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ABSTRACT OF THE DISSERTATION

Robust and Efficient Methods in Semi-supervised Inference and Causal

Inference

by

Yuqgian Zhang

Doctor of Philosophy in Mathematics with a Specialization in Statistics

University of California San Diego, 2022

Professor Jelena Bradic, Chair

We consider the mean response estimation and inference in semi-supervised settings
in the first two chapters. Such settings consist of a relatively small labeled dataset and
an extensive unlabeled dataset. Chapter 1 considers the classical semi-supervised setup
that the outcome is missing completely at random (MCAR). Our goal is to improve the
efficiency of the supervised sample mean estimator using the additional unlabeled data. We
proposed a semi-supervised mean estimator based on flexible working models, including high-

dimensional and non-parametric models. In Chapter 2, we further consider the situation

xil



that a selection bias may appear. Our goal is to remove the bias originating from the
dependence between the missing and outcome. We propose a semi-supervised doubly robust
mean estimator with valid inference results when some product rate condition holds. Our
work fills in the gap between the semi-supervised literature and the missing data literature.
We allow selection bias — this extends the semi-supervised literature. We also allow extremely
unbalanced labeled /unlabeled groups and violate the usual positivity condition, which is
always assumed throughout the missing data literature.

The last two chapters consider the estimation and inference of the dynamic treatment
effect (DTE) when the treatment variable is longitudinal and the covariates are possibly high
dimensional. Chapter 3 proposes a doubly robust DTE estimator based on (imputed) Lasso-
type nuisance estimators. We established root-n inference when all the nuisance models are
correctly specified and some sparsity conditions hold. Chapter 4 further provides root-n
inference for the DTE even when model misspecification occurs. This is achieved based on
special “moment targeting” nuisance estimators. We provide valid inference as long as one
of the nuisance models is correctly specified at each time spot — such a result is better than

all the existing literature, even containing the low-dimensional works.
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Chapter 1

High-dimensional semi-supervised
learning: in search of optimal

inference of the mean

1.1 Introduction

We consider a semi-supervised setting with n independent and identically distributed
pairs (X;, Y;)L, ~ Pxy) of observations, with covariates X; € RP~! and the outcome
Y, € R. We presuppose the existence of an additional set of m observations, (XZ)?:T}FI
With 7 = lim,,, s /(M +n) € [0, 1] denoting the ratio of the fully observed data and data
with the missing outcomes, we are particularly focused on the case of 7 = 0, i.e., m > n.
The semi-supervised learning setting can be viewed as a particular missing data setting,

where the outcome is missing completely-at-random. Although the missing data literature,

in general, addresses a more general setting of the outcomes missing-at-random [SRR99],



semi-supervised learning has a particular caveat that the missing data’s size is enormous,
m > n. With m > n, typical missing-at-random approaches [BR05] no longer apply.
The positivity /overlap condition, see, e.g., [RLSR12|, is no longer satisfied; with 7 = 0,
the probability of observing the outcome converges to zero, therefore implying that the
semi-supervised setting is not a simple subset of the missing-at-random setting. Instead,
we treat the missingness size, an impediment from the missing-at-random perspective, as
a semi-supervised strength. In the case of infinite missingness of the response, we are left
with infinite additional information regarding the covariates’ distribution, Px. Mimicking
the known Px setting, we remove the bias in estimating the outcome model and show that
semi-supervised-double-robust inference is achievable.

Our main contribution is in constructing new semi-supervised estimates of § = E(Y')
and in providing root-n inferential guarantees while allowing for misspecification of the dis-
tribution of Y | X. An impediment to providing optimal inferences about 6 lies in the
inability to estimate E(Y | X) with root-n guarantees. Sparse regularizers, random forests,
nonparametric (smoothing) estimators, or neural networks do not admit root-n consistency.
While there is vast literature on semi-supervised learning, comparatively little is known about
making inferences about 6; see [Zhu05]. Recent results of [WL08, EACR™ 16, MC18] consider
the class of low-dimensional graph-oriented semi-supervised algorithms. Semi-supervised
learning in the context of classification has had a long tradition; see [CSZ09, GB05]. A
small but growing literature has considered the development of semi-supervised inferential
procedures. The recent work of [ZBC19] is a special case of our construction. Authors
utilize the least-squares approach in linear models whenever p = o(n'/?). Our results are

based on n~'log(p) = o(1) together with many possible estimators, e.g., random forests



and neural networks. [CC18] develop the semi-supervised regression method with improved
efficiency when the linear model is misspecified. [GC18] consider semi-supervised prediction,
while [CG20] propose semi-supervised explained variance estimates. We, therefore, view our
contribution as complementary to this growing literature.

We believe that our new estimating tools will be useful beyond the specific class of en-
vironments studied here. We illustrate this point by applying our findings to heterogeneous
treatment effects. Existing approaches of [CCD*18, KSBY19]; and [CCD*17] build learn-
ers that can conform to many machine learning methods [WA18, ATW18|. However, they
do not consider the semi-supervised setting with the outcome and the treatment missing.
We discover that the asymptotic variance size is reduced regardless of whether additional
information on the treatment is available. Moreover, treatment assignment can potentially
depend on all covariates with no explicit sparsity requirement. The method also shares the

low-dimensional asymptotic efficiency of [CAC18].

1.2 Efficient estimation of the mean

1.2.1 From de-biasing to double-robustness

Let 8* € RP, the population slope, be an [, projection defined as
* : . o T 2
§° = arg min £ (Y =5 —XTB4)".

Here, 3_; denotes 8 with the j-th coordinate removed. For ¢ = YV — gf — X"3*, and

2

2 = var(e) with E(e | X) # 0 we do not necessarily assume that the regression model

g

is linear. With p and C, denoting the mean and the covariance of X;, respectively, we



use V; = X; — p, and Z; = C~V2(X; — p). With X; = (1, XDT and V; = (1, VDT, let
fi=(1,4")T and C' = cov(X) denote the mean and covariance of X = (1, XT)T. The mean

of the response, # = E(Y'), can be seen as a linear contrast of 5*:
6=t

When p > n, a good candidate estimate of 3*, is a regularized estimator, B, e.g.,
Lasso [Tib97] or square-root Lasso [BCW11]. However, such estimators suffer from slower
than root-n consistency: when the outcome model is linear, |3 — 8*||2 = op{slog(p)/n} with
s = |{j : B; # 0}]. Hence, a plug-in estimate will not achieve root-n inference regarding 0,
even if the outcome model is correct, unless s is a constant. Existing literature provides easy
solutions with many possible ways to remove the bias of regularization. Each of these could
potentially achieve root-n inference of # but would, however, require strong assumptions on
the models: the outcome must be well specified as well as sparse enough. For example, let
Bap=B+nt S, (:)X,(Y; — XiTB), denote the de-biased Lasso [VAGBRD14]. Here, 0, is
a candidate estimate of 271, ¥ = EXXT € RP*?. Root-n inference of § would then require
outcome sparsity s = o{n'/?/log(p)} as well as [{k # j : (X71),;x # 0} = o{n/log(p)}
[VAGBRD14].

However, Bdb does not directly use the additional covariate information available in
the semi-supervised setting. Let us consider a particular case where Py, and with it, X!
and i are known. In this case, we could use an improved de-biased semi-supervised estimator

~

B=p+n" SN, ﬁ) which then leads to

A8 =B +n S eI - XB) = 7B+ Y (Y- XTB),

=1 i=1



where e; = (1,0,0,...,0)T. Interestingly, by algebraic manipulation, it is not difficult to
see that the right-hand side above becomes Y + (i — X )TB, where Y = nt 3" | V; and
X =n' 327, X, therefore matching with the low-dimensional estimator of [ZBC19]. There
seems to be an intricate connection between the above estimator and the double-robust,
missing-at-random estimators of [BR05]. However, there is an important difference. If T; = 1
for y =1,...,n and zero otherwise, i.e., T" is the indicator of the observed data. Missing-at-
random treats 7' as a random variable whereas semi-supervised learning treats 1" as fixed,
non-random. Semi-supervised learning can be viewed as missing-at-random conditional on
(T;)74" being fixed. Then, the missing-at-random average treatment effect of the treated

)

matches the above estimator

n+m

TG+ (n+m)” ZTY X:B)/P(T; = 1| X;),

where P(T; = 1 | X;) = P(T; = 1) = n/(n + m). However, missing-at-random double-
robust estimates require P(7; =1 | X;) > 0 whereas in the semi-supervised setting we have
P(T; =1|X;) — 0 with m > n.

In the semi-supervised setting, we aim to show that the above estimator’s sample

equivalent will suffice for root-n inference on . Let
0 = Tﬁ—l—n Z XTﬁ ﬂ:(n—i—m)_le{i.

Our estimator will use cross-fitting, which plays a crucial role in establishing the double-

robust property of the proposed estimator, i.e., in controlling the term ¢5 in the decomposition
0— 0=t +ty+ts,

wheret; =0 —n" 'S0 Vi, to=(n"'30, Xi— )" (B—5%), ty= ("3, X~ )6



The cross-fitting technique helps in removing the bias arising from t,. With the use of cross-
fitting, B’s and X;’s influences in t, are separated and tight control of t5 is achieved under
minimal conditions. Without cross-fitting, |6 — 8] < ||n=" 327, X; — filloo||f — B*|l1 where the
right-hand side is Op(n~'/?) as long as s < n'/?/log(p). Instead, with the use of cross-fitting,
we can guarantee root-n consistency as long as s < n/log(p). Cross-fitting can be traced
back to the natural ideas of cross-validation. Historical background is provided by [Sto74]
and [Gei75] for example. More recently, [RWG19] show that sample splitting increases the
accuracy and robustness of inference. [CCD'17] use cross-fitting to define double-robust
missing-at-random estimates.

We start by splitting the labeled observations into K sets, I, each of size N, and split
the unlabeled observations into sets I;.. Let Ji, = I, U I} with |Jz| = M. Let B(_k) denote an
estimate of 8* computed on all but the kth labeled observations, 3% = B({(XZ, )1 €
{1,2,...,n} \ I+}) € RP. Then, we propose

gk — 0Tk Ly S <y@. _ X;T@(—k)) LAY =M Y X (1.1)
i€l i€J
Finally, we propose the following semi-supervised estimator, which aggregates the above

estimates:

We will show that this estimator becomes an unbiased estimator of #, even in finite samples.



1.2.2 From the mean to the coefficient of determination

A crucial statistical problem is the estimation of the Proportion of Variance Explained
(PVE),

PVE = var(X"3*)/o2.
Estimation of PVE with p > n is difficult due to the numerous overfitting issues. In this
section, we propose a semi-supervised coefficient of determination, R?, an estimator of PVE.
The estimation of the explained variance, b> = var(X"3*), [CG20] can be done with the
cross-fitted residuals

P2 = GERT AW GER 4 g N1 3 BERTE e =Y, — 6 — BERTY (1.2)

i€ly

and b = K~} Zszl EQ(k), where the estimates of f/z are V@ = XZ- — /l(k) and their covariance
ChH = MY, I V;V.T. The motivation behind this careful construction is governed by
bias-propagation in the high-dimensional setting; as we will show, the residuals as defined
above are, however, root-n consistent. This, in turn, provides a more stable estimate and
enables theoretically weak conditions. To see that the naive estimate Y; — BTXi may not
guarantee root-n consistency, we only need to observe that in such a case, Y; — BTX}- =
i+ (0—BTR) — (B—B%)"(X; — i), while the term 6 — 5T/ is not necessarily root-n consistent
whenever p > n. Our cross-fitted construction can be seen as a bias-corrected estimate of
the residuals. We propose a new estimator of the variance of the response, 0% = var(Y),

B = NSV NS R (@(k) _ V@.@T) BP), (1.3)

iEIk ie[k

2 —

and with it 62 = K135 62" Our results also hold for the truncated version 0% trunc =

max(6%,0). A classical estimate, the simple sample variance, Sz = n='>" (V; — V)2,



does not utilize any additional knowledge of the covariates. Alternatively, one may consider
n~ (Y, —é)2. However, both of these estimates can be improved. Our theoretical results

demonstrate a persistent variance magnification,

n Yy (V=0 =07 +n7' > BTV = C)B+ T+ Op(n),

i=1 i=1

where BE(T) = 0 and T = n~' 327 (28 ™Vig; + &2 — 02). Hence, our estimator adds a
correction term so that the contribution of the middle term disappears. Therefore, R? can
be obtained by plugging in the estimators of % (1.2), and the variance of the response
0%.(1.3),

K
R =K1Y 0 /e (1.4)
k=1

1.2.3 Root-n consistency

We establish the root-n consistency of the proposed semi-supervised estimators. Con-
stants in what follows, possibly changing from line to line, are independent of the sample

size.

Assumption 1.1. Let the covariance matriz C' be such that Apin(C) > 0 and A\pax(C) < ¢

and Supjj,,—1 Ela®Z|?*¢ < ¢; as well as E|Y|**¢ < ¢, for positive constants c,c; > 0.

Assumption 1.2. The responses are such that E|Y|*¢ < ¢; whereas the covariance ma-
triv C' satisfies, Amin(C') > 0 and Apax(C) < ¢1 and supjq,— Ela®™Z|*¢ < ¢ for positive

constants c,c; > 0.

Assumption 1.3. 3 is an estimator for 3* that satisfies ||B — B*|l2 = Op(1), as n,p — oo.



Condition 1.1 or 1.2, used one at a time, provide a well-defined linear approximation
model 5*. A bounded variance of Y simplifies exposition; all of the results still hold even
if this condition is removed. However, the results would be less interpretable. Condition
1.3 allows for a wide variety of estimates of 5*: Lasso, Dantzig, Square-root Lasso, Elastic-
net [ZHO05] or Slope [BVDBS*15] are plausible. Similarly, different structural forms of 8*
are permissible; a considerably weaker form of sparsity, I, sparsity with r € (0,1), would be
effective as long as ||3*||" = o[{n/log(p)}'~"/?] [YZ10], for example. As per Conditions 1.1
and 1.2, bounded 2+ ¢ and 4 + ¢ moments allow heavy-tailed distributions for the covariates

as well as the noise; see, e.g., the Huber estimate of [SZF20].

Theorem 1.1. Let Conditions 1.1 and 1.3 hold. Then, as m,n,p — oo, 6—0 = Op(n~12),

Moreover, if Condition 1.2 hold as well, 3 — o3 = Op(n=/?).

Regarding 6, Condition 1.1 can be relaxed to bounded 1 + ¢ moments. Importantly,
we do not rely on a strong signal-to-noise ratio to achieve root-n consistency. If s = p,
one can show that the Lasso estimate equals zero with high-probability, in which case the
proposed estimate will be the same as the naive Y. Hence, there is no loss in efficiency, and
it seems that the semi-supervised mean estimate is advantageous in almost all cases. We

discuss some aspects of the variance in the Section 1.4.

1.2.4 Asymptotic normality

In this section, we proceed to prove that semi-supervised estimates are asymptotically
normal and that they improve the efficiency of estimation by borrowing strength from the

additional dataset.



Assumption 1.4. 3 is an estimator of 8* that satisfies |3 — 5|2 = op(1), as n,p — .

Theorem 1.2. Let Conditions 1.1 and 1.4 hold. Then, as m,n,p — oo,
n'2(0 — 6) — N (0,02 + 7b%) (1.5)
in distribution, provided that o® + Tb*> > ¢ for some constant ¢ > 0.

Compared with requirements for inference in high-dimensional linear models, Con-
ditions 1.1 and 1.4 are milder. Where we require only moderately sparse regimes s =
o(n/log p), high-dimensional and even doubly-robust methods require more strict settings;
see, e.g., [SRR19, Tan20b, Tan20a, BWZ19]. In particular, we do not require any sparsity
structure on X7!, a condition that has been typically assumed throughout the literature, if
the variance is unknown. Lastly, we do not require homogeneity of the errors, c.

Regarding efficiency, observe that
var(n'/?Y) = 0% = 0% + 0> > 02 + 7%

where 02 + 7b? is the asymptotic variance of 6 as in (1.5). Hence, the semi-supervised esti-
mator 0 is asymptotically at least as accurate as Y and is often more accurate. Namely, the
additional unlabeled data reduce the asymptotic variance by (1 — 7)b%. The more unlabeled
data we observe, the more accurate the proposed estimator 6 becomes. When 7 = 0, the
asymptotic variance is equivalent to the case of known Py.

Throughout the chapter, we mainly focus on the case of the signal-to-noise ratio,
snr = b?/0?, being bounded away from 0 and oo. However, observe that the two ex-

tremes are not particularly informative. Namely, the case of snr = 0 illustrates that no
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estimator can improve the naive Y. Conversely, the case of snr = oo and 7 = 0, illus-
trates that semi-supervised estimator can potentially lead to a better than n'/? conver-
gence rate. Set p; = Corr(Z;,Y) for each j € {1,2,...,p — 1}. Then, b* = g tepr, =
{CE(VY)}'CCTE(VY) = 0% Z?;} p3. If 7 <1and o} Z?;} p3 > ¢ for some ¢ > 0, i.e.,
when at least one of the covariates has positive marginal correlation with the response, g is
asymptotically more accurate than Y.

Our estimator is also optimal in the following sense. The asymptotic variance in
Theorem 1.2 is the same as that of [ZBC19], proved under a low-dimensional setting; see
their Theorem 2.4. Moreover, it also achieves the oracle lower bound presented in their
Proposition 3.1. The following result presents theoretically valid root-n confidence intervals

of 6, while only requiring consistency of B at an arbitrarily slow rate.

Theorem 1.3. Let Conditions 1.1 and 1.4 hold. With &; defined in (1.2), we define 62 =
n~t>°"  E2. Then, whenever m,n,p — 0o, 62 = o2 + op(1), b2 = b2 + op(1), and a valid

i=1%7"

confidence intervals about 0, at significance level o, is defined as
CU0) = (0~ 21-ago62/n + B/ (m+ m)}V2 04 21_0po{62/n + B/ (m+)}2 ), (16)
with 21_4/2 being (1 — a/2)-quantile of a standard normal distribution.

A few comments are in order. If we are willing to assume Condition 1.2, we show that
b2 — % = Op(||3 — B2 + n~/2). In contrast, a naive plug-in estimate of b2, B(*k)TCA’BA(*k)
would only guarantee Op(||3 — 8%|2). Therefore, our result on b? can be seen as complemen-
tary to [CG20]. We provide the same convergence rate, whenever b* > ¢, ¢ > 0, however,

with weaker assumptions: we allow heavy-tailed X and ¢ and misspecified linear model. An

11



asymptotically normal result holds once || 3 — 3*||s = op(n~1/4); the details of the asymptotic
theory regarding b are contained in Theorem 1.6 under a more general setting.

Next, we discuss the high-dimensional R? semi-supervised estimate. We begin by
highlighting the asymptotic results on the variance estimate, followed by a simple corollary

regarding the asymptotics of R2.

Theorem 1.4. Let Conditions 1.2 and 1.4 hold. Then, as m,n,p — oo,
(62 —o%) - N {O, var(e2 4+ 28"TVe) + Tvar(ﬁ*Tf/)Q} : (1.7)

in distribution, provided that var(e? + 26*TVe) + Tvar(ﬁ*TV)2 > ¢ for some constant ¢ > 0.

2

Moreover, for &7

and 67 defined in (1.15) and (1.17), respectively, we have
6, +n(m+n)~'67 = var(e® + 26*"Ve) 4+ tvar(8TV)? + op(1). (1.8)

A sufficient condition regarding Theorem 1.4 includes var(e2 + 26*TVe) > 0 — when-
ever 02 > ¢y, and corr(gQ,ﬁ*Tvg) > —1 + ¢o, for some c1,co > 0, the asymptotic variance
in (1.7) is positive. Now we are ready to state the asymptotic normality of R? as a simple

corollary of a more general result; see Theorem 1.6.

Corollary 1.1. Let Conditions 1 and 4 hold. Then, for R? defined in (1.4), we have R* =
PV E + op(1), whenever m,n,p — oo. Moreover, if Condition 2 holds with ||B — B2 =

op(n~Y4), then, as m,n,p — oo,
n*2V=12(R?)(R* — PVE) — N(0,1)
in distribution, provided V (R?) > 0, where

V(R?) = Var[a;46252 + 0‘;4052{265*T‘~/ + T(B*TV)Q}] + Ta;gafvar{(ﬁ*TV)z}.
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1.3 Beyond linear outcome models

Recall that our estimation towards the mean depends on the linear projection of
¢°(x) = E(Y | X = x). A question arises naturally: can we use general machine learning
algorithms to estimate ¢°(z) and design non-linear projection for optimal estimation of 67
Are we able to construct confidence intervals, and will the asymptotic variances of the
estimators be improved? We provide positive answers to both questions.

A natural extension of  can be defined as

K
Ogen = K16, where §%) = M~ Y " gtH(G) + N Y {Vi—gM(x0)}, (19)
k=1

1€Jy, 1€y,

and ¢ is the estimate of ¢° computed on all but the k-th labeled observations. We
suppose the existence of some g* = g4 : RP — R, such that py x{¢7" (x) — ¢*(X)} = op(1)
as n — oo, and possibly p,q — oo and where u,.(f) = E{f — E(f)}" is the r-th central
moment, and yu, x(f) = Ex{f — Ex(f)}" with Ex denoting the conditional expectation on
the marginal distribution Px. Here, d denotes the degree of freedom of the working model.
Note that g*(z) = ¢°(z) is unnecessary. Here, g* = g% can be chosen as the projection of the

underlying curve ¢°(x) to a functional class Gy, i.e.,
g* = argmin E{g*(X) — ¢°(X)}*. (1.10)
9€Gq

With a small abuse in notation, let ¢ = Y — ¢*(X) denote the unexplained error of the
model. To better interpret our results, we assume that E(e) = 0 and E{eg*(X)} = 0, which
is satisfied once b+ ag € G, for all a,b € R and g € G;. We demonstrate in Theorem 1.5

that, égen of (1.9), is asymptotically normal with asymptotic variance

Veen(0) = 02 o + T

€,gen gen’
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where b2 = var{g*(X)} denotes the explained variance of the model g, and 02, = E{Y —

gen £,gen

g*(X)}? = var(Y) — b%,, denotes the unexplained variance. When g* is defined as in (1.10),

gen
bgen and o2 een are the largest explained variance and smallest unexplained variance among
the functional class G4, respectively. The unexplained variance can be estimated using a
cross-fitting scheme

02 gon = ‘IZK:Z{ Ogen — (_k)(Xi)}Q, (1.11)

k=1 ’Lelk

with AR (X;) = gCR(X,) — M~ > ies, 9TP(X5). As for the explained variance, (1.2) can

be generalized through a bias-corrected cross-fitting estimator

B2 = (m+n)~ ZZ{h X)) +2n7! ZZh Y; = Ogen — B (X3)}. (1.12)

k=1 icJy k=1 i€l

~

Now, Vien(0) = 62 0 + nb2€n /(m 4+ n) and a a-level confidence interval can be constructed

as

A

Clyn(®) = (= 21202 (Vo) i 4 2102 {VanO)} ). (123

The asymptotic normality of non-linear R? is established in Theorem 1.6.

Theorem 1.5. Suppose that E|Y|*T¢ < C and E|g*(X)|*™ < C for some C < oo. Then,
as long as pg x {9 (z) — g*(X)} = op(1) for each k, as n,p — oo (or n,p,d — ), égen
satisfies

02V 2(0)(Bgen — 0) = N(0,1),  Vien(0) = Vien(8) + 0p(1),

gen

provided that Vgen(8) > 0.

The asymptotic variance above depends on the explained variance bgen' the larger

the explained variance is, the more efficient estimation of  is. In particular, a worst case of
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2 : * — 40 ;
bgen = 0 corresponds to the sample mean estimator. When g*(z) = ¢”(x), the asymptotic

variance is optimal; it matches the oracle lower bound of Proposition 3.1 in [ZBC19] and one

can see a clear efficiency gain through b2 (g*) < b2, (¢°).

gen — Ygen

1.4 Further discussion on the variance

1.4.1 Asymptotic inference for the variance

When we are interested in estimating and perhaps constructing confidence intervals
regarding the variance of Y, we require the same set of simple assumptions used in obtaining
inferential statements regarding the mean of Y. Even when 3 is a biased estimate whose bias
is bounded asymptotically (but is not diminishing) we are able to guarantee n'/? consistency
of the estimate, (1.3). For consistent B, even without specified rate assumptions, we can

guarantee more, in distribution,
iy A
n*?(% —o2) - N {0,var (82 + 253 V&?) + Tvar <ﬁ* V) } :

The result above remains correct even when there is a large dependence of €; on ‘71 The
result simplifies a lot if both the covariates X; and the errors ¢; have Gaussian distribution;
in that case, the asymptotic variance becomes 202 + 4020? + 27b*. Moreover, under the same
set of assumptions, we can consistently estimate the asymptotic variance of 6%. To do so, we
estimate the two components of the asymptotic variance separately. Let’s focus on estimating
var(8*TV)? first. To that end, we construct consistent estimates of (8*TV;)? — E(5*TV)?,
fi(k), as follows

¢® — pemt (f/;f/T _ @(k)) B8 (1.14)
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Then we set

225 * e var(87TV)2. (1.15)

k=1 i€l

Next, we estimate var(e2 4+ 26*TVe). To that end we define

11‘ ~
n® = &2 4 280N Vg, 4 BT EW R,

(k)

and observe that 6% is an average of n;’. Then, we create a cross-fitted residuals of the

following form

M = -6} (1.16)
and show
=N~ ZZ 1/ ~ var(e? + 23" Ve). (1.17)
k=1 Ze]k

In Theorem 1.4, we showcase that as long as any consistent estimate of B is used, the

confidence interval

Cl(oy) = (6% — 21-a2{62/n + Erg/(m+n)}1/2, 5y + 21-a/2{00 /0 + crg/(w%l—n)}l/2 )
(1.18)

will be asymptotically correct.

1.4.2 Variance estimation discussion

Based on Theorem 1.4, when the data follows Gaussian distribution, it is not difficult

to see that when 7 < 1,ie.,m>n
var(e2 4+ 28" Ve) 4 rvar(8*TV)? < var(Y — 6)? = var(n'/2S%) + o(1).

Namely, the constructed confidence interval for o3 as presented in (1.18) is asymptotically

more accurate in the sense of having smaller width asymptotically, than the interval that is
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solely based on {Y;}™,

(82 /(1= sl = 10202}, 8% {14 20 = 022} )

or its robust alternatives (see for example [HBH05]) where 7 is any consistent estimator for

the kurtosis. One of the choices for 4 can be

+ 3.

n(n+1) Yi-Y)" 3(n-1)
n—l)(n—?)(n—i’))z Sy (n—2)(n—3)

T
This, in turn, implies that the proposed semi-supervised estimator, 6% is asymptoti-

cally more accurate than the sample variance, Sz.
In general, the efficiency of the proposed semi-supervised estimator 62 would depend
on the particular model of non-linearity, i.e., on the particular deviations from the linear
model. We illustrate the discussion with two specific examples. To that end, we introduce a

proportionality coefficient r as the proportion of the decrease achieved by the semi-supervised

estimator compared to SZ. We define such coefficient with

. var(Y — 6)% — var(e? + 26*TVe)

var(Y — 6)? (1.19)

Here, we have assumed that m > n and the effect of 7 is negligible.
The first example discusses a heteroscedastic linear model where the variance of the
error depends quadratically on the covariates. The second discusses larger deviations from

normality, where the response model is highly non-linear. In particular, we consider

p P P
Y= ZXZ'J‘ + (CLZX@Q]' + ZXij> ni (Example 1)
Jj=1 j=1 j=1

p P
Y; = allog <0.8 ‘Z XUHO.Ol) ‘+ Z Xij +n; (Example 2)
j=1 j=1
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(a) The proportion of decrease versus the
size of the heteroscedasticity of the linear (b) The proportion of decrease versus the
model size of the non-linearity of Example 2
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= 0.50-

(c) Signal to noise ratio versus the size of (d) Signal to noise ratio versus the size of
the heteroscedasticity of the linear model the non-linearity of Example 2

Figure 1.1: Proportion of the decrease in asymptotic variance achieved by the proposed semi-
supervised estimator 6% as a function of the coefficient a representing the heteroscedasticity
in (a) and (c) and non-linearity in (b) and (d) subfigures. Different colors correspond to
different dimensionality settings, in (a) and (c), we have p = 1 (solid), p = 10 (dashed) and
p = 20 (dotted); in (b) and (d), we have p =1 (solid), p = 3 (dashed) and p = 5 (dotted).

where a measures the size of the deviation from the linear model. In the above X;,n; ~
N(0,1). When r > 0 we see that the proposed estimator is more efficient than S.

From Example 1, we observe that efficiency persists over a broad range of het-
eroscedastic model specifications. We also observe that the larger the magnitude of a is

— the more significant the effect of heteroscedasticity is — the smaller the signal is in the lin-
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ear model. This, in turn, results in smaller r values. Example 2 is showing a more complex
scenario; smaller magnitudes of a indicate not too great deviations from the linear model
and result in greater efficiency in 62. For larger a, the linear approximation is too far from
the data generating process. Results are presented in Figure 1.1, where we also showcase

the Signal to Noise ratio corresponding to each setting.

1.4.3 Inference of variance by a general machine learning model

In addition to the confidence interval of mean F(Y'), one may also be interested in

2

inference towards the variance 0% = var(Y), the explained variance b?

zen and the unexplained

variance o?

€,gen’

The general semi-supervised estimators towards o? ., and b2, are proposed in (1.11)
and (1.12) when we construct asymptotic confidence intervals of the mean. As for the
variance of Y, recall that in our setting, 03 = 02,,, + b3,,. Hence, the variance can be

estimated by the sum of estimated explained variance and unexplained variance

~2 a2 72
UY,gen - Us,gen + bgen‘

(1.20)

The estimation of PVE can also be handled by the usage of a general machine learning

model. An extension of R? can be defined as

gen gen Y,gen"

K
_ 79(k) ;A 9(k)
R* =K 1§jb2 /63
k=1

Because of the limited length of the paper, here we only propose the asymptotic normality

results of the generalized estimators.

Theorem 1.6. Suppose that we have n independent and identically distributed samples

(Y;, X;) ~ P whose marginal distributions are (Py, Px). In addition, suppose that we observe
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a supplementary set of m independent and identically distributed samples X; that are drawn
from the same distribution Px. Moreover, suppose that E|Y "¢ < C, E|g*(X)|*™ < C and

the estimation error satisfies p14x{9"" (X) — g*(X)} = op(1), then

in distribution, where

n

Viey) = var { +25(g"(X) = 0) + ——(g"(X) — e>2} ot

mvar {(g*(X) — 9)2} )

m+n

The asymptotic variance V(a%) can be estimated by

T

k=1 iely i€l k=1 i€l}

with V(62)/V(62) = 1+ op(1), where

2
vi= (Y- é)2 - {g“’ﬂ(xi) - M Z@““(Xi)} :

i€Jy
2
& = {g““)(Xi) - M Zfﬁ‘“(xi)} .

1€

Moreover, if in addition that pa x {3 (X)—g*(X)} = op(n~Y?) and either a) g(x) is linear
on @, or b) pax {9V (X) — g*(X) tuz.x {g"(X) — ¢°(X)} = op(n™"), then

1/2(0 — g2 ) 1/2(b2 _ 2 )
£,gen egen/ N(O, 1)’ gen gen N(O’ 1)’ (121)
{V( agen)}l/2 {V( gen)}1/2

n*?vV—12(R2 )(R%, — PVE) — N(0,1),

gen gen

in distribution, provided that V(o Egen) =

02 gen) > ¢, V(02.,) > ¢ and V(RZ,,) > ¢, where V(o

gen gen
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var(g?) and

0~ 0] e [0~ 7).

V(b2,,) = var 25{9*(X)—9}+m+n (m +n)

gen

V(RZ,,) = var[oy b2, e + oy to?  {2e(g"(X) — 0) + n(m +n) " (g"(X) — 0)*}]

gen gen €,gen

T n(m +n) oy 0k var{(g7(X) — 0)°).

Based on Theorem 1.6, an asymptotic confidence intervals for 0%, at significant level

«, is proposed as

R . /2 . 1/2
CIgeﬂ<0-§2/) = (g%/,gen — Zl-a/2 {V(O’%)/TL} ) O-%,gen + f1—a/2 {V(O’%)/TL} ) . (122)

For a general non-linear model, as in Theorem 1.6, we can see that the asymptotic
normality results of estimating explained variance and unexplained variance (1.21) require

rates on § — ¢g* and g* — ¢°.

Here we provide some insights on the two rates. As the
degree of freedom d grows, the estimation error err; = pg x{§%(X) — ¢*(X)} grows and
the misspecification error erry = g x{g*(X) — ¢°(X)} decreases. To obtain (1.21), we need
err; = op(n~/2) and errjerr; = op(n~'), which is weaker than errs = uy x{§"(X) —
g°(X)} = op(n='2).

Here we take the ReLLu network as an example and showcase the conditions when the
asymptotic normalities (1.21) hold. Following the settings as in [FLM21], let W and L being
the number of parameters and the number of layers, respectively. Assume the conditions in
Theorem 2 of [FLM21], ¢°(X) € W"((—=1,1)?) = {g : max, ja|<, €55 SUD,¢(_1.1ya | D*g(2)] <
1}. For W o« n® with any a > 0 and L o logn, omitting the logarithm terms, we have erry,

erry are of the order n=® and n=29"/P respectively. Hence, the asymptotic normalities (1.21)

hold when a € (0,1/2) and p < 2r. In other words, the degree of freedom d, or W in the
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neural network example, is flexible, and we are able to obtain the asymptotic normalities for

a wide range of d.

1.5 Data missing-at-random

Now, we turn to missing-at-random setting, where whether we observe Y; depends
on X;. Suppose that we have m + n independent and identically distributed samples
(T;,Y;, X;) ~ P, whose marginal distributions are (Pr, Py, Px). Here, T; € {0,1} denotes
the labeling: Y; is observable if and only if T; = 1. Assume the missing-at-random condi-
tion: V; L T; | X;. Let Y? = T;Y;. Let n = ZZ’;{"Tz be the amount of labeled samples.
Here, n is a random variable. Estimating the mean of Y is equivalent to the estimation
of the average treatment effect of the treated. Let §=®)(z) and 3% (x) be estimates of
¢°(z) = E(Y | X = 2) and s°(z) = E(T | X = x) computed on all but the observations in
k-th fold, respectively. Then,

T{Y? — 9P (X,)}

X (1.23)

K
Orian = (m +n)~t Z [g(“ (X;) +

k=1 i€

<

k

is an estimate of the mean 6,z = F(Y) under the missing-at-random setting. Here, the
mean estimator (1.23) is a special case of the double/debiased machine learning estimator
of [CCD*18], where they require a positive overlap assumption P{s’(X) > ¢} = 1 for some
constant ¢ > 0. In our semi-supervised setting, we do allow that 7 = lim,,, ;,_s0o n/(Mm~+n) = 0,
ie. s°%(X) = E(T) — 0. Hence, it is natural to ask if we can relax the positive overlap to
a more general condition on s°(x), rather than forcing s’(z) being a constant as in semi-
supervised learning? In Theorem 1.7 bellow, we showcase that only P{s*(X) > ¢ E(T)} =1

is needed, and that F(T) — 0 is allowed.
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Theorem 1.7. Suppose that E|Y|*™¢ < ¢;, E(e® | X) < ¢; and E(g?) > ¢y for some
¢,c1,c9 > 0. Suppose the expected number of labeled samples grows to infinity, i.e. (m +
n)E(T) — oo. Besides, for a given covariate, the ratio of the probability of observing
the corresponding response to the overall labeling probability is bounded away from zero,
i.e. P{s°%X) > cE(T)} = 1, for some ¢; > 0. Suppose K < oo and the estimators

of the outcome and the propensity score model, g and 3, have estimation errors satisfying
Ex{§™M(X) = ¢°(X)}? = op(1), Ex{l—s"(X)/s0P(X)}* = op(1), and
Ex{g""(X) = ¢"(X)}* - Ex{l = s°(X) /8" (X)}* = op[(m +n) " {E(T)} ]
as m+n,p — oo. Then, the estimator éMAR, (1.23), is asymptotically normally distributed
(m -+ ) [E{" ()Y + B {Te/(x) )] T G — ) = N(0,1). (1.24)

Moreover, if Ex[{§(X) — ¢°(X)}*{1 — s°(X) /5" (X)}?] = 0p(1), then,

K
Ti Yo — R (X, .
P = 7 52 35|30+ ST
k=1 i€Jy v

is consistent, in that as m+n,p — 00, Vir(0) = [E{g°(X)}2 4+ E{Te/s*(X)}' {14 0p(1)}.

Hence, an asymptotic (1 — «)-level confidence interval for the mean 6y, could be

defined as:
(éMAR - Zl—a/2VMAR(9) (m + n)—1/2’ éMAR + Zl—a/QVMAR(9> (m + n)—1/2) .
Observe that under the assumptions of Theorem 1.7,

(m+n) [E{g"(X)}* + E{T¢/s"(X)}*] = O[{(m +n)E(T)} ],

-1

which is of the same order as n~!, since n ~ Binomial{m + n, E(T)}. That is, the mean

estimate Oyan is n'/2-consistent. Hence, the accuracy depends on the number of labeled
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samples rather than the total number of samples. The consistency rate under the missing-at-
random setting coincides with [CC18], see Section 2 of their Supplementary Material. Unlike
assuming s°(X) to be known, we consider the consistency rates of Ex{1—s"(X)/5"(X)}2.
Whenever, E(T) — 0, the rate of 1 —s°(X)/3"%(X) depends on (m + n)E(T), rather than
m + n alone. Hence the estimation error of § cannot be simply ignored for a large m. An
illustrative example is that of the case of T' is independent of X with the empirical mean
T = (m+n)Y.""T; . One can easily check that, for T; ~ Bernoulli{ £(T)}, we have

1— E(T)/T = Op[{(m +n)E(T)} 2.

1.6 Heterogeneous treatment effects

Suppose that in addition to previous settings, we have access to a treatment indicator
D; €{0,1},i=1,--- ,m+n. Following the potential outcomes framework, [SNDS90,Rub74,
Hol88] we then hypothesize the presence of potential outcomes Y;(0) and ¥;(1) corresponding
to, respectively, the response the i-th subject would have experienced with and without the

treatment. We then observe that the average treatment effect (ATE)
S=F{EY |X,D=1)—-EY |X,D=0)} =7 — . (1.25)

Similarly as in Section 1.2, we hypothesize the existence of the [, slopes 3 =
mingepe E{(Y — X"8)? | D = w}, defined at the population level for w € {0,1} . A
standard way of constructing the average treatment effects estimates is to posit a model on
the treatment assignment and then adjust for possible confounding. Treatments are assigned

to subjects according to an underlying scheme that depends on the subjects’ features. Their
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dependence can be captured by

where e(X;) is an unknown propensity score function [?]. In the following, we assume two
primitive conditions: a widely regarded overlap condition regarding the treatment missing-

ness and an identifiability condition.

Assumption 1.5. Let P{c < e(X)<1—c} =1 and P{c < é(X) <1—c} =1 with some
constant ¢ € (0,1). For e; = Y;(D;) — {Ds + (1 — Dy) 55} X, let E(C | X) =0, as well as

P{E(* | X) < C} = 1 with some constant C' > 0.

Let Bl, BO, ¢ denote estimators for 7, 3, e, respectively, satisfying EpX{(BAz(U_k) —

Bi)"XY? = Oplay,), Epc{eTH(X) = e(X)}? = Op(b;

manp)s and E[{E(Y | X) — 857X} |
D =w] = Op(c]%). Here, @y, p, byminyp and ¢, are non-negative sequences of numbers with ¢,
describing how close the linear model is to the true underlying curve. The semi-supervised
estimator (1.1) needs to be adjusted for the confounding effects. To that end, we introduce
0= TR N Y ) (Y- RTEY) = M S K
i€l i€Jg
In the above, the weights, wg_k) (w), correspond to the ratio of the observed treatment pro-

portion; then, the framework from Section 1.2.1 will still lead to root-n consistent estimates.

We denote these weights as
w (W) = wD; /(X)) + (1 —w)(1 — D;) /{1 — P (X))},

Then, the estimate of the average treatment effect can be defined as a difference of o) =

7 —7 and § = K108 60,
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An asymptotic (1 — a)-level confidence interval for the ATE could then be defined as
<(§ - Zl—a/2‘761/2n71/27 5‘1‘ Z1—a/2‘751/2”71/2> : (1'27)

The estimator of Vs = V4 +7Va, (1.30), is defined as V; = K1 S°5K (V% 4n(m +n) VP
Observe that V; = var{r(Y — 8:"X) — p(Y — 8T X)}. Then, a natural plug-in estimator can

be defined as V;*) = N~ > icr, Vsi Where

~

_ A(_g\T ~ _ AT ~ R e o X
vs =10 DY = BUY X)) — o - AP X)) — (6 - (BT - BTy,

recall i¥) is defined as (1.1). The second component, Vo = E{(8F — B5)"(X — ji)}?, is
estimated as %(k) = N1y, &5, for & = (B — Bé_k))T(f(i — f1). The next theorem is

the main result of this section.

Theorem 1.8. Let Conditions 1.1 and 1.5 hold. Then, under the setting of this section

A~

6 — 08 =0p(n ™Y + tppbminp + bimsnpCp),

whenever a,, = O(1). Therefore, whenever anpbminy = 0(1) and by inyc, = o(1), 0 is
consistent. If however, ap pbminpy = O(n"2) and by npcp, = O(n=Y2), 6 is a n/?-consistent

estimate of 0. Additionally, the asymptotic normality follows

n'’2(6 — ) = N(0,Vp) (1.28)
i distribution, whenever,
g = 0(1). by = 0(1), ngburing = o2, buagey = on™?),  (1.29)
with an asymptotic variance
Vs = var (¢ /[e(X){1 = e(X)}]) + 7(8; — ) "C (B = %), (1.30)

provided that Vs > ¢ for some ¢ > 0, and 7 = lim,,, ;,_,oc n/(m~+n). Moreover, f/(; = Vs+op(1).
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Suppose the sparsity of the outcome and the treatment model are sy and sp, respec-
tively. For illustration purposes suppose that both models are parametric and linear. Then,
¢, = 0, the rates a,, and by, ,, for a Lasso estimate, become a,,, = Op[{sy log(p)/n}'/?,
buinp = Opl{sp log(p)/(m+n)}/2). Therefore, sy = ofn/log(p)}, sp = o{(m+n)/log(p)}
and sysp = o[(m +n)/{log(p)}?] are required to achieve asymptotic normality. Then, when
m is large enough, in that spnlogp/m — 0, we require sy = o{n/log(p)}, which is ex-
tremely mild, i.e., consistency in estimation of the propensity model at any arbitrary rate.
If both D and Y were unavailable in the unlabeled data, the estimation error on the propen-
sity score would depend on n rather than m + n with the same sparsity assumptions as
in [CCD*17,SRR19] and others. At the same time, we achieve a more efficient estimator,
regardless of whether D is available in the unlabeled data or not, i.e., reducing the size of the
asymptotic variance. When the outcome model is misspecified, even if ¢, = O(1) that the
linear model does not reach the underlying curve as p grows, we can still obtain the asymp-
totic normality (1.28) provided m is large enough so that by, = o(n~'/2). Supervised
settings have more stringent conditions; see, e.g., [SRR19, Tan20b]. If one is only interested
in obtaining a root-n consistency, the outcome model can be completely misspecified, in-
cluding completely dense high-dimensional models. They can be estimated using machine
learning methods, such as random forests, Bayesian classification, regression tree, and deep

neural networks; one just needs to replace the linear projection XT3% by any " (w, X;),

Sgen - m + Tl Z Z {g g(*k)(()’ Xl)}

-1 D{Y P, X)} (1= DY — §"P(0, Xy)}
+n ;%‘:{ 9 o _ )0 (9)(X> (131

where §7F)(w, X;) is an estimate of E(Y | X, D = w) trained on (D;, Y}, Xi)ie{1,2,...n}\1;» for
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w € {0,1}. Moreover, an asymptotic confidence interval can be extended from (1.27), by

replacing the linear outcome model with a general non-linear model.

1.7 Finite-sample experiments

1.7.1 Numerical experiments

In this section, we illustrate the finite-sample properties of 6. We consider semi-
supervised estimators based on ordinary least squares (SSL-OLS), 10-fold cross-validated
lasso (SSL-Lasso), additive model (SSL-Additive), XGBoost (SSL-XGBoost), multilayer
perceptron (SSL-MLP), and random forest (SSL-RF) for which vanilla, pre-set tuning pa-
rameters are used. We compare with the sample mean ¥ = n~! Yo, Y; and with the
semi-supervised least squares estimator (SSLS) proposed in [ZBC19], whenever p < n. We
consider confidence intervals (1.13), where the significance level is v = 0.05 throughout.
Each set of results is based on 200 repetitions with K = 5. The black solid line in all the
plots denotes the optimal ratio {o3. — mbZ,,(¢")/(m + n)}/oy.. We will see that, as long as
the sample size n is large enough, our proposed semi-supervised estimators 0 is better than
the sample mean Y in the sense of mean squared error.

Model 5.1. Let X; ~ N, 1(0, I,-1), with p = 500, m = 10n, Y; = s /237 X,; +
8, s € {30,50,70,90}, &; ~4 N(0,0.25). Results are presented in Figure 3.1, where we
observe that our SSL-Lasso estimator is more efficient than the sample mean, Figure 1.2a,

regardless of the level of sparsity. Figure 1.2b illustrates robustness in terms of the average

coverage probability of the SSL-Lasso estimate.
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(a) The ratio of mean squared errors. (b) The average coverage of Y and 6.

Figure 1.2: Model 5.1: Comparison of SSL-Lasso and the sample mean. The mean squared
error of the sample mean is denoted as MSEQ. The plot includes sample mean (red squares)
and SSL-Lasso (blue circles) estimates. The sparsity level of the linear coefficients, s, is
denoted with long dashed, dashed, dotted and solid lines for s = 90, s = 70, s = 50 and
s = 30, respectively.

Model 5.2. Let X; and §; be as in Model 5.1. and consider a non-linear model
Y; = 3cos(Xi + Xio + Xi3) + 05, with p = 51, m = 10n. We compare our SSL estimator
with a variety of baseline procedures and the semi-supervised least squares estimator éSSLS
of [ZBC19]. Figure 1.3a illustrates that SSLS is less efficient than the sample-mean estima-
tor, that our SSL-Lasso is equivalent to the sample-mean, and that all other SSL-methods
are more efficient with SSL-XGBoost outperforming the rest. Figure 1.3b demonstrates
extremely poor finite-sample coverage of SSLS and nominal coverage of our proposal.

Model 5.3. Let X; ~4 N,_1(0, C), be equi-correlated with Cj; = {1—1/(2p) }L—jy +
1/(2p)14izsy, with p = 1001, m = 10n. We consider a non-linear additive outcome model
Y, = Z?;i 0.7 sin(X;;) + 6;, where §; ~4 N(0,0.25). Figure 1.4a demonstrates significant

gain in reduction of MSE of the proposed method with the SSL-Lasso in the lead. Figure

1.4b presents strong finite sample coverage.
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Figure 1.3: Model 5.2: Comparison of SSL-method estimators and the SSLS [ZBC19]. The
plot includes sample mean (red squares), SSL-Lasso (blue circles), SSL-Additive (green up
triangles), SSL-XGBoost (purple pluses), SSL-RF (brown diamonds), and SSLS (pink down
triangles) estimates.
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Figure 1.4: Model 5.3: Comparison of SSL-method and the sample mean. The plot includes
sample mean (red squares), SSL-Lasso (blue circles), SSL-Additive (green up triangles),
SSL-XGBoost (purple pluses), and SSL-RF (brown diamonds) estimates.
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Figure 1.5: Model 5.4: Impact of the size of additional data. The plot includes sample mean
(red squares), SSL-Lasso (blue circles), SSL-Additive (green up triangles), SSL-XGBoost
(purple pluses), SSL-RF (brown diamonds), and SSLS (pink down triangles) estimates.

Model 5.4. Here we observe behavior with varying m. Let X; and §; be as in Model
5.1. and consider the non-linear outcome of Model 5.3.. Set p = 201, n = 500 and let m
vary from 0.1n to 10n. We compare with Y and SSLS of [ZBC19]. We see substantial gains
in efficiency. SSL-RF dominates the other estimators, both in terms of MSE, Figure 1.5a,
and coverage Figure 1.5b. SSLS is losing coverage with a larger m. When m is small, the
ordinary least squares estimate’s impact is not significant, and SSLS is similar to the sample
mean Y. As m grows, the instability of least-squares and the unfitness of SSLS is exposed.

Model 5.5. Is sample-splitting needed? Let X; ~'id Lognormalp_l(o, (), with C' as
in Model 5.3. with p = 101 and m = 10n. Let Y; = Z?Zl{log(Xij + 1)+ 0.1} + 6;, where
§; ~14 N (0,0.25). We varied K from 1 to 5 and then to 20. We observe that some methods,
like SSL-MLP, benefit significantly from sample splitting: without it, they under-cover,
Figure 1.6b, and have the largest MSE, Figure 1.6a.

Model 5.6. In finite samples, the randomness from the K-partition creates an ad-

ditional variance. We repeat the random K-partition for S times, and for each time, we

31



MSE/MSEO

100 200 300 400 500 100 200 300 400 500

n n
(a) The ratio of mean squared errors. (b) The average coverage.

Figure 1.6: Model 5.5: Is sample-splitting needed? The plot includes sample mean (red
squares), SSL-Lasso (blue circles), SSL-XGBoost (purple pluses), SSL-MLP (orange crosses),
and SSL-RF (brown diamonds) estimates. The number of folds, K, is denoted with solid,
dashed, and long dashed lines for K = 1(without cross-fitting), K = 5, and K = 20,

respectively.

obtain an estimate 6° and the corresponding estimated asymptotic variance V(és) Here we
compare §' with the average § = S~ 2% #*. An asymptotic confidence interval based on 8
can be constructed using an estimated variance V() = S~ Zszls{f/(és) + (65 — 0)2}. The
outcome model is non-linear with one interaction term Y; = X;; X5 +0.5(X;3+0.5)? + ¢; and
X, and 9; are as in Model 5.1. with p = 4, m = 10n. Figures 1.7a and 1.7b illustrate that
partitions do not matter much for the least-squares procedure: SSL-Lasso, SSL-Additive,
and SSL-RF do not vary much. However, highly non-linear methods, such as SSL-MLP and
SSL-XGBoost, benefit significantly from repeating the partitioning process.

Model 5.7. (ATE) Let X;; ~%" Uniform(—1,1), p = 11, D; ~ Bernoulli[1/{1 +
exp(5Y/2 235':1 X;;/2)}]. Linear Setting: the outcome model is ¥; = D;(1 + 7 X;) + (1 —
Di)BEX; + 6;, where 6; ~ N(0,0.22) and B, = —(0.5'/2,0.5,0.5%/2,0.52,0.5%,0,0,0,0,0),
f1 = —fy. Non-linear Setting: the outcome model is Y; = D{X;; Xi» + 0.5(X;3 + 0.5)%} +

(1—D;){ X1 X2 —0.5(X;3+0.5)*} +6;. For the Linear Setting our proposed estimator and the
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Figure 1.7: Model 5.6: Does partitioning matter? The plot includes sample mean (red
squares), SSL-OLS (blue circles), SSL-Additive (green up triangles), SSL-XGBoost (purple
pluses), SSL-MLP (orange crosses), SSL-RF (brown diamonds), and SSL-SSLS (pink down
triangles) estimates. The number of cross-fitting repetitions, S, is denoted with solid and
dashed lines for S = 1 and S = 5, respectively.

estimator of [CCD™17], estimate the propensity and the outcome model by cross-validated
generalized and linear ridge regression. For the Non-Linear Setting, the outcome models are
estimated by ridge regression, additive model, and multilayer perceptron. Parameters a and
B of [CACI18]| are estimated by cross-validated adaptive lasso, where the initial weights are
estimated by linear regression or generalized linear regression; the parameter ~ is estimated
by cross-validated lasso; the kernel is chosen to be 6-th order Gaussian, and the bandwidth
is estimated by the plug-in method. Table 1.1 contains all the results. We found that the
biases of our SSL and the supervised estimator of [CCD*17] are not sensitive to the choice
of the tuning parameters, while the bias of [CAC18] is. Under the linear outcome models,
the two SSL estimators have smaller mean squared errors than the supervised estimator;
under non-linear outcome models, our semi-supervised mlp-+ridge estimator outperforms

the others.
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Table 1.1: Experiments for the ATE including Bias: average of the estimation biases, Emp
SE: empirical standard error, ASE: average of estimated standard errors, RMSE: root-mean-
square error, and AC: average coverage of the 95% confidence intervals

Estimator Bias Emp SE ASE RMSE AC
n = 100, m = 200 Linear Outcome

Zhang & Bradic (ridge+ridge) 0.0010  0.0881 0.0812 0.0879 0.935
[CCD*17] (ridge+ridge) 0.0097  0.1295 0.1238 0.1295 0.930
[CAC18] -0.0147 0.0885 0.0801 0.0895 0.925
n = 500, m = 1000 Linear Outcome

Zhang & Bradic (ridge+ridge) -0.0025 0.0333 0.0351 0.0333 0.945
[CCD*17] (ridge+ridge) -0.0052 0.0588 0.0546 0.0588 0.965
[CAC18] -0.0093  0.0329 0.0352 0.0341 0.940
n = 200, m = 400 Non-Linear Outcome

Zhang & Bradic (ridge+ridge) 0.0031  0.0660 0.0672 0.0659 0.965
[CCD*17] (ridge+ridge) 0.0051  0.0714 0.0737 0.0714 0.955
Zhang & Bradic (additive+ridge) 0.0027  0.0622 0.0638 0.0621 0.960
[CCD*17] (additive+ridge) 0.0054  0.0705 0.0731 0.0706 0.960
Zhang & Bradic (mlp-+ridge) -0.0027 0.0518 0.0497 0.0518 0.935
[CCD*17] (mlp+ridge) 0.0015  0.0570 0.0596 0.0569 0.960
[CAC18] -0.0209 0.0637 0.0655 0.0669 0.970
n = 500, m = 1000 Non-Linear Outcome

Zhang & Bradic (ridge+ridge) -0.0005 0.0384 0.0413 0.0383 0.970
[CCDT17] (ridge+ridge) -0.0014  0.0433 0.0457 0.0432 0.955
Zhang & Bradic (additive+ridge) -0.0001 0.0385 0.0395 0.0383 0.975
[CCD*17] (additive+ridge) -0.0006 0.0436 0.0455 0.0435 0.960
Zhang & Bradic (mlp-+ridge) -0.0025 0.0256 0.0275 0.0255 0.975
[CCDT17] (mlp+ridge) -0.0017 0.0361 0.0354 0.0361 0.940
[CAC18] -0.0143 0.0377 0.0408 0.0402 0.945
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1.7.2 Real data

We consider the dataset of [BSBT06], available at the Stanford University HIV Drug
Resistance Database [RGKT03] https://hivdb.stanford.edu. It is known that mutations
are common in HIV, and some of the mutations may affect HIV drug resistance. We provide
estimation and inference for the average treatment effect of a specific mutation on the reverse
transcriptase (RT) to the drug resistance. The outcome is lamivudine (3TC), a nucleoside
reverse transcriptase inhibitor (NRTI), drug resistance. The treatment, D, denotes the
existence of a mutation on the T-th position of the HIV’s RT. Explanatory variables Xj,
where j € {1,2,...,240} \ {T'}, denotes existence of a mutation on the j-th position. We
consider the subtype B sequence. Redundant viruses obtained from the same individuals were
excluded. We obtained n = 423 pairs of supervised data (D;r,Y;, {X;;}jzr)i, and m =
2458 pairs of additional unlabeled covariates (D; r, {X;;}jer)ii,. Fix T € {1,2,...,240}.
Before we perform our semi-supervised methods, we first check whether there is a significant
difference between the distribution of X in the two groups; see the back-to-back bar chart of
the labeled and unlabeled group’s mutation proportions on different RT positions in Figure
1.8a. The p-value based on Pearson Statistic was obtained using a permutation distribution
[AKO5] and resulted in a value of 0.178. We do not have any significant evidence that the
covariates’ distributions differ between the supervised and unlabeled groups. Estimators
of the propensity score and the outcome model are: (logistic) lasso + lasso, XGBoost +
XGBoost, and random forest + random forest. In order to improve the stability of the
estimator, we trim each é=%(X;) to (0.01,0.99). We compare with the sample estimator

Qo D) DY — {57 (1 =Dy} Y (1 — Dy)Y;, suitable only for homogeneous

35



0.75- .;H
»n 0.54
c
o
- |\|| ‘ J ‘ "
: il | |
s o- HIH.‘HI || { II!‘HHMH -igl IM“HH|I|‘. |}==:|-|= M-‘ 1
c
I W
g 025- ‘
>
€ o05-
o o
1 60 120 180 24C
T G A s ds ik b

(a) (b)

Figure 1.8: Real data. Left: A back-to-back bar chart comparing the labeled and unlabeled
group’s mutation proportions on RT positions between 1-240. The blue color on the top
denotes the unlabeled group, and the red color on the bottom denotes the labeled group.
Right: Confidence intervals of the average treatment effect. We compare the sample mean of
the labeled samples (red border and red fill), supervised [CCD*17] estimators (red border),
and our SSL-method estimators (blue border). Estimators of the propensity score and the
outcome model are: logistic + Lasso (green fill), XGBoost + XGBoost (aqua fill), RF + RF
(purple fill).

effects. Figure 1.8b shows the confidence intervals for  on several positions based on different
estimators. We can see that there is a large average treatment effect on position 184, a small
average treatment effect on positions 39, 69, and potentially a small average treatment effect
on positions 41, 75, and 203. The sample estimator is most different from the rest on positions
41, 98, 151, and 203. The sample estimator is biased when the distribution of X on treated
and control is different. It implies that the mutations on positions 41, 98, 151, and 203 are
significantly dependent on the other positions’ mutations. Moreover, our confidence intervals
are shorter than those of [CCD*17]. It coincides with the fact that additional unlabeled data

provide improved asymptotic efficiency.
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1.8 Proofs of main results

Notation A constant ¢ > 0, independent of n,p,m may change value from one line to

the other. For any vector a € RP and r > 0, |all, = (32F_, ag)l/r, lallo = #{j < p:

aj # 0}. For any matrix A € RP*?, we denote ||Alls = sup, [|Az|2/||z]]2. We define
w-(f) = E{f — E(f)}" being the r-th central moment, and u, x(f) = Ex{f — Ex(f)}".
Recall that Ex(f) = [ fdPx is the conditional expectation on the marginal distribution

Px. With a slight abuse of notation, for any function g,

EI;(Q) - E{g | (Yz‘7Xz')ie{1,2 ..... n}\[k,}

and (Y, X)) ~ Py x independent of (Y5, X;)ic(1,2,..n3\z, in the proof of Theorems 1.1, 1.2, 1.3,
1.4, 1.5, 1.6;

EI,‘;(Q) = FE{g | (Dz‘7Yz‘7Xi)ie{1,2 ..... n}\]k}
and (D,Y,X) ~ Ppy,x independent of (D;,Y;, X;)icq1,2,..n3\1, in the proof of Theorem 1.8.
EJ,@(Q) = FE{g | (Tszi,Xi)ie{Lz ..... m+n}\Jk}

and (T,Y, X) ~ Ppy x independent of (7;,Y;, Xi)ic(1,2,...m+n}\J, i the proof of Theorem 1.7.

1.8.1 Auxiliary Lemmas

We begin by presenting three simple results that will be useful throughout the docu-

ment.

Lemma 1.1 (Lemma B.1 in [CCDT17]). Let {X,,} and {Y,} be sequences of random vari-

ables. If for any ¢ > 0, P(|X,| > c|Y,) = op(1). Then, X,, = op(1). In particular, this
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occurs if E(|X,|7| Yn) = op(1) for any ¢ > 1. Typical examples we used in our proofs are
a) E(X2|Y,) =o0p(1), b) X,, = >0 Zyi/n, where (Z,;) is a row-wise independent and

identically distributed triangular array, conditional on Y, with E(|Z,1| | Yn) = op(1).

Lemma 1.2. Let {X,} and {Y,} be sequences of random wvariables. If E(X? | Y,) =
Op(1), then X,, = Op(1). Consequently, if (Z,;) is a row-wise independent and identically
distributed triangular array conditional on Y, with var(Z,, | Y,) = Op(1), or a stronger

condition that E(Z} | | Y,) = Op(1). Then, 3.7 | Zyi/n = E(Zn1) + Op(n~=1/2).

Proof of Lemma 1.2. For any ¢ > 0, since F(X?2 | Y,) = Op(1), there exists C' > 0 such
that, for all n > 1,

P{E(X?|Y,) > C} < e1/2.
Hence,
P{|X,| > (2C/0)'*} = E[l{x.1>2c/01/2)]
= E [Lpxeva)<ar EQgx, s ez | Ya)] + B (Lsxey)sar Bl x,secorzy | Yal)
< E [Ipxzivm<ay E{cX2/(2C) | Yo} ] + Ellisxzva)>cy]
= cE [Lipaxepy)<aey B(X7 | Ya)] /20) + P{E(X} | Ya) > C}

<c¢/2+¢/2=c
That is, X,, = Op(1). Tt follows that 1" | Z,;/n = E(Z,1) + Op(n~1/2) since

" 2
E |n {n_l Z i — E(Zn,l)} | Y, | =var(Z,1 | Ya) = Op(1).
i=1
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Lemma 1.3. Let (Z,;) be a row-wise independent and identically distributed triangular array
with E(Z,1) = 0 and E|Z,1|? < ¢1 for ¢ > 1 and C < co. Let X, = > o | Z,;/n. Then,

Xn = Op(l).

Proof of Lemma 1.5. Let Y, ; = Z,:1{ 2, ,|<n). For any ¢ > 0,

i Yn,i

=1

P(IX,] > ¢) < PUL, (Zus # Yii)} + P (

> nc)

Let r € (1,g A 2), then E|Z,1|" < (E|Z,1]7)™77 < . By Markov’s Inequality,

P{UL(Zni # Yui)} < nP(Zns] 2 1) < nE|Zy|? /0 = 0B Z, | = o(1)

‘

Hence, P(|X,| > ¢) = op(1). That is, X,, = op(1). n

and

/(nc)? = nE [ Z} 1z, 1<n}/ (nc)?]

n

Z Yn,i

i=1

Zn: Yn,i

i=1

ch)gE

= E(|Znal"|Zoa " Vz,01<ny/ (n*)] < 0" TTE|Zpa /¢ = o(1).

1.8.2 Proofs of the main theorems

Proof of Theorem 1.1. This proof provides n'/? consistencies of 6 and 0%
Part 1. We first assume Condition 1.1 and 1.3 and show that § — 8 = Op(n~"/2). By

the definition of £*, as in Lemma 1 of [ZBC19],
E(e) =0, E(Xe)=0, 8 = 1, 03 =V + o2,
By the definition of 8% as in (1.1),

00 0= N3 (Vi—0) - NS ARty BN (1.32)

1€l i€l i€y
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Now we will show that each of the terms on the RHS is of the order Op(n~'/?). From
Conditions 1.1, 1.3 and recall that V = X — i is independent of (Yi, Xi)icq1,2,...n 1\ 1, While

~

B(_k) iS a function Of ()/z; Xi)ie{l,? ..... n}\]k,

E(Y . 0)2 S (E|Y . 8|2+C)2/(2+C) < e,

E(FVY? =EY -0 -2 < E(Y —0)% < c,

~ ~ ~ A

B {(B9 = 3TV} = (B9 = g — 5%) < B0 = BIBIICIl = Op (1),

~ ~

and by triangle inequality, Ere( pF V)2 = Op(1). Then, by Lemma 1.2,

NS (Y= 0) = 0p(N?), (1.33)
ie]k
NS BERT = 0p(NT2), (1.34)
i€l
MY BN = 0p(M2). (1.35)
1€y

Therefore, §%) — 0 = Op(N~Y2) + Op(N~Y2) 4 Op(M~Y/?) = Op(N~Y/?), since M > N.
When K < oo,

K
O=K"> 0% =0+0pn'"?). (1.36)

Part 2. Now we assume Condition 1.2 and 1.3 and show that 62 — 02 = Op(n~%/?).

Recall the definition of 632/““) in Section 1.2.2,

529 — N1 Z ) M- Z(B Ai) Z( k:)T)

i€l 1€ i€},
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We first approximate the terms on the RHS by replacing 6 and V; by 6 and V;, respectively.

Recall (1.33) and (1.36),

N (V=0 =N"'> (v +(0—0)> =200 —)N"Y (V;—0)

iE[k i€l le[k

=N (Yi- 60>+ 0p(N )

i€},
Besides, by definition, V; = V; — (i™ — i), where ) — i = M~ > ied, B(_k)TVi- Recall

(1.34) and (1.35),

M YD (BERT) = AR AT —

1€J} i€y
= M (BRI 4 0p(MY, (1.37)
i€
and
NSO = NTEST( BRI 4 { BN (AW — i)y
1€l 1€l
—2 BN — NS BT
i€l
= NS (BY TV 4 Op(MT 4 NTV2M ), (1.38)
i€l
Hence,
G20 = NS (W= 0)2 = NS (AT 4 M S (BT 4+ 0p(N ). (1.39)
i€l 1€l 1€Jy

Now we will show that each of the terms on the RHS of (1.39) is of the order Op(N~'/2).

