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Abstract

Mixing time for the Ising model and random walks
by
Jian Ding
Doctor of Philosophy in Statistics
University of California, Berkeley

Professor Yuval Peres, Co-chair
Professor Elchanan Mossel, Co-chair

In this thesis we study the mixing times of Markov chains, e.g., the rate of convergence
of Markov chains to stationary measures. We focus on Glauber dynamics for the (classical)
Ising model as well as random walks on random graphs.

We first provide a complete picture for the evolution of the mixing times and spectral gaps
for the mean-field Ising model. In particular, we pin down the scaling window, and prove a
cutoff phenomenon at high temperatures, as well as confirm the power law at criticality. We
then move to the critical Ising model at Bethe lattice (regular trees), where the criticality
corresponds to the reconstruction threshold. We establish that the mixing time and the
spectral gap are polynomial in the surface area, which is the height of the tree in this special
case. Afterwards, we show that the mixing time of Glauber dynamics for the (ferromagnetic)
Ising model on an arbitrary n-vertex graph at any temperature has a lower bound of nlogn/4,
confirming a folklore theorem in the special case of Ising model.

In the second part, we study the random walk on the largest component of the near-
supcritical Erdos-Rényi graph. Using a complete characterization of the structure for the
near-supercritical random graph, as well as various techniques to bound the mixing times
in terms of spectral profile, we obtain the correct order for the mixing time in this regime,
which demonstrates a smooth interpolation between the critical and the supercritical regime.
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Chapter 1

Introduction

The whole thesis deals with the mixing time for Markov chains. In order to describe the
mixing-time of the chain (X;), we require several definitions. For any two distributions ¢, ¢
on €2, the total-variation distance of ¢ and 1 is defined to be

1
6=ty = sup [6(4) = ()] = 5 3 [6(e) = v(@)]

oeq)

The (worst-case) total-variation distance of (X;) to stationarity at time ¢ is
dn(t) ‘= mnax ||P0'(Xt S ) - ,unHTV )
oeQ

where P, denotes the probability given that X, = ¢. The total-variation mizing-time of
(X;), denoted by tyx(¢) for 0 < & < 1, is defined to be

tux(€) == min {t : d,(t) < e} .

A related notion is the spectral-gap of the chain, gap := 1 — A\, where \ is the largest

absolute-value of all nontrivial eigenvalues of the transition kernel.

Consider an infinite family of chains (Xt(n)), each with its corresponding worst-distance
from stationarity d,(t), its mixing-times tl(f{z(, etc. We say that (Xt(")) exhibits cutoff iff for
some sequence w, = o(tﬁﬁi(%)) we have the following: for any 0 < ¢ < 1 there exists some
c. > 0, such that

tl(\ﬁz((g) — tl(\ﬁg((l —¢&)<cw, foralln. (1.0.1)

That is, there is a sharp transition in the convergence of the given chains to equilibrium

at time (1 + 0(1))t§ﬁi(}l). In this case, the sequence w, is called a cutoff window, and the



sequence tl(v@((%l) is called a cutoff point.

We mainly study two kinds of Markov chains in this thesis: Glauber dynamics for the
Ising model and random walks on graphs. We have a short discussion on both topics in what
follows.

1.1 Glauber dynamics for the Ising model

The (ferromagnetic)Ising Model on a finite graph G = (V, E') with parameter 5 > 0 and no
external magnetic field is defined as follows. Its set of possible configurations is Q = {1, —1}",
where each configuration o € () assigns positive or negatives spins to the vertices of the
graph. The probability that the system is at a given configuration o is given by the Gibbs
distribution The Ising Model on a finite graph G = (V| E) at inverse temperature [ with
interaction strengths J = {Ju, > 0 : uv € E} and external field H = {H, : v € V}, is a
probability measure ju on the configuration space Q = {£1}", defined as follows. For each
o€,

pa(o) = m exp (5 uvze:E Juwo(u)o(v) + Zu: Hu0u> : (1.1.1)
where Z(J, 3, H) is a normalizing constant called the partition function. The measure ug is
also called the Gibbs measure. Usually, we consider the case where J =1 and H = 0 (i.e.,
with no external field). When there is no ambiguity regarding the base graph, we sometimes
write p for pg.

The heat-bath Glauber dynamics for the distribution u, is the following Markov Chain,
denoted by (X}). Its state space is €2, and at each step, a vertex z € V is chosen uniformly at
random, and its spin is updated as follows. The new spin of x is randomly chosen according
to p, conditioned on the spins of all the other vertices. It can easily be shown that (X}) is
an aperiodic irreducible chain, which is reversible with respect to the stationary distribution
T

We carefully study the mixing time for Glauber dynamics where the underlying graph
are complete graphs and regular trees, and we also establish a general lower bound for the
mixing time when the underlying graph is arbitrary. We summarize our main results as
follows.

e An exhaustive analysis on the evolution for the mixing time of Glauber dynamics for
the Curie-Weiss model (i.e., the Ising model with underlying graph being complete),
as laid out in Chapter 2. Notably, we pin down the scaling window, demonstrate a
cutoff phenomenon, as well as prove a power law at criticality. Chapter 2 is largely
based on a joint work with Eyal Lubetzky and Yuval Peres [25].



e We study the Ising model on regular trees in Chapter 3, and we establish the power
law for the mixing time as well as the inverse-gap at criticality. Chapter 3 is largely
based on a joint work with Eyal Lubetzky and Yuval Peres [24].

e Chapter 4 is devoted to the lower bound on the mixing time in general. We show
that for ferromagnetic Ising model on arbitrary graphs, the mixing time is necessarily
bounded by nlogn/4. Chapter 4 is largely based on a joint work with Yuval Peres
29].

1.2 Random walks on random graphs

There is a rich interplay between geometric properties of a graph and the behavior of a
random walk on it (see, e.g., [3]). A particularly important parameter is the mixing time,
which measures the rate of convergence to stationarity. In this paper we focus on random
walks on the classical Erdés-Rényi random graph G(n, p).

The geometry of G(n,p) has been studied extensively since its introduction in 1959 by
Erdés and Rényi [35]. A well-known phenomenon exhibited by this model, typical in second-
order phase transitions of mean-field models, is the double jump: For p = ¢/n with ¢ fixed,
the largest component C; has size O(logn) with high probability (w.h.p.), when ¢ < 1, it
is w.h.p. linear in n for ¢ > 1, and for ¢ = 1 its size has order n?? (the latter was proved
by Bollobés [11] and Luczak [60]). Bollobas discovered that the critical behavior extends
throughout p = (1 +¢)/n for ¢ = O(n~"/3), a regime known as the critical window.

Only in recent years were the tools of Markov chain analysis and the understanding of the
random graph sufficiently developed to enable estimating mixing times on C;. Fountoulakis
and Reed [38] showed that, in the strictly supercritical regime (p = ¢/n with fixed ¢ > 1), the
mixing time of random walk on C; w.h.p. has order log? n. Their proof exploited fairly simple
geometric properties of G(n,p), while the key to their analysis was a refined bound [37] on
the mixing time of a general Markov chain. The same result was obtained independently
by Benjamini, Kozma and Wormald [6]. There, the main innovation was a decomposition
theorem for the giant component. However, the methods of these two papers do not yield
the right order of the mixing time when ¢ is allowed to tend to 1.

Nachmias and Peres [70] proved that throughout the critical window the mixing time on
C; is of order n. The proof there used branching process arguments, which were effective
since the critical C; is close to a tree.

It was unclear how to interpolate between these results, and estimate the mixing time
as the giant component emerges from the critical window, since the methods used for the
supercritical and the critical case were so different. The focus of this paper is primarily



on the emerging supercritical regime, where p = (1 + €)/n with €*n — oo and € = o(1).
In this regime, the largest component is significantly larger than the others, yet its size
is still sublinear. Understanding the geometry of C; in this regime has been challenging:
Indeed, even the asymptotics of its diameter were only recently obtained by Riordan and
Wormald [78], as well as in [23].

In Part II, we determine the order of the mixing time throughout the emerging supercrit-
ical regime (see Subsection 5.1.3 for a formal definition of mixing time). This part is largely
based on joint work with Eyal Lubetzky and Yuval Peres [28].

Theorem 1 (supercritical regime). Let C; be the largest component of G(n,p) for p = %,
where € — 0 and €3n — oo. With high probability, the mizing time of the lazy random walk
on Cy is of order e 3 log?(e’n).

While the second largest component Cy has a mixing time of smaller order (it is w.h.p. a
tree, and given that event, it is a uniform tree on its vertices and as such has t;x =< |C2|3/ 2
(see e.g. [70]), that is tyy = e 31log¥?(e%n) as |Cy| = e 2log(e3n) w.h.p.), it turns out that
w.h.p. there exists an even smaller component, whose mixing time is of the same order as

on C;. This is captured by our second theorem, which also handles the subcritical regime.

Theorem 2 (controlling all components). Let G ~ G(n,p) forp = (1xe)/n, wheree — 0
and e3n — oo. Let C* be the component of G that mazimizes the mizing time of the lazy

random walk on it, denoted by t%,. Then with high probability, t%, has order e~>log®(%n).
This also holds when mazimizing only over tree components.

In the area of random walk on random graphs, the following two regimes have been
analyzed extensively.

e The supercritical regime, where ty;x < (diam)? with diam denoting the intrinsic diameter
in the percolation cluster. Besides G(n, £) for ¢ > 1, this also holds in the torus ZZ by [7]
and [67].

e The critical regime on a high dimensional torus, where t;x =< (diam)3.

As mentioned
above, for critical percolation on the complete graph, this was shown in [70]. For high

dimensional tori, this is a consequence of [43].

To the best of our knowledge, our result is the first interpolation for the mixing time between
these two different powers of the diameter.
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Mixing time for the Ising model



Chapter 2

Mixing evolution of the mean-field
Ising model

2.1 Introduction

The Curie-Weiss model is a special case of the Ising model (as in (1.1.1)) where the un-
derlying geometry is the complete graph on n vertices. The study of this model (see, e.g.,
[31],[33],[34],[53]) is motivated by the fact that its behavior approximates that of the Ising
model on high-dimensional tori. Throughout the chapter, we let J = 1 and H = 0 unless
otherwise specified. It is convenient in this case to re-scale the parameter (3, so that the
stationary measure p, satisfies

n(0) o< exp (g ZO‘(:L")O‘(y)) . (2.1.1)

<y

It is well known that for any fixed 5 > 1, the Glauber dynamics (X;) mixes in exponential
time (cf., e.g., [41]), whereas for any fixed # < 1 (high temperature) the mixing time has
order nlogn (see [1] and also [12]). Recently, Levin, Luczak and Peres [53] established that
the mixing-time at the critical point # = 1 has order n%/2, and that for fixed 0 < 3 < 1 there

is cutoff at time +B)nlogn with window n. It is therefore natural to ask how the phase

transition betweeil(lthese states occurs around the critical §, = 1: abrupt mixing at time
(m +0o(1))nlogn changes to a mixing-time of ©(n*?) steps, and finally to exponentially
slow mixing.

In this chapter, we determine this phase transition, and characterize the mixing-time of
the dynamics as a function of the parameter 3, as it approaches its critical value (5, = 1

both from below and from above. The scaling window around the critical temperature j3.
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Figure 2.1: Ilustration of the mixing time evolution as a function of the inverse-temperature
B, with a scaling window of order 1/4/n around the critical point. We write § = |3 — 1|

and let ¢ be the unique positive root of g(z) := -2b z)-a

T— tanh(G2) Cutoff only occurs at high

temperature.

has order 1/y/n, as formulated by the following theorems, and illustrated in Figure 2.1.

Theorem 3 (Subcritical regime). Let & = §(n) > 0 be such that 6*n — oo with n. The
Glauber dynamics for the mean-field Ising model with parameter 3 =1 —§ exhibits cutoff at
time 3(n/6)log(6°n) with window size n/d. In addition, the spectral gap of the dynamics in
this regime is (14 o(1))d/n, where the o(1)-term tends to 0 as n — oc.

Theorem 4 (Critical window). Let 6 = d(n) satisfy 6 = O(1/+/n). The mizing time of the
Glauber dynamics for the mean-field Ising model with parameter f = 146 has order n®?,
and does not exhibit cutoff. In addition, the spectral gap of the dynamics in this regime has
order n=3/2.

Theorem 5 (Supercritical regime). Let § = §(n) > 0 be such that §°n — oo with n. The
mixing-time of the Glauber dynamics for the mean-field Ising model with parameter 3 = 149
does not exhibit cutoff, and has order

texp(n) := %exp (g /OC log (%) dw) ,

where g(x) := (tanh(Bzx) — x) / (1 — xtanh(Bz)), and ( is the unique positive root of g. In
particular, in the special case 6 — 0, the order of the mizing time is % exp ((?1 + 0(1))52n),



where the o(1)-term tends to 0 as n — oo. In addition, the spectral gap of the dynamics in
this regime has order 1/tex,(n).

As we further explain in Section 2.2, the key element in the proofs of the above theorems
is understanding the behavior of the sum of all spins (known as the magnetization chain) at
different temperatures. This function of the dynamics turns out to be an ergodic Markov
chain as well, and namely a birth-and-death chain (a one-dimensional chain, where only moves
between neighboring positions are permitted). In fact, the reason for the exponential mixing
at low-temperature is essentially that this magnetization chain has two centers of mass, £(n
(where ( is as defined in Theorem 5), with an exponential commute time between them.

Recalling Theorem 3, the above confirms that there is a symmetric scaling window of
order 1/4/n around the critical temperature, beyond which there is cutoff both at high and
at low temperatures, with the same order of mixing-time (yet with a different constant),
cutoff window and spectral gap.

The rest of this chapter is organized as follows. Section 2.2 contains a brief outline
of the proofs of the main theorems. Several preliminary facts on the Curie-Weiss model
and on one-dimensional chains appear in Section 5.1. Sections 2.4, 2.5 and 2.6 address the
high temperature regime (Theorem 3), critical temperature regime (Theorem 4) and low
temperature regime (Theorem 5) respectively.

2.2 Outline of proof

In what follows, we present a sketch of the main ideas and arguments used in the proofs of
the main theorems. We note that the analysis of the critical window relies on arguments
similar to those used for the subcritical and supercritical regimes. Namely, to obtain the
order of the mixing-time in Theorem 4 (critical window), we study the magnetization chain
using the arguments that appear in the proof of Theorem 3 (high temperature regime). It is
then straightforward to show that the mixing-time of the entire Glauber dynamics has the
very same order. In turn, the spectral-gap in the critical window is obtained using arguments
similar to those used in the proof of Theorem 5 (low temperature regime). In light of this,
the following sketch will focus on the two non-critical temperature regimes.

2.2.1 High temperature regime
Upper bound for mixing

As mentioned above, a key element in the proof is the analysis of the normalized magnetiza-
tion chain, (S;), which is the average spin in the system. That is, for a given configuration o,



we define S(0) to be =3, 0(i), and it is easy to verify that this function of the dynamics is
an irreducible and aperiodic Markov chain. Clearly, a necessary condition for the mixing of
the dynamics is the mixing of its magnetization, but interestingly, in our case the converse
essentially holds as well. For instance, as we later explain, in the special case where the
starting state is the all-plus configuration, by symmetry these two chains have precisely the
same total variation distance from equilibrium at any given time.

In order to determine the behavior of the chain (S;), we first keep track of its expected
value along the Glauber dynamics. To simplify the sketch of the argument, suppose that
our starting configuration is somewhere near the all-plus configuration. In this case, one
can show that ES; is monotone decreasing in ¢, and drops to order y/1/dn precisely at the
cutoff point. Moreover, if we allow the dynamics to perform another ©(n/J) steps (our
cutoff window), then the magnetization will hit 0 (or %, depending on the parity of n) with
probability arbitrarily close to 1. At that point, we essentially achieve the mixing of the
magnetization chain.

It remains to extend the mixing of the magnetization chain to the mixing of the entire
Glauber dynamics. Roughly, keeping in mind the above comment on the symmetric case
of the all-plus starting configuration, one can apply a similar argument to an arbitrary
starting configuration o, by separately treating the set of spins which were initially positive
and those which were initially negative. Indeed, it was shown in [53] that the following
holds for § < 1 fixed (strictly subcritical regime). After a “burn-in” period of order n
steps, the magnetization typically becomes not too biased. Next, if one runs two instances
of the dynamics, from two such starting configurations (where the magnetization is not
too biased), then by the time it takes their magnetization chains to coalesce, the entire
configurations become relatively similar. This was established by a so-called Two Coordinate
Chain analysis, where the two coordinates correspond to the current sum of spins along the
set of sites which were initially either positive or negative respectively.

By extending the above Two Coordinate Chain Theorem to the case of § = 1 —§
where § = §(n) satisfies §°n — oo, and combining it with second moment arguments and
some additional ideas, we were able to show that the above behavior holds throughout this
mildly subcritical regime. The burn-in time required for the typical magnetization to become
“balanced” now has order n/d, and so does the time it takes the full dynamics of two chains
to coalesce once their magnetization chains have coalesced. Thus, these two periods are
conveniently absorbed in our cutoff window, making the cutoff of the magnetization chain
the dominant factor in the mixing of the entire Glauber dynamics.



10

Lower bound for mixing

While the above mentioned Two Coordinate Chain analysis was required in order to show
that the entire Glauber dynamics mixes fairly quickly once its magnetization chain reaches
equilibrium, the converse is immediate. Thus, we will deduce the lower bound on the mixing
time of the dynamics solely from its magnetization chain.

The upper bound in this regime relied on an analysis of the first and second moments of
the magnetization chain, however this approach is too coarse to provide a precise lower bound
for the cutoff. We therefore resort to establishing an upper bound on the third moment of
the magnetization chain, using which we are able to fine-tune our analysis of how its first
moment changes along time. Examining the state of the system order n/d steps before
the alleged cutoff point, using concentration inequalities, we show that the magnetization
chain is typically substantially far from 0. This implies a lower bound on the total variation
distance of the magnetization chain to stationarity, as required.

Spectral gap analysis

In the previous arguments, we stated that the magnetization chain essentially dominates the
mixing-time of the entire dynamics. An even stronger statement holds for the spectral gap:
the Glauber dynamics and its magnetization chain have precisely the same spectral gap, and
it is in both cases attained by the second largest eigenvalue. We therefore turn to establish
the spectral gap of (.S;).

The lower bound follows directly from the contraction properties of the chain in this
regime. To obtain a matching upper bound, we use the Dirichlet representation for the spec-
tral gap, combined with an appropriate bound on the fourth moment of the magnetization
chain.

2.2.2 Low temperature regime
Exponential mixing

As mentioned above, the exponential mixing in this regime follows directly from the behavior
of the magnetization chain, which has a bottleneck between +(. To show this, we analyze
the effective resistance between these two centers of mass, and obtain the precise order of
the commute time between them. Additional arguments show that the mixing time of the
entire Glauber dynamics in this regime has the same order.
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Spectral gap analysis

In the above mentioned proof of the exponential mixing, we establish that the commute time
of the magnetization chain between 0 and ¢ has the same order as the hitting time from 1 to
0. We can therefore apply a recent result of [25] for general birth-and-death chains, which
implies that in this case the inverse of the spectral-gap (known as the relaxation-time) and
the mixing-time must have the same order.

2.3 Preliminaries

2.3.1 The magnetization chain

The normalized magnetization of a configuration o € €2, denoted by S(¢), is defined as

=1

Suppose that the current state of the Glauber dynamics is o, and that site ¢ has been selected
to have its spin updated By definition, the probability of updating this site to a positive
spin is given by p* (S(o) — o(i)/n), where

e’ 1+ tanh(fs)
efs fe=Bs 2 '

pt(s) = (2.3.1)

Similarly, the probability of updating the spin of site ¢ to a negative one is given by

p~ (S(o) —o(i)/n), where

e? 11— tanh(Bs)

= 2.3.2
efs 4 e Ps 2 ( )

p(s):=

It follows that the (normalized) magnetization of the Glauber dynamics at each step is a
Markov chain, (S;), with the following transition kernel:
H’s _( —n71) 1fs—s—%,
PM(S7 8,) - (5 + n -1 lf S/ = S —|— E’ (233)
1 — 1?]9‘(3 —n7t) — %p*(s +n7l) ifs=s.
An immediate important property that the above reveals is the symmetry of S;: the distri-
bution of (S;;; | S; = s) is precisely that of (=S | Sp = —s).
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As evident from the above transition rules, the behavior of the Hyperbolic tangent will
be useful in many arguments. This is illustrated in the following simple calculation, showing
that the minimum over the holding probabilities of the magnetization chain is nearly %
Indeed, since the derivative of tanh(z) is bounded away from 0 and 1 for all = € [0, 3] and
any 3 = O(1), the Mean Value Theorem gives

Py(s,s+2) = 132 (1 + tanh(fs))
Pulsis— 3 = (1 - ann(3s)

Puy(s,s) =

(n ) )
(n™),
(1 + stanh(Bs)) — O(n™1) .

+0(n!
+O(n™t (2.3.4)

1
2

Therefore, the holding probability in state s is at least % — O(%) In fact, since tanh(zx) is
monotone increasing, Py (s, s) < % + %s tanh(fs) for all s, hence these probability are also
bounded from above by (1 + tanh(3)) < 1.

Using the above fact, the next lemma will provide an upper bound for the coalescence
time of two magnetization chains, S; and S;, in terms of the hitting time 79, defined as
70 :=min{t : |S;] < n'}.

Lemma 2.3.1. Let (S;) and (S;) denote two magnetization chains, started from two arbitrary
states. Then for any € > 0 there exists some c. > 0, such that the following holds: if T > 0
satisfies Pi(1g > T) < € then S; and Sy can be coupled in a way such that they coalesce
within at most c. T steps with probability at least 1 — €.

Proof. Assume without loss of generality that [Sy| < |So|, and by symmetry, that o = |Sy| >
0. Define
7 := min {t 1S < 15 + %} .

Recalling the definition of 7y, clearly we must have 7 < 7. Next, since the holding probability
of S; at any state s is bounded away from 0 and 1 for large n (by the discussion preceding
the lemma), there clearly exists a constant 0 < b < 1 such that

P (S = S |18 = S < 2) > b>0

(for instance, one may choose b = & (1 — tanh(3)) for a sufficiently large n). It therefore
follows that |S;41| = |S-41| with probability at least b.

Condition on this event. We claim that in this case, the coalescence of (S;) and (S;)
(rather than just their absolute values) occurs at some ¢ < 75+ 1 with probability at least b.
The case S,y1 = §T+1 is immediate, and it remains to deal with the case S;;1 = —S’TH. Let
us couple (S;) and (S;) so that the property S; = —S, is maintained henceforth. Thus, at
time ¢ = 7, we obtain |S;, — S| = 2[S,| < 2, and with probability b this yields S;41 = Si1.
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Clearly, our assumption on 7" and the fact that 0 < ¢ < 1 together give
PJ(TO Z T) S Pl(TO Z T) <e€.

Thus, with probability at least (1 — £)b?, the coalescence time of (S;) and (S;) is at most T'.
Repeating this experiment a sufficiently large number of times then completes the proof. W

In order to establish cutoff for the magnetization chain (S;), we will need to carefully
track its moments along the Glauber dynamics. By definition (see (2.3.3)), the behavior
of these moments is governed by the Hyperbolic tangent function, as demonstrated by the
following useful form for the conditional expectation of S;;1 given S; (see also [53, (2.13)]).

E[Si1 | Se=s]=(s+ 2)Pu(s,s+2) + sPu(s,s) + (s — 2)Pu(s,s — 2)

= (1 —n""s+p(s) —¥(s) , (2.3.5)
where
o(s) = (s, B,n) := % [tanh (B(s +n~1)) + tanh (B(s —n1))]
7/}(5) = 1/}(8, B, n) = % [tanh (5(8 + nfl)) — tanh (5(8 . n71)>} .

2.3.2 From magnetization equilibrium to full mixing

The motivation for studying the magnetization chain is that its mixing essentially dominates
the full mixing of the Glauber dynamics. This is demonstrated by the next straightforward
lemma (see also [53, Lemma 3.4]), which shows that in the special case where the starting
point is the all-plus configuration, the mixing of the magnetization is precisely equivalent to
that of the entire dynamics.

Lemma 2.3.2. Let (X;) be an instance of the Glauber dynamics for the mean field Ising
model starting from the all-plus configuration, namely, oo = 1, and let Sy = S(X;) be its
magnetization chain. Then

HPI(Xt S ) - Mn”TV - ||P1(St - ) — 7Tn||TV s (236)

where T, s the stationary distribution of the magnetization chain.

Proof. For any s € {—1,—1+4+2,...,1 =21}, let Q, := {0 € Q: S(0) = s}. Since by
symmetry, both p,(- | Q) and P1(X; € - | St = s) are uniformly distributed over Q, the
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following holds:

IP1(X: € ) — v = Z > IP1(X, = 0) — pta(0))|

s oeQ,
Z Z )Pl (S; = s) un(Qs)
2T ] 2]
= [[P1(S; € -) — mallTv - [ |

In the general case where the Glauber dynamics starts from an arbitrary configuration oy,
though the above equivalence (2.3.6) no longer holds, the magnetization still dominates the
full mixing of the dynamics in the following sense. The full coalescence of two instances of
the dynamics occurs within order n logn steps once the magnetization chains have coalesced.

Lemma 2.3.3 ([53, Lemma 2.9]). Let 0,6 € Q be such that S(c) = S(6). For a coupling
(X,, X,), define the coupling time Txx =min{t > 0: X; = Xt}. Then for a sufficiently large
co > 0 there exists a coupling (Xt,f(t) of the Glauber dynamics with initial states Xog = o
and XO = ¢ such that

limsup P, » (TXj > conlogn) =0 .

Though Lemma 2.3.3 holds for any temperature, it will only prove useful in the critical
and low temperature regimes. At high temperature, using more delicate arguments, we will
establish full mixing within order of % steps once the magnetization chains have coalesced.
That is, the extra steps required to achieve full mixing, once the magnetization chain cutoff
had occurred, are absorbed in the cutoff window. Thus, in this regime, the entire dynamics
has cutoff precisely when its magnetization chain does (with the same window).

2.3.3 Contraction and one-dimensional Markov chains

We say that a Markov chain, assuming values in R, is contracting, if the expected distance
between two chains after a single step decreases by some factor bounded away from 0. As
we later show, the magnetization chain is contracting at high temperatures, a fact which
will have several useful consequences. One example of this is the following straightforward
lemma of [53], which provides a bound on the variance of the chain. Here and throughout the
chapter, the notation P,, E, and Var, will denote the probability, expectation and variance
respectively given that the starting state is z.

Lemma 2.3.4 ([53, Lemma 2.6]). Let (Z;) be a Markov chain taking values in R and with
transition matriz P. Suppose that there is some 0 < p < 1 such that for all pairs of starting
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states (z, Z),
|E.[Z] — E:[Z] | < p'lz — 2| (2.3.7)

Then v, := sup,, Var,,(Z;) satisfies v, < vymin{t,1/ (1 — p?)}.
Remark. By following the original proof of the above lemma, one can readily extend it to
the case p > 1 and get the following bound:

v < vy - p*min {t, 1/ (p2 — 1)} ) (2.3.8)

This bound will prove to be effective for reasonably small values of ¢ in the critical window,
where although the magnetization chain is not contracting, p is only slightly larger than 1.

Another useful property of the magnetization chain in the high temperature regime is its
drift towards 0. As we later show, in this regime, for any s > 0 we have E [S;;1|S; = s] < s,
and with probability bounded below by a constant we have S;1 < S;. We thus refer to the
following lemma of [54]:

Lemma 2.3.5 ([54, Chapter 18]). Let (W)i>0 be a non-negative supermartingale and T be
a stopping time such

(i) Wo =k,

(i) W1 — W < B,

(iii) Var(Wiyi | Fi) > 02 > 0 on the event 7 >t .
If u > 4B?/(30?), then Pi(t > u) < %.

This lemma, together with the above mentioned properties of (S;), yields the following
immediate corollary:

Corollary 2.3.6 ([53, Lemma 2.5]). Let 8 < 1, and suppose that n is even. There exists a
constant ¢ such that, for all s and for all u,t > 0,

cnls|

Vit

Finally, our analysis of the spectral gap of the magnetization chain will require several

P(|Su] > 0,...,[Suse] > 0] 8, = s) < (2:3.9)

results concerning birth-and-death chains from [25]. In what follows and throughout the
chapter, the relaxation-time of a chain, tuy, is defined to be gap™', where gap denotes its
spectral-gap. We say that a chain is b-lazy if all its holding probabilities are at least b, or
simply lazy for the useful case of b = % Finally, given an ergodic birth-and-death chain on
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X ={0,1,...,n} with stationary distribution 7, the quantile state Q(«), for 0 < o < 1, is
defined to be the smallest i € X such that 7({0,...,i}) > a.

