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Abstract

This dissertation explores various aspects of sampling algorithms and stochastic optimization algo-
rithms. We investigate the efficiency and behavior of various sampling methods for target distribu-
tions, particularly those with heavy-tails, through the analysis of different discretization techniques,
functional inequalities, and asymptotic limits. In Chapter 2, we study specific diffusion-based
sampling algorithms, the randomized midpoint method, for simulating continuous-time Langevin
diffusions, establishing its asymptotic normality and providing insights into its behavior. In Chap-
ter 3, we introduce two algorithms to sample heavy-tail targets. In Section 3.2, we study the
oracle complexity of sampling from polynomially decaying heavy-tailed target densities using the
Transformed Unadjusted Langevin Algorithm (TULA), highlighting connections to functional in-
equalities. In Section 3.3, by discretizing a class of It6 diffusions associated with weighted Poincaré
inequalities, we examine the complexity of sampling from heavy-tailed distributions and provide
iteration complexity estimates in terms of the Wasserstein-2 distance. In Chapter 4, we propose
the Regularized Stein Variational Gradient Flow, which interpolates between the Stein Variational
Gradient Flow and the Wasserstein Gradient Flow, and establish its theoretical properties. We
also introduce a particle-based algorithm based the Regularized Stein Variational Gradient Flow
and provide preliminary numerical evidence on its improved performance. In Chapter 5, we de-
rive high-dimensional scaling limits and fluctuations for online least-squares Stochastic Gradient
Descent (SGD) algorithm by treating the iterates as an interacting particle system, characterizing

the limiting mean-square estimation or prediction errors and their fluctuations.
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CHAPTER 1

Introduction

Sampling and optimization problems are two prevalent and intertwined challenges faced in various
scientific, engineering, and computational disciplines. Both problem classes deal with the essential
tasks of exploring and exploiting complex spaces to make informed decisions. Sampling problems
focus on generating representative samples from a given target density, while optimization problems
revolve around finding the best possible solution within a specific problem domain. The study of
these problems has led to the development of a rich tapestry of methods and algorithms, such as
Markov Chain Monte Carlo, linear programming, and evolutionary algorithms. In recent years,
the intersection of these fields has given rise to innovative approaches that leverage the strengths
of both sampling and optimization techniques, enabling researchers and practitioners to tackle a
diverse range of real-world challenges, such as resource allocation, machine learning, and network
design. By understanding the underlying principles and strategies, we can continue to refine our

methods and develop new insights to drive progress in these critical areas.

Sampling Problem. The problem of sampling from a given target density
L /() d
(1.1) m(x) = Z¢ , VreR

where f : R — R is the potential function and Z = Jra e 7®)dz is an unknown normaliza-
tion constant. This problem frequently arises in statistics and machine learning with numerous
applications to high-dimensional Bayesian inference [WT11, LCCC16, MHB17, DM19], numeri-
cal integration [LP02, HLW06], volume computation [Vem10], optimization and learning [RRT17,
EMS18, MPM*20], graphical models [KF09], and molecular dynamics [MT13, LM16].

There are two widely-used approaches for sampling:
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(1) diffusion-based randomized algorithms, which are based on discretizations of certain dif-

fusion processes.

(2) particle-based deterministic algorithms, which are discretizations of certain approximate

gradient flows.

The diffusion-based randomized algorithms are MCMC algorithms and they have received a lot
of attention recently. The fundamental idea behind such algorithms is that a continuous-time
diffusion with its invariant measure as the target 7 is approximately simulated via a numerical
sampler. The intuition behind the success of these methods is that by appropriately selecting the
step-size parameter, the discrete approximation resulting from the numerical sampler tracks the
continuous-time diffusion. Thus, rapid convergence properties of the diffusion process (see, for
example, [RT96, LS16, Ebel6, EGZ19, LBBG19, DMS19]) is inherited by the discrete algorithm
with an invariant measure that is close to that of the diffusion, which is the target w. While a
variety of diffusion processes can lead to a rich class of MCMC samplers, algorithms that are based
on discretizing Langevin dynamics have been the primary focus of research due to their simplicity,
accuracy, and well-understood theoretical guarantees in high-dimensional settings [Dall7a, CB18a,

CCAY*+18, DMM19, VW19, MCC*+19, CB18a, DMP18, DM17, EH20].

The particle-based sampling algorithms use a set of interacting particles to approximate the tar-
get distribution. A canonical particle-based sampling algorithm is the Stein Variational Gradient
Descent (SVGD) introduced in [LW16]. However, unlike the diffusion-based sampling algorithms,
SVGD introduces a complicated particle system and how to characterize the computation complex-

ity of SVGD remains to be an open question.

Optimization Problem. Optimization lies at the heart of many problems in machine learning,
operations research, and engineering. In this rapidly evolving field, stochastic optimization has
emerged as a powerful and versatile technique for solving complex problems. We provide a gentle yet
comprehensive overview of stochastic optimization and one of its most popular methods: stochastic

gradient descent (SGD).

Stochastic optimization is a class of optimization algorithms designed to handle uncertainties in the

objective function and/or constraints. The word “stochastic” refers to the presence of randomness
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or probabilistic behavior in these problems. In many real-world scenarios, the objective function
and/or constraints are affected by noise or uncertainty, making traditional optimization methods
less effective or even inapplicable. Stochastic optimization provides a framework for tackling such

problems, enabling efficient solutions even in the presence of uncertainty.

SGD is a particular instance of stochastic optimization that has gained widespread use in machine
learning, especially for training large-scale models such as neural networks. The main idea behind
SGD is to update the model parameters iteratively based on random samples or “mini-batches”
of data, rather than the entire dataset. This enables the algorithm to converge more quickly
and reduce the computational burden, which is essential when dealing with massive datasets or
high-dimensional models. One of the main challenges in understanding SGD is comprehending
its convergence properties. In the case of fixed-dimensional problems, the learning theory and
optimization communities have focused on providing non-asymptotic bounds, either in expectation
or with high-probability, over the past two decades. However, such bounds often tend to be overly
conservative in predicting the actual behaviour of the SGD algorithm on large-scale statistical

problems occurring in practice that are invariably based on specific data generating models.

Sampling as Optimization over measures. The viewpoint of sampling as optimization can
explain both the diffusion-based sampling algorithms and the particle-based sampling algorithms.
The seminal work [JKO98] provides a variational interpretation of the Langevin diffusion as the
gradient flow of a Kullback-Leibler (KL) divergence over the Wasserstein space of probability mea-
sures. From this optimization viewpoint, the diffusion-based sampling algorithms, the ULA, can be
viewed as a discretization of the Wasserstein gradient flow (WGF). While for particle-based sam-
pling algorithm, SVGD, can’t be viewed as a discretization of the WGF' as all the discretizations of
the WGEF have to be random. In fact, SVGD is a deterministic discretization of a constant-order

approximation to the WGF due to the kernel integral operator.

Inspired by the above observations, in [HBSL22], T propose a regularized version of SVGD that
provides a deterministic discretization of e-approximate WGF for any € € (0,1]. When € = 1, the
regularized SVGD is exactly the SVGD. When ¢ € (0,1), the regularized SVGD admits similar

convergence properties as the SVGD. As we decrease € to zero, the regularized SVGD will behave
3



sampling

optimization
over measures

FIGURE 1.1. Venn Diagram

more and more likely to the discretization to the WGF, i.e. the ULA. I derive the mean-field partial
differential equation (PDE) that describes the mean-field limit of the interacting particle system
and characterize the uniqueness and existence of the solution to the mean-field PDE. Furthermore,
in the population limit of the regularized version of SVGD, I provide rates of convergence to
the equilibrium density in two cases: under log-Sobolev inequality (LSI) assumption in the KL

divergence metric and under no assumptions in the Fisher information metric.

Organizations. As summarized in the figure 1.1, we explore various aspects of sampling and opti-
mization problems in this dissertation. For sampling problems, we study the computational and sta-
tistical properties of existing sampling algorithms, such as the randomized midpoint method [SL19],
in Chapter 2. We also develop and analyze new sampling methods, the Transformed Unadjusted
Langevin Algorithm (TULA) and the It discretization, when the target density is heavy-tailed in
Chapter 3. Regarding the optimization problems, we provide a fine-grained analysis on the high-
dimensional scaling limits and fluctuations of the online least-squares SGD in Chapter 5. Motivated
by the viewpoint of understanding sampling problem as optimization in the space of probability
measures, in Chapter 5, we introduce and analyze the Regularized Stein Variational Gradient Flow
(RSVGF), which can interpolate between the particle-based sampling algorithm, SVGD, and the

diffusion based sampling algorithm, ULA.



CHAPTER 2

Randomized Midpoint Method

We consider the problem of computing the following expectation
(2.1) Ex[¢(x)] where m(z)= Zife*f(l")?

for a potential function f : R* — R and a test function ¢ : R* — R, when the normalization constant
Zy = | e~ 7®)dz is unknown. This problem frequently arises in statistics and machine learning
with numerous applications to high-dimensional Bayesian inference [WT11, LCCC16, MHB17,
DM19], numerical integration [LP02, HLWO06], volume computation [Veml10], optimization and
learning [RRT17, EMS18, MPM*20], graphical models [KF09], and molecular dynamics [MT13,
LM16]. Markov chain Monte Carlo (MCMC) methods provide a powerful framework for computing

the integral in (2.1), and have been successfully deployed in various scientific fields [Liu08].

In particular, MCMC algorithms that are based on diffusion processes have received a lot of at-
tention recently. The fundamental idea behind such algorithms is that a continuous-time dif-
fusion with its invariant measure as the target m is approximately simulated via a numerical
sampler. The intuition behind the success of these methods is that by appropriately selecting
the step-size parameter, the discrete approximation resulting from the numerical sampler tracks
the continuous-time diffusion. Thus, rapid convergence properties of the diffusion process (see,
for example, [RT96, LS16, Ebel6, EGZ19, LBBG19, DMS19]) is inherited by the discrete algo-
rithm with an invariant measure that is close to that of the diffusion, which is the target .
While a variety of diffusion processes can lead to a rich class of MCMC samplers, algorithms
that are based on discretizing Langevin dynamics have been the primary focus of research due
to their simplicity, accuracy, and well-understood theoretical guarantees in high-dimensional set-

tings [Dall7a, CB18a, CCAY+18, DMM19, VW19, MCC*19, CB18a, DMP18, DM17, EH20].
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Although motivated by the problem of computing the integral in (2.1), much of the theoretical
focus on analyzing sampling methods in the recent literature has been on providing guarantees for
the sampling problem itself (see [TTV16] for an exception), i.e., the number of iterations needed to
reach e-neighborhood of a d-dimensional target distribution in some probability metric. The choice
of step-size of the sampler is crucial to obtain such theoretical guarantees. While the problem
of estimating expectations such as in (2.1) is based on sampling from the target = itself, the
theoretical guarantees established for the sampling problem can provide very little to no information
on computing the expectation in (2.1) based on the sampler. The main reason for this is, the
step-size choice of the sampler required to obtain optimal theoretical guarantees for numerical
integration of (2.1) turns out to be different from that of sampling. Furthermore, if the ultimate
task is to perform inference on the quantity E,[p(z)], confidence intervals are required. Thus, one
needs central limit theorems (CLT) to quantify the fluctuations of the estimator of the expectation

n (2.1), depending on a specific numerical integrator being used.

The randomized midpoint method, a numerical sampler proposed by [SL19], has emerged as an opti-
mal algorithm for sampling from strongly log-concave densities, achieving the information theoreti-
cal lower bound for this problem in terms of both dimension and tolerance dependency [CLW20]. In
lieu of this optimality result, one anticipates a superior performance from the randomized midpoint
method in other fundamental problems that relies on a MCMC sampler as the main computation
tool, e.g. estimating expectations of the form (2.1). However, properties of this sampler for the
purpose of numerical integration, in particular its inferential properties, are not well-studied. In
this chapter, we explore various probabilistic properties of the randomized midpoint discretization
method, when used as a numerical integrator. Towards that, we examine several results for the
randomized midpoint method considering both the overdamped and underdamped Langevin diffu-
sions. Our first contribution is the explicit characterization of the bias of the randomized midpoint
numerical scheme, namely the difference between its stationary distribution and the target distri-
bution 7. We show that asymptotic unbiasedness, a desired property in general, can be achieved
under a decreasing step-size sequence. As our principal contribution, we establish the ergodicity
of the randomized midpoint method and prove a central limit theorem which can be leveraged for

inference on the expectation (2.1). We compute the bias and the variance of the asymptotic normal
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distribution for various step size choices, and show that different step-size sequences are suitable

for making inference in different settings.

Our Contributions. We summarize our contributions as follows:

(1)

We show the ergodicity of constant step-size (denoted as h) randomized midpoint dis-
cretization of the overdamped and underdamped Langevin diffusions in Theorems 1 and 3,
respectively. For both cases, the stationary distribution 7, of the resulting discretized

Markov chain is unique and is biased away from the target distribution .

The choice of a constant step-size for the randomized midpoint discretization causes bias in
sampling. We characterize this bias explicitly in Propositions 2 and 4 for the overdamped
and underdamped Langevin diffusions, respectively. We show that Wasserstein-2 distance
between 7, and 7 is of order O(h%®) and O(h!-5) respectively for the overdamped and

underdamped Langevin diffusions.

The established order of bias points toward using particular choices of decreasing step-size
sequence for the sake of inference. Specifically, we prove a CLT for numerical integra-
tion using the randomized midpoint discretization of the overdamped and underdamped
Langevin diffusions in Theorems 2 and 4 respectively, for various choices of decreasing
step-size. Depending on the specific choice of step-size sequence, the CLT is either unbi-
ased or biased. When discretizing the overdamped Langevin diffusion with polynomially
decreasing step-size choices, the rate of unbiased CLT turns out to be O(n1/3)=¢) for any
¢ > 0. But the optimal rate turns out to be O(n'/3) for which one can only obtain a biased
CLT. When discretizing underdamped Langevin diffusions with polynomially decreasing
step-size choices, we show that the optimal rate can be improved to (’)(n5/ 8) under a

certain condition, which is satisfied only by the class of constant test functions.

2.1. Notations and Preliminaries

We denote an (-th order symmetric tensor of dimension d by A € R*®¢. For a given vector u € R,

we use |lu]| to denote the Euclidean-norm of the vector. We define the ¢-th order rank-1 tensor

formed from u € R? as u®¢. In addition, let A and B be two (-th order tensors, we define the
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inner product between A and B as (A, B) = 2?1:1 e Zi:l Ajjs.jo - Bjijs..ji- For a function
f:R* 5 R, VfeR?and D! € R*®* represents the gradient, and ¢-th order derivative tensor (for
¢ >1). We let (Q, F, P) represent a probability space, and denote by B(R?), the Borel o-field of
RY. We use % and 2 to denote convergence in distribution and probability respectively. The set
of all twice continuously differentiable functions f : R¢ — R is denoted as C?(R%). We use I to
represent the d x d identity matrix. Let xg, x1, ... be a d-dimensional Markov chain. The transition
probability of the chain, at the k-th step is defined as P¥(x, A) := P(x; € Alzg = ), for some
x € R? and represents the probability that the chain is in set A at time n given the starting point
was ¢ € RY We use O to hide log factors. Finally, for a sequence 7, and positive integer £, we
define Fg )= py vﬁ. We also make the following assumption on the potential function.

ASSUMPTION 2.1.1. The potential function f € C*(R?) satisfies the following properties. For some
0<m<M <oo: (a) f has a M-Lipschitz gradient; that is, D*f < M4, and (b) f is m-strongly

conver; that is, mIg < D%f. We also define the condition number as k := M /m.

2.2. Results for the Overdamped Langevin Diffusion

The overdamped Langevin diffusion is described by the following stochastic differential equa-

tion:
(2.2) dz(t) = =V f(x(t))dt + V2dW (t),

where W (t) is a d-dimensional Brownian motion. It is well-known that this diffusion has m(x)
e~ 1(®) as its stationary distribution under mild regularity conditions [MT12]. In general, simulating
a continuous-time diffusion such as (2.2) is impractical; thus, a numerical integration scheme is

needed.

We now describe the randomized midpoint discretization of the above diffusion in (2.2), which we
denote as RLMC. Denoting the n-th iteration of the algorithm with x,,, the integral formulation
of the diffusion with z;, as the initial value would then be z}(t) = x,, — fg Vf(xk(s))ds +V2W (t).
Let h > 0 be the choice of step size for the discretization and, let () be an ii.d. sequence of

random variables following uniform distribution on [0, 1], i.e. a, ~ U[0,1]. The fundamental idea

8



behind the randomized midpoint technique is to use AV f(z} (an+1h)) to approximate the integral
JIN £ (2 (s))ds. Indeed, notice that B[RV f(z5(ant1h))] = b [ V f(zh(ah))da = [V f(z%(s))ds.
RLMC proceeds by approximating x; (cw,+1h) with the Euler discretization, which ultimately yields
an explicit numerical integration step. Although [SL19] considered this discretization only for the
constant step-size choice and the underdamped Langevin diffusion (which we discuss in Section 2.3),
below we present a single iteration of the RLMC algorithm with the choice of variable step-size

Yn+1 for the overdamped diffusion in (2.2):

xn+% = Tn — an+17n+1vf($n) + v 204n+17n+1U7/1+1a

T4l = Tn — 'Yn—l—lvf(xn-y%) + vV 2¥m+1Un+1,

(RLMC)

where (U,) and (U]

7 ) are sequences of i.i.d d-dimensional standard Gaussian vectors with cross-

covariance matrix ,/a,ly for each n and the initial point xo. We briefly digress now to make the
following remark. If instead of «, ~ UJ0, 1], one uses «a, = 1 for all n deterministically, then
the iterates of (RLMC) algorithm is reminiscent of the extra-gradient descent algorithm from
the optimization literature [LT93], perturbed by Gaussian noise in each step. Furthermore, its
noteworthy that with the deterministic choice of o, = 1, one cannot obtain the improved rates that
the uniformly random c, provides. Lastly, the filtration (F,) is defined by F;, := o(ag, Uy, Up; 1 <
k < n), the smallest o-algebra generated by the noise sequence and uniform random variables that

are used in the first n iterations.

2.2.1. Wasserstein-2 Rates for Constant Step-size RLMC. Before, we state our main
result, we investigate a few important characteristics of the (RLMC) algorithm that are not ex-
plored yet. We start with its rate of convergence in Wasserstein-2 distance (see [Vil09] for definition)
for the (RLMC) algorithm. The proof of the proposition below essentially follows from a similar
idea of the more general result for the underdamped Langevin dynamics in [SL19]. We include the

result with its proof for the sake of completeness.

PROPOSITION 1. Suppose f satisfies Assumption 2.1.1. Set z¢p = argmin, f(x), v, = h =

O(e?/3 /'3 M) when khM > 1, and v, := h = O(¢/M) when khM < 1 with Mh < 3. After



running the (RLMC) algorithm for

4/3

~ (K K

K = O (62/3 —+ 6) Steps,

we have Wa(vg, ) < €4/d/m, where v is the probability distribution of x .

When & is of constant order, we see that W rate is of order O(1/¢). Notably, with the randomized
midpoint technique, we obtain this particular e-dependency by discretizing just the overdamped
Langevin diffusion with only the Lipschitz gradient condition on the potential function f. Prior
works require Euler-discretization of higher-order Langevin diffusions to obtain a Wj rate of or-
der O(1/e) [DK19, MMW*19] or require higher-order smoothness assumption along with other
specialized discretization methods [SZ19, LWME19, DM19, DK19].

2.2.2. Analysis of the Markov Chain Generated by Constant Step-size RLMC.
Using the randomized midpoint technique, we obtain an improved dependency on € for the Ws rate
under weaker assumptions while discretizing the Langevin diffusion in (2.2). Although not explicit
from the proof of Proposition 1, the rate improvement is obtained by a careful balancing of bias and
variance through the choice of step-size parameter h. In this section, in Theorem 1, we first show
that the (RLMC) Markov chain is ergodic and has a unique stationary distribution, denoted by
7. Due to the choice of constant step-size h, it is not hard to see that the stationary distribution
of the (RLMC) is different from the stationary distribution 7 of the Lanvegin diffusion in (2.2),
i.e mp, # w. Hence, in Proposition 2, we characterize the Wasserstein-2 distance between 7 and

Th.

Firstly, if f € C?>(R?) and f has a Lipschitz gradient with parameter M, then we can immediately
see that the transition kernel of chain (), P(z,y) € C(R% x R?) is positive everywhere. Therefore,
it’s easy to obtain that the chain (z,) is p"°P-irreducible and aperiodic. Given all this information,
we can give a sufficient condition to make sure that the chain has a unique invariant probability

measure, and it is ergodic.

THEOREM 1. Let the potential function f satisfy part (a) of Assumption 2.1.1, and let 7, := h be

small enough. Then the (RLMC) Markov chain (x,) has a unique stationary probability measure
10



7, and for every z € R%, we have

sup |P"(xz,A) —mp(A)| — 0 as n — oo.
AeB(R9)

We next address the question: how far is 7y, from #7 This question can be typically answered by
a careful inspection on the proof of Proposition 1. However, for (RLMC), this is not the case,
and requires using a different technique. Towards that, we derive an upper bound of Wa(7, m)
under the same assumptions in the previous theorem and the additional assumption that f is also
strongly convex with parameter m.

. . . . L 2
PROPOSITION 2. Let the potential function satisfy Assumption 2.1.1, and let v, := h € (0, .-337)
in the (RLMC) algorithm. Then, we have

(14 2Mh)?

(2.3) Wo(m, m,) < 3mm.

REMARK 1. The above proposition shows that the order of the bias between the stationary distri-

bution of the Langevin diffusion and that of the (RLMC) chain is of the order O(v/h).

2.2.3. Wasserstein-2 rates and CLT with Decreasing Step-size. In this part, we con-
sider the (RLMC) algorithm with a fast decreasing time step sequence (7,) and establish a con-

vergence rate in Wy distance as well as a CLT for the numerical integration (2.1).

PROPOSITION 3. Suppose [ satisfies Assumption 2.1.1. Let zy := argmin, f(z) and yp,41 <
mQ+M+(33-S-n)‘ After running (RLMC) algorithm for K = O (k! /€) steps, we obtain Wa (v, m) <

ey/d/m, where v is the probability distribution of z.

REMARK 2. There are two aspects of this result. The first aspect is rather standard; there is no
logarithmic factor in 1/e compared to the result in Proposition 1. Similar phenomenon has been
previously observed for the LMC algorithm [DK19]. The second aspect is that we never obtain the
O(1/€%/3) term as in Proposition 1, with the constant step-size choice. This is not an artifact of

our analysis. This is due to the fact that with this choice of decreasing step-size, we reduce the bias
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much more at the expense of slightly increased variance. However, as we demonstrate next, this

choice of decreasing step-size is crucial for obtaining an unbiased CLT for numerical integration.

As the main contribution of this section, we characterize the fluctuations of (RLMC) when it is
used for computing the integral [, @dr for a m-integrable function ¢. Choosing the Langevin
diffusion in (2.2) with the stationary distribution 7, we have by Theorem 1 that it is ergodic, and
limy oo [T (X (5))ds = [papdm = 7(p), almost surely. Motivated by this, we first discretize
the diffusion using (RLMC) and then compute a discrete analogue of the average. The procedure

consists of two successive phases:

(a) Discretization: The (RLMC) algorithm is run with a step size sequence () satisfying

for all n, v, > 0, limy, 400 7 = 0, and lim,_, ;o T’y = 00, where Ty, := >} Vk.

(b) Averaging: Using the (RLMC) iterates (z,,), construct a weighted empirical measure

via the same weight sequence 7 := (7,): For every n > 1 and every w € €, set

5ww_|_..‘+ 5xw_|_...+ ndw w
7w, da) 1= L2o() T Tl

and use m)(w,p) = [pa @m(w,dr) = ﬁzzzl Yep(xp—1(w)) to estimate the expecta-

tion (2.1).

For numerical purposes, for a fixed function ¢, m)(w, ) can be recursively computed as fol-

lows:

- . ~ Tn+1
Tor1 (W, 0) = T (w, ) + Fnt1 (P(zn(W)) — T (W, @) with Jny1 = F"+1-
n

We now provide the main result of this section, a central limit theorem for the algorithm (RLMC)

when it is used to compute integrals of the form in (2.1).

THEOREM 2. Let 7 be such that its potential f satisfies Assumption 2.1.1. Consider a test function
¢ : R4 — R of the form ¢ = A¢ for some function ¢ : R* — R, where A denotes the generator of the
diffusion (2.2), i.e., A¢p := —(V f, V) + A¢p. Define 4, = \/% S h_1 72 and let Yoo = limy—yo0 A
Then for all ¢ € C*(R?) with D?¢, D3¢ being bounded, and D*¢ being bounded and Lipschitz, and

12



sup,epa [|[Vo(2)[|?/(1+ ||z||?) < 400, we have the following central limit theorem for the numerical

integration computed via (RLMC):
(i) If 4o = 0, then v/Trmi(9) % N(0,2 fnu [|V(2)|27(dx)),

(ii) If §oo € (0, +00), then VTrmi() 2 N (0 Foos 2 [ [ Vo(2)| 27 (da)),

(ifi) Tf 4o = +00, then Yol () 5 o,

where the mean p is given as
0= [(D’¢(), V f(z) © u® uu(du)r(dz) — 5 [(D*f(x),V(x) @ V f(x))7(dx)
+ 3 [ [{D°f(2), Vo(2) @ u @ u)u(du)r(dx) — 5 [(D?*¢(x),V f(x) @ V f(z))m(dx)

+ [ trace(D26(yn(do) = & 1 1(D*ola). uyudu)a(da).

and p is the distribution for a d-dimensional standard Gaussian measure.

REMARK 3. First note that a CLT for the Fuler discretization of Langevin diffusion follows
from [LP02, Thm. 10]. The rates of the CLT established in Theorem 2 are similar to that case,
with only the bias term p being different. Specifically, following the same computation in [LP02],
we see that the optimal rate with polynomially decaying step-size choice v, = k~<, for some « > 0,
is O(n'/3). But in this case, the established CLT is biased. However, for any 0 < o < 1/3, we
obtain an unbiased CLT as well. Hence, although the (RLMC) chain provides rate improvements
for sampling (with respect to Wy distance), as demonstrated in [SL19] and in Proposition 1, it
does not seem to provide any improvements for CLT. In retrospect, this is expected as the rate
improvements for sampling is achieved by the choice of constant step-size for which it is not possible

to establish even a nearly unbiased CLT.

The class of test functions that the above CLT can cover is intimately related to the solution of the
Stein equation (or Poisson equation) ¢ = A¢. Given ¢, there is an explicit characterization of ¢ that

solves the Stein’s equation, and various properties of ¢ are translated to ¢ [GDVM16, EMS18].
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2.3. Results for the Underdamped Langevin Diffusion

The underdamped Langevin diffusion is given by

(2.4) a |70 Z v(®) dt + /25u | aw ),
v(t) —(Bo(t) + uV f(z(t))) I

where S > 0 is the friction coefficient and v > 0 is the inverse mass. For simplicity, we will
consider 8 = 2 in the later text. Under mild conditions, it is well-known that the continuous-time
Markov process (z(t),v(t)) is positive recurrent, and its invariant distribution is given by v(z,v)
exp{—f(z)—5 [ v]|? }, 2 € RY, v € RY. This diffusion, with an additional Hamiltonian component,
has gathered a lot of attention recently due to its improved convergence properties [DRD20a,

CCBJ17, SL19, LBBG19, DMS19] and empirical performance [Neall, CFG14].

The randomized midpoint discretization of the underdamped Langevin diffusion (2.4) is given

as:

1 —2a 1 —2a 1) (M
Tppl =Tn+ 5(1—e Zen+1Tntlyy, — 3 (Oén+17n+1—§(1—6 2 ”*”"*1)) Vf(rn) + \/aan+1Un+1a

(RULMO) a1 = -+ e 001300 — 1120 om0 ) + V2,

3 3
Vpgl = Upe 21l — uyy e 20" on41)Int1 Vf($n+%) + 2\/EU£L+)1U7(1+)17

where (7;,) is the sequence of time steps, 07(11), 07(12) and 07(13) are positive with (0'7(11))2 = apYn +

7176_::%% — (1 — e~ 2anmn), (0,(12))2 =y + 7178247" — (1 —e2m) and (07(13))2 = 71*6;4%1, and (ay)

is a sequence of identically distributed random variables following the distribution a, ~ UJ0,1].
(U,(ll), U7(L2), U7(13)) are independent centered Gaussian random vectors in R3¢, also independent of
(o) and initial point (zg,vp), having the following pairwise covariances:
cov(a MUY, oPUR) = (anyn — (677" + €727 sinh(ap1n)) sinh(anyn)) axas
cov(aT(f)U,?), 0723) UfLB)) = (6727" sinh(yn)2) Livd,

Cov(av(ll)U,gl), US’) U,(L3)) = (6_2% sinh(ozn'yn)2) T
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The (RULMC) algorithm has emerged as an optimal sampling algorithm in the sense that it
achieves the information theoretical lower bound in both tolerance e and dimension d for sam-
pling from a strongly log-concave densities [CLW20, SL19]. Therefore, it is interesting to examine
if (RULMC) based numerical integrator have any benefits in other MCMC-based tasks such as
(2.1). Towards that, we characterize the order of bias with a constant step-size choice for (RULMC)
iterates as proposed in [SL19]. Compared to the bias result in Proposition 2 for the (RLMC) dis-
cretization, we note that order of bias is increased (i.e. smaller bias). Next, in Theorem 4 we
provide a CLT for numerical integration with (RULMC). Our results show that when it comes to
computing expectations of the form in (2.1) using (RULMC) and characterizing its fluctuations,
the (RULMC) discretization obtains rate improvements only for a class of constant test functions

(as described in Remark 6).

2.3.1. Analysis of the Markov Chain generated by Constant Step-size RULMC.
Recall that m(z) is the marginal density function of v(x,v) with respect to x. Similarly vy (z,v)
be the stationary density function of the Markov chain generated by (RULMC) chain and 7, (z)
be the marginal density function of v (x,v), with respect to x. Furthermore, the filtration (F,)
is defined as F, := a(ak,Ulgi); 1 <k<mn,i=1,23). When f € C?>(R?) and is gradient Lips-
chitz with parameter M, then we can immediately see that the transition kernel of chain (z,,, v, ):
P((z,v), (2',v")) € C(R?* x R??) is positive everywhere. Therefore, it’s easy to obtain that the
chain (z,,v,) is pl°P-irreducible and aperiodic. Given all this information, we can give a suf-
ficient condition to make sure that the chain has a unique invariant probability measure and is

ergodic.

THEOREM 3. Let the potential function f satisfy part (a) of Assumption 2.1.1, and let =, := h be
small enough. Then if u € (0, 75— ), the (RULMC) Markov chain (z,,v,) has a unique stationary

probability measure v, and for every (z,v) € R?¢, we have

sup |P"((z,v),A) —vp(A)| =0 as  n — oo.
AeB(R24)
We next derive an upper bound on the bias Wa(m, 7p,) of (RULMC) algorithm, under the additional

strong convexity assumption on the potential function f.
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PROPOSITION 4. Suppose that f satisfies Assumption 2.1.1. If we run the (RULMC) algorithm

with v = 1/M and -, := h, for universal constants Cy, Cy > 0, we have

Ci1h3(kh® + 1)d
W3 (m, ) < hl (v 3+ ) o
1 — 4= — Coh3k(1 + Kkh3)
REMARK 4. Note that we have Wy (m,m,) — 0 as h — 0. Furthermore, as h — 0, Wa(m, ) <
O(h%). Hence, the bias order is increased for the underdamped Langevin diffusion compared to

the overdamped case (cf. Proposition 2), providing a smaller bias for the same step-size.

2.3.2. Wasserstein-2 rates and CLT with Decreasing Step-size. We now provide the
rate of convergence in Wasserstein-2 metric with decreasing step-size for (RULMC). The specific
choice for the decreasing step-size that we consider below, also is satisfied for our CLT result in

Remark 6.

PROPOSITION 5. Suppose f satisfies Assumption 2.1.1. Fix u = 1/M. Let z¢ := argmin, f(x) and

choose 7, = —2 — for a Ky € (0,00) (where (a)* := max(0,a)). After running (RULMC)
~ 32k3+(n—K1)t

for K =0 (53/2/62/3) steps, we obtain W (vg, m) < €y/d/m, where vk is the probability distribu-

tion of .

REMARK 5. Similar to the result in Proposition 3, there are two aspects of this result. The first
aspect is again removing the logarithmic factor in 1/e compared to the result in Theorem 3 in [SL19],
which is quite standard in the literature. The second aspect is that we never obtain the O(1/¢'/3)

part, as in Theorem 3 in [SL19] with the constant step-size choice.

Similar to the previous case, we now describe the numerical integration procedure using the (RULMC)

discretization. We denote the n-th iterate as (x,,v,). The time-step we use is () such that

vn € N* v, > 0,lim,y, = 0 and lim, D(ll) = +o00, where D(f) =y 'yf. Our averaging is
a weighted empirical measure with Y,, = (z,,v,) using the step size sequence v := () as the

weights. Let 0, denote the Dirac mass at x. Then for every n > 1, set

Y0y (w) T W10y @) T+ Wy, ()
04 W m e
16

v)(w,dz) =



and we can use v, (w, @) to approximate v(¢) = E,[¢(Y)], where ¢’ : R?? — R,

If we assume ¢ : R?¢ — R such that £g = ¢, we can establish the following theorem, in which we

state only the unbiased CLT result for simplicity.

THEOREM 4. Let m be such that its potential function f satisfies Assumption 2.1.1. Assume
u € (0, ﬁ) Consider a test function ¢’ = Lg, for some function ¢ : R?*¢ — R, where £ = 2uA, —
2(v, Vy) —u(V f(x), Vy)+ (v, Vg) denotes the generator of the diffusion (2.4). Suppose the step-size
(7%) is non-increasing, lim,_, 4o (1/vTh) > opy 73/2 = +o0. Then, if limy, 400 (1/vVI0) > p; 72 =
0, for every g € C*(R??) function with D?g bounded, D3¢ bounded and Lipschitz, and if the
condition sup(g ,)erea [Vg(z,v)||/(1 + llz]|? + ||v]|?) < 4oc holds, we have the following central

limit theorem for the numerical integration computed using the (RULMC) iterates:
VT (Lg) S N(0,4u [ |Vog(z, 0)|2v(de, dv)).

The rate of convergence of the CLT in Theorem 4 follows exactly the same behavior in Theorem 2.
Hence, for the class of general test functions, Theorem 4 does not exhibit a rate improvement.
Towards that, we make the following remarks under a carefully constructed condition for the class

of test functions.

REMARK 6. Let m be such that its potential function f satisfies Assumption 2.1.1. Assume
u € (0, 537 ). Consider a test function ¢ = Lg which could be written as Lg(v, ¢(z)) = (v, Vo (z)),
for some function ¢ : R — R, where £ = 2uA, — 2(v,V,) — w(Vf(z),V,) + (v, V,) denotes
the generator of the diffusion (2.4). Suppose the time step-size () is non-increasing, and sat-
isfies 1imy, soo(Yn_1 — Yn)/74 = 0 and lim, s F(4) = +o00. Define 4, := stl) / \/1@ and let
Yoo = limy, 400 4. Then, for all ¢ € C*(R?) with D?$, D3¢ and D*¢ bounded and Lipschitz and
SUP( p)erze [|VO(2) |17/ (1 + [|#]]* + [[v]|*) < 400, we obtain the following central limit theorem for

numerical integration computed using the (RULMC) algorithm:

(i) If 40 = 0, we have \/I‘F%yg(w) b N0, 9y [, |Vo(z)||x(de)),
(i) 1f 4o € (0, +00), we have Lil(£6) 5 N(p, Yud? fia | V(@)]Im(da))
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(iii) If 4o = +00, we have %V%(ﬁqﬁ) 2,

where,

p=221[(D*(x),Vf(z)®@v@v)v(dedv)+ & [ [(D*f(z), Vé(z) ® v @ v)v(de, dv)

+ 2 [ [(D*$D? f) (2)v®2(d, dv) — % [(D*¢(x), V f(2)*?)m(dx)

2

— 5 [{D?f(2), Vo(z) ® V f(2))m(dz).

REMARK 7. For polynomial time steps v; := k¢, since we require that I‘gl) — 400 as n — +0o0,

we need 0 < a < i. Using L’Hospitals rule, it is straightforward to check that the condition

limy, 4 oo 7”‘717477" = 0 is satisfied when « € (0, %] We then have the following order estimates:

n

n174a L
_ 1_3 if 1
I, ~ nl” FS’) UL > r® 1= da’ ifac0:3)
n 1—06’ /71_3047 n ) )
Inn, ifa= 7.
Hence, as n — +o00,
0 if a € (3,11,
i
=0 =4 V10 ifa =3,

B

r
+oo ifa€(0,3).

If a € (3, 1], the unbiased CLT holds at rate Fn/\/@ = O(n%(Ha)) < O(ng) The optimal rate
is achieved when a = 1. If @ = £, the biased CLT holds at rate Fn/@ = O(n3®) = O(n%) If
a € (0,1), the rate of the convergence in probability is I',/ \/1@ = 0(n3) < (’)(n%) Therefore
the optimal convergence rate O(ng) is obtained when an unbiased CLT holds. While the rate of

this CLT is faster than the one obtained in Theorem 2, the test functions that satisfy this condition

is severely restricted.

2.3.3. Discussion. In this work, we present several probabilistic properties of the random-

ized midpoint discretization technique, focussing our attention on overdamped and underdamped
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Langevin diffusion. Our results could be biased as follows: To obtain optimal rates for sampling
(in Wy distance), one needs to have a constant choice of step-size. With such a constant step-size
choice, the Markov chain generated by the discretization process is biased. This suggest that a
decreasing step-size choice is required for using the randomized midpoint method for sampling and
the related task of numerical integration. For several decreasing choices of step-sizes, we establish
CLTs and highlight the relative merits and disadvantages of using randomized midpoint technique
for numerical integration. In particular, our results have interesting consequence for computing

confidence interval for numerical integration.

2.4. Additional Notations

We also use the following notations for the proofs. Due to the ease of presentation, whenever it
is clear in the proof, we refer to the inner product between two compatible vectors (a,b) simply
by a-b. For any random variable X, || X||;2 := E[||X||2]% where the expectation is taken over all

randomness of X.

2.5. Proofs for Section 2.2

We now define the following condition, which is a consequence of Assumption 2.1.1

ASSUMPTION 2.5.1. There exists a twice differentiable function V : R% — [1,00) such that:
(i) im0 V(7) = +o00, (i1) there exists a > 0 and B > 0: (VV(x),Vf(z)) > aV(z) - B
for every x, (iii) there exists cy > 0: |[VV(2)|? + |[Vf(2)|? < cvV(z) for every x, and (iv)

HDQVHOO := supyepd | D?V||op < 00 (where || - ||op denotes the operator norm).

LEMMA 2.5.1. Assumption 2.1.1 implies Assumption 2.5.1.

PROOF. Since f € C?(R?) is strongly convex, lim|y| 40 f(2) = +00 and f has a unique global
minimizer z* € R%. It’s easy to observe that V f(z*) = 0. We consider our V(z) = f(z) — f(«*) +1.
Then it’s easy to see (7) is satisfied. (iv) is also satisfied because f is gradient Lipschitz. (i) is

equivalent to that there exists a C' > 0 such that

[V f(2)]?
f(x)_f(x*ngC for Vo € R%.
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We Taylor expand the numerator and denominator:

d

IVF@)? = (fiz*) + V£ (- 27))

i=1

2

d
< N 1O P — 22 = | D2 || |z — 2

3,j=1

< d2M2|.’IJ —.ZU*’2,

and
fla) = f(@*) +1=Vf(z") (& —2") + %sz(f)(iﬂ — ") +1
= D) — ") 41
m *|2
> 5|x — |
Then

|V f(x)]? <2d2M2
fl@)=fl@)+1 7 m

(i) is equivalent to that there exists a, 8 > 0 such that

for Vo € R?.

IVf@)]® > a(f(x) = f(a*) +1) =5 for Vo e R".
According to the strongly convexity of f, we have
@) = f(2) 2 V(@) (@* —2) + Tla® —af
= Pl — o+ V@ - VAP,
which then implies
IVF())? > 2m (f(x) — f(z*) +1) —2m  for Vo € R%

(i) is satisfied by choosing ao = = 2m > 0. [ |

REMARK 8. For the V(x) we choose in the proof, under assumption 2.1.1, we can verify that:
V(z) = O(|z|?) when || — +o0o. We will use this fact later in the proof when we establish the

CLT statement.
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2.5.1. Proofs for Section 2.2.1.

LEMMA 2.5.2. Let x(t) be the solution to Langevin dynamics SDE with initial condition xo and y(t)
be the solution to Langevin dynamics SDE with initial condition yg. Then we have the following
estimates for Langevin dynamics when f satisfies Assumption 2.1.1 and Mh < %:
Bl sup [V ()] < 419 e + 814%ah,
telo,

Blsup llo(6) — ol < OU2 |95l + M1 + 24,
te[0,h

E[ll(t) = y(0)]7] < ™™ |lzo — yol*.

PROOF. By triangle inequality we have

E[ sup ||V f(z(1))|*] < 2[|Vf (x0))II* + 2M?E[ sup _|a(t) — wo||].
te[0,h] t€[0,h]

Furthermore, we have
2

E[ sup |lz(t) — xo||*] = E[ sup
te[0,h] te[0,h]

—/OtVf(a:(s))ds—i—\@Wt ]

< B*E[ sup ||V f(x(t))|”] + 2dh.
te(0,h]

Combining the two inequalities and Mh < %, we can obtain the first two estimates. The last

estimate could be easily obtained by energy method. |

PROOF OF PROPOSITON 1. We denote x,, = x,(0) to be the algorithm iterate points, y, to be
the n-th step of Langevin diffusion with yo ~ exp(—f(y)), x},,; = 2,(h) to be one step solution of

Langevin dynamics with initial values z,,. When Mh < %, apply lemma 2.5.2 and we get:

E[ sup [[zn_1(anh) = zp 1 (t)]*] < OB ||V f(zn1)||72 + M>h*d + 2dh),
t€[0,h]

2

B[ V£, 3) ~ V@) ] < M2E /O O fenr()) — VS (enr(0))ds

< M4h*Ele?  sup  |Jzn_1(t) — 2n_1(0)?]
te0,an h]

< OM*RY |V f(2n-1)||72 + dM*R> + dMOK®).
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Consider the distance between our iterates and the continuous process:
2 * * 2
Eor (lzx = yxll”) = Bag [lox — 23 + 23 — yx 7]
<lyx — 2% + Bage[lox — 2k %] — 2(yx — 2%)" (Bagzx — 7%)
< (1+ ) Ny = i + 5= [Bageonc = il + Baellzx — il
Taking expectations over {ay, U;,U/;1 <k < K —1,1 <1 < K}, applying lemma 2.5.2 again and

using induction, we have

* 1 * *
loxe = yicle < (1+hm) i = 2icllFe + 7B [Bagar — 2l + lax — a5l
— 1 * *
< 1+ hm)e ™ ar_y — yrcile + 5B [Eaan — il + ox - el

K K
— 1 * *
< (Lt m)e P g — gl + 3 B By - 2P+ 3 o - 23
n=1 n=1

< e ™M ag — yoll72 + A+ B.

Next we bound part A and part B. For part A:

2

h
B 19 @)= [ VS Gia(s))ds

a2 — a2 = \

2

1
2

2 h
< 2B, |1V (@, 1) = bV f@n1(cah)) +2\E%[Wf<a:n_1<anh>>]— /0 V f(wn-1(s))ds

2
< 21K, ’Vf(mn_%) - Vf(xn_l(anh))H +0.

Therefore 9
E|[Ea,zn — o4l < 20%E[| V£ (z,-1) = Y (@a-1(enh))| ]

1
2

< O(MARS ||V f(2n_1)|72 + dM*HP).
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For part B, use our previous estimates:

ln — 22 = th / Vf(ona

12
2

9 h
<2|[WVf(,_1) = 9 (@ams(anh) | +2 /0 Vi (@n-1(5)) = VS (2n-1(anh))ds

L2

2
< 20 |[VH(@y) = ¥ fanea(anh))|, + 2] sup fnos@nh) = ona (O]
€ )

< O(M?h* |V f(2n_1)||32 + dM2h3).

Plug the estimates on A and B into the inequality we have

K-1
ok — yxll7z < e ™M [z — yoll 72 + O(m™ M B> > " ||V f(wn)l[72 + dm™ M Kh?)
n=0

K-1
+OM?EY Y V()72 + dMPKR).
n=0

Next we need to estimate -5V f(z,)|/32. Since

h
F(n(h)) = F(2a(0)) + /0 0f (2 (2))
= /|fon 2dt+f/ V[ (@n(t))dW (¢ /Afxn

we have

ELf (2n51(0))] — E[f (2 (h))] = ELf (2n31(0)) — £(2a(0))] + E[ / IV F () 2] — / A f(an(8))d].

When Mh < 1,
E[ lf(l]fh]llvf( z(1)[”] > %IIVf(:r(O))IIiz —E[ sup ||V f(x(t)) = Vf(x(0))]*
t t€[0,h]
> ! IV f(2(0)]|7> — ME[ sup [l(t) — 2(0)||’]

5 te[0,h]
1
> IV £((0))[|72 + O(dM>h)

and IAf(zn ()] < d||V2f(zn(t)]| < Md.
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Plug these two estimates into our previous identity and we obtain,

Bl (#0:1(0)) ~ F(on(W)] > B[ (ner) — f@)] + V1) B — dMA+ OMH?),
Next we consider that

a1 [f (@n41(0))] < f2n(h) + VI (20 (h)" (Eapyys[2011(0)] = 2n(h)) + %Eanﬂmxnﬁ-l( ) = za (W)

< f(@n(h)) + MB? |V (@n(h))|[72 + M h72 |Eayy, (2041 (0)] — 20 (B)[|?

4 %Eanﬂmxn*‘l( ) — xp(h )H ]

where

MRE[|V f (2o ()] < OMR* [V f(2a) 22 + dME?),
M2 B,y 2011 (0)] — 2a(B) | < OOLP R |V £ (a) |22 + dDMPR),

M
~ Elllznt1 — za(B)|IP] < O(MPR* ||V f(2n) |72 + dMPH?).

Hence we have
E[f(2011(0) = f(n(h)] < O(MKH ||V f(z0) |72 + dM>h?)
and
O(Mh* |V f (z)|72 + dM>h®) > E[f (1) — f ()] + % IV f(20)l[72 + O(dM?h?) — dMh.

Sum up over k from 0 to K — 1:

K-1 K-1
OMPR* Y |V f(wn)ll72 + AMPEL?) > E[f (x) — f(0)] +
k=0 k=1

| >

IV f(z)|32 + O(AM?Nh?) — dM Kh.

Picking zy = argminf(z), we can ensure E[f(zx) — f(z0)] > 0, when Mh < %, we have

N

g IV f(zn)|72 < dKMh — O(dK M?h%) + O(dK M3h?)

i
o

=

= IV f(@n)|72 < O(dKM).

B
Il
o
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Therefore
ek — yx|re < e ™M 2o —yol 32 + O(m I MPHP Kd 4+ m™ ' M*h* K d) + O(MPh*Kd + M?h* K d)
< e ™ g — yol| 72 + O(RMPh K d) + O(M?h* K d).

Hence we have

Wa(vie, )% < e ™K |2 — yo|3. + O(M3h* K d) max{x, Mh}

e2/3

—7337), We can ensure Wo (v, m)? < €2d/m after K

a) When s > ﬁ, by choosing h ~ O(

4/3

steps when K ~ O( %)

b) When £ < 51, by choosing h ~ O(+7), we can ensure Wa(vg, m)? < e2d/m after K steps

when K ~ O(%)

2.5.2. Proofs for Section 2.2.2.

Proor oF THEOREM 1. Under the assumption 2.5.1, we can show that the following Lyapunov
condition is satisfied for small h.

(Lyapunov Condition): There exists a function V : R% — [1,00) such that:

1) There exists & € (0,1) and 8 > 0: E[V (2,41)|Fn] < &V (z,) + 3.

Proof: To show that Assumption 2.5.1 implies Lyapunov condition, we first do Taylor expansion

of V(zpt1) at xy:
V(zn1) = V(@a) = M{VV(@0), V(@) + ani1h? (D f(2); V f (@n), VV (20))
— 2001 B2 (D2 f(20); VV (20), Ul 1) + V2RV V (2) - Ut

1
+§D2V(9 V(=hV f(2n) + ans1h2D2f(2,)V f(2n) — \/20m1h2 U, | + V2hUp 1)%2,
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where 6,, is a random point on the line segment joining x, and x,+i. Using the fact that f is
M-gradient Lipschitz, we have:
1
E[V (@n41)[Fa] < V(@) = BVV (@n), VF(2n)) + 3 MBIV f () [* + [VV (20)]7)
1
+2|| DV (WY f(an)” + §M2h4|Vf(a;n)\2 + h3d + 2hd)
1 2

< (L—ah+  Mhey +2||D*V||  hev + 3oV | D>V || M?h*ey)V (zn)

+ Bh+2d || D*V|| _ h® +4d | D*V|| _h

< aV(zn) + B,
for some & € (0,1) and 8 > 0 when h is small. [ |
Once we have the Lyapunov condition, we can define the stopping time 7¢ = inf{n > 0: z, € C}
and show that sup,cc Eqz[rc] < Mc < oo for all small set C. Then uniqueness of stationary

probability measure and ergodicity all follow by Theorem 1.3.1 in [MT12]. Next we prove that

sup,cc Ez[7c] < M < oo given Lyapunov condition. To do so, note that we have
o0
E.lrc] = > kP(re =k) =) P(ro >k —1).
k=1 k>1

Under Lyapunov condition, for any stopping time N, according to Lemma A.3 and Corollary A.4
in [MSHO02], we have

K[V 1V (2
VI < ot ao) +11,

Plre >k —1) < E[V(zn)lrosk-1] <

for some v € (&, 1) and constant k. Therefore we have

_ klV(z)+1
Balrc] < 3 k= Vo) + 1 = S+
-7
E>1
and
K K
sup E,[rc] < sup V(z) + —— < Mg < oo.
zeC — 7 zeC 1—n
So as a conclusion, the statement of the theorem follows. |
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PRrROOF OF PROPOSITION 2. Consider that z, ~ 7, and z} ~ 7 are two independent random
variables. Define x,41 to be the one step RLMC result starting from xz,, and z(h) to be the
solution of Langevin dynamics with initial value z. Therefore, x,+1 ~ 7, and z} (h) ~ 7 are also
independent and ||z}, — y| ;2 = ||z},(h) — Tnt1]l ;2. We can compute the diffenrence between 41

and z} (h):
h
wﬂh%—%w1—0ﬁf*%)—z;Vf@ﬂ@ﬁk+hvfmﬂam4my—M—Vf®mg)+vf@HQMJMD-

It’s easy to see that Ean+1[f0h Vf(xk(s))ds — hV f(z} (an+1h))] = 0. And we can rewrite the last

term as
W=V (1) + V@ (0ns11) = WV F (3 + 25— 20) = Vf (1)
Ozn+1h
RV — / VF (e (s))ds + V2Wa, 1)
0
- th(l’:L - Otn_Hth(l‘n) + 205n+1hU7/L+1)‘
Take Lo-norm on other randomness, we have

[27(h) = Zntall 2

< H(a?:; —Ip) — h(Vf(anr% +xy, — ) — Vf($n+%))’

L2

an+1h
+h HVf(:B;‘l - / Vf(xy(s))ds + \/§Wo¢n+1h) — Vf(z) — anr1hV f(xn) + /2004100, )
0

L2

h
+ / Vf (2t (5))ds — WV f (2% (ans1h))
0

L2
Since f is twice differentiable and f is also M-gradient Lipschitz and strongly convex with parameter
m7

@5 = @) = BT F @3+ 5 = 20) = VF(@,0))|| |, < pllah = 2l 2
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where p = max(1 —mh, Mh —1) =1 —mbh.

For the second term:

ant1h
h Hv fa - /0 VF(at(5))ds + VEWa, 1) — V(5 — ans1hV f(en) + /2ans U,

<

\/§

V3

< ?Mth 2y, — znllp2 +

V3

< ?M2h2 2y, — Tnll 2 +

For the third term:

[fone

))ds —hV f(x

Combine all the bounds:

ant1h
/0 V(@ (s)) - Vf (an)ds
/3

n(ant1h))
L2

L2

L2

= M?h? sup |zy(s) — @l 2

3 0<s<h

?M2h2(4h2 IV F(x2)|% + 8M2dh? + 2dh)?
V3

3 M?h? (2dh -+ AMdR® + 8M2dh3)z.

NI

h
— {EEq,, / Vf(h(5))ds — BV (2 (1))}

h h 1
— (B[ / IV (2 (3)) s — ( / V f((s))ds)]}

®n [ 195 -1 [ Vi
<@ [ /0 |9 £( ()~ 9 F (")

< 2Mh{ sup |ak(s) — x| * />
s€(0,h)

))ds'|?ds] }1/?

H2ds’ds]}1/2

< 2Mh(4R2 ||V f(x%)||* + 8M2dR® + 2dh)'/?

< 2Mh(2dh + AMdh® + 8M2dh?)2.

V3 V2h2(2dh + 4AMdh? + 8M2dh3)2 + 2Mh(2dh + 4Mdh? + 8M2dh3)=

7 = @l <

The final statement follows by the fact that Wa(m, 75) < [|on — 2| 2-

mh — Y3 M2h?

2.5.3. Proofs for Section 2.2.3.
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PROOF OF PROPOSITION 3. From previous analysis, if we keep track of the coefficients in all

those bounds and assume that M~,, < % for all n, we have:

Ellent1 = ya+1]’]
1

mYyn+1

< (14 mynt1)E[||yns1 — 952+1H2] + E||Ea,sTni1 — $Z+1H2 +E||lzn4 — $Z+1H2

1
<1+ m'yn+1)e_2m7"+1E |lzn — ynH2 + m E HEan+1xn+l - x:L-i—lHQ +E Hxn-i-l - x;—i-lHQ

n+1

. 27 2
< (1 + mAng1)e 2 HE |2, — yn® + —FLE HVf(96n+1) — Vf(xn(oénﬂ%ﬂ))H
MYn+1 2

2
2B VI (s0y) = Vn(anmm)|[ + 2590 sup flon(aniatnr) = an(OI
€10, Yn+1

< (14 maynp1)e MR |, — ynl

1 1 2
+ 2y (1+ p— )M4(5%%,+1 va(ﬂﬁn)H?y + EMQd%?;,H + gd’YnJrl)
472 1 2 8M2d73 1
+ 4M2 2 (""’ V f(z + _ 7 Tind4l + 4d >

< (L myns)e 2™ HE 2 — yal|* + (33 + #) M 41 IV f () 72 + (33 + #) MPdry; .
We can further bound ||V f(z,)]|32:

IVF(n)lzz < 20V f(n)llz2 +2[V F (yn) = V£ (wn)lI72
< 2(|VF(yn)llzz +2M |20 — yn| 72
< 2Md + 2M? |20 — Y22 -
Therefore we have the following iterative inequality:

Ellznt1 = gni1[IP] < (1+mangr)e 2 HE ||z — yol|* +2(33 + £) M drp 41 +2(33 + £) My 1 B ||z — |

m?  M?*(33 + k)

< |1 —mYpp1 + (7 + 5 )7721+1 E |z, — yn||2 +2(33 + ”)M2d7§b+1~

m < 1
m2+M?2(33+k) — m+34M

Since (7,) is fast decreasing, we can assume that 7,41 < for large n, and

for those n we have

1
Elllzns1 = gna[*) < (1= Smm ) on — ynl* +2(33 + 5) MPdy .
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Our strategy of choosing (7,): for the first K steps, we choose constant step size h = m, Ky

1
is the first time so that E[||zx, — yx, [|*] < 5k(k + 33)M (=—22-)2. such K exists because

m—+34M
m 2M?(k + 33)d 2(m + 34M)
E — 1< — s——)E[||lzo — 3ol
s, =yl < (U= go—ger ) Ellwo —wll’l + = ams =
1
m K 2 dz 2
—(1——" KiR[||z — 4 BI)M(——7)"
(A= o —ganr) Ellwo = yoll"] + (s + 33)M (———7)

Claim: There exists A > 0 such that if we choose v,11 = for all n > K7, we can

1
mA3AM+A(n—K7)

1
ensure that E[||z; — yil|?] < 5k(k + 33)M(m+34Md+§>\(n—K1))2 for all n > K.

Proof of Claim: Simply use induction:
1
Elllwn s — g |[*] < (1= Smamsa)5i(r + 33) Mdg oy +2M2 (5 + 33)dv 4,

m
= S+ 33) My (1= T mi0)

1
Our goal is to ensure 5k (k + 33)Mdy2, (1 — Tynt1) < br(k + 33)M(m+34M+‘§\2(n+1_K1) )2. It boils
down to discuss the following polynomial inequality relates to A:

1 1 1
G(\) = (K — om(K + DHA 4+ (X — SmX (K + 1))\ - EmX? <0,

where X = m + 34M and K = n — K; > 0. It’s not hard to see that there’s always positive A
satisfying the inequality.

At last to get small error, we require E ||z, — yn|* < dmﬁ, ie

d de?
5 M <%
w3 M T A — KD = m

Then we have

(k+33)2 /e — A" (m + 34M) ~ O(k2 Je).

N =

n> K+ )\_lm%M%/{
[ |

2.5.4. Proof of Theorem 2. Before we prove Theorem 2, we need several intermediate results

on the tightness of the (RLMC) chain.
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LEMMA 2.5.3. Under Assumption 2.5.1, for every continuous function ¢ satisfying ¢(x) = o(V*(x))

for some k € N, lim,, m\(¢) = 7(y).

PrROOF OF LEMMA 2.5.3. The proof is divided into three step:
1) For all p > 1, there exists & € (0,1) and B,ny € N such that E[VP(xpi1)|Fn] < VP(zy) +
Y1 VP H2,)(B — @V (,)) for all n > nyg.
When p = 1, the statement follows from Assumption 2.5.1.

When p > 1, first we Taylor expand VP(x,11) at x,:
VP (2p41) = VP(2n) + pVP~H @2) VV (20) - (Tng1 — 20) + %DQ(VP)(€n+1)(xn+1 — 2,)®?
= VP(@n) = Ya1pV? " (@) VV (20) - V(2,1 1) + /20410VP T VV (20) - Una
+ %DQ(VP)(&H) ( Y1V (2, 1)+ mUn+l)
< VP(an) %Hpvp—l(:cn)vvun) )+ V2n1pV? " (20)VV (@) - Uns

+p)\pv (gn"rl)’ - 7n+1vf n+ + \/MUTH_H

where &, 11 is a point on the line segment joining z, and x,,11 and A, := %)\D2v+(p_1)(vv®vv)/v <
+00. Due to V(VV) = % and |[VV|? < ¢V, we have vV is Lipschitz continuous and the

Lipschitz constant [\/V 1 = %cv < 4o00. Hence for a point &,1 on the line segment between x,,

and 41,

VI 6n) = (VTP D6 < (VP Gen) + VPRl — o)
VP () + VIR g — w2070, 2Ap—1) <1
: VP (z,) + ¢ (V(2P_3)/2(xn)|xn+1 e an(P—l)) L 2p—1)>1
We can further bound
[@ns1 = 2al = | = 31 VI @) + v 2iaUnin = Y (VI @y) = VS @) |
< Yt 1|VF@a)| + V2¥n41[Uns1] + Mynga] — Y1 VF(@n) + v 200m 417010 41|
< Y1 (1 + M 1Y)V f(@0)| + v/ 2Y011|Unt1| +\fM7n+1%+17n+1| i

1
< C\/V(xn)’yjﬂ(l + | Unta| + (U 41)-
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Plug these results into the last term in the first inequality we obtained from Taylor expansion:

PAVP T (1) [Ens — @nl? < pAVE T (@) [wngr — @)
|Tnt1 — :L'n|2p, 2p <3
+ CpA,
VP2 () [en i1 — 2l + |Tngs — 2al, 2p >3
< pApVP T (@n)[@ns1 — nl® + C’Vﬁﬁ VP () (1 + [Una| + |Up g ).
We then take conditional expectation, there exists a > 0 and 8 > 0 such that for all n > ng:
E[VP (2ni1)[Fa] < VP(zn) = pVP~H(an)(@V (22) — )
YtV @BV (@) - (VH(,41) = V() |7
+ 200 VP (@) B 1|V f (40 + 2941 Ut [P F]
T+ OVP (@) (L + E|U s [ + EJU, 4y P13
< VP(zy) = pVP~Han)(@V (2n) = B) + 2PAE| U1 [P VP~ ()
+ OV () (1 + E|Un |2 + E|UL,[2)7/03
v Mp2 VP (X0) +VEey Mpy 2 BIU VP2 ()
+evpAp T VP (@n)EIV (@,41) 1 Fal-

From z, to z,, 1, it’s simply the Euler discretization with time step an417n+1, we could use the
2

result in [LP02]: there exists a @ > 0 and 3 € R such that for all n > ny:
E[V (2, 1)[Fn] < V(2n)(1 = aFns1) + BAn+1-
Therefore we have
E[V* 1 F,] < (1—apyns1+0(nr1)) VP (@n) + 11 VP (20) (0B + 2D\ E|Uns1 |2+ ey MPE|U,, 4 [%).
There exists & > 0 and 3 € R such that for all n > ng:

E[VP(2n11)|Fn) < VP(zn) + Yns1 VP (20) (5 - dV(%)) :
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2) From step 1), we derive

[sN e

sup E[VP ()] < (

n>ng

)PV E[VE (25,)].

Hence sup,, E[V?(z,)] < +oo for all p > 1. Therefore sup,, 7 (w, V?) < +o0c P-a.s. for all p > 1.
3) Identification of the weak limit: To identify the limit, we essentially follow the same steps

in [LP02] and hence we omit the proof.

(1) (Echeverria-Weiss Theorem) Let E be a locally compact Polish space and A a linear
operator satisfying the positive maximum principle. Assume that its domain D(A) is an

algebra everywhere dense in (Co(FE), || ||,,) containing a sequence (fy,)nen satisfying
sug(”fnﬂoo +|Lfnlls) < 400, Yz e E, fu(r) =1 and Af,(x) — 0.
ne

If a distribution on (E, B(E)) satisfies [, Afdv = 0 for every f € D(A), then there exists
a stationary solution for the martingale problem (A, v) (this means that there exists a
stationary continuous-time homogeneous Markov process with infinitesimal generator A

and invariant distribution v).

(2) The generator of the Langevin dynamics, A, satisfies the assumptions of the Echeverria-

Weiss theorem.

