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EPIGRAPH

There are problems to whose solution I would attach an infinitely greater
importance than to those of mathematics, for example touching ethics, or our
relation to God, or concerning our destiny and our future; but their solution lies

wholly beyond us and completely outside the province of science.
—Karl Friedrich Gauss
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ABSTRACT OF THE DISSERTATION

Probabilistic Evolutionary Models of Cancer

by

Michael Kelly

Doctor of Philosophy in Mathematics

University of California, San Diego, 2012

Jason Schweinsberg, Chair

Cancer is currently viewed as an evolutionary process. In an organ there
is a population of cells that give birth, die and mutate according to population
dynamics that are determined by the types of cells under consideration. If certain
cell mutations are acquired then the cells can become cancerous. In this manuscript
we consider two evolutionary models that may each be viewed as a model of cancer.

The first model we consider is a Moran-type model. Individuals each have
an integer valued fitness. Individuals with a higher fitness value are more likely to
give birth and individuals with a lower fitness value are more likely to die. We fix
the mutation rate and consider the limiting rate of adaptation as the population
size tends to infinity. Similar models have been used to model cancers in liquids

such as leukemia.



The second model we consider is a hierarchical model which differentiates
between stem cells and progenitor cells. It has been proposed as a model of col-
orectal cancer. We find the limiting distribution for the time it takes for a cell to
acquire two mutations as the population size tends to infinity and the mutation
rates tend to 0. There are several different results depending how the mutation
rates tend to 0 as a function of the population size. The two mutations represent
the loss of two tumor suppressor genes. We also determine whether or not the

mutations occur on stem cells or progenitor cells.
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Chapter 1
Introduction

We discuss cancer as an evolutionary process. There is a population of cells
that give birth, die and mutate according to population dynamics that depend on
the types of cells under consideration. Cancer is only able to form after a certain
set of cell mutations are acquired. For this reason, we may consider an evolutionary
model of a population of asexually reproducing individuals that acquire mutations
as a model of cancer.

There are many different types of cancer and many different conjectures for
the number of mutations required for the formation of cancer. In 1951, Muller 28]
first conjectured that cancer is the result of more than one cell mutation. In 1954
Armitage and Doll [1] proposed that cancer is the result of 6 or 7 cell mutations. In
two papers in the 1970’s, Knudson [21], [22] conjectured that retinoblastoma was
the result of only two mutations. In [4], Calabrese et. al. estimate cancer to be
the result of 4 to 9 mutations. As recently as 2008, Parsons [31] and The Cancer
Genome Atlas Research Network [5] found an average of 47 mutations present in
glioblastomas and Jones [19] found an average of 63 mutations present in pancreatic
cancer. This gives reason to study models which view cancer as the result of many
or few cell mutations. In the first model addressed in this manuscript we view
cancer as a result of many mutations while in the second model we view cancer as
the result of only two mutations.

The first model we study is a general evolutionary model. It is a Moran

type model with mutations and selection. This model is similar to previously



studied models of cancer in liquids such as leukemia. We prove a theorem related
to the mean rate of adaptation of the individuals. No assumptions are made on
the number of mutations required to develop cancer. The purpose of this work is
to determine how quickly a population acquires mutations.

The second model we study is a model of colorectal cancer. The model
represents a colorectal crypt in which stem cells live near the base and progenitor
cells migrate upwards until they reach the top and are removed. In particular,
stem cells are differentiated from progenitor cells in this model. It is assumed that
cancer is the result of two mutations. The two mutations represent the loss of two
tumor suppressor genes. We determine the limiting distribution for the time it
takes for cancer to form as well as whether or not the mutations leading to cancer

occur on the stem cells.



Chapter 2

Upper Bound on the Rate of
Adaptation in an Asexual

Population

In a finite, asexually reproducing population with mutations it is well-known
that competition among multiple individuals that get beneficial mutations can
slow the rate of adaptation. This phenomenon is known as the Hill-Robertson
effect, named for the authors of [17]. One may wish to consider the effect on
the rate of adaptation of a population when there are many beneficial mutations
present simultaneously. It is easily observed that when such a population is finite
and all mutations are either neutral or deleterious the fitness of the population
will decrease over time. This scenario is known as Muller’s ratchet. The first
rigorous results regarding Muller’s ratchet were due to Haigh [15]. In an asexually
reproducing population beneficial mutations are necessary to overcome Muller’s
ratchet. In this chapter we study a model that gives insight into both the Hill-
Robertson effect and Muller’s ratchet in large populations with fast mutation rates.

We study a Moran type model with mutations and selection that was first
introduced by Yu, Etheridge and Cuthberson [36]. It may be considered as a
general evolutionary model and is not necessarily a model of cancer. We define it
as a continuous time stochastic process, X = {X; : t > 0}, which has state space

ZN. We let X = (X',..., X"). In this model, N is the size of the population



and X7 represents the fitness of individual i at time ¢. The subscript ¢ is usually
suppressed. We fix constants p > 0, 0 < ¢ < 1 and v > 0. The system has the

following dynamics:

1. Mutation: Each individual acquires mutations at rate p. When individual
i gets a mutation it is beneficial with probability ¢ and X* increases by 1.

With probability 1 — ¢ the mutation is deleterious and X decreases by 1.

2. Selection: For each pair of individuals (7, j), at rate (X’ — X7)* we set X7

equal to X*.

3. Resampling: For each pair of individuals (7,7), at rate 1/N we set X7 equal
to X°.

Under the selection mechanism the event that X7 is set to equal X' represents the
more fit individual ¢ giving birth and the less fit individual 5 dying. Likewise, the
resampling event that causes X7 to equal X* represents individual i giving birth
and individual j dying.

We give an equivalent description of the model involving Poisson processes
that may make the coupling arguments below more clear. The Poisson processes

that determine the dynamics of X are as follows:

e There are N Poisson processes P, 1 <i < N, on [0,00) of rate qu. If P

gets a mark at ¢ then the i"* coordinate of X increases by 1 at time t.

e There are N Poisson processes P, 1 <i < N, on [0,00) of rate (1 — q)u. If

P gets a mark at ¢ then the i** coordinate of X decreases by 1 at time t.

e For each ordered pair of coordinates (i,j) with ¢ # j there is a Poisson
process on [0,00), P™, of rate 1/N. If P% gets a mark at ¢ then the ;™"

coordinate changes its value to agree with the i*" coordinate at time t.

e For each ordered pair of coordinates (i,j) with ¢ # j there is a Poisson
processes on [0, 00) x [0, 00), P*T, which has intensity -\ where A is Lebesgue
measure on R2. If P' gets a mark in {t} x [0, X/ — X7 ] then the j*

coordinate changes its value to agree with the ' coordinate at time t.



A population of homogeneously mixing cells may be represented by this
model, as in Schweinsberg [33] and Durrett, Schmidt and Schweinsberg [11]. The
main difference between this model and the ones found in [33] and [11] is that the
rate at which cells acquire mutations does not tend to 0 in our model as it does in
the others. Generally the rate of mutations is very small compared to the size of
the population so it is reasonable to let the mutation rate tend to 0 in the limit.
Because the mutation rate in our model is independent of the population size, we
say that this population has fast mutations.

A heuristic argument in [36] shows that as N tends to infinity the mean rate
of increase of the average fitness of the individuals in X is O(log N/(loglog N)?).
Due to a typo on page 989 they state that the rate is O(log N/loglog N). By
equation (10) in [36],

Klog(vK) = 2log N.

This implies that
2log N

T loglog N'
Plugging 2log N/loglog N into each side of the consistency condition that they
derive gives a rate of adaption of O(log N/(loglog N)?).

The heuristic argument is difficult to extend to a rigorous argument. Let

o1
X:N;XZ

be the continuous-time process which represents the average fitness of the individ-

uals in the population. The rigorous results established in [36] are as follows:

e The centered process X©, in which individual 7 has fitness X' = X* — X,

is ergodic and has a stationary distribution 7.

o If
1 N
_ C,i\2
CQ_N;(X )

is the variance of the centered process then

ET[X] = (1(2q — 1) + vE™[co] )t



where E™ means that the initial configuration of X is chosen according to

the stationary distribution 7.

e For any 6 > 0 there exists Ny large enough so that for all N > N, we have
E7[X,] > log' ° N.

It is difficult to say anything rigorous about E™[cs] so other methods are needed
to compute E[X;]. The third result of [36] shows that if there is a positive ratio
of beneficial mutations then a large enough population will increase in fitness over
time. A paper by Etheridge and Yu [12] provides further results pertaining to this
model.

Our result is the following theorem.

Theorem 1. Let Xé =0 for 1 <i < N. There exists a positive constant C which

may depend on pu, q and vy such that for N large enough

E[X{] < Clog N
t  ~ (loglog N)?

for all t > loglog N.

A difference between the result in [36] and Theorem 1 is that in [36] the
initial state of the process is randomly chosen according to the stationary distri-
bution 7 while we make the assumption that all of the individuals initially have
fitness 0.

Other similar models can be found in the biological literature. In these
models the density of the particles is assumed to act as a traveling wave in time.
The bulk of the wave behaves approximately deterministically and the random
noise comes from the most fit classes of individuals. One tries to determine
how quickly the fittest classes advance and pull the wave forward. This travel-
ing wave approach is used in [35] and [36] to approximate the rate of evolution
as O(log N/(loglog N)?). For other work in this direction see Rouzine, Brunet
and Wilke [32], Brunet, Rouzine and Wilke [2], Desai and Fisher [6] and Park,
Simon and Krug [30]. Using non-rigorous arguments, these authors get estimates
of O(log N), O(log N/loglog N), and O(log N/(loglog N)?), where the differences



depend on the details of the models that they analyze. For more motivation and
details concerning this model, please see the introduction in [36].

Motivated by applications to cancer development, Durrett and Mayberry
have established rigorous results for a similar model in [9]. They consider two
models in which all mutations are beneficial and the mutation rate tends to 0 as
the population size tends to infinity. In one of their models the population size is
fixed and in the other it is exponentially increasing. For the model with the fixed
population size they show that the rate at which the average fitness is expected
to increase is O(log N). By considering the expected number of individuals that
have fitness k at time ¢, they establish rigorously that the density of the particles

in their model will act as a traveling wave in time.

2.1 Proof of Theorem 1

We first establish some notation. Let X;” = max{X} : 1 <4 < N} be the
maximum fitness of any individual at time ¢ and X; = min{X} : 1 <i < N} be
the minimum fitness of any individual at time ¢. Define the width of the process
to be Wy = X;" — X, and define D; = X;" — X be the distance the front of the
process has traveled by time ¢. Theorem 1 states that all individuals initially have
fitness 0. Therefore, a bound on E[D;] immediate yields a bound on E[X,]. The
bounds we establish on D, will depend on the width, W;.

Let w = w(N) be any positive, increasing function that satisfies

| - o w(N)
A w(N) = o0 and lim 25 0% =

Let W = |wlog N/loglog N| and T = w™/2loglog N. Due to heuristic reasoning
we conjecture that W is typically of size O(log N/loglog N) so W is larger than
the typical width of X. With probability tending to 1 selection should cause
any width larger than W to shrink within 7 time units. Because the width is a



stochastic process we are motivated to make the following definitions.

t7 =0

Sp =1inf{t > t, : W, > 2W} forn > 1
tp, = inf{t > s, 1: W, < W} forn > 2
Y= sup D;— D, fori>1

8 <t<t;41

Ny =max{i:s; <t} fort >0

Note that s, and ¢, exists for all n > 1 with probability 1.
Let 11 > 0 and v > 0. We define branching processes Z*T for £ > 0 which

have the following dynamics:
e Initially there are N particles of type k in Z(lf T
e Each particle changes from type i to ¢ + 1 at rate pu.

e A particle of type ¢ branches at rate 7i + 1 and upon branching the new

particle is also type 1.

Let Mf " be the maximum type of any particle in Zf T and let ]\41{“’T = Mf T k,
so that MyT = 0.

We define a stochastic process X’ that will be coupled with X as described
in the proof of Proposition 2 for reasons that will become clear shortly. Let {Z™}>
be an i.i.d. sequence of continuous-time stochastic processes which each have the
same distribution as Z"". Let W be the maximum type of any particle in Z;

and let M? = M, — W so that M2 = 0 for all n. Define
i X5+ M ift €[0,7)]
t Ir+M_ ifte (iT,(i+1)T] for any integer i > 1

and D, = X] — X . The idea is that D] is the maximum type of any particle in a
branching process X’ that has the same distribution as Z"'" except that at each

time ¢7 we restart the branching process so that there are once again N particles



of type W. For each integer ¢ > 0 at time ¢7 the N particles initially have type
D} which is the maximum type achieved by any particle in X/ up to time t.
Now we are able to state the four propositions used to prove Theorem 1.

Proposition 2 is a result of the coupling of X and X".

Proposition 2. Let X} =0 for 1 <i < N. Then

Ny
Dy < Dj+ )Y,

=1

for all times t > 0.

Proposition 3. Let X} =0 for 1 <i < N. For N large enough we have

E[D; 6
te[T ,00) 13 T
With the initial condition X} = 0 for 1 < i < N, we let F = {F;};>0 be

the natural filtration associated with X.

Proposition 4. Let X{ = 0 for 1 < ¢ < N. For N large enough we have
EY;|Fs,] <5W for alli > 1.
Proposition 5. Let X; =0 for 1 <i < N. For N large enough,

1 1
sup —FE|N,| < —
s€[0,00) S [ ] T

Proof of Theorem 1. Choose N large enough so that Propositions 3, 4 and 5 hold.
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Fix t > loglog N. It follows by definition of 7 that t > 7. Therefore,

/ Ny
E{%}gE D+ Y0 Y

; by Proposition 2

Y

t

=F E
b

Ny
<6W+1

_E Zy;.
i=1

W 1 —
=+ > EYVilwsal
=1

by Proposition 3

1 oo
- Z EEY; x> Fs]
=1

—_

—Z Lz E[Yi]Fs ]

.

TW Z [1{n,>i}] by Proposition 4
SW
+ = BN
6 D
< TW + TW by Proposition 5
11w?log N
(loglog N)?*

Since w may go to infinity arbitrarily slowly with N there must exist a constant

C such that
E[Dy] < Clog N

t = (loglog N)?
for all ¢ > loglog N. This immediately gives a bound on E[X,]/t. O

2.2 Bounding the rate when the width is small

Through the use of branching processes we establish a bound on D; that
depends on the width. We will make use of the strong Markov property of X at the
times s, and t,, for n > 1. For this reason, many of the statements we prove below

will include conditions for which W, > 0 even though according to the conditions
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of Theorem 1 we have Wy = 0. In this section we establish a small upper bound
for D, on the time intervals [t,, s,).

The following proofs will involve coupling X with various branching pro-
cesses. For clarity we refer to individuals in branching processes as particles to
distinguish them from the individuals in X. Also, while the individuals in X each
have an integer valued fitness, the particles in a branching process will each be
given an integer value that we refer to as the type of the particle.

Let Z¢ = {ZF};>0 be a multi-type Yule process in which there are initially
N particles of type 0. Particles increase from type ¢ to type ¢ + 1 at rate u > 0
and branch at rate C' > 0. When a particle of type 7 branches the new particle is
also type i. Let ML be the maximum type of any particle at time ¢.

The following lemma is a basic result about Yule processes.

Lemma 6. For any N > 0, time t > 0, and natural number [,
N(t/uL)Z(ECt
l! '

Proof. Consider a Yule process Z which is the same as Z¢ except there is only

P(ME >1) <

one particle at time 0. It is well known that the number of particles in Z; has
mean e¢“?. Let M/ be the maximum type of any particle at time t. When there are
k particles in the population, we let By, ..., B, denote the types of the particles,
where the numbering is independent of the mutations. For any [ > 0,

P(M; >1) =Y P(M|>1|Z, = k)P(Z, = k)
k=1

= iP({Bl 21} U---U{By 2 1}|2, = k)P(Z; = k)

<> kP(By = 1)P(Z = k)
k=1
= E[Z]P(B1 = 1)
=t ; %e“t.
By Lemma 12 it follows that
(tu)l(EOt

P(M{21) <
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Now consider Z¢. At time 0 label the particles 1,2,..., N and let M, be

the maximum type of any particle among the progeny of particle ¢ at time ¢. Then

P(Mtc > l) = P({M{,t > l} u---u {Mjl\ft > l})
< NP(Mj, > 1)
S N(t/u;')leC't'

]

The next proposition will give a lower bound on the fitness of any individual
up to time ¢ given that we know the least fitness at time 0 is X;. We do this by
establishing an upper bound on the amount that any individual will decrease in
fitness. Let

Sy = sup (Xy — X,).

0<s<t

Proposition 7. For any population size N, initial configuration Xy, time t > 0,

and natural number [,

Proof. By Lemma 6 we have

for any population size N, time ¢ > 0 and natural number /. Note that from our
notation above Z! is a Yule process with branching rate 1. To complete the proof
we establish a coupling between X and Z' such that for any population size N
and time ¢ > 0 we have M} > S,.

At all times every individual in X will be paired with one particle in Z*.

The coupling is as follows:

e We initially have a one-to-one pairing of each individual 7 in Xy with each

particle 7 in Z].

e The particle in Z! that is paired with individual ¢ will increase in type by 1

only when individual ¢ gets a mutation.
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e For each individual 7 in X, at rate (N — 1)/N individuals j # i are replaced
by individual ¢ due to resampling events. If individual ¢ replaces individual j
due to resampling, then the particle labeled 7 in Z* branches. If particle 7 has
a higher type than particle 5 then the new particle is paired with individual j.
The particle that was paired with individual 5 before the branching event is
no longer paired with any individual in X. If particle ¢ has a lower type than
particle 7 then the particle that was paired with individual 7 remains paired
with individual j and the new particle is not paired with any individual in
X.

e The particle paired with individual ¢ in Z' branches at rate 1/N and these
branching events are independent of any of the events in X. When the
particle paired with individual ¢ branches due to these events the new particle

is not paired with any individual in X.

e Any particles in Z' that are not paired with a individual in X branch and
acquire mutations independently of X. The selection events in X are inde-

pendent of any events in Z*.