Lemma 2.3.7 ([25, Lemma 2.9]). Let X (t) be a lazy irreducible birth-and-death chain on
{0,1,...,n}, and suppose that for some 0 < & < 1—16 we have tpe < €* - Eo7gu-c). Then for
any firede <a< <1 —e:

3
Eq@mae) < 5/t EoTgq) - (2.3.10)

Lemma 2.3.8 ([25, Lemma 2.3]). For any fized 0 < ¢ < 1 and lazy irreducible birth-and-
death chain X, the following holds for any t:

IP0,) = 7llvv < Po(rou-e) > 1) +¢ , (2.3.11)
and for all k € §2,
||Pt(]€, ) — 7T||T\/ < Pk(max{TQ(E), TQ(l—e)} > t) + 2¢ . (2312)

Remark. As argued in [25] (see Theorem 3.1 and its proof), the above two lemmas also hold
for the case where the birth-and-death chain is not lazy but rather b-lazy for some constant
b > 0. The formulation for this more general case incurs a cost of a slightly different constant
in (2.3.10), and replacing ¢ with ¢t/C (for some constant C') in (2.3.11) and (2.3.12). As we
already established (recall (2.3.4)), the magnetization chain is indeed b-lazy for any constant
b< % and a sufficiently large n.

2.3.4 Monotone coupling

A useful tool throughout our arguments is the monotone coupling of two instances of the
Glauber dynamics (X;) and (X;), which maintains a coordinate-wise inequality between the
corresponding configurations. That is, given two configurations o > & (i.e., o(i) > (i) for
all 7), it is possible to generate the next two states ¢’ and ¢’ by updating the same site in
both, in a manner that ensures that ¢/ > &’. More precisely, we draw a random variable [
uniformly over {1,2,...,n} and independently draw another random variable U uniformly

over [0, 1]. To generate ¢’ from o, we update site I to +1if U < p* (S(O’) - #), otherwise

o'(I) = —1. We perform an analogous process in order to generate ¢’ from &, using the same
I and U as before. The monotonicity of the function p* guarantees that ¢/ > &', and by
repeating this process, we obtain a coupling of the two instances of the Glauber dynamics
that always maintains monotonicity.
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Clearly, the above coupling induces a monotone coupling for the two corresponding mag-
netization chains. We say that a birth-and-death chain with a transition kernel P and a
state-space X = {0, 1,...,n} is monotone if P(i,i + 1) + P(i + 1,i) < 1 for every i < n. It
is easy to verify that this condition is equivalent to the existence of a monotone coupling,
and that for such a chain, if f: X — R is a monotone increasing (decreasing) function then
sois Pf (see, e.g., [25, Lemma 4.1]).

2.3.5 The spectral gap of the dynamics and its magnetization
chain

To analyze the spectral gap of the Glauber dynamics, we establish the following lemma which
reduces this problem to determining the spectral-gap of the one-dimensional magnetization
chain. Tts proof relies on increasing eigenfunctions, following the ideas of [71].

Proposition 2.3.9. The Glauber dynamics for the mean-field Ising model and its one-
dimensional magnetization chain have the same spectral gap. Furthermore, both gaps are
attained by the largest nontrivial eigenvalue.

Proof. We will first show that the one-dimensional magnetization chain has an increasing
eigenfunction, corresponding to the second eigenvalue.

Recalling that S; assumes values in X := {—1,—1+ %, AU %, 1}, let M denote its
transition matrix, and let m denote its stationary distribution. Let 1 = 6y > 6; > ... >
0, be the n + 1 eigenvalues of M, corresponding to the eigenfunctions fy = 1, fi,..., fa.
Define 8 = max{#,,|0,|}, and notice that, as S; is aperiodic and irreducible, 0 < 6 < 1.
Furthermore, by the existence of the monotone coupling for S; and the discussion in the
previous subsection, whenever a function f : X — R is increasing so is M f.

Define f : I — R by f := fi1 + f. + K1, where 1 is the identity function and K > 0
is sufficiently large to ensure that f is monotone increasing (e.g., K = %/ fi + fullz~ easily
suffices). Notice that, by symmetry of S;, m(z) = m(—=x) for all x € X, and in particular
> wex @m(z) = 0, that is to say, (1, fo)s2(,) = 0. Recalling that for all i # j we have
(fi, fj>L2(7r) = 0, it follows that for some ¢i,...,¢q, € R we have f = > ¢ f; with ¢; # 0
and ¢, # 0, and thus

(0'M)" f= Z%(Qi/e)mfi :
i=1
Next, define

9:{Q1f1 if 0 =6, and h:{%fn if0=—6,

0 otherwise 0 otherwise
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and notice that

Jim (07'M)™" f=g+h, and lm (07M)" f=g—h.
As stated above, M™ f is increasing for all m, and thus so are the two limits g+ h and g — h
above, as well as their sum. We deduce that ¢ is an increasing function, and next claim that
g Z 0. Indeed, if g = 0 then both h and —h are increasing functions, hence necessarily h = 0
as well; this would imply that ¢; = ¢, = 0, thus contradicting our construction of f.
We deduce that g is an increasing eigenfunction corresponding to #; = 6, and next wish
to show that it is strictly increasing. Recall that for all x € X,

2 2 2 2
(Mg)(x) = M(m,x — —)g(m - —) + M(z,x)g9(z) + M(x,x + —>g<x + —) :
n n n n
Therefore, if for some z € X we had g(z — 2) = g(x) > 0, the fact that g is increasing would
imply that
thg(z) = (Mg)(z) = g(z) 20,

and analogously, if g(z) = g(z 4+ 2) < 0 we could write

thg(x) = (Mg)(z) < g(z) <0 .

In either case, since 0 < 0; < 1 (recall that ¢, = ) this would in turn lead to g(z) = 0. By
inductively substituting this fact in the above equation for (Mg)(x), we would immediately
get g = 0, a contradiction.

Let 1 =X > Ay > ... > Ajgj—1 denote the eigenvalues of the Glauber dynamics, and let
A := max{ A, [Aan_1|}. We translate g into a function G : 2 — R in the obvious manner:

1 :
G(0) = g(S(0) = (5 D 0(0)) -
i=1
One can verify that G is indeed an eigenfunction of the Glauber dynamics corresponding
to the eigenvalue 6y, and clearly G is strictly increasing with respect to the coordinate-wise

partial order on 2. At this point, we refer to the following lemma of [71]:

Lemma 2.3.10 ([71, Lemma 4]). Let P be the transition matriz of the Glauber dynamics,
and let Ay be its second largest eigenvalue. If P has a strictly increasing eigenfunction f,
then f corresponds to \p.

The above lemma immediately implies that G corresponds to the second eigenvalue of
Glauber dynamics, which we denote by A\, and thus A\; = 6,.
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It remains to show that A = \;. To see this, first recall that all the holding probabilities
of S; are bounded away from 0, and the same applies to the entire Glauber dynamics by
definition (the magnetization remains the same if and only if the configuration remains the
same). Therefore, both 6, and Asn_; are bounded away from —1, and it remains to show
that gap = o(1) for the Glauber dynamics (and hence also for its magnetization chain).

To see this, suppose P is the transition kernel of the Glauber dynamics, and recall the
Dirichlet representation for the second eigenvalue of a reversible chain (see [54, Lemma 13.7],
and also [3, Chapter 3]):

— A1 = min ACHN =
1— X\ = {<f, i F#0, B, (f) o} : (2.3.13)
where E,, (f) denotes (1, f), , and
E)=(UT=P)f, [, = Z F(@)] () P(0,0") .
0,0'€Q)

By considering the sum of spins, k(o) = >, o(i), we get £(h) < 2, and since the spins are
positively correlated, Var,, > .o (i) > n. It follows that

1—)\1§2/n,

and thus gap = 1 — Ay = 1 — 6, for both the Glauber dynamics and its magnetization chain,
as required. [ |

2.4 High temperature regime

In this section we prove Theorem 3. Subsection 2.4.1 establishes the cutoff of the magne-
tization chain, which immediately provides a lower bound on the mixing time of the entire
dynamics. The matching upper bound, which completes the proof of cutoff for the Glauber
dynamics, is given in Subsection 2.4.2. The spectral gap analysis appears in Subsection 2.4.3.
Unless stated otherwise, assume throughout this section that 8 =1 — § where §?n — oo.

2.4.1 Cutoff for the magnetization chain

Clearly, the mixing of the Glauber dynamics ensures the mixing of its magnetization. Inter-
estingly, the converse is also essentially true, as the mixing of the magnetization turns out
to be the most significant part in the mixing of the full Glauber dynamics. We thus wish to
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prove the following cutoff result:

Theorem 2.4.1. Let 8 =1 —§, where § > 0 satisfies §°n — oo. Then the corresponding
magnetization chain (S;) ezhibits cutoff at time 3 - 2 log(6°n) with a window of order n/d.

Notice that Lemma 2.3.2 then gives the following corollary for the special case where the
initial state of the dynamics is the all-plus configuration:

Corollary 2.4.2. Let § = §(n) > 0 be such that §°n — oo with n, and let (X;) denote the
Glauber dynamics for the mean-field Ising model with parameter 3 =1 — ¢, started from the

all-plus configuration. Then (X;) exhibits cutoff at time 5(n/d)log(6%n) with window size
n/o.

Upper bound

Our goal in this subsection is to show the following:

lim limsup d, (l L log(6°n) + 72) =0, (2.4.1)
Y= oo 2 9 4]
where d,(+) is with respect to the magnetization chain (S;) and its stationary distribution.
This will be obtained using an upper bound on the coalescence time of two instances of the
magnetization chain. Given the properties of its stationary distribution (see Figure ?7), we
will mainly be interested in the time it takes this chain to hit near 0. The following theorem
provides an upper bound for that hitting time.

Theorem 2.4.3. For0 < <1+ O(n‘1/2), consider the magnetization chain started from
some arbitrary state s, and let 79 = min{t : |Sy| < n~'}. Write =1 — 4, and for v > 0
define

n

2
(200 + 6y (1 +6V6%n ) n¥? §n = 0(1) .

7)) <S¢/

log(6%n) + (v + 3) 6?n — oo ,

SRS

ta(y) = (2.4.2)

Then there ezists some ¢ > 0 such that Py, (19 > t,,

—

Proof. For any t > 1, define:
St 1= Eso [\Stll{m»}} .

Suppose s > 0. Recalling (2.3.5) and bearing in mind the concavity of the Hyperbolic
tangent and the fact that ¢(s) > 0, we obtain that

E(Sii1| S =s)<s+ %(tanh(ﬁs) —s) .



Using symmetry for the case s < 0, we can then deduce that

1
E [|Si41] | CARARS E(tanh(ﬁ|5’t|) — |S4]) for any ¢ < 75 .
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(2.4.3)

Hence, combining the concavity of the Hyperbolic tangent together with Jensen’s inequality

yields
1 1
Sir1 < [ 1—— | 8¢ + — tanh(fsy) .
n n
Since the Taylor expansion of tanh(z) is

5225 17"
tanh(z) = = — T, ’

o 9
5t 15 3 TOW)

we have tanh(z) <z — %3 for 0 <z <1, giving

1 1 1 1 3
St41 < (1 - —) s¢ + — tanh(fs;) < (1 — _>St + =Bs; — (s0)
n n n n 5”
) s¢)3
=S5t — =S5t — (52 .

For some 1 < a < 2 to be defined later, set
bi=a""/4, and u; = min{t : s, < b;} .
Notice that s; is decreasing in ¢ by (2.4.6), thus for every t € [u;, u;41] we have
bifa =0biy1 < s < b; .

It follows that
o b bg’

St+1§8t—ﬁ'5—

5a3n

_1 b ~ a?
U¢+1—Ui§(a bz‘)/(é—z+ ; )§5(a )an'

a na  ba’n 50a® + b?

and

For the case §%n — oo, define:

io = min{i : b; < 1/Von} .

(2.4.4)

(2.4.5)

(2.4.6)

(2.4.7)
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The following holds:

0 0 5(a — 1)a’n 5(a — 1)a’n 5(a — 1)a*n
Dlmn ) S T STy T e

i=1 i=1 i i<io i i<io
b2>6 b2<$
5na? a—1 n

< :
~0(a+1) i 2loga ¢

where in the last inequality we used the fact that the series {b; ?} is a geometric series with
a ratio a?, and that, as b? > 1/(dn) for all i < 4y, the number of summands such that b? < §
is at most log,(v/d2n). Therefore, choosing a = 1+ n~!, we deduce that:

ZZOWM —ui) < (g + O(nl)) % + (% + O(nl)) %bg((s?n)

i=1

< — 2 4.
35+2510g(5 n), (2.4.8)

where the last inequality holds for any sufficiently large n. Combining the above inequality
and the definition of 7y, we deduce that

(860 =) Bsg [1S0,0)Lirostaon] < 1/Von . (2.4.9)
Thus, by Corollary 2.3.6 (after taking expectation), for some fixed ¢ > 0

P10 > tu(v)) < ¢/\/7 -

For the case °n = O(1), choose a = 2, that is, b; = 2702 and define

iy = min{i : b; < n~ Y4V 5|0} . (2.4.10)
Substituting a = 2 in (2.4.7), while noting that § > —5-b7 for all i < 4y, gives
il Z.1 2
;(ui+1 — ;) < Z 05 1 1002 7 < 200—

(200713/2 AS8— ) < 200n°/2 .

where the last inequality in the first line incorporated the geometric sum over {b;*}. By
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(2.4.10),

b, <n YAV EV|0] < TV (14 5(6%0) M)

and as in the subcritical case, we now combine the above results with an application of
Corollary 2.3.6 (after taking expectation), and deduce that for some absolute constant ¢ > 0,

P(7o > ta(7)) < C/ﬁ )

as required. [ |

Apart from drifting toward 0, and as we had previously mentioned, the magnetization
chain at high temperatures is in fact contracting; this is a special case of the following lemma.

Lemma 2.4.4. Let (S;) and (S;) be the corresponding magnetization chains of two instances
of the Glauber dynamics for some 3 = 1 —§ (where § is not necessarily positive), and put

Dy := S, — S,. The following then holds:
E[D,.1 — D, | D)] < —%Dt - |f—;| +0(n™) . (2.4.11)
Proof. By definition (recall (2.3.5)), we have
E[D;s1 — Dy | D] = E[Si1 — S; + Sy — Siy1 | Dy

S5 () - e8] - [wls) - vE)]

The Mean Value Theorem implies that

©(Sy) — W(St) < —(S; — St) )

S|

and applying Taylor expansions on tanh(x) around (S; and 35S,, we deduce that

~ St gt 1
Y(Se) = (S = n2cosh?(3S,)  n? cosh?(65,) i O<ﬁ> ‘

Since the derivative of the function x/ cosh?(z) is bounded by 1, another application of the

Mean Value Theorem gives

P(S) — (S| < IS: — 54 + o(i) .

n2

Altogether, we obtain (2.4.11), as required. [
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Indeed, the above lemma ensures that in the high temperature regime, § = 1 — § where
0 > 0, the magnetization chain is contracting:

)
E [| D] | D] < (1 - 2—) |Dy| for any sufficiently large n . (2.4.12)
n

We are now ready to prove that hitting near 0 essentially ensures the mixing of the magne-
tization.

Lemma 2.4.5. Let § = 1—6 for § > 0 with 6*n — oo, (X;) and (X;) be two instances of
the dynamics started from arbitrary states oo and &o respectively, and (Sy) and (S;) be their
corresponding magnetization chains. Let Tyag denote the coalescence time Tyag = min{t :
S, = 5,}, and t,(v) be as defined in Theorem 2.4.3. Then there exists some constant ¢ > 0
such that

P (Tmag > t0(37)) < c¢/y/y forally >0 . (2.4.13)

Proof. Set T = t,(v). We claim that the following holds for large n:

IES,| < \/% and |ES| < \/% for all t > T . (2.4.14)
To see this, first consider the case where n is even. The above inequality then follows
directly from (2.4.9) and the decreasing property of s; (see (2.4.6)), combined with the fact
that EqS; = 0 (and thus ES; = 0 for all ¢ > 79). In fact, in case n is even, |ES;| and
|ES,| are both at most 1/v/on for all t > T. For the case of n odd (where there is no 0
state for the magnetization chain, and 7y is the hitting time to :I:%), a simple way to show
that (2.4.14) holds is to bound [E1S|. By definition, Py(+,2) > Py (2, —1) (see (2.3.3)).
Combined with the symmetry of the positive and negative parts of the magnetization chain,
one can then verify by induction that P, (1, %) > P (L, —£) for any odd k > 0 and any ¢.
Therefore, by symmetry as well as the fact that E; S; < sq for positive sg, we conclude that
|E1S;| is decreasing with ¢, and thus is bounded by <. This implies that (2.4.14) holds for
odd n as well.

Combining (2.4.14) with the Cauchy-Schwartz inequality we obtain that for any ¢ > T

~ ~ 4 ~ 4

Now, combining Lemma 2.3.4 and Lemma 2.4.4 (and in particular, (2.4.12)), we deduce that
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Var §; < %, and plugging this into the above inequality gives

~ 10
E|S; — S| <— foranyt>T .

Von

We next wish to show that within 2yn/J additional steps, S; and S, coalesce with probability
at least 1 — ¢/,/7 for some constant ¢ > 0.
Consider time T', and let D; := .S, — S,. Recall that we have already established that

EDy < 10/V6n | (2.4.15)

and assume without loss of generality that D > 0. We now run the magnetization chains
S; and S; independently for 7' < t < 7y, where

m=min{t >T: Dy € {0,-2}} ,

and let F; be the o-field generated by these two chains up to time t. By Lemma 2.4.4, we
deduce that for sufficiently large values of n, if D; > 0 then

)
E[Di1 — Dy | ] < —%Dt <0, (2.4.16)
and D, is a supermartingale with respect to F;. Hence, so is
n
Wi = Dry - 51{n>t} )

and it is easy to verify that W; satisfies the conditions of Lemma 2.3.5 (recall the upper
bound on the holding probability of the magnetization chain, as well as the fact that at most
one spin is updated at any given step). Therefore, for some constant ¢ > 0,

P (11 >t,(2v) | Dr) =P(Wo >0, Wy >0,..., Wy, (29— > 0| Dr)
enDp

yn/é

<
Taking expectation and plugging in (2.4.15), we get that for some constant ¢/,

P (r > t.(27)) < (2.4.17)

Sl

From time 7 and onward, we couple S; and S, using a monotone coupling, thus D; becomes
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a non-negative supermartingale with D, < 2. By (2.4.16),

0
E D1 — Dy | F] S_ﬁ for 71 <1t < Thag

and therefore, the Optional Stopping Theorem for non-negative supermartingales implies
that, for some constant ¢”,

E(Tmag — 1)

P(Tmag_len/(S)S n/5

c//
<. 2.4.18
> (2.4.18)

Combining (2.4.17) and (2.4.18) we deduce that for some constant c,

P (Tmag > t2(37)) <

£k

completing the proof. [ ]

Lower bound

We need to prove that the following statement holds for the distance of the magnetization
at time t from stationarity:

1

lim liminf d, (= - = log(d%n) — 7~ ) =1. (2.4.19)
y—00 n—00 2 9 )

The idea is to show that, at time %% log(6%n) —7%, the expected magnetization remains large.

Standard concentration inequalities will then imply that the magnetization will typically be

significantly far from 0, unlike its stationary distribution.

To this end, we shall first analyze the third moment of the magnetization chain. Recalling
the transition rule (2.3.3) of S; under the notations (2.3.1),(2.3.2)

_ 1+ tanh(0s) _1- tanh((s)

er(S) 2 ’ p7(5> # )
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the following holds:

E [S}., | S = s]

1 2\° 1- 2\’
= gsp(s—nl) (3——) +——pt(s+nY) <s—|——)

n n
+ <1— 1+Sp’(s—n = 1_Sp+(s+n 1)) s>
=5+ 6782 . i( — 25+ tanh (3(s —n~")) + tanh (B(s + n "))
+ s (tanh (B(s —n™")) — tanh (8(s + n™")) ) + 01% + % : (2.4.20)

As tanh(x) < z for x > 0, for every s > 0 we get
3s _ _ S &
E[Sh ]S =5] <s*+ - (<2 + (s —n" )+ A(s+ 7)) +er +
3
=5 —3-8"+ =5+ — . (2.4.21)
n
If s = 0, the above also holds, since in that case |Si;1|*> < (2/n)3. Finally, by symmetry, if

s < 0 then the distribution of |S}, || = =S}, given S; = s is the same as that of S}, given
Sy = |s|, and altogether we get:

1) c c
3 _ 3 3 1 2
E[|St+1| ’St—S] §|S’ —35’8‘ +ﬁ|8’+ﬁ .
We deduce that

) c c

E|Si1]°P <E (\St|3 — 3-S5 ° + —12|St| + %)
n n n
36 3 C1 Co

<(1——)E|S]”+ —2E|St| +—=. (2.4.22)

n n n

Note that the following statement holds for the first moment of S;:

Ey, (S]] < V/(EsS0)? + Vary, (S:)

16 A\’ 4
< 24— K - — -
<1/ (50) +5n_(1 n) |so|+m
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Hence,
30 c1 o\’ 2 Co
3 _ 90 3,60 (4 9 C2
Eo|Sia]” < (1 - ) Eq |[Si]” + oy <1 n) |s0] + NN +3
3 3 L C1 4 cho?
—77E50|St| +n E|SO|+7I2\/%+ n2 '

where n = 1 — §/n, and the extra error term involving ¢, absorbs the change of coefficient
of E,,|S;|® and also the 1/n3 term. Iterating, we obtain

n2v/on n?

c S c chd? 1
§n3t150\3+ntn—12- 1] +( L2 >

3 3t |3 ¢t C1 t 2 & cho? . 35
Eq[Se1]” < n%[sol” + 1 E\SMZUJ-F( +—>an
J=0 J

1— 772 712\/% n2 1— 773
c1 c b0
< n*lsol® + ' = lsol + (5753/2 +2. (2.4.23)

Define Z; := |S;|n~*, whence Zy = |So| = |so|. Recalling (2.3.5), and combining the Taylor
expansion of tanh(x) given in (2.4.5) with the fact that |i(s)] = O (s/n?), we get that for

s>0

s3 s

E|:|St+1”StZS} Zns—%—ﬁ .
By symmetry, an analogous statement holds for s < 0, and altogether we obtain that
[Si® 194
E||S Sel > n|S| — —— — — . 2.4.24
U t+1|| t] > 1|5 o n2 ( )
Remark. Note that (2.4.24) in fact holds for any temperature, having followed from the
basic definition of the transition rule of (.S;), rather than from any special properties that

this chain may have in the high temperature regime.

Rearranging the terms and multiplying by 7~ **1), we obtain that for any sufficiently
large n,

9 1
E[(l _ —>Zt —Zia | S| < =78
n n

2

where we used the fact that 7! < 2. Taking expectation and plugging in (2.4.23), we deduce
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that

2 1 c _ c 50
E.,|[(1- )%~ Zm] <~ (n2t|so|3 + - fso| +17” (W + %)) . (24.25)

Set

= 2,)
t= % log(0“n) —yn/d ,

and notice that when n is sufficiently large, (1 — %)_(Hl) < 2 for any t < t. Therefore,

multiplying (2.4.25) by (1 — %)~ and summing over gives:

2ls0l? _c ot c cho
|s0| — 2B, Z; < |—°|+t—1\soy+ d ( . +i>
n n) \(

(1—n%)  én? n(l— on)32  n
2[s0l>  c1log(6%n) d 2 cho
< _— 2
S5 T Taen Pl G T aE T R
2s0l’
=== +o(Vo+]s) .

where the last inequality follows from the assumption 62n — co. We now select so = v/& /3,
which gives

V8 /3 — 2B, Z; < 2V /27 + o(V5) ,

and for a sufficiently large n we get
By % > V6/9 .

Recalling the definition of Z;, and using the well known fact that (1 —xz) > exp(—z/(1 — z))
for 0 < x < 1, we get that for a sufficiently large n,
e/

E, | > n'V5/9 > = L. 2.4.26
| tl—n / —10\/% ( )

Lemma 2.3.4 implies that max{Var,,(S;), Var,, (S;)} < 16/6n. Therefore, recalling that
E,, gg = 0, Chebyshev’s inequality gives

P, (157 < L/2) < Py (|[S] — By |57l = L/2)

16/(0n)
L2/4

IN

P, (5] > L/2) < -
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Hence, letting m denote the stationary distribution of S;, and A denote the set [—%, %} , we
obtain that

[P (57 € ) = mllrv = m(AL) = Py (|97 € Ap) 21— 2ce™
which immediately gives (2.4.19). |

2.4.2 Full Mixing of the Glauber dynamics

In order to boost the mixing of the magnetization into the full mixing of the configurations,
we will need the following result, which was implicitly proved in [53, Sections 3.3, 3.4] using
a Two Coordinate Chain analysis. Although the authors of [53] were considering the case
of 0 < B < 1 fixed, one can follow the same arguments and extend this result to any # < 1.
Following is this generalization of their result:

Theorem 2.4.6 ([53]). Let (X;) be an instance of the Glauber dynamics and pu, the station-
ary distribution of the dynamics. Suppose X is supported by
Qy:={oceQ:|S(0) <1/2}.

For any o9 € Qo and & € Q, we consider the dynamics (X;) starting from ooy and an
additional Glauber dynamics (Xt) starting from &, and define:
Tmag = min{t : S(X;) = S(X,)},

Ulo) :=[{i:a(i) = o0(i) = 1}, V(o) := [{i: 0(i) = o0(i) = =1} ,
=:={o :min{U(0),U(0¢) —U(0),V(0),V(0g) — V(o))} >n/20} ,

R(t) == |U(X,) —U(Xy)| ,
Hl(t) = {Tmag < t} , Hz(tl,tg) = N2 {Xl €= /\Xi € E} .

i=t1

Then for any possible coupling of X; and X, the following holds:

D) — < .
max [Py, (X, € ) = i1y < max | P o (1))
GeN

N ocy n
P, ; \/ P, ;(H = 2.4.2
+ 0070(RT1 >« n/é) + 0070( 2(7“1, TQ)) + m \/;] ) ( 7)

where vy < ry and a > 0.

The rest of this subsection will be devoted to establishing a series of properties satisfied
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by the magnetization throughout the mildly subcritical case, in order to ultimately apply
the above theorem.

First, we shall show that any instance of the Glauber dynamics concentrates on )y once
it performs an initial burn-in period of n/0 steps. It suffices to show this for the dynamics
started from sy = 1: to see this, consider a monotone-coupling of the dynamics (X;) starting
from an arbitrary configuration, together with two additional instances of the dynamics,
(X,") starting from s = 1 (from above) and (X, ) starting from sy = —1 (from below). By
definition of the monotone-coupling, the chains (X,;") and (X, ) “trap” the chain (X;), and
by symmetry it indeed remains to show that

Pi(]S;,| <1/2) =1—o0(1) , where tg =n/J .
Recalling (2.4.4), we have s;11 < (1 — %)st where s, = E [|St]1{70>t}}, thus
E]. |:|St0|1{T0>t0}:| é e_l

Adding this to the fact that E,S;,1{7 < to} = 0, which follows immediately from symmetry,
we conclude that E;S;, < e™'. Next, applying Lemma 2.3.4 to our case and noting that
(2.3.7) holds for p' =1—1(1 - ntanh(g)) <1-—2 we conclude that

n AN\*n 16
Var(S;) <m—=<|—) —=— forallt.
ar( t)_ylé_(n) 5= 3, ora
Hence, Chebyshev’s inequality gives that | S| < 1/2 with high probability. We may therefore
assume henceforth that our initial configuration already belongs to some good state oy € €.
Next, set:

T :=t,(y) y10 :=tn(27y) 11 1= ta(37y) , 72 1= ta(4y) .