(3) Under assumption 2.5.1, for every bounded Lipschitz continuous function ¢ : R? — R,

limy, 7= 70 Elp(zx) — p(25-1)|Fr1] = 0 P-as.
(4) Under assumption 2.5.1, for every twice continuously differentiable function ¢ with com-
pact support, lim,, (ﬁ Yorei Elp(xr) — o(zp—1)| Fr—1] — ﬂ%(.ALp)) =0 P-as.
y

a),b),c),d) together imply that the weak limit of the empirical distribution 7, is 7, i.e the stationary

distribution of the Langevin dynamics. |

PROOF OF THEOREM 2. Since f satisfies Assumption 2.1.1, we can show that the Langevin

dynamics satisfies Assumption 2.5.1. Therefore lemma 2.5.3 is true. Then we may use the following
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method to discuss the CLT of (RLMC).
Tp — Th—1 = —Vk (Vf(xkq) + D2f(96k71)(90k_% — Tp—1) + 7‘2(%_%,961@71)) + 27 Ug
= =V f(zr—1) + /2% Ur — ’7/@D2f(33k:—1)(xk7% —Tp_q) — ’YkT2(l‘k,%,$k—1)

3
= 1V f(@r-1) + V29Ux + ax Vi D f(24-1)V f (wr-1) — V20077 V2 f (2-1)Uj, — Wr2(Ty_1, Th1)

where
ra(p_1,wp-1) = V(2 1) = Vf(xr-1) - D?f(wp—1) (-1 — Tp_1)
= %D?’f(xkq)(ﬂ?k_% — x5 1)+ éD4f(33k71)(517k_% — 25-1)% + O(7})
= gk D fap—1) U2 — \/§Oé§7§<D3f(l‘k—1); Vf(zr-1),Up)
+ ?a§D4f(xk1)Ullc®4 +O0(77).

Then
3
2

o — i1 = =WV f (@r-1) + 27Uk — V20572 V2 f(2-1)Uj,

5
2

+ Vi D f(x—1)V f (wp-1) — axvi D f(z—1) U2 + O (7).

We can decompose ¢(zy):
Bak) — (s 1) = Voo ) mr — w1) + 5 D26l a) (e — i)™+ DP(on) ok — 1)
+ oD (es )k — z)® o+ O

= Vé(fﬁkil)(ﬁ’é U =V f(ap-1) — V2ak7§D2f<xk71)Ul/f

+ Vi D2 f(21) V f (1) — i D f (21 UE?)
1 2 % % 2 ! 2
+ 5D (k1) V292U — iV f(@r-1) — V20092 D? f (1) Uy,

1 ®3 1 5
+ éD3¢<$k71) (\/5%3 Up — ')’kvf(xkl)> + iD%(xkfl)(\@%f Up)®* + O0(yf).
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If A is the generator of Langevin dynamics and summing up over k:

Z%Aéf?(ka—ﬁ = @(zn) — d(z0) — ﬂZVEVﬂ%k—DUk - Z’Yk (D*¢(2-1)US* = B[D*¢(w—1) US| Fro1])
k=1 —

+f27,§ ¢(xp—1); V f(zr-1), Uk) — \[ZV,ED% (21-1)US?

k=1 k=1

+) \/20%’75 (D?f(wx-1); Vo(r1),Up) + Y (D¢ 1); V f (21-1), US?)

k=1 k=1

=Y (D f(ar-1); Vo(ar-1), VI (xh-1)) + Y awi(D* f(xx-1); Vo(zp-1), U2

k=1 k=1

1
207 Vi (D*¢(z1—1); D*(xk—1)Uf, U

M=

- 5 Y RDPow )V ) +

k=1 1

Wm\o‘ o>~
Il

—fZ’y D4¢ (-1 Uk —l—ZO
k=1
NO 4+ NZ 4+ NO 1+ NP 4 N 4 N

In the fast decreasing time step situation(}_}_; v2/v/Ty — 0), the CLT for (RLMC) is the same

as that of LMC. In the slowly decreasing time step situation, when Y 7_, v2/v/T, — 4 € (0, +00]:

a) W — 0 because (z,,) is tight and ¢ is continuous.

1
b) _ﬁzkzlj/’ijaxk_lwk = N(0,2 [pa|Vo(x)[*r(dx)). Therefore,

1 ~—2 2 ~
LAY Ve N2 [ Vo@PR(),  when d < o

@ .
" 0o when 4 = +o00

— 1 (D2 ¢(e—1) UL —E[D2 ¢k 1) US| Fr—1]) 5 0in L2.

c) =
3
n 2 .
d) \/521@:1 Vi <D2¢(?kn—1)vvf($k—1)ka> —0in L2.
U®3
D 17\/1%(?(“ ™ 0 in probability because E[U?] = 0.
D op—1 V2 ’Yk (D f( —_1);Vo(zr—_1),U}) : 2
[ — — 0 in L~.
Therefor

35



n . 2
e) Siir VD bk )iV f(@hm1). U™ — fRd fRd<D3¢>(:C);Vf(x),u®2>u(du)7r(dx) in probability.

@)
S BPR SR )Tt [ (D?f(2); Vo(a), V f(@))m(da) in proba-
bility. "
ZZ:law'%<D3f(xrk(§>1);V(b(mkfl)’[]’;@2> — 1 Joa Jga(D3 f(2); Vo(2), u®?) p(du)m(d) in probabil-
ity. n
—2 ZZ:HI%D%?(?;_I)VJC(M_I)@Z — =% Jpa D?¢(2)V f(2)¥?m(dz) in probability.
2k=1 QCY%V;%(D%(?Q;)?D%(%1)U1;’U’€> — Jpa fol Jr2a 202 (D%¢(x), D?¢(x)u’, u) pio(du, du’)dar (da)

in probability, where pq(du, du’) is the joint measure of (U, U)) for all n conditioned on
o, = a. With some calculation, we can simplify the limit as [, trace(D?¢(z)?)7(dx).
Note that in deriving the above limit, we used the fact that the cross-covariance matrix
between (Uy,) and (U,,) is /o 1q.

— 5 Tio D e )V — =1 [aa Jpa Dé(2)u® p(du)m(dz) in probability.

r
Therefore
N
S in probability,
@
n
where

o= [ [ (Dot Vi@) utudon(dn) — 5 [ (D) Vo), V@)
5 [ [0 @iVt uutduntin) 5 [ Do)V (@) (o)
1
+ /]Rd trace(D*¢(x)?)m(dx) — 5 /Rd y DA (x)u®* p(du)m(dx)

and p is the distribution for a d-dimensional standard Gaussian random variable.

5
2

f) M~ 0in L'
) Fg)

As a conclusion, we obtain the proof of part (1) of the theorem:

N0, 2572 / V(@) Pr(dz)),  when 4 < too
Rd

ZZ:l 'Yk-A¢($k—1) N

@
" o when 4 = 400
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For the fast decreasing step, i.e., part (2) of the theorem, the proof follows by the same arguments

in the corresponding part of Theorem 10 in [LP02] and hence we omit it. |
2.6. Proofs for Section 2.3
In this section, we would denote the drift function that appears in 2.4 as b(z,v), i.e.

v

—2v —uV f(x)

b(x,v) =

ASSUMPTION 2.6.1. There exists a twice differentiable function V : R2? — [1,00) such that: (0)
limy|(3.0)|| =00 V (2,v) = +00, (1) there exists @ > 0 and § > 0: (VV(x,v),b(x,v)) < —aV(x,v)+ B
for every (z,v), (2) there exists cy > 0: [|[VV (z,0)]|? + ||b(z,v)||? < cv V(z,v) for every (z,v), and
(3) HDQVHOo 1= SUP (5 ) cRr2d D2V || op < 00.

LEMMA 2.6.1. Assumption 2.1.1 implies Assumption 2.6.1 when u € (0, ﬁ)

PROOF OF LEMMA 2.6.1. For simplicity, We choose V (z,v) = ||z — 24 |* + ||& — 25 + v||* + 1
with f(z,) = min f(z). Now we check conditions 0), 1), 2), 3) in (L) are satisfied.
0) It’s obvious that limj(, ,) e V(%,v) = 400 and V (z,v) > 1 for all (z,v) € R

3) The Hessian of V' we choose is

41 21
DV (z,v) = ¢
21y 21,
For arbitrary (z,v)7, (y, w)” € R??:
2
4y + 2w
2 Y 2
12V (&, v) (g, )| = <40 [ (y, w)"[|"-
2y + 2w
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Therefore HDQVHOO < 00.

2) Take gradient of the V' we choose:

YV (. 0) = 2(x — zy) + 2(x — x4 +v)

2(x — xs + )
Then for all (z,v) € R4,
VV (@, 0)* + bz, 0)|* < 24 |l& = 2. + 4 |1z — 2+ 0]*) + 4|z — @0 + o]

+ ol +2(4 Jo)|* +u? |V £ ()]I)
<8z — 2l + 123 = + ]2+ 9 o)) + 262M2 & — .|
< max{26 + 2u*M?,30}V (z,v).

1) Last we consider

(VV(z,v),b(z,v)) =2(x —zy) v+ 2 —zs +v) v —4(x — 2 +v) -V

—2u(z — zs +v) - Vf(x)

IN

—2lo]]* = 2u | f(2) = f(2. =) + 5 |2 — 2. + 0]

IN

m
2 ol = wm [lz — 2.+ ol]* = 20 (f(z.) + 5 |12 — ]2

w2u(fe) + 5 Iol?)

— —um & — @+ v]]* — um [z — 2. ]]? — (2 - ud) o],

The second inequality follows from the fact that f is m-strongly convex.
When u € (0, %], (VV(z,v),b(z,v)) < —umV (z,v) + um for all (z,v) € R?*". Therefore 1) is
satisfied.
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When u > %, we can use triangle inequality to further bound our result:
(VV(z,0),b(x,0)) < —um & = s+ 0|* = um||z — z.|* + (uM = 2) |Jo]*

< [~um +2(uM = 2)](|lz — 2. +ol* + |lz — z.|*)

< —[M4—-ul2M —m)|V(z,v) — [4 —u(2M —m)].

When u € (%, 2M4_m), 1) is satisfied because 4 — u(2M — m) > 0. Therefore, 1) holds when

REMARK 9. For the V(z,v) we choose in the proof, under assumption 2.1.1, we can verify that:
V(z,v) = O(|z)? + |v|?) when |(z,v)| — +oo. We will use this fact later in the proof when we

establish the CLT statement.

2.6.1. Proofs for Section 2.3.1.

PRrROOF OF THEOREM 3. Under the assumption 2.6.1, we can show that the following Lyapunov
condition is satisfied for small h.

(Lyapunov Condition): There exists a function V : R?? — [1,00) such that:
0) hm|(x,v)|—>oo V(l‘, ’U) = +00,
1) There exists & € (0,1) and 8 > 0: E[V (2n41, Uns1)|Fn] < &V (20, vn) + 5.

Proof: To show that assumption 2.6.1 implies Lyapunov condition, we first do Taylor expansion

of V(pt1,Unt1) at (zp,vp):

1
V($n+1a 'UnJrl) = V(l‘n, Un) + VV(:L’n, Un) : (anrl — Tn, Un41 — Un)T + §D2V(0n)[($n+l — Tn,Un41 — U
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where 6, is a random point on the line segment joining (z,,,v,) and (2,41, Vp+1). Use the RULMC

algorithm and part (a) of Assumption 2.1.1:

—e—2h ” _e—2h
! 2 Un_i(h_ ! 2 )WV f(zn)

_.—2h _.—2h
2=y, — u=S =V f (a)

E[V(zn41, Unt1)|Fn] < V(zn,vn) + VV (20, vp) -

WV [P TRV Gy = V() 7]
ulfe;zhE[vf(xn_,_%) - vf(xn)‘Fn]
3M [ 1—e 2 2 2
#2003 Pl 021V P 4 03+ 400

M
+ LR (e, )2 - (V)P

where we can further estimate

E[Vf(xn+%) — Vi(xn)|Fn] < ME[:C,,H_% — | Fn]
1— —2h (1)
——)|vn| + VudMo,

and there exists &, such that \Vf(xn+%)\2 — |V f(zn)]* = 2(xn+% —2,)'D2f(€,)V (&) and &, is
on the line segment joining &, and 1. Therefore &n — an] < |xn+% — Zp|. then we have
EIVf (2, 1)* = [V f(2n)P|Fn] < 2ME[Vf(€n)l|2, 11 — Tal|F]
< 2M|Vf($n)‘E[|xn+% — Tp||Fn] + QMQEH%H-% - xnm}—n]

< [VF(@n)l® +3M°Ellz,, 1 — 2al*|F]

u?h?
20

h? 2
< |V F(@a)? + 60 (S foal? + - [V F (@) + udorf),).

When h is small, we can use polynomials of h to bound those exponential coefficients. We can

obtain that there exists C' > 0:

E[V (2ni1, Vns1)|Fn] < V(@n,vn) +hVV (20, 00) - (20, v,)T + Ch2(d + |vp)? + |V f (z0)[%).

40



then assumption 2.6.1 implies that there exists a > 0,5 > 0 such that
E[V (Znt1, Vnt1)|Fn] < (1 — ah 4+ Ceyh®)V (24, v,) + Ch2d + B.

When h is small, there exists & = 1 — ah + Ceyh? € (0,1) and B = Ch%d + 8 > 0 such that
E[V (Zng15 Ung1)| Fn] < &V (20, vp) + B. [

Once we have the Lyapunov condition, we can define the stopping time 7¢ = inf{n > 0: (z,,v,) €
C} and show that sup, ,)ec E(z0)[7c] < Mo < oo for all small set C. Then uniqueness of stationary
probability measure and ergodicity all follow by Theorem 1.3.1 in [MT12]. Next we prove that

SUP(g v)ec E(zw) [Te] < M < 0o given Lyapunov condition. To do so, note that we have
o0
Eqole] =Y nP(re=n) =Y P(rc >n—1).
n=1 n>1
Under Lyapunov condition, for any stopping time N, according to Lemma A.3 and Corollary A.4

in [MSHO02], we have

k[Y" 1V (20, v0) + 1]
1=~

P(re >n—1) <E[V(zn,vn)lrgsn-1] < < /ﬁ;’y"*l[V(xo, vo) + 1]

for some 7 € (&, 1) and constant k. Therefore, we have

n— k[V(x,v)+1
Bl £ 3wV o) + 1) = AV ED Y,
k>1 Y
and
sup_ By [70] < — sup V(z,v)+ _ < Mg < o0.
(z,0)eC 1—x (2,0)EC 11—~
So as a conclusion, the statement of the theorem follows. n

Before proving Proposition 4, we require some preliminary estimtes from [SL19], that we present
below. First, let (yn,wy,) be the solution of Underdamped Langevin dynamics evaluated at ¢ =

> k1 vk with initial value (yo,wo). (2, vn) is the nth iterates in the (RULMC) algorithm with

*

initial value (xg,v0). (2} (t),v}(t)) is the solution of Underdamped Langevin dynamics with initial

value (zp—1,v,-1) and (z},v}) = (2} _1 (), v:_1 (7). Then, we have the following results from
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Lemma 2 in [SL19]. When 7,41 < 3 and u = 17, we have:
* 2 - —
E|[Eazns1 = i ||” < 45(mbEllonll” + M2 B[V (za) |” + M dyasa),
* 2 - _
E ||zn1 — 2 [|” < 1800(3) 1 B flonll* + M2y B[V f(@n)|* + M~ dr ),
2 . _
E|[Eavas1 = vn||” < 4507 B llonll* + M 72BNV f () |° + My 1),
« 2 . .
E [[ons1 = vp i1 ||” < 1300053 1 B [[on|* + M P90 BV () |* + M ) 41)-

PROOF OF PROPOSITION 4 . Denote A2 = E[||z, — ynll* + |(zn 4 vn) — (yn + wn)||*]. Using

triangle inequality we have

h * * *
Ealllzn = ynll* + (20 4 va) = (Y0 +wn)[IP) < (1 + 2. Ulzk = ynl® + @k +0F) = Y +wn)[P)
2k * |12 * *\ 12
+ - (Eafon] = k" + [Bafzn + va] = (25, +v7,)I)
+Ea 2 — 25| + Ba | (2 + va) — (a5 + 03) 12

Furthermore, we can take expectation on w and use the contraction of Underdamped Langevin

dynamics:

h 2
A< (L4 e " ALy + S (E|[Eazn — 23)° + E||Eafen + val — (25 +0)II°)

+E |z}, — all® +E [[(zn +va) — (2}, +0})])”

2
< 6_£A31—1 + f(

3E |Eaztn — @3 ||* + 2E |Eqv, — vj]|*)
* (12 * (|2
+ 3E ||lzn — 27 [|” + 2E |lo, — v |I”-

When h < 3, u=7; and m = 1:

A2 < ez A2 + 8250 | (kh7 + hOE [[vn_1]® + (57 k8 + 6 2RYE |V (zn_1)||* + (kh° + h7)] .
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Our next step is to bound E |lv,_1]|* and E ||V f(zn_1)||>. First for Underdamped Langevin dy-

namics with f satisfying Assumption 2.1.1, it’s easy to compute that:
E a1 |2 = d/M,

1 — X
EVf(ya-1)]* = fe—f(x)d:c/’vf(x)% F®@) g

1

1
_ ()

= foTon /Af(:c)e da
< [Af(2)llo < Md.

Therefore, we have

E ||[vn_1]* < 2d/M + 2E ||[vp_1 — wn_1|* < 2d/M + 4A>

n—1»

E||Vf(zn1)|? < 2Md+ 2M?E ||z, 1 — yp_1|* < 2Md +2M>A2_,.
Plug the upper bounds into our previous result:

A2 <2 A+ 8250 [(KAT 4+ W) (2d/M +4A42_)) + (k7 S + k20 (2Md 4 2M2A2_)) + (k7 hD + 1)

2

h  h
< |1 o+ g3 +49500(h* + kh7) | ATy +41250d(7 + 57 hY).

If we choose (zp—1,vn—1) ~ 7} (z,v) and (yp—1,wn—1) ~ 7*(z,v) such that

A2 = min E|X-Y|?,
X~myr, Yeor*

h?

then we have
82500R3(kh3 + 1)d
Wa(m,m,)? < A2 < - (kh* + 1) .
1— = 99000h3k(1 + kh3)

We can see that Wy (7, 7) — 0 as h — 0. Furthermore, as h — 0, Wa(m, ) < O(h%). [

2.6.2. Proofs for Section 2.3.2.
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PROOF OF THEOREM 5. Define 42 = E[||z, — ynll* + [[(zn + vn) — (Y + wy,)|[*]. From the

proof of proposition 4, we know that

2
A2 < [1 - ;—Z + % +49500(72 + mZ)] A2+ 41250d(77 + k1A,

When time step h is a constant, apply the inequality repeatedly to get

2

k
h h 82500h3(kh3 + 1)d
A2 < [1 — — + — +49500(h* + /@h7)} A3+ (wh” + 1)

1— 2 —99000h3k(1 + Kkh3)

2k 8k2

Denote v, to be the density function of x,, then Wa(v,,w) < A,,. By choosing ~, = h ~ O(e%),
we can guarantee that Wa (v, m) < €4/ % foralln > K ~ O(e_%)

When the time step ~, is variant, the inequality we correspondingly have

2
A2 < [1 - ;—Z - % + 49500(~2 + mﬁ)] A2 4 41250d(y) + k).

99000
8K2

when 7, < 1, we have 41250d(7, + k1) < 82500d~y2. Therefore, when ~,, < min{1/2, 24/(%},

When v, < 1, 2% < 22. When 7, < (2200) < 2453, we have 49500(y4 + #77) < 22. Similarly,

) 8k2

we have

A2 < (1- ZJ)A,%_l + 8250002,
K
16K

If we choose v, = —5—8F——
" 323 +(n—K1)*t

, where K is the smallest integer such that

4 1 82500d
A% < (1——)% 1A%+ (82500)d— < 2 ,
K3 2K K

then we claim that for all n > K7, we have

82500(16)*dr*

A2 < 8 :
(3263 +n — Kp)3
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The claim can be proved by induction: Assume that the claim hold for A2 and denote b = 32K3 +

n — K1, then

4 82500(16)*dk*  82500d(16)*x*
A2, < (1- )8 500(16)*dk*  82500d(16)*x

1+b b (b+ 1)

~82500(16)*drx* [(b—3)(b+ 1)? N 1
o (b+1)3 b b+1
82500(16)*dr*
)

(b+1)3
~ 82500(16)*dk*
(3263 +n+1—K)3

Therefore, under our choice of time step (v,), we can guarantee Wy (v, m) < €4/ % foralln > K ~
O(e_%). Compared to the running time of constant step size RULMC, vanishing step size help

reduce the factor log(2) in the guarantees. [ |

Now we introduce the CLT statement for another sampling algorithm related to (RULMC) and
give a complete proof of the statement. The proof of Remark 6 can be done in the same way. In
the following theorem, we give a central limit result with specific choice of weights and time step-
size. The Euler-discretization of the underdamped Langevin diffusion (which we call as KLMC,

following [DRD20a]) is given by the following algorithm:

1 — e 2+ U 1 — e 2m+ 1 1
Tyl = Tn + Ty T 5('7714—1 - 5 IV f(@n) + \/a‘ffwllU?ng)lv
(KLMC)
2 1 — e i @) 72
Un41 = Upe ntl 5 Vf(l'n) + 2ﬁ0n+1Un+1.
2 _
where {v,} are the time steps. o) and o) are positive with o = Yn + # —(1—em),

2 _
ag) = %. {(UT(LD, U,(Lz))}n are independent Centered Gaussian random vectors in R2¢ with
U, UP) ~ N(0,021,) and 02 = %. Numerical integration with the above sampler
oy On

follows the same steps as described in Section 2.3.2. We now provide the following CLT.

THEOREM 5. Assume potential function f satisfies Assumption 2.1.1. Let {(xy,v;)} and {(Ulgl), U,g2))}
be the same as what we have in the (KLMC) algorithm and the time step-size {7y} is non-increasing
and limy (vg—1—7%) /74 = 0. If limn(l/\/@) Sk Ve =4 € (0,+00] and lim,, T\ = +oo, then for
all ¢ € C? with D?¢, D3¢ and D*¢ bounded and Lipschitz and SUD (3 1) cR2d |Vo(x)|?/V (2z,v) < +o0,

45



we have

T, 10 ,_ A
LS > N(p gui? [ [Velallnde)) 5 < oo,

T, R4

T, poa

F4)V;{(['¢) - p if 4 = 400,

where

p= 41 [(D’¢(x); Vf(x), v )v(dx, dv) + g5 [ [(D*f(2); Vo (), v**)v(dx, dv)
+ & [ [(D?D?f)(x)v®2u(dzx, dv) — 35 [ [ D ¢ (z)o® v (dz, dv)

2

— 51 [(D*f(2); Vg (), V f (a))m(dx).

In the following context we’ll discuss the weak convergence of empirical measure v,, and build a
central limit theorem under certain assumptions.

1) (Lyapunov Conditions) The underdamped Langevin dynamics can be rewritten as

dYy = b(Yr)dt + o (Y:)dW;
where V; = [X;, Vi]T, b(y) = b(z,v) = [v, —2v — uV f(2)]T, o(y) = 2y/u[0g, I5]T for all z,v € R4
{W:} is a 2d-dimensional Brownian motion.

The Lyapunov condition is similar to the one that’s introduced in[LP02].
Assumption (Ly): There’s a C? function V : R% — [v,, +00) for some v, > 0 satisfying the

following conditions:
a) HDQVHOO = SUD(y )T cR2d HDzV(:L‘,v)Hop < +o0 and limj(g 4)|— 400 V (%, v) = +00;
b) |[VV (x,v)|? + |b(z,v)]* < cyV(z,v) for all (z,v)T € R?? and some ¢y > 0;
c) (VV(z,v),b(z,v)) < —aV(z,v)+  for some o > 0 and § € R.

Assumption (Ly,): There’s a C? function V : R?? — [v,, +00) for some v, > 0 satisfying for some

p=> 1

a) HDQVHOO = SUDP(y )T cR2d HD2V(x,’U)HOp < +o0 and lim|(y y)|—+4o0 V (2, ) = +00;
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b) |VV (z,v)|? + |b(z,v)|> + Tr(o(z,v)o(z,v)T) < eV (z,v) for all (z,v)T € R?® and
some cy > 0;
c) (VV(z,v),b(z,v)) + N\ Tr(o(z,v)o(x,v)T) < —aV(z,v)+ B for some a > 0 and 3 € R,

where A, = 3Ap2y4 (1) (TVeVY)V-

REMARK 10. (1) We can show that: (Ly,) == (Lvp) if p > p > 1. Especially

(Lvoo) = (Ly,) for all p> 1.

(2) If we choose b and o the same as those in the Underdamped Langevin dynamics, then
(Lv,00) is almost the same as assumption 2.6.1. We can instantly obtain that as-
sumption 2.6.1 implies (Ly,). Therefore, according to lemma 2.6.1, assumption 2.1.1

implies (L)

2) (Tightness Result) We now establish the almost sure tightness of the weighted empirical mea-
sures. The filtration {F,,} we consider is F,, = o (Y, (Ul(l), U1(2)), e ( ,(11), 7(12))).

LEMMA 2.6.2. (a) If (Cv,1) holds, then for every a > 1,

a a a 1 a 2 a
VY1) = VEY)| < Can/AmnaVEYa) (1 + [UN 2 + [UP) 2).

(b) If (Lv,yp) holds for some p > 1, then there exists real numbers & > 0 and B and ng € N

such that
E[V?(Ya1)|Fa] < Vo) + 70 VI (Ya) (B — &V (Ya)), ¥ n 2o
and furthermore

sup E[VP(Y,,)] < 4o0.
neN
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PRrROOF OF LEMMA 2.6.2. (a) Using mean value theorem and (Ly;;):

[V (Yog1) = VAYa)| = alV T (&) (VV (Ent1), Yo — V)

1
< OV 2 (Gnga) [Yagr — Yal.
From (Ly1)-b) we get that Vv/V is bounded, i.e v/V is Lipschitz with parameter [v/V];. Hence

VO3 (€nn1) < (VV(Ya) + VV Y1 — Yo )2

< 220,—1 (Va—%(yn) + [\/‘7]%171|Yn+1 _ Yn|2a_1) ]

Meanwhile,
e 2n+1 e 2Yn+1
Y, —Y|2: 162 +Un_%(%+1_lef)vf( )+\fo—n+1 n+1 2
n+1 n _2176_277”1 o 1—e 2t \V 9 U(Q)
3 Un — U 3 f(xn) + \/ao-n+1 n+1

1 — e 241

2

1— e 2m+1 3u? 1 — e 2m+

; P2 + [ (s — —

< 15( : )? + 30 PV )

2
+3U0n+1 | +1|2+12“ 7(1+)1 +1|2

_ _ 3
Since v, — 0 as n — oo and # ~ O(Yn)s Yn — 1_622% ~ O(72), gﬁf) ~ O(vz2) and gﬁf) ~

1
O(vr ), there exist C1,Cs,C3 > 0 such that

Yors = Yol < C1 |72 (onl? + (95 @n)2) + st (U2 + 024 2)]
< (o [772z+1V(Y )+ Y1 (JU -1-1’2 +1U -1-1’2 )}

= Vo1 — Yol < CsyAnVV(Y)(IT, +1|+| +1’+1)

Combining our estimations, since a > 1/2. we get

[V (Yaia) = V) < €227 (VA3 (%) + VB Yoy = Yo7 ) [V = Ya

(mﬂw V) (Ul + 1USA + 1) + 2 V) (UL + U3 + 1))

Ca/TnrV O (Ya) (UL P + U 2+ 1).
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(b) We Taylor expand VP(Y,41) at Yy,:
VP (Y1) = VIY) + VP (G TV (V). Yaa = Ya) + 2 DXVP) () Yiir — Ya) ™2
Since D?(VP) = pVP~1D2V + p(p — 1)VPIVVVVT, by the definition of \:
DX(VP)(€nt1) (Ynr1 — Ya)®2 < 2020 VP (€np1)[Yorn — Yol
Therefore
VP(Yoi1) S VP(Y) 4+ pVP (Y (VV (Ya), Yard — Ya) 4+ A VP (Eng1) [Yagn — Yal.

When p = 1, take conditional expectation on Fy:

1 — e 2¥n+1
E[V(Ynt1)|Fn]l < V(Yn) + f<VV(xn, Un ), b(Zp, vn))
s = YV ) - V)
+ /\1(1 _ e;%nﬂ )2[5]1)”]2 + uZ\Vf(JUn)]2 + 4uV f(zy) - vy)
e T G = V)
2 = R ) 4 ol 402,

There exists ng € N such that for all n > nyg

1 — e 241

(VV(2n,vn),b(n,vn)) < ypt1(—aV(Y,) + 5), for some a > 0,5 € R;

2
u 1— e 2 2 2 2 2
- 5(%14-1 - f)vﬂcv(xnvvn) “Vf(zn) < C’Yn-f-l(‘v‘/(Yn)’ + [6(Yo)[7) < 07n+1V(Yn)§
1—e 2, 2, 2 2 2 2 2
M=) Blvn|” + [V f(@n)[" + 4uV f(@n) - vn] < Crpia [b(Ya)[” < Cry VI(Y);
ul— e 2+ 1 — e 2+
T T e~ T () v < OB € O V(Yo
u2 1— 6_27n+1
i~ TPV < ot alb0) < O V()
2 2
ol + 402 < Cor
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Therefore, for all n > ng, there exist & > 0, B € R such that

E[V (Ya41)|Fa] < V(Ya)(1 = ayni1 + C(275 11+ Yng1 + Vag1)) + 918+ C)

< V(Yn)(l - d7n+1) + B%H—la

and 1 — &yp41 > 0. This leads to
E[V (Yar1)] < E[V (Y1 = @yns1) + Brntr-

We could use induction to prove:

O T

sup E[V(Y,,)] <

n>ng

VE[V(Yn,)]

Assume now p > 1. Due to (Ly,)-b), we derive that vV is Lipschitz with parameter [v/V];.

Consequently,

2(p—1 2(p—1)
VP nin) = VU (6rn) < (VI + WL Yass — Vo)
VPTHY) + (VV] Yo = Yol if2(p—1) <1,
VY, +C (v@P DIV Vg1 — Yol 4 Yoy — Yn|2<p*1>> if 2(p—1) > 1.
Using the fact we’ve proved in part a):
2
Yot = Yol < Co |2 V%) + it (UL + (0L 2 4+ 1)

We derive

VI (&) [Yagr = Yal* S VPTH(Y) [Yorn — V2 +C%€+?V”( W+ USL PP+ U2 ).
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Then we take conditional expectation:

1 1 - 6_27n+1

E[Vp(yn-l-l)’]:n] < Vp(Yn) +pvp— <VV(I'n,Un), b(l‘n, Un)>

m 1— 6*2’Yn+1
St = ) VaV (o) - VS ()

+CVPTHYL) vV (Ya) + ’Yn+1(’Uf(z£r)1|2 + |U7(f21|2 +1)

_ pr—l(yn)

/\§
+ VP () (1 + (U, 2 U 2.

There exists ng € N such that for all n > nyg

1 — e 241

2

u 1— e 2 2 2 2 2
i LV (@) - V) € O (VY + B € Co2a V (V)

(VV (2, vn),b(xn,v0)) < Yng1(—aV(Y,) + (), for some a > 0,5 € R;

3 -
Since 75/\2,%% ~ o(7yn), there exists @ > 0, f € R, such that for all n > ny:
E[VP(Yy)|Fn] < VP(Ya) + 'Yn+1Vp_1(Yn)(B —aV(Yy)).
Same as the proof for p = 1, we can show

sup E[VP(Y,)] < +o0.
neN

THEOREM 6. Let p € [0, +00). Assume (Ly,p), If there exists s € (0, 1] such that

1 Min in 1
—(A— _m \1+s
g Hn( ’)’n)+ < 400 and E (Hn %l) < 00,

n>1 n>1

then

P(dw)-a.s.  sup /! (w, VP/0+9)) < 400
neN

Based on Lemma 2.6.2, the proof of Theorem 6 immediately follows, by using the same steps in
the proof of Theorem 4 in [LP02]. Hence we don’t replicate the proof here.
3) (Identification of the limit)
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THEOREM 7 (Echeverria-Weiss Theorem). Let E be a locally compact Polish space and £ a linear
operator satisfying the positive maximum principle. Assume that its domain D(A) is an algebra
everywhere dense in (Co(E), || ||,,) containing a sequence (fy,)nen satisfying

sup (|| falloo + |1£fnlls) < 400, Vx e B, fu(r) =1 and Lf,(xz) — 0.
neN

If a distribution on (E,B(E)) satisfies [, Lfdv = 0 for every f € D(A), then there exists a
stationary solution for the martingale problem (L£,v) (this means that there exists a stationary
continuous-time homogeneous Markov process with infinitesimal generator £ and invariant distri-

bution v).

LEMMA 2.6.3. If the potential function f is Gradient Lipschitz and strongly convex, then the gen-

erator of kinetic, L, satisfies the assumptions of the Echeverria- Weiss theorem.

PROOF OF LEMMA 2.6.3. First it’s well-known that the infinitesimal generator of a Fellerian
semigroup satisfies the maximum principle. We can choose our f,(y) = ¢(y/n) for any y € R
where ¢ is C? with compact support and ¢(0) = 1. It’s easy to check that Vy € R??, f,(y) — 0
and Lf,(y) — 0. It’s also straightforward that sup,cy || fnlloc < +00. The last thing to check is
sup,en || £fnllo < +00. Since £ can also be written as b(z,v) - [V, V,|T +2uA, and we've shown
that under our assumptions on f, (Ly,) is satisfied, we have the Lyapunov function V (y) = O(|y|?)

and [b(z,v)| < C(1 4+ |(z,v)|). Therefore we get sup,,cy ||£fnllo < +00. [ |

THEOREM 8. Assume that f is gradient Lipschitz and strongly convex. Assume also

1< Mn n 2
lim — A—|=0 and < 400.
] S

n>1

Let a > . Assume sup, v (V%) < +oo P-as. If a < 1, assume also that Y n>1 M ¥n/ Hp <
+00. Then P-a.s, every limiting distribution v, (w, dx) of the sequence (v (w, dz)) is an invariant

distribution of the underdamped Langevin dynamics introduced in the previous section.

The proof of Theorem 8 follows immediately from Theorem 7, Lemma 2.6.3, Lemma 2.6.4 and

Lemma 2.6.5.
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LEMMA 2.6.4. Under the assumptions in Theorem 8, then for every bounded Lipschitz continuous

function g : R* — R,

1
P-a.s. lim —
a.s 171;an

k

Elg(Yi) = 9(Yr—1)|Fr-1] =0
Yk

Dﬂ;

e
Il

PROOF OF LEMMA 2.6.4. Setting 19/~ = 0 gives

n

=
S

T (g(Ya) — Elg(Ya)| Fr1]) -

(905) = g0k-) = 7 30

1 O 1
4‘*j£:1E (Vi) = g(Yi—1)|Fr—1] = ;ﬁ;j£:;§; .

" k=1 1

=
Il

As g is bounded, it follows by lemma 3-b) in[LP02] that

n

P-a.s. lim HL Z(Q(Yk) —9(Yi—1)) = 0.

Then

converge a.s. in R.

E(Mf)oo = 3 (012 (Y) = Elg(Va) Fact I < 30 (002 la(Y) = oY)l

n>1 " n>1 Tn ”

< R D) Y = Yol

n>1

Since (Ly,1) holds under our assumptions on f and by Lemma 2-b)
1Yo = Yoall3 < C'Ely2V (Ya1) + (2d + 1)) < Coy.

Therefore

o < C

2 < —+o00.

93



LEMMA 2.6.5. Under the assumptions in Theorem 8, then for every g € C*(R2?) with compact

support,

lim (I;n 2 ZZE[ 9(Yy) — g(Yi—1) [ Fr—1] — vg(gg)) =0 a.s.

PROOF OF LEMMA 2.6.5. Setting Ra(y1,v2) := g(y2)—g(y1)—(Vg(¥1), y2— 1) — 3D%g(y1) (y2—

y1)®2, we obtain for every k € N,

9(Ye) = g(Yi—1)

1
= (Vg(Yi-1), Y — Y1) + §D29(Yk—1)(Yk —Y5-1)%* + Ro(Yi—1, Ya)

1—e2m u 1—e2m
= Va9(xp_1,v%-1) - [Tvkq — 5(% — #)Vf(xk,l) + \/ﬂa,(:)Ulgl)]
1— e 2n 1— e 2m
+ V'Ug(xk:717 Uk*l) : [_2f’uk71 - vaf(xkfl) + 2\/60-](62)(]152)}
1 1— e 2% u 1 — g2
+ §D§g($k—1vvk—1)[72 Vk—1 — 5(% - T)vf(xk—l) + Vo NUiMe?
1 1—e 2m 1 —e 2
+ ing(wkflvkal)[_Q 9 V-1 — UTVf(xk—l) + 2\/60'1(62)Ué2)]®2
1—e 2w U 1—e 2k
+ (Daog(Tr—1,v%-1); Ty U1 5(’}’1@ — T)Vf(xkfl) + \/ﬂalil)Uél),
1—e 2% 1—e 2
—2 vt —u———Vf(a1) + 2VuoU) + Ra(Yier, Vi)
1—e 2w U 1—e2m
=M Lyg(Ye-1) — (v — 9 WV g(Ye—1) - vg—1 — 5(% - T)VIQ(qu) “Vf(rp—1)
1— e 2m 1— e 2m
+2(vk — 5 IVog(Yi-1) - vi—1 +u(ye — 5 WVog(Yi-1) - Vf(zr—1)
+VuoNVg(Vi1) - UL + 2vao PV g (Vi) - U
]. ]. — 6_2A”“ u2 ]_ _ 6_2
+ 5(T)2D§Q(kal)vl§_21 + §(% - #) *D2g(Ye1)V f(zp—1)®?
®2 ul-—e 1—e 2m
+ 501 )? D2g(Yk DU = S (e = (D29 (Yem1)s vk, Vi (1))
1—e” u3/? 1—e™
VI o D2, U)o G L oD (D20 1)V ), U
1 —e 2 2 1—¢ —27
+2(T) *Dlg(YVe )il + 5 (?) *D2g(Ye1)V f(2p-1)®”

2 ®2 ®2
+2u (0 Dg(Vie) UL — E[D(Vi UL |Fiea)

1—e 27,
2

e 2k

+ 2u( )2 (D2g(Yi1); kal,wm,m—wl‘ o2 (D2g(Yio1); o1, U

1—e 2%
- QUB/QTUS) (D2g(Yi—1); Vf(2h-1), Ué2)> + Ro(Yi—1,Ys).
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Take conditional expectation:

Elg(Yx) = 9(Ye—1)|Fr—1] = %Lg(Yi-1)

1—e 2k u 1—e 2%
= —(1 — T)V:ﬂg(Yk—l) Vg1 — 5(% - f)vmg(yk—l) -V f(rp—1)
1 - 672’Yk 1 _ 672’}%
+2(% — 5 IVog(Yi—1) - vp—1 + u(y — 5 )Vog(Yie1) - Vf(zr—1)
1,1—e 2% u? 1— e 2%
+ i(T)2D§9(Yk—1)U?_21 + §(7’“ — 5 )2D2g(Vi—1)V f(2x-1)%?
U 2 wl—e 2% 1—e 2%
+ 5‘715;1) Apg(Yi-1) — 3 5 (& — 5 WD2g(Yi_1);vk—1, Vf(p_1))
1—e 2% u? 1 — e 2w
+ z(f)QDgg(kal)U}?_Ql + 5(f)2D39(Yk71)Vf(:ck71)®2
(2)2 —e T,
+2u oy =) Apg(Yie1) + 2u( 5 ) Dyg(Yi—1);vk—1, V f(zr—1))

+ E[R2(Yi—1, Yi) | Fr—1].

Observe that for all the terms, except for Ra(Yy;_1, Yx), on the right hand side of the equation, their
coefficients are of order O('y,?) or o(fy,%). Furthermore, Vg and D?g are bounded because g is C2 and
compact supported. Since (Ly,) is satisfied under our assumptions, sup, ey E[|vn|? + |V f(z,)?] <

Csup,en E[V(Y;))] < 4+00. Therefore, we obtain that as n — 0,
I Mk
i > %E[Q(Yk) = 9(Ye1)|Fr—1] = meLg(Yi1) — %E[Rﬂyk—l,Yk)‘fk—l] —0

because Hi" Y1 ek — 0 as n — 0. Now we deal with E[Rg(Yy_1, Y;)|Fr—1]. For any z,y € R24,
define

1
ro(z,y) == = sup ||D?g(z +t(y —z)) — D*g(z)||.
2 4c(0,1)

It’s easy to see that 75 is a bounded continuous function on R? x R?, ro(z, z) = 0 and
| Ra (2, )| < ra(w,y)le —yl*.
Therefore we obtain

S IELR (Vi Vi)l Bl < € (e sl V (Vi) + (2d 4+ DmBlra(Vi, Vi) (UL + 1027 )| Fica])
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If a > 1, P-a.s.

1 « 1 «
— > O Iralloe V(¥ie1) < C'— > eV (YVee1) = 0 as sup (V) < 400 and 7, — 0.
Hn 1 Hn =1 neN

If a € [1/2,1), the same limit follows from the Kronecker lemma mentioned in[LP02] and
Znnfyn/Hn < +00.
n>1

Meanwhile, we also have

)= [ (w0 @)l + ot dra)

where

1—e 2 U 1—e 2
/ AN - = - - =
(l’,v)—(.r—f— 2 v 2(7 2

—4 1/2 4N 1/2
») _ <7+ % - e—%)) @ = <1j”> ,

14 e 4 — 272
4o 5(2)

1—e 2

5 Vi) + 2/uoPry)

W1 (z) + VuoDry, e v —u

OO UP) ~ =N,

I5q).

We can see that J is a bounded continuous function on Ry x R? x R% and J(0,z,v) = 0. Since

limy, o V(y) = +00. We can also write
(2d + DnkEfra(Ye 1, Ye) (10" 4 0P ) Froa] = eV (@1, v6-1))0((@h—1, v6-1)) (05, T—1, v 1)

where limy, | v, 1)—o00 0((Tk—1,vk-1)) = 0. It remains to show that

1l K e
P-a.s. 1171111[{71];771{‘/ (r—1,v%-1))0((xr—1,v%-1))J (V> Thk—1,Vk—1) = O.

For a fixed number A > 0, J is uniformly continuous on [0, sup,, 7] x Bag(0, A), then

J(’Yk;93k71,Uk71)1|(xk_17vk_1)|§‘4 — 0 P-as.
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and V((zg_1,v6-1))0((zx_1,vk_1)) is bounded on Bgy(0, A). Therefore
1~
P—a,s lim-— D eV (@ro1, 0r-1))0(@ 51, Vh—1))T (V> The 1, Vh1) 0014 = O-
" k=1
On the other hand side
. 1 &
lim sup—— Z MV (1, V1)) 0 (@1, V6—1))J (Vie» Th—15 Vk—1) L (w1 00 1)|> A

< sup |0(z,v)||| ]| osupy(VY) -0 as A— +oc.
[(z,v)]>A n

So taking A — 400 completes the proof. [

THEOREM 9. Let p € [1,+00). Assume (Lyp). Let s € (0,1]. Assume that

1 [ 0 1 O~ ATk o\
Z — <A> < +oo. lim— » |A—|=0 and Z ( ) < 400
n>1 Hn Tn/ 4 n Hn 1 Yk n>1 Hn Tn

(a) Then

P-a.s.  supv!(w, VP/U+9)) < 4o,
neN

(b) When p <1+ s, assume also ), <y M Yn/Hp < +00. Then with probability 1, any weak limit

of the sequence (141,) is an invariant distribution of the underdamped Langevin dynamics.

Theorem 9 follows directly from theorem 6 and theorem 8.
PROOF OF THEOREM 5. First we try to decompose >, 7L (x,—1) using Taylor expansion.

(zr) = ¢(wp-1) + Vo(wp-1) - (T — T)-1) + %D%(l’kﬂ)(mk — )% + RYY
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where ng) = ¢(zy) — d(zk—1) — Vo(zr_1) - (xr — 2p-1) — 3D%*d(zp—1) (21, — 2—1)®2. We can plug
our discretization into the equation and obtain:

1 — 672716

———)Uk—1 - VP(Tr_1)

Har) = $(@r-1) = WLP(ar-1) = (7 — ——

- g(% - ;_2% IV F(@p1) - Vo(@r1) + Vo V(1) - UL
T D e, + o D% U
+ "‘;2(% - Hz_m)zD%(xkl)Vf(x“)@?
B gl - ;2% (Ve — - ;2% NHD?$(wp—1); ve—1, Vf(Th-1))
+ \/170;9)1_622%(17%(%—1); ok-1,Uf")
o~ T Do) V), UL
+ Ry
where
R = L g g, — U o L Dot s V)
f % <1“%’“>2<D3¢<wk_l>;v§3pU,i”> + 5o D, U
2%(%)4174(?(%71)”?: +r®.

Since f is gradient Lipschitz and strongly convex, we've shown (Ly,) holds. Using (Ly,) the

fact that D*¢ is bounded and Lipschitz, we can show there exists a constant C' > 0 such that
9/2
] < C’Yk/ V2(2k-1, Vk—1)-

Apply theorem 6 for p = 4 and s = 1, we have sup,, v (V?) < +00 P-a.s. Therefore

Z ®) in L.

nkl
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In the following proof, we will use o(7}) to denote the sum of those terms by, such that ﬁ Y1 b —

0 P-a.s. According to our decomposition, we can pull out polynomials of «; from factors 717627 0k ,

Vi — @ and a,(gl) so that the terms left could be included in o(7{). Then we obtain

n n

S Loz ) = {[cz»(:ck) — lare1)] + (0 — 29 + )0kt - Volae)

3 3
k=1 k=1

U 2 1
+ 5(7}3 - g’ﬁ% + g’)’lﬁ)vf(xkfl) -Vé(rg_1)

2v/3u 3
T3 V(1) - ULY

1 7
- 5(7;3 - 27} + gvﬁ)D%(xk_l)v,‘?_Ql

2

— D (@) flar1)®?

(38 — AN B 1)s vk, V(i)

(72 = 37 D3p(wp_1)v3,

+ Do) v, V()
2u 4 >

3k (D*¢(vk—1); v—1, U,ﬁl

1
_ﬂ’yéDélgb(xkfl)Ul?fl + O(Vﬁ)}

)®2

=20+ 20 + 20 + ZD + N+

99



where

Z7(10) = ¢(wn) — d(z0),

= Z’Y;% [Uk—l -Vo(xp—1) + gvf(fﬂk—l) Vo(rrp—1) — %Dzﬁb(xk—l)vl?fl

k=1
= Z’Vl%zl(i)la
k=1
= [_3%_1 Vo(ar-1) = gVF(@p-1) - Volze-1) + D*¢(xx—1)v_y
k=1
2 ®2 1
—%ngb(azk_l)U,gl) - g(qub(xk—l);/Uk‘—l? Vf(rk-1)) - 6D3¢(xk—1)vl§31
= - 27222?17
k=1
V=) i [3“’“ Vo(rp—1) + %Vf(xk,l) Vo(rr-1) — 6D2¢(37k71)0}§21
k=1
u? 9 ©2 9 (1)®2 Su 9
—gD P(xp—1)V f(r—1)" +uD"¢(z—1)U, 5 — (D p(wp—1);vk—1, Vf(TR-1))
2 ®2
3 D30 + 4 <D3¢<xk D2, V@) = S (DPlar)s o, U

First, it’s easy to see that rn/F,(;l) — 0 P-as. as n — 400. Apply lemma 2.6.2 and we obtain
sup,, E[V (2, v,)] < 400. Therefore we can further obtain the tightness of sequence {z,} and it
follows from the continuity of ¢ that {¢(zy)} is also tight. According to the tightness, z¥ / T >0
P-a.s. For Z7(14), under our assumptions on ¢ and f, we can show that

lim D)V (x,,0,) = 0.

[(Zn,vn)|[—+00
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Therefor apply theorem 9 with p =8, s = 1 and we obtain:

2

0 | D7) V@) v e, dv) — [ D)V () ()

€
24 R2d

P—as ZY)T
DA (x)v®v(dx, dv).

To consider the limit of Zr(f) / Fgfl) for i = 2,3, We first Taylor expand Lo (zr_1) at zx_s:

LO(T—1) = vg—2 - VO(Tp—2) + (D*P(2—2); Vk—2, Tk—1 — Th—2) + VP(Tp—2) - (Vg—1 — Vk_2)

- %<D3¢(mk—2);vk—2, (zr-1 — Tr—2)®?) + (D*G(wp—2); V-1 — Vk—2, Th1 — Th—2)
+ é<D4¢($k72)5vk727 (wr-1 = 7—2) )

- %<D3¢($k—2)§1)k—1 — Vg, (-1 — p-2)%?)

+0(7i)-

Plug the discretization into the Taylor expansions and preserve the “large” terms, then we obtain:

2
Lo(p_1) = Lo(Tp—2) + (Y1 — Vi1 + 5’713—1)132@5(%—2)”1;@32

U

- 5(’71371 - %7}371)<D2¢($k72)5vk727 V f(zp—2))

2v/3u 3
3 v

+ 2 (D2p(x_2); k2, UL))

4
— (2ve—1 — 2ve_1 + 5713—1)%—2 -Vo(xp_2)

2
—u(ye_1 — Vi1 + 57/?5_1)Vf(56k—2) -Vo(rr—2)
1
+2vunp V(as) - UL,

1
+ -(Veo1 — 2%_1) DPplap_a)vi?,

2
2u 1) ®2
+ ?712—1<D3¢($k—2)§vk—27 U,g_)l )

+ \/67571<D3¢(xk*2); U]?EQ: U]ilf)1>

u
- 57271<D3¢(33k—2)3 02,V f(zk2))
- 2(71%—2 - 2’72—1)192(75(3%—2)”;?_22
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—u(Ve_1 — 271 )(D*¢(x—2); Vk—2, V f(Tk—_2))
3
+ 2V (D2G(w2); Vg2, ULD))

+ wyi_1(D*¢(xr—2); vi—2, V f (T5—2))
2
+ %’72_1D2¢(96k72)vf($k72)®2

3
27y

i (D?(h2): V(2rs), U,

—Uu

2 (D?(ns); vk—2, U,

— iy (D2G(xp—2); V f(2—2), UL
<D2¢(3«"k 2); \FU k 172\f% 1 k 1>+0(’Yk 1)-

Apply theorem 9 with p = 4,s = 1 to the terms of order o(V?(x}_g,vx_2)) in the decomposition.
We obtain

_ o YR LP(Tp— 1 s o
lim Zk?vlli(f( k-1) lmw > Ld(rr2) + D (k-1 — 3i—1) D*d(xk2) v,

n n k=2 k=2

=3 R D?0(s 2 Y (w2), i)

k=2

- Z (291 — 297 1)V (2k—2) - V2
k=2

o Z (k-1 — V1)V (Th—2) - Vo(2—2)
k=2

n
1
+§ 5%%%711)3(?(901@—2)@;?32
k=2

+Z2\f7k7k Vo(xp_2)-U ;9)1

k=2

+27k (D?¢(z1—2); fak 1U,£1)1,2f0 )Uk )

k=2

tau [ Ao@r(dn) 5 [ (D6(a)io®, V(@) vda, dv)
Rd R2d

u

+ > /Rd D2¢(x)Vf(a:)®27r(dﬂs).
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Since yx_1 — Yk = 0(7,3), we can substitute all the v on the right hand side with v;_; and it won’t
change the limits. For the last term inside the square bracket, notice that Var(\/ﬁal(:_)lU,gl_)l, 2ﬁa](€221U ,E2_)1) =
Y(14 e M1 — 267 2W-1) [y ~ u(293_, — 4v3_,)1q. Therefore

2
hrn 7(14)2% d(xp_2) \/ﬂa,g)lUk 1,2f o 1U]§ )1>

1
=lim — g 2uyp (Ad(zp_o) —4du | A¢(x)m(dx).
n F(4) Rd
n k=2
We can rewrite the equation as

Lo(x i -
Zk 2 WLP(Tp-1) Z WL (w)—2) + lim (4)Z2f7k Vo(xps) U,

nk nk2

n

+lim 5 Z D G(wp2)vi?y — 2V (21 a) - vk — uV (21 -2) - Vo (ap_2)]

fim I

n k=
- 3u
+11m Z [~3D%(zp_2)vP2, — 7(1)2<z>(xk_2);v f(@p—2), ve_2)
n k=

£ OVG(rk ) vha UV F(a2) - Volrk o) + 5 D*6(rk 2)of, + 2AG(i )]

u

u2
—Q/RM<D3¢( 2); 0%V f(z))v (dx,dv)+2/ D2(2)V ()2 (de)

= lim —7+ @ Z’Yk/v'(ﬁ (2—2) +lim —= 7(14) ZQW’M Vé(x_2) - Ulg )1

+ lim ;4)(_227(12) —323))
2
—g/ (D3(x); v™,V f (2))v (dw,dv)+% D?*¢(x)V f(z)®*m(dz).
R2d Rd

We can instantly get that

1 n ) 1 3
lim —(2Z§ ) + 327(13)) = 1171?1 F— 2\/57,371V¢(:Ek_2) . U,@l

n o) ) —~
w2
+ = D2¢(x)V f(x)%%r(dx)
2 R4
u 3 ) 2
~ 5 [ D50 V@), 0, do)
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(2)

Similarly, apply Taylor expansion to z;; at xy_s, we achieve:
Vf(@p-1) - Volzr—1) = Vf(wr—2) - Vo(i—2) + (D f(wr—2); VI(Tr—2), Th—1 — Tp—2)

+ (D?*¢(z)—2); V f(Th—2), Tpm1 — Tp—2)

+ %Dg(Vf Vo) (wp—2)(Th—1 — Tk—2)%% + 0(2),
and

1 1 1
§D2¢(xk—1)7)](§_21 = §D2¢($k—2)v;§_22 + §<D3¢(«Tk—1)§ V2, Tp1 — Tp—2)

1
+ (D*p(xp_2); Vk—2, Vk_1 — Vk_2) + §D2¢($k;—2)(vk—l — vp_9)®?

1,1—e 2

+ —( )2D4¢(xk_2)v§’f2
4 2
1
+ §<D3¢>($k;—2); Vk—2, Tj—1 — Tk—2, Vj—1 — Vk—_2)
1
+ 6<D3¢($k—2); Tp1 — Tp—g, (Vk—1 — Vk_2)®?) + 0(77).

Simplifying the coefficients lead us to

Vf(wg—1)  Vo(rp_1) = V(zK-2) - Vo(Th—2) + (Vo1 — Vo 1)(D* f(21—2); Vd(Th—2), Vp—2)

Vo1 (D? f(21—2); Vo (ak—2), V f (z5_2))

V3u
3

+ (Vo1 = o1 )(D?d(xh—2); V f (x5—2), ve—2)
u

2

+ DYV +2D%D2f + D6V ) mr )%, + o0} ).

NI ORI~

22 (D f(h_2); Vo(a_z), U,

Ve 1 D?d(xr—2)V f (23—2)®* + \/E’VE_MD%(%J); Vf(@r2), U
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and

1 1 1
§D2¢($k—1)v}c®31 = 5D2¢($k72)vi§32 + 5(’)%4 - 71371)173(?(951672)“1?32
U u 3 1
Dol ) o Y fae)) + T (Dl a): o, UL,

—2(Ye—1 — Y1) D?d(xr—2)vi?y — w1 — Vo1 ){D°G(xk—2); V f (xh—2), vk—2)

1
+ 2v/uy?_ (D*p(zg—2); vp—2, Uﬁ)ﬁ + 2971 D*p(zp_2)v?,

u? 9 ®2 2 2 (2) ®2
+ EPYk—lD A(xp—2)V f(2r—2)"" + 2u(Vr—1 — 27_1) D d(2R—2)U,

3
+ 2un_ (D2 P(ap—2); V f(2h—2), vh—2) — 4/, (D2d(ap—a); vh—2, U,

3 3 1
= 203y (D*0(r-2); Vi (wr-2), Up2h) + 81 D lan—a)oy

u
— Ve 1 DPp(mp—2)vP?, — 57}%—1<D3¢(5Ek—2)§ 02,V f(Th-2))

1

+ §<D3§b($]€_2), Vk—2, \/aal(cllelii)l’ 2\/170-](62,)1U]51,21>
2u ®2

+ (Do) U, ) +o(27).

Take the limits and we obtain:

lim S reo ViV f(zh-1) - Vd(zk—1) i 1
. O L

n n

D Vi (@g-2) - Vo(ap—2)

k=2

+ 3 (D f(ar2); Vo(zp-2), v—2)
k=2

+) -1 (DPd(wr—2); V f (w1-2), v—2)
k=2

u

_Z 2£(00): . Vol da
Q/RAD f(); Vo(x), V f(x))7(dx)

5 | D*(@)Vf(@)*n(da)
R4

+s /R (D*f(2)V(x) + 2D f(2)D?*¢(z) + D26 (x)V f(x)) v**v(dz, dv),
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and

1Y 72D2¢($k71)v®_2 i
h}lng =k @ = ( Z S Do 2)v,
n 'y k—
Z [ DP¢(ay—o)vi’y — 2D P(xk—2)vi 7%,
i) =
—u(D ¢(wk—2); Vf(Tk—2), vk—2) + 2uD ¢(z1—2)U,~,
1
3 (DY) V (@), 0w (de, dv) + = [ DY () in(da)
4 R2d 4 R2d
2
+ 5 | D%(x)V f(2)?n(da).
2 Jpa
Claim:
RS
a)lim @ Z’Y;%Vﬂﬂ?kﬂ) Vg1 = 0.
In” =
1 U 1
) lim 5 > (G Vé(wrm) - Vi (wer) = 5 D%0(wn-1)vi2)) = 0.
n k=1
S
c) 117?1 7 Y Vo(zg-1) - vi—1 = 0.
In” =

(2)

We’ll prove the Claim at the end of our proof. We can use the Claim and our expansion of Z

to find the following relation:

1oy o 1 &,
hTan I‘(4) ( ) = hin@ Z:Vkaﬁ(xkfl) *Uk—1

+lim > V@) Vo) - Do)

n 2

—hm 1‘}4 kz [ Vf(rg—2) - v¢($k—2)_;D2¢($k—2)vl§—22]

n 2

+ lim FL > i [ (D? f(z-2); V¢($k—2),vk—2>+%(D%(ﬂfkq);Vf(l“k:—2)7vk—2>
n k=2
1

5 D0l + 200l o, - 2ubions)|
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’LLZ
- [ D V@))% [ D26 f(0) (i)
+“ 9 (D3f(2)V(x) + 2D f(2) D*¢(x) + D3¢(2)V f(x)) v (dx, dv)
+ %“ /]R (DP9 V@), 07 (d, dv) —i [ Dolay® n(da)
’LLZ
~ [ D@V @)
R4

u2
= tim (2 + 320~ 7 [ (D*f(@): V(). V(@) (da)

2
73% D2¢(x)Vf(x)®27r(dx)—i D(a)v®r(dx)

Rd R2d

+ Z/Rd (D*f(2)Vo(z) + 2D f(2) D*p(z) + 4D ¢(2)V f (2)) v¥*v(dz, dv).

The last identity follows from Claim-a),b) and the fact that lim,, ﬁ S ra V(D f(2-1); V(1) vh—1) =
0. To prove lim,, @ S e V(D?f(2k-1); VO(2k—1),vk—1) = 0, we can assume 1) is a new test func-
tion satisfying Vi (z) = D?f(x)V¢(z). Then the statement follows from Claim-c). This could be

done because v satisfies the all assumptions on ¢ stated in the theorem. Therefore we obtain

2
lim ! (3) 4

’LL2
w2 = G5 [ (D@ o). V@) + 77 [ Do)V

~ 13 [, (DYF@)V6() + 2D (0)D0(w) + AD°0(2)V f(2)) v (d, do)

1 4 ®4
+E RMD d(x)v® 7 (dr).

