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1. INTRODUCTION

We will deséribé the method of Phase contours and its apﬁlication
ﬁo some problems in the stﬁdy of strong interéctions. Phase contours
are cUrves‘alQng Which‘tﬁe phase‘bf_a scdtterihg ampiitude is constant.
They'are sections of combiex surfacéé in ‘the space of the invariants
s, t 'and .. We will give a.brief discussion of the féllowing tépics:

(1) Propérﬁies»Of phase contours.
(ii) Ehasé contouré for pion-nuC1eon.scattering.
'(iii) Phase contours in a Reggé model for pion-nucleon scattering.
(iv) Resonance poles, and zeros, in a crbssing symmetric model.
(v) Fixed aﬁgle_scatﬁering at high energy{
'A more detéiled discussion of'these topics will be given in forth-

12),3).

comingvpapers}
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PROPERTIES OF PHASE CONTOURS o

We. llmit our dlscussion to- the scatterlng of splnless bosons of

mass 'm, except when cons1der1ng plonfnucleon scatterlng.l)- The-phase
B(s,t) of a_Scattering amplitude F(s,t) is defined byl
: '¢('s,t) = Imllog {F(s,t)} AP o ‘~(2.1)_»_

It is also necessary to define the phéase at an’ 1nit1al p01nt (so,t )
.When the amplltude has zeros or poles, “the phase depends on the route-

:chosen from the 1nitia1 p01nt to the ‘point  (g,t), so we must always

spec1fy the route taken.

: A phase contour 1s deflned by

s c e

where C 1is a real constant. Tt is useful3t0'study their properties

_both'for real.'s and t, and for complex s and fixed £, These.

properties include:

~a) Phase eOnfours,'for different values of C, do not meet each

'other, except at'zeros or:poles of the scattefing emplitude, and at

certaln other singularltles.

b) The phase change clockwise round a zero is -2x, and round a

'pole is Eﬂ.

¢) -For fixed t end complex s, the phase is an harmonic function,
and the phase contoufs are orthogonal to the modulus_contoﬁrs.
d) The asymptotic phase in a Regge model for a symmetricjamplitude}

‘ 2 s : . . .
for t < bm~, assuming a non-zero residue is given by



| UCRIV,-17921;‘ "

5e S : ,
Bew) ~ b -awl, )
aésls.ﬁv+ao~élong‘ s + iO (above the féal‘ﬁranch.éut),_ In cbmﬁiex,

difecfions, as lsl -
B(lsle'®t) ~ xi1-a@)l+ae. (2.4)

The;simple relétioﬁ_éf fhe phase to the power sagt) shoﬁid,be notéd.
"e)k Phase contours.contain information about the oscillations of

Tm F(é,ﬁ). as"s moves along the real axis. .These oécillationé;j

tégether with information about'poles and éefos, can be used to set

: bouhds‘on.the higﬁ‘energy behaviof of TF.

f) From the optical theorem, we have

Im F(s,0) So; - for | s>_'hm2. - - (2.5)

We define the phase $(s,t) at an initial point along + = O, namely
along s + 10 (abbve the branch cut),

B(s >+, 0) = Ex. (2.6)

N

g) The»phase contours
f(s;t) = 0,  or T, | (2.7)
cannot enter the region
‘ o2 - .2 , ' :
0Lt < W, s > lm. , (2.8)
For a symmetric amplitude, they also cannot enter the region,

- : . '
0 K u < _hmg,_' s > hm". . - - (2.9)
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’ Except when con51der1ng low and medium energy plon-nucleon phase

.:contours, we work with a Regge model 1n Wthh there is domlnance by a

single;, contlnuonsly ris1ng,Regge traJectorx as. s »qu-‘for fixed nt,

and there 1s symmetry'between all three channels;' s, t and - n;

~The methodlof~phaseFCOntours can equally well be applied to other models,

or it can be used to generalize eXisting models.