See Figure 2.1 for an illustration of the coupling.
Let R? be the type of the particle in Z! that is paired with individual ¢ and
let
Sy = sup (X — XJ).

0<r<s
To show M/} > S, it is enough to show R! > S} for all i. Initially Si < Ry = 0
for all i. Note that both s — S? and s — R! are increasing functions and that

increases in these functions correspond to decreases in X°.



Picture of X:

14

Time goes from left to right.

® denotes mutations in each model.
o o are used to indicate which
individual in X is coupled with which
particle in the branching processes.

In the picture of X an arrow with an
'’ denotes a resampling event and an
arrow with an ’s’ denotes a selection
event.

A selection event in X does not
correspond to a branching event in Z*.

The times at which the particles

are not marked indicate that the
particles are not coupled with any
individual in X and therefore the
branching and mutation events on the
unmarked particles are independent of
any of the events in X.

Figure 2.1: Picture of the coupling of X with Z! when N =3
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When individual i gets a mutation, R increases by 1. However, if individual
i gets a mutation at time s then S* will only increase by 1if S!_ = X5 — X! and
the mutation is deleterious. Therefore, if individual ¢ gets a mutation at time s
and S'!_ < R’ then
Si<S +1<R_+1=R.

Suppose individual j is replaced by individual ¢ due to a resampling event
at time s and that both $7_ < R/ and S < R'_ hold. With probability 1 we
have S? = St and R: = R._. If X; — X! < S7_ then S$/_ = SJ. From this it
follows that S/ < RI. If X; — X! > S?_ then SV = X; — X! < St < RL. If
R: > R} then by the definition of the coupling, R/ = Ri. If R\ < R’_, then by
definition of the coupling, R/ = R} . Therefore, R} > R which gives us S7 < R/,

Selection events will never increase S* and since S and R’ are increasing in
time a selection event at time s will preserve the inequality S? < R’. This shows
that any event that occurs at time s which may change the fitness of a individual ¢
in X will preserve the inequality S? < R!. Since the result holds for each individual
i we have S; < M. m

The next lemma is a basic result about the maximum type of any particle

in ZMT.

Lemma 8. For any time t > 0 and any integers k > 0 and | > 0 we have

N(tu)leVk+D+1)t
P > 1) < YU el' .
Proof. While all of the particles in Z,fC T have type less than k£ + [ they branch at a
rate which is less than or equal to y(k + 1) + 1. Using the notation related to Z

above, it follows that P(MT > 1) < P(M]?(HZ)Jrl > [). By Lemma 6 we have

N(t/,(/)le('Y(k"‘l)'i‘l)t
l! '

P(Mt'y(kJrl)Jrl > 1) <
]

We now wish to bound the distance the front of the wave moves as a function

of the initial width. Recall that W, is the width of X at time 0.
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Proposition 9. For any initial configuration X, fized time t > 0 and any integer

{ > 0 we have
2N t l (7(W0+2l)+,u+1)t
P(sup Ds>1) < (n)e
0<s<t (1—1)!

Proof. We first establish a coupling between X and Z"o*®! for each integer k& > 0.
Let T% = inf{t : S; > k} for k > 1. Every individual in X will be paired
with one particle in Z"o%T until time T%. We couple Z"Wo*+* with X for all times

t € [0,T%) as follows:

e We initially have a one-to-one pairing of each individual 7 in Xy with each
particle ¢ in Z(I)/V otRT When a particle in ZtW okl is coupled with individual

1, we refer to the particle as particle 7.
e Particle ¢ increase in type by 1 only when individual ¢ gets a mutation.

e For each individual 7 in X, at rate (N — 1)/N individuals j # i are replaced
by individual ¢ due to resampling events. If individual i replaces individual
j due to resampling, then particle ¢ branches. If particle ¢ has a higher
type than particle j then the new particle is paired with individual j. The
particle that was paired with individual j before the branching event is no
longer paired with any individual in X. If particle ¢ has a lower type than
particle j then the particle that was paired with individual j remains paired

with individual j and the new particle is not paired with any individual in
X.

e Additionally, particle ¢ branches at rate 1/N and these branching events are
independent of any of the events in X. When particle ¢ branches due to these

events the new particle is not paired with any individual in X.

e In X there is a time dependent rate yU! at which individuals j # ¢ are

replaced by individual ¢ due to selection events. Namely,

1 N

Uy =+ D (- X"

Jj=1
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If individual j is replaced by individual ¢ in X due to a selection event then
particle ¢ branches. If particle ¢ has a higher type than particle j then the
new particle is paired with individual j. The particle that was paired with
individual 5 before the branching event is no longer paired with any individual
in X. If particle ¢« has a lower type than particle j then the particle that was
paired with individual j remains paired with individual j. The new particle

is not paired with any individual in X.

e Additionally, particle i branches at a time dependent rate (R — U?) where
Ri’k is the type of particle i. These branching events are independent of any
of the events in X. When such a branching event occurs, the new particle is

not paired with any individual in X.

e Any particles in ZWo®T that are not paired with a individual in X branch

and change type independently of X.

See Figure 2.2 for an illustration of the coupling.

Fix £ > 1. For the above coupling between X and Z"o+kT to be well
defined until time 7%, we need Ri* — U/ > 0 for all i € {1,...,N} and for all
times t € [0,T%). Let T = inf{t : R"* — U# < 0}. The coupling between X and
ZWo+kit ig well-defined until time 7" = min{Tk’i :1 <i < N}. We will show that
T <T"

Let

S = sup (Xi— X)) and BV =RY—W, -k
0<s<t
Initially gf) < Eé’k = 0 for all . Note that both ¢ — gi and t — R'" are increasing
functions, from which it follows that ¢ — Ezk is also an increasing function.

When individual ¢ gets a mutation, R increases by 1. However, if individ-
ual ¢ gets a mutation at time s then 5 will only increase by 1 if gi_ =X - X
and the mutation is beneficial. Therefore, if individual ¢ gets a mutation at time
s and gi_ < E;f then

5.<5 +1<R'+1=R"



Picture of X:

Picture of Z%T:
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Time goes from left to right.

® denotes mutations in each model.
o oare used to indicate which
individual in X is coupled with which
particle in the branching processes.

In the picture of X an arrow with an
't denotes a resampling event and an
arrow with an ’s’ denotes a selection
event.

A selection event in X corresponds
to a branching event in Z*T.

The times at which the particles

are not marked indicate that the
particles are not coupled with any
individual in X and therefore the
branching and mutation events on the
unmarked particles are independent of
any of the events in X.

Figure 2.2: Picture of the coupling of X with Z*T when N =3
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Suppose individual j is replaced by individual ¢ due to a resampling or
selection event at time s and that both gﬁ_ < }_%Sf and gi = gi_ < Fif = Tii’k
hold. If X'— X < 5 then §_ = . It follows that 5’ < B If Xi— X} > 5 _
then gi, =X, — X! < §Z, < Ezk It }_%Zk > Eﬁ, then by the definition of the
coupling, }_%i’k = E;k If Ei’k < Eﬁ, then by definition of the coupling, Eﬁ’k = Fﬁ
Therefore, }_%]sk > Ezk which gives us §i < }_%Zk

For any time s < 7% we have
RF >S5 4 Wot k> X — XF+Wo+ k=X — X5 +Fk.

If there were N individuals with fitness X; —k at time s € [0, Tk’i) then the rate at
which individual i replaces these N individuals due to selection is v(X! — X + k).
However, for any time s < T* there are fewer than N individuals being replaced
by individual 7 due to selection and they will all have fitnesses at least as large as
X, — k. This gives us a bound on the rate at which resampling events occur on
individual i before time T*, namely U! < X! — X7 + k < RU* for all s € [0,T%).
This shows that T* < Tk’i for all i. Hence, T% < Tk and the coupling is well-defined
until time T*.
We have shown that any event that occurs at time s € [0,7%) which may
—i.k

change the fitness of a individual ¢ in X will preserve the inequality ?Z, <R

s

Since the result holds for each individual 7, for any s € [0, T%) we have

=i —ik
sup D, = sup S, < sup R, < MNotkT
0<r<s 1<i<N 1<i<N

Note that if supy<,<,(Xg —X;) < kthent < T*. If supg,(Xg —X;) <k

we have M0t > SUPg<s<; Ds. This allows us to do the following computation:
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P(sup D, >1) = ZP{supD >N {sup (X5 — X;)=i})

0<s<t 0<s<t 0<s<t

< ZP({MWWT > 1pn{sup (Xy — X;) =1i})

i—0 0<s<t

< ZP({MWO“T > 10 { sup (X5 — X;) 2 i})

0<s<t

P(M" T > 1) A P(sup (Xg — XJ7) > )

0<s<t

IN
(e L

0

.
Il

WE

- N(tu)'e!
P(MtWOJ”’T > 1) A (&) by Proposition 7
i

N t l ("y(WO+i+l)+1)t N t 7.t
< (tn)e I )/\(%) by Lemma 8

0

.
I

NE

=0

N (tp) e Wo+D+1)t -1 e
< 7 >+ Ne! Z i

=0

N(tlu)le(’}’(wo—i‘l)‘i‘l) Int ‘ Iu/

< I -1e"" + Ne Z i
i=l

N(tu)le("’(wo"'%)“)t N(t,u)le(‘”'l)t
< =] + I by Lemma 12

2N t ! (’y(Wo+2l)+/J+1)t

(-1
L]

We now extend the bound we got on the least fit individuals in Proposition

7 to a slightly stronger result.

Definition 10. Let x € Z and let SF C {1,2,..., N} correspond to a collection of

individuals at time t which is determined by the following dynamics:

o [nitially S§ consists of all individuals whose fitness lies in the interval (z, 00).

e If a resampling or selection event occurs at time t and a individual not in

SF is replaced by a individual in S then it is added to Sy .

o If a beneficial mutation occurs at timet on a individual not in S that causes

its fitness to increase from x to x + 1 it is added to S7.
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o If a resampling event occurs at time t to a individual in S and it is replaced

by a individual not in S¢_ then it is removed from S7.

Mutation and selection events do not cause individuals to be lost from S®.

We now prove the following corollary to Proposition 9.

Corollary 11. Let A7 be the event that a individual in S* has fitness in (—oo, z—I]
for some time s € [0,t]. For any initial configuration Xy, time t > 0 and any

integer [,
2N(tﬂ)l6('y(Wo+2l)+u+l)t

(—1)

PAYY <

Note that we cannot use the bound found in Proposition 7 because individ-
uals not in S may move to Sf due to selection events. In the proof of Proposition
7 the number of individuals with the least fitness cannot increase due to selec-
tion events. However, the number of individuals with the least fitness in & may

increase due to selection events involving individuals not in S .

Proof of Corollary 11. For k > 1 let X be coupled with Z"o+%1 as in the proof
of Proposition 9. Let T*, Ri’k and }_%ik be defined as they were in the proof of
Proposition 9. Define 7—4; ={re0,s]:i e S*} and let

g _ sup, i (¢ — X0 oif T"9 # 0 |
’ —00 it T, =0

s

The goal is to show that for all s € [0,T*) we have

sup S < sup R, < MMNothT
1<i<N 1<i<N

Note that we can only consider the coupling of X with ZWot*T yntil time T*
because after this time the coupling is not well-defined.

Initially all of the individuals in S&§ have fitness in (z,00). Therefore, if
i € 8¢ then S} §O:Fé’k. If i ¢ S§ then S(ﬁ:—oo<§é’k.

Suppose individual i gets a mutation at time s and for any time s’ € [0, s—)
we have S, < Ri’,k. Then R increases by 1. If i € S, then S will only increase

by 1if St =2 — X! and the mutation is deleterious. If i ¢ S and the mutation
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does not cause the fitness of individual i to change from z to x + 1 then S = S¢_.
If i ¢ ST and the mutation does cause the fitness of individual ¢ to change from
zto z + 1 then S* =S V0. In any of these three cases, St < Ei’k

Suppose individual j is replaced by individual ¢ due to a resampling or
selection event at time s and that S7_ < }_%Z,f and S?_ < EZ: If i ¢ S. then
S/ =8I <R’ Supposeie€ S . Ifx— Xi < S/ then S?_ = SJ. From this it
follows that S9 < B, It 2 — X! > 7 then &9 =z — X! < s <R.UR >FR_,
then by the definition of the coupling, R] R If R < R , then by definition
of the coupling, RS = Rﬁ_. Therefore, RS > RS which gives us §7 < Eﬁ;.

Note that if supg<,,(Xy — X;) < k then t < T*. Therefore, on the event
{supg<, i (Xy — X ) < k} we have MVotRT > SUp; ;< St. This allows us to do

the following computation:

P(sup sup S!>1) = ZP{sup sup S°>1}N{sup (X5 — X,) =1})

0<s<t 1<i<N 0<s<t 1<i<N 0<s<t

< ZP (M S Y {sup (Xg — X7) =i}).

i—0 0<s<t

This is the same bound as equation (2.1) in the proof of Proposition 9. Therefore,

we have established the same bound. O

Lemma 12. Let x > 0. The tail of the exponential series satisfies

i xkea;

Oox
Zz‘_!g ko

i=k

Proof. By Taylor’s Remainder Theorem we know that there exists a £ € [0, z] such
that

= ' 1’65
SO

Using the series expansion of e* we have

Y ket xke®
Y L=<

L~ q) k! k!
i=k
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Proof of Proposition 3. By definition D/- has the same distribution as ]\/[,p’ T so by

Lemma &8 we have

N(Tﬂ)le('y(w-i-l)-i-l)'r

P(Dy>1) < T

Then

1 o N(T L (yOW+)+1)T
< 2w+ Y ( “)el, . (2.2)

By Lemma 12 we have

0 N(Tﬂ)le('y(WH)Jrl)T Ne(7W+1)T(TIu€'yT>2W€’T,ue“/T

Z N < W) . (2.3)

I=2W
Note that for any k& > 2 both D) — DEk—l)T and D’ have the same distri-
bution, namely that of M}Y. Choose t € [kT, (k+ 1)T) for some k > 1. Because

D; is increasing in ¢ we have
D, 1
e
t kT

Therefore,

(Dlesryr — Dir + Diy — -+ + Dy — D + D).

ED)] _ (k+)EDy] _ 2E[Dy]
t — kT - T
Let t > 7. Dividing both sides by 2W/T and using the bounds found in
equations (2.2) and (2.3) gives us
TED] _ 2B[DY] _,  NeOVHOT(TuerT)2Welve”
2tW T 2w T 2W(E2W)!

By Stirling’s formula we have

Ne(VW“)T(T Mew)wv eThe' ™ Ne(VW“)T(T,ueW)QW eThe?T+2w
2WERW)! W)V /AW

where x is equal to

:el‘

log N+ T (YW 1+pe’™)+2W(log(T e ) +1) — (2W+1) log(2W) —log (47 W) /2.

As N — oo we have x ~ —(2W + 1) log(2W) ~ —2wlog N. Therefore,
/
TE[D;] <3
200~

for N large enough. O]
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Proof of Proposition 2. We now couple X with X’ by coupling X with the sequence

of processes {Z™}%°_ . Let

L,=(mT,(m+1)T]N U [tn, $n) and J,, = (0, 7] N U [t, —mT, s, —mT).
n=1 n=1

For any m > 0 we couple X and Z™ as follows:
e The particles in Zj* are labeled 1,2,..., N.

e For any time in I¢ the process X behaves independently of Z™. For any time
in JC the process Z™ behaves independently of the process X. During the
time J¢, if a particle labeled i in Z™ branches, the particle remains labeled

1 and the new particle is unlabeled.

e The particle in Z™ that is paired with individual ¢ will increase in type by 1

at time t € J,,, only when individual ¢ gets a mutation at time ¢t +m7T € [,,,.

e For each individual 7 in X, at rate (N — 1)/N individuals j # i are replaced
by individual ¢ due to resampling events. If individual ¢ replaces individual j
due to resampling at time t € [,,, then the particle labeled ¢ in Z™ branches
at time t — m7T € J,,. If particle ¢ has a higher type than particle j then
the new particle is paired with individual j. The particle that was paired
with individual j before the branching event is no longer paired with any
individual in X. If particle ¢ has a lower type than particle j then the
particle that was paired with individual j remains paired with individual j

and the new particle is not paired with any individual in X.

e The particle paired with individual 7 in Z™ branches at rate 1/N for all times
t € J,, and these branching events are independent of any of the events in
X. When the particle paired with individual ¢ branches due to these events

the new particle is not paired with any individual in X.

e In X there is a time dependent rate yU! at which individuals j # ¢ are
replaced by individual ¢ due to selection events. If individual j is replaced

by individual 7 in X due to a selection event at time ¢ € [,,, then the particle
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labeled ¢ in Z™ splits at time t — m7T € J,. If particle ¢« has a higher
type than particle j then the new particle is paired with individual j. The
particle that was paired with individual j before the branching event is no
longer paired with any individual in X. If particle ¢ has a lower type than
particle 7 then the particle that was paired with individual 7 remains paired

with individual j. The new particle is not paired with any individual in X.

A particle labeled 7 in Z™ splits at a time dependent rate V(Ri’k —U}) for all
times t € J,,, where Ri’k is the type of particle i. These branching events are
independent of any of the events in X. When such a branching event occurs,

the new particle is not paired with any individual in X.

Any particles in Z™ that are not paired with a individual in X branch and

acquire mutations independently of X.