We will next bound the terms in the righthand side of (2.4.27) in order. First, recall that
Lemma 2.4.5 already provided us with a bound on the probability of H;(r;), by stating there
for constant ¢ > 0

P (Toag > 1) < (2.4.28)

c
ﬁ :

Our next task is to provide an upper bound on R, , and namely, to show that it typically
has order at most \/n_/5 . In order to obtain such a bound, we will analyze the sum of the
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spins over the set B := {i : 0¢(¢) = 1}. Define
1 :
=5 > X,
i€B

and consider the monotone-coupling of (X;) with the chains (X;") and (X, ) starting from
the all-plus and all-minus positions respectively, such that X;” < X, < X;". By defining M;"
and M, accordingly, we get that

E(M,(B))* < E(M" (B))* + E(M; (B))* = 2E(M,"(B))”

By (2.4.14), we immediately get that for ¢ > T, [EM; (B)| < \/% . We will next bound the
variance of M, (B), by considering the following two cases:

(i) If every pair of spins of X, is positively correlated (since X is the all-plus configura-
tion, by symmetry, the covariances of each pair of spins is the same), then we can infer

that
4n

Var(M;"(B)) < Var( ZX+ ) = —2Var (S(xh) < 5

1€[n]

(i) Otherwise, every pair of spins of X,  is negatively correlated, and it follows that
1 , n
Var(M;"(B)) < ¥ Var <§Xj(z)> <7

Altogether, we conclude that for all t > T,

E[My(B)| < \/E (M,(B) \/QVarM+ B) + 2 (EM,(B))’
‘/7 e \f (2.4.20)

This immediately implies that

ERTl - E|MT’1(B> - Mﬁ(B)l < Eth(B” +E|MT1(B)| < 16

and an application of Markov’s inequality now gives

1
P(R,, > a\/g y< 8 (2.4.30)

Q
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It remains to bound the probability of Hy(r1,73). Define:

Y= Y 1{|M(B)| >n/64} ,

r1<t<ro
and notice that

coE[Y]

P( U (|M,(B)| > n/32}) <P(Y >n/64) <

t=r1

Recall that the second inequality of (2.4.29) actually gives E[M(B)]*> < 2. Hence, a

standard second moment argument gives

P(|M,(B)| > n/64) = O (%) .

Altogether, E,, Y = O(1/4%) and
" 1
Po,( U ) =) ) =0 ()
Applying an analogous argument to the chain (X;), we obtain that
P 1
P5<gl {]Mt(B)| > n/32}) ~0 (%) ,

and combining the last two inequalities, we conclude that

P, s (m) ~0 (52%) . (2.4.31)

Finally, we have established all the properties needed in order to apply Theorem 2.4.6.
At the cost of a negligible number of burn-in steps, the state of (X;) with high probability
belongs to p. We may thus plug in (2.4.28), (2.4.30) and (2.4.31) into Theorem 2.4.6,
choosing a = /7, to obtain (2.4.1).

2.4.3 Spectral gap Analysis

By Proposition 2.3.9, it suffices to determine the spectral gap of the magnetization chain.
The lower bound will follow from the next lemma of [17] (see also [54, Theorem 13.1]) along
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with the contraction properties of the magnetization chain.

Lemma 2.4.7 ([17]). Suppose 2 is a metric space with distance p. Let P be a transition
matriz for a Markov chain, not necessarily reversible. Suppose there exists a constant 6 < 1
and for each z,y € Q, there is a coupling (X1,Y1) of P(x,-) and P(y,-) satisfying

E.y(p(X1,Y1)) < Op(z,y) .

If X is an eigenvalue of P different from 1, then |\ < 0. In particular, the spectral gap
satisfies gap > 1 — 6.

Recalling (2.4.12), the monotone coupling of S; and S; implies that

Eosl$1 - 5] < (1- oy o(é)> s — 3] .
n n
Therefore, Lemma 3.4.8 ensures that gap > (1+o(1))2.

It remains to show a matching upper bound on gap, the spectral gap of the magnetization
chain. Let M be the transition kernel of this chain, and 7 be its stationary distribution.
Similar to our final argument in Proposition 2.3.9 (recall (3.2.1)), we apply the Dirichlet
representation for the spectral gap (as given in [54, Lemma 13.7]) with respect to the function
f being the identity map 1 on the space of normalized magnetization, we obtain that

gap < <5<1) {(I-M1,1). E;[E[5S | S]]

1,1)_ 1,1)_ T E,S2 :

(2.4.32)

where E,SF is the k-th moment of the stationary magnetization chain (S;). Recall (2.4.24)
(where n =1 — %), and notice that the following slightly stronger inequality in fact holds:

: Si* S
E [Slgn(St)StH ‘ St] Z T]|St| - u - u .

2n n?

(to see this, one needs to apply the same argument that led to (2.4.24), then verify the
special cases S; € {0, +}). It thus follows that

St §2
E [StStJrl ‘ St] > 7753 —-t-=

on n?’

and plugging the above into (2.4.32) we get

+—. (2.4.33)
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In order to bound the second term in (2.4.33), we need to give an upper bound for the
fourth moment in terms of the second moment. The next argument is similar to the one
used earlier to bound the third moment of the magnetization chain (see (2.4.20)), and hence
will be described in a more concise manner.

For convenience, we use the abbreviations A" := tanh (3(s + n~1)) and A~ := tanh (8(s — n™1)).
By definition (see (2.3.3)) the following then holds:

2
E[S,, | Si=s]=s"+ 583 (_28 +h™ +h"+sh™ — h+)
—I—%s2 (2+h" —h™ —sh™ +h")
n
+ %33 (=2s+h™ +h" +sh™ —h")
n

+%(2+h+—h—sh+h+)

46 12, 16
< (1——>s4+—252+—4.
n n n

Now, taking expectation and letting the S; be distributed according to m, we obtain that

3 4
B S < — BS54 5.

Recalling that, as the spins are positively correlated, Var,(S;) > %, we get

- (2.4.34)

4\ E,S?
E,S} < (3 + —) ”?t .
n

Plugging (2.4.34) into (2.4.33), we conclude that

n

gap < % (1 —i—O(%)) =(1 —i—o(l))é :

2.5 The critical window

In this section we prove Theorem 4, which establishes that the critical window has a mixing-

3/2 -3/2.

time of order n>/* without a cutoff, as well as a spectral-gap of order n
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2.5.1 Upper bound

Let (X;) denote the Glauber dynamics, started from an arbitrary configuration o, and let
(X;) denote the dynamics started from the stationary distribution 1. As usual, let (S;) and
(S) denote the (normalized) magnetization chains of (X;) and (X;) respectively.

Let € > 0. The case §°n = O(1) of Theorem 2.4.3 implies that, for a sufficiently large
v > 0, P, (10 > yn*?) < e. Plugging this into Lemma 2.3.1, we deduce that there exists
some ¢, > 0, such that the chains S; and St coalesce after at most ¢.n®/?
at least 1 —e.

At this point, Lemma 2.3.3 implies that (X;) and (X;) coalesce after at most O(n3/?) +

O(nlogn) = O(n*?) additional steps with probability arbitrarily close to 1, as required.

steps with probability

2.5.2 Lower bound

Throughout this argument, recall that § is possibly negative, yet satisfies 6?n = O(1). By
(2.4.22),

4] c c
E|Si> <E <|St|3 —3=|SiPP + =5 |S] + —i)
n n n
30
< (1 — —) E|S;|> + C—le|St| + C—f,’ :
n n n
Recalling Lemma 2.4.4, and plugging the fact that § = O(n~"/?) in (2.4.11), the following

holds. If S, and S, are the magnetization chains corresponding to two instances of the
Glauber dynamics, then for some constant ¢ > 0 and any sufficiently large n,

E, ;5|1 — Si| < (14 en™3?)]s — 3| . (2.5.1)

Combining this with the extended form of Lemma 2.3.4, as given in (2.3.8), we deduce that
if ¢t < en®? for some small fixed £ > 0, then Var,, S, < 4t/n?. Therefore,

A 2V/%
E,, [|9]] < V/|Es,Si|? + Var, S, < (1 - ﬁ) |so| + \T/ .



Therefore,

30 ) "\t
B, [S,l < (1 - E) B[S + & (1 - —) ol + 0

<n3ESOISt|3+n zlsol + =~

where again n = 1 — §/n. Iterating, we obtain

V1«
E.[Sial® < n*so !3+77 — o \2772]4' - Z &
1 .77275 1—1 cl\/_

< ol 40 g T el + s '773—1

lf

C1
< 773t|50|3+77t— 2t|so| + ;
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(2.5.2)

where the last inequality holds for sufﬁmently large n and t < en®? with ¢ > 0 small

enough (such a choice ensures that 7' will be suitably small). Define Z; := |S;|n~*

, whence

Zo = |So0] = |so|. Applying (2.4.24) (recall that it holds for any temperature) and using the

fact that n=! < 2, we get

1
E(Z1| S > Z, - o (n_t|5t|3 + O(U”)) )

for n large enough, hence
1
ElZ; — Zi | S < - ("S> + O(1/n)) .

Taking expectation and plugging in (2.4.23),

t3/2

1 col _,C
Bulzi ~ Zon < 5 (1Pl + ol 471

—i—O(l/n)) .

(2.5.3)
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Set # = n*?/A* for some large constant A such that 3 < n < 2. Summing over (2.5.3) we
obtain that

L=n 3 20 EP2 00 (T
[s0| = By 27 < m\sd +ESlsol + 207 £/t + Ot /1)
2

2 Co 2n /A4 — _
S ﬂ\/ﬁ‘So’gﬁ—E’So‘ + ﬁe\/r/“‘ n 1/4+O(7”L 1/2) .

We now select s = An~'/* for some large constant A; this gives

2 2 2
An~V4 — B, Z; < (Z + % + ﬁem/‘“) n Y44 0mn?) .

Choosing A large enough to swallow the constant ¢, as well as the term §?n (using the fact
that §?n is bounded), we obtain that

1
E,, Z; > §An’1/4
Translating Z; back to |S;|, we obtain
-1
E,|S:| > 70" - §An_1/4 > VAVt = B, (2.5.4)

provided that A is sufficiently large (once again, using the fact that n' is bounded, this time
from below). Since

_ 16
Var,, (S;) < 16t/n* = " 12 (2.5.5)

the following concentration result on the stationary chain (St) will complete the proof:

P, (1S > An7Y")} < £(A), and lim £(A) =0 . (2.5.6)

A—o00

Indeed, combining the above two statements, Chebyshev’s inequality implies that

[P (St € -) — mllov = w([=B/2, B/2]) — Py, (|5 < B/2)
64
>1—— —¢(VA). (2.5.7)
It remains to prove (2.5.6). Since we are proving a lower bound for the mixing-time, it suffices

to consider a sub-sequence of the d,,-s such that d,,y/n converges to some constant (possibly
0). The following result establishes the limiting stationary distribution of the magnetization
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chain in this case.

Theorem 2.5.1. Suppose that lim,, o, 6,4/n = a € R. The following holds:

S st 52
i3 T XP <_E —ag ). (2.5.8)

Proof. We need the following theorem:

Theorem 2.5.2 ([33, Theorem 3.9]). Let p denote some probability measure, and let S,(p) =
%Z?Zl X;(p), where the {X;(p) : j € [n]} have joint distribution

Hdp ;) ,

1
— X
7. P

(xl + +xn

and Z, is a normalization constant. Suppose that {p, : n =1,2,...} are measures satisfying

exp(z?/2)dp, — exp(x?/2)dp . (2.5.9)

Suppose further that p has the following properties:

1. Pure: the function

2
G,(s) = 5 log/e”dp(x)

has a unique global minimum.
2. Centered at m: let m denote the location of the above global minimum.

3. Strength 6 and type k: the parameters k,0 > 0 are such that

(s —m)%*

Go(s) = Gp(m) + 5W

+o((s —m)™) |

where the o(-)-term tends to 0 as s — m.

If, for some real numbers aq, ..., a1 we have
QY (m) = L+ o(n™H/H) | =12, 2k~ 1,n— o0,

nl—i/2k

then the following holds:
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and .
N(—O:;,g—1>, ifk=1,
Sn(/On) —m
exp [ —0 — ai— |, ifk>2.
(2k)! ; 74! /

where 61 —1 >0 fork =1.

Let p denote the two-point uniform measure on {—1, 1}, and let p,, denote the two-point
uniform measure on {—f,, 5,}. As |1 — 3,] = 0, = O(1/4/n), the convergence requirement
(2.5.9) of the measures p, is clearly satisfied. We proceed to verify the properties of p:

82

Gp(s) = 5 log/esxdp(x) = % —logcosh(s) = — — —— 4+ O(s®) .
This implies that G/, has a unique global minimum at m = 0, type k& = 2 and strength 6 = 2.

As 0,4/n — «a, we deduce that the G, -s satisfy

2

G, (8) = % — log cosh(f3,s) ,
GL(0) = G(0) =0,

n

GH0)=1—-F =0,2-10,) = % +o(n71?) .

Pn

This completes the verification of the conditions of the theorem, and we obtain that

Snlon) o (_3_4 _ af) , (2.5.10)

n—1/4

Recalling that, if z; = £1 is the i-th spin,

,un(q:l,...,:cn):L X (g Z xi:z;j), (2.5.11)

exp
Z(B) 1<i<j<n

clearly S, (pn) has the same distribution as S, for any n. This completes the proof of the
theorem. m

Remark. One can verify that the above analysis of the mixing time in the critical window
holds also for the censored dynamics (where the magnetization is restricted to be non-
negative, by flipping all spins whenever it becomes negative). Indeed, the upper bound
immediately holds as the censored dynamics is a function of the original Glauber dynamics.
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For the lower bound, notice that our argument tracked the absolute value of the magne-
tization chain, and hence can readily be applied to the censored case as-well. Altogether,

3/2

the censored dynamics has a mixing time of order n*/“ in the critical window 1 + ¢§ for

5= O0(1//n).

2.5.3 Spectral gap analysis

The spectral gap bound in the critical temperature regime is obtained by combining the
above analysis with results of [25] on birth-and-death chains.

The lower bound on gap is a direct consequence of the fact that the mixing time has order
n®?, and that the inequality ¢y < tyx(3) always holds. It remains to prove the matching
bound ;% (}1) = O(tge). Suppose that this is false, that is, tgp, = 0 (tMIX(%)).

Let A be some large constant, and let s = An~/4. Notice that the case 6?n = O(1) in
Theorem 2.4.3 implies that E;7p = O(n*?). Furthermore, by Theorem 2.5.2, there exists a
strictly positive function of A, €(A), such that lima . e(A) = 0 and

%g(m < 7(S > 50) < 2¢(A)

for sufficiently large n. Applying Lemma 2.3.7 with « = 7(S > s¢) and 3 = % gives By, 79 =
o(n3/?). As in Subsection 2.5.2, set t = n3?/A* for some large constant A. Combining
Lemma 2.3.8 with Markov’s inequality gives the following total variation bound for this
birth-and-death chain:

IPs (St € -) = mlloy < 4e(A) +o(1) . (2.5.12)
However, the lower bound (2.5.7) obtained in Subsection 2.5.2 implies that:
P, (Sr€ ) —m|loy > 1—4e(VA/2) — 64/A° . (2.5.13)

Choosing a sufficiently large constant A, (2.5.12) and (2.5.13) together lead to a contradiction
for large n. We conclude that gap = O(n~%/2), completing the proof.

Note that, as the condition gap - tMIX(}l) — 00 is necessary for cutoff in any family of
ergodic reversible finite Markov chains (see, e.g., [25]), we immediately deduce that there is
no cutoff in this regime.

Remark. It is worth noting that the order of the spectral gap at §. = 1 follows from a simpler
argument. Indeed, in that case, the upper bound on gap can alternatively be derived from its
Dirichlet representation, similar to the argument that appeared in the proof of Proposition
2.3.9 (where we substitute the identity function, i.e., the sum of spins in the Dirichlet form).
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For this argument, one needs a lower bound for the variance of the stationary magnetization.
Such a bound is known for 8, = 1 (see [34]), rather than throughout the critical window.

2.6 Low temperature regime

In this section we prove Theorem 5, which establishes the order of the mixing time and the
spectral gap in the super critical regime (where the mixing of the dynamics is exponentially
slow and there is no cutoff).

2.6.1 Exponential mixing

Recall that the normalized magnetization chain S; is a birth-and-death chain on the space
X ={-1,-1+ %, 1= %, 1}, and for simplicity, assume throughout the proof that n is
even (this is convenient since in this case we can refer to the 0 state. Whenever n is odd,
the same proof holds by lettlng take the role of the 0 state).

The following notation will be useful. We define

Xa,b ={re X :a<xz<b},

and similarly define X'(a,b), etc. accordingly. For all x € X, let p,,qs, h, denote the
transition probabilities of S; to the right, to the left and to itself from the state x, that is:

’

2 2
142 1—tanh(B(x —n~*
4= Py (w0 —2) = == (g( ) ’

hy =Py (z,2) =1 —pp — qs -

By well known results on birth-and-death chains (see, e.g., [54]), the resistance r, and con-
ductance ¢, of the edge (z,z 4 2/n), and the conductance ¢, of the self-loop of vertex z for
x € X[0, 1] are (the negative parts can be obtained immediately by symmetry)

h
= 11 qy = 11 py = (Cozn t ) (2.6.1)

yeX(0,x] yeX (0, m] Pr + 4a

and the commute-time between x and y, C,,, for z < y (the minimal time it takes the chain,
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starting from x, to hit y then return to x) satisfies
EC,, =2csR(z < y) , (2.6.2)

where

cs = Z(cm +d) and R(z < vy):= Z T, .

zeX z€X[z,Y)
Our first goal is to estimate the expected commute time between 0 and . This is incorporated

in the next lemma.

Lemma 2.6.1. The expected commute time between O and ¢ has order

n n (¢ 14 g(x)
texp = gexp (E/O lOg 1——g<x)) dx s (263)

where g(x) := (tanh(Bx) — z) / (1 — x tanh(Bx)). In particular, in the special case 6 — 0 we
have ECy ¢ = % exp ((3 + 0(1))8%n), where the o(1)-term tends to 0 as n — oo.

Remark. 1f ¢ € X, instead we simply choose a state in X which is the nearest possible to
(. For a sufficiently large n, such a negligible adjustment would keep our calculations and
arguments in tact. For the convenience of notation, let { denote the mentioned state in this
case as well.

To prove Lemma 2.6.1, we need the following two lemmas, which establish the order of
the total conductance and effective resistance respectively.

Lemma 2.6.2. The total conductance satisfies

oo [on (282 ))

Lemma 2.6.3. The effective resistance between 0 and ( satisfies
R(0 < () =0O(/n/d) .

Proof of Lemma 2.6.2. Notice that for any x € X', the holding probability h, is uniformly
bounded from below, and thus ¢/, can be uniformly bounded from above by (¢, + c;—a2/n)-
It therefore follows that cg = ©(Cs) where ¢g := Y
We first locate the maximal edge conductance and determine its order, by means of classical

¢z, and it remains to determine cg.
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analysis.

1—y 1+ tanh !
oge, = 3 log2 = 10g< y L tanh(Fly +n7))
q

bl )
yeX (0] Y yex(0,2] 1+y 1—tanh(B(y —n1))

)
)
=Y log (i—g(yg +O(1/n)) =3 log Gf—g(y;) 0@ (264)

yeX(0,z] g(y yeX(0,x] 'g(y

Note that g(x) has a unique positive root at = = ¢, and satisfies g(z) > 0 for z € (0,() and
g(x) <0 for x > (. Therefore,

log ¢, <logce+ O(x) <logec, +O(1)

thus we move to estimate c.. As logc, is simply a Riemann sum (after an appropriate
rescaling), we deduce that

logec= Y log < g(g)+0(1)=g/0410g(i—%)dx+0(1),

z€X(0,(]

and therefore
¢
n 1+ g(x)
cc =0 | exp (—/ log <— dx , 2.6.5
=0 (o (5 [ on (1255 (269
e = O(ce) - (2.6.6)
Next, consider the ratio ¢, 9/n/cz; Whenever x < ¢, g(x) > 0, hence we have

Cx42/n _ Pz12/n > 1+ g(l’)
Cy qz42/n —1- g(x)

—O(1/n) > 1+4+2¢(x) — O(1/n) .

1

Whenever Ton <z § — using the Taylor expansions around 0 and around () we

T
obtain that tanh(3 x> 14/6/n. Combining this with the fact that z tanh(fz) is always
non-negative, we obtal that for any such z, 2g(x) > \/d/n. Therefore, setting

1 1
amfTamcyToamcryI. wen
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we get

Cat2/n >1+ \/g— O(1/n) for any x € X[, &) . (2.6.8)

Cx

Using the fact that 6?n — oo, the sum of ¢,-s in the above range is at most the sum of a
geometric series with a quotient 1/(1 + 34/6/n) and an initial position c:

Y o< 3\/?cC . (2.6.9)
TEX[§1,€2]

We now treat z > &3; since ¢(¢) = 0 and g(z) is decreasing for any x > ¢, then in particular
whenever ¢ + 1/0/n <z <1 we have —1 = ¢g(1) < g(z) < 0, and therefore

Cr+2/n  Pz+2/n

<14g(x)+0(1/n) .
(&% Qm+2/n

Furthermore, for any ¢ + /6/n < x
tanh(fz) — 2 < —/d/n, and hence g(x)

1 (using Taylor expansion around () we have

<
< —4/d/n. We deduce that

Cz42/n <1-— \/g+ O(1/n) for any x € X[&3,1] ,

Cz
and therefore
Y < 2\/?cC . (2.6.10)
zE€X[€3,1]

Combining (2.6.9) and (2.6.10) together, and recalling (2.6.6), we obtain that

. n

= Yo <2 (0.6l + 5/ + lenel]) = 0 (e )

reX

Finally, consider x € X[&;, &3]; an argument similar to the ones above (i.e., perform Taylor
expansion around ¢ and bound the ratio of ¢, 2/n /c;) shows that ¢, is of order ¢, in this
region. This implies that for some constant b > 0

~ n
Es > Y e 2 bX[E, &llec > b\/;q : (2.6.11)

r€X[€2,62]
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and altogether, plugging in (2.6.5), we get

és =0 (\/gexp (g /0C log (i—zgo dm)) . (2.6.12)

|
Proof of Lemma 2.6.3. Translating the conductances, as given in (2.6.8), to resistances,
we get
.’ﬂ n 5
LR g \f O(1/n) for any x € X[€1,&)]
Ty n
and hence

Z e <71e24/n/5 < 24/n/6

TEX[€1,82]

where in the last inequality we used the fact that r, <7, o/, (<19 =1) for all v € X10,¢],
which holds since ¢, < p, for such z. Altogether, we have the following upper bound:

RO—Q)= > rat Y. rmat > T

2EX[0,61] TEX[E1,62] 2EX[€2,(]

< 1X[0,&]] +2\£ + X6, ¢l < 44/n /5 . (2.6.13)

For a lower bound, consider x € X[0,&]. Clearly, for any x < \/%Tn we have g(z) =

% < 20z, and hence
Tet2/n _ 1—g(z) N

> 1 — > _
" 1x gl TOW/M 215282 exp(=620)

yielding that
Te, > €Xp (—35n . ff) >e3 .

Altogether,
R(0 < ¢) > e ?|X[0,&4]] > e*y/n/é

and combining this with (2.6.13) we deduce that R(0 < ¢) = ©(y/n/J). |

Proof of Lemma 2.6.1. Plugging in the estimates for ¢g and R(0 < () in (2.6.2), we get

ECy = © (% exp (g /OC log Gf—gg;) dx)) . (2.6.14)
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This completes the proof of the lemma 2.6.1. |

Note that by symmetry, the expected hitting time from { to —( is exactly the expected
commute time between (0 and . Hence,

EC[T—C] == @(texp) ) (2615)

In order to show that the above hitting time is the leading order term in the mixing-time
at low temperatures, we need the following lemma, which addresses the order of the hitting
time from 1 to (.

Lemma 2.6.4. The normalized magnetization chain Sy in the low temperature regimes sat-
isfies E11e = 0(texp) -

Proof. First consider the case where ¢ is bounded below by some constant. Notice that,
as pr < ¢, for all x > (, in this region S; is a supermartingale. Therefore, Lemma 2.3.5
(or simply standard results on the simple random walk, which dominates our chain in this
case) implies that E 7, = O(n?). Combining this with the fact that te., > exp(cn) for some
constant ¢ in this case, we immediately obtain that E;7; = o(texp)-

Next, assume that 6 = o(1). Note that in this case, the Taylor expansion tanh(fz) =
Bx — 3(Bx)* + O((fx)°) implies that

¢ =/36/8% = O((B0))°> = V36 + O(5°°) . (2.6.16)

Recalling that E[Sy1 | S, = s] < s + (tanh(8s) — s) (as s > 0), Jensen’s inequality (using
the concavity of the Hyperbolic tangent) gives

B[Sy — S = B[S — S | S)]) < % (Etanh(3S,) — ES,)

< %(tanh(ﬁESt) _ES,) . (2.6.17)

Further note that the function tanh(fs) has the following Taylor expansion around ( (for
some & between s and ():

tanh(Bs) = ¢+ B(1 — (*)(s — ) + B (=1 + *)¢(s = ¢)?
tanh™® (&)

P i — s -0+
3 41

(s—O)*. (2.6.18)
Since tanh® () < 5 for any = > 0, (2.6.18) implies that for a sufficiently large n the term

—2(s—()* absorbs the last term in the expansion (2.6.18). Together with (2.6.16), we obtain
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that

tanh(fs) < ¢+ B(1 = ¢)(s = Q) + F(=1+ C)Vo(s = ()
Therefore, (2.6.17) follows:

Vo
E[Si1— 5] < - 2

n

(ES, — (). (2.6.19)

Set
by =27" iy =min{i : b; < \/5} and u; = min{t : ES; — ( < b;}

noting that this gives b;/2 < ES; — ( < b; for any ¢ € [u;, u;41]. It follows that

Uip1 — Up > — = )
Yobiyz /ol

and hence

;uiJrl_ui < Z \;l_Tnbl =0(n/é) ,

i:b%>(5

where we used the fact that the series {b; '} is geometric with ratio 2. We claim that this
implies the required bound on E;7.. To see this, recall (2.6.19), according to which W, :=
n(S; — ()1{r >4 is a supermartingale with bounded increments, whose variance is uniformly
bounded from below on the event 7, > ¢ (as the holding probabilities of (S;) are uniformly
bounded from above, see (2.3.4)). Moreover, the above argument gives EW, < n+/§ for
some t = O(n/d). Thus, applying Lemma 2.3.5 and taking expectation, we deduce that
Ei7c = O(n/d + dn?) = O(6n?), which in turns gives E17¢ = 0(texp)- |

Remark. With additional effort, we can establish that Eq7y; = 0(texp) (for more details,
see [26]), where 7. = min{¢ : [S;| > (}. By combining this with the of S; symmetry and
applying the geometric trial method, we can obtain the expected commute time between 0
and (:

E¢7o = (% +0(1))ECo¢ = O(texp)

and therefore conclude that E17) = O(texp)-
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Upper bound for mixing

Combining Lemma 2.6.4 and (2.6.15), we conclude that Ei7_; = O(tep) and hence Ej7y =
O(texp). Together with Lemma 2.3.1, this implies that the magnetization chain will coales-
cence in O(tep) steps with probability arbitrarily close to 1. At this point, Lemma 2.3.3
immediately gives that the Glauber dynamics achieves full mixing within O(nlogn) addi-
tional steps. The following simple lemma thus completes the proof of the upper bound for
the mixing time.

Lemma 2.6.5. Let tey, be as defined in Lemma 2.6.1. Then nlogn = o(texp)-

Proof. In case § > ¢ > 0 for some constant ¢, we have t., > nexp(¢'n) for some constant
¢ > 0 and hence nlogn = o(tep). It remains to treat the case 0 = o(1).

Suppose first that 6 = o(1) and 6 > cn~'/3 for some constant ¢ > 0. In this case, we
have teg, = %exp ((2 4 0(1))6?n) and thus nexp(3n'/?) = O(texp), giving nlogn = o(fexp)-
Finally, if § = o(n~/?), we can simply conclude that n*/? = O(te,) and hence nlogn =
O(texp)- |

Lower bound for mixing

The lower bound will follow from showing that the probability of hitting —( within efe.,
steps is small, for some small € > 0 to be chosen later. To this end, we need the following
simple lemma:

Lemma 2.6.6. Let X denote a Markov chain over some finite state space €2, y € €2 denote
a target state, and T be an integer. Further let x €  denote the state with the smallest
probability of hitting y after at most T steps, i.e., x minimizes P,(r, < T). The following

holds:
T

E,7,

Pw(Ty <T)<

Proof. Set p = P,(r, <T). By definition, P,(r, < T) > p for all z € Q, hence the hitting
time from z to y is stochastically dominated by a geometric random variable with success
probability p, multiplied by 7. That is, we have E,7, < T'/p, completing the proof. [ |

The final fact we would require is that the stationary probability of X'[—1, —(] is strictly
positive. This is stated by the following lemma.

