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Electrostatic interactions are shown to exert a significant effect on the buckling instability of a rod.
In particular, the threshold value of the compressional force needed to induce buckling is found to
be independent of rod length for long charged rods. In the case of rods of intermediate length, the
critical buckling force crosses over from the classic inverse-square length dependence to asymptotic
length-independent form with increasing rod length. It is suggested that this effect leads to the
possibility of electromechanical stiffening of nanotubes, which would allow relatively long
segments of them to be used as atomic force probes20@ American Institute of Physics.
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When slender objects are subjected to external compreshis dependence occurs wheris small enough that the ac-
sional elastic forces, they are susceptible to bending defocumulated electrostatic self-interaction has not yet over-
mations. The onset of such a deformation is known generiwhelmed local elasticity. As will be shown, we are also able
cally as the buckling instability? An elastic rod of a given to determine the shape of the rod at the onset of buckling,
material and length can resist compressional forces up to and show that the buckling rod becomes considerably flatter
so-calledcritical buckling force K, that increases with the in the interior as a result of electrostatic self-repulsion.
(effective) bending stiffness of the rod, and decreases with an  The elastic charged rod is considered to be inextensible,
inverse-square law with its length(F.~1/L?). Because of and its energy consists of two contributions. The first part
this length dependence, longer filaments possess much lowsgsults  from the elastic bending energyE,
critical buckling forces. =(K/2)f§ds H(s)?. This energy is controlled by the intrin-

The limitation on rod length imposed by the buckling sic bending moduluK of the elastic rod and contains no
instability is a major structural issue in nano-scale mechanicslectrostatic contributions. The curvatiiés) is assumed to
[atomic force microscopy(AFM)-tips, nanotubes and  be a function of the arclength parameterFor a homoge-
nanorodg, etc] as well as the micro- and macro-scale. How- neous elastic rod of circular cross section that is made of a
ever, this limitation results from the local nature of elasticity, material with a Young’s modulusg, we have K
and may in principle be overcome if long-ranged interactions= (/4)r*E.? The second contribution to the energy arises
also exert a stiffening influence. Here we study the mechanifrom electrostatic interactions, which can be written as
cal response of an elastic charged rod to external compres-

. . . X Y (L 1
sional forces, and in particular the onset of Euler buckling g |:—f ds d¢
instability, taking into account the nonlocal nature of electro- ¢ 2 Jo Ir(s)—r(s")|’

static self-interaction3.For a cylindrical charged rod of ra- L
dius r and surface number charge density we find that for a rod whose confo_rmauon is representeq by a space curve
long-ranged electrostatics leads, in the limit of a long rod, tor_(z)z'/ (Z:i Zlf‘)wgsgg:rC]gC?rl:gI'ggercggjtzgtp;aiigni‘iﬁzen
o o . = 0a%),
a nonvanishing critical buckling force neighboring charges along the liigee Fig. 1. Considering
T the cylindrical geometry of the rod, one can express the lin-

Fo(L—)=A S_OGZUZVZv @ ear number charge densityalih terms of the surface num-
in which g is the permittivity of free spaceis the electron
charge, and\ = y+ /(1/2)+ 3/2=0.113 705 6 is a universal
numerical prefactot.In the case of rods with a finite length
L, we find that the above-mentioned result smoothly crosses
over to a local 112 dependence ds decreases. Crossover to

FIG. 1. The elastic charged rod is hinged at two ends and is subject to a
dElectronic mail: jrudnick@physics.ucla.edu compressional forc€.
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FIG. 2. The critical buckling force for a charged rod as a function of its 5

length (log—log ploy. (8 The solid line corresponds toK=1 . . .
%10 1 Nm? and Y=1nN. (b) The dashed line corresponds ko=100 FIG. 3. The rescaled critical buckling force for a charged rod as a function

x10"1Nm? and Y=1nN. (c) The dash-dotted line corresponds Ko of the charging p_aramet@:YLz/K. Not_e that three Qistinct series_ of data

—1%10° 19N m? andY = 100 nN. (open circles, triangles, and dashed Jineorresponding to the different
curves in Fig. 2, have been collapsed on top of a universal curve. The solid
line represents the interpolation formula of E&) for comparison.

ber charge density througha=(27ro) 1, which yields _ _
Y = (m/eo)ea?r2. Finally, to study the onset of buckling =YL%K. An interpolation formula of the form

upon applying a compressive for¢e we add a termEg, = 1 o A

= ng dscosd(s) to the total energy, wheré(s) is the angle —S -1+ — \ﬁ+ — Q, 2

that the rod’s local unit tangent vector makes with its unper- €0 ™ 2 m

turbed orientation, and is related to the curvature Kig) is found to satisfactorily represent the universal curve as re-
=dé(s)/ds. vealed by the comparison in Fig. 3.