Observe the following bound for Dj:

Dt S Z(‘Dti+1 - Dsi)

Nt
+Z(D5i_Dti)+ Sup (DS_DSNt)—" sup (DS_DtNtJrl))
i=1

SNy SS<tN,+1 tN+1 <8<t

where we consider the supremum over the empty set to be 0. By definition we

have

Ntfl Nt
Z(Dti+1 _Dsi)+ sup (Ds_DsNt) < ZY;
i=1 SNtSSStNtJrl i=1

To finish the proof we will show

Ny
sup (DS—th)_'_ sup (Ds_DtNt.H) SDIIS

i1 iS8<si tN,+1 <8<t

To do this we define

N
M, = Z sup (Ds — Dtl) + sup (Ds - DtNt+1)

=1 iSs<si tNy+1 <8<t

for all times ¢t > 0. Suppose M, < D’ for all s € [0,¢) and a mutation, resampling

or selection event occurs in X at time ¢t. If ¢t € (s;,t;41) for some ¢ > 0 then
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M, = M, because the process M does not change on these time intervals. It
is possible that D; changes, but D; can only increase. Therefore, D; > M,;. If
t € [ty si]N(mT, (m+1)T] for some i > 0 and m > 0 then at time ¢ the processes
X and X’ are coupled. More precisely, X and Z™ are coupled and the coupling
has the same dynamics as the coupling in Proposition 9 except the time shift. The
same argument used in Proposition 9 shows that D; > M; whether the individual
changed fitness due to mutation, resampling or selection. Since this inequality is

preserved on any event that may change M, it is true for all times . O]

2.3 Bounding the rate when the width is large

We consider what happens when the width is large in this section. By
large width we mean W; > W. The statements in this section are easier to make
when we consider an initial configuration of X such that W, > W. Although the
conditions of Theorem 1 state that Wy = 0 we can wait for a random time 7 so
that W, > W and apply the Strong Markov Property.

We begin this section by showing that when the width is large enough the
selection mechanism will cause the width to decrease quickly. We give a labeling
to the individuals that will help us in this regard. Define the following subsets of
R:

3
Il = (—OO,XS_ — 1—6W0]
3 L2

[2 - (XS_ — EWQ,XO - 1—6W0]
2 1

Iy = (X§ — o X - 5ol
1

[4 = (Xar — 1—6W0, OO)

We will label each individual in X, with two labels. For the first labeling,
we use a to label the individuals in I; U I, we use b to label the individuals in I3
and we use ¢ to label the individuals in I;. For the second labeling we use a’ to
label the individuals in I;, we use b’ to label the individuals in I, and we use ¢’ to

label the individuals in I3 U I,.
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Let 2A;, B, and €; denote the number of individuals labeled a, b and ¢ at

time ¢, respectively. Let A}, B} and €, denote the number of individuals labeled

o,

ics:

b’ and ¢ at time ¢, respectively.

The individuals change labels over time according to the following dynam-

e Mutations: If the fitness of a individual labeled a increases so that it is in

I3 then the individual is relabeled b. If the fitness of a individual labeled
a’ increases so that it is in I then the individual is relabeled b’. Likewise,
if the fitness of a individual labeled b increases so that it is in I, then it is
relabeled ¢ and if the fitness of a individual labeled b’ increases so that it is
in I3 then it is relabeled ¢’. Deleterious mutations do not cause individuals

to be relabeled.

Resampling: Any resampling event in which individual 7 is replaced by indi-

vidual j causes individual ¢ to inherit the labels of individual j.

Selection: If a individual labeled a is replaced due to a selection event it inher-
its the corresponding label of the individual that replaced it. If a individual
labeled o is replaced due to a selection event it inherits the corresponding
label of the individual that replaced it. If a individual labeled b is replaced
by a individual labeled ¢ due to a selection event then the individual that
was labeled b is relabeled ¢. If a individual labeled b’ is replaced by a indi-
vidual labeled ¢’ due to a selection event then the individual that was labeled
b’ is relabeled ¢’. Any other selection events do not cause the labels of the

individuals to be changed.

Let A; be the event that there is a individual labeled b with fitness in

(—00, Xi" — 5 Wo) for some time t € [0, 7]. Let Ay be the event that there is a
individual labeled ¢ with fitness in (—oo, X — &W;) for some time ¢ € [0, T]. Let
A) be the event that there is a individual labeled b’ with fitness in (—o0, X — 25 Wj)
for some time ¢t € [0, 7]. Let A5 be the event that there is a individual labeled ¢’

with fitness in (—oo, X — W) for some time ¢ € [0, 7.
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Lemma 13. Suppose Wy > W for all N. Then
P(A;UAyUAUAY) — 0 as N — oc.
Proof. First we show the result for A;. We apply Corollary 11 by setting
r =X, —2W,/16,t =ty and [ = W, /32.

Recall that we had defined 8¢ in Definition 10. Because r = X — 2W;/16 we
have that &§ consists of all the individuals labeled b or ¢. Setting ¢ = 7 and
[ = Wy/32 will make Af’l the event that a individual labeled b or ¢ has fitness
less than X — %WO by time 7. Note that according to the relabeling dynamics,
individual 7 being labeled b or ¢ is equivalent to ¢ € §*. Therefore, A; C Af’l and

we get
QN(tlu)le('y(Wo—l-Ql)—i-LH—l)t

—1]!

P(A)) < P(A) <
Applying Stirling’s formula we have
IN (tp)leOWot2D)tut D)t 9 N (¢),)le((Wot2D)tut )it 1-1]

[-1]! T

where x is equal to

log(2N)+1log(tu)+(y(Wo+20)+pu+1)t+1—1]—|I—1] log([I—1])—log(2m |I—1])/2.
As N — oo we have x ~ —|l — 1] log([l — 1]) ~ —wlog N/32. Therefore,
P(A;) - 0as N — oc.

We can apply Corollary 11 with z = X —W,/16,t = T and [ = W;,/32 to
get the same bound for P(A,). By choosing x, ¢ and [ in this way the event A
is the event that a individual labeled ¢ has fitness less than X (0) — Wy by time
7. This shows that P(As) also tends to 0 as N tends to infinity.

Likewise, to show P(A}) tends to 0 as N goes to infinity we can apply
Corollary 11 with © = X — =Wy, t = T and [ = W;/32, and to show P(A})
tends to 0 as N goes to infinity we can apply Corollary 11 with z = X — %WO,
t="T and | = W,/32. O
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Lemma 14. Suppose Wy > W for all N. Let T be a stopping time whose definition
may depend on N such that €. > N/4 for all N. Let

Br =inf{t >T: X; > X; — Wy/4}.

Then
1
P(Brlypciry > 57’) — 0 as N — o0.

Proof. Let A} be the event that € > N/5 for all times ¢ € [T,T + 7). The
only way for a individual labeled ¢’ to change its label is for it to be replaced by
a individual labeled a’ or b’ via a resampling event. The rate at which individuals

marked ¢’ undergo resampling events with individuals marked a’ or b’ at time ¢ is

GN-€) _ N
N 4

Let {U,}>2, be a simple random walk with Uy = N/4 < €. Denote
by T < t; < ty < ... the sequence of times at which individuals labeled ¢’ are
involved in resampling events with individuals that are not labeled ¢’ after time
T. We couple {U,}>, with X so that if at time ¢, a individual is labeled ¢’
due to a resampling event then U, = U,_; + 1. If at time ¢, a individual loses
the label ¢’ due to a resampling event then U, = U,_; — 1. To have U,, < N/5
for some m satisfying 0 < m < n we will need maxo<m<n |Un — Us| > N/20.

It follows from the reflection principle that there exists a constant C' such that

Emaxo<m<n |Un — Up|] < C'y/n for all n > 0. By Markov’s inequality,

P (Oinai( |Up — Ug| > N/20) < Cy/n/N

for some constant C.

Let R be the number of resampling events that occur in the time interval
[T, T + 17) that involve pairs of individuals such that one is labeled ¢’ and the
other is not. Using Lemma 12 and the fact that the rate at which resampling

events occur is bounded above by N/4 we have

o NT i,—NT/8 NT k

i=k+1
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Then
P((A)°) < P({OglagR U — Us| > N/20} N {R < N*/*})
- 3/2
+ P({OgnT?%(R U, — Ug| > N/20} N {R > N*/?})
< P({ max |U, — U > N/20}) + P(R > N*?)
0<m<N3/2
C (NT)N*?
= N1/4 + |]N3/2 [N3/2M

—0as N — oo.

Let A} be the event that 2, = 0 for some time ¢ € [T,T + 7). Notice
that if A, = 0 then A, = 0 for s > t. Therefore, A is the event that the label o
is eliminated by time 1"+ %T. By the given dynamics 2, can only increase when
individuals marked a’ replace individuals marked b’ or ¢ via resampling events. At
time t the rate at which this happens is
/ /
% - w <. (2.4)
We define the event £ as

E=(ADNAN NA,N{T < %T}.

Selection will cause 2 to decrease. On the event (A5)¢ all of the individuals
marked ¢’ will have fitness at least éWO greater than any individual marked a
until time #o. Thus, on the event (A5)“ N{T < ¢y} all of the individuals marked
¢/ will have fitness at least 3—12W0 greater than any individual marked a for all times
t € [T, T+ iT). On the event A} there are at least N/5 individuals marked ¢ for
all times t € [T, T+ 357T). Hence, on the event £ individuals marked a’ will become
individuals marked ¢’ by a rate of at least
/g

T s T (25

for all times ¢ € [T, T + 37T).
Let {U]} be a biased random walk which goes up with probability

, 160

P =160 1 W,
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and down with probability 1—p'. Let N be large enough so that p’ < 1/2. Because
the random walk is biased downward, the probability that the random walk visits a
state j < U} is 1. Once the random walk is in state j, it goes up 1 with probability
p’ and will eventually return to j with probability 1. The random walk will go down
1 with probability 1 — p" and, from basic martingale arguments, the probability
that it never returns to j again is (1 — 2p’)/(1 — p’). Therefore, once U’ is in state

J, the probability it never returns to state j is

(1—2p)
1 —

Hence the number of times U’ visits a state j < U] has the geometric distribution

(I=p)=1-2p"

with mean 1/(1 — 2p’). For more details see pages 194-196 of [8].

By equations (2.4) and (2.5) we see that on the event &, if 2’ changes
during the time interval [T, T + $7) it decreases with probability higher than p'.
The expected number of times that 21" will visit state j is therefore less than or
equal to 1/(1—2p') for any j € {1,2...,N—1}. Also, the rate at which 2(; changes
state is at least

1g0 Wol,
for all times ¢ € [T, T + 17) by equation (2.5). Let A= {t > T : 2}, > 0} and let
A be Lebesgue measure. Then

N
— 1 160logN
ENA)1g] < 1_2p onZE

as N — oo.
Observe that

P<em<A’4>C>=P(5 { 257 })
ez )

< % by Markov’s Inequality
—0as N — oo.

l\DIH

Therefore,
1
P(SﬂAﬁl)—P(T<§T> — 0as N — oo.
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This allows us to do the following computation:

1= i (P(r<37) P (1257))
N—oo 2 2

= lim (P(EmA;)JrP(Tz %T))

N—oo

= lim (P ((A;)Cm A;)CmAgmAgm{T<%T} +P<TZ%T)>

N—oo

(
SA}EHOO(P({BTS%T}H{T<%T}>+p(T2%7— )
L

Let B =inf{t: X, > X — W,/4}.
Proposition 15. Suppose Wy > W for all N. As N tends to infinity,
P(B>T)—0.

Proof. First note that if By+ &, > N/4 then, because all of the individuals labeled
b or ¢ at time 0 are also labeled ¢/, we have that €, > N/4. The result then follows
by Lemma 14 with 7" = 0. On the other hand, if B¢+ €y < N/4 then 24y > 3N/4.
Let T = (inf{t : A < N/4}) A (inf{t : €, > N/4}). Let As be the event
that A, > N/4 for all times ¢ € [0,27). Let Ag be the event that ¢, < N/4 for all
times t € [0, 37). Define ¢ to be the infimum over all times such that a individual
labeled b has fitness in (—oo, X" — %WO), a individual labeled ¢ has fitness in
(=00, Xg — W), or A, < N/4. Note that AY N A NAs C {¢> 3T}

On the event {¢ > 37} the rate of increase of €, due to selection is at least

"}/Q/ththO 1
> 2.
2N = 188 (2.6)

for all t € [0,37). On the other hand, because € can only decrease due to
resampling, €; will decrease no faster than

C (N — &) <, (2.7)

1
2 N -
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Let {U,}2°, be a biased random walk with Uy = 1 which goes up with

probability
_ Wo

and down with probability 1 — p. Let N be large enough so that p > 1/2. By

p

similar reasoning as used in the proof of Lemma 14, the number of times U, visits
a state j > 1 has the geometric distribution with mean 1/(2p — 1). Also, by basic

martingale arguments, the probability that U, ever reaches state 0 is

1—p 128

P AW

Note that €y > Uj since the individual with the highest fitness is initially
labeled ¢. On the event {¢ > 17}, we see from equations (2.6) and (2.7) that if
¢ changes during time [0, %7’) then it increases with a probability of at least p.
Therefore, the expected number of times that € visits state j is less than or equal
to 1/(2p — 1) and the probability the €, reaches state 0 for some time ¢ € [0, 37)
is less than 128/(yWy). Let A7 be the event that €, reaches state 0 for some time
tel(0,37).

By equation (2.6), the rate at which € changes is at least

1
HS’YQWO

for all times t € [0,37) on the event {¢ > 2T} Let C = {t € [0,37) : € < 1N}

and let A be Lebesgue measure. Then

ENO)ez7/2y] = BEINO) o772y 1a:) + EINC) L c>7/23 L ac]

128 4

(2p — Dy ]Zl j
1281og(N/4)
h YWo '

TP(A7) +
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By Markov’s inequality

PASNAS N As N Ag) < P(ASNAS N Asn{NC) > =T))

1
2

< PUIC> 5TINAD) 2 5T))

1
2
— 1

= P(MC)ez1/2y 2 57)

< 2B O) /2]

- T

- 256w/ 4 log(N/4)
TYWo

—0as N — 0.

for N large enough

Because P(A{ N AY) — 1 we have P(A§ U AY) — 1 as N — oo.

Note that AS UA§ C {T < 1T}. Therefore, P(T < 1T) — 1 as N — .
Let By = (A)Y N (A N{T < iT}. Then P(E;) — 1 as N — oo. To show
P(B < T) — 1 we can show P({B < T} N Ey) — 1. At time T, at least N
individuals will be labeled either b or ¢. According to the labeling all of these
individuals are labeled ¢’ so that at time 7" we have €, > }lN . By Lemma 14 we

have
1
P <BT1{T<§T} < 57’) —1as N — oo.

1 1 1

Because Ey C {T < 37} we have

Note that

T}mEZ.

N | —

1
{BT]-{T<§T} S §T} N EQ = {BT S
It then follows that
1
P<{BT§ iT}ﬂEQ) —1as N — oo.
However,
1 1 1
{BTS §T}QE2 C {BTS §T}Q{T< 57—} - {BST}

which gives the conclusion. O]
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Let V(' = {i: X] > XJ +Wy/4} and V2 = {i : X| < X; — Wy/4}. Let
F=inf{t: V}UV? # 0}. We now want to bound the time it takes for the width

to increase.

Proposition 16. Suppose Wy > W for all N. Then

lim P(F>T)=1.

N—oo

Proof. By Proposition 9 with [ = W,/4 and t = T we have

P(inf{s: V}! £ 0} <1t) :P(sup D, 2l>

0<s<t

QN(tM)le(’y(Wo+21)+M+l)t
= =1

—0as N — oo.

By Proposition 7 with | = Wy /4 and ¢t = T we have

P(inf{s:Vf;&@}<t):P(sup(X0—Xs)zl)

0<s<t
< N(tp)tet
- !
—0as N — oo.

]

Recall that Y; = supy,,«,,, Ds — Ds, and that {Fi}t>0 is the natural fil-
tration associated with X. Note that if Wy < 2 then for all n > 1 the width
satisfies W, = [2W].

Proof of Proposition 4. We consider a sequence of initial configurations X, de-
pending on N such that Wy = [2W] for all N. Because Wy > 2W we have s; = 0
and Y] = supg<,<;, Ds — Dy. We will show that for N large enough, E[Y;] < 5.

The result then follows because X is a strong Markov process.
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We make the following definitions:

Vis)={i: X] > X+ W,/4} for t > s> 0

Vi(s)

Fo=By=r0=0

F,=inf{t >r, 1 : V' (r, 1) UV2(r,_1) # 0} forn > 1

B, =inf{t >r,; : X7 > X —W,  /4} forn>1

{i
{i

X< X —W,/4} fort >5>0

r, = F, \NB, forn>1
n, =inf{n >1: W, <W}.

Note that r; is the first time that the event F'U B occurs and that, conceptually,
r,, acts like the first time that F'U B occurs when the process is started at time
rn_1 for n > 2. The random variables F,, and B, play the roles of the events F
and B when the processes are started at time r,,_;.

On the event n—1 < n,, by Proposition 15 and the strong Markov property
of X we have P(B,, < r,—1 + T|F,,_,) — 1 uniformly on a set of probability 1
as N — oo. Likewise, on the event n — 1 < n,, by Proposition 16 and the
strong Markov property we have P(F, > r,_1 + T|F,, ,) — 1 uniformly on a
set of probability 1 as N — oo. Therefore, on the event n — 1 < n, we have
P(B,, < F,|F,,_,) — 1 uniformly on a set of probability 1.

Because the bounds in Propositions 15 and 16 do not depend on n we can

choose a sequence p = py such that p — 1 as N — oo and almost surely
pl{n—1<n*} < P(Bn < Fn|]:rn,1)1{n—1<n*}

for all m > 0. Let {S,}52, be a random walk starting at 1 which goes down 1 with
probability p and up 1 with probability 1 — p until it reaches 0. Once S reaches 0
it is fixed. For n < n, we couple S with X so that 2°~'1, > W,. . The coupling

is defined as follows:
e Each step of the process S corresponds to a time r,.

e On the event {F,, < B,} we have S,, —S,_; = 1.
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e On the event {B,, < F,} with probability p/ P(B,, < F,) we have S, —S,_1 =
—1 and with probability 1 — p/P(B,, < F,).