Lemma 2.6.7. There exists some absolute constant 0 < C, < 1 such that

Cr <m(X[G 1)) (=7(X[=1,=C])) .
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Proof. Repeating the derivation of (2.6.11), we can easily get

iy = Y (etd) 20 <\/§exp (g /0C log 14_“—%) dm) .

z€X[(,1]

Combining the above bound with (2.6.12), we conclude that there exists some C; > 0, such
that (X[, 1]) > Cx. |

Plugging in the target state —( into Lemma 2.6.6, and recalling that the monotone-
coupling implies that, for any 7', the initial state so = 1 has the smallest probability (among
all initial states) of hitting —( within 7" steps, we deduce that, for a sufficiently small € > 0,

1
Pl(T—C é 5texp) S §Cﬂ' .

This implies that

which in turn gives

2.6.2 Spectral gap analysis

The lower bound is straightforward (as the relaxation time is always at most the mixing time)
and we turn to prove the upper bound. Note that, by Lemma 2.6.7, we have 7(X[(,1]) >
Cr > 0. Suppose first that gap - tMIX(%) — 00. In this case, one can apply Lemma 2.3.7 onto
the birth-and-death chain (S;), with a choice of o = w(X[(, 1]) and § = 1 —7(X[(, 1]) (recall
that tyx(3) = O(E17_¢)). It follows that

ECT*C =0 (Elec) .

However, as both quantities above should have the same order as tMIX(%l), this leads to a
contradiction. We therefore have gap - tmx(i) = O(1), completing the proof of the upper
bound.
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Chapter 3

Mixing for the Ising-model on regular
trees at criticality

3.1 Introduction

In the classical Ising model, the underlying geometry is the d-dimensional lattice, and there is
a critical inverse-temperature (3. where the static Gibbs measure exhibits a phase transition
with respect to long-range correlations between spins. While the main focus of the physics
community is on critical behavior (see the 20 volumes of [30]), so far, most of the rigorous
mathematical analysis was confined to the non-critical regimes.

Supported by many experiments and studies in the theory of dynamical critical phe-
nomena, physicists believe that the spectral-gap of the continuous-time dynamics on lattices
has the following critical slowing down behavior (e.g., [44,50,64,84]): At high temperatures
(8 < B.) the inverse-gap is O(1), at the critical . it is polynomial in the surface-area and
at low temperatures it is exponential in it. This is known for Z? except at the critical 3.,
and establishing the order of the gap at criticality seems extremely challenging. In fact,
the only underlying geometry, where the critical behavior of the spectral-gap has been fully
established, is the complete graph (see [25]).

The important case of the Ising model on a regular tree, known as the Bethe lattice, has
been intensively studied (e.g., [8,9,13-15,36,45,46,62,66,73]). We recall the definition for
the Ising model as in (1.1.1), and we assume J = 1 throughout the chapter. On this canonical
example of a non-amenable graph (one whose boundary is proportional to its volume), the
model exhibits a rich behavior. For example, it has two distinct critical inverse-temperatures:
one for uniqueness of the Gibbs state, and another for the purity of the free-boundary state.
The latter, 3., coincides with the critical spin-glass parameter.
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As we later describe, previous results on the Ising model on a regular tree imply that the
correct parameter to play the role of the surface-area is the tree-height h: It was shown that
the inverse-gap is O(1) for f < (3. and exponential in h for § > ., yet its critical behavior
remained unknown.

In this chapter, we complete the picture of the spectral-gap of the dynamics for the
critical Ising model on a regular tree, by establishing that it is indeed polynomial in h.
Furthermore, this holds under any boundary condition, and an analogous result is obtained

for the L' (total-variation) mixing time, denoted by #,ux (formally defined in Subsection
3.2.1).

Theorem 6. Fiz b > 2 and let 3, = arctanh(1/v/b) denote the critical inverse-temperature
for the Ising model on the b-ary tree of height h. Then there exists some constant ¢ > 0
independent of b, so that the following holds: For any boundary condition 7, the continuous-
time Glauber dynamics for the above critical Ising model satisfies gap™ < tyx = O(h°).

One of the main obstacles in proving the above result is the arbitrary boundary condition,
due to which the spin system loses its symmetry (and the task of analyzing the dynamics
becomes considerably more involved). Note that, although boundary conditions are believed
to only accelerate the mixing of the dynamics, even tracking the effect of the (symmetric)
all-plus boundary on lattices for 3 > (3, is a formidable open problem (see [65]).

In light of the above theorem and the known fact that the inverse-gap is exponential in A
at low temperatures (5 > (. fixed), it is natural to ask how the transition between these two
phases occurs, and in particular, what the critical exponent of 3 — . is. This is answered
by the following theorem, which establishes that log(gap™) =< (8 — 3.)h + log h for small

B — (.. Moreover, this result also holds for 5 = 3. 4+ o(1), and thus pinpoints the transition
logh

to a polynomial inverse-gap at 3 — 3. < =

Theorem 7. For some ¢g > 0, any b > 2 fired and all B, < B < (. + €9, where 3. =
arctanh(1/v/b) is the critical spin-glass parameter, the following holds: The continuous-time

Glauber dynamics for the Ising model on a b-ary tree with inverse-temperature 3 and free
boundary satisfies

gapfl — h@(l) Zfﬁ — 50 + O(lo;glh) ,
gap ' =exp [0 ((8 — B.)h)] otherwise.

(3.1.1)

Furthermore, both upper bounds hold under any boundary condition T, and (3.1.1) remains
valid if gap~! is replaced by tyx.

In the above theorem and in what follows, the notation f = ©(g) stands for f = O(g)
and g = O(f).
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Finally, our results include new lower bounds on the critical inverse-gap and the total-
variation mixing-time (see Theorem 8). The lower bound on gap~! refutes a conjecture of
8], according to which the continuous-time inverse-gap is linear in h. Our lower bound on
tuix is of independent interest: Although in our setting the ratio between t,;x and gap~! is
at most poly-logarithmic in n, the number of sites, we were able to provide a lower bound
of order logn on this ratio without resorting to eigenfunction analysis.

3.1.1 Background

The thoroughly studied question of whether the free boundary state is pure (or extremal)
in the Ising model on the Bethe lattice can be formulated as follows: Does the effect that
a typical boundary has on the spin at the root vanish as the size of the tree tends to
infinity? It is well-known that one can sample a configuration for the tree according to the
Gibbs distribution with free boundary by propagating spins along the tree (from a site to
its children) with an appropriate bias (see Subsection 3.2.2 for details). Hence, the above
question is equivalent to asking wether the spin at the root can be reconstructed from its
leaves, and as such has applications in Information Theory and Phylogeny (see [36] for further
details).

In sufficiently high temperatures, there is a unique Gibbs state for the Ising model on a
b-ary tree (b > 2), hence in particular the free boundary state is pure. The phase-transition
with respect to the uniqueness of the Gibbs distribution occurs at the inverse-temperature
(. = arctanh(1/b), as established in 1974 by Preston [77].

In [14], the authors studied the critical spin-glass model on the Bethe lattice (see also
[13,15]), i.e., the Ising model with a boundary of i.i.d. uniform spins. Following that work,
it was finally shown in [9] that the phase-transition in the free-boundary extremality has the
same critical inverse-temperature as in the spin-glass model, 3, = arctanh(1/ \/5) That is,
the free-boundary state is pure iff 3 < .. This was later reproved in [45, 46].

The inverse-gap of the Glauber dynamics for the Ising model on a graph G was related
in [8] to the cut-width of the graph, £(G), defined as follows: It is the minimum integer m,
such that for some labeling of the vertices {vy,...,v,} and any k € [n], there are at most
m edges between {vy,..., v} and {vgi1,...,v,}. The authors of [8] proved that for any
bounded degree graph G, the continuous-time gap satisfies gap™! = exp|O(£(G)3)].

Recalling the aforementioned picture of the phase-transition of the gap, this supports the
claim that the cut-width is the correct extension of the surface-area to general graphs. One
can easily verify that for Z¢ (the d-dimensional box of side-length L) the cut-width has the
same order as the surface-area L¢~!, while for a regular tree of height h it is of order h.

Indeed, for the Ising model on a b-ary tree with h levels and free boundary, it was shown
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in [8] that the inverse-gap is O(1) for all 3 < (3., whereas for 8 > (3. it satisfies loggap™' < h
(with constants that depend on b and ). The behavior of the gap at criticality was left
as an open problem: it is proved in [8] that the critical gap™' is at least linear in h and
conjectured that this is tight. A weaker conjecture of [8] states that gap™' = exp(o(h)).

Further results on the dynamics were obtained in [66], showing that the log-Sobolev
constant g (defined in Section 5.1) is uniformly bounded away from zero for 5 < (. in
the free-boundary case, as well as for any 3 under the all-plus boundary condition. While
this implies that gap~' = O(1) in these regimes, it sheds no new light on the behavior
of the parameters gap, as in our setting of the critical Ising model on a regular tree with
free-boundary.

3.1.2 The critical inverse-gap and mixing-time

Theorems 6,7, stated above, establish that on a regular tree of height h, the critical and
near-critical continuous-time gap~! and t,;x are polynomial in k. In particular, this confirms
the conjecture of [8] that the critical inverse-gap is exp(o(h)).

Moreover, our upper bounds hold for any boundary condition, while matching the be-
havior of the free-boundary case: Indeed, in this case the critical inverse-gap is polyno-
mial in h (as [8] showed it is at least linear), and for § — . > 0 small we do have that
log(gap™!) < (8 — (3.)h. For comparison, recall that under the all-plus boundary condition,
[66] showed that gap™' = O(1) at all temperatures.

We next address the conjecture of [8] that the critical inverse-gap is in fact linear in h. The
proof that the critical gap~! has order at least h uses the same argument that gives a tight
lower bound at high temperatures: Applying the Dirichlet form (see Subsection 3.2.4) to the
sum of spins at the leaves as a test-function. Hence, the idea behind the above conjecture
is that the sum of spins at the boundary (that can be thought of as the magnetization)
approximates the second eigenfunction also for § = 3.

The following theorem refutes this conjecture, and en-route also implies that ag = o(1) at
criticality. In addition, this theorem provides a nontrivial lower bound on %,y that separates
it from gap~! (thus far, our bounds in Theorems 6,7 applied to both parameters as one).

Theorem 8. Fizb > 2 and let 3, = arctanh(1/v/b) be the critical inverse-temperature for the
Ising model on the b-ary tree with n vertices. Then the corresponding discrete-time Glauber
dynamics with free boundary satisfies:

gap ' > ¢;n (logn)® | (3.1.2)
tuix > can (log n)3 , (3.1.3)
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for some ci,cy > 0. Furthermore, tyx > cgap ' logn for some ¢ > 0.

Indeed, the above theorem implies that in continuous-time, gap~! has order at least h?
and t,;y has order at-least h3, where h is again the height of the tree. By known facts on the
log-Sobolev constant (see Section 5.1, Corollary 3.2.4), in our setting we have t\;x = O(ag'h),
and it then follows that o, = O(h™2) = o(1).

We note that by related results on the log-Sobolev constant, it follows that in the Ising
model on a regular tree, for any temperature and with any boundary condition we have
tuix = O(gap~'log®n). In light of this, establishing a lower bound of order logn on the
ratio between ty;x and gap~! is quite delicate (e.g., proving such a bound usually involves
constructing a distinguishing statistic via a suitable eigenfunction (Wilson’s method [85])).

3.1.3 Techniques and proof ideas

To prove the main theorem, our general approach is a recursive analysis of the spectral-
gap via an appropriate block-dynamics (roughly put, multiple sites comprising a block are
updated simultaneously in each step of this dynamics; see Subsection 3.2.5 for a formal
definition). This provides an estimate of the spectral-gap of the single-site dynamics in terms
of those of the individual blocks and the block-dynamics chain itself (see [64]). However,
as opposed to most applications of the block-dynamics method, where the blocks are of
relatively small size, in our setting we must partition a tree of height h to subtrees of height
linear in A. This imposes arbitrary boundary conditions on the individual blocks, and highly
complicates the analysis of the block-dynamics chain.

In order to estimate the gap of the block-dynamics chain, we apply the method of Decom-
position of Markov chains, introduced in [48] (for details on this method see Subsection 3.2.6).
Combining this method with a few other ideas (such as establishing contraction and control-
ling the external field in certain chains), the proof of Theorem 6 is reduced into the following
spatial-mixing/reconstruction type problem. Consider the procedure, where we assign the
spins of the boundary given the value at the root of the tree, then reconstruct the root from
the values at the boundary. The key quantity required in our setting is the difference in the
expected outcome of the root, comparing the cases where its initial spin was either positive
or negative.

This quantity was studied by [73] in the free-boundary case, where it was related to
capacity-type parameters of the tree (see [36] for a related result corresponding to the high
temperature regime). Unfortunately, in our case we have an arbitrary boundary condition,
imposed by the block-dynamics. This eliminates the symmetry of the system, which was
a crucial part of the arguments of [73]. The most delicate step in the proof of Theorem 6
is the extension of these results of [73] to any boundary condition. This is achieved by
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carefully tracking down the effect of the boundary on the expected reconstruction result in
each site, combined with correlation inequalities and an analytical study of the corresponding
log-likelihood-ratio function.

The lower bound on the critical inverse-gap reflects the change in the structure of the
dominant eigenfunctions between high and low temperatures. At high temperatures, the
sum of spins on the boundary gives the correct order of the gap. At low temperatures, a
useful lower bound on gap~! was shown in [8] via the recursive-majority function (intuitively,
this reflects the behavior at the root: Although this spin may occasionally flip its value, at
low temperature it constantly tends to revert to its biased state). Our results show that at
criticality, a lower bound improving upon that of [8] is obtained by essentially merging the
above two functions into a weighted sum of spins, where the weight of a spin is determined
by its tree level.

To establish a lower bound on ¢,y of order gap~'h, we consider a certain speed-up version
of the dynamics: a block-dynamics, whose blocks are a mixture of singletons and large
subtrees. The key ingredient here is the Censoring Inequality of Peres and Winkler [75],
that shows that this dynamics indeed mixes as fast as the usual (single-site) one. We then
consider a series of modified versions of this dynamics, and study their mixing with respect
to the total-variation and Hellinger distances. In the end, we arrive at a product chain,
whose components are each the single-site dynamics on a subtree of height linear in h. This
latter chain provides the required lower bound on ¢,;x.

3.1.4 Organization

The rest of this chapter is organized as follows. Section 5.1 contains several preliminary facts
and definitions. In Section 3.3 we prove a spatial-mixing type result on the critical and near-
critical Ising model on a tree with an arbitrary boundary condition. This then serves as one of
the key ingredients in the proof of the main result, Theorem 6, which appears in Section 3.4.
In Section 3.5 we prove Theorem 8, providing the lower bounds for the critical inverse-gap
and mixing-time. Section 3.6 contains the proof of Theorem 7, addressing the near-critical
behavior of gap™! and t,;x. The final section, Section 3.7, is devoted to concluding remarks
and open problems.
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3.2 Preliminaries

3.2.1 Total-variation mixing

Let (X;) be an aperiodic irreducible Markov chain on a finite state space 2, with stationary
distribution 7. For any two distributions ¢, on €, the total-variation distance of ¢ and ¥
is defined as
1
l¢ = Plirv = sup |¢(A) — P(A)] = 5 D lo(z) —v(a)| -
Ach z€eQ

The (worst-case) total-variation mizing-time of (X;), denoted by tyx(g) for 0 < e < 1, is
defined to be

tyre(2) := min {t max [Po(X, € ) = v < 5} ,

where P, denotes the probability given that Xy = z. As it is easy and well known (cf., e.g.,
3, Chapter 4]) that the spectral-gap of (X;) satisfies gap™ < tyux (1/e), it will be convenient
to use the abbreviation

tax i= taix (1/8) .

Analogously, for a continuous-time chain on 2 with heat-kernel H;, we define t,;x as the
minimum ¢ such that max,eq || Hi(z, ) — 7||rv < 1/e.

3.2.2 The Ising model on trees

When the underlying geometry of the Ising model is a tree with free boundary condition,
the Gibbs measure has a natural constructive representation. This appears in the following
well known claim (see, e.g., [36] for more details).

Claim 3.2.1. Consider the Ising model on a tree T rooted at p with free boundary condition
and at the inverse-temperature 3. For alle € E(T), let n. € {£1} be i.i.d. random variables
with P(n. = 1) = (1 + tanh 3)/2. Furthermore, let o(p) be a uniform spin, independent of

{ne}, and for v # p,

o(v) =oa(p) H Ne , where P(p,v) is the simple path from p to v.
e€P(p,v)

Then the distribution of the resulting o is the corresponding Gibbs measure.

In light of the above claim, one is able to sample a configuration according to Gibbs
distribution on a tree with free boundary condition using the following simple scheme: Assign
a uniform spin at the root p, then scan the tree from top to bottom, successively assigning
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each site with a spin according to the value at its parent. More precisely, a vertex is assigned
the same spin as its parent with probability (1 4 tanh 3)/2, and the opposite one otherwise.
Equivalently, a vertex inherits the spin of its parent with probability tanh 3, and otherwise
it receives an independent uniform spin. Finally, for the conditional Gibbs distribution given
a plus spin at the root p, we assign p a plus spin rather than a uniform spin, and carry on
as above.

However, notice that the above does not hold for the Ising model in the presence of a
boundary condition, which may impose a different external influence on different sites.

3.2.3 [L’-capacity

The authors of [73] studied certain spatial mixing properties of the Ising model on trees (with
free or all-plus boundary conditions), and related them to the LP-capacity of the underlying
tree. In Section 3.3, we extend some of the results of [73] to the (highly asymmetric) case
of a tree with an arbitrary boundary condition, and relate a certain “decay of correlation”
property to the L2-capacity of the tree, defined as follows.

Let T be a tree rooted at p, denote its leaves by 0T, and throughout the chapter, write
(u,v) € E(T) for the directed edge between a vertex u and its child v. We further define
dist(u, v) as the length (in edges) of the simple path connecting v and v in T

For each e € E(T), assign the resistance R, > 0 to the edge e. We say that a non-
negative function f : E(T) — R is a flow on T if the following holds for all (u,v) € E(T)
with v & 0T

= Y fow),
(v,w)€E(T)
that is, the incoming flow equals the outgoing flow on each internal vertex v in T'. For any
flow f, define its strength |f| and voltage V(f) by

|f] == Z flp,v), V(f) = sup{ Z fe)R. :w € 3T} ,
(p0)eE(T) e€EP(p,w)

where P(p, w) denotes the simple path from p to w. Given these definitions, we now define
the L2-capacity cap,(T) to be

capy(T) :=sup{|f| : f is a flow with V' (f) <1} .

For results on the L2-capacity of general networks (and more generally, LP-capacities, where
the expression f(e) R, in the above definition of V' (f) is replaced by its (p—1) power), as part
of Discrete Nonlinear Potential Theory, cf., e.g., [68], [81], [82] and the references therein.
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For our proofs, we will use the well-known fact that the L2-capacity of the tree T is
precisely the effective conductance between the root p and the leaves 9T, denoted by Ceg(p <
IT). See, e.g., [63] for further information on electrical networks.

3.2.4 Spectral gap and log-Sobolev constant

Our bound on the mixing time of Glauber dynamics for the Ising model on trees will be
derived from a recursive analysis of the spectral gap of this chain. This analysis uses spatial-
mixing type results (and their relation to the above mentioned L? capacity) as a building
block. We next describe how the mixing-time can be bounded via the spectral-gap in our
setting.

The spectral gap and log-Sobolev constant of a reversible Markov chain with stationary
distribution 7 are given by the following Dirichlet forms (see, e.g., [3, Chapter 3,8]):

_ i EU) 0 —int )
gap = ff Var(f) | ff Bnt(f) (3.2.1)
where
Ef)=(U=P)f, [ = % > @) = f)Pr(x)Pla,y) (32.2)
Ent,(f) = E, (f*log(f*/Ef?)) . (3.2.3)

By bounding the log-Sobolev constant, one may obtain remarkably sharp upper bounds on
the L? mixing-time: cf., e.g., [18-21,79]. The following result of Diaconis and Saloff-Coste
[20, Theorem 3.7] (see also [79, Corollary 2.2.7]) demonstrates this powerful method; its
next formulation for discrete-time appears in [3, Chapter 8|. As we are interested in total-
variation mixing, we write this bound in terms of ¢,,x, though it in fact holds also for the
(larger) L* mixing-time.

Theorem 3.2.2 ([20], [79], reformulated). For any reversible finite Markov chain with sta-
tionary distribution T,

a; ' (loglog(1/7) +4) ,

-

tMIX(l/e) <
where T = min, 7(z).

We can then apply a result of [66], which provides a useful bound on «y in terms of gap
in our setting, and obtain an upper bound on the mixing-time.
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Theorem 3.2.3 ([66, Theorem 5.7]). There exists some ¢ > 0 such that the Ising model on
the b-ary tree with n vertices satisfies as > ¢ - gap/logn.

Note that the proof of the last theorem holds for any 3 and under any boundary condi-
tion. Combining Theorems 3.2.2 and 3.2.3, and noticing that m, > 27" exp(—20n) (as there
are 2" configurations, and the ratio between the maximum and minimum probability of a
configuration is at most exp(20n)), we obtain the following corollary:

Corollary 3.2.4. The Glauber dynamics for the Ising model on a b-ary tree with n vertices
satisfies tyx = O (agtlogn) = O (gap*1 log? n) for any B and any boundary condition.

The above corollary reduces the task of obtaining an upper bound for the mixing-time
into establishing a suitable lower bound on the spectral gap. This will be achieved using a
block dynamics analysis.

3.2.5 From single site dynamics to block dynamics

Consider a cover of V' by a collection of subsets {Bj,..., By}, which we will refer to as
“blocks”. The block dynamics corresponding to By,..., By is the Markov chain, where at
each step a uniformly chosen block is updated according to the stationary distribution given
the rest of the system. That is, the entire set of spins of the chosen block is updated
simultaneously, whereas all other spins remain unchanged. One can verify that the block
dynamics is reversible with respect to the Gibbs distribution pu,,.

Recall that, given a subset of the sites U C V', a boundary condition 1 imposed on U is
the restriction of the sites U¢ = V' \ U to all agree with n throughout the dynamics, i.e., only
sites in U are considered for updates. It will sometimes be useful to consider n € Q (rather
than a configuration of the sites U¢), in which case only its restriction to U¢ is accounted
for.

The following theorem shows the useful connection between the single-site dynamics and
the block dynamics. This theorem appears in [64] in a more general setting, and following
is its reformulation for the special case of Glauber dynamics for the Ising model on a finite
graph with an arbitrary boundary condition. Though the original theorem is stated for the
continuous-time dynamics, its proof naturally extends to the discrete-time case; we provide
its details for completeness.

Proposition 3.2.5 (|64, Proposition 3.4], restated). Consider the discrete time Glauber
dynamics on a b-ary tree with boundary condition 1. Let gap}; be the spectral-gap of the
single-site dynamics on a subset U C V' of the sites, and gap} be the spectral-gap of the
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block dynamics corresponding to By, ..., By, an arbitrary cover of a vertex set W C V. The
following holds:

k 71
gapy, > —— gapy inf inf | B;|gapy, (sup #{i:B;> x}) :
|W| top " \zew
Proof. Let P denote the transition kernel of the above Glauber dynamics. Defining
g := inf inf | B;|gap}, ,
) v

the Dirichlet form (3.2.1) gives that, for any function f,

Combining this with definition (3.2.2) of £(+),

E) = 1 2 m(e) 3 Ve (1) < 7 S (9) X IBIER (1)

pe peN

On the other hand, definition (3.2.2) again implies that

S s () 3 1BIES, (1)

peN

= S )y X S I BIPE (0,09 (0) - £

< 3w #(i: B3 a} Y py(o) 3 WL (0,07 [f(0) — f(o")]
zeW oefd zeW

= |W]| sup #{i: B; > x}&(f) ,

where ¢” is the configuration obtained from o by flipping the spin at x, and we used the fact
that
|Bi|Pg.(0,0") = [W|Py,(0,0") foranyi € [k] and z € B; .

Altogether, we obtain that

EAf) < |km sup #{i: B; > x}&}(f) -

g zcw
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Recalling that the single-site dynamics and the block-dynamics have the same stationary
) B
Varfy, (f)  Varj(f) = =78
(where we again applied inequality (3.2.1)), thus

)k
v,y = e

measure,

-1
sup #{i: B; x}) gapp -
zeW

The proof is now completed by choosing f to be the eigenfunction that corresponds to the
second eigenvalue of Pjj, (achieving gapy), ), with a final application of (3.2.1). [

The above proposition can be applied, as part of the spectral gap analysis, to reduce the
size of the base graph (though with an arbitrary boundary condition), provided that one can
estimate the gap of the corresponding block dynamics chain.

3.2.6 Decomposition of Markov chains

In order to bound the spectral gap of the block dynamics, we require a result of [48], which
analyzes the spectral gap of a Markov chain via its decomposition into a projection chain
and a restriction chain.

Consider an ergodic Markov chain on a finite state space () with transition kernel P :
Q2 x Q — [0, 1] and stationary distribution 7 : Q@ — [0, 1]. We assume that the Markov chain
is time-reversible, that is to say, it satisfies the detailed balance condition

m(x)P(z,y) = 7(y)P(y, z) for all x,y € Q .

Let Q =QoU... U, 1 be a decomposition of the state space into m disjoint sets. Writing

m] :={0,...,m — 1}, we define 7 : [m] — [0,1] as
7(i) = m(Q) = > _ w(x)

and define P : [m] x [m] — [0,1] to be
Plij) ==~ 3 w@)Pla.y).

x€8Q;,y€Q);

The Markov chain on the state space [m] whose transition kernel is P is called the projection
chain, induced by the partition g, ..., €2,,_1. It is easy to verify that, as the original Markov
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chain is reversible with respect to m, the projection chain is reversible with respect to the
stationary distribution 7.
In addition, each €2; induces a restriction chain, whose transition kernel P; : €; x ; —

0, 1] is given by
Pie.y) = {P(sc,w, if 7y,
1=3 congy Pla,2), ifz=y.

Again, the restriction chain inherits its reversibility from the original chain, and has a sta-
tionary measure 7;, which is simply 7 restricted to €);:

mi(z) == m(z)/7(i) forall z € Q; .

In most applications, the projection chain and the different restriction chains are all irre-
ducible, and thus the various stationary distributions 7 and 7, ..., m,_1 are all unique.

The following result provides a lower bound on the spectral gap of the original Markov
chain given its above described decomposition:

Theorem 3.2.6 ([48, Theorem 1]). Let P be the transition kernel of a finite reversible
Markov chain, and let gap denote its spectral gap. Consider the decomposition of the chain

into a projection chain and m restriction chains, and denote their corresponding spectral
gaps by gap and gap,, ...,gap,, ;- Define

gap,,, ‘= mingap, , 7 := maxmax P(z,y) .
1€[m)] i€[m] z€L;
yeO\Q;

Then gap, the spectral gap of the original Markov chain, satisfies:

gap A €3P ' 838Pmin

ap >
8ap = 3 37 + gap

The main part of Section 3.4 will be devoted to the analysis of the projection chain, in
an effort to bound the spectral gap of our block dynamics via the above theorem.

3.3 Spatial mixing of Ising model on trees

In this section, we will establish a spatial-mixing type result for the Ising model on a general
(not necessarily regular) finite tree under an arbitrary boundary condition. This result
(namely, Proposition 3.3.1) will later serve as the main ingredient in the proof of Theorem
6 (see Section 3.4). Throughout this section, let § > 0 be an arbitrary inverse-temperature
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and 0 = tanh (.

We begin with a few notations. Let 1" be a tree rooted at p with a boundary condition
7 € {£1}9T on its leaves, and u™ be the corresponding Gibbs measure.

For any v € T, denote by T, the subtree of T" containing v and its all descendants. In
addition, for any B C A C T and o € {£1}*, denote by op the restriction of o to the sites
of B. We then write p] for the Gibbs measure on the subtree T, given the boundary 7s7, .

Consider 7 C T \ T, a subtree of T that contains the root p, and write T, =T,NnT.
Similar to the above definitions for T', we denote by /¢ the Gibbs measure on T given the
boundary condition £ € {:I:l}aT, and let i be the Gibbs measure on T, given the boundary
faT,,-

The following two measures are the conditional distributions of ] on the boundary of
the subtree 7, given the spin at its root v:

Q. (€) = 15 (003, = Eop, | o(v) = 1) for € € {£1}°7,
Q, (&) = NZ(UaTv = 561% | o(v) = _1) for § € {il}aT .

We can now state the main result of this section, which addresses the problem of recon-
structing the spin at the root of the tree from its boundary.

Proposition 3.3.1. Let T be as above, let 0 < 6§ < % and define

8= [ iftoto) = 1) - [ ilolo) = 1iQ; (6)

Then there exists an absolute constant k > — such that

100
Ao )
k(1 —0)

where the resistances are assigned to be R, ) = §—2dist(ov) - Fyrthermore, this also holds for
any external field h € R on the root p.