By Lemma 1.2, it suffices to show

EY —0)*=0(1), (1.40)

Egg( A9 V) = 0p(1). (1.41)
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Here, (1.40) follows by the assumption that E|Y|*"¢ < ¢;. Besides, recall that V = X — ji =

(0, VHT, where V = C'/2Z. By Condition 1.2, we have bounded 4-th moments

E(BV) = E( 55, C?2) = b'E( 5, CY*Z/b)* <b* sup E(a"Z)' = O(1),

llall2=1
N ~ 14 N
B {(B°0 =7} < 1B~ Y sup E2)! = 00(1)
allo=
and hence (1.41) follows. Now, we obtain
62" — 62 = Op(N~1/?) (1.42)

and the proof is finalized by noticing that for finite K, the rate above is inherited for the
averaged estimator

6% =02 + Op(n~1?). (1.43)

Proof of Theorem 1.2. This proof provides an asymptotic normal result for n'/ 2(9 — 0) by

relying on Conditions 1.1 and 1.4. Recall from (1.32),

0 =N (V-0 -N"'> BRI 4 A > AR,

1€l 1€l i€
=N et MUY BTV N (BCN = )TV My (AU - 5TV,
1€l 1€Jy 1€l i€k

Since
~ ~ 2 ~ ~ ~
B { (B9 = 8TV} = B — 82 < 180 = 83IIC2 = op(1),
and by Lemma 1.1,

S TGRS LT S

1€l i€y
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Therefore,

0 — =N e+ MY BTVt op(NT).

i€}, 1€Jy

When K < oo,

~

n'2(0 - 0) =n"'2Y 40 PMTY BTV 4+ op(1).
i=1

i€ Jy
By Condition 1.1, E|e[**® < ¢, E| B*TV|*™ < ¢;. With a slight abuse of notation, assume
that 02 = lim,_,ee E(c?), 7b% = lim,_,0o nE( *TV)?/(m +n) both exists. We continue the
analysis by analyzing three separate cases.

a) When o2 > 0 and 7b* > 0,

L’%—c < E|(n/(m :}- n))1/2 ﬁ*Tf/|2+c
{E(e2)}1+e/2 ’ {nE( 5*Tv)2/(m+n)}1+c/z

C1,
i.e. the Lyapunov condition holds. By Lindeberg-Feller Central Limit Theorem,
p S e S N (0,0%), a2 ST BTV o N (0,71
i=1 i€y

in distribution. By Slutsky’s Theorem and multivariate delta method,

n*?(0 — 0) = n~1/? g +n'/2 M1 BTV, + op(1) = N (0,02 + 70%) . 1.44

I % P » Ve
=1 i€ Jy
b) When o2 = 0, recall the assumption that o2 + 76> > 0, we have 76> > 0. In this case, by
Lemma 1.1 and Lindeberg-Feller Central Limit Theorem,
n~ Y2 Zsi =op(1), n'?M1 Z BTV, - N (0,70%).
=1 i€J

By Slutsky’s Theorem, (1.44) holds.

¢) When 76? = 0, similarly as in b), (1.44) holds. C
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Proof of Theorem 1.3. This proof provides consistency results for 62 and )2 by assuming
Conditions 1.1 and 1.4.

Part 1. We first show that 62 = 02 + 0p(1). Recall the definition of 62",

52 = NN (V-0 - AP

i€ly,

Now we first approximate the RHS by replacing 0 and V; by 6 and Vi, respectively. Recall

from (1.33) — (1.36),

ok ~ A A T B
62 = NN (Vim0 = BRI+ —0— BN — f))?
i€l
~2{f -0 TV GY - pINT Y (Yi- 6 - FIT)
i€ly,
=N F+ N (BT BRAt
i€l i€l
—2N) " 5(BP = )TV + Op(N 7). (1.45)
’LEIk

Remember the definition that Eflg(g) = E{g | (Yi, Xi)ieqr,2,..m+n}\z; - By Condition 1.1,

.....

A

Ele|**¢ < c1, Er{(B9 — p*)TV}? = op(1) and hence EI£|5(B(*’“) — B)TV| = op(1). By

Lemma 1.1,
N7 LB = p)ViY = op(1), N7 (B0 = 8TV = op(1).
i€l i€l
By Lemma 1.3,
N! Za? =02 +op(1).

i€l

(k)

Hence, 62" = 02 + op(1). When K < 00, 62 = 02 + 0p(1).

Part 2. Now we show that b? = b2 + op(1). By the definition of ZAJQW,

2 _ Z 24 9N~ Zﬁ _ é) _ 9N~ Z(B(fk)ﬂrvi)Q

i€Jy i€l 1€l
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We first approximate the terms of RHS by replacing 6 and V, by 6 and V;, respectively.

Recall from (1.37) and (1.38),

R Ew g MY (B )2+ Op(M™Y), (1.46)
i€k
Ny (B N7 (BT V)2 4+ 0p(N ).
i€l 1€l

Recall from (1.33) — (1.36),

N7 D ACRV(Y - 6)

ie]k
= NS AV = 0)+ BT — )0 - 0)
i€l
=B (AW — Ny (Vi - 6) - N7y B,
1€l 1€l
=N"') - DY — 0) + Op(N7Y).
i€y,

Hence,

" =My (B 2Nty pet —0)

i€ Jy 1€y

—2N"'Y (B BRI 4 0p(N7Y.

i€l

The first term on the RHS can be expressed as

MUY (BT = MY (TR 2M Y (B - )T BT,
1€Jy i€ Jy 1€Jy

+ MY {(BH - gV
1€k

By Condition 1.1 and 1.4, E| 3TV |**¢ < ¢, Elg{(ﬁ(_k) — B8*)TV}? = 0p(1), which implies

that EI£|(BA(*'“) — B9V TV | = 0p(1). By Lemma 1.3, M~ > e ( BTV = b + op(1).
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By Lemma 1.1,

MY (BT = BTV BTV = op(1), MY {(B BTV} = op(1).
1€Jy 1€y
Hence,
MY (BTN =1 + op(1). (1.47)
i€k
Similarly, N~ Zlelk( V) = 1?4+ 0p(1). Recall from (1.33) — (1.36),

N7 AP(Y - 6)

i€l
= N YOOV - 0) + AN (W — (4 - 6)
i€l
= B = NTEY (Y= 0) — (0 - 0Nt BT
1€l 1€l
=N BV —0)+ N (BTF = B)TVi(Y; — 0) + Op(N 7). (1.48)
i€l i€l

By Condition 1.1 and 1.4, E| 8*TV (Y —6)[>*¢ < ¢, and Ere (BER — BTV (Y —0)] = op(1).

By Lemma 1.3, N™' 37, BTV,(Y;—0) = b*+0p(1), and by Lemma 1.1, N~ Zzelk( k) —

B)TVi(Y; — 0) = op(1). Hence, N2 5. BERV(Y; — ) = b% + 0p(1). Combining all the

i€},

previous results,

Y =My (B 24oNty Bt DY, — 0)

i€Jy i€y,
— 2N~ Z 24+ 0p(N7Y (1.49)
=b0* +op(1) +2{b* + 0p(1)} — 2{b*> + 0p(1)} = b* + 0p(1). (1.50)

When K < co, b* = 0% + op(1).

Part 3. Now assume Conditions 1.2 and 1.4, we provide consistency rate results for
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~

62 and b2 We first consider 62, recall (1.45),

A2(k)_N Zs N Z{ ’]I‘V}Q ION— Zgz 6*)T‘~/Z.+OP(N—1

i€l 1€}, i€l

By Conditions 1.2 and 1.4, E(e?) < ¢y,

Er{(57" = 57 VI < IBCY = 57lIg sup E(a"2)* = O(|57Y — 57II¢)

llall2=1

and hence Ere{e(30 — g)TV}2 = O(||3" — p*||2). By Lemma 1.2,

N et = o+ Op(NT2),

i€y
N7 ABTY = BTV = 1870 = BIE + Op (I8 = BIENT2),
i€y,
N1 Z&'(B(_k) — ﬁ*)TVZ = OP(HB(—k) _ ﬁ*||C~'N_1/2)~
i€l
Hence,
A2(k) =N~ Ze’:‘ + N™ Z{ 'JI‘V}Q
1€y, i€l
2Ny (B0 = ) Vit Op(NTY)
i€l
=02 + Op(|B™" — 57IIg + N7/2).
When K < oo, 52 = U + OP(||5 ﬁ*”é + N*l/z) — 03 + OP(HB(*’“) _ B*H% —H”Fl/z).

By the same strategy, now we show the consistency result for b2. Recall (1.49),

=My (B 2Ny R —0)

1€Jy 1€y,

— 2N (AP + 0p(N Y,

i€},
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where

MY (BN = MUY (V) M S (BN - 5TV BT
1€Jy, i€ Jy 1€Jy
+ MY (BN - )TV
1€Jk

~

By Conditions 1.1 and 1.2, E( *"V)* < ¢, and recall that Ep{(80" — )"V} =

O([|8" — B*[|&). hence
E{(BT — 57V g VY = 0(| 57" — 573)
By Lemma 1.2,

MUY (BT =0+ Op(MTY,

i€Jk

MY {(BTP = )TV = 1850 = 87 + Op (|69 — B 1), (1.51)
i€Jk
MY (BN = )TV, BV = (BN = 81T+ Op(|B7Y = Bl e M) (152)
1€Jy

Hence, M1 Y, ( B9 T)2 = 024 01 — 7|2 +2(5CH — 8T C 5 +Op(M ). Similarly,
Y en (5 SR Vi)2 =02+ |30k — B*HQC +2(BR — B)TCB* + Op(N1). Besides, recall
(1.48). Then, simple algebra concludes

N7y BTEY - 0)

=N BIV(Yi—0) + N (BTH = B Vi(Yi = 0) + Op(N ).

i€l 1€l

By Conditions 1.2 and 1.4,

~

E{ BTV (Y — 0)}2 = 0(1), E]}g{(ﬁ(—k) —B)V(Y - 0)}*=0(||pF) — B1%)-
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By Lemma 1.2,

N V(Y - 0) =07+ Op(NT/?),
1€y

N

N_l Z(B(_k) o ﬁ*)TVZ(Y; - 9) = (6(_@ - B*)Téﬁ* + OP(HB(—k) o 6*”6’]\[_1/2)'

Hence, N™13", ., BCRVi(Y; — ) = b* + (B9 — g*)TCB* + Op(N~Y/2). Combining all

previous results,

P =8 [BCP = B+ 2B - 8O + 248 + (BP - 57
—2{0® + |80 = Iz + 2870 = B)TCH} + Op (V)

= P+ Op(I3 - 2+ N2)

When K < 00, B = 17 + Op([|3H = |4+ N712) = 12 + Op(| 30 = "3 +n712). m

Proof of Theorem 1.4. This proof provides an asymptotic normal result for n'/?(63 — o2)

and a consistent estimate for the asymptotic variance.
Part 1. We first show n'/2(62 — o) — N <0,Var(62 +2 8 TVe) + rvar( B*Tf/)2>.
Recall from (1.39),

G = NI (V=0 = N (BT MY (BTV)2 4+ 0p(NTY).

i€l i€l 1€Jg

By (1.51) and (1.52),

M7 (BT V)2 =MY (BB = Bl +2(BC = B)TCB + op(M ).
1€Jy, i€y

Similarly,

NTST(BERV)? = NEST(BTV)? 4 1B0R — 5le + 28 — 57)TEB + op(N V).
1€l 1€l
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Hence,

AQ Iy Z 8TV 4 N~ Z Z BTV 4 op(N~12).

i€ S i€l

When K < oo, by the independency between (Y;, X;)7; and {X;}",, and similarly as

(1.44),
n'2(63 — oy) =n2Y (7 + 26, BTV — 0?) (1.53)
i€l
m—+n
a2 m4n) Y {( 3TV;)? —52} +op(1) (1.54)

i=1

—~ N {O,Var(52 +2 6*T‘~/8) + Tvar( ﬁ*TV)Q} ,

in distribution, provided that var(e? + 2 §*TVe) 4 rvar( BTV)? > 0.

Part 2. Now we prove the consistency of 67 4+ n&Z/(m +n). It suffices to show

62 = E(® +268""Ve — 0%)* + 0p(1)

~

and 62 = E{ T (VVT = C)3*}2 + 0p(1). Recall (1.14), ¢¥) = p-k (f/ﬁ/}‘ . é<k>) B,
Now define §&; = B*T(f/;f/fr — C’) B*. Observe that by algebraic manipulation followed by a

Cauchy - Schwarz inequality

|N1 SNy e

=|NIZ(£ — &) +2N Y &Y - ¢)

i€l 1€y 1€l 1€y,
1/2
<IN EY -6 +2{N-1Z£?N—1Z<5§’“)—si>2} . (1.55)
i€y, M i€l

By Condition 1.2, E| g*T(VVT — C)8*]** < ¢;. By Lemma 1.3,

NN ¢ =E{pT(VVT - )8} + op(1).

i€y,
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Now, we need to prove N~! Zlelk( —&)? = 0p(1). Observe that
€W — & = {(BPVR = (8T} - [ BT CWRD 2]
It suffices to show

N ~ ~ 2 o A N
NS BTV = (52 = op(1),  BERTCWAH — 1 = op(1).
i€l
By (1.46) and (1.47), we can see that B(_k)TC'(k)B(_’“) —b* =op(1).
New, we consider a; = *TV; and A, = B(*k)T‘A/i — B*™V;. Then
12
Z[ ﬁ( KT —( ﬁ*TVi)Q] — N-! ZA?(Qai+Ai)2

1€l 1€l

=N"! Z(Af + 4a;A? + 4a?A?).

i€y,
By Condition 1.2 and 1.4, N7' 3, a} = E( 8"V)* + op(1) with E( 8"V)* < ¢1 and by

the fact that {(a + b+ ¢)/3}* < (a* + b + %) /3,

N7y A (1.56)

i€y,

~

here N~ 1Zzelk{( AR — BTV = o(1) results from Ep{(8" — )TV} = o(1) and

Lemma 1.1. Hence, by Holder’s Inequality,

NS BT - (5T = op(1)

i€ly,
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Therefore, N~ lzlelk( —&)?=o0p(1) and

NS e = NIST 2 op(1) = B{ BNVVT - O)5°)2 + op(1),.

i€y, i€l

When K < oo,

= K- ZN Zg = E{ gT(VVT = C)*}? + 0p(1).

i€l
To show 62 = E(e? + 28*"Ve — 02)2 4 0p(1), recall (1.16), I/Z-(k) = &2 4 280V +
B T ) B — 6%, where &; =Y, — 0 —B(*k)jrf/i. Define v; = &7 —I—ZB*Tf/iei — o2, Similarly

as in (1.55),

SRR ED I

iely i€l
1/2
<IN (v w® — ;)2 +2{N SN (v ’f—yz} :
i€l i€ly, i€l

By Condition 1.2, E|e? 4+ 28*TVe — 02|**¢ < ¢4, and by Lemma 1.3,

- 2
NS 2= E (52 425V - a§> +op(1).

i€l

Now it remains to prove N~' 7., (v; v — )2 = op(1). Tt suffices to show

NN (& =) = op(1), (1.58)

i€l
BV — Vi) = o0p (1), (1.59)

i€l
BEREEWBER 52 4 62 = 64(1). (1.60)

Recall that from (1.43), (1.46) and (1.47), we have B(_k)TC’(k)B(_k) — b = op(1), 6% =

0% 4 op(1) and hence (1.60) holds. As for (1.58),

N~ Ze —&? Z i —e)?{(&i — &) + 28} (1.61)

1€l 1€l
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By Condition 1.2, E|e|*™ < ¢;. By Lemma 1.3,

NN el = E(e*) + op(1) (1.62)
lelk
with E(e') < ¢;. Besides,
N (& =N (0-0+p5C LA AR A
i€l 1€y,
8(0—0)' + 8N (B — BTV = 0p(1), (1.63)
icly,

where the last equality results from (1.36) and (1.57). By (1.61), (1.62), (1.63) and Holder’s

Inequality, (1.58) holds. Now, for (1.59),

N7 (B Ve — 3 TVie)?

i€l
2
=Nt Z{(B(k)wvi - B*TV@‘)&' + B*T‘N/i(éi — 81) + (B(ik)TVi — B*T‘Z‘)(éi — 81)} )
i€l
Since
NN el =Eet +op(1), N (V) = E(BTV) +op(D),
1€y, 1€l
NI (& —e) =op(1), N7V (BPV— V) = 0p(),
1€y, i€l

by Holder’s Inequality, (1.59) holds. Now combining (1.58), (1.59) and (1.60), we have

Nt Zie[k<yi(k) —1;)? = op(1) and hence

N 2
Nt Z z/i(k)Q =Nt Z vZ+op(l)=FE (52 +26TVe — 03) +op(1).

i€l 1€l

When K < oo,

5 2
o 12]\7 1Zyk) —E(2+25*TV€—03> +op(1).

i€y,

Therefore, 62 + n6Z/(m +n) = var(e? + 2 B*"Ve) + rvar( 8*"V)? + op(1). n
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Proof of Corollary 1.1. When Conditions 1.1 and 1.4 hold, we have consistency results (1.42)

and (1.50). By Slutsky’s Theorem, for each k < K,
0*" 162 = 12 )o2 + 0,(1) = PVE + 0,(1)

and hence R?* = PVE + 0,(1).

The asymptotic normality result holds as a consequence of Theorem 1.6. [

Proof of Theorem 1.5. This proof provides an asymptotic normal result for n'/2(fye, — 6)
and the consistency of the asymptotic variance estimator. We first show the asymptotic

normality. Let
gen =M~ Zg +N_IZ{Y;_§(_IC)(X’L)}7
i€Jy i€}
where M = (m +n)/K and N =n/K, then égen =K Zszl éé’ézl Observe that

Ohen =M1 g (X)+ N1 et MY {30 (X0) — g7 (X))}

i€Jy 1€y 1€y

— N PG - gt (X))}

1€y,
By Lemma 1.1,
MY {dPG) = gt (X))} = op(MTYR),
i€y

N~ Z {37P(X) = g"(Xi)} = op(NT/2).

i€y,
Hence, when K < oo,

m-+n

Ogen = (M + 1)~ Zg )+n~ Zs,+0p -y,

o4



By Lindeberg-Feller Central Limit Theorem, as m,n,p — oo,

2 {(m+n) " g (X)) Y e)
var(e) + Tvar{g*(X)}

— N(0,1)

and hence

”1/2(égen —0)

2 _n_ 12
J€7gen + m-+n bgen

— N(0,1).

2 and 62, are consistent estimators of b2, and o2 respectively.

Now, we showcase that b, - gen gen < gen

For k € K and i € I}, let

~

Vs,gon,i = S/z - egcn - g(ik) (Xz) + Mil Z g(ik) (Xl)

i€J
Then,
—12 : 2 —1} : 2
N Ve genyi — N &
i€l i€y,
1/2
-1 2 -1 2 n7—1 2
<N E (Vegeni —€i)” +2 {N § &N § :(Va,gen,i — &) } )
iEIk ie[k ielk
-1 2 2 .
where N™1 )7, & = 07 4., + 0p(1). Besides,

Ve geni — €i = _<égen - 9) - {g(_k)<Xz) - M_l Z g(_k)(Xz) - g*<Xz> + 9} )

1€y

where égen — 6 =op(1) and by Lemma 1.1,

> {ﬁ(’“) (X)) = M"Y §"P () = g7 (X) + 9} = op(1).

i€l i€J),
Hence,
N1 Z I/igen,i = N1 Z g2 +op(1) = aigen + op(1)
i€l el
and therefore, 02, = 02, + op(1). Similarly, b2, = b2, + op(1). .
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Proof of Theorem 1.6. This proof provides asymptotic normalities for the variance, explained
variance and unexplained variance estimators. We first work on the explained variance and

the unexplained variance. With a slight abuse of notation, define

Y= M- DY AP 2N ATV — Ogen — BOP (X0},

i€Jy iely
o) _ o )
1€Jy
2N Y {3V (XG) = nCVHY =6 = TP (G) + P,
1€y,
2" — ot Z{ D) 4aN! 2519
i€Jy icly
Az(k) — N~ Z{Y Ogen — WER (X)),
lelk
6’3(’0 — N—1 Z{}/z —f— g(—k)(XZ> +M(_k)}27
53(k) =N! ng.
where AR (X;) = §=P(X;) — M, GO (X), 59 = B {g9(X)} and §*(X;) =

g*(X;) — 0. The proof consists of 3 steps:
Step 1: 2% = 12" 4+ 0p(N7Y), 627 = 52" 4 op(N7Y).
Step 2: 02 = 12" + op(N~2), 62 = 52 4 op(N"2).
Step 3 1V (02 o)} V20 g — 2] — N(O,1), 02V VAR — ) —
N(0,1).
Step 1. Let Ay = MY, 99(X;) — pt), Ay = fgen — 0 and &; = 0P (X;) —

p=F — 3*(X;) . Then, Ay = Op(n~/?), and

Ay=MTY6+M Y G(X

i€Jy 1€Jy
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By Lemma 1.1 and 1.2,

M6 =op(MT?), MUY §H(X) = Op(M1?)

1€Jy i€y

and hence A; = Op(M~/2). Observe that

p2e _ g2 _ A2+ A(Ag — Ay) — AN Z {Y; 90— Q(fk)(Xi) + N(fk)}

i€},

+ (AL = D) N {GP(XG) — pRY

i€l

where by Lemma 1.1 and Lemma 1.3,

NTSTY =0 G0X0) + 1P = 0p(1), NS {GNX) — uP) = 0p(1).

icly icly,
Therefore,
62(’0 _ [32(’@ + OP(Nfl/Q). (164)
Besides,
~2k) - a(k) -1 2 ~20 —1/2
627 =627 = 2(A1 = AN (i = 6i) + (A — A)* =62 +op(N?).
1€y

Step 2. Observe that

P = MUY 66+ 257 (X0 2NN bi{es — 57(XG) — 6

1€J} i€}
~o(k)  _o(k) -1 —1 2
o. = 0. — 2N E 61(5@+N E (51
i€l i€l
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By Lemma 1.1,

MU " 00; + 257 (X)} = Ere(6%) + 2E5 {07 (X)} + op(M2),

i€k

N7y ode = §(X0) = 8} = Erg(de) — Brg{65°(X)} = Brg(8) + 0p(N72),

i€l

N7 " ey = Eyg(6e) + op(N73),

i€ly,

N7'N 62 = By (6%) + op(N72).

i€ly,

Hence,

(1.65)

(1.66)

(1.67)

0" = " 4 2B (0¢) — Ere (%) + op(N7),
52" = 62" — 2By (5e) + Ere(8%) + op(N™2).
By assuming Ere(de) = op(N~2) and Ere(6%) = op(N~2), we have
PO B op (N, 5 =62 b op(N ).
Step 3. Observe that
K m+n
k
Y S e )+ ) YO ) S (5
k=1 i=n-+1
K n
NSy
k=1 i=1
By Lindeberg-Feller Central Limit Theorem, as m,n,p — oo,
nl/2( -1 K — 12 nl/2( -1 _
( Zk gen) N N(O,l), ( Zk 1 egen) N N(O,l)

{V( gen)}”2 V(o Egen)}m

Hence,

1/2{V< gen)} 1/2(b§en - bzen) — N(07 1)7 1/2{V( egen)}_l/2<5—52,gen - 5gen> - N(O 1)
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Now, we show the asymptotic normal result for the variance estimator. Recall from

(1.65) and (1.66),

K
KUY {0 4 2B(02) = Brp(6%) + 62 = 2Eg;(02) + Brg(0%) + op(N ) }

K
K {452 4 op(N )}

k=1

where the bias terms 2E¢(0¢) and Eje(0*) canceled out. By Lindeberg-Feller Central Limit

Theorem and Slutsky’s Theorem, as m,n,p — oo,

n1/2 (a-%/,gen - 0-12/)

{V(o3) 372

— N(0,1).

Lastly, for the PVE estimation, by Step 1 and 2, we showcase that 2" = 2 + op(N~1/2)

~9(k .9k _ Lok Yok
and 62" = 52" 4 0p(N712), where 52" = 52" + 52"

®
2 Besides, we also have 63

0% =

0% 4 op(1) by Lemma 1.1. Hence, for each k < K,

2(k 2 7.2(k) 2 2 2(k> 2
b bgen 1/2 (b - bgen) - bgen( UY)
n'/ — =nl/
5200 T 52 2 52(0)
Oy Y Oy0y

1/2 [U%{BQ(’“) — bgen + OP(N—1/2)} — b2en{ o(k) 032/ + OP(N_1/2)}]
n

oi{oy +or(1)}

= n1/2072(b2(k) bzen> - 1/ 4b§en<012/( = 012/) + 0P<1)'
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It follows that

n'*(R2,, — PVE)

gen
K
— /252 2()) 42 —472 2(k)
=n'“0y K~ Z(b — bgen) — n*?oy bgen '™~ Z —02) +op(1)
k=1
- n1/2 Z ( 85611[{9 ( Z)}Q + €Z§*<X) o bzen] - 0Y4b§en<8? - 0-52))
=1
m+n
+n1/2 Z UY egen (XZ>} _bg;en]
i=n+1

By Lindeberg-Feller Central Limit Theorem,

n'2V-1V2(R2 )(R%, — PVE) — N(0,1).

gen gen

Proof of Theorem 1.7. This proof provides an asymptotic normal result for n'/ 2(éMAR —

Onar)- Assume the following rates

Ei{g™P(X) = (X)) = Op(aming),  Esgll = s°(X)/E(X)) = Oplbisny):

By definition, the proposed estimator Orniar can be rewritten as

K
Ovar = K1) OiAr.

k=1

with

L LYY - 9" (X))
( k 7 ) 7
=207 3|5 )

i€y

where M = |J;| = (m +n)/K. Recall that for each i,

Y, = gO(Xi) + &4, T, = s*(X;) + 1.
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Hence,

iha -
-1 0( v Tie; - 1 1
- M ;Jk [g (X;) + ) + T {§(—k)(Xi) s*(Xi)}
B ri{g(fk)(Xi)—go(Xi)} v 1 1
#(X) 5000 000} gy~ )

Since Y; and T; are independent conditional on Xj;, the expectations of the terms on RHS

E{ ST; } By {Ta {é(—’j(X) - 8*(1)() H =0,
E; rig (SX(>X) ] 0.

Now, since E;e(T' | X) = s*(X) and by the tower property of the conditional expectations,

we have

B 1600 00} {57~ 7w |

= 24 {[#900) =0 | ey | BT 0
s* —50R)

— EJ;? {g(—k)(X) _ go<X)} (XA)(_k)(X) (X) ‘ '

Now, by simple Holder’s inequality and following the assumptions, the above is of the order

of Op (Clern,pbern,p) :

As for the the second moments, with similar reasoning, we have

By {Tﬁ{ 9(X) s*<1X>HQZE"E{ é()l;*s(?f);)}zEjﬁ(T€2|X)]
000 -

2

'{§H€>(X) - s*(X)}
| SR 0 s (X)

Eje(e® | X)| = Op(b2,4,,/ E(T)),
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as well as

M2 T {wl (x) s*&n} = Op (M 2byin p{E(T)} %)

= op(MVA{E(T)} ),

vy PAIOO 2 IE_  (0120,,, B0)))

= op(MVH{E(T)}'?).

By Lemma 1.1, and that @ pbmin, = op((m+n)"Y2{E(T)}/?),

M ST (660 = 8060} | s — g | — orOr B

i€Jk
Therefore,
W = 310000 + L op (BT )
MAR — g (A 5 (X) op .

i€y

For K < oo, we have

Ouan = 2_; {go(Xi) + ST(;) } +op ((m+n)"*{B(T)}71?).

Let Vp = E{Te/s*(X)}?, and recall that E(c? | X) < ¢,

E(T | X)E(* | X)

T€2 | X} {{S
-7 my” (2'X>} {<X>} E{{;E(< ))}62} - G
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which implies that

Mg oy S Nt s Bogent) = Howsdetmin B B}
1

< 0162
A0 (m+n)? {B(2)} B(T)

Hence, for any 6§ > 0,

Vi'E

2
Te 1
{ 5*(X) } ﬂ&%»(mleﬂ}]

CLE(T) Te? Ce?
“H{EE@)PT [ {501 |&@62(m +n)? {E(e?)}? E(T)
_ BTy { el

c550<m/+ n)%E(s?)}»w {s(X)}?

Cll+c 2{E(T)}1*C 2 |5|2+c
= G m B { 5(X) }
011+C/2E‘€‘2+c o
citese(m + n){ B(e2) 2re{B(T)}/2 "

c/2

E(T | X)]

since (m—+n)?E(T) — oo. Therefore, by the Lindeberg Central Limit Theorem, as m+n,p —

OO7
mtn o
,1/2 1< N 1
{(m +n)Vr} ;—s*(m — N(0,1)

in distribution. Besides, when F{¢°(X)}?* > C' > 0, we have

Blg’(X)[**
[B{g" (X}

Y

by the Lindeberg-Feller Central Limit Theorem, as m + n,p — oo,

m-+n

[m +m)E{g"(X)}]'"* 3_{e"(X0) — 6} = N(0.1)

in distribution. Observe that
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Then, by the delta method, as m + n,p — 0o, we obtain

m-4n 1/2 m+n . Tie, )
Vi + E{QO(X)}2:| 121 {g (Xz> + S*(XZ) (9} — ]\/Y(O7 1)7 (1.68)

in distribution. When E{¢°(X)}? — 0, by Lemma 1.1, -7 {¢°(X;) =0} = op((m-+n)~1/2).

=1

Since [Vr + E{¢°(X)}?]/Vr — 1, by the Slutsky’s Theorem, (1.68) still holds. Now, recall

that
) m4n T'€'
9 AR = {g()(Xz) ks }+R
where
R=op ((m+ n)_1/2{E(T)}_1/2) :
Hence,

m+n 2 _, 1 —op
Vot Bl 0" (E(T)[VT+E{90<X>}2]) )

Therefore, as m + n, p — 0o, the estimator Oriar is asymptotically normal

l m+n

/2
) (B0 > N0

Here,

(et Wi+ BLPOOP] < k) [ BPCOP| = 0n((m 0 E(D)),

Now we showcase that Viar(6) is a consistent estimator of Vaar(6) = Vi + E{g°(X)?}. Let

- T{Y:i — "M (X)} . T{Yi — ¢°(Xi)}
i =g 000+ D v =g+ PR EED

Then, similarly as in (1.55),

-1 E 2 -1 E : * 2
M l/e,l - M V@,’L

1€Jy i€ Jy
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We first consider the term M=, ;.2 Let Wy; = v,%/Vaar(#). Then,

1€ Jy

nP(|Wn,1| > n) <FE [|Wn71|1{\Wn,1\>n}] < ‘]M_C/QEH/Vn,l|H_C/2
2 Elg’(X) = 0+ Te/s* (X)|**°
{VMAR(Q)}lJt—C/Z
2+4c
{(BIg(X) - 070)V &) 4 (B|Te/s () 270) 1)
{Vaar(0) }1+e/2
Eflete/{s*(X)}!*]
{VMAR(9>}1+C/2
011+C/2E|€|2+c
T ot MeR{E(e2))2 e { E(T)}/?

< M-

S M*C/Q

< M~¢/? + O(M~¢/?)

+O(M~/?) = 0(1),

since M E(T) — oo. Besides, for any 0 < ¢; < 2, similarly,
M EWE gw, j<an] < MTUEWE MW |'=/%) = M™2E|W,,|'7 = o(1).

By general weak law of large numbers,

M_l ZiEJk Vg,iQ
Vamar(9)

= 1 + Op(l).

Now, consider the term M~ 37, (vp; — vj,;)?. Observe that

. 1 1 rif g R (X5) — ¢°(X0)}
S {§<—k><xi> ) s*<Xi>} - (X))
N . 1 1 A
T {g( k)(Xi) -9 (XZ)} {§(_k)(Xi) o S*(Xi)} — (Ovar — 0).

Recall that
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Besides,

~(—k 0 1 ! 2

Eje |:T{g( (X)) —¢°(X)} {5(—@()() s (X) }
§ER(X) — s*(X)}

{369 (X)) s*(X)

= Eye {9(_k)(X) - QO(X)}Z { ] =op{1/E(T)}.

By Lemma 1.1,

MY T, {é(—k)l(Xi) - 8*&0 HQ = op{1/E(T)},

ey -

T LaR (X)) — gO( X1 T2
vy [P EN oy,

eJp -

MY 7000 - 0 g~ s ] o VB

‘ S
eJy -

Combining with the fact that (Oyar — 0)% = op{1/E(T)}, we have

MY (s~ v3,)” = op{1/E(T)}.

1€y

Therefore,

MY g = MY w4 op{1/B(T)} + 2 [Vararf{1 + op(1)}op{1/E(T)}]"/?

i€Jy i€ Jy

= Vamar{l +op(1)} +op{1/E(T)}

and hence

~ K -
Vaar K e MY Vi B

= = 1 —+ Op(l).
VMAR VMAR

Proof of Theorem 1.8. Part 1. We first provide consistency rates of § and an asymptotic

normal result for n'/2(§ — &) when some specific rates are satisfied. Recall that, by definition,

Y=DF'X+(1-D)B"X+e, D=e(X)+¢, E(|X)=0.
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By the definitions of g and /5§ and Lemma 2.1 in [ZBC19],

E(Y - "X |D=1)=0, E(Y - "X |D=0)=0,

E{Y - "X)X|D=1}=0, E{(Y — B"X)X |D=0}=0.

Hence, E(D 3:"Xe) = E{ 8"X(Y — £"X) | D = 1}E(D) = 0. Similarly, E{(1 —

D) 5" Xe} = 0. Besides,

E(e)=E{Y =D B;"X — (1- D) 5" X}

—E(Y - "X |D=1)E(D)-E(Y — "X |D=0){1-E(D)}=0.

Therefore,

E(Y?) = E{D( 31" X)*} + E{(1 - D)( B  X)*} + o2,

where 0. = var(e). Since P{c <e(X)<1—c} =1,

E( BTV < B(BTX)? < 'E{e(X)( BT X)?*} = ¢ 'E{D( B;"X)*} < c'E(Y?).
(1.69)
Let

ri Y =D,/ P(X,), 1P = D/eTN(X), v = Dife(Xy), = D/e(X).
Since both e(X) and é(-®)(X) are bounded away from 0 uniformly with probability 1,

D{eM(X) — e(X)

2
ey ol

m—i—n,p) .

Egg(r™? —1)? = Ey (1.70)
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Here, recall that Ereg = E{g | (D;,Y:, Xi)icqr2,.mpa, y and (D,Y, X)) ~ Ppy x independent

of (D;,Y;, Xs)ieq1,2,..n0\1,- By the definition of %fk), we can obtain the following formula

#0 = BTA® 4 NS (Y — 8T + (B0 - BT

i€ly,
NI (i = TR = N m(BY - 8 X
1€y i€l
— NP (87 - )X (1.71)
i€y,
where recall that g®) = M1 D ied, X;. Observe that each term of the RHS in (1.71) is an

average of (conditional) independent and identically distributed random variables. Hence,
by Lemma 1.2, we can obtain the rates of each of the terms by looking at the first and second
moments. For the first moments, recall that r = D/e(X) and E(r | X) = E(D | X)/e(X) =

1, we have
BB X) = B h,
E{r(Y = 87" X)} =7 — B I,
E{(B" = 8" X} = (37" - 81)" i,
Eg{r(5" = 80X} = (57" - 81"k
and by the Holder’s inequality,
E{(r™ —r)(Y = 577 X)} = Er{(r"" = r)(B(Y | X) = 577 X)} = Op(bninpty),
(1.72)
B {(r™ = r)(B77" = 81X} = Op(aupbmrng)- (1.73)

We can see that the terms 3;" i and (Bf_k) — B1)T i will cancel out, and the terms (1.72) and

(1.73) will be the main contributions of the first moment.
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As for the second moments, we have

var(817X) = B(3"V)* < ¢ ' B(Y?) = O(1), (1.74)
Er {5 = 51VY < B {(37 - 51)" XY = Or(ay,),
where (1.74) results from (1.69). By Condition 1.5, r = D/e(X) < ¢ and |[r(7F) —r| =

|D/é=F)(X) — D/e(X)| < ¢! with probability 1. Hence, we have following results for the

variance (or second moments) of the terms in (1.71),

E{?(Y — BTX)’} < 02 = O(1),
Erer?{(B7Y = 80"V < e Bre{(B7Y — 1) X} = Op(a2,), (1.75)

— H(—k * Y — A=k * ¥
Brg(r™ = (377 = B)TXY < BB - B1)TXY = Op(ar,). (176)
Besides, by the assumption that P{E(¢? | X) < C} = 1, we have

Ere(rt —r)2(Y = B77X)? < CEre(r™ —1r)? = Op(B?

m+n,p)‘

(1.77)

Now, by Lemma 1.2, we have asymptotic results for each of the terms in (1.71). The terms
“Ta® and (B — B9TA® are averages of M (conditional) independent and identically

distributed random variables, we have

B A" = BT+ Op(M~'12),

~

(37 = BT = (BT = BT i+ Op(any M%),

The other terms in (1.71) are averages of N (conditional) independent and identically dis-
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tributed random variables, we have

NS (Y= B X)) =7 — BT+ Op(N™'7?),

i€},

NS (B = 8)TR, = (BT — 81T+ Op(an,N7V2),

i€},

and

N~ Z - i) (Y; — BTTXZ) Op (b tnpcp + bm+n,pN_1/2)a

’Lelk

N~ Z(T(_k) - r)(ﬁ}_k) - BT)TX = Op(anpbminp + an,pN_l/z)'

i€l

Combining the previous results, we have

2 = 7 Op(anpbmsnyp + bmanpCp + (1 + np + bnp) N2,

Similarly,
RO ~1/2
Ty =To+ OP(an,pbm+n,p + bern,pcp + (1 +app + bm+n,p)N )

When K < 00, a,, = O(1), appbminy = O(n~Y?) and b,y pc, = O(n=1?),

>

0 =31 =% =0+ Op(anpbminp + bminpCp + (14 Gnp + bninp)n?)
=6+ O0p(n17?). (1.78)

Moreover, if a,, = 0p(1), bminpy = 0p(1), @ppbminy = op(n~?) and bingnpCp =

op(n~'/2). Then, by the previous results and Lindeberg-Feller Central Limit Theorem,

m—+n
n'’2(5 — 6) = n*?*(m +n)" Z(Bl BTV, 42 Z&Q X)) {1 — e(Xi)}]
— Ele¢/e(X){1 —e(X)}] + op(1) (1.79)

— N(0, V),
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in distribution, provided that

29
e(X){1 —e(X)}

%zvm{ }+Tw;—mﬂéwr—%>>c>o

Part 2. Now we provide a consistency result for V5. Recall the definition of Vs,
—k A(=k)T -k A(=k)T 2 5(—k A(—=K)\T ~
vai =10 (Y= B X = P = B X) = b (BT - BT,

where Tg_k) = D;/é"P(X;) and pg_k) = (1 - D;)/{1 — e"P(X;)}. Define v;; = ri(Y; —
BT X)) — pi(Yi — BT X,), where r; = D;/e(X;) and p; = (1 — D;)/{1 —e(X;)}. Similarly as

n (1.55),

—1 2 —1 . 2
N E VM—N E Vs

i€l 1€l
1/2
-1 * \2 —1 * 2a7—1 * \2
<|N E :(V&i - V(S,i) 2 {N E Vs N E (Vs _V(S,i) } :
i€l i€l i€l

By Conditions 1.1 and 1.5, E|r(Y — B:TX) — p(Y — B:TX)[>*¢ < ¢y, where r = D/e(X)

and p = (1 —D)/{1 —e(X)}. By Lemma 1.2,

N7 Z Vg,ig = Vi +op(1),

i€l

where Vi = var{r(Y —8;" X)—p(Y —3;"X)}. Now it remains to show N7, (vs;—v};)* =

op(1). Observe that vs; — v5, = A1; + Az, + Az, where
Al,i = rfk)(Yi - Bfk)TXi) - 7’7;(Yz‘ - ﬁikTXi)a
Ay = P( )(Y 50 ) +pi(Y; — BST)NQ),
As = (BT = B7O)Ta® - .

Hence, it suffices to show

NﬁlZA%,iZOP s N~ ZAZZ_OP AgIOP(l).

i€l 1€y,
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Observe that

From (1.77), (1.75) and (1.76),

E{(r™ —r)’e’} = op(1),  Br[r*{(57" = B7)"X}] = op(1),

E[(r™ = {(B7 = 81)" X} = 0p(1).

Hence,
Ere{(r —r)e —r(BTY = B)TX — (rP — ) (BT — 81)TX Y = 0p(1).

By Lemma 1.1, N™' 3", ., A%, = op(1). Similarly, we have N~' 3~ op(1). Besides,

i€l ZEIk

A= (B = B0 i — (B = 85) i+ (B — )" (™ — i)

+ (BT =B (™ — ) — (65— ) (™ — ) — (5 - 4).

Under the condition a,,, = o(1), we have (3; 3= — B0 = op(1) and (Bé_k) — B i = op(1).
By Lemma 1.2, (87 —35)" (4™ — i) = op(1). By Lemma 1.1, ( =BT (™ — i) = op(1)
and (A((]_k) — B)T(a® — ) = 0p(1). Recall (1.78), § — 0 = op(1). Therefore, A3 = op(1).
Now, combining all the previous results,
NTEY (vsi —v3,)* = op(1), (1.80)
i€l

and hence

N_lzudz N~ ZV +op(l) = Vi +op(1).

iEIk ’LEIk
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Now recall &; = (Bfk) - Béfk))jr()?i — %)), Define &= (B — BV Similarly as in

(1.55),

N~ Z fg,i ~N7! Z ffsk,iQ

iEIk ’iEIk
1/2
S z{N—lzs;,f-N—lz@&i—g;m} |
i€l i€l 1€l

By Condition 1.1, E|(8f — 85)TV|**¢ < ¢;. By Lemma 1.3,

N7 &2 =Va+op(1),

i€},
where Vo = (85 — B5)TC(67 — ;). Now it remains to show N1 Sier, (& —&53)7 = op(1).

Observe that
Ei— &= (BT = BTV — (B5F - 8™V
_(51 ﬁo) ( _N) (5 ﬁl) ( /:L)‘i‘(ﬂ 60) ( /:L)
By Lemma 1.1, N™'S2, (8777 = BV = op(1), N7 (85 — B3)TVi = op(1),

(BF — BOT(A® — ) = op(1) and (8BS — B)T(a® — ) = op(1). By Lemma 1.3,

(Br — B (4™ — i) = op(1). Therefore,

N7 (& — &5.)7 = op(1),

1€},

and hence N1 Y, &, = N1y, &2+ op(1) = Va+ 0p(1). When K < oo,

K
= K1 Z {N1 Z vy, +nN~! Z@?’i/(m + n)} = Vs +op(1).
k=1

1€y 1€l
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Chapter 2

Double robust semi-supervised
inference for the mean: selection bias
under MAR labeling with decaying

overlap

2.1 Introduction

Inference in semi-supervised (SS) settings has received substantial attention in re-
cent times. Unlike traditional statistical learning settings that are usually either supervised
or unsupervised, an SS setting represents a confluence of these two settings. A typical
SS setting has two types of available data: apart from a small or moderate-sized labeled

(or supervised) data £ = (Y;, X;),, one has access to a much larger sized unlabeled (or

5



unsupervised) data U = (X;)Y,.; with N > n. Here, V; € R and X; € R? denote the
outcome of interest and a covariate vector (possibly high dimensional), respectively. To inte-
grate the notation, we use R; € {0, 1} to denote the missingness/labeling indicator and use
S=LUlU = (R, R;Y;,X;)¥, to denote the full data, a collection of N i.i.d. (independent
and identically distributed) observations of (R, RY, X), where throughout this chapter, we
let (R, RY,X) denote an independent copy of (R;, R;Y;, X;).

SS settings arise naturally whenever the covariates are easily available for a large
cohort (so that U is plentiful), but the corresponding response is expensive and/or difficult
to obtain due to various practical constraints (thus limiting the size of £), a frequent scenario
in modern studies involving large databases in the ‘big data’ era. Examples of such settings
are ubiquitous across various scientific disciplines, including machine learning problems like
speech recognition, text mining etc. [Zhu05, CSZ09], as well as more recent (and relevant
to our work) biomedical applications, like electronic health records (EHR) and integrative
genomic studies [CC18,CG20]. It is important to note that while SS settings can be viewed
as a missing data problem of sorts, the fact that |U| > |L| is a key distinguishing feature
of SS settings (for instance, |£| could be of the order of hundreds, while || could be in
the order of tens of thousands!). This condition, a natural consequence of the underlying
practical situations leading to these data, implies that the proportion of labeled observations
in SS settings converges to 0 as the sample sizes |L|, || — co. This makes SS settings unique
and fundamentally different from any standard missing data problem where this proportion
is always assumed to be bounded away from 0, a condition also known as the positivity (or
overlap) assumption in the missing data literature [Imb04, Tsi07], which is naturally violated

here.
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Most of the SS literature, however, implicitly assumes that X is equally distributed
in £ and U samples, that is, a missing completely at random (MCAR) setting, where R 1
(Y, X), and the goal is to improve efficiency over an (already valid) supervised estimator based
on L. A biased, covariate-dependent, missing at random (MAR) type labeling mechanism
has not been studied much, although they are much more realistic in practice, especially
in biomedical applications (including the examples discussed earlier) where selection bias is
common. For instance, in EHR data, relatively ‘sicker’ patients may often be more likely
to be labeled, especially if the labeling is for a disease response. We work in this type of a
‘decaying’ MAR domain, which we name MAR-SS for short, under the typical “ignorability”
assumption:

R 1 Y|X,

thereby allowing for a selection bias in the process. It is important to note that the traditional
MAR setting amongst the missing data literature is typically studied together with an overlap
(positivity) condition that bounds away the propensity score (PS) E(R|X) uniformly from
zero [BRO5]. Compared to such MAR settings, our MAR-SS setting is significantly more
challenging due to the inevitably decaying nature of the PS. We also interchangeably refer
to this setting as decaying overlap. As N >> n here, positivity is automatically excluded,

thus leading to a non-standard asymptotic regime.

Subtleties To work with such unbalanced labeling, we denote the PS as my(X) =
E(R|X) = P(R = 1|X) and let my := FE(R). It is important to note that to allow a
non-degenerate PS with E(R) — 0 as N — oo, we must allow R, my(X) and 7 to depend

on N (otherwise forcing n/N — 0 would lead to a degenerate situation with E(R) = 0 and
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E(R|X) = 0 almost surely (a.s.)). Hence, both {Ry;}n; and {7y (X;)}n, form triangular
arrays. We suppress the dependence of Ry on N throughout for notational simplicity.
Under such a decaying MAR-SS setting, we study the fundamental problem of esti-

mation and inference towards the mean response, defined as:

The mean estimation problem above is a canonical problem in classical missing data as
well as causal inference literature, and we consider it here mainly as a prototype problem.
The bigger purpose of this chapter is to provide a deeper understanding of this MAR-SS
setting and all its subtleties, where the main challenge is to allow for the uniform decay of
the PS with the sample size and handle the non-standard asymptotics that arises inevitably.
Moreover, unlike “traditional” SS settings (with MCAR), the goal here is not to “improve”
over a supervised estimator from £ (which is no longer valid under selection bias) but rather
develop from scratch a consistent and rate-optimal estimator along with inferential tools for
it. The contributions of this work therefore constitutes advances both in the literature of
classical missing data and causal inference as well as that of traditional SS inference. We first

provide an overview of the existing literature(s), followed by a summary of our contributions.

2.1.1 Related Literature

SS-literature on prediction problems is vast, typically under the name of semi-supervised
learning; see [Zhu05] and [CSZ09] for a review. SS inference has attracted a lot of recent
attention. [ZBC19] and [ZB21] proposed SS mean estimators. The estimators in [ZB21] can

be roughly seen as a special (MCAR) case of the MAR-SS setting here. [ABS*21] and [CC18§]
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tackled the SS linear regression problem, while [KK13] considered likelihood based SS in-
ference. [CG20] studied SS inference of the explained variance in high dimensional linear
regression. However, they all require a MCAR assumption, i.e., R 1 (Y,X). MCAR is
practically too strong, and these estimators lead to doubtful results once the dependency of
R on X occurs.

Works that remove some of the MCAR restrictions have been proposed recently.
A special stratified labeling in a SS framework was studied in [GLTC20] with a focus on
prediction performance measures. Stratified labeling was also studied in [HLIL20], though
their setting is very specific in that their only source of randomness arises from the treatment
assignment. [LZC20] consider a covariate shift regression under a SS framework using a semi-
nonparametric approach based on density ratio estimations albeit, working only with a non-
decaying PS. To our knowledge, only [KM20] have recently considered settings of a similar
type as ours. Their main focus, however, was on treatment effects estimation and efficiency
theory when surrogate variables occur in the usual MAR setting (with positivity). They
do provide some results under a decaying PS setting, including a semiparametric efficiency
bound. We provide a complete characterization (see Sections 2.3.1-2.3.2) of the asymptotic
properties as well as inference based on the estimator (see Section 2.3.3), and under much
weaker conditions. For instance, we only require N7y — oo (while they require N7, — 00)
and we allow an unbounded support for X, which is essentially violated under the uniformly
bounded density ratio condition 7y /7mn(X) < C assumed in [KM20]. Moreover, the authors
therein did not provide any results and/or methodology on the decaying PS’s estimation
which is an essential component of the problem here.

Our work is also naturally connected to the rich missing data (and causal infer-
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ence) literature on semi-parametric methods, and especially to so-called doubly robust
(DR) inference; see [RRZ94], [RR95], [BRO5], [Tsi07], [KSO7], and [Grall] for a review.
High-dimensional DR equivalents have been presented recently as well; see for example
[BCH14, Farl5, CCD*18, SRR19, BWZ19]. They work on a low-dimensional parameter es-
timation problem that involves high-dimensional nuisance parameters. On the other hand,
[SC17] and [CLCL19] work on problems where the parameters of interest themselves are
high-dimensional. However, the positivity assumption is always assumed. Our work is a
direct extension of the above literature where we now include a decaying PS, and therefore
a setting of imbalanced treatment mechanisms.

Another related setting to our decaying PS setting is the so-called “limited overlap”
setting. A few notable prior works on limited overlap include [CHIM09,KT10,YD17,Rot17,
VZ18] among others, where a truncation of the PS is introduced and a restricted analysis
to the portions of the treatment groups such that overlap holds is performed. The “limited
overlap” condition is also weaker than the usual overlap condition, but very different from
our decaying PS situation. The limited overlap allows the PS to approach zero on some
specific regions in the support of X, while we allow E(R|X) to shrink to zero (with N)
uniformly in X. Moreover, they assume that £(R|X) is independent of N. By allowing R to
depend on N, we allow P and Pgjx to depend on N so that 7y = E(R) — 0 is permissible (a

necessity under our settings of interest), much unlike the existing limited overlap literature.
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2.1.2 Owur Contributions

Contributions of our work are three fold: on (i) double robust estimation with decaying
PS, (ii) estimation of decaying PS, and (iii) average treatment effect (ATE) estimation with

imbalanced groups.

Double robust estimation with decaying propensity We believe this work fills in
an important gap in both the SS literature and the missing data literature. A selection
bias in the labeling mechanism is allowed, therefore parting with the SS literature. A PS is
allowed to decay to zero uniformly, consequently enriching the MAR literature. We propose
a double robust semi-supervised (DRSS) mean estimator (see Sections 2.3.1-2.3.2), which
can be viewed as an adaptation of the standard DR estimator [RRZ94| to our MAR-SS
setting. Theorem 2.2, our main result for this part, provides a full characterization of the
DRSS estimator and its asymptotic expansion when at least one of the nuisance functions
is correctly specified. Throughout, our results bring in a new set of rate-adjusted high-level
estimation error conditions on the nuisance estimators that are agnostic to their mode of
construction. When both nuisance models are correctly specified, we derive the asymptotic
normality of our estimator if a product rate condition for the estimation errors is further
assumed, with an asymptotic variance reaching the semi-parametric efficiency bound de-
rived in [KM20]. We also construct a corresponding confidence interval (see Section 2.3.3)
that adapts to the rate of decay of the PS. Adaptivity here implies that the confidence sets
are wider for the cases of faster decay without changing the estimators themselves. The
analyses and the methods are considerably more involved here compared to the standard

problems, due to the decaying nature of the PS. For example, we establish that the rate of
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convergence is no longer governed by N solely; rather the effective rate is identified to be
in terms of Nay, where ay' = E{ny'(X)}. In high dimensions, and using standard para-
metric nuisance models, the product rate condition required for the asymptotic normality
is s;,s:{log(p)}? = o(Nay), where s,, and s, are the sparsity levels of the (linear/logistic)
nuisance functions m(X) = E(Y|X) and 7n(X) = E(R|X), respectively. When ay =< 1,
such a condition coincides with the usual product condition [CCD*18] where the positiv-
ity condition is assumed. However, whenever ay — 0, the condition is stricter in order to

compensate for the decay of the PS.

Estimation of the decaying propensity A key challenge for any methodological de-
velopment in our MAR-SS setting is the modeling of the decaying PS. We propose several
choices and associated results in this regard, including (i) stratified labeling (see Section
2.4.4) as well as (ii) a novel offset based imbalanced logistic regression model (see Section
2.4.1), under both low and high dimensional settings. The first approach, (i), is often practi-
cally relevant in the presence of apriori information available on a stratifying variable. The
second approach, (ii), on the other hand, is applicable quite generally and constitutes a nat-
ural extension of logistic models to our case of a decaying PS. Related to the latter model,
imbalanced classification in low-dimensions was recently studied by [Owe07] and [Wan20].
Our offset based model is closely related to their diverging intercept model, and yet has
distinct methodological advantages; see Remark 2.11 below.

We provide theoretical results about estimation rates and other properties of these
models under both high and low dimensional settings. These results may be more gen-

erally useful and are of independent interest; for example, our results on estimation of
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decaying PS under a logistic model in high dimensions are the first such results to our

knowledge. We demonstrate that, for a sub-Gaussian X, the estimation error of 7y (-) is

O,(\/sxlog(p)/(N7y)), where s, is the sparsity level of the logistic model parameter. Such
a result is non-trivial as, per Theorem 2.5, an appropriate choice of the regularization param-
eter is non-standard with Ay =< \/W . We also obtain a regular and asymptotically
linear (RAL) expansion for the estimator of the logistic regression parameter in the low-
dimensional case; see Theorem 2.4. Moreover, we showcase that the estimator reaches the
asymptotic variance as established in [Wan20] for low-dimensional problems. For the cases
where the outcome model is misspecified, we further construct an adjusted RAL expansion
of our DRSS estimator. Lastly, in Section 2.4.5, we also consider the special case of the

MCAR model and the corresponding results in that setting.

Average treatment effect (ATE) estimation with imbalanced groups Drawing
on a natural connection between the causal inference and missing data settings (see the
discussions in Section 1.1 of [CLCL19] for instance) we extend our results to a corresponding
ATE estimation problem. Our results allow for an extremely imbalanced treatment or control
groups, in that 7y = P(R = 1) — 0 (or alternatively, 7y — 1) as N — oo.

We establish a RAL expansion for the proposed ATE estimator with a non-standard
consistency rate, O,(1/v/N7y), where without loss of generality we assume 7y — 0. A
sufficient condition for the expansion’s validity is correctness of the model for the treatment
group’s outcome as well as that of the PS model. Notably, the control group’s outcome
and PS models can be (even both) misspecified if 7y — 0 fast enough. Such a condition is

different from most of the recent results, such as [Farl5] and [CCD* 18], where the nuisance
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functions in both of the groups need to be correctly specified for valid inference results. It
is also different from the recent work of [SRR19] and [Tan20a], where they used specific
parametric working models and they required at least one of the nuisance functions to be
correctly specified for both of the groups.

The PS setting, the parameter of interest, and the methodology are also different from
the limited overlap literature, e.g., [CHIMO09]. As shown in [KT10], the information bound
for the ATE estimation is 0 if only under the ignorability assumption and a.s., my(-) € (0, 1).
As aresult, a common approach in the limited overlap literature is to re-target the parameter
of interest by considering a “shifted” ATE induced by the truncation of the PS [CHIMO09].
In this chapter, we show that it is in fact possible to estimate the ATE directly when we
have additional information that the inverse PS has well-behaved tails, e.g., mx/(-) follows an

offset logistic model and X is sub-Gaussian; see Theorems 2.2, 2.4, and 2.5.

2.1.3 Notation

We use the following notation throughout. Let P(-) and E(-) denote the probability
measure and expectation characterizing the joint distribution of the underlying (possibly
unobserved) random vector Z := (R,Y,X), respectively, where R € {0,1}, Y € R, and
X € RP. Let Px denote the marginal distribution of X. For any r > 0, let ||f(-)]|,p =
{BIf(Z)[" Y and |f()|lrpx = {Ex|f(X)["}¥/". For any vector z € RP, we denote z(j)
as the j-th coordinate of z. For r > 1, define the [.-norm of a vector z with |z|, :=
(S 2DV, Nzl i= [+ 207) # 0}, and |lz]l := ma; |2(7)]. For a matrix A € RO,

| Al := sup,0 || Az|,/||2|» and Amin(A) denotes the smallest eigenvalue of A. For sequences
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ay and by, we denote ay < by if there exists constants ¢, C, Ny > 0 such that cby < ay <
Cby for all N > Ny. Lastly, we define the logit function as logit(u) := log{u/(1 — u)} for

any u € (0,1).

2.2 Problem setup

Let the entire dataset be denoted as: S := {Z; = (R;, R;Y;, X;),i = 1,...,N}. The
dimension of the covariates p can be either fixed or growing with N in that p = py — o0 as

N — oo. We assume the following ignorability condition throughout.
Assumption 2.1 (Ignorability or MAR condition). We assume that R 1 Y | X.

The ignorability condition is standard in the missing data literature [BR05, Tsi07].
Let m(x) := E(Y|X = x) and my(x) := E(R|X = x) denote the conditional mean of Y and

the conditional PS, respectively. We define ay as:

ay' = E{ny (X))}, (2.1)

which is a natural quantity that appears in all of our results under the MAR-SS setting, and
plays a key role in determining the rates of any inverse-probability weighting type estimator.
The value ay shrinks when the distribution of 7y (+) has too much mass concentrated around
0; see Remark 2.5 for more details. We consider the case of ay — 0, although our results
hold more broadly. Notice that the usual positivity (overlap) condition, mn(X) > ¢ > 0,
is NOT assumed throughout the chapter, and we allow a uniformly decaying PS in that

mn(x) = 0 as N — oo, for every x in the support X.
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Example 2.1 (Offset based PS model). Here, as an illustration of such decaying PS models,

we introduce a general offset based PS model as follows.

exp(u)
1+ exp(u)’

n(X) = g(f(X) +log(my)), with some f:RP - R and g(u) :=
where log(my) is an “offset”. The model above constitutes a fairly general way of incorporat-
ing the naturally decaying nature of the PS in our setting. Further details on the rationale
behind and the analysis of such an offset model are discussed in Section 2.4.1. Here we in-
troduce the model mainly to illustrate how wn(X) depends on N. In our analysis in Section
2.4.1, we allow a linear f with any sub-Gaussian X, where clearly the positivity condition
is easily violated. Moreover, we allow 7n(X) to be small in a “uniform way”: for example,

if X has a compact support X, then cimy < wy(x) < comy for all x € X with constants

O<Cl<02.

Preliminaries: Identification and alternative representations We have the follow-
ing three alternative representations or identifications of y = E(Y’) based on the observable

variables and some unknown (but estimable) nuisance functions, i.e., m(X) and 7y (X).
(Reg) Regression based representation: 0y = E{m(X)}.
(IPW) Inverse probability weighting representation: 6y = E{ry'(X)RY}.

(DR) Doubly robust representation: fy = E[m(X) + 7y (X){RY — Rm(X)}].

A natural estimator of #; would be the empirical mean of the observed responses, Yiapeled :=
Zfil R)Y;/ Zfil R;. Under a MCAR setting, Yiapeleq is a consistent estimator. However,

under the MAR setting, Yiapeea is no longer a consistent estimator; Yiapeled EiN EY|R =

86



1) # E(Y) in general. According to the above representations, with m(-) and 7y (-) es-
timating m(-) and my(-), respectively, we could consider @\Reg = N1 Zf\il m(X;) and
@pw = N1 Zf\il R;Y;wy' (X;). For the sake of simplicity, here we consider an ideal case
that m(-) and T (+) are trained on another additional set so that (m(-), Ty (+)) 1L (X;)N,.

It is then not hard to show that

/Q\Reg - 00 = Op (“Ir/ﬁ(X) - ’ITL(X)

1,Px + N71/2) )

Gow — 0 = O, (|1 = mn(X)/Fn(X) o + N7V%)

Hence, the Reg and IPW estimators are not even consistent when the corresponding nui-
sance model is misspecified. Even when the corresponding nuisances are correctly specified,
estimators directly depend on the estimation error of m(-) and 7y(-), respectively, which
are not v/N-consistent (nor /N7 y-consistent) in the high-dimensional or non-parametric
settings.

The DR representation of 6, viewed as a combination of the Reg and IPW repre-
sentations [Acc74], leads to double robustness. DR estimators are consistent as long as at
least one of the models are correctly specified (this property is called “double robustness”,
see, e.g., Theorem 2 of [Far15]). When both models are correctly specified, the estimation
errors of the DR estimators depend on the product of estimation errors of the nuisance func-
tions; this property is called “rate double robustness,” as defined in Definition 2 of [SRR19].
Moreover, DR estimators are known to be semi-parametrically optimal when both models
are correct [BRO5], as well as first order insensitive to the estimation errors of the nuisance
functions [CCD™18]; see the discussions in [CLCL19]. In Section 2.3, we propose estimators

based on the above DR representation.

87



2.3 Semi-supervised inference under a MAR-SS set-
ting

2.3.1 Known PS 7y(+)

We first consider an oracle case where the PS, my(+), is known. In other words,
the missing mechanism is designed and controlled by the researcher. This is also closely
related to the randomized controlled trials in causal inference literature. Based on the DR

representation, we consider the following SS estimator:

N

§.— N ;m(xi) 4 N ; WN?;Q){Y; — (X)), (2.2)

where m(X;) is a cross-fitted estimator established as follows: 1) for any fixed K > 2, let
{Z,.}%_, be a random partition of Z := {1,..., N}; 2) for each k < K, obtain the estimator
m(-;S_x) using the training set S_y = {Z; : i € T \ Z;}, where for typical supervised
methods, m(-;S_x) only depends on the labeled observations, {Z; : i € Z \ Zy, R; = 1}; 3)
for each i = 1,..., N, let m(X;) := m(X;; S_j(;)), where k(i) denotes the unique & such that
1 € Zy.. The proposed 6 can be seen as a debiased gReg estimator, where the misspecification
or estimation bias of 7(-) is removed by the knowledge of 7y(-). On the other hand, fipw
is a special case of  with Ty () = mn(-) and m(-) = 0. However, 6 with a “good” estimator
for the outcome model improves the efficiency of the IPW estimator; see e.g., Remark 2.3.
The cross-fitting is vital for the bias correction; see discussions in [CCD* 18] and [CLCL19].

By the cross-fitting construction, m(-;S_x)) AL Z; for each ¢ < N. As a result,

R
7TN(X>

WN(X)
WN(X)

Ex |m(X) + {Y — ﬁz(X)}} = Fx {ﬁz(X) + {Y —=m(X)}| = by,
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and hence the proposed estimator  is unbiased for 6y, even if m(+) is misspecified. We denote

w(+) as a “limit” (potentially misspecified) of m(-), i.e., in general, p(-) # m(-) is allowed.

Assumption 2.2 (Basic assumption). (a) Z has finite 2nd moments and ¥ = Var(X) is
positive definite. (b) Let E[{Y —m(X)}?|X =x] > 02, >0 and E[{Y — p(X)}*|X = x| <

0?72 < 00 for all x in the support X of Px. Moreover, Var(Y) < 0272.

Assumption 2.3 (Tail condition). Let ay'E [ > (Z)1 {]wwr(Zﬂ > c\/N/aN}] — 0, for

any ¢ > 0 as N — oo, where recall that ay is defined in (2.1), and with v, .(Z) as:

R

Uun(Z) = u(X)+ (V= pu(X)} =0 = Y — 6+ {W - 1} (Y — u(X)}.

WN(X)

(2.3)
Remark 2.1 (Discussion on Assumptions 2.2 and 2.3). Assumption 2.2 imposes some mild
moment conditions; similar versions can be found in [ZBC19, ZB21]. Assumption 2.3 is
needed only for the asymptotic normality and is satisfied if 1) wn(-) follows an offset propen-
sity model as in Example 2.1 with sub-Gaussian f(X) (see Section 2.4.1 where we analyzed
a special case of the offset model); 2) E{|Y — u(X)|**°|X} < C, E(|Y — 6o|**%) < C with
constants §,C'" > 0; and 3) Nty — 00 as N — oco. A sufficient condition for Assumption

2.3 is given in in Assumption 2.4.

In the result below, we analyze the theoretical properties of 0 including its consistency,

convergence rate, asymptotic normality and robustness properties.