Combine with our previous results on 22,22) + 3Z7(13) and we obtain

lim ;4) 22 + 27 =lm fo Vo) U+ [ DotV (@) atda)
_% [ D%6(); 9 (), o)y (dr, dv) + 5 /R (DY (@) Vo(e), v (o, dv)
+ﬁ RZd(DQfDZQﬁ)(a:)u@?u(dx,dv)—;i /R d<D2 F(2); Vo(z), Vf(z))r(dz)
- i » D*¢(z)v®4n(dx).
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Then we plug this result in our original decomposition:

n

; P2 P29 ar) - (VL)

(
In? 3=

kaw (1) = lim —

2

1 3
+ lim —— Z VuyEVo(xg_q) - U,Ez) + o D?*¢(z)V f(z)®*n(dx)
W 2 8 o

_ % R2d<D3¢(x)7Vf(x) > (CLT d’l}) 24 /Rgd<D3f(x);V¢(w)av®2>1/(dx,d’l))
2

+ 5 (D D?9) (@) v (da, dv) - ;‘4/ (D2 F(2): V(). ¥ F () ()
~ o1 D4¢(-T)U®47r(d$) + % /RM<D3¢($>;Vf(x),v®2>y(d$,d?})

~ [ D)V () () - i /R  DAo(p(da, do)

2v/3

"3
5 Sz m 1 (2)

+2/RM<D3¢($);VJ”(1‘) M (dx, dv) + 24/R2d<D3f(x);V¢($>’U®2>V(dl‘> )

b2 (D260 ) (@) (de, ) 112 /R  DAo(p(d, o)

R2d

U2

51 Rd(DQf(a:); Vo(z), Vf(x))m(dx).

It remains to determine the normal limit. Since (U,gl), U, IEQ)) is Gaussian in R?? with mean zero and
covariance matrix %Lj, we can find the distribution of Uy, := (z\f\f Uk )41 2\f U )

{Uy} are independent 2d Gaussmn Random vectors with Uy, ~ N (0, X)), where

5= B2 vav + Layauyr (2L

4y Au/31 + e 4k — 22
=g lat M, @
3 3 do, oy,

Vit + Sav/av )

Id + UId

10
~ ruli+O0(m)la
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Apply our weak convergence result and CLT for arrays of square-integrable martingale increments,

we have that when 0 < 4 < +o00:

n

1 3
n k=1
where
R 10 10
7 —tim s Y Vo) ut O6w) = i 2 [ (Vo) Pada).
Fn k=1 R

In conclusion, when 4 € (0, +00):

1?(2)”71(&15) = N(p, guﬁd /Rd Vo (x)[m(dz))

n

where
p= “/ (D3¢(x); Vf(z), v v(dz, dv) + “/ (D f(2): V() v (de, dv)
6 R2d 24 R2d
+ = (D?¢D?f)(2)v®?v(dx, dv) — 1 Do (x)v® v (dx, dv)
12 JRed 12 Jrod
2
u
=57 [ (D*f(@); Vo(x), Vf(@))m(dx).
R4
When 4 =0,
Ln 10 )
vi(Ly) = N(0,—u | |Vo(a)|*m(dx)).
F,(f’) 3 Jre
When 4 = 400,
L <~ 3 2v3 o, 1 ) : "
@ ; Y Vo(rr-1) - (T\/&Uk + 52\/ﬁUk ) — 0  in probability.
Therefore when 4 = +o0,
L'y . .
— (L) = p in probability.
i)
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Proof of the claim: First we’ll show that ﬁ S v ViLp(zk—1) — 0. We can use our decompo-
sition of L¢(x;_1) and obtain:

n

Z’)’kﬁ¢ wr1) = > { e (blar) — d(@x—1)) + Vigve—1 - Vo (xp-1)

k=1 k=1

+— ’kaf(xk 1) V¢(ﬂfk71)—*%D2¢($k 1)”;(?21}

Since vg—1 — Y& ~ o(v}) and {$(z,)} is tight, ﬁ Y ope Vi (@(zr) — d(xk—1)) — 0. Then we can

apply theorem 9 with p = 6,s = 1 and obtain
1 n
— Z VEL(xp_ 1) — v - Vo(x)v(de,dv) + z Vo(x) -V f(z)r(dr)
I‘%‘%) =1 R2d 2 Rd

—/ D?¢(2)v®?v(dx, dv)

The last identity follows from integration by parts and Fubini theorem. In the same way, we can
also prove # S ko ViLd(zg—1) — 0. Next, we’ll show lim,, ﬁ Spe1 V(5 P(zho1) YV f(wp—1) —

%D2¢(a:k_1)v}§fl) = 0, we'll use the same trick as we did in the proof of theorem 5. We Taylor

expand Lo(zp—1) at (vp_2, vp—2):

WLP(xh—1) = Vi Ld(r—2) + Vi (V-1 = Yeo1) D*d(z-2)v %,
- 571371%—1<D2¢($k72)§ Vg—2, V f(Tr-2))
— (291 = 2% 1) Vk—2 - VO (Tk—2)
- U’Yl?(’yk—l — Y1)V f(zh—2) - Vo(x—2)
+ %’Yk 1D p(wr2) vy — 29777 o Dk —2) v,

— uyivi_ 1 (D*¢(xp—2); Vk—2, V f(Th—2))

+'7k<D ¢($k 2) \/,ljo-](gl)l k 172f Op_ 1U]£ )1>+0(7k 1)
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Since vp_1 — Y = o(’yé), we can change ;. on the left hand side to ;1 when we take limits with

scale Ff(fl). Apply theorem 9 with p =8, s =1 to terms with order o(7})-coefficients.

n

kaﬁqb Tp—1) = Z’yk 1Lo(z—2) 211m Z 1 Lo(xp—2)

ry) i
— 2lim 1“7(1{1) kzz 7135—1(%V¢(93k—2) Vf(@h—2) - %D2¢($k—2)vz§—22)
-3 D2 (x)v®?v(dx, dv) + u/ Vo(x) -V f(z)r(dr)
R2d Rd

1 n
+h TZ ]C 1 D ¢$k 2) \fak lUk(t )1,2f k‘ 1Uk )1>
n k=2

Since we proved ﬁ S h1 ViLd(zk—1) — 0 and from Theorem 5, we've shown that

R4

hm Z’Yk 1 d(xp—2); \fa,il)lUk 1,2f o 1 Uy )1) = 2u A¢p(z)m(dx).
We obtain

% Z V¢ Tp2) - Vf(rp_2) — %D%(iﬂk—z)v?i)
Iy’ 1=

l\?\»—\

1 n
! TZ kﬁéf’ T—1) (4) Z’Yk; 1 Lo(zp— 2)]
n k=2 n

Therefore, lim, oty 7, 2§V (1) -V f(ae-1) = D*0(m1)of) = 0.
To prove the Claim, we need to use the decomposition again:

n

S 2o(ano) = 3 { o) — dlan-1)] + (0 — 2981 - Volae-1)
3

k=1 =1
U 2 1
+ 5(7}3 - g’Y}%)Vf(ﬂﬂk—l) -Vo(rp—1) — 5(71?3 — 290)D*p(xp_1) v,
2u

®2
- D)V 4 SA(DP (o) v, V far-))

—6’YkD3¢(37k 1)'0 St 0(’713)} .
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Since {¢(xy,)} is tight and y,_1 — % = o(7}), we have ﬁ Y pe1 Vk(o(zk) — d(xk—1)) — 0. For the

terms with coefficients of order 7,%, we can apply theorem 9 with p = 8, s = 1. Then we obtain:

ol L u 1
lim G kZ_lvzw(mk_l) =lm ; M(LO(r) + 5 V(wr-1) - VS (wpo1) — 5 D*d(wp-1)vi?y)

—g xX) - x)mlaxr 2 xv®21/ X, av
5 | Vol)- Vi@n(da) + [ | Do) u(de.do)

_2u 2 () 222
3 /]Rd RdD d(x)2°pu(dz)m(dx)

= lim F(14) ; Y (Lp(xp—1) + gvﬁb(xk—l) Vf(r-1) — %D%(xk—l)vgﬁ

n
n

=0.

The second identity follows from integration by parts and Fubini theorem. The last identity follows

from the two statements we just proved. |
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CHAPTER 3

Heavy-tailed Sampling

The problem of sampling from a given target density 7 : R? — R arises in a wide variety of
problems in statistics, machine learning, operations research and applied mathematics. Markov
chain Monte Carlo (MCMC) algorithms are a popular class of algorithms for sampling [RC99,
ADFDJ03, HLW06, BGJM11, MT12, LM16, DMPS18|; a widely used approach in this domain
is to discretize an It6 diffusion that has the target as its stationary density. A popular choice of

diffusion is the overdamped Langevin diffusion,
(3.1) dX; = Vlogm(X;)dt + v/2dB;,

where B; is a d-dimensional Brownian motion. For example, the Unadjusted Langevin Algo-
rithm [RDF78], the Metropolis Adjusted Langevin Algorithm [RT96, RR98] and the proximal
sampler [TP18, LST21, VPD22| arise as different discretizations of (3.1). Under light-tailed as-
sumptions, i.e. when the density 7 has exponentially fast decaying tails, the diffusion X; in (3.1)
converges exponentially fast to 7 as its stationary density, which motivates the use of discretiza-
tions of (3.1) as practical algorithms for sampling. In the last decade, the non-asymptotic iteration
complexity of various discretizations have been well-explored, thereby providing a relatively com-

prehensive story of sampling from light-tailed densities.

Motivated by applications in robust statistics [KN04, JR07, Kam18], multiple comparison pro-
cedures [GBH04, GB09], Bayesian statistics [GJPS08, GLM18], and statistical machine learn-
ing [BZ17, NSR19, SZTG20, DKTZ20], in this chapter, we are interested in sampling from densities
that have heavy-tails, for example, those with tails that are polynomially decaying. When the tar-
get density 7 is heavy-tailed, the solution to (3.1) does not converge exponentially to its stationary

density in various metrics of interest. In the following sections, we first give an overview of related
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work. Then we introduce and analyze two new methods, the transformed Langevin Monte Carlo

and the It6 discretization, to sample from heavy-tail target densities.

3.1. Related Work

Non-asymptotic iteration complexity of different discretizations of (3.1) have been analyzed exten-
sively in the last decade. The analysis of the Unadjusted Langevin Algorithm (ULA) under various
light-tailed assumptions was carried out, for example, in [Dall7b, DM17, DK19, DMM19, LST20,
SL19, HBE20, CDWY20, DMM19, DKRD19, LE20, CDWY20, CEL"21] and references therein.
In particular, [VW19, EH21, CEL'21] analyzed the performance of ULA under various functional
inequalities suited to light-tailed densities. Furthermore, the recent work of [BCE™22] analyzed the
performance of (averaged) ULA for target densities that are only Hélder continuous, albeit in the

weaker Fisher information metric.

Several works, for example, [ DCWY19, CLAT21, WSC22|, analyzed the Metropolis-Adjusted Langevin
Algorithm (MALA) in light-tailed settings. The proximal sampler algorithm was analyzed under
various light-tailed assumptions in [LST21, CCSW22|. The iteration complexity of the widely used
Hamiltonian Monte Carlo algorithm and discretizations of underdamped Langevin diffusions were
analyzed, for example, in [DRD20b, BREZ20, CDWY20, MCC™*21, Mon21, CLW21, WW22, CV22].
We also refer interested readers to [LW22, DL21] for non-asymptotic analyses of other MCMC al-

gorithms used in practice in light-tailed settings.

In the context of heavy-tailed sampling, [Kam18] considered the scaling limits of appropriately mod-
ified Metropolis random walk in an asymptotic setting. [JG12] proposed a variable transformation
method in the context of Metropolis Random Walk algorithms. Here, the heavy-tailed density is
converted into a light-tailed one based on certain invertible transformations so that one can leverage
the rich literature on light-tailed sampling algorithms. Similar ideas were also examined recently
in [YER22]. It is also worth highlighting that [DBCD19, DGM20] and [BRZ19] used the trans-
formation approach for proving asymptotic exponential ergodicity of bouncy particle and zig-zag

samplers respectively, in the heavy-tailed setting. We also point out the recent works of [ADW21]

74



and [ALPW21] that establish similar sub-exponential ergodicity results for other sampling meth-
ods such as the piecewise deterministic Markov process Monte Carlo, independent Metropolis-
Hastings sampler and pseudo-marginal methods in the polynomially heavy-tailed setting. The
works of [SZTG20, HMW21] and [ZZ22] established exponential ergodicity results for diffusions
driven by a-stable processes with heavy-tailed densities as its equilibrium in the continuous-time
setting. However, the problem of obtaining convergence results for practical discretizations of these

diffusions is still largely open.

The literature on non-asymptotic oracle complexity analysis of heavy-tailed sampling is extremely
limited. [CDV09] considered the iteration complexity of Metropolis random walk algorithm for
sampling from s-concave distributions. [LWME19] analyzed a class of discretizations of general
It6 diffusions that admit heavy-tailed equilibrium densities. A detailed comparison to [LWME19]
is provided in Section 3.3.7. Recently, [MHFH"23] established non-asymptotic convergence guar-
antees for LMC(AKa ULA) and the Langevin diffusion (3.1) in Rényi divergence for sufficiently

smooth targets that satisfy a weak Poincaré inequality, including heavy-tail targets.

The recent works by [HKRC18, ZPFP20, CLGL"20b, AC21, Jia21, LTVW22] also considered
sampling based on discretizations of the Mirror Langevin diffusions. The above-mentioned works
mainly focus on sampling from constrained densities. The continuous-time convergence is analyzed
typically under the so-called mirror Poincaré inequalities which are generalizations of the Brascamp-
Lieb inequalities in a different direction compared to the Weighted Poincaré inequalities. The

discretization analysis by [LTVW22] is based on mean-squared analysis.

3.2. Transformed Langevin Monte Carlo

3.2.1. Motivations. Given a potential function f : R? — R, we consider the problem of

sampling from the density
(32) m(w) =27 eI,

where Z = [ e~ /") dz is an (unknown) normalization constant. When the target density  is heavy-
tailed, the solution to (3.1) is not exponentially ergodic, that is, the solution does not converge to the

stationary density rapidly. Indeed [RT96, Theorem 2.4] shows that if |V f(x)| — 0 when |z| — oo,
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then the solution to (3.1) is not exponentially ergodic. In the other direction, standard results in
the literature, for example [Wan06, BGL14| show that the solution to (3.1) being exponentially
ergodic is equivalent to the density 7 satisfying the Poincaré inequality, which requires 7 to have
exponentially decaying tails. Furthermore, [Wan06, Chapter 4] shows that when 7 has polynomially

decaying tails, the convergence is only sub-exponential or polynomial.

Turning to time-discretizations of (3.1), the Euler discretization or the Unadjusted Langevin Al-

gorithm (ULA) is given by

(3.3) Tpy1 = Tn — YV f(2n) + V 27 Un+1,

where (uy,) is a sequence of independent and identically distributed d-dimensional standard Gauss-
ian vectors and vy > 0 is a user-defined step size parameter. Over the past decade, non-asymptotic
oracle complexity analysis of ULA (and other related discretizations) have been studied intensively.
We refer to [Dall7b, DM17, DK19, DMM19, LST20, DCWY19, SL19, HBE20, CDWY20, CLA ™21,
WSC21] for the case when the potential f is strongly convex, [DMM19, DKRD19, CDWY20, Leh21]
when it is convex, and [CCAYT18, MCJ*19, MMS20] when it is non-convex. We also highlight
the works of [VW19], [EH20], [Ngu21] and [CEL*21] which analyzed ULA when 7 satisfies certain
functional inequalities. Specifically, [VW19] showed that when 7 satisfies a Logarithmic Sobolev
Inequality (LSI) and has Lipschitz-smooth gradients, ULA with a number of iterations of order
O(1/e€) generates a sample which is e-close to m with respect to KL-divergence. A necessary condi-
tion for 7 to satisfy the LSI condition is that it should have sub-Gaussian tails. Furthermore, [EH20]
considered densities that satisfy a modified LSI (m-LSI) inequality and showed that the number of
iterations becomes of order O(1/¢°), for some ¢ > 1 (which depends on certain smoothness condi-
tions). A typical example of a density that satisfies a m-LSI condition but not the LSI condition is
m(x) o< exp(—|z|). Thus, the result in [EH20] could also be viewed as an oracle complexity result
for ULA when sampling from sub-exponential densities. Recently [Ngu21] relaxed the conditions
required in [EH20] and provided similar results under the assumption that the target density satis-
fies a Poincaré inequality and dissipativity at the same time. Furthermore, [CEL"21] also presented
an analysis of ULA under the so-called Latala-Oleszkiewicz [LO00] inequality, that interpolates be-

tween the LSI and Poincaré inequality for the stronger Rényi metric and removes the dissipativity
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assumptions required in [EH20, Ngu21]. It is worth pointing out here that the proofs of [EH20]
and [CEL™21] are based on certain transformations of the target densities.

The above results, however, are not applicable to sampling from polynomially decaying heavy-tailed
densities like the multivariate t-distribution, whose density is of the form m(x) o (1 + \x!2)_d;4,

where k£ > 0 is the degrees-of-freedom parameter. Recently, some attempts have been made to

sample from such heavy-tailed densities by considering stable-driven SDEs of the form
(3.4) dX; = b(X;)dt + /2dZ,

where b is the drift term defined based on the Riesz potential, and Z; is an ¥-stable process with
9 € (1,2) [SZTG20, Siml17, HMW21]. Specifically [HMW21] established exponential ergodicity
of the solution of (3.4), under conditions that allow for much heavier tails than Brownian-driven
SDEs. The eventual hope is that discretizations of (3.4) might lead to algorithms with provable non-
asymptotic oracle complexity rates. However, it appears to be non-trivial to analyze discretization
of (3.4), especially if we are interested in tight non-asymptotic results, due to the difficulties in

dealing with the non-smoothness of drift term b.

In this section, we take an alternate approach for heavy-tailed sampling using ULA on a transformed
version of the target density. Such an approach was used by [JG12] in the context of Metropolis
Random Walk algorithm, which serves as our motivation. The key idea in this approach is to
construct smooth invertible maps (also called diffeomorphisms) h : R? — R? that transform the
heavy-tailed density m to an appropriately light-tailed density 7. Given such a map, one could
first sample from the light-tailed density 7, and subsequently obtain samples from the heavy-
tailed density 7 using the inverse map of h. It is also worth highlighting that [DBCD19, DGM20]
and [BRZ19] used the transformation approach for proving asymptotic exponential ergodicity of

bouncy particle and zig-zag samplers respectively, in the heavy-tailed setting.

There are several issues to overcome when using the above strategy in the context of ULA. First,
note that the constructed map h has to convert the heavy-tailed density 7 to a light-tailed density
7. In this process, however, the bulk of the density 7, might become non-smooth, if the map

is not constructed carefully. This non-smoothness could subsequently hinder the usage of ULA
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algorithm to sample from 7. Second, the constants involved (for example, the LSI or m-LSI
constant) in the light-tailed density 7, might start to depend exponentially on the dimension after
transformation. This again hinders the efficiency of the ULA when sampling from 7. Furthermore,
the transformation map needs to be efficiently computable. In this work, we propose a family of
carefully constructed transformations that overcome the above issues and present non-asymptotic

results for sampling from a class of heavy-tailed densities.

3.2.2. Organizations. The rest of the section is organized as follows. In Section 3.2.3 we
introduce the notation and preliminary background material used in the rest of the section. In
Section 3.2.4, we introduce our transformation map, highlight key properties and present the Trans-
formed Unadjusted Langevin Algorithm (TULA) algorithm. We also discuss a warm-up example
regarding exponentially tailed densities, and provide an interpretation of the transformed diffusion
as a special case of Ito diffusions. In Section 3.2.5, we present non-asymptotic oracle complexity
results for TULA under various assumptions on the potential function that characterize the level of
heavy-tails allowed. In Section 3.2.6, we discuss the relationship between our assumptions on the
heavy-tails used in Section 3.2.5 and non-local Dirichlet form based functional inequalities (aris-
ing in the equilibrium analysis of stable-driven diffusions). Illustrative examples are provided in

Section 3.2.7.

3.2.3. Notations and Preliminaries. For a vector a € R?, we represent the Euclidean norm
by |a|. For a mapping h : R¢ — R?, we denote the Jacobian matrix by VA € R?*?, In the case
when h : R - R, Vh € R? denotes the gradient vector and Ah = V - VI denotes the Laplacian.
For a function h : R — R, we simply denote its first, second and third order derivatives by A/,
R and B’ respectively. For a matrix A, we denote its determinant and operator norm by det(A)
and || A respectively. For two symmetric matrices A, B, the relation A < B refers to the fact that
B — A is positive semi-definite. The class of function C*(Q) refers to those functions that have
k-times continuously differentiable derivatives on the domain . For a function ¢, ||¢|| refers to

the sup-norm.

We also require the following definitions used in the rest of the section. Let v and p be two

probability densities with full support on R%. Then, for a convex function ® : R — R such that

78



®(1) =0, the ®-divergence of v from p is defined as

Do) = [ @ (45 ) ey

When the function is given by ®(t) = tlog(t), we obtain the Kullback-Leibler (KL) divergence of v

with respect to u, given by

H,(v) = /Rd log M<m)u(a:)dm.

Our complexity results later will be provided in terms of KL-divergence. The Relative Fisher

Information of v with respect to u is given by

I,(v) = /Rd Vi

The Rényi divergence of order g > 1 is defined as

nao= v [ (G2) ).

Note that when ¢ — 1, we have Ry(v|u) approaching H,(v).

v(z)

v(x)
8 ()

2
v(z)dr.

We now introduce additional technical details required for discussing functional inequalities; rigor-
ous expositions could be found in [Wan06, BGL14]. Let (2, F, 1) be a probability space and let
L denote a linear operator (infinitesimal generator) that is self-adjoint with domain D(L) which
generates a Markov semi-group P, on L?(u1). The carré de champ operator associated to the in-
finitesimal generator £ is given by the bilinear map I'(¢1, ¢p2) = 1/2[L(p1d2) — d1Lpa — P2 L],
for all ¢1,¢2 defined in a subspace of D(L) which is an algebra. We call the collection of the
measure  on a state space (Rd, B(Rd)) and a carré de champ operator I' a Markov triple, denoted
as (R%, u,T). Tt is well-known that the Dirichlet form associated with a Markov semi-group P is
then given by &(¢1,¢2) = [T'(¢1,¢2)dp. By a standard integration-by-parts argument, we also
have that E(¢1,d2) = — [ ¢p1Lpa. We use the convention E(¢) to denote E(¢, ). The Dirichlet
domain D(£) is defined as D(&) = {¢ € L* (1) : E(¢) < oo},

In the case of Brownian driven diffusions as in (3.1), the generator £ is defined based on the

Laplacian operator A, which is a local operator. Correspondingly, the Dirichlet form is given by
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= [|Vé(z)*u(x)dz, for all ¢ € D(E). Based on this, we will introduce functional inequalities
below. A probability density p is said to satisfy Poincaré Inequality (PI) with constant Cp, denoted
as pu ~ P(Cp) if for all functions ¢ € D(E), we have

o0 vano) = [ (o0~ ([, ¢(w)u(:r)dw>>2 ua)ds < o [ Vo) Pute)ds = Cre (o).

Similarly, a probability density u satisfies a Logarithmic Sobolev inequality (LSI) with constant
Crs1 denoted as pu ~ LS(Crgp) if for all functions ¢ € D(E), we have

(LSI)
2 f2(37) 2 _
Ent,(f f ) log p(z)dr < 2Crs1 |V f(x)|*u(x)dx = 2CLs1E(P).
fle () p(z)dx Rd
An equivalent form of LSI is that for all probability densities p(x), we have
CLsi
Hyu(p) < —5 Lulp (p)-

We refer the reader to [BGL14, Chapter 5] for the derivation of the equivalence. A probability
density p(z) satisfies a modified Log-Sobolev Inequality (m-LSI) if for all probability measure p(z)
and all s > 2, there is § € [0,1/2) (depending on s) such that

(m-LSI) Hu(p) < ChfI—LSIIu(P)l_(SMs(P + M)5~

where My(p) = [pa(1 + |2[>)*/%p(x)dzx. This version of m-LSI was introduced by [EH20] (also
see [CEL+21]), motivated by a related definition from [TVO00]. It is important to notice that the
above version of m-LSI does not contain the Poincaré inequality as a special case, i.e., there exists
densities that satisfy the above m-LSI inequality but not Poincaré inequality and vice versa. There
exists other modifications to the LSI including the Beckner or Nash inequality [BGL14, Chapter 7]
and the Latala-Oleszkiewicz [LO00] refinement to it, that interpolate between the LSI and Poincaré

inequalities.

The above discussion is focused on Brownian driven SDEs. It turns out that the above class of
functional inequalities are suitable for characterizing light-tailed densities (i.e., tails that decay ex-

ponentially fast). In the case of ¥-stable driven diffusions as in (3.4), the generator is defined based
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on the non-local fractional Laplacian operator (— A)fg; see, for example, [Kwal7]|. Correspond-

ingly, in Section 3.2.6, we present more general functional inequalities based on non-local Dirichlet
forms that are suitable for characterizing heavy-tailed densities and discuss the connection between

our assumptions and such functional inequalities.

3.2.4. The Transformed Unadjusted Langevin Algorithm.
3.2.4.1. Transformation Map. We start this section by stating the following important property

satisfied by smooth invertible transformation maps h : R — R,

DEFINITION 1 (Transformed density functions). For a probability density p(x) with full support
in R?, its transformed density function under a smooth invertible transformation map (or a diffeo-

morphism) & is given by u(x) = u(h(z)) det(Vh(z)) for all z € RY.

If a random vector X has density p, then we denote the density of the random vector Y = h~!(X),
denoted as uy, as the transformed density of u. Note that in particular if X admits density 7 of

the form in (3.2), then Y = h=(X) is distributed with density
(3:5) mh(y) = Z"'e MY with - fi(y) = f(h(y)) — logdet(Vh(y)),

being referred to as the transformed potential. In what follows, we assume that the potential func-
tion is isotropic. We emphasize that this assumptions is made for the sake of technical convenience
— it is possible to relax this assumption to certain mild regularity conditions on the density, at the

expense of having a more cluttered exposition.

AssumMPTION AQ. The initial potential function f is isotropic, i.e f(z) = f(Jz|) and f: R — R is

twice continuously differentiable.

Since f is isotropic under Assumption AO, we may consider f to be a function defined on R, as
well. In the later context, we use f(|z|) when we consider f defined on R, and we use f(x) when
it is defined on R?. Similarly, when we use f’(|z|), f”(|=|) and so on, to represent the derivatives,

we consider f to be a function defined on Ry.
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We now describe the construction of our specific transformation map. Our proposal is motivated by
the work of [JG12], who constructed similar maps to show exponential ergodicity of the Metropolis
Random Walk (MRW) algorithm. It turns out that a direct application of their construction to
analyze Langevin diffusions and their discretization, leads to worse dimensionality dependencies in
the non-asymptotic oracle complexities. Indeed, this is expected as [JG12] predominantly focused
on establishing asymptotic results. In order to proceed, we first define functions g : R — R which
correspond to the first part of the transformation map construction. Specifically, g is defined based
on initial function g;, as
gin(r), r< b_%,

(36) o=1"" 1
el r>b 7.

where 8 € (1,2]. The initial function g, : [0, bié) — [0, e) satisfies the following assumption.

1
AssumMPTION G1. The initial function g;, : [0, #) — [0, e) is onto, monotone increasing and twice

continuously differentiable. Furthermore, it satisfies,

gin(0) =0 fim [ in(M)gin(r)| _
7‘—)0+ T ’
lim gin(T) =€, A log gl (1)
r—b P lim |42 2 o,
r—04 T
lim gin (1) = BbFe, 4 Jog %in(r)
r—b_P liI(I)l dr 2 r | < oo,
r—04 T
1 " 2 _ b%
1m gzn(r) — (2B ﬂ) €, 2 . ( )
y P lim |— log ginl < 00
r—b_ r—04 |dr? r ’
3
lim gin(r) = (58° — 66° + 26)b7e, N
o r1_1>%1+ a2 log gi, (1) | < oo.

We now show that if g;,, satisfies Assumption G1, then ¢ is three times continuously differentiable

and invertible on R.

LEMMA 3.2.1. For the function g defined in (3.6), if gin satisfies Assumption G1, then we have

(1) g € €*((0,00)),
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(2) g is onto, strictly monotonically increasing, and hence invertible.

The proof of Lemma 3.2.1 is provided in Section 3.2.8.1. We now show that under Assumption G1,
the ®-divergence is preserved after transformation. This property is important to eventually provide

our convergence results for sampling.

PROPOSITION 6. Let h : R? — R? be a transformation map satisfying Assumption G1. For any
two probability densities v and p with full support on R%, let v, and jup, be the two transformed

densities under the map h. Then the ®-divergence is preserved after transformation, i.e., we have
(3.7) Dg(v|p) = Do (vn|pn)-

PrROOF: We start from the right side of (3.7):

_ v (y) _ v(h(y)) det(Vh(y)) o
Dotwnlyn) = [ @ (220 sty = [ o (LRI () den(Thio)ay

— /Rd ® <Z§3> p(z)dr = Do (v|p).

The second identity follows by the change of variable © = h(y) and noting det(Vh(y)) > 0 un-

der Assumption G1. |

With the properties of g introduced in Lemma 3.2.1, we can then further define the isotropic

transformations h : R — RY:

(3.8) ha) =4 1l

We call the map y — = = h(y) to be the transformation map, which is isotropic. Furthermore, h
is also three times continuously differentiable and invertible on R? and its inverse is
1 T
g (2= =#0,
h_l(l’) — ’1"
0 x = 0.

Therefore, we can define the inverse transformation map = + y = h=1(z).

83



Algorithm 1: Transformed Unadjusted Langevin Algorithm (TULA)

Input : Step size v and a sample yg from a starting density pg
Output: Sequence x1,xa, -
for n=0,1,--- do
T, = h(yn) > apply the inverse transformation ;
Ynt1 ~ N(Yn — YV fr(yn), 271a) > generate samples ;
end

3.2.4.2. Transformed Langevin Diffusion and its discretization. With the transformed density

defined in (3.5), the transformed overdamped Langevin diffusion is given by
(3.9) dY; = =V fir(Yy)dt + V2dW;.

We denote the density of Y; by p, for all t > 0. The stationary density function for the diffusion given
by (3.9) is 7y, as defined in (3.5). We can apply Euler discretization to the transformed overdamped

Langevin diffusion in (3.9) and generate a Markov chain (y,),>1 via the recursion,

(3'10) Yn+1 = Yn — 'Yn—i—lvfh(yn) + mun—kl

where (uy,) is a sequence of independent and identically distributed d-dimensional standard Gauss-
ian vectors and v > 0 is the fixed step size. The Transformed Unadjusted Langevin algorithm

(TULA) in order to generate samples from a heavy-tailed density 7 is given in Algorithm 1.

We use v, to denote the density of the nth iterate z,, and 7, to denote the stationary density of
(n)n>1. Since the step-size v in Algorithm 1 is a constant, there is a bias between ., and 7. For
arbitrary accuracy € > 0, by choosing small enough step-size v and large enough number of iterations

n, we can bound the distance between v, and 7 by € in terms of KL or Rényi divergence.

A Warm-up Example: Although our main motivation is to sample from densities that have
polynomially decaying tails, in this subsection, we provide a warm-up example on sampling from a
density that has exponentially decaying tails (see (3.12) for the definition of the potential function)

and does not satisfy LSI, by transforming it to satisfy LSI. Towards that goal, we consider the
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transformation map in (3.8) with the function g defined as

(3.11) g(r) =

where R > 0 is a constant, with
5 3r2 293
gm(r) = dRreXp <—6 + 5@ - 3_R3> .

The above form for g is motivated by [JG12, Equation 15], where they constructed transformation
maps to transform densities that are sub-exponential to sub-Gaussian. We also point out that
we consider the form of g in (3.11) only for this section, and it should not be confused with the
general form (3.6) considered in the rest of the section. By an argument similar to the proof of
Lemma 3.2.1, it could be shown that the transformation map defined with g as in (3.11) is a

diffeomorphism.

Now, consider the potential function defined in a piece-wise manner as

(3.12)
1

(L+]af)? + Sdlog Jel, 2] > B,

/(@) =

_ 1 || _ d
(1+d?g;, (|27 + (d ~1)In (e Tl 9in(95n (12])) = 5 logd =2, |z| € [0, R].
n
The corresponding probability density induced by the potential f above has a lighter tail than the
one with potential |z|. But it has a heavier tail than densities with potentials |z|? for any o > 1.

For the above potential f, the transformed potential is given by

N

fu(z) =1+ d2\3:|4)% — —logd —log2.

The LSI constant of the density induced by f; can be studied via the Holley-Stroock Theorem
(see Theorem 15). We can write

1 d
— —logd —log2

fu(x) = d|z|® +
dz2 + (1 + d2[z[4)z 2

= d|z)? — glogd —log 2 + Osc(z),
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where Osc(z) := ————1—— and is uniformly bounded by 1. Meanwhile the density correspond-

 de2+(1+d?]al4)2

ing to the potential function e~dlel® 4 g log d+log 2 satisfies LSI with constant 1/2d. Therefore e~/»
satisfies LSI with constant Cj, 1,51 = e/2d. On the other hand, f,(x) also has Lipschitz gradients
with constant Ly = O(d). Hence, according to [VW19] and Proposition 6, the iteration complexity
of TULA for sampling from a density with potential f as in (3.12) is of order O(d/e) where € is the
error tolerance in KL-divergence. This is to be contrasted with [CELT21, Examples 9 and 11] on
using ULA to sample from densities with potentials of the from |z|¢ for p € [1,2]. Specifically, we
note that TULA has better oracle complexity as long as p € (1,2].

3.2.4.3. Transformed Langevin Diffusions as Ité diffusions. It is worth noting that the trans-

formed diffusion process in (3.9) could also be interpreted in terms of an It6 diffusion. Specifically,

by a direct calculation, the stochastic process X; = h(Y;) has the form
(313) dX; = b(Xt)dt + U(Xt)th,
with o(z) == v2(Vh)(h~!(x)) and

b(x) = —(VAT) (W™ ())(Vh)(h™ (@) V f(x) + (VAT) (A~ (2))(V log det Vh) (™" (z))

+ (A h)(h™H(2)),

where A - h(-) € R? and is defined co-ordinate wise as (A - h(z)); = Ah;(z) for all i € {1,--- ,d}

and z € R?. Furthermore, we can actually show that

) = gy (Vi (@)o () o)),

d 8(.02',]' (x)

where (V, ) is the divergence operator for matrix-valued function, i.e (V,w(z)); = >, 9%,

for w : R% — RIxd,

The above form of b(x) follows by noting that from the form of m(x) in (3.2), we have

1
27 (x)

(V. r(@) (@) o(2)) = (9,07 (@) () — 507 (@)o()V(2)

= —(VAT)(h™ (@) (VR) (W™ (2))V f(2) + %W, ol (x)o(x)).
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Meanwhile from (3.8), based on elementary algebraic manipulations, we obtain that
! ] o9~ (12])’ R
(V0T )0t = |20/ 1) + (@ 1) S P L
2 |z g7 (Jz])?

. 1)) = 1" (0~ Y|z _ g/(gil(’x‘))_ _ || €z
@Bt @) = |t ol + (@~ VP LD a oy L)

and

(VRT) (WY (z))(V1ogdet VR) (A~ (x))

S ()
l )

x|

141
— {g”(gl(kc])) 4 (d— 1) g (g (|1“’)):| z

This highlights the fact that transformations provide a way of constructing the drift and diffusion
terms in the It6 diffusion that take into account the heavy-tailed nature of the target density.
However, it turns out that the results on the analysis of discretizations of It6 diffusion from [EMS18,
LWME19], which are in the Wasserstein metric, are not applicable to the class of It6 diffusion of
the form above; indeed the stronger Wasserstein contraction conditions made in those works are
not satisfied by the above class of It6 diffusions. We leave a detailed investigation of analysis of

discretizations of It6 diffusion above, in stronger KL or Rényi metrics, as future work.

3.2.5. Convergence Results. In this section, we will impose assumptions on the potential
function f under which we show exponential ergodicity of the transformed Langevin diffusion and
convergence results for Algorithm 1.

3.2.5.1. Conwvergence along the transformed Langevin diffusions. We first state convergence re-
sults for the continuous time Langevin diffusion under various curvature-related assumptions on

the potential function.

AssumpTION Al. (Dissipativity) There exists A, B, Ny > 0, € [1, 2] such that for all |z| > Nj:
F ()’ (j))|z| = bBdlz|” + (d - 8) > Alz|* - B,

where ¢ (r) = e’ for all r > bR,

87



Assumption Al is imposed to guarantee that the transformed potential function satisfies the dissi-

pativity condition. We next recall the dissipativity condition for completeness.

ASSUMPTION B1. (ap-dissipativity) We say that the transformed potential function f;, : R — R
satisfies the ay-dissipativity condition with «j € [1,2] if there exists A, By, > 0 such that for all

x € R

(Vfn(z),z) > Ap|x|*" — By,

If the transformed potential function satisfies the «y-dissipativity condition with «p = 1, then
the corresponding transformed density 7, satisfies a Poincaré inequality with certain constant Cj, p

depending on the potential function. Then, similar to [VW19], we obtain the following result.

THEOREM 10. Assume the initial potential function f satisfies Assumption A0 and Assumption Al

with a = 1. Then, the transformed density m;, with 5 = 1 and b > satisfies a Poincaré

T
8(d—1)
inequality with a constant C, p depending on f. Therefore along the transformed Langevin diffusion

(3.9), we have for ¢ > 2 that

QCh’pt

Ry(polmn) — if Ry(polmn) > 1 as long as Ry(pe|mn) > 1,
Ry(pilmn) <4
_ 2Ch,pt

¢ 0 Rylpolma) i Ry(polmy) < 1.

AssumMPTION A2. (Degenerate convexity) There exists u, No > 0,6 > 0 such that for all |z| > Na:

£ @) el)lal™ = bBdlal” ™ + (d = B)lal* > g,

D) () + ()9 (2]) — 088 — Do~ — (d— Blaf 2 > —
(1+ gz
where 1(r) = "’ for all r > b7,

Assumption A2 is imposed to guarantee the transformed potential function is degenerately convex

at infinity. We now recall the definition of degenerate convexity at infinity from [EH20).
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AssuMPTION B2. (Degenerate convexity at infinity) We say that the transformed potential function
fn : R — R is degenerately convex at infinity if there exist a function gZ :R? — R such that for a

constant &, > 0
Hfh - QEH <&,
(o)
where f satisfies,

27 . Hh
VI G

for some pp > 0 and 6, > 0.

The degenerate convexity at infinity condition is weaker than the strong convexity at infinity. If
a potential function satisfies degenerate convexity at infinity, then the corresponding probability

measure satisfies m-LSI. Similar to [TV00], we obtain the following result.

THEOREM 11. Assume the initial potential function f satisfies Assumption A0 and Assumption A2.
Then the transformed density 7, satisfies a modified Logarithmic Sobolev Inequality with a uniform
constant ¢ (see (m-LSI)) and constant Cj,y.1.s1 depending on f. Therefore along the transformed

Langevin diffusion (3.9), we have

where the constant C' depends on the potential f and the transformation h and ¢ = (1 — 24)/4.

REMARK 11. Note that the above rate is faster than any polynomial but not truly exponential.
While the above rate could be made exponential with additional assumptions on the tail and/or

assumptions on the initial distribution, we do not present such modifications here.

ASSUMPTION A3. (Strong convexity at infinity) There exists N3, p > 0 such that for all |z| > Nj:

£ (2))' (J2]) ]~ = bBd|a|® 2 + (d = B)|«| 7 > p,

P @) () + F ()" (1)) = B(8 — Ddlal’ 2 — (d = B)|z| > > p,
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where 9(r) = "’ for all r > bR,

Assumption A3 is imposed to guarantee that the transformed potential function is strongly con-
vex with parameter p; at infinity. The property that a potential function is strongly convex at
infinity implies that the corresponding probability measure satisfies a LSI with a certain parameter

depending on the potential function and the transformation map.

THEOREM 12. Assume the initial potential function f satisfies Assumption A0 and Assumption A3,
then the transformed density 7, satisfies a logarithmic Sobolev inequality with a constant Cj, rs1

depending on f. Therefore along the transformed Langevin diffusion (3.9), we have
Ha, (pr) < e 2CRIS U, (py).

3.2.5.2. Conwvergence along TULA. In this section, we state two types of convergence results for
Algorithm 1, based on Proposition 6 and [VW19, CEL"21]. While the works of [VW19, CEL*21]
provide results only for exponentially decaying densities, our results below are applicable for
polynomially-decaying densities based on the constructed transformation maps. To proceed, we

first list smoothness conditions on the potential function f.

AssumMPTION A4. (Gradient Lipschitz) There exists N4, L > 0 such that for all |z| > Na:

F @z ()|~ — bBd|z|°~2 + (d — B)|x| 2 < L,
F @) (12))? + f @ (l2))e" (|2]) — b8(8 — 1)d|z|P~2 — (d — B)|z| > < L

where 1(r) = e’ for all r > bR

Assumption A4 is imposed to guarantee that the transformed potential function has Lipschitz
gradients with parameter Lj. Such smoothness conditions on the potential function are required to
study the discrete Markov chain generated in the unadjusted Langevin algorithm. We also remark
that it is possible to relax the Lipschitz gradient assumption to certain weak-smooth conditions

on the gradient; we do not pursue such extensions in this work. While Theorem 11 holds under
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m-LSI, to get the corresponding result for Algorithm 1, we also require the following additional

tail-conditions.

AssuMPTION A5. (Tail assumption) For some m > 0, a; € [0, 1] and N5 > 0, there exists a positive

constant C%,,, such that for all A > N5,

1 220 (- (10)")

*
C'TA IL

where ¥(r) = e for all r > bR,

AssumPTION B5. For some mj, > 0 and oy, 1 € [0, 1], there exists a positive constant Cj, ray, such

that for all A > 0,

]+ 2+ 3} < 20w = (6 ))

Ch,TAlL

THEOREM 13. In addition to the assumptions in Theorem 11, assume that the initial potential f
is such that Vf,(0) = 0, and it satisfies Assumption A4 and Assumption A5. Furthermore, let
e Y mp, Chorst, Choraw, L, Ro(pol#n) > 1 (7, is as defined in (3.52) with R = 2 [pa |x|mh(x)da

and 4 = (3072n7)~ 1), and my,, Ch,ram, Ra(po|m) < 4o, Then, Algorithm 1 with an step size

0
~ Lo,
v=0 ¢ X min ¢ 1, 1 d (RQq(VO‘W) ) 5

dC}ZL,I\'I—LSICgTAILL%LRQq(Vo‘ﬂ-)e/ah’l qe’ mh "Ry (pU‘ﬁh) 7 mp

satisfies Ry(vy|m) <€, for all ¢ > 2 after

~ dRQQ(V0|7T>26/ah’1Cﬁ,l\l-LSIC}%?TAILLin mp, Ra (P()Vrh)l/Q ( mp >0
n=0 max< 1,6, —, ,
€ d d RQQ(VOIT()l/O‘h,l

iterations, for some 6 € [0, 1] (depending on the parameter ¢ in (m-LSI)). Explicit form of Cj 181
is the constant A in (3.42) and my, Ch ram, Li, are given in (3.51),(3.50), (3.36) respectively. The

(:)() notation hides polylogarithmic factors as well as constants depending on 6, q.
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REMARK 12. In order to obtain a direct quantitative bound, it is important to obtain a control of
Rs(poln) and Rag(vp|m). We refer to [CEL121, Section A] for a proof that the conditions required

on Ry(po|7p) is satisfied, and for obtaining a control on the term R, (vp|m).

THEOREM 14. In addition to the assumptions in Theorem 12, assume that f satisfies Assump-

tion A4. Then Algorithm 1, for any yo ~ po with Hy, (po) < oo, and with step size

1 €
PP R AN
= 2L%Ch,LSI i 4d

satisfies Hr(vy,) < €, for any € > 0 after

- (C, 2H,
- < BLST 1o h(Po)>
2y €

iterations. Explicit forms of Cj, 1,51 and Ly, are given in (3.35) and (3.36).

REMARK 13. As argued in [VW19], if we let pp to be a Gaussian distribution with mean being any
stationary point of f; and covariance matrix being (1/Ly)Iy, then Hy, (po) = O(d). Furthermore,
we also remark that similar convergence results in the stronger Rényi metric, for all ¢ > 4 holds

via [CEL*21, Theorem 4].

REMARK 14. We leave a detailed study of obtaining convergence results for the underdamped

Langevin dynamics and its discretization as future work.

3.2.6. Relation with Poincaré Inequalities based on Non-local Dirichlet Forms. We
now discuss the relationship between our assumptions on the potential function and functional in-
equalities like super and weak Poincaré inequalities that arise in characterizing the heavy-tailed sta-
tionary distributions of certain ¥-stable driven diffusions [RW01, RW03, CGGR10, Wan14, WW15,
HMW21]. Recall from Section 3.2.3 that the Dirichlet form associated with Langevin diffusion
in (3.1) is of the form £(¢) = [ |V¢(x)|?u(x)dz. However, in the case of ¥-stable driven diffusions
the corresponding non-local Dirichlet form is given by

z) — 2
(3.14) e0) = [ LG danan)
{z#y}

92



for all functions in the Dirichlet domain D(E); see for example [Wan14]. We now introduce similar

functional inequalities that are associated with stable-driven diffusions.

DEFINITION 2 (Poincaré-type Inequalities). A Markov triple (R?, 1, T") (with p a probability mea-

sure), with the Dirichlet form as in (3.14) is said to satisfy

e a Poincaré inequality if there exists a consatnt C' > 0 such that for any function ¢ : R — R

in the Dirichlet domain D(E),

Var,(¢) < CE(9),

e a weak Poincaré inequality if there exists a function « : (0,00) — Ry such that for any

function ¢ : R? — R in the Dirichlet domain D(£) and r > 0,

Var,(¢) < a(r)€(e) +r [l .

e a super Poincaré inequality if there exists non-increasing function g : (0,00) — R4 such

that for any function ¢ : R — R in the Dirichlet domain D(&) and r > 0,

1(6%) < rE(9) + B(r)u(|o))?,

where (@) = [pa o(@)p(dz) for all ¢ € L*(p).

In the following, we will discuss the relation between Assumption Al, Assumption A3, and As-
sumption A2, and the Poincaré-type inequalities above. In what follows, the terms «(r) and 3(r)

are defined as

(3.15)

1
= inf . —f(=) —f(y)d du < 2
a(r) = inf { info g <al(e/@ + T W) [g — y[~(@H0)] //m—y|>s e e Wdzdy <r/2

(3.16) B(r) = inf {

t,s>0

2p(w) 2 }
—————+ B(tAs): ——————— +s<r;,
inf|,>; w(w) i ) inf|g>; w(w)
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where for any ¢ > 0, we have

o (suppy<or )P w (supp <o e 2))
fils) = I i : ; <s,.
u>0 Ud(mf\zlgt ef(z)) (mf\z|§t ef(z))

The function w will depend on the properties of the potential f.

PRroOPOSITION 7. If the original potential satisfies Assumption Al with parameters «a, A, B, then
(1) Ifa > Bora=B,9 < AB~'b~!, the original density function satisfies the super Poincaré
inequality with

C | aa=s B 1ogh ™
w(z) = QCTW “ %8

1 B
D710 75 (|a]),
for some positive constant C.

(2) If o = 8,9 > AB~'b~1, the original density function satisfies the weak Poincaré inequality.

ProrosiTION 8. If the original potential satisfies Assumption A2 with parameters u, 6, then

() If<2—PBorh=2—p19< uB b, the original density function satisfies the super

Poincaré inequality with w(z) defined as

¢ (1—9)’1(2—9)’1@_%log%_l(lx\)ﬂ—(dw) 428
a9 @] log™ 7 (|z]), 6<2-5,
wiz) = o 2
20 260, s
Z(g-ﬁ‘x’b B log B (lz)—v log_T(\xD, 0 =2 —,3,19 < Mﬁ_lb_l.

where C' is some positive constant.

(2) If0=2—p5,9>pB ! or § > 2 — f3, the original density function satisfies the weak

Poincaré inequality.

1
—inf . =@ =W gudy < r/2 % .
o {info<x_y|<s[<ef<m>+ef<y>>rx—yr—<d+ﬂ>1 [ e st < e

ProprosiTION 9. If the original potential function satisfies Assumption A3 with parameter p, then
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(1) Ifge(l,2)or f=2,9< % pb~1, the original density function satisfies the super Poincaré
inequality with

_2 2_
¢ %pb B logh

1 _ _d=B
) = 5regl7] (D=2 1og ™5 |al),

for some positive constant C'.
(2) Ifp=29= %pb‘l, d = 1,2, the original density function satisfies the Poincaré inequality.

(3) If p=2,09= %pb‘l, d>3orf=29> %pb‘l, the original density function satisfies the

weak Poincaré inequality.

REMARK 15. For the example of multivariate t-distribution, it is shown later in Lemma 3.2.3, that
it satisfies Assumption A3 with § = 2, a = 2, A = 2bk, B > 0 and arbitrary p € (0,2bk). Therefore
when k > 9, it falls into the class of densities described by the super Poincaré inequality. When
0 < k < 9, it falls into the class of densities described by the weak Poincaré inequality. This
classification of the multivariate t-distributions with different degrees of freedom coincides with

[WW15, Corollary 1.2].

REMARK 16. For the multivariate ¢t-distribution with degrees of freedom x, we show later in Lemma
3.2.3 that it satisfies Assumption A2 with arbitrary p € (0,bk38(8 — 1)) and § = 2 — 5. When
¥ < k(B — 1), we can show that multivariate t-distribution with x degrees of freedom satisfies the

super Poincaré inequality which agrees with the results in [Wanl14] and our Remark 15 above.

3.2.7. Illustrative Examples. In this section, we introduce a specific transformation map

h defined by (3.6) and (3.8) with 8 = 2 and g;;, defined by the following equation. For all r <
-

S

10 15 6 47
(3.17) Gin(r) = 702 exp (br2 — gb%r?’ + Zb2r4 - gb%r5 + 60) .

Using the above transformation map, we analyze the oracle complexity of TULA for sampling from

the multivariate t-distribution and related densities.
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3.2.7.1. Fxample 1. The density and potential function of the multivariate ¢-distribution are

respectively given by

_d—l—li
2

_d+k
2 )

(3.18) (@) o (14 [a]?) f(z) log(1 + |z[*),

where k is the degrees of freedom parameter. We first show that the above g;, satisfies Assump-

tion G1 and hence the corresponding h is a diffeomorphism.

LEMMA 3.2.2. With g, defined in (3.17), B =2 and f(z) = = log(1 + |z|?), g defined in (3.6)

satisfies Assumption G1.

Next, we show that the potential function of the multivariate ¢-distribution satisfies the assumptions

we introduced in Section 3.2.5.

LEMMA 3.2.3. We have for the following for the potential function f(x) in (3.18):
(1) f(x) is isotropic and f € C*(RY);
(2) f satisfies Assumption A4 with some Ny >0 and L = 2&1)%@'
(3) f satisfies Assumption A1 with o = 3, A = kb3 and some B > 0,N; > 0.

(4) f satisfies Assumption A2 with arbitrary p € (0, kbB(B —1)), 6 =2 — [ and some Ny > 0.

Hence, we can apply Theorem 14 with n = O(L,QZCiLSId/e), where Cj, 1,51 and Ly, are two constants
that depend on f as introduced in (3.35) and (3.36). However, the dependence of C}, 1,51 and
Ly, on f would affect the order of n significantly, especially in terms of the dimension parameter.
Specifically, after explicitly calculating the constants Cj 151 and Ly, the mixing time of TULA
in KL-divergence with error tolerance e is of order n = O(exp(2d)d?t'e~1). A detailed proof of
Lemma 3.2.3 and the calculation for order estimation of the mixing time n are given in Sections

3.2.8.6 and 3.2.8.7 respectively.

Despite the above result for the multivariate ¢t-distribution, we next demonstrate through several

examples that as long as the tail becomes slightly lighter, we get linear dependency on both the
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dimension parameter and inverse of the target accuracy parameter. In the next several examples, we
use the following result form [CW97] to calculate the LSI constant. Furthermore, following a similar
argument in the proof of Lemma 3.2.3, one can show that the potentials satisfy the assumptions
required by Theorem 14. However, for simplicity, we directly calculate the LSI constants of the

transformed potential and use the result from [VW19].

COROLLARY 1. [Simplified version of [CW97, Corollary 1.4]] For the Langevin diffusion process
with generator £ = —Vf-V + A, let As(z) be the largest eigenvalue of the matrix V2 f(z) and let
B(r) = inf|y > {=Ap(2)}. If sup,>g B(r) > 0, then the stationary measure to this Langevin diffusion

satisfies LSI with constant 2/a(L) such that

2 a
a(L) > — exp (1 —/ rﬁ(r)dr) > 0,
where ag > 0 is the unique solution to the equation [’ 5(r)dr = 2/a.

3.2.7.2. FExample 2. The next potential function f we consider is given by

d—+ d+ _
S log(1 +[a[*) — = log(1 + la| ) + (vsd + 1) log log ||
1
+ (’Uf + 2) dlog(1 + 2b(log |z|)™1) |z| > e,

d 1 1
f(x) =14 (d—1)log|z| + B loggi;l(|x!)2 + (2 + Uf) dlog <1 + 29m1(|a:|)2>

— (d—1)log g, (|]) + log g7, (g5, ) (|]) + vsd log b

1
+|:<2—|—Uf>d—1:| log 2, 0<|z| <e.

where vy € (—3,12). With the transformation h defined by (3.6), (3.8) and (3.17) and b = %, the

transformed potential is

d 1 1 1
fn(x) = 5|:L=|2 + (2 +Uf> dlog <1 + 2\:U|2> +vrdlogb + [(2 —I—Uf) d— 1} log2, VzeRe
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We can find the LSI constant of the transformed density 7, o< e~ /n(®) by [CW97, Corollary 1.4].
First, note that the two eigenvalues of V2, () are

)\1(1’) =d

1 1
14+ (=+vp) —=—|, and Jo(z)=d
<2 Uf) 1+§\x|2] " *()

We now consider the following cases.

1+(1+ > L gfal”
—tup | —F—|.
2 (1+ 3lz[?)?

(a) When vy = —1: \(2) =

X2(z) = d. The LSI constant Cj, 1,51 = %.

(b) When vy € (—%,22), Xo(2) < Ai(z) for all z € R%. Therefore

1 1
P—s(w+g>yt 0<r<WVe,

(r) =

14 1—%7“2 1+
—_— v
1+im22\2" 7

d, r > 6.

and

S(Uf_‘_%

1
a0 _ 2 2 ’
dr=— = = ——at] .
/0 Blrdr ag "0 (1 -3 ) )
The LSI constant is hence given by

ag 2
Ch,rs1 = a2 exp (/ rB(r)dr — 1) S L—
0 0 1-— %(Uf + %)

(c) When vy € (=3, —1), Mi(z) < Aa(z) for all « € R Therefore

B(r) = inf Au(z) = M(0) = (2

d.
|| >r 2 + Uf)

and

1
0 _ 2 2 ’
rydr=— = qp= dl] .
The LSI constant is
2 “© = 2 -1
Ch,1s1 = ajexp( rp(r)dr —1) = d—+.
0

3
5 tvur

98



Hence, we have that Cj, 1,51 = O(d~!). Combined with the fact that the gradient Lipschitz constant
of fr is Ly = O(d), according to [VW19], the iteration complexity to achieve e error tolerance
in KL-divergence is of order O(d/e), where O hides numerical constants and poly-logarithmic
factors.

3.2.7.3. Example 3. The next potential function is given by

1 d
d(1+ —)log |z| + (5 + 1) loglog || + dlog(1 + 2b(log |z]) 1)

2b
d
—(d—1)log2 — —logb, |z| > e,
fla) = ’ ;
(4~ 1)log o] — (d — 1) og gz, (1)) + 505, (12)?
+ dlog(1+ g3 (a1)?) + o gl (97,1 o), 0< el <e.

As a point of reference, we compare the potential above to the potential function f () = d(1+
%) 1og(1 + |z]) + (4 + 1) loglog(e + |z[). According to [Wanl4], if b = d/29, f satisfies the weak
Poincaré inequality with 9 being the degree of freedom. The corresponding transformed potential
is then given by

fule) = 1ol + dtog (14 gl
The density function induced by this potential function satisfies the LSI and the log-concavity
assumption. This follows from by calculating the two eigenvalues of the Hessian matrix V2 f;,(z),

that are given by

1
1+],and Ao =d

A =d
1+ S|zf?

1L
(1+ 3lal?)?
For all z € R?, we have that 0 < \; < 2d for i = 1,2. Therefore the transformed potential f;, is

gradient Lipschitz with parameter 2d. To find the LSI parameter we use [CW97, Corollary 1.4].

For all z € R%: Ay < \.

£d7 re (07 \/6}7
B(T) = Ii?>f Ay = _ 1.2
(1 + m)d, re (\/67 OO)
2
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The solution to the equation [’ 3(r)dr = 2/a is given by ag = /16/7d. The LSI constant hence

satisfies

ap 1
Chist < a% exp (/ rB(r)dr — 1> = —6
’ 0 7d

According to [VW19)], the iteration complexity is of order O(d/e), where O hides only numerical
constants and poly-logarithmic factors.

3.2.7.4. Example 4. Our next potential function is given by

1 d
d(1+ =) log |x| + loglog |x| + 5 log(1 + 2b(log |2|)~ 1)

20
d
— (= —1)log2, o] > e,
2
fz) = )
(d—1)log || — (d — 1) log gz, (|]) + 595, (121)*
d 1 —1 2 / -1
S §log(1 + 5Yin (|1z])?) + log gy, (9:, ) (1)), 0<|z| <e.

To study the tail-behavior of the original potential function f, we compare it to another potential
function f(z) = d(1+ 3)1og(1+ |z|) + log log(e + |z|). According to [Wan14], if b= &, f satisfies
the weak Poincaré inequality with ¥ being the degree of freedom. But compare to the previous

example, it has a heavier tail because 1 < % + 1.

The transformed potential in this case is given by

d ., d 1,
== “log (14 = .
fulo) = Gl + o (14 51eP)

Similar to the previous example, the corresponding density function satisfies LSI and log-concavity

assumption. The two eigenvalues of the Hessian matrix are:

1 1
M=d[1+—— 14-—2
! 214 Lz? 2 (1 + 3|z[2)2

11— 3z
. and A =d 2121 ].

Forall z € R4, 0 < )\ < %d for ¢+ = 1,2. Therefore the transformed potential f; is gradient

Lipschitz with parameter %d. To find the LSI parameter we use [CW97, Cororllary 1.4]. For all
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z e RE: Ny < )\ Furthermore, we have

15
] T r € (0,v6],
B(’I"):|1I|1>f )\2: 1 1_1742
xz|>r 2
1+ -——F=—=]d 6,00).
<+2u+qu . 1€ (V6,00)
The solution to the equation [ B(r)dr = 2/a is then ag = y/2. The LSI constant Cj, 151

satisfies

ag
<a? 3 1) =22
Ch,Ls1 < agexp </0 rB(r)dr 1) 154

According to [VW19], the iteration complexity is of order O(d/e), where O hides only numerical
constants and poly-logarithmic factors.

3.2.7.5. Example 5. We next consider the following potential function given by

1 d d
d(l+ %) log || — (Z — 1) loglog|z| + 1 log(1 + 2b(log |z|) ™)
d d
f(z) = —(Z—l)logQ—i—ilogb |z| > e
_ d _ _
(d = 1)log |z — (d = 1)log g;, (|2]) + 595, (|2))* + log gin (9i )(|) 0 <a <e

To study the tail-behavior of the original potential function f, we compare it to another potential
function f(z) = d(1 + 2)log(1+ |z[) — (% — 1) loglog(e + |z|). According to [Wanl14], with b = %,
if d < 4, f satisfies the weak Poincaré inequality with 9 being the degree of freedom. If d = 4,
f satisfies Poincaré inequality with ¢ being the degree of freedom. If d > 4, f satisfies the super

Poincaré inequality with 9J-degree of freedom.

The transformed potential is given by

d ., d 1,
== “log (14 = .
flw) = Sl + og( +2\xr)

The corresponding density function satisfies LSI and log-concavity assumption. The two eigenvalues

of the Hessian matrix are:

1 1
A =d S — 1+ -
' 41+ Lz

1+
4(1+ glal?)?

], and Xl =d

1 1-5@9]
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Forall z € R4, 0 < \ < %d for ¢+ = 1,2. Therefore the transformed potential f; is gradient
Lipschitz with parameter %d. To find the LSI parameter we use [CW97, Cororllary 1.4]. For all

.I‘ERd: Ao < Aq.

—d, r e (0,V6],

B(T) - |;T1>fr Az = 1 1 1-— %7’2
9 1,.2)2

) d, re (\/6,00).

The solution to the equation fél B(r)dr = 2/a is then ag = 1/64/31d. The LSI constant Ch st

satisfies

C z s dr —1 64

< )= 22
h,LSI < Qg €Xp </o rB(r)dr ) 31d
According to [VW19)], the iteration complexity is of order O(d/e), where O hides only numerical
constants and poly-logarithmic factors.

3.2.7.6. Example 6. As the limiting example of the previous three examples, we consider the
potential function

@) d(1+ 5;)log|z| — (4 — 1) loglog |z| + log 2 + 4 log b for |z| > e

f(@) =
(d—1)logla| — (d— 1)log g5, (|2]) + §g7, (|2])* +log i, (95, )(|l),  for 0 < |z] <e

We introduce f(z) = d(1 + %) log(1+ |z]) — (% — 1) loglog(e + |x|) which has similar tail-behavior
as the potential f above. According to [Wanl4], with b = %, if d = 1, f satisfies the weak Poincaré
inequality with ¢ being the degree of freedom. If d = 2, f satisfies Poincaré inequality with ¢ being
the degree of freedom. If d > 2, f satisfies the super Poincaré inequality with J-degree of freedom
and it induces a density function which has heavier tail than the multivariate ¢-distribution with

¥-degree of freedom.

The transformed potential is f(z) = 4|z|2. The Hessian matrix is V2f),(z) = dI;. Therefore
fn is log-concave with parameter d and the corresponding density satisfies LSI with parameter
Chrst < 2/d. According to [VW19], the iteration complexity is of order O(d/ €), where O hides

only numerical constants and poly-logarithmic factors.
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3.2.8. Proofs. In this section, we will prove the theorems stated in Sections 3.2.5-3.2.7.
3.2.8.1. Analysis of the transformation maps. In this section we first analyze the transformation

map induced by ¢ defined in (3.6).

LEMMA 3.2.4. If the potential function f satisfies Assumption A0, then we have

R B R e R e PP
{f/(ebzﬁ)bmxﬁleblxlﬁ _ ﬂbd|1‘|ﬁ71 + |x|ﬂ} % |x‘ > b_%.

and V2 f,(z) has two eigenvalues A1 = \1(|z]) and Ay = \a(|x|) with A1, Ao defined as

(1) When |z| < b

— g (| ()2 Yo (12 (12 _ Yin (|=]) Iin(12]) \2
A (lz]) = [ (gin(|12]) (gin ([21)” + f (gin([2]) gin (|2]) o ) +(g§n(\x!))

e | dleD e
(3.20) (@=1oen @V ep) ~ @Dl

B N (| R (| RPN
B2 dallal = 7l el = Tl — 1) Il oy

(2) When |z| > bE

A(a]) = f7( )23 PO g () (B8 — 1)plal P + B2 Pt
(3.22) —bB(8 — 1)d|z|°~2 — (d — B)|z| >
(3.23)  Xa(|z]) = £/("1")bp) et 2| — bBd|x|* 2 + (d — B)[x| 2.

ProOOF OF LEMMA 3.2.4. For a general transformation map induced by h, the transformed

potential f, can be represented as

fu(x) = f(g(|x])) — log det(Vh(x))

= f(g(|z])) = log g (|z[) — (d — 1)log g(||) + (d — 1) log ||.
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The gradient of the transformed potential fj, is

9" (|z|)
g'(|z])

Now, (3.19) follows immediately as a consequence of (3.6) and (3.24). The Hessian matrix of f

gal)  d-1] @
OREERIEE

—(d—1)

(3.24) Vin@) = |f(g(=))g'(|=]) -

can be represented as

T
V2 fi () = mw% + Fy(|al) Ly

with

Fi(la]) = F(g(le)d (=])® + F(a(lz))g" (]) — £ (g(lpy 2D ¢ ()

ERIE
() 4y =
+a- 0 - S e
Pael) = (#alaDha'(ol) — L2 — (@ =T 1 o) o
Therefore the two eigenvalues of V2 f;(z), A1 and Ao can be written as
= Jalle)g G+ £ aGayg e — LD 4 (LD
(329) ~a-nZia) - - 4
(3.20) e = (700 e - T — @ - T 4 T2 o,
The conclusions in (3.20),(3.21),(3.22),(3.23) can be calculated directly from (3.6), (3.25) and (3.26).