To prove the above theorem, we consider the notion of the log-likelihood ratio at a vertex
v with respect to T, given the boundary &,; :

£ 1o fi(o(v) = +1)
» = log (ﬂﬁ(a(v) — _1)) , (3.3.1)
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as well as the following quantity, analogous to A (defined in Proposition 3.3.1):

m, = / 28dQ; — / 25dQ;, . (3.3.2)

As we will later explain, m, > 0 for any v € T', and we seek an upper bound on this quantity.
One of the main results of [73] was such an estimate for the case of free boundary condition,
yet in our setting we have an arbitrary boundary condition (adding a considerable amount
of difficulties to the analysis). The following theorem extends the upper bound on m, to
any boundary; to avoid confusion, we formulate this bound in terms of the same absolute
constant x given in Proposition 3.3.1.

Theorem 3.3. 2 Let T and m, be as above, and let 0 < 0 < %. Then there exists an absolute

constant Kk > 1—00 such that

m CaPQ(T)
P T R(1-0)/4"

where the resistances are assigned to be Ry, .) = g~ 2dist(p,v)

Proof of Theorem 3.3.2

As mentioned above, the novelty (and also the main challenge) in the result stated in The-
orem 3.3.2 is the presence of the arbitrary boundary condition 7, which eliminates most of
the symmetry that one has in the free boundary case. Note that this symmetry was a crucial
ingredient in the proof of [73] for the free boundary case (namely, in that case @ and @,
are naturally symmetric).

In order to tackle this obstacle, we need to track down the precise influence of the
boundary condition 7 on each vertex v € T. We then incorporate this information in the
recursive analysis that appeared (in a slightly different form) in [62]. This enables us to
relate the recursion relation of the m,-s to that of the L2-capacity.

The following quantity captures the above mentioned influence of 7 on a given vertex

vel: (o(0) = 1)
1o polo(v) =
x, = log < (o (0) = >> . (3.3.3)

Notice that z¥ has a similar form to x5 (defined in (3.3.1)), and is essentially the log-likelihood

ratio at v induced by the boundary condition 7. The quantity z§ is then the log-likelihood
ratio that in addition considers the extra constraints imposed by £. Also note that a free
boundary condition corresponds to the case where =} =0 for all v € T'.

To witness the effect of ), consider the probabilities of propagating a spin from a parent
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v to its child w, formally defined by

Pow(l,1) i= pp(o(w) =1]o(v) =1),
Pow(l=1) = py(o(w) = =1 ] o(v) =1) ;

we define p] ,(—1,1) and pJ (=1, —1) analogously. The next simple lemma shows the rela-
tion between x and these probabilities.

Lemma 3.3.3. The following holds for any (v,w) € T':
pz,w(17 1) _p;w<_17 1) = DZJQ )
where Dy, := (cosh 3)?/ (cosh® B + cosh?(z%,/2) — 1).

Proof. Recalling definition (3.3.3) of 7, we can translate the boundary condition 7 into an
external field z} /2 on the vertex w when studying the distribution of its spin. Hence,

o2 B4 /2
T T _ _
PowL) =Phu(-LY) = G 5 — S L o
e — o2

e + 7% 4 26 4 20

h2
= 5 o8 25 tanh 3 ,
cosh” # + cosh”(z},/2) — 1

as required. [ |

Remark 1. In the free boundary case, we have p, ,(1,1) — p,(—1,1) = 6. For a boundary
condition 7, the coefficient 0 < D} < 1 represents the contribution of this boundary to the
propagation probability.

We now turn our attention to m,. As mentioned before, the fact that m, > 0 follows
from its definition (3.3.2). Indeed, the monotonicity of the Ising model implies that the
measure Q;F stochastically dominates the measure @, (with respect to the natural partial
order on the configurations of 8Tv). For instance, it is easy to see this by propagating 1
and —1 spins from the root to the bottom, and applying a monotone coupling on these two
processes. Finally, 2§ is monotone increasing in ¢ (again by the monotonicity of the Ising
model), thus m, > 0.

The first step in establishing the recursion relation of m, (that would lead to the desired
upper bound) would be to relate m, to some quantities associated with its children, as stated
next.
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Lemma 3.3.4. For any v € T\ 9T, we have that

=0 i [ refieie - [ reesaan©) |

w:( vwET

where

cosh(x/2) + 6 sinh(x/Q)) (3.3.4)

f(z) =log (Cosh(g;/Q) — @ sinh(z/2)

Proof. We need the following well-known lemma, that appeared in [62] in a slightly different
form; see also [5] and [73, Lemma 4.1].

Lemma 3.3.5 ([62],[73] (reformulated)). Let f be as in (3.3.4). For allv € T\ 0T and
€ € {£1}97 the following holds: x§ = D (o)t f(2).

According to this lemma, we obtain that

([ s6haqie - [ rasias©) . (335)

(vw YeT

Noting that z%, is actually a function of £ of,,» We get that

/ F(2$)dQ? (€) / FS) A, (L DQEE) + (L ~1)Qa(E) -

and similarly, we have

/ F(25)dQs (¢ / FEE) A (1, DQEE) + P~ 1, ~1)Qu(€) -

Combining these two equalities, we deduce that

/ F(2)dQ; (€) - / F(25)dQ; (€)

= (7 (11) = (L) [ F05)4050) - [ Fa5)a2u(6)
=003, ( [ 1500 - [ ai)aan(c)) (330)

where in the last inequality we applied Lemma 3.3.3. Plugging (3.3.6) into (3.3.5) now
completes the proof of the lemma. [ |

Observe that in the free boundary case, Q;f (§) = Q, (=¢) for any . Unfortunately, the
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presence of the boundary 7 breaks this symmetry, causing the distributions @} and @} to
become skewed. Nevertheless, we can still relate these two distributions through the help of
xy, as formulated by the following lemma.

Lemma 3.3.6. Forv e T, let Q, be the following distribution over {+1}77
Qu(€) = Q1) = w7 (007, = &o7,) -
Then, for all € € {£1}7T, we have
N o
Q16 ~ Qr (€)= 03 (tanh 2 — tanh ) Qu(6) |

where C* = 2 cosh?(z%/2).
Proof. Tt is clear from the definitions of Q;F, @, and @, that

Qu(pg(o(v) =1[€) 1+ tanh(a5/2)

Qi( = LELEW =LY _ et Ao,
L Qu(©pp(o(v) = —1]€) 1 - tanh(a$/2)
GO e =) 1 tanh(a2) @

Hence, a straightforward calculation gives that

e 2( tanh(25/2) — tanh(z}/2)
@8 = @O = T an (s 2)) (1 - e 2@
= 2 cosh? ( > (tanh —Y _tanh ?”)Qv(ﬁ) ,
as required. u

The following technical lemma will allow us to combine Lemmas 3.3.4, 3.3.6 and obtain
an upper bound on m, in terms of {m,, : (v,w) € T'}. Note that the constant x mentioned
next is in fact the absolute constant « in the statement of Theorem 3.3.2.

Lemma 3.3.7. Let f be defined as in (3.3.4) for some 0 < 0 < 3. Then

[f(x) = fW)l < 2f(lz —yl/2) for any z,y € R, (3.3.7)

and there exists a universal constant Kk > 100 such that for any two constants Cy,Cy > 1 with
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Cy>1+ (3C1 —1) (1 —62) and any 6 > 0 we have
F(0) (14 4k(1 — 0)C10 tanh(d/2)) < C204 . (3.3.8)
Proof. We first show (3.3.7). Put 0 = |z — y|, and define
h(d) =sup | f(t+0) = f(1)] -

We claim that
h(6) = f(6/2) — f(=6/2) = 2f(6/2) . (3.3.9)

The second equality follows from the fact that f(z) is an odd function. To establish the first
equality, a straightforward calculation gives that

0
1+ (1 —6?)sinh®(z/2)

f'(x) =

and it follows that f’(x) is an even non-negative function which is decreasing in z > 0. The
following simple claim therefore immediately implies (3.3.9):

Claim 3.3.8. Let g(t) > 0 be an even function that is decreasing int > 0. Then G(t) =
f(f g(x)dx has G(t +0) — G(t) < 2G(6/2) for any t and § > 0.

Proof. Fix 6 > 0 and define F(t) as follows:
Ft)=G(t+6)—G(t) .
We therefore have F'(t) = g(t + J) — g(t). Noticing that

t+6 >t ift>-32
|t +0] < |t| otherwise

the assumption on g now gives that F’(¢t) < 0 while ¢ > —$¢ and otherwise F'(t) > 0.
Altogether, we deduce that

P < F(=4) = G() - 6(-§) = 26(8).
as required. -

It remains to show that (3.3.8) holds for some x = k(6y) > 0. Clearly, it suffices to
establish this statement for Cy = [1 + (%C’l — 1) (1-— 92)} V1 and any C7 > 1. Rearranging
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(3.3.8), we are interested in a lower bound on

| [(1+ (G- a-e)vi]e— )
<0, ,tlgg,clzl 4Cy (1 — 0)t f(t) tanh(%)

(3.3.10)

First, consider the case 1 < C; < 2. We then have (5, = 1, and the expression being
minimized in (3.3.10) takes the form:

0t — f(t) - ot — f(t)
A4C (1 — 0)tf(t) tanh(5) = 8(1 — O)tf(t) tanh(%)

=1I(t,0) ,

where the inequality is by our assumption that C; < 2. We therefore have that infy<g,  +~0'(¢,0)
minimizes (3.3.10) for C; < 2, and will next show that this is also the case for C; > 2 under
a certain condition. Indeed, letting

(14 (S —1)(1—6%] 0t — f(¢)

9069, ) = A0y tanb(12)

it is easy to verify that the following holds:

dg f(t) — 63t
9Cy  AC*(1—0)tf(t)tanh(%) ’

hence ¢ is increasing in C; for every 6,t such that f(t) > 63t. Therefore,
g(t,0,C1) > g(t,0,2) =T(t,0) for all t,6 such that f(t) > 63t .

Before analyzing I'(¢,0), we will treat the values of 6,t such that f(t) < 63t. Assume that
the case, and notice that the numerator of g then satisfies

1+ (% 1) (1—6%)] 6t - £t
> [1+ (%4) (1_92)—92] et:eu—e?)t% ,

and thereby the dependency on ] vanishes:

0(1 — 02)t/2 _ 0(1+90)
g(t,0,Ch) > 4(1 — 0)tf(t)tanh(t/2)  8f(t)tanh(t/2)

Since both tanh(t/2) and f(¢) are monotone increasing in ¢ and are bounded from above by
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1 and log (1£) respectively, we get

1 -6 1
6a+9) 60+0) 1-60° 1 (3.3.11)

t,0,C -
4 1)_810g( Loy = g2 16~ 40

where the second inequality is by the fact that log(1 + x) < z for any z > 0, and the last
inequality follows by the assumption 6 < % )

It thus remains to establish a uniform lower bound on I'(¢,#). In what follows, our choice
of constants was a compromise between simplicity and the quality of the lower bound, and
we note that one can easily choose constants that are slightly more optimal.

Assume first that 6 > 6, > 0 for some 6, to be defined later. Notice that

tanh2Z+1 (t/2) o
—9 21
e bt =25 2,

and so f (t,0) is strictly increasing in 6 for any ¢ > 0. Since

ot — 11
I'(t,0) =
(t,6) 8(1 —0)tf(t)tanh(3)
ot — f(1) _ — ()
~ 8(1 —bo)tf(t) tanh(3)  8(1 — o)t f(t) tanh()
we have that I' is monotone decreasing in ¢ for any such ¢, and therefore I'(¢,0) > 8(1£90)1~“(t),
where I is defined as follows:
~ ot — f(t,0
L'(t) := /(t.9) with respect to 6 = 3 . (3.3.12)

tf(t,0) tanh(L)

Recall that the Taylor expansion of f(¢,6) around 0 is 6t — 9(1 '9

verify that for § = g this function satisfies

L3 + O(t%). Tt is casy to

1)’

f(t,0) <ot — for § =2 and any 0 <t <3 .

Adding the fact that tanh(z) < z for all z > 0, we immediately obtain that

I~“>ﬂ—9—2>i forall0 <t <3
~20t(0t)(¢/2) 10 T 20 -
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On the other hand, for ¢ > 3 we can use the uniform upper bounds of 1 and log(%—fz) for
tanh(¢/2) and f(t) respectively, and gain that

~ 9t — 10 1+0 1 1
I'> g13199)_ 91+9 —=>— forallt>3.
tlog(1%5) log(:55) ¢t~ 20

Altogether, as I' > mf‘, we can conclude that T' > [160(1 — 6)] .

Note that the trivial choice of #y = 0 already provides a uniform lower bound of -

160
for I' (and hence also for k, as the lower bound in (3.3.11) is only larger). However, this

bound can be improved by choosing another 6y and treating the case 0 < 6 < 6, separately.
To demonstrate this, take for instance 6, = % Since the above analysis gave that I" > %
whenever 6 < %, it follows that

! = i for all

r>—— M —— Lop<3.
~ 160(1 —6y) 80 C

For 6 < 0, we essentially repeat this analysis of I, only this time the respective value of 0
(that is, the maximum value it can attain) is % One can thus verify that in that case,

0t)3
f(t,@)g@t—<6) for@z%andany0<t§2.7,

and the above argument then shows that

f>92— L forallo<t<27
25 =1 or a <27.
On the other hand,
~ 0 1 1
> —p— -2 foralt>27,
log(1%5) t 12
thus for § = % we have I' > % for all ¢ > 0. This converts into the lower bound I" > %, thus
completing the proof with a final value of kK = i. [ |

Remark 2. Note that the only places where we used the fact that 6 < % are the lower bound
on g(t,0,C4) in (3.3.11) and the analysis of I, as defined in (3.3.12). In both cases, we
actually only need to have 6 < 0, for some constant #; < 1, whose precise value might affect
the final value of k.

Using the above lemma, we are now ready to obtain the final ingredient required for the
proof of the recursion relation of m,, as incorporated in Lemma 3.3.9. This lemma provides
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a recursive bound on a quantity that resembles m,,, where instead of integrating over z%, we
integrate over f(x).

Lemma 3.3.9. Let f and D7 be as in (3.3.4) and Lemma 3.3.3 respectively. There exists a

universal constant k > m so that for K = }1(1 — 0)k we have

/f(%’i)cl@+ /f )dQ, ( D*(1+vav) '

Proof. Clearly,

[ raaqi) - [ rahaay

/U%)f(»@ﬂ@|ﬂﬂ@—ﬂﬁW%@%
Applying Lemma 3.3.6, we then obtain that
[ rataaie - [ rehio;©

=t [0 - 1) (% — tonn )a0,(9).

and similarly,
6
m, = C; /(.75é )(tanh— — tanh - )dQU(&') :
2
Let

F(z) = (f(z) — f(zy)) (tanh(z/2) — tanh(z;/2)) |
G(z) = (z — x}) (tanh(z/2) — tanh(x}/2)) ,

and define A to be the probability measure on R as:

A(z) = Q, ({§ a8 = x}) )

According to this definition, we have

[ Fafdaue = [Faan . ad [ @i = [Gwia,



74

and thus, by the above arguments,

/ Fa)dQi(€) ~ [ fa$)day (€)= ¢; [ Flaan.

C*/G( )dA . (3.3.13)

Furthermore, notice that by (3.3.7) and the fact that f is odd and increasing for x > 0,

*

_x;k))(tanhg—tanh%) .
JEGLHE /f Q3

<20 / f( ) (tanh— ~ tanh )dA (3.3.14)

In our next argument, we will estimate [ G(z)dA and [ G(x)dA according to the behavior
of F' and G about z;. Assume that z; > 0, and note that, although the case of 2} < 0 can be
treated similarly, we claim that this assumption does not lose generality. Indeed, if ) < 0,

F(z) < 2f<x

and so

one can consider the boundary condition of 7/ = —7, which would give the following by
symmetry:
Therefore, as f(-) and tanh(-) are both odd functions, we have that [ F(z)dA and [ G(z)dA

will not change under the modified boundary condition, and yet z¥" > 0 as required.
Define
I = (—o0,zf] , I":=]x} 00).

First, consider the case where for either I = I or I = I~ we have

[, F(x)dA > 3 [ F(z)dA
{ [ G(x)dA > 5 [ F(x)dA (3.3.15)

In this case, the following holds

< / F(x)dA) ( / G(x)dA) <4 ( /I F(a:)dA) ( /[ G(x)dA)

4 / F(2)G(2)dA < 4 / F(2)G()dA |

IN
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where in the second line we applied the FKG-inequality, using the fact that both F' and G
are decreasing in I~ and increasing in ™. The last inequality followed from the fact that F
and G are always non-negative. Note that

*

/F(x)G(x)dA _ / (£() — F(a2)) oz — ) (samh & — tamh %)2% |

and recall that Claim 3.3.8 applied onto tanh(z) (which indeed has an even non-negative
derivative cosh™?(x) that is decreasing in 2 > 0) gives

tanhg — tanh% < 2tanh (%) for any x > vy .

Noticing that each of the factors comprising F'(x)G(z) has the same sign as that of (z —z7),
and combining this with (3.3.7), it thus follows that

([ rirs) ([ o) |

< 16/f<$ _ij)) (x — ) (tanhg — tanh %) tanh (x — xZ)dA . (3.3.16)

4

Second, consider the case where for I and I~ as above, we have

{ Jie F(x)dA > % [ F(z)dA

[,- G(z)dA > L [ G(z)dA . (3:3.17)

The following definitions of F' and G thus capture a significant contribution of F and G to
J FdA and [ GdA respectively:

F(S) a F(w;’j + 8) or any s
{ G(s) == G(z7 — s) for any s 2 0, (3.3.18)

By further defining the probability measure A on [0,00) to be

A(s) == A(zF — 5)1(sz0y + A(x), +5) for any s >0, (3.3.19)
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we obtain that
/F(:v)dA < 2/1+ F(z)dA < 2/000 F(x)dA ,
/G(m)dA < 2/_ G(z)dA < 2/000 G(x)dA .

With both £ and G being monotone increasing on [0, 00), applying the FKG-inequality with
respect to A now gives

( / F(:c)dA) ( / G(:c)dA) <4 /0 " B(@)C(x)dA

= 4/00 (f(zy +s)— f(z)) (tanh x:; ® _ tanh %:)
0

xh—s T\ %
- (—s) [ tanh =2 — tanh =2 ) dA .
2 2
Returning to the measure A, the last expression takes the form

1 )= sy (ann g - v )

N tanhﬁ—tanh2x”_x dA
(v ) (tonh % :

4 [ (e -0 - 1) (tanh 220 o 5)

(x —xf tanhz—tanhﬂ dA .
v 2 2

We now apply (3.3.7) and Claim 3.3.8 (while leaving the term (tanh § — tanh %”) unchanged
in both integrals) to obtain that

([ roar) ([ otar)

* *

< 16/f<x _2:6”> (tanhg — tanh %) (x — z) tanh (%)dA :

That is, we have obtained the same bound as in (3.3.16).
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It remains to deal with the third case where for I*T and I~ as above,

i~ F(x)dA > 1 [ F(x)dA
{ [+ G(z)dA > 1 [ G(z)dA . (3.3.20)

In this case, we modify the definition (3.3.18) of F' and G appropriately:
for any s > 0 ,

and let A remain the same, as given in (3.3.19). It then follows that

/F(x)d/\ < 2/_ F(x)dA < 2/000 F(x)dA ,

/G(a:)dA <2 [ Gaan < 2/00 G(a)dA |

with ' and G monotone increasing on [0,00). By the FKG-inequality,

< / F(a:)dA) ( / G(x)dA) <4 /O " F@)G(x)dh

— 4/0"0 (f(xl—s)— f(a))) (tanh x:jz— s - %;)

*

s <tanh x; ° _ tanh ‘%) dA . (3.3.21)

As before, we now switch back to A and infer from (3.3.7) and Claim 3.3.8 that

([ riran) ([ o)

< 16/f<x_2x”> <tanhg —tanh%) (x — z;) tanh (x;x”)dA :

that is, (3.3.16) holds for each of the 3 possible cases (3.3.15), (3.3.17) and (3.3.20).




78

Altogether, this implies that

([ rhai© - [ rehaoi©)m
= cor ([ roan) ([ com)

*

< 160;‘2/f<x_2x”> <tanhg—tanh%:> (x — 2%) tanh (””fz)dA.

Therefore, recalling (3.3.14) and choosing K = (1 — 6)x, where  is as given in Lemma
3.3.7, we have

([ #69iQi© - [ rf)aa,©)a + Km,)

<20; [ 1(*

<tanh L _tanh >dA

1+4k(1 — 9)0* — tanh = — Ty
)] 2 )

C’

<2C; /(1/D;)0 21: <tanh— — tanh —* )dA G(z)dA .

2

where the inequality in the last line is by Lemma 3.3.7 for 6 = |z — 2}|/2 (the case z < z
follows once again from the fact that f is odd) and a choice of Oy = C* = 2 cosh®(z*/2) > 2
and Cy = (1/D}) (recall that, by definition, 1/D}; = 1+ (3C; — 1)(1 — 6?) > 1, satisfying
the requirements of the lemma). Therefore, (3.3.13) now implies that

[ 1901 - [ 5a)a@i(6) < G

as required. [

Combining Lemmas 3.3.4 and 3.3.9, we deduce that there exists a universal constant

k > 0 such that 5
My
v < . 3.3.22
™S D T T = (3:3.22)
w:(v,w)eT

The proof will now follow from a theorem of [73], that links a function on the vertices of a
tree T with its L?-capacity according to certain resistances.

Theorem 3.3.10 ([73, Theorem 3.2] (reformulated)). Let T' be a finite tree, and suppose
that there exists some K > 0 and positive constants {a, : v € T} such that for every v € T
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and x > 0,
go(z) < avx/(l + Kx) .

Then any solution to the system x, = 3, e Juw(Tw) satisfies
xp S Cap2<T>/K )

where the resistances are given by R, = H(x,y)e’P(p,v) ay_l, with P(p,v) denoting the simple
path between p and v.

Together with inequality (3.3.22), the above theorem immediately gives

A

_cany(T)
P = h(1—6)/4”

completing the proof of Theorem 3.3.2. [

Proof of Proposition 3.3.1

In order to obtain the required result from Theorem 3.3.2, recall the definition of z§ for
v € T, according to which we can write

i(o(p) = 1) = (1 + tanh(a5/2 + h)) /2,

where h is the mentioned external field at the root p. By monotone coupling, we can
construct a probability measure @), on the space {(&,&’) : £ > £’} such that the two marginal
distributions correspond to Q:; and () respectively. It therefore follows that

A= / (i (p) = 1)~ i€ (0(p) = 1)) Q.

_ 1 / <tanh(xf)/2 +h) — tanh(xf)//2 + h)>dQc

2

1 [ a8 —ad 1 cap,(T)
<= | LPaQ.=Sm, < —2
—2/ - MW= gme S )

where the last inequality follows from Theorem 3.3.2 using the same value of x > 1—(1)0. This

completes the proof. [ |
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3.4 Upper bound on the inverse-gap and mixing time

This section is devoted to the proof of the main theorem, Theorem 6, from which it follows
that the mixing time of the continuous-time Glauber dynamics for the Ising model on a b-ary
tree (with any boundary condition) is poly-logarithmic in the tree size.

Recalling the log-Sobolev results described in Section 5.1, it suffices to show an upper
bound of O(nlog™ n) on inverse-gap of the discrete-time chain (equivalently, a lower bound

M+2 ) for the L? mixing-time

on its gap), which would then imply an upper bound of O(n log
(and hence also for the total-variation mixing-time).

The proof comprises several elements, and notably, uses a block dynamics in order to
obtain the required upper bound inductively. Namely, we partition a tree on n vertices to
blocks of size roughly n'=* each, for some small a > 0, and use an induction hypothesis that
treats the worst case boundary condition. The main effort is then to establish a lower bound
on the spectral-gap of the block dynamics (as opposed to each of its individual blocks). This
is achieved by Theorem 3.4.1 (stated later), whose proof hinges on the spatial-mixing result
of Section 3.3, combined with the Markov chain decomposition method.

Throughout this section, let b > 2 be fixed, denote by (3, = arctanh(1/v/b) the critical

inverse-temperature and let 6 = tanh (..

3.4.1 Block dynamics for the tree

In what follows, we describe our choice of blocks for the above mentioned block dynamics.
Let h denote the height of our b-ary tree (that is, there are b leaves in the tree), and define

(:=ah , r:=h—-1{, (3.4.1)

where 0 < a < § is some (small) constant to be selected later.

For any v € T, let B(v, k) be the subtree of height k — 1 rooted at v, that is, B(v, k)
consists of k levels (except when v is less than k levels away from the bottom of 7'). We
further let Hj denote the k-th level of the tree T, that according to this notation contains
b* vertices.

Next, define the set of blocks B as:

B:={B(v,r) : ve H/U{p}} for ¢,r as above. (3.4.2)

That is, each block is a b-ary tree with r levels, where one of these blocks is rooted at p, and
will be referred to as the distinguished block, whereas the others are rooted at the vertices of
H,.
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Figure 3.1: Block dynamics for the Ising model on the tree: illustration shows the distin-
guished block B(p,r) as well as a representative block of the form B(v,r) for v € H,.

The following theorem establishes a lower bound on the spectral gap of the above-specified
block dynamics (with blocks B).

Theorem 3.4.1. Consider the Ising model on the b-ary tree at the critical inverse-temperature
Be and with an arbitrary boundary 7. Let gapy be the spectral gap of the corresponding block
dynamics with blocks B as in (3.4.2). The following then holds:

1 «
T > - 1 _
85 = 4t 1 1) < k(1 —0)(1— 2a)> ’
where k > 0 is the absolute constant given in Theorem 3.3.2.

Given the above theorem, we can now derive a proof for the main result.

3.4.2 Proof of Theorem 6
By definition, as b > 2, we have that

1 1
0 =tanh ., = — < —,

Vb T V2

hence we can readily choose an absolute constant 0 < a < 1 such that

e(a) = §<1_ n(l—@il—Qa)) >0
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Let ny, = Z?;é b be the number of vertices in a b-ary tree of height h excluding its leaves,
and let gapj, be the spectral gap of the (single-site) discrete-time Glauber dynamics for the
Ising model on a b-ary tree of height A and boundary 7 (in the special case of a free boundary
condition, ny, should instead include the leaves). Further define

— 1 T
gn = Ty Min gapy, .

Recalling the definition of B according to the above choice of «, we have that each of its
blocks is a tree of height r = (1 — «)h, and that

sup#{Be€eB : r€ B} =2,
veT
as each of the vertices in levels ¢, +1, ..., r is covered precisely twice in B, while every other
vertex is covered precisely once.
Hence, by Proposition 3.2.5 and Theorem 3.4.1, it now follows that for any h > 1/«
(such that our choices of ¢, 7 in (3.4.1) are both non-zero) we have

9n = (4(b41+ 1) (1 TRl 9)051 - 204)))9’“ ' % = cla)ga-an

Having established the induction step, we now observe that, as « is constant, clearly g, > ¢
holds for any k& < 1/« and some fixed ¢ = ¢(«) > 0. Hence,

gn > ¢ (c(a)) =0 = g 1oslm ) es(3)

Y

that is, there exists an absolute constant M (affected by our choice of the absolute constants
K,a) so that the inverse-gap of the continuous-time dynamics with an arbitrary boundary
condition 7 is at most g, ' = O(hM), as required. [

3.4.3 Proof of Theorem 3.4.1

In order to obtain the desired lower bound on the spectral gap of the block dynamics, we
will apply the method of decomposition of Markov chains, described in Subsection 3.2.6. To
this end, we will partition our configuration according to the spins of the subset

S:=B(p,l—1).
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Note that S is strictly contained in the distinguished block B(p,r), and does not intersect
any other B € B. For n € {1}, denote the set of configurations which agree with 1 by

Q, ={ceQ:0s=n}.

Following the definitions in Subsection 3.2.6, we can now naturally decompose the block
dynamics into a projection chain P on {#+1}% and restriction chains P, on , for each
n € {+1}°. With Theorem 3.2.6 in mind, we now need to provide suitable lower bounds on
gap” and gap,, the respective spectral gaps of P and P, given the boundary condition 7.

We begin with the lower bound on the restriction chain gapy, formulated in the next
lemma.

Lemma 3.4.2. For any boundary T and n € {£1}°, the spectral gap of the restriction chain
P, on the space Q, satisfies gap; > 1/(b" + 1).

Proof. Recall that the restriction chain P, moves from ¢ € Q, to ¢’ € Q, (that is, o and
o’ both agree with n on S) according to the original law of the chain, and remains at o
instead of moving to any o’ ¢ Q,. By definition of our block dynamics, this means that with
probability b°/(b* + 1) we apply a transition kernel @, that selects one of the blocks rooted
at H, to be updated according to its usual law (since S and all of these blocks are pairwise
disjoint). On the other hand, with probability 1/(b°+1), we apply a transition kernel Q5 that
updates the distinguished block, yet only allows updates that keep S unchanged (otherwise,
the chain remains in place).

