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ABSTRACT

vTﬁe general coupling qﬁefficient for three eiectromagnetic 1iﬁear modes
of an inhdmogeneous and relativistic plasma is.deéived from the oscillation-
center viewpoint. A cqﬁcise and ﬁanifestly symmetric formula is thained;
it is cast in terms of Poisson brackets of the single~-particle pérturbation
Hamiltonién and its convective time-in;égral along'unperturbed»orbits. The
simpliéity of the'compéct expiessioh obtained is shown to lead to a new
insight into thé essence of three-wave coupling and of the Manley-Rowe relations
governing such interactions. Thus, the interacﬁion Hamiltonian of the.three
waves is identified as simply fhe trilinear contribution to the single-particle
(new) Hamiltonién, summed over all non-fesonant particles. The relation
between this work and the Lie-transform approach to ﬁamiltonian perturbation

theory is discussed.

*Present address: Plasma Physics Laboratory, Columbia University, New York,
New York 10027. g



1. Introduction

In a recent paper (Johnston, kaufman and Johnston 1978), we introduced
a rather novel formulation of the theory of nonlinear mode coupling in
magnetized Vlasov‘plasma. OQr approach was based upon a canonical trans-
formation to "oscillation-center" coordinates, and might be termed the
method of "genefalizéd ponderomotive forces.". The oscillation-center
representation permits one to think in terﬁs of entitieé which experience
purely noﬁlinear (beat) forces, and leads to a uséful and natural decoﬁposition
of the nonlinear currents central to problems of coherent mode coupling.
. The approach was used to extend the conventional ponderomotive-scalar-potential
method (Drake et al. 1974) to the domain of strongly hagnetized plasma.
Alﬁhough our above-mentioned paper treated the case of a hof magnetized
plasma, it restricted consideration to the infinite uniform model and to

non-relativistic particle velocities. The purpose of this paper is to extend

the method of generalized ponderomotiye forces to nonuniform and relativistic
plasma. Our aim will be to derive a Qery general expression fof'the three—wave'
coupling coefficient, an expression which islcompact and which clearly manifests
symmetry in the three modes. Such an expression would include all uniform-plasma
results as limiting cases. We have-suéceeded in obtaining this master formula;
~our final expression for the coupling coefficient is rémarkably concise and

is cast in terms of Poisson brackets of the single-particle perturbation
Hamiltonian and its convective time-integral along unperturbed orbits. A
schematic outline of some of the bresent work was reported in a previous
publication (Johnston and Kaufman 1977). The simplicity of the concise form
derived here will be shown to lead to a new insight (Johnston and Kaufman 1976)

into the essence of the wave coupling and of the Manley-Rowe relations governing

such interactions.



Striving for geﬁerality, then, we consider a nonuniform and (possibly)
relativistic Vlasov plasma which is confined‘in space by inhomogeneous
electric and ﬁagnetiC'fields, The linear normél modes of the configuration’
are treated aé fullyvelectromagﬁetic, but under the assumption.that their |
eigenfrequencies are ﬁeérly real. Confinement ofrthe plasﬁa is interpreted
to stem from the invariants associated with single—particle.orbits; accordingly,
the existence éf action-angle variablés I, 8) associé;ed with the ﬁnperturbed
particle Hamiltonian Ho(l) is assumed. It follows that ali the plasma particles
can be separated into two categories: the vast majority which comprise the
non-resonant particles, and .the small subset of "resonant' particles which

satisfy (Kaufman 1971, 1972)

w xR ¢ M /3L = & - d8/dt . (1)

a
In (1), mé denotes the real part of the eigenfrequegcy for.normal mode a,
and the vector &a represénts a set.of three integers.'
Since three-wave couplingvin plasma arises.from the ﬁotion of non—resbnant
particles, the behaviouf of the resonant pafticles is suppressed in this
work. The resonant particles are filtered from the prqblem by means of a
smooth decomposi;ion of the unpérturbed distribution function,

res
o

£ =1 (D +£ (D, 2)

where %0(1) represents the non-resonant distribution. The mathematical
foundation for this smooth separation is discussed in the Appendix. The
proper treatment of resonant particles in the context of three-wave interaction

is presently under study.