Theorem 2.1. Let Assumptions 2.1 and 2.2 hold. Let Nay — oo as N — oo. Let pu(-) be

a well-defined limit of the cross-fitted m(-), that satisfy:

Ex a—N{fh(X;S,k) —u(X)¥?*| = Oy y), with sequence ¢,y = o(1), (2.4)
mn (X) " ’
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for k < K. Then,

N
6—6, = N7! wﬂZi—l—O(C#’N ) and 'V, = Var{v,.(Z)} = ay',
0 ; M( ) D \/N—CLN N(:u) {lh( )} N

where V, -(Z;) is defined in (2.3). Alternatively, we also have the following asymptotically

linear representation:

N
- ~ 1
-0 = NS 0,(Z)+ 0 ( N
o >0l + 0, ( R

where $,(Z) = R/mn(X)N{Y — u(X)} — E[R/my(X{Y — p(X)}] and E{$,(Z)} = 0. Ad-

) and V() = Var{$,(Z)} = ax,

ditionally, as long as Assumption 2.3 holds, we have:
(Nan)2(6 — 6,) = 0,(1), and NY*Vy*(u)(0 —6) — N(0,1).

Moreover, if ay — 0 as N — oo, then,

N2V (00 = 6,) — N(0,1), and V) _ 1+ O(ay).
Vv ()

Remark 2.2 (Discussion on condition (2.4)). As per Theorem 2.1, consistency and asymp-
totic normality of 6 depend on (2.4), a condition that involves 1) the convergence rate of
m(-) towards some (), depending on the (expected) labeled sample size (Nwy), and 2)
the tail of my' (X), that is, how much of the mass of the distribution of wn(X) concen-
trates around zero. For a special case of mn(X) = wn, MCAR, (2.4) is equivalent to
M5 S_k) — () ||l2.px = 0p(1) coinciding with [ZB21]. On the other hand, when wy(-) follows
the offset model (Example 2.1) with sub-Gaussian f(X), we have ay < 7y, and (2.4) holds

once Ex{|m(X;S_;) — u(X)|**°} = 0,(1) with § > 0.

Remark 2.3 (Efficiency of 6 and the choice of u(-)). Although the choice of (-) is arbitrary

as long as it converges to some u(-) as in (2.4), the efficiency of 0 does depend on the limit
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w(-), and hence also on the choice of m(-). For a simple case of m(x) = p(x) = 0 for all
x € X, 0 can be written as § = N Zfil R;Y;/mn(X;), which coincides with the IPW
estimator, an estimator independent of m(-). However, an appropriate estimator m(-) will
provide a better efficiency for 0. The optimal choice of w(+) that minimizes the asymptotic

variance V() is p(-) = m(+) indicating that the outcome model is correctly specified.

Remark 2.4 (Intuition behind the IFs). Two separate IF's 1, .(Z) and JM(Z) appear in the
erpansions 0f0~ in Theorem 2.1. The first IF 1, .(Z) is an “accurate influence function”
in that § — 0y = N~V 300 4, 2(Z:) + 0,(Nay)V2) with N7VSN 4, (Z;) < (Nay) V2.
When ay — 0 as N — oo, the second IF {/;M(Z) captures the main contribution of 1, ~(Z). It
only involves the labeled samples and hence one can clearly see that the rate of 8 is effectively
determined by the smaller sized, labeled data only. When the outcome model is correctly
specified, the second IF {EM(Z) coincides with the efficient IF of [KM20]; see Theorem /.1

therein.

Remark 2.5 (Convergence rate and “effective sample size”). Suppose the conditions in
Theorem 2.1 hold, then 0 is a (NaN)l/Q-consistent estimator for 0y. The value Nay can
be seen as an “effective sample size” having a similar role as the sample size in supervised
learning. Bellow is a discussion on the value Nay. By Jensen’s inequality, Nay < Ny,
where the difference between the two rates is related to the tail of my' (X). Here, Ny is the
expected sample size as Nmy = E(n), where n := Ziil R;. Therefore, the effective sample
size, Nay, depends on 1) how much of the mass of the distribution of mn(X) concentrates
around 0 and 2) the (expected) size of the labeled sample. MCAR is a special case with wx(-)

being a constant and therefore Nay = Nmy. In another example, the offset based model in
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Example 2.1 and Section 2.4.1, we have ay =< 7y for sub-Gausian X, see Theorems 2.4 and

2.5.

2.3.2 Unknown PS 7y(-) and the general version of the DRSS
estimator

With 7y(:) being unknown in general observational studies, we propose our final

estimator, a doubly robust semi-supervised (DRSS) estimator of the mean 6y, given by:

N N

~ ~ RZ A~

QDRSS = N_l E m(Xz)—f—N ! E m(Xz)}, (25)
i=1

i=1
where Ty (X;) is a cross-fitted estimator of 7y (X;) constructed similarly as m(X;), as dis-
cussed below (2.2) in Section 2.3.1. The proposed estimator (2.5) is a plug-in version of
(2.2). We denote with ey(-) a “limit” of 7x(-), which is possibly misspecified, i.e., ex(-) is
not necessarily the same as my(-). Define the following generalization of (2.3), i.e., a DR

score (influence) function:

Gpe(Z) = p(X) 4 — T (Y — p(X)} — Gy — Y—eo+{

EN(X)
(2.6)

We have the following asymptotic results under the two cases: (a) both my(-) and m(-) are

correctly specified; (b) one of mx(+) and m(+) is correctly specified.

Theorem 2.2. Let Assumptions 2.1 and 2.2 hold and let Nay — 00, as N — 0o. Suppose

the cross-fitted versions of m(:) and 7T (-) have well-defined (possibly misspecified) limits pu(-)
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and ey (+), respectively, such that (2.4) holds for k <K as well as

Ex %{1 7TN X S }] 2 n) with sequence con = o(1), (2.7)

Ex{m(X;S_x) — u(X)}* = O,(r} y) with sequence r,ny = o(1), and (2.8)
< 2

Ex{l—%} = O,(r2 ) with sequence ren = o(1). (2.9)

The properties of é\DRSS under different cases are as follows:

(a) Suppose both u(-) = m(-) and ex(-) = mn(-) hold. Then, as N — o0, Oppss

satisfies the following asymptotic linear expansion:

N
~ _ Cu,N Ce,N
0 —9=N1§ (Z:) + O b 4 enN |
DRSS 0 - ¢u< ) p(\/NaN \/NCLN Tqur N

and Vy(u,e) < ay', where Vy(p,e) == Var{t, .(Z)}. Hence, as long as the product rate
runNTen from (2.8) and (2.9) further satisfies v, nTen = 0(1/v/Nay), and Assumption 2.8

holds, we have:
(Nan)"*(Bprss — 0o) = O,(1), and NV (u,¢)(bprss — 6o) — N(0,1). (2.10)

(b) Suppose now that either u(-) = m(-) or ex(-) = wn(+) holds. Moreover, if ex(:) #
(), we assume ¢ < wy(X)/en(X) < C a.s. for some constants ¢,C > 0. Then, as

N — o0, éDRSS satisfies the following asymptotic linear expansion:

Oprss — 0o = N~ SZ)+ 0, [ Ny CeN e)+3,
DRSS 0 Ziﬁu (\/NaN \/NaN TuNTe, N N

with Ay satisfying (2.11) or (2.12):

Ay = N*Z{ L }{u(X»—m(Xi)} Fen() = mx(),  (211)




Suppose for case (2.11), [[m(-) —pu(-)||2,px < C, while for case (2.12), ||[1—7n(-)/en()|l2.px <
C, with a constant C' < oo. Then, (/g\DRSS satisfies:

1+ Cu,N + Ce,N

\/NCLN

Oprss — 0o = O, ( +1unTeNn FrenI{u() # m()} +runl{en(:) # WN()}) :

A few remarks pertaining to the estimation rates are presented next.

Remark 2.6 (Conditions in Theorem 2.2). Here we discuss the rate conditions (2.4), (2.7),
(2.8), and (2.9) required in Theorem 2.2. The rate (2.8) is a standard estimation error of
the outcome model; see for example, [ZBC19]. The other rates, (2.4), (2.7), and (2.9), are
rescaled or self-normalized versions of conditions in [CCDT 18]. They are needed as the price
of wviolating the positivity condition. The rate (2.9), a rescaled version of the usually consid-
ered Ex{mn(X) —en(X)}?, is a change needed to properly address a decaying PS estimator.
Then, (2.4) and (2.7) can be seen as self-normalized versions with the normalization factor
being w(X) := ayn/my(X). Notice that E{w(X)} = 1, so these weights w(-) can be viewed
as reweighing or redistribution factor. Then, the estimation errors of wn(X) and m(X) at
X, with a smaller PS, contribute more to rates (2.8) and (2.9). The rates of the reweighed
versions, ¢, N and c.n in (2.4) and (2.7), only need to be o(1); whereas r, N and e in (2.8)
and (2.9) appear in the final rate for Oprss. In high dimensions, assume mn(-) follows an
offset based model as in Example 2.1. Suppose m(-) and f(-) in Example 2.1 are linear with

sparsity levels s, and s, respectively. Then, for sub-Gaussian X, we demonstrate in Theo-

rem 2.5 that ay < 7y as long as ey = \/Sxlog(p)/(Nmy) and ryn = \/smlog(p)/(N7x),

therefore coming close to the simplest missingness pattern, that of MCAR.

Remark 2.7 (Double robustness, rates and efficiency). Here, we discuss the double robust-

ness and the efficiency of the proposed estimator. Whenever my(-) and m(-) are correctly
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specified, the asymptotic normality with a rate of consistency (Nay)~'/?

15 guaranteed if a
product rate condition r, NTe N = o(1/v/Nay) is satisfied. We can see that our product rate
condition is an analog of the usual product rate condition in the literature [CCD" 18], if the
sample size is replaced with Nay, the “effective sample size” in our case; see Remark 2.5. In
addition, when the asymptotic normality occurs, our estimator reaches the semi-parametric
efficiency bound proposed in [KM20] when w7y — 0 as N — oco. When one of mn(-) and
m(-) is misspecified, we obtain a consistency rate of Op(ren) if TN () is correctly specified,
whereas the rate is Oy(r, n) if m(-) is correctly specified. Therefore, the consistency rate of
é\DRSS directly depends on the estimation error rate of the correct model. As a special case,
5DRSS is consistent as long as the correct model is consistently estimated. Additionally, we

1/2

can see that §DRSS can still be (Nay)'/?-consistent as long as the correct model is estimated

~12 which is reachable in low dimensions. For instance, for a

with an error rate O,(Nay)
(correctly specified) low-dimensional offset logistic PS model as introduced in Section 2.4.2,

as shown in Theorem 2.4, not only do we reach the error rate O,(Nay)~Y? but are able to

construct a RAL expansion for é\DRSS-

Remark 2.8 (Unbounded support for X). We do not enforce a bounded support for X,
which is typically an assumption assumed (implicitly) in missing data and causal inference
literature. For instance, suppose wn(-) follows an (offset based) logistic model as in Example
2.1.  Both the usual positivity condition P(rn(X) > ¢ > 0) = 1 in the standard miss-
ing data literature [Imb04, Tsi07, IR15b] and the uniform bounded density ratio condition,
wn/mn(X) < C, in [KM20], which tackles a MAR-SS setting, essentially require a compact

support for X. However, our results only require a sub-Gaussian X as in Theorems 2.4 and
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2.5.

Remark 2.9 (Asymptotic linearity and (Nay)'/?

-consistency under misspecification). More-
over, in Section 2.4, we demonstrate that é\DRSS can still be asymptotically normal even if
m(-) is misspecified. Such an asymptotic normality is constructed based on a careful analysis

to obtain the reqular and asymptotically linear (RAL) expansion and the IF for the additional

error term Ay in (2.11), in that
N
Ay = N7 IFA(Z5) + 0, (Nan)™'/?)
j=1

for some 1F(-) with E{IF(Z)} = 0 and E{IF2(Z)} < ay'. The final IF of Oprss involves
the extra IF contributed from the estimation error of Tn(+). Consequently, the RAL expan-
sion and the asymptotic normality of é\DRSS are also affected accordingly. Using the above
expansion for EN and the general expansion of gDRSS from Theorem 2.2, we have a RAL

expansion of Oprss as:

~

N

0 - ¢ 1N c 7N

HDRSS_QO = N 1Z¢u,e(Zi)+Op < £ + > —FT#,NT&N) —|—AN
=1

\/N&N \/N&N

= N (e(Z) + IFR(Z0)} + 0, (Nay) ).

The function V(Z) := 1, (Z) + IF(Z) is the final adjusted IF of Oprss with E{¥(Z)} =0

and Var{¥(Z)} < ay'. Consequently, we also have:

NY2[Var{W(Z)}]"*(fprss — 6o) — N(0,1). (2.13)

2.3.3 Asymptotic variance estimation

In this section, we consider the estimation of the asymptotic variances Vy(u) in

Theorem 2.1 (with 7n(-) known) and Vi (u,e) in Theorem 2.2 (with 7y(-) unknown and
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both m(-) and 7y (+) are correctly specified). These facilitate inference on 6, (via confidence

intervals, hypothesis tests etc.) using 6 and é\DRSS- We assume the following tail condition.

Assumption 2.4 (Tail condition). With N — oo, for a constant 6 > 0, let
N=a P E{ g (Z)} = .

The Assumption 2.4 is a sufficient condition for Assumption 2.3. Under the setting

in Theorem 2.1 and part (a) of Theorem 2.2, we have:
N2V ()0 — 60) — N(0,1),  NY2Vy"Y*(u,¢)(fprss — 6) — N(0,1).

We propose the plug-in estimates: VN([L) = \A/N(fﬁ, T, 0) and VN([L, e) = ‘//\}V(T/fl, N, é\DRSS)a
where
N R, 2

Un(abe) == NY [a<xi> - ot o (Y - X))

Theorem 2.3. (a) Let Assumptions in Theorem 2.1 hold. Then, as N — oo, Vy(n) =
V() {1+o0,(1)}. (b) Let Assumptions (a) of Theorem 2.2 hold. Further let Assumption 2.4

hold and

an N (X) }2 N 2
pl|—N _J1- "V L mX S, — m(X = 0,(1). 2.14
[mm (- 200 s - mop| = 0. e
Then, as N — 00, Vy(,€) = Vi (i, e){1 + 0,(1)}.
Notice that we only require a 0,(1) condition in (2.14). Such a condition can be
satisfied as long as we have upper bounds for the (2 + ¢)-th moment of the estimation
errors and the tail of 7r;,1 (X) is well-behaved. Under a standard positivity condition, when

p(-) = m(-), (2.14) only requires r, y = o(1), which would have been already assumed for

consistency.
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Under the conditions in Theorem 2.3, asymptotically valid 100(1 — a))% confidence

intervals (Cls) for 6 and é\DRSS at any significance level a can now be obtained as:

CI0) = (0= N2V 2021 gz 0+ N2V ()21 0
CI@DRSS) = <§DRSS - N_1/2‘7]\1]/2(u7 €)Z1—a/2; fprss + N_l/Q‘A/]\l/Q(M 6)21704/2) , (2.15)

where 21_q/2 is the (1 — a/2)-quantile of a standard normal distribution. As shown in
Theorems 2.1 and 2.2, V(1) < ay' and Viy(u, e) < ay'. Hence, the length of the proposed
confidence intervals are of the order (Nay)™ /2.

It is important to note, that these confidence intervals are valid when both the out-
come and propensity score models are correctly specified. Whenever the outcome model is
misspecified, they need further adjustment based on an adjusted RAL expansion as discussed
in Remark 2.9. Based on the adjusted IF, W(Z), therein, one can estimate the asymptotic
variance Var{W(Z)} using a plug-in estimate N~* 3"~ U2(Z;; Oppss), where W(-; Oppss) is a
consistent estimator of W(-), and obtain the corresponding adjusted confidence intervals. We

also illustrate the numerical performance of these adjusted confidence intervals in Section

2.6.4.

2.4 Decaying PS models

In Section 2.3, we proposed a DR estimator é\DRSS of 0o = E(Y). Such an estimator is
based on an outcome estimator m(-) and a PS estimator 7y (-). Due to the decaying nature
of the PS, the estimation of my(-) itself is also an interesting and challenging problem. In this
section, we illustrate three decaying PS models: (i) an offset logistic model (Section 2.4.1),

(ii) a stratified labeling model (Section 2.4.4), and (iii) a MCAR labeling model (Section
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2.4.5). These are just some natural examples of modeling a decaying PS — our main results
are completely general. We propose PS estimators under each of the three models and
establish detailed asymptotic results, especially for the offset logistic model (in both low and
high dimensions). Moreover, as discussed in Remark 2.9, for a misspecified m(-), based on a
case by case study of 7wy (-), we further construct an adjusted RAL expansion of é\DRSg and

hence provide an asymptotic normality with an adjusted asymptotic variance.

2.4.1 Offset logistic regression

In this section, we propose a parametric logistic model for extremely unbalanced

outcomes, i.e., 1y = P(R=1) - 0 as N — oo, where we let

eXp(iT’yo) _ exp{iT’yo + log(mn)}
1+ 7N exp(iT’yO) 1+ eXp{iT’)’o + log(mn)}

w(X) = 7N : (2.16)

where X = (1, XT)T and the parameter o € RPT! possibly depends on N with |vll2 < C
for some constant C' > 0. This model is fairly natural and allows for a general way to
incorporate the decaying nature of the labeling fraction. At the same time, it ensures that
the dependence of mx(X) on X is not distorted by the decaying nature of 7. Model (2.16)
could also be viewed as a logistic model with log(my) (a diverging negative intercept) as an

offset. If a standard logistic model is used [Owe07, Wan20] instead, i.e., we let

exp(u)

v(X) = g(zTﬁ), where g(u) := rxp(u)’

(2.17)

then under some standard conditions whenever an extreme imbalance exists, exp(—3(1)) <

1

Ty — 00 whenever N — o00; see Remark 2.11 for further details. This provides a clear

justification for our offset model (2.16) where we precisely extract out log (7y) as an offset
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to be estimated separately and plugged in apriori to the likelihood equation. In this way,
we are able to treat the auxiliary intercept and the slope as well-behaved, i.e., finite and

independent or bounded in N.

Remark 2.10 (Connections with density ratio estimation). There is an intricate connection
between the offset model (2.16) and a model for density ratios usually used in the covariate
shift literature where R;s are treated as fized (or conditioned on) and Px # Px|p=1 1s allowed

[KK13, LZC20]. Observe that

logit{mtn(X)} = log(my) — log(1 — my) — log{An(X)},

where An(X) == f(X|R=0)/f(X|R=1) and f(:|R = -) is the conditional density of X
giwen R. However, direct estimation of density ratios is often arduous. The above represen-
tation, however, suggests that the same model can be fitted by a simple logistic regression of
R|X, and further using log{mn/(1 — wn)} as an offset. Therefore, missing data literature
related to density ratios can now be enriched with an effective estimation of the decaying PS;
see Section 4 of [KM20] where semi-parametric efficiency is established but no estimator is

discussed. In some sense, such a density ratio estimator is also optimal [Qin98].

Remark 2.11 (Rationale behind the offset model (2.16) and its connections with a diverging
intercept model). Instead of an offset based model as in (2.16), let us now directly consider
a standard logistic model for P(R = 1|1X) = mn(X) but allowing (necessarily) for a diverging

intercept, given by:

exp(X7B)

w(X) = oX'8) = T s

where (2.18)
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B = (B(1),8(-=1)HT € RP is a vector allowed to depend on N; e.g., see [Owe07] and
[Wan20]. For further simplification, let us assume that the slope B(—1), while allowed to
depend on N, is finite, i.e., ||B(—1)|l2 < C < oo for some C independent of N.

Under the model (2.18), the following holds. Let MGFx(v) := E{exp(vIX)} denote
the moment generating function (MGF) of X at v € RP and assume MGFx(v) ezists (i.e.,

finite) at v = B(—1) and v = —B(—1). Then, the following holds for the intercept B3(1):

%MGF;(_—WﬂN(—l)) < exp(—B8(1)) < %MGFX(ﬂ(—l)), and consequently,  (2.19)
1 1-— TN

1
BB DR < o280 < —Elep(8-DlbIX)}. (220

For the special case of a Gaussian X, i.e., X ~ N,(0, %),

MGFx(~B(-1)) = MGFx(B(~1)) < exp{[|B(—1)[]2Amax(3)}-

Hence, as long as ||B(—1)]|3 < C' < 00 and Amax(X) < 00, then using (2.19), exp(—0(1)) <
TN — 00. More generally, if ||B(—1)||3 < C' < oo and E{exp(C||X|2)} < oo (e.g., if X is

sub-Gaussian), then using (2.20), we will have exp(—B(1)) < my" — oo.

Rationale for the offset model (2.16). The result clearly shows that the intercept B3(1)
diverges to —oo and does so precisely at a rate of log(my), i.e., ¢; +log(my) < B(1) <
Cy + log (mn). This provides a clear justification for our offset based model (2.16) where
we precisely extract out this log (my) as an offset (to be estimated separately and plugged
in apriori to the sample likelihood equation), and then treat the intercept g and the slope

parameter By to be well-behaved, i.e., finite and independent of N (or at least bounded in

N).
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This makes the parameter space more amenable to theoretical analysis where it is
common practice to assume that the truths (the true unconstrained minimizers) lie as interior
points of some compact set. Such assumptions are commonplace in most of empirical process
and M -estimation theory, and these results wont be applicable without this assumption,
something that has clear justification under the offset model but not under the diverging

intercept model.

Remark 2.12 (Connections with density ratio estimation). It is interesting (though ele-
mentary) to note that the PS is also related to the density ratio of X (given R =10 or 1), in

that

fX[R=0) _ P(R=0X)P(R=1) _ {1 -an(X)jmy
fX|R=1) PER=1X)P(R=0) «vX)(1-7n)’

AN(X) =

where f(-|R = -) is the conditional density function of X given R. The density ratio is
usually used in the so-called “covariate shift” setting in semi-supervised learning (SSL) and
missing data, where R;’s are treated as fized (or conditioned on) and Px # Px|r=1 is allowed;
see for example [KK13], [LZC20], and Section 4 of [KM20].

Here, we discuss a simple and fairly obvious connection of the offset model (2.16) to
a corresponding model for density ratio estimation. The analysis here can actually be seen

to be model-free and non-parametric. Observe that
logit{tn(X)} = log(my) —log(1 — my) — log{An(X)}.

The standard approach to modeling the density ratio is to model log{Ayx(X)} through basis
function expansion based on some basis functions {¢; (X)}?:1 (e.g., the linear bases will lead
to standard parametric forms). But this in general can be difficult to implement in practice.

However, the above representation suggests that the same model can be fitted by simply using
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a logistic regression model for R|X with covariates as the same basis functions, and further
using log{mn/(1 — wn)} as an offset (which can be estimated separately and plugged in
apriori into the likelihood equation). This provides a simple and flexible regression modelling
approach to estimate the density ratio. Our offset based model (2.16) precisely implements
such a model (albeit we had different motivations to consider it), and therefore provides a way
to estimate the density ratio as well. This is a key quantity involved (as a nuisance function)
in the semi-parametric efficiency bound for our parameter; see Theorem 4.1 of [KM20)].
Our approach provides an automated and agnostic way of bypassing its estimation through a
theoretically equivalent but practically more flexible regression modeling approach.

A discussion similar to above can be found in Section 1 of [Qin98] who further proves
that the estimation approach as above corresponds to an optimal choice of the estimating
equation for estimating the density ratio among the class of all such equations. It is also
interesting to note that the semi-supervised (SS) setting actually bears a very close relation
to so-called case-control study designs (which are retrospective designs, as opposed to the
prospective cohort studies that we usually consider), since here the labeling indicator R is
typically treated as non-random (or conditioned), which is similar in spirit to case-control
designs (with R being replaced by case/control status). For statistical analyses of these kind
of studies, density ratio estimation models are often required and an estimation strategy via
a logistic regression model of the PS, similar as above, is often employed; see Section 1

of [Qin98] for more discussions.

Remark 2.13 (Connection with the maximum likelihood estimate (MLE) of the model

(2.18)). In fact, there is an one-one correspondence between 4 (we suppress the dependence
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on k for a moment) and the MLE of the model (2.18): if (E(l),,@(—l)) denotes a sample
MLE, i.e., a solution (assuming it exists) to the (sample) likelihood equation for the model
(2.18), then v = (B(l) — log%N,,@(—l)) is a sample MLE for the model (2.16). Conversely,
if 5 is a sample MLE for the model (2.16), then (8(1), B(—=1)) = (3(1) + log(Fx), J(=1)) is

a sample MLE for the model (2.18). All these claims are straightforward to show by means

of direct verification.

Remark 2.14 (Existence and uniqueness of ). The uniqueness of 4 is a direct consequence
of the convezity of the sample log-likelihood. As for the existence, we appeal to the one-one
correspondence between 4 and the sample MLE of the model (2.18). We further use the
results of [Owe07] who demonstrated the ezistence of the sample MLE for the model (2.18)
under a fairly mild (sample) overlap condition; see Lemma 5 therein. Note that [Owe07]
shows this result for a slightly modified version of the log-likelihood wherein the empirical
average over unlabeled data is replaced by an expectation (assuming N is very large). But the
same proof technique could be applied to the actual log-likelihood along with a corresponding
appropriate modification of the (sample) overlap condition to conclude the existence of the
sample MLE for model (2.18). Consequently, this also establishes the existence of the sample

MLE for the offset model (2.16).

Remark 2.15 (Comparison with alternative estimators based on under-sampling). Under
the decaying PS model, a possible alternative to our offset logistic model based estimator
could be the “under-sampled” estimators of [Wan20]. Such estimators are constructed based
on an under-sampling of the (large sized) unlabeled data. Since the under-sampled data is

biased (as the under-sampling is done only for one group, i.e., the unlabeled group), addi-
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tional bias correction or weight adjustment is needed. One can improve the computational
efficiency and reduce the storage requirement by considering the under-sampled estimators.
However, as discussed in Remarks 8 and 4 of [Wan20], asymptotically, the under-sampled
estimators suffer from a loss of efficiency unless the remaining unlabeled data size (after
under-sampling) still dominates the labeled data size, which essentially brings us back to the
original decaying PS issue. Additionally, the under-sampled estimators have only been dis-
cussed in low dimensions, and their high-dimensional alternatives still need to be properly

studied.

2.4.2 Low-dimensional offset logistic regression

Let’s consider the case of p < co. We propose a PS estimator 7y(-) for the offset
model (2.16), based on the full sample S and use its cross-fitted version (based on a subsample
S_x) to construct the DR mean estimator é\DRSS-

We construct 7y(-) based on an apriori chosen estimate 7y := N~'S°~ R;. Let 4

be the minimizer of ¢y (v;7y), where
N
(n(y;a) == —N7! Z [Riif'y —log{1 + aexp(??v)}} ; (2.21)
i=1

where recall that i = (1,X)T. Then, the PS estimate , x(-), can be obtained by plugging

7y into (2.16), as follows:
™~ eXP(iT%
Lt Fyexp(X7)

Fn(X) = (2.22)

Here, for any a € (0, 1], {x(;a) is the negative log-likelihood under the offset based model,
up to a term —N~'3°N R;log(a) that is independent of ~. Existence and uniqueness of

~4 has been discussed in detail in Remark 2.14. It is worth mentioning that the results
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of [Owe07] showcasing the existence of the MLE for the model (2.17) can be extended to
guarantee the existence of 4 as well.

The following theorem provides asymptotic results for 4 and 7x(-), as well as an
adjusted RAL expansion of the DRSS estimator éDRSS in low-dimensional setting with p being
fixed and when m(-) is possibly misspecified. For this result alone we consider the following
conditions on the design: E{exp(t||X]||2)} < oo for any ¢ > 0, Ayin [E{??Tg(nyo)}} > 0,

where ¢(-) was defined in (2.17) and §(-) = g(-){1 — g(-)} is the derivative of g(-).

Theorem 2.4. Let Nmy — o0 as N — oo, and ||v|l2 < C < 0o where vy was defined in
(2.16). Suppose that H[E{g(fT%)fiT}]—le < C with some constant C' > 0. Then, as

N — oo,
N
F—0 = NTUSINZ) + Ry, with [Ryll = o, (Nrw) ™),
i=1
IF,(Z) = T (0. mn){Rs — g(X v + log(mx))} X — (m3' R Des,

where e; == (1,0,...,0)7 € RPT J(vp,7y) := E{fiTg(iT’yo + log(mn))}, and |7 —

Yoll2 = O,((N7n)~Y2). Further, we also have the following error rates:

17 X)) lrpx =< 75 ¥r >0, and hence ay =< 7y,

. 7TN(X) _ ) 1/2
Hl %N<X) 0 Py Op ((N N) ) ) (2'23)
an _ v (X) ’ _ )N = o
Ex 7y (X) {1 /ﬁN(X)} ] = Op (V) ) p(L): (224)

If we further assume that ||m(-) — pu(:)||24e,rx < 00, then we have a RAL expansion of the
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term Ay defined in (2.11) as follows:

N
Ay = N7! ZIFW(Zi) +o0, (Nmn) %), where (2.25)

i=1

F,(Z) = B [{1 = my(X)HpX) - mX)}XT] T (o, mn) X{R =7y (X))} (2.26)

Moreover, if we assume ||m(-) — pu(:)||a4e,px = 0p(1) (we suppressed the dependency of m(-)

on k as in Theorem 2.2), then we have the following rate:

Bx | 5000 - 100¥| = o,1), 221)

and with it o RAL expansion of /Q\DRSS as:

1
0, —60y = N~ U (Z;)+o (—), where W(Z) = Y, .(Z) +1F.(Z), (2.28
DRSS 0 12; D \/N—'H'N ( ) ,Uq( ) ( ) ( )

and 1, (Z) is defined in (2.3). Lastly, E{¥(Z)} =0, E{Y%(Z)} = O(ry").

The displays (2.23), (2.24) and (2.27) are the conditions we need to guarantee the
assumptions of Theorem 2.2, while the result (2.25) on A ~ helps characterize the full RAL
expansion of é\DRSS under misspecification of m(-). Lastly, notice that we do not assume

7n(X) /7N to be bounded bellow a.s., which is a condition required in [KM20].

Remark 2.16 (Necessity of the RAL expansion’s modification). When my — 0, we observe

that part of the additional IF, 1IF(Z), in (2.26) has the following property:

B [{1 = my(X)Hu(X) = m(X)IX] = B [{u(X) - m(X)}X] + Oy(my).

If the outcome model is fitted by a linear model whose limit has a linear form p(X) = XTB*,

with B = {E(XXT))E(XY), then,

B [{u(X) - m(X)}X| = g7 BXX") - B(XY) =0,
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indicating that the RAL expansion’s modification is unnecessary when mn — 0 and m(:)
converges to the linear projection pu(-). Here, u(-) # m(-). The same argument holds if one
performs a linear transformation on some basis function {¢;(X) ;l:l with a fired d < oo.
However, when d grows with N in that d/N — ¢ € (0,1), a least squares estimator leads to a

d
j=1-

latent misspecification i.e., the limit j1(-) # m(-) even if m(-) is indeed linear on {¢;(X)
Hence, an adjusted RAL would be more appropriate if the outcome model is linear with a

growing degree of freedom; see Section 2.6.4 for corresponding simulation results.

A possible alternative to our offset logistic regression model based estimators could be
the so called “under-sampled” estimators as studied by [Wan20], where the observations from
the large unlabeled data are under-sampled in some way to create a more “balanced” setting.
However, such an approach may have several disadvantages; see Remark 2.15 for comparisons
and a more detailed discussion of this approach. Moreover, [Wan20] only considered such
estimators in low dimensions; whereas, we provide a thorough analysis of our model in both
low and high dimensional settings (as in Section 2.4.3 next). The results for the latter case, in
particular, are fairly interesting and non-trivial, and possibly the first such results extending

existing results on high-dimensional logistic regression.

2.4.3 High-dimensional offset logistic regression

Next, we consider a high-dimensional setting with p — oo. The problem here is
challenging as together with p — oo, the labels are extremely imbalanced in that 7y =
P(R = 1) — 0. Unlike before, an adjusted RAL expansion for the case when m(-) is

misspecified is now not available, as we are no longer able to obtain a parametric rate for
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the PS estimation. In this section, we provide the consistency rate r. x in (2.9) for an offset,
sparse, logistic PS model and establish asymptotic results for é\DRSS when both m(-) and
7y (+) are correctly specified.

Consider the same parametric offset model (2.16), except here we allow p — oo as
N — oo. In this subsection, we assume the parameter vy to be sparse with s := ||%o|lo
denoting its sparsity level. Let 7y := N~ 3.~ R; and for every v € RP*! and a € (0, 1],

recall £ (;a) defined in (2.21). Let 4 be a minimizer of the convex program:

arg min {{n(v;7n) + Anllvli}, (2.29)
F\/GRP+1

with a sequence Ay > 0. Then, 7y (X) can be estimated similarly as in (2.22) by 75 (X) :=
g(?T'Ay + log(7n)). We establish the theoretical properties of our estimators 4 and 7y(-) in
3 parts: 1) establish a restricted strong convexity (RSC) property; 2) control the I, norm
of the gradient of the loss at the true parameter, i.e., ||[V4{n(70;Tn)||; and 3) obtain the

final probabilistic bounds on the error rates of our estimator.

RSC property for the offset logistic model We first analyze the RSC property of our
high dimensional offset logistic model. Under our imbalanced treatment setting, we show
that the RSC condition holds with a parameter of the order of 7y — 0 (rather than a
constant bounded away from 0), once the RSC condition holds for a balanced logistic model

with some constant x > 0. For any A,~ € RP™!, define the following:

S(A;a;7) = In(y+ Asa) = In(v;a) = ATV Un(v;a). (2-30)
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We say the restricted strong convexity (RSC) property holds for 6¢(A; a;~y) with parameter

k on a given set A if
SU(A;a;v) > k|A3, for all A € A. (2.31)
We have the following deterministic result.

Lemma 2.1. For any a € (0,1],
0l(Aja;y) = adl(A;l;).

Hence, for a given set A and for any given realization of the data, if the RSC property
holds for 00(A;1;7y) with parameter k on a set A, then the RSC property also holds for

M(A;a;~y) with parameter ak on A.

Notice that

SU(A;1;70) = In(yo+ As1) —Un(v0; 1) — ATV Un (05 1)
= Mo+ A) = B (v0) — ATV (o),  where

N
BMy) = =N Z[R;‘?T’Y —log{1 + eXp(iT’y)}], Vy € RPHL
=1

with (R})Y , being i.i.d. random variables generated from Bernoulli(g(iT'yo)). Here, £32!(v)
is the negative log-likelihood function under a balanced logistic model with the true parameter
Yo- By Lemma 2.1, we relate the RSC property of our imbalanced model to a standard
balanced logistic model. The RSC property for a balanced logistic model has been studied
in [NRWY10], among others. We also present a more general version in this chapter; see

Lemma 2.3.
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Gradient control Now, we control the l,, norm of the gradient, ||V{x(~0; TN )|oo, and the

following lemma demonstrates that the rate of ||V lx(Y0; ) [lee = Op({N 17y log(p)}1/2).

Lemma 2.2. Let ?T% be a sub-Gaussian random variable and ? a marginal sub-Gaussian
random vector, in that HiT%HwQ < 0y < 00 and MaxXi<j<pti Hi(g)”w < 0 < 00, respec-

tively. Then, for any t1,te > 0 and ty < Ny /9,

~ t1 + log(p+ 1 tom t
IVt il < Gl + i)y LB )}+04{ QNNJFNz}

T (Cy 4 Cymy) \/log(QN){hN%— log(p+ 1)}

Y

with probability at least 1 — 6 exp(—t1) — 2exp(—ts). The constants Cy,Co, Cs,Cy > 0 inde-

pendent of N are defined through equations (2.113)-(2.114).
Define S :={j <p+1:~0(5) # 0}, s = |S| and the cone set:
Cs(5;3) = {A€R™ : |Asell < 3]|As]l1, [[A[l2 =4}, (2.32)
where Ag = {A(j)}jes and Age = {A(j)}jes. Define the critical tolerance:
oy =1inf {4 >0:46 > 2\ys"25", RSC holds for £y(-;7x) with & over Cs(S;3)} .

Then, any optimal solution 4 = 7, to the convex program (2.29) satisfies ||¥ — vo|l2 < dn.

Probabilistic bounds Finally, we now obtain the probabilistic bounds and convergence

rates for 7, and subsequently 7y/(+), in the following result.

Theorem 2.5. Assume log(p)log(N) = O(Nny) and slog(p) = o(Nwy) as N,p — oo,

where s = ||vllo. Assume conditions in Lemma 2.2. Suppose the RSC property holds
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for 60(A;1;70) with parameter k > 0 on the set C(S;3) = {A € R : ||Ag|)

<

3| As|l, [|All2 < 1}, with probability at least 1 — a, where ay = o(1). Let

1 \/1 1
My = Cs TN ogN +C’ og og p—l—

with some constants Cs, Cg > 0. For any Ay satisfying 2(1 4+ c)My < Ay < kN s V/2 with

¢ > 0, whenever Nmy > 9clog(p + 1),
17 — Yoll2 < 9)\N31/27r_1/1 L with probability at least 1 —8(p+1)"° — ay.

Further assume that ||§TV||¢2 < ol||v|lz for any v € RPTL. Then, for any r > 0, with some

An =< /7y log(p)/N,

||7T;/1(X)||7~,PX = 7T;,1 Vr >0, and hence ay =< 7y,

Hl—;ZE; T 0, S}\‘;iff) Vr > 0, (2.33)
Fx m:&){1—gg§}2] - op(sjl\(;iff)> = o,(1). (2.34)

Moreover, if ||m(-) — m(-)||ate.rx = 0p(1) with constant ¢ > 0, then,

Bx | 5 (X0 = mOOP| = o,

Remark 2.17 (Non-standard rates). The implication of Theorem 2.5 is that for some Ay =<

{N~'mylog(p)}!/?,

slog(p)
N7TN

17 =%l = O, (2.35)

As long as 1y — 0, the rate Ay =< {N'mylog(p)}'/?, is faster than the usual rate of
{N~'log(p)}'/? used for tuning parameter choice in a standard (i.e., balanced) {,-penalized

logistic regression. This in turn implies slower than usual rate of convergence in (2.35), as

112



Napy is much smaller than N. This is also reflected in the error rates of the conditional
propensity score, in (2.33). The “effective sample size” here is Nay rather than N, thus
leading to non-standard rates. The results above may therefore be seen as a generalization
of standard high-dimensional logistic regression models (i.e., where positivity holds) to the

case of a decaying PS. To our knowledge, these rates are novel for high-dimensional settings.

Remark 2.18 (Marginal versus “Joint” sub-Gaussianity). In Theorem 2.5, we obtained a
non-asymptotic upper bound for ||y — ~o|l2 that only requires a marginal sub-Gaussianity of
f, that is maxi<j<pi1 ||§(j)||¢2 < 0 < 0. Unfortunately, to show (2.33) and (2.34), we
do require a “joint” sub-Gaussianity ofi in that HiTVsz < o||vl]|s for any v € RPTL. In
high-dimensions, the joint sub-Gaussianity is stronger than the marginal sub-Gaussianity in
that the latter enforces a weaker dependency among the covariates; see Section 4 of [KC18]

for more details.

Note that in Theorem 2.5, we only assume the RSC property for a classical balanced
logistic regression model, which is standard in the high-dimensional regression (and clas-
sification) literature. As shown in Proposition 2 of [NRWY10], with probability at least

1 —2exp(—1N),

SU(A; L) = (3 (y0 + A) = 65 (90) — ATV (70)

log(p+ 1)
N

v

cal| Al {HAHQ —C3 IIAlll} VAl <1, (2.36)

with some constants ¢y, ce, c3 > 0, and hence, the RSC property holds for 6¢(A; 1; ) with
some k > 0 on the set C(S;3). The conditions required in [NRWY10] essentially amount

to: slog(p) = o(IV), the intercept term ~p(1) = 0, X is a jointly sub-Gaussian with mean
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zero, and Apin{Cov(X)} > ¢ > 0. Similar conditions are also required in Example 9.17
and Theorem 9.36 of [Wail9]. In the following Lemma 2.3, we propose a user-friendly
version of RSC condition results for a balanced logistic regression problem that only re-
quire a marginal sub-Gaussianity of X and an additional (2 + ¢)-th moment condition
SUD) |y [,<1 H?TVHHQPX < M < oo. In addition, we do not enforce a mean zero X, and

we do not require a zero intercept term in the logistic model either.

Lemma 2.3. Assume the smallest eigenvalue )\min{E(iiT)} >k >0, a(2+c)-th moment
condition Sup|y|,<1 ||§TV||2+C,PX < M < o0, a c-th moment condition HiT'YOHC,Px < pe <
oo and the marginal sub-Gaussianity sup;<;<,i1 ||§<j)||¢2 < o0 < oo. Then, with probability
at least 1 — 2exp(—cyN), (2.36) holds, with constants c1,ca,c3 > 0. If we further assume
that slog(p) = o(N), then, for large enough N, there exists a constant k > 0 such that, with

probability at least 1 — 2exp(—c;N),
SUA; L) > k|AZ, VA € C(S;3). (2.37)

Although Lemma 2.3 is based on the logistic loss function, it in fact applies to any

loss function £8%!(-) based on the maximum likelihood of a balanced generalized linear model.

2.4.4 Stratified labeling

We consider here a stratified labeling mechanism. Here, the labeling indicator R de-
pends on X, but does so only through an intermediate stratification in X. Such mechanisms
are often of practical relevance in biomedical studies when prior information is available
on stratification through another observed variable. Specifically, let § € {0,1} denote an

observed random stratum indicator and assume that R 1L X|J. Note that nothing changes
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if we were to move from binary to finitely many strata, and while we stick to a binary o
here for simplicity, our work can be easily extended to a multiple-stratum situation. Let
min = PR =10 = j,X) = P(R = 1]6 = j) for each j = 0,1. We assume J is a “well
behaved” indicator whose distribution is independent of N and itself satisfies the overlap
condition

c < ps(x) = P(0=1]x) < 1—¢, forall xe X,

with a constant 0 < ¢ < 1/2 independent of N. Then, we have:
N (X) = maps(X) + mon{l — ps(X)}.

As long as ¢ is observed, then 7; x for each j can be estimated very easily and at a rate
O,((Nmx)~/2). Moreover, when my — 0 as N — 0o, ps(X) can be estimated at a parametric
N~1/2 rate if the model is parametric, or at a rate slower than N /2 but still as a function
of N (rather than Nmy) if a non-parametric estimator is performed. Therefore, we will
continue to have a fast enough rate for 7y (-) under this setting, so that the error term Ay

in (2.11) can potentially have a rate:
Ay = Oplren) = O, (Nay)™'?).

In this section, we propose a PS estimator based on the stratified labeling model above, and
provide a full characterization of its properties as well as a RAL expansion for the error A N-

With a slight abuse of notation, we define Z; = (R;, R;Y;, d;, X;) in this section, and
let S, S_x be defined accordingly. Suppose ps(-) is an estimator of ps(-), and let ps(X;) :=

Ds(X4;S_k@i)) be a corresponding cross-fitted version of this estimator.

Define %;k = Zigfk 52R1/Zzglk 51 and %O_k = Zzglk(]‘ - 51)RZ/Z$€]}¢<1 - 62) to be
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the cross-fitted estimators of 71y and 7y n, respectively. The PS 7y (-) is then estimated by:
(X)) = w P (X) + 7 L - (X))
Theorem 2.6. Assume my — 0 and N7y — 00 as N — oo. Suppose
1D5(-) — ps()|l2px = Op(Ts.n), for some sequence 15n = o(1). (2.38)

Then, for each k <K,

x {1 - ;ﬁigir = Oy (r}y + N7v).

Besides, assume ||pu(-) —m(:)||copx < 00 and (2.8). Then, the overall RAL expansion of our

DRSS estimator éDRSS under a stratified labeling model as above is:

N
Oprss — 0 = Nt Z \D(Zl) + Op ((NWN)_l + N2 + ’I“M,N(]VWN)_l/2 + T&,N) )

=1

where V(Z) = 1, -(Z) +1F(Z) and E{V(Z)} = 0 with ¢, ~(Z) as defined in (2.3) and

1#e(2) o= {2 [ 20 400) — o]

+ {% - WO,N} Ex [%‘;(QX){M(X) - m(X)}} :

where ps = E{ps(X)} = E(8). If we further assume 55 = o((Nmyn)"V/2), then

Oorss — 0 = N7'Y " W(Z) + 0, (Nmy) ™) . (2.39)

i=1

Note that Theorem 2.6 still holds if 7 and 7y are estimated without cross-fitting in

that 7, := S0 6iR;/ SN 6 and 7o == YO8 (1= 6)Ri/ o (1= 6).

Example 2.2. Here we illustrate a simple logistic model for ps(-) and investigate the con-

ditions we need for 5y to be o,((Nmyn)"Y2), so that the RAL expansion (2.39) holds. For
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a fived dimensional X, let ps(-) be the MLE of the logistic model. Then rsn = O(N~Y?) =
o((N7mn)"Y2) as long as 1y — 0. As for a high-dimensional X, consider a sparse logis-
tic model for ps(-), and let ps(-) be the logistic estimator based on a Lasso penalty. Then,
rsn = O((sslog(p)/N)Y?), where ss is the sparsity level of the logistic models parameter.

Hence, rsx = 0,((N7yn)"Y2) if ssmu log(p) = o(1) as N — oc.

Remark 2.19 (Comparisons with other works). We note that similar, yet different, prob-
lems are studied in [GLTC20] and [HLL20]. They both work on decaying stratified labeling
propensity score models, but with different types of stratified labeling mechanisms and pa-
rameters of interest compared to our setting. [HLL20] assume a deterministic 6 given X.
FEssentially, they require Y 1L R|J, so that § can be seen as a univariate confounder with a
finite support. On the other hand, both [GLTC20] and our work allow additional randomness
in 6. Besides, [HLL20] work on a “finite-population” ATE estimation problem, where the
treatment assignment is the only source of randomness. [GLTC20] focus on the estimation
of the regression parameters and prediction performance measures, for low-dimensional co-
variates and a binary outcome problem; and we are mainly working on the estimation of the

mean response while allowing for high-dimensional covariates and real valued outcomes.

2.4.5 Missing completely at random (MCAR)

Apart from the offset based model and the stratified labeling model discussed in
Sections 2.4.1-2.4.4, a simple but commonly used PS model would be a MCAR mechanism.
In this section, we consider this special MCAR mechanism with 7wy () = my, and derive the

properties of é\DRSS including an adjusted regular and asymptotically linear (RAL) expansion
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allowing for misspecification of m(-). In this case, a cross-fitted estimator of the PS is
proposed as 7x(X;) = N_,} Ziez,k R; for any i € T, where N_j := |Z_;| and Z_j := T \ Z.
Based on such a MCAR PS estimator, we have the following result on the conditions and

conclusions in Theorem 2.2.

Theorem 2.7. Assume ny(X) = n, Noy — 00 as N — oo, ||m(-) — u(-)||2p < 0o and

lm(-) = p()llzp = 0p(1). Then, ay =y and

E

Furthermore,

N
Oorss — 0 = N7! Z U(Z;) + o, ((NaN)_1/2) ., where V(Z) = ¢,(Z)+1F,(Z),

i=1

U(Z) = S = p(0} + (X) — b

R—’/TN

F,2) = (T2 A Ay = B(uX) - m(X)

TN
Note that Theorem 2.7 still holds if the PS is estimated without cross-fitting that

7nv(X) =7y =n/N, where n = SN | R;.

Remark 2.20. The modification on the RAL expansion of the mean estimator is needed
only when A, = E{u(X) —m(X)} # 0. Recall Remark 2.16; if the outcome model is fitted
by a linear model that (X) = XT,B*, where X = (1, X1)T, B* = argmingege+1 E{(Y —
iTﬁ)Q} = {E(i?T)}_lE(iY) is the optimal population slope. Then, we have A, =
E{uX) —m(X)} = E(fT){E(ffT)}*lE(fY) — E(Y) = 0. This suggests that, the
RAL modification is unnecessary when m(-) converges to the linear projection. In other

words, for such cases, the original asymptotic normality (2.10) still holds even if u(-) #
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m(-) and it coincides with the results in [ZBC19]. Classical examples for such m(-) include
least squares (LS) estimator and reqularized least squares such as Lasso and ridge under

appropriate conditions.

Reconciliation with “traditional” SS inference literature under MCAR Now,
we consider the “traditional” SS setting where all the R;’s are considered deterministic
(or conditioned) apart from an underlying MCAR assumption. Under this SS setting, we
consider the SS mean estimator proposed in [ZB21]. In fact, their estimator is a special
case of our double robust SS (DRSS) mean estimator é\DRSS except that the PS is estimated
without cross-fitting, i.e., Tn(X) = 7Tnx = n/N. Under this SS setting, we have the following

RAL expansion for é\DRSS:

N
Oprss —0p = N~ Z Vuss(Zi) + Op<n_l/2), where
i=1

Uss(2) = Y, (X)) + (K)o

Here, conditional on R;’s, {1, ss(Z;)}¥, are independent and identically distributed, with
mean zero.

Now we compare the asymptotic variances for the following three cases: a) R;’s are
considered as random (MCAR), 7y is known, and the mean estimator, defined as (2.2), is
based on the true PS 7y; b) R;’s are considered as random (MCAR), the mean estimator,
defined as (2.5) and studied in Theorem 2.7, is based on the cross-fitted constant estimate
that 7x(X;) = |S_x| ™! Zigzk R, for i € Iy; ¢) R;’s are considered as fixed (SS) and the mean

estimator is as defined in [ZB21].
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For the above three cases, we have the following asymptotic variances:

Var(ta(@)} = ZEZHOOE 8 4 varfu()) + 2000{Y — (%), u(X))
Varfez)y = EEZ IO Sy v 00 4 20ov{y - (%), ),
Var(vss(2)zh = EE IO S a0y 4 2Cony — ), )}

We can see that, Var{t,,(Z)} = Var{¥(Z)} + (7' — 1)A2 > Var{®¥(Z)}. It suggests that,
under the MCAR setting, even if 7y is known, it is still worth estimating 7y instead of
directly plugging in the true value 7y as long as A, # 0. As for the asymptotic variance

under the SS setting, notice the fact that
T
X1 = 0, ((Nry)™?).

Hence, Var{¢,.ss(Z)|Rz} = Var{®(Z)}{1 + O,((N7n)~?)} = Var{¥(Z)}{1 + 0,(1)}.

2.5 Average treatment effect estimation with imbal-

anced treatment groups

One important application of our proposed method of Section 2.3 is the popular causal
inference problem of ATE estimation and hypothesis testing. Our method is particularly
suited when extremely imbalanced treatment groups occur. The causal inference literature
typically accesses ATE inference by imposing an overlap condition by which P(c < E(R|X) <
1 —¢) = 1 for some constant ¢ > 0. Here, R € {0,1} is a binary treatment indicator. In
contrast, we show that our method identifies and performs inference about the ATE without

requiring an overlap condition. We extend our results for the MAR-SS setting of Section
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2.3 to a causal inference setting while allowing a decaying PS in that 7y := E(R) — 0 (or
alternatively, 7y — 1) as N — oo. To the best of our knowledge, no previous work has
addressed such an extremely imbalanced treatment groups setting in the context of ATE
estimation.

We formulate the problem setup first. Suppose we have samples S := (R;, Y;, X;)Y,
with (R,Y,X) being an independent copy of (R;,Y;,X;). Here, R = Ry € {0,1} is a
treatment indicator that, similarly as in Section 2.3, is allowed to depend on N, i.e., R = Ry.
As before, X € RP denotes the covariate vector while Y = Y(R) now denotes the observed
potential outcome. Here, Y(1) denotes the potential outcome if the individual have been
treated and Y(0) denotes the potential outcome if the individual haven’t been treated. For
each individual, only one of the potential outcomes Y(R) is observable. Consistency of the
potential outcomes is assumed throughout: ¥ = Y(R) = RY(1) + (1 — R)Y(0); see [Rub74]
and [IR15b].

Now we define the parameter of interest, Oarg := 01 — 6° to be the ATE of R on Y,

where with a slight abuse of notation we denote with 6! := F{Y(1)} and 6° := E{Y(0)}.

Moving forward we assume the usual unconfoundedness condition [Imb04, Tsi07]:

(Y(0),Y(1)} 1L R|X.

Then, 6! = E{m;(X)} and 6° = E{my(X)}, where m,(X) := E(Y|R = r,X)= E{Y (r)|X}
denotes the conditional outcome model, and r € {0,1}. With extremely imbalanced groups,
without loss of generality, we assume 7y = P(R = 1) — 0, i.e., most of the individuals are
likely to be in the control group.

The estimation of #' is the same as the mean estimation problem in the MAR-SS
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setting, if we set Z;s to be (R;, R;Y;, X;). Similarly, #° can be identified as a mean with Z;s

being (1 — R;, (1 — R;)Y;, X;). Now, as in (2.5), 0' and 6° can be estimated by:

p' = N! ' {'fﬁl(Xl) + %N}(%;(z) {Y; 7/7\7/1(Xz)}:| )
P o= N [%(&H%{n—mo(m}y (2.40)

where, for each k¥ < K and i € Sg, m1(X;) = m1(Xy;S_k), mo(X;) = me(Xy;S_g), and
Tn(X;) = Tn(Xy; S_g) are cross-fitted estimators of my(X;), mo(X;), and mn(X;), respec-
tively. Here, S_y = {Z; : i € Z\Z,} is defined analogously as discussed below (2.2) in Section
2.3.1, and for r € {0, 1}, m,(-) is constructed based on {Z; : i € S_j, R; = r}. Hence, Oarg

can be estimated by the DRSS ATE estimator:
Oare = 0 — 00 (2.41)

The asymptotic properties of 0! follow directly from Theorem 2.2. The following theorem
provides the asymptotic results for #°. Tor the sake of a better interpretability, in the
following theorem, we suppose ¢y < my(X) with some constant ¢ > 0 and hence we have

any X TN.

Theorem 2.8. Assume N — oo, 1y — 0 and Nmy — oo. Suppose for all x € X,
cry < mn(x),en(x) < Crmy, for some ¢,C > 0. Let e :=Y — Rmy(X) — (1 — R)mp(X),

assume ||el|2,p < 00, ||mo(:) — po(+)||2.px < C < 00, Var{my(X)} < oo as well as

~

mn(x) — en(x)

TN

1720(-) = ko) ll2.px = Op(ruon),  sup = Oplren); (2.42)

xeX
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for a sequence of positive numbers r,o0n = o(1) and r. x = o(1). Then,

N
-0 = N7 00(Zi) + Op(N"V2mr0n + N7y + TnTenTion)
=1

+ I{mo(-) # po()}Op(mnre n) + L{en () # mn () }Op(TNT10.N),

where

() = o(X) =0 + e Y (X)) (2.43)
en(X) — R o, (1-R)
= TN(X){mO(X) — (X))} +mo(X) — 6° + T—en(X)’

with E{¢o(2)} = Len() # 7n(), p() # m()}0y(nn) and Var{yho(Z)} = Op(N71).

Hence,

0 —0° = N7 " o(Z) + 0,(NTV2), with E{t(2)} = 0,

once TNTeNTuoN = o(N7V2), wnre v = o( N~Y2) if m(-) is misspecified, Tnr,0n = o( N71/2)
if mn(+) is misspecified and at least one of m(-) and wn(-) is correctly specified. If both m(-)

and 7x/(-) are misspecified, then we have 8y — 6y = Oy(my + N~Y2).

Remark 2.21 (Comparison with the naive estimator). Now we consider the comparison
of the doubly robust estimator 0° with the empirical average of the response over the control
group Yy := S0 (1= R)Y;/ SN (1= R;). The empirical average Yy can be seen as a special
case of the estimator (2.40) (without cross-fitting) in that *x(X) = N~ SN (1 — R;) and

mo(X) = 0. Notice that when Ty — 0,

Yo = E{mo(X)|R =0} +O,(N"?), with

b — E{mo(X)|R =0} = [E{mo(X)|R = 1} — B{my(X)|R = 0}ry = O(my),
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and hence Yy — 0y = O, (mx + N~Y2), which coincides with the case that both m(-) and 7y (-)

are misspecified in Theorem 2.8.

Corollary 2.1. Let the assumptions of Theorem 2.8 hold. Assume that at least one of

en(-) = mn(-) and pi(-) = my(-) holds, and let
171(X;S k) = 1 (Vlepx = Op(ruan),  with ruan = o(1).

Then,

9ATE—9ATE = N~ 21/11 +AN+O (Te,NTuai,N + TNTe NT1ON)
=1

+ 1{mo () # po()}Op(mnren) + L{en(:) # 75 () YO (TNT0N)
+ 1{en(-) #an(), p() #m()}0p(nn) + 0, (N7n)"?)

where

G(Z) = w(X) - 0, +%{Y—M1(X)},

with E{y1(Z)} =0, BE{¢*(Z)} < 75", and

Ay = %Z {WN}(%;Q> - %N?}i(z‘) } {1 (Xi) =mi(Xi)} = Oplren) if ex() = mn (),

Ay i= %ZZI {Wwf(%)iii) - ezv}(%)i(i) } {1 (X;) = mu(Xa)} = Op(ruan) if pa() = ma(o).

Moreover, if re NTuin = 0p((N7n)~V2),
aATE—QATE = 121/11 +0p (N7n)~ 1/2) +AN7

when one of the following holds: (a) both m(-) and wn(-) are correctly specified, re NTpoN =
0(N‘1/27r;v3/2); (b) wn(+) is correctly specified, m(-) is misspecified, r.n = 0(N‘1/27T;,3/2);
(c) m(-) is correctly specified, wn(-) is misspecified, r,on = 0(N‘1/27T;,3/2); (d) both m(-)

and 7y (+) are misspecified, N3, = o(1).
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2.6 Simulation studies

We illustrate the performance of our DRSS estimators through extensive simulations
under various data generating processes (DGPs). We first provide our main simulation results
in Section 2.6.1, where the double robustness (in the sense of consistency or inference) shows
up in different misspecification settings. Then, in Section 2.6.2, we show the simulation
results under a special stratified labeling PS model that was discussed in Section 2.4.4. We
further focus on sparse linear models in high dimensions, and provide results under different
sparsity levels in Section 2.6.3. In Section 2.6.4, we further consider the adjusted confidence

interval constructed based on the RAL expansion in Remark 2.9.

2.6.1 Main simulation results

We consider the following choices of parameters p, N and my:
p € {10,500}, (N,nn) € {(10000,0.01), (50000,0.01), (10000,0.1)}.

We generate i.i.d. Gaussian covariates X; ~4 N,(0, I,) and residuals ¢; ~' N(0,1). Given

X;, we generate R;|X; ~ Bernoulli(my(X;)), with the following PS models:

P1. (Constant PS) my(-) = 7.

P2. (Offset logistic PS) 7y (x) = g(X 40 + log(my)), where g(-) is defined in (2.17).
We consider the following outcome models for Y; given X;:

O1. (Linear outcome) Y; = 2?60 + €.

02. (Quadratic outcome) Y; = i;fp,@o -+ Zf: ao(j)ii(j)z + ;.
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The parameter values are chosen as:

/60 = (_0-57171a1701><(p73))Ta Yo = (70(1)71701><(p71))T7 «y = <0a17171701><(p73))T7

where (1) is chosen so that E(R) = my for each my. The following DGPs are considered:
Setting a: P1401, Setting b: P1+02, Setting c: P2+01, and Setting d: P24+02. For each
DGP, we compare the performance of the following estimators: (1) A naive mean estimator
over the labeled samples Yiapeled = Zf\il R;Y;/ Zf\; R;; (2) An oracle case of the mean
estimator Oprss in (2.5) with 7y (-) and m(-) treated as known; (3) The proposed DRSS
mean estimator é\DRSS in (2.5), with K= 5.

We consider several different choices on the outcome and propensity estimators. In
low dimensions (p = 10), we consider two parametric outcome model estimators: least
squares (LS) linear regression and a polynomial (poly) regression with degree 2 (without
interaction terms), and two non-parametric outcome estimators: random forest (RF) and
reproducing kernel Hilbert space (RKHS) regression using a Gaussian kernel. In high dimen-
sions (p = 500), we consider two ¢;-regularized parametric outcome model estimators: Lasso
and a degree-2 polynomial regression with a Lasso-type penalty (poly-Lasso). As for the
PS estimators, we consider a constant estimator that essentially corresponds to a MCAR
estimator, and an offset based logistic estimator (or it’s ¢;-regularized version, log-Lasso,
when p = 500). The tuning parameters in the regularized estimators are chosen via 5-fold
cross-validation. The hyperparameters in the RF are chosen by minimizing the out-of-bag
(OOB) error. The bandwidth parameter for the Gaussian kernel in RKHS regression is set
to be p.

