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PROBABILISTIC ERROR ANALYSIS FOR INNER PRODUCTS

ILSE C. F. IPSENT, HUA ZHOU#
TDepartment of Mathematics, North Carolina State University, Raleigh, NC 27695-8205 USA.

*Department of Biostatistics, University of California, Los Angeles, CA 90095-1772 USA.

Abstract

Probabilistic models are proposed for bounding the forward error in the numerically computed
inner product (dot product, scalar product) between two real 7-vectors. We derive probabilistic
perturbation bounds as well as probabilistic roundoff error bounds for the sequential accumulation
of the inner product. These bounds are nonasymptotic, explicit, with minimal assumptions, and
with a clear relationship between failure probability and relative error. The roundoffs are
represented as bounded, zero-mean random variables that are independent or have conditionally
independent means. Our probabilistic bounds are based on Azuma’s inequality and its associated
martingale, which mirrors the sequential order of computations. The derivation of forward error
bounds “from first principles” has the advantage of producing condition numbers that are
customized for the probabilistic bounds. Numerical experiments confirm that our bounds are more
informative, often by several orders of magnitude, than traditional deterministic bounds—even for
small vector dimensions 77and very stringent success probabilities. In particular the probabilistic
roundoff error bounds are functions of \/» rather than 7, thus giving a quantitative confirmation of
Wilkinson’s intuition. The paper concludes with a critical assessment of the probabilistic
approach.
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Introduction.

Probabilistic approaches towards roundoff error analysis have been applied to matrix
inversion by von Neumann and Goldstine [19] and Tienari [18], matrix addition and
multiplication and Runge—Kutta methods by Hull and Swenson [15], solution of ordinary
differential equations by Henrici [12], Gaussian elimination by Barlow and Bareiss [2, 3, 4],
convolution and FFT by Calvetti [7, 8, 9], solution of eigenvalue problems by Chatelin and
Brunet [5, 6, 10], and LU decomposition and linear system solution by Babuska and
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Sdderlind [1] and Higham and Mary [14]. Yet, the futility of probabilistic roundoff error
analysis has also been pointed out [15, page 2], [16, page 17], since roundoffs apparently do
not behave like random variables.

Nevertheless, we present probabilistic perturbation and roundoff error bounds for the
forward error in the numerically computed inner product,

xTy =X1y] + -+ XpYp,

between two real r7-vectors

Contributions.

Overview.

The idea is to represent perturbations and roundoffs as random variables, express the total
forward error as a sum of “local” forward errors, and then apply a concentration inequality
to the sum. In contrast to some of the previous work, the roundoffs are not required to obey a
particular probability distribution. We motivate the particular form of each probabilistic
bound with a corresponding deterministic bound and interpret the various random variables
in terms of particular forward errors.

Our probabilistic approach is most closely related to that of Higham and Mary [14] who
derive backward error bounds. In contrast, our forward error bounds lead to condition
numbers customized for the probabilistic bounds and avoid the potentially pessimistic union
bound for the probabilities. The bounds are also rigorous, simple, and intuitive, with a clear
relationship between failure probability and relative error.

To facilitate the introduction of the probabilistic approach, we start as simply as possible,
with probabilistic perturbation bounds (section 2). The perturbations are represented as
independent, bounded, zero-mean random variables, and the forward error is bounded by
Azuma’s inequality. This is followed by probabilistic roundoff error bounds for the
sequential accumulation of inner products (section 3). The roundoffs are represented as
independent, bounded, zero-mean random variables, and the forward error is, again,
bounded by Azuma’s inequality. However, numerical experiments (section 5) illustrate that
for nonnegative vectors of large dimension, the probabilistic expression stops being an upper
bound. By way of an explanation, Henrici ends his 1963 paper [12, page 11] with the
following:

The crucial hypothesis for the above statistical theories is the hypothesis of
independence of local errors. While this assumption seems to yield realistic results
in many cases, some situations are known, [...], where local errors definitely cannot
be considered to be independent. To elucidate the conditions under which local

IThe superscript 7 denotes the transpose, and for relative bounds we assume x 7-y #0.
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errors act like independent variables would seem to be a fascinating if difficult
problem.