With the above result on the transformation map h, we can prove Lemma 3.2.1.
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PROOF OF LEMMA 3.2.1: We first show that for all 3 € [1,2], g € C3((0,00)). It suffices to

show that g is three times continuously differentiable at 7 = b~/8. Based on (3.6), we have

_1 B
gm(b B_) = e = eb’l" |

g0 F_) = BbFe = (Y| 4,

r=b B
G675 ) = BB~ DB = () 4
G _) = (582 — 68+ 2)bFe = (],

Next we show ¢ is monotone increasing. From Assumption G1, we know that g;, is increasing
1

on the interval (0,b" 7). For r € [b” #,00), ¢'(r) = bBrf—1et™ > 0. Combined with the fact that

g € C3((0,00)), we obtain that g is monotone increasing on the interval (0, c0). Furthermore, g(0) =

brf

9in(0) = 0 and lim, oo g(r) = lim, 1 o €”" = 400. Therefore g is also onto and invertible. [ |

COROLLARY 2. With function g defined in (3.6) and g;,, satisfying Assumption G1, if the potential
function f satisfies Assumption A0, then the transformed potential function fj, defined by (3.5) is

twice continuously differentiable, i.e f, € C2(R?).

PROOF OF COROLLARY 2: Under the assumptions in Corollary 2, with the results in Lemma
3.2.1 and (3.25),(3.26), we have f, € C2(R?\{0}). Therefore it remains to show that limj,_o+ Ai(|z])
are well-defined for i = 1,2. According to (3.5), we can represent the two eigenvalues of V2 f,(z)

as for all r < b_%:

2 - ( 2
M) = ) = P ()12 + £ i)l (r) — (= Dy tog 227y 1 Lo gt
/ / a / a in (1)
)\2(7.) — fhr(r) — f/(gzn(T))glnr(T) o (;ir 1Og,rgin(’r) i (d i 1) jr logrg r

Since f € C*(R) and g satisfies Assumption G1, lim,_,o, [X;(r)| < oo for ¢ = 1,2, which implies

that f, is twice continuously differentiable at the origin. Therefore f; € C?(R%). [

3.2.8.2. Proof of Theorem 10. We first recall a few definition below. Our proof is based on
connections between Lyapunov-based techniques and functional inequality-based techniques for
proving ergodicity of diffusion process [BCGOS|.
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DEFINITION 3 (Dissipativity condition). The Langevin diffusion with drift function b(x) is said
to satisfy the dissipativity condition if there exists constants r, M > 0 such that for all || > M:

(b(x), x) < —rlxl.

DEFINITION 4 (Lyapunov condition). A function V' € D(L£) with V' > 1 is a Lyapunov function
if there exist constants A,c¢ > 0 and a measurable set K C R? such that LV < AV (-1 + clg).

Equivalently, we say the £ satisfies the Lyapunov condition.

LEMMA 3.2.5. Consider the dynamics in (3.9). If the drift function —V fy, satisfies the dissipativity
condition with r > 0, M = 8(d—1)/r, then the infinitesimal generator Ly, of (3.9) satisfies Lyapunov

condition.

PrOOF OF LEMMA 3.2.5. We first construct a Lyapunov function V' with respect to the gen-

erator Ly as

( M
1 < —
ol < =,

M
V(z) = ¢ P(|z|) - <zl <M,
el lz| > M,

where P : [, M] — [1,e*M] is a monotone increasing function such that V € C2(R?) and V > 1

for all z € R%. When |z| > M, we have that
LV (x) = =V falx) - V() + Ae)

V() - (el ) 4 gealal (d o 1)

] ] |z]

d—1
< qell (—r+a+H).
X

Picking a = r/2, we obtain that

—1
LaV(z) < - dm), Vlz| > M.

< V@)
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Since M = 8(d — 1)/r > 4(d — 1)/r, we obtain that £,V (z) < —(r?/8)V (x) for all |z| > M.
When 0 < |z| < M, by the fact that V € C2(R%) and V > 1, there exists A, 4 such that

LyV(z)
V()

where A, g = maxy(q_1)/r<|z|<s(d—1)/r (—7P'(|2]) + A(P(|z]))) V0.

SAr,d VOS‘JZ|<M,

Therefore if —V f}, satisfies dissipativity condition with constant r > 0, the corresponding generator

Ly, satisfies Lyapunov condition with A = A\, = r?/8, ¢ = ¢, g = A, 4/\r an

(3.27) K=K, g={reR":0< |2| <8(d—1)/r}.

We further recall additional definitions to proceed.

DEFINITION 5 (Local Poincaré inequality). The Markov triple (R%, 4, T') satisfies a local Poincaré
inequality on a measurable set K C RY with u(K) € (0,00) if for some constant Cx and every
function ¢ € D(E):
/ (¢ — mk)?du < CK/ I'(¢)dp
K

K

where mg = [ ¢ dp/p(K).

LEMMA 3.2.6. If the original density satisfies Assumption A0, then the Markov triple (R, my,,T})

satisfies a local Poincaré inequality on K, 4 defined in (3.27).

PrOOF OF LEMMA 3.2.6. According to the classical Poincaré inequality with respect to Lebesgue

measure, there is a universal constant C' > 0 such that for all u € W12(R%) ¢ W2(K, 4):

d—1
/ (u(w) — ug, ,)%de < C’/ |Vu|?dzx
K’r,d Y r Kr,d
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where ug, , = / K. u(z) dz. To prove the local Poincaré inequality for (R, 7y, T), without loss of

generality, we assume that ¢ € D(€) and ¢g, , = [} , @(z) dz = 0. Then

| @i e e = [ e Odn ([ o) M2 K
KT,d ’ K',‘,d Kr,d

< | sup e @ / o(z)?dx
T€EK, 4 Ky q
o 1) [ oo
xeK’r,d Kr,d 7
1
< C’d ( sup e_fh(m)>/ |V (z)|2da
r IGKT,d Kr,d

<o qup @) [ sup eh@ / T (6)e= @) d.
r €K, q €K, 4 Ky q

Therefore the Markov triple (R?, 7, I'},) satisfies a local Poincaré inequality on K, 4 with constant

CL@::(de'_l)/T)(SupxeKﬁde_ﬁx@) ($H%£k%d€ﬁxﬂ>~ L

LEMMA 3.2.7. If the infinitesimal generator Ly, satisfies the dissipativity condition with constant
r > 0 and the original density f satisfies Assumption A0, then the Markov triple (R%, m,,T},) also

satisfies a Poincaré inequality.

PrROOF OF LEMMA 3.2.7. According to Lemma 3.2.5, L satisfies Lyapunov condition with

A=A\ =7%/8, K asin (3.27) and ¢ = ¢, = A, 4/\r. Therefore for all m € R and ¢ € D(E):

e 8L,V 8A, e
L @—mpe it < [ (B0 + B )6 - mpte s

2V
8 [ LV 2 @) SArd/ 20— fn(x)
2 =——= h + : h _
(3.28) > /Rd (¢p —m)“e dx 3 m((b m)“e dx

Choosing m = [ e e~ @ dz/ I . e~ /(@) dz, the second term in (3.28) can be bounded as a

result of Lemma 3.2.6:

84, 4
r2

A
(3.29) / (6 — m)2e—r@ gy < S ;,and/ Py (6)e— @ .
K’r,d r K’r,d
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The first term in (3.28) can be bounded by integration by parts, and the diffusion property of I'j,

as
I ) PSR S __8/‘ (@ =m)° 11\ @)
2 /Rd v (¢ —m)7e de = 2 Rdrh( v Ve dx
8 2(¢p —m) (¢ —m)? (@)
-2 T (6 — - r n(@
) /Rd< % (¢p—m,V) 72 n(V))e dx
8
< T _ *fh(ff)d
<3 /Rd h( m)e T
(3.30) = % Ty (p)e @ dg.

Combining the results in (3.29) and (3.30), we prove the Markov triple (R? 7;,T';,) satisfies a

Poincaré inequality with constant C' defined as

C = %(1 + Ar,and) with
T

Ara= (=rP'(|z]) + AP(|z]))) VO,

max
4(d-1)/r<|z|<8(d—1)/r

Cra= ‘-1 sup e /n(@) sup efn(@) |
r -TeKr,d IEKr,d

PrOOF OF THEOREM 10. Applying (3.19) in Lemma 3.2.4, when |z| > 1/b, we have

beblel g —1

T+ e

(V fula), ) = [f' (Do —b — (d — 1)

= [f/(e""Nbe?™l — bd]|z| + (d — 1)

(3.31) > Alz| - B,

where the last inequality follows from Assumption Al with « = 1 and § = 1. We now make the

following claim.
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Claim: The infinitesimal generator L, satisfies the dissipativity condition with the constants

(3.32) r—_&d—U+VmM2;DQ+MABM_1)G@Mﬂ

M_SM;D.

If the above Claim holds, Theorem 10 follows from Lemma 3.2.7 and Theorem 3 in [VW19].

Furthermore, C, in the statement is given by

2
r
g(l + Ar,dcnd)_l with

2
[

A = _ P/ A P
rd 4<d71)/éﬂ13|’§8(d,1)/r( rP'(|z]) + A(P(|z]))) V0,

-1
Cra= 7C(d2 ) ( sup e_fh(x)> ( sup efh(m)> .
r :EGKTyd "EEKT’d

with 7 defined in (3.32) and C is a universal constant. We now prove the claim

Proof of the Claim: To prove the Claim, it suffices to show for all |x| > max{N;,8(d —1)/r},

we have (V f(z),x) > r|z|. Based on (3.31), it further suffices to guarantee

8(d — 1)

Alz| — B > r|z| and
”

1
> —.
—b

When r = A/2,8(d — 1)/r, with N; > 3B/A, the above conditions are easily satisfied, therby

completing the proof. |

3.2.8.3. Proof of Theorem 12 and Theorem 1j. Theorem 12 and Theorem 14 are both built on
the intermediate result that the transformed measure m;, satisfies a LSI. The proof would rely on

the following Holley-Stroock theorem.

THEOREM 15 (Holley-Stroock Theorem [HS87]). Let pu ~ LS(C,,) and let up = Zp'e Fp. If F is
bounded, then pp ~ LS(C,,) and C,,,. < e9*F'C,, where OscF := sup,cga F(x) — inf cpa F(z).

As an immediate corollary of Theorem 15, we have C),,, > e Oscl Cu.

LEMMA 3.2.8. If the true target density w satisfies Assumption A0 and Assumption A3, then the

transformed density mp, satisfies a LSI.
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PRrROOF OF LEMMA 3.2.8. Based on (3.22) and (3.23) in Section 3.2.8.1, when |z| > bié, we

have
A= f7(e )RR a0 el (M) (B(8 — 1)bla] P2 4 B2 O 1) tlel”
— B(8 = 1)blz|"7? = (d = B)|z|~*
(3.33) = @) () + @2 )E" (2]) — BB — Dbla*~2 = (d - B)]a|2
Ao = [+ Cp)bplal P @) — bBdlal’ + (d — B[]
(3.34) = WD) (2] = bBdle| 2 + (d— B2 .

where (r) = e’ for all r > bE. I f satisfies Assumption A3, then for all |z| > N, =
max{ N3, b_%}: M(|z|) > p for i = 1,2. We can then construct two potentials:
fu(=) 2| > Ny, 0 |z > Ny,
fn(z) = i fn(x) = i

9gn(x) || < N1, fn(x) = gn(x) |z] < Ny
where g, : {|z] < N1} ¢ RY — R is chosen such that f, € C2(R?) and V2g,(z) = pl; for all
|z| < Ny. Therefore, Vth(x) = ply for all z € R? i.e fj, is p-strongly convex which implies that
the measure exp(—f,(z))dz ~ LS(2/p)(see [BE85]). Meanwhile, f, is compactly supported on
{|z| < N1} and fy,, gn € C*(R%), which implies that f,, is bounded, i.e Oscf;, < oo . Last according

to the Holley-Stroock theorem and the fact that 7, o< exp(—fz) = exp(_fh) exp(—f1,),
(3.35) 7wy ~ LS(Chrs1) with  Cp st = Qeoscﬁ/p.
[

PROOF OF THEOREM 12. The two inequalities in Theorem 12 follows from Lemma 3.2.8 and

Theorem 4 in [VW19]. The constant Cj, 1,s1 in Theorem 12 is the same Cj, 1,91 in (3.35). |

LEMMA 3.2.9. If the potential function f satisfies Assumption A4, then the transformed potential
fn(x) satisfies the gradient Lipschitz condition, i.e. there exists Ly, > 0 such that for all z,y € R?,
we have |V fr(z) — V fr(y)| < Lp|x — yl.
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PROOF OF LEMMA 3.2.9: It suffices to prove that there is a constant L, such that V2 f,(z) <
L1y for all z € RY, i.e A\i(|z]), \a(|z]) < Ly, for all € RY. Based on (3.33),(3.34) in the proof of
Lemma 3.2.8, and the fact that f satisfies Assumption A4, we have when |z| > Ny := max{ Ny, b_% }:
M\i(|z]) < L for i = 1,2. When |z| < Ny, since fj, € C2(R%),

max vafh(l')H < 0.
|z| <Na

Therefore the transformed density fp, is gradient Lipschitz with parameter Lj; defined by

(3.36) L, = max{L, max HV2fh(x)H}.
|z|<N2

Proor oF THEOREM 14. From Lemma 3.2.9 we have that the transformed potential f; has
Lipschitz gradients with parameter L; = max{L, max, g, HV2 fh(:n)H} Furthermore, as shown

in equation (3.35) in the proof of Lemma 3.2.8, 7, ~ LS(C}, 1,s1) with Cp 181 = Qeo“fh/p. Hence,

1

we can apply [VW19, Theorem 1] to obtain that when 0 < v < TP R
n,Ls1Li

__2yn

(3.37) Hr,(pn) < “mistHy, (po) + 4Ch 1113 vd.

Now, applying Proposition 6 with ®(z) = xlogz to (3.37), we get

__29n

(3.38) Hy(vy) < e nist Ho(vg) +4Cy 1s1L3vd.

The mixing time estimate in the theorem instantly follows from equation (3.38). [

3.2.8.4. Proof of Theorem 11 and Theorem 13. In this section we will prove Theorem 11 and
Theorem 13. First we introduce a result which explains the relation between Assumption A2 and

Assumption B2.

LEMMA 3.2.10. If a potential function f satisfies Assumption A2, then the transformed potential

fn satisfies Assumption B2.
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PROOF OF LEMMA 3.2.10: If a potential function f satisfies Assumption A2 with parameters
i, Ny and 6, then when |z| > b_%, the eigenvalues of V2f),(x) are studied in (3.22) and (3.23).
blz|?

Applying ¢(|z]) = e”*", we have the following estimates on the eigenvalues: for all |z| > Ny :=

max{bié , N2} we have

A= () () + ()" (|2]) — b8(8 — 1)d|e|”? — (d — B)|=| >

where the inequality follows from Assumption A2. Therefore for all |z| > N5, we have that

V2 fn(x) = %Id.
CESTRE

Meanwhile since f, € C?(R%), we can construct f, € C?(R?) such that fy(z) = fu(z) for all

|z| > N5, V2fy(z) = Wjd for all z € R%. Furthermore, since both f;, and fj, are continuous,
1+Z x|®)2
(3.39) &= || = 7| = max [fa(@) = fal@)] < o
0 [z|<Ns
Therefore fj satisfies Assumption B2 with parameters &, = &, yup = p and 0, = 6. |

Next we introduce a result which explains the relation between Assumption Al and Assump-

tion B1.

LEMMA 3.2.11. If a potential function f satisfies Assumption A1 then the transformed potential fj,

satisfies Assumption B1.
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PROOF OF LEMMA 3.2.11: If a potential function f satisfies Assumption Al with parameters

a, A, B, as we have shown in (3.19), for all |z| > b™% we have that

(Vfu(z),2) = f(e"7)p8|z|P " — Bbd|z|® + (d — B)

> Alx|* — B.
where the first inequality follows from Assumption Al. Since f, € C?(R%), we have

min (Vfn(z),z) > —00
|z[<b #

Therefore f;, satisfies Assumption B1 with parameters

(3.40) ap=a, Ap=A, By=max{0,B,— min (Vfy(z),2)} € [0,00).
jaf<b™

With the above two results, we are ready to prove Theorem 11.

PROOF OF THEOREM 11: Taking the derivative of the KL-divergence from p; to mp, we have

%th(pt) = jt/Rd log (5;8) pu(z)dz
N
(

= /Rd V. (pt(:p)Vlog pilz) > log pule) dxr +0

Th() Th()
=— x 0 pi(x) i r=—
(3.41) = [ i) V108 22 e = 1, (),

where third identity follows from the Fokker-Planck equation

0
% =V (ptVfn) +Apr =V - (ptVIngt) ;
Th
and the fact that [ %dw = % [ prdz = 0. According to Lemma 3.2.10, we have that m, satisfies
Assumption B2. Hence, according to [EH20, Theorem 1], 7, satisfies a modified LSI, i.e. for all
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probability densities p:
Hz,(p) < Ch-Lsin, (P)l_éMs(,O + 7Th)5,

where M;(p) = [pa(1+ |z|?) )¥/2p(x)dz is the s-th moment of any function p and with & defined in
(3.39), d and A are defined as

(3.42) 5= ¢ [0 1) C — 4%y~ e
' T s —21920 DY h,M-LSI .

Hence (3.41) can be further written as

d 1 1 s

(3.43) @Hﬂh(pt)< =T Hoy (pt) 7= Ms(pe + )~ 15

According to Lemma 3.2.11, the transformed potential f;, satisfies Assumption B1 with parameters

ap, Ap, Bp. Hence, according to [TV00, Proposition 2], under the «y-dissipativity of f5, for all

s> 2:
M;(pt + mn) < Ms(po + 1) + Cst,
where
(3.44) Cs = sg% ((ds +s(s—2) —sAp + th)xﬁ — Ahx) < 0.
z>

Therefore the upper bound in (3.43) can improved as

d 1 1

(3.45) G Hm () < =N H ()75 (M(po 4+ 70) + Cst) 75

/\

Rewriting (3.45) as

d s 1 _8
(3.46) —Hz, (o) 79 E mn(P) = (ACS) ™75 (M (po + m) Ot + )73,
and applying Gronwall’s inequality, we obtain

)T ) Mo + m)Cs + 1)

(3.47) Hz, (pr) < (

0'1
= Q

=

with € = (152)"% (AC?)5 and | = (1 — 26) /5. n
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To prove Theorem 13, we require the following result on the relationship between Assumption A5

and Assumption B5.

LEMMA 3.2.12. If the density m satisfies Assumption A5, then T satisfies Assumption BS.

PRrROOF OF LEMMA 3.2.12. Without loss of generality, we can assume that N; > e. When

1124 <2 (- (152) ")

with Cray, = CF,, .. When A € [0, N5], we have

)\ZN5Zea

w{l-|=m A <7 {l-| = m)
<200 (-G )

a
with Cra, = g~ 1 (N5) (log m) “!. Therefore for all A > 0,

o rlizmen <zon (- (1)),

with

1
9 ay
Cran, = max {CTAIL’ 9~ (Ns) (10g m{|-]> m}) } '

From (3.48), let X € R? be a random variable with density 7 and Y := h~™1(X). Then Y € R% is a

random variable with density 7. We get

wndl | = mn+ A} = P(Y] > mn+A)
=P (g7 (1X]) = mp + )

=P (X[ = g(mn+A)).
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For any fixed A > 0, we can choose my(\) = g~ 1(m + g(A\)) — A and we get

Tl | = ma(A) + A} <P (IX] > m +g(N))

=m{l-|=m+g(N)}
e (2280)")

A\
:26 — .
o (~(ew) )

We next claim that there exists a constant my, such that my(\) < my, for all A > 0. To prove the

claim, we apply Taylor expansion in the definition of my(\) and we get for any A > 0, there exists

a constant () € [0, m] such that

<m sup (g_l)’(r)).
rel0,00)

According to our construction of g, we have that SUD;-¢[0,00) (gil)’ (7“)) < 00. Therefore we can
pick mp, =m (SUPre[o,oo) (g1 (r))) which is a constant independent of A, which proves the claim.

Hence, we get for all A > 0,

w112+ 3) < 26 (- <W>) |

That is, the transformed density 7, satisfies Assumption B5 with

(3.49) ap = o1,

1
2 a1
(3.50) Ch ran, = Max {C’;AIL, g (Ng) (log 7r{|) ' } ,

| = m}

(3.51) mp =m ( sup (g_l)'(r))> .

r€[0,00)
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PROOF OF THEOREM 13. Let 75 be a modified density to 7. It’s defined as, for ¥, R> 0,

~ ~

(3.52) anocexp(=fu),  fu(@) = fale) + 5 (x| = R)F.

no 2>

A . 2 A .
Here (|z|—R)?2 is interpreted as max {|x! — R, 0} . Furthermore, R is chosen so that 7, (B(0, R)) >
%, where B(0, R) is an Euclidean ball of radius R centered at zero. With this definition, the proof

follows immediately from Lemma 3.2.10, [EH20, Theorem 1] and [CEL*21, Theorem 8§]. [

3.2.8.5. Proofs for Section 3.2.6.
1
PROOF OF PROPOSITION 9: When |z| > g(b™ #) = e, the inverse of g can be represented as

-1 _1 1
g9~ (Jz]) = b 7 log? |z|.

Therefore, Assumption A3 can be reformulated as for all |z| > g=1(N3 Vv bié) = g H(Vy):

(353)  bA[f/(|2])Blog" B (ja])|z| — Bdlog! 7 (|z]) + (d — B)log 7 (|z])] > p,
b3 [f"(j])B82 1og® 5 (Ja]) |z + f'(|2])B(B — 1) log" 7 (|a]) ]

(354) 4 ['(je))B log® F (ja])le| — B(8 — 1) log' T (ja]) — (d — B)log ™ ([a])] > p.
Now, (3.53) gives a lower bound on f/(|z|) of the form:

d—p

_2 (12 _ _
F(z)) = pb 78 log™ B (|2 |t + dfa| T — 5

log™* (Je]) ||~

Defining N := g_l(Nl) and integrating from N to a larger value with respect to |z|, we obtain

1 2 2 2 d—
Fllal) > FN) + 5o (tog? () — log? N) + d(log | ~ log N) — © =2 (log log |a| ~ loglog V)
1 2 2 -8
= C’N7d—|—§pb 5 log? (|z|) + dlog |x| — 5 log log |x|.
Therefore we have for all |z| > N:
1) Lo B logh  (fal)+d 1, 252
(3.55) e > O glz|2 log™ % ().
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To prove that 7 satisfies the Poincaré-type inequalities, we leverage the results in [Wanl4] and

[WW15]. We consider the following quantity with ¥ € (0,2) and x # y:

f@) 4 of®)
|$ _ y|d+19

Since |z — y|9t? < 2801|794V 4 |y|+?), we have for all x # y and |z|,|y| > N, we have

(3.56)
f@) o f) 106”8 logh " (al)+d 452 Lob™ B 1og B (lyl)+d 0 52
e/ @) 4 efly Cna |z|2 log™ 3 (|z|) + [y|2 log™ 7 (|y|)
|z — y[dt9 = 2di9-1 |20 + |y[d+7 :

Then, (3.54) gives the lower bound

-1
B

> pb~ 5 B 21og~® ) (|z])|2| 2 +

7)) + 7 () ( tog ™" (Ja])le] " + \xr-l)

B-1
B

d—p

- log™(a]) ol 2

log ™" (J])|=| 7% +

By multiplying logl_%(|x|)|x| on both sides, for all || > N we obtain

d
d|z]

B

_1 _2 (-1 -1, _1
(# el 1085 (] ) 207 5> tog™ = (fal) ol ™ + == Tog™5 (alal !

d—p

"5

log ™ [a) ||,
which implies that

/ —(1-4 -1 -2 17 —(1-2) -1 -1 —1 -1
f(J2]) = Cngalog™ F(|af) ||~ + pb 587 log 2 (|a]) ||~ + |x|7" — (d — B) log™ (|z|)|x|~".
Further integration implies that for all |z| > N, we have

2 2 1
(3.57) el () > C'ng\x]H%pb 5 log? ! (2))+Ca,1 8 log P 1(|~”f\)1og7(d*ﬂ) |z

Since d > 1, (3.55) is stronger than (3.57), when we apply results in [Wan14], it’s enough for us to

consider only (3.55). Therefore we have the following results:
(1) When 8 € (1,2) or 8 =2,9 < pb~', we can see that for all |z| > N:
1 2 24
ipb 5logs " (Jz]) +d—(d+9)>0
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Therefore, with (3.56), conditions in [Wan14, Theorem 1.1-(3)] is satisfied with

Cnd
w(z) = 9d+9

2 2
L7 B 1ogB L (|z))— —d8
|20 P rogm (D=0 105775 (|,
such that lim,_, w(z) = oo. Hence, m o exp(—f) satisfies the super-Poincaré inequality.
(2) When 8 =2,9 = %pbil,d = 1,2, we can see that for all |z| > N, we have
1 _2 2_q
§pb 5loghf (lz]) +d—(d+9)=0

Therefore with (3.56), since d = 1,2 we obtain

o —y|dF0 ~ pdro-1

Hence, according to in [Wanl4, Theorem 1.1-(1)], m o exp(—f) satisfies the Poincaré

inequality.

(3) When 8 =2,9 = %pbil,d > 3, for all |z| > N, we have that
1 _2 2_q
§pb 5loghf (lz]) +d—(d+9)=0

However, the lower bound in (3.56) goes to zero as |z|, |y| — co. Neither Poincaré inequal-
ity nor super Poincaré inequality is guaranteed. However, according to [Wanl14, Theorem
1.1-(2)], m o< exp(—f) satisfies the weak Poincaré inequality with a(r) as defined in (3.15).

When 3 = 2,9 > 3pb~!, we can see that for all [z| > N:
1 2 24
ipb 5logs " (Jz]) +d—(d+v) <0

Neither Poincaré inequality nor super Poincaré inequality is guaranteed. However, accord-
ing to [Wanl14, Theorem 1.1-(2)], m o exp(—f) satisfies the weak Poincaré inequality with
a(r) as in (3.15).

PROOF OF PROPOSITION 7: Similar to Assumption A3, Assumption Al are sufficient condi-

tions for Poincaré type inequalities as well. First note that Assumption Al is equivalent to the
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following inequality: for all |z| > N := g~ }(Ny v lf%) we have
' 11— F 10g8 L -1 1B, -1
Flzl) 2 AB™0 7 log? (|| + dja] ™ — 7 log™ (|z[)|=["".

Integrating with respect to |z|, we obtain
F(el) 2 Cva-+ A6 S log? (1) + dlog | — 5 loglog .
For all |x| > N, we then have

1,-% a1 B
I 1) > O gz 1 P log P (le+d 16575 ||,

and
(3.58)
S + IO Cyg faf AT 8T Dt 107 (] 4 [yttt o” b4 1og~F |y
|;C _y|d+19 — 9d+9-1 |a:|d+19 + |y|d+qg .

We now consider different cases.

(1) When a > B or a = 3,9 < AB~'b~!, we can see that for all |z| > N we have that
Ao 5 1log? " (|z|) + d — (d + 1) > 0.

Therefore, with (3.58), the conditions in [Wan14, Theorem 1.1-(3)] are satisfied with

CNd,| (Aa—1b"F logh (|af)—0 . —L
wiz) = ogyglel™ R ()]

such that lim ;| w(x) = co. Hence, 7 oc exp(— f) satisfies the super Poincaré inequality.

(2) When a = 3,9 = AB71b~1, we can see that for all |z| > N we have
Ao~ logh Y(|z|) +d — (d+ ) = 0.

However, the lower bound in (3.58) goes to zero as |z|,|y| — oo. Hence, Neither the

Poincaré inequality nor the super Poincaré inequality is satisfied. However, according to
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[Wan14, Theorem 1.1-(2)], the density 7 o exp(—f) satisfies the weak Poincaré inequality
with a(r) as in (3.15).

(3) When a = 3,9 > A3~ 'b~!, we can see that for all |z| > N we have
Aa~"b "% log? " H(|z|) + d — (d+ ) < 0.

Hence, neither the Poincaré inequality nor super Poincaré inequality is guaranteed. How-
ever, according to [Wanl4, Theorem 1.1-(2)], m o< exp(—f) satisfies the weak Poincaré

inequality with «(r) as in (3.15).

PROOF OF PROPOSITION 8: Similar as in the proof of Proposition 9, Assumption A2 is equiv-

alent to the following two inequalities: for all |z| > N,

(3.59)
B e (R e P (T
1
P/l + £ (25 tog aDlel 4 o1
(3.60)
> b5 52 1og ™~ B () (1 + 2575 logh (Ja) 4 o1 2 + £ L 10g 1 () o2 + 52 tog 2 (al) 22,

4 5 32

Choosing N’ > N such that for |z| > N’, b5 log%(lmD > 4/3, it then implies from (3.59) that for

all |z| > N’ we have

1 *2;30 %*1 d—p
(3.61) Szl 5 C’N,d\iﬂ|(2_0) b log (e +d 1065 (|2]).
Furthermore, (3.60) implies that for all |z| > N/,

0
(3.62) e/ 12) 5 Oy gl 0=O 7 @07 ub B log B (fal)+Cy tog? ™ (Jal)+1 log~ (@) (|a).

We now consider the different cases as before.
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(1)

(4)

When 0 < 2 — 3, (3.62) is stronger than (3.61). We have that for large |z|,
-1 1, -0 226 1
(1—-0)""(2—=0)"ub” 7 log & (Jz|) + Cnlog?f "(Jz]) +1—(d+¥) > 0.

Therefore, when 6 < 2 — 3, the conditions in [Wan14, Theorem 1.1-(3)] are satisfied with

CONd (1—9)—1(2—9)—1@’%1og2;f9*1(|z|)+1_(d+19) _d=B

with lim|, o w(7) = 0o. Hence, m o< exp(—f) satisfies the super Poincaré inequality.
When 0 = 2— 3, uB87tb~1 > 9, (3.61) is stronger than (3.62). We have that for all |z| > N’,
—8 —9
2—6) b7 log 7 M(|z|) +d— (d+9) > 0.

Therefore, when § = 2 — 3, u8~1b=1 > ¥, the conditions in [Wan14, Theorem 1.1-(3)] are

satisfied with

C _2-6 2-60 _d-8
() = N,d ‘b B log B (Izl)*ﬂlog 5 (|z)),

with lim|, o w(z) = co. Hence, 7 o< exp(—f) satisfies the super Poincaré inequality.

When 6 = 2 — B, uf7 16~ < 9, (3.61) is stronger than (3.62). We have that for all |z|

large enough,
260" b7 log ® N(|z]) +d — (d+9) <0.

Neither Poincaré inequality nor super Poincaré inequality is guaranteed. According to
[Wanl14, Theorem 1.1-(2)], m o exp(—f) satisfies the weak Poincaré inequality with a(r)
in (3.15).

When 6 > 2 — 3, (3.59) is stronger than (3.62). We have that for all |x| large enough,

g1, -t 228 _
(2—=0)""ub~ 7 log 7 (Jz|) +d— (d+9) < 0.
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Hencce, neither the Poincaré inequality nor the super Poincaré inequality is guaranteed.
However, according to [Wan14, Theorem 1.1-(2)], 7 ox exp(— f) satisfies the weak Poincaré

inequality with a(r) in (3.15).

3.2.8.6. Proofs for Section 3.2.7.

PROOF OF LEMMA 3.2.2: First, it’s easy to check that g¢;,(0) = 0 and gm(bfé) = ¢, which

implies that g € C([0,00)). Next note that we have

; 10 15 6 47
log gmr(r) = log(b?) + br? — gb%r‘g + - 55%5 =
Hence, we can then check that
ik log %L d . gnl0)
lim [4——T | <ooand lim |— log <
7’4)0_5_ 'S T‘~>0+ d?"2

Note that the first derivative of g;, is given by
1 1 4
g (r) = b2 (1 +2br2 — 106273 + 156%7% — 6b%r5) exp (br2 - gob%rg + Z‘r’b%‘* - gb%r5 + 6;) .

Hence, we have that

gin(T)

9in (1)
1+ gin(T)Q

m | f(gin(r))gin(r)] = (d +€) lim

T'—>0+ 'I‘—>0+

< oQ.

Similarly, as ggn(b_%) = 2b%e and

log g, (1) zlog(b%) + log(1 + 2br? — 10b27% + 15b%r* — 6bgr5)
10 s 15 6 s 47

b2_7b73 7b24_7bf5 =0
+ or 327"—1-47" 52T+607

we can also check that

2

d /
dr log in (T)
<3 10805,(r) g —omn s

r

< oo and lim < 0.

TA)O.Q_

lim
T*)O_y
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Similarly, by taking additional higher order derivatives it is easy to check that g;/n(lf%) = 6be and

"

gm(lf%) = 20b2e. We omit the tedious but elementary calculations here. [

PROOF OF LEMMA 3.2.3. It’s obvious that f € C2(R%) and it’s isotropic. Note that

d _ 2]
d? B 1— |z|?

With ¢(r) = e’ for all r > lf%, based on (3.22) and (3.23), we have that for all |z| > b5 and
kecZt,

F (=) (=) |2) ™ = b8d|z|° 2 + (d — B)|=| % = kbBlz|" % + (d — B)|z| 2 + o(|z|7*),
and

F @ 2D (J2)? + f'((l2)" (jal) = bB(8 — )]z)*~2 — (d — B)|«|

= wbB(8 —1)|z72 = (d = B)|z| 7> + o(|z| 7).
Note that for all |z| > b_%, we have

kbBzP % < kb7,

2
< kBbA.

([

kbB(B — )|z~ < kB(B — 1)b

The last inequality holds since 5 € (1,2]. Therefore f satisfies Assumption A4 with some Ny > 0
and L = 2r8b5.

1
To check Assumption A1, notice that for all |z| > b~ % and k € Z*, we have

F @ (2))' (J2]) ] = bBd|z|” + (d = B) = wbBlz|” + (d = B) + o(|z|7*)

Therefore Assumption Al is satisfied with A = kb3, a = 8 and some B > 0,N; > 0.
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Lastly, to check Assumption A2, similar to the calculation in checking Assumption A4, for all

1
|z| > b7 and k € Z*, we have

F ()Y (=) |2~ = b8d|z|° 2 + (d — B)|=| % = kbBl|z|" % + (d — B)|z| 2 + o(|z|*),

and

P @ 2D (j2)? + F (o (l2D)" (Jal) = b8(8 — )]z)*~2 — (d — B)|«| 2

— KbB(8 — 1)l = (d = B)le| > + o(|a| ™).

Therefore Assumption A2 is satisfied with arbitrary p € (0,kb8(8 — 1)), § =2 — 8 > 0 and some
No > 0. [

3.2.8.7. Order estimation of mizing time when B = 2. When f(z) = 4% log(1 + |z|?), for all

|| > b~2, the two eigenvalues of V2f,(z) can be studied via (3.22) and (3.23). We obtain
—_— J— 72 J— —_—
(3.63) A = 2bk + (d — 2)|z| 20(d + k) [ T

4blz|? — 1)l 41

(3.64) Ao = 2bk — (d — 2)[a| 7% + 2b(d + "5)( (1 + e2blaP)2

Therefore, for all |z| > b~2: we can estimate A;:

2bk — 2bk

1+62—26<)\1<2b/~c+(d—2)b,

which can be simplified as

62

d
—1) <M <2b(st 5 - 1),

for all |z| > b3 Similarly, we can obtain the following estimate on Ag:

et —3e2 -1 3e?+1
2bk — bd——————— 2 2b + 2bx————
bk — bd e < g < 2bk+2b+ b/{(1 e

The above estimation can be further simplified as

(3.66) 2b(k — 0.2d) < Ao < 2b(1.5k + 1).
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According to (3.65) and (3.66), we instantly have the locally Lipschitz constant, denoted as Ly, joc,

for fj, in the region {|z| > lf%} being characterized as
d
L joc = 2bmax Kk + 5 1,156+ 15.
Next, for |z| < b_%, we can check that for any fixed d, we have

lim |Ai(|z])| <00 i=1,2
|z|—=0

Therefore we can check that for any fixed |z| < b_%, we have |\;(z)| = O(d) for i = 1,2 when

d > 1. Thus we can conclude the global Lipschitz constant of f5, Ly, = O(d) for d > 1.

On the other hand side, from (3.65), we can see for all x > 1;62, AL > b(%ﬁ; —1). While from
(3.66), the lower bound would be negative if d > k. Therefore to ensure both eigenvalues are lower
bounded by bk, we need to restrict the region {|x| > b_%} to set of points with larger magnitudes.

For all |z| > (%)%, we have when d > k and d > 3 that

2

)\1>b:‘{/<2—1—i_62d/’i

— 2/d> > b,

Ao > 2bk — (d — 2)(bk/d) = b(k + k/d) > bk.

To determine the LSI constant, we first construct a function G, such that V2Gyp,(x) = bkly for all

r € R%. Letting @ := +/(d/br), the function G}, is defined piecewisely as

In |z| > w

G,

SA (] ) + 31 (@) (Je] - @)?
+ F(@) (o]~ @) + () o] < .

where

frn(w) = glog(l + e 24/R) 4 glog(l + e24%) 4 (d — 2) log(w) — log 2.
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Note that we also have

N

F (@) = 2 + (d — 2) <bi> obd(1 4 /) e

1" _ 2 (4% - 1) e24/n +1
w(w) = bk (1+d> +2bd(1 + k/d) (1+62d/“)2 ,

bK/ _ 2%6211//{
A= - <_2w — 4bd(1 + ’Q/d)wm <0

With the above coefficients, we can check G}, € C2(R?) and VGy,(z) = brly for all 2 € RY. We now

consider different cases.

(1) When d > & for all k € Z:

fr(w) =d+ %(d —1)logd+ O(1),

Therefore the oscillation between f, and G, can be written as

o —Gp) = — Gp(z)|.
sc(fn — Gh) oA |fn(z) = Gh()]
Since both G, and f; are monotone increasing with respect to |z|, we then have
Osc(fr, — Gp) < Gp(w) + fu(w) =2d+ (d—1)logd + O(1)
On the other hand,
1 5
Osc(fn = Gn) = Ga(0) = fa(0) = 5(d = 1) logd — =d + O(1)

Hence, apply Holley-Strook lemma, we can calculate the LSI constant Cj, 1,51 as

Ch.rst < 2(br) L exp(Osc(f, — Gp)) < C(br)~1d? ! exp(2d).
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Furthermore, because of the lower bound on Osc(fy,, G1,), the factor d*~! can be improved.
Hence, according to Theorem 14, to reach e-accuracy in KL-divergence, the mixing time

n satisfies:

n ~ O(LpChde™ ') < O(exp(2d)diTte ).

(2) When d/x = O(1), or equivalently when d/x — C’, we have

!/

frn(w) = Cg[log(l + 6720/) + " log(1 + 620/) + log(%)] + O(1),

= dCt + O(1),

) =S4 =2y ot ™)

= b2dCY + O(1)
Cl
ﬁwyzmo“ﬁ+mzy4+ou*)
:= bdC} + O(1),
C' s C' s

A= =2d(—)7% +4(5) 72 +o(d")

= b2C4d + O(1).
Therefore for all |z| < (C’/b)%, we have
1.3 ., 3 1, Ly 9 1, 1L !
Gp(z) =d §b204|97| +b(§C3—C’2C4)|x\ +b2(Cy — C2C3 4+ C'CY) ||
/ B NP P
+(01—C202+§CC3—§CQC4) +O(1)

Similar to the previous argument, the oscillation can be upper bounded as

Osc(fr, — Gh) = Gh«(i/);) + fh((cbﬂ)“l’)
— Cld+ O(1),
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where

Ch, =

1

3
/ 1L~ 1 1 3

+ (20} = €3Gy + 50'Cy — O3 CY).

CiC"s + (%cg — C"3C)C + (Ch— C'3Ch + C'CL)C">

Hence, applying Holley-Strook Theorem, the LSI constant can be bounded by

Chrst < 2(br) "L exp(Osc(fr, — Gp)) < C(bd/C") " exp(Ch))<.

Hence, according to [VW19], to reach e-accuracy in KL-divergence, the mixing time n

satisfies

n ~ O(LpChiside ) < O((exp(Cy))¥d e ™).

3.2.9. A Summary of Constants. For the sake of convenience, we provide a list of constants

in Table 3.1.
Constant Description Equation
€ Accuracy parameter NA
¥ Step-size parameter (3.10)
Cp Poincaré constant (PI)

Crst LSI constant (LSI)
ChLst, 0 m-LSI related constants (m-LSI)
Chp Poincaré constant after Transformation NA
ChLs1 LSI constant after Transformation NA

Chon-1ST m-LSI constant after Transformation NA
r,b, 6 Parameters related to transformation map (3.6)
A, B, N, « Parameters related to dissipativity Assumption Al
, No, 0 Parameters related to degenerate convexity Assumption A2
N3, p Parameters related to convexity Assumption A3
Ny, L Parameters related to Lipschitz-gradients Assumption A4
N5, m, a1, Cian Parameters related to tail condition Assumption A5
ap, An, Bn, Dissipativity parameters after transformation Assumption Bl
Eny 1hn, On Degenerate Convexity at infinity after transformation Assumption B2
Ph Strong-convexity parameter after transformation NA
Ly Lipschitz-gradient parameters after transformation NA
My, op 1, Choran, Tail condition parameters after transformation Assumption B5
K Degrees-of-freedom of ¢ distribution NA
9 Parameter related to super and weak Poincaré inequalities NA

Table 3.1. A list of all the constants used and their description.
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3.3. Ito Discretization

3.3.1. Motivations. Indeed, Theorem 2.4 by [RT96] shows that if |V logw(x)| — 0 as |z| —
00, then the solution to (3.1) is not exponentially ergodic. In the other direction, standard results in
the literature, for example [Wan06, BGL14] show that the solution to (3.1) converging exponentially
fast to its equilibrium density in the x? metric, is equivalent to the density 7 satisfying the Poincaré
inequality, which in turn requires 7w to have exponentially decaying tails. Furthermore, when 7 has
polynomially decaying tails, the convergence is only sub-exponential or polynomial [Wan06, Chapter
4]. Consequently, the algorithms obtained as discretizations of the Langevin diffusion in (3.1) are
suited to sampling only from light-tailed exponentially decaying densities, and are rather inefficient

for sampling from heavy-tailed densities.

Our approach to heavy-tailed sampling is hence based on discretizing certain natural It6 diffusions
that arise in the context of the following Weighted Poincaré inequality [BBDT09, BL09]. Such
inequalities could be considered generalizations of the Brascamp-Lieb inequality (established for

the class of log-concave densities) to a class of heavy-tailed densities.

THEOREM 16 (Weighted Poincaré Inequality; Theorem 2.3 in [BL09]). Let the target density be of
the form 75 oc V=# with 8 > d and V € C%(R%) positive, convex and with (V2V)~!(x) well-defined

for all z € R?. For any smooth and mg-integrable function g on R? and G = Vg,

2 —1
(3.67) (B + 1)Varg, (g) < /R s LAL O Bd_d ( /]R d gd7r5> |

A canonical example of a heavy-tailed density that satisfies the conditions in Theorem 16, and
hence (3.67), is the multivariate ¢t-distribution. In particular, we consider the following It6 diffusion

process

(3.68) dX; = — (B — 1)VV(Xy)dt + /2V (X;)dB,,

where (B;);>0 is a standard Brownian motion in R?. The Ito diffusion in (3.68) converges expo-

nentially fast to the target mg in the x2-divergence as long as it satisfies the Weighted Poincaré
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inequality and additional mild assumptions; see Proposition 10 for details. Hence, we study the
oracle complexity of the Euler-Maruyama discretization of (3.68), for sampling from heavy-tailed
densities. Our proofs are based on mean-square analysis techniques, a popular technique to ana-
lyze numerical discretizations of stochastic differential equations; see, for example, [MT04] for an
overview. Our results in this section pushes mean-square analysis to its limits; the heavy-tailed den-
sities we consider invariably need to have only finite variance, which is the minimum requirement

when using this technique.
In this section, we make the following contributions:

e In Theorem 17, we provide upper bounds on the number of iterations required by the Euler-
Maruyama discretization of (3.68) to obtain a sample that is e-close in the Wasserstein-2
metric to the target density. The established bounds are in terms of certain (first and
second-order) moments of the target density 7. Our proof technique is based on a mean-
squared analysis; we demonstrate that for the case of multivariate t-distributions, our
analysis is non-vacuous as long as the density has finite variance, a necessary condition to

carry out the mean-squared analysis.

e While the result in Theorem 17 assumes access to the exact gradient of the unnormalized
target density function (referred to as the first-order setting), in Theorem 18, we analyze
the case when the gradient is estimated based on function evaluations (the zeroth-order

setting) based on a Gaussian smoothing technique.

e We provide several illustrative examples highlighting the differences between the results in
the first and the zeroth-order setting. Specifically, in Section 3.3.7 we show that for
the multivariate t-distribution with smaller degrees of freedom, (and hence the truly
heavy-tailed case) the gradient estimation error is dominated by the discretization er-
ror. Whereas, in the case with larger degrees of freedom (and hence the comparatively
moderately heavy-tailed case), the discretization error is of comparable order to the gradi-
ent estimation error. Hence, the zeroth-order algorithm matches the iteration complexity

of the first-order algorithm by using mini-batch gradient estimators.
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As mentioned previously, our approach leverages the literature on weighted functional inequali-
ties, that are satisfied by heavy-tailed densities. The weighted Poincare inequality was introduced
in [BBD'09] and [BL09], and using an extension of the Brascamp-Lieb inequality, is shown to
hold for the class of s-concave densities. We also refer the interested reader to [CGGR10, CGW11,
BJM16, CEG17, CGMZ19] for various extensions and improvements of the works of [BBD'09]
and [BLO09].

3.3.2. Notations. We use the following notation throughout the rest of the section.
e (-,-) denotes the Euclidean inner product and | - | denotes the Euclidean norm.

e For two matrices A and B, A < B means that B — A is positive semi-definite. The 2-norm

of any d x d matrix A is denoted as || Al|,. Iy is the d x d identity matrix.
e A denotes the Laplacian, and V denotes the gradient of a given function.

o C%(R?) refers to the set of all real functions on R? that are twice continuously differentiable.

C2(RY) refers to the set of all functions in C?(R?) with compact support.

e The Wasserstein-2 distance between two probability measures on R?, ;1 and v is given by

Wa(p,v) := inf </Rd y |z — y|*¢(dx, dy)) C

ceC(p,v)

where C(p, v) is the set of all measures on R? x R? whose marginals are y and v respectively.

e The 2 divergence from a probability measure v to a probability measure y is defined as

2(|p) = /Rd <:EZ§§ - 1>2u(dx).

e The gamma and beta functions are given by:

00 1
['(z) := / t*~le7tdt, V2 >0, and B(zx,y):= / "l =)y ldt, Yoz, y > 0.
0 0

e For two positive quantities f(d), g(d) depending on d, we define f(d) = O(g(d)) if there
exists a constant C' > 0 such that f(d) < Cg(d) for all d > 1. We define f(d) = ©(g(d)) if
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there exist constants C,Cy > 0 such that Cig(d) < f(d) < Cag(d) for all d > 1. We use

O to hide log factors in the O notation.

3.3.3. Organizations. In Section 3.3.4, we first establish the exponential ergodicity of the
It6 diffusion in (3.68) under certain assumptions that are favorable for the discretization analysis.
We next provide our main results on the non-asymptotic oracle complexity of the Euler-Maruyama
discretization of (3.68). In Section 3.3.5, we provide moment computations in the heavy-tailed
setting that are required to obtain explicit rates from the results in Section 3.3.4. In Section 3.3.6,
we provide an extension of our results to the zeroth-order setting. In Section 3.3.7 we provide
several illustrative examples. We discuss further implications of our assumptions in Section 3.3.8.

The proofs are provided in Section 3.3.9 and in Appendices 3.3.10.1, 3.3.10.2 and 3.3.10.3.

3.3.4. Ito Discretizations and Weighted Poincare Inequalities. In this section, our goal
is to analyze the It6 diffusion in (3.68) which admits a specific class of heavy-tailed densities as its
stationary density. Let X, follow distribution pg and denote the distribution of X; by p; for all

t > 0. For any function 1 € C2(R%), the infinitesimal generator of (3.68) is given by
(3.69) Lip = —(B—1)(VV, V) + VAp.
Hence, the Fokker-Planck equation corresponding to (3.68) is

(3.70) Opr=V-(BpNV +VVp)=V- <ptVV log f) .
B
It follows that, under the conditions in Theorem 16, mg o V8 is the unique stationary density of

(3.68). We next examine the convergence properties of (3.68) to its stationary density. To do so,

we introduce the following assumption.

ASSUMPTION 11. There exists a positive constant Cy such that, for all z € R?,

(V2V) Ha)VV (2), VV (2))
V) < Cv.
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When V is radially symmetric, i.e., when V(z) := é(|z|) for some ¢ € C3(R,), the condition in

Assumption 11 simplifies as follows. Note that

VV(JZ) _ ¢’(’m|)x’ and V2 — <¢,,(|$’) B ¢/(|x‘)> TR N ¢/(|x|)Id7

|z [ ) [af? ]

where ® denotes outer-product. Hence, it follows that it is sufficient for ¢ to satisfy
¢'(r) < (¢"(r)r) A (Cvé(r)/r), for all r > 0.

For example, this property holds with Cy = p if ¢ is a p-order polynomial with p > 2 and non-

negative coefficients.

We next provide the following corollary to Theorem 16, motivated by the discussion in Section 2

of [BLOY].

COROLLARY 3. Consider the setting of Theorem 16 and suppose further that Assumption 11 holds

with Cy € (0,5 + 1), then for any smooth, 7g-integrable function, ¢ on RY,

(3.71) Vary,(¢) < (VB+1-VCv) - /R (V@)(VV) @) Ve(x), Vo())ms(x)da.

PrROOF. We start from (3.67), assume that [, gdrg = 0. Then (3.67) could be rewritten as

(72V) @)V (6V) @), T (gV) )
B+1) [ glePrstarin < [ . rale)dz.

Now, note that we have the following elementary bound

r

1<Av,v>7 w,veRr>1,
T_

(A(u+ ), (u+v)) < r{Au,u) +

for any arbitrary positive definite symmetric matrix A € R4, Hence, we obtain

(V2V) M (2)g(2)VV (), g(2)VV (x))
(B+1) /]Rd g(z)?ms(z)da < T/Rd Vi) ng(x)dx
r (V2V)"H@)V(2)Vy(2), V(2)Vg(x))
T /]R‘i V(z) malz) s
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Invoking the condition in Assumption 11, we further obtain

3+ [ s@Praterto <10y [ gfaPrsla)ds

r

+r—1

| @@V) @) Vg(e). Vota))ms (o)

which then implies that, for any r € (1,(8+1)/Cy),

r

2 2 -1
[ @Pms@s < et | (V@(TV) 7 @) Vla). Vola) ms(a)da

With the choice of r := \/%—t} > 1, we get that for all g such that [ gdmg =0, and

/ L9(@)*n d:c<(\/ﬁ+ —@) / (2)(V2V) "N (2)Vg(z), Vg(z))ms(x)dz.
R

For all general ¢, letting g = ¢ — [ ¢dmg, we get

Vars, @) < (VB+1-VCr) " [ (V@(V2V) 7 (@)V6(a). Volw)ms(o)de

When V is strongly convex, Assumption 11 holds under the following sufficient condition.

AsSUMPTION 12. The function V : R? — (0, 00) is twice continuously differentiable and V satisfies
(1) V is a-strongly convex, i.e. V2V () = aly for all x € R%.

(2) There exists a positive constant Cy such that, for all x € R,

(VV(z), VV(x))
V(x)

< aCy.
The following result follows immediately from Assumption 12.

LEMMA 3.3.1. Let B > d. If Assumption 12 holds with Cy € (0, + 1), then for any smooth, mg

integrable function ¢ on R%, we have

(3.72) Vars,(@) < o™ (VBHT=VEV) [ V@IVo(@)Prs(a)da.
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With (3.72), we can show the exponential decay in y?-divergence along (3.68). The proof of the

following proposition is standard and we include it here for completeness.

PROPOSITION 10. Under the conditions in Lemma 3.3.1, for (X;) following diffusion (3.68) with p;

being the distribution of X;, we have

(3.73) i) < exp (20 (VETT = V) t) Clonls).

PROOF OF PROPOSITION 3.3.1. First we can calculate the derivative of x2(p¢|7) via (3.70),

ot = 5 [ (285 1) ot
L n(332)
_ —Q/Rd <v <;’;> (2), Vlog (;’;) (ﬂc)>V(x)pt(:U)dx
ol (2)e

According to (3.72), we get

G 0lm) < ~20 (VIFT - V) Var, (2]
= —2a (\/BT— @) *(pelmg)-

Finally, (3.73) follows from Gronwall’s inequality. |

The above result shows that for the class of 74 satisfying Assumption 12, the Ito diffusion in (3.68),
converges exponentially fast to its stationary density. Hence, time-discretizations of (3.68) provide
a practical way of sampling from that class of densities. The Euler-Maruyama discretization to

(3.68) is given by

(3.74) Tht1 = Tk — h(ﬁ — l)VV(xk) + 2hV(azk)§k+1,

where h > 0 is the step size and {{}72 is a sequence of i.i.d. standard Gaussian random vectors in

R?. We now present our main result on the iteration complexity of (3.74) for sampling from 7wg. We
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state our discretization result, based on a mean-square analysis, in the W5 metric. In particular,
we highlight that Proposition 10 requires that condition that S > d, in addition to Assumption
12, whereas Theorem 17 below, does not. In Section 3.3.8, we revisit these conditions and provide
additional insights. Obtaining convergence results in the stronger x2-divergence is left as future

work.

THEOREM 17. Let V' be gradient-Lipschitz with parameter L > 0, and satisfying Assumption 12
with

B—1-1Cvd

3.75 5=
(3.75) iCvd

> 0.

Let (x1)72, be generated from (3.74) with v, denoting the distribution of xy, for all & > 0. Then

with the step-size,

b < mi 1 20
min , ,
4B—-1)L 3(1+d)a(f —1)
the decay of Wasserstein-2 distance along the Markov chain (x1)72, can be described by the fol-

lowing equation: For all k£ > 1,

(3.76) Wa(ve, 75) < (1 — AV Wa(vo, 75) + % + A(SA).

with A, B and C given respectively in (3.114), (3.115) and (3.116).

REMARK 17 (Constant 0). We now motivate the definition and the condition on the constant ¢

based on exponential contractivity arguments.

DEFINITION 6 (Exponential contractivity). Let X3, Y; be two different solutions to the same sto-
chastic differential equation (SDE) with initial conditions z,y respectively. We say the SDE is

Wa-exponential contractive if there exists a constant x > 0, such that
Wa(L(X), L(Yy) < e |z —yl,

where by L(X) we refer to the law of X.
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Uniform dissipativity is a sufficient condition for exponential contractivity [GDVM19, Theorem 10].

The uniform dissipativity condition for (3.68) can be represented as
(8~ (V&) - YV )z~ y) + 5 |VEV@ L - VIV <~ — ol
or equivalently as
—(B=1(VV(2) = VV(y), 2 —y) +dlV/V(2) = VV () < —slz —yf*.

When V satisfies Assumption 12, a sufficient condition for the above uniform dissipativity condition

is given by
2 d 2 2
—a(f =1z -yl + jalvlz —y|” < —slz —y[5,
or equivalently,
d
a(,B—l—4Cv> < k.

The sufficient condition coincides with the condition that § > 0 in Theorem 17, which also motivates

the assumption in Theorem 17.

REMARK 18 (Iteration complexity). With Theorem 17, we can calculate the order of the iteration

complexity to reach an e-accuracy in Wasserstein-2 distance. With (3.114),(3.115),(3.116), we have

C  9(0+1)L 1,1 L 6(0+1)L _ 1

1= g B [V(X))? + === (8 = DB, [[VV(X)[]?,
B 8(0 + 3) 11 1 8(6 + 3) B 213
Tz < = d2h2 By, [V(X)]? + =—=—(8 = DhEx, [[VV(X)[].

The above display implies that

NI

C B 9(5+3)< L

y Yy ey <= 1+ a) (d?hEEm V(X)) + (8 — 1)hE,, [[VV(X)\QP) .
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Hence, we get % + B = < €/2 if the step-size h satisfies

WETeRy
FEr, V(X)) OR,, [[VV(X)?] 2 e

(3.77) ho < min 81d(6 +3)2(1 + £)2"81(8 — 1)(0 + 3)(1 + L)

Defining K. = log (2Wa(vp, 75)/€), we have Wa (v, m5) < € for all k > K with

3(1+06)

K==

(04 3)%(1+ LY2dE,, [V(X)] (5+3)2(1 + LB, [[VV(X)]?)?
ad3 (B —1)e? ’ ad?e

(3.78) < 273 max K.

Recall the definition of § in (3.75). The order of K depends on the order of §. That is, we have the

following two cases:

e If § = O(1) and g = O(d), we have that

K=0 ( ! <1 + i)zEﬂﬂ V(X)) + — <1 + §> Ex, [|VV(X)|2]5> .

ove?

In order to obtain more explicit iteration complexity bounds from Remark 18, it is required to

e If § = O(1/d) and 8 = O(d), we have that

N

oe?

K=0 (d?) <1 + i)zEwﬂ V(X)] + dj <1 + i) Erg [|VV(X)|2]

compute bounds on the following two quantities: Ex, [[VV(X)[?] and Er, [V(X)].

3.3.5. Moment Bounds. In this section, we compute moment bounds under the conditions
in Theorem 17.

3.3.5.1. An Ezample: Multivariate t-distribution. We first start with the isotropic case.

PROPOSITION 11. Let 73 = Z; 'V % with 8 > d/2+1, V(z) = 1+|z|* and Zg = [pa(1+]|x[*) Pda.
We have

(3.79) Er, [V(X)] = 5_id and E, [[VV(X)P] = ———
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PROOF. Let A4(1) denote the surface area of the unit sphere in d dimensions. By a standard
calculation, we have that, for all 3 > 3,

d
T2

Zg:/ (1+\x|2)5d9@:/ (14 72)Brd=Lip A )=d/ (1+R)PR3\dR
R4 0 I'(5) Jo

d 1
T [ et =T
I'(3) Jo

where B is the beta function. In the above calculation, the second identity follows from a change

to polar coordinates. The third identity follows from a substitution with R = r° and the fourth

2
identity follows from a substitution u = R/(1 + R). Therefore for all 8 > d/2 + 1, we have that

iB(d
Enr, [V(X)] = 25! /Rd(l F o)+ oft)Pdp = 221 T B(

_ 275 —1- %) P(g)
Zg F(%l) W%B(%,ﬁ— %l)
_B@E.A-1-9) T@rE-1-9 1B _ B-1
B(4,5-19) PB-1)  TErE-4 B-1-4

where the fourth identity follows from the property of Beta function, B(x,y)

_ L@)Ir')
= ﬁ and the
fifth identity follows from the property of I' function, I'(1 + z) = 2I'(z). For the other expectation
we have

Ex, [IVV(X)]?] =

T2

/ 1222(1 + |z|?)Pdx = 4Z§1Ad—1(1)/ r2(1 + 12y Brd-1gp
0

d
/ RE(+ R)PdR = T

B 47723( +1,8-4-1) r'(%) 4B(4+1,8-4-1)
N r($) wiB(,p-9)  B(4.8-9)
JE+IIE-5-1) 1) 2d
I'(B)

3
[\V]IsH
3
=

|

[N]ISH

) B-5-1
where we apply the same substitutions and properties of Beta functions and Gamma functions in
the above calculation.

REMARK 19. If 73 is the class of isotropic multivariate ¢-distributions, with the results in Propo-

sition 11, the order of the two expectations in terms of the dimension parameter d is given as
follows,
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e when 8> % +1and B—1— ¢ = O(d), we have

Er, [V(X)] = O(1), and  Er, [[VV(X)]] =0(1).
e when 3> ¢ +1and 8 —1— % =0(1), we have

Ers [V(X)] = O(d), and  Eq, [|[VV(X)]] = O(d).

For a general class of non-isotropic multivariate t-distribution, we consider 73 = Zglv—ﬂ with
V(z) =1+ 2732 where ¥ is a strictly positive-definite d x d matrix. In [Rot12], it’s been shown

that for any g > %, the normalization constant is

Therefore for any 8 > % + 1, we have

B, V(X)) < 2ot - DO -1 - 9 _ B-1

Zg  T(B-DIB-9) B-1-¢

and
Exy [VVOOP) = 25" [ (9V (@) Vi) 9V (@)da

=-2Z;' | V@V (V(2)PVV(2))d
B /]Rd (z) ( (x) (:L')) T
= B, [VV(X)]?] - 25" | AV(2)V(2)" P Vda.
R4
The above identity implies
En, (IVV(X)PP] = (B -1)7'Z5" / AV () (2) "B Vda
R4
< (B - 1)1Z§1/ trace(V2V (z))V (z) " Vdz
R
 trace(X)
<5
< frace()
/8 -1~ b

By [V(X)]
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where the second inequality follows from the fact that V2V (z) = X.

REMARK 20. If 73 is in the class of non-isotropic multivariate t-distributions, the order of the two

expectations in terms of the dimension parameter d is as follows,

oWhenﬁ>%+1and5—1—%20(d),wehave

V(X)]=0(1), and E., [|[VV(X)P] =0(d 'trace(%)).

oWhenﬂ>g—i—landﬁ—l—g:O(l),wehave

= [V(X)]=0(d), and  Eg, [[VV(X)]?] = O(trace(Y)).

3.3.5.2. Non-isotropic densities with quadratic-like V' outside of a ball. In this section, we es-
timate the expectations for a class of non-isotropic densities in the form of 75 o VP with V

satisfying the following Lyapunov condition:

2
(3.80) e, R > 0 such that AV (z) — (8 — 1)|V‘1//((;))] < —¢ v |z| > R.

The above Lyapunov condition characterizes the class of V' that are ‘quadratic-like’ outside a ball of
radius R. If we assume that V has Lipschitz gradients, then when (5 is sufficiently large, the above
assumption is satisfied if V satisfies the PL inequality |VV (x)|?> > a?V (z) wherever |z| > R with
some a > 0 and it is from this inequality that quadratic growth follows. In particular, if V' satisfies
the gradient Lipschitz assumption with parameter L, we have that for all 3 > 14+a~2(dL+¢),

[VV(z)]?

<dL-(f—-1)a*<—-e VYl|z| >R,

thereby leading to the Lyapunov condition in (3.80).

PROPOSITION 12. If V € C3(R?) is positive, L-gradient Lipschitz and satisfies (3.80), then we have

[V(2)] < (dL +e) max V(z), and Eg, [[VV(X)]*] < dLdL+e) | o V(X).

(381 E lz|<R — (B-1) ju<r

T8
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PRrooOF. Since £ is ergodic with stationary distribution w3, we have

Er, [V(X)] = lim E[V(X;)],

t—o00

with (X¢)i>0 being the solution to (3.68) with initial condition Xy = x. We will first bound
E [V (X¢)] and then take t — co. Let (P;)t>0 be the Markov semigroup of (3.68), then

d d
With (3.69), we have
e
LV (z)=V(x) |AV(z) — (B — 1)|V“//((x))|

<V(zx) (_Ellw\ZR + dLl‘x|<R)

< —eV(x) + (dL +¢) ‘nllag}}(z V(z),

where the first inequality follows from (3.80) and the fact that AV < d HVQVH2. Therefore we

obtain

d
— < —
dtPtV (x) < —eRV(z) + (dL + ¢) \I;ED}% V(x),

and it follows from Gronwall’s inequality that

Ery [V(X0)] = PiV(2) S V(@)e™ + (1 - ™) (dL + &) max V (a).