The simulations are repeated for 500 times and the results are presented in Tables 2.1-
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Table 2.1: Simulation setting a with p = 10. Bias: empirical bias; RMSE: root mean square
error; Length: average length of the 95% confidence intervals; Coverage: average coverage of
the 95% confidence intervals; ESD: empirical standard deviation; ASD: average of estimated
standard deviations. The blue color in the tables denotes the “smallest” and correctly
specified parametric model for each of the settings.

v () m(+) Bias RMSE Length Coverage ESD ASD
N = 10000, 7y = 0.01 (N7y = 100)

Yiabeled 0.013 0.204  0.789 0.932 0.203 0.201

oracle 0.003 0.106  0.397 0.942 0.106 0.101

LS 0.003 0.115  0.436 0.938 0.115 0.111
poly 0.002 0.127  0.482 0.934 0.127 0.123

constant
RF 0.008 0.155 0.604 0.926 0.155 0.154
RKHS 0.009 0.145 0.547 0.936 0.145 0.139
LS 0.005 0.127 0.534 0.972 0.127 0.136
. poly 0.003 0.144 0.600 0.972 0.144 0.153
logistic
RF 0.003 0.152 0.762 0.990 0.152 0.194
RKHS 0.007 0.161 0.698 0.976 0.161 0.178
N = 50000, 7y = 0.01 (N7TN = 500)
Ylabeled 0.008 0.092 0.352 0.950 0.092 0.090
oracle 0.002 0.045 0.179 0.948 0.045 0.046
LS 0.003 0.045 0.182 0.956 0.045 0.046
poly 0.003 0.046 0.185 0.952 0.046 0.047
constant
RF 0.004 0.056 0.218 0.942 0.056 0.056
RKHS 0.003 0.056 0.213 0.942 0.056 0.054
LS 0.003 0.046 0.189 0.960 0.046 0.048
. poly 0.003 0.047 0.192 0.962 0.046 0.049
logistic

RF 0.002 0.052  0.227 0.974 0.052 0.058
RKHS 0.001 0.054  0.223 0.960 0.054 0.057
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Table 2.2: Simulation setting b with p = 10. The rest of the caption details remain the same
as those in Table 2.1.

wn(+) m(-) Bias RMSE Length Coverage ESD ASD
N = 10000, 75 = 0.01 (N7x = 100)
Viabeled 0.008 0.334  1.251 0.936 0.334 0.319
oracle 0.001  0.103  0.410 0.946 0.103 0.105
LS 0.009 0.311  1.167 0.938 0.311 0.298
poly 0.002  0.124  0.496 0.950 0.125 0.127
constant
RF 0.002 0.253  0.939 0.934 0.253 0.239
RKHS 0.004 0.245  0.930 0.928 0.245 0.237
LS 0.1564  0.420  1.540 0.950 0.391 0.393
_ poly 0.001  0.143  0.615 0.968 0.144 0.157
logistic
RF 0.075  0.319  1.222 0.960 0.310 0.312
RKHS 0.107 0.327  1.216 0.950 0.310 0.310
N = 50000, 75 = 0.01 (N7x = 500)
Viabeled 0.005  0.138  0.558 0.958 0.138 0.142
oracle 0.001 0.046  0.184 0.952 0.046 0.047
LS 0.008 0.119  0.478 0.952 0.119 0.122
poly 0.000 0.047  0.189 0.952 0.047 0.048
constant
RF 0.001  0.076  0.304 0.942 0.076  0.077
RKHS 0.001 0.076  0.306 0.952 0.076 0.078
LS 0.032  0.128  0.505 0.954 0.124 0.129
. poly 0.000 0.048  0.196 0.956 0.048 0.050
logistic
RF 0.009 0.079  0.320 0.958 0.079 0.082
RKHS 0.014 0.080  0.324 0.960 0.079 0.083
N = 10000, 75 = 0.1 (N7x = 1000)
Yiabeled 0.001  0.107  0.411 0.944 0.107 0.105
oracle 0.000 0.045  0.176 0.946 0.045 0.045
LS 0.000 0.091  0.353 0.958 0.091 0.090
poly 0.000 0.045  0.177 0.944 0.046 0.045
constant
RF -0.001  0.057  0.228 0.952 0.057 0.058
RKHS -0.001 0.058  0.232 0.952 0.058 0.059
LS 0.012 0.093  0.363 0.958 0.092 0.093
L poly 0.000 0.046  0.179 0.944 0.046 0.046
logistic

RF 0.003  0.058  0.233 0.956 0.058 0.059
RKHS -0.005 0.058  0.237 0.956 0.058 0.061

128



Table 2.3: Simulation setting ¢ with p = 10. The rest of the caption details remain the same
as those in Table 2.1.

v () m(-) Bias RMSE Length Coverage ESD ASD
N = 10000, 7y = 0.01 (N7y = 100)

Yiabeled 0.980 0.999 0.783 0.002 0.194 0.200
oracle 0.003 0.106 0.397 0.942 0.106 0.101
LS  0.005 0.151 0434 0850 0.151 0.111
poly -0.004 0.194 0.480 0.792 0.194 0.122
constant

RF 0.570  0.610  0.596 0.108 0.218 0.152
RKHS 0.403 0439  0.543 0.210 0.175 0.139

LS 0.015 0.234 0.884 0.952 0.234 0.226

.. poly -0.002  0.365 1.083 0.922 0.365 0.276
logistic

RF -0.171  0.705 1.708 0.950 0.685 0.436

RKHS -0.140 0.675 1.525 0.938 0.661 0.389

N = 50000, 7y = 0.01 (N7y = 500)
Yiabeled 0.968 0.972 0.350 0.000 0.090 0.089
oracle 0.000  0.070 0.281 0.968 0.0797 ,0;0,7% )

LS 0.001  0.063 0.181 0.868 0.063 0.046

poly 0.001  0.070 0.183 0.812 0.070 0.047
constant

RF 0.341  0.351 0.215 0.004 0.085 0.055

RKHS 0.240 0.251 0.211 0.028 0.072 0.054

LS 0.000  0.072 0.297 0.964 0.073 0.076

.. poly 0.000 0.076 0.307 0.956 0.076 0.078
logistic

RF -0.016  0.121 0.491 0.956 0.120 0.125

RKHS -0.015 0.123 0.464 0.938 0.122 0.118

N = 10000, 7y = 0.1 (N7y = 1000)

Yiabeled 0.820 0.822 0.244 0.000 0.063 0.062

oracle 0.001  0.052 0.200 0.946 0.052 0.051

LS 0.001  0.046 0.142 0.868 0.046 0.036

poly 0.001  0.051 0.143 0.864 0.051 0.036
constant

RF 0.241  0.248 0.156 0.006 0.058 0.040

RKHS 0.149 0.158 0.154 0.102 0.053 0.039 )

LS 0.001  0.052 0.203 0.936 0.052  0.052

.. poly 0.001  0.053 0.206 0.930 0.053 0.053
logistic

RF -0.009  0.070 0.294 0.970 0.069 0.075

RKHS -0.005 0.069  0.277 0.942 0.069 0.071
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Table 2.4: Simulation setting d with p = 10. The rest of the caption details remain the same
as those in Table 2.1.

v () m(-) Bias RMSE Length Coverage ESD ASD
N = 10000, 7y = 0.01 (N7y = 100)

Yabeled 1.885 1934 1.617 0.002 0.432 0.412
oracle 0.008 0.168 0.625 0.952 0.168 0.160
LS  -0929 1.040 1148 0226 0469 0.293
poly 0.002  0.189 0.492 0.808 0.189 0.125
constant

RF 0.317 0.443  1.033 0.752 0.309 0.264
RKHS 0.392 0472  1.022 0.664 0.263  0.261

LS 0.378  1.386  3.996 0.910 1.335 1.019
poly 0.012  0.255 1.011 0.932 0.255 0.258

logistic
RF 0.026  0.573 1.828 0.954 0.573 0.466
RKHS -0.014 0.570 1.727 0.950 0.570 0.441
N = 50000, 7y = 0.01 (N7y = 500)
Yiabeled 1.901 1.910 0.728 0.000 0.192 0.186
oracle -0.002  0.074 0.287 0.944 0.074 0;0??1 )
LS -0.951 0.972 0.473 0.000 0.202 0.121
poly -0.002  0.076 0.189 0.798 0.076 0.048
constant
RF 0.074  0.123 0.323 0.816 0.099 0.082
RKHS 0.163 0.191 0.328 0.500 0.100 O;O§Z% )
LS 0.078  0.485 1.661 0.924 0.479 0.424
.. poly  -0.002 0.082 0.318 0.940 0.082 0.081
logistic
RF 0.002 0.181 0.594 0.924 0.181 0.152
RKHS 0.003 0.178 0.557 0.936 0.178 0.142
N = 10000, 7y = 0.1 (N7y = 1000)
Yiabeled 1.371  1.377 0.471 0.000 0.120 0.120
oracle -0.001  0.053 0.225 0.980 0.053 0.0SZ )
LS -0.746  0.756 0.342 0.000 0.122 0.087
poly -0.001  0.052 0.172 0.914 0.052 0.044
constant
RF 0.010  0.065 0.227 0.924 0.064 0.058
RKHS 0.053 0.084 0.231 0.838 0.0§§ B 9;015)9 )
LS 0.019 0.234 0.951 0.944 0.233 0.243
.. poly  -0.001 0.054 0.226 0.976 0.054 0.058
logistic
RF -0.005 0.100 0.379 0.940 0.099 0.097

RKHS 0.000 0.094  0.358 0.940 0.094 0.091
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Table 2.5: Simulation setting a with p = 500. The rest of the caption details remain the
same as those in Table 2.1.

wn(+) m(-) Bias RMSE Length Coverage ESD ASD
N = 10000, 7y = 0.01 (N7my = 100)
Viabeled -0.003 0.195 0.788  0.960  0.195 0.201
oracle -0.001  0.103  0.400 0.954 0.103 0.102
Lasso 0.000 0.119  0.478 0.950 0.119 0.122
constant
poly-Lasso -0.002 0.120  0.493 0.950 0.120 0.126
Lasso 0.000 0.120  0.487 0.960 0.120 0.124
log-Lasso

poly-Lasso  -0.002 0.121  0.502  0.952  0.121 0.128
N = 50000, 7y = 0.01 (Nmy = 500)

Yiabeled 0.003  0.093 0.352 0.944 0.093 0.090
oracle 0.001 0.044 0.178 0.948 0.044 0.046
Lasso 0.001  0.046 0.184 0.952 0.046 0.047
constant
poly-Lasso  0.001  0.046 0.185 0.952 0.046 0.047
Lasso 0.001  0.046 0.185 0.948 0.046 0.047
log-Lasso

poly-Lasso 0.001  0.046 0.186  0.952  0.046 0.047
N = 10000, 7y = 0.1 (N7y = 1000)

Yiabeled -0.003 0.063 0.260 0.958 0.063 0.066
oracle -0.002 0.037 0.147 0.956 0.037 0.037
Lasso -0.002 0.038 0.149 0.960 0.038 0.038
constant
poly-Lasso -0.002 0.038 0.149 0.960 0.038 0.038
Lasso -0.002 0.038 0.149 0.956 0.038 0.038
log-Lasso

poly-Lasso -0.002 0.038  0.149 0.960 0.038 0.038

2.8. We report the bias, the root mean square error (RMSE), the average length and average
coverage of the 95% confidence intervals, the empirical standard error and the averaged
estimated standard error for all settings. The blue color in the tables denotes the “smallest”
(i.e., most parsimonious) and correctly specified parametric model for each of the settings.
We first check the proposed estimator’s double robustness in terms of inference. As

per Theorem 2.2, the asymptotic normality results hold when the product rate condition is
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Table 2.6: Simulation setting b with p = 500. The rest of the caption details remain the

same as those in Table 2.1.

wn(+) m(-) Bias RMSE Length Coverage ESD ASD
N = 10000, 7y = 0.01 (N7y = 100)
Viabeled 0.003  0.306  1.244 0.948  0.306 0.317
oracle -0.003  0.107 0.411 0.934 0.107 0.105
Lasso 0.004  0.296 1.220 0.966 0.296 0.311
constant
poly-Lasso 0.000 0.174  0.668 0.954 0.175 0.171
Lasso 0.008  0.297 1.241 0.966 0.298 0.317
log-Lasso
poly-Lasso 0.002  0.175 0.680 0.954 0.175 0.173
N = 50000, 7y = 0.01 (N7y = 500)
Viabeled -0.004 0.147  0.554 0.926  0.147 0.141
oracle -0.002  0.054 0.215 0.954 0.054 0.055
Lasso -0.005 0.129 0.483 0.928 0.129 0.123
constant
poly-Lasso -0.002 0.051 0.195 0.934 0.051 0.050
Lasso -0.004 0.129 0.484 0.926 0.129 0.124
log-Lasso
poly-Lasso  -0.002 0.051 0.196 0.936 0.051 0.050
N =10000, 7y = 0.1 (Nmy = 1000)
Yiabeled -0.001  0.104 0.411 0.948 0.104 0.105
oracle 0.001  0.042 0.175 0.964 0.043 0.045
Lasso -0.001  0.091 0.357 0.944 0.092 0.091
constant
poly-Lasso 0.001  0.043 0.178 0.960 0.043 0.046
Lasso -0.001  0.091 0.357 0.948 0.091 0.091
log-Lasso
poly-Lasso 0.001 0.043  0.179 0.962 0.043 0.046

satisfied and when both of 7wy () and m(-) are correct, in which case, the proposed estimator

is (N7y)Y/2-consistent with the asymptotic efficiency matching that of the oracle estimator.

In low dimensions (p = 10), the product rate condition always holds since 7y(:) has an

estimation error of rate (N7y)~'/2 and m(-) (parametric or non-parametric) is consistent.

As in Tables 2.1-2.4, the coverage of /H\DRSS based on correct my(-) and m(-) is close to 95%

even with a small Nmy = 100. In high dimensions (p = 500), the product rate condition
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Table 2.7: Simulation setting ¢ with p = 500. The rest of the caption details remain the
same as those in Table 2.1.

v () m(-) Bias RMSE Length Coverage ESD ASD
N = 10000, 7y = 0.01 (N7 = 100)
Yiabeled 0977 0997  0.782 0.006 0.198 0.199
oracle -0.003  0.160  0.612 0.970 0.160 0.156
Lasso 0.275 0.320  0.480 0.412 0.164 0.123
constant
poly-Lasso 0.324  0.368  0.496 0.320 0.173 0.127
Lasso 0.099 0.210  0.563 0.782 0.186 0.144
log-Lasso

poly-Lasso  0.117  0.229  0.602  0.778  0.197 0.154
N = 50000, 7y = 0.01 (Nmy = 500)

Yabeled 0.975 0979  0.350 0.000 0.087 0.089
oracle -0.003  0.071 0.282 0.956 0.071 0.072
Lasso 0.115 0.132 0.184 0.370 0.065 0.047
constant
poly-Lasso 0.130  0.146  0.185 0.306 0.067 0.047
Lasso 0.022  0.072  0.241 0.884 0.069 0.061
log-Lasso

poly-Lasso 0.026 0.075  0.243  0.886  0.070 0.062
N = 10000, 7y = 0.1 (N7y = 1000)

Yiabeled 0.822 0.824 0.245 0.000 0.065 0.062
oracle 0.005 0.051 0.198 0.958 0.050 0.050
Lasso 0.077  0.090 0.143 0.438 0.047 0.036
constant
poly-Lasso 0.086  0.098 0.143 0.386 0.047 0.036
Lasso 0.019 0.053 0.173 0.894 0.049 0.044
log-Lasso

poly-Lasso 0.021  0.054  0.174 0.896 0.050 0.044

depends on the true PS model. When the true PS model is P1 (MCAR), the corresponding

~1/2 and hence the product rate condition

7y (+) still has an estimation error of rate (Nmy)
holds; see Tables 2.5 and 2.6. When the true PS model is P2 (offset logistic), the product
rate condition requires s,,s; = o( Nmy{log(p)}~2), where s,, := ||Bo/lo and s, := ||7o|lo- We

can see the coverages are slowly growing towards 95% as N7y increases in Tables 2.7 and

2.8. More results with different sparsity levels in the high dimensions can be found in Section
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Table 2.8: Simulation setting d with p = 500. The rest of the caption details remain the

same as those in Table 2.1.

n(+) m(-) Bias RMSE Length Coverage ESD ASD
N = 10000, 7y = 0.01 (Nwy = 100)
Yiabeled 1.875 1917  1.620 0.000 0.401 0.413
oracle -0.002  0.157  0.613 0.970 0.157 0.156
Lasso -0.183  0.535  1.225 0.756 0.503 0.313
constant
poly-Lasso 0.273  0.360  0.625 0.566 0.235 0.160
Lasso -0.229  0.621 1.511 0.736 0.578 0.386
log-Lasso
poly-Lasso 0.090 0.263  0.708 0.824 0.247 0.181
N = 50000, 7y = 0.01 (N7y = 500)
Yiabeled 1.890 1.900  0.731 0.000 0.191 0.187
oracle -0.006  0.074  0.286 0.954 0.074 0.073
Lasso -0.657 0.686  0.481 0.020 0.200 0.123
constant
poly-Lasso 0.086 0.113  0.194 0.562 0.074 0.049
Lasso -0.254  0.377  0.968 0.684 0.279 0.247
log-Lasso
poly-Lasso 0.010 0.076  0.247 0.888 0.075 0.063
N = 10000, 7y = 0.1 (Nwy = 1000)
Yiabeled 1.355 1.360  0.470 0.000 0.118 0.120
oracle 0.000 0.058  0.224 0.964 0.058 0.057
Lasso -0.551  0.566  0.343 0.002 0.128 0.088
constant
poly-Lasso 0.055 0.080  0.175 0.706 0.057 0.045
Lasso -0.179  0.250  0.649 0.706 0.175 0.165
log-Lasso
poly-Lasso 0.008 0.058  0.198 0.910 0.058 0.051

2.6.3. Here, in Tables 2.2, 2.4, and 2.6, we can see fairly good coverages even if the outcome

model is misspecified and the confidence interval is constructed without a modification. This

coincides with the Remarks 2.16 and 2.20; see more details in Section 2.6.4.

Regarding efficiency, as in Tables 2.1-2.8, we observe that the proposed estimators

based on correct parametric models provide “optimal” RMSEs that are close to the oracle

estimator. In Tables 2.1-2.4, the RMSEs based on non-parametric (RF and RKHS) m(-) are
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worse than those based on (correctly specified) parametric models with the difference arising
from the product rate of the estimation errors of 7y(:) and m(-). For a (correctly specified)
7n(-) with an estimation error O,((N7y)~Y/2), such a difference is not significant and the
RMSE is first order insensitive to estimation error of m(-).

We also check the double robustness in terms of consistency of the proposed esti-
mators, when only one of my(-) and m(-) is correct. As seen in Tables 2.3-2.6, the naive
mean estimator, Yiapeled, is 70t consistent when the selection bias occurs, i.e., the PS is not
a constant. Nevertheless, as suggested by Theorem 2.2, the proposed DRSS estimator is
still consistent, and it’s consistency rate depends on the estimation error rate of the correct

1/2

one among 7y(-) and m(-). The proposed Oprss can still be (Nmy)'/%-consistent when the

correct estimator has an estimation error of rate (Nwy)~1/2

, which is typically true when
the correct model is a low dimensional parametric model: see Tables 2.2, 2.4, and 2.6 for
correct y(+); see Tables 2.3 and 2.4 for correct m(-). If the correct estimator is linear (offset
logistic) in high dimensions, Oprss — 0o is of the order O,({(N7y)~tslog(p)}/?), where s is
the sparsity of the correct model; see results in Tables 2.7 and 2.8. If the correct estimator is

non-parametric, we would expect a non-parametric rate on the proposed estimator, matching

results in Tables 2.3 and 2.4.

2.6.2 Results under the stratified labeling model

Now we work on a special PS model, that of stratified labeling, as discussed in Section

2.4.4:

P3. (Stratified PS) Suppose we further observe the stratum indicators ¢; € {0, 1}, with the
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following model: §;|X; ~ Bernoulli(ps(X;)) and R;|d; ~ Bernoulli(0.57yd; + 1.5mn (1 —

0:)), where ps(x) = g(x(1)) and g(u) = exp(u)/{1 + exp(u)}.

We consider the same choices of p, N, and my as in Section 2.6.1, and we focus on the
following DGP of Setting e, i.e., P3+02. Furthermore, we consider an additional PS esti-
mator based on the stratified labeling of Section 2.4.4, where ps(-) is estimated by a logistic
regression (with a Lasso-type regularization when p = 500). The results are shown in Tables
2.9 and 2.10 for the case p = 10 and p = 500, respectively.

By Theorem 2.2, the estimators based on a correctly specified my(+) (stratified) and
m(-) (poly/RF/RKHS) provide (N7y)'/?-consistent estimations and valid asymptotic con-
fidence intervals. Additionally, when 7y (-) is correctly specified (stratified) and m(-) is mis-
specified (linear), the proposed DRSS mean estimator has a consistency rate O, ((Nmwy) /2 +
rs.n), With 75y, defined in (2.38), satisfying 755 = O(N~/2) in low dimensions and 75y =
O({sslog(p)}'/>N~=1/2), in high dimensions, as discussed in Example 2.2. The simulation
results in Tables 2.9 and 2.10 support our theoretical arguments: we can see the strat-
ified4+poly/RF/RKHS estimators provide coverages close to 95%, and all the estimators

based on a stratified 7y (-) provide RMSEs of a similar magnitude.

2.6.3 Results for high dimensional sparse models: Investigating
performance under varying sparsity levels

Here we focus on the high dimensional case (p = 500) with different sparsity levels.

We consider the following PS and outcome models:

P2, (Offset logistic PS with different sparsity levels) Let my(x) = g(XT~,, + log(my)) and
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Table 2.9: Simulation setting e with p = 10. The rest of the caption details remain the same
as those in Table 2.1.

wn(-) m(-) Bias RMSE Length Coverage ESD ASD
N = 10000, 7y = 0.01 (N7 = 100)
Yiabeled -0.205  0.360 1.203 0.876 0.297 0.307
oracle -0.002 0.101 0.415 0.964 0.101 0.106
LS -0.082 0.318 1.149 0.916 0.308 0.293
poly -0.009 0.125 0.493 0.954 0.125 0.126
constant
RF -0.100  0.259 0.919 0.908 0.239 0.234
RKHS -0.087 0.248 0.909 0.918 0.232 9;253% )
LS 0.129 0.419 1.639 0.960 0.399 0.418
o poly -0.011  0.146 0.633 0.976 0.146 0.162
logistic
RF 0.075  0.328 1.346 0.960 0.320 0.343
RKHS 0.109 0.341 1.337 0.974 0.3237 7();3%{ )
LS 0.009 0.324 1.256 0.948 0.324 0.320
. poly -0.010 0.126 0.510 0.958 0.126 0.130
stratified
RF 0.021 0.268 1.062 0.956 0.268 0.271
RKHS 0.016 0.262 1.042 0.960 0.262 0.266
N = 50000, 7y = 0.01 (N7 = 500)
Yiabeled -0.210 0.251 0.532 0.652 0.138 0.136
oracle -0.001 0.048 0.187 0.970 0.0487 p;OfLEE )
LS -0.078 0.150 0.469 0.882 0.128 0.120
poly -0.001 0.050 0.188 0.942 0.050 0.048
constant
RF -0.053 0.101 0.296 0.832 0.086 0.075
RKHS -0.053 0.098 0.299 0.866 0.0837 7().7077(5 )
LS -0.014 0.135 0.531 0.952 0.135 0.135
o poly -0.001 0.051 0.199 0.946 0.051 0.051
logistic
RF -0.011  0.091 0.349 0.944 0.090 0.089
RKHS -0.002 0.090 0.353 0.942 0.0907 9;099 )
LS -0.001 0.132 0.508 0.950 0.132 0.130
. poly -0.001  0.050 0.193 0.944 0.050 0.049
stratified
RF -0.006  0.089 0.333 0.956 0.089 0.085

RKHS -0.005 0.088  0.336 0.940 0.088 0.086
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Table 2.10: Simulation setting e with p = 500. The rest of the caption details remain the
same as those in Table 2.1.

v (+) m(-) Bias RMSE Length Coverage ESD ASD
N = 10000, 7y = 0.01 (N7y = 100)
Yiabeled -0.189  0.363  1.193 0.880 0.311 0.304
oracle 0.005 0.098 0417 0.960  0.098 0.106
Lasso -0.167  0.352  1.186 0.888 0.310 0.303
constant
poly-Lasso  -0.103  0.220  0.696 0.894 0.195 0.178
Lasso -0.160 0.351  1.215 0.904 0.312 0.310
log-Lasso
poly-Lasso  -0.096 0.218  0.717 0.894 0.196 0.183
X Lasso 0.005 0.339  1.318 0.926 0.339 0.336
stratified

poly-Lasso 0.010 0.200  0.780 0.948 0.200 0.199
N = 50000, 7y = 0.01 (N7y = 500)

Yiabeled -0.196  0.239 0.535 0.702 0.136 0.136
oracle 0.000 0.94787 ) 707. 178777 B 70.7975(7) B 70;074§ ) p;Ofl§ )
Lasso -0.134  0.187 0.478 0.776 0.130 0.122
constant
poly-Lasso -0.032 0.061 0.195 0.896 0.052 0.050
Lasso -0.101  0.163 0.491 0.844 0.128 0.125
log-Lasso
poly-Lasso -0.022  0.056 0.196 0.914 0.052 0.050
. Lasso 0.001 0.137 0.530 0.946 0.137 0.135
stratified

poly-Lasso 0.000 0.052  0.202  0.944  0.052 0.051
N = 10000, 7y = 0.1 (Nmy = 1000)

Yiabeled -0.205  0.226 0.377 0.428 0.095 0.096
oracle -0.001 0.044 Q 177737 o 70.7974471 B 70;0744 ) 7();0%4% )
Lasso -0.124 0.151 0.335 0.688 0.087 0.086
constant
poly-Lasso -0.024 0.051 0.173 0.900 0.045 0.044
Lasso -0.082 0.119 0.347 0.854 0.087 0.088
log-Lasso
poly-Lasso -0.013  0.047 0.174 0.928 0.045 0.044
. Lasso -0.013 0.090 0.367 0.956 0.089 0.094
stratified

poly-Lasso -0.002 0.045  0.176 0.948 0.045 0.045

R;|X; ~ Bernoulli(my(X;)), where g(u) = exp(u)/{1 + exp(u)}.

O1’. (Linear outcome with different sparsity levels) Let Y; = i?ﬁsm + &;.
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The parameter values are:

Bsm = (_O5a V 3/3m11><sm701><(p78m))T and Ysr = ('70(1)7 V 1/S7r11><57r701><(p737r))T-

We consider a DGP, Setting ¢’: P2’4+01’, with the following choices of p, N, my, s, and s;:
p = 500, N € {50000, 200000}, 7wn =0.01, (sm,sr) € {(3,15), (15,3)}.

We illustrate the performance of the same estimators that we considered in Section 2.6.1 (for
p = 500); the results are presented in Table 2.11.

In Table 2.11, we observe that the RMSEs of é\DRSS based on log-Lasso PS estimators
are smaller than those based on constant PS estimators. This coincides with our Remark 2.6,

as well as Theorems 2.2 and 2.5 - if both of the nuisance functions are correctly specified,

we have Oppss — fp = O,((N7n)~Y2 + \/8msy log(p)/(N7y)); if only the outcome model

is correctly specified, we have a slower upper bound fprss — fp = O, (\/3m1og(p)/(N7y)).
For the DRSS estimators based on log-Lasso PS estimators, we can see that the biases of
the estimators, originating from the product rate /s,,s:log(p)/(N7y), are non-ignorable
compared to the RMSEs, especially for smaller N. As N grows, however, the coverages of
the confidence intervals start getting closer to the desired 95% level. This also coincides
with our Remark 2.6 that we expect a valid inference result when s,,s, log(p) = o(N7y) for

correctly specified models.

2.6.4 Inference results based on adjusted confidence intervals

In Sections 2.6.1-2.6.3, we illustrated the simulation performance of the proposed

confidence interval (2.15), which requires both the outcome and PS models to be correctly
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Table 2.11: Simulation setting ¢’ with p = 500. The rest of the caption details remain the
same as those in Table 2.1.

v () m(-) Bias RMSE Length Coverage ESD ASD
Sm = 3,8, = 15, N = 50000, 7y = 0.01 (N7x = 500)
Viabeled 0.755 0.760  0.351 0.000 0.090 0.090
oracle 0.000 0.074 0.284 9.94%47 o (7).9247 B 707.077727 B
Lasso 0.089 0.103  0.184 0.522 0.052 0.047
constant
poly-Lasso 0.098 0.111 0.185 0.458 0.052 0.047
Lasso 0.038 0.071 0.203 0.860 0.060 0.052
log-Lasso

poly-Lasso 0.042 0.073  0.204 0.848 0.060 0.052
Sm = 3,8, = 15, N = 200000, 7y = 0.01 (N7x = 2000)

Yiabeled 0.754 0.756 0.175 0.000 0.045 0.045
oracle 0.000 0.035 0.143 - (7).96707 - 9-9?357 o 707.073777 o
Lasso 0.044 0.051 0.090 0.506 0.025 0.023
constant
poly-Lasso 0.049  0.055 0.090 0.430 0.025 0.023
Lasso 0.012 0.032 0.111 0.914 0.030 0.028
log-Lasso

poly-Lasso 0.013 0.033  0.111 0.914 0.030 0.028
Sm = 15,8, = 3, N = 50000, 7y = 0.01 (N7x = 500)

Yiabeled 0.752  0.757  0.349 0.000 0.085 0.089
oracle 0.001 0.068  0.283 0.966 0.068 0.072
Lasso 0.155 0.169  0.196 0.200 0.068 0.050
constant
poly-Lasso 0.184 0.197  0.201 0.118 0.070 0.051
Lasso 0.049 0.086  0.237 0.824 0.071 0.060
log-Lasso

poly-Lasso 0.058 0.094 0.245  0.794  0.074  0.063
Sm = 15, s, = 3, N = 200000, 7y = 0.01 (Nmy = 2000)

Yiabeled 0.753 0.754 0.175 0.000 0.044 0.045
oracle 0.000 0.036 0.144 0.964 0.036 0.037
Lasso 0.076  0.082 0.091 0.172 0.032 0.023
constant
poly-Lasso 0.089  0.094 0.091 0.094 0.032 0.023
Lasso 0.013 0.037 0.124 0.912 0.034 0.032
log-Lasso

poly-Lasso 0.015  0.038 0.125 0.904 0.035 0.032

specified, as in part (a) of Theorem 2.2. In this section, we compare (2.15) with an adjusted

version based on the asymptotic expansion in part (b) of Theorem 2.2 and the RAL expansion
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in Remark 2.9. The adjusted confidence interval allows inference via ‘/9\DRSS even under
misspecified outcome models, and the adjusted RAL expansions based on different PS models
are provided in Theorems 2.4, 2.6, and 2.7. Here, we only focus on the results for the skewed
offset logistic PS model as discussed in Theorem 2.4, and we present numerical results to
validate the inference provided by the adjusted RAL expansion (2.28) of é\DRSS given therein.

Apart from the settings ¢ and d in Section 2.6.1, an additional DGP, Setting f: P2+03,
is considered. Here, P2 is the offset logistic PS model as in Section 2.6.1, and O3 is a cubic

outcome model defined as follows:
03. (Cubic outcome) iTﬁo + Z an(j )2 ()2 + Zp+1 Co(j )21(3)3 + €.
The parameter value is defined as:
¢ = (0,0.2,0.2,0.2,01(,-3))"

We illustrate the behavior of the original confidence interval (2.15) and the adjusted
confidence interval based on the RAL expansion (2.28). We consider the Settings ¢, d, and
f, where the outcome models are polynomial (without interaction) with degrees 1, 2, and
3, respectively. Apart from the empirical estimator Viabelea and the oracle estimator as in
Section 2.6.1, we also consider the proposed mean estimators §DRSS based on an offset logistic
model based PS estimator, and polynomial model based outcome regression estimators with
degrees 1, 2, and 3. The simulation results are presented in Table 2.12.

We can clearly see the improvement of the coverage based on the adjusted confidence
intervals, especially for polynomial estimators m(-) with degrees 2 and 3. As mentioned in
Remark 2.16, a latent misspecification arises here since the effective sample size N7y = 100

is comparable with the dimension of the working model: for polynomial regression with
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degrees 2 and 3, the dimensions of the design matrix are 21 and 31, respectively. Under such
a circumstance, m(-) tends to be a biased estimate and a (latent) misspecification arises, in
that its (effective) target (or limit) becomes some pu(-) # m(-).

Such an example suggests that, the adjusted confidence intervals, when 7y (-) is cor-
rectly specified, allow us to better capture the model complexity of m(-) and improve the
efficiency of the DRSS estimator. The modified confidence intervals can still provide valid
inference even when a degree of freedom of the model becomes comparable with the effective
sample size.

In Table 2.12, one can see that neither of the averages of the estimated standard
deviations (ASDs) or the adjusted ASDs are close to the empirical standard deviations
(ESDs) for the DRSS mean estimators based on polynomial regressions with degrees 2 and
3, while we can still achieve fairly acceptable coverages for the confidence intervals. This is
not contradicted with our theory: we only obtain asymptotic results in terms of convergence
in distribution or probability, whereas ASD = ESD + o(1) requires a convergence in mean
(i.e., Ly convergence). Such a difference is possibly related to the instability of the LS-type
outcome estimator, when the dimension of the working model is comparable with the sample

size.

2.7 Application to the NHEFS data

We now apply our imbalanced ATE estimator proposed in Section 2.5 to assess the
effect of smoking and alcohol drinking on weight gain, using a subset of data from the

National Health and Nutrition Examination Survey Data I Epidemiologic Follow-up Study
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Table 2.12: Simulations under Settings ¢, d and f, with p = 10, N = 10000 and 7y =
0.01 (N7y = 100). Bias: empirical bias; RMSE: root mean square error; Length: average
length of the 95% confidence intervals; Coverage: average coverage of the 95% confidence
intervals; ESD: empirical standard deviation; ASD: average of estimated standard deviations.
The results for adjusted (adj) confidence intervals based on the RAL expansion (2.28) in
Theorem 2.4 are provided in parentheses.

N () m(-) Bias RMSE Length(adj) Coverage(adj) ESD  ASD(adj)
Setting ¢
Yiabeled 0.979  0.998 0.784 0.002 0.197 0.200
oracle -0.007  0.164 0.607 0.972 0.164 0.155
poly1(LS) -0.009 0.227 0.865(0.881) 0.952(0.964) 0.227 0.221(0.225)
logistic poly?2 0.002 0.277 1.017(1.039) 0.940(0.964) 0.277 0.260(0.265)
poly3 20.013 0491  1.436(1.465)  0.922(0.956)  0.492 0.366(0.374)
Setting d
Yiabeled 1.923  1.968 1.628 0.002 0.418 0.415
oracle 0.011  0.158 0.615 0.960 0.158 0.157
polyl(LS)  0.493 1.638 4.352(4.202) 0.908(0.936) 1.564 1.110(1.072)
logistic poly2 -0.006  0.401  1.058(1.080) 0.916(0.954) 0.401 0.270(0.275)
poly3 20.013 0562 1.457(1.483)  0.918(0.942)  0.563 0.372(0.378)
Setting f
Yiabeled 2.613  2.670 2.182 0.000 0.549 0.557
oracle -0.003  0.164 0.623 0.966 0.164 0.159
polyl(LS) 0302 1.267 4.406(4.163) 0.914(0.918) 1.232 1.124(1.062)
logistic poly2 -0.018  0.584  1.752(1.800) 0.862(0.900) 0.584 0.447(0.459)
poly3 20.005 0410 1.279(1.316)  0.894(0.926)  0.410 0.326(0.336)

(NHEFS). As per [HR10], the NHEFS was jointly initiated by the National Center for Health
Statistics and the National Institute on Aging in collaboration with other agencies of the
United States Public Health Service. The NHEFS dataset has been studied by [HR10]
and [EHvdL20]. The subset of the NHEFS data we consider consists of N = 1561 cigarette
smokers aged 25 — 74 years, who had a baseline visit and a follow-up visit approximately 10
years later. We consider two types of product (joint) treatment indicators R§1), Rf) €{0,1}:
RM =1 denotes that the individual has not quit smoking before the follow-up visit and has

not drunk alcohol before the baseline visit, and R") = 0 otherwise; R® = 1 denotes that
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the individual has quit smoking before the follow-up visit and has not drunk alcohol before
the baseline visit, and R® = 0 otherwise. We omit 5 individuals whose alcohol drinking
information was missing. The weight gain (in kg), Y € R, was measured as the body
weight at the follow-up visit minus the body weight at the baseline visit. Same as in [HR10]
and [EHvdL20], the following 9 confounding variables, X are considered: sex (0: male, 1:
female), age (in years), race (0: white, 1: other), education (5 categories), intensity and
duration of smoking (number of cigarettes per day and years of smoking), physical activity
in daily life (3 categories), recreational exercise (3 categories), and weight (in kg).

We estimate the ATE of the product (joint) treatments R and R® on weight
gain. The ATE estimators 52%]3 and é\/(fT)E are constructed using (2.41), based on samples
SW = (v;, R, X,)Y, and S@ := (v;, R, X,)N,, respectively. Recall that the sample
size is N = 1561, and the dimension (after converting categorical variables) is p = 12.
The estimated proportions of the treated groups are %](;) = N1 Zfil REI) = 0.088 and
%\1(5) = N1 sz\il REQ) = 0.037. We consider three PS estimators: a constant estimator, an
offset based logistic estimator with a Lasso-type penalty (log-Lasso), and a random forest
(RF). We consider four outcome models: a Lasso estimator, a degree-2 polynomial estimator
without interactions and with a Lasso-type penalty (poly-Lasso), a random forest (RF), and
a reproducing kernel Hilbert space (RKHS) estimator. We compare the proposed estimators
with naive empirical difference (empdiff) estimators, (327, jo ))_1 SV jo Y, - S a-
RY)} V(- RY)Y;, for j = 1,2. To reduce the randomness coming from the sample
splitting, we repeat the sample splitting for B = 10 times and report the median of the ATE

estimators based on each split. The asymptotic variance is then estimated by a plugged-in

version using the mean estimators as well as the asymptotic variance estimators based on
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each split; see more details of this technique in Definition 3.3 of [CCD*18].

We report the ATE estimators, the corresponding 95% confidence intervals, and the
length of the confidence intervals in the Table 2.13. We can see negative estimated ATEs
for QS%E and positive estimated ATEs for Q(AQT)E. Moreover, our proposed ATE estimators
are close to each other and fairly different from the empirical difference estimator, especially
for foT)E. Therein, all our confidence intervals do not include 0 while the one based on
the empirical difference does. The difference between our proposed ATE estimators and
the empirical difference estimator seems to suggest presence of substantial confounding via
X, and a significant causal effect of the treatment on the response after adjusting for the
confounding.

Table 2.13: Real data analysis: estimation and inference of HE%E and G/(ET)E. We compare
a naive empirical difference (empdiff) estimator with our proposed estimators based on

various choices of nuisance estimators. ATE: the estimated average treatment effect; CI: a
95% confidence interval; Length: length of the 95% confidence interval.

Y e
n(:) m(-) ATE CI Length ATE CI Length
empdiff -2.003 (-3.282,-0.725) 2.558 1.867 (-0.642,4.377)  5.019
~ Laso  -1.935 (-3219-0.651) 2568 4209 (1.7436.676) 4.933
constant poly-Lasso -1.865 (-3.152,-0.578) 2.574 3.291 (0.719,5.864)  5.145
RF -1.729  (-2.992,-0.466) 2.526 3.095 (0.607,5.584)  4.977
RHKS -1.941  (-3.227,-0.655) 2.573 3.183  (0.642,5.723)  5.081
‘Lasso  -1.967 (-3.518-0.416) 3.102 4780 (1.954,7.605) 5.650
log-Lasso poly-Lasso -1.717  (-3.321,-0.113)  3.207 3.890 (0.804,6.976)  6.172
RF -1.873  (-3.424,-0.322) 3.102 3.890 (0.955,6.825)  5.870
RHKS 2,051 (-3.663,-0.440) 3.223 4221 (1.068,7.375)  6.307
‘Lasso  -1.727 (-2.970,-0.484) 2486  4.932 (1.518,8.345) 6.827
RF poly-Lasso -1.612  (-2.878,-0.346) 2.532 4.693 (0.763,8.622)  6.827
RF -1.608 (-2.845,-0.371) 2.474 4.456  (0.942,7.970)  7.027
RHKS -1.772  (-3.016,-0.528) 2.487 4411 (0.621,8.200)  7.579
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2.8 Discussion

In this chapter, we study the mean estimation problem in the semi-supervised setting
with a decaying PS while allowing for selection bias in the labeling mechanism. To our
knowledge this is one of the first full-hearted attempts in extending the SS inference literature
to the case of selection bias, and that too in a very general way, as well as the MAR literature
to the case of a (uniformly) decaying PS. The proposed DRSS mean estimator is based
on estimators of the outcome and the decaying PS models. We establish estimation and
inference results under different cases of the correctness of the models, while allowing flexible
model choices, including high-dimensional and non-parametric methods. The subtleties of
the problem setting and the non-standard asymptotics, among others, make the method
and its analyses challenging and our results reveal several novel insights in the process.
In particular, we find that the consistency rate of the proposed estimator depends on the
(expected) size of the labeled sample and the tail of the PS distribution. Throughout the
chapter, Nay (recall that ay = [E{ry'(X)}]7!) is a crucial value, in that it serves as the
“effective sample size” in our MAR-SS setting with a decaying PS. This chapter provides
details as to why this happens.

As a necessary component of analyzing the MAR-SS setting, we further propose
estimators of the decaying PS under three different models: MCAR, stratified labeling, and
a novel offset logistic model, under both high and low dimensional settings. The consistency
rates of the PS models are established, which are of independent interest. We also extend
our methods to an ATE estimation problem where the treatment groups can be extremely

imbalanced. We provide extensive numerical studies to illustrate our results in finite-sample
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simulations, as well as a real data analysis using the NHEFS data.

The semi-supervised decaying PS setting is an interesting scenario that occurs in
numerous applications in the modern era, and yet has been largely under-studied so far. We
provide a detailed analysis of the mean estimation problem under such setting. We hope it
serves as a start towards understanding this practically very relevant, and yet technically
challenging, scenario in all its subtleties, therefore opening doors to many new questions

where inferential results need to be adjusted for the “effective sample size”.

2.9 Proofs of main results

Notation Constants ¢,C' > 0, independent of N and p, may change values from one
line to the other. For any S C S = (Z;)Y.,, define Ps as the joint distribution of S and
Es(f) = [ fdPs. For any r > 0, let ||[f(")|l.p = {E|f(Z)|"}/". We abbreviate “with

probability approaching one” and “almost surely” by “w.p.a. 17 and “a.s.”, respectively.

2.9.1 Auxiliary lemmas

The following Lemmas will be useful in the proofs.

Lemma 2.4. Let (Xn)n>1,(Yn)n>1 be sequences of random variables. If E(|Xn|"|Yn) =

O,(1) for any r > 1, then Xy = Op(1).
Proof of Lemma 2.4. For any ¢ > 0, there exists C' > 0 such that, for large enough N,

P{E (Xy|Yn) >C} < ¢/2.
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Let § = (2C/c)/", then

P(|Xn| > 0) = E (E [1{|Xn] > 0}|Yx])
= E [{E(|Xy|"[Yx) < C}YE (1{|Xn| > 6}[Yy)]
+ B [H{E(Xn["|Yn) > CYE (L{|Xn| > 6}[Yn)]
< E[H{E(Xn|"|YN) S CYE (77| XN["|YN)] + E (H{E(|XN|"|YN) > C})
=0 "E [I{E(|XN|"|Yy) < CYE (IXn|"|YN)] + P [E(IXN]"|YN) > C]

<c¢/2+c¢/2=c
That is, Xy = O,(1). ]

Lemma 2.5 (Lemma 6.1 of [CCD%18]). Let (Xn)n>1 and (Yn)n>1 be sequences of random

variables in R. If for any ¢ > 0, P(|Xn| > ¢|Yn) = 0,(1), then Xy = 0,(1).

In particular, Lemma 2.5 occurs if E(|Xy|?|Yn) = 0,(1) for some ¢ > 1. A typical
example we used in our proofs is Xy = Zf\il Zn,i/N, where (Zn;)n>1,<n 1S a row-wise

independent and identically distributed triangular array with E(|Zy;||Yn) = 0,(1).

Lemma 2.6. Let (Zy;)n>1.i<n be a row-wise independent and identical distributed triangular
array, suppose there exists a sequence by such that N~"by" "E (|Zx 1) = o(1) with 0 <

r<1andby > 0. Then,

N
NN " Zni— E(Zna) = op(bn).

i=1
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Proof of Lemma 2.6. Let Yn,; = Zn;1{|Zn:| < Nby)}. For any ¢ > 0,

> CbN)
Z NCbN] )
N

N
> Yyi— E(Yya)
ZYN,i —E(Ynq)| > NCbN) ;

i=1
i=1

N
P <|N1 > Zyi—E(Yw))
=1

<P (Ufil[ZN,z’ # Yy U

<P (UL [Zn; # Yna]) + P (

where with a slight abuse of notation, here P denotes the joint distribution of (Zn;)n>1.i<n-

By Markov’s inequality,

P (U [Zni # Yna]) S NP(Zng # Yna) = NP(|Zya| > Nby)

< N(Nby) " "E (\ZNJ]H’”) =N"by"E (|ZN71\1+’") =o(1),

where the last equality follows from the assumptions. Moreover, by Chebyshev’s inequality

d

2

N
> Vyi— E(Yy)

=1

N
> Yyi— E(Yn)
=1

> Nch> < (Ncby)?E

= AN E{Yy — E(Yn)}? < c2NTUORE(YE,)
= ¢ AN E[Z3 14| Zna| < Nbx Y] < ¢ 2N T2 (Nby) ' T E (| Zwa 1)
— cszf’"bﬁlfrE (’ZN,1|1+T) _ 0(1)7

where in the second to last inequality we used Markov’s inequality on Zys. Hence,

N
NN Zyi— E(Yna) = 0p(by).

=1

In addition, by similar arguments

E(ZN,l) — E(Yle) =F [ZN,11{|ZN71| > NbN}] =F UZNJ|1+T|ZN71|_T]1{‘ZN,1| > NbN}]

S (NbN)_TE (lZN,1|1+T) = bNN_Tb]_Vl_TE (|ZN71|1+T) = O(bN).
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Therefore,

N N
NN Zyi— E(Zyg) =N Zyi— E(Zya) + E(Zyy) — E(Yni) = 0,(by).

n
Lemma 2.7. For any function g(-) and 0 € R, define
W(Z,0) = g(Z) - 0.
Let ° := E{g(Z)}. Assume
E{g*(Z,0")} = by’ NTOE{W(Z,0°) ]} = o(D), (2.44)

for some sequence by and 0 < r < 1. Moreover, let 0 € R be such that §—0° = op(by 1/2) Ad-
ditionally, for k <K, and some (possibly random) function g_x(-) 1L Sk, define ¥_x(Z,0) =

9-k(Z) — 6 and suppose that
E{Y1(2,6°) = $(Z,0)}" = op(by").

Then, as N — oo, we have

NN TN 02(20,0) = E{UA(Z,6°)H{1 +0,(1)}.

k=1 i€Ty

Proof of Lemma 2.7. By Young’s inequality with (a + b)? < 2a® + 20,

TS (02, 0) — 0(Z,6%))?

1€1y,

20 — 0°)? + 2Tl > {v_r(Zi,0°) — (2, 0°)}* = 0,(b3). (2.45)

1€Ty

In what follows we will use the following equality which is a consequence of Lemma 2.6 and

the condition in (2.44):

I Zh ™'Y {20, 6°) = 9(Zi, 0°)F = 0, (b)), (2.46)

1€Ty
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Using the fact that a® — b* = (a + b)(a — b) = (a — b)?> + 2b(a — b), and using the triangle

and then Cauchy-Schwarz inequality

Tl ™D (20, 0) — | T 7 (2, 6°)

1€Ty 1€y,
=T ™Y {0i(Zi, 0) — (Zi, 00012 + 2T Y {0 k(2. 0) — (Zi, 6°) 1o (2, 6°)
1€Zy, 1€L
< T Y (2, 0) — (24, 6°) )
1€Ty »
2T 7 | S {vi(24,0) - (zz-,e‘))}?Zw?(zi,eO)]
€Ly 1€,

D oy (axt) + oplan ) [B{YA(Z,0°)H1 + 0,(DH2 < 0y(az)),

where (7) follows by (2.45) and (2.46), and in (i7), we utilized the assumption E{¢?(Z,6°)} <
a;,l to conclude the asymptotic order of the quantities of interest. Then, by utilizing the

result of Lemma 2.6, i.e., (2.46), we have

N~ ZZ@D (Z:,0) = [Tl D~ 07 (20, 0°) + 0y(ay)

k=1 ZEIk iGIk

= E{J*(Z,0") {1 + 0p(1)} + 0p(ay’) = E{*(Z,0") {1 + 0p(1)},
since E{¢?(Z,0°)} < ay' by assumption. n
Lemma 2.8. The following are some useful properties regarding sub-Gaussian variables.
(o) If | X| < Y] a.s., then | Xy, < Y |lg- If | X| < M a.s. for some constant M, then
Xl < {log(2)}1/2M.
(b) If | X|lg, < o, then E(|X|™) < 20™I'(m/2 + 1), for all m > 1, where I'(a) =

I x* L exp(—x)dx denotes the Gamma function. As a result, E(|X|) < oy/7 and

E(IX|™) < 20™(m/2)™? for m > 2.
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(¢c) If | X — E(X)|ly, < 0, then E(exp[t{X — E(X)}]) < exp(20?%t?), for all t € R.

(d) Let X € R? be a random vector with sup,<;<, [|X(j)|ly, < 0. Then, [|[[X]|cc ||y,

IN

of{log(p) + 2}/

IN

(e) Let (X;)N | be independent random variables with means (p;)1, such that || X;— ;] 4,

0. Then, [N7' 300 (X0 — )|y, < 40N72,
Lemma 2.8 is a simple consequence of Lemmas D.1 and D.2 of [CLCL19].

Lemma 2.9. Assume (X;)Y, are independent and identically distributed, /\min{E(fifiT) >
¢ > 0 and supy,— E{(??V)Zl} < C < oo, with constants ¢ and C. Assume ~y, € RPT!
satisfyes||yolla < C < o0, fiif,),o is a sub-Gaussian random variable, and X; is a marginal

sub-Gaussian random vector with

IXT0llu, = i {t >0 Blep{t 2(XT0)*} <2} < o, (2.47)
sup | Xi(j)lly. = inf{t >0: Elexp{t *X}(j)}] <2} < oo (2.48)
1<i<p
Recall that
N
oy = — NS [RX Ty — log{1 + exp(XT)}] ¥y € R
=1

(A1) = B0y + A) = ihl(y) — ATV () Yy, A e R

where (RY)N., are i.i.d. pseudo binary random variables satisfying P(R; = 1|1X) = g(iT'yo).

Then, for some constants ¢y, ¢y, c3,c4 > 0,

log(p+ 1)

<WAm%OZCﬂAM®MM—® N

HAM}VAGRHRHAMSL

with probability at least 1 — c3 exp(—cyN).

152



Lemma 2.9 is a slightly more general version of Proposition 2 of [NRWY10]: instead
of assuming X to be joint sub-Gaussian with mean zero, one can repeat their proof by only
requiring X to be a marginal sub-Gaussian vector and iT'yO be a sub-Gaussian variable, as
well as an additional 4-th moment condition that sup,—; E{(?TV)‘l} < C < o0. Unlike
INRWY10], the intercept term is also considered here: since we do not require zero-mean

covariates, the intercept term 2(1) = 1 can be seen as a sub-gaussian variable.

Lemma 2.10. (Theorem 3.26 of [Wail9]) Let F be a class of functions of the form f :
X — R, and let (Xy,...,Xy) be drawn from a product distribution P = ®f\;1 P;, where
each P; is supported on some set X; C X. For each f € F and i = 1,...,N, as-
sume that there are real numbers a; s < b; s such that f(x) € [a;f,bif] for all x € AX,.
Let 7 = supfef{N_lzi]ilf(X,-)}. Then for all t > 0, we have P{Z > E(Z) +

t} < exp(—Nt*/4L?), where L? :=sup;cz{N"" SN (biy — aig)?}.

2.9.2 Proofs of the Main Statements

Proof of Theorem 2.1. We prove Theorem 2.1 by decomposing the estimation error into two
terms: N~'S°N 4, +(Z;) and KN,M defined below in (2.49). We use Lemma 2.4 and the

Lindeberg-Feller theorem for self-normalized partial sums. Observe that

N (R—x (X,) N K
A _ ar—1 i — N ) ~ o -1 N
0 — 06y =N ; {W[Y; —m(X;)]+Y; — 90} =N ;¢u,w(zi) + ;AN,l,ka
(2.49)

where

Ayip=-N1Y" {WNin) -~ 1} {M(Xi;S_i) — w(Xi)}. (2.50)

1€Ty
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Consider the remainder term A N1k For each £ < K, notice that A N1,k 1s a summation of

independent random variables conditional on the training sample S_j:

3N,1,k =-N"! Zfi, &= { i - 1} {m(Xi;S_k) — u(Xi)},

1€Ly ™ (Xz)

with & L &|S_y for 4,5 € 7. Hence, with

e={ g ~ 1 A5 - ux),

and recall that Es, denotes the expectation with respect to (w.r.t.) the samples in the k-th

fold,

Es,(Anax) = — NLIE{E (¢]X)} =0, (2.51)

Bs,(R3,,) =N (L[ B (E {mfxrl} {m(X;Sk)—u(X)}Q\XD (252)

-2 1 . m . o 2
N mw{{—mx) 1][ (X:S.0) u<x>]} (2.53)
0, (Nax)~'é.x). (2.54)

In the above equations, (2.51) and (2.52) used the fact that & L &|S_y for 4,5 € Zy; (2.53)
used the fact that R? = R; (2.54) used the fact that |Z;] < N and the definition of ¢, y;
the definition F(R|X) = my(X) is also used in (2.51) and (2.53). These techniques will be
used for multiple times throughout the proof, and we will not emphasis them in again in the
following proofs.

By Lemma 2.4,

ANvlJf = OP(<N@N)71/2C;L,N)- (2.55)
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As for the influence function N1 ZZ]L Yur(Z;),

—E (E {M(X) — O+ M\X}) —0,

Es v (X)

N
Ny dual(Z)
=1

N 2
Es leww(zi)] —N'E
=1

where

wr _E [{R —an(X)HY — u(X)} Ly eor

Valy) = E [M(X) —op+ MM e

e

} {Y — u(X)}?| + Var(Y).

To control the order of Vi (u), we enforce uniform lower and upper bounds for E[{Y —

w(X)}?X] and Var(Y'). Under Assumption 2.2,
E{Y —m(X)}X] > 07, E{Y —p(X)PIX] < ogp, Var(Y) < ofy.
Additionally, we have the following lower bounds as m(X) = E(Y|X),

E[{Y = p(X)}X] = B{Y = m(X)}*[X] + E[{m — u(X)}*[X] > o7 ;.

Var(Y) = E (E[{Y — m(X)}*[X] + E[{m(X) — 60}*|X]) > o¢ ;.

Recall that by definition, ay = E{ry'(X)}. Therefore,

1— X
anVy(p) > ay {U§,1E { m:(];(() )] + 05271} =0z, >0, (2.56)

1 - X
anVn(p) < ay {aéQE [%X())] + 05272} = 0%, < 00, (2.57)

and Vy(p) < ay'. Since

N 2

E {(NaN)l/QN—l ZW”(Z")} — anVa(p) = O(1), (2.58)
i=1
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by Lemma 2.4, N"' "N 4p, (Z;) = O,((Nay)~'/?). Therefore,
é\DRSS — 90 = Op((NaN)_l/Q).

In addition, under Assumption 2.3, for any ¢ > 0,

N

N7 EVR (e (2 LV A (0)|(Z0)] > eNY2Y] = o(1).

i=1

By Proposition 2.27 (Lindeberg-Feller theorem) of [VAV00],

_1/2 1/222%”r ) = N(0,1). (2.59)
Recall that
N K
NPV ()0 = 80) = Vi P ()N Z Yur(Ze) + NPV () 3 A
k=1
_va 1/QZ¢M )+ 0, (NY2aY2(Nay) 2, x)
_ V—1/2 1/2Z¢u7r (CMN) —1/2 1/2Z¢u7r +0p )

By Lemma 2.8 (Slutsky) of [VdV00],

N2V (1) (6 — 65) — N(0,1).

Proof of Theorem 2.2. We prove Theorem 2.2 by considering two cases: (a) the nuisance
models are both correctly specified, and (b) only one of the nuisance models is correctly
specified. For case (a), we design a suitable decomposition, (2.60), and apply Lemma 2.4
and the Lindeberg-Feller theorem for self-normalized sums to obtain asymptotic normality.

For case (b), we design two different decompositions of the estimation error: one suitable
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for the case when PS model is correct (2.68) and the other suitable for the case when the
outcome model is correct (2.69).

Case (a): p(-) =m(-) and ey(-) = mn(-). Observe that

~ 7N (X S_g ~
Oprss — 0o = N~ Z{ WN;V{ S ){Yz‘—m(Xz‘;S—k)}+Yz‘—90

=N Z Vue(Zi) + Z(ﬁN,l,k + Angk + Anai), (2.60)

k=1

where A N1k is defined as (2.50) and we further define

R;
Arvas =" 2 { ) en(X) } = m(X)), (261)
R o .
ANg k= =—-N"— IGEI { k) - GN(Xi) } {m(Xz, S_k) /L(XZ)} (262)

Recall from (2.55), 3N717k = O,((Nay)"*?c, n). As for the remainder term KN,ZM

Es, (Ansy) =NV E [ E H S eN](%X) } {y — m(X)HXD =0,

T -

ESk(ANQk: 2’Ik|E (

=N"|T,|E :ggg {1 — %} {y — m(X)}2] (2.63)
EN102,2 yay = O,(Nan) ' ). (2.64)

where (7) holds under the Assumption 2.2 and the condition in (2.9) with ex(-) = mn(+) and

also noting the fact that |Zx| < N. By Lemma 2.4,
Anazk = Op((Nay) ™ ce ). (2.65)

Now, consider the last remainder term A N3k, by the triangular inequality and the tower
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rule,

~ R R
<N! — m(X;; S_) — (X)X
e (Bran) <N GIE | E{| = le— - s | k50 - w0l }
_ a1 _ en(X) ~ 7 o _
vzl {1 - P 0650 X0} = Oy ().
By Lemma 2.4,
Ak = Oplrunren). (2.66)

Lastly, for the influence function N=' SN v, (Z,),

e R X

B, {Nl ;w%e(zi)} _N-lg {E ([M(X) — 0y + R{};;(W)ESX)}} |X> }

= N"Wx(p,e).

Now we control the rate of the variance, Vy(p, €). Under Assumption 2.2, Var(Y) > E[{Y —
m(X)}?X] > oZ,, E[{Y —m(X)}?*X] < 0, and Var(Y') < 0¢,. Hence,

1 —7n(X
anVn(u,e) > ayn [af’lE {ﬁX())} + 02’11 > 0271 > 0,

1 —WN(X)

anVn(p,e) < ayn [a?QE{ T (X)
N

} + 02’2} < 0272 < 0.
It follows that Vi (u,e) < ay'

Recall the definition of ¢, . in (2.6). By Lemma 2.4,

N7 Z Une(Zi) = Op((Naw) ™).

Therefore, Oprss — o = O,((Nay)~Y?). Moreover, by Proposition 2.27 (Lindeberg-Feller

theorem) of [VAV00],

N
N2V (1, )N " ahe(Z) — N(0, 1), (2.67)

=1
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By Lemma 2.8 (Slutsky) of [VAV00],
N1/2V]\71/2(/£, 6) (é\DRSS — 90) — N(O, 1)
Case (b.i): en(:) = mn(-). Observe that
Oprss — 0o = N™'Y " ,e(Z) + Y (Anik + Anos + Angr + Awak), (2.68)
= k=1

where ANJ,;C, AN,M, and 3N737k are defined as (2.50), (2.61), and (2.62), respectively, and

we further define

AN4k =N~ Z {WN XZ,S 2 GN%Q) } {m(Xs) — pu(Xs)}-

As shown in (2.55), (2.65), and (2.66), we have Ay, = Op((Nan)™2cun), Ayox =

O,((Nay)~2c. ) and 3N72,k = Op(runren). In addition, for the remainder term ﬁNA,k,

s | 0~ I}

e (Bras) < NI |

= v {1 - =20k - o
<[1-23), 1m0 -l = 00

By Lemma 2.4,
3N,4,1<; = Op(Te,N)-

Lastly, for the influence function N~* Zfil VYue(Z;), similarly as in (2.58) and by Lemma

2.4,
N
NTY " GuelZi) = Op(Naw) ™).
i=1

Case (b.ii): p(-) =m(:). Observe that

N K
Oprss — 0 = N7! Z Yue(Z;) + Z(AN,I,k +Anok+Ansir+Anak) (2.69)
i—1 k=1
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where ANJ,;C, KN,M? and 3N737k are defined as (2.50), (2.61), and (2.62), respectively, and

we further define

N\ -1 I _ i (X _ ,
Buas = N Y { s = s L8 — (X))

i€y, v
Similarly as shown in (2.55), (2.65), and (2.66), we have Anip = O,((Nay) Y2c,n),
KNQ,;C = O,((Nay)%c.y) and £N727k = Op(rynren). Here, the only difference from
the previous proofs is that, in (2.63), instead of obtaining 7y (X)/e%(X) = 73 (X) us-
ing ex(-) = mn(-), here we bound 7n(X)/e3(X) < ¢ 27y (X) by assuming that, a.s.,

78 (X)/en(X) > ¢ . For the remainder term 3N757k,

R R
TN(X) €N<X)

(X5 ) — u(X)I}

Eo,(Bnsal) < NT|E [E{

X 5-0) ~ X)X}

TN (X)
GN(X>

:N1|Ik\E{'1—

<t =mn()/enO)llzpx[m() = p)ll2px = Op(run)-

By Lemma 2.4,

Ans g = Op(ryn).

Lastly, for the influence function N=' 3"V 4, (Z;), we have

e o) s oo - 250 -

B, {Nl ;wue(zz)} _ N-lE {E ({m(X) — 0y + R{};;(;)(X)}] }X) }

= N"Wy(p,e).

2
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Here,

Viv(p,€) = Var{m(X)} + E{my (X){Y — m(X)}*/{mn(X)}*}

< 02,(1+ Elry(X)/{mn(X)}]) < 02,(1+ C%ay}) = Olay!).

By Lemma 2.4,

N1Y T (Z) = Op((Nax) ™).

Proof of Theorem 2.3. We prove the consistency results of the asymptotic variance estima-
tors for the two cases (known PS and unknown PS). The results follows from Lemma 2.7
after we validate the conditions therein.

Case (a). By Lemma 2.7, it is sufficient to show ayE(d%;, ;) = 0,(1), where

R .
dwas =~ { =g ~ 1} 1RXS_) (X0}

Recall from (2.54), we have
anE(031) = Op(ciw) = 0p(1):

Case (b). By Lemma 2.7, it is sufficient to show ax E(Ox 11+ 0n2k+0n3k)2 = 0p(1),

where
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Recall (2.54) and (2.64), we have
aNE(/?V,I,k) = Op(Q%,N) = Op(1>7 aNE(B?V,Z,k) = Op(cg,N) = Op(l)‘

Besides, by the condition (2.14),

™
anE( N,S,k) =F

an _M 2 - ' o , »
7TN<X){1 %(X;Sk)}{ (X;S-) —m(X)} L(1).

Therefore,

CLNE(AN’Lk + AN,Q,k + 3]\[73’]4;)2 S ?)CLNE'(K?V’MC + 3?\[,2,k + 3?\7,3,k) == Op(1>.

Proof of Theorem 2.4. In the proof of Theorem 2.4, we work directly on the cross-fitted
version of 4. The results for a non cross-fitted 4 can be obtained analogously by repeating
the procedure using the full sample S. Here, we first obtain an RAL expansion of the offset
logistic regression estimator. Then, we establish the RAL expansion of the DRSS estimator.

For any k <K, a € (0,1], and v € RP*! let

In(yia) = =N30 > [Rﬂ_f'fv —log{1 + anp(?_(:T'Y)}} :

Define g(u) = exp(u)/{1 + exp(u)}, then g(u) = g(u){l — g(u)} and §(u) = g(u){1 -
g(u) H{1 —2g(u)}. We have

g(u+log(a)) = : j—zxgig()u) > 1?25;1&) =ag(u), YueR, aec(0,1], (2.70)

g(u) < exp(u), g(u) < g(u) <exp(u), [§(u)| < g(u) <exp(u), YueR.  (2.71)
For any u € RPT!, define

On(a) = N_j {ln(v0 + (N_pmn) ™20, 7n) — Un (o, ™)} — N2} Z R;ilog(Tn /7).

€L g
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Since v = 4 minimizes {x(v;7y), the terms {y(vo, 7y) and N7} > R;log(Tn/mn) are

€L g

both independent of -, we know that uy = (N_g7y)?(F — 7o) minimizes £y (u). Here,

™ = N_’,i Ziez,k R; is the cross-fitted estimate of m. By Taylor’s Theorem,where some

—-1/2

(41, log(7n 1)) lies between (4o, log(my)) and (o + (N_x7n) u, log(7y)),

1

In(u) = §UTAN(’71, )+ B%J(’)’l, ni)u+ Cn (71, TN ),

where
AN, 7na) = (Nogry) ™ Z iT’yl +log(7n1)) f iT
i€l

B (i fce) = ~(Voam) 2 3 { A = (R + logr)

—3(RT5, + log(Fx)) 1og<%N/7rN>}i-,

1

O Fwa) = 5 D {9(XI % +log(Fra)) — 9(XT 0 +log(mn)) } {log(Fx/mv)}.

€Ty,

Define

J (Yo, 7N) = {iiT 2T’YU + log(WN))} ;
Bz = ~(Voam) 2 3 { = (R0 + og(v)

€L,

~ 9(R Ty + loglrn)) 1og<%N/wN>}Z,
Cv = (N_pmwn) 2T 7 (o0, mv ) N2 Z {Ri — g(fiT’Yo + log(mn))
— (R + log(mx)) logm/m)}i. (2.72)

Then, ¢y is the unique minimizer of

Zy(u) = uTW]QIJ('yO, w)u/2 + Bﬁzu.
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By Lemma 2 of [HP11], for each 6 > 0,

1
Pe (= Gl 2 8) < P {8 (0) 2 5hx(6) |
where S_;, =S\ S; and

An(d) = sup |in(u) — Zy(u)|, hn(6) = inf Zy(a) — Zx(Cy).

[lu—¢nll2<6 lu—=¢nl2=6

Hence, to prove

17 =70 = (N—rmw) ™ 2¢w ]|, = (Noimrn) "2 luy — Cvllz = 0p (N7n) 2 (2.73)

it suffices to show that, for each § > 0, Ay (d) = 0,(1) and hy () > ¢(d) with some constant

c(9) > 0 independent of N. First notice that
: 1 T_—1
hy(0) = —inf  —(u—Cy) 7y T (Yo, 7v)(u = Cn)
lu=Cnll2=6 2

> L2l T (Y0, 7)) > %62Amin [BXRTyX )] .

DN | —

Now, it remains to show Ay () = 0,(1). A sufficient condition we would like to show is the

following:

sup  [u"{An (31, Tva) — 7' T (o, 7v) Ju| = 0, (1), (2.74)
lu—¢nll2<é
sup }(BN,l(’?l, 771\1,1) - BN,Q)TU-‘ = Op<1)7 (2'75)
lu—¢nll2<d
|On (Y1, )| = 0p(1). (2.76)

To prove (2.74)-(2.76), we first analyze some basic properties of Ty 1 and {y. With (2.122),

we have

TN = TN {1 +0, ((N’/TN)_I/2)} , for any 7y lies between 7wy and Ty. (2.77)
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In addition, by the fact that log(u) < 1 —w for all w > 0 and (2.77) we have

| log(7n/mn)| < |1 —Tin/mn| = O, (N7y)"H?), for any 7Ty lies between 7y and 7.

(2.78)
For any ¢ < oo and r < o0,
E{exp@| X IX5} < 1B [exp{(t + 1) X]2}]
< rlexp(t + 1)E [exp{(t + 1)||X]|2}] < oc. (2.79)

Now, to control the supremum over |[u—(y|[o < din (2.74) and (2.75), we analyse asymptotic

properties for {y defined in (2.72). We consider the following representation:

Cnv =Gn1 —Cn2, where (2.80)

Cny = (kaWN)lmjfl(’YoﬂTN)N:é Z {Ri - g(ziT'Yo + log(WN))} 21’7 (2.81)

€Ly,

v = log(Tn /mn ) (Nopmw) 2T (0, an )N, Z 9(2?’)’0 + log(WN))fi- (2.82)

€L g

Moreover, define

(N = 10g(%N/7TN)(N7k7TN)1/2«771(’Yo; N)E {Q(XT’YO + log(ﬂN»i}

= (N_pmy)? log(n /7y )er. (2.83)

In the above we used J (7, WN)E{Q(XT% - log(wN))f} = e;. Note that,

R sty — X0 mvenX )
9(X o + log(m)) 1t e e (RIP — (1 4 op(X ) 9(X o)
Hence,
177 0,7l < 7| [BX 90X X7 | = 0 (289
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Then,

Bs¢nald LanE {§(X 0 + log(mn )T (0, m) X B}
< w7 o w3 { (R0 + low(ma ) 1K)
< w7 o m) B {espl( X ool 112} & 000,
where (i) holds by the tower rule with the fact E[{R—g(fT’yo +log(mn)) }X] = g(?T% +
log(my)), (ii) holds by the fact that |Aa| < ||Al|2]|@l|; for any @ € RP*! and A € RPFDx @+,

(#ii) follows by the fact that g'(?T'yoquog(ﬂN)) < g(§T70+10g(7rN)) < 7N exp(||§||2||70\|2),

and (7v) holds holds by (2.79) and (2.84). Besides,

Es., |[{log(@/mx)} " (¢na — na)lls = mvVar { (X 3o + log(m)) 17 ™ (v0, mw) X s }
< vl {3*(X 0 + log(mw)) 17~ (0, m) X 3

(%)
< T g0, w38 {2 (X0 + 1og<mv>>||iu§}
(4t) iii)
< w7 o, ) IBE {exp(@ X alloll2) IX 3} & O(rw),

where (i) holds by the fact that |Aa| < ||Al|s]|a@||z for any @ € RP*! and A € RP+Dxp+1)
(1) follows by the fact that g(fT% +log(mn)) < mn exp(HfHQH'yng), and (i7i) holds holds

by (2.79) and (2.84). By Chebyshev’s Inequality,
wall = 0p(1),  [[{log(@n/mn)} " (Cv — Cwa)]l, = Opl(mi).
Hence, by (2.78),
1(Cv2 = ¢na)lly, = {log(Fn/mn) YO, (%) = O, (N7Y/2), (2.85)
with

I¢wall, < Nog(En /mn)|(N-—em) 217~ (0 )l B {exp(I K ol oll2) 1K [} = Op(1).
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Therefore,

ICnll2 < [Cnall + [[€n2 — Cnsllz + (IS sl = Op(1).