We next claim that the update of the distinguished block can only increase the value of
gap,. To see this, consider the chain P,;, in which the distinguished block is never updated;
that is, ()5 described above is replaced by the identity. Clearly, since each of the vertices of
T\ S appears in (precisely) one of the non-distinguished blocks, the stationary distribution
of P/ is again i), the Gibbs distribution with boundary conditions 1 and 7. Therefore,
recalling the Dirichlet form (3.2.2), for any f we clearly have

Er(f) =5 D [F(@) = F)I "(x) Py(x.y)
z,y€Qy
f% . @) = FWP (@) Py, y) = Ep,(f)

and thus, by the spectral gap bound in terms of the Dirichlet form (3.2.1),

gap(P,) > gap(F)) . (3.4.3)
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It remains to analyze the chain Pg, which is in fact a product chain, and as such its eigenvalues
can be directly expressed in terms of the eigenvalues of its component chains. This well known
fact is stated in the following straightforward claim (cf., e.g., [3, Chapter 4] and [54, Lemma
12.11}); we include its proof for completeness.

Claim 3.4.3. For j € [d], let P; be a transition kernel on §); with eigenvalues A;. Let v be
a probability distribution on [d], and define P', the transition matriz of the product chain of
the Pj-s on Q' = Qy x Qy x -+ x Qq, by

P'((z1, . 2a), (15 92) = > v P 5) [ Liomwy -

j=1 i
Then P' has eigenvalues {Z?Zl v(j)Aj i A\ € Aj} (with multiplicities).

Proof. Clearly, by induction it suffices to prove the lemma for d = 2. In this case, it is easy
to verify that the transition kernel P can be written as

P=v(1)(P®Ig,)+v2)(ln @),

where ® denotes the matrix tensor-product. Thus, by tensor arithmetic, for any u, v, eigen-
vectors of Py, P, with corresponding eigenvalues A1, Ao respectively, (v ® v) is an eigenvector
of P with a corresponding eigenvalue of v(1)\; + v(2) Ay, as required. [

In our setting, first notice that @) itself is a product chain, whose components are the
b’ chains, uniformly selected, updating each of the non-distinguished blocks. By definition,
a single block-update replaces the contents of the block with a sample according to the
stationary distribution conditioned on its boundary. Therefore, each of the above mentioned
component chains has a single eigenvalue of 1 whereas all its other eigenvalues are 0.

It thus follows that P, (a lazy version of Q) is another product chain, giving )1 proba-
bility b*/(b* 4+ 1) and the identity chain probability 1/(b*+ 1). By Claim 3.4.3, we conclude
that the possible eigenvalues of P are precisely

1 1 "
{b€_|_1 T b€+12j:1>‘j VRS {0,1}} )

In particular, gap(P)) = 1/(b*+ 1), and (3.4.3) now completes the proof. |

It remains to provide a bound on gap”, the spectral gap of the projection chain in the
decomposition of the block dynamics according to S. This is the main part of our proof of
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the lower bound for the spectral gap of the block dynamics, on which the entire proof of
Theorem 6 hinges. To obtain this bound, we relate the projection chain to the spatial-mixing
properties of the critical Ising model on the tree under various boundary conditions, studied
in Section 3.3.

Lemma 3.4.4. For any boundary T, the spectral gap of the projection chain P on the space
{£1}7 satisfies

1 a
s> (1
8P = hiq ( n(l—é’)(l—Qa)) ’
where k > 0 s the absolute constant given in Proposition 3.3.1.

We prove this lemma by establishing a certain contraction property of the projection
chain P. Recall that P(n,7'), for n,n’ € {£1}°, is the probability that completing 7 into a
state o according to the stationary distribution (with boundary n and 7) and then applying
the block dynamics transition, gives some o’ that agrees with ' on S.

Let S* = H,_; denote the bottom level of S, and notice that in the above definition
of the transition kernel of P, the value of the spins in S\ S* do not affect the transition
probabilities. Therefore, the projection of the chain P onto S* is itself a Markov chain, which
we denote by P*. In fact, we claim that the eigenvalues of P and those of P* are precisely
the same (with the exception of additional O-eigenvalues in P). To see this, first notice that
the eigenfunctions of P* can be naturally extended into eigenfunctions of P with the same
eigenvalues (as P* is a projection of P). Furthermore, whenever 1, # 1, € S agree on S*,
they have the same transition probabilities to any 1’ € S, thus contributing a 0-eigenvalue
to P. It is then easy to see that all other eigenvalues of P (beyond those that originated
from P*) must be 0. Altogether,

gap(P*) = gap(P) (=gap”), (3.4.4)

and it remains to give a lower bound for gap(P*). The next lemma shows that P* is
contracting with respect to Hamming distance on {41}°".

Lemma 3.4.5. Let X; and Y be instances of the chain P*, starting from ¢ and 1) respec-
tively. Then there exists a coupling such that
bt 1 1+ (b—1)¢

E, ,dist(X],Y]) < : dist :
R 1S( 1> 1)—(bg+1+bg+1 bH(l—Q)(T—E)) 18 (Qoﬂvb)

Proof. Clearly, if ¢ = 1 the lemma trivially holds via the identity coupling. In order to
understand the setting when ¢ # 1, recall the definition of the chain P*, which has the
following two possible types of moves E; and FEs:
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1. With probability 1 — ﬁ, the block dynamics updates one of the non-distinguished
blocks: denote this event by FE;. Since this operation does not affect the value of the
spins in the subset S (and in particular, in S*), the projection chain P remains in place

in this case (and so does P*).

2. With probability ﬁ, the distinguished block is being updated: denote this event
by Fs. By the discussion above, this is equivalent to the following. Let 1 denote the
current state of the chain P*. First, T'\ S is assigned values according to the stationary
distribution with boundary 7 and 7. Then, the distinguished block B(p, ) is updated
given all other spins in the tree, and the resulting value of S (and hence also of S*) is
determined by the new state of the projection chain.

By the triangle inequality, it suffices to consider the case of dist(¢, ) = 1. Suppose therefore
that ¢ and v agree everywhere on S* except at some vertex o, and that without loss of
generality,

o) =1, (o) =—1.

Crucially, the above mentioned procedure for the event FE, is precisely captured by the
spatial-mixing properties that were studied in Section 3.3. Namely, a spin of some site
v € S* is propagated down the tree T, (with boundary condition 7), and then the new value
of S* is reconstructed from level r + 1, the external boundary of B(p,r). We construct a
monotone coupling that will accomplish the required contraction property.

First, when propagating the sites v € S* with v # o, we use the identity coupling (recall
that ¢(v) = 1 (v) for all v # p). Second, consider the process that the spin at ¢ undergoes.
For ¢, a positive spin is propagated to T, (with boundary condition 7) and then reconstructed
from level 7 + 1 in the tree 7' (which corresponds to level  — ¢ + 1 in the subtree T,), with
an additional boundary condition from 7"\ 7T}, that translates into some external field. For
1, a negative spin is propagated analogously, and notice that in its reconstruction, the exact
same external field applies (as 7'\ T, was guaranteed to be the same for ¢ and ).

Therefore, applying Proposition 3.3.1 on the tree T, with respect to the subtree T =
B(o,m — + 1), we can deduce that

B,y (Xf(@) — Y (o) | E2) < Capzﬁ((gl’ T__gf +1) , (3.4.5)

where k > ﬁ, and the resistances are assigned as

R(u,v) _ (tanh Bc)—2dist(g,v) ]

We now turn to estimating the L?-capacity, which is equivalent to the effective conductance
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between ¢ and 0B(p,r—¢+1). This will follow from the well-known Nash-Williams Criterion
(cf., e.g., [63]). Here and in what follows, Reg := 1/Ce denotes the effective resistance.

Lemma 3.4.6 (Nash-Williams Criterion [72]). If {II;}7_, is a sequence of pairwise disjoint
cutsets in a network G that separate a vertex v from some set A, then

Reg(v < A) > Z(Z Ri)—l :

In our case, G is the b-ary tree B(p,r — ¢ + 1), and it is natural to select its different
levels as the cutsets II;. It then follows that

r—0+1
Reg(0 < 0B(o,r —L+1)) = > (0"6*) " =r—(+1, (3.4.6)

k=1

where we used the fact that tanh 8. = # = 1/v/b. It therefore follows that

1
B —0+1)) <
capy (Blo,r — (1)) €
which, together with (3.4.5), implies that
_ _ 1
Eqo(Xi(0) - Vi(0) | B2) < . 4,
pstp 1(Q> 1 (Q) ‘ 2) = Ii(l —_ 9)(7’ — g) (3 7)

Unfortunately, asides from controlling the probability that the spin at g will coalesce in ¢
and 1, we must also consider the probability that o would remain different, and that this
difference might be propagated to other vertices in S* (as part of the update of B(p,7)). As-
sume therefore that the we updated the spin at ¢ and indeed X} (o) # Y;*(0), and next move
on to updating the remaining vertices of S*. Since our propagation processes corresponding
to X* and Y* gave every vertex in T\ T, the same spin, it follows that each vertex v € S*,
v # 0, has the same external field in X* and Y*, with the exception of the effect of the spin
at o.

We may therefore apply the next lemma of [8], which guarantees that we can ignore
this mentioned common external field when bounding the probability of propagating the
difference in p.

Lemma 3.4.7 ([8, Lemma 4.1)). Let T be a finite tree and let v # w be vertices in T. Let
{J. >0:e€ E(T)} be the interactions on T, and let {H(u) € R:u € V(T)} be an external
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field on the vertices of T. We consider the following conditional Gibbs measures:

T the Gibbs measure with external field H conditioned on o(v) = 1.

pf : the Gibbs measure with external field H conditioned on o(v) = —1.

Then " (a(w)) — p=(o(w)) achieves its mazimum at H = 0.

In light of the discussion above, Lemma 3.4.7 gives that

<E,, <XT(Q) _ )71*(9) | E2> (1 + Ezi b_lek02k>
k=1

_LE(b- Db 14 (b
~ k(=0 -0  bk(1—-0)(r—10)

where in the first inequality we used the propagation property of the Ising model on the tree
(Claim 3.2.1), and in the second one we used the fact that # = tanh(8.) = 1/v/b, as well as
the estimate in (3.4.7).

We conclude that there exists a monotone coupling of X; and Y;* with

1+ (b—1)¢
E2> = be(1—0)(r—10)°

B (dist (X}, 77)

which then directly gives that

o bt 1 1+(b_1>€
E, ., (dist(X;,Y])) < '
Wl,( ls( 15 1))—b£+1+b4—|—1 55(1—6)(7“—5)’

as required. [

The above contraction property will now readily infer the required bound for the spectral
gap of P* (and hence also for gap”).

Proof of Lemma 3.4.4. The following lemma of Chen [17] relates the contraction of the
chain with its spectral gap:

Lemma 3.4.8 ([17]). Let P be a transition kernel for a Markov chain on a metric space €Q.
Suppose there exists a constant v such that for each x,y € 2, there is a coupling (X1,Y1) of
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P(z,-) and P(y,-) satisfying
E, ,(dist(X1,Y7)) < cdist(z,y) . (3.4.8)

Then the spectral gap of P satisfies gap > 1 — ¢.
By Lemma 4.2.8, the requirement (3.4.8) is satisfied with

0 L1 1+ (b—1)¢
UL TV (=0 —0)

and hence

. 1 14 (b—1)¢
gap(P)Zl_L_b@_i_l(l_b/g(l—e)(?”—g))

1 Qo
S| (1 k(1-0)(1 - 2a)> ’ (3:4.9)

where in the last inequality we increased 1+ (b — 1)¢ into b¢ to simplify the final expression.
This lower bound on gap(P*) translates via (3.4.4) into the desired lower bound on the
spectral gap of the projection chain, gap”. [ |

We are now ready to provide a lower bound on the spectral gap of the block dynamics,
gapp, and thereby conclude the proof of Theorem 3.4.1. By applying Theorem 3.2.6 to our
decomposition of the block dynamics chain P,

gap , 83p - gaPy,
apy > A mnin 3.4.10
%P5 = 73 37 + gap (3:4.10)
where
gapyy, = min gap), 7i= max max Pg(z,y) -

yEQQ,

Lemma 3.4.2 gives that gap,. > 1/(b* + 1), and clearly, as the spins in S can only change
if the distinguished block is updated, v < 1/(b* + 1). Combining these two inequalities, we
obtain that

83P * 82Puin _ _ 8%Pumin - 1 - }(
~ 4

1
_ —~ Aga ) 3411
3v + gap 1+3y/gap — (b*+ 1)+ 3/gap ap ( )

b+ 1
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with room to spare. Together with (3.4.10), this implies that

1 1
T > - /\ o3

and Lemma 3.4.4 now gives that

T 1 c
gapp = m(l (1 —0)(1 - 204)) ’

as required. This concludes the proof of Theorem 3.4.1, and completes the proof of the upper
bound on the mixing time. [

Remark 3. Throughout the proof of Theorem 6 we modified some of the constants (e.g.,
(3.4.9), (3.4.11) etc.) in order to simplify the final expressions obtained. By doing the
calculations (slightly) more carefully, one can obtain an absolute constant of about 300 for
the upper bound in Theorem 6.

3.5 Lower bounds on the mixing time and inverse-gap

In this section, we prove Theorem 8, which provides lower bounds on the inverse-gap and
mixing time of the critical Ising model on a b-ary tree with free boundary. Throughout this

section, let b > 2 be fixed, and set § = tanh 3. = \/LB‘

3.5.1 Lower bound on the inverse-gap

The required lower bound will be obtained by an application of the Dirichlet form (3.2.1),
using a certain weighted sum of the spins as the corresponding test function.

Proof of Theorem 8, inequality (3.1.2). Let T be a b-ary tree, rooted at p, with h levels
(and n = ZZ:O b* vertices). We will show that

b—1
1> _“ph? .
gap = 6b "

For simplicity, we use the abbreviation d(v) := dist(p,v), and define

g(o) == Z@d(”)a(v) foroc € Q.

veT
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By the Dirichlet form (3.2.1), and since P(0,0”) < + for any 0,0’ € Q in the discrete-time
dynamics, we have that

On the other hand, the variance of g can be estimated as follows.

Var, g = Var,, (Z 9‘“”0(1})) = Z gL+ Cov (o (u), o(w))

veT u,weT

— Z gw)Fd(w) Covy,(o(u), o(w))lfurw=v}

u,v,weT

where the notation (u A w) denotes their most immediate common ancestor (i.e., their com-
mon ancestor z with the largest d(z)). Notice that for each v € T', the number of u,w that
are of distance i, j from v respectively and have v = u A w is precisely b° - (b — 1)0/~1, since
determining u immediately rules $~! candidates for w. Furthermore, by Claim 3.2.1 we have

Cov,(o(u), o(w)) = gUwtdw)=2dw)
and so

Varu g= Z 9d(u)+d(w)9d(u)+d(w)72d(v)1{u/\w:v}

u,v,weT

bz(b _ 1)b]—192k2+l+]92+]

b—1 b—1
(h= k) = —=h(h +1)(2h +1) = =1 .

gap < £ = : (3.5.1)

as required. [ |
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Figure 3.2: Speed-up dynamics for the Ising model on the tree.

3.5.2 Lower bound on the mixing-time

In order to obtain the required lower bound on the mixing time, we consider a “speed-up”
version of the dynamics, namely a custom block-dynamics comprising a mixture of singletons
and large subtrees. We will show that, even for this faster version of the dynamics, the mixing
time has order at least nlog® n.

Let T be a b-ary tree with h levels (and n = ZZ:O b* vertices). Consider two integers
1 < ¢ < r < h, to be specified later. For every v € Hy, select one of its descendants in H,
arbitrarily, and denote it by w,. Write W = {w, : v € H,} as the set of all such vertices.
Further define

B, = (T, \ Ty,) U {w,} (for each v € Hy) .

The speed-up dynamics, (X;), is precisely the block-dynamics with respect to

B={B,:ve H}U U{u}

ugW
In other words, the transition rule of the speed-up dynamics is the following:
(i) Select a vertex u € V(T') uniformly at random.
(i) If uw & W, update this site according to the usual rule of the Glauber dynamics.

(iii) Otherwise, update B, given the rest of the spins, where v € H, is the unique vertex
with u = w,.

The following theorem of [75] guarantees that, starting from all-plus configuration, the
speed-up Glauber dynamics indeed mixes faster than the original one. In what follows, write
1 = v if u stochastically dominates v.
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Figure 3.3: Speed-up dynamics on the forest F' and the sub-forest G.

Theorem 3.5.1 ([75] and also see [74, Theorem 16.5]). Let (2, S, V, ) be a monotone system
and let p be the distribution on ) which results from successive updates at sites vy, ..., Um,
beginning at the top configuration. Define v similarly but with updates only at a subsequence
Vigsoooy Uiy Then p = v, and ||p — 7|ty < ||[v — 7||vv. Moreover, this also holds if the
sequence vy, ...,U, and the subsequence i1,...,1, are chosen at random according to any

prescribed distribution.

To see that indeed the speed-up dynamics X, is at least as fast as the usual dynamics,
first note that any vertex u ¢ W is updated according to the original rule of the Glauber
dynamics. Second, instead of updating the block B,, we can simulate this operation by
initially updating w, (given its neighbors), and then performing sufficiently many single-site
updates in B,. This approximates the speed-up dynamics arbitrarily well, and comprises a
superset of the single-site updates of the usual dynamics. The above theorem thus completes
this argument.

It remains to estimate the mixing time of the speed-up dynamics X;. To this end, define
another set of blocks as follows: for every v € Hy, let L, denote the simple path between v
and w, (inclusive), define the forest

F:=|]J(L,UT,,)

’UGH@

and put
Bp:={L,:v € H}U U {u} .
ue F\W
We define Y;, the speed-up dynamics on F', to be the block-dynamics with respect to Bp
above. This should not be confused with running a dynamics on a subset of T with a
boundary condition of the remaining vertices; rather than that, Y; should be thought of as
a dynamics on a separate graph F', which is endowed with a natural one-to-one mapping to
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the vertices of T. Further note that, except for the singleton blocks in B, every block B, € B
in the block-dynamics X; has a counterpart L, C B, in Y.

The next lemma compares the continuous-time versions of X; and Y; (where each block is
updated at rate 1), and shows that on a certain subset of the vertices, they typically remain
the same for a substantial amount of time.

Lemma 3.5.2. Let (X;) and (Y;) be the continuous-time speed-up dynamics on T and F
respectively, as defined above. Let G = UveHe Ty, and define

T = il;lf{Xt(u) # Yi(u) for some u € V(G)} .
Then there exists a coupling of X; and Y; such that
P(7 > t) > exp(—0"""") .

Proof. For two configurations o € {+1}7 and n € {1}, denote their Hamming distance
on F by
dist(0,7) = Y Lawya) -
veF

The coupling of X; and Y; up to time 7 can be constructed as follows:

1. Whenever a singleton block {u} with u € T\ F' is being updated in X;, the chain Y;
remains in place.

2. Otherwise, when a block B is updated in X;, we update B N F' (the unique B’ € Bp
with B’ C B) in Y; so as to minimize dist(X;,Y;).

For any w € W, define the stopping time
To = inf{t : X;(w) # Yi(w)} ,

and notice that in the above defined coupling we have 7 = min,ew 7, since W separates
G\ W from F.

Let v € Hy and w = w, € W, and suppose that block B, is to be updated at time
t < 71, in X;, and hence, as defined above, L, is to be updated in Y;. By definition, at this
time these two blocks have the same boundary except for at v, where there is a boundary
condition in 7" (the parent of v) and none in F' (recall v is the root of one of the trees in F').

We now wish to give an upper bound on the probability that this update will result in
Xi(w) # Yy (w). By the monotonicity of the Ising model, it suffices to give an upper bound
for this event in the case where v has some parent z in F', and X;(z) # Y;(2). In this case, we
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can bound the probability that X;(w) # Y;(w) (in the maximal coupling) by an expression

of the form 1

5 (! (o (w)) = = (o (w))
as described in Lemma 3.4.7, where the external field H corresponds to the value of the spins
in T, \ {w}. Lemma 3.4.7 then allows us to omit the external field H at w, translating the
problem into estimating the probability that a difference propagates from v to w. By Claim
3.2.1, we deduce that

P (X,(w) # Yi(w)) < 0",

and therefore
P(t<m,) >exp (-0 .

Using the fact |W| = b, it follows that

Pit<rt)= P(t < min Tw) > exp(—0"""bt) |

weW
as required. [ |

With the above estimate on the probability that X, and Y; are equal on the subgraph G
up to a certain time-point, we can now proceed to studying the projection of X; on G via
that of Y, (being a product chain, Y; is much simpler to analyze).

To be precise, let X; and Y; denote the respective projections of X; and Y; onto GG, which
as a reminder is the union of all trees 7T,,,. Notice that Y, is precisely the continuous-time
single-site Glauber dynamics on G, since the block update of L, in F' translates simply into
the single-site update of w, in G. On the other hand, X, is not even necessarily a Markov
chain. We next prove a lower bound on the mixing time of the Markov chain Y.

Lemma 3.5.3. Let H, be the transition kernel of Yy, and let L denote its corresponding sta-
tionary measure. Let gap’ denote the spectral-gap of the continuous-time single-site dynamics
on a b-ary tree of height h —r. Then

£log b—2

. 3
HHt(la ) - NGHTV > g f0’/" any t < 2gap’ ?

where 1 denotes the all-plus configuration.

Proof. Let T' denote a b-ary tree of height h — r and n’ vertices. Let P’ be the transition
kernel of the corresponding discrete-time single-site Glauber dynamics on 7", let H] be
the transition kernel of the continuous-time version of this dynamics, and let p’ be their
corresponding stationary measure.
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By definition of G as a disjoint union of b’ copies of 7", clearly Y, is a product of b¢ copies
of identical and independent component chains on 7”. We can therefore reduce the analysis
of Y; into that of H], where the second eigenvalue of of its discrete-time counterpart P’ plays
a useful role.

The following lemma ensures that P’ has an increasing eigenfunction corresponding to
its second largest eigenvalue \'.

Lemma 3.5.4 ([71, Lemma 3]). The second eigenvalue of the discrete-time Glauber dynamics
for the Ising model has an increasing eigenfunction.

Since the eigenspace of X' has an increasing eigenfunction, it also contains a monotone
eigenfunction f such that |f(1)| = || f||c. Therefore, the transition kernel of the continuous-
time chain satisfies

k=0
, 0o "\ k , ,
—otn Z (mk! ) fQ)y=e" (1-A )tf(l) i (3.5.2)
k=0

Since [ fdu' =0, we have that

((H ) D) = ‘Z (H{(Ly)f(y) = F)r' (y) | < 20 f ool He(L ) = 4oy -

Plugging in (3.5.2) and using the fact that |f(1)| = || ||, it follows that

1 / /
IH{(L) = p'lrv = e 070" (3.5.3)

In order to relate the product chain Y; to its component chain Y/, we will consider
the Hellinger distance between certain distributions, defined next (for further details, see,
e.g., [52]). First, define the Hellinger integral (also known as the Hellinger affinity) of two
distribution y and v on €2 to be

Ly(p,v) = u(@)v(r) .

el

The Hellinger distance is now defined as

d?‘((:uay) =V 2_2]7'{(:“77/) :
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Clearly, for any two distributions y and v,

Iu(pv) = S Val@v(e) > 3 ple) Avle) = 1= = vl |

z€Q €

and so dy provides the following lower bound on the total variation distance:

1
lw = vty = 1= In(p,v) = 5@(% V) . (3.5.4)

Furthermore, the Hellinger distance also provides an upper bound on drv, as the next simple
inequality (e.g., [36, Lemma 4.2 (i)]) shows:

[ = vty < dpn(p,v) . (3.5.5)

To justify this choice of a distance when working with product chains, notice that any two
product measures = [['_, u¥ and v = [[_, v¥ satisfy

n

D, v) = [ [ (™, v . (3.5.6)

=1

Next, we consider the Hellinger integral of our component chains H,. Indeed, combining the
definition of dy; with (3.5.5), we get that

1 L s
BaHY(L ), 0) < 1= S HI(L ) = iy < 1= ge2 G0,

where the last inequality is by (3.5.3). Therefore, applying (3.5.6) to the product chain H,
(the product of b* copies of H}), we can now deduce that

~ 1 o Be
IH(Ht(la ')7 /JJG) S (1 — g6_2(1—>\ )tn ) .

At this point, (3.5.4) gives that

~ 6—2(1—)\’)tn’ bt
IH(L,-) = pgllry > 1 - (1 _ T) _

Recall that by definition, gap’ is the spectral-gap of HJ, the continuous-time version of P’,
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and so gap’ = n'(1 — X'). Hence, if

llogb—2
<< —
- 2gap
then 5
IHy(1,-) — pellrv > 1 —exp (—€?/8) > e
as required. [ |

The final ingredient required is the comparison between ug (the Gibbs distribution on
(), and the projection of p (the Gibbs distribution for 7') onto the graph G. The following
lemma provides an upper bound on the total-variation distance between these two measures.

Lemma 3.5.5. Let p and ug be the Gibbs distributions for T and G resp., and let i denote
the projection of p onto G, that is:

i) = p{o € {1} 1og=n})  (forne{£1}“ ).
Then ||ue — fil|rv < 6?62,

Proof. Recalling that G is a disjoint union of trees {7, : w € W}, clearly the configurations
of these trees are independent according to pg. On the other hand, with respect to ji, these
configurations are correlated through their first (bottom-most) common ancestor. Further
notice that, by definition, the distance between w; # w; € W in T is at least 2(r — (4 1), as
they belong to subtrees of distinct vertices in Hy.

To bound the effect of the above mentioned correlation, we construct a coupling between
i and [i iteratively on the trees {T,, : w € W}, generating the corresponding configurations
n and 1), as follows. Order W arbitrarily as W = {wy, ..., wy}, and begin by coupling ug
and it on T, via the identity coupling. Now, given a coupling on U;<471,, we extend the
coupling to T, using a maximal coupling. Indeed, by essentially the same reasoning used
for the coupling of the processes X; and Y; on GG in Lemma 3.5.2, the probability that some
already determined w; (for i < k) would affect wy is at most #2"=“+Y. Summing these
probabilities, we have that

P (nr,, # iin,, ) = P (n(wi) # ii(wy) < (k — 16040

Altogether, taking another union bound over all k£ € [b*], we conclude that

lue — fillrv < Py #7) < 6*0°09
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completing the proof. [ ]
We are now ready to prove the required lower bound on ;.

Proof of Theorem 8, inequality (3.1.3). As we have argued above (see Theorem 4.2.4
and the explanation thereafter), it suffices to establish a lower bound on the mixing time
of the speed-up dynamics X; on 7. By considering the projection of this chain onto G, we
have that

IP1(X; € ) = pllev > [IP1(X € ) = fillrv
and recalling the definition of 7 as inf{(X;)¢ # (Vi) },

IPL(X; € ) = fillev > [[Py(Y: € ) — fillov — P(7 < t)
> |P1(Y € ) = pgllry = P(7 < t) = |lpa = fillrv -
Let gap and gap’ denote the spectral-gaps of the continuous-time single-site dynamics on

a b-ary tree with h levels and h — r levels respectively (and free boundary condition), and
choose t such that

t < “Zg# (3.5.7)
gap
Applying Lemmas 3.5.2, 3.5.3 and 3.5.5, we obtain that
3
IPy(Xe € ) = pllrv = ¢ = (1 — exp(=0"Dt)) — p*6°0 1. (3.5.8)
Now, selecting
h 4h
{=— and r=—,
5 5

and recalling that b6? = 1, we have that the last two terms in (3.5.8) both tend to 0 as
h — oo, and so

3
1PL(Xe € ) = pllrv = = —o(1) .
In particular, for a sufficiently large h, this distance is at least 1/e, hence by definition the
continuous-time dynamics satisfies ty;x > t. We can can now plug in our estimates for gap’
to obtain the required lower bounds on ;.

First, recall that by (3.5.1),

6b 1
b—1 (h—r)2’

gap' <
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and so the following choice of ¢ satisfies (3.5.7):

t= (bl_bl) (h—r)?(Llogh —2) .

It follows that the mixing-time of the continuous-time dynamics satisfies

(b—1)logb

>t >
tM”‘—t—< 15006

n 0(1))h3 ,

and the natural translation of this lower bound into the discrete-time version of the dynamics
yields the lower bound in (3.1.3).