We will show that this coupling is well-defined and gives the necessary
bound. Initially, Sy = 1 and 2%°7'W, = W,. On the event that B, < F,, we
have W, < %Wrn_l On the event that
F, < By, we have W, < 2W, _, and sup, <<, Di— D, _, < %;Wrnq + 1.
Therefore, if 257-171Wy > W, | then 25""W, > W, by the coupling. It follows
that 25" Wy > sup,, | <<, Di— D,,_, as well. By induction, 25~ 'W, > W, for
all n < n, Ainf{m : S,, = 0}. If n = inf{m : S,, = 0} then W, < W. Therefore
n. < inf{m : S,, = 0} and the induction holds for all n < n,.

We define a function d on ({0} UN)> such that if x = (x¢,x1,...) then

n—1"°

1
and sup, <<, Dy — Dy, < W,

d(l‘) = Z 1{xi>0}2xi_1W0.
1=0

Consider S = (Sp, S1,...) as a random element in ({0} UN)*. Then

ri—1<t<r; 0<t<rp

d((SO,Sl,...,Sn,O,O,...))22( sup Dt—Dml) > sup D,
1

for all n such that n — 1 < n,. By definition, n, is the first n such that W, < W.
Hence d(S) > Y.

For any n > 0 we have
Plua =0 = () =gt < -,

If SQn—H =0 then

d(9) < (2 +2 Z 22'—1> Wo = 2",
=1

which is obtained by taking n steps up followed by n + 1 steps down.
Therefore,

2pr

—— ~4W
1=8(1—p)p

EY)] < Bld(S)] < ) _[A(1 - p)"p" 12" W, =

because Wy = [2W] and p — 1 as N — oo. This shows that for N large enough
we have E[Y;] < 5W, which gives the conclusion. O
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Let I = |[W/2]. We make the following definitions for the rest of the section:
2N(7‘M)l6('y(Wo+2l)+u+l)T
Kl ==
(1—1)!

N(Tw)le”
Kz—%

pzl—Kl—KQ.

Lemma 17. Suppose Wy < W for all N. Then

P(sup WSS2W> Zl_Kl_KQ

0<s<T

Proof. By Proposition 9 we have

P(sup DSZZ>§K1-

0<s<T

By Proposition 7 we have

P(sup (XO——X;)zl) < K,.

0<s<T

On the event that supyc,; Ds < W/2 and supgc,; Xg — X; < W/2 we have
Supg<s<; Wi < 2WW. This gives the result. O

Proof of Proposition 5. Notice that

{NS Zl}: {Si S S} C {Z(Sj_tj) S S}.

J=1

Therefore,

P(Ny>i)< P (Z(sj —t;) < s) .
j=1
Applying Lemma 17 and the strong Markov property of X we have
1— K — K, <P(s;—t; > T|F,)

for all j. Taking expectations of both sides yields
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for all 7, so

1—K1—K2§1Dfp(8]—t]ZT)
J

Note that p — 1 as N — oo. Define an i.i.d. sequence {V;}2, of random
variables with distribution P(V; =0) =1 —p and P(V; =7T) = p. Then

P(i:(sj—tj)§5> §P<i%§s>.

j=1
This will allow us to define a new process NN, such that N, =i if

i+1

iwsS<Zw.
j=1 j=1

Note that P(N! = 0) = p for s € [0,7) and that P(N. > k) > P(Ny > k) for all
k. Therefore, it is enough to bound E[N]/s.

Let Vo = 0. Jumps of the process N! only occur at points k7 where k is
a positive integer. On the time interval [0,7) the process N! is constant and has
value max{i > 0 : V; = 0}. Therefore N! has the shifted geometric distribution for
s € [0,7T) with mean (1—p)/p. We can now make use of the fact that N/ is a Markov
process. If we consider values at k7 for k£ > 0 we have for s € [(k—1)T,kT) that
E[N!] = k(1 —p)/p. For k > 2 we then have

This gives us

On the time interval [0, 7) we have

IE[N;] < (1 _p)
s p

— 0as N — oo.

]

Chapter 2, in full, has been accepted for publication in the Annals of Ap-
plied Probability. The dissertation author was the sole author of this paper.



Chapter 3

A Hierarchical Probability Model

of Colon Cancer

Cairns [3] first raised the question of how stem cells affect the development
of cancer in 2006. We are interested in a particular model in which stem cells play
a central role. Komarova [23] discusses three mathematical models which may be
used to model the mutations that lead to cancer. The first is the Moran model,
which may be used to model cancers in liquids such as Leukemia. This model is
the same as the stochastic process {X; : t > 0} from chapter 2 except that there is
no selection mechanism and a mutation on individual ¢ only causes X to increase
by 1. The second is a spatial model which may be used to model cancers in solid
tissues. This model is similar to the Moran model except that the cells are given
spatial locations and when they die they are only replaced by nearby cells. The
third model, which is referred to as the hierarchical model, differentiates between
stem cells and daughter cells. The hierarchical model is the focus of this chapter.

The hierarchical model was originally proposed in [23] as a model of col-
orectal cancer. As discussed in [23], many cells in the human body, including those
in the colon, go through a three step process. It begins with a stem cell which
will stay in the population for a long time and have many descendants. Some of
these descendants will also be stem cells, but others will be differentiated progen-
itor cells. The progenitor cells, or what we shall refer to as daughter cells, will

split into more daughter cells. The number of times these cells split is dependent

40
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upon what organ of the body they are in. We will refer to the number of splits
that a daughter cell has undergone as the generation of the cell. Once the cells
split enough times they reach maturity and are swept out of the population in a
biological process called apoptosis. The colon is lined with crypts that contain
pockets of cells. The cells in the colon, as described by Komarova [26], are such
that stem cells reside at the bottom of the crypt and the daughters migrate up the
crypt so that the higher generation daughter cells are near the top.

In the original model proposed in [23], cancer is the result of two mutations.
The reason for two mutations is that it represents the inactivation of two alleles in
a tumor suppressor gene. Knudson claims that retinoblastoma is the result of two
mutations in [21, 22]. For other sources on two mutation models of cancer one can
refer to [18], [25] and [29]. We also model cancer as a result of two mutations.

The hierarchical model shall be referred to as H;. This model has a fixed
population of size N = 2! where [ is the number of generations of daughter cells
in the crypt. At all times ¢ > 0 there is one stem cell and for k € {1,2,... 1}
there are 287! daughter cells of generation k. We start with a full crypt and no

mutations. At each integral time unit all of the cells split in the following way:
e The stem cell splits into a stem cell and a generation 1 daughter cell.

e For each generation k£ with 1 < k <[ —1, a daughter cell of generation k will

split into two cells of generation k£ + 1.

e The daughter cells of generation [ undergo apoptosis and are swept from the

population.

Notice that the generations are constant size throughout time. The cells will
accumulate mutations via Poisson processes. A cell with 0, 1 or 2 mutations is
called a type-0, type-1 or type-2 cell respectively. A mutation which occurs on
a type-0 or type-1 cell is called a type-1 or type-2 mutation respectively. This
terminology is used so that a mutation that makes a cell type-2 is called a type-2
mutation. Once a type-2 mutation occurs the colon is assumed to have cancer.
The cells will each have two Poisson processes marking them, one which will cause

type-1 mutations and one which will cause type-2 mutations. The first Poisson
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process that marks a cell will only cause a type-1 mutation if the cell is a type-0.
If a mark of the Poisson process occurs while the cell is not a type-0 then nothing
happens. Likewise, the second Poisson process only causes mutations on type-1
cells. If a mark from this Poisson process occurs on a cell while it is type-1 then the
cell becomes type-2, but if the cell is not a type-1 then nothing happens. All of the
Poisson processes are independent. The mutations are passed to the descendants
when a cell splits. It is sometimes convenient to think of the cells as fixed in a
binary tree and the mutations as traveling through the tree in a direction which
takes them from the root to the leaves. Because of this we will often refer to the
sequence of stem cells as the stem cell line and we fix the Poisson processes that
are marking the cells on particular locations in the tree.

For our model, the rates at which stem cells acquire type-1 and type-2 mu-
tations are u; and wuy respectively. The rates at which the daughter cells acquire
type-1 and type-2 mutations are v; and vy respectively. All of the rates are func-
tions of V and will approach 0 as N approaches infinity. We will always consider
what happens as N goes to infinity. All limits will be assumed as taking N to
infinity unless otherwise stated.

We should mention that several other very similar models have been used
to study how stem cells affect the development of cancer. In [24], Komarova and
Cheng consider the effects of the development of cancer based on the quantity of
stem cells in the population. In [13], Frank, Iwasa and Nowak consider a model in
which the stem cells only split finitely many times.

In the hierarchical model there are three ways in which the mutations may
occur. Stem cells may acquire both mutations so that cancer is a result of mutations
of stem cells only. It is possible that a stem cell receives the first mutation and
a daughter cell gets the second, or a daughter cell and one of its descendants will
each receive mutations before they are swept from the crypt. In [23] these cases
are abbreviated ss, sd and dd respectively.

A type-1 mutation to a cell is called successful if that cell or one of its
descendants receives a type-2 mutation. A type-1 mutation to a stem cell is always

successful and a type-1 mutation to a daughter cell is successful if the daughter cell
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has a type-2 descendent before its progeny is eliminated from the population. We
will call the successful type-1 mutation whose type-2 descendant is the first type-2
to occur the cancer causing type-1 mutation. Note that being the cancer causing
type-1 mutation is not equivalent to being the first successful type-1 mutation.
We prove the theorem by coupling various models. This motivates us to

define the following functions.

e 7'(A) is the time at which the cancer causing type-1 mutation occurs in model
A.

e 7(A) is the first time that any cell gets a type-2 mutations in model A.

e 0(A) := j/l when the cancer causing type-1 mutation occurs in generation j

in model A. If the cancer causing type-1 mutation occurs on a stem cell in
model A then o(A) = 0.

e p(A) := j/l when the first type-2 mutation occurs in generation j in model A.

If the first type-2 mutation occurs on a stem cell in model A then p(A) = 0.

One of the two goals of this chapter is to find the asymptotic distribution of
7(H;) as N approaches infinity. Similar work has been done for the Moran model
by Schweinsberg [33] and Durrett, Schmidt and Schweinsberg [11], in which more
general results have already been found, and for the spatial model by Durrett and
Moseley [10]. In [23], Komarova makes a connection between the Moran model
and the hierarchical one as follows: In the Moran model a mutation may undergo
fixation, meaning it spreads throughout the entire population through the birth-
death process and all of the cells are the same type. Because the last generation is
always removed in the hierarchical model, the only way to get fixation is if a stem
cell gets a mutation. These are the cases ss and sd. In these cases the mutation
will spread throughout the population in [ time units. In the Moran model it is
also possible that the progeny of mutated cells undergo what is called stochastic
tunneling. This is when multiple mutations are acquired before they fixate. This
is analogous to daughter cells acquiring two mutations before a stem cell gets one

mutation in the hierarchical model. This is the dd case and can also happen in
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the sd case if the second mutation occurs before the first has time to fixate (in
particular the second mutation occurs in less than [ time units).
The rate at which daughter cells get successful type-1 mutations is given in

[23] to be approximately

l

D 02 (1 — e @) (3.1)

i=1
To see this, suppose all the cells are type-0. When all of the cells in generation ¢
are type-0 then type-1 mutations occur on generation 7 at rate v12°~!. Each of the
cells will have 211 — 2 descendants. Every descendant lives for one time unit and
gets type-2 mutations at rate vy. This gives the probability of success of a type-1

_ l—i+1_
v2(2 2). Then we sum over

mutation in generation ¢ to be approximately 1 —e
all generations.

Our second goal is to determine the limiting distributions of o(H;) and
p(Hy). The location of the mutations can be essential to the treatment of cancer.
As an example, studies of the effects of the drug imatinib on chronic myeloid
leukemia have shown that leukemic stem cells will most likely not cause tumors
but rather that a tumor is a result of a mutation on one of the daughter cells,
see Dingli and Michor [7] and Michor [27]. Imatinib treats leukemic daughter cells
but not leukemic stem cells. While using imatinib problems arising from cancer
are prevented but patients cannot stop treatment because the leukemic stem cells
will continue producing new leukemic daughter cells. Therefore, the location of
where the mutations occur may play a pivotal role in determining how to treat the
cancer.

We do not find the limiting distribution of 7/( H;) as there seems to be no
motivation to do so. We only make the definition 7/(A) because it will occasionally
be useful for achieving the two goals described above.

We have established most of the notation for chapter 2 above but some
more will be included here. For any real number a we define a™ = a V0. For func-
tions f(z) and g(z) we will denote the limits f(z)/g(z) — 0, f(z)/g(z) — 1, and
f(x)/g(x) - 00 asx — oo by f < g, f ~ gand f > g respectively. To reduce

the number of subscripts, we will use log = for log, z. Note that with this notation
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[ =log N. We will use —+4 to denote convergence in distribution and —, to denote
convergence in probability. We make the following assumptions throughout most

of chapter 3.

Assumption 1: There exist constants «, § > 0 such that vy ~ SN~

Assumption 2: The mutation rates satisfy u; < us and vy < cvy for some ¢ > 0.

We do not allow a = 0 so as to reduce the number of cases to be considered. As
a result of Assumption 1, the probability that the cancer causing type-1 mutation
occurs on a daughter cell in generation i < [(1 — )" tends to 0. According to
Komarova in [24], Assumption 2 agrees with almost all of the biologically relevant
cases. We let X be an exponentially distributed random variable with mean 1 and
we let Y be a random variable with the Rayleigh distribution so that P(Y <t) =
1—e /2 for any t > 0.

The following theorem is proved in chapter 2.

Theorem 18. Suppose Assumptions 1 and 2 hold. Recall that all limits are taken
as N goes to infinity.

1. If vyvy < 1/(N(log N)?) and vivaNlog N > u; then
(a A D)vyvaN(log N)7T(Hy) —a X.

The distribution of o(H1) converges to the uniform distribution on the inter-

val (1 — )™, 1] and p(Hy) converges in probability to 1.

2. If 1/(N(log N)?) < vivs < 1/N and vivy > u2/N then

v U1U2NT(H1) —d Y.

Both o(Hy) and p(Hy) converge in probability to 1.

3. If vyvy > 1/N then

AV, UlvgNT(Hl) —d Y.

Both o(H;) and p(Hy) converge in probability to 1.
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4. If we have the following two conditions:

o [ither
v1vy < 1/(N(log N)?) and u; > vivaN log N

or
1/(N(log N)?) < vjvg < 1/N and uy > \/v102N

e Both us < 1/1log N and us < va N

then
U,lT(Hl) —d X.

The probability that the first mutation occurs on the stem cell line converges

to 1 and p(Hy) converges in probability to o A 1.
5. If we have the following two conditions:

o Fither
v1v9 < 1/(N(log N)?) and uy > vivoN log N

or

1/(N(log N)?) < v1vg < 1/N and uy > \/v1vaN
o [Lither uy > 1/log N or us > v, N

then the probability that both mutations occur on the stem cell line converges
to 1. If uy < uy then
UlT(Hl) —d X

and if uy ~ Aug for some A > 0 then
ulT(Hl) —d X+ Z

where Z is an exponentially distributed random variable with mean A which

is independent of X .
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There are many boundary cases and most of them are not included, where
we use the term boundary case to refer to the boundary between two of the condi-
tions. That is, if v; < 1/N gives one result and vy > 1/N gives another, we would
consider v; ~ A/N for some constant A to be a boundary case. If included, the
boundary cases would make up the bulk of this thesis. One reason for this is that
our variables {vq, v9, u1, us} span a four dimensional space so that the regions will
have many boundaries. Moreover, sometimes three regions intersect in the same
place. It does not seem that there would be any special difficulties in computing
most of these boundary cases and that they could be done with methods similar
to those used in chapter 3.

The first three cases of Theorem 18 are the dd regime. Case 4 is the sd
regime and case 5 is the ss regime. In case 1 the condition vyvy < 1/(N(log N)?)
indicates that with probability tending to 1 the first successful type-1 mutation
on a daughter cell will occur after log N time. The condition vyva N log N > uy
indicates that a type-2 mutation will occur on a daughter cell before a type-1
mutation occurs on a stem cell with probability tending to 1. Because the amount
of time that can pass between a successful type-1 mutation and a type-2 mutation
is bounded by log NV the time it takes for the type-2 mutation to occur is negligible
in the limit. This is why the distribution of 7(H;) converges to an exponential
distribution.

There is a useful picture to keep in mind. We will graph time scaled by
1/log N on the horizontal axis and generation scaled by 1/log N on the vertical
axis. A mutation on a cell in generation i at time ¢ will be represented by a
circle at (t/l,i/l). We only represent the successful type-1 and type-2 mutations.
When a successful type-1 mutation is marked, the following type-2 mutation will
be connected to it by a line. Figure 3.1 is an illustration of case 1 of Theorem 18.

The distribution of o(H;) arises from a balance between the large number
of cells in the later generations versus the large number of descendants of cells in
the earlier generations as discussed above. The reasoning used to derive equation

(3.1) shows that generation i gets mutations at a rate of approximately

01271 — e_”2(217i+1)) SENEIE
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/

Figure 3.1: Case 1 of Theorem 18

Note that the approximate rate is independent of 7. This balance causes the dis-
tribution of the marks of the successful type-1 mutations to converge to a uniform
Poisson process on [0, 00) X ((1—«)*,1).The probability that the second mutation
occurs in the later generations is just a result of the bulk of the population being
concentrated in the later generations.