We relax the independence assumption and derive a probabilistic error bound for roundoffs
with conditonally independent means, based on an Azuma—-Hoeffding martigale (section 4).
As a consequence, we establish a quantitative confirmation of Wilkinson’s intuition [20,
section 1.33] that the roundoff error accumulated in /7 operations is proportional to \/n ¢
rather than n . The paper ends with a critical analysis of the probabilistic approach (section
6).

2. Perturbation bounds.

To motivate the roundoff error bounds and calibrate expectations, we review deterministic
perturbation bounds (Lemma 2.1) and present the relevant concentration inequality (Lemma
2.2), followed by the probabilistic perturbation bound (Theorem 2.3).

The Hadamard product

Xeoy = (x])’] xnyn)T

allows a compact expression of componentwise relative perturbations as

(I+61)x1 1+

>

1]
|

>
+
£
o
>

<
1]

=y+6bey,
(1 + 6p)xp (1+6p)yy

where |64, |64 < u, 1 < k< nfor some v >0, and the perturbation vectors are

s=(1 o), o=(01 )

Lemma 2.1. /F % + % = 1, then the relative forward error in the perturbed inner product is

bounded by

|9 —xTy| _ Ixvllp

5+0+6820|,.
T |x ; I llg
The special case p= g =2 gives
ATA_ T Xeoy
L b gﬁ” T”2u(2+u). @.1)
X'y |x y|

Proof. The bounds follow from associativity, distributivity, the fact that all quantities are
real, and the Holder inequality. O

SIAM J Matrix Anal Appl. Author manuscript; available in PMC 2021 June 24.
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The subsequent concentration inequality bounds the deviation of a sum from its mean in
terms of the deviations of the individual summands from their means.

LemmA 2.2 (Azuma’s inequality, Theorem 5.3 in [11]). Let Z= Z + - + Z, be a sum of
independent random variables 2y, ..., Z, with

1Zp —E[Zk)l < ek, 1<k<n.

Then for anyQ < & <1, with probability at least1 - 6,

n

Z-EZl<\| Y 2m@r5).

k=1

Proof. In [11, Theorem 5.3] set

2
S=PilZ —E[Z]l > 1] < 2exp(—n’2],
22k =1¢%

and solve for ¢in terms of &. If 1Z — E[Z]I > ¢ holds with probability at most &, then the
complementary event 1Z — E[ Z]l < ¢ holds with probability at least 1 — 6. O

Lemma 2.2 implies that, with high probability, a sum Zis close to its mean E[ Z] if each
summand Z is close to its mean E[Z,]. In the probabilistic perturbation bound below, the

perturbations &, and 6, are represented as independent, bounded random variables with zero
mean.

THEOREM 2.3. Let &y, 6 be independent random variables with E[s;] = E[6] = 0 and |54, | G4
S u, 1< k< n Then forany0 < & <1, with probability at least1 - &,

ATA_ T Xoy
|X y—Xx Y|5 I ”21/21n(2/5)u(2+u).
| xTy | IxTyI

Proof. Write the total forward error

ZE§T§—XTy=ZI+~--+Zn

as a sum of independent random variables, where each summand Z represents a
componentwise forward error,

Zj = xpy((1+ )1+ 0) — 1) = xpyp(Op + O + 6k0k), 1<k <n.

From the linearity of the mean, and &, and 6y being independent zero-mean random
variables, follows that the componentwise errors have zero mean,

SIAM J Matrix Anal Appl. Author manuscript; available in PMC 2021 June 24.
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E[Zk] = xkyk(E[ok] + E[0k] + E[6k]E[0k]) =0, 1<k <n.

The boundedness of §xand 6, implies that the deviation of Z; from its mean E[Z,] = 0 is
bounded by

|Zy —E[Zl =1 Zg| = Ixgy | 16k + Ok + 60k < ck = Ixgyplz, 1<k<n,

where £=2u+ (A = (2 + 1). Therefore, the conditions of Lemma 2.2 are satisfied, and we
have

n n
2
Y F= Y w2 = xeylze?