We hence have that E, [V(X)] < (dL + €) max),<g V(z) by taking ¢ — co. For the other expec-

tation, we have
Bry [VVOOP) = 23" [ (9V(@).Vie) "9V (@)da

=75 /Rd V(2)V - (V(x)_'BVV(:c)) dx

= BEx, [[VV(X)P] = Z5" | AV(2)V(2)" O Vda.
R
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The above identity implies

Ery [[VV(X)P] = (B-1)7"25" | AV(2)V(2)" P Vdx

R4

< (8- 1)_1Z§1/ trace(VQV(x))V(x)—(ﬁ—l)dx
Rd
<(B- 1)1Zg1dL/ Vi(z)~ B Dy
R4
dL
- ﬁEﬂﬁ [V(X)]
dL (dL +¢)

ST po1 pEve)

3.3.5.3. General Case. Next we discuss the general case where m3 = Zﬁ_lvﬂ and V € C*(R%)
is positive such that there exist constants a, L > 0 and aly < V2V (z) < LI for all z € RY. Since
V is strongly convex, there is a unique z* € R? such that V(z) > V(z*) > 0 for all z € R? and

VV (z*) = 0. Without loss of generality, we assume z* = 0.

ProrosITION 13. Let 5 > g+ 1. If V € C*(RY) is positive, a-strongly convex and L-gradient

Lipschitz, we have for any r € (0,5 — % —1),

« r'§+nre
y_ AL (L\Fi= rere) e
o n v <2 (87 v (e
Proor. For any r € (0,3 — % — 1), we have
; JV(2)V(x)Pda  Zgy L ﬂ—g—r L'(B)T(r) 5*%*?
E., [V(X)] = =& 7 =, < <a> V(0) (r@w)r(ﬁ—ﬁ)) :
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where the last inequality follows from Lemma 3.3.3. For the other expectation, we have

Bry [VVOOP] = 257 [ (VV(0). V(@) 9V (@))da

=-7;! : -8
= BEx, [[VV(X))?] = 25" | AV(x)V(2)" P Vda.
R4
The above identity implies
Er, [VVEOP] = (8-1)725" | AV(@)V(2)"" Ve
R4

<(B- 1)_IZ§1 /Rd trace(V2V (z))V (z)~ P Vdg

< (8- 1)_1Zﬁ1dL/ Vi(z)" Py

R4
dL Zg_4
CB-1 Zg
% 1
dL (L\354-— NN B-g-r
SRUNEALS SETOY (IR
F-1\a g+ (- %)
where the last inequality also follows from Lemma 3.3.3. |

REMARK 21. A ratio between Gamma functions appears in (3.82) and (3.83). The ratio can be

written explicitly via properties of Gamma functions.

e When d is an even number and d = 2k for some integer k,

146



e When d is an odd number with d = 2k — 1 for some integer k,

r@rr T e _ L(r) T8 -4+3) 156 -9)
PE+nP@E-5) TE+nTB=5) TG+ +r—1) NGRS

_ I B -9 T+ )T(B -5+ 5)
[ (G +r—i) Ta+r) T@B-9)

< 5_%+% . ~1(1 3 d, 1)
< ﬁ r (+7’)2<5—2+2>

d
< 147 5—% :
— T ,r‘ M

where the first inequality follows from Gautschi’s inequality [IM94].

REMARK 22. With Theorem 13 and the upper bounds in Remark 21, we can get the estimations

for Er, [[VV(X)|?] and Er, [V(X)]: for any r € (0, 5 — % -1),

L % 14+ r\zg= (B—4 -
(3.84) E., [V(X)] < V(0) (a) <r> <r> |
V)L (L\5T= (14+r\555 (f— 4\
(385) B [VVOOP] < 5 (a) < T ) (ﬁ)

3.3.6. Zeroth-Order Itdo Discretization. While previously we consider the case when the
gradient of the function V is analytically available to us, we now consider the case when we have
access only to the function evaluations. This setting is called the zeroth-order setting and has been
recently examined in the context of complexity of sampling in the works of [DCWY19, LST21,
RSBG22|. In this setting, we construct an approximation to the gradient via zeroth-order infor-
mation, i.e., function evaluations. For simplicity, we consider the case of obtaining exact function
evaluations. Based on the Gaussian smoothing technique [NS17, RSBG22], for any = € R? we

define the zeroth order gradient estimator g, ., (x) as

(3.86) dom() = %Z V(z + ou;) — V(x)ui
i=1

o
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where u; ~ N (0, I;) are assumed to be independent and identically distributed. The parameter m

is called the batch size parameter. Then the zeroth order algorithm to sample 73 is given by

(3.87) Try1 = g — h(B — 1)gom(2r) + V2V (k) Ept1

where h > 0 is the step size and {&i41}5, is a sequence of independent identically distributed
standard Gaussian random vectors in R%. From [BG22] and [RSBG22], we recall the following

property of gg m.

PrOPOSITION 14. [RSBG22, Section 8.1] Assume V is L-gradient Lipschitz. Define ( = go.m (k) —
VV(xy) with gsm defined in (3.86) and {x}};2, generated by (3.87). We have for any k > 0,

(3.88) E [|E [Cklax] [°] < L?0%d,
and
(3.89) E [|¢k — E [Glzi] IP] < 2iL2(d +3)% + Z(OZ;E’)E [[VV ()] -

THEOREM 18. Suppose V is gradient-Lipschitz with parameter L > 0 and satisfies Assumption 12
with 0 in (3.75). Let g, m be as defined in (3.86) and (x)3, be generated from (3.87) with x ~ v,

for all £k > 0. Then with the time step size

(3.90) h < min{ 20 amo L }
’ 31+d0)a(f—1)"24(14+8)(B—1)(d+5)L2"4(B—-1)L ]’
the decay of Wasserstein-2 distance along the Markov chain ()72, can be described by the fol-

lowing equation. For all £ > 1,

C’ B
(3.91) W (g, m5) < (1 — A)Y*Wa(vg, m5) + — +

A JA(2— A

with A’, B’ and C’ given respectively in (3.123), (3.124) and (3.125).

REMARK 23. With Theorem 18, we can study the iteration complexity to reach an e-accuracy
in Wasserstein-2 distance. In the following discussion, we focus on the dimension dependence

and ¢ dependence in the iteration complexity. When § = O(d) and «, L = ©(1), and when h
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satisfies (3.90), we have

=0y, O o B VOODL 4 dE [TV ot
B — dh ﬂ 213 @ od2hz
A/(2—A’)_O<<5 +(5m);>Em [IVVX)F]? + —5—Ex, [V(X)]Jr(am)é)’

To ensure Wy (v, mg) < €, we require that each of

C’ B’

1 — AYEWy (g, 75), —, e
( ) 2(v0,73) A Al(2 = A
is smaller than £/3. Setting o = £6/V/d, and

)
" d

h=0 (min { (65)2151”5 [V(X)]

1 e26m —
’ £,y [IVVC0R) S5, (v ).

a2
we hence obtain that the iteration complexity K is of order

1
" e62

N

(392) K=0 (max {52153% V(X)], —5Ex, [[VV(X)] ,%Lzmzam [[VV(X)?] }) :

The number of function evaluations is hence mkK.

3.3.7. Illustrative Examples. We now provide illustrative examples to highlight the impli-
cations of our results.

3.3.7.1. Multivariate t-distribution: Large Degree of Freedom. We first consider the isotropic
multivariate t-distribution with the degrees of freedom being d + 2. We choose V(z) = 1 + |z|?,
B =d+1and ms(z) x V(z)™# = (1 + |2[?)~(@*D. With this choice of V and 8, V satisfies
Assumption 12 with o = 2, Cy = 2, and V is L-Lipschitz gradient with L = 2. The constant
¢ in Theorem 17 becomes § = 1. Furthermore, according to proposition 11, Er,[V(X)] = 2 and
Eny [V (X)) = 4.

first order algorithm: According to Theorem 17 and (3.78), to obtain e-accuracy in Wasserstein-
2 distance, the iteration complexity is of order O(1/€2). With the same choice of V and , we check
the conditions of Theorem 1 in [LWME19]. The diffusion (3.68) is «/-uniformly dissipative with

o/ = d and the Euler discretization given in (3.74) has local deviation with order (p1,p2) = (1,3/2)
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and (A1, \2) = (©(d®),0(d")). The detailed calculation for deriving the constants above is provided
in Appendix 3.3.10.2. Hence, by Theorem 1 in [LWME19], to reach an e-accuracy in Wasserstein-2
distance, the iteration complexity is of order O(d®/e2). Hence, in comparison with the result in
[LWME19], we obtain a dimension-free iteration complexity to ensure an e-accuracy in Wasserstein-

2 distance.

zeroth order algorithm: According to Theorem 18 and (3.92), to obtain e-accuracy in Wasserstein-
2 distance, the iteration complexity is of order O ((1V d/m)/e?). When m = 1, the iteration
complexity K ~ O(d/e?) and the number of functions evaluations mK is also of the same order
O(d/ €2). If we choose the batch size m = d, we get a dimension independent iteration complexity
K ~ O(1/¢?) but the number of function evaluations is of order O(d/ec?). Hence, we notice that
in the case of multivariate t-distribution distributions with large degrees of freedom, the cost of
estimating the gradient has an effect on the sampling complexities.

3.3.7.2. Multivariate t-distribution: Small Degrees of Freedom. We now consider the isotropic
multivariate ¢-distribution with the degrees of freedom being 3. We denote the corresponding
density function by mg. The exact number of 3 is chosen just for convenience; the results of this
example apply to all cases where the degrees of freedom is strictly larger than 2 which corresponds
to the setting where the variance is finite. We choose V(z) =1+ |z|?, 8 = (d + 3)/2 and 73(x) o
V(z)™? = (1 + |z|?)~@+3)/2 With the above choice of V and , V satisfies Assumption 12 with
a =2, Cy =2 and V is L-Lipschitz gradient with L = 2. Hence, the constant § in Theorem 17 is
given by d = 1/d. According to Proposition 11, Er, [V (X)] = d+1 and E.,[|[VV (X)[*] = 4d.

first order algorithm: According to Theorem 17 and (3.78), to obtain e-accuracy in Wasserstein-2
distance, the iteration complexity is of order O(d4 /€?). With the same choice of V and 3, we check
the conditions of Theorem 1 in [LWME19]. The diffusion (3.68) is «/-uniformly dissipative with
o/ =1 and the Euler discretization given in (3.74) has local deviation with order (p1,p2) = (1,3/2)
and (A1, \2) = (O(d®),0(d*)). The detailed calculation for deriving the constants is provided
in Appendix 3.3.10.2. Hence, according to Theorem 1 in [LWMEI19], to reach an e-accuracy in
Wasserstein-2 distance, the iteration complexity is of order O(dS/e?). Even in this extremely

heavy-tail case (i.e., only the variance exists), to ensure an e-accuracy in Wasserstein-2 distance,
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we can obtain an iteration complexity with polynomial dimension dependence. Furthermore, in
comparison to [LWME19], our analysis helps to decrease the dimension exponent by a factor of

2.

zeroth order algorithm: According to Theorem 18 and (3.92), to obtain e-accuracy in Wasserstein-
2 distance, the iteration complexity is of order O (max{d4 /€2, ds /e, d*/ 52m}>. Hence, we have
that for any batch size m, the iteration complexity K = O~(al4 /€%). Picking m = 1, the number of

function evaluations are of the same order, i.e., mK = O(d*/e?).

REMARK 24. The example discussed above highlights the following important observation: Choos-
ing a large batch size does not improve the iteration complexity. To explain this, we understand
both (3.74) and (3.87) as approximation to the continuous dynamics (3.68). For the first-order
algorithm, the error of the approximation only comes from the Euler-Maruyama discretization. For
the zeroth-order algorithm, the error of the approximation comes from both the Euler-Maruyama
discretization and the zeroth-order gradient estimate. When the error from the Euler-Maruyama
discretization dominates, the optimal batch size is always 1 and the oracle complexity of the zeroth
order algorithm is the same as the iteration complexity for the first-order algorithm. When the error
from the zeroth-order gradient estimate dominates, we need to choose a large batch size depending
on d so that the iteration complexity for the zeroth-order algorithm is the same as the iteration
complexity for the first-order algorithm while the zeroth-order oracle complexity is of order m-times

larger.

3.3.8. Further Results and Additional Insights on Assumptions. In Section 3.3.4, we
provide sufficient conditions on V' such that when 3 > d, mg o VP satisfies the weighted Poincaré
inequality with weight V. In this section, we relax the conditions in Section 3.3.4 by introducing

the following assumptions.

ASSUMPTION 13. The function V : R? — (0, 00) is twice continuously differentiable and V' satisfies

(1) V2V () is invertible for all x € R?.
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(2) There exists v € <0 , such that

L}
' d+2

sup
zeR4

VT (V) @) < v,

where V,, := V7 and Cy () is a positive constant depending on +.

LEMMA 3.3.2. Under Assumption 13, for any smooth function ¢ € L*(mg),

-1
(3.93) Varz,(¢) < CWP[/Rd \Vo(x)*V (z)ms(x)dr, with Cwpr= Cy(7) (f — 1) )

PROOF. First we define V, := V7. Choose ' =  — 2v. For mg V=P we can write it as

T X Vf},_a with

!/
—2
=Py
B! v

where the inequality follows from the fact that v € (0, #2] Therefore we can apply Theorem 16
to mg o< V, 7 and get for any smooth, mg-square integrable function g with Er, [¢9(X)] = 0 and
G=V,g,

(V2V3) 1 (2)VG(2), VG(2))
Vy(x)

(3.94) (a+1) /R (P (o) < /R d 7 () da

Since ' = — 2, (3.94) is equivalent to

(3.95)  (a+1) /R , ‘?/(2)'2‘/(96)”%[: < /]R (V) @) VG(), VG @)V (2)" 7 da

Under Assumption 13, we have
/ (V2Ve) (@) VG(x), VG (@) V (2) W) da
Rd
<Cv(y) [ IVG@PV @)V (@) da
R4

— Cv(y) / VG@)V () Vs,
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where the last identity follows from the fact that 3/ = 8 — 2v. Along with (3.95), we get

o0 @+ [ Sy 0w <o) [ vewpve 0.

Since G = V7g, G is smooth, mg-square integrable and Er,  [G(X)] = 0. For any mg-square
integrable ¢, let G = ¢ —Er, _[¢(X)] and we get

(3.97) [ 16(0) ~ a0 Prs(a)de < SO0 [ 960V ms(o.

Therefore for any smooth, mg-square integrable ¢,

Vare, () = int [ 16(a) ~ cPmala)de < S0 [ 196G PV (@)msto)e
-1
which is equivalent to (3.93) with Cywpr = C;VT(?) =Cy(v) (% - ) . [

REMARK 25. Lemma 3.3.2 can be applied to the class of multivariate ¢-distributions with V' (z) =

1+ |x]?. When 3 € (%, d], with the choice of v = %, Assumption 13 holds with

(d+2)?

C =—
Hence, Lemma 3.3.2 implies that the multivariate ¢-distribution with degree of freedom v € (2,d]

satisfies the weighted Poincaré inequality with weight 1 + |z|? and with

(d+2)?
v(d+1)(d+v)

Cwpr =

The detailed calculation for deriving the above mentioned constants is provided in Appendix 3.3.10.3.
As an immediate consequence of Lemma, 3.3.2, we have the following x? convergence result for (3.68).

PROPOSITION 15. Under Assumption 13, with (X}) satisfying (3.68) with p; being the distribution

of X¢, we have

(3.98) i) < exo (~Cvin) ™ (2 -1) ) ool
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For the case of multivariate t-distributions, Proposition 15 allows us to show exponential conver-
gence of (3.68) in the x? divergence with smaller degrees of freedom (and hence heavier tails)
compared to Proposition 10.

3.3.8.1. Relationship between Lemma 3.5.1 and Lemma 8.5.2. The result in Lemma 3.3.2 com-
plements that in Lemma 3.3.1. It can be used to study the WPI for 7g when 8 < d. In particular,

when < d, if mg o V=8 and V satisfies Assumption 12 with Cy € (0, dﬁ'ﬁﬁ), then V sat-

isfies Assumption 13. Therefore mg satisfies the WPIL. In Proposition 16, this relation is proved

formally.

PROPOSITION 16. When 5 < d, if Assumption 12 holds with Cy € (0, diQ%), then Assumption
13 holds.

PRrOOF. First V2V is invertible because V2V = al;. Next we show that there exists v € (0, %]

such that HV(%‘)PY_l(V2V7)_1($)H2 < Oy () for all z € R Tt is equivalent to showing that there
exists v € (0, %] such that HV(m)l_V(VQVAY)(a;)H2 > 0 for all z € R% From the calculations in

Section 3.3.10.3, we have
V2V, (z) =4V (2) 7 ((v = )V (2) ' VV (2) VV (2) + V2V (2)) .
Therefore

V(@) (V) (@) =7 (VPV(2) = (1= 1)V (2) 7' VV(2)"VV ()

=ay(1—=(1-7)Cv) 4,

where the inequality follows from Assumption 12. Last we show that there exists v € (0, d%ﬂ such

that 1 — (1 —v)Cy > 0. Note that

1
1-1=9)Cy >0 = v>1——.
Cy

Since Cy € (0, %), we have that



Therefore there exists a constant v € (0, %] such that ||V (2)'7(V2V,)(z)||, > 0 for all = €
RY. |

3.3.8.2. Relationship between Theorem 17 and Proposition 15. Proposition 15 studies the con-
vergence of the continuous dynamics (3.68) while Theorem 17 studies the convergence of the dis-
cretization (3.74). The conditions in Theorem 17 can be shown to imply conditions in proposition

15. In Proposition 15 we only assume Assumption 13. In Theorem 17, we assume (i) Assumption

5= B—1-1Cyd

12, (ii) Yo

> 0, and (iii) V is gradient Lipschitz. In the following proposition, we show

that these three assumptions together imply Assumption 13.

B—1-1Cyd

ProposiTION 17. If Assumption 12 holds such that § = 107” > 0 and V is L-gradient
4

Lipschitz, then Assumption 13 holds.

PrOOF OF PROPOSITION 15. Under Assumption 12 and L-gradient Lipschitzness assumption,

we have that V is ‘essential quadratic’. That is, assuming V attains its global minimum at z*, for

all z € R?,

L
V(z™) + %\x — P < V(z) <V (z*) + 5’.%’ — x|

Therefore for all = € R,

|VV (z)|? < L2 |z — z*|? < 212
Vi) ~V@E)+$§z—z2" o

which implies that Assumption 12-(2) is satisfied with Cy = 20%22 Furthermore,

2
V) (V) e) = 0y (- (=)0 L= ay (1-20- ) 5 ) 1

_lo

The condition § = ﬁ_ici‘idvd > 0 is equivalent to the condition 5 > %d + 1. Notice that for all
4

d > 1, we have

a? L2
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Therefore for any
LQ ()é2
—d+1 1—— ) (d+2
B> 5pdt1> < )( +2),

B

) and obtain

we can choose v =

_ 2038 [ o B
V() (VAV,)(2) = o@D (2L2 + F i 1> I,

_ a(szji)z <5 _ <1 - 20‘;) (d+ 2)> I,

Therefore Assumption 13-(2) is satisfied with v = 8/(d + 2) and

C“v(’y)—agl;;g)2 </3— (1—;;) (d+2)>1 > 0.

The proof is now complete because Assumption 13-(1) is automatically satisfied under Assumption

12. |

3.3.9. Proofs of the Main Results.
3.3.9.1. Proofs of Theorem 17 and Theorem 18. In this section, we provide the proof of Theorem
17 and Theorem 18 via mean square analysis. We first start with the following intermediate

result.

PROPOSITION 18. Let (X;);>0 follow (3.68) with X; ~ p; for all ¢ > 0. If V is gradient Lipschitz

with parameter L, then we have

(3.99) E [|X: — Xo|*] <4[(8—1)*#E [|VV(X0o)|?] + tdE [V (Xo)]]
3.99
exp (4(8 — 1)2L** + d(8 — 1) L** + 2dLt) .

PROOF OF PROPOSITION 18. According to (3.68),

2

E[|X; — Xo!] < 2(8 — 1)°E /Ot VV(X)ds| | + 4dE [/Ot V(Xs)ds] ,
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where

t 2
E / VV(X,)ds
0

<E +2E

(/Ot IVV(X,) — VV(XOWS>2 (/Ot WV(XO)\ds) 2]

< 2R [/Ot IVV(X,) — VV(XO)]st} + 2tE [/Ot \VV(X0)|2ds]

t
(3.100) < 2L2t/ E [|Xs — Xo[?] ds + 2¢°E [|[VV(Xp)|?],
0

and

[ vexan]
EU (Xo) + (VV(Xy), Xs — Xo) + yX XO\st]

:tIE[V(Xo)]+§IE [/0 |X8—X0]2ds}— B—1)E [// (VV(Xo), VV(X,))duds

<tE[V(Xo)] + EE [/t | X — Xo|*ds } E [|[VV(Xo)[*]

—(B—1)E [// (VV(Xo), VV(X,) — VV(X@)duds}

< E[V(Xo)] + 51& [/ X, —Xo!st} _¢ QME [IVV(X0)[]
M _21)t2 E [|VV (Xo)[2] + 713 [/ / YV (X,) — TV (Xo)| duds]
<IE[V(X0) + LB [ / |XS—XOPds} LB [ / /0 |Xu—XoPduds]
(3.101)  <IE[V(Xy)] + <§ 4 (5_ DL ) [/ X, — XO\st] .

With (3.100) and (3.101), we get

E[| X, — Xo|] < /Ot [4(8 — 1)2L%t + 2dL + d(B — 1) L*] E [| X, — Xo[?] ds + 4d¢E [V (X)]

+4(8 - 1)*’E[|VV(X0)|*] .
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By Gronwall’s inequality, we hence have

E[|X; — Xof) <4[(8 — V*E [[VV(X0)P] + dfE [V (Xo)]]

exp (4(8 — 1)2L** +d(B — 1)L** + 2dLt) .

Based on the above proposition, we now prove Theorem 17 below.

PROOF OF THEOREM 17. We perform mean square analysis to (3.74). Let (X¢)¢>0 follow (3.68)
with Xo ~ mg. Since g is the unique stationary distribution to (3.68), X; ~ mg for all t > 0. With

(3.74), we can calculate the difference between X}, and x,
h t
Xp—x1 =Xy — /0 (ﬁ — 1)VV(Xt)dt +/0 V QV(Xt)dBt — (33‘0 — (ﬁ — l)hyo + v/ QhV(l'()) 1>
h
= (Xo —x0) = (B = Dh(VV(Xo) = VV(20)) — /O (8 —1)(VV(Xy) = VV(Xo)) dt

h
/0 <\/2V(Xt) - \/2V(930)> dB,

=U; + Uy + Us,
where
(3.102) U == (Xo —20) — (B = 1)h (VV(Xo) — VV(x0)),
(3.103) Uy = — /Oh(ﬂ — 1) (VV(Xy) — VV (X)) dt,
h
(3.104) Us ;:/0 <\/2V(Xt) - \/2V(x0)> dB;.

Therefore according to triangle inequality,

1 1 1
E[| X, — z1*]2 < E[U1 + Us’]2 + E[|U2[]2.
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Since U; is adapted to Fp and E[Us|Fy] = 0, we get

E[|Uy + Us || Fo] = Ui + E[|Us [*|Fo]

= [(Xo — 20) — (B—1)h (VV(Xo) — VV (20)) |
+E [/Oh |vavxon - \/mIdHidﬂ]:o} .

Since V' is a-strongly convex and L-gradient Lipschitz, it satisfies

al 1
X — Xo) — > Xo — 24 - X)) — 2,
(Xo — 20, VV(Xo) — VV(x0)) > a+L| 0 — o] +a+L|VV( 0) — VV(zo)l
Therefore when h S Cg_lfw,

[(Xo —z0) — (B — 1) (VV(Xo) — VV(20)) |?
=|Xo — z0]? — 2(8 — D)h(Xo — z0, VV(X0) — VV () + (8 — 1)?R%|VV(Xy) — VV (20)[?

< <1 _2(B—1)aLh

DR o = ol + (9= 00 (8- D= 22 ) 19V (K) = TV (ao)P

(3.105) <(1— (B8 —1)ah)?|Xo — zo|%

Meanwhile, for arbitrary r > 0, we have

E Uoh H\/QV(Xt) - \/2V(:c0)H;dt]
h
—=dE [/O V2V (X;) — \/2V(x0)\2dt}

<d (h <\/2V(X0) - \/QV(:UO)>2 4 E Uoh ‘\/QV(Xt) - \/QV(XO)‘Q dtD

+2d]\/2V (Xo) — /2V (20)|h3E [/Oh ’\/QV(Xt) - \/2V(X0)’2 dt}

2 h 2
<d(1+7)h <\/2V(Xo) - \/2V(x0)) +d(l+r HE [/ ’\/QV(Xt) - \/QV(XO)’ dt} .
0
Notice that under Assumption 12, we have

VIV (2) _ V3aly

VAV = s <
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for all z € R®. Therefore

(3.106) (VAV(X) ~ VAV (a0)? < 2V Xy — o
and
h OéCV h
(3.107) /0 V2V (X;) — 2V (Xo)|?dt < 2/0 | X — Xo|%dt.

With (3.106) and (3.107), we get

h (% T
Bl [ Ve - vt i < “EEE B - )
(3.108) o
+ aCVd(l; ) /0 E[|X; — Xo|?]dt.

Next we apply Proposition 18 to E[|X; — Xo|?]. In particular, when

t€[0,h] and h<

4B -1)L°
we have
E[|X; — Xo/?] < (4dtE [V (Xo)] + 4(8 — 1)*°E [|[VV(X0)|?]) exp(1)
(3.109) < 12dtE [V (Xo)] + 12(8 — 1)*°E [|VV (X0)|?] .

Combining (3.108) and (3.109), when h < grztyyy, we have that

h 2
B[ || VeV - VAV | a1
g%aC’vd(l +)RE[| Xo — 2o
+ 6aCyd(l+7r71) /h (AE[V(Xo)] + (B8 — V*’E[|VV(X0)|?]) dt
0
(3.110) :%and(l +7)hE[| Xo — zo|?]

+3aCyd*(1+r HR’E [V(Xo)] 4 2aCvd(B — 1)*(1 + r R’E [|[VV(Xo)[*] -
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With (3.105) and (3.110), we get
E[|U1 + Us/?]
< (1 —2(8—1)ah+ (8 —1)*a*h* + %and(l + r)h) E [|Xo — zo[?]
+3aCyd* (1 +r HR’E [V (Xo)] + 2aCvd(8 — 1)*(L +r HAE [|[VV (Xo)|?]
< (1 —2(8—1)ah+ (8 —1)%ah* + %aC’Vd(l + r)h) E [|Xo — zo/?]
(3.111) +2aCvd(1 + r~1)h* (3dE [V (Xo)] + 2(8 — 1)*hE [|[VV (X0)[?]) -

_1
Since Cy < 4(6%;1), denote § = (B—i)ciz(fvd > 0. We have
2Cv

1
1-2(8—1Dah+(8—1)%2hn* + F0Cvd(l+r)h

147

h
1+0

=1-2(8—-1ah+ (8 —-1)2%a*r*+2(6 - 1)a

2
_ [1 —a(B—1)(1— 11125”)4 +a2(B— 1)2h2

20— 1)——h — a2(5 — 1)2h2 (M)Q
1+6 1+6 '

By picking r = g, we get for any h € (O, WSM) that

1-2(8—1Dah+(8—1)%2h* + %and(l +7)h
2
< [1 — (B — 1)3(15+5>h] +a?(6-1)%h <h — ?)(fié)a—l(ﬁ — 1)—1>

< {1 — (B - 1)3(1‘16);1]2.

With the choice of r = ¢§/3, (3.111) could be rewritten as

B 2
B0 + af) < (1- B0 00) Bl1o - o)

(3.112) 4 88 (_12(5); O)h” (3dE [V (Xo)] + 2(8 — 1)*hE [|[VV (Xo)[*]) -
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Next, with the bound in (3.109), we get when h < G- 1)

( /Oﬂxt_wﬂ

h
< (B - 1)2L2h/ E [|X; — Xol*] dt
0

E[|U2%] < (8- 1)°L°E

(3.113) <6d(B — 1)2L*R*E [V(Xo)] + 4(8 — D)*L*A'E [|[VV(Xo)[?] .
With (3.112) and (3.113), we get when h < min <4(6i1)L, 3(1+5)22(5_1)>,

E [|X) — 212]% < [(1 — A2 [|Xo — z0?] + B +C,

with
_a(B-1)0
(3.114) A= mh,
4a2(B—1)2(3+0)2h ( 1 v -
(3.115) B= e (d Er, [V(X)]2 + (8 — 1)h2Eq, [[VV(X)[] ) :
(3.116) C = 3d5(8 — 1) LASEq, [V(X)]? +2(8 — 1)2Lh%E,, [[VV(X)[2]?.

The above analysis works for each step, therefore we get for all k > 1,
1 1
E [‘th — ;L'k‘2] 2 < [(1 — A)ZE UX(k—l)h — xk,l‘ ] + BZ] 2 L C.

According to [DK19, Lemma 9], with A, B, C' given in (3.114),(3.115),(3.116), for all k£ > 1,

[NIES
[NIE

C B
+

E [| Xkn — 1] it Taea

< (1— A)FE [|Xo — z0l*]2 +

1
Choosing Xy such that Wy (v, 73) = E [|X0 — CL’0|2] 2, we get (3.76).

We now prove Theorem 18.
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PrOOF OF THEOREM 18. Following the same strategy and notation in the proof of Theorem

17, we have
(3.117) Xy — a1 =U1 4+ Uz + Uz + (B — 1)RE[Co|zo] + (B — 1)k (¢o — E[Co|z0]) ,

where Uy, Uz, Us are defined in (3.102),(3.103),(3.104) respectively and (y = go.m(z0) — VV (20).

Therefore we have

N
N|=

E[|Xpn —21*]? <E [|UL + Us + (8 — 1)h (¢o — E[¢olzo)) ]

+E[|Ua%]7 + (8 — 1)AE [|E[Go|zo]|?] ®
(3.118)

[N

= {E[|U1 + Us|*] + (8 — 1)*h°E [|¢o — E[Colzo]I*] }

D=

+E[|U2I%]7 + (8 — 1)RE [|E[Go|zo]|?]

From the proof of Theorem 17 and Proposition 14, when

. 1 2
h < min <4(5 1)’ 3(1+0)a(B — 1)> ’

we have that

E [| X5 - JEHQ]% < {(1 — A)’E [| Xo — zo|*] + B* + ;;LQW —1)*(d+3)°n?
(3.119) +2(d il 5)55 - 1)2h2IE [[VV (z0)[?] }2 +C+ Lo(B —1)d=h,

where A, B, C are defined in (3.114),(3.115),(3.116). Using the fact that V is gradient Lipshcitz,

we have

E[|VV(20)?] < E [(VV(Xo)| + LI Xo - ol)?]

(3.120) <2E[|VV(X0)|?] + 2L°E [|Xo — zo/*] -
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Plugging (3.120) in (3.119), we get

d+5)(8— 1)2L2h2IE

UXO — 1'0‘2] + B2
m

E[| X, — $1]2]% < {(1 — A)’E [|Xo — zo[*] + A

+;;L2(6 —1)%(d+3)%h* + Ad+ 5)55 — 1)2h2E [[VV(X0)?] }2
(3.121) +C+ Lo(B—1)d2h.

When we pick the step-size such that

h<min{ 2(1+9) amd }’

a(B—1)8" 24(1+6)(B — 1)(d + 5)L2

we have

1— =
m

2
(- A7+ 4(d +5)(B — 1)2L2h? > ( ;1) '

Therefore we have

(3.122) E[1X - 21] < {1 = AE [ X —wol’] + B} + €,
where
, a(B—-1)0
(3.123) A = orh
o ECEl L V(G R LI M) Ch Dih) g (IVV(X)P)?

(146)252 mb ™6

(3.124) dd (8- BB 4O g oy oL@+
(1406)242 " m3 ’

(3.125) €' =3L(B—1)d2h3E
The rest of the proof is the same as the proof of Theorem 17, and hence we get (3.91).

3.3.10. Appendix.
3.3.10.1. Computations for Section 3.3.5.3.
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LEMMA 3.3.3. Let 3 > g+1. IfV e Cz(Rd) 1s positive, a-strongly convex and L-gradient Lipschitz,

we have for any r € (0,5 — % -1),

nja—

-

Zsy _ (L34 r@)r(r)  \* &
(3.126) 7 < <a> V(0) (r(g+r)r(5_g)>

PRrROOF. Since V(z) < V(0)+ %’l‘|2, we know that for any r € (0,8 — % -1), Z%_H is finite and

74, is a probability measure. Therefore
2

(-l 1
Zg1 _ Jga V(@) P Vda Zdir Jpa V@)~ 721 )ﬂ-g-i‘r(ﬂ?)dx

Zp Jpa V(@) Pdz Zg+r Jra V(x)f(ﬁfgir)ﬂgﬂ(x)dm

E*%*lfr

(fRd V(f’«")_(ﬁ_g_r)ﬂéw(@dx) pogor
S 2
Jra V(x)_(ﬁ_g_”")ﬂngr(x)dm

1

o
= < V(x)_(ﬁ_g_r)wd+r(m)dx> =
Rd

2

|
vl
|

T

(g (o)
< (Zngr) = </Rd(V(O) + §]x|2)_ﬂdx>_ﬁ_§_T.

For the integral [,(V(0) + 5|z|?)~Pdz, we can calculate it via change of polar coordinates and

substitutions,

d
= (V(0) + V(0O)RL) P(=—=)>"'R dR
F(g)/o L L
2éms /OO(1+R ) PR 4R
= L L
T(4)L2V(0)°~2 Jo g
2575 Ly
= S d/ w21 —w)? 27 du
I($)L2V(0)°~2 Jo
_20mB(§.6 - 9)
L§LEV()*



where the second identity follows from a substitution with R, = LR?/(2V(0)) and the fourth

identity follows from a substitution with u = 157]%@. For Z4 ., we have
2

d
Za, = V(z) 2 "dx
Rd

d
o, o\ 27"
< —
_/Rd<V(O)+2]x|> dz

a 00 _d_,
_ T / (Vo) + 2r?) " RIaR
) Jo

dR,

Rq

2V(0)> 2l 2v(0)

« «

—
—
N Nl

ol
[y

\]

= u%_l(l —u)" " tdu

—
—
[\ClISH
SN—
Q
ol
o

ol

3
vl

\)

f . (selngo gty

Zs T \I(Haiv(o)y2ini B4, 8- 4)
_(LEV(0)f 5T T(B)I(r) )za—%_r
N as ré+nrE-9)

3.3.10.2. Computations for Sections 3.3.7.1 and 3.3.7.2. Let ma(x) oc V(z)™? = (1 + |z?)~F

with 5 > %. The gradient and Hessian of V' is

VV(z)=2x, VV(z)=2I,
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Therefore V' is a-strongly convex with o = 2 and L-gradient Lipschitz with L = 2. (3.68) reduces

to
with b(x) = —2(8 — 1)z and o(z) = v2(1 + ]x\Q)%Id.
Next we look at the uniform dissipativity condition:
1 2\ L o\ 1 2
(bw) = bly)x —9) + 5 ||+ P L — (L + Iy
= =28 - Dz —y? +dl(L+ )2 — (1 +[yP)2[?
d

(3.128) <251 Dje -y

where the inequality follows from the fact that = — (1 + \x|2)% is 1-Lipschitz. Therefore diffusion
(3.127) is o/-uniform dissipative with o/ =2(8 —1— %) In particular, o/ = d when 8 =d+ 1 and

a’zlwhenﬁ:%.

Last we look at the local deviation for the Euler discretization to (3.127). We use the same notations

in [LWME19]. According to [LWME19, lemma 29], p; = 1 and
M =2 (1 () + i (0)?) (m.2(0) + mLa(0)) (1 + E[ Kol + 21 B)’ ).
According to [LWME19, lemma 29], py = % and

Ao = () (m1.2(8) + 75 (0)) (1 + E[[ Kol + 2m12(8)’ ™),

with
b(x) —b
mb) = sup DO 4y
z,y€R Ay ‘.%' - y‘
Hf(o_) — sup ”O'(‘T) - U(y)”F — \/ﬁ’
z,y€R Ay |1: - y|
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(o)
b) :=s
A e

lo@)% _

= 4(8 - 1),

(o) =
The order of A\; and A9 in dimension parameter d is given by:
M= (((B=1%+d) ((8-1%+2d) (1+(8-1)%)),
Ao =0 ((B — 1) ((8 - 1)? + 2d) (1 + (8- 1)20/*1)) .
Therefore, we have that
e when 3 =d+ 1, (A1, \2) = (©(d®),0(d%)),

o when 8 =42, (A, \y) = (O(d°), O(d")).
3.3.10.3. Computations for Remark 25. In the example of Cauchy class distributions, V(z) =
1+ |z|? and V; := V7. When v > 1,

VVy(z) =7V (2) 7' VV (2),
V2V, (z) = y(y — )V (2)2VV (2)TVV (2) + 4V (2) 7 V2V (2)
=V (@) (v - DV (2) 'VV(2)TVV(2) + VPV (2)) .
Plug in V(z) = 1 + |z|?, we get
VVy(z) = 291+ [al*) ",

2 T
VAV, (z) = 2y(1 + |z[2)7 ! <Id +2(y — 1)“‘”)

= 2y(1+ [z*)! ((Id - ﬁ?) + <1 —H-=) = ) iﬁ) ’

and

<v%w*ww:1u+uﬂkvgh—

alz 1+ |z? T’z
27y '

22 T TF @y = Diap 2
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_ 1 _ (d+2)? _
21 V=100 < 1 ) PR Sl N/ | Hy.
(V2V,) ") = gy (L o)l = e o1 o)y
Therefore Assumption 13 holds with Cy(y) = 25((;;7_2;_2). For the Cauchy distribution mg o

(14+]z]?)P = (1+ ]x\Z)fdi; with 8 € (&2, d], i.e. v € (2,d], according to lemma 3.3.2, 75 satisfies

the weighted Poincaré inequality with weight 1 4 |z|? with weighted Poincaré constant

Cwpr = Cy(v) (6 -1
~

- (d+2)? . (d+2)?
) C2d+1)BRB—-d—2) v(d+1)(d+v)
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CHAPTER 4

Regularized Stein Variational Gradient Flow

Given a potential function V : R¢ — R, the sampling problem involves generating samples from

the density
(4.1) m(z) = Z e V@), with 7Z = /e_v(x)d:c

being the normalization constant, which is typically assumed to be unknown or hard to compute.
The task of sampling arises in several fields of applied mathematics including Bayesian statistics and
machine learning in the context of numerical integration. There are two widely-used approaches for
sampling: (i) diffusion-based randomized algorithms, which are based on discretizations of certain
diffusion processes, and (ii) particle-based deterministic algorithms, which are discretizations of
certain approrimate gradient flows. A central idea connecting the two approaches is the seminal
work by [JKO98] which provided a variational interpretation of the Langevin diffusion as the
Wasserstein Gradient Flow (WGF),

(4.2) Orpe =V - (ue Vi F'(pe)) = V- (ﬂt Vlog %)

where the term Vyy,F(u:) = Vlogt could be interpreted as the Wasserstein gradient! of the

s

relative entropy functional (also called as the Kullback—Leibler divergence), defined by s

F(u) = KL(p|m) == /Rd log ’l:((;)) e (x)de,

evaluated at ;. This leads to the idea that sampling could be viewed as optimization on the space of
measures, a viewpoint that has provided a deeper understanding of the sampling problem [Wib18,
TSA20].

ISee, for example, [AGS05, San17] for the exact definition.
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There are several merits and disadvantages to both the randomized and deterministic discretization
of the (approximate) WGF. First, note that obtaining exact space-time discretization of the WGF
in (4.2) is not possible. Indeed, due to the presence of the diffusion term, when initialized with an
N-particle based empirical measure, the particles do not remain as particles for any time ¢ > 0.
Hence, on the one hand, randomized discretizations like the Langevin Monte Carlo algorithm, are
used as implementable space-time discretizations of the WGF. On the other hand, motivated by
applications where the randomness in the discretization is undesirable, in the applied mathematics
literature, other discretizations of approrimate WGF were developed. Such methods are predomi-
nantly based on using mollifiers and we refer the reader to [Rav85, Rus90, DM90, CB16, CCP19]

for a partial list and to [Chel7], for a comprehensive overview.

Recently, in the machine learning community, the Stein Variational Gradient Descent [LW16, Liul7]
was proposed as another deterministic discretization of approximate WGF, and has gathered signifi-
cant attention due to applications to reinforcement learning [LRLP17], graphical modeling [WZL18],
measure quantization [XKS22|, and other fields of machine learning and applied mathematics
[WTBL19, CLGL"20a, CLGL"20a, KSA*20]. Due to the use of the reproducing kernels, the
Stein Variational Gradient Descent (SVGD) algorithm provides a space-time discretization of the
following approximate Wasserstein Gradient Flow (which we refer to as the Stein Variational Gra-

dient Flow (SVGF) for simplicity)
—V. K
(4.3) Ouptn =V - (1o Ty Vlog 21 ).

where Ty, : L4(p) — L4(u) is the integral operator defined as Ty, f(z) = [ k(z,y)f(y)du(y) for
a function f € L4(u), and for a kernel k : R? x RY — R; see, for example [LLN19]. Hence,
SVGD (which is based on the SVGF), in this context, while being deterministic only provides
a discretization of a constant-order approximation to the Wasserstein Gradient Flow due to the
presence of the kernel integral operator. Indeed, if supp(u:) = R? and k is bounded continuous

translation invariant characteristic kernel [SGFT10] on R? (e.g., Gaussian, Laplacian kernels),
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then

1se = Tllop = 500U Thuef = Fllgiuy © 10y = 13 2 1ol = Ll pggun
= ”1 - fk('vx):ut(x) dxHLz(ut) >0,
where 1 = (1,.4.,1)T. This shows that the order of the error is crucially dependent on the choice

of the kernel k.

To overcome the above issue with the SVGF, in this work, we propose the Regularized Stein Varia-
tional Gradient Flow (R-SVGF). To motivate the proposed flow, we first note that the Wasserstein
gradient Vlog(u:/m) lives in Lg(u), while the kernelized Wasserstein gradient 7y, V log (/)

morally lives in H{ C L&(ut). If Vlog(u/m) € Ran(Ty,, ), then it is easy to verify that
1L = ) Thgae + #1) " TV logue/ ) — Vo /) | gy — 0 a5 v 0.

Additionally, if V log (/) is sufficiently smooth, i.e., there exists v € (0, %] such that Vlog(u/m) =
muth’ for some h € L3(p) (see, for example, [CZ07]), then

(1 = )T+ )™ T,V o/ ) = V1ot 7) | o) = OWP), a5 v =0,

In other words, ||((1 — v)Tgu, + vI) ™ Tk, V log(p1e /) is a good approximation to Vlog(u /) for
small v. With this motivation, we propose the following R-SVGF given by

(4.4) Ouptn =V - (e (L= )T +vD) ™ Tig (VIog ) ).

for some regularization parameter v € (0, 1], where R-SVGF arbitrarily approximates the WGF as
v — 0. It is important to note that in the case of v = 1/2, we have Vlog(u:/7) € H, yet, (4.3)

suffers from the drawback of providing only a constant-order approximation to (4.2).
Summary of Contributions. Our contributions in this work are as follows:

(1) We propose the Regularized SVGF (R-SVGF) that interpolates between the Wasserstein
Gradient Flow and the SVGF. The advantage of the proposed flow is that one could

obtain an implementable space-time discretization as long as the regularization parameter
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is bounded away from zero. The main intuition behind the proposed flow is to pick
an appropriately small choice of regularization parameter so that we could arbitrarily

approximate the WGF (Theorems 19 and 21).

or the R- , we provide rates ol convergence to the equilibrium density in two cases:
2) For the R-SVGF id f th ilibrium density in t
(i) in the Fisher Information metric under no assumptions on the target (Theorem 20) and
(ii) in the KL-divergence metric under an LSI assumption on the target (Theorem 22).

We also establish similar results for the time-discretized R-SVGF (Theorems 23 and 24).

(3) We characterize the existence and uniqueness (Theorem 25), and stability (Theorem 26)

of the solutions to the R-SVGF in the mean-field limit.

(4) We provide preliminary numerical experiments demonstrating the advantage of the space-
time discretization of the R-SVGF, which we call as the the Regularized Stein Variational
Gradient Descent (R-SVGD) algorithm, over the standard SVGD algorithm.

4.1. Organizations

The rest of the chapter is organized as follows. In Section 4.2, we introduce the notations used in
the rest of the paper. In Section 4.3, we provide the preliminaries on reproducing kernel Hilbert
spaces required for our work. In Section 4.4, we introduce the R-SVGF, along with the notion
of regularized Stein-Fisher information, required for our analysis. Due to the technical nature
of the proofs, we postpone the results on existence and uniqueness of the R-SVGF, and related
stability results respectively to Sections 4.6 and 4.7. In Section 4.5, we provide convergence results
on the R-SVGF flow and its time-discretized version. We conclude in Section 4.8 with a space-
time discretization which provides a practically implementable algorithm, and provide preliminary

empirical results.

4.2. Notations

We use the following notations throughout this work:

173



For a matrix, || - ||2 denotes the matrix 2-norm (spectral norm) and || - ||zs denotes the
Hilbert-Schmidt norm which is defined as [|A||%¢ = Zﬁjzl |la;j|* for any matrix A =
(aij)z‘,je[d]-

The term id denotes the d x d identity matrix. I; corresponds to the identity operator in

the RKHS. I corresponds to the identity operator in La(p).

P(RY) denotes the space of all probability measures on R? and Py(R%) denotes the space

of all probability measures on R? with finite second moments.

(Loo RY, I Loo(Rd)) denotes the space of all essentially bounded measurable functions on

RY with 11l ey == nf{C : [f(z)] < C for almost every x € R4} for any f € Loo(RY).

For any p € P(RY), < Lo(u), [Nl 1, (u)) is the space of all u-square integrable measurable
function on RY with ||f||%2(“) = Jpa |f(2)p(dz).

Let (4, |/l;;) and (G, |-|lg) denote two function spaces. For an operator A : H — G,
we denote the adjoint operator of A by A*. We denote the operator norm by || A||x—g,
which is defined as [|A|[,_,g := supjy, <1 [[Aullg. When we don’t emphasize the spaces,

we denote the operator norm of A by [|Al|,, for simplicity.

Let (H,| - ||%) and (G, || - ||g) denote two Hilbert spaces. For an operator A : H — G, we
denote the Hilbert-Schmidt norm by ||A||gs which is defined as [|A[7g := ;e [ Aeilld
where {e;}ier is an orthonormal basis of #. We denote the nuclear norm by ||A||;uc which

is defined as ||A[],,,,. :== Ziel<(A*A)%ei, ei)y where {e;}icr is an orthonormal basis of H.

For a smooth function f : R x R — R, V; f denotes the gradient of f in the first variable

and Vs f denotes the gradient of f in the second variable.

For a map ¢ : R? — R? ¢; denotes the i-th component of the function value and V¢

denotes the Jacobian, i.e., (V¢);j = 0;¢i.
T4 p represents the push-forward of the density p under a map 7'.

(-,-)g denotes inner-product in the Hilbert space H. (-,-) denotes inner-product in the

Euclidean space R<.
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e C(R%R?) is the space of all R%valued continuous functions on R?,

e For any function space H on R%, C([0,T];H) is the space of functions f such that for any
fixed t € [0,T], f(t,-) € H and for any fixed z € R? f(-,x) is a continuous function on
[0, T]. CL([0, T]; H) is the space of functions f such that for any fixed ¢ € [0,T], f(t,-) € H
and for any fixed 2 € RY, f(-,x) is a continuous function with continuous first order

derivative on [0, 7.
e C5°([0,00) x R?) is the space of all measurable functions on [0,00) x R? that vanish at
infinity, i.e., for any f € C3°([0,00) x RY), f(t,x) — 0 ast — oo and f(¢,) — 0 as x — oo.
e Suppose [ : RY — R? is a vector-valued function. For a function space H, we say f € H?

if f=][f1,---,fq] such that f; € H for all i € [d].

4.3. Preliminaries on Reproducing Kernel Hilbert Space

In this section, we introduce some properties of RKHS which would be used later in the formulation
and analysis of R-SVGF. We refer the reader to [SC08, BTA11, PR16] for the basics of RKHS.
We let H), to be a separable RKHS over R? with the reproducing kernel k : R x R — R and
with || - ||, denoting the associated RKHS norm. We make the following assumption on the kernel

function k£ throughout the chapter.

AssUMPTION Al. The kernel function k : R? x R¢ — R is strictly positive definite, continuous and

bounded.
The following results are essentially based on [SC08, Lemma 4.23, and Theorems 4.26 and 4.27].

PropPOSITION 19 ([SCO08]). Under Assumption Al, the following holds.

(i) The kernel function k is bounded if and only if every f € Hj is bounded. Moreover, the

inclusion ig : Hp — Loo(R?) is continuous and liallg, -1 ey = %]

SUp,erd \/ k(z, x).

> Where [|k|| =
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(i) Let u be a o-finite measure on R?. Assume that

el = ( [, k(fm:v)du(x)f <o

Then H;, consists of 2-integrable functions and the inclusion ¢y, : Hp — La(u) is continu-
ous with ||¢x MH’Hk—)Lz < |l%ll,(,.)- Moreover, the adjoint of this inclusion is the operator

Uy Lo(p) — Hy, defined by

o) = [ be oy, g€ Lo, @ € R

(ili) Hy is dense in Lo(p) if and only if ¢f |, : La(p) — Hy is injective. Alternatively, ¢ ,

Lo(p) — Hy, has a dense image if and only if vy, : Hp — Lo(p) is injective.

(iv) thp : Hie = La(p) is a Hilbert-Schmidt operator with ||e,ull ;g = [l 1, (- Moreover, the

integral operator T, = Uiy Lo(p) — Lo(p) is compact, positive, self-adjoint, and

nuclear with |70 = ety = ¥l 0

The RKHS norm of f € H{ is given by ||f||§{z = L, Ifill3,,- The Lg(n) norm of f € L(u)
is given by ”f”%S(u) = 2?21 HfiHQLQ(u)- When f € H¢ with f = [f1, -+, f4) and g € Hg, we
define (f, g)x, as a vector in R? and ((f, g)n,); = (fi, g)n, for all i € [d]. When f € L3(p) with
f=1f1,--+, fal and g € La(1), we define (f, g)1,(,) as a vector in R and ((f, 9) Lo ) (fi» @) La(w)
for all ¢+ € [d]. Note also that Ran((Lk#Lk’#)l/Q) = H¢ C L4(u). We refer the interested reader

to [CZ07] for more details.

Finally, we remark that by letting (\;, €;)72; to be the set of eigenvalues and eigenfunctions of the
operator ¢y i}, where Ay > Ay > -+ > 0 and (e;);2; form an orthonormal system in Ran(cy i, ,),

we have the following spectral representation that, for all f € Ran(L;WLZ’ “),

(4.5) el puf = Z)\i(f, €i) Ly(p)Ci-

i=1
Computing the spectral representation, in general for any given p and kernel k is a non-trivial task.

Results are only known on a case-by-case basis; see, for example, [MNY06, AM14, CX20, SH21].
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However, we use the decomposition only in our analysis. For the purely practical algorithm that

we describe eventually in Section 4.8, we do not need to know the decomposition explicitly.

4.4. Regularized SVGF

We now introduce the formulation of the Regularized-SVGF and discuss its connection with SVGF
and the WGF. Recall that in the mean-field limit, the SVGF in (4.3) only provides a constant order
approximation to the WGF in (4.2), due to the presence of the operator 7y ,. As the operator Ty,
is not invertible, we seek to obtain a regularized inverse so that we end up with the following
Regularized-SVGF, as in (4.4), for some regularization parameter v € (0,1]. Note in particular
that as v — 0, the Regularized-SVGF gets arbitrarily close to the WGF. Our goal in this section

is to derive the above mentioned R-SVGF from first principles.

The central operator required in our formulation is the following Stein operator, which is defined

for all p € P(R?), and for all smooth maps ¢ : R? — R%, as

Apo(z) = ¢(x) @ Viogp(x) + Vo(z),

where ® denotes the outer-product. Now, the Wasserstein Gradient Flow in (4.2) could be thought
of as follows. Consider moving a particle z ~ p (for some p € P(R?)) based on the mapping
x+— T(z) = x+ he¢(x), where h > 0 is a step-size parameter, and ¢ is a vector-field chosen so that
the KL-divergence between the pushforward of p according to 7', denoted as Tlxp, and the target

density 7 in minimal. Liu and Wang [LW16, Theorem 3.1], showed that
ViKL(Typ|m)|h=0 = —Ez~pltrace(Az¢(z))].

We also refer to [JKO98] for an earlier version of the same result. Based on this observation, if we try
to find the vector-field ¢ in the unit-ball of Lg(p) that maximizes the quantity [E,~,[trace(A¢(z))]]?,
a straight-forward calculation based on integration-by-parts, results in the optimal ¢ being the
Wasserstein gradient Vlog 2. To have a practical implementation, [LW16] considered maximizing
[Eyn~p[trace(Azé(z))]]? over the unit-ball in the RKHS H¢, which results in the optimal vector-field

being equal to T,V log £, and correspondingly results in the SVGF in (4.3).

177



In this work, we propose to find the vector field ¢ that maximizes [E,n, [trace(Ar¢(z))]]* over the
unit-ball with respect to an interpolated norm between L%(p) and ’Hﬁ. Specifically, the interpolation
norm that we consider is of the form v H||3{z +(1-v) ||'H%g( p)> for some regularization parameter
v € (0,1], which trades-off between || - ”ig and || - HQLg ) We also remark here that a similar idea
has been leveraged in the context of RKHS-based statistical hypothesis testing [BLY21]. Formally,

for p,m € P(R?), we consider the following optimization problem.

S(pym) = ma {[Eamg [race(Ang(@)]]*  such that v 6] + (1= 0) 634, <1}

For any p € P(R?), the optimal vector field, ¢ that minimizes KL(T}p|r) can be described via the

following result.

PROPOSITION 20. Let T'(z) = « + h¢(x) and Ty p(z) be the density of z = T'(x) when = ~ p, for
some density p € P(R%). For v € (0,1], define

Bi= {6 € w8l + (1) [6l2y,, < 1)
Then the direction of steepest descent in B that maximizes —V}, KL(Typ|m)|n=0 is given by

Op () 0 (1= )i ptip +v1a) " Bany[=VV (@)k(x, ) + Vk(z, )],

where 1, : Hg — Lg(p) is the inclusion operator and L};p is its adjoint as in Proposition 19.

Furthermore, under the optimal vector field ¢7 -, we have —V, KL(Typ|m)|[n=0 = S(p, ).
PRrROOF. First note that according to [LW16, Theorem 3.1], we have
ViKL(Typ|m)|h=0 = —Eq~q[trace(Ard(z))].
Therefore, we have

Oy = aag o {[Eonpltrace(Ard(@)]P  such that v 6] + (1= ) 6]}y, <1}
k
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Next, observe that we have

d
E,epltrace(Ar(x))] = 3 Banp[ -0V (2)61(x) + Oici(x)]
=1
d
= S B [0V (@)1, ke, Vi, + (05, 00k, ),

=1

Meanwhile, the constraint can be written as

V(850 + (1= 1) 1174,y = (@ D)pg + (1= 1)k 11p) 14
= ((vla+ (1= )i} i) 6, D)

1
= H ((1 — V)L,’;p%p + Z/Id) 2 gb’

2
q”
Hk

1

where I : Hj — H, is the identity operator. Now, note that ((1 — V)i php ]/Id> % is well-defined

since LZ’ plkp ’HZ — Hg is positive, compact and self-adjoint. Therefore based on the above display,

the constraint {¢ € H{ : v HqﬁHig +(1-v) Hng%g(p) < 1} is equivalent to

{peHf b= ((1—v)iipnp+vIa)2 6 and [l <1},

Since the spectrum of ¢ ik, is positive and v € (0,1], (1 — v)¢}, ik, + v1g is invertible. For all

_1
¢ € HY, there exists a unique ¢ € H{ such that ((1 - V)L’,;pbk,p + VId) “4 = ¢. Applying this

fact along with the equivalent form of the constraint, we have

Epep(trace(Aro(x))) = <((1 — V)l pbhp I/Id)fé ), Epp[-VV(2)k(z,-) + VE(z, )]

1

- <¢, (1 = v)if i + v1a) 2 Eump| =V (2)k(a, ) + Vi(x, )]

= H (- V)lk pthp + VId)ié Epnp[=VV(2)k(z,") + VE(z, )]‘
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D=

where the second identity follows from the fact that ((1 — V)L, plhp T I/Id)7 is self-adjoint and

the upper bound in the last inequality is achieved when
_1
G o (1= 00ty + V1) "2 B [V V (2)h(2, ) + Vh(z, )],
and the result hence follows. |

With the optimal-vector field as derived above, we consider the following mean-field partial differ-

ential equation (PDE) as the R-SVGF:

* 71 *
(4.6) Oipt =V - <Pt Lk, ps ((1 — V)kapt%pt + z/Id) Lk py (V log %)) .

It is important to notice that the R-SVGF interpolates between SVGF and WGF. However, the
regime of interest for us is when v — 0, as we get arbitrarily close to the WGF. We quantify this

statement precisely in the later sections. On the other hand, when v — 1 R-SVGF becomes the

SVGF.

REMARK 26. We now make the following remarks about the above result.

(i) We can alternatively write ¢} . from Proposition 20 as

qﬁz’ﬂ o« — ((1 — V)Lz’ka,p + VId)_l LZ,p (V log %) ,

since we have

Eznp—VV (2)k(z, ) + Vi(z, )] :/

R4

==, (Vlog g) .

(ii) The operator in (4.6) has an equivalent expression as we discuss below. First, we claim

that

*

1 -1
Lk,p ((1 — V)szp%p + VId) Upp = ((1 — V)L;WLZ;,/) + VI) L;WLZ’p.

180



To see that, we start with the trivial identity in the first line below and proceed as

(1= v)ewpth p +VI) thp = thp (1= )tk ptrp +v1a)
* -1 *
= = ((1 - V)lplh,p + vI) e, (1 - V)ik otk T viy)
-1 ~1
—— Lk,p ((1 - V)LZ,ka,p + I/Id) = ((1 - V)Lk,pL;p + I/I) Lk,p
* -1 * -1 *
= lk,p ((1 - V)Lk,kahP + VId) lkp = ((1 - V)Lk,PLk,p + VI) Lk,plk,p-
According to this observation, (4.6) can also be written in the following form
« -1 % Pt
oo =V - (pr (L= )isputi e+ 1) kgt (Viog2))
=V (pt (L=0)Tep +vD) " Top (Vieg2)),
thereby providing the R-SVGF introduced in (4.4).

(iii) Particle-based spatial discretization. We now describe the spatial discretization of the

R-SVGF. Based on the results in Proposition 20 and Remark 26, we obtain the following

ODE system:
da(t) . A
F7a ((1 V) N LN Vfd) N > =Vak (ilt), () + k (2i(t), 2;(t) VV (x;(t)
j=1
bigg) ’
z:(0)=2%eRY, i=1,2,....,N

where {z;(t)}¥, is the set of N particles. p)¥ = 4 Zf;l 0z,(t) is the empirical distribution

at time t, provides a IN-particle spatial discretization of the R-SVGEF.

(iv) Time discretization. We also have the following time-discretization of the R-SVGF. Let
{hn}52; be the sequence of time step-size. We denote the density at the n-th iterate by

p" for all integers n > 1. Then the time discretization of the R-SVGF can be written as

n
(47) Pn+1 == (Zd - hn-‘rlDl/n+17pnv lOg pﬂ_) ,On7
#

-1
where D,,, ,n = ((1 — z/n)%pnbl’;pn + l/nId) kapnb}';,pn.
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(v) The parameter v can also be made to be dependent on ¢ or n; in fact, in our analysis we

pick a time-varying regularization parameter.

4.5. Convergence Results in Continuous and Discrete Time

Our goal in this section is derive convergence guarantees for the R-SVGF. Before we proceed, we
introduce the notion of Regularized Stein-Fisher information (or Regularized Kernel Stein Discrep-

ancy).

4.5.1. Regularized Stein-Fisher Information and its Properties. Note that several
works, for example [KSA120, DNS19, SSR22|, used the notion of Stein-Fisher Information to
understand the convergence properties of the SVGD algorithm. The Stein-Fisher information was
introduced in [CSG16, LLJ16, GM17] under the name Kernel Stein Discrepancy. However, a draw-
back of the Stein-Fisher information is that it is a weaker metric, for example in comparison to the
Fisher information metric; see [GM17, GDVM19, SGBSM20]. Below, we introduce a regularized
version of the Stein-Fisher information and show that as the regularization parameter tends to zero,

it converges to the standard Fisher information.

Let p,7m € P(]Rd), then, the Fisher information corresponds to

= i <Vlog %, ei>

=1

0112
I(plm) = ||V10g 2|

La(p) La(p)

with (e;):2, being an orthonormal basis to La(p). Correspondingly, the Stein-Fisher information is

defined as

vy Vo 82 =(Vlo BL vy Vo L
k,p g’]T ’HZ g’]T’ k.plk,p gﬂ‘ Lg(p)

Istein(p|m) == <Vlog§,ei>

0
DN
i=1

where (A, ;)52 are the set of eigenvalues and eigenvectors of the operator ¢y, ¢} » with A1 > Ag >

L2 (p)

o> 0.

REMARK 27. Strictly speaking, the above notation implicitly assumes that the operator 7T , has a
trivial null space, in which case the Ran(7y,) = L2(p) and hence the eigenfunctions (e;)52; form

an orthonormal basis to La(p). However, our analysis does not require this condition on 7 ,. In
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particular, if 7 , has a non-trivial null-space, then Ran(7} ,) C La(p). In this case, our analysis
still holds true. For example, with a slight abuse of notation, if we let ¢;, for certain values of 7, to

also denote the basis of the null-space of 7}, ,, conclusions similar to our results hold.

With this representation for the Fisher information and the Stein-Fisher information, it is immedi-
ately clear that the Stein-Fisher information is severely restrictive, in particular when the eigenval-
ues of the chosen RKHS decay faster. To counter this effect, we introduce the following regularized
Stein-Fisher information and show that when the regularization parameter is chosen appropriately,

the regularized Stein-Fisher information upper and lower bounds Fisher information.