The paper is organized as follows; Ih §2, the fbfmalism of the
oscillation-center transformation is reviewed. In §3,.the action-transfer
and frequency-shift equations for each interacting waﬁe are derived. Then
in 84, the three-wave coupling coefficient is evaluated using the method of
generalized ponderomotive forces. Our final formula is concise, quite
general an& manifestly symmetfic in the three waves. In §5, our calculations
are relatéd to some earliér Work (Al'tshul and.Karpman 1965, Laval and
Pellat 1975). 1In §6, an alternate derivation of the coupling coefficient
leads to a new insight into thévnature of three-wave coupling. It is
shown there that the interaction Haﬁiltonian of the three waves is simply
the trilinear contribution tohthe single-particle (new) Hamiltonian K,
summed over all the (non-resonant) particles. Finally, in §7, our results

and methods are discussed further with reference to the Lie-transform approach

to Hamiltoniah perturbation theory (Kaufman 1978, Johnston and Kaufman 1978).



2. Oscillation-center Transformation;

Consider a perturbed Hamiltonian system

H(g, p, t) = H (g, p, t) + 8H(g, p, t) ,

where 6H denotes a small perturbation of order e. A neér—identity canonical

transformation

can be characterized

satisfies the equati
(3/3t) s (g, P,

Our approach to solv
perturbation paramet

Let us first define

Q

n

DtQ

(ﬂ’ P H) % (9,, 2, K) sy K= HO +76K:
by a perturbative generating function S (g, P, t) which
on (Johnston, Kaufman and Johnston 1978)
t) + H (g, p + 3S/3q, t) = K (q + 35/3p, p, t). (3)
ing (3) will be to expand .S, H and K in powers of the
er £, and then to satisfy the equation in each order.
the opefators
30/3q, 3Q = 0/3p, | W

BQ/Bt + {Qa Hé}:

and the Poisson-bracket operation

where Q, A and B are arbitrary functions of (g, p, t).

{A, B} = VA - 3B - %A - VB , .

The Hamilton-Jacobi

equation (3) can then be written, after expansion, in the form

SK -

o+

SH-D S = VS -3 8H — 23S+ YK
%-V S vS5:933H- %- 38 38:VVK

(5)
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The "oscillation-center" transformation corresponds to a certain

6D

prescription for satisfying (5). The requirement is imposed that K

must vanish (superscripts index the order in €), and so the new entity

(2)

(the "oscillation center") sees only a second order perturbation X' 7.

(1) (2)

The requirement that K = 0 does not determine K uniquely, i.e.,

5(2)

there is flexibility in the choice of . The following transformation

E ’

is the simplest which (correct to order 83) satisfies (5) with K(l) = 0:
s Do w® @1y @, @
K(Z) - H(Z) + 1 {S(l) H(l)} ; o ‘ ‘ (7

Notice that this choice for S(Z) differs from the convection adopted in
our earlier paper, namely 8(2) = 0. Note also that Dt’ the conventive time .
derivative following the unperturbed phase-space orbit, must be inverted in

order to obtain S 1)

This procedure breaks down for "resonant" perturbations
H‘l), a difficdlty which motivates our extraction of resonant particles from
the problem (see Appendix).

" The formulae presented so far in this section are valid for any perturbed
Hamiltonian system with conjugate variables (g, p). The particular problem
at hand is that of a plasma particle viewing three frequency-matched waves;
thus, H0 corresponds to the equilibrium fields and S6H to the perturbing
wave fields. We employ conjugate variables'(z, E), where r denotes the
Cartesian position vector in physical space. The correspbnding oscillation-

center coordinates are then

1]
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P(x, p, t)



The phase-space distribution function for osvillgtiuu venters,
F(R, P, t), satisfieé.the Vlasov equation
3F/3t + {F, K} =0, - (9)
and is rélated to the original distribution function f(x, p, t) by the

condition _
| F(B, B’t) = f(_!_s P> t) . ] (10)

As in our earlier work, we find it convenient to inroduce the ''polarization

density" A(r, p, t) defined by

f(l:'_, R’, t) - F(I_’ R, t) H

1

A(r, p, t)
substitution of the expansions (8) into relation (10) then leads to the

simple result

A=-{s,F}+i2L-*'{s,4{S, F}}_

‘+%{zs <3S , F} + 0(ed)
Accordingly, for the oscillagion—center transformation (6) -~ (7), we have
A(l) =-{ S (l)’.Eo} ’ : . | (11)
2P =1 }{s W s, fo}} : - (12)
where Eo signifies the non-resonant component §f the unperturbed distribution

function fo. The canonical-transformation tools needed for this paper are

now at our disposal.