Linearity implies that the total error also has zero mean,

ERTY - xTy] = E[Z] = E[Z}] + - + E[Z,] = 0.

Apply Lemma 2.2 to conclude that for any 0 < & <1, with probability at least 1 - 6,

KT —xTyl = 1Z — E[Z]1 < ||x o yllpy2In (273)7.

At last, divide both sides of the inequality by the constant |x’y|. O

Remark 2.1. The probabilistic bound in Theorem 2.3 is by a factor of |/ tighter than the
deterministic bound (2.1).

The two bounds differ in the factors /2 1n (2/6) versus /n, which implies the following:

1. The deterministic bound depends explicitly on the dimension 7, while the
probabilistic bound does not.

2. The probabilistic bound is tighter than the deterministic bound for 7 >2 In (2/6).
Specifically, with a tiny failure probability of § = 10716, the probabilistic bound
is tighter for 7 >76, and \/21n (2/6) <9

3. Bounds for independent roundoffs.

After presenting the model for independent roundoffs (section 3.1), we derive a motivating
deterministic bound (section 3.2), followed by our probabilistic bound (section 3.3).

3.1. Roundoff error model.

We assume that the elements of x and y are floating point numbers; thus can be stored
exactly. The inner product is computed via recursive summation [13, section 4.1], by
accumulating partial sums sequentially from left to right,

SIAM J Matrix Anal Appl. Author manuscript; available in PMC 2021 June 24.
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k+1
Z1=X1Y1, Zk+1= Z xjyj, 1<k<n-1
i=1
The roundoff error model in Table 3.1 corresponds to [13, (3.1) and (3.2)].
For0 <v<1and A= 1, we use the abbreviation
=1+ u)k —1l=ku+ @(uz). (3.1)
If ku <1, then [13, Lemma 3.1]
k
N —uku . (3.2)

In subsequent sections, we derive relative error bounds. Although Wilkinson [20, section
1.25] remarks that “for extended sequences of additions it is no longer true that the computed
value necessarily has a low relative error,” the numerical experiments in section 5 clearly
illustrate that the computed inner product is accurate to several significant digits, even for
very high dimensions.

3.2. A motivating deterministic bound.

We present an expression for the absolute forward error (Lemma 3.1), followed by two
bounds for the relative error (Theorem 3.2).

The total forward error is expressed as a sum of “local” forward errors, one for each
summand.

Lemma 3.1. The forward error for z,, = fi(xTy) in Table 3.1 equals
ﬂ(xTy) —xTy= Zn—zp=Z1+ -+ 2Z,
with local forward errors

Z1=x1)

g

(I+67) ﬁ (I+6p)—1
‘=2

Zy = Xk , 2<k<n.

(1+6) ﬁ (1+68p)—1
‘=k

If|64,16d < uand ygasin(3.1), 1< k< n, then

1Z11 < 1 = Ix1y1lyp,

SIAM J Matrix Anal Appl. Author manuscript; available in PMC 2021 June 24.
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1Zpl < cp =xpyilrn—k+2, 2<k<n.

Lemma 3.1 implies two bounds for the relative forward error, the first being the traditional
bound [13, section 3.1], and the second being the motivation for our subsequent probabilistic
bound.

THEOREM 3.2. Let |84, |6l < U, yiasin(3.1), and ¢y as in Lemma3.1, 1 < k< n Then the
relative error for z, = fi(xTy) inTable 3.1 is bounded by

ﬂ(xTy)—xTy < IxITIny 33)
IxTyl = xIy " '
and by
Ty — xT n 2
‘ﬂ(x y)—xTy < V2k=lck\/ﬁ‘ (3.4)

IxTyl IxTyl

Proof. Lemma 3.1 implies for the absolute error that

n n
lﬂ(XTy) —xTyl=12, - 2, < D k=il Y vkl —k+2-
k=1 k=2

For the first bound, apply the Holder inequality to 3% — ; cx = v'g, where

V= (|x1y1| |ann|)T, g= (Vn Tn¥n—1"" 72)T~

For the second bound, apply the norm relation Y% — ¢k = liclly < llclloy/n to

3.3. Probabilistic bound.

We model the roundoffs as independent, bounded zero-mean random variables and use
Azuma’s inequality in Lemma 2.2.