DEFINITION 7 (Regularized Stein-Fisher Information). For any probability measure p, the regular-

ized Stein Fisher information from p to 7, denoted as I, sicin(p|7), is defined as

* * —Lox
(48) Iy,Stein(p|7r) = <Lk,pv log %, ((1 — I/)Lk7pbk7p + I/Id) Ll@pv log §>Hd .
k

The regularized Stein Fisher information in (4.8) is well-defined because the operator
(1= v)if pthp + vla s Hi = Hj
is positive and for any f € H¢, <(1 - I/)Lz’pbk’p + VId> f=0if and only if f = 0.

REMARK 28. The regularized Stein Fisher information has the following alternative representation:

_ > i P ?
o ) =Y s (Ve )

1=

For v > 0, with the fact that A\; decreases to zero as i — oo, the regularized Stein Fisher infor-
mation and the Stein Fisher information both encode the spectral decay information of vy pif .
However, note that the regularized Stein Fisher information tends to the Fisher information as
v — 0. Hypothetically speaking, if v is set to zero, then the regularized Stein Fisher information
actually becomes the Fisher information. In our analysis, we will take advantage of the relation
between the regularized Stein Fisher information and the Fisher information, while studying the

convergence properties of R-SVGF under Log-Sobolev inequality assumptions on the target m. A
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precise relation between the regularized Stein Fisher information and the Fisher information is
stated in the following result. Before stating the result, we introduce the following notation for

convenience. For v € (0, ], we denote the pre-image of Vlog £ € Lg(p) under (thpth )7 as

'3
Hom) e (1 1E V1T Lo P
I(p:) = (thpli,p) 0g .

Note that [|3(p, )l 4, is finite if and only if Vlog £ € Ran((ek,pt} ,)7)-

PROPOSITION 21 (Equivalence relation between I(p|r) and I, siein(p|7m)). Let p be a probability
measure in R? such that I(p|r) and I, siein(p|m) are well-defined. Suppose there exists € (0, 3]
such that ||T(p, )|l Ld(p) < 0o If the regularization parameter is chosen to satisfy the following

condition,

1

2y
(4.10) Y g( Helm) ) ,
1-v 21[3(: Vg )

then we have that

21— 0) " (i) < Luswin(oln) < (1 =)~ T(plr).

PROOF OF PROPOSITION 21. According to (4.9), we have

2

<V10g§,ei>L2(p)

<V10g£,ei>

Iu ein =
,St (p‘ﬂ'> ; (1 — V))\z +u

00 2
<@-n'y < (1= v) ().
=1

La(p)

On the other hand, since [|3(p,¥)||4(,) < oo for some v € (0, 1], there exists h = J(p,v) € L4(p)
such that
p )
V10g ; = (Lk,ka;,p)’yh'
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Therefore

1

_ > (1—-v) N 2
(4'11) (1 - V) 1I(p|7r) VStem p’?T Z 1 _ V ‘<(Lk,p[’k,p)’yh7 ei)LQ(p)‘
=1

vA

“(1—-v
> V)) 2 b e

i=1

~.

IN

—1— ~ 2
1 )22 [3(0,7) |2,

< 5L —v) " (plm),

N | —

where the second to last inequality follows from the fact that

(1—v) a2 v,27 (L=—wA > v o
ap <<1—>A+> - () ()
< (1-v) >,

and the last inequality follows from the condition in (4.10). n

4.5.2. Convergence results for R-SVGF'.
Relationship between R-SVGF and WGF. We now provide the relationship between the
R-SVGF and the WGF in various metrics. We first start with the relationship in the Fisher
information metric, without any stringent assumptions on the target distribution (thereby allowing
for multi-modal and complex densities that arise in practice). Note that the Fisher information
metric corresponds to the first-order stationarity metric for the WGF obtained by minimizing the
KL divergence. This metric has been recently proposed as a meaningful metric to consider in the
case of sampling from general non-log-concave densities in [BCE*22]. Note in particular under mild
conditions on ¢ (e.g., connected support) that having the Fisher information I(p|q) = 0 implies
p = q. However, even when I(p|q) < ¢, for some € > 0, we have that the modes of the two densities

are well-aligned, as argued in [BCET22].
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THEOREM 19 (Relation to the WGF in Relative Fisher Information). Let (p:) be the solution to
(4.6) and (u¢) be the solution to the WGF, i.e.,

w12) op=V- (uV log %) ;

#(0-) = po(-)-
For any ¢ > 0, suppose there exists v; € (0, 3] such that ||3(pt,%)\|Lg(pt) < 00. Then, for any initial
distribution o € P(RY), and for any T € (0, 00), we have
T

T
4 8 ~
(413) | o)t < SRLGulao) + 3 1K1 |72 1300030 g, .
0 0

PrOOF OF THEOREM 19. First note that we have the following upper bound on %KL(,O,:“L,:):

%KL(MNO
—% dlo Zzii;pt(x)dx
_ o pe(z) " Ope(7) - 1 pie() 2\
= [omtenontiGiae s [ (05 + o (s )) by
B o pt(z) . o — - pt() .
—/Rdatpt( )1 gut(@d +/Rd3tpt( )d /Rdatﬂt( )ut(zv)d

* —1 4 T T
- /d <[’k’,pt ((1 - Z/)Lk,pt[’k‘,Pt + l/Id) ! L,WtVlog pt( ),VIOg pt( )>pt($)d.’ﬂ
R

(@)
v [ Quiowos 5w (555) o
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(x) Pt
(@)Y 8,

>m@mx

—~|—
SHRS
[~

* -1 « Pt
Lkvpt ((1 - V)Lk’,pt Lk7pt + VId) LkvptVlOg T

V log pil) Vlog () > pi(x)dx

X —1 T T
Lk, py ((1 — Z/)Lk7ptl/k7pt + z/Id) Uiy — I) V log pi( ),Vlog pi( )>pt(x)dx

() pt ()

2

pi() H( . 1 . ) pt‘Q
de + 2 1— I —I)Viog &

;ut(l')‘ pt(‘r) T + Uk, py (( V)Lk,pthypt +v d) Lk,pt \ 0g T Lg(ﬂt)

2(1 — \)%v?
(1 =)\ +v)?

i=1
In the above calculation, the fourth equality follows by integration-by-parts, the inequality follows
by Young’s inequality for the inner product (i.e., (p,q) < Zc|p|? + %|g|? for any p,q € R?) and

the last equality follows from the proof of Proposition 21. Since Vlog 2t = (L]w)tbz’ pt)% hy for some

v € (0,1/2] with hy := J(p, ) € L4(p;), we obtain

d 3 2 )\’ﬁl/ 2 2
) 7
%KL(MMO < = Lpilpe) +2 <m?XAz A 1) <m?X T V) 1l g o)
3 2 ~ 2
< = Llpilp) + 2K v 13 (o 1) g
here the last inequality follows from the fact that -A»:H x < Ik
where the last inequality follows from the fact that max; \; Ui U py Latoe)La(or) = 1| oo

Integrating from t =0 to t =T, we get

3 T T N
KL(prlpr) — KL(po|po) < —4/0 I(pt!ut)dtJr?HkHio/o V3t 10) 1 T ) -

Since KL-divergence is non-negative, (4.13) is proved. [ |

REMARK 29. The above result shows that as long as pg = ug, i.e., both the WGF and R-SVGF are
initialized with the same density, and v is chosen such that 71 fOT v |3 (pe, 1) Hig( pp) @t — 0, the

averaged Fisher information along the path tends to zero. This shows the benefit of regularizing the
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SVGF — it enables one to closely approximate the WGF with appropriate choice of the regularization

parameters.

Convergence to Equilibrium along the Fisher Information. We now provide results on the
convergence to equilibrium along the Fisher information for the R-SVGF. We re-emphasize here

that our result below is provided without any assumptions on the target 7.

THEOREM 20 (Convergence of Fisher information). Let (p;) be the solution to (4.6). For any
t > 0, supppose there exists v € (0, 5] such that Hj(Pt”Yt)HLg(pt) < 00. Then

o0

/ I(p|m)dt < (1 — v)KL(po|m) —|—/ V(1 — )T Hj(Ptv’Yt)”%g(pt) dt.
0 0

Furthermore, if [;° 27 (1 —v)~ 7 ||’J(pt,fyt)\|%g(pt) dt < oo, then we get I(p|m) — 0 as t — oo.
Before proving the above theorem, we introduce a few intermediate results.

PROPOSITION 22 (Decay of the KL-divergence). For the solution (p¢)¢>0 to the PDE (4.6), it holds

that
d
(4.14) —KL(p¢|7) <0.
dt
and consequently
d
(4.15) — KL(pi|m) = =1 stein(pt] 7)-

dt
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PROOF OF PROPOSITION 22. Note that

d d Pt
LKL == log 2t d
IKL(plr) = & /R polog

= / O pt log Pt g +/ Oyprdx
R4 s R4
Pt * -1 & Pt
==, Vlog ?(95)7 Lk,py ((1 = V)lepbheope T Vfd) Lk, Vlog? (@) ) pe(x)dz + 0
R
Pt * -1 & Pt
—(Viog 2, 1- I (Vieg))
< 08 T e (( V)lpythpr +V d) Yk.pe 08 Lg(pt)
= (i, Vg2t (1= vy L), (Vieg 2
thp V108 V)igpithepr V1) gy, g it
-1
It suffices to show that for all v > 0, ((1 = V)i o bhopr Tt I/Id> is a positive operator from H{ to
Hg. By the definition of vy ,,, for any f € Hﬁ with Hf”?—[g =1,

<f7 ((1 - V)Lz,ptl’hpt + VId) f)H‘,f = (1 - V)<[’kyﬁtf7 [’k,Ptf>Lg(pt) +v ”f”?—[ﬁ

=(1-v) HLk,ptfHQL%(pt) v >0

for all v > 0. Therefore (1 —v)¢j , tkp, + Vg is a positive operator from H to H{. So is the
-1

operator ((1 — V)l pythpe yId> . Hence, we have (4.14). The claim in (4.15) follows directly

from (4.14), (4.5) and Definition 7. [

PROOF OF THEOREM 20. From Proposition 22 and (4.11), we know that

d

o0
ZKL(prlm) = =(1 = )" L(pu|m) +Z
i=1

1—u
(I—v)A\i+v

<Vlog — el>L2(pt)
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where Vlog 2 = (05 ,,)he for some v € (0, ] with hy := J(ps, ) € L4(pt). Therefore we

have,

d
—KL
dt (pe|m)

o0

)M Y A
B Pt P (I—=v)\i+v

2

’ <(Lk7pt LZ,Pt )Fyt ha, €i>L2(Pt)

o0 — 2
1—v)~ o 2

- ~ (
=—(1-v) 1I(Pt|ﬂ)+; (1—v)\i+v

oo (55 ()

— (1= ) L(pulm)

(hy, €i>L2(pt)

2

<ht’ 6i>L2(Pt)

< - (1 _ Z/)_lf(pt|7'(') + (1 _ V)—I—QWVQ’W ||'j(pt,’yt)||ig(pt) .

The result follows by integrating over ¢ and noting that the KL-divergence is non-negative. Now,
with p; denoting the solution to (9), we have that I(p¢|r) is non-negative and continuous in ¢t. The
claim of convergence holds because for a continuous function h, if we have that fooo h(t)dt < oo,

then we have h(t) — 0 as t — oo. [

Convergence in KL-divergence under LSI. While the previous result was provided without
any further assumptions on the target density m € P(Rg), in this section, we provide improved
convergence results of the R-SVGF under the assumption that the 7 satisfies the Log-Sobolev
Inequality. Recall that we say that 7 € P(R?) satisfies the Log-Sobolev inequality with constant
A > 0 if for all p € P(R?):

KL (ufr) < o5 T(sl).

Our first result below is a stronger version of the result in Theorem 19, under the assumption that

the target 7 satisfies LSI and Assumption 4.5.1 on the initialization of the WGF.

ASSUMPTION 4.5.1. The initial density pio is chosen so that the solution (u:) to (4.12) also satisfies

LSI with parameter A\, for all t > 0.
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Under the stronger assumption that the target density = is strongly log-concave, following the
arguments in [VW19, Theorem 8], it is easy to show that Assumption 4.5.1 is satisfied as long
as po is chosen such that it satisfies LSI. We conjecture that the same holds true even when the
target density satisfies LSI and additional mild smoothnes assumptions (i.e., LSI is preserved along
the trajectory as long as the initial density pg satisfies LSI, presumably with additional milder

assumptions). However, a proof of this conjecture has eluded us thus far.

THEOREM 21 (Relation to the WGF under LSI). Assume 7 satisfies the log-Sobolev inequality
with parameter A. Let (p;) be the solution to (4.6). Let (u;) be the solution to WGF, defined
n (4.12), with pg satisfying Assumption 4.5.1. For any ¢ > 0, suppose there exists v; € (0, 3] such

that ||J(pt,%)HLd y < 00. Then, for any T € (0,00), we have

T
(4.16)  KL(prlur) < e 2KL(poluo) + 2 | [|% /0 vt N3 (o 30) g, -

PROOF OF THEOREM 21. Following the same arguments as in the proof of Theorem 19, we

obtain that for any ¢ > 0,

o0

d 3
—KL < —=I(
dt (ptlpe) < 1 (pe|ee) +Z

2(1 2 2

1—1/)\ —I—l/)

<Vlog %,ei>L2(pt)

3 ~
=31 (oeline) + 21111 27 13 (o 1) [ g ) -

IN

Hence, under Assumption 4.5.1 we obtain

d 3\ 2 9 2
o3 KLpelue) < =KL (pelpe) + 2 [[Kllo v 13 (ot 1) 14,
Finally, (4.16) follows from the Gronwall’s inequality. |

Our second result is a stronger version of the result in Theorem 20, under the assumption that
the target distribution 7 satisfies LSI. We remark that convergence to equilibrium of the related
WGF under various functional inequalities is a well-studied topic. We refer the interested reader

to [BGL14] for a detailed overview.

191



THEOREM 22 (Decay of KL-divergence under LSI). Assume that 7 satisfies the log-Sobolev in-
equality with A > 0. Let (p;) be the solution to (4.6). For any ¢ > 0, suppose there exists v; € (0, 3]

such that ||j(,0t7'}’t)||Lg(pt) < 00. Then, for any T € (0,00), we have
—2(1—v)~IAT T 2 —2y:—1 |~ 2 2(1—v) " IA(t-T)
KL(pr|m) <e KL(po|m) +/ vt (1 — ) ”J(Ptv%)HLg(pt) e dt.
0
PROOF OF THEOREM 22. From the proof of Theorem 20, we have

d
—KL
dt (pe|m)

IN

—(1 =) (pe|m) + (1 —v) 1202 ||5(Pt7’7t)||ig(pt)

< —2(1 — ) TAKL(pe|m) + (1= )7 7202 30010 [ 4

where the last inequality follows the log-Sobolev inequality. The final statement follows from

Gronwall’s inequality. [ |

REMARK 30 (Exponential Decay of KL-divergence). Yet another way to state the above result is
via the introducing the following regularized Stein-LSI, similar to the introduction of Stein-LSI
in [DNS19]. However, the introduction of Stein-LSI is quite restrictive in the sense that it couples
assumptions on the target and the chosen RKHS. This makes verifying the conditions more delicate.
To counter this effect, we now introduce the notion of Regularized Stein-LSI. We say that = € P(R%)
satisfies the regularized Stein log-Sobolev inequality with constant A > 0 if for all u € P(R%):

1
(4.17) KL(ulr) < 5Ty stein(pl7).
An advantage of the above condition is that, as v — 0 the regularized Stein-LSI inequality be-

comes equivalent to the standard LSI inequality. Under the condition that the target density m

satisfies (4.17), and letting (p¢):>0 be the solution to (4.6), it holds that
(4.18) KL(p¢|m) < e KL (po|7).

The proof of (4.18) follows immediately from Proposition 22 and (4.17).
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4.5.3. Convergence results for Time-discretized R-SVGF. In this section we analyze
the convergence properties of the time-discretized R-SVGF in (4.7). To do so, we require the

following additional assumptions.

AssUMPTION A2. The following conditions hold:
(1) There exists a constant B > 0 such that |V1k(z, ')HHg < B for all z € R%.

(2) The potential function V' : RY — R is twice continuously differentiable and gradient

Lipschitz with parameter L.

(3) Along the population limit (4.7), I(p"|r) < oo for all fixed n > 0.

The smoothness assumptions in points (1) and (2) of Assumption A2 are commonly required in an-
alyzing any discrete-time algorithms, albeit deterministic [KSA™20, SSR22] or randomized [VW19,
CEL™21, BCE*22]. While it could be relaxed (see, for example, [SR22]), in general it is impossible
to completely avoid them as in the case of analyzing the corresponding flows. Before stating our

results, we also introduce some convenient notations. We let

(n) 127
3

S, = | sup

| 5 | and R, = ||3(Pn77n)”Lg(pn)v
¢ <(1 - Vn-‘rl))\z(n) + Vn+1>

where the sequences {)\En)} corresponds to the positive eigenvalues of the operator ¢y ,n L,’; o in the

order of decreasing values.

THEOREM 23 (Convergence in Fisher Divergence). Suppose Assumption A2 holds. Let (p™) be
the time discretization of the R-SVGF described in (4.7) with initial condition p® = pg such that

KL(po|m) < R. For each n, suppose that v,,11 and the step-size h,11 are chosen such that,

1 1
(4.19) Bt < min{ Uil @ } :

L "aBR,\/G,
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where a € (1,2) is some constant, and suppose that there exists v, € (0, %], such that J(p™,v,) €
Li(p™). Then,

= 1
(4.20) ) % _”j/lﬂ (p"|7) < Zuﬁq (1= Uny1) 2 Thpps (1 + 3Vt La Bzhn+1> R2 +R.

n=
Before proving Theorem 23, we first prove the following intermediate result.

LEMMA 4.5.1. For each n > 1, define g = D, , pnV log g. Under the conditions in Theorem 23,

we have that, for any v € R? and t € [0, hy11],
IVg(2)|}s < B*R2G, and ||(id — tVg(z)) ™|, < o

PROOF OF LEMMA 4.5.1. Since for each n, there exists v, € (0,1/2] and a function h =
J(p™, vn) € Li(p") such that (i pni} pn)27"hj = 0;log p?n, where h; is the j-th component of the

function value of h, we have

d
2 8gj($) 2
IV9() 35 = 3

]7l:1

4 & (n) . )
Al p
= ? <alog7,el>L n 8[67/(;5))
j,lz:l ; (1- Vn-i—l))\( R Vn+1 ! T 2(e)

(n)1H7n

(

d 00 2

- Z (Z & n (hjs€i) (o) Or€i(x ))
(

o1 (1— Vn-i-l))‘( ) + Unt1

)2+27n

< zd: i%ﬁeiﬁg(pn)) (i A

2
- |0re: (@) )
= (1= v + v )

n)2+2"/n

_ <§ [(hsei) gy m) 2) (2 0 Al . )2 !Vei<x)!2>

1- Vn—i—l))\g ) + Un+1

)\(n)1+2'yn
<sup : 2 ) IVk(z. )y
’ ((1 — )N 4 Vn+1) *
)\(n)1+27n
< B2R? sup < t 2)
‘ (1- Vn+1))\z(n + Vn+1>



In the above, the first inequality follows from Cauchy-Schwartz inequality, the second inequality

follows from the fact that

D _IVei@)l® = D (Vik(z, ), e = [IV1k(z, )3, ,
i=1 i=1

and the last inequality follows from Assumption A2. Meanwhile, since ||Vg(z)|, < |[Vg(x)|| g for

all z € R?, we have for every t € [0, hpy1],

[(id — tVg(x) Y, < ZHth 5 < > 1tVg(@)|s
m=0

1\ m
(S) (n)1+27m ?
< Z hn+1BR, sup = 5
) n
m=0 ! (1 - Vn—i-l))\i + Vn—f—l)
- ()
< =«
m=0 @
where the last inequality follows from (4.19). [

PrOOF OF THEOREM 23. We start from studying the single step along (4.7). In the following

analysis, for each n > 1, we denote g = Dl,nH,anlog , ¢i(x) = = — tg(x) for all 2 € RY,

€ [0, hpt1] and pr = (¢4)xp™. Therefore we have

= ((ﬁhn-u)#pn = ﬁhn+1'

The following analysis is motivated by [SSR22, Proposition 3.1]. According to [Vil21, Theorem
5.34], the velocity field ruling the evolution of f; is w; € L4(p;) and wi(x) = —g(¢; *(x)). Define
P (t) = KL(p¢|m), according to the chain rule in [Vil21, section 8.2],

T//(t) = <VW2KL(ﬁt|7T)aWt>Lg(ﬁt) )

¢//(t) = <wt, HeSSKL(.|7r)(ﬁt)wt>Lg(ﬁt) .
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where Hesskr,(.|r)(ft) is the Wasserstein Hessian of KL(-[7) at p;. For any u € Py(R?) and any v

in the Wasserstein tangent space at p, the Wasserstein Hessian is given by
<1} Hessgp,(. |7r) ’U>Ld <1),V2V7)>Lg(u) +EM[HVU(X)H%IS]'
Therefore we can expand the difference in KL-divergence between the two consecutive iterations as
w(hn+1) - @ZJ(O)
/ fint1 "
— O+ [ (s~ 000" (00
0
hnt1 ~
(4.21) = —hpt1 (Vi KL(p"|7), g>Lg(pn) + /0 (hnt1 — t)(we, Hesskr(.|n) (pt)wt>Lg(ﬁt)dt'

The first term on the right hand side of (4.21) can be studied via the spectrum of the operator

Lk»l)nbz,p"'
= hngr (Vi KL(p" ), 9>Lg(pn)

pn * -1 % pn
= —hiny1 { Viog —, (1 = vny1)tf pnthypn + Vny1la) 1 ,nVlog —
T Tl rdem

<V log '0—, egn)>
g La(p™)

Q) 2

o (1— Vn—f—l))\z(n) + Uny1

= _hn+1

= —hn+1L,n+1,Stein (pn|7r) '

Since py = (¢¢)#p", for any function h we have Ex.z, [A(X)] = Ey~,n [2(¢¢(Y))]. Hence, for the
second term on the right side of (4.21), we obtain
<0Jt, HeSSKL(-‘ﬂ') (ﬁt)wt>Lg(ﬁt) = <wt7 v2th>Lg(ﬁt) + Eﬁt [”th(‘r)n?—[S]
= (906 ). V2Va(6r ) Ly + B IIVwe 0 60(2)I775]
112
= By [o() VY2 (60(2))a(w)] + B [[[Va(2)(Vor(a) 2]

< L1l g + Eor (V0 (Vor(@) ™ |g]
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where the last inequality follows from Assumption A2-(2). Therefore we obtain

Lh?
KL(p" ) = KL("|7) < ~ 1, stein(0" 1) + =22 g 2,0

2
% max En{HVg(a:)(Vqﬁt(x))*lHZ ]
2 tel0hnia] ¢ HS]?
where
n 2
P
684 = [P V108 2
H o ™ Wl

2

n

* 71 *
= H ((1 — Un+1)Lk7ank7pn + l/n+1Id) Ug,pn g, pn V 10g r
T llLgom)

n 2

<V log p—, egn)>
T La(p")

S
-1 \M(1— Vn+1)/\§n) + Upt1

< (1 - Vn+1)721(pn‘7r)7

with ()\Z("),el(-n))fil being the sequence of eigenvalues and eigenvectors to the operator thnbg on

such that )\gn) > 2> /\Z(»n) > ---> 0 and (e(n))fil is an orthonormal basis of La(p™). According

)

to Lemma 4.5.1 and Assumption A2,

IVg(@)3rs
1427y,

Agn) ! 2 P2

< sup 5 | B°R,,
o)
2vn—1 n 142, 1—2v,

< sup V’nll (1 - Vn-l—l))‘z( ) ]/n+1 B2R2
o (1- I/n+1)27"+1 (1- Vn-‘rl))‘z(n) + Vnt1 (1- Vn-i-l)/\z(n) + Vnt1 "

275, —1 —2yn—1 2 P2
<v i (1 —vpt1) B°R;,
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and furthermore according to Lemma 4.5.1, }(zd —tVg(x))~? H; < a?. Therefore we get

Lh?2_ (1 — )2
n—i—l( v +1) I(

KL(p" 1) = KL(p"|7) < ~hnsily,, Stein(p"7) + 5

p"|m)

1 22, 29m—1 —2vn—1 P22
—|—§O£ B Vn;yrl (1_Vn+1) o Rnhn-H

_ Lhpi1(1 = vpeq) ! n
< (1 = ) (1 EE U

+ h v (1= V1) "R (1 + ;hn+1Vn+11a2Bz)
< b1 = vna) ()
+ hn+1’/12bl"1(1 — Vny1) T IR2 (1 + ;hn+1yni1a2B2> .
where the last inequality follows from (4.19) and the second inequality follows from the fact that
I(p"[7) = Loy stein (0" |m) < 105 (1= wma) 27 LRY,

which is proved in Proposition 21. Lastly, summing over n and we obtain

o0 [e.9]

hn-l—l n 7 — ntl
2 51— ! 1) = 2 (KL = KLGM)

o0
o 1 _
+ 3 A2 (L= vpn) "R (1 + th+1’/n+1104232>

n=0

(e}
9y 1 ,
< KL(p|m) + Z hn+1ui;yr"1(1 — Unt1) IR (1 + th-l-l’/nilo;Bz) )

n=0
where the last inequality follows from the fact that KL divergence is non-negative. Therefore (4.20)

is proved. |

REMARK 31. We emphasize that the above result does not make any assumptions on the target
density m, except for the Lipschitz gradient assumption. In particular, it holds for multi-modal

densities. However, the metric of convergence is the weaker Fisher information metric.

We now provide a stronger result under LSI assumptions.
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THEOREM 24. Suppose Assumption A2 holds and 7 satisfies the log-Sobolev inequality with pa-
rameter \. Let (p") be as described in (4.7) with initial condition p® = py such that KL(po|7) < R.
Assume the regularization parameter and the step-size parameters are chosen such that for all
n > 0, they satisfy

_1
(422) hn+1 < min 1= VTL+1’ ol ’ 2(1 — Vn+1) ’ Pt S I(pn|ﬂ-) o ’
L aBR.WG, A 1= vpi R2

where a € (1,2) is a constant, v, € (0, 3], and J(p",v,) € L4(p"). Then, for all n > 1,

" T(1- Y1 wr-in
(4.23) KL(p"|7) < R 1‘[1(1 A1 =) hl>.

PROOF OF THEOREM 24. From the proof of Theorem 23, we can bound the difference in KL-

divergence between two consecutive iterations by

KL(p" ") — KL(p"|m)

1 B Con 1 _
< —§hn+1(1 — Unt1) 1](p"|7r) + hn+1y7211"1(1 — Unt1) 2yn 1R721 <1 + 2hn+11/n+11a2B2>
29n 2 1 -1 22
1 v R (1+ shpy1v, 0B )
—_ph 1— —l]’ n 2 _ n+1 n 2 n+1
4 n+1( Vn+1) (p ’W) ( (1 _ Vn—l—l)z%L I(,On’ﬂ')
2vn, 2
1 v R
< —*h 1 _ 71] 7 2 _ n+1 n
=7y n—i—l( Vn-i—l) (p |7T) ( (1 — Vn+1)2’y" I(pn’ﬂ')

1
< —Zhn+1(1 — Vpg1) I (p"|),

where the last inequality follows from (4.22). Last, since 7 satisfies the log-Sobolev inequality with

parameter \, we get

1
KL(p" ) < (1 — 5A(1 — yn+1)_1hn+1) KL(p"|7),

and (4.23) follows from the above recursive inequality. |

REMARK 32. We make the following remarks about the above result.

(i) Prior results on the analysis of time-discretization of the SVGF under functional inequality

assumptions are established only in the weaker Stein-Fisher information metric [KSA ™20,
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SSR22]. Our results above are established for the KL-divergence and is more in line with
similar results established for other randomized Monte Carlo algorithms [VW19, CEL ™21,
BCE122].

(ii) According to (4.23), to reach an e-accuracy in KL-divergence, we need the number of
iterations to be at least ne such that [, (1 — $A(1 — 1) 'h;) R < e. With the fact that
log(l —x) < —z for all x € (0,1), we get n. satisfies

i(l — ) thy > ;log (f) .

i=1

Under (4.22), if we can choose the time step sizes (h;)2; to be constant h > 0, then we

have ne = O(log(R/¢€)). For comparison, in the following Table, we provide the iteration

complexity results for different methods, to obtain KL(p,|m) < €, under the assumption

that the target m satisfies LSI.

] Algorithm \ Source \ Type \ Iterations ‘
SVGD NA Deterministic | unknown
LMC [VW19, CEL*21] | Randomized o)
MALA NA Randomized | unknown
Proximal sampler [CCSW22] Randomized | O (log*(1))
Regularized SVGF Theorem 24 Deterministic | O (log (%))

Table 4.1. The results from [VW19, CEL"21, CCSW22] are presented in a sim-
plified manner to convey the dependency on the accuracy parameter €. The result
for the proximal sampler holds only in expectation. Currently it is not clear how to
obtain a high-probability result in KL-divergence; see [CCSW22]| for details.

4.6. Existence and Uniqueness

The existence and uniqueness of the SVGF was studied in [LLN19]. Motivated by their approach,
in this section we study the existence and uniqueness of solutions to (4.6) under appropriate as-

sumptions. Our main difficulty is in handling the non-linear operator ((1 —v)Tz,, + vI)~" Tz, in

the R-SVGF.
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We first introduce the definition of weak solutions to (4.6). We restrict the initial conditions in the

probability measure space Py which defined as

Py = {pe P lollp, = [ (14 ViaDpla)ds < oo

where P denotes the set of all probability measures on R?. We say that a measure-value function

p € C([0,00),P) is a weak solution to (4.6) with initial condition py € Py if

sup [ptllp, < o0, VT 0,

te[0,7
and
/ / (Orp(t,x) + Vo(t,z) - Ulp(z))pe(z)dxdt + / #(0,2)po(z)dz =0,
0 R4 Rd
for all ¢ € C3°([0,00) x R?) and Ulp] := — ((1 — V)tkpty , t+ I/I)i1 tpth ,(V10g £).

In order to study the existence of weak solutions, we consider the characteristic flow (see, for

example [MRZ16] and [LLN19, Definition 3.1]) induced by (4.6), which is written as

d
Z®(t, . p0) = Dy, V log L (B2, 7, po)),

dt
(4.24) pr = (®(t,, po))#po,
®(0,z,po) = z,

where D, ,, = ((1 — I/)thtl,;;’pt + I/I)_l Ui p, fOT all £ > 0. Here, the expression p; = O(t, -, po)#pPo
means that the measure p; is the push-forward measure of pg under the map = — ®(¢,x, po). We
think of {X (¢, -, po) }+>0,0, as a family of maps from R? to R? parameterized by ¢ and pg. The exis-
tence and uniqueness to the weak solutions of (4.6) is equivalent to the existence and uniqueness of
solutions to (4.24). In Theorem 25, we first prove that the mean field characteristic flow in (4.24)
is well-defined. To do so, we also require the following additional assumptions on the kernel and

the potential functions.
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AssuMPTION K1. The kernel k : R x R* — R is symmetric, positive definite and fourth continu-
ously differentiable in both variables with bounded derivatives up to fourth order. More explicitly,

we assume
(1) [l = $upyene /A7) < 0.
(2) VKl = 5D, yezs [V1E(z, )| = Sup, yega [Vak(z,9)] < oo.
(3) 11 - Vakll, i= 5upy gt |V - Vyh(, )] < oc.
(4) HVQkHOO i=sup, ,egd || Vak(z,y)||, < oc.
() IViVak(z,y)ll o = supy yera V2 Vyk(z, y)l, < oo
(6) [[V2(V1- Vak)||, = supy yepe [ VE(Va - Vyk(z, 1)), < co.
(7) IV1Va(Vi - Vok)| o i= sup, yera [[VaVy(Va - Vyk(z, )|, < oo

8) |Vi- V%kHoo "= SUDg yeRrd Z?,j:l 102,00y, 0y, ki (2, y)| < oc.

We emphasize here that [LLN19] required that the kernel is radial for their analysis. However,
our analysis does not require this assumption. A classical example of a kernel satisfying the above

conditions is the Gaussian kernel.

ASSUMPTION V1. The potential function V : R — R satisfies
(1) Ve C?(R%), V >0 and V(z) = +oo as |z| — +o0.

(2) For any a, > 0, there exists a constant Cy g > 0 such that if |y| < a|z| + 5, then

L+ [2)(VV ()| + [[V?V(y)]],) < Cas(1 + V(2)).
(3) V is gradient Lipschitz with parameter Ly, i.e., for all z € R%, HV2V(x)H2 < Ly.

To present our result, we define the set of functions

Y :=<{ue C(RLERY| sup |u(x) —z| < ooy,
z€R4
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which is a complete metric space with the uniform metric dy (u, v) = sup,ega |u(z) — v(z)|.

THEOREM 25. Let k satisfy Assumption K1, V satisfy Assumption V1 and pg € Py .

(i) For any T > 0, there exists a unique solution ®(-, -, po) € C1([0,T];Y) to (4.24). Moreover,

the measure p; = ®(t, -, po)xpo satisfies

lptllp, < lpollp, exp(Crov™"2 [k, KL(po|m)/2612).

(ii) For any po € Py, there is a unique p € C([0,00); Py) which is a weak solution to (4.6).

Moreover, for all £ > 0,

lotllp, < lpollp, exp(Crov™"? [kl KL(polm)!/2e"/?).

REMARK 33. In Theorem 25, we introduce an upper bound to the Py -norm of the solution to
(4.6) for any v € (0,1]. A similar result is established for the case of SVGF, i.e., when v = 1 in
[LLN19, Theorem 2.4]. In comparison to [LLN19, Theorem 2.4], our result requires that the initial
KL-divergence to the target is bounded. Furthermore, if we set v = 1 in our result, we do not
end up recovering their result. When v = 1, there is an explicit integral formula to Dy, V log %
which is leveraged in [LLN19] for their proof. For v € (0,1), due to the absence of an explicit
representation, we get the result in Theorem 25 by carefully analyzing the quantity D, ,,(V log 2%)

along with the decay of KL-divergence property introduced in Proposition 22.

PROOF OF THEOREM 25. Our proof leverages the approach of [LLN19, Theorem 3.2] for the
case of SVGF. In comparison to [LLN19], we handle various difficulties arising with the non-linear
operator in R-SVGF. We first prove claim (i) based on the following two steps. Claim (ii) follows
directly from claim (i) and [Vil21, Theorem 5.34].

Step 1 (Local well-posedness): Fix r > 0 and define

(4.25) Y,:=3ueY|sup |u(z)—z| <r,.
z€R?
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We will prove that there exists Tp > 0 such that (4.24) has a unique solution ®(¢, z, pg) in the set
Sy = C(]0,To]; Yy) which is a complete metric space with metric
ds (U, U) = sup dy (U(t, ')7 U(t7 )) :
te(0,To]

The integral formulation of (4.24) is
¢ p
(4.26) O(t,z,p0) = — / D, »,Vlog = (®(s,z, po))ds.
0 ™
Let us define the operator F : u(t,-) — F(u)(t,-) by
! p
Flu)(t,2) =2 [ Dy Viog 2 (uls, 2))ds,
0 m

where pr = (u(t,)) 4 po. We will show that F is a contraction from S, to S, and thus has a unique
fixed point. First we show that F maps 5, into S, for some T > 0. For some u € S, checking that
(t,x) — F(u)(t, z) is continuous is straightforward. We need to show that sup,cpa | F(u)(t, z)—z| <

r for any u € S,.
! P
F(u)(t,x) —x = —/ D, p,Vlog = (u(s, x))ds
0 s
t
= —/ ((1 — I/)thsLZ% + VI)_1 Lk7pst7pSV10g %(@(s,x))ds
0
t
N -1
= /0 (L= )ik ptip, +VI) " Eyup [k y)VV (y) = VE(y, )] (u(s, z))ds.
Note that there is an equivalent representation for D, :

-1
DVvPs = Lk7ps ((1 - V)Lz7psllk’p5 + Z/Id) szpS.
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~1
We then analyze the operators ¢y, ,, and ((1 — V)l pobesps I/Id> L. . Tespectively. Since [[k|, <
0o, according to Proposition 19, ¢4, ,, is the inclusion operator from ’H% to LL (R?). The correspond-
ing operator norm, denoted as ||tk [|3ja_, ;4 can be bounded in the following way:

k e}

”Lk,pan{g%Lgo = sup sup |f(z)]
Hf||Hg:1w€Rd

= Sup Sup |<]€(I‘, ))f)’Hk|
119 =1 reRe

(4.27) < sup Vk(z,z) := ||k] -

zER?
Meanwhile, let (A, €;)72; be the spectrum of ¢y ¢} , with (e;)72; being an orthonormal basis of
L(ps) = Ran(uy, 1. ,,) according to Proposition 19, (v/Ai€; )72, is an orthonormal basis of HE; see

also Remark 27. Hence, we have

x —1 4 ps |2
1-— 1, V log 22
AT e
= H ((1 N V)%psbk,ps + VId) il ((1 - V)l’k;7ps[/k’ps + VId) U p, V 10g - >

(4.28) < Vﬁl]y,Stein(ﬂs’ﬂ-)'

where the last inequality follows from (4.8) and the fact that (1 —v)e} , ik, is positive. With
(4.27) and (4.28), we get the following uniform bound on |D,,,, log 2 ()| for all z € R?,

Ps Ps
D,,.Vlog ?(a:)‘ < HDW)SVIOg S

L

* _1 *
}((1 - V)L,WSL;WS + uId) Us,ps V 10g %

S ”[’k,PsH’HgA)LgO 'Hg

N|=

_1
<v 2 ||k||ooIl/,Stein(ps|7r) .

Therefore, for all ¢t € [0,7] and all z € R%:

T
(4.29) Flu)(t2) — o] < v K]l / Ly stein (ps|m) ds.
0
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According to Lemma 4.6.1, there exists Ty > 0 such that for all u € S,

To 1 1/2 -1
/ L, stein(pelm) 2t < V2 K] 2,
0

which along with (4.29) implies |F(u)(t,z) — x| < r for all u € S,.

Next we show that F is a contraction on S,. Our goal is to show that there exists Ty > 0 and

C € (0,1) such that for any u,v € S,,

sup sup |F(u)(t,z) — F(v)(t,xz)] < C sup sup |u(t,z)—v(t,x)|.
t€[0,To] xz€R te[0,Tp] z€R4

Observe that

t
|F(u)(t,x) — Fo)(t,)| = / Dy, V1og 22 (uls, 7)) = Dy, Vlog 222 (u(s,)) ds
0

t
< / Dy, ,Viog ,071r,s (u(s,x)) = Dy,p, ,Vlog P72r,s (u(s,z))ds
0
¢ P2 P2
] [ D V108 22 (5, ) — D Vo 22 ((5,))ds
0
Ty Ty
< dg(u,v) Cy(t)dt —I—/ L(t)dt sup sup |u(t,z)—v(t,x)]|
0 0 t€[0,Tp] R4
To
= dg(u,v) Cy(t) + L(t) dt,
0

where the second inequality follows from Lemma 4.6.2 and Lemma 4.6.3. Furthermore, according
to (4.33) and (4.34), there exists Ty > 0 such that
To

Ci(t) + L(t) dt < 1.

Therefore we have proved there exists Ty > 0 such that F is a contraction from S, into S,.. Ac-
cording to the contraction theorem, F has a unique fixed point ®(-,-, pg) € S, which solves (4.24).

Defining p; = (®(¢, -, po))#po, one sees that ®(t, x, pg) solves (4.24) in the time interval [0, Tp).
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Step 2 (Extension of local solution): According to (4.32) and (4.34), we can extend the local

solution beyond time Ty as long as the quantity

Iy = [ (14 V@2, ))n(d)

remains finite. Next we establish a bound on this quantity showing that the local solution can be

extended for any ¢t > 0.

o [+ V@t ) o) = = [ (V@0 p), De Vg 2 0(0, ) ) ()

Pe

-1
<V Lk, py (( V)[’k,ﬁtbk»pt +v d) Lk,Ptv 08 7/ Ld(pr)

* * -1 & Pt
= _ <Lk’ptVV, ((1 — I/)Lk’ptbkypt + yId) Ue,py V 10g ?>Hd
k

I

< [ 9V

* -1 & Pt
((1 - V)Lk,Pthvpt + VId) Lk,ptv log — d
T Hk

where

* 2 N
ku,ptVVHHz =(VV, Lk,p%’ptvv%g(pt)
- /]Rd /Rd k(y, 2) (VV (), VV(2)) pe(y) pe(2)dydz

= [ L @ ). B2, p0)) (V@ (5. 0), TV (@2, o)) o) o)

2
< ki ([ 19Vt mlm(uay

2 2
< kIS Cio e, -

where the last inequality follows from Assumption V1. Therefore

((1— V)L’,;ptbk,pt + I/Id)*lbzypf/Vlog il

9 loelp, < Crollkl llorlp, |

Hi

1 1
< Cro lkllos 72 L stem(pe|m)2 llotllp,,
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where the last inequality follows from (4.28). It follows from Gronwall’s inequality that

_1 t 1
1oellp, < llpollp, exp (cmy L | Iu,Stein(Ps!W)2d8>
0

t
_1
< lpollp, exp | Crov ™% ] \/t [ Lostein(oulmyds
0

_1
(4.30) < lpollpy exp (Crov™* [l VEKL(polm) )

where the second inequality follows from Jensen’s inequality and the last inequality follows from
(4.15). With this bound we can iterate the argument to extend the local solution defined on
[0, To] x R? to all of [0, 00) x RY, so that (4.30) holds for all £ > 0. Finally ®(-,z, pg)) has continuous
first order derivative due to the integral formulation in (4.26), Assumption K1 and Assumption V1.

The proof is thus complete. |

LEMMA 4.6.1. Let pg € Py and suppose the assumptions of Theorem 25 hold. Then, for any € > 0,

there exists a constant T' > 0 such that for all uw € S, and t € [0,T], with p; = u(t,-)xpo, we have

T
1
(4.31) / I, stein(pe|m)2dt < e.
0

PROOF OF LEMMA 4.6.1. According to Lemma 20, the regularized kernelized Stein discrep-

ancy can be written as

S(pelm)? = (Eqmpy [trace(Ard?, ,(2))])’
o ’

_1 "
= H ((1 - V)L};,pt“‘?,ﬂt + VId) 2 Lk”OtVlog 4
T Hk

* Pt * -1 Pt
= <Lk7ptV10g pt ((1 — u)%pth,pt + yId) ijptVIOg?> = I, stein(pt, 7).

My

Meanwhile, since p; = u(t,-)4po with u € S, for any R%-valued random vector X, u(t, X) ~ p;

and |u(t, X) — X| < r almost surely. Therefore

Wi(pe, ) < Wilpo, pt) + Wi(po,m) = XNgglf/NptE[\X =Y+ Wi(po,7) <1+ Wi(po, ).
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Next we upper bound the regularized kernelized Stein discrepancy by the Wasserstein-2 distance.

According to [GM17, Lemma 18], for any general vector field ¢ € ’Hg, we have

[Eanp, [trace(Arg(z))]] < (Mo(¢)M1(VV) + Ma(¢)d) Wi(py, )

+ V/2Mo(6) M1 () Emr [[VV (2)|2] Wi(pe, ),

where for any ¢ : R — R¢ and g € C*(R%),

My(g) := sup |g(x)|, Mi(g):=sup M’ Mo(g) := sup IVg(x) —_Vg(y)Hg'
z€R? oty T =Yl z#y |z —y|

For any ¢ € ’H% and ¢ = [¢1,- -, ¢q]7, according to [SCO8, Lemma 4.34],

sup |D%¢;(z)| = sup
z€R4 z€R4

1
D% (01, k(x, )y, | < 19illpgg sup |DY Dy k(z, )],
zeR

Therefore,

Mo(¢) = = Sup Z@ 2 < > Nl Supkx ) = [[Elloo 1l
xe i=1

¢ (pi(x) — dily))? d
Vi) VL 00~ .0) <$Zsup .

TAY |$ - y| i—1 z€R

o=

JZZ i3, sup DY DY k(z,x) = (Sup frace (V1V2k(m,az))> 1l

i=1 j=1 r€R4

1
< IV1 - Vak|[S 9l »

M) — sup IV =00 IV6E) = VoWlle | = 10504(0) = 0,05(0)P
xséy |z — y| o |z — y| - 52 w#y |z — y|?

d

+ + 3

< .| > sup DYDY k(x, x) | ¢ill,, < HV%‘V%'I‘:H;W)HHZ'
ijl=12€R
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According to Assumption V1, M1(VV) = Ly and Epur [[VV (2)?] < Cip [7[lp,, . Therefore

B, [trace(Ard(@)]| < (Il v + [ V3 T35 2, ) @] (Wa(po, ) +7)

1
+ \/2 1Elloe V1 - Vakl|Zo Cro [l p, (Wi(po, m) 4+ 7) [[#ll3a -

2
* 3 * *
Note that (;Sk,pt satisfies that v ‘ ¢k,pt e qbk”()t R 1. Therefore

-I-(l—z/)‘

Lg(p)

[l <77

and

NI

IV,Stem(pt|7T) = S(pt,m) = ‘EINPt [trace(.AﬂqZ)Z,pt (x))”

< v (il Ly + |93 - V34 ) (Wi (n.m) 1)

1
+ y_é\/Q 1Bl oo I V1 - Vak]|& C10

[7llp, (Wilpo, ™) + 7).

Since the upper bound is independent of the choice of u(t,-) € S, and the time variable ¢, for any

€ > 0, we can choose a T small enough such that (4.31) holds. [

LEMMA 4.6.2. Under the assumptions of Theorem 25, let S, = C([0,T);Y;) with Y, defined in

(4.25). Then for any t € [0,T] there exists L(t) > 0 such that for any u € S, for all z,y € R? and
te[0,T],

(4.32) D Viog 2 () = D, Vlog 2(y)| < L] — ),

where for allt € [0,T], py = (u(t,-))xpo and

1
(4.33) L(t) = v 2 (2||V1Vak|lo + 3| V2| ) ® L stein(pelm)2.
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~1
PROOF OF LEMMA 4.6.2. Since D, ,, = ig, ((1 — V)Lf p, beopr +I/Id> vy, and ugp, is the

5Pt
inclusion operator,

p p
i V1og 2 (2) = Dy, T log 2.(y)]
-1 P -1 & P
= (U= )05yt +v1a) ", V108 2 @) = (L= )1kt +10) ™ 1, T log 2 ()

* _1 *
= '<k(x, ) = k(y, ), ((1 - l/)l,k’ptbk,pt + l/Id) U p V 10g %>

Hi

< |k(z,) = kY, g,

* -1 % Pt
((1 - V)Lk”Oth’pt + VId) Us,p, V 10g =

Hil
1 1
< v 2Ly stein(pt|m)? [[k(2, ) — k(y, ')HH‘i ’

where the second identity follows from the reproducing property and the last inequality follows

from (4.28). Furthermore, we can write
< (2IV1Vakll o + 3 || VK| ) 1= — yl?,
where the first identity follows from the RKHS property and the second identity follows from Taylor

expansion and Assumption K1. Therefore (4.32) holds with L(t) defined in (4.33). [

LEMMA 4.6.3. Under the assumptions in Theorem 25, let S, = C([0,T];Y;) with Y, defined in
(4.25). Then for any t € [0,T], there exists C1(t) > 0 such that for any u,v € S,

(4.34) Sup |Dyp,, V1og = () = Dy, Vlog P24 (2)| < Cu(t)ds (),
zeR

where for allt € [0,T], p1+ = (u(t,-))xpo, p2: = (v(t,-))xpo and

(4.35)
3 1 1
Ci(t) =207 2(1 —v) ||k (2(|V1V2k|l +3 HV2kHOO) 2|Vl o Ly.stein(prem)2 + v L K|

with L, being defined in (4.39).
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Proor or LEMMA 4.6.3. With the facts that D, , = (¢} plhp T I/I)_ILZM and ¢y, is the

inclusion operator we get,
Pt P2t
D V105 22 (@) = D, V log 24 ()

* -1 * plt
= (=0t +71) iy, Viog 2 (@)

—1
* * P2t
_ ((1 - V)thmbk,pg’t + VI) L,WMVIO - ——(z )‘

* Pl
)thltVlO . ( )‘

£22(0))).

~1
< (0=t 0) = (0 D g+ 01)

P;rt()

—1
* * *
+ ‘((1 o V)Lk‘ypz,th:PZt + VI) (Lkvpl t Lkpa,

We then turn to study the two terms in the upper bound separately.

First term: Note that, we have

-1 -1
* * plt
](((1—u>bk,,,1,tbk,m+u1) (@ )ikt + ) )kw PL ()

—1
e (L= kgt +7T) (1= 0 e — (L= V)i g k)

* -1 * Pt
X ((1 —V)Lkvpl’thva +VI> Lk,pltVIO - —(x)

—1
<l

vl | (0= )ik s +v1) (1= 0) |t s = o

He—H i
1— )it 1) i Vieg Pt
x| ( 7V)Lk7p1,t%vpl,t+y Lk vV 108 T
Hj,

N|=

_ _1
< |kl v A = V)V 2 L stein(p14]T)
1
2

< swn ([ K)ot ) = doaa)). [ o)) dor ) — dont))

6ll0 =1 Hd

(4.36)

1
< 21/_%(1 —v) HkHQ (3 HVQkH +2||ViVak| o )2 yStein(pl,t’W)%ds(u,v).

As we are bounding the function value by its Lgo norm, the second step allows the function to be

in the space of L% , without which we think of the function as belonging to the RKHS. The second
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inequality follows from (4.27) and (4.28). The last inequality follows from the fact that

2

< [ ko doreta) — dpsat). [ K)o o) - dm,t<y>>>
R R4

"
<u¢s§f L (k. o) - ko). 6 ol 0).
B (u(t,9),) 6 (ult, ) — K (o(t9).) & (01, ) > dﬂo(x)dpo(y)> ’
H
< sup [ kGt a), ) 6 (ult.)) —  (0(t2), ) 6 (0(ts2)lg pole)d
||¢HHd 1JRd
< s [t @), ) — b (0(t2),) 6 (it 2) g pola)d
09 =1 /R
b s [ o), ) (6 (u(t,2) — 6 (0t 0) g pola)da
189 =1 /R
= sup [ ute), ) — k(2. g, 1Sk (1 2) V)i | po(a)da
||¢Hﬂg:1 R4
T s [ R @), Y, [O0). b (ult 2), ) — k (o(t, 2), N2 | pola)da
[ gg=1 /R
< sup [0 ut), ) — b (002, N8l I 2,y pol)d
609 =1 /R

+ sup /Rd\lk(v(t,x)w)\\m @Ml [[E (ult, x),-) =k (u(t; 2), )|y, po(e)de

1130 =1
= s;gd (\/k‘ (u(t,z),u(t,x)) + k (v(t,z),v(t,x)) — 2k (u(t,z),v(t, x))
(\/k u(t,z)) + Vk (v(t, ), v(t, x))))

< 2|kl (3]|V%K], +2 uvlvgkuw)% ds(,v),

where the first identity follows from the definition of p;; for ¢ = 1,2 and change of variable,
the second inequality holds due to the symmetry in z and y, the first identity follows from the
reproducing property of the RKHS, the last identity follows from the fact that |[k(z,-)[ly, =
\/W for all z and the last inequality follows from Assumption K1 and Taylor expansion on
both variables in k& up to second order.
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Second term: Note that we have

1
* * P * P2t
‘ ((1 B V)Lk7p27tbk7p21t + VI) (Lk7P1 t ( ) Lk,P2,t g T (x)) '

-1
* * pl t * P2t
= |lk,pa,t ((1 - V)Lk,pg,tbk,pzt + VI) (Lk7P1 t (l’) ko g T (x)>’
-1
* * Pl * P2t
< e <1—VL L —|—1/I) L Vo -1 Vlog —
= H k,P2,tH’HZ—>Lgo ( ) k,p2,t%k.p2,t R k.p1t S k,p2t 2 7l
—1 ||, * Pt * P2t
S HkHOOV Lk,pl tVIOg Lk,pgtvlogi Hi’
where the last inequality follows from (4.27) and for all z € R%,
* Pt * P2t
Lk7P1 t ( ) B [’k»P2 tv log 7( )
P2t
= [ ko108 2 g)on0) = [ bla)V1og Zdps ()

—/ (z,9)VV(y) - Vzk(w,y))dpu(y)—/ (k(z,y)VV(y) — Vak(z,y)) dp2,:(y)
R4 R4

k(z, ult, y))VV (u(t,y)) = k(z,v(t, y)) VV (u(t, ) dpo(y)

I
%\

= [ (Vb utt.) = Vb, o(t.0) do(o).

Therefore, we have

u, ptVIOg — = U V1og —‘ »

< /Rd (Hk(»u(t,y)WV(u(t, y)) = k(o y) VV (0t 9) |l

+ (IV2k (s ult, y)) — Vak(-, ot y))!lag>dpo(y)-

For simplicity, in the following calculations, we denote u(t,y) and v(t,y) as u and v respectively.

We will bound [|k(-,u)VV (u) — k(-,U)VV(v)HHZ and | Vak(-,u) — Vak(-,v )HHd respectively. Note
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that we have

k(. w)VV (1) = k(- 0)VV (0) |50
= (k(,u)VV(u) = k(-,v)VV (v),k(-,u)VV (u) — k(:, U)VV(”»Hg
= |VV (w)[*k(u,u) — 2(VV (u), VV (0)) k(u,v) + |[VV (0)|?k(v,v)
< |VV(u) = VV(v), VV(u)k(u,u) — VV(v)k(v,v))|

+ [(VV(u), VV (v)) (k(u,u) + k(v,v) — 2k(u,v))]|,
where

(VV () = YV (0), VV (u)k(u,u) — VV (0)k(v, )|
< [VV(u) = VYV (©)2 k(u,u) + [VV (u) = YV ()] [VV ()] [k(u, u) — kv, )]
< CF (L + V() dsy (u,0)*k(u,u) + CF (14 V(1)) ds (u, 0) [k(u, 1) — k(v,0)]
< OF L (1+ V(y)?ds(u,0) k|5 + 207, [IVEl| o (1+ V() ds (u, 0)*.

The second inequality follows from Assumption V1 and the last inequality follows from Assumption

K1 and Taylor expansion on both variables in k up to first order. And, we also have
(VV (), IV (0)) (k) + K(v,v) — 2K(u, 0))]
< C'12,7‘(]' + V(y))2 ’k(uvu) + k‘(v,v) - 2k(u,v)|

< 012,7'(1 + V(y))2 (3 Hv2kHoo +2 ”vvakHoo) dS(ua U)27

where the first inequality follows from Assumption V1 and the last inequality follows from As-
sumption K1 and Taylor expansion on both variables in k£ up to second order. With the above two

inequalities, we have

[EC ult, ) VV (u(t,y) = k(o)) VV (0t y))ll

1 1 1
@371 < Cup (bl + 20Tkl E + 3]V + 21V, Vo] ?) ds(uv)(1 4 V)
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Observe that for all z,y € RY,

<V2k(',$), VQk(Vy»Hg =Vi- V2<k‘(', .%'), k('7y)>7-[d

k

=V Vaok(z,y),
If we denote the function Vi - Vok = D12k where Dq 2k is symmetric since k is symmetric, we get

||V2k:(,u) - VQ]C(-, U)”?_Lg == Dl,gk‘(u,u) + DLgk‘(’U,U) — 2D1,2k‘(u,v)

< (2||V3(D12k)|| o + IV1V2(D12K) |, ) ds(u,v)>.
where the inequality follows from Taylor expansion on both variables of Djok. Therefore
1 1
(4.38) V2K (-, u) = Vak(-,0) |3 < (2 |V2(D12k) || 2, + HVNQ(Dmk)HgO) ds(u, v).

According to (4.37) and (4.38), we get

* Pt * Mt
U py V 108 P Uy, V 108 ;‘

< Lydg(u,v)
H‘i;l: rvs

with
1 2 1 1
) Ly =Cir lpollp, (llklloo +2[[Vk[| o2 + 3| VK[| .2 +2||V1V2klloo2)
4.39
+ 9| V(D1 ok)|| 2 + [ Vi Va(Drak) |2

Therefore, the second term is bounded as

(I —=v)ig ,, L +vl e Vlog —= 1’t( ) — i, Vieg —= 2’t( N < v Ly |kl ds(u, v)
koo, Ukpo s Upy, V 108 T) =l p,,Vlog x v Ly K| ds(u,v).

With (4.36) and (4.40), we obtain

sup
xcRd

Dy Vlog 24 (2) = Doy, Vlog 24(a)| < Ca(t)ds(u,v)

with C}(t) being defined in (4.35). [ ]
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4.7. Stability

In this section we prove a stability estimate for the weak solutions to (4.6). To do this, we introduce

a space of probability measures on R% and assumptions on V as follows,

Pyi={p € Piloll, = [ loPote)is < oo},

where P denotes the set of all probability measures on R%.

AsSSUMPTION V2. In addition to Assumption V1, there exists a constant Cy > 0 and ¢ > 1 such
that |[VV(2)|? < Cy(1 + V(z)) for all z € R? and SUPgeo, 1] V2V (0 + (1 — Q)y)Hg < Cy(1+
Vi(z)+V(y)).

THEOREM 26. Let V satisfy Assumption V2 with ¢ € (1,00) and k satisfies Assumption K1. Let

1

p be the conjugate of ¢, i.e., p~t + ¢! = 1. Let p1,p2 € Pp be two initial probability measures

satisfying HpZHPp < R for some constant R > 0 and ¢ = 1,2. Let p1; and p2; be the associated weak
solution to (4.6). Then given any T' > 0, there exists a constant C' > 0 depending on k, V, q, v, p1, p2

such that

sup Wy(p1e, p2,t) < CWy(p1, p2).
t€[0,T]

More explicitly, the constant C' is given by

1
C =exp (u—l [l oo (T, ke, Vv, o1, p2, )T + +v7 2 (2] V1 V2| o + 3| V2k]| ) ? VKL (pofm) T2

(4.41)

_3 3 1
+ 2073 (1= ) Kl (2] V1 V2k + 392 ]|, )® KL(pllﬂ)Tz>,
where C(T, k,V,v, p1, p2,q) is defined in (4.46).
REMARK 34. If we focus on the dependency on v and T in (4.41), we have
C < Cexp (V_lTexp (C’y_%T%) Fr2(1—)T2 + u_%T%>

where C” is a constant independent of v and T.
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The proof is inspired by that of [LLN19, Theorem 2.7] which in turn is motivated by the Dobrushin’s
coupling argument (see, for example, [Dob79] and [MRZ16, Theorem 1.4.1]). In the following proof
we mainly highlight the parts of our proof that are different from the proof of [LLN19, Theorem
2.7].

PROOF OF THEOREM 26. First, under Assumption V2, there exists a constant Cy > 0 such
that V(z) < Co(1 + |z|P) for all z € R%. Therefore, P, C Py and pillp, < C(R) < oo fori=1,2.

By Theorem 25, the weak solutions take the form

Pit = ((I)(t7 '7pl’))pi y 1= 172
where ®(-, -, p;) solves (4.24) with pg = p;. Let 7° be a coupling measure between p; and py. For
d > 0, define ¢5(x) = %(|x|2 + 6)P/2 which satisfies

1
lim ¢s(x) = =|z|” and [Ves(z)| < |z[P~L, forall z e R%
§—0t p

We start from estimating the derivative of ¢s in the time variable, for which we have

Orps(®(t, z1, p1) — D(, 22, p2))

(@ (t, 22, 2)))

2
™

= - V¢6((I)(t7xlvpl) - q)<t7$27/72)) (D%thVlOg %((D(ta X1, Pl)) - Dy,pg,tv:log

The next step is to estimate

Dy, Vlog p;’t (®(t, 21, p1)) — Dypy, V log pfj (B(t, 22, p2))] -
Note that
Dy, ,Vlog %(@(t, 21,01)) = Dy py,V log ”;’t (B(t, 29, p2)) == I1 + I,
where
I i= Dyypy , Vlog P4 (D(t, 21, p1)) = Doy, Vlog P24 (@ (2, 21, 1)),
P2t

=(®(t, w2, p2))-

I :=D,,,,Vlog p;’t (®(t,21,p1)) — Dy, Vlog -
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According to Proposition 23, we have

|=Vs(P(t, 21, p1) — D(t, 22, p2)) - I1]

3 1 1
<o 2 (1—v) [k (21IV1Vakllo + 3| V2E|| L) ? Lu.Stein(p1417)2 | (t, 21, p1) — B(t, 22, p2) [P
X </]Rd |D(t, y1,p1) — @(t,ymm)\ﬂo(dyl,dyz))
+ V_l HkHoo C(t7 k7 V? v, )017P27Q)‘(I)(t73717pl) - (I)(ta X2, PQ)‘p_l
1/p
X (/ |®(t, y1, p1) — P(L, y2,P2)!p7r0(dy1,dy2)>
R4 xR4
and
|=Vos5(®(t, 21, p1) — P(t, 72, p2)) - I2]
1 1 1
< vz (2(|ViVakll o + 3 || V2E|| ) ? Lo stein(p2.4]m)2 | @ (L, 21, p1) — ®(t, 22, p2)[P.
Now, defining
0 1/p
Dym)(e)i= ([ 10 vm.01) = Bl ) PP i)
R4 x R4
we have, for any ¢ € [0, 7] that

#s(®(t, 21, p1) — O(t, 22, p2))
<v7E (21 Vakl + 3] 92 )2 / Ly stein(p,o|7)2 |9 (s, 21, p1) = B(s, 23, po)|Pds
+ @521 — @2) + v [kl C(T, k. Vv, p1, p2,q) / (s, 21, p1) — (s, 23, o) P D) (5)ds
2073 (1= v) k] (2]IV1Vak] o +3]|V2] ) ?
. /ot IV,Stein(pl,s|7T)%|(I)(5?331, p1) — D(s, x2, p2) [P~ Dy(7%)(s)ds.