3. Action-Transfer and Frequency-Shift Relations;

Having reviewed the apparatus of the oscillation-center transformation,
we devote the remainder of the paper to a consideration of the three-wave
process in nonuniform plasma. The purpose of this section is to present
the equations which goven the slow evolution of the amplitﬁdes and phases.
of the interacting normal ﬁodes. |

First, we must consider the ﬁormal modes themselves. The linearized

Maxwell curl equations can be written

C_YXXQ_E_:(K, w) - iw §B(x, w) =0 , : ' (13)
¥ x 8B(x, w) + iw SE(x w) AN

= 47 JdBX' g (‘_}E,E' s (1)) * _(S_E_(_X_" U)) + 4 Gis(}-(-’w)"

where g(z,_z'; w) is the linear conductivity kernel of the plasma configuration
(Raufman 1971, 1972), and 613(5, w) represenﬁs any small current source at

frequency w. Combining (13) and (14), one obtains
D(w) * SE (x, w) = (471/iw) 83 (x, w) , - (15)

where D(w) denotes the integro-differential operator

—~—

D(w) - F(x) = F(x) - (Cz/wz)z’_{ x [V x E®]

- (41/iw) [ d3x' g (x, x"; w) *« F(x") .

If it is assumed that D(w) is nearly Hermitian (i.e., that damping of the

normal modes by resonant particles is slight) then it follows (Kaufman 1971)
that the real ports W of the eigenfrequencies and the zero-order eigenfunctions
Ea(ﬁ) are the solutions of

Dy(w) + E (0 =0, o (16)



where QH(w) denotes the Hermitian part of Q(m) (for w real). We assume
(without loss of generaiity) that w > 0, and choose to normalize the

eigenfunctions ga(§) to unit magnitude of wave energy, i.e.,

®y f 3 * BQH(w)

TE Wy

= ® = o, =+1, oan.

a

where o is the energy sign for ﬁormal mode a.
Consider now a coupling of three of the plasma eigenmodes (16) whidh

satisfy a frequency matching condition of the form

Wy + w, = W + Aw , A } (18)
where Aw << 0 denotes any small mismatch. Thé corresponding perturbed

electric field can be written'
3

SE(x, t) = Z a (B)E_ (x) eXP("i“’at‘) + c.c. , - (19)
a=1 : : '

where the complex quantity a_(t) represents the slowly varying amplitude
and phase of mode a. According to (15); we must consider three coupled

equations of the form

exp(-1u,t) Dy + 13)) + [a, (D)E, ()] 20

- Gr/w) 1P @ 0,
where jéz)(§, t) denotes the nonlinear current source near frequency W,
due to the beating of the other two modes.v The tilde on i;z) is just a
reminder that only the contribution of non-resonant particles to the non-
linear current is to be included; thus, all resonant-particle termsvhavev

been omitted from (20).
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Since each 0 is a linear eigenfrequency, (16) implies that

Dylw, +1d3.) « [o (D)E ()]

. [3Dﬁ(w)‘

T i —=
ow

_ daa(t) _
o —E—a(i)] —dt (21)
a

Then insertion of (21) into (20), an inner product of the resultant equation
* * '
with a, (t)ga (x) exp(iwat), integration over the plasma volume, and use of

the normalization condition (17) lead to the result

'caaa*(t) daa(t)/dt.

. (22)
B 3 7(2) ' x . % . :
= - [ d'x i (Ef t)e Ea (§)ua (t) exp(lwat).
Now, by writing the complex number aa(t) in polar form,
aa(t)==|aa(t)| exp{—i Gﬁa(t)] .
it is simple to show that
* daa 1 d IoLalz 2
“a dt - 2 dt -t IOLal 6wa ’ ' (?3)

where Gwa E<d(6ea)/dt represents the real frequency shift of mode a produced
by the interaction (Sturrock 1960). Also, by virtue of the normalization

condition (17), the total energy of wave a is
W (t) =0 |a (t)|2 ' (24)
a a' a ) .

Using (23) and (24) in (22), and then taking real and imaginary parts, we
obtain, respectively, an action-transfer equation,

wla wipat=2TmvVv , (25)
a a a

and an equation for the frequency shift,

-1
Gwa/wa = W, Re v, ; | (26)
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Va = (iwa)—llf d3x ié2)(§k't) -Ea*(g)-qa*(t) exp(iwat)f (27).