It follows that,

sup  [lul; < sup  [[u—Cnllz +[[Cnll2 < 0+ [[Cn]l2 = Op(1),
lu—¢nll2<0

(2.86)
lu—Cn <6
sup 1=l < sup  (Nowmw) V3(ullz = O, (N_gmrn)™?), (2.87)
lu—¢nll2<d lu—¢n(l2<d
sup  |Fll2 < sup | —Yollz + [l < M, w.pa. 1, (2.88)
lu—Cnll2<d lu—¢nll2<é

where M > 0 is a constant independent of N.

Now, we prove (2.74). For any u satisfying ||u — {n|l2 < 0,
’uT{AN(ﬁ/h %N,l) - Tr]:flj(’y(b 7TN>}u‘

< |(Nogmw) " Mlal3 ) 4 (XT3 +log(Fa)) — §(X 0+ log(m) I3

€L

[l {[(Nogmn) > g §T70+log (7)) iiT_ﬂN T (Yo, 7)
1€l

2
By Taylor’s Theorem, with some (%9, Tn2) lies between (7o, 7n) and (91, 7n 1), uniformly

on [lu—¢nfl2 <9,

N ST X T+ log@Era) X3 - NS 9(X Ty + log(m)IIXl3
i€T_y i€T_y,

@

Y (X +log(Fra)) { XT3 — ) + log(Fwa/mv) | IKll

€Ly,
(i4)
< TnaNTE Y exp( (X74) | X7 (51 — o) + log(Fna /) ‘HP_() 12
1€L_,
(4i7) ~ ~
< AN S e[ Xl M) {1 XK lal13 = volla + o /mn) [} 1Kl (2:89)
€L g
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with probability approaching 1. Here, (i) holds by Taylor’s Theorem, (iz) holds by (2.71),

(77i) holds by (2.88). Recall (2.79), by Markov’s Inequality,

NEE ST exp(I XM Xl = 0,(1). (2.90)

€Ly,

Hence,

sup  (Nem)Hullf 37 (X P50 + log(Fra)) — §(X o + log(mw) | 1K1
lu—¢nll2<é i€T_y,

(%)

< sup

lu—¢n(l2<o

@) O, ((NWN)*l/Z) = 0,(1).

my [ulFne {191 = %0ll205(1) + [og (.1 /mv)0p(1)}

(2.91)

where (i) holds by (2.89) and (2.90), (i7) holds by (2.77), (2.78), (2.86) and (2.87). Notice
that

E{3(X 50 + log(my)) X3} < mvE{exp(X )| X3}
17 (o, 70> < Tl E{exp(X 30 XX T < v {exp(X o) [ X3}

Recall that p is fixed, by Theorem 5.48 of [Ver10], with some constant C' > 0,

Es , [[N7; Z 9(2?’70 + log(ﬂN»iiiz‘T —J (Y0, 7N)

€Ly, 9

7n log{min(N,p + 1)} C?7nx log{min(N,p+ 1
SmaX[Hj(WNWC\/N slnin(Y.p + D) Cry logfuin(V.p -+ 1)}

=0 (max (N_1/27TN, N_lﬂ'N)) =0 (N_I/QWN) )

By Markov’s Inequality,

N7 ST 9(R T + log(mn)) X XT = T (v0,7x)|| = Op (N2
€L g )
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It follows that

sup  ||ull3||(N_gmn) ! Z ? Yo + log(my)) ffT 7TN J (Yo, ™)

lu—Cnll2<0 = )

= O, (Nmn) ") = 0,(1). (2.92)
Hence, by (2.91) and (2.92),

sup ‘uT{AN — 75T (Yo, WN)}H‘ =0, ((N?TN)_I/Q) = 0,(1). (2.93)

[lu—Cnll2<d
Now, we show (2.75). By Taylor’s Theorem, where some (43, 7y 3) lies between

(70, 7v) and (41, 7N 1),

/(B — By2) ul

log (ig) (N_pmy) /2 Z 9'(2?:73 + log(7n,3)) {2?(’71 Yo0) + log ( )} fT

€Ly,

II/-\

(W)

o (T2 | V- 3 explI KA IR, ~ ol
N €L _ k
T
) 1og (WL)\ 1R allulls w.p.a. 1
N

_ - T
1og(”N)\N“2 Plullva {13 = ll0,(1) + 1og(;jvl)\op<1>} wpa. 1

W O, (Nmn) %) = 0,(1), uniformly on ||lu — {xlls <6, (2.94)

lOg( Nl)’(N wN) P Z exp( Hi [2M

m
N €Ty,

D)
<

where (i) holds by Taylor’s Theorem, (i7) holds by (2.71) and (2.88), (4i7) holds by (2.90),
(iv) holds by (2.77), (2.78) (2.86) and (2.87).

As for (2.76), by Taylor’'s Theorem, with some (74, 7y 4) lies between (v, 7y) and
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(&ly%Nﬂ)a

|Cn (31, TN (2.95)
@ %I;I_: 9(2?’74 +log(7Tn4)) {fT('S’l — ) + log (%) } {log (%) }2

(i) 1 __ -
< Sna 3 en(IRda0) { 1R el -l +

€L g

TN
log (—)
TN

(@) 0, ((N?TN)_I/2) = 0,(1). (2.96)

(G o)) v

o (22 ‘ 0,11} wpa. 1

TN

(4i) 2

N {Hfh ol (1) +

1
2

where (i) holds by Taylor’s Theorem, (i7) holds by (2.71) and (2.88), (4ii) holds by (2.90),
(1v) holds by (2.77), (2.78) (2.86) and (2.87).

Combining (2.93), (2.94) and (2.96), we have
AN () = 0,(1), for any 0 > 0,
and hence (2.73) holds. Recall the definition of {3 in (2.83), we have

%N — TN
CN,3 - (kaFN)l/z—fh
TN

v = N S (= | = |

1€y,

2

= (V2 )

—~

(@)

~ 2
(waN)l/Qm—ﬂN)el

~
N5

= 0, (Nmy) ™) = 0,(1).

~
N5

2

where (i) follows from the Taylor’s Theorem with some 7y 5 lying between 7y and 7.
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Hence, with IF,(Z) = J (o, 7n){R — g(iT'yO + log(m\;))}i — (7¥'R = 1ey,

F == NI} D IF(Z)|| = (Nowmw) ™2 v = N2 Y IR, (Z)

€Ly 9 i€l g 9

= (N_pmy) Y2 || N2 2/ Z (my' R — 1)er — vz + (Cvs — Cv2)

i€l g 9

< (Nowmn) V2 INSPry S (i Ry — Der — G| + (Noirw) ™2 1€ — Civell,

i€l 9

= (N_ymy) 20, (<N7TN)_1/2 + N_1/2> =0p ((N—kWN)_1/2) :

Now, it remains to analyze the IF of the PS 75 (X) = g(?T'Ay + log(7w)). For this, define

-~

B =7 +log(Tn)er, Bo =+ log(mn)es, (2.97)

IFa(Z) = T (v0, i) {R — 9(X ™0 + log(mx))} X. (2.98)
Then,

BB N7, Z IF5(Z;) o H’AY — Yo + log(Tn/mn)er — (kaWN)il/QCNJ”Q
€Ly, 9
() |1~ - _
= |17 =7 — (Nowmw) Y2n 4+ (Non) 2 (G — G — CN)H2

(i

TN - -
< ||’7 — % — (kaWN) 1/2CNH2 + (N—kWN) 12 HCN,s - CN,QHQ

(@) op (N7n)™2) + (N_pn) 20, (N7 = o, ((N7n)1?), (2.99)

where (i) holds by (2.81), (4.13) and (2.98), (i7) holds by (2.83), (i7i) holds by (2.80) and

the triangular inequality, (iv) holds by (2.73) and (2.85). It follows that

880, 3-8~ N7 3 1Fa2)]| + (Vw7 ol

€L g 9

2o, (Nw)72) + 0y (Nmx)™12) = O, (Nmw) 772)
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where (7) holds by (2.81) and the triangular inequality, (i7) holds by (2.99) and (2.85).

Furthermore,

15 = 0ll, < (15 =0 — (Vo) /2|, + (Noamn) ™2 1wl

= 0p (Nx)™%) + O, (N7w)™12) = O, (N7iw) ™V2) = 0,(1),

and hence || —~ll, < 1 w.p.a. 1. By Taylor’s Theorem, for any x € X, where some

(46, Tn.) (depending on x) lies between (7o, 7y) and (5, 7y) and B = 5 + log(Tn6)er,

~ 9(XT 0 + log(mn))
g(XTq + log(Tn))

— (X783 {g”(?TB) - 1} {(B - ﬁO)T?}Q
= g(X"Bo) exp(—X"B) {(3 a ﬂO)T?}Q
=Ty s9(X 7 Bo) exp(— X" 7) {(5 - ﬂO)T?}Q

1

—{1-9(X"B)} (B-B)"X

2

< max(my', Ty )g(X 7 Bo) exp { [ X [2(voll2 + 17 — Yoll2) } {(B - 50)T?}

~ 2
< max(ry’, 759 (7B exp {1 la(lolla + 15— voll2)} { (B~ B0)" %}
Therefore, for any fixed » > 0, with X independent of 4 and 7y,

Lo XIB) k) 3 R

9(§Tﬁ)

r,P

< max(my', Ty')

o(X7 o) exp { X (Il + 15 = lla)} { B~ B0) X}

< maxtry, 73') |o(X" ) exp {IX ool + 1} {B- B0 X | wpa
< ma(1, w7y )18 = Boll |exp {IXla@lwlle + D} IXIE]| | wpa 1
= {14 0,(1)}O, (N7n)"") O(1) = O, (N7n) ™) = 0, (N7n)"?) . (2.100)
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Define

IF,(Z;5 ) = {1- g()_f’f@o)} XTNT S 1F(20), (2.101)

1€Ty

where Z is independent of (Z;);cz,. Then,

H {1 - 9<§Tﬁo)} (B — Bo) "X — IF,(Z: 5_4)

< [[IXe]| |8~ 80 - Z Fa(Z)|| = o, (Nmy)112) 2102
and
H{l - g(iTﬁo)} (B - ﬂO)TXHT,p <18 = Boll» — 0, (Nmx) 7).
Hence,

- g(fTﬁAo)
9(X7B) P

=0, (N7x)™"?).

For any fixed r > 0,

75 ), = 1+ 77 exp(=X0)]| < 1475 [expiX lwoll)]| |, = 0.
Additionally, by Jensen’s Inequality,
1/r _
I3 X, p = [E{my KON = B{ry (X)} = 73/, (2.103)

and hence Hﬂ';[l (X) = 75', which implies that ay < 7my. It follows that, with r,s > 0

[

satisfying 1/r +1/s =1 and 2s = 2 + ¢,

B | )~ WP < av o (0], 170) ~ 1) Bp = 0p(1). (2100

T (X)
N(X) XT3,
E (X { WX } ] <ay |7y X)) » —%% » (2.105)
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where (2.104) requires an additional assumption that ||/7(-) — p(:)||24e.p = 0p(1).
Now, we analyze é\DRSS — 0y, where we further assume that ||m(-) — pu(-)|l24epr < oc.

Applying part (b) of Theorem 2.2, we have
(Oprss — o) = Z Uu(Zi) + 0, (N7n)™2) + A,

where 1,,.(Z) = u(X) — 0y + R/7n(X){Y — p(X)} and

S D e ”N<X”}{u<xi>—m<xi>}

=1 icTy TN (Xi)
=N~ ' Z Z ﬂ_N(;(Z) {:u - (Xz)}IFﬂ'(Za S—k)
1 = R; 9(2?50) }
N- D —m(X){1- ) IF(Z:S_1) b
R ) o {1 S s
For each k£ < K,
By [T ST —2 (X)) — m(X,)} 41— Tg&?ﬂ ) _1p(2;5 )
' €Ty, v (Xi) Z z g( ZTE) o
X" 8o)
< B|{uX) — mx)} 41— 92 B —IFWZ;SkH
{n(X) ( )}{ m ( )
g(fTﬁo)

g Op ((NWN)il/Q) s

2,P

< () =m() e |1

— - — IF7r Z; S_k
9(X7B) ( )

where (i) holds by (2.100) and (2.102). By Lemma 2.5,

|7~ g;k WN?;Q) {u(X;) —m(X;)} {1 - %’Tlfé’; — 1F . (Zs; S—k)} — 0, (Nmy)"12)
and hence

N Z Wle}iii) {n(Xi) —m(Xi)} {1 - @ — 1F(Zs; Sk)} = 0, ((NWN)A/Q) .

k=1 i€} 9( i 5)
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Besides, for each k¥ < K, with r, s > 0 satisfying 1/r +1/s = 1 and 2s = 2 4 ¢, and recalling

the definition of IF,(Z;S_x) in (2.101), we have

Val”g %

AR e {u(Xo—m(X»}IFﬂ(zi;s_k)]

iEIk T‘-N(XZ)
2

| [t 010 — me) IR ) |, 37 Y sz

JEL 9

< 1Tl ()l 12(X) = m(X) 3, |

B (N_gmn) 7 1Challs

=0 ((N’/TN)_2) .

By Lemma 2.4 and recalling the definition (2.101),

T~ > WN]:”;@ {n(X3) = m(X)}IF+(Zi; S-)

1€Ty

= Ex [{i(X) = m(X)}FA(Z; S_4)] + O, (N7y) ")

= N7 Y IF(Z)) + 0, (N7w) ™) = Z IFr(Z;) + 0, (N7w) ™)
where [F+(Z) = B [{1 - my(X)Ha(X) })?T] (732 70) X {R — my(X)}. There-

fore,

Ay =K ZN D IFa(Zy) + 0p (Nmw)™%) = N7 ZIF )+ o0, (Nmy)™12).

JEL &

Proof of Lemma 2.1. For any a € (0, 1], we have the corresponding Jacobian (or Hessian)

matrices of £y (; a) and £y (7, 1) w.r.t. v € RP*! satisfy the following (analytical) inequality:

———{In(y;a)} = N~ Zgi'f 1 log(a) X X7

8’78’7

= aN~! 29(2?7)212? = aW{gNh’; D},
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since for any a € (0,1] and u € R,

__a exp(u) aexp(u)
{1+ aexp(u)}? = {1+ exp(u)}?

9(u +log(a)) = ag(u).

Let G(v;a) := {n(v;a) — al(v;1). Then,

82

W{g("/; a)} >0, VyeRH

That is, the function G(v,a) is convex in v € RP™! and hence by the basic properties of

convex functions, we have: for any v, A € RPHL,
G(v+ Aja) = G(v;a) = AT{V,G(v;a)} >0
and hence

SU(A;a;y) = n(y + Asa) — Iy(via) — AT{V lx(v;a)}

> allu(y+ A1) = In(il) - AT{V, (7 D} =a{ét(A;1;7)}.

Therefore,

0U(A;a;y) 2 anl|Alf,  VAEA
if 00(A;1;7) > k||A|)3 for all A € A. ]

Proof of Lemma 2.2. We first derive the following useful properties: define i, = £ (fT'yo),
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then by Lemma 2.8 and some calculation, for allt € R, j <p+ 1, and r > 1,

K| < E(|§T')’O|) < 0y VT < 204,
||§T70 - M"/o”d& < “iT'VOHsz + ”:LL’Yonz <0yt {]0g(2)}‘1/2’M70| < 40,

E{exp(tX 40} = exp(tyin,) Elexp{t(X v — 1) }] < exp{20 |t] + 2002},

(2.106)
IX () = BEXG)Hlw < 1K Gz + IE{K Gl < 0+ {log(2)} 2o,
S\ | T | . | 2
Jmax B{X()} < v max Blesp{ X ()]} < rlexp(200%).
Notice that ||| - |||y, is & monotone increasing function leading to || Xal[y, > | X1 ||y, if [X2] >

| X1|. Hence,

max [{R; — mn(X)} Xy < max [ Xyl < o

1<j<p+1 1<j<p+1

In addition,

max F [{R - 7TN(X>}2§2(j>i|

1<j<p+1

— max E [WN(X){1—WN(X)}>_<>2(j)] < max mvE {exp(i%))_f?(j)}

1<j<p+1 T15<pt

1/2
<7y {E{exp(Q?T'yO)} max E{?‘l(])}} < 2exp(20,, + 4002 4 100°)my.

1<j<p+1

Now, apply Theorem 3.4 of [KC18], for any ¢; > 0, with probability at least 1 — 3 exp(—t),

IV tn(oi )l = | N S (R — mu(X)I X,

€Ty,

2exp (204, + 4002 + 10027y {t1 + log(p + 1
< 7\/ Xp(20+, T Na )it 8(p )} (2.107)
log(2N){t; +1 1
| G0 og( ){Nl + log(p + )}’ (2.108)

with some constant ¢ independent of N. Define B = B(t;) to be an event that (2.108) holds,

then P(B) > 1 — 3exp(—ty).
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Now, we consider the error that originated from the first step estimation 7y. By
Taylor’s Theorem, for each i < N, there exists 7%y (depends on i) lies between 7y and 7Ty,

such that

[9(R T +log(7v) — a(X 0 + log(ra)| = T T 6RTy 4log(my )| (2:109)
N

|7T\N —7TN| T ’ |7T\N —7TN| T ~
< 2N A ? 1 < - i ; log(m
= 77{/\[ g( i Y + Og(ﬂ-N)) — I'Ilin(ﬂ'N,%N)g( iy + Og( aX{ﬂ-NawN}))v

(2.110)

since function ¢(-) is monotone increasing. Observe that, for each r > 2,

ElR —ay|" = B[]l —an|"mn(X) + | = mn| {1 — 7 (X) }]
=1 —an)my+7y(1—7n) <27y < Elr 2. 27y
By Theorem 1 of [vdGL13]|, for any ¢, > 0,

tomn 1o

Py <‘%N — 7N >2 ~ N) < 2exp(—ta).

Define event
A:A<t2) = {l/ﬂ:N_ﬂ-N| <2\/t27TN/N+t2/N}. (2111)
Then, Ps(A) > 1 — 2exp(—ts). Define

7TN,rnin = TN —2\/t27TN/N—t2/N, 7TN,max = TN +2\/t27TN/N—|—t2/N.

Suppose ty < N7y /9, then 2¢/tonn /N + to/N < Tn/9, TN min > 275 /9 > 0 and Tx max <

167 /9 < 16/9. Recall (2.110), on event A, we have for each i < N,

T — T
‘ (X0 +log(Fx)) — g(XTvo + 10g(7fzv))) < |:—N‘9(§¢T’70 + 1og (TN max) )
N,min
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and

IV ln (Y0: 7n) — Vol (Yo; ) ||,

N~ Z{g(iﬁo +log(Fw)) — (X v + log(mn )} X,

[e.9]

. N
TN T TN || -1 ZQ(P_()Z-T% + 108(m ) X

TN, min i=1 &
~ N T
I A A HE{Q@TW +10g<”N»max))§}H ’
TUN,min i=1 TN, min )

where

V= g(f?'yo + log(ﬂNmaX))?i —F {g(?T'yO + log(ﬁN’maX))f} )

For any vector v, let v(j) denotes the j-th element of the vector v. Notice that, on event A,

max
1<j<p+1

E{g(X 0 + log(rrama) X () }| < ma mxvmacE{exp(X ) X ()}

T 1<5<pt1

1/2
< TN max [E{exp(QiT'yo)} | Inax E{?z(])}}

<j<p+1

< TN max V2 exp (204, + 40050 +100?),

and hence

9(X T 70 + 10g(mma)) X))

max [[V(j)ly. < max

1<j<p+1 1<j<p+1 2
E {g(X 50 + 10g(mmax)) X ()}
+ nax (1B 9(X 0 +log(mvma)) X () p |
< Ve 2 2
< Jax 21(‘7)’ 2 + TN max V2 exp(20., + 4007, + 1007)

16
<o+ %ﬁ exp(20+, + 4002, + 1052).
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Additionally,

max B(V?) < max B { (X +log(myma) X2(7)}

1<j<p+1 1<j<p+1

< 2 { T 2 }
S TN max  AX exp(2X 7o) X2 ()

1<j<p+1

1/2
< TN max {E{exp 42 Yo0)} max E{ 24 }

< 7T]2\f,max2 exp(4o., + 160050 + 1002),

N
g

i=1

t1+logp+1 co/1og(2N) {t1+logp+1)}
S 7CS7TN,maX

N

[e.e]

(2.112)
where cs = V2 exp(20,, + 8002, + 502), cg = cg{o + 16wy exp(20,, + 4002, + 1002)/9}. By

Theorem 3.4 of [KC18], P(C) > 1 — 3exp(—t;). It follows that, on events A and C,

IVAen(v0; Tn) — Voln(vo; 7n) || o

NZV

=1 o)

_ 2/l /N + /N {76 _ \/tl +log(p+1)  coy/log(2N) {t1 + log(p + 1)}}
= 8/l N,max

=T R+ tos(m ) X |

TN, min

|7TN—7TN|

TN, min

N

TN, min

+ 2\/t27TN/N+t2/N

TN, min

WN,maX\@ exp(20,, + 40030 +100?).

Recall that, when t, < N7y /9,

24/t N+t /N 7 2 16
27TN/ 2/ < ) TN,min -~ ~TN, TNmax < TN-
TN, min 2 ’ 9 ’ 9
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Hence, when ty < N7y /9, on events A, B and C,

[VAln (Y0 T ) |l oo < VA En (Y05 ™) [l oo + IV v (Y03 T ) — Viliv (Y03 7)) [l o

- 7\/2 exp(20,, + 4002, + 100?)wn{t1 + log(p + 1)} N ceo/log(2N){t; +log(p+ 1)}

N N
2\/tann /N 4ty /N \/tl +log(p+1)  con/log(2N){t; + log(p + 1)}
+ 7087TN max +
TN, min ' N N
24/t N +1ty/N
+ 27N [N + ta/ WN,maxﬁexp(Za,\m + 4003/0 +100?)
TN, min

< Ci(my + W%z)\/{tl + 10]gv(p + 1)} 1 (Cy + Cymy) Y 10g(2N){t1N+ log(p+ 1)}

t27TN tg

where Ps(ANBNC) >1—6exp(—t;) — 2exp(—tq),

9
C1 = 62exp(20,, + 80050 + 50?), Cy = 5C60; (2.113)

56
Cs = 5 exp(20, + 4002, +100%),  Cy=16V2exp(204, + 4002, +100%).  (2.114)

Proof of Theorem 2.5. Here, we establish a non-asymptotic property of the offset logistic
regression estimator based on the full sample S. The result follows from the Lemmas 2.1
and 2.2, where we obtained the RSC property and controlled the gradient ||V, ¢n(Yo; 7w )|/ co»
respectively. After that, we validate the conditions required in Theorem 2.2 for the proposed
offset logistic PS estimator.

For any t € R, set t; =ty = tlog(p+ 1). By Lemma 2.2, on events A, B and C, with
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Ps(ANBNC)>1—-8(p+1)7*

||V76N(’Yo; TN) ||OO

<(t+1) {OI(WN + 7T1/2) % + (Cy + Csmy) 10g(2N3\}0g(p ) }

1 +1 1 +1
+ C4t1/2ﬂ.]1\[/2 Og(]])\] ) _|_ C4t Og(p )

N
| 1 v/1og(2N)1 +1
<(t+1) {(Cl + Cy) (v + 7T1/2) —Og(l?v—‘_ ) + (Co + Cy + Csmy) ol ]>Vog<p ) }
S (t + 1)MN7
where

log(p + V108 (2N) log(p+ 1)
My =2(Cy + Co)my? Og(fv D (0 + Oy 4 ) V08C ng

Hence, for any Ay > 2(1 + ¢)My with constant ¢ > 0,
2|\ Vyln(vo; )l o < A, on events A, B and C.
Define event
= {60(A; 7N y) > 7na||All3, VA €Cs(5;3) and 6 <1} . (2.115)

By Lemma 2.1, P(D) > 1 — ay. Let 6 = 2AysY?(Fyx)~!. Then, the RSC condition
holds for £ (-;7y) with parameter Ty r over Csx (S;3). By Theorem 1 of [NRWY10], when

Av > 2| Valn (Yo )| o 2AnsY2(Fvk) ™t < 1 and on event D,
15 — Yoll2 < 0 < 2Ans'2(7nr) "

Recall (2.111), for any ¢ > 0, on event A = A(t),

- t1 1 tl 1 2
7TNZ7TN—2\/ og(p]\%[— )™ — og(]]\)[%— ) > §7TN7

2/\N81/2(5T\Nm) < —A\y I/QWN/{ <1,

O
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when ¢ < Nry{log(p +1)}7'/9 and Ay < 9xmys~ /2. Hence, if N7y > 9clog(p + 1),
= 1 1/2_—1,.-1
17 = oll2 < 5/\1\18 Ty Kk, onevents A B, C and D,

where Ps(ANBNCND)>1-8(p+1)°—ay.
Now, consider the asymptotic performance that as N — oo, log(p) log(N) = O(N7y)

and slog(p) = o(N7y). Then,

IOg p
Ilence, with some )\N = {N 171N1()g<p)}1/2,

~ slog(p
15 = oll2 = Oy %ﬁv) = 0,(1). (2.116)

Now we analyze the consistency rate of the PS estimator 7y(-). For any r > 0,

-5

~—1

< 7w () = v Ollgrp 175 ll2r,p-
r,P

Let ug = X T~ + log(my) and A, = X775 + log(Fy) — {X vy + log(ny)}. By mean value
theorem, and notice that ¢'(u) = g(u){1 — g(u)}, for some v’ € (0,1),
l9(uo + Ay) = g(uo)| = ¢ (uo + v'A)[Au| < gluo +v'Ay)|A,]
< max{g(uo), g(uo + Au) HAu| < {g(uo) + g(uo + Au) HAL

since the function g(-) > 0 is monotone increasing. Besides, notice that, on A and &£ :=

{117 = 7oll2 < 1},

| log(7n) — log(my)| <

’;T\N—WN’ < 2\/t27TN/N+t2/N < 21 t2
\/ N7TN’

min(7Ty, Tn) 27 /9 =2

7 exp(— X Typ)

ug) = < myexp(—X7T )
g(uo) 1—|—7rNexp(—?T7o) < 7y exp( Yo)
TN exp(— 2T'A)’) = TZ 16 ~
A,) = < -X < — ~X7
9(uo + Au) 1+ 7y exp(— iT%’) < v exp Vs 9" ! 7
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when ty < N7y /9. Hence, on ANE,

[7n () =78 ()l p

exp(—=XT) + = exp(~X75) L XT3 = 70)] +
{ (§T7)+96 fT }{fT 21 tz}

< -
= TN 2 N7TN

2r,P

+ %6 Hexp(—iT’)’o) eXp{_iT(:}\l B 70>}“ST,P:|

21 to
+ -
4r,P 2V Ny

< [ %0,
: {H§T(’7 —Y)

~ to
<cllf - ,
<c{if -l + 7|

8r,P H

with some constant C' > 0. Here, P(A) > 1 — exp(—t2) and recall (2.116). Hence,

n () = il = Oy [ 1 2 ). 21

Additionally, observe that

175 Ollarp = 11+ 7yt exp(~XF) arp < 1+ 73t exp(=X7F) [arp

< 1+ 75 exp(—XT0)|lan.pl| €xp(=0)lar.p-

By (2.106), || eXp(—?T’Yo)”@"p = 0(1). By (2.122), 7' = 75" {1 + 0,(1)}. By Lemma part
(b) of 2.8,

[EU)| < E(JU]) < ov/x[|7 = oll2.

Hence, by triangular inequality and part (a) of 2.8,

1U = E@) gz < IUlly, + [E@) ]|y, < {1+ V/7/log(2)}ollF —ll2 < 4ol7 = 7oll2-

By part (c) of Lemma 2.8,

|exp{—=U + E(U)}|anp = (Eexp[—4r{U — E(U)})"“") < exp (1287027 — 012 -
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Hence,
| exp(=U)llar,p = [ exp{=U + E(U)}|l4.p exp{—E(U)}
< exp (128r0? — 702) exp(ov/Al7 — 0ll2) = 1+ 0,(1).

It follows that
175 ()llarp <1+ 7 {1+ 0,(1)} - O1) - {1+ 0,(1)} = Op(my'). (2.118)

Therefore, by (2.117) and (2.118),

()

Hl )

Besides, recall (2.103) and notice that

~ o slog(p)
<|7NCG) = 7N (Wlonp 178 Oll2rp = Oy N
r,P TN

I3 ()l < 1+ 7t exp(= X 30)[p < 1+ iyt exp(20s, +2005,7) = O(my).

Therefore,

()

b ()

1—

e {1 - %}] < ax 73 X, P = (zlviff))

If further assume ||m(-) — m(-)||24c,p = 0p(1), then

E [WN(];{> {m(X) — m(X)}2] < an |73 |y oo p 170) = m()[E 1 = 0(1).

Proof of Lemma 2.3. The proof of Lemma 2.3 is based on the proof of Proposition 2 in
INRWY10]. Here, we only provide the details that are different from their proof and we will
use our notations in the folloing proof. As a reminder, N denotes the number of samples,

f € RP*! is the covariate containing the intercept term and vy € RP*! is the coefficient
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of the balanced logistic model (the dimension p in their proof will be replaced by p + 1
everywhere because of the usage of the intercept term).

The proof consists of 3 main steps: 1) show that (71) of [NRWY10] holds under our
assumptions and the parameter K3 we choose, 2) prove a slightly different version of (72)
in [NRWY10], 3) conclude the RSC property result.

Step 1. For the inequality (71), similarly as in their proof, we have E{(fTA)Q} >
k1| Al|3 = k; for any ||All; = 1. Hence, it suffices to show their inequality (73). Instead
of assuming f to be a zero-mean jointly sub-Gaussian random vector (which is not ture
since we have the intercept term here), we only assume a (2 + ¢)-th moment condition that
SUD|jy <1 H?TVH2+C’p < M < oo and a c-th moment condition that HiT%HQp < e < 00,

with our choice on the constant K35. We have

sup P(IXTA|>7/2) < (1/2)72¢ sup E|XTAP™ < M?(r/2)"2¢,

[A[2<1 [vl2<1

P(X 0| 2 T) < EIX 7T~ = ucT~.
Hence, by Holder’s Inequality, for any [|A|lx < 1,

02 2
E{RT A g0 b < IXT AR o PIR 0] > 7))o < MPpEF T,

E{(XTA 1igran,} < IXTAR. o {PIXTA| > 7/2)} 55 < M*(r/2)

It follows that, for 72 =72 = K3 > 1,

B{(XTAY 900} < B{(XT A Ligry o} + E{ (XA igrarz.

22 = _ 2
S MQIU,CQHT_ﬂ 4 M2+c<7_/2)7c S (M2Mg+c + M2+c2c)K3 4+2c'
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Hence, (73) of [NRWY10] holds when we set

2

a42e
K3 = max [1, {2/1[1(]\42/13“ + M2+626)} ] :

Step 2. We will demonstrate a slightly different version of (72) in [NRWY10] that

K log(p + 1) Nk} 0.
PsZ(t) > 4 66500 | 2L L < oxp - — o log(p+1) 5. (2.119)
{ 4 N 64K2

Set 2*(t) = ky/4 + 2K30/log(p + 1)/Nt and let
Fo=A£f0) - f(0) = ga(w) = E{ga(X)}, A2 = 1, [[Ally = #}.

Since 0 < ga(u) < K3 for all u, we have |f(X;)| < K3 for all f € F. By Lemma 2.10, we

have a slightly different version of their (76):

Bs[Z(t) > E{Z(t)} + 2*(t)] < exp {—N{%(?}Q} < exp {—éi—;é — o*t* log(p + 1)} :

(2.120)
Now, we need to obtain an upper bound for Es|N~' SV e;u;o only using the marginal

sub-Gaussianity of X. Firstly, since |g;u;(j)| < |X;(7)|, by part (a) of Lemma 2.8,

sup Jew(llw < sup X o < o
1<j<p+1 1<j<p+1

Notice that E(su) = 0 since ¢ is independent with u and E(e) = 0, by part (e) of Lemma

2.8, forany 1 <7 <p+1,

HN‘IZa;ui(j) <40/VN.

P2

By part of Lemma 2.8,

(@
N
=1

< 4{log(p + 1) + 220 /VF < 8{log(p + 1)} Po/VE.
2

o
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for any p > 1. Hence, by part (b) of Lemma 2.8,

N
1 1
NS c| < sy [,
=1

Combining the upper bound with (78) of [NRWY10], we have a slightly different version of

Es

their inequality (77):

Es{Z(t)} < 64Kst\/70 %.

and recall (2.120), hence (2.119) follows. Notice that the statements in Step 2 are all inde-
pendent of the choice of K3, so our choice on the constant K3 does not affect the validity of
the resutlts.

Step 3. By inequality (71) of [NRWY10] and our (2.119), we conclude that: for any

t>0,

~ K lo +1
Bx{ga(X)} < 5 66K,0y /08P D)

P
. 4 N

t, A € RP with Al = ¢, [|Al» = 1]

N 2
< exp {_64;(% — o*t?log(p + 1)}

Let S(1,t) = {A € RP™ . ||All; < 1,||A|l1/||Al]z = t}. By their inequality (66) and the

technique in (69),

Ps

K log(p + 1
SU(A; 1) < Ly(K3'%) {Zﬂmug — 66K30 %HAW} , 3A € S(l,t)]

Nk?
< exp {_64KE§ — o?*t?log(p + 1)} ,

where for a logistic model, Ld,(K;/z) = §(2K3"%) > 0.
By a peeling argument as in [RWY10], (2.36) holds. If further assume that slog(p) =

o(N). For any A € C(S,3),

1Al = [[As] + |Ascls < 4| As]ly < 4Vs]| Asllz < 4/s[|Al2.
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and hence (2.37) holds. ]

Proof of Theorem 2.6. We establish the asymptotic properties of the stratified PS estimator
and the DRSS estimator based on the stratified PS estimator.
Let 7y = E(R), then m x + mon € (7n/(1 — C),7n/C) and 7(X) € (Cmy/(1 —

C),(1-C)ry/C) forall X € X. Let Ny = > d; and Ny = ) (1—46;). Similarly as in

€L _y

(2122), fOl"j c {O, 1}, Njil = Op(N_l), %j(ka)_Wj,N = Op(\/ﬂ']v/N) and 1—7Tj7N/7ATj(S,k) =

€L g

Op(1/v/Nwy). Hence, 7; ' (S_y) = ;11\7{1+Op<1/\/N7TN)}. It follows that there exists ¢ > 0
such that

Ps_ (7;(S_y) > emy) — 1, for j € {0,1}.
Hence, with probability approaching 1,
TN (X5 Sog) = T1(S—p)Ps (X5 S—k) + To(S—x){1 — Ps(X;S-1)}
> emnps(X;Sok) + enn{l — ps(X;S_p)} = cmy.
Observe that
TN (X;Sk) = mn(X) = {71 (S-k) — To(S—k) Hps(X; 5-k) — ps(X)}
+{m(S—k) = mn s (X) + {To(S—k) — mon H1 — ps(X)}.

Hence,

N (5Sg) — ()

=0, (Tpa,N + (NWN)_I/Q) )

() 2.Px
%N(';S—k) - 7TN(') -1/2
= N .
%N('; S—k) 2,Px Op (Tpé’N i ( WN) )

Following the case (b) in Theorem 2.2 that my(-) = en(+) being correctly specified,

N
~ 1 -~ Cu,N Ce,N
Oorss — 00 = = > Uue(Zi) + Ax + Oy | A=+ ===+ |
DRSS 0 Nizlwu’( ) N p(\/NCLN VNay i .N)
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where 19,,0(Z) = p(X) — o + R/mn(X)[Y — u(X)], Ay = S5, Any and

3N,k =Nt lEZZk WN?;(i) {1 - %} {n(X3) = m(Xi)}

With a slight abuse of notation, let Z = (4, R, X), Z; = (0;, R;, X;) and Sy = {Z; : i € I }.

Then,

1 1 . v (X —m 2
SNTE N (X) {1 (X S—k)} e ) ]
< 22 Ny %N('%;S;Ek)si:m ) = ) ey

and by Lemma 2.4,
gN,k: = ESk (ANJC) + Op ((NWN)_1/2Tp5,N + (NWN)_l) .

In addition,

VBT B Br) = B | s {1 - 22550 00 - moxy]

X\ ANX:S )
=2 |{1- 5y 1) -0
- p [PEE - 0) oy

AN So) — (X)) AN(XSog) — v (X) -m
E { N (X) TN (X;S_g) ) (X>}1

. %\N(X; S_k) — 7TN(X) —m
- | PEZE I %) - mx))]
‘o, (

an(S_k) — 7 (v)
= F |:/77\'N(X§S_k) —n(X) {u(X) — m(x)}} + 0, (IB5() = po() |2 + (N7) ™).

an(5S_k) — ()
7N (5 S—)

) = m(~)\|oo>

2,Px 2,Px

TN (+)
mn(X)
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Let Tn(5S_k) = T1(S_k)ps(-) + To(S_x){1 — ps(-)}. Then,

E

VMXS)Bm@%Mm_mmﬂ

NXS —7TN )

(4X) - m(x)}]
[mXS —MXS)

(u(X) - m(X)}}

N(XSkz —7TN )

[w
-

{n(X) - m(X)}} + O (rps Nll1() = m () ll2px)

~ ul5-0) - b | 200 - m(0)

+ (Ra(5-0) — ) B |2 ) - m(0} | + 0, ).

Let ps(S_x) = NZ; Yier  0i and ps = E[ps(X)]. Then, similarly as (2.122), Py H(S_y) =

py {1+ 0,(1/v/N)}. Hence,

~ 5R
Wl(S—k — T,N = _k Z —7T1N

1€L_y

N Y o, Y
ez, Do ez, P9
-1 sz o 1/2
=N Y TN+ Op( )
i, Do
Similarly,
O(S —WON—N Z 1 - 0N+Op< 1/2 )
i€L_ b5
k
Let
IF.(Z)=< — —7 FE X) —m(X
@ = {2 - mx} £ | 2 ) - mx))
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Then,

By =) Bui= (KRN0 Y2 D7 1F(Z) + O, (I55(0) = P 3 + (V) ™)

=N IF(Z) + O (rpsn + (Nmy) ™+ N7V2).
By part (b) of Theorem 2.2,

N
. 1 ) )
Oprss — 0o = N Z: U(Z;) + O, (rpsn + (Nmn) ™t + N712)

+Op (run(Naw) T2 4 {1 v + (Noy) T2 {(New) T2 v })

1 — — —

where V(Z) := ¢,(Z) +1F,(Z) and E{¥(Z)} = 0 with

R

mn(X)

1F,(2) = { 2~ m | £ | P Gu0) - m(X)}]

U Thaly pre

If further r,, v = 0,((N7y)~V/2),

¢u<z) =

{Y = p(X)} + u(X) = bo,

X) - (X))

Oprss — 0o = Z U(Z;) + o, (N7y)~?).
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Proof of Theorem 2.7. Here we provide asymptotic results of the DRSS estimator based on
a MCAR PS.

Under MCAR, neither 7y (X) = my nor n(X;S_x) = 7y (S_x) depend on X, and
we recall that 7y = P(R = 1). For each k < K, Tn(S_;) = N_} > ier , i, where N_j =

N — N/K. Notice that

Es

—k

{M} ] = my’ NE(R —mn)’ = Nojmy! (1= my) = O (Nmy) ™).

TN

By Lemma 2.4,

%N<S—k> — TN

o =0, (N7y)""?). (2.121)

By the fact that

Additionally, notice that

Bo, |15 Y0 Zn(X) — m(X0)} | = E{u(X) - m(X)},
o, |50 ()~ m(X)} | = [T 7 E [(u(X) — m(X)}] = O (V) ).

Let A, = E{u(X) —m(X)}. By Lemma 2.4,

T Y (X0 — m(X0)} = 8, = O, (V) ). (2.123)

1€Ty
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Using the definition of A ~ from Theorem 2.2 and adapting it to the MCAR setting,

Ax lemff;g){ ;(g) ux) - mix,))

=1

K ~
ISDPEE

k=1

Recall (2.122) and (2.123), since K < oo is a fixed number, we have

|z~ Z %{N’(Xz) - m(Xz)}] :

1€Ty

%N(S—k) — TN

-~ =0, ((Nmy)~Y?),

?SIE WN(S—k) P (( WN) )
_ R; _

sup [[Zel Y —{u(X;) —m(Xi)} = A, = O, (N7y) 7).

k<K 1€y, ™

Hence,

2 G
%\N S_k)— 1 Rz
< su sup ||Z; — X)H—A
0 . ksg!ﬂ ezzk N{M( ) —m(Xi)} — Ay

=1 ™~
= R, —m
W g1 SN YA+ O, (Naw) ™)
k=1 ez, TN
K R, —m R, —m
=K'y N} (Z RN N) A, + 0, (N7y)™)
k=1 -1 N ier, N
N R, —m
= {NZ = (KN_) '} Y ——FA,+ 0, (Nay) ™)

N
W -1 S IR (Z:) + O, (Nmy) ™),
where IF,(Z) = (75" R — 1)A,. Here, (i) holds by definition that 7y (S_;) = N_} >ier., B

and (i7) follows by the fact that N~} — (KN_;)"! = K/{(K-1)N}-1/{(K-1)N} = N7, =
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Proof of Theorem 2.8. Since my(X) > ¢y, we have

ay = 1/E{r"(X)} > ¢ 'y,

Additionally, by Jensen’s inequality, ay < my. Hence, ay < 7wy. For each k < K, define the

following event
E k ={mn(x;S_) < 2Cmy, Vx € X}
Then, under conditions ey(X) < Cmy for all x € X, (2.42), and r. y = o(1), we have

TN (%55-k) — en(X)

TN

Ps () >P (Sup ‘ > 0) —1-0(1). (2.124)

Recall that e =Y — Rmy(X) — (1 — R)my(X). We have E(¢|R,X) = 0. Observe that
K ~ ~ —~ —~
=N Z% )+ D A+ Aas+ Ags+ A+ Alys ),
1

k=

where

1-R

Yo(Z) = po(X) — 6o + 1——N(X){Y fo(X) }
- %{mo(){) — 110(X)} +mo(X) — 6° + 18(_16—;(];2),
AlNl k= —N~ Z {1—17r—]\;1(%X1) 1} {mo(Xi;S—k) — po(Xi)}

/ R; 1—-R;
AN2lc_]v Z{I—WNX“S v 1—6N(X)}{Y mo(X;)},

1€Ty

/ R; 1-R;
AN3lc =—-N" Z{l—ﬂN(XZ,S k) 1—6N(X)}{mO(X“S ) MO(X2>}7

€Ty

/ - R; 1— R;
AN‘““ =N" Z { 1— WN(X,,S k) T 1_ eN(Xi) } {m0<Xi) - NO(Xi>}7

1€Ty

, R, 1- R
Rysp= N~ ;{1—m<x, e X500 - (X0}
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We first obtain the rates for the terms N1 S 4(Z,), 3?\/,1,@ and 3%,“ for each k < K.

Observe the following properties for the first moments:

(X) = mn(X)
1-— GN(X)

= Hen () #mn(), u() 7 m()}0p(7n),

E{vy(2)} = E | <X {mo(X) — no(X)}

ESk(AEV,Lk) = ESI@(AEV,Q,IC) =0.

For the second moments, we have

Var(un(2)} = Var {2 ) -0 T

0y [{e0K) = RHMOO =000 ) ] 4 var { 2L

1 —en(X) 1 —en(X)

{en(X) — RY{mo(X) — jo(X)} > =R |
< ‘ I en(X) Fmo) =l T e,
]t s IR LCSRL A s I
6 o ( Hen(X) = v ()P + ({1 — 7 (X)}{mo(X) — (X))
-k < (= en(X))2 )

) e(1-R) |7
+ 2 [[mo(X) — bolly p + T en(X)|l,

(i)
< 2[(1 = Crn) {(2Cmn)? + Crw} + 1] [mo(X) = Ooll5 p + (1 = Ca) 2 lelf3

= 0(1).

where (7) holds by the fact that E(¢|R,X) = 0, (i) holds by the tower rule with E(R|X) =

mn(X), and (i77) follows by the assumption that 7y (x), en(x) < Cmy for all x € X. Besides,

{%} {0(X;S_y) — MO(X)}2]

TN (X)
1-— WN(X)

Es (A%, ) = N2|T,|E

= N2|T,|E { {mo(X;S_¢) — uo(X)}ﬂ

(@)

< N7H(1L = Cmy) " Oyl (5S-r) — to( )3 py = Op(N ™' n 0 3)-
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where (i) holds by the fact that 7y (x) < Cmy for all x € X'. On the event £_j, with (2.124),

we have

Es (AR ,,) = N 2T |E

1-R 1—-R 2 )

{1 = n(X)HAN (XS ) — €N(X)}2€2]
{1 = en(X)3*{1 =N (X;54)}?

TN (%;S-k) — en(x)

= N 2|T4|E {

(@)
< N7'1—207x) (1 — eny)m3 sup

2
w <l = O,(N w2 ).
X

where (i) holds by the fact that ey < 7mn(x),en(x) < Cry and Ty (x;S_;) < 2C7y for
all x € X on & . Here, if we fix (or conditional on) S_j, on the event € j, the inequality
7N (x;S_k) < 2C7y holds almost surely, w.r.t. the probability measure P; if S_y is treated as
random, recall (2.124), the inequality holds w.p.a. 1, w.r.t. the joint probability measre of
P and Ps_,. As a result, we have Es, (ﬁ’ﬁ,“) = Op(N~'73r2 ) w.r.t. the joint probability

measure of P and Fs_,. By Lemma 2.4,

N

NS 0(Za) = Len () £ 7). pl() £ m()}0y(mx) + Op(N712),

=1

N _ —1/2,1/2
AN,l,k = Op(N TN TuoN);

Alyag = Op(NT7yre v).

Now we consider the terms Ay sy, Anak, and Ay s, On the event £_j, we have

1-R 1—-R
1—7anv(X;S_p)  1—en(X)
{1 = mn(X)}HAN (XS 1) — en(X)

{1 =7n(X;S_p) {1 —en(X)}
%N(X; S_k> — GN(X)

TN

—~ (1)
B, | Bwss] £ NTL|E {

ro(X; ) — MO(X)|}

W N |E {

0 (X: S ) — HO(X)|}

(Zi) 1—cmy
—————— Ty Su
- (1 — 2077']\[)2 N xeg‘

17720(+S—) = #10(-)ll2.Px

= Op (WNre,NTu70,N)7

197



where (i) holds by the triangular inequality, (ii) follows by the tower rule with the fact
that F(R|X) = mny(X), and (i27) holds by the fact that cry < 7y (%), en(x) < Cmy and

Tn(x;S_k) < 2C7y for all x € X on € . Similarly, on the event &y,

1-R 1-R
1—7n(X;S_y) 1—an(X)
{1 — an(X)H7N (X 5-k) — 7 (X)) 3
BB 2B ) o

Es, |Anax| < NI E {

= N‘1|Ik|E{

(%) 1-— CTTN
7Ty Su
=1 —20my 2 Vik

= 1{mo(-) # 10(")}Op(TNTe N),

where (7) holds by the assumption that cry < mn(x),en(x) < Cry and Ty (x;S_x) < 2C7N

for all x € X on £ . Additionally, we also have
1-R 1-R
1—7TN(X;S_k> 1—7TN<X)

!WNE)S)Q;(‘Q}JSX)‘ |70 (X;S_x) — MO(X)|}

Es,|Ansul < NYL|E {‘

‘mo(X; S—k) - NO(X)‘}

= N‘1|Ik|E{
< (1= Cmy) " sup |mn(x) — en(x)] [|720(+ S—i) — pto(-)l]2.px

xeX

= 1en (") # () }O0p(mNTp0N),

since my(x), en(x) < Cmy for all x € X by assumption. By Lemma 2.4,

Ay = Op(TnTe N7y n),
Alyar = L{mo() # mo(-)}Op(maren),

Ay s = Len(:) £ mn ()30, (taruon).-
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Therefore,
N
é\IODRSS —¢°=N"" Z Vo(Z;) + Op(N_l/QWle/zTu,O,N + N7V 0yre v 4 TINTeNT 0N )
i=1

+ I{mo(-) # po()}Op(mnre n) + L{en () # 7N () }Op(TNT10.N)-

Corollary 2.1 is a direct consequence of Theorems 2.2 and 2.8.
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Chapter 3

High-dimensional inference for

dynamic treatment effects

3.1 Introduction

The complexity of a certain disease or economic policy is often reflected by the di-
versity and the size of the personal characteristics of each individual or economy at hand,
consequently inducing strong heterogeneity in the observations. On the other hand, access
to randomized control trials, especially over time, has become overly restrictive, often due to
various costs or ethical concerns. Access to time-varying observational studies has, however,
exploded recently. Data-driven decisions span daily life or almost every individual: from con-
tinuous measurements of individuals’ health on mobile devices and medical decisions made
as a result of that to the monitoring of individuals’ online presence or daily measuring of
the economic and social policies introduced to better the public health of each individual.

Studying the true treatment or policy effect has therefore become that much more compli-
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cated. This chapter brings to the literature a way to construct confidence intervals about
dynamic treatment effects in the presence of high-dimensional observations.

Given a sequence of binary treatment assignments or policy interventions, A;, Ag, ...,
and an outcome of interest, Y € R, a collection of possibly high-dimensional, sequential (pre-
treatment) covariates S, So, ... is also observed. We seek to estimate how these covariates
regulate and modify the effect of the multiple time-varying treatments on the outcome of
interest. Covariates, collected over multiple exposure times, are not required to have the same
variables observed at each exposure: S; € R4, S, € R% ... Potential or counterfactual
outcomes, Y (ay,as,...), denote participant’s outcome had he or she followed a specific
treatment (sequence), ay, ag, ..., which is possibly different from the treatment he or she was
observed with. For a given treatment path of interest a = (ay, as, ... ) and its corresponding
control a' = (al, dj,...), we are interested in understanding E[Y (a) — Y (a')].

Average treatment effects (ATE) in the presence of multiple exposure times have been
a longstanding problem of interest. Difficulties with studying treatment effects over time are
numerous. Previous treatments may affect the distribution of future confounders, mediators,
and treatment choices. In these settings, more traditional approaches, such as generalized
estimating equations or random effects models, are not guaranteed to lead to a consistent
estimation. Here, adjustment for confounders may have no causal interpretation, even if all
confounders are measured, and the regression is correctly specified; see, e.g., [DCDS*13].
Mimicking sequential [?] and sequential multiple randomized control trials (SMART, e.g.,
see [CM14]) became the gold standard; see, e.g., [HSHD16]. [CRL*10] exemplified the need
for inverse probability weighting (IPW) even if treatment probabilities are constants; the

effects of the past treatment probabilities needed to be accounted for. Structural nested
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mean (SNM) models and marginal structural mean (MSM) models have been developed to
handle these particular challenges, see, e.g., [Rob97] and [MvdLRGO1] among others. G-
computation [Rob86] has been used for the estimation and a vast literature has contributed
to this topic; see, e.g., [HBRO1,JYF10,vdLPJ05, VGO03|.

In this chapter, we focus on MSM models with continuous outcomes, binary treat-
ments, and continuous covariates. Binary covariates are also possible, albeit their presence
would indicate that one or more of the models are misspecified; see, e.g., the discussion in
Section 4 of [BRR19]. We work under the sequential ignorability assumption and formal-
ize the problem of a root-NN confidence interval construction for identifying the presence of
ATE for multi-stage observational experiments with time-varying treatment assignments and
high-dimensional covariates. Here, due to the high-dimensional nature of the problem, unbi-
ased estimation of the effects of the confounders at the root-/N rate is not possible. Despite
that, we are able to achieve a root-N consistent and asymptotically normal estimation of the
average treatment effect where we would allow for Lasso shrinkage effects but do not assume
standard asymptotics, i.e., the number of samples, N is much smaller than the number of
the confounders (at any given time or in total).

We achieve this result by establishing a new, dynamic rate double robustness (RDR)
suitable for dynamic treatment effects. RDR weakens reliance on stringent sparsity assump-
tions by offering an opportunity to avoid committing to two extremely sparse modeling
assumptions — assumptions restricting the sparsity to be at a root-N level. This is, for a
single treatment, reflected in a “product-rate” condition that is sufficient condition for guar-
anteeing asymptotic normality with high-dimensional confounding; see, e.g., Theorem 3.1

of [CCD"18] or Theorem 1 of [SRR19]. For a setting with two exposure times, we iden-

202



tify two product rate conditions, each ensuring the RDR property of a single time period.
This, in turn, results in three product rate conditions for the sparsity parameter of our high-
dimensional models. The first two products correspond to the products of the sparsity of the
outcome and its matching propensity at the same exposure time, whereas the third product
considers the cross product between the exposures: sparsity of the propensity at the first
exposure and sparsity of the outcome at the second exposure. More generally, if ¢t denotes
the exposure time and s,; and s,; denote the sparsity of the outcome and propensity model
at the exposure time ¢, our product rate conditions are s,;s,; = o(N/log*(d)) and for every
1<k<t-—1, Z;:k S0.i5pk = 0(N/log?(d)).

The dynamic treatment effect estimation with MSM models has also been studied
recently in [BHL20]. They proposed a general RDR estimator, which requires three product
rate conditions for the nuisance estimators. In contrast, we identify that only two of those
are sufficient. Moreover, they did not provide any valid nuisance estimators, nor did they
verify when their required consistency conditions hold. In fact, the estimation of one of the
nuisance models, the outcome at the first exposure, is a non-trivial problem; see Remark
3.1. The theoretical advancements in this work hinder upon developing new estimation error
bounds of independent interest for a Lasso estimator with imputed outcomes. We allow the
imputation error to be dependent on the covariates and to be dependent across individuals.
Some results on imputed Lasso have appeared previously [SFSL18,ZZS19]; however, with
more restrictive settings and vastly different conditions. These results apply broadly across
many different problems; see Section Theorem 3.1. Additionally, [L.S20] provided estimators
for the counterfactual mean (3.1) by relying on SNM models and g-estimation. However,

the authors require the blip functions to be correctly specified at all times. Even when the
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blip functions are linear, the authors therein obtain valid inference only in low dimensions.
In contrast, Theorem 3.2 provides inference guarantees with high-dimensional confounders;
Theorems 3.3 and 3.5 provide consistency as long as one, and not necessarily both, of the

nuisance models is correctly specified at each time spot.

3.1.1 Related work

Our work fits into a growing literature on static average treatment effect estimation
and inference, including but not limited to [CCD* 18, Tan20a,BWZ19,SRR19,DV20,DAV20].
Dynamic treatments should not be confused with static ones. The most common method of
handling confounders of treatment effect is to adjust for them or by including all the variables
in a regression model. In single-time treatment studies, such an adjustment may have causal
interpretation in the absence of unmeasured confounding. In multiple time treatment studies
(dynamic settings), the treatment changes over time, possibly in response to a change in the
observed confounders. Here, regression adjustment will no longer have causal interpretation
even if all confounders are observed, and the regression model is correctly specified. In
addition, if one adjusts for the covariates by including them in traditional one-time models,
even causal ones, the resulting estimate of the causal effect of treatment will not include the
component of the causal effect mediated by the dynamic changes.

MSMs of [Rob97] emerged as a powerful tool in addressing the above concerns. The-
oretical advancements of MSMs with low-dimensional confounders culminated in a seminal
work of [TS12]. However, in the presence of high-dimensional covariates, inferential double

robust questions are yet to be studied to the best of our knowledge. Some approaches towards
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covariate balancing in MSMs have been discussed in [ZW20, VB21,RS19]. However, the ap-
proach strongly depends on the validity of the sequential mean models that we specifically
relax in this work. We should also mention the IPW approaches of [BS19, BRS21].

A closely related literature is that of optimal treatment allocation and methods based
on Q, A, or R -learning, including [Mur03, Rob04, ORR10, ZTD"12, CZW21]. These ap-
proaches are helpful when dealing with dynamic treatments, however, the authors’ primary
concern is not confidence interval construction or efficient estimation of the treatment effect
itself. Confidence intervals on the selected treatment rule have also been considered; see,
e.g., [CMS10,LLQ*"14]. A form of a doubly robust property has been studied in the context
of A-learning; see, e.g., [SFSL18]. The contrast function’s estimator is consistent as long as
either the baseline mean or the propensity score function is correctly specified. However, to
consistently estimate the first-stage contrast, the second-stage contrast needs to be correctly
specified — such a condition is not required in our work.

Lastly, our work has a connection to the ever-expanding work on high-dimensional
inference; see, e.g., [27214,VAGBRD14,BCK15,RWG19,ZB18]. Although they bare similarity
in treating sparsity and regularization, the authors estimate a very different parameter of
interest — a coefficient in the regression model. To that end, they utilize distinct approaches

to resolve the bias issue induced by the regularization and nominal shrinkage effects.

3.1.2 Notation

For any a > 0, let 1,(+) denote the function given by 1, (z) := exp(a?) — 1, Vz > 0.

Then, the 1),-Orlicz norm || - ||, of a random variable X is defined as ||.X||y, = inf{c >
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0 : E[Ya(|X]|/c)] < 1}. Two special cases of finite 1,—Orlicz norm are given by s(x) =
exp(z?) — 1 and ¢ (z) = exp(x) — 1, which correspond to sub-Gaussian and sub-exponential
random variables, respectively. The notation ay < by denotes ay = o(by), and ay > by
denotes by < any as N — oo. The notation ax =< by denotes cby < ay < Cby for all N >1

and with some constants ¢, C' > 0. The notation X[j] denotes the j-th element of vector X.

3.2 Causal effects in the interactive model

3.2.1 Model setting

Suppose that we have access to N i.i.d. observations {W;}¥, = (Y, Ay, Ass, S1i, Sai) Y,
following a distribution P. Let W = (Y, Ay, A2,S1,Sy) be an independent copy of W;; if
{W;}¥, are training data, then W is a single, new test data. Let S; € R¥ denote the co-
variates of the subject at the exposure time ¢, and A; € {0, 1} denote the binary treatment
taken at time ¢t. At any time ¢, we assume that any treatment-specific variable can only be
affected by the past treatments or past covariates; and not the future. This is sometimes
called temporal ordering. Due to notational complications, we exemplify our ideas and re-
sults for two-stage trials, with observables (S, A;,Ss, Ay, Y'), although the same theory and
methods developed herein apply more broadly to multiple-stage trials.

A dynamic treatment assignment, denoted with a = (aq,as), a1,as € {0,1} is a
sequence of treatment rules applied to each treatment exposure time. We use the potential
outcome framework to define the causal effect. Y(aj,as) denotes the potential outcome

we would have obtained if the individual was exposed to the treatment sequence (ay,as).
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Throughout this work, we assume a “no interference” setting.

Our parameter of interest § = E[Y (a)] — E[Y (a)]], with a # o’ and
0, = EIY (a)], (3.1)

resulting in # = 6, — 6,, is characterized by two population means and would have been
identified had we observed both the outcome under treatment a as well as the one under
treatment a’. In order to identify causal effects above, we make the standard assumptions
of sequential ignorability, consistency, and overlap; see, e.g., [IR15a, LM05, Mur03, Rob00a,

Rob87].
Assumption 3.1. (i) (Sequential Ignorability) Y (a1,a2) 1L Ay | Sy and Y(ay,as) 1L Ay |
S1,Sy, Ay = ay. (ii) (Consistency of potential outcomes) Y =Y (A1, As). (iii) (Overlap) Let
co € (0,1) be a positive constant, such that
Plco <7(S1) <1—cy) =1, Plco < pa(S1,82) <1—¢y) =1,
where the treatment assignments (propensity scores) are defined as
7(s1) := P[A; = a1|S1 = s4], (3.2)
Pa(S1,82) := P[Ay = as|S1 = 81,82 = 89, A1 = a4]. (3.3)
Assumption 3.1 (i) is also known as “exchangeability” or “sequential randomization”
or “no unmeasured confounding”. It states that the observed treatment at time ¢ is inde-
pendent of the potential outcomes given all the data observed prior to the exposure time t.

Assumptions are standard and sufficient to identify the parameter of interest based on the

observed data. Under Assumption 3.1 (i) and (ii), we have

IL{Al=a1 AQZGQ}Y:|
0,=F : .
L(Sl)l)a(sh Sa)
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3.2.2 Doubly Robust Estimator

We estimate 0, = E[Y (a)], (3.1), by utilizing a doubly robust score v,(-; -) defined as

YalWima) = 1a(S1) + 7a(S1) (a(S182) = pa(S1) ) +u(S1.82) (Y = a(S1.82)),  (3.4)

as seen in, e.g., INBW21, TYWK™"19, vdLG11, ORR10, MvdLRGO1]. With a slight abuse
of notation, we denote with 1,(-) := (ta(+),va(+), 7(+), pa(+)) the true nuisance parameters.

Additionally, 7,(s1) and w,(s1,s2) denote the population inverse probability weights, where

Ta(81) = Lpar=ay™ ' (81),  walS1,82) = Liar—ay, deman} ™ (S1)p5 (S1,82). (3.5)
Double robust representation 6, = E[,(W;n,)] hinders upon two outcome models,
Va(Sl, SQ) = E[Y|Sl = 81, SQ = 89, Al = aq, Ag = CLQ], (36)

,ua<S1) = E[Va(sl, Sg)|Sl = 81, Al = al]. (37)

Here, v,(s1, s2) represents the conditional mean outcome model at the second exposure time,
and p,(s1) is a nested conditional mean outcome model at the first exposure time. It follows
from Theorem 3.2 of [Rob97] that, under the Sequential Ignorability and Consistency of the
potential outcomes ( see Assumption 3.1) the above nested outcome models can be identified

as
VG«(SDS?) = E[Y(ala a2>|Sl = 81, SQ = S27A1 = al]a ,ua(sl) = E[Y(alya2)|sl - Sl]'

The idea of nested models is not new; see, e.g., [BRR19] for a review. With 6, = E[,(W;n,.)],

we estimate 6, as

N
0, Z fa(S1i) + T (S1:) (Va(S1i, S2i) — 1a(S1:)) + @a(S1iy Sai) (Vi — Ua(S14, S2:))]
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Algorithm 1 Dynamic ATE

Require: Observations {Y;, Sy;, A1i, S, Aoi }Y,.

Require: Treatment path a = (ay,as) and a control path o’ = (af, a)).

1: For any fixed integer K > 2, split the indices I = {1,2,..., N} into K equal-sized parts

{I})* | randomly, such that the size of each fold I is n := N/K. Define I_j, := I\Ij.

2: for ¢ € {a,d'} do

3:

10:

11:

12:

13:

14:

for ke {1,--- ,K} do

Let Z be a subset of indices of I_; with the same treatment path as ¢ = (¢, ¢2).

Let Z; be a subset of indices of I_; with the same treatment path as ¢; only;

Construct v, using Z samples. > Outcome for time two
Construct fi. using Z; samples. > Qutcome for time one
Construct p. using Z; samples. > Propensity for time two
Construct 7 using /_; samples. > Propensity for time one

~ NN A ~ ~_1 ~ ~_1~—1
Let e := (Tte, Ve, T Pe)s Te = Lay=ay @, and @e = Lya,—a;, ap=as} T Py -

For v.(W;n.), (3.4), construct a cross-fitted estimator 0 as 0P =

o ien, Ye(Wis ).
end for
b= Y5, 0 /K.
end for

return The dynamic treatment effect estimator 0 = é\a — éa,.

where V,(+), 1a(+), Ta(+), Wa(-) are estimators of v,(+), pa(+), 7a(), wa(-) as defined in (3.6),

(3.7), and (3.5), respectively.

The above equation avoids complicated notations needed for a cross-fitting procedure

209



we propose; see Algorithm 1 for more details. The above estimator is an innate generalization
of the augmented inverse propensity score estimator of [RRZ94] for the static case. In this

chapter, we study its properties in the presence of high-dimensional confounders.