THeoRrem 3.3. Let &y, 6 be independent random variables with E[s;] = E[6] = 0 and |54, | G4

S U, yrasin(3.1), and cy as in Lemma3.1, 1 < k<n. Then for any < & <1, with probability
at least1 - 6,

SIAM J Matrix Anal Appl. Author manuscript; available in PMC 2021 June 24.
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Proof. Since the roundoffs are independent random variables, so is the total forward error in
Lemma 3.1,

ZEZI+~--+Zn=ﬂ(xTy)—xTy.

The random variables

n

zi=xp|(+0) [T (1+60)-1
=2

>

Zy = Xpyk

n
a+o0 [ (1+5f)—1), 2<k<n,
£=k

represent the local forward errors and have zero mean, E[ Z] = 0. By linearity, the total
forward error also has zero mean, E [Z]=0. The deviations of the local errors from their
means are bounded by

1Zk —E[Z)l = 1Z)l < cp 1<k <n.

Apply Lemma 2.2 to Z, and divide both sides by the constant 4 7y/ O

Remark 3.1. The probabilistic bound in Theorem 3.3 tends to be tighter than the
deterministic bound (3.4) in Theorem 3.2.

As in Remark 2.1, the two bounds differ in the factors /21n (2/5) versus /n, and the same
conclusions apply. This is also illustrated by humerical experiments in section 5.2.

4. Bounds for roundoffs with conditionally independent means.

After presenting the roundoff error model (section 4.1), we derive a motivating deterministic
bound (section 4.2) and then present a probabilistic bound with relaxed assumptions (section
4.3), followed by a simpler bound (section 4.4).

4.1. Roundoff error model.

As in section 3.1, we assume that the elements of x and y are floating point numbers, hence
can be stored exactly. Our model in Table 4.1 differs from the traditional model in Table 3.1
only in the bookkeeping. It distinguishes each step that introduces a roundoff and explicitly
separates additions (+) from multiplications (*). There are » multiplications and 7- 1
additions, 2/7— 1 distinct roundoffs.

The model in Table 4.1 is designed to do without additional intermediate factors like xy)u(1
+ &4-2) and is expressed solely in terms of partial sums. Since we assume a guard digit
model without fused multiply-add, the roundoff for addition can be recorded in a subsequent

SIAM J Matrix Anal Appl. Author manuscript; available in PMC 2021 June 24.
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step. The very first partial sum incurs no addition, so we allocate the roundoff to the second
partial sum for easier indexing.

4.2. A motivating deterministic bound.

We bound the incremental errors in the partial sums (Lemma 4.1) and then present a
deterministic bound (Theorem 4.2) to motivate our subsequent probabilistic bounds.

The fotal forward error is
Loy = Son— Son = ﬂ(XTY) - XTy’ (4.1)
while the partial sum forward errors are

Z1=0 and Zp=Sp—sk 1<k<2n.

The partial sum errors Z distinguish the newly arrived roundoff from the previous
roundoffs. The difference between two successive partial sum errors Zyand Zy—q captures
the most recent roundoff on the way from 241 to Z Below we state the recursion for 2
and bound the “incremental error” by ¢, 1, where the ¢y are different from but the same in
spirit as the ones in Lemma 3.1.

Lemma 4.1. The forward errors for the partial sums in Table 4.1 satisfy

Zyf=Zok —1+52k 182k — 1. 1<k<n,

Lok —1= 22k -2+ X[VkO2k -2, 2<k<n.

If|84, < u, 1 < k<2n-1, then the incremental errors satisfy

Zp 41— Zkl Scpu, 1<k<2n-1,

where

k
k-1 =l +w* T e Y i e wk I

Jj=2

1<k<n,

ok —2=Ixpypl, 2<k<n.