]

"Equations (25) and (26) are the'desifed gquatiqns governing the siow
evolution of the interacting normél ﬁodes} Before ﬁrééeeding, however,.
let ﬁs rewrite the gauge—invarignt fo;muia (27) for v, by expreésing'the
electric field in terms of potentials,

B, = - T 0,00 4 e /IR G D
Partial integration of'the term invqlving ¢a(§) will yield a new term

- (),

involving the divergence of ia' (x, t). -Now it is simple to use the Vlasov

equation for species s,
p /ot + (£, B} = 0,

to verify that the charge and current densitieé in .the plasma,

p(x, t) = Z e, Jd3rjd3p. 8(x - 1) £.(x, p, t), L 29)

]

L

jx, t) .

1 ‘ '
Z eS [dBr [d:;p 6(_’5 e £) fS('E’ P> t) _a__HS(Es P> t), (30)
satisfy the continuity equation
o, p(x, t) + T - ilx, t) =0 .

It follows that we can substitute the relation

$(2) T O3
Verd, & ) =dw 67T, t)
into (27) to obtain the equivalent formula

v, - J x [5§2’(§, 08, @ - P, c)ga*(y] a,"(£) exp(iv_t).

(31)

Althdugh it is no 1ohger manifest, (31) retains the gauge invariance of (27).
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Finally, in order to deal with true coupling coefficients, we normalize

the quantities Va by dividing out the amplitude factors aa(t). More
precisely, we define the normalized coefficients
U= V. /la i
= a [aa apo, exp(l wt)] ,
U= /la, o o * exp(-itut)]
= vV c a o el exp(-idwt)] ,
where Aw is the frequency mismatch defined by (18). The next section

is devoted to an explicit evaluation of these coupling coefficients U.
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4. _ General Three-waye Coupling Coefficient

' The goal of this section is an evaluation of the three-wave coupling
coefficient (31) and a verification of its symmetry properties. Our
method of evaluation involves an application of the oscillation-center
formulae of §2 to the Hamiltonian ef a:eihgle plasma particle. The
unperturbed Hamiltonian of a relativistic plasma particle can be written

B (z, p) = eo () + {[pe - ea (17 +n’cy /2,

where ¢o(§) and éo(§) denote the equilibrium scalar and vector potentials
in the plasma. The perturbation (19) under study consists of three linear
modes'of the plasma configuration, coupled together by the frequency-matching

condition (18). The perturbed Hamiltonian SH(r, p, t) then has the form
~6H = eb¢p + _ZZ: a1 &) (aYl_ BYnHO) (<SAYl GAYn) s
: n=1 : _ ‘

where 6¢(x, t) and SA(x, t) are the perturbed potentials. Accordingly,

representative frequency components of SH are

1P, p) = /o, (@ - A (D) + 3 (£, DI, -
(2)(r p) = (e2/c2) A @ A:' (r) : _a__a_ﬁo(;, ) ,‘
(3)(r p) = - (e3/c3) A:(z) Ab(g)'éc(g) 5_’«13_8_ Ho(_r_,.p_) s

where tﬁe potentials ¢a(§) and éa(§) are defined By (28). The superscripts
index the order in the pertﬁfbation, and fhe subseripts identify the time
dependence. | |

According to (31), the evaluation of the coupling coefficient Ué
requires determination of the noniineaf charge and current densities produced

by the beating of modes b and ¢. From (29) and (30), we can write
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2, 22
8" (32)

) = e fd3r f a5 (xr) (8,

’

_i(z)(g) = e fd3r Id3p 8§ (x~r) [% gﬁ( + A(l) ( )
a ) , o
' ' (33)

N T CICIRNCO} ?_H'o] ,

~

where we have invoked the decomposition f = F + A , and suppressed the sum

over species s. Insertion of (32) and (33) into (31), and use of the relatioﬁ
-(e/c).8A - 3H = JH/3e - e 8¢ .

then 1ead‘to the formula
y - fdr [f B3 4 Dy@* L @ @) A(2>)H<1>*] 68
a oo b "b - a ‘oa a

where dT' = d3r d3p. It remains now to eliminate the perturbed phase-space

densities A(l), A(Z) and F(Z) in favor of the generating functions S(l)

for the oscillation-center transformation.