PHASE CONTOURS FOR PIVOl\T-.NUCLEON SCATTERING AMPLITUDES

We have used the results of the phase shift analysls of plon-
nucleon scatter1ng to obtaln phase contours for 1nvar1ant amplitudes

in the energy range
0 < T_ < Lhgev, - | - o (3.1)

where'-Tﬂ denotes the pion kinetic energy. The amplitudes that we

“have studied,l>vare the symmetric and antisymmetric combinations of

n+p and ‘ﬁ-p, namely,
| _A,(+),.' B'(+),‘ A.(-‘)’ ka(") . o | (5;2)

We have used'the 1966 phase shifts of Lovelaceu) in the range (3. l),

and some prellmlnary results of Johnson5)-1n the range 0< T < 1. 6 GeV

Our purpose‘ls to show that rhase contours provide: |
(a) A useful'viSual aid for comparing\different phase shift solutlons

and for indicating regions where the resulting scattering amplitudes

are complicated.‘ In'these'regions'one might conclude that the con=-

tinuation of ‘the phase shift solutions is doubtful and more experiments
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are desirable,
(b) Tﬁey determine the»loqation éf.feal zeros of thé amplitudes>
from the crossover points‘éf-phase contours and indicate éompléx-zéros.
(¢) They may help fo_giveran indicati§h of how to ﬁétchvhigh enefg&
models for scafterﬁu% Onto‘low energy ﬁodels."Fof this purpoée_we
have obtained phase contburé for the éxfrapoléted Regéé-model-descriﬁed
in Section L. | _ |
Phase contours for A’(+) derived from the.Lovelace (1966)
.phase'éhiftsh) aie shown ih,Fié. 1. There are seVeral points of
spec iél inferest . - |
(i):.The:phase, in an energy.rangevfrom 0.2 to 1.2 GéV’at angles

from 0° to 90°, lies in the range

0

90° < @(s,6) < 150°. a ‘ "‘f' »’(3.3)
' .Aboﬁe 1.2 GeV, fhere is a wider‘rahge of bhases whiCh:suggests fhe
Qnset of high energy'effects, poésibly of Regge type.

| (ii).bThere are two'reél éefos indicated by the crossihg df phase
-contours;‘ There ére probably aiso some.ngarby complex Zeros indicated
by the bunching of‘pﬁase contours, especially along a scattering
ahgle of ébout 120?.

The corresponding_modulué contours are showﬁ in Fig. 2. This

shows thé minima in the'mbdulus near the crossover points of the phase 
contours, and also in regions where theré_was a bunching ofvpbase contours

in Fig. 1.
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The phase contours for A'(+)Q-based:on the Johnson phase shifts;5)

are shown in Fig. 3. They’resemble thoee of Fig; l-in their general‘

. features. However the zero at l 27 GeV in Flg. 1 has dlsappeared It

'appears to be’ replaced by a complex zero near the phy51cal region, which -

'would be one-of.a palr of complex Zeros;

All the other amplitudes 1ndicate cons1derable complex1ty around
TJr = O 85 GeV, whlch is Just below the 1686 resonance. As an example
the phase contours for B( +) are shoWn in Fig;»#. Rapid phase
changes like those near O, 85 GeV indicate rapld changes in. polarlzatlon.

They also suggest that more experlmental 1nformat10n WOuld be valuable.

PHASE CONTOURS IN A RFGGE MODEL FOR PION-NUCLEON SCATTERING

We have calculated the phase contours for the pion-nucleon

~ amplitudes (3.2) using extrapolation from a Regge model for high energy

scattering.l> Our extrapolation is not meant to be realistic at this

stage, but it is hoped that it gives some'orientatiOn on what might -

be attributed to'Regge effects from the few poles that dominate near4

forward and near-backward scattering at high energies. We have done

this simply by adding the Regge solutions based on P, P' and p,

6)

exchange in the t channel,

L% _
and N, N, exchange in the u
7) | '

channel We have also assumed that the'trajectories fall linearly'
as t decreases (or u)

‘The results are 1llustrated 1n Flg 5 for the 1nver1ant

a8,

amplitude It is lnterestlng to find that real zeros arise

from the interference of different Regge terms., The contours in
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.