3.3 Dynamic Treatment Lasso (DTL)

To simplify the exposition, we begin by listing some shorthand notations used through-
out the following sections of the chapter. We define the dimension of all of the observed
covariates at the second exposure time with d, i.e., d := d; + do. We let U := (1,ST,SI)T
denote (d + 1)-dimensional observed covariates collecting both time one and time two. We
denote with V := (1,ST)T (d; + 1)-dimensional observed covariates of the first exposure
time. In the following it is important to follow the individuals with pre-specified treatment
plan. For that purpose we introduce the following shorthand notation: 57;1 = Y14, 40)=a};
fja := Ul{(4,,45)=a) denote the outcome and the covariates of those individuals which have
taken the treatment path a, i.e., whose (A4;, Ay) = a. Additionally, we use Y := Y1ia,=a}s
U, = Ul{a,=a1}, V, = Vi4,—q,} to denote the outcome and the covariates at time two
and time one, respectively, of those individuals which have taken the treatment aq, i.e.,

whose A1 = a; , regardless of which treatment they have received in the second time period.

Where possible, we suppress the sub-index a.

3.3.1 Outcome Models

Below we discuss estimation of the two outcome models v,, (3.6), and p,, (3.7), and

we proceed sequentially; estimation at the latter exposure time, v,, is discussed first and
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later used for the estimation at the earlier exposure, .
A linear working model is used to estimate v,, (3.6), i.e., E[Y[S1,S2, A1 = a1, Ay =

as]. The best linear working model, or the best linear approximation, is denoted with

vy(s1,82) = uT0427 (3.8)

where, for any s; € R%, s, € R®, u = (1,s?,s])T. To motivate the proposed working

model, we define

o =arg min B[V - ﬁTaf _ [E[fjﬁT]]lE[ﬁ?]. (3.9)

acRd+1

The corresponding population residual, (,, can be defined as

(=Y —UTa*. (3.10)

It should be noted that, under the misspecified setting, there is no independence assumption
between U and ¢,, and E((,|U) # 0 is allowed.

Similarly, a linear working model is used to estimate the nested mean p,, (3.7). First,
we observe that y,(S;) = E[UTa}|S;] and henceforth denote the best linear model for y,

as

pa(s1) =v' By, (3.11)
where for any s; € R4, v = (1,s7)?. To motivate the proposed working model, we define

B: =arg min E[UTal — VIE)? = [E[VV]]'E[VUT |} (3.12)

BeRAH!

as the best population slope for E[UTa|V]. Note that the definition of 3} only depends

on ap, and is independent of ay. To simplify the notation, we use 3; instead of 3; . See
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Remark 3.1 below on the reasons why we cannot use Y and V directly to estimate ji,. The

corresponding population residual €, can be defined as
go = Ul — VI3 (3.13)

Lastly, under model misspecification, we consider the case of E[e,|V] # 0.

Identification As nested models may be difficult to interpret, we provide a set of examples
and discussions illustrating their correctness and identification. More has been said about

this throughout the literature; see, e.g., [BRR19].

Remark 3.1 (Estimation of u,). To estimate the nuisance function p,(S1) = E[Y (a)|S1],
the most natural method would be to regress Y(a) on Sy for those observed Y (a) whose

(A1, A2) = a. However, under the Sequential Ignorability of Assumption 3.1,
E[Y(Al,AQHSl,Al = al,Az = &2] = E[Y(a)|Sl,A1 = al,Ag = ag] 7A E[Y(a)\Sl],
since in general, Y (a) AL As|S;.

Remark 3.2 (Model Misspecification). We illustrate when will the two working outcome
models, v:(-) and pi(+), be correctly specified. If model v:(-) is misspecified, then the model
wi(+) is also very likely to be misspecified, but there are no guarantees either way. A few
comments are in order as the relationship between the two mested models is often masked.

The following four cases are of potential interest.

(i) If we assume that the true outcome model, v,(-) is linear in that

l/a(Sl, Sg) = E[Y(a)|Sl, Sz, Al = ag, A2 = CLQ] = UTaa (314)
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holds for some vector a, € R then it follows that i = av, and hence vi(-) = v,(+),

i.e., Vi(+) is correctly specified.

(ii) Otherwise, if we assume that (only) the true outcome model, u,(-), is linear in that
/,La(sl) = E[Y(a)|81, A1 = al] == VT,Ba (315)

holds for some vector B, € RU+L then it is possible that the working model is still not

linear, i.e., () # pa(-) making pk(-) potentially misspecified.

(i1i) Now, if the true outcome model (3.15) holds and in addition o, (3.9), is equal to &,

with &, defined as

& :=arg min E [(Y(a) - UTa)’|4; = a1] = [E[GGT]rl E[UY (a)],

@ acRd+!

then, we have B = B, and pi(-) = pa(+), i.e., pi(-) is correctly specified.

(iv) Lastly, if both of the true outcome models are linear, i.e., (3.14) and (3.15) hold simul-
taneously, then, both v:(-) and ui(-) are correctly specified. Case (iv) is equivalent to
requiring E (ST o, 2]S1) to be linear in Sy; here, g = (a1, ta2)? where a,y € ROT!
and a,n € R%. This, in turn, occurs for any closed class of spherical distributions,
ncluding normal and Student-t distributions, or any linear time-series models of co-

variate dependence.

Some discussions are provided below. We can see that the correctness of the model
wi(+) also depends on af, the slope parameter of vi(-). A true linear outcome model i,(-)
does not guarantee a correctly specified pt(+); however, if the true outcome model v,(-) is also

linear, then () is correctly specified. Moreover, a linear v,(-) and p,(-) are sufficient for a
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correctly specified v:(-), but they are not required. Case (iii) provides an illustration where a
correctly specified (i(+) does not require a correctly specified v:(-). This occurs, for example,
whenever o = a.

For an illustration, consider a = (1,1) and Sy, Sy, Z ~4 Unif(—1,1) with a nonlinear

outcome model v,(+), Y(1,1) = S1 + S + Z. Let the treatment assignments satisfy

7(s1) = [s1]|, and pa(s1,s2) = exp(s1 + s2)/{1 + exp(s1 + s2)},

for all s1,s9 € R. Then, o = & and therefore guaranteeing correctness of the linear
working model p*(-). Here, w*(-) and v}(-) are misspecified, pi(-) and u’(-) are correctly

specified.

Justifications Below are the justifications of the cases (i)-(iv) in Remark 3.2.

(i) Under Assumption 1 and by the law of iterated expectations, we have

o = [BIOT] " BOT] = [BIOT]] B [1uams sy UY (0]

— [B[OUT]|  E[UE[Y(a)|U, A, = a1, Ay = as] P[A1 = a1, As = as|U]]

— |E[UUT]

1-1
| E [UUTaaE [1{A1=a1,A2=a2}|UH
~1

= E[INJINJT] E[UU"a, = a,.

It follows that
va(S) = Ula, = Ulal = v/(S).
Therefore, if the model (3.14) holds, the model for v*(S) is correctly specified.

(ii) It suffices to prove a counterexample. We refer to example M10 in the Simulation

Experiments; see Section 6.2.
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*
a’

(iii) If we assume that &} = a, under Assumption 1 and by the law of iterated expecta-

tions, we have
= [E[VVT]| ' E[VUT|[E[UUT)| 'E[UY (a)] = [E[VVT]|'E[VY(a)] (3.16)

= [E[VVT]|'E[VE[Y(a)|V, 4 = a1] E [L{A,2a,}|V]]
= [E[VVT}]ilE [H{Alzal}vaﬁa} = Ba-

In (3.16), we used the fact that U = (VT,SI)T ie.,

V = QU where Q = (Id1+1 0(d1+1)><d2> , (3.17)

and hence V = QU, which implies that

E[VU'][E[UU']] " E[UY (a)] = QE[UU|[E[UU"]] "' E[UY (a)]

= QE[UY (a)] = E[VY (a)].

(iv) Based on the results in (i), we have @’ = a,. Under Assumption 1 and (3.14), we
have

Va(S> =F [Y(a)|S, Al = ay, A2 = CLQ] = UTaa.

Hence, we also have
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Therefore,

* o=k
o, = a, = .

Together with the results in (iii), we conclude that p(-) is correctly specified.

Estimation Estimation of the linear working models in the presence of high-dimensional
covariates can be achieved with many regularizations. Throughout this work, we focus on
Lasso regularization, albeit the theoretical developments apply more broadly. Recall the
notation of I_;, introduced in the Dynamic ATE Algorithm 1.

The estimation is performed sequentially backward in time. We first obtain an esti-
mator of (3.9) and, with it, an estimator of v* and v,, (3.6). We do so by regressing ¥ onto
U while utilizing a sparsity regularizing penalty, Lasso. That is, the Lasso estimator &, is
defined as

~ ~ 2 -
(V- Ula) +Xalladl ¢ (3.18)

iel_y,

~ . 1
Q, = arg a]gﬁ(gt{-l&-l m

where Xa = Aq, > 0 is some tuning parameter. In the above, we are considering a Lasso
regularized regression among the individuals with the treatment plan a. For example, for 6 =
E[Y (a)] — E]Y (d')], we are interested in a = (1,1) or ' = (0,0) only. Let the corresponding
estimators be named a; and @, respectively.

The second step is to regress UT@, onto V, in order to obtain an estimator of p
and, with it, j,, (3.7). Recall that U = Ul4,—,,} and that now we have to consider
a € {(1,0),(1,1)} corresponding to &; and similarly a € {(0,0), (0,1)} corresponding to &.

In other words, we need to consider individuals following the treatment paths of {(1,0), (1,1)}

when estimating 3; and individuals following the treatment paths {(0,0),(0,1)} when esti-
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mating BO. Notice that each of these estimators are an imputed, high-dimensional estimators,
as the correct outcome for the problem should be Ul . In other words, we define a Lasso

estimator 3, as

. 1 U 2 _
B, :=arg min — <U,'T0ﬁa - V?ﬂ) +As8l1 (3.19)
s | ] 2,
—awg min Y (Ula, - vIB) sl
,@ERd1+1 |]—k:| 1 a 1 ﬁ 9

i€l_y,A1,=a1,A2,€{0,1}
where 5\5 = j\ga > () is a tuning parameter. For convience of expression, we use B\l to denote
B\a for a = (1,1) and similarly Bo for a = (0,0). See Figure 3.1 for a representation.

Now, based on the estimated parameters, &, and Ba, we propose corresponding nui-

sance function estimators as

U.(S1,8,) = Ula,, (3.20)

7i(S1) = VT 3,. (3.21)

Since the above is done for each individual in the sample, notice that we are, in turn,
therefore, estimating the counterfactual outcomes for all those individuals not following the

treatment path a.

3.3.2 Propensity Models

The estimation of the propensity models is also characterized by their working model
class. We consider logistic regression model as a working model for both the propensity score
at time one, m(S1) as well as the one at time two, p,(S1,S2). Naturally, the logistic regression

model is a particular case of generalized linear model, based on the binary response variable
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/&1:1 CL1:1,CL2:0
|
\‘&120 ap =0,a0 =1
Bo

Figure 3.1: Treatment path utilization for the estimation of the nuisances. Each observation
belongs to one of the four treatment paths depending on the treatment assignment in the
first and the second exposure time. Gray boxes denote which treatment paths and, therefore,
which samples are utilized to estimate the corresponding parameter.

A; and the link function ¢(u) = log(l + exp(u)). The population minimizer of the loss

function for the logistic model (3.2) is defined as

~* :=arg min E[—AlVT'y + log(1+ eXp(VT'y))] : (3.22)

’76Rd1+1
We define 7*(s1) as

exp(v7y*)
1+ exp(vT~*)’

T (s1) = (3.23)

where for any s; € R4, v = (1,sT)T. Here, 7*(s;) is a proxy of n(s;), (3.2). We use the

sample I_j to construct the estimator 7(S;) as

exp(V'5)

(81) = = 3.24
7(S1) 1+ exp(VTA) ( )
where 4 is defined as
1
§i=arg min & —— > [~ A VT +log(1 + exp(VI)) | +A L (325
7o min ¢ 30 [~AVEy st ep(VI) el 329
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Algorithm 2 Dynamic Treatment Lasso (DTL)
Require: Observations {Y;, Sy;, A, Soi, Aoi }¥,. Treatment path a = (1,1), @’ = (0,0).

1: For any fixed integer K > 2, split the indices I = {1,2,..., N} into K equal-sized parts
{I})* | randomly such that the size of each fold I} is n := N/K. Define I_j, := I\I}.
2: for k=1,2,..., K do

3: while in I_; do

4: for c € {a,d’} do
5: Set 7.(S1,S2) = UTa, with &, as in (3.18), using samples from the “small

boxes” of Figure 3.1. Set 1i.(S1) = VTB\C with BC as in (3.19), using samples from the

“large boxes” of Figure 3.1.

6: Construct estimators of m(S;) and p.(S1,S2), using (3.25) and (3.29).
7: end for
8: end while

9: Compute %) ag

« 1 ~ ~ Ay ~ 1— Ay ~
(k) — — T — 3, Li Ta —vVT W ygrta.,-vV7T3,
9 n Z |:Vz (/Ba /6a ) + ;ﬁ(sh) (Uz 8% Vz 1611) 1 . %(Slz) (Uz (8% Vz IBG )
i€},
Ay Ay T~ (1 - Au)(l - AZi) T~
+ = — Y, - U, a,) — — — Y, -U ay)|.
W(Sli)/)a(sli, S2i)( ) (1 - W(Su))(l - pa/(Slia SZi))( )

10: end for

return The final estimator is obtained as

1 K
0=—Y 0" (3.26)
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with some tuning parameter A\, > 0. Observe that, for this estimator, we utilize all of the
observations at hand, regardless of its treatment path.
The population minimizer of the loss function for the logistic model (3.3) is defined

as

6% :=arg min E[—A,U"§ + log(1 + exp(UT4))). (3.27)

SR+
With it, we define p (s, s2) as

exp(u’5})

1 + exp(u”éd;)’ (3.28)

Py(s1,82) =

where, for any s; € R4, s, € R u = (1,s7,s)?T. We use the sample I_, to construct the

estimator ga as follows

~

L : 1 T =T 3
d, := arg 52%1(31 m Z;k [—A%Ui d + log(1 + exp(U; 5))] +Asl|0]1 7, (3.29)

where A\s = \g, > 0 is some tuning parameter. In contrast to 4, we are now utilizing only
observations whose treatment path matches a; regardless of what is ao; in Figure 3.1, it
corresponds to the samples of B\a. Then, the propensity score at the second time point can

be naturally defined as

exp(UT3,)
1+ exp(UTga) '

Pa(S1,S2) = (3.30)

3.3.3 Doubly Robust Lasso Estimator

From the previous subsection, we know the expressions for the estimators 7,(S1, S2),
1a(S1), 7™(S1), and p,(S1,Ss) are (3.20), (3.21), (3.24), and (3.30) respectively. The corre-

sponding estimators o, Ba, v, and ga are constructed based on the sample I_, for each
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k =1,2,..., K. The final estimator is obtained as an average over [, samples. Here, we
only focus on the treatment paths a = (1,1) and o’ = (0,0). Let 1 := (14, 7). For binary

treatments, = E[Y (1,1) — Y (0,0)] = E[¢(W;n)] and the score is defined as

YW5n) = V(Wi na) — Yar (W5 1), (3.31)

where we recall the definitions of 1, and 1,(-;-) from (3.4). Details are presented in the

Dynamic Treatment Lasso (DTL) Algorithm 2.

3.4 Theoretical characteristics of DTL

Before we discuss our main theoretical findings, we introduce a sequence of assump-
tions necessary for our analysis. These are related to the distribution of covariates U as well

as errors ( and ¢ defined below.

Assumption 3.2. Let U be a sub-Gaussian vector that || Ul|y, < o,||x|s for any vector

x € R with some constant o, > 0. In addition, let the smallest eigenvalue of the matriz
E[UUT] satisfies Amin(E[UUT1{a,20,3]) > ki for each a; € {0,1}, with some constant

Kk; > 0.

Assumption 3.2 is standard and general in the literature. We note that it also contains

an upper bound on the largest eigenvalue of E[UUT], as

Amax (E[UUT]) = ”Irﬁax E[(z"U)% < ”HiaX 202||z||3 = 202 < 0.
x|l2=1 xl|2=1

Recall the definition of the true score function, ¢,(W;n,) from (3.4). Recall the

*

definition of the estimands collected as n}(-) := (ui(+), vi(+), 7*(+), pi(+)), where the working

' a
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models are defined in (3.8), (3.11), (3.23) and (3.28), respectively. Let n* := (n¥,n*). With

that in mind, we define the “working” score as
PWin®) = va(Wsing) — da(Winz),
where similar to (3.31),
Ca(W3) = wi(S1) + 72 (81) (V2(S1, 82) — 13(81)) +(S1,82) (¥ = vi(S1,8)).

In the above, we have used inverse weights 77(s1) = Lya,—a {7} '(s1), wi(s1,s2) =

1{A11017A2:a2}{pz}_1(517 52)’ Let
o = Ep(W;n*) — 0] (3.32)

By Lemma 3.8, we know 6 = E[)(W;n*)] when at least one of 1/ (S;) and 7*(S;) is correctly
specified, and at least one of v*(S) and p(S) is correctly specified. Then, 0% := E[¢)(W;n*)—

6]* = Var[y)(W;n*)] denotes the variance of the “working score”.

Assumption 3.3. Define ( := (, + (v and € := €, + €4, where (, and €, are defined in
(3.10) and (3.13), respectively. There exist some positive o < 0o and 0. < 00, such that ¢

and e are sub-Gaussian, with ||C||y, < oo¢ and ||g||y, < o0-..

Assumption 3.3 is fairly general even among the high-dimensional literature. As the
number of samples N tends to infinity, N — oo, we allow the 15-norm bound of ¢ and ¢ to
diverge or to shrink to zero. Consider treatment paths a = (1,1) and o’ = (0,0). When all
the nuisance models are correctly specified, under the overlap condition in Assumption 3.1,
we have

o? < E[C*] + E[*] + E[¢%] > max{E[¢%], E[¢*]}.
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where & := p1(S1) — po(S1) — 6. Hence, a sufficient condition for Assumption 3.3, while
Assumption 3.1 holds, is ||¢/v/E[C%]|ly, < o¢ and ||e/\/E[e?]||y, < 0w, i.e., the “normalized”
residuals have constant ||- ||, norms. Note that, we allow o = oy to be dependent on N with
assuming o¢ and o, to be constants independent of N; 0 — 0 and ¢ — oo are both allowed
as N — oo. Besides, the variances F|[(?], F[e?], and Var[U” (8 — 3:)] < ||B: — B3, E[£%],
are all allowed to dependent on NV and they are NOT necessarily of the same order; see more

discussions in Remark 3.6.

3.4.1 Convergence rates of the nuisance parameters

The major difficulty in obtaining error of estimation regarding the outcome model
estimates arises from the non-i.i.d. structure of the imputed outcomes used in the construc-
tion of Ba. Here, we provide a general theory which establishes error bounds for the imputed
least-squares Lasso estimators: estimators of the form (3.33), where Y; can be seen as an

approximation of some Y; or its conditional mean E(Y;|X;).

Imputed Lasso estimator Suppose S := (Y;*,X;)M, are i.i.d. observations and let
(Y*,X) be an independent copy of S, with Y* € R and X € R% Suppose there exists,
possibly random, }A/; eR(i=1,...,M). With a little abuse in notation, the true population

slope as if all of the outcomes Y* have been observed, is defined as
B = argmingp B [V —X78]".
Then, its estimator is

M
B = argmingcga {Ml Z[ﬁ - X781+ )\MHﬁHl} ; (3.33)

i=1
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for A\p; > 0. Note that for some, and possibly all observations, outcomes Y* are imputed,
i.e., estimated using Y;. The following result delineates property of such imputed-Lasso, B\

estimator.

Theorem 3.1. Let ¢; := Y — X] 3* with s = ||8*||o. Suppose that ||a”X]|y, < ox||all2 for
a € R M\ (E[XXT]) > Ax, and ||e||y, < o with some constants ox, Ax > 0 and a positive

o = oy > 0 potentially dependent on M. For some 6y > 0, define
M

£ = {M SOV - P <52}

=1

For any t > 0, let Ay := 1600x(\/log(d)/M + t). Then, on the event &, when M >

max{log(d), 100x2slog(d)}, we have

~ 5kgd? _
18- 3l < o (S22 4 50 oA ).
18 — B*[l1 < max (207,103, 40k7 'sAn) ,
M
Z IXT(8 — BY))* < max (1662;,32k7 's)2,) ,

AM 2
142t+/2¢

with probability at least 1 — 2exp(— ) — crexp(—ceM), wher ki, kg, c1,c0 > 0 are
some constants independent of M and d. Moreover, if 6y = o(0), P(€1) =1 — o(1), and

M > slog(d), then, with some A\y; < o %, as M — oo,

~ log(d ~ log(d M
uﬁ—mm:04053§)+mo,Ha_mmzoxwwf%l+ohmugag)

- log(d
ZXTﬁ )] (5?W+0253\g4( )).

A few comments are essential. The above result contributes to the literature in three

specific aspects: 1) The “imputation error”, ?Z — Y*, is dependent on and even possibly
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correlated with covariates X;; 2) We allow EA/Z-, Vi e {1,..., M}, to be fitted using the same
set of observations (X, Y;)M,, i.e., EA/Z-S are also possibly dependent on each other; 3) The
tuning parameter \j; is of the same order as the one chosen for the fully observed data and
is independent of any sparsity parameter. As a result, Theorem 3.1 leads to better rates of
estimation. [ZZS19] require rate of o(n/log(p)) on the product of sparsities at the time of
exposures. Our results rely on the sum instead; see Corrolary 3.2 below.

The result requires developing new techniques: the standard Lasso inequality followed

by the cone-set reduction are not valid in this instance. In fact, the error vector, 3 — 3*,

no longer belongs to the accustomed cone set, C(S,4) := {A € R? : ||Age

1 < 4f|Agl}-
We identify a new cone set, C(S,4,1) = {A € R : [|Age|ly < 160,10%, [|As]: < 4X;}6%,),
and show that the error vector belongs to the union of the above two sets. As shown in
Theorem 3.1, the rate of ||B — B*||2 consists of two components: 1) the standard (non-
imputed) estimation rate o/slog(d)/M; 2) the imputation error dy,. When there is no

imputation, i.e., d; = 0, our results reaches the standard consistency rate in the high-

dimensional statistics literature, e.g., [BRT09, NRWY12, Wail9).

Nuisance estimation Based on Theorem 3.1, we provide theoretical properties of our
nuisance parameters in the following Corollaries. As is typical in high-dimensional models,
our analysis will rely on certain sparsity assumptions of the underlying models. In fact, only
the approximate models will be considered. To that end, we let So, = {j : a’[j] # 0}
and Sg, = {Jj : Bi[j] # 0} be the sets of nonzero coordinates of a, (3.9) and 3, (3.12),
respectively. Let sq, = |Sa,| and sg, = |Sg,| denote the numbers of nonzero coordinates of

o and B;. Let S, = {j : v*[j] # 0} be the set of nonzero coordinates of v*, (3.22) and let

225



Sy = |S,| denote the number of nonzero coordinates of v*. Similarly, S5, = {j : 0}[j] # 0}
be the set of nonzero coordinates of 67, (3.27), and s5, = |95, be the number of nonzero
coordinates of 4. Throughout this section we denote with M the size of the set Iy, i.e.,

= |1 = &= I)N with K denoting the number of folds used in Algorithm 1.

Corollary 3.1. Let Assumptions 3.1, 3.2, and 3.3 hold. For anyt > 0, let Xa = 3200,0¢(t+
%). Let M > max{log(d + 1), 100s384, log(d + 1)}. Then, &, (3.18), satisfies
o — agllz < 8'“511)‘ VSae: [0 —aglli < 40"{171;{045%7
1L ~
D U (@ — o)) < 3267 Alsa, (3.34)

with probability at least 1 — 2 exp(— 1+42]t\f\2/§> —cyexp(—ceM) and constants c1, ca, K1, kg > 0.

Therefore, if N > sq, log(d), then with some Ao = 0y/ 28D s N 5 0,

N
~~ * Saa log(d) ~ * lOg(d)
& — el = O, ( T) 8- el =0, (a D) e
o log(d
BIR(S1,82) - (81,8l = 0, (27D ). (3.36)

In the above, the left-hand side of (3.36) is denoting expectation with respect to the
distribution of the new observation’s covariates Si,S,. The results in Corollary 3.1 can be
seen as a special (degenerate) case of Theorem 3.1. The asymptotic results in (3.35) coincide
with the high-dimensional linear regression literature, e.g., [NRWY12] and [Wail9].

Now we discuss the results for the estimation of 3. The estimator ,@a proposed in
(3.19) is constructed based on @, and hence we need to first control the estimation error of
A,. Note that, &, and 8, in (3.18) and (3.19) are actually obtained based on overlapping

but different sample groups. For &,, we only utilize the samples satisfying A;; = a; and
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Ao, = ao; as for ,@a, we are using the samples such that A;; = a; and there is no constraint
on Ay;. As a result, the in-sample error (3.34) is not enough for our analysis. Instead, we
require an upper bound for a “partially in-sample” error. We show the prerequisite results

in the following lemma.

Lemma 3.1. Let Assumptions of Corollary 3.1 hold. In addition, let M > max{log(d +

1), (c3 + 100£3) Sa, log(d + 1)}, with some constant cz > 0. Then,
M
Z U7 (@, — a)]? < 2880457 2 A2 5a,,

with probability at least 1 — Qexp(—léjyﬁ/ﬂ) — cpexp(—coM) — 2exp(—cyM) and constants

C1,Co,cq > 0.

Now, based on Theorem 3.1 and Lemma 3.1, we are ready to obtain the estimation

and prediction quality of the estimator Ba.

Corollary 3.2. Let Assumptions 3.1-3.8 hold. Define Ba as in (3.19). For any t > 0,
let Ao = 3200,0.( % +t) and g == 3200,0.(y/ M +t). Suppose that M >
max{log(d + 1), (cs + 100x3)sq, log(d + 1), 100x3ss, log(dy + 1)}. Let 63, = 2880,k] 2N2.5q, -

Then,

~ 5kod? _ -
H/Ba - /B;HQ S max (8 M + 4/ﬁ)1 1/25M78/€I1)\,3V Sﬁa) )
00,0¢

1B, = Bills < max (2045153, 4087 Nss,)

M
Z ] < max (165]2\/1, 32Ky 1)‘55,3 )

with probability at least 1 —4 exp(— 1+42ﬁtx2/§) —2cy exp(—coM) —2exp(—cy M) and some con-

stants ci, ¢, C3, Cq, K1, kg > 0. Moreover, assume N > max{Sq, log(d), sg, log(d1)}. Then,
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with some g < o/ eld) ) and As Log 1 as N — oo,

1B, — Bl = O <a\/ Sa, 108(d) o log(d1) )
a a - p

s2, log*(d) 53, log(dy)
Nlog(d) ' ° N ’

M
S VB~ BP =0, (02 ve 108(0) 55, loglch) )
=1

1B = Bilh = O

a

and it follows that Elfi,(S1) — ui(S1))> = O, (02 e log(d)}sﬁa log(dl)) :

Note that the left-hand side of the very last equation is considering an expectation

with respect to a distribution of a new, test data, i.e., its covariate Sy, only.

Remark 3.3 (Model misspecifications). In the estimation of p,(-), we allow two types of
model misspecifications: v:(-) # vq(-) and/ or pi(-) # pa(-). When the model is misspecified,
in that p,() is non-linear, the estimator [i,(-) converges to some pi(-) # pa(-). Here, the
target function pi(-) can be seen as an “optimal” linear function approximating p.(-) and
the target parameter B3; can be seen as an “optimal” linear slope in the population level. The
nuisance function, v,(-), is also allowed to be misspecified, although the estimation of p4(+)
does depend on the estimator U,(-). The results in Corollary 3.2 are valid as long as the

assumptions in Corollary 3.1 hold: @, estimates well the target “optimal” slope, oc.

When misspecification occurs in the propensity score models, we need an extra “over-

lap condition” for the “target” propensity score functions:

Assumption 3.4. Let ¢ be fized positive constant. 7 (S1) and p’(S1,S2) satisfy the following

conditions for a € {0,1}:

P(CO < W*(Sl) < 1-— Co) = 1, P(CO < pZ(Sl,Sg) < 1-— CO) = 1.
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Lemma 3.2. Let Assumptions 3.1-3.4 hold. Assume N > max{sq, log(d), sg, log(d)}.

Then, with some Ao = o/ =5 log ) and g < 04/ log](\;h as N — 0o, we obtain

[B[7.(81,82) = i(81,82)['}'" = Oy (050, log(d)/N),

{E[fia(81) = 101"} = 0y (750, 108(d) + 55, log(d1) /N ).

Additionally, let N > max{sylog(d,), ss, log(d)}. Consider some A\ = log](vdl) and N\ <
lofvd . Define the event A = {||7 — v*|l2 < 1}. Then, as N — oo, P(A) = 1 — o(1).
Moreover, on the event A, as N — oo, {E|7(S1)|™"}+ and {E|p.(S1,S:)|™"}+ are both

bounded uniformly by some constants independent of N and for r > 2,

(B8 - w S|} = 0, ({28,

N
1 ss, 10g(d)
{E‘pa (Sl,SQ) Sl,SQ ‘ } = < 5T>,
el el ryl/r sy log(dy) + ss, log(d
(7 (807, (81.80) — = (81 (8180} = 0, (1 o8] e loald)y

In the above, the left-hand side of the first equation denotes the expectation w.r.t.
the distribution of the new observation’s covariate at time 1, S;. The left-hand sides of the
last two equations denote the expectation w.r.t. the distribution of the new observation’s

covariates at both times, Sy, S».

3.4.2 Dynamic Treatment: Estimation and Inference

To provide valid inference result, we assume the following conditions on the sparsity

levels:
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Assumption 3.5. Let max{sq,, sg,, S~, Ss, } 10g(d) = o(N) together with the following prod-

uct rate condition
MAX]{ 5 S vy s S S8a s 56, 5ax 1 1087 (d) = o(N), (3.37)
where, for the sake of simplicity, let di < dy < d.

The first of the above two conditions is a simple condition requiring consistency of
estimation of the nuisance parameters. The second of the two conditions, (3.37), is an
equivalent of a product-rate condition required for double-robust estimation, but now it is in
the context of dynamic treatment. Instead of one product rate, the above condition requires

three product rate conditions to hold.

Theorem 3.2 (Rate double robustness). Suppose that the models vi(S1,S2), pi(S1), 7(S1)
and p%(S1,S2) are all correctly specified. Let Assumptions 3.1-3.3 and 3.5 be satisfied. Then,

as N — oo, 5, (3.26), is asymptotically normal with
o "VN(@ —8) = N(0,1),

where o2 is defined in (3.32). The result continues to hold if o® is replaced by 02 :=
N it Yien WOV ) = O, with 1) = (7, Tr)-

Remark 3.4. We compare the sparsity conditions of Assumption 3.5 with the double robust
static ATE estimation literature. The ATE estimation problem can be seen as a special
(degenerate) case of the dynamic ATE estimation, where we assume Sy and Ay are completely
random. In other words, the nuisance functions p,(-) and 7(-) are both constants, and hence

can be estimated with a root-N rate. Then, Assumption 3.5 requires Sq, + Ss, = 0(IN/log(d))
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and sa,55, = o(N/log?(d)) coinciding with the sparsity conditions in [CCD* 18, SRR19] and

being weaker than [Farl5, Tan20a, DV20, DAV20, AV21].

We also provide the following Theorem that characterizes the consistency rate of the

proposed estimator, 5, in the presence of model misspecifications.

Table 3.1: Consistency rate of f under various misspecification settings under Theorem 3.3.
Misspecified and well-specified models are denoted with X and v/, respectively.

Nuisance model correctness

pa) | () | pa()

Consistency rate of )

*

)

A

v v 4 v 0, (\/LN (1 + max{\/saasm\/sa\;;an/sﬁas‘v}10g(d)
X v/ 4 v p | 0 max { @log(d)’ Saq }sg(d) })

v X 4 v ) \/ max{saqg ;ﬁa}log(d)

v X 4 L | o max { @log(d) e I?Vg(d) })

v

NS
N
>

Q

&Qqﬂﬂ =

)
o
"

/Sagq s~ log(d) /38,5~ log(d) 554 log(d)
N ) N ’ N

max{sea,,58, } log(d)
N

iS]

>
>
N
N
SO 12012101010
S S Y S Y S Y S Y S Y S

max{sa, .S~} log(d) )
N

max{Seq 58,58, ; l0g(d) >
N

=

Q

max{s~,s5, } log(d)>
N

bS]

Theorem 3.3 (Consistency rate). Suppose that one of the models 1(S1) and 7*(Sy) is
correctly specified, and one of the models v} (S1,Ss) and pk(S1,Ss) is correctly specified. Let
Assumptions 3.1-3.4 hold. Let max{Sa,, S8, S~ Ss, } log(d) = o(N). Then, with some tuning

parameters Ao = g <0 % and Ay < A5 < %, as N — oo, the estimator 9\, (3.26),
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satisfies

h—0=0, (UM +oy/2 log(d) 4 o—), (3.38)

with s1 = Max{,/5a,5~, \/Sas56,1 /5.5~ and

§2 2= MAX { S, Lre ()m() or (V00 ()} 5B L (0} Sy L (a0} 882 L () v} -

Remark 3.5 (Consistency rate under various misspecification settings). Below we dis-
cuss the consistency rate of 0 under different misspecification settings. Therefore, when
all the nuisance functions are correctly specified, we have s = 0 and hence h—0 =
0O, (O‘ <1 + 51 log(d)/\/ﬁ) /\/N) . Howewver, when one of the models is misspecified at each
exposure time, we have 0—0 = O, (a So log(d)/N) . More specifically, in Table 3.1, we
llustrate the consistency rate of 0 under all the considered model misspecification cases. We
observe that, the consistency rate is asymmetric w.r.t. the sparsity levels. For instance,
when all the models are correctly specified, the consistency rate of 0 depends on three product
Tates: Sa,S~; Sa.58,, and sg,s~y. We can see that the sparsity levels so, and s, seem to be
more “important” than sg, and ss,: both sq, and s, appear twice in the three product rates,
whereas sg, and ss, only appear once. We can see that the consistency rate ofé\ depends on
o. Note that, we allow the dependency of 0 = oy on N; 0 — 0 and 0 — oo are both allowed

as N — oco.

3.5 Inference with general high-dimensional nuisances

Consider the general dynamic treatment effect estimator ) proposed in Algorithm 1.

Let [ig, V,, 7, and p, denote any reasonable machine learning or nonparametric estimators
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of the nuisance parameters 7. Here, model misspecification is allowed. Let p, v, 7*, and
p: denote the ‘target’ functions of ji,, U,, 7, and p, respectively. In this Section, unless
specified differently, E' denotes an expectation only with respect to a probability measure of

a new, test observation W.
Assumption 3.6. There exist pt(S1), v5(S1,S2), 7(S1), and pk(S1,S2) such that 1i,(Sy),
Ua(S1,S2), 7(S1), and p,(S1,S2), computed on a subset 1_y obey the following conditions
for all a = (ay,as) and ay,ay € {0,1}. (i) Consistency for pi and vi: E[v,(S1,S2) —
va(S1,82)* = Oplay), Elfia(S1) — pa(S1)* = Op(by), with sequences ay = o(o) and
by = o(o). (it) Consistency for m* and pi: E[7(S1) — 7%(S1)]* = Op(cx), Elpa(S1,S2) —
PE(S1,S2)]* = 0,(d3%), with sequences cx = o(1) and dy = o(1).
Assumption 3.7. Let ¢y be a fized positive constant. Suppose that 7(S1) and p.(S1,S2)
satisfy P(co < 7(S1) < 1—c) =1, P(co < pa(S1,S2) < 1—0¢y) =1, for a € {0,1}, with
probability approaching one.

With a little abuse of notation, in this section, we define ( := (; + (y and ¢ := &1 + &,

where for any general treatment path a,
Ca = H{Alial,x‘b:m} (Y<a) - V;(Sla SQ)) y Ea = ]I{A1:a1} (VZ(Sh S2> - MZ(Sl)) . (339>

We also define, & := 11(S1) — po(S1) — 6 = E[Y(1,1) = Y(0,0)|S:] — E[Y'(1,1) — Y(0,0)]
as the centered conditional dynamic treatment effect at the first exposure. We impose the

following assumptions on the distribution of (, £, and &.

Assumption 3.8. Suppose that, there exists some fived constants C' > 0 and q > 2,

such that max { 2<% _EE - _EE" L < ¢ as well as P(E[¢2|S1,S5] < CE[C?]) = 1 and
(EICI?12 7 [Elel?]2 " [El¢]?)2

P(E[?[S,] < CE[£?)) = 1.
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The max condition above is a moment condition that controls the tails of the dis-
tributions of (, €, and £. For example, this condition holds if (, €, and £ are sub-Gaussian
random variables. The last two conditions require that the “normalized” conditional second
moments are almost surely bounded, assumed only for the interpretability of the obtained
results. One can also replace these with some moment conditions on { and &; however, we
would then need to require upper bounds on higher moments on the estimation error rates

instead of the second moments as used in Assumption 3.6.

3.5.1 Main results

The main result is presented below. We establish asymptotic normality of the gen-
eral dynamic treatment effect estimator ) proposed in Algorithm 1, when all the nuisance
functions are correctly specified but estimated using high-dimensional, machine learning or

modern nonparametrics estimators.

Theorem 3.4. (Rate double robustness) Assume that the models vi(S1,S2), pi(S1), 7(S1),
and p%(S1,S2) are all correctly specified. Let Assumptions 3.1, and 3.6 - 3.8 hold. Moreover,

assume that the rates of estimation satisfy the following product condition
byey = o(oN~V2), andy = o(cN~Y?). (3.40)
Then, the estimator 0 is approximately unbiased and normally distributed
o WN (B - 6) — N(0,1),

with o defined in (3.32). The result continues to hold when o is replaced with 52 as defined

in Theorem 3.2.
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The notion of rate double robustness, although previously established in earlier works,
has been named in [SRR19]. It stands to illustrate conditions termed “product rate condi-

I

tions ” needed when the models are correctly specified but the estimators of the nuisance
parameters are not root-N consistent; see, e.g., Theorem 5.1 in [CCD"18]. To the best of

our knowledge, for the case of multiple time exposures, product rate conditions as identified

in (3.40) are new. For a special case of one-time exposure, the above result matches those

obtained in [CCD*18].

Remark 3.6 (Signal-to-noise ratios). Suppose all the nuisance models are correctly specified
and let Assumption 3.1 holds. For each a, we introduce the signal-to-noise ratios (SNRs) of

the models, (3.39), as

SNR., . — VQT[H{A1:Q1,A2:(12}VCL(SM SQ)] - E[€2] + Varm{AliahA2:a2}/}’a<Sl)]

—~

E[¢2] E[¢?] ’
L Var[]l{A1=a1}H’a(Sl)] - VGT[B{AFm}#a(Sl)]
o E T

under the overlap condition in Assumption 3.1. In our Theorem 3.2, both SNR,,, and SNR,, ,

are allowed shrink to zero or diverge, as N — o0.

Remark 3.7 (Rate double robustness). Rate double robustness in the presence of multiple
exposures is discussed in [BHL20], however, the authors therein require three product rate
conditions. In addition to the two product rates (3.40), they require aycy = o(N~Y?); see
Assumption 4 therein. Therefore, the case of high an and cy is not permitted, although, our
setting allows it. An example where ay =< N~V by =< N72/5 ¢y < N7V and dy =
N2/ satisfies (3.40) but violates aycy = o( N~Y?) of [BHL20]. We introduce some specific

nonparametric examples that satisfy such conditions for ay and cy. In low dimensions, if the
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multilayer perceptrons are utilized for the estimation of U,(+) and 7(-), Theorem 1 of [FLM21]
guarantees ay < N~Y10 and ey < N7V19 as long as B, > d/4 and B, > d/4, for v(-) and
7(+) lying in the Holder ball with smoothness (5, and [, respectively. In high dimensional
sparse settings, the guess-and-check forests proposed by [WW15] also achieve the desirable
rates for ay and cy as long as the outcome Y is only dependent on at most 4 covariates; see

Theorem 4 therein.

Remark 3.8 (Comparison with low-dimensional DR dynamic ATE estimators). DR dy-
namic ATE estimation with low-dimensional parametric nuisance models has been studied
by [Rob00b, MudLRGO1, BR05, YvdL06]. Their proposed estimators for the dynamic ATE
are consistent and asymptotically normal (CAN) when either 1) all the OR models are cor-
rectly specified or 2) all the PS models are correctly specified. Recently, [BRR19] proposed
a new multiple robust (MR) estimator that further allows another model misspecification
situation that only the OR model at time one and the PS model at time two are correctly
specified. However, all of the mentioned work requires parametric nuisance estimators with
low-dimensional covariates. Such nuisance estimators are v/ N -consistent.

In this chapter, we allow 1) non-parametric nuisance models and 2) high-dimensional
parametric nuisance models. For low and moderate dimensional covariates, we allow non-
parametric nuisance estimators. Such nuisance estimators are known to be consistent to
the true nuisance functions under some mild smoothness conditions. In other words, all the
nuisance models can be seen as correctly specified. Unlike the previously mentioned work, no
parametric assumption is needed for all the nuisance models, and our results are much more

robust in the sense of model correctness.
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Remark 3.9 (Comparison with an “oracle” IPW estimator). Suppose all the nuisance func-
tions are correctly specified and all the other assumptions of Theorem 1. We compare the

proposed DR estimator, g, with an “oracle” IPW estimator defined as follows:
N N N
Orpw = N~' ZM(SU, Ss:)Yi — N~ ZWO(Slia S2:)Yi,
i=1 i=1

where recall that wy(+) defined in (3.5) is based on the true propensity score functions. Under
mild conditions, we have Uﬁpl\N\/N(é\IPW —0) — N(0,1) and the same asymptotic normal-

ity also holds for an “oracle” IPW estimator. When all the nuisance models are correctly

A1 AdY _ (1—A1)(1—A2)Y .
F(Sl);l)a(zsl,SQ) (1_7r(sl))(1—pa/(s1,52)):| SatZSﬁeS

Ay Ao 2 )
72(S;) (1 o M) Va<81782)]

1—A 1— A, 2
(1-m(S1))? (1 Ti- paf(sl,sg) Va/(sl,SQ)]

That s, 0 is asymptotically more efficient than the “oracle” IPW estimator. This seems to

specified, we can see that ooy = Var[

2 _ 2

+E

be an important corollary in itself: estimating unknown outcome models is beneficial for the

inferential guarantees when comparing the size of the asymptotic variance.

We also provide the following consistency result that allows model misspecifications.

Theorem 3.5. (Consistency rate) Suppose that one of the models 1 (S1) and 7*(Sy) is
correctly specified, and one of the models v} (S1,Ss2) and pi(S1,Ss) is correctly specified.

Let Assumptions 3.1, 3.4, 8.6, 8.7 hold. Additionally, assume that E[1{s —a,}(1a(S1) —
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wi(S1))?] < C,0?, with some constant C,, > 0. Then, the estimator 0 satisfies

6-0=0, (chN tandy + OnLgr () zn()} + AN Lips() 201} (3.41)
1
T eno L 020} T NIl 020 T A0 )

From Theorem 3.5, we can further conclude that 0—0= 0p(0) following Assumption
3.6. That is, f is a consistent estimator as long as ¢ = O(1) and at least one of the nuisance
models is correctly specified at each exposure time. If all the nuisance models are correctly
specified, we have 0— 0= O,(bnen + andy + UN_I/Q). Hence, 0 is v/N-consistent as long
as byey + andy = O(N~Y2) and 0 = O(1).

Model misspecification presents here with asymmetric form in terms of the rates of
estimation: (3.41) is symmetric in the rates themselves, but as by potentially depends on
ay, it leads to inherent asymmetries. Similar asymmetries, albeit in the low-dimensional
inferential context, appear in the recent work [BRR19], where the authors allow p(-) and
p:(+) to be misspecified simultaneously, but do not allow v*(-) and 7*(-) being misspecified
simultaneously; Theorem 3.5, however, allows for such case.

If only one of the nuisance functions is misspecified, then the consistency rate of
7 mainly depends on 1) the estimation rate of the other nuisance function at the same
time spot and 2) the product estimation rates at the other time spot. For instance, if
only 7*(+) is misspecified and all the other models are correctly specified, we have h— 0=
O,(bn + andy + aNfl/z).

If two of the nuisance functions are misspecified at two different time spots, then
the consistency rate of 0 mainly depends on the estimation rates of the other two correctly

specified nuisance models. For instance, if only 7*(-) and v}(-) are misspecified, we have
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0 — 0 =0,(by +dyo +oNY2).

3.6 Numerical Experiments

We illustrate the finite sample properties of the introduced estimator on a number
of simulated experiments. We focus on the estimation of § = 6, — 6,, where a = (1,1) and
a’ = (0,0). We first consider data generating processes (DGPs) where all the models are
correctly specified; see Section 3.6.1. Then, in Section 3.6.2, we consider DGPs where one

of the nuisance functions is possibly misspecified.

3.6.1 Correctly specified models

We consider models that all the nuisance functions are correctly specified. Generate

covariates at time t = 1: for each 1 < NN,
Sii ~Hd Nd1 (0’ Idl)'
The treatment indicators at time ¢ = 1 are generated as

A1;|S1; ~ Bernoulli(nr(Sy;)), with 7(Sy;) = g(VI~)

and g(u) = exp(u)/{1 + exp(u)} is the logistic function. The noise variables are §;; ~
N(O, 1), 511’ ~iid Nd1 (0,Id1) and 522‘ ~iid ng(oyIdz)- The following models on Sgi|(Sli,A1i)

are considered.
M1. (Shlftlng model) SZi = Sli -+ Alz(l -+ (51i)1d1><1 -+ 51i, where 1d1><1 = (1, ey 1)T

M2. (Sparse linear) SZZ' == WS(Ali)Sli -+ Ah(l -+ 61i)1d2><1 -+ 52i'
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M3. (Dense linear) So; = Wy(A1;)S1; + Ani(1 4 615)Layx1 + 02

M4. (Dense quadratic) SQi = 05/—Wvd(1411)<s%l - ].) + Wd<A1i)Sli + Ah(l + 61i>1d2><1 + 521‘,

where S?, € R% is the coordinate-wise square of Sy;.

For each ¢ = (¢, ¢2) € {a,a’}, the matrices W(c), Wy(c), Wd(c) € R%ex4 are defined as the

following: for each ¢ < dy and j < dj,

(Wa(a)}i; = 0.87911{|i — j| <1}, {Wa(a)}i,; = 0.8,
{Wo(a)}iy = 0.7710{Ji —jl < 2}, {Wa(d)}iy = 0.7,

{Wale)}iy = {Walc)}ij1{j > 3} for each ¢ € {a,a’}.
The treatment indicators at time ¢ = 2 are generated as

A2i|(Sh‘, SQZ', Ali = Cl) ~ Bernoulli(pc(Sli, SQi)), with

pe(S1i,S2) = g(ciUl'n, 4+ (1 — ¢1)Ul'ny), for each ¢ = (c1,¢;) € {a,d'}.
The outcome variables are generated as

Yi(c) = Ul e, + ¢, for each ¢ € {a,a’}, where ¢ ~" N(0,1),

Y; = A Ay Yi(a) + (1 — Ay)(1 — Ag)Yi(d).

T T)T

Let 0, := (0,...,0) € R? for any ¢ > 1. The parameter values are a. = (a0,

for each ¢ € {a,d'}, where a1 = (—1,—-1,1,-1,0(4,-3))", g2 = (=1,-1,1,00,-3)7,
Qg1 = (1, 1, 1, —1, O(dl_g))T, Qg 2 = (1, 1, 1, 0(d2_3))T. Additionally, Y = (0, 1, 1, 1, O(dl_g))T,

Na — (O, 1,1,0(d1,2),1,—1,0(d2,2))T, and Na — (0,0.5,0, —0.5, O(dlfg),0.5,0,0.5,0(d2,3))T,
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Under the above DGPs, we have the following nuisance functions: for each ¢ € {a,a’},

VC(Sla 82) - E[Y(C)|Sl7 So, A = Cl] = UTac, (3-42)

MC(Sl) = E[Y(C)|Sl, Al = Cl] = VTCXCJ + E[Sgac72|Sl, Al = Cl] = VTﬁC, (343)
where 3, varies for different models on Sy;|(S1;, A1;) as follows:

ML. B. =1+ (Zd2 Lo o l{c=1d'}, aZQ)T with ||B.]lo = 4.

j:
M2. B, = a1 + (z‘j; ayol{c=d}, (Wi(c)aes)")" with ||Ballo = 4 and ||Bu|lo = 5.

M3-4. B, = a1 + (Z;lil ayol{c = d'}, Wylc)a.2)")T is weakly sparse in that ||B.]l0 =

||/8a’HO = dl +1, H/Baul < 5237 and ”/6(1/”1 < T7.24.
In addition, we consider another DGP:

M5. (Dense v,(-) and 7(-)) Everything is the same as in M1-M4, except the following:

{Suitien,j<a ~* Uniform(—1,1), {&;;}i<n,j<a, ~* Uniform(—1,1),
SQiJ = (51‘1 + 3A1¢Sh~71 - 2(1 - Ali)Slm for 1 S 1 S N, and

SQi,jzdi,j for ]_SZSN and 2S]§d27

with e, = (—1,a3,0(4,—3), @20, 0(ay—20))", s = (1, —a3, 0, _3), 20, 0(4,—20)) ", ¥ =

(0, a20, 04, —20))", Ma = (0, a3, 04, —3), a3, 0(y—3))", Nr = —(0, a3, 0(4,—3), a3, 0(4,—3))" ,

where ag := \/Lg(l, 1,1) € R? and ay := \/Lz*o(l’ ...,1) € R®. Under M5, we have the

nuisance functions (3.42) and (3.43) with

4 1 1 4 31 1 )T
a — _17 5 ) 70 — and o/ — 17_ y y 70 — .
& ( 3 V3 V3@ 3)) o ( V3 V3 V3
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Table 3.2: Simulation under M].

groups (1,1) and (0,0), respectively.

pal-) Hia(-)

Bias RMSE Length Coverage ESD  ASD

empdiff
oracle
Lasso
Lasso
log-Lasso & }
elasticnet
Lasso
Lasso
log-glLasso & )
elasticnet
Lasso

Lasso
log-elasticnet &

N = 1000, N; = 294, Ny = 282, d; = 100, d» = 100
0.734  0.734  0.957 0.138 0234 0.244

elasticnet  0.157 0.212 0.874 0.868 0.260  0.223
N = 4000, Ny = 1178, Ny = 1128, d; = 100, ds = 100
empdiff 0.731 0.731 0.478 0.000 0.111  0.122
oracle -0.006  0.121 0.602 0.956 0.178  0.153
Lasso 0.035 0.097 0.490 0.932 0.139  0.125
glasso 0.036 0.098 0.489 0.928 0.136  0.125
log-Lasso )
elasticnet  0.041 0.096 0.490 0.926 0.139  0.125
Lasso 0.038 0.095 0.485 0.928 0.136  0.124
glLasso 0.037 0.095 0.484 0.924 0.133  0.123
log-glLasso )
elasticnet  0.042 0.095 0.484 0.924 0.136  0.123
Lasso 0.036 0.096 0.487 0.930 0.138  0.124
. glLasso 0.038 0.097 0.485 0.928 0.137  0.124
log-elasticnet .
elasticnet  0.041 0.094 0.486 0.926 0.138 0.124
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Bias: empirical bias; RMSE: root mean square error;
Length: average length of the 95% confidence intervals; Coverage: average coverage of the
95% confidence intervals; ESD: empirical standard deviation; ASD: average of estimated
standard deviations. All the reported values (except Coverage) are based on robust (median-
type) estimates. Denote N7 and Ny as the expected number of observations in the treatment



Table 3.3: Simulation under M2. The rest of the caption details remain the same as those
in Table 3.2.

Pal*) La(+) Bias RMSE Length Coverage ESD  ASD
N = 1000, Ny = 279, Ny = 312,d; = 100, dy = 50
empdiff 2.485 2.485 1.258 0.000 0.318 0.321
oracle -0.035  0.243 1.305 0.972 0.350  0.333
Lasso 0.063 0.218 1.121 0.934 0.326  0.286
glLasso 0.093 0.215 1.114 0.928 0.322  0.284
log-Lasso )
elasticnet ~ 0.094 0.223 1.118 0.920 0.316  0.285
Lasso 0.083 0.220 1.131 0.936 0.324  0.289
glasso 0.093 0.219 1.127 0.936 0.333  0.288
log-glLasso )
elasticnet ~ 0.100 0.224 1.132 0.924 0.331  0.289
Lasso 0.063 0.220 1.118 0.930 0.322  0.285
glLasso 0.092 0.214 1.111 0.924 0.319  0.283

log-elasticnet )
elasticnet  0.094 0.219 1.116 0.920 0.307  0.285

N = 4000, N, = 1115, Ny = 1248, d; = 100, dy = 50

empdiff 2.484 2.484 0.627 0.000 0.162 0.160
oracle 0.00§ B 70;1725) - Q'qu o 9.79%61 B 7(2.18757 ) 9;1§Q )
Lasso 0.029 0.119 0.600 0.928 0.171  0.153
glLasso 0.032 0.122 0.599 0.922 0.170 0.153
log-Lasso )
elasticnet 0.038 0.122 0.600 0.926 0.171 O;1§?3 )
Lasso 0.030 0.122 0.606 0.930 0.173 0.155
glasso 0.033 0.123 0.604 0.922 0.176  0.154
log-glLasso )
elasticnet 0.040 0.122 0.605 0.930 0.174 0.154
Lasso 0.029 0.119 0.597 0.924 0.167 0.152
glasso 0.031 0.121 0.596 0.924 0.170 0.152

log-elasticnet

elasticnet 0.038 0.121 0.597 0.928 0.172  0.152
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Notice that, in M4, although E(S3|S1, A1 = ¢;) is quadratic in Sy, E(STa.2[S1, A; =
c1) is still linear on S; and hence the linear model p(+) is correctly specified. The following
choices of parameters are implemented: (N, d;) € {(1000, 100), (4000, 100)}. For M1, we set
dy = dy = 100; for the other models (M2-M5), we set dy = d;/2 = 50. For each of the DGPs,
we repeat the simulation for 500 times. For each replication, we construct the proposed
estimator @ based on the following estimators: for Ua(+) and 7(+), we use a Lasso and a
logistic estimator with a Lasso penalty (log-Lasso), respectively; for p,(-), we consider logistic
estimators with a Lasso penalty (log-Lasso), a grouped Lasso penalty (log-gLasso), and an
elasticnet penalty (log-elasticnet); for ji,(-), we consider Lasso, grouped Lasso (glasso), and
elasticnet. The regularization parameters are chosen from 10-fold cross validations, the «
parameter for elasticnet is chosen as 0.7. For comparison purposes, we also consider a naive
empirical difference estimator (empdiff), é\empdiﬁ‘ = Zf\il Ay AgY;/ Zf\il A Ay — Zfil(l -
A)(1 — Ag)Y;/ Z@'J\Ll(l — Ay;)(1 — Ag), as well as an oracle estimator, gomcle, which is
constructed based on the correct nuisance functions. The results are reported in Tables
3.2-3.5.

In this section, we consider DGPs M1-Mb5, where the DGPs M1-M4 only different on
the procedure of generating Sy based on S; and A;. In M1, we consider a simple shifting
model that S; and S; can be understood as a same set of features evaluated at different
time points. In M2, we consider a sparse linear dependence that Sy is linearly dependent
on S; through a sparse and dense matrix operator, where the corresponding coefficient 3,
is a sparse vector. In M3, we consider a dense linear dependence that the corresponding
coefficient 3, is only weakly sparse that it’s || - ||; norm is bounded. In M4, we consider

a dense quadratic dependence between Sy and S; but the nuisance function p,(S;) is still
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linear - we can see that the nuisance function can be linear even when Sy is not linearly
dependent on S;. As for in M5, we consider relatively dense models for v,(-) and pi(-): the
density levels of p,(+), vo(+), m(+), and p,(-) are 4, 24, 20, and 6, respectively.

We first consider the inference results. As demonstrated in Theorem 3.2, we should
expect good coverages when max{s., g, , 85, Sa, } 10g°(d) /N is small enough. Indeed, as shown
in Tables 3.2, 3.3, and 3.6, the coverages are relatively acceptable when N = 4000. The
coverages in Tables 3.2 and 3.6 with N = 1000 are relatively poor. Note that, we have
d = 201 and d = 151 for models M1 and M5, respectively; the expected sample sizes for
estimating v,(-) and u,(-) are 0.4N,,, where a = (a1, as) and a; = ay € {0,1}. In addition,
we can also see relatively good covarages in Tables 3.4 and 3.5, where (3, is only weakly
sparse.

As for the estimation performance, as illustrated in Tables 3.2-3.6, all the proposed
estimators provide RMSEs close to (or even slightly better than) the RMSE of the oracle
estimators. This observation coincides with our Theorems 3.2-3.5, when all the nuisance
functions are correctly specified, we expect that our estimators should provide v/ N-consistent
estimations when N is large enough that the product rate conditions are satisfied. On the

other hand, the naive empirical difference estimator, Ocmpaisr, is not even consistent because

of the appearance of confounders.

3.6.2 Misspecified models

Now, we consider misspecified nuisance functions, 7*(-), pi(-), vi(-), and pi(-) for

each ¢ € {a,d’'}. The following DGPs are considered:
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Table 3.4: Simulation under M3. The rest of the caption details remain the same as those
in Table 3.2.

Pal*) La(+) Bias RMSE Length Coverage ESD  ASD
N = 1000, N; = 296, Ny = 310,d; = 100, dy = 50
empdiff 2.921 2.921 1.239 0.000 0.317  0.316
oracle 0.002 0.245 1.346 0.962 0.364  0.343
Lasso 0.084 0.219 1.139 0.920 0.322  0.291
glLasso 0.084 0.227 1.137 0.920 0.315  0.290
log-Lasso )
elasticnet  0.102 0.226 1.136 0.912 0.336  0.290
Lasso 0.083 0.226 1.142 0.916 0.322  0.291
glasso 0.090 0.223 1.139 0.922 0.318 0.291
log-glLasso )
elasticnet  0.105 0.220 1.140 0.914 0.320 0.291
Lasso 0.092 0.223 1.135 0.916 0.318  0.290
glLasso 0.093 0.221 1.132 0.920 0.318  0.289

log-elasticnet )
elasticnet  0.114 0.226 1.132 0.914 0.320  0.289

N = 4000, Ny = 1184, Ny = 1240, d; = 100, ds = 50

empdiff 2.922 2.922 0.619 0.000 0.159  0.158
oracle -0.006  0.137 0.710 0946  0.202 0.181
Lasso 0.019 0.113 0.608 0.934 0.166  0.155
glasso 0.026 0.114 0.607 0.930 0.166  0.155
log-Lasso )
elasticnet ~ 0.028 0.114 0.609 0.930 0.165  0.155
Lasso 0.016 0.114 0.610 0.940 0.165  0.156
glasso 0.026 0.116 0.609 0.934 0.164 0.155
log-glLasso )
elasticnet  0.030 0.115 0.610 0.934 0.166  0.156
Lasso 0.019 0.114 0.607 0.934 0.164 0.155
glasso 0.023 0.112 0.605 0.930 0.162 0.154

log-elasticnet

elasticnet 0.029 0.113 0.607 0.930 0.162  0.155
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Table 3.5: Simulation under M4. The rest of the caption details remain the same as those
in Table 3.2.

Pal*) La(+) Bias RMSE Length Coverage ESD  ASD
N = 1000, N; = 296, Ny = 310,d; = 100, dy = 50
empdiff 2.921 2.921 1.239 0.000 0.317  0.316
oracle 0.002 0.245 1.346 0.962 0.364  0.343
Lasso 0.083 0.225 1.141 0.924 0.318  0.291
glLasso 0.098 0.229 1.136 0.918 0.324  0.290
log-Lasso )
elasticnet ~ 0.102 0.226 1.139 0.916 0.321  0.291
Lasso 0.081 0.222 1.144 0.918 0.326  0.292
glasso 0.088 0.228 1.143 0.926 0.322  0.292
log-glLasso )
elasticnet ~ 0.103 0.227 1.145 0.918 0.323  0.292
Lasso 0.087 0.215 1.136 0.924 0.312  0.290
glasso 0.098 0.232 1.135 0.922 0.318  0.290

log-elasticnet )
elasticnet  0.107 0.223 1.137 0.914 0.324  0.290

N = 4000, Ny = 1184, Ny = 1240, d; = 100, ds = 50

empdiff 2.922 2.922 0.619 0.000 0.159 0.158
oracle -0.006 0.137 O.ZlﬁOﬁ o 9.79%67 o 7(}.%0727 ) 70.}?% )
Lasso 0.019 0.114 0.610 0.936 0.166  0.156
glLasso 0.025 0.114 0.609 0.932 0.166  0.155
log-Lasso )
elasticnet 0.030 0.113 0.609 0.932 0.164 O.1§§ )
Lasso 0.017 0.113 0.611 0.934 0.164 0.156
glasso 0.023 0.115 0.609 0.930 0.166  0.155
log-glLasso )
elasticnet 0.027 0.116 0.611 0.930 0.164 0.156
Lasso 0.017 0.112 0.608 0.934 0.163 0.155
glasso 0.025 0.115 0.607 0.930 0.164 0.155

log-elasticnet

elasticnet 0.030 0.112 0.608 0.930 0.161  0.155
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Table 3.6: Simulation under M5. The rest of the caption details remain the same as those
in Table 3.2.

Pal*) La(+) Bias RMSE Length Coverage ESD  ASD
N = 1000, N; = 296, Ny = 310,d; = 100, dy = 50
empdiff 0.418 0.418 0.475 0.072 0.114 0.121
oracle 0.004 0.096 0.500 0.952 0.144 0.128
Lasso 0.065 0.106 0.487 0.900 0.139 0.124
glasso 0.059 0.102 0.489 0.910 0.139  0.125
log-Lasso )
elasticnet  0.057 0.105 0.490 0.928 0.136  0.125
Lasso 0.080 0.114 0.500 0.890 0.140 0.128
gl.asso 0.065 0.107 0.505 0.910 0.143  0.129
log-glLasso ]
elasticnet  0.067 0.106 0.505 0.908 0.142  0.129
Lasso 0.066 0.105 0.482 0.904 0.141  0.123
glasso 0.057 0.105 0.485 0.912 0.140 0.124

log-elasticnet )
elasticnet  0.056 0.107 0.485 0.918 0.136 0.124

N = 4000, Ny = 1184, Ny = 1240, d; = 100, ds = 50

empdiff 0.416 0.416 0.237 0.000 0.059  0.061
oracle -0.001  0.041 0.258 0.946 0.061  0.066
Lasso 0.015 0.043 0.239 0.934 0.066  0.061
glasso 0.012 0.042 0.239 0.928 0.064 0.061
log-Lasso )
elasticnet  0.012 0.042 0.239 0.932 0.065 0.061
Lasso 0.016 0.043 0.243 0.936 0.068  0.062
glasso 0.012 0.043 0.244 0.940 0.066  0.062
log-glLasso )
elasticnet  0.011 0.043 0.244 0.942 0.065  0.062
Lasso 0.015 0.043 0.237 0.928 0.066  0.061
glasso 0.013 0.042 0.238 0.930 0.064 0.061

log-elasticnet

elasticnet 0.013 0.042 0.238 0.930 0.065 0.061
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M6.

M7.

MS.

MO.

Non_logiStiC ﬂ-() and pc(')' Let 7T(Sli) = §<VZT7) and pc(slia S2z) = g(CIUzT'r’a + (1 -
c1)U'n.), where g(u) = (Ju+ 1]+ 0.1)/(Ju + 1| + 1). All the other processes are the

same as in M2 in Section 3.6.1.

Non-linear p.(-) and v.(-). Let Y;(c) = Ul a. + 0.5(ST,a.1[—1])* + ¢;, where a1 =
(@c1[1], aer[—1]7)". All the other processes are the same as in M2 in Section 3.6.1. It

follows that

Ve(S1,Ss) = E[Y(¢)|S1,S2, A1 = 1] = Ul + 0.5(ST a1 [1])?,

1e(S1) = E[Y (0)|S1] = VI8, 4+ 0.5(ST a1 [ 1])*.

Non-linear p.(-) and v.(-) with some bivariate features. Generate Wo; = W(A1;)Sq; +
A1i1d2><17 ng[j”WQZ ~ Bernoulh(g(WQZ[j])) fOI‘ eachj S 2, and ng[]] = Wgz[ﬂ -+
A1i51i1d2x1+62i fOF eachj Z 3 Let Y;(C) = ac71[1]—|—(2822[1]—1)850071[—1]%—8%;@072%—@

All the other processes are the same as in M2 in Section 3.6.1. It follows that
VC(Sl, SQ) = E[Y(C)‘Sl, Sg, Al = Cl] = Otcgl[l] + (2821[1] — l)SFﬂac,l[—l] + S;Q-acg,
1e(S1) = E[Y (¢)|S1] = aca[1] + (29(S{;Wsa(c) + 1) — 1) Sfaea[—1]
2 da
+ D ealilg(STWas(€) + 1) + Y aalj] (STWay(e) + 1),
j=1 Jj=3
where W ;(c) is the j-th row of the matrix Wy(c).