One can estimate the critical buckling force for a neutral ~ The shape of the charged rod at the onset of buckling is
rod using a simple force balance argument. Imagine that thalso calculated, and shown in Fig. 4 for various values of the
rod is bent into an arc of a circle of radiBswith a corre- charging paramete®. It appears that charging leads to de-
sponding arc angl@, so thatL=Ré. Then we can calculate Vviations in the shape of the buckling rod from the
the bending energi,(0) = KL/2R?=K ¢2/2L, and the end- sinus-profilé in that there is enhanced flattening in the inte-
to-end distancex(d)=2Rsin(@/2)=L sin(6/2)/(6/2) as a rior. This is to be expected because the interior of the
function of the bending anglé. The elastic force that resist charged rod is subject to stronger electrostatic self-repulsion
bending at the onset of such arc formation can be found a$an the end-segments where “half” of the repelling charges
Fo=—JEL(0)/9x(6)|y—o=12K/L2, which slightly overesti- are absent. A similar effect has also been observed in the
mates the exact critical buckling forée=72K/L2 (Ref. 2  bending response of charged elastic rods.
due to the artificial assumption of constant curvature. A simi- ~ The familiar image of a long-haired girl touching the van
lar argument can be used to qualitatively account for(&y. de Graaff machine suggests that a practical way of imposing
in the case of a charged rod with negligible intrinsic rigidity. the required charging is by applying a voltage. For a con-
Imagine that charges of unit magnitude are placed along th@ucting cylinder of lengthiL and radiusr that is kept at a
rod in a regular pattern at a distanedrom each other. The potential V relative to “infinity,” *° one can calculate the
electrostatic repulsive force that the first charge experiencegduced surface charge density, and deduce from it the cor-
can then be calculated as the sum of the contributions frorfesponding asymptotic critical buckling force as
all the neighbors, namelyFq(1)=Y (1+1/22+ 1/3+---) AV
=w2Y/6. If the charged rod is to undergo compressional FC(LHw,V)zm.
failure, the external force has to be greater than this Coulomb
repulsion, thus yielding the scaling form for the critical For a thread of human hair we have=0.1 mm andKp,;
buckling force as reported in Eql). To obtain the correct ~10 ' N'm? which yields forL=1cm a critical force of
numerical prefactor, however, one should look for collectiveF=10"°¢ N. Applying a voltage ofV=50kV (typical of
failure corresponding to the lowest threshold critical fofce. van de Graaff generatdrshen results in a critical force of

We study the spectrum of the total energy operatofc=10"* N for a 1-m-long piece of hair!
numerically? and use it to find the critical buckling force and Perhaps the most interesting venue in which these results
the shape of a charged rod of arbitrary length at the onset dind application will be in hardening of atomic force probes.
compressive failure. In Fig. 2, the critical buckling force is Carbon nanotubes have been found to be structurally quite
plotted as a function of the length of the rod, for various
values ofK andY. As shown in the plot, wheh is small, the u(s)

()

critical force is proportional to 12. As L passes through a 3 ==
crossover length scale,«K/Y, the force saturates at an ©2 P =
L-independent value. 01} &~ Q\’&\_

The critical buckling forces corresponding to different L2 072 03 06 08 ~ ¥/L

values of the parametek§ Y, andL can be collapsed onto a o y
universal curve as shown in Fig. 3, if normalized with theFIG. 4. The sh_ape of a charged rod at the ons_et o_f Euler buckling instability.
The dashed line corresponds ©@=0, the solid line corresponds tQ

critical buckling force of the neutral chaf, and plotted as 1, and the dash-dotted line corresponds @e=10°. The buckling

a function of the dimensionlessharging parameterQ  charged rod flattens in the interior as the charging is increased.
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voltage of 200 V. This implies a remarkable “electrome- reported in the bodjEq. (3) and the related discussidrare not materi-
chanical stiffness,” in contrast with the intrinsic mechanical ally affected.
resistance to buckling which is diminished by a factor of 10 *M. M. J. Treacy T. W. Ebbesen, and J. M. Gibson, Nattendon) 381,
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