Proof. A first induction establishes bounds for the partial sums,

SIAM J Matrix Anal Appl. Author manuscript; available in PMC 2021 June 24.
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Sog — 11 < byl + K ™ U ooyl + 0% ™ U v g1+ ) = eyl + %~ 1
k
+ Y gk I <k <n,
j=2

k
15241 < bepyi (140K + 1oyl + 0K + -+ eyl + 0% = eyl + 0+ Y by +u)
i=2

k=j+2

<k<n,

while a second induction establishes bounds for the incremental errors. O
Lemma 4.1 implies a deterministic bound for the relative forward error.

THeEOREM 4.2. If|64, < U, and ¢ as in Lemmad.1, 1 < k<2n- 1, then the relative error for
S2n = fl(xTy) in4.1 bounded by

2n—12
fi(xTy) - xT Yk=1¢
A0) =y gV Bk,
X'y Ix*yl

Proof. Represent the total error (4.1) as a telescoping sum of incremental errors

1(xTy)=xTy = Zop = (Zon = Zon — 1)+ (Zon — 1 = Zan — ) + - +(Z2 - Z1),

where Z; = 0. The expressions for ¢, from Lemma 4.1 give the bound

2n—1
| Zypl <1 Zpp—Zoy — (1 + 120y — 1 = Zpp 2l + - +1Zp - Z11 L Z cku.
<cn—1u <cn-ou <cru k=1

At last, apply the relation between the vector one- and two-norms. O

4.3. Probabilistic bound.

After defining an Azuma martingale (Definition 4.3) and customizing it to our context
(Lemma 4.4), we present a probabilistic bound that only requires the mean of roundoffs to
be independent of previous roundoffs (Theorem 4.5), followed by a comparison with the
deterministic bounds (Remark 4.1).

DeriniTion 4.3 (martingale, Definition 12.1 in [17]). A sequence of random variables Z,, Z,
... Is a martingale with respect to a sequence &1, &, ... if fork>1

1. Zy Is a function of &1, &, ... &-1,
2. E[1Zy]] < oo,

3. E[Zk 41161, ... 6k — 1] = Zy.

SIAM J Matrix Anal Appl. Author manuscript; available in PMC 2021 June 24.
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The version of the martingale below is tailored to our context.

Lemma 4.4 (Azuma—Hoeffding martingale, Theorem 12.4 in [17]). Let 24, ... , 2o, be a
martingale with

1 Zy—Zp 11 <ck—1. 2<k<2n.

Then for any 0 < & <1 with probability at least1 - 6,

2n—1

Zon-Z1 <[ Y @2l 25).

Proof. In [17, Theorem 12.4], set m=2n-1and

2
§=PiIZ,— Zol> 1] <2 exp(—m’z),
2%k = 1%

Solve for ¢tin terms of &. If 1Z — E[Z]I > ¢ holds with probability at most 6, then the
complementary event 1Z — E[ Z]I < ¢ holds with probability at least 1 — 6. O

Again, we represent the roundoffs as bounded, zero-mean random variables, but now the
assumption on independence is relaxed: The conditional mean of a roundoff does not depend
on the previous roundoffs. The following bound resembles Theorem 3.3 but contains more
summands.

THeoreMm 4.5. Let &y be random variables with /54 < u and
0=[E[ék]=[E[5k|51,...,5k_1], 2<k<2n-1, 4.2)

and cy as in Lemma4.1. Then for any0 < & <1, with probability at least1 - 6,

2n—12
|ﬂ(xTy)—XTy| < mmu

| xTy | h IxTyI

Proof. Since Z; = 0, Table 4.1 implies for the total forward error (4.1) that

Iﬂ(xTy) —xTyl = 159y, = sl =120, =125, — Z]1.

To apply Lemma 4.4, we show that the partial sum forward errors 21, 2, ... , Zo,form a
martingale with respect to the roundoffs &, ... , &,-1. To this end, we need to check the
conditions in Definition 4.3 and Lemma 4.4.

1. The recursions in Lemma 4.1 show that Z is a function of the roundoffs &, ...,
Sk-1,2 sk s2n.

SIAM J Matrix Anal Appl. Author manuscript; available in PMC 2021 June 24.
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The expectation of |.Z4 is finite summands, roundoffs because /Z;/is a finite sum
of bounded and the have zero mean.