0 < (-ﬁ)'{ l.(GeV)E' 11lustrate the behavior of the phase near the

dip and:peak-of the.differentiai Cross'séction hear ﬁhe‘féfward '
direction;fwhiéh is attributed to the zero in the residue of the Regge

vterm'from' p  exchange. The shape of the contours at large angleé o

is charaéteristiC_of.our Regge model with rising Regge trajéctories.'

" RESONANCE POLES AND ZEROS IN A CROSSING SYMMETRIC MODEL

Phasé_éontours'provide a method for studying part of the
consistency problem in strong interactions; and may help towards

formulating approximstions in which the bootstrap problem is meéningful;

‘However at this stage we do nof?introduce'unitariﬁy, but'cbnsider only

the consistency that is reqpiréd by_cfésSing symmetfy forfaigiven
high energy behavior; taking into aécouht1thé associated reéonancé
poles (Regge poles). | |

Ry Wé consider a symmetriq scattefing'amplitude for equal mass
spinless.bOSOnSag) Our aim.is to constrﬁct a'quel, of a class of

models, that satisfies the crossing conditions and has given high
energy behavior. ,The latter. is based on Regge terms of the ﬁype,
oy t 1 N1
vb(t)"Sq( } explin{l - = alt)}]

2 :
(5.1)
_Sin[% na(t)] T(a) - . ' o ,

where Re{a(t)) is a rising function of t.

We assume that there are no real poles on the physical sheet,

- and we neglect the local distortions of phase contours that are
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v'1ntroduced at low energles in the physical regions. This- leads to the
Regge dominance model for phase contours 1n the phy31cal regions that

is illustrated for. the s channel in Fig. 6.

The phases in regions of crossed branch cuts are obtained from
.-(5;l) In these regions it is 1mportant to specify whether the real
.ValueS'of“‘s, 't_.and u, lie above or below their respective branch

cuts; on the physical sheet. The formula (5. l) applies along s + 10,
and ,o;(t) 1s real for t < lm 2, For }t > La_m_, Im o > 0 for t o+ 10,

: (t above the cut), and Im a < O for +t - 10 (below the cut but sti’ll..
on the phy51cal sheet) | .

The form of the solution depends on how many real Zeros. of the
scattering amplitude lie on the boundary of the phys1cal sheet.v The
location of the first of these zeros (the ore nearest the symmetry »

‘point - (hm /5, hm /3, b® /5), is directly related to the.scattering
length. There is an infinite seguence'of‘other'zeros,'but not all»of

' them need be on the nhysical sheet. They are'associated'withuinterference
between resonance poles, or between a resonance pole and a background
term.

. Qﬁe of ourvsolutions for the‘phase‘contours is‘illustrated in'.

Fig. 7. This solution.corresPOndsjto’an.infinite sequenCe of ZerCSh\
on the phys1cal sheet (s + 10, t - iO u - id) A’complex section'
is given in Fig. 8, with t real and t > hm : This shows how these
_Zeros are associated w1th pha e contours and resonance poles in the

complex s plane including part of the unphy51cal sheet,
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FIXED ANGLE SCATTERING AT HIGH | ENFRGY

3)

we have considered the problem of fixed angle scatterlng at
hlgh energy within the general framework of the cros51ng symmetrlc

amplltude descrlbed in Section 5. The method of phase contours is used :

vto dlscuss the relation between nlgh'energy behavior at fixed momentum -

transfer and at fixed angle.- The-former is given by our assumption
of dominance by Regge poles w1th ris1ng traJectorles in each channel
As an example we will con51der the phase contours shown in Fig. .

Theée correspond to the limit approprlate fOr fixed angle scattering

'with Im s > 0. We reduce the scattering amplitude to a Herglotz

function by‘factoring out zeros -and oscillations. In this example
there are no zeros of F in Im s > O, and no zeros of Im.F along
real s < 0.