In case 2 the condition 1/(N(log N)?) < v1v, indicates that a daughter cell
will get a successful type-1 mutation before time log N with probability tending to
1. The condition v1vy < 1/N indicates that the time it takes for a successful type-1
mutation to occur on a daughter cell tends to infinity. The condition vive > u? /N
indicates that the cancer causing type-1 mutation will occur on a daughter cell
with probability tending to 1. As in case 1, p(H;) —, 1 because most of the cells
are in the later generations. Because cells split at rate 1 it takes O(log N) time
units before a significant number of an individuals progeny is realized. In this
case the type-2 mutation will occur much faster than log N time with probability
tending to 1. Therefore, an individuals progeny does not play such an important
role. For this reason the cancer causing type-1 mutation is approximately equally
likely to occur on any cell. Most of the cells are in the later generations so o(H;)
tends to 1. We illustrate this case in Figure 3.2.

In Figure 3.2, a type-2 mutation will occur by time t if a successful type-
1 mutation has occurred in the triangle beneath time ¢. Note that Figure 3.2

illustrates an example in which the first successful type-1 mutation is not the
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17

(1—e)

Figure 3.2: Case 2 of Theorem 18 - A magnified image of the top left corner

cancer causing type-1 mutation. Because the marks of the type-1 mutations are
converging to a uniform Poisson process in the triangle, the distribution of 7(H;)
will converge to the Rayleigh distribution.

In case 3 the condition vyvy > 1/N indicates that some cell will receive
two mutations before time 1 with probability tending to 1. Any daughter cell is
equally likely to get the two mutations and because u; — 0 the probability that
the stem cell gets the two mutations tends to 0. This causes o(H;) and p(H;) to
tend to 1 in probability since the bulk of the population is concentrated in the
later generations. The waiting time for the first individual to get two mutations
has a Rayleigh distribution, which gives the result for 7(H;). The results hold for
this case when a = 0.

We now explain the assumptions of case 4 which ensure that the sd regime
occurs with probability tending to 1. If stem cells could not mutate and v;v, <K
1/(N(log N)?) then according to case 1 (a A 1)vivoNlog N7(H;) —4 X. The
condition u; > v1vaN log N indicates that a type-1 mutation occurs on the stem
cell line before a type-2 mutation occurs on a daughter cell when the mutation
rates of the daughter cells satisfy v1vy < 1/N(log N)?. Likewise, if the stem cell
could not mutate and 1/(N(log N)?) < vivs < 1/N then according to case 2
VuiveNT(H;) —4 Y. The condition u; > v/vv2N indicates that the stem cell
line gets a type-1 mutation before the daughter cells get a type-2 mutation when

the mutation rates of the daughter cells satisfy 1/(N(log N)?) < vivs < 1/N.
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The condition ug > 1/log N or us > v9 N indicates that the first type-2 mutation
occurs on a daughter cell rather than the stem cell line.

In case 4 the time at which the type-1 mutation occurs on the stem cell line
is much larger than log N with probability tending to 1. Therefore, the time it
takes for the first type-2 mutation to occur is negligible. This implies that the type-
1 mutation that occurs on the stem cell line is the cancer causing type-1 mutation
with probability tending to 1 and illustrates why wy7(H;) is converging to an
exponential distribution. Once a stem cell gets a type-1 mutation the daughter cells
inherit the type-1 mutation at an exponential rate. For any ¢ > 0 the probability
that the first type-2 mutation will occur when the type-1 mutation has spread to
generation i for some i € (¢ A1 —¢€)log N, (e A1+ €)log N) is tending to 1. This
is why p(H;) —, (o A 1). Figure 3.3 gives an illustration of this case.

Figure 3.3: Case 4 of Theorem 18 - Stem cell mutations occur on [0, 00) x {0}

The first condition in case 5 is the same as the first condition in case 4.
Under this condition the probability that the first successful type-1 mutation occurs
on the stem cell line tends to 1. The second condition in case 5 implies that the
first type-2 mutation occurs on the stem cell line with probability tending to 1.

The results for 7(H;) are similar to the results when waiting for two mu-
tations in the Moran model. In particular, when the mutation rates are slow in
the Moran model the time until two mutations converges to the exponential dis-
tribution and when the rates are faster the waiting time converges to the Rayleigh

distribution. The original results can be found in [18] and [34] and they are also a
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special case of the results in [33].
When all of the mutation rates are the same we refer to H; as the null
model. The following proposition gives the results for the null-model, including

results for the boundary cases.

Proposition 19. Let i = uy = us = v1 = v9. Suppose Assumption 1 holds so that

there exist constants 5, > 0 such that p ~ BN~.

1. If u < 1/(Nlog N) then
ut(Hy) —q X.

The probability that the first successful type-1 mutation occurs on the stem

cell line converges to 1 and p(Hy) converges in probability to 1.
2. If u~ A/(NlogN) then
(1+ A)pr(Hy) —q X.

Let & be a Bernoulli random variable such that P(§ = 1) = A/(1+ A) and
PE=0)=1/(1+A). Let U be a random variable, independent of &, with

the uniform distribution on [0,1]. Then
o(Hy) —a UE

and

p(H1) —p L.
3. If1/(Nlog N) < < 1/(v/Nlog N) then
(a A1)p*N(log N)T(Hy) —4 X.

The distribution of o(Hy) converges to a uniform distribution on ((1—a)*, 1]

and p(Hy) converges in probability to 1.
4. If u~ A/(v/Nlog N) then

lim P(7(H,)/log N < t) = (1= /)10 1 oy (1) (1= Y281y (1),



52

Let Z be a random variable with density

1/2
flz) = ( /1 A26A2t2/2dt+2e‘42/8> 112,11 ().

—X

As N goes to infinity o(Hy) converges in distribution to Z and p(Hy) con-

verges in probability to 1.
5 If1/(VNlog N) < pp < 1/v/N then
pVNT(Hy) =4 Y.
Both o(Hy) and p(Hy) converge in probability to 1.

6. If u ~ A/\/N then for each fized time t > 0 there exist constants ¢ and C
such that

liminf P(7(H,) <t) > ¢ >0 and limsup P(7(H;) <t)<C < 1.

Both o(Hy) and p(Hy) converge in probability to 1.

7. If 1/v/N < then
u\/NT(Hl) —q Y.

Both o(Hy) and p(Hy) converge in probability to 1.

Cases 1, 3, 5 and 7 of Proposition 19 follow directly from Theorem 18.
Cases 2, 4 and 6, the boundary cases, will be done in the last section.

In case 2 of Proposition 19 the cancer causing type-1 mutation may occur
on a stem cell or a daughter cell. The event £ = 1 corresponds to the cancer causing
type-1 mutation occurring on a daughter cell and the event & = 0 corresponds to
the cancer causing type-1 mutation occurring on the stem cell line.

In case 4 the mutations occur in O(log N) time units. Figure 3.4 is an
illustration for this case.

Notice that the exponents in the limiting distribution for 7(H;) in part 4
correspond to the area of a triangle or quadrilateral. This is because the cancer

causing type-1 mutation will occur in O(log N) time units. Let ¢; and ¢, be the
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Figure 3.4: Case 4 of Proposition 19

times marked in Figure 3.4. The probability that a type-2 mutation has occurred
by time ¢;/log N is the probability that a mark indicating a successful type-1
mutation has occurred in the triangle associated with ¢; in Figure 3.4. Likewise,
the probability that a type-2 mutation has occurred by time ¢,/ log N is the prob-
ability that a mark indicating a successful type-1 mutation has occurred in the
quadrilateral associated with ¢, in Figure 3.4.

The main result of case 6 is that when pu ~ A/ V/N the time until two
mutations is O(1). The results are therefore affected by the discreteness of the
model.

In the next section we introduce a new model which will be coupled with
H,. Theorem 18 will be proved with this new model in place of H; and the coupling
will give the results for H;. The second section of chapter 3 is devoted to getting
results about the dd regime. The third section is on results about the sd and ss
regimes. In section 3.4 we prove Theorem 18. The last section is a discussion of

the boundary cases in the null model and a proof of Proposition 19.

3.1 A Useful Model

In this section we define a new model, Hy, which will be useful to compare
with H,. In model H, there is one stem cell and for each integer i there are 2¢!

generation ¢ daughter cells for all times ¢ > 0. The cells in model H, split at each



54

integral time unit in the same way that the cells in model H; split. Just as in
model Hy, the stem cells in model H, receive type-1 and type-2 mutations at rates
uy and usy respectively and the daughter cells receive type-1 and type-2 mutations
at rates vy and vy respectively. The difference between the models is how the cells
accumulate type-1 mutations. In model H; all type-1 mutations have the same
behavior. A type-1 mutation proposed to occur on a type-1 cell in H; is rejected
because the cell is already a type-1. In model H, the behavior of type-1 mutations
differ depending on whether or not the mutation occurred on a stem cell. If a
type-1 mutation occurs on a stem cell it has the same behavior as in model H;.
The mutation will eventually be passed to all other cells in the population and any
type-1 mutation proposed to occur on a type-1 stem cell or a daughter cell that
is the progeny of a type-1 stem cell is rejected. However, all type-1 daughter cells
which are type-1 cells as a result of a type-1 mutation occurring on a daughter
cell are able to accumulate type-1 mutations. If a type-1 mutation is proposed
to occur on such a daughter cell with one type-1 mutation, then the mutation
is accepted and the cell now carries two type-1 mutations. Type-1 mutations to
type-0 daughter cells result in cells that are allowed to carry any number of type-1
mutations, and when a cell has k£ type-1 mutations it receives type-2 mutations at
rate kvy. Because the type-1 mutations on daughter cells do not change the rate
at which type-1 mutations occur, equation (3.1) is more accurate for model Hj.
We now give an alternate description of model Hy which will allow us to
make a coupling between models H; and Hs. Consider the daughter cells as fixed in
a tree and consider the mutations as moving to the higher generation daughter cells
at each integral time unit in model H;. Label the daughter cells Dy, Do, ... Dy_1.
In model H, each daughter cell D; has a counter C; starting at 0 and is

acted on by a sequence of Poisson processes {P!}°° . each having rate vy, which

n=1s
determine the type-2 mutations. All of the Poisson processes are independent of
one another. When a type-1 mutation occurs on a daughter cell D; it increases
the counter C; by 1. This is considered as a type-1 mutation. If a type-1 muta-
tion increases the counter to n, it is the n'* type-1 mutation on the cell. When

the counter C; has reached n, any type-2 mutations that would occur according
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to the Poisson processes P}, Pi,... P! are accepted as type-2 mutations on cell
D;. Any type-2 mutations that would occur according to the Poisson processes
Pl 1, P, ... are rejected. If a type-2 mutation occurs on cell D; as a result of
the Poisson process P!, then the n'* type-1 mutation according to C; is considered
to be successful. If the first type-2 mutation on a cell is a result of the Poisson
process P!, then the n'* type-1 mutation according to C; is the cancer causing
type-1 mutation. Rather than the mutations moving up the tree, at each integral
time unit the daughter cells in generations ¢ > 2 will inherit the counter number
from their ancestor in the previous generation. The daughter cell in generation 1
will reset its counter to 0 at each integral time unit. However, a type-1 mutation
on a stem cell does not have a counter. Once a type-1 mutation has spread from
a stem cell to a daughter cell the daughter cell can no longer accumulate type-1

mutations and the model is the same as model H;.

We couple H; and H, as follows:

The Poisson processes that mark the stem cells are the same.

o If a daughter cell has inherited a type-1 mutation from a stem cell then the
Poisson processes marking type-2 mutations on the cell are the same in each

model.

e The Poisson processes marking type-1 mutations on daughter cells are the

same.

e The Poisson processes marking type-2 mutations on daughter cells in model
H, are the same as the Poisson processes P in model H, so long as the

daughter cells did not inherit their type-1 mutations from a stem cell.

There are no analogous Poisson processes in model H; for the N — 1 sequences of

Poisson processes Pi, Pi, ... in model Hy.

Lemma 20. Let the Poisson processes in models Hy and Hy be coupled as described
above. Then P(1(Hy) = 7(Hs)), P(p(H1) = p(Hs)) and P(o(H,) = o(H3)) all

converge to 1.
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Proof. A type-2 mutation which occurs in model Hy but not in H; is a result of the
rejection of the type-1 mutation in model H; that has led to the type-2 mutation
in Hy. This type-1 mutation could only be rejected in model H; because the cell
on which it was supposed to occur was already a type-1 cell. Type-1 mutations
on the stem cell line will occur at the same time in both models. If we consider a
type-1 mutation that occurs on a daughter cell in model Hs, the probability that
it also occurs in model H; is the probability that the cell is a type-0. Because
the differentiated cells will be removed from the population after log NV time, if we
propose a type-1 mutation at a time ¢ on any cell that has not inherited a type-1
mutation from a stem cell, then the probability that the cell has a type-1 mutation
is at most 1 — e~ 116N Therefore, if a type-1 mutation occurs in model Hy at

—vilog N it will also occur in model Hy. We show

time ¢, with probability at least e
that the same will be true of the cancer causing type-1 mutation.

We number the positions of the cells 1,2, ..., N and let 1 be the position of
the stem cell line. Let N = {1,2,..., N} and L = [0,1] U {oo}. First we note that
the Poisson processes marking the daughter cells in model Hs induce a Poisson
process on the space [0,00) x N x L. A point (¢,4, s) is marked to indicate that a
type-1 mutation occurred at time t on the cell at location ¢ and at time s + ¢ the
type-1 mutation became successful. If the type-1 mutation is not successful then
s = 0o. One may note that this is a Poisson process by two applications of the
Marking Theorem (see Kingman [20] page 55). Type-1 mutations occur according
to a Poisson process on [0,00) at rate vy(N — 1) + uy. Each daughter cell has
probability vy /(v (N — 1) +uy) of being the cell that receives the type-1 mutation
and the stem cell has probability u; /(v1(N —1)+wu;) of being the cell that receives
the type-1 mutation. By a first application of the Marking Theorem this gives
us a Poisson process on [0,00) x N. The probability that a type-1 mutation is
successful can be determined from the associated point (¢,7) which tells at what
time and on what cell the type-1 mutation occurred. Each one of these points has
an associated value s that indicates when, and if, the type-1 mutation becomes
successful. This gives the Poisson process on [0,00) x N x L.

Let Z be the random variable which indicates the value in [0,00) x N x L
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that corresponds to the time of the cancer causing type-1 mutation, the cell on
which it occurred, and the time of the first type-2 mutation. If we condition on
the event Z = (to, 19, So) for some iy in generation j which is not the stem cell line,

then there can be no marks in subset

{(t,i,s):s <to+so—t}U{(t,i,s): ([t] —i,{1},s+t—[t])}

of [0,00) X N x L. The marks that occur outside of this subset occur independently
of the marks that occur within. Conditioning does not change the probability that
a mark outside of this set has occurred by time t3. This only reduces the rate at

which type-1 mutations occur before time 3. Therefore,
P(r(Hy) # 7(H3)|Z = (to, 40, 80)) < 1 — e 108N,
Let P, be the probability measure on [0,00) x N x L induced by Z. Then

P(r(Hy) # 7(H2)) = / P(r(Hy) # 7(H2)|Z = ) Py(dx)

[0,00)x Nx L
</ (1 — ™15 Y) Py (da)
[0,00)x NXL

— 1™ log N

This shows that P(7(Hy) # 7(Hs)) — 0 if v; < 1/log N. It follows from As-
sumption 1 that vy < 1/log N and combining this with Assumption 2 we see that
vy < 1/log N as well.

On the event 7(H;) = 7(Hy) we have p(Hy) = p(Hs) and o(H;) = o(H>3)
with probability 1. The only way these equalities can fail is if two type-2 mutations

occur simultaneously in model H,, an event whose probability is 0. Therefore,

P(p(Hy) = p(H3)) and P(o(H,) = 0(H;)) both converge to 1 as well. O

The rest of the work in proving Theorem 18 is in proving Theorem 18 with

Hs in place of Hy. Once this is done Theorem 18 follows from Lemma 20.

3.2 The dd regime

To understand the behavior in the dd regime, we consider a new model

which is the same as H, except that mutations only occur on daughter cells. That
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is, there are no Poisson processes that mark mutations on the stem cells. This new

model will be called model M;. The purpose of this section is to prove Proposition

21.
Proposition 21. 1. If vjvy < 1/(N(log N)?) then
(a A 1)vyvaN(log N)T(My) —4 X.

The distribution of o(My) converges to a uniform distribution on ((1—a)*, 1]

and p(My) converges in probability to 1.

2. If1/(N(log N)?) < vivg < 1/N then

\/ U1U2NT<M1> —d Y.
Both o(My) and p(My) converge in probability to 1.

Lemma 22. For any positive integer k < | we have
P(p(My) > (1 —k)/1) >1—1/2",

Proof. Let Z be the number of generations between the cancer causing type-1
mutation and the first type-2 mutation. Then Z € {0,1,2,...,l}. Because there
are only [ generations, if the second mutation occurs [ — k generations or more

after the first then it must be in the last k£ generations. So
Pp(My)> (U —-k)/|lZe{l-k1I—-k+1,...,1}) =1.

If we condition on the event that Z = j for some 7 < [ — k — 1, then the
probability that the cancer causing type-1 mutation occurs on any cell in gen-
erations 1,2,...,0 — j is equally likely. This is because the Poisson processes
marking the mutations on the descendants of the cells j generations after any gen-
eration ¢ are independent and identically distributed. The last k of the [ — j
generations always make up at least a fraction of 1 — 1/2% cells, so we have
P(p(My) > (I = k)J1|1Z € {0,1,2,...,1 —k —1}) > 1 — 1/2% where we get a

strict inequality because we do not count the stem cell line. The result follows. [
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It is important to notice that Lemma 22 holds for any N and we do not

require N — oo. Also, the rates at which v; and vy tend to 0 are irrelevant.
Corollary 23. As N goes to infinity, p(My) will converge to 1 in probability.