Lemma 4.1 implies 2, = 21 + x1)4 & with Z; = 0 a constant. From (4.2) follows

E[Z2] = E[Z] + x13161] = Z1 + x1»1E[61] = Z1 .

More generally, consider the first set of recursions from Lemma 4.1,

E[Z2k — 1181 ... 62k — 3] = E[Z2k — 2+ Xkykb2k — 2181, ... 62k — 3]
=E[Zpk — 2161, ... 82k — 3] + xpykE[62k — 2181, ... 62k — 3] = Zog —2. 2<k <n,

where the last equality follows from (4.2) and from the dependence of 2542 on
&, .., Spginitem 1.

Now consider the second set of recursions from Lemma 4.1,

E[Z2k181, - 82k — 2] = E[Z2k — 1 + 52k — 162k — 1161, -+, 62k — 2]
=E[Zof — 11615 .. 82k — 2] + E[S2k — 182k — 1161, -, 82k — 2]
=Zyk—-1. 1<k<n,

where as above the last equality follows from (4.2) and from the dependence of
ZDoj-10N 61, ..., &p—p initem 1,

Thus, 21, 2, ..., Z»,form a martingale with respectto 61, ..., &p-1.

Lemma 4.1 implies /Zy1 — 2l S cpt, L < k<2n- 1.

Thus, the assumptions for Lemma 4.4 are satisfied, and we can use it to bound /%, - 2/
with the ¢, from Lemma 4.1. O

Remark 4.1. The probabilistic bound in Theorem 4.5 tends to be tighter than the
deterministic bound in Theorem 4.2.

The two bounds differ in the factors /2 In (2/6) versus /2n — 1, which implies the following:

1.

The deterministic bound increases with the dimension 7, while the probabilistic
bound does not.

The probabilistic bound is tighter for n > In (2/5) + % Specifically, with a tiny
failure probability of &= 10716, the probabilistic bound is tighter for 7 >39, and

y/21In(2/6) £9.

4.4, Simpler probabilistic bound.

With the help of a bound on the sum of incremental errors (Lemma 4.6), we derive a simpler
probabilistic bound (Corollary 4.7) and compare it to the corresponding deterministic bound
(Remark 4.2), thereby confirming Wilkinson’s intuition [20, section 1.33].

SIAM J Matrix Anal Appl. Author manuscript; available in PMC 2021 June 24.
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The following compact bound for the incremental errors makes use of abbreviations for the
leading subvectors of &/ O Jy/and vectors with powers of 1 + u.

Lemma 4.6. Define the k-vectors

byl (1+wk=!
[B3%)] k—1

Xoy)k = 2')’2’ uk5(1+“) . 2<k<n.
Ix eyl 1+u

/f% + % =1, then the ¢y in Lemma4.1 satisfy

2n—1

n
2 2 2 2
Y e <lxeyliz+ Y ke ylpluklg-
k=1 k=2

Proof. Partition
2n—1

X -

k=1 k

n

n n
2 2 2 2 2
Qk—17F Z Qk—-2= Z Qk—1*reqt Z Qk—2-
1 k=2 K=2 K=2

gk}

From ¢ = xy)a/and Gu—o = Xl 2 < k < n, follows

n n
2 2
ot + kch%k -2= kzl Ixpyil™ = llxe yll3.

Thus Y2, ¢ = lxoyli3+ ¢ —2c3 _ 1. In the remaining sum, apply Holder’s inequality to
each summand,

k
ok — 1= byl +w* T Y by 4wk T
i=2
T
= (eyk ug < | Ykllpllukllg 2<k<n.
O

Lemma 4.6 implies a simple bound for Theorem 4.5.

CoRroLLARY 4.7. Let &y be random variables as in Theorem4.5, and yy as in(3.1), 1 sk <2n
- 1. Then for anyQ < 6<1, with probability at least1 — 6,

_ T
Iﬂ(x y) —x yI_ Ix| |y| eI / . 4.3)

xTy

Proof. Choose p=1and g= o0 in Lemma 4.6,

SIAM J Matrix Anal Appl. Author manuscript; available in PMC 2021 June 24.
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lja+w* =1L 2<k<n.