(1) (2)

The polarization terms in (34) involving A and A are easily dealt
with. From (11) and (12), the required polarization densities are given by

the Poisson brackets

b

(1) _ _ Q)
Ab = - {8 b f}

%

@ _1 . @ ; -
A 7 3sb {s, » £ H+ (bec),

where, from (6), Sél) = - D;lHél). Partial integration of the corresponding

terms in (34) then yields

Jdr Aél)uéz)* = jdf £ {S(l) éz)*} , "~ (35)

), W+ i [L W @ o |
Jam =Jdr‘ £ (3 s 3 L 5D, w }§+(b<->C)], (36)
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~

where we have deliberately sought to remove all derivatives from fo'

(2)

, 1t
a

To obtain the perturbed oscillation-center distribution F
will be neéessary to invert the convecfive time derivative Dt appearing in
the Vlasov equation |

_ R Y S
K;Z) is giveﬁ by formula (7). Inversion of Dt can be achieved by exploiting
the existence of action-angle variables (I, ©) for the unperturbed particle
trajectories. Since the yariableslg_are cyclic, any function of them §Q
can be expanded in a Fouriér series of the form

8Q(T) = | Z 8Q, (D) exp(ig+8), |
: ') = .

with the inversion

GQQ'(_I_) = (21r)'3 j) a>o 8Q(I, 8) exp(-i2-9)
It follows that we can Qrité

—1 . '.

D, "[8Q(T) exp(-iwt)]

= z 16Q, (D) (w- &'Q)_l eXP(i&°§-iwt) ), (38)
Z 2 _

where we have defined the bounce—frequency'vector
| w(@) = auo(g)/ag
Now, from (6) and (37), we have. _ |
-f dr'Fiz)uil)* - f dT(-DtS;l)*)Dé—l{Kiz), £)

: : 3 (39)
f dar s(l)* {K;Z), £f1, .

a o

i

where the last step is.eésily justified using (38). Insertion of formula

(2)

(7) for Ka

and partial integration to extract fo then yield
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Jer F(z) (1) - Jdr £ (1) [{sil)*, H;Z)} (40)
1§ D* @) (1) SD* (1) (@) ] |
+ 5 {sa s {sbA }} { . {s Hb }} .

~ Inspection of our results (36) and (40) shows that there are four
triple—Poiéson-bracket contributions of the-type {S(l),-{s(l), H(l)}} t
formula (34) for Ua. It is simple to symmetrize these terms in the three

waves, i.e., to show that
(1/2) (4 terms) = (1/3) (6 terms) . (41)

Relation (41) is easily proved by appealing to equations (4) and (6), the
frequency-matching condition (18), the fact that {Ho, Eo} = 0, and the

Jacobi identity

{a, {8, ¢}t + {c, {a, B3} + {B, {c, A}} =

Substitution of our results (35), (36) and (40) into (34) thus leads to

the following concise and general formula for the mode-coupling coefficient:

U, = Jdr f;(r)[:aé3) + {sél)*’ H§2>} + {Sél), HéZ)*} N {Sél); Héz)*}

P2 ({0, 0 D+ 0, 6D, D1}

@D) @D (L)* (L) (n (L)* < (42)
+ {sb sV, u! }} + {;C 5P, u }}

() w=* (1 (1)* (1) (1)
+{Sc i {Sa > Hb }} * {_Sa ? {S Hb }}>:|

Note that formula (42) exhibts manifest symmetry in the three modes
(a*, b, ¢). Note also its pleasing Poisson-bracket structure.

It is straightforward to repeat the preceding calculation for modes

*
U. The action-transfer

b and ¢, and to show explicitly that Ub = UC =U

i

a

equation (25) therefore implies relations of the Manley-Rowe type (Sturrock 1960) :
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W 1 dw 1 dwc
w dt w t w t
a b c
(43)
= , | o o kg i A
2 Im [U a_a, *a exp(:l Awt)] .

Qur derivation of the relations (43) has been purely classical, and so is
independent of any heuristic quantum picture'of the three-wave interaction.
The foundations of the trilinear symmetry of U will be explored further

- in 86.
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5. Relation tovSome Earlier Wprk

The purpose of this séction is to establish a relation between our
oscillation-centerbapproach and some earlier treatments based upon a direct
perturbation expansion of the Vlasov-Maxwell equations (Al'tshul' and Karpman
1965, Laval and Pellat 1975). Similar Poisson-bracket expressions fér the
coupling coefficients were obtained by these authors, although there was no
recourse to canonical transformations. 1In effect, our use of the oscillation-
centef representation has simply reorganized the perturbation expansions;
our thesis is that this reorganization is helpful. Our formulation of the
perturbation theory is compéct and systematic, and analyzes the nonlinear
currents in terms of the intuitive notion of oscillation centers responding
to beat forces. The convective time-integral of the perturbed Hamiltonian
which appears in the final formula for the coupling coefficient has an'explicit
and natural role in our formulation as the generator for the oscillation-center
transformation.

