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The phase difference between strong and electro-

" magnetic contributions to the scattering amplitude is
o : :

derived from diffraction 'theory.
ent with relativistic calculations. Bethe's phase is

. )

) » shown al’so“l‘.o be consistent with relativistic calcula-

tions. New 'e'xpr‘ession.é for tﬁe amplitude are,o’btaiynod

.to all orders in Z1Z2e /&fv for the point charge and

'I'he results are consist-

2 extended oharge cases. Cross sections calculated from »

2 _‘the origingl, e'xpre_s.sio_n and’ from the point charge solution

. _are conﬁpared with thosve: of the extended chﬁrge solution. .

oty o . . . ) ' ’

~ . i Whé_o cmfged strongly-intei‘acting éystemé collide, both s’orong '
\ “and electfomé.griétic interactions contribute to the scatter_ihg amplitude,
‘1«4' Bethe™ showed that with certain assumptions the modulus of . the

amplitude F(q) .for elastic scattering of a point unit charge by a

nucleus of charge _Z may be approximated by
: : ; in|

F@] = lg(2) + £ )™

where f, 1s the strong interaction amplitude, £,

magnetic amplitude apart §rom its phase,

(1)

is the electro-

= Zee/ﬁv , Ba is the

Both £

--where ..y = 0.577---

from Eq. (4) a'

-2- 7
momentum transfer, and the pha.sev ¢ is given by.
g = -2 in(ag/1.06). ' {2)
and the form factor for the charge distribution were taken to
be proportional to exp(- %;azqe).

Subsequently, West and Yenniez’ 3 using relativistic methods,

_derived for the phase ¢ the expression
g x -214n(a'q) - 7 ‘ ‘ (3)
is Euler's constant and

1
Cal = l(z‘:t2 + 8+ d8)° . : (%)

It was assumed that the cha.rge form factors of the target and incident

particles are exp(- E 2 q ) and exp(- H & q ), respectively, and

that f_ s proportional to exp(- llIa' Q). _
We point out that no reinterpretation of a in Eq. (2) is

needed in order that Eg. (2) be consistent with Eq. (3). Bethe aésumed:

=0 (point,charge for the incident particle) amd ¢ = a. Therefore

Y2 and from Eg.. (3)

gx -2 zn(aw—>,- y

v -2 ln(aq/l.O‘;)'

which is Bethe's formula Eq. (2). 4

Using relativistic methods West and Yennie also showed2 that

for point charges and arbitrary f ’ }25 is given by
2k '

g - 2tnsingo-2 f - 7,)/e ()] @ aat/Id - 2 .

0 o (5)
Equation (5) can be derived from diffraction theory. We use

techniques similar to those of the Glauber approxiz:\a.tion.5 ‘The

-scattering amplitude is given b;;
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N .—»'—) r ™~ —>
Q) = (1k/2x) felq Pl . 0] g2y, (6)
where /ﬁE - is the incident momentum and g is an impacf parameter
vector. To exhibit the effects of the Coulomb interaction we write6

X(®) = %) + X(b) _ (7

where 'Xc(b) is due to the Coulomb interaction alone and Xé(b) is
due to the strong interaction alone. The purely strong and purely
Coulombic'amplitudes fs and fc are given by expressions similar to
Eq. (6),
: > > 1X_(p), | :
: . ig. j
fj(q_) = (ik/2x) je qb[l P j %, j =s,c. (8)

Using Eqs. (6 - 8) together with the identity

1(X, 4% ) 1X iX
e e = (1-e c) + (1L -e 8

)

iX iX
e 1%
-(L-e )1a-e

) (9)
we obtain

R ixc(b)}.r ixs(b)} s

- oiab !
Flq) = _fc(Q) +£.(q) - (ik/eﬁ)[e (1 - e {l - e ab.
(10)
If we invert Eq. (8) with J = s, we obtain
1X () - -
1-e ° = (onix)? [ e 1P £ (q)aP, Q)
and the amplitude F becomes
P@) = ra) + £ (@) + 0™ [ £ @00 - )
iX (p) :
X{e ¢ -lib'dbdeq_'. (12)

For a screened Coulomb field with screening radius R and for

q > R'l, we may write’

~L-

Xc(b) =2 n in(b/2R) , . b <R
(13)
=0, b > R.
Since R is of atomic dimensions, Eq. (13) will be valid for
‘h?q? > 107 (GeV/c)2. Furthermore,5
fc(q) = 2nk q-e exp { -2iln #n(qR) - arg T(1 + in)] )
' . ' (14)
For n << 1, Eq. (12) with Eg. (13) become57
. R 1 V32 1
F(g) ® lim |£(q) + £,(q) + inn £ (q")d%q
¢ i . S
R+ oo
R
*[ Jo(1a - @' ) tn(b/2R)b ab (15)
0
~ -1 '
v dm (£(a) + £ (a) exp {-inn f[fs(q )/fs(q)}
' X{l - Jo®la-g’ l)]/?{-'c{' PaPq -2t e
(16)
Therefore the phase difference ﬁ. is
. ' q'=2k 5
1
f=-2insin0-2y- lin {2 takR+ % da
‘ 2 R = oo : b¢ : !'_’;_’v |2
Y a-q
t 1
1—fs(Q) + |7 Rla -3 ] s(Q)-l .
£.(a) 0 FST-.—)_
(a7)

We have assumed, as is usual in high energy diffracﬁion theory',5 that
fs(q) is strongly pesked in the forward direction and that the q'
integration is taken over the physical region q' X 2k. For

(a/2k)? << 1, we obtain’



(5o

R to 0O(n).

energy heavy-ion experiments being performed,8

: good to first order in n will be inaccurate.