G el fukfloo < [Jxoy

Insert ||x Oy/Jo <|x Oy]|1 into Lemma 4.6,

2n—1 n n
2 2 2 —
> G <lxeylz+ Y Moo yilflugldo < xeylifi+ Y +w?* =D
k=2 k=2

The second factor is a geometric sum,

n—1

2% _ 2% _ (1w 2n
1+ (14w (14w
kz_:l Z A +u)?— T v

Combining the preceding inequalities gives

2n—1
J’2n
Ck<I|X°}’||u/ <I|X°y||1
k=1

At last, substitute this into Theorem 4.5. O

Remark 4.2. We quantify and confirm Wilkinson’s intuition [20, section 1.33], by
illustrating that the probabilistic bound in Corollary 4.7 is proportional to /nu, while the
deterministic bound (3.3) in Theorem 3.2 is proportional to 7 v.

The bounds have the same condition number but differ in the other factor: ¥, in Theorem 3.2
Versus /2 1In (2/8),/u y»,/2 in Corollary 4.7. For large 7, (3.1) implies that the bounds behave

asymptotically like their first order terms,

YnRnu, Wypal2 = Jnu.

For small nwith 2n v <1, (3.2) implies

u
yn< m_ 7’2nS Jnu .
1—nu 2 J1=2nu

Thus, the probabilistic bound in Corollary 4.7 is proportional to /» v.

Furthermore, y, > \/u y2,,/2 for n= 2. With a failure probability of 8= 10716, the probabilistic
bound is tighter than the deterministic bound for 7 >76.
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5. Numerical experiments.

After describing the setup for the experiments (section 5.1), we present experiments for the
probabilistic bound with independent roundoffs (section 5.2) and the one with more relaxed
assumptions (section 5.3).

5.1. Experimental setup.

We use a tiny failure probability of 8= 10716, which gives a probabilistic factor of

\21In(2/6) < 8.7.

Two types of vectors x and y of dimension up to 7= 108 will be considered:

. The elements of x and y can have different signs. Specifically, x;and y;are iid2
standard normal random variables with mean 0 and variance 1, and x and y are
generated with the MATLAB commands

x = single (randn (n, 1)), y = single (randn (n, 1)).

. The elements of x and y all have the same sign. Specifically, x;and y;are
absolute values of iid standard normal random variables, and x and y are
generated with the MATLAB commands

x = single (abs (randn (n, 1))), y = single (abs (randn (n, 1))).

The “exact” inner products x 7'y are represented by the double precision computation
dot(double(x), double(y)) with unit roundoff 273 ~ 1.11 - 10716, The “computed” inner
products fl(x 7 y) are represented by the single precision computation with unit roundoff v=
2724~ 5,96 - 1078, in a loop that explicitly stores the products x4 before adding them to
the partial sum, so as to bypass the fused multiply-add. All bounds are computed in double
precision. Computations were performed in MATLAB R2017a on a 3.1GHz Intel Core i7
processor.

5.2. Experiments for independent roundoffs.

We illustrate the roundoff error bounds in section 3 by following up on Remark 3.1 and
comparing the probabilistic bound in Theorem 3.3 with the deterministic bound (3.4) in

Theorem 3.2.
. Deterministic bound
ﬂ(xTy) - XTY < V ZZ = lc]%\/’ (5 1)
T = T n. '
Ix*yl Ix*yl

. Probabilistic bound holding with probability at least 1 — 6,

2Independent identically distributed.
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T\ _ T n 2
) e

where ¢ = X/ vm and e = Xl ¥ - ki, and y= (L + )K= 1,2 <k <n.

Figures 5.1 and 5.2 illustrate that the probabilistic result (5.2) tends to be two orders of
magnitude tighter than the deterministic bound (5.1) for vectors whose elements can have
different signs.