In order to relate notétions, let ué_suppose that the perturbing waves
were turned on adiabatically at t = - =, and define D;l causally so that

there is no initial phase information. Thus, we write
t

_ f
.t 1sQ(r, ©) = | ar s

where 6Q is an arbitrary perturbed quantity, and 6Q(t) means 6Q[PO(T), 1],
where FO(T) is the unperturbed trajectory in phase space which satisfies

Fo(t) =T. From (6) and (37), it follows that
t
(1) _ @,
Sb (F, t) = = J dT Hb (T)a

-— 0

t
FPr, o) - J ar {2, £},

- 0
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) ‘ . | , . .
where K( )(F,rt) is given by (7). Accordingly, the contributions (36) and

(40) to Ua can be rewritten as

%) L t -t .
f ara PV Jdrfo(r)[;% I, dTI axt { ul* )(r N, {H(l)(r), BED% e o +>c)] ,

. TR TR o (44)
o ‘ t ' : ' -
fdr jiZ)Hil)* = - fdr‘_fo(r) J dt {.H;Z-)-(I), Hél_)*(t)}_ o .
' t ot a ' 1 '
%-fdr : (r)f 'drf ac* [{Hél)*(t), wP e, 1P @1} + o - c{]

- QO -— 00

The triple-Poisson-bracket terms in (44) and (45) can be combined by changing
variables of time integration and using the Jacobi idénfity. Collecting our

results, we obtain from (34) the formula

t

U Jdr £ (M) [ (3) J dt (3H§l)*(t),'H;2)(r)$_

+ 3H§2)*<c>, “él)“)% + 2 1% @), 1 ‘”(r)f)

e T v o ' (46)
+ | ar [dr' (3H;1)(T’),{Hil)(T),'Hél)*(t)}s

8D ey, {n (1)(T), (t)}})]

-+

Formula (46) hés beeh derivéd independently of any gaugevcondition.
If we specialize to purely electrostatic modes and choose the Coulomb gauge
S8A = 0, then H(Z) and'H(B) vénishbéﬁd (46) reducéé to thé result of Laval and
Pellat (1975). These:final térms in expression (46) have a deceptive '"causal"

structure, seeming to imply that the coupling to:wavé a at time t comes from

particles which have encountered waves b and ¢ at some earlier times in the
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past. However, such a causal coupling clearly could not be symmetric in
the three fields. The real ;eddirement for non-zero three—wavé_couplihg
is a region of spatial overlap of the three waves; if the fields were
;patially separated, a non-resonant particle would "fofget" seeing them,
emerging from each unaffected. For this reason, we prefer the overlap-
integral form (42) for the coupling coefficient Ua’ where the convective

by

tiem integrals have been replaced by the generating functions $
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6. Trilinear Interaction Hamiltonian

_ In this séction, we present an altérnate derivation'of the coupling
coefficient Ua which leads to a new insight into the nature of three-wave
coupling and the associated Manley-Rowe relations. It has been shown by
Sturrock (1970) that relaﬁions of the Manley-Rowe type follow immediately when
the Hamiltonian of a physical system corresponds to a discrete set of coupled
oscillators. It is simple to devise such a model Hamiltonian for the

waves in the problem at hand; we write

3
E: * * % ' o 47
= : waBaBa_+ (UBaBbBc + c;c.), (47)
a=1 _ :
. where the canonically conjugate variables are Ba and iBa . The identification
‘Ba = aa exp(-lwat)

- then leads to the Hamiltonian eQuations
19&,5 UabaC exp(-i Awt),
b

L ] *
ia, = Uaaac exp(i AQt) s

. %
ja = Ua a
c ab

-eip(i Awt) ,

which are consistent with fhe Manley-Rowe relations (43). The bilinear terms
in (47) represent the unperturbed energies of each oscillator (wave) and the
trilinear term the intefactibn energy. We are theteby‘led to speculate that
the mode-coupling coefficient U might reﬁresent simply the trilinear
~interaction energy of a single particle (new Hamiltonian K(3)), summed

over all the nén;resénant partic1es.‘ This speéulation is_stroﬁgly supported
by the work of Burshtein an& Solov'ev'(l962); ﬁho.showed that Bogoliubov's
"method of averagingﬁ leads to an averaged Hamiltoniaﬁ with the same