Second, let g(h) be the continuous-time inverse-gap of the dynamics on the b-ary tree
of height h with free-boundary condition, and recall that by Theorem 6, we have that ¢ is
polynomial in h. In particular,

g(h) < Cg(h/5) for some fixed C' > 0 and all h.

Since by definition (gap’)™! = g(h — r) = g(h/5) and gap ' = g(h), we can choose t to be
the right-hand-side of (3.5.7) and obtain that for any large h

tux >t > C'gap 'h  for some C' > 0 fixed.

Clearly, this statement also holds when both t,,x and gap correspond to the discrete-time
version of the dynamics, completing the proof. [ |

3.6 Phase transition to polynomial mixing

This section contains the proof of Theorem 7, which addresses the near critical Ising model
on the tree, and namely, the transition of its (continuous-time) inverse-gap and mixing-time
from polynomial to exponential in the tree-height. Theorem 7 will follow directly from the
next theorem:

Theorem 3.6.1. Fix b > 2, let ¢ = e(h) satisfy 0 < € < &g for a suitably small constant
o, and let B = arctanh( (1+ 5)/b). The following holds for the continuous-time Glauber
dynamics for the Ising model on the b-ary tree with h levels at the inverse-temperature (3:

(i) For some c¢; > 0 fized, the dynamics with free boundary satisfies

gap ' > ¢ ((1/e) A b)Y’ (1+e). (3.6.1)
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(i1) For some absolute constant ca > 0 and any boundary condition T

gapil < tux < ec2(€h+10gh) . (362)

Throughout this section, let b > 2 be some fixed integer, and let T be a b-ary tree with
height h and n vertices. Define § = /(14 ¢)/b, where ¢ = ¢(n) satisfies 0 < ¢ < g (for
some suitably small constant g < g to be later specified), and as usual write 3 = arctanh(0).

Proof of Theorem 3.6.1. The proof follows the same arguments of the proof of Theorems
6 and 8. Namely, the upper bound uses an inductive step using a similar block dynamics,
and the decomposition of this chain to establish a bound on its gap (as in Section 3.4) via
the spatial mixing properties of the Ising model on the tree (studied in Section 3.3). The
lower bound will again follow from the Dirichlet form, using a testing function analogous
to the one used in Section 3.5. As most of the arguments carry to the new regime of 3 in
a straightforward manner, we will only specify the main adjustments one needs to make in
order to extend Theorems 6 and 8 to obtain Theorem 3.6.1.

Upper bound on the inverse-gap

Let Tio < Kk < 1 be the universal constant that was introduced in Lemma 3.3.7 (and appears

in Proposition 3.3.1 and Theorem 3.3.2), and define

Ko
£ = —
0= 55 =

ol =

Asb>2and e < gg < %, we have that 0 < %, hence Proposition 3.3.1 and Theorem 3.3.2
both hold in this supercritical setting. It therefore remains to extend the arguments in
Section 3.4 (that use Proposition 3.3.1 as one of the ingredients in the proof of the upper
bound on gap™') to this new regime of (3.

Begin by defining the same block dynamics as in (3.4.2), only with respect to the following

choice of ¢ and r (replacing their definition (3.4.1)):

a:=¢ey=k/20,
C:=al(l/e) Nh] , T:i=h—".

Following the same notations of Section 3.4, we now need to revisit the arguments of Lemma
4.2.8, and extend them to the new value of § = tanh 3 = /(1 +¢)/b. This comprises the
following two elements:
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1. Bounding the L2-capacity capy(B(o,7 — {)).

2. Estimating the probability that a difference in one spin would propagate to other spins,
when coupling two instances of the chain P*.

Recalling the Nash-Williams Criterion (Lemma 3.4.6) and its application in inequality
(3.4.6), the effective resistance between ¢ and 0B(p,r — {) is at least

r—{+1 r—0+1

S ) = Y (ke = S (1= (e )

k=1 k=1

which implies that

capy (Blo,r — 0+ 1)) < 2

S e (3.6.5)

Now, if ¢ > 1/h, we have

1-— (1 + 6)7(7%2) =1—- (1 + 5)*(’1*20‘/5) >1— (1 + 5)7(17204)/5
1 -2«
2 Y

where the last inequality uses the fact that exp(—z) < 1—x + %2 and that o > 0. Similarly,
if ¢ < 1/h then

1 — (1 + 5)7(7‘75) —1— (1 + 8)7]1(17204) Z 1 — efah(172oz)

— 2 —
(eh(1 —2a)) >5h1 2a

> eh(l —2a) —
> eh(l - 20) L

where in the last inequality we plugged in the fact that e¢h < 1. Combining the last two
equations with (3.6.5), we deduce that

2(e v _(1/h))

B —l(+1) < ———= .
Ca‘p2< (Q?T + ))— 1_206
Using (3.4.5), it then follows that

Bow (Xi(0) - ¥ (0)| B2) < 2 i)

By repeating the next arguments of Lemma 4.2.8 (without any additional essential changes),
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we obtain that under the monotone coupling,

B, (dist(X],77) | ) < 2(e v (1/h>>><1+§b—71bk6%>

k(1 —=0)(1 -2«
2(e vV (1/h)) /1  b—1(1+¢e)el/ann 1
k(1 —6)(1 - 2a) (3+ b c )
2(e v (1/h)) (1+ g)a[(l/a)Ah] 1 _ 2(e vV (1/h)) callneh] _
k(1 -0)(1—-2a) € = k(1 —0)(1—2a) -
2(e vV (1/h)) 2all Aeh] dov
~ k(1—-0)(1-2a) £ k(1 -0)(1-2a)’

where in the last line we used the fact that e* — 1 < 2x for all 0 < x < 1. Again defining
gn = nypmin; gap;, we note that all the remaining arguments in Section 3.4 apply in our case
without requiring any modifications, hence the following recursion holds for gy,:

gn > c(@)gr = (@) gh—af(1/2) Ab] 5 (3.6.6)

where

ola) = %(1 T R(l— 9??1 - za)) '

Recalling the definition (3.6.3) of @, since § < 3 and x < 1 we have that

4oy B 2
101 —20) (1—-60)(10—r)

Nel oo

and so ¢(a) > 0. We now apply the next recursion over gy, :

ho="h, hy = {hk_(o‘/g) if by, > (1;5),

(1 — Oz)hk if hk < (1 5)
Notice that by our definition (3.6.3), we have ¢ < €y = . With this in mind, definition (3.6.4)

now implies that for any A > 1/a we have ¢,r > 1. Thus, letting K = min{k : hy < 1/a},
we can conclude from (3.6.6) that

Gy > c(a)gp,,, for all k < K, and hence
gn = (e(@))" gn -
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By the definitions of h; and K, clearly

£
K < ah +10g1/1-a) (b A (1/€)) = O(eh +logh) .
Since hx < 1/a, clearly gp, > ¢ for some constant ¢ = ¢/(«) > 0, giving

g 2 ¢ (cla) 2 e MEHox

for some constant M = M («) > 0 and any sufficiently large n. By definition of g, this
provides an upper bound on gap™!, and as ty,x = O (gap_1 log? n) (see Corollary 3.2.4 in
Section 5.1), we obtain the upper bound on t,,x that appears in (3.6.2).

Lower bound on the inverse-gap

We now turn to establishing a lower bound on the inverse-gap. Define the test function g to
be the same one given in Subsection 3.5.1:

g(O‘) _ Z QdiSt(p’v)O'(U) )

veT

By the same calculations as in the proof of Theorem 8 (Subsection 3.5.1), we have that

h h
L 2 2(1+e)htt—1
<2 O topky2 _ 2 k_c\Ure) — 4 6.
Elg) <5 DT =23 (e =20 (367)
k=0 k=0
whereas
h h—k h h—k
_b_l k n2k i2i2_b_1 k i2
Var,(g) = —— > b0 <Zb0> == Z(1+5)(' (1+5))
k=0 =0 k=0 =0
h
b1 /(L4 e)h Tk 1\ 2
b (1+€)( € )
k=0
b—1 i 2h—k+2 h+1 k
=5 Z((l—i—a) —2(1+¢) +(1+5))
k=0
b—1
= ((1+e)2h+3—(2h+3)s(1+s)h+1—1> . (3.6.8)
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When ¢ > 8/h we have
1 2/h+2
S+ 2)™* — (2 +3)e 2 (h+2)+%( S

1 hl
2(h+2)5<§+5 - —2)24,

N ™

and therefore in this case (3.6.8) gives

b—1(1+¢g)2h+3

> .0.
Var,(g) > 5 = (3.6.9)
Combining (3.6.7) and (3.6.9), the Dirichlet form (3.2.1) now gives that
< B € for e > 8/h (3.6.10)
gap_b—ln(l—i—e)h or e > : 6.

On the other hand, when 0 < & < 8/h we still have b§> > 1 and hence

b—1 N T b—1
Var,(g) = —— Y b"* b'o*) > ——> (h—k)*> ——h*
o) = == o (o) = =Y %

In addition, using the fact that the expression [(1 + &)**! — 1]/e in (3.6.7) is monotone
increasing in ¢, in this case we have

(14 (8/n))"" —1

< e'h
8/h <e'h/n,

)<

where the last inequality holds for any h > 20. Altogether, the Dirichlet form (3.2.1) yields

(for such values of h)

3e’b 1
b—1nh?
Combining (3.6.10) and (3.6.11), we conclude that

gap < for 0 <e <8/h . (3.6.11)

15 1

[n(L+e)" ((L/e) A R))

<
88P =3

where we used the fact that (1 +¢)" <e. This gives the lower bound on gap~! that appears
in (3.6.1), completing the proof of Theorem 3.6.1. [ |
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3.7 Concluding remarks and open problems

e We have established that in the continuous-time Glauber dynamics for the critical Ising
model on a regular tree with arbitrary boundary condition, both the inverse-gap and
the mixing-time are polynomial in the tree-height h. This completes the picture for
the phase-transition of the inverse-gap (bounded at high temperatures, polynomial at
criticality and exponential at low temperatures), as conjectured by the physicists for
lattices. Moreover, this provides the first proof of this phenomenon for any underlying
geometry other than the complete graph.

e In addition, we studied the near-critical behavior of the inverse-gap and mixing-time.
Our results yield the critical exponent of 5 — (3., as well as pinpoint the threshold at
which these parameters cease to be polynomial in the height.

e For further study, it would now be interesting to determine the precise power of h in
the order of each the parameters gap~! and #,,x at the critical temperature. In the free-
boundary case, our lower bounds for these parameters in Theorem 8 provide candidates
for these exponents:

Question 3.7.1. Fix b > 2 and let 3, = arctanh(1/v/b) be the critical inverse-temperature
for the Ising model on a b-ary tree of height h. Does the corresponding continuous-time
Glauber dynamics with free boundary condition satisfy gap™! < h? and ty;x < h3?

e Both at critical and at near-critical temperatures, our upper bounds for the inverse-gap
and mixing-time under an arbitrary boundary condition matched the behavior in the
free-boundary case. This suggests that a boundary condition can only accelerate the
mixing of the dynamics, and is further supported by the behavior of the model under
the all-plus boundary, as established in [66]. We therefore conjecture the following
monotonicity of gap~! and t,;x with respect to the boundary condition:

Conjecture 1. Fix b > 2 and 8 > 0, and consider the Ising model on a b-ary tree with
parameter 3. Denote by gap and tyx the spectral-gap and mizing time for the Glauber
dynamics with free boundary, and by gap™ and t] those with boundary condition T.
Then

gap < gap’ and tyx >t for any T.

e A related statement was proved in [65] for two-dimensional lattices at low temperature:
It was shown that, in that setting, the spectral-gap under the all-plus boundary condition
is substantially larger than the spectral-gap under the free boundary condition. In light
of this, it would be interesting to verify whether the monotonicity property, described
in Conjecture 1, holds for the Ising model on an arbitrary finite graph.
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Chapter 4

General lower bound on the mixing
for Ising model

4.1 Introduction

Consider a finite graph G = (V| E) and a finite alphabet (). A general spin system on G is
a probability measure 1 on Q"; well studied examples in computer science and statistical
physics include the uniform measure on proper colorings and the Ising model. Glauber
(heat-bath) dynamics are often used to sample from u (see, e.g., [54,64,80]). In discrete-
time Glauber dynamics, at each step a vertex v is chosen uniformly at random and the label
at v is replaced by a new label chosen from the p-conditional distribution given the labels on
the other vertices. This Markov chain has stationary distribution u, and the key quantity
to analyze is the mixing time t,;x, at which the distribution of the chain is close in total
variation to p (precise definitions are given below).

If |V| = n, it takes (1 4+ o(1))nlogn steps to update all vertices (coupon collecting),
and it is natural to guess that this is a lower bound for the mixing time. However, for the
Ising model at infinite temperature or equivalently, for the 2-colorings of the graph (V,0),
the mixing time of Glauber dynamics is asymptotic to nlogn/2, since these models reduce
to the lazy random walk on the hypercube, first analyzed in [2]. Thus mixing can occur
before all sites are updated, so the coupon collecting argument does not suffice to obtain a
lower bound for the mixing time. The first general bound of the right order was obtained
by Hayes and Sinclair [42], who showed that the mixing time for Glauber dynamics is at
least nlogn/f(A), where A is the maximum degree and f(A) = O(Alog” A). Their result
applies for quite general spin systems, and they gave examples of spin systems p where some
dependence on A is necessary. After the work of [42], it remained unclear whether a uniform
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lower bound of order nlogn, that does not depend on A, holds for the most extensively
studied spin systems, such as proper colorings and the Ising model.

In this chapter, we focus on the ferromagnetic Ising model, and obtain a lower bound of
(1/4+ o(1))nlogn on any graph with general (non-negative) interaction strengths.

Recall the definition of the Ising measure as in (1.1.1). Throughout this chapter, we take
0 =1and H = 0 unless otherwise specified. We now state the main result of this chapter.

Theorem 9. Consider the Ising model (1.1.1) on the graph G with interaction matriz J,
and let t;

MIX
from the all-plus configuration. Then

(G, J) denote the mixing time of the corresponding Glauber dynamics, started

inf (G, J) 2 (1/4 + o(1))nlogn,

where the infimum is over all n-vertex graphs G and all nonnegative interaction matrices J.

Remark. Theorem 9 is sharp up to a factor of 2. We conjecture that (1/4 + o(1)) in
the theorem could be replaced by (1/2 + o(1)), i.e., the mixing time is minimized (at least
asymptotically) by taking J = 0.

Hayes and Sinclair [42] constructed spin systems where the mixing time of the Glauber
dynamics has an upper bound O(nlogn/logA). This, in turn, implies that in order to
establish a lower bound of order nlogn for the Ising model on a general graph, we have
to employ some specific properties of the model. In our proof of Theorem 9, given in the
next section, we use the GHS inequality [40] (see also [51] and [32]) and a recent censoring
inequality [75] due to Peter Winkler and the second author.

4.2 Proof of Theorem 9

The intuition for the proof is the following: In the case of strong interactions, the spins
are highly correlated and the mixing should be quite slow; In the case of weak interaction
strengths, the spins should be weakly dependent and close to the case of the graph with no
edges, therefore one may extend the arguments for the lazy walk on the hypercube.

We separate the two cases by considering the spectral gap. Recall that the spectral gap
of a reversible discrete-time Markov chain, denoted by gap, is 1 — A, where A is the second
largest eigenvalue of the transition kernel. The following simple lemma gives a lower bound
on t} . in terms of the spectral gap.

Lemma 4.2.1. The Glauber dynamics for the ferromagnetic Ising model (1.1.1) satisfies
ti > log2- (gap™ — 1).
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Proof. Tt is well known that ty,x > log2 - (gap™' — 1) (see, e.g., Theorem 12.4 in [54]).
Actually, it is shown in the proof of [54, Theorem 12.4] that ¥, > log2 - (gap ' — 1)
for any state x satisfying f(x) = ||f|l, Where f is an eigenfunction corresponding to the
second largest eigenvalue. Since the second eigenvalue of the Glauber dynamics for the
ferromagnetic Ising model has an increasing eigenfunction f (see [71, Lemma 3]), we infer
that either ||f|lc = f(+) or ||fllec = f(—=). By symmetry of the all-plus and the all-
minus configurations in the Ising model (1.1.1), we have ¢, = ¢, and this concludes the

MIX?

proof. [

Lemma 4.2.1 implies that Theorem 9 holds if gap~' > nlogn. It remains to consider the
case gap ' < nlogn.

Lemma 4.2.2. Suppose that the Glauber dynamics for the Ising model on a graph G = (V, E)
with n vertices satisfies gap~* < nlogn. Then there exists a subset F C V of size |\/n/logn]
such that

Z Cov,(o(u),o(v)) < 2

u,vEF u#v a 10g n
Proof. We first establish an upper bound on the variance of the sum of spins S = S(o) =

Y vev 0(v). The variational principle for the spectral gap of a reversible Markov chain with
stationary measure 7 gives (see, e.g., [3, Chapter 3] or [54, Lemma 13.12]:

E(S)
Var,(f)’

= inf
gap = in
where £(f) is the Dirichlet form defined by

EN)={I=P)f. =% [fl@)= fWPr(z)P(z,y).

Applying the variational principle with the test function S, we deduce that

£(5)
Var,(S)

gap <
Since the Glauber dynamics updates a single spin at each step, £(S) < 2, whence
Var,(S) < £(S)gap™' < 2nlogn. (4.2.1)

The covariance of the spins for the ferromagnetic Ising model is non-negative by the FKG
inequality (see, e.g., [39]). Applying Claim 4.2.3 below with k = L%J to the covariance
matrix of ¢ concludes the proof of the lemma. [ |
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Claim 4.2.3. Let A be an n xn matrix with non-negative entries. Then for any k < n there
exists ' C {1,...,n} such that |F| =k and

kQ
D Aijlizy < s > A

L,JEF i#]

Proof. Let R be a uniform random subset of {1,...,n} with |R| = k. Then,

E[ Z Ai,j]-{z';éj}:| = Z Ai iz P (i, j € R)

i,jER 1<i,j<n
k(k—1) k2
YD > Al < 5> A
n(n—1) 452, i
Existence of the desired subset F' follows immediately. [

We now consider a version of accelerated dynamics (X;) with respect to the subset F as
in Lemma 4.2.2. The accelerated dynamics selects a vertex v € V uniformly at random at
each time and updates in the following way:

e If v ¢ F, we update o(v) as in the usual Glauber dynamics.

e If v € F, we update the spins on {v} U F© all together as a block, according to the
conditional Gibbs measure given the spins on F'\ {v}.

The next censoring inequality for monotone systems of [75] guarantees that, starting from
the all-plus configuration, the accelerated dynamics indeed mixes faster than the original
one. A monotone system is a Markov chain on a partially ordered set with the property that
for any pair of states x < y there exist random variables X; < Y] such that for every state z

P(X; =2)=p(z,2), PY1=2)=py,z2).
In what follows, write u = v if v stochastically dominates .

Theorem 4.2.4 ([75] and also see [74, Theorem 16.5]). Let (2, S, V, ) be a monotone system
and let p be the distribution on €2 which results from successive updates at sites vy, ..., Um,
beginning at the top configuration. Define v similarly but with updates only at a subsequence
Vigs ooy Uiy Then p = v, and ||p — 7||lrv < ||[v — 7||rv. Moreover, this also holds if the
sequence vy, ...,Uy, and the subsequence iy,...,1; are chosen at random according to any

prescribed distribution.



111

In order to see how the above theorem indeed implies that the accelerated dynamics (X;)
mixes at least as fast as the usual dynamics, first note that any vertex u ¢ F' is updated
according to the original rule of the Glauber dynamics. Second, for u € F'| instead of
updating the block {u} U F°, we can simulate this procedure by performing sufficiently many
single-site updates in {u} U F°. This approximates the accelerated dynamics arbitrarily well,
and contains a superset of the single-site updates of the usual Glauber dynamics. In other
words, the single-site Glauber dynamics can be considered as a “censored” version of our
accelerated dynamics. Theorem 4.2.4 thus completes this argument.

Let (Y;) be the projection of the chain (X;) onto the subgraph F. Recalling the definition
of the accelerated dynamics, we see that (Y;) is also a Markov chain, and the stationary
measure vp for (Y;) is the projection of ug to F. Furthermore, consider the subsequence
(Z;) of the chain (Y;) obtained by skipping those times when updates occurred outside of F
in (X;). Namely, let Z; = Y, where K} is the t-th time that a block {v} U F° is updated in
the chain (X;). Clearly, (Z;) is a Markov chain on the space {—1,1}¥, where at each time a
uniform vertex v from F’ is selected and updated according to the conditional Gibbs measure
te given the spins on F'\ {v}. The stationary measure for (Z;) is also vp.

Let S; = >, . Z:(v) be the sum of spins over F in the chain (Z;). It turns out that S; is
a distinguishing statistic and its analysis yields a lower bound on the mixing time for chain
(Z;). To this end, we need to estimate the first two moments of \S;.

Lemma 4.2.5. Started from all-plus configuration, the sum of spins satisfies that
t
E.(S) > |F| (1 - ﬁ) .

Proof. The proof follows essentially from a coupon collecting argument. Let (Zt(+)) be an
instance of the chain (Z;) started at the all-plus configuration, and let (Z;) be another
instance of the chain (Z;) started from vp. It is obvious that we can construct a monotone
coupling between (Z ™) and (Z;) (namely, Z\") > Z: for all t € N) such that the vertices
selected for updating in both chains are always the same. Denote by U[t] this (random)
sequence of vertices updated up to time ¢. Note that Z; has law v, even if conditioned on
the sequence U[t]. Recalling that ZH > Z; and E,0(v) = 0, we obtain that

B [Z"(v) [ve U > 0.
It is clear that Z ™ (v) = 1if v ¢ Ult]. Therefore,

E,[Z7 () > P g Ult]) =1 - ).

|F|
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Summing over v € F' concludes the proof. |

We next establish a contraction result for the chain (Z;). We need the GHS inequality
of [40] (see also [51] and [32]). To state this inequality, we recall the definition of the Ising
model with an external field. Given a finite graph G = (V, E) with interaction strengths
J ={Juw > 0:uv € E} and external magnetic field H = {H, : v € V'}, the probability for
a configuration o € Q = {41}V is given by

wll(o) = (J17 e (3 Jwolwot) + 3 Hwow))., (4.2.2)

wek veV

where Z(J, H) is a normalizing constant. Note that this specializes to (1.1.1) if H = 0.
When there is no ambiguity for the base graph, we sometimes drop the subscript G. We can
now state the

GHS inequality [40]. For a graph G = (V, E), let uf! = pf as above, and denote by
my(H) = E,u[o(v)] the local magnetization at vertex v. If H, > 0 for all v € V, then for
any three vertices u,v,w € V' (not necessarily distinct),

2
0*m,(H) <0,
0oH,0H, —

The following is a consequence of the GHS inequality.

Corollary 4.2.6. For the Ising measure p with no external field, we have
k

E o) |vi=1 foralll <i<k]< ZE“[o(u) | v; =1].
i=1

Proof. The function f(H) = m,(H ) satisfies f(0) = 0. By the GHS inequality and Claim 4.2.7
below, we obtain that for all H, H' € R"}:

my(H + H') < my(H) +my(H') . (4.2.3)

For1 <i<kandh >0, let Hih be the external field taking value h on v; and vanishing on
V'\ {v;}. Applying the inequality (4.2.3) inductively, we deduce that

ma(SH!) < S ma(HL).

Finally, let h — oo and observe that m,(H) — E,[o(u) | o(v;) = 1] and m, (>, H!) —
E lo(u) | o(v;) =1forall 1 <i <Kkl |
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Claim 4.2.7. Write Ry = [0,00) and let f : R” — R be a C*-function such that %{ég <0
forallz € RY and 1 <i,5 <n. Then for all x,y € R,

flz+y) = fx) < fly) - f(0).

Proof. Since all the second derivatives are non-positive, 8£ @) jg decreasing in every coordinate
with z for all z € R} and ¢ < n. Hence, %g(f) is decreasing in R’}. Let

ault) = df(ﬂvd;r ty) _ Zy of (z)

(x + ty).

: )
)

It follows that g, (t) < go(t) for all z,y € R;. Integrating over t € [0, 1] yields the claim. W

Lemma 4.2.8. Suppose that n > e*. Let (Z;) be another instance of the chain (Z;). Then
for all starting states zy and Z,, there exists a coupling such that

E.z| 30 12:0) = Zi(w)]] < (1- ﬁ)t S J0() — Z(v).

Proof. Fix 0,7 € {—1,1}¥ such that n and 7 differ only at the vertex v and n(v) = 1. We
consider two chains (Z;) and (Z;) under monotone coupling, started from 7 and 7j respectively.
Let 14 be the restriction of ) to A for A C F (namely, na € {—1,1}* and na(v) = n(v) for
all v € A), and write

U(u,n,7) = Eulo(u) | oppy = ey ] — Bu[o(w) | om ) = 0 gw] -

By the monotone property and symmetry of the Ising model,

Y(u,n, 1) < Eulo(u) | opy\uy = + — Bulo(u) | op\quy = —]
2E,[o(u) [ op @y = +].

1) = —=E(o(u) | o(w) = —1) and E(o(u)) = 0.

By symmetry, we see that E(o(u) | o(w) =
| = 1). Combined with Corollary 4.2.6, it yields that

Thus, Cov(o(u),o(w)) = E(o(u) | o(w)

Vg <2 Y Eufo(uw)|o(w)=1=2 Y Cov(o(u),o(w)),

weF\{u} weF\{u}

Recalling the non-negative correlations between the spins, we deduce that under the mono-
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tone coupling

1 ~ 1 1 N
By 5 2 120) = 40| = 1= =+ 5= > wlun.d)
72 2

1 1
Sl_W+W > D Cov(o(u),o(w)).

ueF\{v} weF\{u}

By Lemma 4.2.2, we get that for n > e?,

1 ~ 1 2 1
E~[— Zi(WY-Z(N <1 - =+ ——<1— ——.
M 21%;| 1(”) 1(U)| = |F|+|F|logn_ 2|F|
Using the triangle inequality and recursion, we conclude the proof. [

From the contraction result, we can derive the uniform variance bound on &;. This
type of argument appeared in [53] (see Lemma 2.4) when (Z;) is a one dimensional chain.
The argument naturally extends to multi-dimensional case and we include the proof for
completeness.

Lemma 4.2.9. Let (Z,) and (Z,) be two instances of a Markov chain taking values in R™.
Assume that for some p < 1 and all initial states zy and Zy, there exists a coupling satisfying

.oz [0 Zi(0) = Zi0)] < p"52i]20(0) — Z(0)]

where we used the convention that z(i) stands for the i-th coordinate of z for z € R™.
Furthermore, suppose that . |Z,(i) — Z,—1(i)] < R for all t. Then for any t € N and

starting state z € R",
2

— 2
Proof. Let Z; and Z] be two independent instances of the chain both started from z. Defining
Qi =, Z(i) and Q; = ). Z;(i), we obtain that

R?.

Var, (3°,Z:(i)) < :

E.[Q: | Z1 = 2] - E.[Q1] Z] = 21]| = |E. [Qe1] — B [Q1_1]|
<P la) — ()] < 207 R,

for all possible choices of z; and z]. It follows that for any starting state z

Var, (E.[Q; | Z1]) = JE.[(E£[Qi1] —Ez[Q,_1))*] <2(/'R)
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Therefore, by the total variance formula, we obtain that for all z
Varz(@t) = Varz(Ez[Qt | Zl]) + Ez[varz(Qt | Zl)] S 2(,0t71R>2 + Vi—1,

where v; := max, Var,(Q;). Thus v; < 2(p""'R)? + 14_;, whence

t t

vy < Z(Vz — 1) < 2202@71)32 <
i=1

i=1

2R?
IL—p

Q)

completing the proof. [ |

Combining the above two lemmas gives the following variance bound (note that in our
caseR:2andp:1_ﬁ,SO1_p22ﬁ).

Lemma 4.2.10. For allt and starting position z, we have Var,(S;) < 16|F|.
We can now derive a lower bound on the mixing time for the chain (Z;).

Lemma 4.2.11. The chain (Z;) has a mizing time t},, > 1| F|log |F| — 20| F|.

MIX = 92

Proof. Let (Zt(+)) be an instance of the dynamics (Z;) started from the all-plus configuration
and let Z* € {—1,1}" be distributed as vp. Write

Ty = L|F|log|F| — 20|F].

It suffices to prove that
drv(S5),8%) > 1, (4.2.4)

where Sg) = ver Z:(F:) (v) as before and S* = ), _» Z*(v) be the sum of spins in stationary
distribution. To this end, notice that by Lemmas 4.2.5 and 4.2.10:

E+(S§:)) > 20+ /|F| and Var+(8g)) < 16|F].