With certain simplifying assumptions_we can write,

H{s, cos © -(6.1)

F(s, cos 6) R{s, cos &)’

where H is a Herglotz function and R is an entire function in the

variable s. The order p(6) of the entire function is related to

the phase by means of Jensen's theorem, which giﬁes

B(s, cos ) ~ C sp(e) . : ; | (6.2)

Using Polya's ineqnality, one can obtain bounds on the scattering

amplitude in the upper half s plahe,
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: _lo.~- |
(6 3)

If we gehéralize (6.1) to allow a sequence of Zeros in Ims >0

exp -A sp(g)] <

,F(S: cos 9)' < eXP[-A(cos Tp -
for fixed cos ©, we obtain

P S
. ’,R(S’,CQS 9)[1,_ : 2 S (6.14)

‘F(s, cos 8) =

vhere E is an “entire functlon of order q(@) Then, if q > p, we’

obtain the bounds for large lsl,
exp[B(cos qnf—e)sqf] < F(s, cos 8) < eXp[Bsq],, - (6.5)
except near the zéros~of E. This giveé
. g i . o . _ - |
a(e) 2 5,  forall 6. -~ (6.6)
No such condition is required if p(8) > q(6) for all e.

Ve arevindebted for hospitality and for helpful discussions to
PTofessor G. F. Chew at the Lawrence Radlatlon Laboratory, Berkeley,

and to Dr. L. Van Hove at CERN, Geneva.
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Fig. 1. Phase contours for A'(+) as functions of the pion kinetic

‘énergy T~ and the momentum transfer veriable (-t). Derived

from the Lovelace (1966) phase shifts for mN scattering. -
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Fig. 2. Modulus contours for A'(+), derived from the Lovelace (1966).

 phase shifts for =N scattering.



Co1be

~ UCRL-17921

A

7(+)

T

=160

120 150 4g0

1.6}103

(GeV)

Ty

0.2/

—-150

Dhase (J67) _ 

0.4 0.6 | |
-t [teen?]

0.8 1.0

XBL6710-5492 -

Fig. 3. Phase contours for A“+) defived from the Johnson (1967) phase -

shifts for sl scaftering..-



1.6

1.4

(GeV)

Tx

0.6

0.4

0.2

Fig.'h.

-15- . UCRL-17921

0.8

B'"' phase (L66)

| | ‘; -90

.\\ . » ‘1 )
- 180 - f150 v =30 0 _ B - 30 .60
150 120(%0\ 60)

150129
—120

120

90 120

- -150

O 02 04 06 08 1O 1.2 14

-t [(Gev)2]

 XBL6710-5493

Phase contours for B(+), derive&_from-the Lovelace (1966)

phase shifts for. =N scattering.



=16-
) 120 150 150 -150—‘Jz°o 60 ls'o 120" 15'01;—'5'0, ~150 180 150 '2-0'
7 (+)
6 A
,5 B
> af
O
& -
- 3
2 i
120 v|50
I+ 180
1 L 1 | 1 ‘ 1. . L
OO ! 2 -3 4 5 6 7

XBLE710-5496

Flg 5 Ihase contours for A'( ), derived by extrapolatlng from Lhe

hlgh energy Regge solutlons for nN scatterlng.

UCRL-17924 -



17~ UCRL-17921

XBLE711-5569

'Fig, 6.' Phase contours in the & channel for a Regge model. .Brokén

lines correspond to half integer multiples of ﬁ.



Fig. 7.

XBL6711-5570

Phase contours for a crossing symmetric,amplitude'in_the”limit ,

(s + 10, t - i0, u - 10). The apparent lack of symmetry is

due to the existence of complex zeros, some of\which are -
indicatedvby the dotted lines. The.black circles-indicaté :

real zeros.
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. ' v ‘ , , _ ‘ . 5
Fig. 8. Phase contours in the complex s plane, for fixed t > b -,
that correspond to the réal section shown in Fig. 7. Poles

are denoted by crosses and zeros by circles.
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