Poisson-bracket structure as the coupling coefficient (42). We show now

that the conjecture is true.
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Returning to the expanded Hamilton-Jacobi equation (5), suppose we

(1)

construct a canonical transformation which eliminates not only H

(2)

but
also H Such a transformation is characterized by the requirement that

the new Hamiltonian K have the form

(2)

k=1 +K? + k3 4+ ot | (48)

where E(Z) represents the static component of (7) due to the beating of
each wave with itself.‘ E(z)rcan not be transformed away éince it is a
"resonant" perturbation, corrésponding to a null resonance condition sétisfied
by all particles. It represents the particle. component of the wave energy
(Dewar 1973); the forces derifed from it are the single-wave ponderomotive
forces (Cary and Kaufman 1977).

A transformation satisfying requirement (48) can be constructed by

matching the terms in (5) at each order in e. After some algebra, we find

that the following generating function S effects such a transformation:

s = s 4 5@ L 5B Lo,
where S(l) and S(z) are found by solving
@ __ @
D S = - H ,
(5@ _Lgg@ |y 2@
t 2 = =
2@ 2@ L@ @)y @
2
and 8(3) is arbitrary. The new Hamiltonian‘K(B) is then given by the formula
N A L R S P R R ISl IO

3
(49)

(3)

depends on the choice of S . Indeed, we can arrange

(3)

where the qﬁantity Q

(3)

that Q = 0 by choosing
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R RS %;is(l) ps® o gus®
37 T (50)
+§.3_S('1) y_‘s_(_l) 3y g _%ls-(l) Zs(l.): ) Ne)
(3)

The'staticicomponent of formula (49) for K . trilinear in the three
waves, rebroduces the cﬁupiihg.coefficient (42) when summed‘over all the
non-resonant particles. The conjecture is thus proved. The fact that U

is symmetric in the three waves.can now be vieﬁed as an immediate conseéuence

- of the trilinearity of'E(S)
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7. Concluding Remarks

In summary, the method of generalized §Onderomotive forces (oscillation-
center approach) has been extended to the generél case of nonuniform and
relativistic plasma. As an illustfation, we have derived a "master formula"
for three-wave coupling coefficients [formula (42)], cast in terms of Poisson
brackets of the single-particle perturbation Hamiltonian and its convective
time-integral along unperturbed trajectories. This master formula includes,
as limiting cases, all uniform-plasma results; its direct use‘in determining
growth rates for three-wave processes caﬁ circuﬁvent a laborious calculation
of the nonlinear currents in such problems.

The simplicity of the general form (42) led us in §6 to investigate and
prove the conjecture that the three-wave coupling coefficient represents simply
the trilinear interaction energy (ﬁew Hamiltonian K(B)) of a single particle
in the fields of three waves, summed over all the non-resonant particles in
the plasma. The explicit demonstration of this fact, however, required some
rather lengthy algebra [see equation](SO)]. The source of the algebraic
complexity is our conventional mixed—geherating—function approach to perfgrming
the canonical transformations; in mixed variableé, the desired Poisson-bracket
form for K(3) does not arise naturally, since Poisson brackets are defined in
terms of unmixed (conjugate) variables. It is clear that a more economical
formulation, in which Poisson brackets play on essential role, should be
possible. |

The tools for such a concise reformulation can be found in the Lie—»
transform approach to Hamiltonian perturbation theory (Hori 1966, Deprit
1969, Dewar 1976); The hallmark of the Lie method is the Poisson bracket,

and its use of unitary. operators to effect canonical transformations avoids
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the usual mixing of old'and new yariables. - The Lie approach indeed permits
| ‘ (3)

an elegant and remarkably'simple derivation of the relation between K and
the threée-wave coupiing coefficieht (Johnston and Kaufman 1978). This
relation can, in fact, be'viewed as a special case of a more general relation

between the field-plasma interaction energy and the transformed single-particle

Hamiltonian.