An application of Chebyshev’s inequality gives that for large enough n

16| F|
(e20+0(1) — 10) /]F|)2

On the other hand, it is clear by symmetry that E,, S* = 0. Moreover, since Lemma 4.2.10
holds for all ¢, taking t — oo gives that Var,, §* < 16|F|. Applying Chebyshev’s inequality

P (S5 <e[F]) < < (4.2.5)

1
1
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again, we deduce that
P, (8" > "VI[F|) <

Combining the above inequality with (4.2.5) and the fact that
drv(Spy,87) 2 1= P8y, < eV/[F]) = Pu(S" > V),

we conclude that (4.2.5) indeed holds (with room to spare), as required. |

We are now ready to derive Theorem 9. Observe that the dynamics (Y}) is a lazy version of
the dynamics (Z;). Consider an instance (Y,1) of the dynamics (Y;) started from the all-plus
configuration and let Y* € {—1,1}¥ be distributed according to the stationary distribution
vp. Let St(+) and &* again be the sum of spins over F', but with respect to the chain (Yt(+))

and the variable Y* respectively. Write

n

T —
1P|

1
(51F1og || =40/}
and let Ny be the number of steps in [1, 7] where a block of the form {v} U F is selected to
update in the chain (Yt(+)). By Chebyshev’s inequality,

T|F|/n
P(Np > L F|log|F| —20|F|) < ——— =0(1).
( T Z 2’ ’ Og‘ | | D — (20|FD2 0( )

Repeating the arguments in the proof of Lemma 4.2.11, we deduce that for all ¢ < Ty =
$|F|log |F| — 20| F|, we have
P.(S <e®V[F) <L

Therefore

[P (YT €)= vplloy > 1= P(Np > Tp) — P, (8* > eV/|F))
— P, (S5 <®V/|F[| Nr <T).

Altogether, we have that

1P (YT € —vpllov > L +0(1) > 1,
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and hence that

1+o(1
Y > 7 > +T()nlogn,

MIX

where t¥ refers to the mixing time for chain (Y;(Jr)). Since the chain (Y;) is a projection
of the chain (X;), it follows that the mixing time for the chain (X;) satisfies o > (1/4 +
o(1))nlogn. Combining this bound with Theorem 4.2.4 (see the discussion following the
statement of the theorem), we conclude that the Glauber dynamics started with the all-plus
configuration has mixing time ¢ > (1/4 + o(1))n log n. |
Remark. The analysis naturally extends to the continuous-time Glauber dynamics, where
each site is associated with an independent Poisson clock of unit rate determining the update
times of this site as above (note that the continuous dynamics is |V| times faster than the
discrete dynamics). We can use similar arguments to these used above to handel the laziness
in the transition from the chain (Z;) to the chain (Y;). Namely, we could condition on the
number of updates up to time ¢ and then repeat the above arguments to establish that

th > (1/4+ 0(1))logn in the continuous-time case.

Remark. We believe that Theorem 9 should have analogues (with tyx in place of t,) for
the Ising model with arbitrary magnetic field, as well as for the Potts model and proper
colorings. The first of these may be accessible to the methods of this chapter, but the other
two models need new ideas.

Remark. For the Ising model in a box of Z¢ at high temperature, it is well known that the
mixing time is O(nlogn). Recently, the sharp asymptotics (the so-called cutoff phenomenon)
was established by Lubetzky and Sly [59].
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Part 11

Random walk on random graphs
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Chapter 5

Mixing time for the random walk on
near-supercritical random graphs

5.1 Preliminaries

5.1.1 Cores and kernels

The k-core of a graph G, denoted by G*) is the maximum subgraph H C G where every
vertex has degree at least k. It is well known (and easy to see) that this subgraph is unique,
and can be obtained by repeatedly deleting any vertex whose degree is smaller than %k (at
an arbitrary order).

We call a path P = vy, vy, ..., v, for k > 1 (i.e., a sequence of vertices with v;v;41 an edge
for each i) a 2-path if and only if v; has degree 2 for all i = 1,..., k — 1 (while the endpoints
vy, v, may have degree larger than 2, and possibly vy = vy).

The kernel K of G is obtained by taking its 2-core G® minus its disjoint cycles, then
repeatedly contracting all 2-paths (replacing each by a single edge). Note that, by definition,
the degree of every vertex in K is at least 3.

5.1.2 Structure of the supercritical giant component

The key to our analysis of the random walk on the giant component C; is the following result
from [22]. This theorem completely characterizes the structure of C;, by reducing it to a
tractable contiguous model C;.

Theorem 5.1.1. [22] Let Cy be the largest component of G(n, p) for p = 2=, where 3n — oo
and ¢ — 0. Let u < 1 denote the conjugate of 1+ ¢, that is, pe™" = (1 4+ ¢)e=(*9) . Then C;
18 contiguous to the following model Cy:
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1. Let A ~ N (14¢e—p, =) and assign i.i.d. variables D, ~ Poisson(A) (u € [n]) to
the wvertices, conditioned that ) D, 1{p, >3} is even. Let

Ny=#{u:D, =k} and N=3, 3Ny.

Select a random multigraph IC on N wertices, uniformly among all multigraphs with
Ny, vertices of degree k for k > 3.

2. Replace the edges of K by paths of lengths i.i.d. Geom(1 — p).
3. Attach an independent Poisson(u)-Galton- Watson tree to each vertex.

That is, P(C~1 € A) — 0 implies P(C; € A) — 0 for any set of graphs A that is closed under
graph-isomorphism.

In the above, a Poisson(u)-Galton-Watson tree is the family tree of a Galton-Watson
branching process with offspring distribution Poisson(y). We will use the abbreviation
PGW (u)-tree for this object. A multigraph is the generalization of a simple graph per-
mitting multiple edges and loops.

Note that conditioning on ) D,1;p,>33 being even does not pose a problem, as one can
easily use rejection sampling. The 3 steps in the description of C; correspond to constructing
its kernel IC (Step 1), expanding K into the 2-core C~§2) (Step 2), and finally attaching trees
to it to obtain C; (Step 3).

Further observe that N, = &*n for any fixed k > 2, and so in the special case where
e = o(n~Y%) w.h.p. we have D, € {0,1,2,3} for all u € [n], and the kernel K is simply a
uniform 3-regular multigraph.

Combining the above description of the giant component with standard tools in the
study of random graphs with given degree-sequences, one can easily read off useful geometric
properties of the kernel. This is demonstrated by the following lemma of [22], for which we
require a few definitions: For a vertex v in G let dg(v) denote its degree and for a subset of
vertices S let

da(S) == da(v)
ves
denote the sum of the degrees of its vertices (also referred to as the volume of S in G). The
1soperimetric number of a graph G is defined to be

i(@) = min {eci—gf L S CV(Q), de(S) < e(G)} ,
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where e(S,T") denotes the number of edges between S and T" while e(G) is the total number
of edges in G.

Lemma 5.1.2 ([22, Lemma 3.5]). Let K be the kernel of the largest component Cy of G(n, p)
forp= %, where e3n — oo and € — 0. Then w.h.p.,

K| = (5 +0(1)e’n, eK)=(2+0(1))’n,

and i(IC) > « for some absolute constant o > 0.

5.1.3 Notions of mixing of the random walk

For any two distributions ¢, on V', the total-variation distance of ¢ and 1 is defined as

o = bl = sup [¢(S) = ¥(S)| = 5 3 lete) = v(0)]-

veV

Let (S;) denote the lazy random walk on G, i.e., the Markov chain which at each step holds
its position with probability % and otherwise moves to a uniformly chosen neighbor. This is
an aperiodic and irreducible Markov chain, whose stationary distribution 7 is given by

m(x) = da(x)/2|E].

We next define two notions of measuring the distance of an ergodic Markov chain (S;),
defined on a state-set V', from its stationary distribution 7.

Let 0 < § < 1. The (worst-case) total-variation mizing time of (S;) with parameter 6,
denoted by tyx (), is defined to be

tyx(0) := min {t  max |IP,(S: € ) = 7|lrv < 5} :
where P, denotes the probability given that Sy = v.

The Cesdaro mizing time (also known as the approximate uniform mixing time) of (S;)
with parameter &, denoted by #yx(9), is defined as

tyx (0) = min {t : max Hﬂ' — %iPU(Si € .)HTV < 5} )

veV -
=0

When discussing the order of the mixing-time it is customary to choose ¢ = }1, in which

case we Wil]. use the abbreViatiOHS tl\/HX - tMIX(};) and EI\'HX - gﬁq}x(i).
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By results of [4] and [57] (see also [58]), the mixing time and the Cesaro mixing time have
the same order for lazy reversible Markov chains (i.e., discrete-time chains whose holding
probability in each state is at least %), as formulated by the following theorem.

Theorem 5.1.3. Fvery lazy reversible Markov chain satisfies

C1 -EI\'IIX(%) < tMIX(%) < e -EMIX(%I)
for some absolute constants cy,co > 0.

Proof. The first inequality is straightforward and does not require laziness or reversibility.
We include its proof for completeness. Notice that

+ |7 = Pu(Syys € *)llrv,

where we used the fact that | —P,(S; € -)|| is decreasing in ¢. Taking ¢ = 8t,ux(3), we obtain
that fMIX(%) < StMIX(é) and conclude the proof of the first inequality using the well-known
fact that tyx(3) < 4tux(3)-

The second inequality of the theorem is significantly more involved: By combining [57,
Theorem 5.4] (for a stronger version, see [58, Theorem 4.22]) and [4, Theorem C], it follows
that the order of the Cesaro mixing time can be bounded by that of the mixing time for the
corresponding continuous-time Markov chain. Now, using a well-known fact that the mixing
time for the lazy Markov chain and the continuous-time chain have the same order (see, e.g.,
[54, Theorem 20.3]), the proof is concluded. |

Let I' be a stopping rule (a randomized stopping time) for (S;). Thatis, I': G x Q@ - N
for some probability space 2, such that I'(-,w) is a stopping time for every w € €. Let
ol :=P,(Sr € -) when ¢ is a distribution on V.

Let o, v be two distributions on V. Note that there is always a stopping rule I' such that
ol = v, e.g., draw a vertex z according to v and stop when reaching 2. The access time from
o to v, denoted by H(o,v), is the minimum expected number of steps over all such stopping

rules:
H(o,v) == min EI.

I:ol'=v
It is easy to verify that H(o,v) = 0 iff 0 = v and that H (-, ) satisfies the triangle-inequality,
however it is not necessarily symmetric.
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The approzimate forget time of G with parameter 0 < § < 1 is defined by

Fs=minmax min H(o,v). (5.1.1)
v o vilv—pllTv<s

Combining Theorem 3.2 and Corollary 5.4 in [58], one immediately obtains that the approx-
imate forget time and the Cesaro mixing time have the same order, as stated in the following
theorem.

Theorem 5.1.4. Fvery reversible Markov chain satisfies
c1Fia < EMIX(%) < cpFi

for some absolute constants cy,co > 0.

5.1.4 Conductance and mixing

Let P = (pyy)s,y be the transition kernel of an irreducible, reversible and aperiodic Markov
chain on () with stationary distribution 7. For S C 2, define the conductance of the set S

to be
Zzes,ygs W(x)pm,y

7(S)m(2\ S)

We define @, the conductance of the chain, by ® := min{®(S) : 7(S) < i} (In the special
case of a lazy random walk on a connected regular graph, this quantity is similar to the

O(S) =

isoperimetric number of the graph, defined earlier). A well-known result of Jerrum and
Sinclair [47] states that ¢y is of order at most ®~?log 7l | where 7y, = mingcq 7(x). This
bound was fine-tuned by Lovasz and Kannan [56] to exploit settings where the conductance
of the average set S plays a dominant role (rather than the worst set). For our upper bound
of the mixing time on the random walk on the 2-core, we will use an enhanced version of the

latter bound (namely, Theorem 5.2.6) due to Fountoulakis and Reed [37].

5.1.5 Edge set notations

Throughout the chapter we will use the following notations, which will be handy when
moving between the kernel and 2-core.

For S C G, let Eg(S) denote the set of edges in the induced subgraph of G on S, and
let 0¢S denote the edges between S and its complement S¢:= V(G) \ S. Let

Eg(S) = Eg(S) U da(9),
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and define eg(S) := |Eg(S)|. We omit the subscript G whenever its identity is made clear
from the context.
If K is the kernel in the model C; and ‘H is its 2-core, let

E7, 2B(K) _, 9B(H)

be the operator which takes a subset of edges T' C E(K) and outputs the edges lying on
their corresponding 2-paths in H. For S C V(K), we let

Ey(8) = By (Ex(S)) . E5(S) = B3 (Ex(9)) -

5.2 Random walk on the 2-core

In this section we analyze the properties of the random walk on the 2-core C~£2).

5.2.1 Mixing time of the 2-core

By the definition of our new model C;, we can study the 2-core C§2) via the well-known
configuration model (see, e.g., [10] for further details on this method). To simplify the
notation, we let H denote the 2-core of C; throughout this section.

The main goal of the subsection is to establish the mixing time of the lazy random walk
on H, as stated by the following theorem.

Theorem 5.2.1. With high probability, the lazy random walk on 'H has a Cesaro mixing
time by of order e=21log®(e3n). Consequently, w.h.p. it also satisfies tyx =< 2 log?(%n).

We will use a result of Fountoulakis and Reed [38], which bounds the mixing time in
terms of the isoperimetric profile of the graph (measuring the expansion of sets of various
volumes). As a first step in obtaining this data for the supercritical 2-core H, the next
lemma will show that a small subset of the kernel, S C K, cannot have too many edges in

Lemma 5.2.2. For v € K, define
Cox ={S3v: |S| =K and S is a connected subgraph of K }.
The following holds w.h.p. for every v € K, integer K and S € €, k:

1. 1€, k| < exp[6(K Vlog(e*n))].
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2. dic(S) < 30(K Vlog(e3n)).

Proof. By definition, A = (2 4 o(1))e w.h.p., thus standard concentration arguments imply
that the following holds w.h.p.:

(3e)Flog(1/e)

N3 = (3+o0(1))e’n and N, < X

n for k> 4. (5.2.1)
Assume that the above indeed holds, and notice that the lemma trivially holds when K >
en. We may therefore further assume that K < e3n.

Consider the following exploration process, starting from the vertex v. Initialize S to be
{v}, and mark v; = v. At time ¢ > 1, we explore the neighborhood of v; (unless |S| < i),
and for each its neighbors that does not already belong to S, we toss a fair coin to decide
whether or not to insert it to S. Newly inserted vertices are labeled according to the order
of their arrival; that is, if |S| = k prior to the insertion, we give the new vertex the label
vg+1- Finally, if |S| < i at time i then we stop the exploration process.

Let X; denote the degree of the vertex v; in the above defined process. In order to
stochastically dominate X; from above, observe that the worst case occurs when each of the
vertices in vy, ..., v;_1 has degree 3. With this observation in mind, let A be a set consisting
of N3 — K vertices of degree 3 and Ny, vertices k (for k > 4). Sample a vertex proportional to
the degree from A and let Y denote its degree. Clearly, X; < Y;, where Y; are independent
variables distributed as Y, and so

dy(S) < iy (5.2.2)

By the definition of our exploration process,

Ky,
ez Y] (Z) |
O+ A=K i=1 ¢
We can now deduce that
Ky, K Y
E|¢, k| SE[ > H(g)} = Y HE Kﬁ)} . (5.2.3)
i+ H =K i=1 b4+ =K i=1

For all 72 > 4, we have

(3¢)™° log(1/¢) _ o (36)*log(1/¢)

P(Y =) < 27i
(¥ =i) <27 il (i—1)!
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and therefore, for sufficiently large n (recall that € = o(1)),

(") <(3)+3 (" ~27(38)Z310g(1/5)<—forallk:
()= ()2 () =25 <5

i>4

Altogether,
A
B¢, x| <7 ) HE (5.2.4)
4+l =K i=1

The next simple claim will provide a bound on the sum in the last expression.
Claim 5.2.3. The function f(n) =3, . .o _. 11— zik' satisfies f(n) < "

Proof. The proof is by induction. For n = 1, the claim trivially holds. Assuming the
hypothesis is valid for n < m, we get

m+1

f(m+1):2%f(m—k)§zek!

k=0 k=0

3
s

L1
k_ < eerl,

VAN

D

3
0

as required. [ |

Plugging the above estimate into (5.2.4), we conclude that E|€, x| < (7e)®. Now,
Markov’s inequality, together with a union bound over all the vertices in the kernel K yield
the Part (1) of the lemma.

For Part (2), notice that for any sufficiently large n,

(3e)3log(1/¢)

Ee¥ <é® + Z e'27i A

>4

<25,

Therefore, (5.2.2) gives that
P (dic(S) > 30 (K Vlog(e’n))) < exp [-5 (K Vlog(e®n))] .

At this point, the proof is concluded by a union bound over €, x for all v € K and K < &3n,
using the upper bound we have already derived for |&, x| in the Part (1) of the lemma. W

Lemma 5.2.4. Let L C E(K) be the set of loops in the kernel. With high probability,
every subset of vertices S C K forming a connected subgraph of K satisfies |E5,(S)| <
(100/¢) (S| V log(e®n)), and every subset T of 55e®n edges in K satisfies |Ez,(T) U E3,(L)| <

§€2n
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Proof. Assume that the events given in Parts (1),(2) of Lemma 5.2.2 hold. Further note
that, by definition of the model C1, a standard application of CLT yields that w.h.p.

K| = (3 +0(1)e’n, e(H)=2+0(1)*n, eK)=(2+o0(1))n.

By Part (2) of that lemma, di(S) < 30 (]S] V log(n)) holds simultaneously for every con-
nected set S, hence there are at most this many edges in Ex(S).
Let S C K be a connected set of size |S| = s, and let

K = K(s) = s Vlog(®n).

Recalling our definition of the graph H, we deduce that

30K

=1

where Z; are i.i.d. Geometric random variables with mean ﬁ It is well known that the

moment-generating function of such variables is given by

1 _ t
E(et21> — ( N)e )
1 — pet

Setting ¢ = £/2 and recalling that u = 1—(1+o0(1))e, we get that E(egzl) < e for sufficiently
large n (recall that € = o(1)). Therefore, we obtain that for the above mentioned S,
exp(30K)

P (|E5,(S)] = (100/e)K) < oxp((100/2)K) _ oK

By Part (1) of Lemma 5.2.2, there are at most (5 + o(1))e*nexp(5K) connected sets of size
s. Taking a union bound over the (3 4 o(1))e*n values of s establishes that the statement of
the lemma holds except with probability

(3 +0(1) e%n ) e KOO < (18 4 o(1)) (°n) ™" = o(1),

S

completing the proof of the statement on all connected subsets S C K.

Next, if T' contains ¢ edges in K, then the number of corresponding edges in ‘H is again
stochastically dominated by a sum of i.i.d. geometric variables {Z;} as above. Hence, by the
same argument, the probability that there exists a set T'C E(K) of ae®n edges in K, which
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expands to at least Se?n edges in H for some 0 < a < % and 0 < 3 < 1, is at most

((2 + 0(1))5%) eoe’n ]

nein )i S exp [CH (5) +a -5 +o(1) ™

(using the well-known fact that Y-, _, . () < exp[H (A\)m] where H(z) is the entropy function
H(z) := —zlogz — (1 — x)log(1 — z)). It is now easy to verify that a choice of & = 55 and
b= % in the last expression yields a term that tends to 0 as n — oo.

It remains to bound |£|. This will follow from a bound on the number of loops in K.
Let u € K be a kernel vertex, and recall that its degree D, is distributed as an independent
(Poisson(A) | - > 3), where A = (2 + o(1))e with high probability. The expected number of
loops that u obtains in a random realization of the degree sequence (via the configuration
model) is clearly at most D?/D, where D = (4 + o(1))e®n is the total of the kernel degrees.
Therefore,

E|L] < (3 +o(1))e*n - (1/D)E[D;] = O(1),

and so E|E},(L)| = O(1/¢). The contribution of |E},(L£)| is thus easily absorbed w.h.p. when
increasing 3 from % to %, completing the proof. [ |

Lemma 5.2.5. There exists an absolute constant v > 0 so that w.h.p. every connected set
S C H with (200/g)log(e3n) < dyn(S) < e(H) satisfies that |04S| / dy(S) > 1.

Proof. Let S C H be as above, and write Sx = S N K. Observe that Sk is connected (if
nonempty). Furthermore, since dy(S) > (200/¢) log(e3n) whereas the longest 2-path in H
contains (1 + o(1))(1/¢e)log(e*n) edges w.h.p., we may assume that Sk is indeed nonempty.

Next, clearly |0y S| > |0xSk| (as each edge in the boundary of Sk translates into a 2-path
in H with precisely one endpoint in S), while |Ey (S)| < |E5,(Sk)| (any e € Ex(S) belongs to
some 2-path P, which is necessarily incident to some v € Sk as, crucially, Sk is nonempty.
Hence, the edge corresponding to P, belongs to Ex(Sk), and so e € Ej,(Sx)). Therefore,
using the fact that dy(S) < 2|Ex(S)],

95| o 19kSk|  _ |9kSk] 'U?K(SICN_ (5.2.5)
dn(S) — 2|E5(Sk)l  2[Ex(Sk)| [E5(Sk)l

Assume that the events stated in Lemma 5.2.4 hold. Since the assumption on dy(Sk) gives
that | £, (Sk)| > (100/¢) log(e3n), we deduce that necessarily

S| > (£/100)|E3,(Sk)l



129

and thus (since Sk is connected)
|Exc(Sx)| = |Exc(Sk)| = (£/100)| E,(Sk)| — 1. (5.2.6)

Now,
dn(S) < e(H) = (2+o(1))e*n,

and since dy(S) = 2|Ey(9)| + [0xS] we have |Ey(S)] < (1 + o(1))e*n. In particular,
|E(H) \ Ex(S)| > 3&?n for sufficiently large n.

At the same time, if £ is the set of all loops in K and T' = Ex(K \ Sk), then clearly
E;(T)U E3,(L) is a superset of E(H) \ Ex(S). Therefore, Lemma 5.2.4 yields that |T'| >

we3n. Since di(Sk) < 2e(K) = (4 + o(1))e*n, we get

3
B\ S) > 1) > > +83“>

di(Sk) -

At this point, by Lemma 5.1.2 there exists @ > 0 such that w.h.p. for any such above
mentioned subset S:

1
0S| > a (de(Sk) A die(K\ Sx)) > %{)’()dn(s,c). (5.2.7)
Plugging (5.2.6),(5.2.7) into (5.2.5), we conclude that the lemma holds for any sufficiently
large n with, say, ¢ = 5 - 10~*v. [ |

We are now ready to establish the upper bound on the mixing time for the random walk

on H.

Proof of Theorem 5.2.1. We will apply the following recent result of [37], which bounds
the mixing time of a lazy chain in terms of its isoperimetric profile (a fine-tuned version of
the Lovasz-Kannan [56] bound on the mixing time in terms of the average conductance).

Theorem 5.2.6 ([37]). Let P = (p.,) be the transition kernel of an irreducible, reversible
and aperiodic Markov chain on Q) with stationary distribution . Let Ty, = mingeq m(x)
and for p > Ty, let

®(p) := min{®(S) : S is connected and p/2 < w(S) < p},
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and ®(p) = 1 if there is no such S. Then for some absolute constant C' > 0,

-1
min]

fMIX S C Z ®_2(2_j) °
j=1

[log 7

In our case, the P is the transition kernel of the lazy random walk on H. By definition,
if S C 'H and dy(x) denotes the degree of x € ‘H, then

dy () 1 dn(S)

2e(H)’ Pay = 2dy ()’ () = 2e(H)’

7TH(£B) =

and so ®(S) > 1]0yS|/dy(S). Recall that w.h.p. e(H) = (2+ o(1))e?n. Under this assump-
tion, for any p > 120%# and connected subset S C H satisfying m(S) > p/2,

dw(S) = 2m(S)e(H) > (200/¢) log(e*n) .
Therefore, by Lemma 5.2.5, w.h.p.

O(p) > Lie forall 120286 < p <1 (5.2.8)

e3n

Set

e3n

7 = max {j .97 > 120M} .
It is clear that j* = O(log(e®*n)) and (5.2.8) can be translated into

®(277) > Lie, forall 1 < j < j*. (5.2.9)

On the other hand, if m(S) < p < 1 then dy(S) < 2pe(H) while [04S| > 1 (as H is con-

nected), and so the inequality ®(S) > 195.S|/dy(S) gives (S) > 1/(4pe(H)). Substituting
p =277 with j < [log 7}

min

| we have

) 25—2 2J
®(277) >

> 2.1
~ e(H) ~ 10e2n (5:2.10)

(where the last inequality holds for large n). Combining (5.2.9) and (5.2.10) together, we



131

now apply Theorem 5.2.6 to conclude that there exists a constant C' > 0 such that, w.h.p.,

|—10g Wm1n1 “Og 7Tmm-‘

b < © Z @22g =C 2@223 T Z @22g
<C (j (3ie) 24+ 2(10en - 2777)?) = O(e? log (e°n)) ,

where the last inequality follows by our choice of j*.

The lower bound on the mixing time follows immediately from the fact that, by the
definition of C;, w.h.p. there exists a 2-path in H whose length is (1 — o(1))(1/¢)log(£®n)
(see [22, Corollary 1]). [

5.2.2 Local times for the random walk on the 2-core

In order to extend the mixing time from the 2-core H to the giant component, we need to
prove the following proposition.

Proposition 5.2.7. Let N, be the local time induced by the lazy random walk (W;) on H
to the vertex v up to time s, i.e., #{0 <t < s: W, = v}. Then there exists some C > 0
such that, w.h.p., for all s >0 and any u,v € H,

E.[N,.] < o@ +(150/¢) log(e%n) .

In order to prove Proposition 5.2.7, we wish to show that with positive probability the
random walk W, will take an excursion in a long 2-path before returning to v. Consider
some v € I (we will later extend this analysis to the vertices in H \ K, i.e., those vertices
lying on 2-paths). We point out that proving this statement is simpler in case D, = O(1),
and most of the technical challenge lies in the possibility that D, is unbounded. In order to
treat this point, we first show that the neighbors of vertex v in the kernel are, in some sense,
distant apart.

Lemma 5.2.8. For v € K let N, denote the set of neighbors of v in the kernel K. Then
w.h.p., for every v € KC there exists a collection of disjoint connected subsets { B, (v) C K :
w € N}, such that for all w € N,,

|By| = [(*n)"®]  and  diam(B,) < $log(e’n).
Proof. We may again assume (5.2.1) and furthermore, that

3 < D, <log(n) for all v € K.
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Let v € K. We construct the connected sets B,, while we reveal the structure of the kernel IC
via the configuration model, as follows: Process the vertices w € N, sequentially according
to some arbitrary order. When processing such a vertex w, we expose the ball (according
to the graph metric) about it, excluding v and any vertices that were already accounted for,
until its size reaches [(e%n)'/®] (or until no additional new vertices can be added).

It is clear from the definition that the B, ’s are indeed disjoint and connected, and it
remains to prove that each B, satisfies |B,| = [(¢*n)"/®] and diam(B,,) < log(e*n).

Let R denote the tree-excess of the (connected) subset {v} U|J,, B, once the process is
concluded. We claim that w.h.p. R < 1. To see this, first observe that at any point in the
above process, the sum of degrees of all the vertices that were already exposed (including v
and N,) is at most

"(63n)1/5“ 10g2(€3n) — (€3n)1/5+o(1) )

Hence, by the definition of the configuration model (which draws a new half-edge between

w and some other vertex proportional to its degree), R < Z where Z is a binomial variable
Bin ((%n)!/5+oW) (e3p) =45+ This gives

P(R > 2) _ (ESH)—6/5+0(1) .

In particular, since D,, > 3 for any w € IC, this implies that we never fail to grow B, to size
(£3n)'/%, and that the diameter of each B, is at most that of a binary tree (possibly plus
R < 1), i.e., for any large n,

diam(B,,) < $log,(e°n) + 2 < $log(e’n).

A simple union bound over v € K now completes the proof. [ |

We distinguish the following subset of the edges of the kernel, whose paths are suitably
long:

1
&:={eeB): P.| = 5-log(en) }
where P, is the 2-path in H that corresponds to the edge e € F(K). Further define Q C 2~
to be all the subsets of vertices of K whose induced subgraph contains an edge from &:

Q:={SCK:E(S)NE £0}.

For each e € K, we define the median of its 2-path, denoted by med(P,), in the obvious
manner: It is the vertex w € P, whose distance from the two endpoints is the same, up to
at most 1 (whenever there are two choices for this w, pick one arbitrarily). Now, for each
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v e H let
Ey i ={med(P,) : e &, v¢P.}.

The n