Lemma 24. Let ([, 82) C (0,1]. Let C be a positive constant and let C" € {1,2}.
Then

> 2T (1= e L OBy — B V(1 — ) Fuyua N log N.
iGNﬂ(lﬂl,lﬂg]

Proof. We will first define some notation for this proof for the sake of readability.
Let I C R. We define

I =1 N (lﬂl,lﬂg] N N.
First we can do the case when o > 1. Using the upper bound

1 — e—cvz(zl—iﬂ—c/) < 011221_”1

we have - oo
Zie(lﬁl,l/gz]* 01271 — e v _ ))
U1U22ll

< C(B2 — B).
From the second order Taylor expansion we get a lower bound of
—1 ! . 1 .
1 — e—C(Ql ¢ > 002(2l—z+1 . O/) . 5021)%(21—14-1 . C/)2.
We will break this sum into 5 parts,
i-1( Oz =01

> Cvp2t — CC'1p2" — C*032% 7" 4+ C2C'v32! — C*(C')* w322
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We get the following computations for each of the five individual sums:

Z Cv22' [ (022'1) — C(B2 — By).

i€(1B1,182]*
D CCw2 /(12 < CC'2/(2') — 0.
1€(1B1,1B2]*
> OO (022') < CPCPuy /1 — 0.
1€(1B1,1B2]*
> P32 (022'1) < CPCMuy — 0.
ie(lﬁl,lﬂz]*
> CPu32? T (092') = CP02'( ) 271 < CPug2 )
1€(1B1,1B2]* i=[1p1]

so long as v, K 1/21(52*51) = N~ (P2=81) which will hold since this is the case a > 1.

So we have
: Zie(lﬁl 182]* ’U12i_1(1 — 6_01’2(2[7”1—0’))

which finishes the case for a« > 1.
Now let 0 < a < 1 and let € > 0 be small enough so that 0 <1 —a —€ <

1 —a+e< 1. We now break the sum into three pieces,

71— _ l—i+1_ v
Zie[1,1(17a76))*u[l(17a76),l(17a+6)]*U(l(17a+6),l]* 21 — e )

U22ll

We can consider each of these three sums individually.
As for the middle sum, we only need the bound
L2011 — 6*0”2(21_“’170’))

U22ll

Zie[l(l—a—e)J(l—a-i-e)}

0< < 2Ce

which follows by the upper bound 1 — e~ Cv2( =0 < Oy, 2=+,
One can apply similar computations as in the case when o = 1 to obtain
the following:
i— —Cvo (2=t _
)

U22ll

Zie(l(l—a—f—e

— C(ﬁg —ﬂl\/ (1 —O[+€))+.
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For the first sum, note that 1 — e~ Cv227=0") < 1. This gives the bound

9i=1(] — ~Cra(2=H+1-C"))

0<

- Z Ungl
i€[Ll(1—a—e))*

2z’—1

<

< > o
i€[Ll(1—a—e))*
2l(1—a—e)
U22ll

— 0.

The convergence is a result of the definition of a. In particular, vy > N~ ¢(log N)~L.

Combining the three sums yields

i— _Cus (2=t
ZiE(lﬁl,lﬁQ}* V12 1(1 — = Cu2(2 C))

C(ﬁg — 51 V (1 — o+ 6))+ S lim inf

l’Uﬂ)QQl
and
i L0217 (1 — e Cr@TT=C)
lim sup 2ic(3,12 lv(v 5 ) < C(By— PV (L —a+e)t +2Ce
102
Letting e approach 0 gives the result. O

Corollary 25. Let T be the time at which the first successful type-1 mutation
occurs. Then (o A 1)vyvaN(log N)T —4 X.

Proof. For 1 < i < [ there are 27! cells in generation i. Each of these cells is
getting type-1 mutations at rate v;. The cells in generation i have 2!7%*! — 2
descendants. If the cell splits as soon as it becomes a type-1, the probability that
none of its descendants get a type-2 mutation is e=22"""'=2_ On the other hand,
after a cell gets a type-1 mutation it could live for at most 1 time unit until it splits.
If this is the case, then the probability that neither the cell that receives the type-1

—e7D f we

mutation nor any of its descendants get a type-2 mutation is e
let R(t) be the rate at which the successful type-1 mutations occur at time ¢, then

for any time ¢ we have

l i—1(1 _ ,—wv2(2l7T1-2)
; 20141 R(t
| = Ji 2z 2 (L= ) < timin ®)
(aw A 1)vjvaNlog N (a A 1)vjveNlog N
l i—1(1 _ ,—va(2t70F1 1)
t . 2 1 2
< lim sup R(t) < lim 2im 2 (1—e ) =1

(a A1)vjvaNlog N — (a A 1)vvaN log N ’
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where the limits are results of Lemma 24.

The successful type-1 mutations occur according to a time inhomogeneous
Poisson process with an intensity measure v where v([0,]) = fg R(s)ds. We have
shown that v satisfies

: l
tzvl2i—1(1 . €—v2(2l—z+1_2)) < V([O,t]) < tzvlzi—l(l B 6_v2(21—1+1_1))

i=1 i=1
for all £ > 0 and all N. For any ¢t > 0 we have

t
PlT<
( ~ (A 1)vyueN(log N)

) —1— e*l/([O,t])/((al\l)vlvgNlogN) 51— eft

where the limiting results follow by Lemma 24. Therefore, (o A 1)vvaN (log N)T'
is converging in distribution to an exponentially distributed random variable with

parameter 1. ]

The next lemma states that when vv; < 1/(N(log N)?) the probability
that the first successful type-1 mutation is the cancer causing type-1 mutation

tends to 1.

Lemma 26. Let T be the time at which the first successful type-1 mutation occurs

in model My. If vivy < 1/(N(log N)?) then P(T = 7'(M;)) — 1.

Proof. Let Z = 7(M;) — T be the time it takes to get the first type-2 mutation
after the first successful type-1 mutation has appeared and let T be the time it
takes to get the second successful type-1 mutation after the first.

By Corollary 25,
(a A 1)vvaN(log N)T —4 X and (o A 1)vvaN(log N)T —4 X.

Then because a type-2 mutation must occur within log N time after a successful

type-1 mutation on a daughter cell we have
P(T < Z) < P(T <log N) = P((aA1)v0,N (log N)T < (aAl)v1v,N (log N)?) — 0.
Moreover, P(T > 7)< P(T =7'(M,)) so P(T = 7'(M)) — 1. O

Lemma 27. If vjvy < 1/(N(log N)?) then (a A 1)vivaN(log N)7(M;) —4 X.
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Proof. From Lemma 26 we know that the probability that the first successful type-
1 mutation is the cancer causing mutation is converging to 1. Combining this with
Corollary 25, (o A 1)vyvaN(log N)7/(My) —q X.

Due to apoptosis 7(M;) — 7/(M;) is bounded above by log N so it follows
that (o A 1)vyvaN(log N)(7(M;y) — 7'(M;)) —, 0. Then

(a A DvyvaN(log N)7(My) = (a A D)viveN(log N) (7' (My) + (7(My) — 7'(My)))

—q X.
[

Lemma 28. If vivs < 1/(N(log N)?) then the distribution of o(M;) converges to

the uniform distribution on ((1 — a)™,1].

Proof. By Lemma 26 the first successful type-1 mutation will be the cancer causing
type-1 mutation with probability tending to 1. Therefore, to find the limiting
results on o(M;) it is enough to find the depth at which the first successful type-1
mutation occurs as N tends to infinity.

Each generation ¢ with 1 < ¢ < [ is getting successful type-1 mutations
independently at a rate bounded between 1,201 (1 — =222} and v, 21~ 1(1 —
e*”2(2l_i+1*1)) for any time t. Therefore, for a fixed N and i, the probability that

the first successful type-1 mutation occurs on generation ¢ is between

02711 — @)

S 012071 (1 — eI

Jj=1

and .
v12i*1(1 — e*”2(21_2+1*1))

S 2 (1 — e @)

Let 5 € [0,1]. Using the notation and result from Lemma 24,

Zz’e(()Jm* U12i_1(1 _ e—y2(217i+1_1)>
Zje(o 1* v 2711 — e*vg(QZ*jJrl,Q))
(ﬁ - (1 — a)+)+

aNl

limsup P(o(M;) < ) < limsup
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and

ZiE(O,lm* U12i_1(1 _ e—vz(glﬂ‘ﬂ_Z))

ZjE(O,l]* 0120741 — e—vz(zlﬂ'ﬂ_l))
_ (ﬁ_(l—a)Jr)Jr
anl '

liminf P(o(M;) < 8) > liminf

O

Combining the results of Corollary 23 and Lemmas 27 and 28 we have part
1 of Proposition 21. For the next two proofs we note that Corollary 23 already
gives us that p(M;) converges to 1 in probability.

Proof of part 2 of Proposition 21. For the slower mutation rates it was enough to
notice that a cell in generation i has 2/~ —2 descendants. Under these conditions
the mutation rates are fast enough that we will need to consider how many descen-
dants a cell in generation ¢ has at a time before its progeny undergoes apoptosis.
For each k € NU {0}, let C;, be the collection of cells in generation ¢ during time
[k, k 4+ 1). If t > 1 — i+ k the number of descendants of each one of the cells in
C; 1, will be 2071(2!=#1 — 2) and their progeny will no longer be in the population.

For k <t <[ — 1+ k the number of descendants of each cell in C;; will be be-

2t—1—k 2t+1—k

tween and . This will allow us to give upper and lower bounds on
the number of cells in or descended from cells in generation ¢ by time t. If we
consider a time ¢t < [ — 4 then the descendants of the cells in C; o will not yet have
undergone apoptosis. Therefore, at time ¢ < [ — ¢ the number of cells that have

been in generation ¢ and their descendants is between

Lt)

Z 2t—1—j > ot _ 1

J=0

and
t]

Z 2t+1*j < 2t+2 —1.
=0
If t > | — i then some of the cells that have descended from generation ¢

cells will have undergone apoptosis. The total number of cells that have been in or
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descended from generation i cells at time ¢, including those that have undergone

apoptosis, will be between
-1
S 2T -2 ) =27 — 1+ (- 1+ )27 - 2)
j=0

and

I—i

Z gl—i—j+1 + (t 1+ i)(Ql—i—H _ 2) — ol=i+2 _ + (t 1+ i)(21_i+1 . 2)'

7=0

Recall that there are always 2°~! cells in generation ¢ which are acquiring

type-1 mutations at rate v;. We can once again multiply the rate of type-1 mu-
tations on generation ¢ by the bounds on the probability that such a mutation is
successful to find bounds on the rate of successful type-1 mutations in generation
7. We find that successful type-1 mutations occur on generation ¢ according to a

Poisson process that has intensity measure between
27y (1 — 671}2(?71)) and 2" oy (1 — e’”Q(QHQ’l))
ift <l—17and

20y (1 — e—vz(2l’i—1+(t—l+i)(2l*"“—2))) and 2, (1 — e—vz(zl*i+2_1+(t—l+i)(2“”1—2)))

ift>1—i.

We now use the bounds on the rates of successful type-1 mutations in
each generation 7 to find the limiting distribution of 7(M;). By the hypothesis
1/(N(log N)?) < v1vg, for N large enough we will have ¢ < \/v1v9N log N for any
real number ¢t . Let § = t/y/vivoN and let N be large enough that § < [. Then

P(r(M;) <) =1— e /™Y

where by summing over the generations and using the fact that 1 —e™ < x we
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obtain

N < 3 2ty (1 — @)

0<i<i—0
1—-0<i<l
< ) 27" = Doy
0<i<l—0
n Z oi—1 (2l—i+2 — 14 (0 —1+i) (27 = 2)) V1V3.
1—-0<i<i

As for the first sum,

. 1
Z 22—1(29+2 . 1)/01,02 S 5(264—2 . 1)(2l—9+1 o ].)’UlUQ
0<i<l—0

< 21+2U1U2 — 0.
As for the second sum, we first compute

D272 — Dy < 270000 — 0.

1-0<i<l

Lastly,

2O -1+ 27 = 2uey < 2oy > (0 -1+1)

1—6<i<l 1—6<i<l
2lU1U2 2
< 5 (0+1)
t2
— —.
2

Therefore, limsup P(v/v,0oN7(M;p) <t) <1— o122

As for the lower bound, we have

FINAY = YT 2ty (1 — e )

0<i<i—0

+ Z 2i—1vl(1_e—vg(2l—i—1+(9—l+z‘)(2l—i+1—2)))
1-9<i<li

> Z 21‘711}1(1_67v2(971+i)(2l_i+172)).

1—9<i<i
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Using the bound 1 —e™ > o — a:2/2 we have

Z 2i—1U1(1 N e—uQ(e—l+z‘)(2l—i+1—2))

> Z 27y (0a (0 — 1 44) (27 —2) — 03 (0 — 1 +0)* (27 — 2)2/2).

1-0<i<l

First consider ,
9 (2171+1 _ 2)2

Z 2 03 (0 — 1 +14) 5

1—0<i<l
This sum is bounded between 0 and >, 1912277 Let 0 < € < a. For N large
enough we have t < \/vjva Nl(cv — €) which is equivalent to [(1 —a—¢€) <1 —6. So

for N large enough we have
Z vyt?21 < Z vt227 < Ly NO¢ — 0.
1—-6<i<l I(1—ate)<i<l
This leaves us to show
i—1 I—it+1 t?
lim inf 2 0—1+0)(27" —=2)> —.
im in l_;q v1Vs( +1)( ) > 5

Let j € N and ¢t > 0. For large enough values of N we will have j < § < log N.
Notice that if i <[ — j then 21711 — 2 > (1 — 277)207H+L 5o
Z 2 0y (6 — 1 44) (27 - 2)
1-9<i<l

> ) 27w (O 1+i) (1 —277)2

1—0<i<I—j
Because j is fixed we have
> 2wy (0 —14i) (1—27)27 7 =0
1—j<i<l
since each of the summands converges to 0. Therefore, we can add this sum without
changing the limit. This gets us a lower bound of
liminf > 2'w0s (0 —1+i)(1—-27) > r
-2

1—0<i<l

(1—279).

We chose j to be any natural number, so lim inf P(y/vj0o N7 (M) < t) > 1—e /2,
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The above two bounds establish that P(voi0aN7(My) < t) — 1 — e /2
for any ¢ > 0. This leaves us to show that o(M;) converges in probability to 1.

First note that for any € > 0 we have

P(r(M;) < elog N) = P(n/ Nvjver(M;) < v/ Nvjvgelog N) — 1

which follows because the distribution of v/ Nvvy7 (M) is converging to the Rayleigh
distribution and /Nvjvselog N is converging to infinity. Let § > 0. By Corollary
23 we know that p(M;) converges in probability to 1 so that as N goes to infinity,
P(p(M;) >1-06) = 1. If o(M;) < 1—26 and p(M;) > 1—6 then 7(M;) > dlog N.
Because P(7(M;) > dlog N) — 0 we must also have P(o(M;) < 1 —2§) — 0
where § > 0 was arbitrary. Then P(1 — o(M;) > 2§) — 0 for any § > 0 so
o(M;) —, L. O

3.3 The sd and ss regimes

In this section we need two different models. The first one is the same as
model Hy except that only stem cells receive type-1 mutations and only daughter
cells receive type-2 mutations. The second is the same as Hy except that only
stem cells receive mutations. These will be referred to as models Ms and M;

respectively.

Proposition 29. 1. Ifu; < 1/log N and uy < Nvy then uit(My) —4 X and
p(Ma) =y (@ A 1).

2. If uy < ug then uym(Msz) =4 X.

3. Let A > 0 and Z be an exponentially distributed random variable mean A

which is independent of X . If uy ~ Aug then uym(Ms) —q X + Z.

The goal of this section is to prove Proposition 29. It will be shown later
that the conditions used in Proposition 29 for the sd regime are the only relevant

conditions.
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Lemma 30. For time t < log N after a stem cell receives a type-1 mutation we
have

_ot+2
e 2

< P(r(My) = 7' (My) > 1) < e,

Proof. Let Z = 7(My) — 7'(Ms). First we establish the upper bound. After the
stem cell line gets the first mutation it takes at most one time unit until the
mutation is passed along to the first generation daughter cell. Assuming it does
take one time unit until the first generation daughter cell inherits the mutation
we can get an upper bound on P(Z > t). Let time ¢ = 0 denote the time at
which the stem cell line receives the type-1 mutation. There are no mutations
being acquired by the daughter cells for time ¢t € [0,1). For time t € [1,2) the
generation 1 daughter cell is the only type-1 daughter cell. So for ¢ € [1,2) we have
P(Z >t) = e~V Fortimet € [2,3) the first two generations have the mutation
which is a total of 3 cells. Therefore, for ¢t € [2,3) we have P(Z > t) = e~ (3(t=2)vztw2)
where the vy is added because of the probability of having a mutation before time

2. Extending this inductively gives us

P(Z > 1) < e (YD D+ 5@ =Dl o (272 1es

for any t < log N.
For the lower bound we use the same reasoning as above except that we
assume it takes 0 time for the generation 1 daughter cell to become a type-1 after

the stem cell line is type-1. This gets us

P(Z > t) > e 1CM-D0- 1D+ -l > =220

Lemma 31. The location of the second mutation satisfies p(Ms) —, ac A 1.

Proof. Let Z = 7(My) —7'(Ms). By Lemma 30 we have P(Z > log N) > e~ 4Vv2 If
a > 1 then P(Z > log N) — 1 and the mutation will spread throughout the entire
crypt. If this is the case then any cell is equally likely to have the second mutation.

Therefore P(p(M,) < 8) < (2°0 —1)/(2" — 1) for any 8 € [0,1) so p(My) —, 1.
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Now suppose a < 1. Let € > 0 so that a« — e > 0. Then by Lemma 30
P(Z > (o —¢) > e 270,

Because 4N* ‘v — 0 we get the convergence P(Z > l(a —€)) — 1. By time
(v — €) the mutation will have spread to the first [I(a—€)| generations so that for
times after I(a — €) we know that at least 2L@=<)) cells have the type-1 mutation.

Therefore,
P({p(My) < BY N {Z > l(a = €)}) < (2 = 1)/ (21> = 1).