This work was supported by the U. S. Department of Energy under contracts

W-7405-ENG-48 and EY-76-5-02-2456.
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Appendix: Resonant Particlesrand the_Problem of Small_Divisprs

iThe mathematical foundation for a smooth filtration of all "resonant"
actions I from the unperturbed distribution function fo(l)>can be found
in the work of Arnol'd (1963). To iliustrate tﬁe essential ideas, we
begin with an "integrable" Hamiltonian system.with n degrees of freedom,
i.e., a system which possesses n first integrals and hencé (Arnol'd 1963)
action-angle variables (I, 6). Let us squect this system to a small
perturbation of order ¢, |

H(I, 8) = H (D + ¢®'(L, 8),

where H' is periodic in 8 and so can be expanded in a Fourier series of

the form 6

H"(l’ g) = <Hl>6 + -;-. va(l) el&‘_
_ .gl-#o —_

If follows that the canonical transformation which eliminates the 6-dependent

terms of order ¢ in H' has for its generating function

ieH' (1) 3H_(I)
WP Tem o 2P -1

The denominator (%-w) might vanish for certain 'resonance" values of £, and

for any w is arbitrarily small for suitable %. These small denominators raise

serious doﬁbts concerning the validity of the formal perturbation theory.
Nevertheless, since there are more irfétional numbers than rational,

it follows that the components of a randomly selected vector (wl, Wos =" wn)

are "incommensurable" (i.e;, not in rational ratio).. Therefore, for

almost all vectors w (éxcept for.a set of Lebesgue measﬁre zero), one has

2°w # 0 for all integefs % # 0. This idea is expressed more precisely in

the following theorem (Arnol'd 1963): As k - 0, the measure of the set of

vectors {w} which violate the inequality
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2wl >« [2]”

also tends to zero.. Thus, for the majority of vectors w, the denominators
(2*w) not only do not vanish, but can be bounded from below by a power of

Ill. Accordingly, one might hope that the perturbation series Sz in (A.1)

is valid for the majority of vectors w (i.e., for the majority of actions ;).
However, there remains a problem, namely that the resonances are "dense"
in action space. In any small neighborhood of a point I, there is always
a point I' where the frequencies 9(1}) are commensurable (excluding the
case w = constant). If one attempted to remove from the unperturbed
distribution function fo(l) all resonant actions, one would be left with a
wildly discontinuous function ofvl, The corresponding generating function
SR(L) could not be differentiated or integrated by parts.
Fortunately, there is a resolution to this dilemma. The need to deal
with everywhere-discontinuous functions of I can be avoided by truncation
of the Fourier expansion for H' after a finite number of terms:
eH'(I, 8) T <H'> + Z e H', (D) e
T oo<fe]|n T
In the framework of a first-order perturbation theory, this procedure is
acceptable provided that the omitted terms are of order 82. Since the
Fourier coefficients of an analytic function decrease in geometric progression
(Arnol'd 1963), it suffices to choose N to be of order,ln(s—l).A
To understand how this truncation facilitates the extraction of resonant
actions, it is helpful to consider an integer lat;ice in %-space. For
simplicity, we limit our discussion to the case n=2 which is shown in Fig. 1.
The integer lattice is of finite extent, corresponding to some given value

of N. Now, for each value of I, we can draw a line in the direction of the
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two-vector w(I). A second line drawn perpendicular to the first then

represents the locus of points (Ql, 22) which satisfy

22 wy :
&'9—=0‘:%§,—=_'w_ .
1

2
If the components of w(I) are inéommensurable, then this locus does not
‘pass through any.points of the integer iattice; note, however,bthat as
N -+ «, lattice points can be found arbitrarily close to the locus;
From (A.1), it can be seen that the smallness of the generating function

is violated when
2eu(D) = 0(e) . (A.2)

For each I, condition (A.2) corresponds to a narrow cone about the orthogonal
locus whose angular width is small with e (see Fig..1l). The points £ lying
within the cone are the ones whigh satisfy (A.2); if a lattice point lies
within the cone, then the qorresponding action I must be classified as

"resonant'". The key point is that non-resonant actions are allowed since the

lattice is of finite extent.

Now as l_varies,!g(l) also varies and the corresponding orthogonal cone
sweeps aérbss the lattice. Suppose we agree to extract all the resonant
actions I for which points 6f the integer lattice fall inside the orthogonal
cone. Clearly, if ¢ is sufficiently small, this procedure defines isolated
zones in action space whose fotal area tends to zero with €. These zones
can then be removed smoothly from the distribution function fo(l) to form

the non-resonant distribution fo(!) employed in this paper.
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