choice of the property would be of littje concern. We could
.charac9erlz¢ the state of a gas JU§u as wellvby 1t$ dielecfric cénétant'

‘as by its volume. This is not so any more as soon as we consider moxé4f ff'
tha.nj 'oné mode of ‘inter'jactic;n. A set of h inte_eraé’uion _cdnditio_ns of -{;he
e kind‘(hh.3) wouid be.of.little descriptive value‘if each of the h condiév -
tions dia invélve'the variables X{; X3y o - .:xﬂ of the first objéct>and. .
_the correspond:n« var1ab1es of some othef object. vFor a rational des-
criptlon of physical events.and for the purpose of exp°r1mentation we.
must.restrict the choice of the variables: Ve select as gencralized

coord:nntes X. « X, 8 set of indépendent variables of such kiﬁd E

LDRLES ,L’ 2; . .
~that in 1nteraction by a'certain mode J and isolatidn with respect to

all ot her modes only the coordlnate x 18 changed while all others rcmain

J
constant.

Thi; orthégonality restriction is obviously geceésary for an.,
orderly déscyiption of each mode of interactién,and for maintaining Quf
ability qf.changing the objectlto an arbitrary state.by intefuction with
other cbjects. 'It'is a requirement>and ve have no gusrantee that it can
be satisfied. Ve impose it on physical sclence, find difficulfies in
satisfying it and muddlé through soméhow; This is thé natural course
of science. |

' _ .
L5. Equilibrium, Cencralized Forces

The result of interaction between two. objects may be (a) increase
of x', and therefore according to (h4.3) decrease of x", or (b) decrease

of x' and increase of x", or (c) no chenge in either x' or x". The

CN

observation of interaction is therefore the basis for a Dedekind cut .
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and for the defﬁnitipn of a new property, the-generalized forces_f',

2

and " of the two obgects.~

.The.generalized forces ar¢'defined'by :_.'> _ _
o (a) £" > ¢! ‘if. ax' > 0; ax" < 0- L '(1,2;,1-.,)
(v) £ < £ ir ax' < 0; ax" >0 . | | (hlt-s)ﬂ,"
-v (c)'vf" = f'lj 1f' dx' < 0; ax" =0. . . (th6)f 

: Thé-caﬁé_(c) definesvéqﬁilibrium.> It aiffers from isolation of the " .
;;two dbjécts in thét a small éhange enfofced on the second object may en-.
tail 2} change in the first object. | | |
Thus there is a generalized coordlnate (path, ‘volume multlplied -

 jby -1, electrlc charge,.suxface area, %nd so on) conaunate to each mode;ﬁ'“
R of interactlon (mechan:cal, electric, and so on) and also a general1zed-;f'
»force (mechanical forcc, plessure, voltage, surface ten31on, and so on).
The conventional ca;ibratlon of a%l forces, startlng from the weight of-'ﬂ
a éieée‘of platinquiridium;,does not require'any_further discussion.

" For the definitioﬁ of .forces and the.applicaﬁion of the "zeroth lawﬁ-
ve could‘rgpeat precisely what vas said regarding iemperature. If equili--
brium bépween A and B, and equilibfium_between A andiC does not entail o
equi;ibrium betwéen B and C, we have to search for a new mode of interaction.

The'measureﬁent of forces furnishes a very characteristic distinc-
tion of generalized forces ( and the temperature) from all other proper-
ties. Forces arc meﬁsured by comparison, és are.all quantities. Bui
" in order ts determine & forée, we must establish equilibrium between
two ohjects: The object on the left pan of a balaﬁce must ﬁe in
. equilibrium wilh the standard weight on the right pan, the pressure

between an object and the gauge must he Lalanced, the voliage of a



'.ﬂj mcthod) The thermoaeter is us ed in tbe °ame mannez

e iinecessazily between the environment and the object

»1“;73 is requlred in the envjronment

.i.ngalvanic ce’l and of the potentiometer mu t bo equaliaed, chemlcal

'«f-potentlals aze measuzed in equllibrlum (for 1nutance, in the 1sop1esulc»u:j;

:_ The deflnltnon of work done upon the filst object in the mode J o

o Wq. fj dx RN S g}?:})

';ﬂrequires only tnat the force fJ of the env1ronment is vell d@flned.»'

v{nThere must be equlllbrlum betueen the env110nment and a gauge but not

The 61tuat50n is dlffercnt for the determlnatlon of thc entropy.-;-

”iHere the tempnrature of" the obJect must be def:ned, but no reversibllityﬁa
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5 G°nera117ed Coozdjnates and Forces in tle DLVtJOPﬂenE of ThCTMOJVHUMluS

Tﬁe oﬁtline of the'preceding Section furnjsheq the background.forAa
“ review of the basnﬂ concepts in the thermodynamlc literatuze. The impor- 4
 tant concep+s are the gencrallzed coordinates and forces.