Thus, for any 8 < a — €,

280 -1

P(p(Mz) < B) < somgimi 3

+P(Xy <l(a—¢) =0

Hence P(p(Msy) > a—e€) — 1. Because € may be arbitrarily small we have finished
the case when o = 1.

Suppose o < 1 and let € > 0 so that a + ¢ < 1. Then by Lemma 30
P(Z >1l(a+e¢)) < P CA A

Because N*T“vy/4 — o0, we have P(Z > l(a + €)) — 0. By time {(« + €) the
mutation has only spread to the first [(«+¢€) generations, so P(p(Msz) > a+¢) — 0

where € is arbitrarily small. O]
Lemma 32. Ifu; < 1/log N and u; < Nvy then uim(My) —4 X.

Proof. Since the stem cell line is getting mutations according to a Poisson process
at rate u; we have that uy7/(M3) is an exponentially distributed random variable
with mean 1. This leaves us to show u; (7(Msy) — 7/ (Ms)) —, 0.

Suppose we consider a new model M) which is the same as model M, except
that the type-2 mutations can only occur on daughter cells log N time after the
stem cell line has a type-1 mutation. We can couple models M, and M) so that
the same Poisson processes are marking the mutations on the cells in each model
but that any proposed type-2 mutation is rejected in model M until log N time
after the stem cell line is type-1. Under the coupling 7/(Ms) = 7/(M3). Also, if we
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let Z = 7(Mj) —7'(M}) then Z > 7(My) — 7'(My). Therefore it is enough to show
that u1Z —, 0.
If we wait log NV time after the stem cell line receives a type-1 mutation
then all of the daughter cells will be type-1. Thus for any fixed N we have
P(Z > t) = 1 ogn(t) + e 20BN o ().
Let € > 0. Then

P(uIZ > 6) — 1[0,logN] (i) + 671’2(1\7*1)(5/"1*10%]\7)1(10gN’OO] <£> )
U Uy
By our assumptions, u; log N — 0 so for N large enough this becomes
P(ulZ > 6) _ e—vz(N—l)(e/ul—logN).
Also by our assumptions, —vy(N — 1)(e/u; —log N) ~ —v9Ne/u3 — —o0, so
P(ulZ > 6) — 0.
O

Proof of Proposition 29. Combining Lemmas 31 and 32 we get part 1 of Proposi-
tion 29.

Notice that u;7(Mj) has the exponential distribution with mean 1. To
prove part 2 of Proposition 29 we need to show that u(7(Ms3) — 7' (Ms)) —, 0.
Let € > 0. Then

P(uy(1(Ms) — 7' (Ms)) > €) = P((1(M3) — 7/(Mz)) > €/uy) = e~ 2/,

Since ug/uy — oo we have P(uy(17(Ms3) —7'(Ms)) > €) — 0.

Lastly we prove part 3 of Proposition 29. In model M3 both mutations
occur on the stem cell line. In this case uy7'(M;s) and uy(7(Ms) — 7'(Ms)) are
both exponentially distributed with mean 1. We have that u;(7(Ms) — 7/(M3))
is exponentially distributed with mean u; /us which can be observed by rewriting
uy (7(Ms) — 7'(Ms3)) as (ug/ug)us(7(Ms) — 7/(Ms)). By assumption, ug/u; — 1/A
so uy (T(M3)—7'(Ms)) converges in distribution to Z. The random variables 7/(M3)

and 7(Mjs) — 7/(Mj3) are independent for each N so

wT(Ms) = uy T (M3) + uy (7(Mz) — 7' (M3)) =4 X + Z.
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3.4 Proof of the Theorem

Proof of part 3 of Theorem 18. We shall make use of the following well known fact:

If {a,}>2 is a sequence of real numbers such that a,, — a, then

lim <1 — a—n)n_l =e %
n—00 n
Before time 1 the cells never split and there is no apoptosis. Let Hj be

the same as model H; except that stem cells never receive mutations. Note that
Hj differs from M; because daughter cells cannot accumulate type-1 mutations in
model Hj. If we ignore the splitting and apoptosis and consider how long it takes
for a cell to acquire two mutations under the mutation mechanism alone then we
have N — 1 daughter cells acquiring mutations independently. For any individual
cell, the time it takes to acquire two mutations will have the same distribution
as the sum of two independent exponentially distributed random variables with
means 1/v; and 1/ve. If we denote the time until cell 7 has a type-2 mutation by
T; and assume vy # vy then

vye VIt — p eVt

P(T,<t)=1-

Vo — U1
There are N — 1 cells independently getting mutations, so for t < 1 we have

,U2e—v1t _ ,Ule—vgt ) N-1
)

Vg — V1

P <6 =1 (

or equivalently,

Vo — U1

P(\/'Uﬂ)gNT(H{) < t) =1- <
Notice that

Ny/vd/vaN3 = 07 /\/v1vaN — 0 and Ny/v3 /vy N3 = v3 /v/v10aN — 0.

For N large enough we can apply the third degree Taylor expansion of the expo-

,Uze—\/’vl/(’vgN)t _ Ule—\/vz/(’le)t> N—-1

nential function to get the bounds

t2 ,Ui’) t3 UZG*\/’Ul/(’UgN)t _ ,0167\/1)2/(1}1]\/)25 t2 ,Ug t3
< .
2N U2N3 6 — Vg — U1 - 2N UlNg 6
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For any fixed ¢t we have

N—-1
]__i_ U% ﬁ —>€_t2/2
2N o N3 6
and
N—-1
2 v 3 2
1— — 2__ e V2,
oN T\ oV 6 ¢

If v; = vy and we ignore splitting and apoptosis then the probability that
one cell has two mutations by time ¢ is 1 — e~ 1" — v te~ 1. The probability that
one of the N cells has two mutations by time ¢ is 1 — (e7¥1t — vyte )N, By
applying the same techniques as above we get P(v/o0,N7(H]) < t) — 1 — e /2
when v; = vs.

Combining the two results above we have P(v/u,0,N7(H}) < t) — 1—e /2
when ignoring splitting and apoptosis. Then

P(r(H}) < 1) = P(\v/viuuNT(H]) < \/vr102N) — 1.

Therefore, the probability that two mutations occur before time 1 is converging
to 1 so we may ignore splitting and apoptosis in this case. This gives the desired
result for 7(Hj).

Stem cells get type-1 mutations at rate u; — 0 in model H;. Let T be the
first time the stem cell line gets a mutation in model H;. Then P(T < 1) — 0.
We can couple models H; and H{ so that the same Poisson processes are marking

the mutations on the daughter cells. Then
P(r(Hy) =7(H})) = PUT =2 1} n{7(H;) <1}) = 1

which gives the results for model H.
Because any cell is equally likely to get the two mutations, it is clear that

o(H,) and p(H;) both converge in probability to 1. O

This gives the result for part 3 of Theorem 18 even if a = 0.

In this section we will apply the following lemma several times.
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Lemma 33. Let {,}22, and {B,}22, be sequences of positive numbers which
converge to 0. Let {X,}22, and {Y,,}5°, be sequences of random variables and let
X and 'Y be positive random variables such that o, X,, converges in distribution to
X and B,Y, converges in distribution to Y asn — oo. If a,/Bn — 0 as n — oo

then P(X,, >Y,) = 1 as n — oc.

Proof. Note that «,Y, = (a,/B8,)pnY, and /B, — 0 so «,Y, converges in
probability to 0. Let F(t) = P(X < t). Let 6 > 0 and choose ¢ > 0 such
that F'(t) is continuous at € and F'(¢) < 6/2. Choose N; such that if n > N; then
P(a,X,, > ¢€) >1—46. Choose Ny such that if n > Ny then P(a,,Y,, > €) <. By

independence, for n > N; V N, we have

P(X, > Y,) = PlanXy > anYs)
> P({an X, > e} N{e>a,Y,})
=1—-P{a, X, <eU{a,Y, >€})
>1—29.

]

We will couple the models Hs, My, My and M3 so that the Poisson processes
used in models M;, M, and Mj are the appropriate subcollections of Poisson
processes which are used in model Hs. Let T' be the time that a type-1 mutation
occurs on the stem cell line in model Hy. Note that because stem cells cannot

inherit type-1 mutations the coupling implies that T' = 7/(Ms) = 7/(M3).

Lemma 34. Assume that viv, < 1/(N(log N)?). If uy < vvaNlogN then
P(r(My) <T)— 1. If uy > vjveNlog N then P(t(Ms) < 7(M;)) — 1.

Proof. By part 1 of Proposition 21 (aA1)v;veN(log N)7(M;) —4 X. Mutations to
the stem cell line occur at rate u; so u;T —4 X. Because the Poisson processes that
mark the mutations in model M; are independent of the Poisson process that marks
the mutations on the stem cell line, if vy < v109Nlog N then P(7(M;) <T) — 1
by Lemma 33.
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On the other hand, suppose u; > viv9 N log N. We are assuming u; < us
so we could decrease P(7(M;) < 7(M;)) by decreasing ug to u;. Then the distri-
bution of u;7(Mj3) is the distribution of the sum of two independent exponentially

distributed random variables. By Lemma 33, P(7(Ms3) < 7(M;)) — 1. O

Lemma 35. Assume that 1/(N(log N)?) < vivg < 1/N. If u1 < y/vjuaN then
P(T(Ml) < T) — 1. [fu1 > Vv N then P(T(Md) < T(Ml)) — 1.

Proof. First suppose u; < v/vivoN. It follows by part 2 of Proposition 21 that
Ve NT(M;) —4 Y. The stem cell line is getting mutations at rate u; so
uy T — X. The Poisson processes that are marking the mutations in model M; are
independent of the Poisson process that marks mutations on the stem cell line, so
the result follows by Lemma 33.

If u;y > vyvoNlog N then the proof follows by the same reasoning as used
in Lemma 34 when considering u; > v1v9N log N. O

Lemma 36. If ups < 1/log N and uy < Nvy then P(T(Msz) < 7(M3)) — 1.

Proof. By the coupling 7/(Ms) = 7/(Mj3). After time 7'(Ms) the Poisson processes

marking the mutations in models M, and Mj; are independent. Let
TQ = T(MQ) — T/(Mg) and T3 = T(Mg) — T/(M3).

Then P(7(Msy) < 7(M3)) = P(Ty < T3).

Consider again the model M) that was introduced in the proof of Lemma
32 which is the same as model M, except that the type-2 mutations can only occur
on daughter cells log N time units after the stem cell line has a type-1 mutation.
We can couple models My and M, as we did before so that the time at which the
stem cell line gets a mutation is the same in models M, and M. In particular,
T (M3) = 7'(My) = 7/(M3). Let Ty = 7(M)) — 7/(Mj). Then Ty > T, so it is
enough to show that P(7y < T3) — 1.

If we wait log N time after the stem cell line receives a type-1 mutation
then all of the daughter cells will be type-1 and the (N — 1) daughter cells are

getting type-2 mutations at rate vy. Thus for any fixed N we have

P(TQI > t) = 1[0,10gN] (t) -+ G_UQ(N_I)(t_logN)1(10gN7oo] (t)
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Let € > 0. Then

+ P(Ty < T3|T3 > log N)P(T3 > log N).

Because us < 1/log N and usT3 has the exponential distribution with mean 1, we
have P(T3 > log N) — 1. The memoryless property of the exponential distribution

gives us
UQ(N — 1)

%
UQ(N — 1) -+ U9
which completes the proof. ]

P(Ty < T3|T3 > log N) =

Lemma 37. If uy > 1/log N or uy > Nuvy then P(1(M3) < 7(Msy)) — 1.

Proof. By the coupling 7/(Ms) = 7/(M3). After time 7/(Ms) the Poisson processes

marking the mutations in models M, and M3 are independent. Let
TQ = T(Mg) — T/(Mg) and T3 = T(Mg) — T,(M3).

Then P(7(M3) < 7(Ms)) = P(T5 < T5).

Suppose uy > 1/log N. By Lemma 31 we know that p(Mz) —, a A 1. If
0 <6< (aAnl)then P(p(Mz) > (A1) —0) — 1. If p(Mz) > (a A1) — 6 then
the second mutation occurs on a generation higher than ((a A1) — §)l. Since only
stem cells get type-1 mutations in model M, we have that 7o > [((a A 1) — 6){]
because it takes at least that much time for the type-1 mutation to spread to the
generation [((aw A 1) — §)l] daughter cells. On the other hand, in model Mj the
second mutation is occurring at rate us so that us7T5 is exponentially distributed
with mean 1. Then P(T3 < Klog N) = P(u2T3 < us K log N) — 1 for any positive
number K since uslog N — oco. Therefore P(T3 < T3) — 1.

Suppose uy > Nuwvs. The rate at which type-2 mutations occur in model
M, is always bounded by (N — 1)v,. Suppose we consider a new model MY which
is the same as M, except that once the stem cell line has a type-1 mutation, all
of the daughter cells also have a type-1 mutation instantaneously. Models M, and
M can be coupled so that after the stem cell line gets a type-1 mutation then

any type-2 mutation proposed by a Poisson process on a daughter cell is accepted
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in model MY. Let Ty = 7(MY) — 7/(MY).Then (N — 1)voT3 has the exponential
distribution with mean 1. By Lemma 33, P(T5 < T3/) — 1. Because Ty > T} we
have the desired result. O

Proof of Theorem 18. From the coupling we have 7(Hs) = 7(M;) A7(Ma) A7(Ms)
because any type-2 mutation which occurs in model Hs must occur in at least one
of the models M; for some 7, and if a mutation occurs in model M; then it will also
occur in model Hs.

Suppose P(7(M;) < T) — 1. Before time T only stem cells are acquiring
type-1 mutations in models Ms and Mj. Therefore, models M, and M3 only have
type-0 cells before time T" and P(7(M;) < 7(Ma) A 7(Ms)) — 1.

e Suppose v1v; < 1/(N(log N)?) and u; < vvaNlog N. By Lemma 34 it
follows that P(7(M;) < T) — 1 so by part 1 of Proposition 21 and the
coupling of Hy with M; we have (a A 1)vyvaN(log N)1(Hs) —4 X. Also by
Lemma 34, the distribution of o(Hj) converges to a uniform distribution on

(1 — )™, 1] and p(H,) converges in distribution to 1.

e By Lemma 35 if 1/(N(log N)?) < vjvy < 1/N and u; < v/vv2N then
P(r(M,) < T) — 1 so by part 2 of Proposition 21 and the coupling of Ho
with My we have /vjua NT(Hs) —4 Y. Also by Lemma 35, both o(H,) and

p(Hs) converge in distribution to 1.
If either
v1v9 < 1/(N(log N)?) and u; > v1vaN log N
or

1/(N(log N)?) < v1v3 < 1/N and uy > \/vvaN

then P(1(M3) < 7(M;)) — 1 by Lemmas 34 and 35 respectively. Therefore,
P(r(Ms) A T7(M;3) < 7(M;)) — 1 which implies that the cancer causing type-1
mutation occurs on the stem cell line in model Hy with probability converging to

1. Given these four conditions, we are left only to compare 7(Ms) and 7(Ms).
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e By Lemma 36 if uy < 1/log N and us < Nvg then P(7(My) < 7(Ms)) — 1.
Because u; < uy the hypotheses are true for u; as well. Therefore, by the
coupling of Hy with M, and part 1 of Proposition 29 we have u7(Hsy) —4¢ X
and p(Hj) converges in probability to o A 1.

e By Lemma 37 if ug > 1/log N or us > Nuwy then P(7(M;) < 7(Ms)) — 1.
If u; < ug then by the coupling of Hy with M3 and part 2 of Proposition
29 we have uiT(Hy) —4 X. If uy ~ Auy then by the coupling of Hs, with
M; and part 3 of Proposition 29 we have u7(Hy) —4 X + Z where Z is an
exponentially distributed random variable with mean A that is independent

of X.

By Lemma 20 the results hold for model H; as well. O]

3.5 The Null Model

For this section we always have uy = us = v; = v9 = p and we prove
Proposition 19 for model H;. Then Proposition 19 will hold for model H; as
well by Lemma 20. We begin this section by pointing out that the conditions of
part 5 of Theorem 18 always fail in the null model. The two conditions in the
first conjunction become p < 1/(Nlog N). Of the two conditions in the second
conjunction, one becomes VN < 1 which always fails. This reduces all of the
conditions in the first bullet point to p < 1/(Nlog N). The conditions in the
second bullet point become p > 1/log N or 1 > N, so the conditions in part 5
are reduced to VN < 1, 1> N or 1/log N < < 1/(Nlog N) which all fail.

This shows that the probability that the first type-2 mutation occurs on
the stem cell line converges to 0. For this reason, we will never consider model M3

in this section.

Proof of part 2 of Proposition 19. We can couple model Hy with models M; and
M, such that the Poisson processes marking model M; are independent of the
Poisson processes marking model M,. Before time 7/(M;) the Poisson processes

marking model M; are also marking the daughter cells in model Hy and the Poisson



79

process that marks the stem cell in model M, is also marking the stem cell line in
model Hy. After time 7/(Ms), the Poisson processes marking the cells in model M,
are only marking the daughter cells in model H, that have not yet inherited the
type-1 mutation from the stem cell. All of the Poisson processes marking type-2
mutations on cells in model Ms, meaning that those cells have inherited the type-1
mutation from the stem cell, also mark the corresponding cells in model Hs. After
time 7/(Ms) + log N, only the Poisson processes marking model M, are marking
model H,.

Let T be the time at which the first successful type-1 mutation occurs in
model M; and let Z be the time at which the first successful type-1 mutation
occurs in model Hy. By Corollary 25 we have AuT —,; X. Because the stem cell
is getting type-1 mutations at rate p and every type-1 mutation on the stem cell is
successful, we have (A+1)uZ —4 X. If the first successful type-1 mutation occurs
on a daughter cell, then the type-2 mutation must occur within log N time of Z
since after this time the progeny of the cell will no longer be in the population. Let
Y5 be the time it takes to get the second successful type-1 mutation after the first
has occurred. If the first successful type-1 mutation occurs on the stem cell then
all of the cells will be type-1 within log N time. Therefore, if the first successful
type-1 mutation occurs on the stem cell and there is not another successful type-1
mutation within log NV time, Y5 = oo since there can be no more type-1 mutations.