Non-linear p.(-) and non-logistic p.(-). Let p.(S1:,S2) = §(a1UlIn, + (1 — 1)Ul na)
and generate Sy; = 0.5W (A1) (S?, — 1) + Wi(A1;)S1i + A (1 + 615)1ayx1 + 95, where
S2. € R% is the coordinate-wise square of Sy;. All the other processes are the same as

in Section 3.6.1.
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M10. Non-linear v.(-) and non-logistic 7(-). Let m(Sy;) = §(V7~) and generate Wy, =
Sli + All(l + 51i)1d2><1 + 62i and Sgl[]] = Sgn(WQZ[]])’WQl[]”l/2 for eachj S dg. Let
Yi(c) = VIa., +Z;l2:1 Qeali]sgn(Sa:[7])S% 7]+ ¢;. All the other processes are the same

as in Section 3.6.1. It follows that

da
ve(S1,82) = E[Y(a)[S1, 82, Ay = 1] = Vs + Y aea[f]sen(Sa[j]) 831,
j=1
da
pe(S1) = E[Y (a)|S1] = V' 8., where B. = a1+ (Y awal{c=d},aly)".
j=1

For M6-M9, we set d; = 100, dy = 50; for M10, we set d; = do = 100. The sample size
N varies from {1000, 2000, 4000,8000}. We repeat the simulation 500 times for each of the
DGPs. For each replication, we construct the proposed estimator 9 based on the following
estimators: a Lasso based estimator that all the nuisance functions are estimated using a
linear (or logistic) regression with a Lasso penalty; an elasticnet-based estimator that all
the nuisance functions are estimated using a linear (or logistic) regression with an elasticnet
penalty, where a = 0.7; an oracle estimator that all the nuisance functions are based on the
true nuisance functions. We also implement IPW-based estimators for comparison purposes,
which are special types of our proposed DR estimator with the outcome nuisance functions
forced to be zeros. We report the root mean squared errors (RMSEs) of the estimators as
N varies; see Figure 3.2.

All the DGPs M6-M10 are under the situation that two nuisance functions are cor-
rectly specified, and the other two nuisance functions are misspecified. Based on Theorem
3.5, we should expect that our proposed DR estimators to have consistency rates at most
OP<U\/W ), where the sparsity level s < 3 under our DGPs. Such an upper bound

is, in general, slower than the consistency rate of the DR-oracle estimator, O,(c/v N). For
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Figure 3.2: The root mean square errors of the proposed estimators in M6-M10 as N varies.

the WIPW-lasso and IPW-elasticnet estimators, in M6, M9, and M10, where at least one

of the propensity score models is misspecified, we do not expect a consistent result; in M7
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and M9, where both the propensity score models are correctly specified, we should expect
consistent results with rates O,(owipw+/slog(d)/N), where owipw > o is defined in (3.9).
Lastly, we expect the WIPW-oracle estimator to be consistent with rate O,(ocwipw/VN),

as discussed in Remark 3.9.

3.7 Discussion

This work breaks new ground in understanding the intricate details of double ro-
bust estimation in the presence of multiple time exposures. We identify new conditions for
achieving rate double robustness using Lasso type estimators for evaluating the nuisance
components. We showcase that three product rate conditions are necessary to guarantee
root-n inference with high-dimensional confounders. When interested in using more general
nuisance estimators, we identify two global conditions needed for rate double robustness:
product rates between propensity and outcome at different time exposures need to be con-
trolled at the correct rate.

This chapter identifies new theoretical ingredients leading to the new study of the
robustness of dynamical treatments. Unlike classical results, we see the impact of imputation
is significant and leads to certain asymmetries in the obtained results. Naturally, this leads
to a need to understand whether imputation itself can be avoided or altered in a way to
remove some of the undesired effects.

Our results facilitate the theory of any Lasso-type estimators with imputed outcomes;
see Theorem 3.1. Typical examples appear in high-dimensional optimal dynamic treatment

regimes and policy learning, e.g., [SFSL18,7Z7ZS19, NBW21]. We develop new techniques to
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show the estimators’ consistency with tuning parameters of the rate \/W , which is
standard for non-imputed lasso in the high-dimensional statistics literature. Additionally,
our work also potentially promotes the development of new theoretical foundations of non-
stationary reinforcement learning. Our results suggest that if the reward model varies across
time, the estimation error accumulates among the time periods.

Inferential questions allowing model misspecification are now understood to be sig-
nificantly different in low and high-dimensional settings. Naturally, further open questions
remain unanswered: can model misspecification be allowed in high-dimensional inferential
tasks? Our results would imply that possibly a new type of nuisance estimators would be
required. Lastly, we would like to further understand the impact of sparsity on inference

with multiple exposures.

3.8 Proofs of main results

3.8.1 Convergence rates for nuisance parameters
The following lemmas will be helpful in our proofs.

Lemma 3.3. Let X € R be a random variable. If E(|X|**) < 20%*T'(k + 1) for any k € N,

then || X ||y, < 20. Here, T'(a) := [;° 2 " exp(—z)dz Ya > 0 denotes the Gamma function.
The following lemma provides the same type of results as used in the Assumption 3.2

but now for covariates at different exposure time and different treatment paths.

Lemma 3.4. Let Assumption 3.2 and the overlap conditions of Assumption 3.1 hold. Con-

sider the constants cg, Kk, 0, defined as in Assumptions 3.1 and 3.2. Then, the following
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statements hold:

a) 0 < ot < Amin(E[UUT]) € Amax(E[UUT)) < 202 < 00 and U is sub-Gaussian
with |TU||y, < 20,22 for any x € R*!;

b) 0 < K < Anin(E[UUT]) < M\pax (E[UUT)) < 202 < 00 and U is sub-Gaussian with
127U ||y, < 20|22 for any & € R4,

¢) 0 <k < Auin(E[VVT]) < Anax(E[VVT]) < 202 < 00 and 'V is sub-Gaussian with
12TV ||y, < 20|22 for any @ € RO+,

d) 0 <k < Anin(E[VVT]) < Apax (E[VVT]) < 202 < 00 and V is sub-Gaussian with

12TV ||y, < 2042 for any & € REFL
The following lemma provides an asymptotic upper bounds on the estimation errors
of the propensity score models, 7*(-) and p%(-).

Lemma 3.5. Let Assumption 3.2 holds and the overlap conditions of Assumption 3.1 hold.

Let the sample size be such that N > max{slog(d,), ss, log(d)}. Then, as N — oo, a) the

logistic Lasso (3.25) with Ay =< \/% satisfies

log(d
5~ = 0, ( %) , (3.44)
log(d
BIf(S) - (3. = 0, (S8 (3.5)
whereas b) the logistic Lasso (3.29) with \s =< % satisfies
5. _ol,=o0, [/ 18d)) 3.46
a p N
B(S) - ris) = 0, (2EY ). (3.47)

In the left-hand side of (3.45) and (3.47), the expectations are only taken w.r.t. the distri-

bution of the new observations S1 and (S1,Ss), respectively.
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Proof of Theorem 3.1. By definition of B, we have

M M
ST = XA+ Bl < 52 ST = XIE P + M,

=1 i=1

or, expanding and rearranging,
| .
17 DX (B = B + AwllB
i=1

M
Z ¥~ XIBIXT (B~ 8% + M8

M

3 X B3+ 3 ST KB =) Al (849

=1

For any t > 0, let Ay := 1600x ( % + ). Define the event

1 A
= —_— < —
& {1@% M ~ 4 }

where X ; represents the j-th component of X;. Note that

emsfirds]= %) = (Ui geee = )

Aum
| -

M
E Xi,jgi
i=1

M

E i,5€i

=1

ZXZ] &i| =

Let e; € R? be the vector whose j-th element is 1 and other elements are 0Os, for each

1<j < d. Since [|e]X]|y, < ox and [l<]l < 0, by Lemma D.1 (v) of [CLCL19],
leTXelly, < [l€FX ]y, - lelly, < oox.

Note that, here we do not make any assumption on the sample gram matrix =
M1 Zf\il X, X7 eg., SUP; <<y 2” < 1 as required in [Wail9, NRWY12]. Instead, we

consider e]TXa as a sub-exponential random variable, and the Bernstein’s inequality is applied
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in the following to control (3.49). Recall the definition of 3*, we have E[Xe| = 0. By Lemma

D.4 of [CLCL19], for each 1 < j < d,

M
1
P ( i ZXMQ > 200x€ + (TO'Xe2> < 2exp (—M62) ,  for any e > 0. (3.50)
i—1
Set € = lo}gv([d) + Y=L for any ¢ > 0. When M > log(d), we have
2
log(d log(d val t—1
26+62§2\/£()+\/1+8t—1+ Og()+ 8
M M 2
2
log(d 2log(d val t—1
<2 &()+\/1+8t—1+£+2 vite-1
M M 2
log(d log(d log(d
=9 0%)+\/1+8t—1+2\/0§2 ). O]g\i ) i1 s—ViTs
log(d)
<4 4t
< % + 4,
and hence
2 log(d) A
200xe + ooxe” < 4oox i +t] = o (3.51)

Additionally, we also have

2
) ( log(d)+\/l+8t—1> L log(d) | 144t VTH8I
€ =

M 2 - M 2

~ log(d) 8t - log(d) N 4t
M 14+4t+/1+8 M 1+ 2t ++/2t

Together with (3.50) and (3.51), we have, for each 1 < j <d,

)\ 1 M
M

i=1

2 AMt?
<2€X —M62 <—ex _—— .
- P )_d p( 1+2t+\/2t>

> 200x¢€e+ 00X62>

Together with (3.49),

M
1 A AMt? >
PE) =P max |—S X, e < M) >1 - 2exp (———28 ) 3.52
(&) <1<j<d M; K 4 ) p( 1+ 2t + V2t (3:52)
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On the event &, we have

<2|3-8 i m max,

Z Xz jEi

As for the second term of (3.48), by the fact that 2ab < a? + b? for any a,b € R, and we set

<ulB—B1h/2.  (353)

72 U .
- 51X1T<:8 —,3*>
V2

= VIV Y71, b= XF(B — B)/V3, we have

M M M

1 Y N 9
=20+ 3y Z [X?(B - 5*)] ’ (3.54)

on the event & = {M "M [V;—Y;]> < 6%,}. Multiplying the left-hand side and right-hand

side of (3.48) by 2, we have

M
=S IXIE - 8 + 20l
=1 4 y A 4 u ) )
<37 Y aX{(B-6)+ > Vi =YX (B - 87) + 22w 187
=1

M “4
i=1

Together with (3.53) and (3.54), on the event £ N &, we have

Z XT(B— 8+ 228l
=1

N 1 M .
< MlB = Bl + 57 D_IXT (B — B + 403, + 22181

=1

Hence,
1 X ~ ~ ~
17 2AXT(B =B + 22 ulIBlls < AurllB — 8"l + 224 18°[|s + 463,
=1

= Mrl|Bs — Bl + Aurl|Bse |l + 2|1 B3l + 462, (3.55)

where S := {j < d: B} # 0} and note that s = [S|, 18— 8*1l1 = |Bs — BLl1+ |1 Bse — Bl =

18s — 8%l + ||Bse

1, and [|B*|l1 = [|B%|l1. By the triangle inequality,

1Bllx = 1IBsllx + 1Bse[lx = 185]lx = [1Bs — Bsllh + 1Bsell

(3.56)
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By (3.55) and (3.56), on the event & N &, we get that

L <3 u|Bs — B||1 + 46%,. (3.57)

M
1 ~ . -
17 2AXT(B =B + | Bse
i=1
By Lemma 4.5 of [ZCB21] there exist constants k1, ke > 0, such that

log(d)

M
Z (XTAR > w1 || Al {HAHQ — f HAHl} for all |All, <1,  (3.58)

with probability at least 1 — ¢j exp(—coM) and some constants cj,co > 0. Lemma 4.5
of [ZCB21] discusses logistic loss but applies more broadly and does include the least squares
loss as well.

Let 6 = B\ — 3* and define

i=1

M
1 lo
& - {MZ@?&)? > 81 — rawa/ AL ||6||2} (3.59)
Let A = 6/||6]|2. Then, ||Al|2 = 1 and hence by (3.58),
P(&) > 1—crexp(—caM).

We now condition on the event & N & N &3 and introduce two cases need to be separately
analyzed.

Case 1. Case of ||0g||1 < 4X,}62,. Then, by (3.57),

10sell1 < 3[|ds]l1 + 4Xy1 05, < 163,63,

Hence,
18] = [|8s]l1 + [|dsells < 203763,
and
1 M
17 2 (XT8)? < 3hy 8|y + 467, < 1653,

=1
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In addition, on the event &3,

M

lo
a1 a8 I8l < 3 S KT < 165,

It follows that,

||5|| < Ii11€2\/r—§/([d—)”5”1 + \/Ii%/ﬁgloi([d)”ém +64/{15%4
2 =

2/‘3'/1
1 _ log(d
< Ky o8(d )y|5|\1+4 Y250 < 20k, %U/\ FO3 + Ak
< dradly + 4wy 20,
doox

since Ay = 1600x( 1og(d) +t) > 1600x log(d)

Case 2. Case of ||6g||1 > 4);;02,. Then, by (3.57),

2

Z (X78)* + M| dsells <

and hence

[105e [l < 4[[ds]lr-

Notice that, ||ds]|1 < 1/s][ds||2- It follows that

181l = 185111 + [10s [l < 5|85l < 5/5]|8sll2 < 5¢/5]6]]2.

Hence, under the event &3, when M > 100k2%s log(d),

slo
Z (XT8)2 > k1|82 — Briko g( )H5H2

> —|6]l3 > =|0sllz > —|lds]l-
> 253 2 23 = 22

Together with (3.60), we have

1 M

K
2—;|I55||§ < MZ(X%)Q < A ||0s][1-

=1
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A (3[18s 11 + 4X3703,) < Aharllds ],

(3.60)

(3.61)

(3.62)



Hence, on the event & N & N &s,
1051 < 8k sAus. (3.63)

By (3.61),

18]l < 119l + [0 [l < 5[0l < 40r; "sAar.

Besides, by (3.60) and (3.63),

1

NE

1

Additionally, by (3.62), when M > 100k5%s log(d),

M
2
1612 < y| —7 > (XT6)2 < 8ky ' Vs
1

i=1

To sum up, on the event & N & N & and when M > max{log(d), 100x4%slog(d)},

" Bhad? _
1~ 51z < max (52200 4 4y S ohw ) (3.64)
X
18 — B*||1 < max (207,162, 40k7 'sA) , (3.65)
1 M
7 Ez(XZTd)2 < max (1683, 32k7 'sA3;) . (3.66)
i=1
Here,
4Mt?
P(E;NE)>1—P(E) —PES) =1—2exp [ ———————— | — c1 exp(—caM).
(€N &) > 1 PIES) - P(E) (- ) — e

and dy = o(o),

The remaining claims follow by noticing that for some Ay, < o %

P(&) =1-o0(1), and with M > slog(d) as M — oo,

AMt?

PENENE)>1—2 S
EN&NE) 2 eXp( 1+2t+ 2t

) — c1exp(—c; M) — o(1).
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Proof of Corollary 3.1. Now, we consider the Lasso estimator &, defined as (3.18), which is
constructed using the outcome 57, covariates U and training samples I_;. Note that &, is a
special case of ﬁ, (3.33).

Let Y = YV* = }7, X = INJ, S = (Xi)ieyg, M = (K?)N, and 6 = 0. By Lemma 3.4,

Amin(E[UUT]) > ¢ok; and U is sub-Gaussian with [|&7 U, < 20/, for any & € R,
Additionally, under Assumption 3.3, ||(||y, < oo¢. Here, ¢, ki, 0y, 0¢, and o, defined in
Assumptions 3.1-3.3 and (3.32), are positive constants independent of N and d. Hence, the
estimation rates of @, in Corollary 3.1 follows from Theorem 3.1. To show the estimation

rate of 7,(+), (3.36), by Lemma D (iv) of [CLCL19],

1
m%@%ﬂﬂﬁszwq@faﬁVS%ﬂ&fme:%<g%z$Wv7

since [|[UT (@, — @)y, < 0ul|@a — @2 under Assumption 3.2. Here, the expectation is

only taken w.r.t. the joint distribution of the new observations (Si,Ss).

Proof of Lemma 3.1. Let Y =Yy* = 37, X = INJ, S = (Xy)ies, M = (K;(I)N, and dy; = 0.

Following the proof of Theorem 3.1, since dy; = 0, we have ||ds||; > 4A\716%,. That is, we are
under Case 2. Hence, § is in the cone set as in (3.61). By Lemma 3.4, [[a”Ul|y, < 20,/la|2
for any a € R4 and A\ (E[UUT]) > k;. Here, o, and k;, defined in Assumption 3.2, are
positive constants independent of N and d. By Theorem 15 of [RZ12], with some constants

cs, ¢4 > 0, when M > ¢354, log(d + 1),

M

1 - - ~ T - ~ o~

> {U (@ = 0} < 15 A (BIOUT) G — 0} < 450,10 — 1,
=1
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with probability at least 1 — 2exp(—c4M). In addition, by Corollary 3.1, we have

&, — eills < 857" Aay/3a,

AMt?

with probability at least 1 — 2 exp(— TEvR -

) — ¢y exp(—caM). Therefore, with probability

at least 1 — 2exp(—1+42ﬁ'5\2/§) —crexp(—caM) — 2 exp(—csM),

M
Z Ul (a, — a)]? < 288057 2 N2 50, -

Proof of Corollary 3.2. Let Y = Ula,, Y*=UTa, X =V, S = (Vi)ies, M = (K;)N,

and 02, = 2880,k7 2A\2,54,. Now, for the event & = { M~ ZZ 1[Y Y*|* < 62,}, by Lemma
3.1, we have

AMt?
1+ 2t + /2t

By Lemma 3.4, Auin(E[VVT]) > k; and V is sub-Gaussian with |27 V], < 20,||z|s, for

P(&)>1—2exp (— ) —crexp(—caM) — 2 exp(—cyM).

any € R Additionally, under Assumption 3.3, |||y, < oo.. Here, k;, 04, 0., and o,
defined in Assumptions 3.2, 3.3, and (3.32), are positive constants independent of N and d.
Hence, the estimation rates of B\a in Corollary 3.2 follow from Theorem 3.1. To show the

esitmation rate of fi,(-), by Lemma D (iv) of [CLCL19],

E[fia(S1) — p(S1)* = E[V"(B, = B))” < 202(1Ba — B33

Sa, 108(d) + sg, log(d1)
= Op (0'2 N P 5

since ||VZ(8, — B) gy < u||Ba — B%]2 under Assumption 3.2. Here, the expectation is only

taken w.r.t. the distribution of the new observation S;.
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Proof of Lemma 3.2. In this proof, the expectations are only taken w.r.t. the distribution of
the new observations Sy, Sy (or only Sy if Sy is not involved). By Assumption 3.2, we have

U (g — ) |lyy < oull@a — @f]la. Together with (3.17),
IVE(Ba = B)llve = U7 Q" (Ba = Bl < 0ull Q" (B = B)ll2 = 0ullBa — Bl (3.67)

Note that, the 19 norm here is defined through the expectation taken w.r.t. the distribution

of the new observations Sq, Sy (or only S;). It follows that, for any constant r > 2,
{BIPu(8) = w9} = {E[UT (@, — o)}, < 2Y7(r/2) P0ul| G — @2
{Elia(S1) = (SO} = {EIV"(Ba = B)"} <27 (r/2)" %018 — B; |2,
which follows from Lemma D.1 (iv) of [CLCL19]. From Corollary 3.1 and 3.2, we obtain

that

- srarlrt Sa, log(d)
(BPu(8) - (S H =0, (a T) ,

(Blfa($) — wi(S)IY =0, (o\/ o L0801 0 log“l)) .

Recall the definition A := {||¥ — v*|l2 < 1}. By Lemma 3.5, we have P(A) =1 — o(1). By

Minkowski’s inequality, we have
~ ey L ey L ey L
{EFS)IT} ={E[l +exp(=V'Y)["}7 <1+ {Elexp(=V')["}".

Under Assumption 3.4, we know that

1—c Co

1 —
P ( 0 <exp(=VTy") < —CO> =1. (3.68)
which implies that

{Elexp(=VT3)|"}r = {E|exp(~VTy*) exp(=VT(F — v))["}*
1 _

Co

< — Y Blexp(=VT{H —7)I'}+.
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Hence, to prove { E|7(S1)|~"}+ is bounded uniformly, i.e., bounded by a constant independent
of N, it suffices to show {E|exp(—rVT(F —~+*))|}+ is bounded uniformly.

Let u = E[VT(¥ —~*)]. By Assumption 3.2 and (3.17), similarly as in (3.67), we
have

IVTE =Ml < aullF = All2. (3.69)

Now, conditional on the event A, we have

1< VTow, |l < (log2)~*V/mo,, (3.70)

which follows from Lemma D.1 (iv) and (ii) of [CLCL19]. Note that, in the above, the o-
norm is defined through the probability measure of a new observation S;. By basic properties

of Orlicz norm [| X + Y|y, < || X |y, + |Y ||, we have
IVEE =) = ptllge S IVIE =) lve + Il < [1+ (log2)" V7o,
Then it follows Lemma D.1 (vii) of [CLCL19] that
Elexp{—r(V'(§ = ") — )}] < exp{2r°[1 + (log 2)"/*/7|*07}.
Using (3.70), we get that
{E|exp(—rVTH — y)N|}7 < exp{—v/To, + 2r[l + (log2)"2/7|202}, (3.71)

which is bounded and hence {E|7(S;)|"}+ is bounded uniformly. Repeating the same

|72r

procedure above, we can obtain that {E|7(S;)|"2"}2 is also bounded uniformly, which will

be used later on in the proof. By (3.68), we have

1 1 ' % T A% TS * rx
{Blag— g b = Bles-Vir)les(-VTG - ) - 11
< Bl exp(-VT (G - 7)) ~ 1} (3.72)
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For any u € R, by Taylor’s Theorem, exp(u) = 1 + exp(tu)u with some ¢ € (0,1). Hence,
with some ¢ € (0, 1)

lexp(=VT(F = 7)) = 1| = exp(—tV(§ =) [VI(F — )|

< 1+ (VTG =7 DIV - ) (5.73)

where (i) holds since for any ¢ € (0,1) and u € R, exp(tu) < exp(u) when u > 0 and
exp(tu) < exp(0) =1 when u < 0, and it follows that exp(tu) < 1+ exp(u).

Combining (3.72) and (3.73), we have

\#lrsy 7@ } < BV G ) 1)
<L B4 (VTG -y NIVIE - )
S BTG -y Y + 2 (B len(-VTE - )V E -7}
<0 B VG-I
+ 20 L (VTG -} {BIVIG -7}

where (i) holds by the Minkowski inequality; (ii) holds by the Hélder’s inequality.
Recall the equation (3.71), we know that {E|exp(—VT(F — ~*))[*"}2 is bounded

uniformly. In addition, recall the equation (3.69), by Lemma D.1 (iv) of [CLCL19], we have

~ 1 - log(d
(EIVTG =7} <2002 0|5 = = O, ( %) -

Therefore, we obtain that

"\ s log(d)
} :Op< T) (3.74)
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Repeating the same procedure, we obtain that {E|p,(S)|™"}+ is bounded uniformly and

" %_ ss, log(d)
} _0p< T) (3.75)

Therefore,

{£

1 1
T(S1)pa(S)  7*(S1)pi(S)

(i)
<{z

@ P
< {E[F(Sy)| "} {E

1 1 1
7(S1) (ﬁa(s) il
1 1
pa(S)  pi(S)

@ o (\/sﬂ,log(dl)—ks(sa log(d))
=0, ¥ .

where (i) holds by the Minkowski inequality; (ii) holds by the Hélder’s inequality; (iii) holds

by (3.74), (3.75), and the fact that {E|7(S;)|"2"}2r is bounded uniformly. n

3.8.2 Asymptotic theory for Dynamic Treatment Lasso (DTL)

Below we introduce some shorthand notations that increase the readability of the
proofs. We only focus on the treatment paths a = (1,1) and o’ = (0,0). Let 7 := (Mu, Nur),
where 7. = (fie, Ve, T, pe) for each ¢ € {a,a’}. Here, 1 = n({W;}icr_,}) are the cross-fitted
nuisance estimators. Define §®%) = g% — é((l]f) and v(Wi;n) = va(Wi; ) — Yo (Wis ar ),
where 1.(W;n,) is defined as (3.4). Then,

K
. 1 ~ .
gk — — D). = g®)
" § V(Wi 1), e > 7

where n := N/K = |Ii| for each k < K. Let n* := (n},n}) and n := (14, Nw), where

77: = (Mz()7V:()a7T*()7P2()) and 7. 1= (Mc(')ayc<'>>7r<’)7pc(')) for each ¢ € {a’val}' When

possible, we abbreviate the subscripts (1, 1) and (0,0) by 1 and 0. For instance, n;(-) = n11(-).
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For each k = 1, ..., K, we divide %) — 6 into four terms T3, T, T3, T4,

6" — g = %le(wi;ﬁ) —0 =T+ Ty +T5+ Ty, (3.76)
i€l
where

Ty == E[p(W;n")] 0, (3.77)
Ty =T13" = E[p(W:5) — b(Win")], (3.78)
Ty =T = =S w(Wis) — BV )], (3.79)

i€l

1

Ty=T1{" = =3 [WWad) = o(Wisn)] = EQ(W:0) = o(Wi)l. - (3.80)

1€l

We suppress the dependence on k when possible.

In this section, we consider the following nuisance estimators: 7,(S), 114(S1), 7(S1)
and p,(S), defined as (3.20), (3.21), (3.24) and (3.30), respectively. Consider the following
target nuisance functions: v¥(S), pi(S1), 7*(S1), pi(S), defined as (3.8), (3.11), (3.23) and

(3.28), respectively.

Lemma 3.6. a) Suppose that one of p:(S1) and 7*(Sy) is correctly specified, and one of

vi(S) and pi(S) is correctly specified. Let the Assumptions in Lemma 3.2 hold. Then,

s1 log(d) 52 10g(d>> 7 (3.81)

T2 - Op(o- —N + 0o N

where Ty is defined as (3.78) and

51 := MaX{\/Sa, 5 V/Saa 58, /5Ba57 }»
§2 1= MaX{ S, (Lirs ()r()) T Loz ()00 ()})s 580 L (im0}

Sy Lz (V0a()}s 880 1wz (Vva(} -
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b) Further, assume that all the nuisance models are correctly specified. Then, we have

T, =0, <a&]\§(d)). (3.82)

Lemma 3.7. Suppose that one of p(S1) and 7*(S1) is correctly specified, and one of v} (S)

and pi(S) is correctly specified. Let the assumptions in Lemma 3.2 hold. Then,

[E(w(W, ﬁ) . w(W7 77*)>2]% _ Op (U\/maX{Saa, Sﬂa}\‘;’ya Séa} log(d)) ’ (383)
-0, (a \/max{saa, s,@;\; S~y So, ) log(d)) , (3.84)

where Ty is defined as (3.80).

Proof of Theorem 3.2. In this theorem, we consider the setting where all the nuisance models
are correctly specified, i.e., n* = 7. Note that, Assumption 3.4 is implied by Assumption 3.1

when all the nuisance models are correct.

Consistency Let £ := 11(S1) — 10(S1) — 0. Recall the representation (3.76), by Lemmas

3.8, 3.6, 3.10, and 3.7 in that order we have

k s1log(d)
TQ( ) = O, <U—N ,

119 = 0, (= [VEE + VEFT + VEE) )

T4(k) o, (g \/max{saa, SBa> S~ s(;a}log(d))'

N
for each k < K. Therefore, by Lemma 3.13 and under Assumption 3.5, we obtain that

K
~ _ k k k 1
0—0=K 1k§:1(T1+T§)+T§)+T§ =0, (ﬁa) (3.85)
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Asymptotic Normality By Assumption 3.5, we have s;log(d) = o(v/N), sylog(d) =
o(N) and max{sa,, Sa,, S+, S5, } log(d) = o(N). Together with Lemmas 3.6, 3.7 and 3.8, we
have

Vo YT+ TP + 1) = 0,(1)

for each k < K. Hence, to demonstrate

K
VNo (0 —0) = VNo 'K~ (11 + T3 + TP + 1Y) ~ N(0, 1),

k=1

we need to show
K N
VNo ' K1Y TV =N (N—l > w(Wiin) — 9) ~ N(0,1),
k=1 i=1

where Ték) is defined as (3.79). Here, ¥y, := ¥(W;,n) is possibly dependent with N since
both W; and n potentially depend on (dy, ds), and (dy, d2) = (dy v, d2 n) are allowed to grow
with N. Hence, {¢n;}n,; forms a triangular array. By Lyapunov’s central limit theorem, it

suffices to show that, for some ¢ > 0, the following Lyapunov’s condition holds:

Elp(Wsn) - 0P _ (3.86)

lim -
n—00 n2og2tt

Step 1 In order to check Lyapunov’s condition, we show that for some constant C’,

El)p(W;n) — 0>

o2+t

<" (3.87)

By Lemma 3.13, we have, for some constants ¢t > 0 and C; > 0,

Elp(Win) — 0+ _ 2C, (EHCF” Elle™t  _ElE* )

o2+t — Cg+2t o2+t o2+t [E|§’2] 1+4

Let e = (1,01Xd1)T, then we write 5 = /Ll(Sl) — /Lo(sl) -0 = \/‘T(IBEk — ﬁg — 616). By

Assumption 3.2 and (3.17), similarly as in (3.67), we have

€1l = 1087 — B5 — €160)" Vi, < 0ull B7 — B — exd]l2.
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It follows from Lemma D.1 (iv) of [CLCL19] that
B[] < 2057181 — By — ea0][57T(2+ t/2). (3.88)
Similarly, by Assumption 3.3, we have

E[[¢]*] < 20 02H T (2 + /2), (3.89)

Elle]*™] < 20*To2MT(2 + 1/2). (3.90)
By Assumption 3.2 and (3.17), we also have

E[|g]*) = E(IVT (87 — B; — ed)]”] > 1|87 — B — erf]3 - Auin(E[VVT]) (3.91)

> il B — By — ead|lz.

Using (3.88) and (3.91), we get that

Bl _ 20381 — B5 — edfll3"T(2+1/2)  2057'T(2+1/2)

r < (3.92)
[Elg[2)+s w18 — By — ead|l3 m
Using (3.89), (3.90) and (3.92), then we obtain that
Elp(W;n) — 0> 20, (. 4., ot 202H(2 4 1/2)
g < Cé+2t 20, D2+t/2) + 2027 T(2+1t/2) + T

!
Taking C" = 24, <2ag+tf(2—l—t/2) +202TT(2+1/2) + 2”’2#12—(3;;5/2)), we get (3.87) and hence
CO [{/l

the Lyapunov’s condition is satisfied.

Step 2 In this step, the expecations are taken w.r.t. the joint distribution of (W;);ey, .

By (3.85), we have 0— 0= O,(c/v/N). Then, we show, for each k < K,

2

LSS d) — e Wan)P | = oy(o). (3.98)

1€},
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It follows from Jensen’s inequality that

1

EH ST [ d) - @Z)(Wi;nﬂ?} < {EE > (W) — ¢(Wi;n)|2} }

i€l 1€y,

o O (0_ \/maX{San 5Ba> 8'77 850,} log(d) )
=0, ,

2

N

= [BI(W; ) = 6(W; ) -

where the last assertion follows from (3.83) in Lemma 3.7 with correctly specified nuisance

models n = n*. By Markov’s inequality, we have

% Z |¢(VVM 7/7\) _ ¢(Ww 77>|2] _ Op (0‘ \/maX{Saa> Sﬁ;\;sw Séa} 10g(d)): Op(O').
i€l

Therefore, using (3.85), (3.87) and (3.93), we get 02 — 02 = 0,(c?) by Lemma 3.14.

Proof of Theorem 3.3. Now, we consider the case that model misspecification is allowed
potentially. Suppose one of p*(S;) and 7*(S;) is correctly specified, and one of v*(S) and
p:(8S) is correctly specified. Recall the representation (3.76). By Lemmas 3.8, 3.6, 3.10, and

3.7, we have

k s1 log(d) 9 log(d)
Té):Op(O'T+O' T s

119 = 0, (= [V + VEE + VEE) ).

T4(k) o, (a \/max{saa, SBys Sy 55a}10g(d)>.

N

for each k < K. Therefore, by Lemma 3.12, we obtain that

K
0—0=K"> (h+1" + 1737 + 1"
k=1

B s1 log(d) s log(d) 1
_Op(a N +o N +\/NU ,
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where

$1:= Max{\/5y 5., V/Saa 56,1 v/58a 57 |
Sy 1= max{gaa(ﬂ{ﬂ*(sl);éﬂ(sl)} + ]l{p;(ShSz)#Pa(SLSz)})a S$Ba ﬂ-{ﬂ*(Sl)?‘éﬂ(Sl)}?

Sy L {1 (81) 110 (81)} > S8 Lz (Vva()} }-

3.8.3 Asymptotic theory for general dynamic treatment effect
In this section, we consider general nuisance estimators and general working models.

Lemma 3.8. Suppose that at least one of 1’ (S1) and 7*(Sy) is correctly specified, and at

least one of Vi(S) and p%(S) is correctly specified. Let Assumption 3.1 hold. Then,
T, =0, (3.94)
where T is defined as (3.77).

Lemma 3.9. a) Suppose that one of pi(S1) and 7*(Sy) is correctly specified, and one of

vi(S) and pi(S) is correctly specified. Let Assumptions 3.1, 3.4, 3.6 and 3.7 hold. Then,

T =0y <chN FONAN + On L () n ()} T ON Lo ()0a ()} (3.95)
+enV EIC + L a0y +dnV E [CQ]H{u;c);éua(-)}) )

where Ty is defined as (3.78).
b) Suppose all the nuisance models are correctly specified and Assumptions 3.1, 3.6

and 3.7 hold, then we have

T = Op (bNCN + CLNdN) , (396)
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Lemma 3.10. a) Suppose that one of u’(Sy) and 7(Sy) is correctly specified, and one of

vi(S) and pi(S) is correctly specified. Let Assumptions 3.1, 3.4 hold. Then,

a

2= 0, (= [VERT+ VEET + VEET] ), (397

where £ := u1(S1) — po(S1) — 0 and Ty is defined as (3.79).
b) Suppose all the models are correctly specified and Assumption 3.1 holds, then we

also have (3.97).

Lemma 3.11. a) Suppose that one of % (S1) and 7*(Sy) is correctly specified, and one of

vi(S) and pi(S) is correctly specified. Let Assumptions 3.1, 3.4, 3.6 and 3.7 hold. Then,

a

T, =0, (\/LN [aN +by + VE[C] + E[eQ}D , (3.98)

where Ty is defined as (3.80).
b) Suppose all the models are correctly specified and and Assumptions 3.1, 3.6, 3.7

and 3.8 hold, then we have

T, = Op <\/LN(aN + by + CN(\/E[<2] + \/E[&Q]) + dn/ E[Czb) . (399)

Lemma 3.12. Suppose that one of p:(S1) and 7*(Sy) is correctly specified, and one of Vi (S)

and pi(S) is correctly specified. Let Assumption 3.1 holds. Then,

YW ) —0=>_ 0, and o == Ep(W;n") —0)* =Y E[03],

i=1 i=1

where {O0;}3_, are defined as (3.171)-(3.178).
a) Assume that E[Lga, =1 (1a(S1) — 15(S1))? < Cyuo?, with some constant C,, > 0.

Then,

E[C*| + Ele?] + E[¢?] < (% + 6(]#) o2,
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where o := E((W;n*) — 0)2.

b) Let Assumption 3.3 holds. Then,

B+ B + Ble < (5 +202) o7

=0
Lemma 3.13. Suppose all the models are correctly specified that n* = n and let Assumption

3.1 holds, then we have for some constants t > 0 and Cy > 0 possibly dependent with t, such

that
0% = BU(Win) — 0 = B@(Win) = 6] > EIC + B[]+ BT, (3.100
B (W;m) — 07 < Seh B IGPH o+ Jefo o+ e (3.101)

0

Lemma 3.14. Suppose all the nuisance models are correctly specified that n* = n and let
Assumption 3.1 holds. Define 73 := %Zzelk(w(ﬂfl,ﬁ) — 5)2 and 0% = %ZkK:l/a\z. Let
0% = E@p(W;n") = 0)* = E(p(W;n) — 0). If
—0=0,(0/VN), }]wwm; V(Wi m)P]7 = 0,(0)
el
for each k < K, and [E|((W;n) — 0)]*+] 2+ 7 < Co? for some constant C', we have

72 — 0% = 0,(0?). (3.102)

Proof of Theorem 3.4. In this theorem, we consider correctly specified nuisance models, in

that n* = 7.
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Consistency Recall the representation (3.76), by Lemmas 3.8, 3.9, 3.10, and 3.11, we have

T, =0, (3.103)

oL
z
Il

Op (bNCN + CLNdN) s (3104)

119 = 0, (= [VE@ + VEFT + VEE) )

119 = 0, (—low + b+ ex(VETT + VEED + ayVET)) . (309

By assumption, bycy + aydy = o(c N~'/2). Together with Lemma 3.13, we obtain that

K
0—0=K"'> (+17" + 1" + 1)
k—

—_

~0, (\/% VEIP + VEE] + VEE] + bvew + aNdN) (3.106)
0, (et + by + ex(VEGH + VBT + v VE) )
:(z,(;%§a>. (3.107)

Asymptotic Normality Now, we demonstrate that \/Nafl(é\—Q) ~» N(0,1). By (3.103),

(3.104), and (3.105), under Assumption 3.6 and bycy + andy = o(c N~/?), we have
Vi T+ TV + TP + 1) = 0,(1)

for each k < K. Hence, we only need to show

K N
VNo 'Ky TP = VN <N1 S w(Win) — 9) ~ N(0,1),
k=1 i=1

where T3(k) is defined as (3.79). By Lyapunov’s central limit theorem, it suffices to show the

following Lyapunov’s condition holds: with some ¢ > 0,

Co) Q|2+t

n—00 TL% g2+t

_ 0. (3.108)
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Step 1 To check Lyapunov’s condition, it suffices to show that for some constant C’ > 0,

Elyp(W;n) — 0)**

o2+t

<C'. (3.109)

By Lemma 3.13, we have, for some constants ¢t > 0 and C; > 0,

Elp(Win) — 6" _ E[ICP*" + [e** + 1€1**]
o2+t — 4+2t (E[ ]+E[52]+E[§2])H2

_ 2 (Eucm 2 I - ) _ 206,

ATt © Tt © 442t (3.110)
€0 (B2 (Bl (B[E3)F €

where the last inequality follows from Assumption 3.8. Taking C' = 285t we get (3.108) so
€

that Lyapunov’s condition is satisfied.

Step 2 By (3.107), we have 6 — 0 = 0,(c/V'N). Here, we show that, for each k < K,

2

[%erw@-;m—w(wi;nn?] = 0,(0). (3.111)

i€},
Note that

1

B[S o - wwan| 2 {B[L S lwovem - vovenp |} o

i€l i€l

[NIE

D Elp(W:5) — (W) (3.113)

u Oy (CLN + by + CN(\/E[CQ] + \/E[52]) tdy EKQ]) ’

where in (3.112), the expectations are taken w.r.t. the joint distribution of (W;);er,; in
(3.113), the expectation is taken w.r.t. the joint distribution of a new W. In the above, (i)
holds by Jensen’s inequality; (ii) holds since 77 is independent of {W,};cs, based on cross-

fitting, {W;}.er, are i.i.d. distributed and W is an independent copy of them; (iii) holds by
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Lemma 3.11. By Markov’s inequality, we have

[%Z [9(Wis) — Y(Wis)

i€l

= 0, (ax + by + ex(VEIC] + VEE) + dy VE[C] ) = 0,(0).

Together with (3.107), (3.108), (3.111), and Lemma 3.14, we conclude that

Proof of Theorem 3.5. Recall the representation (3.76). By Lemmas 3.8, 3.9, 3.10, and 3.11,

we have

T = 0, <chN + bndn + ONLie(y2n()y + AN Lo () 20a ()}
+ vV E[C 4 €211z ()pa()) + ANV E[@H{vét)#w(-)]‘) ;
1
O, (ﬁ [\/E[QQ] +VE[] + \/E[§2]D ,

e
Z
I

1
(k) _ 2 2
T =0, (\/N v + by + VB + VB ]D .
Together with Lemma 3.12 and further assume that E(u}(S1) — 14(S1))? < Cj0? with some

constant C), > 0, we obtain

KDY+ 1 + 1 + 1Y)

1

K
k=
=0, (chN + andn + OnLire()£r()} T N Lz () #pa ()}

1
T eNO L s (Oa ()} T ANO L s () pva()) + _\/NU> :
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3.8.4 Proofs of Auxiliary Lemmas

Proof of Lemma 3.3. By the definition of || X||y, = inf{c > 0: E[exp(X?/c?)] < 2} and
X2 =~ X% 280D (k + = 1
Plen(5) ] P13 mimr )< X S = L 5 =2
k=0 k=0
therefore, leading to ||X ||y, < 20. ]

Proof of Lemma 3.4. a) we observe that

Aain(E[UUT)) = min 2" E[UUT Lpa,—0y apman)]®

xERITL:||z||2=1

= min E[E[(UT®)*1{4,~a, As—a}|U, A1 = a1]P[A; = a;|U]]

zERITL:||z|2=1

= min E[(UTz)?* - P[A; = a2|U, Ay = a1]E[1{a,-4,;|U]]

zeERITL:||z|2=1

= min  E(UTx)*1{a,2a) - P[A2 = a2|U, A1 = a4]]. (3.114)

ZERIHL:||z]]o=1

Under the overlap conditions of Assumption 3.1,
P(CO S P[AQ IG/Q‘U,AI :al] S 1 —Co) =1.
Together with (3.114), under Assumption 3.2, we obtain

Ain(E[UUT)) > ¢y min  E[(UT®)?Lia,201y] > cors > 0.

zERTL:||z|2=1

Additionally, we also have

)\max E 6ﬁT - TE UUT]]_ —a —a
(EUUT]) = max @ E {(A1=a1.Ar=as}|T
(i)
<  max ' E[UUYx = A\ (E[UUT)) < 202,

@ERIHL ||z ||=1

where (i) holds since, by Lemma D.1 (iv) of [CLCL19],

Amax(E[UUT)) = max E[(z"U)? < max 202

al
Jefla=1 E=!

|5 = 202 (3.115)
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Besides, for any « € R¥*! and k € N,
E[|z"UP" = Ell2"U*" 1 {a,201 Ay=a)] < E[lz"U[*"] (Zg) 2(y||lz|2)*T(k + 1),
where (i) holds by Lemma D.1 (iv) of [CLCL19]. By Lemma 3.3, we have
|27 U||y, < 20]|2|,, for any x € R,
b) Under Assumption 3.2, we also have

Ain(E[UUT]) = min  E[(UT2)*1{4,—a,3] > K1 > 0, (3.116)

2ERAHL: |z =1

and by (3.115),

Anax(B[UUT]) = max &' B[UU" 1,2

xeRITL:||z|2=1

< max 2'E[UUTz <202 < . (3.117)
2R ||z||2=1

In addition, for any € R and k € N,
E(|lz"U"] = Bllz" UL, -ay] < E|2" U] 2 2(ull®2)*T(k + 1), (3.118)
where (i) holds by Lemma D.1 (iv) of [CLCL19]. By Lemma 3.3, we have
|27 0|y, < 20u|x|]2, for any & € R
c) Recall the representation (3.17), we also have

Amin(E[VVT]) = min mTE[VVT]l{Alzal}]m

xERU 1| |z|2=1
= i 2T E[QUUTQ 14, o]z
weRderll:ﬂlegzl [Q Q A= 1}]
N ()
>  min @' E[UU L4, 0p]z = Aain(E[UUT]) > &, (3.119)

T meRHLz|2=1
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where (i) follows from (3.116). Similarly,

Aoax(E[VVT]) = max @' EB[VV g0yl

zeRU | |z||2=1
= max :BTE[QUUTQTIL{AFQI}]m
ceRUTL:|z|2=1
__ .. ()
< max 2" E[UUTL{4,—0)]T = Auax(E[UUT]) < 202

> )
zERITL:||z||2=1 b

where (i) follows from (3.117). In addition, for any k € N,

sup  Blla"V[* = sup  Bllz"QUI*|

zeRUTL: |z 2=1 TERM ! |z]|2=1
(i) — oy ()
< sup  E[le"UP < 20%T(k + 1),
TERTHL 2o =1

where (i) holds since, for every |||z = 1 and x € R4 QTz = (z7,0,...,0)T € R and

hence ||QT x|, = |||z = 1 ; (ii) follows from (3.118). Hence, for any « € R*! and k € N,
El|lz"V*] < 2(o[l]|2)* T (k + 1).
By Lemma 3.3, we have V is sub-Gaussian with
|27V ||y, < 20u|x|]2, for any x € RTH.
d) Lastly, note that

Amin(E[VVT]) = min ' E[VVT]x

zeRITL ||z 2=1
_ (@)
> min  @"E[VVT 1, —0y]® = Aan(E[VVT]) > 5,

T zeRAHLz)o=1

where (i) holds by (3.119). Besides,

Aax(E[VVT]) = max 2’ E[VVT]z = max = E[QUUTQ" |z
xC€RUFL: ||z 2=1 reRU+L: ||z =1
(i)
< max @’ E[UUT]z = M\ (E[UUT)) < 202,

T meRHL|z||2=1
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where (i) follows from (3.117). In addition, for any k € N,

sup  Ellz"VI*] = sup  E[l2"QU*|

zeRUTL: ||z 2=1 zeRUTL:||z|2=1

(4) (i4)
< sup E[lz™ U < 20T (k + 1),

zERITL:||z|2=1
where (i) holds since, for every ||z|s = 1 and £ € R"™ ||QT x|, = ||| = 1 ; (ii) follows

from (3.118). Hence, for any € R*! and k € N,
Bllz"V*] < 2(o]|22)* T (k +1).
By Lemma 3.3, we have V is also sub-Gaussian with

12"V, < 20,22, for any & € RT+!.

Proof of Lemma 3.5. In this Lemma, we provide estimation rates for 7, 7(+), ga, and pg(+).
We allow model misspecifications that 7*(-) # 7 () and p%(-) # pa(:). Note that, classical re-
sults for generalized linear models only consider correrctly specified cases; see, e.g., Corollary
9.26 of [Wail9] and Section 4.4 of [NRWY12].

a) We first show (3.44) and (3.45). In part a), the expectations are only taken w.r.t.
the distribution of the new observation S;.

Consider the link function ¥(u) = log(1 + exp(u)), we have

exp(VT~*)

YV = T e (VIR

= 7(S1)(1 —7(Sy)).
Under Assumption 3.4, we have P(c < U"(VT~*) < (1 — ¢y)?) = 1. By Lemma 3.4,

Amin(E[VVT]) > k1 >0, Anax(E[VVT]) < 202 < 0, (3.120)
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and V is sub-Gaussian with |27 V||,, < 20,|||2 for any € R4T1,

Next, we control the gradient at the potentially misspecified location: recall that the
underlying model may be misspecified and 7*(-) not necessarily equal to m(-); The true ~
may not exists such that 7(-) has a logistic form Below we ensure and discuss the Restricted
Strong Convexity (RSC) as well as the properties of the gradient.

We first consider the RSC property. Note that, the RSC property (3.122) below only
depends on the distribution of S; and does not depend on the distribution of A;|S;. This is

because 30y (A, v*) defined in (3.121) can be written as

Sir(A,y) = MY [W(VI(y' + A)) — WV - ATV (V)]

i€l_y

which is function of Sy;s, and Ay;s are not involved above. As a result, the model misspeci-
fication for 7(S;) = E(A1|S1) does not affect the RSC property. In below, we consider the
RSC property studied by [ZCB21].

For any v, A € R*! define
Ou(y) = M"Y [=AuVTy +log(1 +exp(V]7))]
el_y,

(A7) =y (v + A) — Uy () — ATV (7). (3.121)
By Lemma 4.5 of [ZCB21], we have the following RSC property holds:

. log(d; +1
Sar(A,7) > A {HAHQ s %HA\M}

Iillig IOg(dl + ].)
2M

= %”A”% N |A[F for all [|A]l; <1, (3.122)

with probability at least 1 — ¢; exp(—co M), where ¢, ¢o, K1, ko > 0 are some constants.
Additionally, the gradient ||V (v*)||oo is controlled in the following. We allow a

possibly misspecified model that 7*(-) # 7(-). Note that, even under model misspecification,
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we still have (3.124) below. Hence, [|[V{y(7*)]|o is the maximum of zero-mean random
variables.

By the union bound, we have

A A
P (HVEM(')/ Moo = 5 ) P IS%%¥+1 M i;] (f(Viy") —Au)Vij| > 5
di+1 )\
<§ P M—1§ VIa®)y — AV > 22 12
> p ie]k<f( i Y ) 12) 1,7 = 9 ) (3 3)

where f(u) = 1?;2;“&) is the logistic function. By definition, v* = argmin,cga+1 E[((7)],

where for any v € R4+,
U(y) == E [-A VT y +log(1 + exp(V'¥))] .
By the first-order optimality condition, we know that
VEU(Y)] = E[(f(V'y*) = A4)V] =0 e R (3.124)

Additionally, since | f(VT~4*) — A;| < 1, by Lemma D.1 (ii) of [CLCL19] and under Assump-

tion 3.2, for any ¢ € I_; and j < d; + 1,
I(FVIY) = A)Viglly, < 1Vijlly, < 0w

That is, (f(VI~y*) — Ay;)V,; is a zero-mean sub-Gaussian random variable. Hence, by

Lemma D.2 of [CLCL19], for each j < d; + 1,

A —MN?
—1 T * 2 2l
P Z V Alz)Vz > > < 2exp ( 3203 )
i€l _yg
—MN 2 exp(—Mt?)
<2 7)1 <2 —log(d 1) — Mt?) =" "~
< exp(w)_ exp (—Tog(ah + 1) — ¢?) = Z2LE)
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where for any t > 0, we set A\, := 41/20,(4/ % +t). Together with (3.123), it follows

that
* /\’7 2
P [lar(Y) oo < > < 1—2exp(—Mt?).
Together with (3.122), when M > 64k3s,log(dy 4+ 1) and 95,02 < 7, by Corollary 9.20
of [Wail9], we conclude that

654\
_7*”1 S Y ’Y’
R1

R . 3./S~A R
17 =~ l2 < % 15

with probability at least 1 — 2 exp(—Mt?) — ¢; exp(—c2M). Hence, when M > s, log(dy),

with some \y; < \/%,

~ . s~ log(d
17 =~ =0, (—7 ];g,( 1))- (3.125)

Now, we show the estimation rate for 7(-). In the following, we will use Taylor’s Theorem
to control the estimation error of 7(+) by the estimation error of 4 as in (3.127). Then, we

apply the estimation rate (3.125) proved above to obtain the rate for 7(-).

Let f(u) := 1?;2;“&) = U'(u) for any v € R. Note that, for any u*, A € R,
d(f(u” +tA) — f(u*))?
dt
(f(u* +tA) — f(u))?
dt?

=2(f(u" +1A) = f(u")) f'(u" +TA)A,

= 2(f"(u* + tA))2A + 2(f (u" +tA) = f(u)) f"(u" + tA)A%,
where, for any u € R, since f(u) € (0,1), we have

filw) = fu)1 = f(u) € (0,1), f'(u) = fu)(1—f(w)(1-2f(u) € (-1,1). (3.126)
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Set u* = VT~* and A = V(3 — 4*). By Taylor’s Theorem, with some ¢ € (0, 1),

E[f(V'3) = f(VIA) = E[f(u" + 1- A) — f(u")]?

dE(f(u" +tA) — f(u*))®

= E[f(u +0-A) = f()]* + 7

t=0
| PEGW +t8) = fw)?|
2dt? 7

t=t

— 0+ ER(f(u"+0-A) = f(u))f'(u"+0-A)A]
+E[(f(u +tA))PA% + (f(u" +TA) — f(u) f" (u" + tA)A?]

= B [(f'(u" +tA))°A% + (f(u" +A) — f(u)) f"(u" + tA)A?]

< 2[A%) = 2BV (5 — v
where (i) holds since, by (3.126), (f/(u”+tA))? < 1and (f(u*+tA) = f(u™)) f"(w*+1A) < 1.
Hence,

E[7(S1) — 7 (S)* = E[f(V'q) = f(VIy")]? <2BE[VT (7 — )" (3.127)

Then, from (3.120) and (3.125), we have

BIF(S) — (S0P < AEVVIRIF - B =0, (225) . )

b) Now, we show (3.46) and (3.47). In part b), the expectations are only taken w.r.t.
the distribution of the new observations Si, S,.

By Lemma 3.4, we know that the minimum and maximum eigenvalues of covariance
matrix E[UU7T] satisfy

Amin(E[UUT)) > 5 > 0, Anax(E[UUT]) < 202 < o0,
and U is sub-Gaussian with ||z”Ul|, < 20,[z||2 for any & € R**!. Additionally, we also

have P(c2 < "(UT§,) < (1 — ¢9)?) = 1. Repeating the same procedure as in part a), we
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also have

S ss, 10g(d)
13, - 821 = 0, (“E )

and

E[p.(S) — pi(S))? = E[f(UT8,) — f(UT8:)]* < 2E[UT(3, — 87)]2

a0

< 2 E[UT" )3, - 6215 = 0, (212

Proof of Lemma 3.6. In this proof, the expectations are taken w.r.t. the distribution of a
new observation W. We only focus on the treatment paths a = (1,1) and o’ = (0,0). Hence,
when possible, we abbreviate the subscripts (1,1) and (0,0) by 1 and 0. For instance,
p1() = p1a(), pi(:) = pia () and pa(c) = pra(e).

We begin by decomposing T5, (3.78), as a sum of six terms

H(W37) — (W;n*) = Z@i, (3.129)

286



where

%Y ) s -

Q2= =5 (01(8) ~ Tn(S) — 5 (0i(9) — k()

Qo= Tn(S1) ~ i ($1)

(e T
e A )

Qs i~z (S) ~ (1) + e

Qs == —o(S1) + p1o(S1).

Hence, we have the following representation for 75:

6

Ty = E[p(W;7) — v(Win")] = > E[Qi]

i=1

(3.130)
(3.131)

(3.132)

(3.133)
(3.134)

(3.135)

(3.136)

where the expecatations are only taken w.r.t. the distribution of the new obseravtion W.

a) Recall the representation (3.136). Here, we first obtain an upper bound for E[Q; +

Q2 + Q3]. By the law of iterated expectations,

E[Qﬂ _E AA1P1<S)

ﬂ(sl)ﬁ1<s) (Vl(S) - I/j\l(s)) -

Through rearranging, we have the following representation:
8

ElQi1+ Q.+ Q3] = ZRi,

i=1
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where

Rt [ 8080 - 1580) (55 - =8| (3.139)
A EGL B TGRS 110
Ry [ (50 = A8 50

0 (50 = TSNS) i) o
g (o )
Re = | A (11(S1) — 1u(S1)) (w*(lsl) %(151)” | (3.143)
B | (s s~ s ) )~ )0 - )| Lo @)
Ao [ ) = (S0 =) 1

Here, (i) holds by the law of iterated expectations; (ii) holds since either pi(-) = pi(-) or
wi(+) = pa(+) by assumption; (iii) holds by the law of iterated expectations and the fact that,

under Assumption 3.1,

E[V1(8)|Sl,A1 = ]_] = E[E[Y|81,SQ,A1 = ]_,AQ = ]_”Sl,Al = 1]
— BIE[Y(1,1)[S1,S5, A, = 1, Ay = 1]|S1, A; = 1]
- E[E[Y(l, 1)‘81,82,141 — 1”81,141 - 1]

— BEY(L1)[S1, A = 1] = (S)). (3.146)

Now, we obtain an upper bound for R; (i € {1,..., 6}). For Ry + Ry, since |A;] < 1,

288



|7*(S1)] < 1 and |pi(S)| < 1, we have

(4) R a1
Ry + Ry < {E|7(S))| %} {E _

+{E %(181) - w*(lsl) } {EI(S1) — pi(S1)[*}
@0 (081 kﬁ(ﬁb) |

where (i) holds by Holder’s inequality; (ii) follows from Lemma 3.2. Similarly, for R3 + Ry,

since |A;] < 1, [pi(S) — p1(S)| < 1, [7*(S1) — 7(S1)| < 1, and together with Lemma 3.2,

~ _341 ~ _3y1 ~ N 1
Rs + Ry <{ET(S1)|°}3{E[p1(S)| 7} {ED1(S) — 1 (S)IP}3 Lips () 0a ()

+{E[R(S)[ 2} H{E[[1(S1) — 15(S1)2}2 1o

)£ ()}
(S, + 88,) log(d) Sa, l0g(d)
=0, (0\/ N Lime(znoy H 0\ = Hoa)#pa0} | -

For Rs + Rg, since [pi(S)| < 1,

&+&SMW&WM{EA

+{E } {E[A1|p3(S1) — pa (ST}

S log log d
=0y ( o\ T ﬂ{ua (V#a (- }+0\/ ﬂ{u*()#ua >}>

where the last assertion follows from Lemma 3.2, (3.156), (3.158), and Lemma 3.12

{E[A:|v](8) = m(S)I’]}

'~y
N——
N
[SIE

1 1

N|=

Combining all the previous results, we have

ElQ1+ Q2+ Q3] = ZR O( 811(;5(00 +o S2l?§<d)).

Analogously to E[Q; + Q2 + @3], we have the same result for E[Q4+ Q5 + Q¢). Theorefore
(3.81) follows.
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b) When all the models are correctly specified, we have s, = 0. Hence, by part a),

(3.82) holds. .

Proof of Lemma 3.7. In this proof, the expecations are taken w.r.t. a new observation W,

unless stated otherwise.
We first show that (3.83) holds. Recall the representation (3.129), by Minkowski

inequality, we have

[E(W;5) —o(Win*)?: < D [BQ)]2, (3.147)

i=1

where Q; (i € {1,...,6}) are defined as(3.130)-(3.135). In the following, we show that

Z[E(Q?)]% = Op (o'\/max{sam Sﬁa}\‘;»y, S5a} log(d)> '

By Minkowski’s inequality,

B@ < (B[ o) - vr<s>>]2}§

< (BREI R ERS) Y ER(S) - ()}

where (i) holds by the fact that |A;] < 1, |As] < 1 and A1 As¢ = ¢ = A1 A (Y — vi(S));

a1 1 — !
+{EI¢} {E 7(S1)pa(S) 7 (S1)pi(S)

(i) 0, (0\/max{saa,s.,,saa}log(d)) |

N

(ii) holds byHélder’s inequality; (iii) follows from Lemma 3.2, and under Assumption 3.3, by
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Lemma D.1 (iv) of [CLCL19],
E[|¢["] < 8o*a¢, El[el*] < 8o'al. (3.148)

Then, similarly as above, we obtain

<{BIR(S1)| "} {E[R(S) - vI(S)['}7 + {E =

+{EIR(S)| " {Elfin(S) — pi(Sy)[*}

_o, (U\/max{saa,si},s.,}log(d)) ’

where the last assertion follows from the Lemma 3.2 and (3.148). Also, by Lemma 3.2,

_ <U\/max{saa, S8 } log(d)>
p N :

N

[E(Q3)]

Hence, we have

[E(@Q)]2 + [B@))]2 + [E@)): = O p<a¢max{8awsﬁa,sms§}1og )

N

Repeating the procedure above, we obtain the same result for [E (Q4)]% [E(Q? % Q3]
Therefore, (3.83) holds.

Now, we show (3.84). Recall the definition (3.80), by Chebyshev’s inequality, we have
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for any ¢ > 0,

P > 1) < Svar H S (W) — W) (3.149)
< S B(W:7) = (W)

In the righ-hand side of (3.149), the variance is taken over the joint distribution of (W};);ez, .
Note that, based on the sample-splitting, 7 is independent of (W;);cz,. Together with (3.83),

we conclude that (3.84) holds. m

Proof of Lemma 3.8. Recall the definition (3.77). Since § = E[u,(S1) — ta(S1)], we have

- E[%(W; 772) - Na(sl)] - E[¢a’(w; 7];’) - :ua’(Sl)]'

It suffices to show E[v.(W;n%) — u.(S1)] = 0 for each ¢ € {a,a’}. Without loss of generality,

we consider ¢ = a = (1,1). Observe that,

Ela(W:in;) — 11a(S1)]
_E[A1A2< vi(8) | Awi(S) —pi(S) | .

“(S1)pi(S) oSy M

(_E[Alﬂl( )i (S) —vi(S)) | Ai(vi(S) — pi(S1))
*(S1)pi(8S) 7*(S1)
(i)

=T+ Tip+ T3,

where

1y [AS) iS) (,_28))),

Tia =8 |80 - (80) (1- =2 )|

T1’3 =F
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In the above, (i) holds by the law of iterated expectations and under Assumption 3.1 since

P ) = [ [ s s A =] Pl = 1)

|:E[A2’SJA1 =1(E[Y (1, 1)[S, 4 =1] —v{(8))
m(S1)p1(S)

0 [ p(8)(n(S) — v{(8)) _ o [Aip(S)(ni(S) — vi(8))

- { E[A”S]] -F { T (S1)pi(S) } |

-5 E[Aljs@

Additionally, (ii) holds by rearranging the terms after the following decomposition

(11 (S) = 11(S1)) = (11 (S) = va(S)) + (1(S) — 1 (S1)) + (2 (S) — pi(S1)).

By assumption, either v{(-) = v1(+) or pi(-) = p1(-). Hence, T1; = 0. By the law of

iterated expectations, under Assumption 3.1,

Tia = [(u(s) - i) (1- 2 )| <o,

since, by assumption, either pj(-) = p1(-) or 7*(-) = m(-). Besides, as in (3.146), we have

E[v1(S)|S1, A1 = 1] = 111(S1). Hence, by the law of iterated expectations,

fia = | | BB, a1 pea = 1)
— 5| 2 S8 A= 1= (sl o.

Combining the previous results, we have

EpeWinh) — 1a(S1)] =Tha+Tio+ T15 = 0.

Repeating the same procedure, we also have Efi),(W;n%) — ua(S1)] = 0, and hence (3.94)

follows. ™
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Proof of Lemma 3.9. In this proof, the expectations are taken w.r.t. the distribution of new

observations Si, Sy (or only S; if Sy is not involved). We condition on the following event
€= {Pley <F(S) <1—e) =1, Pleo<pi(S)<1—cp)=1}. (3.150)

Under Assumption 3.7, the event &, occurs with probability approaching one.