Integrating the above inequality w.r.t. the coupling 7°, and using the fact that

/ 1@t pr) = Bt po) P O (d, dan) < Dy(a0) ()
Re xR
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and letting § — 0, we get
t
DP(WO)(t)p < DP<7TO)(O)p + l/_l HkHoo C(Ta kv ‘/a vV, p1, P2, q) / DP(WO)(S)pdS
0
_3 2 2 L 3 0\( )P
+2072 (1 —v) [[k]1Z (2] V1V2kl . + 3|V k:HOO)?/ I, stein(p1,5|7) 2 Dp(7°) (5)Pds
0
1 1 ¢ 1
+ (V72 2IV1 Ykl +3[[V2],)?) / I tein(pa.s|m) 2 Dy(n") (s)"ds.
0
By using Gronwall’s inequality, we further obtain

Dy(r°) (1)

< Dp(w)(0)P exp (v ||kl o C(T, k, V, v, p1, pa, q)t)
t
X exp (zy—é(l ) R (2 V1 Vak] 4 3| V2] / zy,sm(pl,s|7r>%ds>
0
t
X exp (l/_é (2 ”V1V2kHOO +3 HVQkHOO)% / Iu,Stem(sz"/T);dS)
0

< Dy(7°)(0)? exp (wé (2[|V1V2k] o + 3 Hv?kum)% KL (p|7)t2

. 1
+ v [k C(T K, V,v, 1, p2, @)t + 2072 (1= w) [[K]12, (2]V1 Vakllo + 3] VK] )2 KL(m!W)t5> :
Hence, we obtain

Wg(ﬂl,t, /02,t)

= inf 21 — volPr(dry, das) < inf D (7 (1)P
ﬂEF(p17t’p2’t)/Rded| 1 2’ ( 1 2)_7r06F(p1,p2) p( )()

1 1 1
< exp (V‘l 1Elloo C(T, k, Vv, p1, p2, @)t + 172 (2[|V1V2k| o + 3| V2R )2 VKL (p2|m)t=
1
2072 (1 =) k% (2] V1 Vak| ., +3 [V2E|) 2 KL(p1|7r)t%> inf  Dp(x°)(0)
w0eT(p1,p2)
1 1 1
= exp ( kll oo C(T, k, Vv, p1, p2, @)t + 077 (2[|V1 Vak| o, + 3 || V2| )2 V/KL(p2|r)t=

1
+ 20731 = 0) K], (21V1 Vbl 5 + 3] VK] ) KL(mlﬂt%)Wz‘?(m’m%
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yielding the result. |

PROPOSITION 23. Under the assumption of Theorem 26, let ®(-, -, p;) be the solution to (4.24) with
po = pi for i = 1,2. Let 7° be a probability measure on R?¢ with marginals p; and py. Then we

have

P1,t

v,p1,t Og - 9 xl’ pl - V,02,¢ Og 2.t
Dupy, ¥ log =4 (3t ) — Dy, Vlog 22

- (®(t, 21, p1))

71')%

1
< w3 (1—v) k|2 (2||ViVak], +3 V2| )2 L, stein(prs

X /d |®(t, 1, p1) — B(t, 22, po)|7°(dz1, dao)
R

1/p
(442) + Vil ”kHoo C(t, k? ‘/7 v, p1, P2, Q) (/R |(b(t)y17p1) - @(t, ?/2,92)|p Tro(dyla dyz)) ’

dyRd
and

P2t
T

‘DV,PZ,tV log p;:t ((I)(tv 1, Pl)) - DV,p2,tv log ((I)(t, €2, ,02))

N|=

(443) <v3 (2(IV1Vakll + 3 [|V2E]| ) L/,Stem(Pz,tW)% |®(t, 71, p1) — B(t, 72, p2)|,
where C(t,k,V,v, p1, p2,q) is given in (4.46).
PROOF OF PROPOSITION 23. First we prove (4.43). For any x € R,
iy, Vlog 2 (@) = D, Vg P24 (1)

-1
5 * P2t
= ‘ ((]- — V)Lkva,t Lk,pg’t + Z/Id) Lk,pg,tv 1Og 7($)

-1
N « P2t
- ((1 = V)l po s Uhpay I/Id) Uk,pa., V 108 F(Z/)‘

™

* -1 * P2t
- |<k:(x )= k() (1= 0k e + 1) 1, V108 22() .
k

(I—=v)f, L + vl T V log P2t
k’PQ,t k7p2,t d Lk7P2,t Og T

My

)2 [[k(@, ) = By, g

3 @ IV1 ¥kl + 3 V2].) e~

_1
<v 2 Il/,Stein (P2,t

_1
<v 2 IV,Stein (PZ,t
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where the second inequality follows from (4.28) and the last inequality follows from the reproducing

property and Taylor expansion. The claim in (4.43) then follows from the above inequality.

To prove (4.42), first according to the proof of Lemma 4.6.3, for any = € R?, we have

Plt P2t
Dy Vlog P2 (@) = D, Vlog P24 ()

; * Pt
< ‘ <<(1 = V)l py o bhprs T+ VId) - ((1 = V)l po ooy + uId> > Uy, Vlog . PLE ()

£ 22|

Pl t (:U)

-1
* *
+ ‘ ((1 - Z/)Lk,pzﬂgbkvplt + VId) (Lk‘,p1 t Lk’ 3P2,t

and first term on the right hand side is bounded as

\«wﬁmMMW+MQ—(uwmm%m+ﬂa>¢mvmp%>

_3
< ||k”oo vz (1 - V)L/,Stein(pl,t’ﬂ')

N|=

sup </Rd k(- )é(x)(dp1i(x) — dp2i(x)), /Rd k() (y)(dp1i(y) — dpz,t(y))>

9ll50g =1 .

By Theorem 25, the weak solutions to (4.6) take the form

pit = (®(t, i), , i=1,2.

Similar to the proof in Lemma 4.6.3, we have

2

sup </Rd k(- z)o(z)(dpri(z) — dpai(w)), /Rd k(- 9)o(y) (dpre(y) — dpz,t(y))>

Qw L L (e 6 (@000 p1) — b (B2, ) (B0t p2).

N[

k@@mmmommwmm»—MMMmme@mwmm> mewmww%wﬁ

My

< /Rd iy ”k ((I)(ta I, pl)a ) ¢ ((I)(ta L1, Pl)) —k ((I)(ta L2, :02)7 ) ¢ (Cb(tv Z2, p2))H’H‘,j 770(de7 de)

1
< 2|kl (2[|V1V2k| o + 3 HVQkHOO) 2 /d , |®(t, 21, p1) — B(t, x2, p2) |70 (dxy, dxo).
RExR
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Therefore

* -1 * -1\ = Pt
(st + VD™ = ot +vD ™) ey, Vo8 22 (2)

3
2

1
<2z (1—v) ||k||% (21|V1V2k]| o + 3| VK] )2 L I, Stein(p1e|7)2

< / B(t, 21, p1) — Db, 29, po)| e (dey, o).
R4 x R4

According to the proof of Lemma 4.6.3, the second term is bounded as

Plt % P2t
L 0) = s, Vw24 0)

-1
' ((1 - V)L}:‘,pgyt Lk,PZ,t + VI) (l’z,pl +

-1 Pt P2t
v bl ik, Vl0g 28 <, VIog 24
k
For the factor ||t} , Vlog = 2Lt — U ps, V108 5 22t - notice that
Plt P2t
L;;Plt ( ) LZ,pz tVIOg ( )

:/ k(a, y)Vlog ( )dp1(y) — / k(z, y)Vlog 2 dpgt( )

R4 Rd

— /Rd (k(z,y)VV (y) — Vak(z,y)) dp1+(y) — /Rd (k(z,9)VV (y) — Vak(z,y)) dp2.+(y)

N /Rd Rd (k(z, D(t,y1, p1))VV(R(t, y1, 1)) — k@, ®(t, y2, p2)) VV (D, 42, p2))) dr°(dy1, dy2)
_/Rd R (Vak(z, ®(t,y1, 1)) — Vak(z, ®(t, y2, p2))) dr°(dy1, dys)

and we get

L;;ptVlog — eV 1og —‘ »
=< /Rd y k(- (t, y1, p1))VV(2(t, y1, p1)) — k(- B(t, 2, p2)) VV(D(t, 42, p2)) |49 d° (dy1, dy2)
X
+ / IV2k (-, @, y1, p1)) — Vak(-, ®(t, ya, p2)) |l 3a d7°(dy1, dyo)
RexRd k

For simplicity, we denote ®(¢,y1, p1), (¢, y2, p2) as 1 and P9 respectively in the following calcu-

lations. We will bound the two integrals separately.

223



First integral: Similar to the proof in Lemma 4.6.3, we have

[, @UVV(@1) = k-, ®2) TV (@2) 34
= (VV(D1) — VV(By), VV (D1)k(Dy, B1) — VV (Do) (D, B2))

+(VV(D1), VV(D2)) (k(P1, P1) + k(P2, Do) — 2k(P1, P2))
where

(VV (1) = VV(D2), VV(P1)k(P1, P1) — VV(D2)k(P2, P2))|

IN

IVV(®1) — VV(®2) Pk(P1, P1) + [VV(R1) — VV(02)||VV (D2)|[k(D1, 1) — k(P2 o)

IN

sup [|[V2(0%1 + (1 — 0)®2) |3 @1 — @af? [IK]%
0€[0,1]

" ol [V2(0D1 + (1= 0)®s)||, |B1 — Do|CL (1 + V(@2))/4|k(P1, B1) — k(Da, Bo)|
0clo,1

< OV + V(®1) + V(D2))2/7 |[K]|2, | @1 — Pof?
+ O U1+ V(1) + V(D) VICL (1 + V(D)9 ||VE| . |81 — Po)
< O (IR + VKl ) (1+ V(@1) 4+ V (@2))29]01 — By
The third inequality follows from Assumption V2 and the last inequality follows from Assumption
K1 and Taylor expansion on both variables in k£ up to first order. Furthermore, we have
(VV (D), VV(D2)) (k(P1, P1) + k(P2, P2) — 2k(D1, D2))|
< CYI1L+ V(@)L + V(©2) V9 k(@1, @1) + k(P2 D2) — 2K(P1, D)
< CUA+ V(@)L + V(8)) 9 (3| V2k|| + 2| ViVak]L) [@1 — Ds/?,

where the first inequality follows from Assumption V2 and the last inequality follows from Assump-

tion K1 and Taylor expansion on both variables in k£ up to second order.
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With the above two inequalities, we get
/Rd y k-, @(t, 51, p1)) VV(@(8, 51, 1)) — k(- @(E, 2, p2)) VV (R (L, 2, p2)) |09 dr” (dy, dyz)
X

< OV (Il + 19 + 39 +2091 9k
\% oo

8 /]Rd pd B1(t, 51, p1) — B(t, y2, p2)| (1 + V(B(t, y1, p1)) + V(D (t, y2, p2))) /970 (dy, dyo)

X

1 1 1
< O (Il + VRl ? + 3] VK[| * + 20171 Vakllo )
1/p

X </ D1 (t, 1, 1) — D¢, y2702)’p770(dy17dy2)>

R4 xR4

1/q
x ( [ v+ v<<1><t,y2,p2>>7r0<dy1,dy2>)
RaxR4

< (Ilpllp, exp(Crov™""2" Ikl VEK L(pi]m))

_ _ 1/q
+Ilpallp, exp(Crov™"2q7 k]l VEK L{pal)) )

1 1 1
% 7 (IRl + 1VEl o2 + 3] V2K]| ,* + 21171 Vakl]o )
1/p
X / |®1(t, y1, p1) —¢(tay2702)\p7fo(dylady2)>
R4 xR4

1 1 1 1/q
<30V Ikl + VIl ® + V2|7 + V1Vl 2) (lioillp, + ozl )

x exp(Crov ™27 [kl VUKL (p1]7) + KL(pa[))
1/p
X </ |1(t,y1,p1) — (2, y2,p2)!p7fo(dylady2)>
RexR4
H 11
= C1(k,V) (Ierllpy, +llp2llp, ) * exp (D1, v, ) (KL(p1|m) + KL(po|m))? £)
(4.44)

1/p
X </ (@1 (t,y1, p1) — O(2, 2/27,02)’p7TO(dy17d3/2)> .
R4 x R4

Second integral: Denoting the function V1 - Vok = D1 2k, we first note that Dj ok is symmetric

since k is symmetric. According to the above identity, we get

||V2k‘(, (1>1) — VQ]C(', (I)Q)Hg_tz = Dl’gk(q)l, ‘1>1) + Dlvgk‘(q)g, (1)2) — 2D1’2k‘((1)1, q)g)
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Applying Taylor’s series expansion on both variables of D1 2k, we get

IV2k(, 1) = Vak(:, )50 < (2[|[V2(D12k)| o, + [V1V2(D12k)ll. ) [ €1 — s[>,

With the above inequality, we obtain

/Rd IV2k (-, ®(t, 91, p1)) = V2k (-, @(t, 42, p2))llggq dr®(dys, dy2)
)

(4.45
| (t, y1, 1) — (¢, Y2, p2) |70 (dy1, dy2).

< IVt + 1) [
X

Based on (4.44),(4.45), we then get

Pt Ht
Up, V l0g — U V 108 ?‘

d
Hk
1

7 11
< ik, V) (Iprllp, + lloallp, )" exp (Di(k,v,q) (KL(pr|m) + KL(pa|))? ¢3)

1/p
([, 101t - 0t )P r (i )
X

) [ ) = @t o) i)
X

D=

+ (2 V3 (D1ak)|| 7 + VAP,

1/p
Bt 1 1) — @(t,yg,mnpw%dyl,dm)) .

dyRd

< C(t, k,V,v, p1,p2,q) (/
R

where
C(t,k,V,v, p1, p2,q)

@46) = ok ) (Ipalp, + lallm, ) exp (Dak. ) (KL(pa 1) + KL(pal)) £4) + Calty

with

Cillk, V) =30 (Illoo + 1Vl F + [ V2], * + 91 92k]1. )

Dl(kv v, Q) = CLOV_I/QC]_I Hk;Hoo )
1 1
Ca(k) = 2||VA(V1 - Vak)|| 7 + [IV1V2(V1 - Vak)| o 2.
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Therefore for all € R?,

1
* * Pt * P2t
’ ((1 - V)L’tpz,tbkvplt + VI) (Lk,m,tv log T (z) - Lk,ﬂ2,tv log 7('%')) ‘

1/p
< V_l ||k”oo C(t7 k‘,‘/,l/, Pl»PZaQ) </]R |q)1(tvyl7p1) - CD(tv y27p2)|p7ro(dy17dy2)> .

dwRd

Therefore, we obtain the desired result. [

4.8. Space-time Discretization: A Practical Algorithm

In this section we introduce a practical space-time discretization to the R-SVGF described in (4.24).
In the algorithm we let positive integers N and n to denote the number of particles and (discrete)
iterations. We note by (X}l)fil the position of the N particles at the n-th step. We let X,, :=

(X}, ..., XNT. For all functions f : R — R? we define the operator L,, as

Lof = [f(Xp). - fX]T.
The positions of the particles are then updated as

(4.47)

_ _ 1—v -1 1 Y .
X1 = X — hnst <(N"+1)Kn + VnHIN) NKH(LHVV) - Z;Lnd(Xg“ 3,
=

where (h,)2; is the sequence of step-sizes, Iy is the N x N identity matrix and K, € RN*N g
the gram matrix defined as (K, );; = k(X}, X3}) for all i, j € [N]. We call the above algorithm as the
Regularized SVGD algorithm. The iterates in (4.47) follow from Lemma 20 and the finite-sample
representations for the operators iy jnix s» where p" is the empirical measure of the particles at the

n-th step, i.e., p" = Zfil O -

While the convergence analysis of space-time discretization of the SVGF (i.e., the SVGD algo-
rithm) and the R-SVGD (i.e., the regularized SVGD algorithm) is an interesting and challenging
open question, in this section we demonstrate the improved performance of the regularized SVGD
algorithm over the SVGD algorithm in some simulation examples. Specifically, we consider the

simulation setup in [LW16]: We let the target 7 := (1/3)m; + (2/3)m2, where m; = Normal(—2,1)
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hi(x)=x ha(x) = x2 h3(x) = cos(wx + b)
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Ficure 4.1. R-SVGD for various values of the regularization parameter v. The
case of v = 1 corresponds to SVGD. Left, Middle and Right columns correspond
respectively to hi(x) := x, ho(z) := 22 and h3(z) := cos(wz + b). Top and bottom
rows correspond respectively to log(MSE) versus number of particles and number
of iterations.
and m = Normal(+2,1), and we let the initial distribution to be Normal(—10,1). We now focus

on numerically computing the expectations of the form E,.[h;(z)], for three cases, hi(x) := =z,

ha(x) := 22 and hs(x) := cos(wz + b), where w ~ Normal(0,1) and b ~ Uniform([0, 27]).

In Figure 4.1, we plot the mean-squared error in estimating the above expectations with the reg-
ularized and unregularized SVGD algorithm. Here, the expectation is over the intialization (and
over w and b for h3). In the top row, we report the logarithm of the mean-squared error versus the
number of particles N for a fixed number of iterations (set to 100). In the bottom row, we report
the logarithm of the mean-squared error versus the number of iterations for a fixed number of par-
ticles (set to 200). For both algorithms, we use the Gaussian kernel k(u,v) = exp (—%Hu - UH%),
where the bandwidth parameter v is set using the median heuristic [LW16]. We use the Adagrad
step-size choice for both cases, following [LW16]. For the choice of the regularization parameter,
we report results for various choices of v. The case of ¥ = 1 corresponds exactly to the SVGD
algorithm. We notice that for small values of v the regularized SVGD algorithm performs better

than the SVGD algorithm.
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In terms of computational complexity, in comparison to the SVGD algorithm, each iteration of
regularized SVGD algorithm requires inverting an N x N matrix. It is possible to speed-up the
regularized SVGD algorithm by reinterpreting the iterations as solving a system of linear equations,
and using fast implementations of linear systems solvers. Other techniques for speeding-up include
using Random Fourier Features and Nystrom method. We leave a detailed study of speeding up

the regularized SVGD algorithm as future work.
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CHAPTER 5

Online Least-squares Stochastic Gradient Descent

Stochastic Gradient Descent (SGD) is an algorithm that was initially developed by [RM51] for root-
finding. Today, SGD and its variants are the most commonly used algorithms for training machine
learning models ranging from large-scale linear models to deep neural networks. One of the main
challenges in understanding SGD is comprehending its convergence properties. In the case of fixed-
dimensional problems, the learning theory and optimization communities have focused on providing
non-asymptotic bounds, either in expectation or with high-probability, over the past two decades.
However, such bounds often tend to be overly conservative in predicting the actual behaviour of the
SGD algorithm on large-scale statistical problems occurring in practice that are invariably based on
specific data generating models. To address this, recent research has concentrated on characterizing
the exact dynamics of SGD in large-scale high-dimensional problems. Specifically, the focus is on
obtaining the precise asymptotic behavior of SGD and its fluctuations when the number of iterations
or observations and the data dimension tend to infinity under appropriate scalings. The main idea
behind this approach is to demonstrate that, under the considered scaling, the noise effects in SGD
average out, so the exact asymptotic behavior and fluctuations are determined by a particular set

of dynamical system equations.

Our goal in this chapter is to consider the SGD algorithm on a specific statistical problem, namely
the linear regression problem, and provide a fine-grained analysis of its behaviour under high-
dimensional scalings. Specifically, we consider the linear regression model, Y = X T6* 4+ £, where
6* € R? is the true regression coefficient, X € R? is the zero-mean input random vector with
covariance matrix E[XX '] = £; € R4 Y € R is the output or response random variable, and

£ € R is a zero-mean noise with at least finite-variance. For this statistical model, we consider
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minimizing the following population least-squares stochastic optimization problem

min E[(Y - (X,6))’],

using the online SGD with an initial guess ° € R%, given by the following iterations
(5.1) o+l = gt n (yt — <It, 0t>) at,

where #* € R is the output at time ¢ and n > 0 is the step-size parameter and plays a crucial
in obtaining our scaling limits and fluctuations. Specific choices for i will be detailed shortly in
Section 5.3. The sequences {z'};>0 and {e'};>¢ are assumed to be independent and identical copies
of the random vector X and noise &£ respectively. Note in particular that for the online SGD

in (5.1), the number of iterations is equal to the number of observations used.

In our analysis, we view the least-squares online SGD in (5.1), as a discrete space-time interacting
particle system, where the space-axis corresponds to the coordinates of the vector §* and the time-
axis corresponds to the evolution of the algorithm. Specifically, note that the online SGD updates

in (5.1) can be viewed in the following coordinate-wise form. For any 1 <i < d,

d
07 = 0! + paly' —n Y alalol

j=1
d d
=0 + nmf(szﬁ;‘ + &t — Zx§9§>
Jj=1 Jj=1
d
=0 — anfx?(@ﬁ —07) + natel.
j=1

Now, defining the centralized iterates as Af' := 0" — 6* and letting Af! denote its i-th coordinate
for all 1 <4 < d and t > 0, the least-squares online SGD can be then alternatively be represented

as the following interacting particle system:

d
(5.2) AGTE = AGE — an§x§A9§» +natet, 1<i<d,
j=1

random interaction
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where the particles {Aef}lgigd are interacting and evolve over a discrete-time scale. In particular,
the interaction among the particles {Af!}1<;<q is random for any ¢, and the ezpected interaction
is captured by the covariance matrix 34 of the input vector X. Therefore, to analyze the high-
dimensional asymptotic properties of the least-squares online SGD, we analyze the scaling limit
and fluctuations of the interacting particle system given by (5.2). In particular, our limits are
derived in the form of infinite-dimensional Ordinary Differential Equations (ODEs) and Stochastic

Differential Equations (SDEs); for some background we refer to [Arn92, KX95, DPZ14].

Our approach is also motivated by the larger literature available on analyzing interacting particle
systems. See, for example, [KL98, Lig99, Zei04, Szn04, DNO08, Spol2]. The interacting particle
system in (5.2) can either exhibit long-range or short-range interactions depending on the structure
of the covariance matrix ;. The case when the covariance matrix >4 is “smooth” in an appropriate
sense, thereby prohibiting abrupt changes in the entries of the covariance matrix, corresponds to
the regime of long-range interactions. Examples of such covariance matrices include bandable
and circulant covariance matrices. In this work, we work in the long-range interaction regime.
Alternatively, the case when covariance matrix is “rough”, which allows for certain degree of abrupt
changes between the entries (allowing, for example, various patterns of structured sparsity in %)
corresponds to the regime of short-range interactions. For last few decades, a large number of works
on interacting particle system focused on the connection between the scaling limit of the fluctuation
in interacting particle systems and the Kardar-Parisi-Zhang (KPZ) equation. See, for example,
[BG97, BS10, Quall, Corl2, CST18, Ghol7, CGST20]. Many of those works demonstrated that the
fluctuation of the height function of the associated particle system converges to the KPZ equation
under weak noise scaling. A handful set of those works including some recent breakthroughs
[MQR21, DOV22, QS23] showed convergence towards the KPZ fixed point under the so called
KPZ scaling of space, time and fluctuation. Our fluctuation results in the current work for the
long-range interaction case does not reproduce the KPZ equation or the KPZ fixed point in the
limit. However, we do believe that in the short-range regime, the scaling limits would lead to those
unprecedented limiting behavior even for the seemingly simple problem of solving least-squares
with online SGD. In a forthcoming work, we investigate the case of short-range interactions in

detail.
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5.1. Preliminaries

Before we proceed, we list the notations we make in this work. For a positive integer a, we let
[a] = {1,...,a}. For vectors, superscripts denote time-index and subscripts denote coordinates.
The space of square-integrable functions on S, a subset of Euclidean space, is denoted as L?(S)
with the squared-norm || gHig( sy = s g(z)?dx for any g € L?(S). The space of continuous functions
in [0, 1], is denoted by C([0,1]), and is equipped with the topology of uniform convergence over
[0,1]. The space of continuous functions with continuous derivatives up to k*-order in [0, 1], is
denoted by C*([0,1]), and is equipped with the topology of uniform convergence in function value
and derivatives up to k*"-order over [0, 1] (we mainly use k = 1,2). For any topological space H and

7> 0, C([0, 7]; H) represents the space of H-valued functions with continuous trajectories.

We also require the definition of a Gaussian random field or Gaussian random field process, that
arise in characterizing the limiting behavior of the SGD iterates. We refer to [AT07] for additional

background.

DEFINITION 5.1.1. A Gaussian random field is defined as a random field g on a parameter set [0, 1]
for which the finite-dimensional distributions of (g(x1),---,¢g(xk)) are multivariate Gaussian for
each 1 < K < co and each (x1, -+ ,zx) € [0,1]5. A Gaussian random field process is defined as a
time-indexed random field g on a parameter set [0, 00) x [0, 1] for which {(g(¢,z1),--- ,9(t,zK)) }t>0

are multivariate Gaussian processes for each 1 < K < oo and each (z1,--- ,2x) € [0, 1]¥.

Space-time Interpolation. Our approach starts by constructing a space-time stochastic process
by performing a piecewise linear interpolation of the discrete particles in (5.2). This process,
denoted by {@d’T(s, ) } se[0,7],z€[0,1] 18 continuous both in time and in space. The spatial coordinate
at the macroscopic scale is indexed by the set [0, 1] and is denoted by the spatial variable x. The
spatial resolution at the microscopic scale is of order 1/d. Let T' € Ni be a positive integer
parameter. The parameters 7 € (0,00) and 1/T" corresponds to the time-scale till which we would
like to observe the trajectory and the resolution of the time-axis respectively. For any 7, we
consider the first |77| least-squares online SGD iterates. Specifically, |77'| corresponds to the

overall number of iterations, which also corresponds to the number of observations used.
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We now describe how to construct the interpolation of the discrete particles in (5.2). Consider the

function @47 (-,-) : [0,7] x [0,1] — R that satisfies the following conditions:

(a) it is evaluated as the positions of SGD particles on the grid points with grid width 7~! in

the time variable and d~! in the space variable, i.e. for any i € [d] and any 0 < t < [7T],

(k1) -

We can artificially define Aff = A6Y.

(b) it is piecewise-constant in the time variable, i.e. for any s € [0, 7],

04T (s,) = @dvT(LSTTJ, 3

(c) it is piecewise linear in the space variable, i.e. for any x € [0, 1],

]

0T (., z) = (ldz| + 1 — dx)@d’T(-, 7) + (dz — Ldch)G(-, M)

From the above construction, we can give an explicit form of ©%7 based on {Aef}ie[d],ogtgLrT |: for

any s € [0,7] and any = € [0, 1],

04T (s,2) = (|dz] +1 — dx)@d’T<LS$J, L‘Z“) + (dz — deJ)@( szifj 7 deilH)
= (|dz) +1 — dw) AT + (do — [da )AO]

Condition (b) in particular implies that ©%T is cadlag in the time variable. From condition (c), it
is easy to observe that ©%7 is continuous with well-defined weak derivative in space. Actually the
. . dT ; : . 1 d—1
first order space derivative to ©%" is well-defined for all 2 except the grid points {0, 5,--- , %=, 1}.
Next we construct ©" which is piecewise linear both in time and in space. For any s € [0, 7] and

x €[0,1],

(5.3) 0T (s,x) = (|sT] + 1 — sT) @d’T( LSJ?J x) 4 (sT — |sT)) @d’T(L"”TJT“,x).

From this construction we can immediately see that 8" e ([0,7];C[0,1]). Our main objec-

tive in this work, is to characterize the limiting behavior of the space-time stochastic process
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{@d’T(s, ) }sefo,7),z€[0,1] When both T and d go to infinity, under appropriate scalings for appropri-

ate choices of the step-size parameter 1, and under various assumptions on the noise £.

5.2. Assumptions

We start with the following definition of a space-time stochastic process, which characterizes the

data generating process for X (or alternatively the sequence {z'}¢>0).

DEFINITION 5.2.1 (Data Generating Process). Let A, B, and E be real-valued symmetric functions
defined on [0,1]?, [0,1]* and [0, 1]® respectively. {W (s, 2)}s>0.ze[0,1] is a stochastic process which is

white in the time variable, such that for all s > 0 and z,z1,--- ,zg € [0, 1]:
E[W(s,z)] =0, E[W(s,z1)W (s, z2)] = A(z1,x2),

4 8
E[HW(S,%)] = B(z1,x2,T3,24), E[HW(S,(I}Z)] = FE(x1, -+ ,z8).
i=1 i=1

We now introduce the assumptions on the samples {x}};>0 ;c|g and random noises {'};>0.

ASSUMPTION 5.2.1. The samples {z'}1<;<as>0 and the noises {e'}4>0 are independent and satisfy

(a) There exists a stochastic process {W (s, Z)}s>00e(0,1], defined in Definition 5.2.1 such that

#=w(pd)

(b) There exists a universal constant Cy > 0 such that for any t > 0,
E[at] =0, E[‘atm < 0(21 and E[‘Etm < C’lag.
The noise-variance in plays a crucial role in our scaling limits. In particular, it is allowed to grow
with d, with the growth rate determining the precise scaling limit of the SGD iterates. In the

following, we drop the subscript d for convenience. We now introduce the main assumption we

make regarding smoothness of the covariance and higher-moments of the process W.
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ASSUMPTION 5.2.2 (Smoothness Conditions). The stochastic process {W (s, 2)}s>0ze(0,1] Satisfies

the following smoothness conditions.

1. The function A : [0,1]?> — R is such that A(z,-) € C1([0,1]) for any x € [0,1]. As a result,

there exist constants Ca, Cs such that for any x,y,z € [0,1], we have
|A(z,y)| <C2 and  |A(z,2) — Ay, 2)| < Cslz —y|.
We further assume that there exists a constant Cy such that

|A(z, x) + A(y,y) — 2A(z,y)| < Cilz — y[*.

2. For the function B : [0,1]* — R, there exist constants Cs,Cs,C7 > 0 such that for any

r1, 22,23, 24 € [0,1], |B(x1, 22, 23,24)| < C5 and

|B(x1, 3,71, 73) + B(za, 23, 12, 73) — 2B(21, 23, 72, 73)| < Cf|z1 — 297,
|B(z1, %1, 21, 21) + B(22, 22, 32, 22) + 6B(21, 21, 22, 22) — 4B (31, 21, 21, T2)

- 4B($1,$2,l‘2,3§2)’ S C'?’.Tl - 332’4.

3. For the function E : [0,1]® — R, there exist constants Cg, Cg such that for all x1,--- ,x8 €

[0,1], E(z1, - ,28) < Cs and

}E(.’Bl,l‘l,ﬂ?l,ﬂ?l,l‘g,"' 7336) +E($2,$2,x2,x2,x3,-'- 71‘6) +6E(.’E17.'E17£U2,372,$3,"' 7[136)

4
—4E(SU]_,CC1,CC17$27$3,"' 7:66) —4E(1}1,I2,l‘2,l‘2,$3,"‘ aIG)‘ S C’;A)L‘xl _I2| .

Assumptions 5.2.1 and 5.2.2 are made to ensure tightness of the interpolated process in (5.3). In
particular, the assumptions on the second and fourth-order moments are required to derive the
tightness conditions needed to establish the scaling limits, with the second-order moment informa-
tion actually showing up in the limit. Additionally, assumptions on the eighth-order moments are
required to derive the tightness conditions needed to establish the fluctuations. In this case, the
second-order moments information appears in the drift terms, and both the second and fourth-order

moment information show up in the diffusion term.
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Our assumptions above allow for a relative general class of distributions for the data and the noise
sequence; see Section 5.5.2 for additional insights and examples. Importantly, we emphasize here
that we do not make any isotropy or Gaussianity (or sub-Gaussianity) type assumptions made in
several recent works (see Section 5.4). Instead, without assuming the independence of different
coordinates in each sample, we take into account the structure of the k*-order moments of the

sample distribution for k£ = 2,4, 8.

Finally, we remark that our analysis is general enough to allow for certain degree of dependence
within the data sequence {x'};>¢ and within the error sequence {&'};>(. Such assumptions are
typically made in several applications including reinforcement learning [Mey22| and sequential or
online decision making [CLS21, KDL*21]. Furthermore, we could also allow for some level of
dependency between the data and error sequences. We do not discuss these extensions in detail to

keep our exposition simpler.

5.3. Main Results

5.3.1. Scaling Limits. We now state our results on the scaling limits of the least-squares

online SGD under different orders of noise variances.

THEOREM 5.3.1 (Scaling Limits). Let the initial conditions satisfy: For any 0 < i < d, there exist

constants R, L such that the initial condition satisfies
E[|A6)Y] <R'  and  E[|A6) — A6 Y] < L'a™.

Also, let Assumption 5.2.1 and Assumption 5.2.2 hold and let {£1(s, )} sejo,r],z€(0,1] denote a Gauss-
ian random field process with covariance given by (5.29). Further, let there exist a uniform constant

Cs,1 such that max(ndT, 0‘17T%) < Cs,1. Then, we have the following scaling limits.

(1) Low-noise, i.e., o?/d*T — 0: Assume further that there exists a uniform positive
constant o such that limg o0 o?/(d*T) = 0 and limgr0ondl = «. Then for any

7 € (0,00), {© }a>1,7>0 converges weakly to a function © as d,T — oco. Furthermore,
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the limit © € C1([0,7]; C*([0,1))) is the unique continuous solution to the following ODE:

1
(5.4) 0:0(s,z) = —a/o A(z,y)0(s,y)dy.

(2) Moderate-noise, i.e., o%/d*T — (0,00): Assume further that there exist uniform pos-
itive constants o, B such that limg 7o 02/(d*T) = 82 and limg 0o ndT = a. Then for
any 7 € (0,00), {@d’T}dZLT>0 converges weakly to a process {O(s, ") }scio,r as d, T — oo.

Furthermore, the limit © is the unique solution in C([0,7]; C([0,1])) to the following SDE:

1
(5.5) dO(s,z) = —a/o A(z,y)O(s,y)dyds + afdé; (s, x).

(3) High-noise, i.e., 0?/d*T — oo: Assume further that there exists a uniform positive
constant o such that limg o naT% = «a. Then for any 7 € (0,00), {@d’T}dZLT>0
converges weakly to a process {O(s, ) }selo,r] as d, T — oo. Furthermore, the limit © is the

unique solution in C([0,7]; C([0,1])) to the following SDE:

(5.6) dO(s,x) = ad& (s, x).

REMARK 5.3.2. Theorem 5.3.1 shows that under high-dimensional scalings, the limiting behavior
of the SGD trajectory exhibits a three-step phase transition: It goes from being ballistic (i.e., char-
acterized by an infinite-dimensional ODE) in the low-noise setting, to diffusive (i.e., characterized
by an infinite-dimensional SDE) in the moderate-noise setting, to purely random in the high-noise
setting. The boundaries of this three-step phase transition are precisely characterized, and explicit
dependencies on the order of dimension, iterations and step-size choices are identified. In the mod-
erate and high-noise setting, the covariance of the diffusion term &; is determined by the second
moment function A from Assumption 5.2.2. We also remark that our initial conditions are made

coordinate-wise and are rather mild.

REMARK 5.3.3. In the low-noise setting, according to (5.4), we see that ©(s, ) has the same order

of smoothness as A(-,y) for any s € [0,7] and y € [0,1]. This phenomenon is more general, i.e., if
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we further assume that A(-,y) € C*([0,1]), for some finite positive integer k and for any y € [0, 1],
then it can be shown that © € C([0, 7]; C*([0, 1])).

REMARK 5.3.4. Assumption 5.2.2 is required to show tightness results in Proposition 5.7.1 and
Proposition 5.7.2, and hence to prove existence of the weak limit. It is worth mentioning that in
the low-noise setup when the noise variance satisfies 02 = O(d?), Assumption 5.2.2 can be relaxed
by dropping the last condition on B and the condition on F. The tightness results under the relaxed
assumptions can be proved in the same way by considering second moments bounds rather than
the fourth moments bounds in Proposition 5.7.1 and Proposition 5.7.2. For the sake of simplicity

and consistency of our analysis, the proof of Theorem 5.3.1 is based on Assumption 5.2.2.

5.3.2. Fluctuations. We now study the fluctuation of {Aef}z‘e[d],ogth in the low-noise set-
ting. In order to do so, we look at a re-scaled difference between {Aef}ie[d],ogtSN and its scaling

limit. Specifically, for any s € [0, 7], = € [0, 1], define

d,T
(

(5.7) Ut (s, x) == (0™ (s, ) — O(s, )

where 7 is the scaling parameter and we expect v — oo as d, T — oo. We now state our fluctuation

results.

THEOREM 5.3.5 (Fluctuations). Let the initial conditions follow: For any 0 < i < d, there exist

constants D, M such that the initial condition satisfies

1—1

¢ _Ud,T(O’T)rL < Mt

]E[|Ud’T(O,;)|4] <D'  and  E|U(0,)

Furthermore, let the assumptions made in Theorem 5.3.1 in the low-noise setup, i.e. o2 /dT? — 0,

hold. Letn = 7= and assume that there exists a uniform constant Cs 2 such that for alld > 1,T > 0,

we have max(’yT_%,’yd_l,’yad_lT_%) < Cs2 . Then we have the following fluctuation results.

(1) Particle interaction dominates: Assume further that, as d,T — oo, we have

T =o(d*), o= 0(d), ’yT*% — (€ (0,00), and ’yodilT*% — B €10,00),
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for some uniform constants ¢, 5. Then for any T € (0,00), the fluctuation of SGD particles,
{UST} 511750 converges in distribution to a function U € C([0,7];C([0,1])) as d, T —
oo. Furthermore, for any s € [0,7], = € [0,1], the limit U is the unique solution in

C([0,7];C(]0,1])) to the SDE
1
(5.8) dU(s,x) = —a/o A(z,y)U(s,y)dyds + afdéa(s, x) + aCdés(s, ),

where {&a2(5, ) }sc(0,7],0€(0,1] and {€3(5, %) }se(0,7),2€0,1) are two independent Gaussian ran-

dom field processes with covariances given by (5.39) and (5.41) respectively.
(2) Noise dominates: Assume further that, as d,T — oo, we have
max(d, T%) < o< dT?, and ’yad_lT_% — B € (0,00),

for a uniform constant 3. Then for any T € (0,00), the fluctuation of SGD particles,
{UTY 451 750 converges in distribution to a function U € C([0,7];C([0,1])) as d,T —
oo. Furthermore, for any s € [0,7], * € [0,1], the limit U is the unique solution in

C([0,7];C(]0,1])) to the SDE
1
(5.9) dU(s,z) = —a/o A(z,y)U(s,y)dyds + afdéa(s, x),

where {52(371')}56[0,7},16[0,1] is a Gaussian random field process with covariance given by

(5.39).
(3) Interpolation error dominates: Assume further that, as d,T — oo, we have
d=0(T2), o=0(T2) and ~d ' —0.

Then for any T € (0,00), the fluctuation of SGD particles, {U%T} 451150 converges in
distribution to a function U € C([0,7];C([0,1])) as d, T — oo. Furthermore, for any
s € [0,7], x € [0,1], the limit U is the unique continuous solution to the following ODE

(with random initial conditions)
1
(5.10) dU(s,z) = —a/ A(z,y)U(s,y)dyds.
0
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REMARK 5.3.6. The setting in Theorem 5.3.5 further splits the low-noise regime of Theorem 5.3.5
into three sub-regimes. The first two regimes correspond to the case when the dominating terms
leading to the fluctuations are due to the particle interaction (whose expectation is characterized
by the covariance function A), and the noise variance respectively. In particular, when the particle
interaction dominates, we have two independent diffusion terms; while the covariance of the process
&9 is determined only by the second-moment function A in Assumption 5.2.2, the covariance of the
process &3 appearing in the second diffusion term is determined by both A and the fourth-moments
function B. The third sub-regime comes from having to deal with the approximation of the integral
on the right hand side of (5.4) with its Riemann sum, and we refer to this regime as the interpolation
error regime. In this regime, we choose a small order of v to ensure the interpolation error vanishes.
Doing so, fluctuations from the particle interaction and noises are suppressed in the limit. Therefore
we obtain the degenerate convergence to the ODE as in (5.10) for the fluctuations. The entire limit

identification result is provided in Theorem 5.6.4.

REMARK 5.3.7. Scaling limits and fluctuations developed in Theorems 5.3.1 and 5.3.5 respectively,
also hold (with slight modifications) for the online multiplier bootstrap version of SGD developed
in [FXY18, Equations (7) and (8)]; such results may be leveraged for practical high-dimensional

statistical inference.

5.4. Related Work

High-dimensional scaling limits of SGD. [BAGJ22] studied the scaling limits of online SGD in
the high-dimensional setting for a class of non-convex problems. Their scaling limits are derived for
finite-dimensional summary statistics of the online SGD, and no fluctuation results are provided.
Furthermore, the precise scaling relationship between the dimension and the number of iterations,
and the impact of the data generating process, in particular the covariance structure, is left un-
explored. [WML17| analyzed the online SGD algorithms for least-squares regression and principal
component analysis, and derived the scaling limit of the empirical densities as solutions to PDEs.
However, their analysis was restricted to the special case of isotropic covariance matrices and no
fluctuation results are provided. See also [WL19, VSL*T22, PP21, PPAP22a, PPAP22b] for related

works on specific models for online and mini-batch SGD. However, such works do not identify any
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phase transition phenomenon (from ballistic to diffusive behaviour), are applicable only for specific

statistics of the SGD iterates, and do not characterize the fluctuations.

The works by [CCM21] and [GTM'22] also characterized the asymptotic behaviors of variants of
SGD for a class of optimization problems in the high-dimensional setting. Their approach was
based on the so-called dynamical mean-field theory from statistical physics. Different from our
work, which considers online SGD on expected objective functions, both [CCM21] and [GTM™'22]
considered mini-batch SGD on finite-sum objective functions (or empirical risk minimization).
[CCM21] require isotropic sub-Gaussian inputs for their analysis. While [GTM™"22] allows for non-
isotrpic covariance, they required Gaussianity assumptions on the inputs. Finally, they only track
a real-valued functional of the trajectory as the dimension grows and no fluctuation results are

provided.

To our knowledge, our work provides the first result on characterizing the entire infinite-dimensional
trajectorial limit and related fluctuations of the online SGD, for the specific problem of least-squares

regression with smooth covariance structures.

Other high-dimensional analysis of SGD. Random matrix theory is also used to analyze full
and mini-batch gradient-based iterative algorithms for specific high-dimensional models; see, for

example, [DT19, PLPP21, BES+22, DT22, PvMPP22).

[CLP22, CPT23] studied mini-batch SGD for certain high-dimensional non-convex problems using
Gaussian process techniques. Their work relies heavily on the isotropy and Gaussianity assump-
tions. State-space approaches for high-dimensional analysis of online SGD was carried out in [TV23]
under isotropic Gaussianity assumptions. The work of [BAGJ21] also used a similar approach to
establish high-probability bounds in a signal-recovery setup. Recently, high-dimensional normal
approximation results and tail bounds are also established in [ABG23] and [DMN*21, DMNS22]

respectively for online least-squares SGD.

Mean-field analysis of SGD for overparametrized neural networks is also explored intensely in the
recent past. While assuming growing parameter dimension, such works, however, assume the data-

dimension is fixed. Due to the flurry of recent works in this direction, it is impossible to list them all
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here. We refer to [CB18b, MMN18, SS20b, SS20a, PN21, RVE22, DCLW22, SS22, AAM22, GGK22]

for a sampling of such works.

Fixed-dimensional analyses of SGD. The study of diffusion limits of SGD in the fixed-dimensional
setting is a classical topic. We refer to [KGY03, KC12, BMP12, LPW12] for a textbook treatment
of this topic. The main idea behind such works is to show that appropriately time-interpolated
SGD iterates converge to a multi-dimensional Ornstein-Uhlenbeck process, under specific scalings.
Recently, [LWME19] developed a framework to approximate the dynamics of a relative general class
of stochastic gradient algorithms by stochastic differential equations. See also, [KB17, LWLZ18,
GCPT20, FDBD21] for a partial list of other recent related works.

Almost sure convergence and central limit theorems for SGD in the fixed-dimensional setting is
also well-studied. See [MHKC20, SGD21, LY22] and references therein for almost-sure convergence
results. With regards to CLT, we refer to [PJ92, Rup88, DR20, TA17, AD19, YBVE21, DDB20,
BBHS21, DDJ23] and references therein for a partial list of related works. We also highlight the
works of [ABE19] and [SZ22], where non-asymptotic normal approximation for SGD is established.
For a survey of expectation and high-probability bounds for SGD and its variants, see [BCN18§],
and [Lan20].

Scaling limits of MCMC algorithms. Finally, we remark that high-dimensional scaling limits
of iterative sampling algorithms like the Random-Walk Metropolis (RWM) algorithm, Unadjusted
Langevin Algorithm (ULA), and Metropolis Adjusted Langevin Algorithm (MALA) is well-studied.
For example, [PST12] and [MPS12] characterize the scaling limits in the form of infinite-dimensional
SDE (or equivalently as stochastic PDEs); see also the references therein for other related works
in this direction. While being morally related to our approach, the sampling algorithms studied in
those works correspond to a different setup than us, as the interactions are not characterized by

any data generating process.
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5.5. Applications and Examples

As an application of our main results in Theorem 5.3.1 and 5.3.5, in this section, we show how they
can be leveraged to study certain specific properties of the least-squares online SGD, like the Mean

Square Error (MSE) and Predictive Error (PE).

Mean Squared Error (MSE) and Predictive Error (PE): For a given d and T, the time-
interpolated mean square error and prediction error of the least-squares online SGD estimator at

time s € [0, 7] are defined respectively as

d ,
MSE®T () = 1 Z@CLT( [sT] E)Q,

d 4 T 'd
d .. . .
Trgy.— L i J\gdT LT i\zar [sT] j

Specifically, we first calculate the high-dimensional scaling limits of MSE and PE in terms of the
solutions to (5.4),(5.5) and (5.6), and show the decay properties of the limiting MSE and limiting
PE in the low-noise setup. We next calculate the fluctuations of the MSE and PE in terms of the

solutions to (5.4), and (5.8),(5.9) and (5.10).

5.5.1. Scaling Limits and Fluctuations of MSE and PE. Leveraging Theorem 5.3.1, we
have the following result on the scaling limits of MSE and PE of the least-squares online SGD. In
particular, it exhibits the three-step phase-transition depending on the noise level. To proceed, we

defined the limiting MSE and PE as follows:
1 1 1
(5.11) MSE(s) == / O(s, z)dz, PE(s) = / / O(s,z)A(x,y)O(s,y)dzdy.
0 0o Jo

PROPOSITION 5.5.1. Assume that Assumption 5.2.1, Assumption 5.2.2 and the initial conditions
in Theorem 5.3.1 hold. Then, we have the following convergences, (i) MSE4T (s) — MSE(s) and
(i) PE*T (s) — PE(s) (in probability in the low-noise setting and in distribution in the other two

settings), provided one of the following scaling condition is satisfied:
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(1) Low-noise: od~ T2 = 0, ndl — o € (0,00) as d,T — oo and O is the solution to
(5.4).

(2) Moderate-noise: od\T~2 — B € (0,00), ndT — o € (0,00) as d,T — oo and © is the
solution to (5.5).

(3) High-notise: od1T~2 — oo, naT% — a € (0,00) as d, T — oo and © is the solution to

(5.6).

We next characterize the fluctuations of MSE4? (s) and PE4T (s), i.e (MSEd’T(s) — MSE(s)) and
o (PEd’T(s) — PE(s)), respectively.

PROPOSITION 5.5.2. Assume that Assumption 5.2.1, Assumption 5.2.2 and the initial conditions

in Theorem 5.3.1 and Theorem 5.5.5 hold. If n = 7+ then

(i) v (MSE%T (s) — MSE(s)) — 2 fol O(s,x)U (s, x)dz in distribution,

(i) v (PE4T(s) — PE(s)) — 2f01 fol O(s,z)A(z,y)U(s,y)dxdy in distribution,
provided one of the following scaling is satisfied:

(1) ~v = CT% for some ¢ € (0,00). T = o(d*),0c = O(d) as d,T — oo and ©, U are the

solutions to (5.4) and (5.8) respectively.

(2) v = Bo=1dTz for some B € (0,00). max(d,T%) <0< dT? asd, T — oo and ©, U are

the solutions to (5.4) and (5.9) respectively.

B)lgykd, d= O(T%), o= O(T%) as d, T — oo and ©, U are the solutions to (5.4) and

(5.10) respectively.

5.5.2. Additional Insights and Specific Example. In this section, we show that under
Assumption 5.2.1 (part (a)) and Assumption 5.2.2, the functions A, B, E in Definition 5.2.1 are the
limiting descriptions of the corresponding moments of finite-dimensional data. We first show that
a piecewise-constant function induced by the finite-dimensional covariance matrix Y4 of the data
{x!}1<i<q converges uniformly to the function A defined in Definition 5.2.1. Before we state the

convergence result, we introduce some necessary definitions and notations.
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DEFINITION 5.5.3. Given a symmetric d X d matrix ¥ with real entries, define a piecewise-constant

function on [0, 1]? by dividing [0, 1]? into d? smaller squares each of length 1/d and set
Ws(z,y) =X, j) if [de] =i, [py] = j.

Recalling that ¥4 denotes the covariance matrix of data {mf}lgigd, it is easy to see that as d — oo,
under Assumption 5.2.1 and Assumption 5.2.2, we have
[Ws, — Al = sup [Ws,(z,y) — Az, y)| = 0.
z,y€[0,1]
Indeed, from the Definition 5.5.3, we have
07 [dl‘—‘, (dy-l € {Oaly"' 7d}
WEd($a y) - A(.ﬁU, y) =
d d
A(M, M) — A(z,y), otherwise.
d d
Due to Assumption 5.2.2, we have

(1 90) ] (2, FA0) o D9 e, ) < 22

Therefore |Ws,(z,y) — A(z,y)| < 2C3d~! for all z,y € [0,1]. The claimed convergence result
hence follows from definition of [|-|| . Similarly, we can extend Definition 5.5.3 to any m-tensor
and study the uniform convergence for functions defined [0, 1]™ with any m € N. In that way we can
interpret B and E in Definition 5.2.1 as the C([0, 1]*)-limit and the C([0, 1]®)-limit of the functions

corresponding to the fourth moment tensor and the eighth moment tensor of z! respectively.

We now provide a concrete example of a model that satisfies our Assumption 5.2.2. Recall
that we consider the data {$§}t21,ie[d] as being generated as the discretizations of the process

{W(s,2)}sejo,r],wel0,1] defined in Definition 5.2.1.

SINUSOIDAL COVARIANCE. For any s > 0, let {W (s, )} ,¢(0,1] be a centered stochastic process with

the covariance function A given by

(5.12) Alz,y) = a0+ Z by cos 27k (x —y)) , vV x,y€|0,1].
k=1
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such that there exists € > 0 such that

(5.13) > BT < oo
k=1

Define the finite dimensional data covariance matrix as
(5.14) Sa(i,j) = ao+ Y brcos (2xk(i —j)/d),  Vi,j € [d].
k=1
Let A be as defined in (5.12) and Wy, be as defined in Definition 5.5.3. When (5.13) holds, it is
easy to see that [|[A — Wy ||, — 0 as d — oo. Condition (5.13) guarantees that A defined in (5.12)

satisfies Assumption 5.2.2.

If we further assume that W (s, -) is a Gaussian process, we have relatively easy expressions for the

fourth and eighth moments, thanks to Isserlis’ Theorem. That is, for any k& € N, we have
2k

(5.15) E[H W (s, zi)] = Z H E[W (s, i)W (s, z;)],
i=1 pePZ (i,j)€p

where P} is the set of all pairings of {1, - -- ,2k}. Based on this, we have the following result.

LEMMA 5.5.4. The function A defined by (5.12) and (5.13) satisfies Assumption 5.2.2. Further-

more, if W is Gaussian, its fourth moment B and eighth moment E satisfy Assumption 5.2.2.

We emphasize here that the Gaussian assumption in Lemma 5.5.4 is purely made for the sake of
simplicity. Based on generalizations of Isserlis’ theorem, computations similar to those required
to prove Lemma 5.5.4 could be carried out in the elliptical setting [ZYB21], mixture of Gaussian

setting [Vigl2] and beyond.

Next, we provide more explicit decay properties of the scaling limits that govern the limiting

behavior of the finite-dimensional and finite-iteration MSE and PE in the low-noise setup.

PROPOSITION 5.5.5. Invoke the the assumptions in Theorem 5.3.1, under the low-noise set up.

(a) For an orthonormal basis {¢;}32, of L*([0,1]), if A : [0,1]> — R admits the following

decomposition A(z,y) = Y52, Nigi(z)i(y), where the sum converges in L([0,1]%) and
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A1 > Ag > -+ >0, with A == inf; \; > 0, we have that MSE(7) < MSE(0) exp(—2aAT), for

any 7 € (0, 00).

(b) For any ¢ € L*([0,1]), if A satisfies fol fol d(x)A(z,y)d(y)dedy > 0, we have that PE(1) <

MSE(0)/ar, for any T € (0, 00).

In the following, we provide two specific examples illustrating the above propositions.

(1)

Let covariance matrix be defined as
Ya(i,j) =1+ cos (2n(i — j)/d) for all 4,j € [d].

Then, the function A is given by A(z,y) = 1 + cos(2n(x — y)) for all z,y € [0,1]. Note

that, A could also be represented as
Alz,y) =1+ %(\@cos(%m)) (V2cos(27y)) + %(\@ sin(2mx)) (V2sin(2my)).

Therefore A satisfies the conditions in part (a) of Proposition 5.5.5 with Ay = 1, Ay = A3 =
1/2. Hence, we look at the MSE as defined in (5.11). According to Proposition 5.5.5, the
scaling limit of the MSE satisfies MSE(7) < MSE(0) exp(—aT) for any 7 € (0, 00).

Now, let the covariance matrix be given by

Sali,j) = ('i;ﬂ - ;)2—2(|i;j - %)4 for all 4,j € [d].

Then the function A is given by A(z,y) = (|z — y| — %)2 —2(|lz —y| - %)4 for all z,y €
[0,1]. By a Fourier series expansion, we also have that

[e.9]

A(z,y) = ap + Z V2 cos( 27rx))( 2 cos(2my)) Z V2sin 27rx))(\f2$in(27ry)),
k=

where ag = 7/120 and by = 6/72k* for all £ > 1. Tt can also be checked that (5.13) is
satisfied with € = 1. As there is no positive uniform lower bound of the eigenvalues, we
look at the PE as defined in (5.11). According to part (b) of Proposition 5.5.5, we have
for any 7 € (0,00), PE(s) < MSE(0)/ar.
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More generally, to compute the scaling limits and the fluctuations, in particular in the moderate
and high-noise setups, one invariably has to resort to numerical procedures. We refer, for example,

to [LPS14] regarding the details, and leave a thorough investigation of this as future work.

5.6. Proof Overview

The high level idea behind our proofs is to study the interpolated SGD iterates in (5.3) as a sequence
of random variables in the space C([0, 7]; C([0, 1])). Under appropriate assumptions, we first prove
that the sequence of random variables is tight in C([0, 7]; C([0, 1])); this forms a major portion of
our analysis. As a consequence, we have that the sequential weak limit exists. Next, we identify
the sequential limits by deriving an ODE/SDE that the limits satisfy. Last, we prove that all
the sequential weak limits are the same and therefore the sequence of random variables converges

weakly to a unique limit that solves the ODE/SDEs.

5.6.1. For Theorem 5.3.1. Our first result shows the tightness of {@d’T(-, )}a>1,1r>0 in the
space C ([0, 7]; C([0,1])). It is based on two technical results (see Proposition 5.7.1 and Proposition

5.7.2) which forms the major part of our analysis.

THEOREM 5.6.1 (Tightness). Let Assumptions 5.2.1 and 5.2.2 hold, and the initial conditions in
Theorem 5.3.1 are satisfied. Further suppose that there is a uniform constant Cs1 > 0 such that
max(ndT, naT%) < Cs1. Then {@d’T}dZLTN) defined in (5.3) is tight in C ([0, 7]; C([0,1])). Hence
any subsequence of {@d’T}dZLT>0 has a further weakly convergent subsequence with its limit in

C ([0, 7]; €([0,1])).

THEOREM 5.6.2 (Limit Identification). Invoke the conditions in Theorem 5.6.1. Then for any ™ > 0
and any subsequence {©%Tk} 11 of {@d’T}dZI,T>O; there further exists a subsequence converging
weakly to a function © € C([0,7];C([0,1])) as dy, T, — co. Furthermore, for any bounded smooth

function f :[0,7] = R, for any s € [0,7], z € [0, 1], we have
- /OSG(U,x)f'(u)du + F()0(s, 1) — £(0)0(0,2)
S 1 S
_— / / F(u) Az, 5)0(u, y)dydu + o(1)) + o2n>T / F(w)d€s (u, 2) + o(1)).
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where {£1(5,%) }se(0,7),2¢(0,1] 15 @ Gaussian field process with covariance given by (5.29).

The above theorem is proved in Section 5.7.2. As an immediately consequence, we have that:

(a) When ndT — o and 02/d*T — 0 as d, T — oo, we get
s 1
(5.16) / O(u, ) f'(w)du + f(s)O(s,z) — f(0)O(0,z) = —a/o /0 fw)A(z,y)O(u, y)dydu.
(b) When ndT — « and 02 /d*T — B2 as d, T — oo, we get
/ O(u, z) ' (u)du + f(5)0(s,2) — F(0)O(0, 2)

:—a/ / fu)A(z, y)O(u, y)dydu+a252/ f(u)dér(u, ).

(¢) When naT% — «a and 02 /d*T — oo as d, T — oo, we get
- [ et wau-+ F(5)0(s.2) ~ F0)00.0) =® [ Flaydes(v.2).

Our main result in Theorem 5.3.1 follows from the above results; proof is provided in Section

5.7.2.

5.6.2. For Theorem 5.3.5. We next turn to proving the fluctuation results. From the defini-
tion of our interpolation process in Section 5.1, we immediately have that U%T € C([0, 7]; C([0, 1])).

According to the definition of @47 under the low-noise setup in Theorem 5.3.1, for any 0 < t <
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|7T| —1:= N — 1, i € [d], we have

t+1 ¢ t 1
)= U (2, 5)

4,7
U(Td T d

_ Jnprdr b J
- ”ZWTd Td)U (723

(5.17) —mz W 2) ~ E[W G, WG DO 2)

—ﬂ@(%,g)—@@ 5 +n2A 7)o 2))

i
W t
+my (T 7
The idea of deriving the limit of {U d’T}d217T>0 is now similar to the idea of deriving the limit of

{@d’T}dZLT>0. Specifically, we first have the following tightness result.

THEOREM 5.6.3 (Tightness). Let Assumptions 5.2.1 and 5.2.2 hold and further suppose the initial
conditions in Theorem 5.58.1 and Theorem 5.3.5 are satisfied. If n = 75, 0 = o(dT%) and there
exists a uniform constant Cs o such that max(’yT_%,'ydfl,'yadflT_%) < Cs2 foralld>1,T >0,
then {UST (-, ) }a>1.1>0 as defined in (5.7) is tight in C ([0, 7]; C([0,1])). Hence any subsequence of
{UT (-, ) Yas1.750 has a further weakly convergent subsequence with limit in C ([0,7]; C([0,1])).

THEOREM 5.6.4 (Limit Identification). Invoke the conditions in Theorem 5.6.3. For any 7 > 0
and any subsequence {U%7Tk} o1 of {UT} 4110, there exists a further subsequence converging
weakly to a stochastic function U € C([0,7]; C([0,1])) as dg, T — oo. Furthermore, for any bounded

smooth function f :[0,7] = R, U satisfies that for any s € [0, 7],z € [0,1],
- [ Ut s 16U Gs.) — FOU0.2)

:—a/ / fw)A(z,y)U (u, y)dydu+aﬂ/ fuw)d&a(u, )1 P S

+ 04(/0 f(u)dés(u, )1 +O0O(yd t +~4T71) 4+ o(1).

{(yT~25¢}

The above theorem is proved in Section 5.8.2. As an immediately consequence, we have that:
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(a) When T = o(d?), 0 = O(d) and ’ny% — ¢ € (0,00), we can show that O(yd~! +~T71) =

o(1). Therefore, we get
— o7 ([ Ut ) e+ F0)Us.0) = FOU0.2)

//f (@)U )dudu+ 5 [ Fdgawon g+ ¢ fdat.a).

(b) When max(d, T%) < o < dT? and ’yadilT_% — € (0,00), we can show that ’)/T_% -0
and O(yd~! +~yT~1) = o(1). Therefore we get

~ o ([ Ut @i+ F9)U(s.0) - FOU0.2)

//f (2, 1) (uy)dydu+ﬂ/f ) (u, ).

(¢) Whend = O(T%), oc=0(T %) and yd—! — 0, we can show that yod 1T~ G 0,71~ 250
and O(yd=! +~T~1) = o(1). Therefore we get

S s 1
- / Ulu,2)f/(w)du + £(s)U (s,2) — F(O)U(0,2) = —a / / F () Az, 9)U (u, y)dyd
0 0 0

This proves Theorem 5.3.5.

5.6.3. Existence and Uniqueness of the Solutions. To fully complete the proofs of our
main results in Theorems 5.3.1 and 5.3.5, we also need to provide the following existence and
uniqueness results on the solutions to the corresponding SDEs. The ODE case follows by Picard-
Lindel6f theorem (see, for example, [Arn92]). Furthermore, since (5.5), (5.6), (5.9) and (5.10)
can be considered as certain degenerate forms of (5.8), we specifically focus on the existence and
uniqueness of solution to (5.8). Results similar to Proposition 5.6.5 below also hold for (5.5), (5.6),
(5.9) and (5.10).

THEOREM 5.6.5. Let Assumption 5.2.2 hold.

(1) If the initial condition of (5.8) satisfies U(0,-) € C([0,1]), then there exists a unique
solution {U(s,2)}sc(0,],2¢)0,1] € C([0,7]; C([0,1])) to the SDE (5.8).
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(2) If the initial condition of (5.8) satisfies U(0,-) € L?([0,1]), then there exists a unique
solution {U (s, x)}sejo,rzep,1] € C([0,7]; L*([0,1])) to the SDE (5.8). Furthermore, the

solution satisfies the following stability property:

E[ s%p] U (s, M Z20y ) < AE[IT O, )I72(p0. | + Ca®Br
se|0,7

(5.18) .
+ (Cs + 022)042(2/ 1©(s, -)||%2([0,1]) ds) exp (4C3a*7?).
0

We remark that the above results not only provide theoretical support but also provide the nec-
essary conditions for provably computing the solutions numerically; see, for example, [LPS14] for

details.

5.7. Proofs for the Scaling Limits

5.7.1. Tightness of {@d7T}d217T>0. We first start with the following two main proposi-

tions.