5.3. Experiments for roundoffs with conditionally independent means.

We illustrate the roundoff error bounds in section 4 by following up on Remark 4.2 and
comparing the probabilistic bound in Corollary 4.7 with the deterministic bound (3.3) in
Theorem 3.2.

. Traditional bound

(") = x"y| _ /"y

xTy |_ IxTyl Yn- (5.3)
. Probabilistic bound
fl T\ _ T T
R

where y,= (1 + t)k- 1 asin (3.1).

Figures 5.3 and 5.4 illustrate that the probabilistic result (5.4) tends to be at least two orders
of magnitude tighter than the deterministic bound (5.3) for vectors whose elements can have
different signs. However, (5.4) stops being a bound for vectors of large dimension all of
whose elements have the same sign.

6. Conclusions.

We presented derivations and numerical experiments for probabilistic roundoff error bounds
for the sequentially accumulated inner product of two real 7-vectors. The probabilistic
bounds are tighter than the deterministic bounds, often by several orders of magnitude.

Issues.

For vectors of dimension 77>107 and a tiny failure probability of &= 10716, the probabilistic
results are not entirely satisfactory: On the one hand, they are still too pessimistic for vectors
whose elements have different signs, while on the other hand they stop being upper bounds
for vectors all of whose elements have the same sign. We believe that this is not a numerical
artifact: It occurs in different implementations, in different languages (MATLAB and Julia),
and on different processors.
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A simple fix would be to adjust the failure probability, making it even more stringent when
elements can differ in sign, while relaxing it when all elements have the same sign.
However, this does not get to the heart of the problem. Should the failure probability be
explicitly and systematically tied to the dimension /7?2 This would be inconsistent with
concentration inequalities, which do not explicitly depend on the number of summands.
Alternatively, should one not model roundoffs as zero-mean random variables, but instead
introduce a bias, possibly dimension-dependent, for vectors with structure, such as those
where all elements have the same sign; see also [14, section 4.2].
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Fig. 5.1.

Comparison of probabilistic bound (red’5.2) with deterministic bound (blue5.1) and relative
error (green) versus vector dimensions 1 < n< 108 jn steps 0f 10%. Vertical axis starts at 1078
and ends at 108, Elements can have different signs.
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All elements have the same sign
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Fig. 5.2.

Comparison of probabilistic bound (red’5.2) with deterministic bound (blue5.1) and relative
error (green) versus vector dimensions 1 < n< 108 jn steps 0f 10%. Vertical axis starts at 1078
and ends at 108. All elements have the same sign.
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Comparison of probabilistic bound (red 5.4) with deterministic bound (blue5.3) and relative
error (green) versus vector dimensions 1 < n< 108 jn steps 0f 10%. \ertical axis starts at 1078

and ends at 108. All elements have the same sign.
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Fig. 5.4.

Comparison of probabilistic bound (red’5.4) with deterministic bound (blue5.3) and relative
error (green) versus vector dimensions 1 < n< 108 jn steps 0f 10%. Vertical axis starts at 1078

and ends at 108. All elements have the same sign.
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Traditional roundoff error model (guard digits, no fused multiply-add).

Table 3.1

Floating point arithmetic

Exact computation

zy=xy1(1+67)

Zi 1= (Zr+ x4 1k + 110+ 0 4 D)+ 6 1)

21 =X

Zye1 = Zkt X1V k1

Zp= ﬂ(xTy)

z,=xTy

SIAM J Matrix Anal Appl. Author manuscript; available in PMC 2021 June 24.

Page 23



1duosnuey Joyiny 1duosnuen Joyiny 1duosnuey Joyiny

1duosnuep Joyiny

IPSEN and ZHOU

Table 4.1

Our roundoff error model (guard digits, no fused multiply-add).

Operation | Floating point arithmetic Exact computation
* §1=x11 =
s2=351(1+461) $=5
* Sk — 1= 52k — 2+ Xpyi(1 + 82k —2) | So4-1= Sp-2+ Xek
+ Sok =Sk —1(1+ 8% 1) k= Sph-1
Output | S, = fl(xTy) Sp=xTy
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