We have limsup P((1 + A)uYs < t) <1 — e *. Therefore,

limsup P(Ys < (7(Hs) — Z)) < limsup P(Y2 < log N)
= limsup P((1 + A)uYzs < (A+ 1)plog N)

S 1 — 6—(1+A),u,logN - 0.

As a similar result to the one in Lemma 26, we have P(Z = 7/(Hs)) — 1. Hence, it
is enough to find the distribution of the time of the first successful type-1 mutation.

We have established (A + 1)uZ —4 X and P(Z = 7'(Hy)) — 1 which
imply (1 + A)ut'(Hy) —4 X. Let A; be the event that the first successful type-1
mutation occurs on a daughter cell and A, be the event that the first successful

type-1 mutation occurs on the stem cell. If the first successful type-1 mutation
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occurs on a daughter cell, then due to apoptosis 7(Hy) — Z is bounded above by
log N. Therefore
P{Au(t(Hy) — Z) > e} N Ay) — 0.

If the first successful type-1 mutation occurs on a stem cell, then in log N time all
of the cells will be type-1 and type-2 mutations will occur at rate uN. Let Z be

an exponentially distributed random variable with mean 1/uN. Then we have
P Au(T(Hy) — Z) > €} N Ay) < P(Au(log N + Z) > €) — 0.
Since either A; or A, must occur, we have Au(7(H;) — Z) —, 0. Then
(1+A)pur(Hy) = Apu(Z + (1(My) — Z)) —q X.

By the coupling, before time 7/(M3) the daughter cells in model Hy get
successful type-1 mutations at the same rate as the daughter cells in model M;.
We know from the proof of Lemma 28 that each generation ¢ with 1 < ¢ <[
is getting successful type-1 mutations independently at a rate bounded between
P21 (1 — ety and p2i (1 — e )Y for any time ¢ in model M.
Therefore, these bounds also hold for the rate at which daughter cells get successful
type-1 mutations in model Hy before time 7/(M). Let 8 € [0,1]. Using the
notation and result from Lemma 28 and the fact that the stem cell line is getting

type-1 mutations at rate p,

A Y ieougr H2TH(L — emr@ D)

[+ D e 21— emn@TT2))
1 A

= + ﬁ

144 14+ A

limsup P(o(Hz) < ) < limsup

and

+ . . 2i—1 1 — 6_“(2l_i+1_2)
lim inf P(o(Hy) < 8) > liminf - Licwoupr 2 — )
P+ Zie(o,l]* p2i=1(1 — e—n(2771-1))

_L Ay
14+ A 1+ AT

Lemma 20 gives the result for o(H).
Because p(M;) and p(Ms) both converge in probability to 1, we will have
p(Hsz) —, 1 as well. Lemma 20 then implies p(H;) —, 1. O
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Let AV be the set of Radon measures v on a Polish space (¥, B) where B is
the Borel o-field such that v({z}) € NU {0, 00} for all z € ¥. For the next proof
we will consider a point process to be a random variable taking on elements of N.
We consider v({z}) to be the number of times the point x has been marked. For
a Poisson point process whose intensity measure has no atoms v({z}) is 0 or 1 for
all z and {z € ¥ : v({z}) > 0} is discrete with probability 1.

Let ¥ = [0,00) x [0,1]. The Poisson point process of successful type-1
mutations in model M; induces a point process on W where if a successful type-1
mutation occurs at time ¢ on a cell in generation ¢ in model M; then there is a

point of ¥ at (¢/1,i/l). We will call this point process P;.

Lemma 38. If i ~ A/(v/Nlog N) then the limiting distribution of Py is a Poisson
point process P, which has intensity measure v/ = A*(X X Aj2,1]) where X is the
Lebesgue measure and \jyj2.1) is the measure defined by Ay 2.1(B) = A(BN[1/2,1])

for any Lebesque measurable set B.

Proof. We let Co(W,[—1,0]) be the set of continuous functions h : ¥ — [—1,0]
such that the set {¢) € ¥ : h(¢)) # 0} is precompact. Recall that a point process
X has an associated generating functional § : Co (W, [—1,0]) — R defined by

§(h) = B[] ] (h(¥) + 1)*@)]

Ppew

where v is a Radon measure on ¥ as described above. Probability generating func-
tionals uniquely determine the distribution of point processes (see Theorem 14 of
section 29.5 in [14]). Moreover, a sequence of point processes converges in distri-
bution to a point process if and only if the corresponding sequence of generating
functionals converges pointwise to a functional § that satisfies the following: If h,,
is in the domain of § for each m, |J)~_ {% : hy,(¢0) # 0} is relatively compact, and
hm(¥) — 0 as m — oo for each v, then F(hy,) — 1 as m — oco. In this case §
is the probability generating functional of the limiting point process (see Theorem
20 of Section 29.7 in [14]).

Notice that for any N the points marked in ¥ will all have coordinates

(x,y) where y takes values in {1/log N,2/log N,...,1}. We know from the proof
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of Lemma 28 that the rate at which mutations occur along generation ¢ is bounded
between 207 1(1 — e~ #2712y and 20711 — e+ =) Therefore, if we look
at the points that are marked in ¥ whose second coordinate is fixed at i/ log NV, the
rate at which the marking will occur will be between (log N)2i1 (1 —e #2771 -2)
and (log N)2/~ (1 — e~ #7"' =) where the log N appears because time is scaled
by 1/log N. This observation will allow us to work with time homogeneous Poisson
point processes.

Let § denote the generating functional associated with Pp;. Let §; be
the generating functional associated with the Poisson process on W which marks
points at rate (log N)2:~u(1—e 27" =2)) on y = i/l and let , be the generating
functional associated with the Poisson process on ¥ which marks points at rate
(log N )20y (1—e 2~ =1) on y = i /1. Call the time homogeneous Poisson point
processes P, and P respectively. Because the intensity measure of P, is always
between the intensity measures of P; and P, we have the bounds §; < § < §o.

Let X be a Poisson process with intensity measure v. It is known that the

probability generating functional associated with X is
P(h) = e htv.

To show a sequence of Poisson processes { X, }22 , with intensity measures {1, }52,
converges in distribution to a Poisson process X with intensity measure v it is
enough to show that {v,}5°, converges weakly to v. That is, for each function
h € Co(V,[—1,0]) we need [, hdv,, — [, hdv as n — oo. Let vy be the intensity
measure of P, when there are N cells in the population and let v% be the intensity
measure of P, when there are N cells in the population. The goal is to show v3,
and v% both converge weakly to /. Then the limiting distribution of Py, will be
Py.
Let R = (a,b] X (¢,d] C W. Then

vi(R) = (b—a)(logN) »_ 2pu(l—e72)
ie(le,ld]

L Ad— v %)*(b —a) = V(R)
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by Lemma 24 and the fact that pu?Nlog N ~ A?/log N which follows from the
assumption that u ~ A/(v/Nlog N). Now let O be any open subset of ¥. We can
write O = Uzozl R, where each R, is a half open rectangle in the same form as R

above and the sets { R, }°°, are pairwise disjoint. Then

= ) > (R =1/
llNIrigéf vy (O 11Nm_>10r<1)fz vn(R;) > Zl V' (R;) =1'(0)
]:

where the inequality follows by Fatou’s lemma. The same reasoning applied to 3
implies that liminf v%(0) > 1/(O) for any open subset O of ¥ also. It follows by
the Portmanteau Theorem that both v} and v3 converge weakly to v/ as N goes

to infinity. Hence the limiting distribution of P,; is P.. O
The notation used in Lemma 38 will also be used in this proof.

Proof of part 4 of Proposition 19. Notice that this is the boundary between two
cases that are determined by model M;. By Corollary 23 we know p(M;) —, 1 for
all conditions that we are considering. Therefore, p(H;) —, 1 in this case.

The strategy is to define functions g and h on the set of Radon measures
that are continuous everywhere except a set of measure 0. Then we will apply the
Continuous Mapping Theorem to get the desired convergence in distribution. Let
D be the subset of A such that v € D if there exists (z,y) € ¥ and ¢t € R such
that v(z,y) > 0 and v(x +t,y +t) > 0. For all £ > 0 define sets

Ti={(z,y):1/2<y<land 0<z<y+t—1} C V.

These sets correspond the the triangles and quadrilaterals that were shown in
Figure 3.4. Let V = {(z,y) € ¥ : v(z,y) > 0} and define t, = inf{t : VNT, # o}.
Define

g(v) = 11—% sup{y : (z,y) € VN T}, 4, for some z}

and h(v) = t.

Given a Poisson point process P on ¥ whose intensity has no atoms, we can
project the points of P onto the line y = —z in R? along perpendicular angles of
7 /4. With probability 1 no two points of P will be mapped to the same point under
the projection. That is, under the law of P, D has probability 0. Moreover, with
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probability 1 there will be no limit points under the projection. Therefore, under
the intensity measure A?(A;1/21] X A), there exists a unique point (zg, yo) € V N1y,
and an € > 0 such that V N Ty, = {(z0,v0)} with probability 1. By definition
g(P) = yo. We claim that g and h are continuous at any Radon measure v € N\ D.

Let v € N\D and let {1,}22, be a sequence of Radon measures that
converges weakly to v. Let € > 0 and let (xq,yo) be the unique point of Ty, .
such that v(zg,yo) > 0. For each point (2/,4’) € ¥ and every natural number m

define a function

-1 if |(z,y) — (@, y)| < 5
Jarm(@,y) = ¢ —(2 = R i < (z,y) - (@) <
0 otherwise
For m large enough we have f\lj f@owo)m (@, y)dv = —1. It follows that for m large

enough f\p J@owo),m(®,y)dv, = —1 as n — co. Because we can make m arbitrarily
large, there must be a sequence of points {(x,,y,)}>, such that v,(x,,y,) = 1
for all n and (x,,y,) — (%0, yo) as n — oo. Likewise, for any point (z';1y') € Ty, 1e
there exists a large enough m such that [}, frynm (@, y)dv = 0 so it follows that
Jo farwym(z,y)dv,, — 0 as n — oco. This shows that for n large enough the
Radon measures v, will assign measure 0 to all points in a ball of radius ¢/m
about (2/,y"). From this it is easy to conclude g(v,) — ¢(v) and h(v,) — h(v).
Therefore, g and h are both continuous on A\ D. By Lemma 38 and the Continuous
Mapping Theorem g(Py;) converges in distribution to g( Py ) and h(Pys) converges
in distribution to h(Px).
The next goal is to show that

(M)

9(Par) = o(Mn) =, 0 and h(Par) = 7=

—p 0.

Then we will have that o(M;) —4 g(Ps) and 7(M7)/log N —4 h(Px). To achieve
this we will first show that the probability that (xg,yy) corresponds to the cancer
causing type-1 mutation converges in probability to 1. Suppose (xg, yo) does not
correspond to the cancer causing type-1 mutation and let (x1,y;) denote the point
in W corresponding to the cancer causing type-1 mutation in M;. Let ¢ > 0 and

suppose that (z1,y1) ¢ Tyy4.. The point (xg,yo) € T3, corresponds to a successful
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type-1 mutation in model M7, and by the way that model M; marks points in ¥
there will be a type-2 mutation in model M; that corresponds to a point in 7;,. The
ray starting at (xy,y;) with an angle of 7/4 will represent all of the descendants of
the cancer causing type-1 mutation. The point on this line whose first coordinate
is to will be (o, y”) where y” < 1 — €. In this case p(M;) =y" <1 —e.

Let E; be the event that (xq,yo) is the point in W that corresponds to the
cancer causing type-1 mutation and E5 be the event that two or more points occur
in Tyre. On E€ let (z1,91) be the point in ¥ corresponding to the cancer causing
type-1 mutation. We know that P,; converges in distribution to P,, by Lemma 38

SO

limsup P(ES) = limsup(P(E N {(21, 1) € Thyic})

+ P(EIC N {(xlv yl) ¢ Eo-ﬁ-e}))
< limsup P(E3) + limsup P(p(M;) < 1 —¢)
AQ

§7€

where the last line follows because P(Es) < P(V N (Ty,+c\Tt,) # &) and because
p(M;) —, 1. We chose € > 0 arbitrarily so we have lim P(E{) = 0.

The above has established that lim P(E;) = 1. By definition of o(M;) and
g(Pyy) it is clear that

P(o(My) — g(Pu) = 0[Er) =1

because o(M;) = g(Py) = yo. Conditional on the event E; we also know that
7'(My) = (log N)xzo. Let (x,y) be the point in ¥ that corresponds to the type-2
mutation in M, so that p(M;) = y;. Let v be the Radon measure of points in W
induced by M; and consider the fact that the descendants of the cancer causing
type-1 mutation will lie on a line starting at (xg,yo) with angle 7/4. It is clear
that h(v) = tg = 2o + 1 — yo and p(M;) = yo + 7(M;)/log(N) — xo. Thus, if
h(v) — 7(My)/log N > € then 1 — p(M;) > €, or equivalently p(M;) < 1 — e
Therefore, because P(E;) — 1,

P(h(Py) — 7(My)/1log N > €|Ey) = P(p(M,) < 1 — €| Ey) — 0.
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Again using the fact that P(FE;) — 1 we get the desired result.

Now we are left to show that g(P.,) and h(Ps) have the distributions that
are stated in part 4 of Proposition 19. We have P(h(P) < t) is the probability
that a point of the Poisson process with intensity AQ()\“ /2,1] X A) has been marked
in T;. For t < 1/2 this is 1 — e~4"**/2 and for t > 1/2 this is 1 — e~ A"1/2+4%/8,

Therefore,
P(r(My)/log N <t) — (1 — e /)10 1o (t) + (1 — e 2 1 (8).

To find the distribution of g(P.,) we will use the joint density function of
9(Ps) and h(Py). From the above computation it is clear that the density of
h(Ps) is

_ A
fult) = A%tem 10,1 (8) 4+ e M o (0)

Conditioned on the event that h(P.) =t we know that g(Ps) will have uniform
distribution. If ¢ < 1/2 then g(P.) is uniformly distributed on the interval [1—t, 1].
If t > 1/2 then ¢g(Ps) is uniformly distributed on [1/2,1]. This gives us the

conditional density function

fl—-t<s<land 0<t<

if%gsglandt>%

1
2

DN o=

oin(slt) = {
Therefore, the joint density function of g(Py) and h(Py) is
f(S, t) = A2€_A2t2/21[071/2} (t)]-[l—t,l/Q](S) + A2€_A2t/2+A2/81(1/27oo) <t>1[1/271]<8).

Integrating over ¢ we find that the density of g(Ps,) is

1-s

1/2 242 2
fo(s) = ( A2 T2t 4 274 /8> Liy2,1(5).
This gives the desired limiting distribution for model M;. By the usual

coupling arguments the results will hold for model H; as well. O]

Proof of part 6 of Proposition 19. Note that under these conditions both muta-

tions occur on daughter cells with probability tending to 1. First we consider
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a model M| so that only generation [ — 1 will get type-1 mutations and gener-
ation [ will get type-2 mutations. Also, assume that only one of the daughters
will keep a mutation when the cells split so that if a type-1 cell splits it has
a type-0 daughter and a type-1 daughter. The rate at which the type-1 muta-
tions occur will be puN/4 since there are N/4 cells in generation [ — 1. Note
that uN/4 ~ Av/N/4. The probability that a type-1 mutation will have a
type-2 descendant is 1 — e ~ ut ~ At/ V/N. Therefore, the type-2 muta-
tions occur according to a Poisson process whose intensity measure v satisfies
v([0,1]) > (AV/N /4)(At/v/N) = A*t/4. We have may have to wait up to two time
units for the type-2 mutation to occur after the successful type-1 appears. For the
sake of a lower bound we will always assume it takes 2 time units after a successful
type-1 mutation until the type-2 mutation. By coupling model M| with model M,
in the obvious way we have liminf P(7(M;) < t) > 1 — e 2-4%/4,

For the upper bound we consider a model M in which type-1 cells never
undergo apoptosis. There are N — 1 cells getting type-1 mutations so the type-1
mutations occur at rate u(N — 1) ~ AV/N. If we wait ¢ time units after a type-1
mutation has occurred on a cell then the cell will have at most 2! descendants. If
the type-1 mutation had occurred at time 0 and all of the descendants had existed
since the type-1 mutation occurred then the probability that one of the cells had
acquired a type-2 mutation would be t211 y < 2ty ~ t2! A/+/N. Because the type-
1 mutation may occur after time 0 and there have not been 2 descendants with
the type-1 mutation since the mutation occurred this is an upper bound on the
probability that a type-2 mutation has occurred by time t. Therefore, the type-2
mutations occur according to a Poisson process with intensity measure defined by
v([0,1]) < (AVN)(t2!A/V/N) = 2t A%, By coupling model M! with model M; in
the obvious way we have limsup P(7(M;) < t) < 1 —e~4*?"". This shows part 6 of
Proposition 19 with ¢ = 1 — e 244 and ¢ = 1 — ¢~ A*2",

By Corollary 23 we know p(M;) — 1. By the definitions of o(M;) and
p(My) for any € > 0 if p(M;) — o(M;) > € then 7(M;) > elog N. Therefore,

P(/)(M1) _ U(Ml) > 6) < P(T(Ml) > elog N) < €—A226logN(§logN) 0.

Let € > 0 and ¢ > 0 and choose N large enough so that P(1— p(M;) > €/2) < §/2
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and P(p(My) — o(Msy) > €/2) < §/2. Then

P(1—o(M;) >¢€)

P(l — p(M1> + p(M1) — O'(M1) > 6)
)

IA

A

Therefore, o(M;) —, 1.

By the usual coupling arguments we get the same results for H;. O]

Chapter 3, in full, has been accepted for publication in the Journal of

Applied Probability. The dissertation author was the sole author of this paper.
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