PROPOSITION 5.7.1. Assume that Assumption 5.2.1 and Assumption 5.2.2 hold and there is a
uniform constant Cs1 > 0 such that max(ndT, naT%) < Cs,1. Then there exists a positive constant

C' depending on T and Cs1 such that for any d,T >0 and i € [d] and any 0 < t; <ty < [7T],

t t114 tQ—tl 2
(5.19) E[|A6;? — AG}| }gc( 7 > :

PROOF OF PROPOSITION 5.7.1. For any 0 < t; < to < |[7T] := N, we have

to—1 d to—1 d to—1
AH? — AQ? = -7 Z ZE[xfxE]AHé -0 Z Z (mﬁ ; — E[wfmé]) AQ;- +n Z xlet
t=t1 j=1 t=t1 j=1 t=t1
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which implies that

to—1 d
a0 — a0t <27t (Y S Elatat)Agt)
t=t1 j=1
5.20 o
(5.20) ta—1 d ta—1
+ 27t ( Z Z (mf ; — E[mfzé]) Aﬂt +2777 Z x; 5
t=t1 j=1 t=t1
—_——
Si72 Si,S
Sum over the space index i and take expectation and we get
14 o7 d ot d o7t d
(521) =D E[AGR - A6 < = Z ZE[S};} + == D _E[Sig]
i=1 i=1 i=1 i=1

Next we will estimate the right hand side of (5.21) term by term. Define m{ := 52?:1 E [|A6%4].

First we have

to—1
E[Si] =E[ Z HA Z j’“ HAQ”k J<cEl Y Y HAW
r1,72,73,74=t1 j1,j2,J3,Ja=1 k=1 T1,72,73,T4 j1,j2,73,J4 k=1

to—1
< C§d4(t2 - t1)3 Z ’I?”Ltd,
t=t1
where the first inequality follows from Assumption 5.2.2 and the last inequality follows from abed <

%(a4 +b* + ¢t + d*) for any a,b,c,d € R. We also have that

to—1

sl -nl S % [ - T a)

r1,72,73,74=t1 j1,52,73,Ja=1 k=1

Most terms in the above sum are zeros due to the independence between 2! and z! when ¢ # 1.

There are two types of terms would be preserved. To proceed, we let ]-',ﬁv to be the o-algebra

generated by {{m§}1§i§d7ogt§k, {Aef}lgigd,ogtSN}'

Type 1: When ry = ro = r3 = 4, nonzero terms are in the form of

d

> E[]] (wiaj, ~ E [wia, HM

J1,J2,33:J4=1 k=1
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and there are 3(ty — t1) such terms. The sum of such terms can be upper bounded as

to—1 4

32 Z 1 Jk HA
t=t1 ji,52,53,Ja=1 kzl
to—1

5y Y s[RIl

t=t1 j1,j2,j3,Ja=1 k=1

HA Il

to—1 4 ta—1
<3¢ ) Z H i < Ced' Y _mi,
t=t1 ji,52,53,Ja=1 k=1 t=t1

where the first inequality follows from Assumption 5.2.2 and C§ = 16Cg + 32C2C5 + 16C4. The

last inequality follows from abed < %(a4 +b* + ¢t + d*) for any a,b,c,d € R.

Type 2: When rq, 79,73, 74 are pairwise equal, nonzero terms are in the form of

d 2 4
Z x xtxz ]) H (:rt/:nz; { vt ]) H A H AHt,
J1,J2,J3,J4a=1 k=1 k=3

with ¢ # ¢ and there are 3(t2 — t1)? — 3(t2 — t1) such terms. Sum of such terms can be upper

bounded as

d 4 2 4
32 Z E[ H (mfxzk —E [a:fxzk]) H (xf/a:gk { vt D H Ab’ H A@tl
t#t j1,52,J3,Ja=1 k=1 k=3
d 4 2 4
= 3Z}E[ Z E[ H (xfmék —E [xfxzk}) <$f/x§; [ v ot D H AG H AHt/ |]:0 ]
t#t! J1,J2,33,34=1 k=1 k=3 k=3
to—1
<3C Z Z HA HA <30 d4t2—t1 th,
t£t j1,92,53,54=1 t=t;

where the first inequality follows from Assumption 5.2.2 and Cf = Cs + C3. The last inequality

follows from 4(abed) < (a* +b* + c* 4 d*) for any a, b, ¢,d € R. Combine the two upper bounds and

we have
to—1 to—1
E[S@Q] S 3(Cé + C t2 - tl d Z mt =~ 08 —l— (t2 - tl)d4 Z mf
t=t1 t=t1
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Last, due to Assumption 5.2.2, we estimate E[S; 3] as follows:

to—1 .. .
g]zt_ztm;,;,;,; +;A AC DB [ ()

< 050104(152 — tl) + 0220'4(tg — t1)2 < (0501 + 022)0'4(t2 — t1)2.

Plug our estimations of E[S; 1], E[S; 2], E[S; 3] into (5.21) and we have

d
Z [1A0;2 — A6 1] < 275 d* [Cy(t2 — 11)* + 3(Cg + CF) (82 — t1)]

&. \

(5.22) -

x> mi +27(C5C1 + C3) ot (ta — 1),

t=t1
Pick t1 =0, ta =t < N in (5.22). We have for any ¢t < N,

t—1
mf < 8mf + 216n*d* [C3t* + 3(Cy + CP)t] Y mf + 216(C5C1 + C3) ot
k=0
t—1
< 8mg + 216(C5 + 3Cg + 3CE)n*d > " mf + 216(C5Cy + C3)n'o*t>.
k=0

According to the discrete Gronwall’s inequality, we have for any ¢t < IV,

mf < 216(0501 + 022)7740'4152

t—1
+216%(C5C + C3)nd*o*t® > " k? exp (216(C5 + 3C + 3CF)n*d*t*(t — k — 1))
k=0

< 216(C5Cy + C3)nta*t? + 2162 (C5C1 + C3F)ndd o™t exp (216(C5 + 305 + 3C2)n*d*t*)

< 216(C5C1 + C3)Cy 72 + 2167 (C5C1 + C3) C3 170 exp (216(Cy + 3C% + 3CL) Co ),

where the last inequality follows from max(ndT, noT %) < C,1and N < 7T. We simplify the upper

bound of mf as m§ < C; for some positive constant C independent of d,T,o. Apply the upper
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bound of m¢ to (5.20) along with estimations of E[S; 1], E[S; 2], E[S;3] and we get

B (|0 - AGH P

to—1
< 27774d4 (Cé(tg — t1)3 + 3(Cé + Cé2)(t2 — tl)) Z mf + 27(0501 + 022)77404(t2 — t1)2
t=t1

<27C- (Cél + 3Cé + 30%2)774d4(t2 — t1)4 + 27(0501 -+ 022)7740'4(t2 — t1)2

to — 1

< 27C;(Cy + 305 +305°) G5,y ( T

4 to — ¢+ 2
) +27(0501+c§)031<2 1) ,

where the last inequality follows from max(ndT, noT %) < Cs,1. Last due to (%)2 < 72 for any
0<t; <ty <N, (5.19) is proved. [

PROPOSITION 5.7.2. Assume that Assumption 5.2.1 and Assumption 5.2.2 hold and there exists a
uniform constant Cs1 > 0 such that max(ndT, naT%) < Cs,1. Then there exists a positive constant

C' depending on T and Cs1 such that for any d,T >0, i,j € [d] and 0 < t; <ty < [7T],

. N\ 4 2
11— to —1
(5.23) E[|(A0 — AG2) — (AG! — A0 gc( y ) <2T 1)

Furthermore, if initial conditions in Theorem 5.3.1 hold, then for any i,j € [d] and any 0 < t <
| 7T,

. 4
(5.24) E[|A0! — A0Y*] < (8L + 87%C) <Z d7>

PROOF OF PROPOSITION 5.7.2. According to (5.2), for any 7,5 € [d] and any 0 < ¢ < |7T'] —

1:= N —1, we have

d
AGTT — ABTT = (A6 — AGY) — 1) (E [2}a]] — E [2fa]]) A6
=1
d
—nz wlal — mxl]—a: xl—l—E[x xl])AGf—l—n(:ﬁ—x;)et.

Summing over the time index and taking expectation of the absolute value of both sides, we get

for any 0 <t <ty < N,
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4
E[|(Af2 — AG2) — (A6 — A62)|7]

to—1 d
< 27774E Z Z ac azl [m xl]) AHZ) ]
t=ty1 [=1
]E[S:j,l]
to—1 d
(5.25) + 217 E[ (Y. 3 (alaf — E [alaf] — alaf + E [4a]]) A6))"]
t=t1 I=1
E[gz‘r,j,z}
to—1
+ 277 B[ (D (2t — 2t)e") ]
t=t1
E[S;,;,3]

Next we will estimate the right hand side of (5.25) term by term. First we have

to—1 d 4 .
E[Sij1] =E[ Z Z HWQ ‘76]; ‘] jk HMz

where the inequality follows from Assumption 5.2.2 and 4(abcd) < a*+b*+c*+d* for all a, b, c,d € R.
Similar to E[S; 2] in the proof of Proposition 5.7.1, in the estimation of E[S; ; o], there are two types

of nonzero terms.

Type 1: The first type of nonzero terms are in the form of

d 4
Z H mxlk—Emajlk] acxlk—HE:lek HAle

l1,l2,l3,l4=1 k=1
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and there are 3(¢2 — t1) such terms. Sum of such terms can be bounded by

to—1 4

32 Z H J:xlk $mlk] x; CElk—}—]ECE xlk HAle

t=ty l1,lQ,l3,l4 1 k=1

ta—1 4
_32 Z E[ Hz:xlk—]Exmlk] CE,Ilk—l—EZExlk !HAle ‘]—'N}

t=t1 ll,lg,lg,l4 1 k=1

tz—l d 4 . . to—1
<304 Z > Bl [Tathl) < (5 a3 mi
t=t1 1y,l2,l3,l4= k=1 t=t1

where the first inequality follows from Assumption 5.2.2 and C§* = C§ + 2C2C2 + C4. The last
inequality follows from 4(abed) < a* + b* + c¢* + d* for all a,b,¢,d € R.

Type 2: The second type nonzero terms are in the form of

d 2 4

Z E H (a:ta:lk — IE[J; a:lk] xt xlk + IE[J: xlk]) H (xfla:f; — E[xf/xf;] — méla:f; + E[a:;le;])
l1,l2,l3,l4=1 k=1 k=3

t,t/
0,5,01,02,13,l4

x|HA9,kHA9 ]
k=1

with ¢ # ¢ and there are 3(t2 — t1)? — 3(t2 — t1) such terms. Sum of such terms can be upper

bounded by

d
Z Z £ |:E [Pili’;:ll,lzls,lzx H N:|
k=1

t#t 11,l2,l3,l4=1

d to—1
SN H\A@MHM@ a4 PO KACEIND S
t£ 1o s la=1 k=1 —

where the first inequality follows from Assumption 5.2.2 and C§! = C% + C2. The last inequality

follows from abed < w for all a,b,c,d € R. Therefore E[S; ;2] can be upper bounded as

. to—1 . . to—1

4 4 4 (A d

E[Si 2] < (Cg' + Cg'(ta — 1)) )'d ;mt < (G + i) (t2 = 1) (—=)d ;mt.
1 =l
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Due to Assumption 5.2.2, we can bound E[S; ;3] as

to—1
B[S0 = 30 B[l — o)) B[ ()] + SB[t — 2l PIE[0! —af [ () |E[(")’]
t=t1 tF£t!

< 10t — ) () o + Cl(ts — 1) () ot < (C10F + O (12 — 1) (—2) o

We have shown mf < C; for any 0 < ¢ < N in the proof of Proposition 5.7.1. With (5.25) and the

estimations on E[S; j1], E[S; j 2], E[S; ; 3], we have

E[|(A02 — A02) — (A0 — A0

. . to—1 . .
Z - Z —
< 27(CH + CF 4 CF) (ta — t1)3(—d J ) intd? > mi +27(C1CF + CF) (t2 — 751)2(T J ) 'ntot
t=t1
to — 11 to — 11

< 27C,(C' + Ct + C3)Cy (

4 7 — ] 4 4 2 7 — J 4
where the last inequality follows from max(ndT,noT %) < Cs,1. Therefore (5.23) is proved. Last
(5.24) follows from (5.23) and the initial conditions in Theorem 5.3.1. [

We are now ready to prove Theorem 5.6.1 based on the above two propositions.

PROOF OF THEOREM 5.6.1. Tightness can be proved by the Kolmogorov tightness criteria
[KS12, Chapter 4]. The last statement simply follows from tightness property. To apply the

Kolmogorov tightness criteria, we need to verify the following two conditions:
(a) {@d’T(O, 0)}a>1,7>0 is tight in the probability space.

(b) There exists a positive constant Ctight such that for any sq,s9 € [0,7] and 21,22 € [0, 1],

we have

sdu%)IEH@d’T(shm) — 0" (52, 29)|"] < Cuigne (|51 — saf* + |1 — a|*).

To verify (a), it is easy to see that for any d > 1,7 > 0 and N > 0,

P([6"(0,0)| > N) < N2E[|A0]]"] < N"2R? 50 as N — oc.
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To verify (b), without loss of generality we assume that 0 < 51 < 59 < 7,0 < 27 < 22 < 1 and

d, T

|Ts1] = t1 < |Tsa| = to, |dz1] =i < |dza| = j. According to (5.3), © (-,-) is linear in both

variables. We have

]EH@d’T(Sl,IEl) - @d,T(S2’$2)‘4] S 8EH@d’T(81,l‘1) —6d7T(52,:E1)‘4]

+ 8K H@CLT(SQ, 2131) — @d’T(SQ, ZUQ) ‘4] .

According to Proposition 5.7.1, we have

to+1—1;

2
T > §5C(82—81)2.

E[[0" (s1,21) — " (s5,21)[] < C (

and according to Proposition 5.7.2, we have

jH1—i

4
y ) < A0(M* + 72C) (29 — 21)* .

E[[0% (s9,21) — 0" (s9,20)["] < (8M* +87%C) (
Therefore (b) holds with Cgignt = 40C + 320(M* + 72C). [
5.7.2. Limit Identification.

PROOF OF THEOREM 5.6.2. According to Theorem 5.6.1, any subsequence

(O ()Y of (8 () az1rs0

has a further weakly convergent subsequence with limit © € C ([0, 7]; C([0,1])) as dg, T — oo.

CRAIS

For the simplicity of notations, we denote the convergent subsequence of {© ) }k>1 by

—d,T )
{©7" (-, ) }a>1,7>0 in the proof.

To identify the limit, first we rewrite (5.2) in terms of 8*". For any 0 < ¢ < |[77| — 1 and any
i€ld:

. . d .
dr,t+1 1 dT t z j —d,T t j t i,y

2 [5)
(526) © T4
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Therefore for any bounded smooth function f : [0,7] — R, we have for any s € [0,7], i € [d — 1]
and z € [4, 2],

[sT]—1

—dT t+1 —d, T, 1
Z f T ,I)*@ (T?x))

[sT]—-1 4 tjoar t [sT]—1

1-— —, = 1-—
i+1—dw) ; ;f W (7,200 (7, 5) + (i +1 - d) Z f )
(5.27)
[sT]-1 4 [sT]—1
t z—l—l t —dT, t t 2—1—1

n(dx — 1) Z Zf )W(T 2)@ (T ‘(Zi + n(dz — i) Z f — )€t

t=0 j=1
We can rewrite the left hand side of (5.27) as
|sT]—-1

LHS(G27) = 3 8" (L) (1 — s + 1 B et T B ) - 0@ (0.0,

When d,T — oo, since f is bounded and smooth, for any s € (0,7), we have
fsETH=Ff)+0TY),  T(f(s)=f(s=T7"))=f(s)+0(T).

. —=d,T .
Since {@d’ }a>1,1>0 converges weakly to © and f, f’ are continuously bounded, we have

L Tl 5T

— Z @” L (f’(fp)+0(T—1)> _/0 "0, 2)f (w)du + o(1).

Therefore

LsT]

(5.28) LHS(5.27) = — /0 " 0, 2) f (u)du + f(s)0( L

T

,x) — f(0)0(0,z) + o(1).
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Next, we look at the right hand side of (5.27). For any i € [d], RHS(5.27) = —(i + 1 — dx)I? —
(d{E ) i+1>

|sT]-1 d . |sT]—

I? = ~(dT) - > 2_: L8 (5,2 + (7)o Z FGW (2, 2)e!
N?, NP,
1 BOTr Ay ¢ t g ¢ t jomdr, t ]
) S I W )~ BV W DS )
N’LS,S

Due to the facts that f, A are continuously bounded, and {@d’T}dZLT>O converges weakly to ©, we

have
|sT]-1 4 t
= —ndT (o ; ]Z:f 9)0(7,5) +o(1))
L i
:—ndT(/O /0f(u)A(d,y)@(u,y)dydu+0(1)).

For N7y = (ndT)% tLiTOJ_l f(%)W(%,é)at, note that E[N;2s] = 0. Since {W(T7 d) t}t L is a

sequence of i.i.d. random variables, the limit of IV, can be studied via standard Central Limit

Theorems. In particular, we have
2 2 i J i 2
BINAN) = o"PTAG ([ fwPdut o).
0
Therefore Ny = o?n*T( [ f(u)dé:(u, L)+ o(1)) where {&(s,2)}sef0,r],ze0,1] is a Gaussian field
process such that for any s, sy € [0, 7], & (s1,+) — €1(s2, ) ~ N (0, |s1 — s2|0?) with

(5.29) o?(z,y) = Az, y), Vz,y € [0,1].

For N},, we have
d |sT]—

Nig = —(ndT) Z Z Zij,

j=1 t=0
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where Zy; = e J(4) (W (5, DIW (5. 3) — E[W(E, W (£ )])8"

L2l = 1R B0V (G W (5 5) ~ BV (G W (1 DR8] =o.
Furthermore, we can check that for any t; # to and any 7,1 € [d],
E 25701 = g G (B2 2 Dy~ A Dyack DB (L 18" (2, Dot — 1),
Therefore, we have E [N{fg} =0 and
, & LTt il JEWN. th]thl
Var(Ni) =1 ﬂzzl v f (B d A P45 )E® (73]

d .
< (C2+Cs) 1% sn2dT S B[O (L, 2)2]

7=1
1 1
<O (C5+C5) |1 f11% (gZE [1A6917] gz [|A0% — A67])
j=1 j=1
— 0, as d, T — oo,

where the first inequality follows from Assumption 5.2.2. The last limit follows from Proposition
5.7.1 and initial conditions in Theorem 5.3.1. Therefore we have shown that N 3 — 0 in probability
and we write it as N3 = o(1) in the following calculation. Combine our approximations on

Nfy, Nig, N5 for any i € [d] and s € [0, 7], we can write the right hand side of (5.27) as

RHS(5.27) = —(i +1 — dx) (N7 + Nig + Nj3) — (dx — i) (N 11 + Nipo + Ny s)
L7 . .
= —ndT / / fu)((@+1- dx)A(é,y) + (dz — z')A(Z —2 1,y))@(u,y)dydu + 0(1))
+an2T((z+1—dx/f dfluf) dx—z/f )& (u —;1)—1—0(1))
(5.30) = —ndT(/O /0 f(w)A(z,y)O(u,y)dydu + 0(1)) + 02772T(/0 fw)d& (u, x) + 0(1)).

Finally, with (5.28) and(5.30), we have for any s € [0, 7],
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[sT]

- [T e+ eI 0 - 10002 +o1)
LsTJ s
:—ndT/ /f (u,y)dydu+o(1))+02772T(/0 f(u)dé(u, ) + o(1)).

Hence, letting d,T — oo we obtain that for any bounded smooth test function f and for any

se0,7], x €0,1],
/ O(u, z) f'(u)du + f(s)O(s,z) — f(0)O(0, x)

= —ndT(/O /0 fw)A(z, y)O(u, y)dydu + 0(1)) + 027721“(/08 fw)d& (u, x) + 0(1)).
[ |

FrOM THEOREM 5.6.2 TO THEOREM 5.3.1. The moderate-noise setup and the high-noise setup
simply follow from integration by parts according to the consequences 2 and 3 of Theorem 5.6.2 re-
spectively as we discussed in Section 5.6.1. The uniqueness and existence of solution in C([0, 7]; C([0, 1]))

follows from part (a) of Theorem 5.6.5.

For the low-noise setup, since f is smooth, we know that

/ O(u,z)f' (u)du € C([0,7]) and / f(w)A(z,y)O(u, y)dudy € C*([0,7]).

Therefore according to (5.16), f(-)O(-,x) € C*([0, 7]) for any = € [0, 1] which implies that O(-,z) €
C([0,7]) for any = € [0,1]. We can then apply integration by parts to the left side of (5.16).
Therefore © satisfies (5.4).

Since A satisfies Assumption 5.2.2, for any ©1, 09 € C([0,7]; C([0,1])), we have

1
/A(:v,y) (O1(5,y) = O2(s,y))dy| <a sup |A(z,y)| sup [O1(s,y) — O2(s,y)|
z,y€(0,1] y€[0,1]

a sup
z€[0,1]

< aCy sup |O1(s,y) — Oa(s,y)].
yE[O,l]
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Therefore the right hand side of (5.4) is Lipschitz in ©(s,-) for any s € [0,7]. According to the
Picard-Lindelof theorem (see, for example, [Arn92]), there exists a unique solution in C([0, 7]; C([0, 1]))
to (5.4) with any initial condition ©(0,-) = ©¢(-) € C([0,1]).

With the uniqueness of solution to (5.4) and Theorem 5.6.2, we know that every subsequence of
{©%T} 451 70 has a further subsequence converging weakly to a unique © € C([0,7]; C([0, 1])).

Therefore {@d’T}d21,T>O converges weakly to © as d,T — oo. |

5.8. Proofs for the Fluctuations

5.8.1. Tightness of {Ud’T}dZLT>0.

PROPOSITION 5.8.1. Under the assumptions in Theorem 5.6.2, if there exists a uniform positive
constant Cs 2 such that max(vaé,vd_l,vad_leé) < U2, then there exists a uniform constant
C > 0 such that for any d > 1,T >0, any i € [d] and any 0 < t; <ty < [7T],

d,Ttﬁi_ d7Tt71£4 t2—t12
(5.31) E[|U (T,d) U (T,d)\]§c< 7 >

PROOF OF PROPOSITION 5.8.1. From (5.17), we have that for any 0 < t; <ty < N = |7T],

d,T 1;2 3 d,T t1 4
v (T’d> ue (T d)
ta—1 d ) ta—1 d t j ; £ t
_ dT ] art J
- ”ZZA U ZZ T d) E[W(T d)W(T d)])U (T,d)
t=t; j=1 t=ty j=1
M; 1 M; 2
TS & j toit g t g
_777;;1]2:1 T d) E[W(T’E)W(T’E)D@(T’g)
M; 3
(5.32)
ez e tl 4 tzzlzd:A tzzlw
Y T d T d
t=t; j=1 t=t,
M. 4 M; 5
Therefore we have
to 1 7
(5.33) EUU“(T g) UdT(T d)\ | < 125(E[M}4] + E[M}) + E[M}5] + E[M})] + E[M]).
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Next we will bound the expectation of the right hand side term by term. Many terms can be
estimated using the proof of Proposition 5.7.1. Define n{ = 1 Zz 1 IEHUdT( 5)}4}. E[M;fl] can

be estimated similar to E[S; 1] in the proof of Proposition 5.7.1 and we have

to—1

E[M4] =n'E[ D Z HA ‘ Jk HUdT Tk ]k

r1,72,73,74=%1 j1,52,73,J4a=1 k=1
to—1
S C§n4d4(t2 — t1)3 E nf

t=t1

IE[MZ%Q] can be estimated similar to E[S; 2] in the proof of Proposition 5.7.1 and we have

to—1
E[N/5] <3(C+C&) n'd*(ta —t1) Y nf.
t=t1
Similar to the how we bound E[M, ] we have
to—1 d 4

E[M5] < 3(Cs + C&)(t2 — t1)n*y'E| Z Z H9 ! ]k

t=t1 ji,52,53,Ja=1 k=1

< 3(Cs + CF) |I®lls v*n'd* (t2 — t1)?
= O(y'n'd* (t2 — t1)?),
where the second inequality follows from the fact that |0 = SUD e [0,],2€[0,1] |0(s, )| < co. Next

due to the fact that A, © are C! in all variables, we have

to—1 d . .
- o[ [ ot S35 o
t=t1 j=1
= 0(y'nt(ty — t1)) + O(y ntd (ty — ) AT ).

E[M}] can be estimated similar to E[S;3] in the proof of Proposition 5.7.1 and we have

E [M5] < (C5C1+ CHo'n'y (t2 — t1)* = O(v'n o (t2 — t1)?).
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Combining all the estimations and pick t2 = t¢,¢; = 0 in (5.33),

d . d . .
1 1.4 8 1 1.4
d_ d,T d art N rrd T b
n == 2; [|o (T D] < snf + d;EHU () = U270, )]
t—1
< 8ng +2000(C3 + 3(Cs + C3))*d*t* > nf + Car(t),
k=0
where Cyr(t) = O(vntd*? + y4ntt + 44t d4A T~ + y4nte?t?). According to the discrete Gron-
wall’s inequality, we have

t—1
nd < Car(t) +2000(C5 + 3(Cs + C2))n*d*t* > Ca.r(k) exp (2000n*d* (C3t° + 3(Cs + C2)) 3 (t — k — 1)).
k=0

Since ndT’ < Cj 1, 2000(C3t* + 3(Cs + C2))n*d*t3(t —k — 1) < C-Cf 7t for any 0 < k < t,t < N
and C;; is a constant independent of d,T,0. Since Cyr(k) is increasing with k, there exists a

constant C7 2 independent of d, T, o such that

(5.34)
t—1
nf < Cd’T(t) + 2000(C§t3 +3(Cs + Cg)) exp (C 10410' 74 4d4t3 Z CdT < CT,ng,T(t).
k=0
Plug (5.34) into (5.33) and take expectations. Then, we get
4T i ar,tL 4
to—1
<125(C3 + 3(Ch + CE))n*d*(ta — t1)* > nf + Car(ta — 1)
t=t1
to—1
<125C;2(C4 + 3(Cy + CF))n'd* (t2 — 11)* Y Car(t) + Car(ta — ta).

t=t1

Observe that since max(ndT, noT %) < Cs,1, we have

t _ _ e
Car(t) = (T)2O(74T 2 ytdt A tetd TR,

Furthermore, note that

t

max(vaéjydfl,'yad’lT*%) <Cs2 and Cgr(t) < CT’BC;Q(T)Q
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for some positive constant C; 3 independent of d,T’, o,y. Therefore

t t1 1 to — t
E[|U*" (2, é) UM (o, 2)|"] < 12505 (C4 + 3(Ch + C2)'d!(t2 = 1) CraClor? + Crg ()
to — 1t to — 1
< 125C;2(C4 + 3(C§ + C2))CL Cr 502,72 (2 - N+ Ca(2 - 2.
Last (5.35) is proved since (%)2 <72 [

PRrorPOSITION 5.8.2. Under the assumptions in Proposition 5.8.1, for any d,T > 0, then there
exists a constant C > 0 independent of d, T such that for any d > 1,7 >0, any i,j € [d] and any
0<t<|7T],

) t J
Tg) vt (Td

'] <8 (cr2+ at) (L)

(5.35) E[|U4T( y

PROOF OF PROPOSITION 5.8.2. From (5.7) we have for any 0 < ¢; <ty < N = [7T] and any
i?j 6 [d]7

d,thi EQ thi ar t J
to—1 d l to—1 d ¢ l

:_nzz (Zi’fi (%E)) nzz rixl — x:vl]—:rxl—f—IE[xxl})UdT(f E)

t=t1 =1 t=t1 =1

M; i1 M; j,2

+a7/tTlT/O <A(é’y)_A(£,y))®(s y)dyds_n'YZ

M; ;.3

~ad, ekt

e

&N
Ul ~

to—1 d ta—1

l
*77722 rhal — xxl]fx:cl+E[xxl])@(Td+n’yZ (zf —ab)e’.

t=ty =1 t=t1

M j,4 M; .5

Therefore if we define A®T(¢,4,j) = U (%, ) — UST (&, %), we have
. .4
E[|A™ (ta,1,5) — A (t1,4,5)| ']
(5.36)
< 125(E[Myj] +B[Mi ;2] +E[Mijs] +B[Mija] +E[Mi;5]).
Next we estimate the right hand side of (5.36) term by term and most terms are bounded based

the proof of Proposition 5.7.2. E[M; ;1] can be upper bounded similar to E[S; ;1] in the proof of
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Proposition 5.7.2 and we have

. . to— 1 to— 1
— t
E[Mi,jﬁl] < C:%(%)Zl 2 — 3 4d4 g nt = ( 2= 4d4T3 Z ”t
t=t1

t=t1

E[M; ;2] can be upper bounded similar to E[S; ;2] in the proof of Proposition 5.7.2 and we have

to—1

. to—1
d ) ts —t1) 4d4znt_ (t2—t1 4d4T22nt
t=t1

t=t1

Since © is C! in both variables and 9 A(z,-) € C'([0,1]) for any = € [0,1], E[M; ;3] can be
estimated as

E[M;;z] < (C4 +Ci) (5

E[M, ;3] = //tl /81 (2,4)0 sy)dydsdz—/.d:lTialA(z7l)@(t i)dz)‘l

i d T d
d =1
T —jJ\a,to—t1\a 1 } — Ja,to —t1ya 1
:o(ﬂ A ) (D )
L — ] to —1
. (Z d])4( 2T 1)4O<’}/4T4+’y4d4>.
Next, E[M; ;4] can be estimated similar to E[M; ;o]
. t2 1 4 " lk
B <l ('S Y Ell Lo I
t=t1 1y,l2,l3,l4=1 k=1
A 't” R -
Lo (Y Y e[l [Te 1o )l
t't=t1 l1,l2,l3,l4=1 k=1 k=3

< (O + G 0l (—57) "'y d (1 = 1)?

L= J\ata —t1N2 0y g a0
( d )( T )O(anT)-

Last E[M; ;5] can be upper bounded similar to E[S; ;3] in the proof of Proposition 5.7.2 and we
have

E[M; ;5] < (C’1C§l + Cff) (2 ;‘7 )4(?)27747404112.
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In the proof of Proposition 5.8.1, we have shown that nf < C,2Cqyr(t) < Cr2Cr3CYy (%)2 = O(1).

Therefore apply this estimation to (5.36), along with the estimations on E[M; ;.]’s and we have

E[|A%T (t5,4, ) — A%T (11,5, 5)|"]

. . t2—1

U —J\4 l2 —t1\2 B B

< (DR 0 (e S+ T 4 T ')
t=t1

= (D) (YO0 T+ 4T 4y b T 4 e ),

Since max(ndT, UJT%) < (1 and max('yT_%,'ydfl, 'yadflT_%) < Cs.2,
O(d*T* + 4T~ + 7*d™ + A diT? + 409 T?) = 0(1),

and therefore there exists uniform constant C such that

SR
E[|AM (t2.0.5) = A% (,i.9)] '] < () (B,
Pick t3 =t and t; = 0, we get
grt iy art o Jyps 4Ty by prd T Iy i —J\4,t2 —11\2
E[|U*T (5, 2) = U (5, D] < SE[JUST(0, ) = U (0, )] +8C(—=) (=)

<s(er 4t ()"

PRrROOF OF THEOREM 5.6.3. When n = 7% and o = o(dT%), there exists a uniform constant
Cs,1 such that max(ndT,noT %) < Cs,1. Therefore given Proposition 5.8.1 and Proposition 5.8.2,
the proof of Theorem 5.6.3 is exactly the same as the proof of Theorem 5.6.1. Hence we skip the
details. |

5.8.2. Limit Identification.
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PROOF OF THEOREM 5.6.4. For any 0 < ¢t < [7T] — 1 := N — 1, i € [d], according to (5.3)
and (5.7), we have

Ud7T( T ) Ud’T(Tﬂx)
d d
= i+ 1= de) YW, W DU (2,2 — (e — ) S W, SEwn, Dot
=1 j=1
d
—m(z+1—dx>2(w<;,;>w<%,§>—E[ (5 W (D)0 D)

T’d
]:1
d o ) . .
t+1 tJ . 141 J i J
—7<®(T,1‘) D (1= A )+t = A e )
. t t 141
—i—n’y(H—l—dm)W(f g)s +777(dx—z)W(T, y )et

If we apply a bounded smooth test function f : [0,7] — R on both sides, we get for any s € (0, 7):

(5.37)
[sT]—-1 3 3
th+1 . d,Ti Az 1—4d PS5, — (de — i ps _ ps
Z f )(U% T —x) = U (Tvl“))— (i+ x)z 7k — (d Z)Z i1k — Las
k=1 k=1
where for any i € [d],
[sT]-1 4 t g t g
Py=n Z Zf (T 3)UdT(T d)
t=0 j=1
[sT|—1
2 =17 Z f )
Ply= L%Z W (. 2) —E[W(Z, W (s, D)0, 2)
w2 P Td T'd Td" T d T d”
|sT|—1 d . . . .
t+1 t , i RS t
Pi=y 3 e @) = O(Z,2) 40 Y (i + 1= dr)A(S, 2) + (de = )A(——=, 2))O( 5, 2).
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Similar to the way we derive (5.28), we can write the left hand side of (5.37) as

[sT]

(5.38) LHS(5.37) = — /0 " U, 2)f (w)du + f(s)U(s,z) — F(0)U(0,z) + o(1).

Next, we look at the right hand side of (5.37). There are 4 types of terms on the right hand side
of (5.37).

(1) For terms related to Py for some i € [d], we can deal with them akin to how we deal with

N{1, N3, in the proof of Theorem 5.6.2. We get

LsTJ

~(i+1=do)Py ~ (= )Py =~ [ / £(0) A, )U (u, y)dydu + o(1).

(2) For terms related to P, for some i € [d], we can deal with them akin to how we deal with

N7, in the proofs of Theorem 5.6.2.

2y

o(1) if yod 1772 = 0,
P;:Z - S i 1
aﬁ/ f(u)déa(u, E) +o(1) if yod 'T2 — 3 € (0, 00).
0

where {£2(8, ) }se(0,r],c€(0,1] 18 @ Gaussian field process with covariance given by
(5.39) oj(z,y) = Alz,y),  Va,y€[0,1].

Therefore

(2.1) When yod'T~2 — 0, —(i + 1 — dz)P{, — (dz — i)P},; 5 — 0 in probability.

)

(2.2) When 'yad_lT_% — B € (0,00),

1sT]
(i +1—dz) Py — (dx — )Py = /0 " Fu)déa(u,z) + of1).

(3) To study the terms related to P; 3 for some i € [d], we first define

27t 3y e 25 i Dw b e Dt et
7 T: T’d T'd T d T d T d”’
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for any ¢t < |sT'|, j € [d]. Then we can write

|sT]|—-1

. ¢
PPy = (ndT) Z Z;”(f, g)'
=0

Notice that E[ZdT(T, )] = 0 and {Zd (%, é)he[d} is independent of {Z (TQ é)}ie[d]
S

when t1 # to. For any 0 < s1 < s9 < 7, 4,7 € [d], we compute

[s1T]—-1 ]
s1ps2] — 2 a1t dr bt J
E[PAP5] = (ndT)" E[ ; 7% <T g)z ()]
2 [s17]-1
t lQ ~ 1 ll ] l2
t=0 Iy,lo=1
A2 1 L81TJ 1 ; i
2
N O(,y)B(5, 2, %, y)dady + o(1
a( = 0 / / ) (Tvy) (daxvday) T y+0( ))’

where B(ml,xg,:rg,:m) = B(z1, %9, x3,x4)—A(x1, 23) A(x9, 24) fOr any z1, x9, x3, 24 € [0, 1].

The first identity follows from independence and the last identity follows from the fact that

f, 0, B are continuous and bounded. Therefore, we have

(5.40)

LS1TJ . )
S1 DS ~ 1 _
E[P3P3] =T a / / / flu )0 (u.y)B( 5. ,é,y)dxdydzﬁ—o(y?T )

Now, we have the following observations.

(3.1) If y = o(T'2), then P; — 0 in probability and —(i + 1 — dz) P, — (da — )P, 5 — 0

in probability.
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(3.2) If T2 — ¢ € (0,00), then with (5.40), we can apply the Lindeberg-Feller CLT to
P; 3. Since
t z
d, T
E[Zy" (7

t o~ 1 b
==k Eljf 1es 2B
172

//921 2)3(
Var(Pf3) = a 2/ //f

As T — oo, we have

T
maXo<i<|s7|—1 E[ 2

0.
Var(PfB) -

Therefore, Pfs — o [i f(

u)d€s(u, &) in distribution with {£3(s, )} se[o,r],ze[0,1] being
a Gaussian field process such that &3(s, z)

~ N(0,03(s,x)?) and
/ / O(s,21)0(s,292)B (w 21, x, z2)dz1dzs.

Furthermore, using the facts that A € C([0,1]°) and B(
for any 21 € [fl, %), 29 € [%,%),

(5.41)

.z, 9y) € C(]0,1]%) we have

(i+1—d21)(j + 1= dza)B(=2, 5,y) + i+ 1 — d1)(dz — ) B(,

i ]—1—1 )
d’ 7d Y
i+1  j+1 , A N |
4 (der — )+ 1 — deo) B, 2= ) o+ (day — i) (dea — §)B(m 2, 222 )
d d d d
:B(Zl,.%'72,’27'y)+0(1)

and, that any x € [fl, %):

(5.42)

(i+1—dr)P’s — (dv — i) P} 5 4 ac¢ /08 f(u)d€s(u, z)

Also notice that E[P;; P75] = 0 for any s € [0, 7] and 4, j € [d], and so we have E[&(s, 2)&3(s, )]

0 for any s € [0,7] and x,y € [0, 1]. Therefore the Gaussian field process {&3(s, *) }se[0,7),2€[0,1]
is independent of the Gaussian field process {&a(s, ¥) }se(0,7],2€[0,1]
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4. For the term P§, since © € C*([0,7]; C*([0,1])) and 950(s,7) = —a fo (s,y)dy,

we have
t+1 t
@(T»ﬂf) —G(TJ)
. a d J t
_ _* Ivorl 7 —1p—1 -2
= a/ / A(z,y)O(s,y)dyds = dT;A(JJ,d)@(T d)+0( T 4+T77)

1+1 3

Dy roW)e(s, L)+ ot 772,

d o
J .
77]21 ((i+1—dx) (d d)—i—(dx i)A(—— T3

Since ndT" — «, we have

|sT|-1 LSTJ 1
P =+ Z f On+d T '+ 72 Z f O(d™'y+T ).

Therefore, combining our approximations, we get
L7
RHS(5.37) :—a/ /f (x,y) (uy)dydu+aﬂ/f )déa (u, x)1
LsT]

+ aC/O f(u)dés(u, x)l{wT*%—%} +/O T f(u)duO(’yd—l + 7T—1) +o(1),

{yod=1T~ 24}
(5.43)

where {£2(8,7) }se(0,7],x€(0,1] and {£3(8, %) }sc(o,7],z€[0,1] are two independent Gaussian field processes
adapted to the same filtration {Fs}c[0,-] with covariances given by (5.39) and (5.41) respectively.
B,¢ € [0,00) because max(fyT_%,*ydfl,fyadflT_%) < Cs2. Combine (5.38) and (5.43), and we

have for any s € [0, 7],
- / "Ulw2) f (wdu + F(s)U(s,2) — FO)U(0, )

:_a//f (z.1) (uy)dydu+0z6/f )déa(u, )1

{(yod1T~2 4}

+ a(/o f(u)d&s(u, )1 + O(vd_1 + vT_l) +o(1),

{7~ 2 —(}

giving us the desired result. |
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5.9. Proofs for the Existence and Uniqueness of the SDE

PROOF OF PART (A) OF THEOREM 5.6.5. Existence: We prove existence based on the Pi-
card iteration argument. Let Up(s,z) = U(0,z) for all s € [0,7]. The Picard iteration is given

by
s 1 s s
(5.44) Uk(s,2) = U(0,2) — a /0 /O Az, 9) U1 (1, y)dydu + o /0 déa(u,2) + a /0 )

According to the definition of &2, &3, if U(0,-) € C([0,1]), then U(s,-) € C([0,1]) for all s € [0, 7]
and k£ > 0. Next we show that Uy € C([0,7]; C([0,1])). For any K > 0, define the stopping time

T N = min(7,inf{s € [0, 7] : [max 1Uk(s, )loo = N})-

It is easy to see that Tx x — 7 almost surely as N — co. Define U} (s,x) == Ug(s A T v, ). We

have
s rl
UN(s,z) =U(0,z) — a/ / Az, y)Up—1(u A TN, Y) L (0,7y) (w)dydu
0 JO
+ Oéﬁ/ Lo,y (w)d&a(u A T, ) + aC/ Lo,y (w)dE3(u A TN, T).
0 0

Therefore under Assumption 5.2.1 we obtain

s 1
[0 (5,)] o < 10U, oo +Caa /O /0 e [0 ()| dydu

+ af sup } 1(07TN)(u)d§2(u,z)|—l—aC sup ’/ 1(0’TN)(u)d§3(u7x)‘.
z€f0,1] Jo zef0,1] Jo

Taking the expectation, we get

E[OISI}%XKSEL[E% HU,ﬁV(s, N ] <E[NUQO, )] +Cga/0 E[Dg}caSXKHUéV(u,-)HOO]du

[SIE

+afBl sup ([ 1000 (0062 (0 )’

z€]0,1]

[NIES

+aCBl 5w ([ 1o (0)dea(u,))]
z€[0,1] 0
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According to (5.39) and (5.41), under Assumption 5.2.1, we have

E[o%iﬁszl[lopﬂ”% o]

B[Vl ] + Coa [ B[ max U (0,0, Jdu

D=

+ afE[ sup / Az, z)d(u A T N)]
z€[0,1]

—l—aCE sup / / / O(u, z1)0(u ZQ)E(.T,Zl,ﬂf,ZQ)ledZQd(u/\TKJV)]%
z€[0,1]

<V, 1) + Con [ Bl s swp U2 )]s

1
+CFaBr? +(C3 + Cs)2a( 0] 72
where B’(m, 21,2, 22) = B(x, 21,2, 20) — Az, 21)A(x, z2). With Gronwall’s inequality, we then get

E[ max sup HUk sl ] < <E[|U(0, Moo ] —1—C’2%0z57'é + (C’5+022)%0¢C||®HOOT§> exp(Coar).
0<k<KS€[OT]

Since K is arbitrary, we can push N — oo and according to Monotone convergence theorem, we
prove for any k,

Bl sup [LACID] /Ny (E[HU(o,-)Hw] + G apr +(Cs+C3)2ag Heuoofé) exp(Caar).
Therefore for any k, Uy, € C ([0, 7]; C([0,1])). Next we show that {Uy}}2, converges in the space
C([0,7];C([0,1])). From (5.44), we have for any k > 1 and s € [0, 7],

[Uk+1(s, ) = Uk(s ) (Uk(u,y) — Ug-1(u,y)) dydu
< Cuas /O 10k(,) = U 1, ) o
and
[U1(s,+) = Uo(8,)|lo < @ / / y)dydu

+ af sup ‘/ déa(u, x) ‘—i—ac sup ‘/Osdgg(u,x)‘.

z€[0,1] z€[0,1]
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Hence, for any s € [0, 7],

1
Imwgwm»—%mwgsu+@wmmwmmg+qmm%u%+@ﬁmmmé
rel0,s

=C(s) <C(1) < o0,
and

E[ sup [[Ups+1(r,-) = Uk(r, o ] < 0204/ E[ sup [[Uk(u, ) = Up—1(u, ")l ] du.
rel0,s] 0 u€(0,r]

By induction we get for any k > 1,

C(1) (Coas k
B sup [Uin(r,) - Ualr, )] < S Ce0)
rel0,s] :
Therefore according to Markov’s inequality,
1, _ C(1)(2Cos)"
IP)( [Uk1(rs ) = Uk(r, )| oo > 27) < -

Let Q be the path space on which the Gaussian field processes & and &3 are defined. Ac-
cording to Borel-Cantelli Lemma we have for almost every w € (), there exists k(w) such that
supefo,s) | Uk+1(rs ) — Uk(r, ) [l oo < 2% for any k > k(w). Therefore with probability 1, {Ug(-, ) }x>1
converges in C([0,7]; C([0,1])) with limit U(-,-) € C([0,7]; C([0,1])). Furthermore we can check
that U satisfies SDE (5.8). Therefore existence is proved.

Uniqueness: Suppose that there exist two solutions, U, U to SDE (5.8), from (5.45), we have for

any s € [0, 7], z € [0, 1],

s 1
U(s,z) —U(s,x) = —a/o /0 A(z,y) (U(u,y) — U(u,y)) dydu,

which implies that

IE[ sup HU(S, ) =U(s, )HOO] < C’gozE[/OT sup HU(T’ ) = U(r, )”

ds} .
s€[0,7] re(0,s]

o0
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By Gronwall’s inequality we have

E[ :t[ép] HU(S, )= U(s, )HOO] < IE[ HU(O, ) =U(0, )HOO] exp (Caat) = 0.

Therefore there is a unique solution to (5.8) in C([0, 7]; C([0, 1])). [

PROOF OF PART (B) OF THEOREM 5.6.5. Stability: Suppose there exist solutions to the SDE

(5.8), then the integral form solution can be written as V s € [0, 7]

s 1 s s
(5.45)  U(s,z) =U(0,z) — a/o /0 A(z,y)U (u, y)dydu + aﬂ/o déa(u, x) + 04{/0 dés(u, ).

Define the stopping time 7y = min(7,inf{s € [0, 7] : [U(s,")[| 2,1y = N})- It is easy to see that

7§ — 7 almost surely as N — oo. Define UN (s, 7) := U(s A 7y, z). We have
s rl
UN(s,z) = U(0,2) — a/ / Az, y)U(u A TN, Y) L (0,0y) (w)dydu
o Jo
+ aﬁ/ 1(07TN)(u)dfg(u NTN, x) + CkC/ 1(07TN)(u)d63(u NTN, .%')
0 0
Therefore we obtain an estimation of U% (s,-) in the space of L?([0,1]),
LN ) ) s 1l gl N )
| 10 e < 4100 +40%s [ ([ Al i) dsda
1 s 9 1 s 9
+ 404262/0 ‘ /0 I(O,TN)(u)dfg(u,m)‘ dz + 4a2C2/0 ‘ /0 1(077N)(u)d§3(u,x)‘ dz.

Under Assumption 5.2.2, we have that for the integral operator

1
A:ge I3([0.1]) o /0 Al y)g(y)dy € L2(0,1)),

1 1
[ Al = s /0 ( /0 Az, y)g(y)dy) da < Cs.
_

H9||L2([0,1]

Therefore we get

10N (5 Mo < ANU O, ) 70,y + 4C3as /0 1™ (@) 017 A

1 s 2 1 s 2
+404252/0 (/o 1(0,TN)(U)d€2(U7$)> d90+4042C2/0 (/0 1(0,TN)(u)d§3(U733)> dz.
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Taking the supreme over [0, 7] and taking the expectation, we get

E[sz%pﬂ HUN(S, ')H;([o,u)] < 4E[HU(0: ')H%2([0,1])] +40220‘2T/0 E[HUN(Sv')H;([o,l])]dS

1 s
+40”B% sup /0 E[(/O l(ovTN)(u)dgg(u,a:))ﬁdx

s€[0,7]

40&2C2 Sup] /01 E[( /OS 1(077_N)(u)d63(u, 1:)>2] dz.

s€[0,7

According to (5.39) and (5.41), we have
E [(déa(s, x),d&a(s, x))] = A(z, z)ds,
11 B
E [(d€3(s, z),dEs(s, )] = / / O(s,21)0(s, 22)B(z, 21, x, z2)dz1dz2ds,
o Jo

where B(w, 21,x,22) = B(z, 21,2, 29) — A(x, 21)A(x, 22). Under Assumption 5.2.2, we get

E[Sz%pﬂ HUN(SV)H;([@J])] <AE[|U(0,)[1720,1 ] +40220427/0 E[HUN(S")HiQ([O,l])]dS

1 T
+4a262/ / A(z,z)d(s A Tn)dx
o Jo
1 propl gl B
+4a2<2////@(S,Zl)@(s,ZQ)B(.I,Zl,.’L‘,ZQ)ledZQd(S/\TN)de'
o Jo Jo Jo
T 2
<AE[U(0,)I72(01)) ] +40220¢27/0 E[[|U™ (s, )] 2oy Jds
+4C20*B%*r + 4 (C5 + C3) OéQCQ/ 1©(s, )72 (0,17 s
0
T 2
< A4E[||U(0, ')||%2([0,1])] +40220‘27'/0 Ef 31[10p} HUN(Tv ')HLQ([O,l])]dS
re|0,s
BT +4(Cs+ R0 [ 005, .
0

With Gronwall’s inequality we get

E[si‘[é‘l] [ ')Hi?(w,ll)] < 4<E[ 1T, M2 o] + CaoBr

+(Cs + CQQ)OPCQ/O 1©(s, ')H%Q([O,l]) ds) x exp (4C5a*7?).

Last letting N — oo and according to Monotone convergence theorem, we prove (5.18).
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Existence: As before, we use the Picard iteration argument to show existence. Let Uy(s,z) =

U(0,x) for all s € [0,7]. The Picard iteration is given by

s 1 s s
(5.46) Ug(s,x) =U(0,z) —a/o /0 A(m,y)Uk_l(u,y)dydu+a,8/0 déa(u, x) +a§/0 d&s(u, x).

With similar argument as in the stability part, we get for any K € N,

) 2
B[ s V(5.0 ] < 4C30s [ max B0,y Jdu

AL B ] + Coa?8% + (0 + D10 [ 1000, ).

Gronwall’s inequality implies that for any k € N,

E[1Uk(s, N2 ]
< 4B o]+ Coo?8s-+ €t GBI [ 1000 gy ) exp (1.

Therefore for any k and s € [0, 7], U(s,-) € L*([0,1]). Next we show that {Uy}32, converges in the
space C([0,7]; L%([0,1])). From (5.46), we have for any k > 1 and s € [0, 7],

2

s 1
HUk+1(87 ) - Uk(37 )“%2([0,1]) - a2 '/O /0 A<x7 y) (Uk(ua y) - Uk*l(uﬂl/)) dydu

L2([0,1])

2s | Uk(u, ) = Upma () 20,17 duss
0 )

and
U1 (s, ) — Up(s, -)H%z([m]) < 302 /1 (/s /1 A(a;,y)Uo(y)dydu)zdx + 30252 /01 (/S d§2(u,a:))2dx

0
+3a</ /dfgux)2d:c.
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Therefore, for any s € [0, 7], we have that

E[ S%P] [U(r,-) = Uo(r )”L?(Ol})] <3C3a SQE[HU( )HQL2([0,1})] +3C2a?f7%s
re|0,s

3(Cs + C2) a2 / 10w, )22 0,17 du

= C(s) < O(1) < o0,
and

E[ Sl[gp} [Uk41(r,+) = Ug(r, ‘)”%2([0,1])] = 0220423/0 E[ Sl[lop] 1Uk(u, -) = Ug-1(u, ‘)Hi2([o,1]) }du.
rel|l,s ue|0,r

Hence, by induction, we get that for any k& > 1,

C(7) (C5a*Ts ¥
E[ . Uk1(r, ) = Uk(r, M Z2op ] < (,f, )
rel|0,s :

Therefore according to Markov inequality,

1 C(7) (2C3a’rs g
P(||Uksa(r, ) = Ur(r, )72 0.1y > 27) = ( k'2 )

Let © be the path space on which the Gaussian field processes & and &3 are defined. Accord-
ing to Borel-Cantelli Lemma, we have have that for almost every w € , there exists k(w) such
that sup,cpo ) [|Uk+1(r, ) — Uk(r )HL2(0 01) < 2% for any k > k(w). Therefore with probability 1,
{Uk(+, ) }k>1 converges in C([0,7]; L2([0,1])) with limit U(-,-) € C([0,7]; L*([0,1])). Furthermore
we can check that U satisfies SDE (5.8). Therefore the solution to (5.8) exists.

Uniqueness: Suppose that there exist two solutions, U, U to SDE (5.8), from (5.45), we have for

any s € [0,7], z € [0, 1],

U(s,x) —Ul(s,x) —a/ / (z,y) (U(uw,y) — U(u,y)) dydu,

which implies that

2 2 T
E[ s [[06s) = Ul Mzagom ] < Cae*rE] /0 3w ([T ) = U Nzago 2]
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By Gronwall’s inequality we have

E[ sup ||U(s,")—U(s

E[||U(0,-) - U(0
s€[0,7]

7')HL2([0,1})] <E| J exp (C3a?r?) = 0.

2
")HLQ([O,H)
Therefore these is a unique solution to (5.8) in C([0,7]; L%([0,1])). [

5.10. Proofs for Applications from Section 5.5

PROOF OF PROPOSITION 5.5.1. First, according to the definition of MSE®” | we have

d
MSEd=T(s)_;Zed’T(LfJ 5 /@ (5,9)%dy + o(1)

— MSE(s /G)sy dy asd,T — oo,

where the second identity follows from the fact that RN, ([0,7]; C([0,1])). The last step follows

from Theorem 5.3.1. Next for the predictive error, according to the definition of PE%T

d o . .
PELT (5 _122_: Lij;)@d,T(Lsgj,‘;)
/ / ’T(s, x)@d’T(s, y)dady + o(1)

— PE(s) asd,T — oo,

where the second identity follows from the fact that e e ([0, 7]; C([0,1])). The last step follows
from Theorem 5.3.1. Last, different equations that characterize © follows directly from Theorem

5.3.1. -

PROOF OF PROPOSITION 5.5.2. Scaling conditions in (1), (2) and (3) corresponds to the dif-
ferent scalings in Theorem 5.3.5. Therefore for each cases, we have ©" T 5o, UudT 4 U with ©

being the solution to (5.4). U solves (5.8), (5.9), (5.10) in (1), (2) and (3) respectively. Next we
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apply these convergence results to prove ().

v (MSE*" (s) — MSE(s))

1 d i d i S ]
= _7(/0' @(s,x)2d$ — ;;@(8, g)Q) - % ; (6(83 g)2 - 9( L;—‘J ’ g)Q)

NY N3

d sT| sT| — sT| d sT| — sT|
_%;@(L J)(@(LTJvd)_@d’T(LTJvd))+Z;(@(LTJ7d)_ed’T(LTJvd))?

~~ v~
s s
NS N4

(a) For N7, since O(s,-) € C([0,1]) N L>([0,1]) for any s € [0, 7], we have
! 1 i
| [ Blsada - 535005, 7 < 201005, 10,605l
i=1

Therefore

1

—in (1), N} = O(T2%") = o(1) because T = o(d?).
—in (2), N} = O(O'_IT%) = 0o(1) because maX(d,T%) < o.
—in (3), N{ = O(yd™!) = o(1) because v < d.
(b) For Nj, since ©(-,z) € C([0,7]) N L>*([0, 7]) for any = € [0, 1], we have

i sT| 14
|@(S7d)2_@(LTJ’d

)2{ <200, 2)| H@Sg("‘r)ﬂooT_l-

Therefore

—in (2), N5 =0T 1) = O(UﬁldT_%) = o(1) because max(d,T%) <L 0.

—in (3), N§ = O(yT~1) = o(dT~1) = o(1) because d = O(T2).
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(c) For N3, according to the definition of U%T we have
d , .
s 2 |sT| i 4T |sT] i

B ! ! UK 8T i [sT| i
_—2/0 @(3,x)U(s,x)d3:—|—2(/0 @(s,:n)U(s,w)d:U—d;@( T ,&)U( Z

T 'd

d ) . |
*Z;@<Lsfj7;>(v< )]

As U € C([0,7];C(]0,1])), UT % U and © € C([0,7]; C([0,1])), we have that

1< NN
/@sx (s,z)dz — &Z:: LTJ,d)zo(l)
d . .
zz STJ (LS;—‘J ’ 2) o Ud,T( L?J ’ é)) — 0(1)

Therefore, we get

1
—2/0 O(s,z)U(s,z)dx.

(d) For Nj, according to the definition of U%T we have

sz——*z dT STJ

1 1L |sT
= _7_1/ U(Sax)Qde - 7_1(/ S 1‘ dx g Z 8 J
0 0 P

fld 12 UdT STJ ) _U(LS$J7;)2)
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According to (5.18) and the fact that v > 1,4~} fol U(s,z)%dx = o(1). AsU € C([0,7];C([0,1]))

and U4T 4 U, we have that

1 1
/0 (s,z)%dz — gz =o(1)
d . .
;Z (Ud T( LS]I]:J 2)2 - U( LSIIJ:J 7 §)2) _ 0(1)
Therefore, Nj = o(1).

According to points (a), (b), (c), and (d) above, (i) is proved. Statement (ii) can be proved similarly

under Assumption 5.2.2. We will leave it to the readers. |

PROOF OF LEMMA 5.5.4. Let A(z) = ag+ e b cos(2mkz) for all x € [0,1]. Then A(z,y) =
A(lz — y|) for all z,y € [0,1]. To prove that A satisfies Assumption 5.2.2, it suffices to show
that A € C2([0,1]). Note that A is given in the form of Fourier series with orthonormal basis
{1,v/2 cos(2mkx), v/2sin(2rkz) }r>1. Under condition (5.13), we have A € HG5+)/2([0,1]), where
HG+9)/2(]0,1]) is the Sobolev space of functions on [0, 1] with square-integrable weak derivatives
up to order (5 + ¢)/2; see, for example, [AF03] for details about Sobolev spaces. By the Sobolev
embedding theorem [AF03, Chapter 4], we hence have that A € C2(]0,1]), thus implying the desired

result.

According to (5.15), we have

(5.47) B(.%'l, 9, I3, x4) = Z H A(:L‘i, 1‘j>
peP} (i.4)€p
From Lemma 5.5.4, we know that A is bounded and twice continuously differentiable. Therefore

B is continuous and bounded. Furthermore with (5.47), we have

‘B($17x37x17$3) + B($2,$3,$27$3) - 2B($17$37$2,I’3)|

=|A(z1,73) (A(m1, 1) + A(w2, 72) — 2A(71,22)) — 2 (A(71, 23) — A2, 73))* | < Clay — x|,

287



and

‘B(ml,xl,xl,xl) + B(.%'g,xg,xg,l‘g) + 63(1‘1,1‘1,.%2,.7}2) - 4B($1,J}1,5L‘1,x2) — 4B($1,$2, T9, 1'2)‘

:3‘14(&31,331) + A(l‘g,l‘g) — 2A($1,$2)‘2 < C|ac1 — .%'2‘4,

where the last inequality follows from Lemma 5.5.4. Therefore the function B satisfies Assumption

5.2.2. For the eighth moments, similarly we have
(548) E(xh T 7'%'8) - Z H A(l’i,.ﬂi‘j)
pePZ (i.4)€p
Therefore according to Lemma 5.5.4, E is continuous and bounded. Furthermore with (5.48),

letting & = (x3, x4, x5, 26) we have that

‘E(xla Z1,21, .Tl,.flé) + E(.CCQ,.TQ,.’L'Q,LUQ,.’%) + 6E($17x1a x2, x?aj)

— 4E (w1, 21, 21, 2, &) — 4E(z1, 32, T2, T2, T) |

- ‘S(A(ml,:cl) + A(zo, z0) — 2A(z — 1, 22))? Z H (@i, ;) + Z H (z1,25;) — A(x2,24;))
P

eP?_ (i.j)€p o(i) j=1

2
+ 3(A(z1, 1) + A(z2, 22) — 2A(m1,$2))(z (@ig, iy H (21, 2i;) — A(w2, 74,)))|
o(i) j=1
< Clzy — 22|,
where we use P 4 to denote the set of all pairings in {3,4,5,6} and Y. to denote summing the
o(i)
4-tuple i = (i1,1492,13,74) over all permutations of the set {3,4,5,6}. The last inequality above

follows from Lemma 5.5.4. Therefore, the function F satisfies Assumption 5.2.2. |

PROOF OF PROPOSITION 5.5.5. We starting by proving part (a). According to (5.4),

d

1 1
$MSE ds/ O(s, ) :—2a/0 /0 O(s,z)A(z,y)O(s,y)dzdy

= —2O‘ZA ) i) 120,

< —2aAMSE(s),

288



where the equality in the second line follows from our assumption on A and the inequality in the
last line follows from the assumption that A\ := inf; A; > 0. The final claim follows from Gronwall’s

inequality.

Next, we prove part (b). Define the functional F : L%([0,1]) — R as

1 1
_ /0 /0 Alz,y)d(@)d(y)dady, Ve e L2([0, 1)),

Its functional gradient FM :[0,1] — R and its functional Hessian &7 < ¢£ . : 10,1 — R are given by
5F ! 5 F
D=2 [ awwow. "Ly =240)
09 0 0o

Let © be the solution to (5.4). For any s € [0, 7], we have

PE'(s) = %F[ :—2a/ / / A(z, ) Ay, 2)0(s, 2)0(s, z)dadydz

__a [T|oF]O(s, )]
- 2/0

d
69(87 .) (y) y?
where the second identity follows from (5.4). Integrate from on interval [0, s] and we get

2
) (y)| dydr

! 5‘F[®(T7 )}

(7", ’

2

dydr,

(5.49) = Fl6(0, )] - Fl0] - 5 (v)

where the last step follows from the fact that F[0] = 0. Notice that

IF[© (7“,

(5.50) 500

= 2/ A(z,y)O(r,y)dy = 728749(7“,93).
a

Therefore, we have

(5.51) = - <(fs 1®(s,y)2dy>
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where the first step follows from Taylor expansion and the inequality follows from our assumption

on A and (5.50). Meanwhile, according to (5.50),

A
2 Jo Jo

2 s rl 1 ps
_ 2 2 _ 2
sop W) dutr=—2 [ L0002 aar =2 [ [ 9,0p000.v)aray

9 1
= _a/o O(5,¥)9:0(r,y)|r=s — ©(0,4)0-0(r,y)|r=0dy

1 s
2 / / O(r, y)92,0(r, y)drdy
@ Jo Jo

2 (d (! ) d [! 5
=— | — d E— d
- (d?“/g O(r,z)*dx L d?“/o O(r,z)*dx

a [ [M6FOw, )], [
(5.52) +2/0/0 W(y)

dydr
where the last step follows because

)

1 s 1 s 1
2 / / O(r, )02 0 (r, y)drdy = —2 / / or,y) / Aly, 2)9,0(r, 2)d=drdy
@ Jo Jo 0 Jo 0

2% /O 1 /0 "o y) /0 " A, 2) /0 " Az 2)0(r. 2)dadzdrdy

o [ /01 ( /OIA@,Z)@(T, z>dz)2dyds
A=

2
y)| dydr.
Therefore based on combining (5.49), (5.51) and (5.52), we have that

1/d (! 9 1/d (! 9 d (! 9
< —— R — S -
PE(s) ( 8/0 O(s,y) dy) . 0+ <1r/0 O(r,z)"dx L 7“/0 O(r,z)"dx

1
:—1d/ O(s, x)%dz.
0

-

ads
Integrating over [0, 7], we have

MSE(r) , MSE(0) _ MSE(0)

o « - «

/OT PE(s)ds < —
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2
From previous calculations we know that PE'(s) = —§ 01 ‘6];[@?&5.’)')} (y)‘ dy < 0. Therefore

N < Jo PE(s)ds < MSE(O)'

T aT

PE(
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