51. Before Carabheodory .

In early thermodynamjcs the only 0001d1nate con31dered was thc,

' ;volume and accordinnly only pressure vas 1ntroduced as a. "force. - One by’ o

'ﬁ.one other coordlnates.and forces were examlned. Textbooks someltimes

~

developnd the fundamental laws referring only {0 work aaalnst pressure,"

.. other modes or 1nteract10n vere often added as ‘an afterthounht. The

’1rzdtlona1 changze of ucope was one of the main sources of a widely spread‘
feeling of unceruawnt& |

. Only one of the early authors, Helnm (1898), made a,serious»attempt
at discussing the properties_th@t‘ﬁe nov call.genéralized coordihaﬁes;'
and fgfces;: He tried to characterize and enumeratle them and cailed them -
"extensities" and "intensi;ies", respectiVely; He was not’ab;e £o intro-
duce #hese concepts on a firm baSié as has beén done in tﬁe preceding |
. Section.- |

. Helm and the terms used by him‘wgre.almosﬁ.completély forgotien
early in this century. Undoubtediy they werevuﬁknown to Tolman (1917)_-
when ﬂe proposed the terms "extensive" and "infensivé" and defined thenm
in the méqner adopted a iittle later by Leuis and Randall and gencrally
accepted £0day; (Appar .tly‘neither Tolman nor Lewis had noticed that
Planck (1897) had used the terms "externai" end "internal” variables

in & similar sense.)
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In the 1ast,tventy years the terms "generalized coordinates” and
"forces" came into use though nobody was able to formlate their

meaning. In this situation, obviously'by some vague reminiscence

of Helm's terms, coordinates were often called extensive and forces. T

© intensive. Actually ihe two palrs of doncepts have nothing in common.

- . ¥ . . ' . - “‘-.
"The” simplest example 1s a weight in the gravitational field of the -

earth. .The coordinate, the altitude, is intensive and the'force5 the . -

.- weight, is extensive. -

52.  Carathgbdory B i'_. . . "..'.g

-

" Through the veil.of an austere -language, we gain a glance now and

- then‘at Caraﬁhéodory's personél‘attitude tofhis subjéct. In very crude

Tworés,twe mnay perhaﬁs interpret his attitude ih thé following manner:

_ "What therquynamics needg isithe éstablishment ¢f logical Qrdér,
_gsséntiaily an inteilectual cléanup. This is a pibblem for a matﬁeme—'
ticien. The fundamental ideas and concepts have been introduced by

the physicisté long égo and a mathemaﬁician need nbtlworry anut them."

Accdrdingly Carathdodory defines the state of a liquid or gaseous '

phasé by the amouhts.of its constituents, Its volume and pressure with- i

out giving these terms any thought. He excludes expressly crystalline.-.

phases, gfaVitational and other fields, electromagnetic and surface
~ forces.

In all these_réstrictions he refers to the example of Gibbs (1876).

But his intention was entirely different. Gibbs did not wish to derive .

and discuss the general laws but his intention was to apply thea to
certain problems that he precisely circumscribved at the start and

then, one by one, treated exhaustively. Consequently, Givbs talked of

.y‘.
- Suggested to the author by Dr. Martin G. Redlich iwenty years ago.’

e bensn e et v b e

e et v et S

[
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'venergy and entropy as wel1 known quanuitieo in the verv f1r sentence
| of hls'paper.n Curathcodory wluhed Lo develop a genezdl ﬁyotEm of
'"}thermodynamics.' In ohiS endeavor no zestrlctlons atvall can be Justi-*'

if'fied. At 1ea t, he mentions some of the restxictlons in thc beginninb

"y_while other authoru have been silent abouu them.

It may'be objected that Caratheodory s terms ehould not be‘taken»lf

narrovly VOJumes , for inSuance, should be tqken as a syMbolic term fzﬁf'*

{-lcoverinv what in the precedwng Sectlon was called generallzed coozdlnates

" But such an 1nterpretatlon is not conpat:ble wi h Calatheooory s clear

' language and w1th his reference to Gibbs, who introduced the samej o

- restrictions vhere they were perfectly pfoPer. Moreover, one would

hardly~extend'the concept of a "wall"” or "meﬁbrmne to include a pair."tf'u”v

.of copper wires and a switch for the interaction between 8 galvanlc cell

end a capacltor. v »‘
*In_addition to tne iniﬁial reetrictions,concern;ng the'indepcndent o

, va?iabies, more assum@tions turn up in the courée of_Cerathéodory'svv.en@

discussjon. Neither the introduction of equilibrivm conditions nor the . .