'where r2=c +d

h exponential integral .

distribution effects.

S

R~ oo -

. |
lin o xt Jfg [ - 3oRIE - 3 De (/e (@) /17 - 3 F By

Y
X lim <1 7 1 - Jo(q')]/q'2 d2q' _ (218)
R -+ oo . . : .
e
= 1lim [2 n(&R) + 2y]. s . (29)
" R- - : -

If we perform the angular integration on the remaining mtegral in
Eq. (17) we obtain Eq. (5).°

" We have tﬁus demonstrated that the results obtained by rel-

ativistic methods (which are calculated to 0(n)) and the results of

‘diffraction theory (which are calculated to all orders in n) agree

For scattering of hadrons by heavy nuclei, or for high-
the parameter
242, € /‘ﬁv is not small (éven at high energies) and. calculations

Let us therefore use

"difﬁ'aétion theory to calculate thé complete amplitude in such cases.

We shall assume that the charge form factors of the target and incident
nuclei are exp( H ® q ) and exp(- Hd q ), respectively, and that
. the’ mcident-nucleus-target strong interaction amplitude 1s9 ’

‘,f(q)

£o exp(- T a® ¢°). We fina that

X (o) xm@)?ngﬁh),”‘, o)

2 2' X I‘ﬂ;(b) is the Coulomb phase shift function

for a point charge, and El(x) -Ei(-x), where Ei is the
There are many ways o,f'separating the Coulomb

and nuclear effects and of separating the point-charge and chargé-

The final result may be written, for example, as

with ﬁf glven by Egs.

6

. ~ o ; o7 in (x A
[F(@)] = () + 1P P10 tnlr/a) j 3 (rqx)x‘m'lgl e
L
0 : ’
2. ;2\ 2intn(r/a) r | 1“E1(x2) 1 oina
+ (2rf0/a)e n. j J rqx){e -ljx nFL .
5 .
222 .
X e ax | s (21)
where Fpt(q) is the point-charge solutivénlo
Pty - -2 [0 tnd }3
(@) = -2nk q¢™° exp -Eiln ln(g aq) - arg P(1 + :val)j
. . : 1 .
+ £,(q) M(1 + in) 1Fy (=105 15 i a2 q ) f o (22)

in which 1F1 is the confluent hypergeometric function.

As .an illustration, we consider the case 4 =0, c =a (so

that Eqs. (2) and (3) are identical). We compare in Fig. 1 cross
sections near theé Coulomb interfsrence region obtained from (i) Eq. (1)
() or (3), and (11) F(q) = 8(q), with ,

those obtained from the "exact" solution Eq. (21). The perameters a

‘and fo vere chosen to correspond a.pproximateiy to appromriate strong -

interaction data. Their precise values are uniimportant since we are
comparing theoretical expressions.
We see from Fig. 1 that with Ba. (2) or (3) errors in

the cross sections of ~ 20% occur for p-Fb

for C-C scattering, ~ 1% for p-C a'nd' n -C scattering, ~ 0.2%

scattering,

for a-o scattering, and ~ 0.03% for pP-p scattering.
It is»interesti‘ng to note that.the point-charge solution
Eq. (22) is generally no more accurate (and often less accurate) than

Eq. (2) or (3), even at very small angles.
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In obtainiﬁg his result, Bethe mede the approximations that the
average Coulomb phase shift of the nuclear scattering be evaluated at
Q@ = O and that the calculation neglect terms of O(ne). The remark-
able accuracy of Bethe's result for p;p, QQ, x- C, .and p-C
scattering stems in part from the compensating effects of these two
approx1mations. Figure 1 shows that neglgcting the g-~dependence of
the phasé generally induces an error opposite in sign to that induéed
by neglectiné terms which are 6f higher or@er in n. (The dotted and
so0lid curves generally lie_onropposite sides of the ;t axis. ) We
aiso see that for p-C, n-C, o=@, and p-p scattering, retention
of the q-dependence of the phase (dotted curve) generally increases the
accuracy of the results significantly.
Eq. (2) to take the g-dependence into account by means of a simple
rapidly converging power series in q .. However, for n 2 0 1, . the
q-dependence modification still vields inaccurate results. It is clear

from our calculations that for collisions in which n 2 0.1, Eq. (21)
should be used in analyses of data in the Coulomb-nuclear interference

region.

‘We wish to thank Professor Geoffrey F. Chew for his hospitality

at the Lawrence‘Berkeley Laboratbry.
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