. assumptions concerning the transformstion of variables made dependent

- by these conditionyare transparent. The further restriction to what
Cafethéodory calls "simple systems" implies asswaptions expressed as
definitions; neither theif.significance nor the neszd for them is immey,:
diateiy clear»(Cf. Falk anq Jung 1959). All but one of the independent
variables 'of a_"simple syséem" are assumed to depend only on the phase

~ volumes., |

Concentrating on the relations between the basic concepts,‘the

axioms and the final conclusions, Carathéodory took the basic concepts

n
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for granted. .
The solution of the mathematicai_problemsvinvolved'is-necessary

but not sufficient for the development of a physical science. The most

; excellent axiomatics is still not thermodynanics.

'53. _After Carathfodory

In genera1 Caratheodory s <'uccessors have accentuated his short~

'ffeomings._ Born did not see any problem 1n the generallzatlon of volumes.
' Consequently the body of his discussion is_restricted-touthree indepen~
_dent‘variables (the.simplest noﬁetrivial cese for the discussioh of |

| 'Pfaffians). |

Neither he nor any of the axiomatists had qualms regarding the.

distinction of generalized coordinates from other variables or concerning -

 the distinction of coordinates and forces.:‘Following Carathéodory, one
‘ accepfed the defiﬁition of the state of a phase (of constant composition)
by vo1umo and pzebsure as an enpirical fact. When the temperature was

'introduced, Lhe existence of an eouation of s.ate vas again presented

as an empirical fact. This arbitrary procedure of introducing and elimina-

dting undistinguished, in no mannei'characterized' vdriables by repeated
appeal to experience should be compazed with the introducLloa of one
independent variable for each mode of'interaction. A systematic deduc-
tion,,meanlnnfu] in every slnnlc step, does not nced to replace logical
devéloPment by arbitrary'appeal to observation. But in order to build
up-a clear‘system on2 musi distinguish'between different kinds of vari-
ables as has been done in Section 4.

: It was Fhrenflest (l9li) wvho felt Lhat something was fundamentally
wrong regerding coordinates and forces: Flne mich vollig befriedigende

Definition dieser Begriffe nibe ich weder 1n der Literatur finden



H'“ff>the eminence of . the participants The simple dietlnctlon of generallzed

= out only much later (Redllch 19f2), could have imned:ately resolved

1

R 2’2_;5. e - e »UCRI.—-]'_.'(SJ.‘?';_: B

ey .konnen, noch auch selber bu“ege ge bracht.' 'And in his ccnclndinﬂff: o
: fixemarks Ehrenfest mentione that the dlstlnctjon between coordlnatea
;:] and forcee may nced an axiomat:c 1nvestugat10n aonethlnc of the kind

sjﬁvpresented recently by C. Caratheodoxy for. othez concepts of thexmodynmmlcu."~‘-'-'

Twently thzee yeals later these remar&s led to a dlscu551on (Planck 193 ' ;:"

"412;11935, Ehrenfest—Afanassjeua and de Haas Lorgntz 1935) that did not

."“:3c1ar1fy the issue and 1s forgot+en today .Qf strange facts in view of

V'forces, namely, to be measured only in equillbrium (Section ks), p01nted ;

;?‘the discu biOﬁ.

- It is amaZLng Lovsee that Ca*atheodorj and..Llll morevall lafef :

'eﬂj}ax1omatlsts take infinite palns in the mlnuue exam:na110n of a thouvanqi
Ldetails and aré. in ‘ho way concerned with'the‘meannng o such germscaslk

:?;work, generalized COOrdlndteS and forcca.f' | | |

”. names metric va11ab1es and "contact var)ableq ; The mean:nﬂ is no»

easily dl covezcd but they use the tvo terms in the place of oeneralL7ed:i

coordinates and forces,:respectively. Then we find these.concepcs

.casnally identified.yith_"extensive" and "intensive" vafiables (5.120).

At first, we coiclude that this is just the frequcnt erfer discuséed

in Sectian 51. - But tne ccnfusion goes further. on‘p;131 ve find:,l"Thei.

'cdnnectiqn between.a metric variable and a conjugate inﬁeraction with

e conservation Jaw (as discussed above in the example.of energy) isvofv“

- a general nature. The variables conventionally called extensive are

‘s . ' s s e .
quantities of this kind." (Italics in the orlglnal.) It was mentioned

Among an abundance of new termu, Falk and Juna (1959) introduce the:f‘f;;'”
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(Redlich 1062) thut a relation looklng like a copserthion lav results |

'from the convcntio al form (44.3) of the interaction condition if the i
gencralized,coordinace is extensive. It was also pointed ocut that thqsé

"conservation lavs" are unessential. Indeed, relation (kh.3) is valid

.also for intenéivc coordinates. Moreover, relations of the form (hh.j)-  o

are a consequence of conveniently chosen coordinates ,.any monotonically -

incxedsing function of the coordinate could aoain serve as a c001d1n1te,

‘thounh much less conveniently; the interacclon condition (hh.3) would

appear in a more complicated form but the essenblal content would be Lhe -
same. The mix—up of the (basnc) distinction of genera];zed coordinatcs o

and forces with the (convenicnt but uncssential) distinction of exten-

" sive ‘and intensive properties leads to an entanglement that in the end =

canAhardly'pc resol.ved.

The same mix-up permeates many of the?recent bccks on thermodynamics;

'Laﬁdsberg (1961) @efines: “"Any thermodynamic function £ whicﬁ can be
ekprcsscd in tcrms of a complete set of icdepéndent-thermodynamicv
‘variables X)» X+ v -5 such that |
f(aXl,aXQ, N S A  (21.5)
is called an extensive variable." A veight W at-the height h in the
gravitational field of the. earth is, according to this'definition, not.
an extcnsive guantity sirpce ob?iously'
; W(ah) #.a-ﬁ(h) .
Before, Landsberg (1956) had cesunlly used (pp.373, 374, 379,.380)-
the term "externa) parameters" fof gereralized coordinates. The name
"externzl varia o1es bzd been used by Planck (lu97) a long time ago

for extensive quantities. A special warning would have been indicated.
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o

But the new tenn is in no way explained and no reader could understandv
h that the external pazamcters .are 8, claso of varlahlea with very
:special qunlit:es.

- It is hardly necessary to point ouL that textbookg and papers

o 1ess careful]y vritten than those mentioned contaln 51milar errors
'.4fquite frequently. The: subterranean uneaSLness, admltted by moot stv-f'

x dents as well as teaohers of thexmooynanlcs, s due to the prevalent .

B confusion-in basic concepts.
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6. Conclusion ™

— —

o Thé great achiéﬁements:of Carathé@dory;have-cre&ted é permanént-tl

- contribution bf_fundamentalfimportance. The definition of heat based »"

on the first law and the principle of insccessibility remain essential

" parts of any system of thermodynamicé.. A4significaqt step in the develop;f'

"ment of the second lav has been made by Bﬁchdahl by the direct formula-

tion of the basic principle.

Two_shortcbmings'in Carathéodory's system have influenced the later

developmentg' Misguided by Gibbs'.ekample in an entirely different:

~ problem, he unduly restricted the scope of his discussion from the start. f "

 Relying on the physicists’ previous work, he took the fundamental. concépts._

hfor'grantédvthqugh they had neverfbeen prﬁperly anaiyzed.

Later authors have nevef'eliminated these shqrtcdmings. Moréovef,
thelr work ﬁas beeﬁ-seriously impaired by a confusioh in'noménclature:
« The»terhs."exﬁensities".and "intensities"”, coined by.Helm (1898) for
;today's "generalized. coordinates and fdrcés", have been mixed up vith
Mextensive" and "intensive" properties (Tolwan 1917).

It‘ﬁay be entirely natural that the deep dissatisfaction with the

state of thermodynamics has resulted in the modern tendency towards axiomatics.’

After all, everybody would expect clarification and rigor from mathe-
matization. That these efforts have not brought about the expected rzsult
is significant in itself. Jt is true that the lavish introduction of

innumerzble new terms, always with a glence at their utility in the

derjvation rather than at their intrinsic meaning, is'a great obstacle {o

the ecceptance snd application of axiomatics. But the lack of the desired

‘clarification is undoubtedly the principal cause.of our disappointment.
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The way to rebq11d thelmodynamlcs starts from a discu551on ' 

\i iof the fundarmnxal conoepts. Such concepts cannot be taken over from v

‘Zif;;any pdrticular branch of the physical sc1encea. Thelr general app’:ca—:ﬁfﬂ;f“f;'M

L {*tbiuty can be ensurod with the aid of an idea. going back to Kent: ‘1’hose

:--concepts ‘are genera] that are 1nd1°pensable in the descrlptjon of all
3 obseryac1ons. A system of such concents 1s briefly outllnea in Sectlon h{‘”

" These concepts are 1dea11zat10ns, they cannou be exactly realized._'we[

S - -use “them because there js no other way for science.. Théy are'not baSédf

“ on observation. but represenu the rules of oxdcr that ve, impose on the

;.ﬂlfprocess of describing the world. They are indlspcnsable for an efficlent:affgf(L.l

description.
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