Recall the representation (3.136). Here, we first upper bound E[Q; + Q2 + Q3]. Same
as in the proof of Lemma 3.6, we also have (3.137) holds, with R;s defined in (3.138)-(3.145).
Same as in (3.144) and (3.145), we have R; = Rg = 0. In the following, we use Cauchy-
Schwarz inequality to upper bound R; (i € {1,...,6}). For Ry + Ry, on the event &, we

have

= Op (bNCN + aNdN) s (3151)
under Assumption 3.6. For R3 + Ry, on the event £, we have

[E(@(S) — v{(9))4)z

N

&+&_%WM®—M®W

+ LB (S) - 7(S1)

Co

(NI

[E(7ir(S1) — 1i(S1))?)2

Lps(. . ~ % 1 IL7r*~7r- ~ % 1
< SO EE(S) — vi(8))F + I B (S) - i (S
0

since

(i)
E(pi(S) = p1(8))? = Lips ()20 3 E(P1(S) = p1(8))* < Lppe (900}

E(W*(Sl) — 71'(81))2 == ﬂ{ﬂ-*(.)#ﬂ-(l)}E(ﬂ'*(Sl) — W(Sl))Q S ﬂ{ﬂ-*(.)#ﬂ-(.)},
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where (i) and (ii) hold because p1(S) = E(As|S,A4; = 1) € (0,1), n(S;1) = E(A1]Sy) €
(0,1), and, under Assumption 3.4, p;(S),7*(S;) € (0,1) with probability one. Hence, under

Assumption 3.6, we have
Ry + Ry = Op (b Lz ()20} + AN Lo ()pa(1}) - (3.152)

As for R5 + Rg, similarly, we have

Ra+ Ro < (B (8) = pi(S)F 1 [ELA i (S) = m(S)P])
+ %[E(%(Sl) — 7 (817 [BIA((S1) — i (S1))]] (3.153)

Here, we need upper bound for [E[A; (v7(S) — 11(S))?]]2 and [E[A; (1(S1) — p1(S1))?)]2. By

definition,
(=C+CG, ec=c14ey, Y =Y(1,1)44,+Y(0,0)(1— A)(1— Ay),
where
(1= A1Az (V(1,1) = 27(S)), e1= A1 (¥ (S)—pi(S1)).
Hence, we have
E(¢*] > E[A1A:(*] = E[(f] = BE[A1A(Y — v{(8))?] (3.154)
Note that

E[A1 Ay (Y = 11(8))(1(8) = v1(8))]

i

—~
=

E[E[A1Ay(Y(1,1) =1 (8))(11(S) — 11 (S))IS, Ay = 1]P(A, = 1[S)]

—~

i) E[E[Ay]S, A; = 1](E[Y (1,1)[S, A; = 1] — 14(S)) (14 (S) — v/ (S))P(A; = 1|S)]

(i)
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where (i) holds by the law of iterated expectations and the fact that A; AY = A1 ALY (1,1);
(i) holds under Assumption 3.1; (iii) holds since 14(S) = E[Y (1,1)|S,4; = 1,45 = 1] =
E[Y(1,1)]S, Ay = 1] under Assumption 3.1. Therefore,
E[AA(Y = v(8))%] = E[A1 A (Y — 11(8))* + (11 (S) — 4 (8))7]] (3.155)
> E[A1Ay(v1(8) — 11(8))°] = E[Ai1p1(S) (] (S) — 11(8))7]
> coE[A1(vi(S) — 1i(8))?],
under Assumption 3.1. Together with (3.154), we have

E[A,(7(S) - m(9))] < cioEm. (3.156)

Besides, note that
ElA (n1(S) — p1(S1)) (1 (S1) — p1(S1))]
= E[(u1(S1) — 7 (S1)) E[(v1(S) — 11(S1))[S1, A1 = 1]P(A; = 1[S)] =0,
since E[v1(S)|S1, A1 = 1] = 1(S1) as shown in (3.146). Therefore, we have
E[A; (1 (S) = 111(S1))?] = E[A1(11(S) — 11(S1))?] + E[A1 (1 (S1) — p13(S1))?]
> B[4 (11 (S1) — 1(81)). (3.157)

Additionally, observe that

E[A1(11(S) — pi(S1))?] < 2E[A;(v5(S) — v1(8))*] + 2E[e7]
< 2 gt 4 284067 < 2 BIC) + 281,

where (i) holds by (3.156) and the fact that 2 = A;e2. Together with (3.157), we obtain

A (4(S)) — mn(S)] < ~E[?] + 2E[). (3.158)

Co
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Therefore, under Assumption 3.6,

Rs + Ry < %[EWS) S REA W (S) — m(S)))}
+ %[E(ﬂsn (SO EIAL (15 (S1) — pn(S1))

=0, <CN\/ E[C? 4 2|1 (ur () pa()} + ANy E[CQ]IL{V;(.#VQ(.)}) . (3.159)

Pluging (3.144), (3.145), (3.151),(3.152), and (3.159) into (3.137), we obtain

ElQ: + Q2+ Q3] =0, (chN + andn + OnLie()£n()} T AN Lz ()20a ()}

+ enV E[C + €2 () tpa()y + ANV E[Cz]ﬂ{uzc)#w(-)}) :

By repeating all the previous steps, we can obtain the same result for E[Q4 + Q5 + Qg)-
Therefore, (3.95) follows.

b) When all the nuisance models are correct, Assumption 3.4 holds under Assumption
3.1. Hence, by part a), we also have (3.95). Since all the nuisance models are correct, we

further conclude that (3.96) holds. ]

Proof of Lemma 3.10. a) Recall the definition (3.79). By Chebyshev’s inequality, we have

for any ¢ > 0,

P(Ty] > 1) < Var( S (Wi ): L B,

1€y,

=

where n = N/K = |I;|. To prove (3.97), we only need to show [E(¢(W;n*))?]

O(\VE[C?] + VE[EY + VE[€?]). By Minkowski inequality, we have

Ty, (3.160)
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where

T3’2 =K

T3’3 = |F

T3,4 =K

T35 := [E (u3(S1) — 16(S1) — 9)2}% :

We bound each of the above terms in turn. Under Assumption 3.4 and recall the equation

(3.154), we have

Ty < S(E(A ALY — v (8)7)]} <

2
Co €o

E[c]. (3.161)

Similarly, since F[e?] > E[Ae%] = E[e3] = E[A;(vi(S) — 115(S1))?], we have

1

Ty < —[E(A((S) — #i(S1)) < —VEE. (3.162)
0 0
Repeating the same process for T3 3 and T34, we also have
1 1
T3’3 S C—Q\/ E[CQ], T374 S C—\/ E[ef ] (3163)
0 0

Additionally,

2 B + 2817 2 ElA (1(81) — 1 (S0))) 2 Elx(S1)(1(S1) — pun(S1)Y

Y Bl (S1) — (S0,
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where (i) holds by (3.158); (ii) holds by the law of iterated expectations; (iii) holds under
Assumption 3.1. Similarly, we also have

2 BIC) + 2B > B [(13(S1) — m(S1))?).

Co

By Minkowski inequality,

Tys < [E((S1) — m(S1))%]% + [E((S1) — uo<sl>>21% + [BleY)

< 2\/ 2 BIC) + Bl + EE < 222 VEI + ”w )+ VB (3.164)
0

0

Plugging (3.161)-(3.164) into (3.160), we have

BWW;n)E = 0 (¢E<2+¢Ee2+¢w)

b) When all the models are correctly specified, Assumption 3.1 implies Assumption

3.4. Hence, by part a), we also have (3.97). [

Proof of Lemma 3.11. In this proof, the expectations are taken w.r.t. the distribution of
new observations Sy, Sy (or only Sy if Sy is not involved). Additionally, we condition on the
event &4, defined as (3.150). Under Assumption 3.7, such an event occurs with probability
approaching one.

a) We first show (3.98). Same as in the proof of Lemma 3.7, we also have (3.147)

here. Then, by Chebyshev’s inequality, it suffices to show

D IE@))E = 0, (an + by + VE + VEFT)

where Q; (i € {1,...,6}) are defined as (3.130)-(3.135). Additionally, under Assumption

3.4, we also have

Pleo<m(S1) <1—c) =1, Plcog < pi(S) <1—co) =1.
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For the first term [E (Q%)]%, under Assumptions 3.4 and on the event &4,

[B(Q%):

N

< c_lg)l{E[AlAﬂ*(Sl)P’{(S)(Y = D1(8)) — ALA7(S1)51(S)(Y — v (S))]*}

< LB S0A(S) W (8) + ¢~ (8) - FSIAS)T)

< ER(S) ~ i SPH + S ERSIA®) -7 SN (105

N|=

where (i) holds by the fact that |A;| < 1, |[As] < 1 and A1 AY = A1 A (S) + Ay As(
(ii) holds from Minkowski inequality and the fact that P(7*(S1)pi(S) < 1) = 1. Since

PO <7*(S1)pi(S) < 1) =1and P(0 <7(S1)p1(S) < 1) =1 under &, we have

[B@))F < Z[E@(S) - vi(8)]: + C—%[E(@)ﬁ =0, (b + VELT).  (3166)

OQ,;| =

Similarly, for the second term [E(Q2)]2, under Assumptions 3.4 and on the event &,

BE@Q) < %{E[Amsl)(m& L (S) — AF(S) W (S) — (S}
2 C—%{E[w (S1)(@1(S) — ia(S1)) — 7(S))e)?}
Y C—lg[E@l(S) — S + C%[Ewsn — u(S0)
+ S {BI(RS) — (8} (3.167)
G 1, AR (PR cant o Loprans
< SIEG(S) ~ v + S B () — (S0 + B
= 0, (ax + by + VEET) (3.168)

where (i) holds from the fact that |A;| < 1 and A1v](S) = A1u5(S1) + A;e; (ii) holds from

Minkowski inequality and P(7*(S;) < 1) = 1; (iii) holds by the fact that P(0 < 7%(S;) <
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1) =1 and P(0 <7(S1) < 1) =1 on &. For the third term [E(Q2)]z, we have
[B(Q3)]2 = 0y (bw). (3.169)

under Assumption 3.6. Combining (3.166), (3.168) and (3.169), we obtain that

B@D]} + [B@)F + (B = 0, (ax + by +VEICT + VE])

Repeating the same procedure above, we also have the same result for [E(Q?)]2 +[E(Q2)]z +
[E(Q32)]z. Then, (3.98) follows.

b) Now, we show (3.99). By (3.165), under Assumption 3.8, we have

N

[B(QD)]? < 5 [E@(S) — ni(S))?)

oorul —

D=

+ %{E[ﬂsn%{E[(ﬁ(sl)ﬁl(S) —7(S1)pi(8))]%}

CE[C

1
Co

[N
N

< S[E@(8) = n(8))’]= + {E[(7(S1)pi(S) — w(S1)pa(S))*}

oﬁyul —

By Minkowski inequality and under &;, we have

N

{E[7(S1)pi(S) — W(Sl)Pl(S)]2}

[NIES

< {B[(F(S1) — 7(S1))51(S)]*}2 + { E[r(S1)(5:(S) — p1(8)))*}

N
[SIE

< [E@(S1) = 7(S1))*]2 + [E(B1(S) — p1(S))*]2 = Op (e + ).

Hence,

N |=

B@QD)E = Oy (ax + (en + dn)VELT)
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In addition, by (3.167), we have

1

2
0

N
N

[E@1(S) —1i(8))7] [B(fir(S1) — pa(S1)]’]

o BIISIHEIRS) — n(S1)P)

0

[B(Q3)]z < +

@)
&wl =

N
N

< SIE@(S) — vi(8))*]2 + S[E((S1) — m(S1)]’]

omwl [
onl =

L YOEET pias,) - n(s)))

Co

=0, <aN+bN+cN\/m> .

N

Besides, by Assumption 3.6,
[E(Q3)]2 = Oy (bn).

Repeating the same procedure above, we also have

[B(Q3))F =0, (ay + (ex +dn)V/E[T])
E@)F =0, (an + by + exv/E[FT)
[B(Q}))z =0, (by).

Now, we have

(B((W:7) — 6(W;m)) = Op (an + by + ex(v/EIC] + VEE) + dy/EIC )
By Chebyshev’s inequality, we conclude that (3.99) holds. n

Proof of Lemma 3.12. a) We notice the following representation:
8

Y(Win')—6="Y "0, (3.170)

=1
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where

— A1A2(Y — Vl(S))

O : SIS (3.171)
0y = Wf(‘él) (1 - %) (VE(S) — 1i(S)), (3.172)
Os = Aﬂm(jf(;;ﬂ&))) (3.173)
0= A 178
Os = _1:—*?511) (1 - %) W (S) — w(8)), (3.175)
O A?{”jfié; to(S)) (3.176)
0 = (1= =3 ) (81~ (1)

- (17 ) S0 - s (3177)
Os = 11(S1) — j1o(S1) — 0 = €. (3.178)

In the following, we demonstrate that
ot = B(Wi) 0 = S B[] (3.179)

=1

It suffices to show that E[0;0;] = 0 for all ¢ # j. Firstly, since A;(1 — A;) = 0, we have
0,0; =0, foreach i€ {1,2,3}, and j € {4,5,6}. (3.180)

Step 1  We show E[0,0;] = 0 for each i > 2. By (3.180), we know that 0,0, = 0 for

i € {4,5,6}. Note that, O3, O7, Og are all functions of (S, A;). Hence, for each ¢ € {3,7,8},

since
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where (i) holds under Assumption 3.1; (ii) holds because E[Y (1,1)[S, A1 = 1] = ui(Sy).

Besides, we note that

ALY — (8D (S) — n(S)(0i(S) — )

001 = £ (= (S5 (B)?
o - TEAY (L 1) — m(S))[S. Ay = Wi(S) = m(S)(pi(S) = 1) . |
-F [ =G 5) Pldi = ”S)]
@, {msmm, 1) (S )is 4 >_3<]s(f2(8> — (SN = 1)y 1'S>}

where (i) holds by the law of iterated expectations; (ii) holds under Assumption 3.1; (iii)

holds because E[Y (1,1)|S, A; = 1] = 111(S1).

Step 2 We show E[0,0;] = 0 for each ¢ > 3. By (3.180), we know that O,0; = 0 for

i € {4,5,6}. Since O3, Oy, Oy are all functions of (S, A;), it follows that, for each i € {3,7,8},

E[0:0;] = E[O:E[0,[S, Ay = 1]P(A; = 1|S)] =

since

Vi (S) — vi(8) [A2|S, Ay = 1]
alS: A =11 ="y (1 i) )
i) -n®) (. mS) o
= (S)) (1 px<s>) -0

where (i) holds because either v;(-) = vy (-) or pi(-) = p1(-) by assumption.

Step 3 We show E[050;] = 0 for each i > 4. By (3.180), we know that O30, = 0 for

i€ {4,5,6}. Since Oz, Oy are all functions of (Sy, A;), it follows that, for each ¢ € {7, 8},

E[050;] = E[O;E[O3S1, Ay = 1]P(A; = 1|S1)] = 0,
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since

E[v1(S)[S1, Ay = 1] — 11 (S1) @)

E[03|81,A1 == 1] - 7T*(Sl) - 0,

where (i) holds because E[v1(S)|S1, A1 = 1] = p1(S1) as shown in (3.146).

Step 4 By repeating the same procedure as in Steps 1-3, we also have E[O;0,;] = 0 for

each i € {4,5,6} and j > i+ 1.

Step 5 We show E[O;0s] = 0. Since Os is a function of Sy, we have

E[0705] = E[OsE[04]S:]] = 0,

Blorsi] = (1- Tigy ) (50~ m(8) - (1= {25 ) (1) - a(S1)

where (i) holds because, by assumption, 1) either 7*(-) = 7 (-) or pj(-) = p1(+), and 2) either
() = () or p5(-) = po(-).

Based on all Steps 1-5, we conclude that (3.179) holds. Now, note that

E[07] > E[A1 Ay (Y (1,1) — 11(8))?],

o [A1((pi(S))? — 24507 (S) + As) JH(S) — 1 (S))2
B0 = 5 | ety 0115~ (5|
A(H(S) ~ 1 (S)F + ()L pu(S))
-5 (r(S0i(5)? )=o)

> B[ (v1(S) — 11(9))?,

Ay (11(8) — 11(81))?

(77'*(81))2 2 E[A1<V1(S) - :U“1(81>> ]

E[O3]=E {
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Hence,

E[A1A5(°] = E[(}] = E[A1Ax(Y (1,1) — v{(S))?]

)

(

1=

E[AA((Y(1,1) = n1(8))* + (1(8) — 11(8))*)] < E[O7] + C%E[O%], (3.181)
where (i) holds as in (3.155). Additionally,

E[Ae%] = E[e]] = E[A1(v{(S) — 11(81))?]
< 3 [E[A1 (V] (S) — 1(8))?] + E[A1(11(S) — 111(S1))?] + E[A1 (11 (S1) — p7(S1))?]]

< S E[03] + 3E[03] + 3C,.0°.

Repeating the process above, we also have

E[(1 - A)(1 — A5)¢? < E[O?] + C—]'QE[O?,], (3.182)

0

E[(1 - A& < %E[O?,] + 3E[0F] + 3C,0°.
Besides, we also have
E[¢%] = E[02)]. (3.183)
Therefore, we conclude that
E[¢*] + E[£°] + E[¢7]
= B[A1 A% + B[(1 — A)(1 — Ay)¢?] + E[Ase?] + E[(1 — Ay)e?] + E[¢?)
< E[O? + %OS +30; + OF + %Og + 30 + O3] + 6C,0% < (% - 6CN> o2,

since ¢ < 1 and (3.179) holds.
b) Now, we assume Assumption 3.3 holds. Same as in part a), we also have (3.179),

(3.181), (3.182), and (3.183) hold. Additionally, under Assumption 3.3, by Lemma D.1 (iv)
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of [CLCL19], we also have

E[e%] < 2020°.
Therefore,

E[¢*] + E[e*] + E[€7]
= E[A1A2C%] + E[(1 = A (1 = A2)¢°] + E[e?] + E[¢7]

1 1 1
< E[O} + FOS + O3 + gOg + OF] + 202%0* < (; + 205) o2
0 0 0

Proof of Lemma 3.13. We first show that (3.100) holds. By Lemma 3.12, we have

8 8

Y(Win')=0=> 0; o =EWW;n")-0>=> E[0]],

=1 =1

where {O;}%_, are defined as (3.171)-(3.178). Since now we assume n* = 7 that all the
=1

models are correctly specified, we have O; = 0 for i € {2,5,7} and hence

Y(Win") =60 = O1+ O3+ Oy + Og + O, (3.184)

5

0? = E[0%] + E[0O3] + E[O%] + E[O3] + E[03] = YV,

where

[ AA, ?

s (W@ngﬁy—”@”)]’

Vo i =F _(W{lsll)(l/l(s) —Ml(sl))> )

[y a=ana-ay . ?

B | (oG ™ 06”)]’
/1 A, 2

Vy:=F _(1 — w(Sl)( 0(S) — Mo(Sl))) ] ;

Vs :=FE [(112(S1) — p1o(S1) — 6)*] .
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() | 2| () | 2

Z E[AIEQ]v
where (i) and (iv) hold since v§(+) = v1(+) and i () = p1(+); (i) and (v) hold since ¢; = A; Ax(

i i (i41)
v, 2E W g > B[A; 457,

(i)

v, YE ® g

and €; = Aje; (i) and (vi) hold since Ay, Ay € {0,1}, 7(S;) < 1 and p1(S) < 1 with

probability 1 under Assumption 3.1. Similarly,
Vs> B[(1-A)(1 - A)¢?], Vi > E[(1- Ay)e?].

Additionally, by definition, £ = p1(S1) — o(S1) — 6. Hence,

Combining all the previous results, we have
0% 1= E[p(Wsn") — 0] = E[y(W;n) — 0]
> E[A1 Ao + (1 — A (1 = A) (] + E[Are? + (1 = Ay)e’] + E[¢?)
= B[°] + E[¢*] + E[¢%].

Next, we show that (3.101) holds. Recall the representation (3.184). By the finite form of

Jensen’s inequality, and note that the function u +— |u|[*™ is convex for any ¢ > 0, we have

@D(W;n)—@%—t_ 01+03+O4+O6+08 2t
5 B 5
< |Ol|2+t + |03|2+t+ |O4|2+t+ |O6|2+t + |08|2+t

5
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Therefore,

Elp(Win) — 0] < 5HE[JO* + [0 + 04" + O] + |Os[**']

5
= Ctz‘/;la

i=1

where C, = 5 and

(| A4, - 2“]

V2/ =F 4 (v1(S) — 11 (S1)) ] )

V/—E (1—A)(1—Ay) ¥ - (S) 2+t] |

(1 —=m(S1))(1 = po(S))

, i 1— A 2+t
Vy=E T(SI)(VO(S) — 10(S1)) ] :

V2 =E [i(S1) - uo(S1) — 01*].

Now, we upper bound each of the terms above.

2+t 2+t

Q) G (i1) A A @) 1 )
VIZF || ————— B — < E[|C]2Y),
1 I W(Sl)pl(s) ﬂ(sl)pl(s) = Cgmt HC| ]
2+t 2+t .
(i) €1 (v) Ay (i) 1 )
Vy = E = F < E +t
2 71'(81) ] W(Sl)g — Cé+2t HEl ]7

where (i) and (iv) hold since v5(-) = v1(+) and pi(-) = p1(+); (ii) and (v) hold since (; = A; Ay
and €; = Aje; (i) and (vi) hold since Ay, Ay € {0,1}, 7(S1),p1(S) € [co,1 — ¢o] with

probability 1 under Assumption 3.1. Similarly, we also have

1 1
Vi < Bl V) < =Bl
Co Co

In addition, by definition, £ = u1(S1) — 10(S1) — 6. Hence,

Vi = Bllg*].
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Therefore, we conclude that

2 2
Blp(Wsn) = 0 < Co | 5 B + o Bllel] + B
0 0
2C,
< o BIIC + e+ J)

since 0 <c<1landt>D0.

Proof of Lemma 3.14. We show that for each k =1, ..., K,

Vi) =0 — 0 = o,(0%),
@) = B = 2 S (0(Win) — 0 = o,(0?)

(3.185)

(3.186)

We first show (3.185). Let Zy,; := o '(v»(W;;n) — 6)* — 1, note that both W; and

n are possibly dependent with (dy,d2) = (dn1,dn2). Hence, (Zy;)n,; forms a row-wise

independent and identically distributed triangular array, and (3.185) is equivalent to

By Lemma 3 of [ZB21], it suffices to show that E(Z;;) = 0 and E|Z,,|? < C’ with some

constants ¢ > 1 and C" > 0. By definition,

ﬂ%Q:EFMmewV_q:f_lz

o2 o2

In addition, by Minkowski inequality,

24t

. _ H)2 2 %“ . _ 2+t QLH
vaW@ 02 ] S{ﬂ@@@)&ﬂ} ool
It follows that
2+t
24t W, -0 2 K 24t
E|Zd,1‘% _E’<¢( 70772) ) —1 <(C+1)%,
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with (2 +t)/2 > 1. Therefore, by Lemma 3 of [ZB21], we conclude that (3.185) holds.
Next, we show (3.186). Let a; = (Wi 7)) — (Wiin) — (6 — 0) and b; = »(W;:n) — 6.

Then, it follows from the triangle inequality that

1 - A 1
- > (W(Wi) - 0)* - - > (W(Wiin) — 0)?
i€l i€l
1 1
<lz\a-y ya-+2b<|(2<') llzcﬂr llz(a-mm? 2
=n ' i 7 i = n - i n - 7 7
1€l 1€l 1€l
(@) |1 : 1 2 1 :
2y () wa (i) |
n iely, n iely, n iely,

where (i) follows from Cauchy-Schwarz inequality; (ii) follows from Minkowski inequality.

Recall the equation (3.185), we have

LSTR = S (W) — ) = 0%(1 + 0,(1))

1€l 1€l
Since, by assumption, 6 — 6 = O,(c/V/N) and [2 > ien, [V Wi 1) — (Wi n)?z = 0p(0), we
have
1 N R N .
SSna| < | S d) — e | +16 -6 = oy(0).
i€l 1€y,
Therefore,
1 o~ S 1 2
- ZW(WZ n—0) — - ZW(Wz‘; n) —0)
i€l i€1y,
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Now, by (3.185) and (3.186), we have
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Chapter 4

Dynamic treatment effects:
high-dimensional inference under

model misspecification

4.1 Introduction

Statistical inference and estimation for causal relationships has a long tradition and
has attracted significant attention as the emerging of large and complex datasets and the need
for new statistical tools to handle such challenging datasets. In many applications, data is
collected dynamically over time, and individuals are exposed to treatments at multiple stages.
Typical examples include mobile health datasets, electronic health records, and many other
biomedical studies and political science datasets. This work considers statistical inference
of causal effects for longitudinal and observational data with high-dimensional covariates

(confounders). We aim to establish valid statistical inference for dynamic treatment effects
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under possible model misspecifications.

For the sake of simplicity, we consider dynamic settings with two exposure times. Sup-
pose that we collect independent and identically distributed (i.i.d.) samples S := (W;)¥, :=
(Y;, Ayiy Ao, S1i, Soi) Y, and let W := (Y, A}, Ay, S1,Sy) be an independent copy of W;.
Here, Y € R denotes the observed outcome variable at the final stage, Y (aq,as) is the (un-
observable) potential outcome for a;,as € {0,1}, and we assume the standard consistency
condition Y = Y (A4, Ay) throughout; A;, Ay € {0,1} denote the treatment indicator vari-
able at time 1 and time 2, respectively; S; € R% and S, € R% denote the covariate (or
confounder) variables at time 1 and time 2, respectively. Suppose the first coordinate of S,
is 1. Let Sy; := (ST, ST)T, Sy := (ST, ST, d := d; + dy, and possibly, d > N as N — oo.

Define the following counterfactual mean parameters:

Oar.0o = E{Y (a1,a2)}, for any ai,as € {0,1}.

The dynamic treatment effect of the given a treatment sequence (aq, as) compared with the
control sequence (a},ay) can then be defined as the difference: DTE := 04, 4, — 0a7 o5 To
estimate the dynamic treatment effect, it suffices to estimate 0,, ,, and Oafl ab seperately.
Without loss of generality, we focus on the inference of the counterfactual mean ¢, ;. Similar
results also hold analogously for 6y, 601, 610, and statistical inference for the dynamic
treatment effect can be further provided by combining the results for the two counterfactual
means.

To identify the parameter of interest under dynamic settings, we consider the marginal
structural mean (MSM) models. Three different approaches are studied under the MSM

models: the inverse probability weighting (IPW) method, the covariate balancing method,
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and the doubly robust method. The TPW method has been well-studied by, e.g., [Rob86,
Rob00a, HBR01, Rob04, BAWM18|. The consistencies of IPW estimators require correctly
specified propensity score (PS) models and statistical inference is usually only valid in low
dimensions. In addition, [ZW18, KS18, YS18, VB21] proposed covariate balancing dynamic
treatment effect estimators, where correctly specified outcome regression (OR) models are
required. To achieve v/N-inference in high dimensions, they also need very strong sparsity
conditions for the OR models’ parameters, e.g., with a sparsity level o( N/® 10g73/4(Nd)) as
in [VB21]. The doubly robust method is studied using a doubly robust representation for
the parameter of interest, which involves both the PS and the OR models [IR15a, LMO05,
Mur03, Rob00a, Rob87]. With the presence of high-dimensional covariates, doubly robust
estimators for the dynamic treatment effects have been recently studied by [BHL20,BJZ21],
and v/N-inference is provided when all the nuisance models are correctly specified.

We consider the doubly robust approach, but with carefully constructed “moment
targeted” nuisance estimators. Based on such nuisance estimators, we achieve v/N inference
for the parameter of interest even model misspecification occurs. This is the first result
establishing statistical inference for dynamic treatment effects under high-dimensional set-
tings that allows model misspecifications. Specifically, our proposed estimator is sequentially

doubly robust. That is, the estimator is consistent and asymptotically normal (CAN) as long
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as one of the following cases occurs:

The OR models at time 1 and 2 are correctly specified; (4.1)
The PS models at time 1 and 2 are correctly specified; (4.2)
The OR model at time 1 and the PS model at time 2 are correctly specified; (4.3)

The OR model at time 2 and the PS model at time 1 are correctly specified. (4.4)

In other words, we require at least one of the models to be correctly specified at each time
spot; see results in Theorem 4.1 and Assumption 4.2 required therein. We reach the best
model robustness so far, even containing the existing results in low dimensions.

In low-dimensional settings, doubly robust estimators for dynamic treatment effects
have been studied by [Rob00b, MvdLRGO1, BR05, YvdL06]. Their proposed estimators are
CAN when either (4.1) or (4.2) holds, but (4.3) and (4.4) are not allowed. Recently, [BRR19]
proposed a “multiple robust” estimator (also in low-dimensions), which reaches the best
model robustness so far in the existing literature. Their estimator is CAN when any of
(4.1), (4.2), or (4.3) holds, but case (4.4) is not allowed. Additionally, our estimator is also
more robust than the IPW and covariate balancing estimators. The IPW estimators always
require correctly specified PS models, and the covariate balancing estimators always require
correctly specified OR models. Whereas we do not enforce any single model to be correctly
specified, and hence weaker conditions on the model correctness are assumed in our work.

Apart from the MSM models, the dynamic treatment effect can also be identified
through the structural nested mean (SNM) models, and G-computation has been used to
estimate the parameter of interest [Rob86]. Recently, [L.S20] proposed estimators for some

“blip functions” under SNM models in high dimensions. However, they always require cor-
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rectly specified blip functions, and they provided statistical inference for the counterfactual
mean estimator only in low dimensions.

Furthermore, even when all the models are correctly specified, we require weaker
sparsity conditions than the existing doubly robust literature in high dimensions [BHL20,
BJZ21], where three “product sparsity” conditions are required. Whereas, we only need
two “product sparsity” conditions; see Theorem 4.2 and comparisons in Remark 4.8. This
is because, based on a special “doubly robust type” estimator for the OR model at time
1, we can achieve a better consistency rate and hence result in a weaker condition on the
counterfactual mean estimator; see discussion in Remark 4.12.

The average treatment effect estimation problem is closely related to the dynamic
treatment effect estimation problem — it can be seen as a special (degenerated) problem with
non-longitudinal data. The average treatment effect estimation has a long tradition [Rub74],
and it has attracted a significant amount of recent attention with the appearance of high-
dimensional covariates; e.g., [Farl5, ATW18, CCD*18 SRR19, BWZ19, Tan20a]. Statistical
inference for the average treatment effect under model misspecifications has been studied
by [SRR19, Tan20a, DV20, DAV20, AV21]. They have proposed “model doubly robust” es-
timators, which are shown to be CAN as long as either the OR model or the PS model is
correctly specified. Their estimators are constructed based on a doubly robust representa-
tion for the average treatment effect and some special nuisance estimators. Among these
work, [SRR19] required the weakest sparsity conditions, and our results reach the same con-
ditions if a degenerated non-longitudinal case is considered; see discussion in Remark 4.7.
In addition, [BWZ19] also proposed another average treatment effect estimator based on the

same type of nuisance estimators but with a special type of cross-fitting. They only focused
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on correctly specified models, and CAN has been achieved requiring sparsity conditions
different from the literature; see more details in Remark 4.8.

The optimal dynamic treatment regime [Mur03] is another related field, where their
goal is to provide optimal individualized treatments over time under dynamic settings. FEs-
timators for the optimal dynamic treatment regime have been proposed using reinforcement
learning algorithms, such as Q-learning [Wat89, WD92, Mur05, CMS10, MR10, SWZK15,
LLL*T19, FWXY20], A-learning [Mur03, BMZ04, Rob04, SFSL18], and some other recent
methods, e.g., IQ-learning [LLS14,LLS17] and V-learning [LLK"20]. In addition, [NBW21]
also tackled another related problem recently, where their purpose is to learn when a treat-

ment should perform if the treatment is only allowed to act once.

Notation We use the following notation throughout. Let P(-) and F(-) denote the proba-
bility measure and expectation characterizing the joint distribution of the underlying random
vector W := ({Y (a1, a2) }ay anefo,1}, A1, A2, S1,S2), respectively. For any a > 0, let 1, (-) de-
note the function given by 1, () := exp(a?) — 1, Vo > 0. The 1),-Orlicz norm || - ||, of a
random variable X € R is defined as || X||y, := inf{c > 0 : E[o(]X|/c)] < 1}. Two special
cases of finite 1), —Orlicz norm are given by ¥, (x) = exp(2?) — 1 and ¥y (x) = exp(x) — 1,
which correspond to sub-Gaussian and sub-exponential random variables, respectively. The

notation ay < by denotes cby < ay < Cby for all N > 1 and with some constants ¢, C' > 0.

For any S C S = (Z;)Y,, define P; as the joint distribution of S and Es(f) = [ fdPs. For
7 > 1, define the [,-norm of a vector z with ||z||, := (3_%_, 1Z(5) )", ||zllo = |{j : 2(5) # 0},

and [z« := max; |z(j)|.
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4.2 Doubly robust representation and working models

In Section 4.2.1, we first introduce a doubly robust representation for the counter-
factual mean, 6,;. Such a representation has already been studied by the literature and
is constructed based on a doubly robust score, (4.11), satisfying the “Neyman orthogonal-
ity” [CCD*18]. Estimators based on doubly robust scores are known to be asymptotically
normal when all nuisance models are correctly specified, and some product rate conditions
are satisfied. Such a property is also known as “rate double robustness” in non-dynamic
settings; see, e.g., [SRR19]. However, when model misspecification occurs, the doubly ro-
bust score does not guarantee a \/N-inference. To reduce the bias originating from model
misspecification, we propose novel working models for the nuisance functions based on spe-
cial loss functions in Section 4.2.2. Further discussions about the model correctness of the

proposed working nuisance models are then provided in Section 4.2.3.

4.2.1 A doubly robust representation in dynamic settings

To identify the counterfactual mean 6; ;, we assume the standard sequential ignora-

bility, consistency, and overlap conditions; see, e.g., [IR15a, LM05, Mur03, Rob00a, Rob87].

Assumption 4.1 (Basic assumptions). (a) Sequential ignorability: for each a € {0,1},
Y(ar,ap) AL Ay [ Sy, Y(ar,a2) 1L Az | (S1,S2, A1 = an).

(b) Consistency:

Y == Y(Al, AQ)

319



(c) Overlap: define the (true) PS functions at time 1 and time 2 as
7T(S1) = E(Al | 81 = Sl), p(ég) = E(A2 | SQ = §2,A1 = 1)7 VSl S Rdl,ég S Rd, (45)

respectively. Let

P(CO < W(Sl) <1-— C()) =1, P(Co < p(Sg) <1l-— Co) =1, (46)

with some constant ¢y € (0,1). Additionally, let 7 (-) and p*(-) be some functions satisfying

P(CO < W*(Sl) <1-— Co) =1, P(Co < p*(Sg) <1-— C[)) = 1. (47)

Here, 7*(-) and p*(-) are the working models for the true PS functions 7(-) and p(-),
respectively. We consider possible model misspecifications that 7*(-) # 7(-) and p*(-) # p(+)
are allowed. The condition (4.7) is an overlap condition for the working PS models, which
reaches the usual overlap condition (4.6) when the PS models are correctly specified.

In addition, we denote the (true) OR functions as
p(s1) == E{Y(1,1) | Sy =s1}, v(sy) := E{Y(1,1)| Sy =85, 4; =1}, Vs; € R" 5, € R%

Similarly, let p*(-) and v*(-) be the working models for the true OR functions u(-) and v(-),
respectively, and misspecified OR models are also allowed.

We let the following condition holds:

Assumption 4.2 (Sequential model double robustness). Let (a) either w(-) = 7*(-) or
w(-) = p*(+) holds, but not necessarily both; and (b) either p(-) = p*(-) or v(:) = v*(-), but

not necessarily both.

Under Assumptions 4.1 and 4.2, the following doubly robust representation holds:

A{r*(Sy) — p*(S1)) n A1 Ay (Y = 1v*(Sy))

Orp=E |p"(S1) + (S1) 7*(S1)p* S2)

(4.8)
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The above doubly robust representation has been also studied by, e.g., [NBW21, TYWK™*19,
vdLG11,0RR10, MvdLRGO1, BHL20, BJZ21].

With the presence of high-dimensional covariates, [BHL20, BJZ21] proposed mean
estimators based on the doubly robust representation (4.8). Their proposed estimators are
asymptotically normally distributed when all the nuisance models are correctly specified.
However, when model misspecification occurs, their estimators are only shown to be consis-
tent under Assumption 4.2, and statistical inference is not valid under such scenarios.

In this chapter, we also consider the standard doubly robust representation (4.8).
However, as discussed in the following Section 4.2.2, using carefully chosen nuisance param-
eters, we can achieve asymptotic normality and hence construct valid inference even when

model misspecification occurs.

4.2.2 Construction of the sequential model double robustness

In this chapter, we consider linear working models for the OR functions and logistic

working models for the PS functions: for any s; € R% and s, € R?, let

T (s1) == g(s17"), pi(s2) == g(8207), V(Se) =S, pi(si) =88, (49)

where n*7 = (y*7T, T, a7, ,B*T)T are some carefully chosen population nuisance parame-

ters defined later in (4.12)-(4.15), and g(-) is the logistic function that

o) = exp(u) 1

= = for all R. 4.1
1+exp(u) 1+ exp(—u)’ oral ue (4.10)
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Based on the doubly robust representation (4.8) with linear and logistic working models, we

consider the following (uncentered) doubly robust score function:

W:n):=ST .
VW) =818+ ey 9(ST7)9(519)

(4.11)

for any arbitrary n := (47,67, a”, 87)T. Then, under Assumptions 4.1 and 4.2, we have
E{Yp(W;n*)} = 6011. Let  := (RT,87,&%,BY)" be an estimate of p*. Then, a doubly
robust mean estimator has the following form:

N
01, =N Zw(Wz,ﬁ)
1=1

For the sake of simplicity, let 7 1L (W;)~_,. Then, by Taylor’s theorem, we have the following

expression for the bias:

E(B11) — 611 =E{)(W: 7)) — »(W;n*)} = A; + Ay, where

Ay =E{Vyy(Win )} (0 =),

and A, is some remainder term potentially of the order o( N~'/2). Since the score function
(4.11) satisfies the ”Neyman orthogonality” [CCD*18]|, we have E{V,(W;n*)} = 0 and
hence A; = 0 when all the nuisance models are correctly specified. Such a fact is only
originated from the construction of the score (4.11) and is independent of the choice of the
target nuisance paramters, n*. However, when model misspecification occurs, the ”Neyman
orthogonality” does not guarantee that £{V,1(W;n*)} = 0 and the bias term A, is unig-
norable since, in high dimensions, the convergence rate of 17 — n* is typically slower than the
1/2

paramteric rate N~

To reduce the bias, we construct the target population nuisance parameters n* in a
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way such that E{V,1(W;n*)} = 0 always holds even when misspecification occurs: define

~* = arg min E{(;(W;~v)}, (4.12)
~yER%M

0" = argmin F{l,(W;~",6)}, (4.13)
SeR?

o = arg m%}iE{ég(W;'y*,é*,a)}, (4.14)
ac

B* = arg min E{l4(W;~", 8", a",3)}, (4.15)
BERM

where, for any 3,7 € R™ and a,d € R?, the loss functions are defined as

((Wi7) = (1—A)STy + Arexp(=S{), (4.16)
A _ _
l5(W;~,8) = g( va) {(1— A5)SEd + Ayexp(—S34)}, (4.17)
A1A2 exp(—ggﬁ) ST  \2
l3(W;v,0,a0) = Y - S, a)”, 4.18
. Ay(Y — ST ?
2

The loss functions (4.16)-(4.19) are carefully chosen such that

9(S50%)

E{V, (W;n")} = —E [Al exp(—S{~) {Sga* + — Sfﬂ*} Sl:|

A Ay exp(—STé)
9(St~*)

= vaE{éi%(Wa 7*7 6*7 a*)}/27

9(8?17*) {1 - L} SQ} = Vs E{6(W;y, 67},

9(S36%)
B (Vauwin)) -8 {1

B{Vas(Win')} =~ | (v - 8Tas|

E{Vat(Win")} = E [

B ﬁ} sl] =V, E{l;(W;~")}.

By the constructions (4.12)-(4.15) and the first-order optimality conditions, the left-hand

sides of every equalities above are all zero vectors, and hence E{V,¢(W;n*)} = 0 is guar-

323



anteed even when the nuisance models are misspecified. Now, it follows that A; = 0 and,
when A, is small enough, the bias is ignorable. Hence, valid v/ N-inference is possible under

model misspecifications.

Remark 4.1 (Discussion for the loss functions). The loss function designed for the PS
model at time 1, (4.16), coincides with the PS model’s loss function studied by [SRR19,
Tan?20a, AV21, BWZ19], where non-longitudinal data was considered therein. The second
loss function, (4.17), can be seen as a weighted version of (4.16). The loss function for
the OR model at time 2, (4.18), is a weighted squre loss, and it can also be viewed as a
weighted version of the OR model’s loss function in [SRR19, Tan20a, AV21, BWZ19]. Lastly,
the loss function (4.19) can also be seen as a weighted square loss, with a “doubly robust”

type outcome STa* + Ayg71(ST6*)(Y(1,1) — STa*); see more discussion in Remark 4.5.

4.2.3 Correctness of the nuisance models

The nested models are hard to interpret, especially the OR model at time spot 1, u(-).
Such difficulty has been discussed by, e.g., [BRR19]. In below, we also provide discussion

and illustrations on the correctness of the carefully designed nuisance models, (4.9).

Remark 4.2 (Model correctness). We discuss when will the two PS models, 7*(-) and p*(-),

and the two OR models, v*(-) and p*(-) be correctly specified.

(a) We say 7*(-) is correctly specified when 7*(-) = w(-), which occurs if and only if there

exists some 4 € R¥ | such that w(sy) = g(sT~°) holds. Additionally, we have v* = ~°.

(b) We say p*(-) is correctly specified when p*(-) = p(+), which occurs if and only if there

exists some 8° € R?, such that p(sy) = g(s28°) holds. Additionally, we have 6* = 6°.

324



(¢c) We say v*(-) is correctly specified when v*(-) = v(-), which occurs if and only if there

exists some a® € RY, such that v(8,) = st a’ holds. Additionally, we have a* = a°.

(d) We say u*(-) is correctly specified when p*(-) = u(-), which occurs if there exists some
B° € R?, such that p(s;) = st 3% and, furthermore, either case (b) or (c) holds.

Additionally, we have 3* = B°.

Note that, 6*, (4.13), is constructed based on v*. However, from the case (b), we can
see that the correctness of p*(-) does not depend on ~*. That is, whether the model 7*(-)
is correctly specified does not affect the correctness of p*(-). Analogous result for v*(-) can
be found in case (c¢). From the cases (a)-(c), we conclude that the correctness of the three
models 7 (-), p*(+) and v*(-) has no effects on each other.

However, unlike in cases (a)-(c), u(-) is linear that p(s1) = sT B° with some B° € R%
does not imply p*(-) is correctly specified, since 3* defined in (4.15) may not reach the true
parameter 3°. As in case (d), we can see that u*(-) is correctly specified if we additionally
assume either p*(-) or v*(-) is (or both are) correctly specified. Such a condition is always
assumed throughout the chapter (as in in Assumption 4.2), since it is also required in the
doubly robust representation (4.8).

Based on the results in cases (a)-(d), to estimate the counterfactual mean 6y;, the
required Assumption 4.2 is equivalent to the following: (a) either m(s1) = g(sT~°) with some
~0 € RY or p(s;) = sTB° with some B° € R%, but not necessarily both; and (b) either
p(82) = g(8168°) with some 8° € R or v(s,) = st a® with some a® € R?, but not necessarily

both.

Justifications Below are the justifications of the cases (a)-(d) of Remark 1.
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By the construction of v*, 8%, a*, 3%, we have

E[{1—Aig ' (ST7")}S:1] =0 e R,
E[Aig " (ST ){1 — A2g7'(ST67)1S,] =0 e RY,
E {AlAQQ_I(S{’)’*) exp(—Sgd*)(Y — SQTa*)SQ} =0c¢c Rd7

E[Ajexp(—S{v") {Sia* — S{B" + Ayg ' (S;6")(Y —Sja*)} S| =0 € R™.

For (a), (b) and (c), by the tower rule and the corresponding model E(A;|S;) = g(ST4Y),

E(Ay | Sy, A = 1) = g(ST4%) and E{Y(1,1) | Sy, 4; = 1} = STa®, we have

E[{1-Aig'(S{7")}S:1] =0 e R?,
E [Arg ' (ST ){1 — Ayg7'(S50°)}S2] = 0 e RY,

E {4149 (STy") exp(—S36%)(Y —S;a’)S,} =0¢€ RY,

which implies v* = 7%, 6* = 8" and a* = a°.

For (d), if we assume that E{Y (1,1) | Sy, A; = 1} = STa’ and E{Y(1,1) | S;} = ST3°, we

have

E [A1Ayexp(—=STy")g ' (S58%)(Y — Sja)S4]

~

—~

i)

= B [Arexp(=S17")p(S2)g™ (S 8" )(E[Y (1,1) | S, A1 = 1] — S3a)S, ]

(i

50 e R:

where (i) holds by the tower rule and A;AY = A;AY(1,1); (ii) holds by Assumption

4.1(a); (iii) holds by E{Y(1,1) | Sy, A; = 1} = STa® = STa*, since a* = a” by (c). Also,
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by the tower rule, we have

E [Al exp(—ST~%) {Sga* — Sipﬁo} Sl]
=F [E [Al exp(—SlT'y*) {Sg *— S{,@O} Sl | SlyAl = 1} W(Sl)}

2 Flexp(~STy")m(S1) {E(STa’ | S, 4, =1) — $TA'} 8,] =0 € RY,

where (i) holds by E[E{Y(1,1) | Sy, A; =1} | Sy, A1 = 1] = E{Y(1,1) | S;}. Hence,
E[Aexp(—S{v") {Sja* —S{B° + Ayg7'(S]6")(Y —Sja*)} Si] =0 ¢ R%,
which implies 3* = 3°.
If we assume that E(As | S, Ay = 1) = ¢g(ST6°%) and E{Y(1,1) | S;} = ST3°, we have
E [A1Azexp(=Si7")g 1 (S30")(Y — S;a")S]
D B [Ay exp(—STy")E[Ay | S, Ay = 19 (ST )(E[Y (1,1) | Sy, A = 1] — STa")S,]
D E [A exp(—STy") (1(8) — STa®)S)]
where (i) holds by the tower rule and A; AyY = A; A.Y (1, 1); (ii) holds by Assumption 4.1(a);
(iii) holds by E{Y(1,1) | So, A; = 1} = 1(Ssy) and E(Ay | Sy, A} = 1) = g(ST4°) = ¢(ST6%),
since * = 8° by (b). Hence, by the tower rule,
E [Ajexp(—S{v") {STa* — S{B% + A9 ' (S56")(Y — ST ")} S4]

— B [Ay exp(~STv7) {v(S2) - n(S1)} S1] = 0 € B,

which implies 3* = 3°.
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Remark 4.3 (Nuisance parameters comparison with [BJZ21]). Here, we compare the nui-

*

sance parameters v*, 6%, o, and B* with the nuisance parameters ~;, 67, of, and B}

proposed therein:

vy = arg mﬂlgg E [—A;ST~ +log{l + exp(S17)}] , (4.20)
vERN
o] = arg gnirdl E (A [—A5556 +log{1 +exp(S;8)}]) . (4.21)
€R
aj = argmin E {4, 4,(Y — ST a)?}, (4.22)
acR
B = arg gg@ E{A(Sjaf —S{B)*}. (4.23)

In general, the nuisance parameters proposed in (4.12)-(4.15) are not the same as the
above nuisance parameters (4.20)-(4.23). However, we have v* = 4 =~} under case (a) of
Remark 4.2; §* = 8° = 8} under case (b); and o* = a® = aj under case (c). In addition,
any of ™ (-), p*(+),v*(+) is correctly specified if and only if the corresponding nuisance model
of [BJZ21] is also correctly specified.

Now, we compare B3* with B3] and discuss the conditions required for the correctness

of u*(+). Let u(sy) = sTB° holds with some 3° € R4. Then, observe that
B° = arg min E[A;{u(S1) — STB}? = arg min E[A;{v(S,) — S| B}?].
BERM BERM

Hence, B, (4.23), can be seen as an approzvimate of B° where v(Sy) is approxvimated by a
“regression” representation SIag. As discussed in Remark 2 of [BJZ21], Bt = B° requires
additional restrictive constraint on o (the OR working model at time 2), which is typically

satisfied when case (c) holds.
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On the other hand, when p(s;) = s¥3°, we also have

B° = arg min E[A; exp(—ST~*){u(S1) — ST B}

BERYM

= arg min E[A; exp(—=S]v"){v(S2) — S18}’].

BERYM
Recall the definitions (4.15) and (4.19), B* can be seen as an approzimate of B° where v(S,)
is approzimated by a doubly robust representation SIa* + Axg~1(ST6*)(Y(1,1) — STa¥).

Note that,
v(Sz) = E{SJa* + Ayg ' (S76")(Y(1,1) — STa*) | Sz, Ay = 1}, (4.24)

as long as either p*(-) or v*(-) is correctly specified, which is a condition always required to
ensure the doubly robust representation (4.8). Then, as in case (d) of Remark 4.2, u*(-) is
correctly specified as long as we further assume that pu(-) is truly linear. Based on the doubly
robust representation, we can see that there is no need for any additional constraint on the
OR working model at time 2. Our nuisance model p*(-) constructed based on (3* is more

likely to be correctly specified.

4.3 Sequential model doubly robust estimation

Now we propose estimators for the working nuisance models’ parameters introduced
in Section 4.2.2 and develop a novel sequential model doubly robust estimator for ¢, ;; see
Section 4.3.1. The asymptotic properties are provided in Section 4.3.2, where we show that

v/ N-inference is possible even under model misspecifications.
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4.3.1 Construction of the sequential model doubly robust estima-

tor

Targeted bias reducing nuisance estimators We introduce estimators for each of the

nuisance parameters defined in (4.12)-(4.15). Let S,, S5, Sa, Sg be disjoint subsets of S with

equal sizes M < N, indexed by Z, Zs, Z, Zg, respectively. For any v, 3 € R% and §, a € R?,

define

i€Ty

G(y) =M1 (W), b(y,8)=M"Y U(W;v,6),

i€ls

E3(77 67a> = M_l Z E(Wza7767a>7 54(7767a’ﬂ) = M_l Z E(Wz77767 aaﬁ)a

1€

i€lg

where the loss functions are defined as (4.16)-(4.19). We propose the following moment

targeted nuisance estimators:
5
5
a

8

arg iy {4(7) + Ao (425
~yER%

arg min{ﬁgﬁ,é) + )\5H5||1}7 (4.26)
SeR¢

arg min{fg(ﬁ,g,a)—l—)\a\]aﬂl}, (4.27)
acRd

argﬁn;ﬂi@gl{ll(‘)\/,g,&,ﬂ) + )\@H,BHl}. (4.28)

Remark 4.4 (Comparison with the nuisance estimators of [BRR19]). Similarly as discussed

m Remarks 4.1 and 4.3, 3 itself 1s also constructed based on a doubly robust representation.

Another doubly robust estimator for the first OR model, u(-), has been studied by [BRR19],

where low-dimensional covariates are considered. They used the usual maximum likelihood

estimators for the PS models.

They did not consider the doubly robust representation for

v(Ss), (4.24). Instead, they achieved the double robustness for the estimation of u(-) using
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Algorithm 3 Sequential model doubly robust counterfactual mean estimator
Require: Observations S = (W)X, = (V;, Ay, Asi, S, S2i)Y, and the treatment path of

interest (ay,as) = (1,1).

—

. Split the sample S into K > 2 folds that S = U¥_,; Sy, indexed by (Z)5_, and with equal
sizes n := N/K.

2: for k=1,2,....K do

3: Define Z_j, := Z\Zj, and S_j, := (W, )iez_,- Let (S, Ss, Sqa, Sg) be a disjoint partition
of S_ with equal sizes M = |Z_;|/4 = N(K —1)/(4K).

4: Construct 4_y, (4.25), using the sub-sample S,. > Propensity for time one

5: Construct g_k, (4.26), using 4_, and the sub-sample S5. > Propensity for time two

6: Construct a_g, (4.27), using 4_y, S_k, and the sub-sample S,. > Outcome for time
two

7: Construct B\_k, (4.28), using 4_y, g_k, a_y, and the sub-sample Sg. > Outcome for
time one

8: end for

9: return The sequential model doubly robust counterfactual mean estimator is proposed

as

K
a1,1 =N"! Z Z V(Wi n-k), (4.29)

k=1 i€l

where 1(+; ) is defined as (4.11) and let n_j := (ﬁfk,gfk, a{k,BZ’k)T for each k < K.

some weighted least squares estimators for the OR models, where the weights are different
from ours in (4.18) and (4.19). However, they only considered low-dimensional settings, and

they required stronger model correctness conditions to achieve CAN for the counterfactual
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mean estimator than us, as discussed in Section 4.1 and Remark 4.6.

Bias-reduced doubly robust counterfactual mean estimator Based on the moment
targeted nuisance estimators, we propose a sequential model doubly robust estimator for the
counterfactual mean 0, = E{Y(1,1)}. We consider the doubly robust score (4.11) and

cross-fitted versions of the moment targeted nuisance estimators; see details in Algorithm 3.

4.3.2 Inference under model misspecification

We study the asymptotic properties of the proposed counterfactual mean estimator
51,1. The results in this section are based on the nuisance estimators’ theoretical properties
studied later in Section 4.4.

We first make the following mild assumption on the population nuisance parameters’

sparsity levels:

Assumption 4.3 (Sparse signals). Let the sparsity levels of the population nuisance param-

eters v*, 0%, o and B* satisfy

fsg—o Y tsamof N + 55450 =0 N
YT T N\ Qogd, ) T T O\ dogd ) TS T Y logdy Togd )

The sparsity conditions of the type s = o(N/logd) is very common in the high-
dimensional Statistics literature. Here we also need a slightly stonger additional condition

Sy + S5 + Sa = O(N/(log d;y log d)).

Remark 4.5 (Bounded covariates). Similarly as later discussed in Remark 4.10, if we further

assume that ||Ssllee < C, which is a condition assumed in, e.g., [BWZ19], [Tan20a], and
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[SRR19], then, the condition s~ + ss + so = O(N/(logd;logd)) in Assumption 4.3 is no

longer needed.

We establish the following asymptotic results for the proposed sequential model dou-

bly robust counterfactual mean estimator under possible model misspecification.

Theorem 4.1 (Inference under model misspecifications). Let Assumptions 4.2-4.3 hold.

Choose SOme Ay, Mg, Aay Ag > 0 with Ay = /180 Ng < [18L X = J1o8d )5 Jlogdt,

Let the following product sparsity conditions hold

S (ﬁ) | Ssa =0 (ﬁ) . (4:30)

We assume the following additional conditions if model misspecification occurs:

. . N

if p(-) # p*(+), further let sysq = o0 (m) 3 (4.31)
. . N VN

if v(-) #v°(), further let s s5 =o0 (m) , S§ =0 <10gd> ; (4.32)

: . VN N
Zf :u() 7é 2 ()7 further let Sy =0 (logdl y S~S§ + SySa = O (m) . (433)

Then, as N — oo,

O'ilNil/Q(é\Ll — 9171) — N(O, 1)

i distribution, where

O'2 = F {w(w, ’I’]*> - 9171}2 . (434>
In addition, define
K N2
32 = Ny {@b(Wi;ﬁ_k)—é)m} . (4.35)
k=1 i€Ty

Then, as N — 0o, 02 = o*{1 + 0,(1)}.
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Remark 4.6 (Sequential model double robustness). In Theorem 4.1, we demonstrate the
“sequential model double robustness” of our proposed estimator: v/ N -inference is provided as
long as at least one nuisance model is correctly specified at each time spot; see Assumption
4.2. In the sense of model robustness, our results outperform all the existing results, even
containing those who only considered low-dimensional covariates.

In the presence of high-dimensional covariates, the reqularized nuisance estimators are

known to be biased and with a consistency rate slower than N~/?

. Hence, valid inference
results are more difficult to obtain than in low dimensions. We are the first to establish sta-
tistical inference for the dynamic counterfactual mean (and hence dynamic treatment efect)
when any model misspecification occurs.

Among the literature who considered low-dimensional covariates, the recent work of
[BRR19] provided the best results so far on model robustness. Their proposed estimator is
CAN when either (4.1), (4.2) or (4.3) holds. However, as in Assumption 4.2, we allow an
additional case (4.4), which is not considered in [BRR19].

The model double robustness for average treatment effect estimation without dynamic
settings has been studied recently by [SRR19, Tan20a, AV21]. They provided valid inference

as long as one of the nuisance models is correctly specified, and their results can be seen as

special cases of ours where only one exposure time is considered.

Remark 4.7 (Required sparsity conditions under model misspecification). Here we discuss
the sparsity conditions required in Theorem 4.1 for /N-inference. We can see that the
correctness of m*(+) does not affect the sparsity conditions; in addition, the more model mis-

specification occurs among p*(+), v*(+), and p*(-), the more sparsity conditions we require.
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When p*(-), v*(+), and p*(-) are all correctly specified, we require Assumption 4.3 and (4.30).
Whenever a model at time t € {1,2} is misspecified, we require a product condition between
1) the sparsity level of the other (correctly specified) model at the same time t and 2) the sum-
mation of sparsity levels corresponds to all the nuisance estimators that such a misspecified
estimator 1s constracted based on. Recall that we constrct the nuisance estimators sequentally
in the order: 4 — 5= a— B For instance, when p*(-) is misspecified, as shown in (4.33),
we need a product condition between 1) s, and 2) s+ 55+ Sa. Moreover, consider the cases
that the OR model at time t is misspecified. Since the OR estimators are constructed after
the PS estimators, based on the pattern we discussed above, we always require an ultra-sparse
PS parameter at time t. More details for the required sparsity conditions are listed in Table
41

In addition, consider the degenerated case that only the first exposure time is involved.
Then, we require s4sg = o(N/(logdy)?) when v(-) = v*(:); or, sysg = o(N/(logd1)?) and
sy = o(v/N/logd,) when v(-) # v*(:). Such conditions coincide with [SRR19] and are
weaker than the sparsity conditions in [Tan20a, AV21], where both s, = o(v/N/logd,) and

sg = o(V N /logdy) are required since cross-fitting was not performed therein.
If all the nuisance models are correctly specified, we have the following result:

Theorem 4.2 (Inference under correctly specified models). Suppose all the nuisance models

are correctly specified. Let Assumptions 4.1-4.8 and the product sparsity conditions (4.30)

hold. Choose some Ay, A5, Aa; A\g > 0 with A\, < ,/%, As = ,/%, Aa =< %, Ag =<

%. Then, as N — oo,

o "NV (0, — 61,) — N(0,1)
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Table 4.1: Let ||Sallsc < C, di < d, and sy + S5 + Sa + Sg = 0o(N/logd). Sparsity condi-
tions required for the sequential model doubly robust counterfactual mean estimator to be
consistent and asymptotically normal

Model correctness
) | p*() 1

Required sparsity conditions

*
—~
*
—~

)

™

5458 + 8550 = 0 (ﬁ)

_ VN _ N
Sy =0 < ; S4S8 T SySa + 5488 + S§Sa = O Tog )2

S§ =0 <%> y 84S + 84S + 8§Sa = O (@)

_ N
S~Sa + S~Sp + S$§Sa = O <W

_ N
57513 + S§Sq = O (log d)?

Syt S§ =0 (%) y SySa + S4S8 + S§Sa = O <ﬁ>

_ VN _ N
S5y =0 <logd y S48§ T SySa + S4S3 + S§Sa = 0 Toed)?
_ VN _ N
S§ =0 <1ogd ; SyS§ T S4S8 + S§Sa = 0 Togd)?

_ N
SySa + 84S + 8§Sa = O (W

LI IENENEIENENENAY
| N X [N NTSNTNNS

AN
NI X[ %[ %] N X% | %[N\ |=2
NSNS X NSNS xS

in distribution, where o® is defined in (4.34). In addition, define 5% as in (4.35). Then, as

N — 00, 0% = o*{1+0,(1)}.

Remark 4.8 (Sequential rate double robustness). Consider the case that all the nuisance
models are correctly specified. Then, as shown in Theorem 4.2, \/N-inference requires two
product sparsity conditions, (4.30). We name such a property as “sequential rate double
robustness”. Note that, we only require product sparsity conditions between the nuisance
paramters’ sparsity levels at each time spot. Such conditions are weaker than [BHL20,
BJZ21], where they require an additional product sparsity condition SySe = o(m).

For instance, when sy < N8, s5 < N s, < N8 sg =< NO' our Assumption 4.3 and

(4.30) holds but SySq = fails (omitting the logarithmic terms). We are able to

N
0<10gd1 10gd)

provide v/ N -inference under weaker sparsity conditions since we achieve better consistency
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result for the estimation of B3*; see Remark 4.12.

Besides, similarly as discussed in Remark 4.7, consider the degenerated case that
only the first exposure time is involved. Then, we require s4sg = o(N/(logdy)?). Such a
condition coincides with the “rate double robustness” of [CCD'18, SRR19] and is weaker
than the sparsity conditions in [Far1h, Tan20a, AV21] since cross-fitting was not performed
therein. In addition, based on a special type of cross-fitting, [BWZ19] imposed either 1) sg =
o(v/N/logd,) and s, = o(N/logd,) or 2) sg = o(N*/*/logd;) and s, = o(~/N/logd,).
Such a condition is different from (not stronger nor weaker than) the “rate double robustness”

condition s,sg = o(N/(logd;)?).

4.4 Theoretical results for the nuisance estimators

We develop theoretical properties of the proposed moment targeted nuisance estima-
tors. In Section 4.4.1, we demonstrate the consistency of the nuisance estimators allowing
all the models to be misspecified. In Section 4.4.2, we provide faster consistency rates for

the nuisance estimators assuming correctly specified models.

4.4.1 Results with misspecified models

Define s, := ||v*[lo, Ss := [|16*]J0, Sa := ||@*|l0, and sg := ||B*||o as the sparsity levels
of the population nuisance parameters. The following assumption imposes some standard

moment conditions:

Assumption 4.4 (Sub-Gaussianity). Let Sy be a sub-Gaussian random vector, i.e., for all

v € RY, |[vTSyly, < os||vla. Define e == Y (1,1) — STa* and ¢ :== STa* — STB*. Let
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e and ¢ be sub-Gaussian random variables, i.e., ||€|ly, < 0. and |||y, < o¢. In addition,

let Var{Y (1,1)} > ¢y and the smallest eigenvalue of E(A;SoSY) is bounded bellow by cuin.

Here, 0g,0.,0¢,Cy, Cmin are some positive constants.

Furthermore, for any v, 3, A € R* and «, € R?, define

50 (v, A) i=l(v+ A) = li(y) = V()" A, (4.36)

5Z4(77 67 «, /67 A) = 574(77 67 «, /3 + A) - Z4(7a 57 (& /3) - V@ll(")’, 5a «, B)TA (437)
Similarly, for any v € R® and o, 8, A € R?, define

552(7) 67 A) : 572(’77 5 + A) - Z2(’77 6) - v6g2(’77 6)TA7 (438)

6Z3(77 67 O, A) = 23(’)/’ 67 o+ A) - Z3(7a 67 a) - VOLZ?)(’77 57 a)TA (439)

We begin by demonstrating the following restricted strong convexity (RSC) condi-
tions. Note that, the nuisance estimators are constructed based on different samples, and

the probability measures in (4.41)-(4.43) are also different.

Lemma 4.1. Let Assumptions 4.1 and 4.4 hold. Define fara, (A) == k1| A2 — ko' 28 | A2

for any A € R and fara(A) = k1| A2 — k2" 8| A|? for any A € RY. Then, with some

constants ki, ks, c1,ca > 0 and recall that M =< N, we have
PS’Y ((5@1("}’*, A) 2 fM,dl (A), \V/HAHQ S 1) Z 1— C1 exp(—czM). (440)
Further, let ||y —~*||l2 < 1. Then,

Py, (602(7, 6%, A) > fara(A), V[[All < 1) > 1 — ¢ exp(—caM), (4.41)

Py, (66_4(3/,5,&[3*,A) > fua(A), VA € Rd1> > 1 — ¢ exp(—caM). (4.42)

338



Note that, in (4.41), we only consider the randomness in Ss, and v is treated as fized (or
conditional on). Similarly, in (4.43), ¥, 3, and & are all treated as fized.

Moreover, let ||g— 0*||2 < 1. Then,
Ps,, ((5!73(‘)7,5, a’, A) > fua(A), YA € Rd> >1—cyexp(—caM), (4.43)
where 5 and S are treated as fixed.

Additionally, we upper bound the gradients of the loss functions evaluated at the
target population parameter values. By construction, the gradients are averages of i.i.d.
random vectors with zero means even under model misspecifications. Hence, we can use the
union bound techniques to control the infinite norms by the usual rate O,(y/logd/M) or

O,(+/logd, /M).

Lemma 4.2. Let Assumption 4.4 holds. Let 0~,05,04,08 > 0 be some constants and recall

that M =< N. Then, for anyt >0,

P, (nmw*)um < m/%) > 1 2exp( 1),
Further, let the Assumption 4.1 holds. Then, for anyt > 0,
Ps, <||V5£2(7*’5*)H00 < 05\/%\ >1—2exp(—t),
Py, (IIVaee,(v*,a*,a*)Hoo < 0a (2\/”55””[ - ”Al;gd> > 1—2exp(—t),
Pss (IIV@&(v*,é*,a*,ﬁ*)IIm <o <2\/ t +]1\ng1 + H;\Zg%) > 11— 2exp(—t).

We then demonstrate the asymptotic results for the moment targeted nuisance esti-

mators when all the nuisance models are possibly misspecified. Note that the estimators 5 ,

339



o, and ,@ are constructed based on some previous nuisance estimators, we carefully control
the errors originated from the previous steps’ estimation. Among the results in Theorem 4.3,
part (b) is the most challenging to show. This is because 8 is constructed based on 4 and the
loss function /5 is not constructed based on a (weighted) square loss. Instead of considering
the usual cone set C(S, k) := {A € R?: ||Age|| < k||Ag]1}, we show that 8 — &* belongs to
another cone set C(s, k) := {A € R : |Al|; < kv/s|All2} with high probability and some
constant £ > 0, as well as some s > 0 depending on both s, and ss; see details in Lemma

4.12.

Theorem 4.3. Let Assumptions 4.1 and 4.4 hold.

(a) Lets,= o(log%). Choose some Ay > 0 with Ay < \/ 5% Then, as N — oo,

N . s~ log dy N . log dy
|!7—7H2=0p<\/7T>’ 'l'Y—'Y"l:Op(Sv N )

(b) In addition to part (a), let ss = o(lojgd). Choose some As > 0 with As < /8% Then,

as N — oo,

S sy logd + sslogd
||6_6||2:Op<\/7 g lN s 1og )7

=l (log dy)? logd
|6 —d*|l, =0, (sﬂ,\/ Nlog d + 5514/ v |

c) In addition to parts (a) and (b), let sq = o(:2=). Choose some Aq > 0 with \q =<
logd

N . s~y logdy + sslogd + sq logd
Ha—a||2:()p<\/’7 g a1 ng ) )7

- . (log dy)? log d logd
Ha—aH1 :Op (S‘Y W—FS(; N + Sa N .
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(d) In addition to parts (a), (b), and (c), let sg = O(k)g%)' Choose some \g > 0 with

Ag < %. Then, as N — oo,

HE_/B*H2 -0 (\/S’ylogdl+5510gd+3a10gd+8ﬁ10gd1>
P

N

3 |, — log d; (log d)? (log d)? log d;
I BHI_O”<8"\/ N %\ Nlogd, "\ Nloga, PN N )

Remark 4.9 (Consistency of the nuisance estimators under model misspecification). By
Theorem 4.3, we can see that the nuisance estimators are consistent even when the models
are misspecified. Since the nuisance estimators 4, 5 , QL B\ are constructed sequentially that the
later estimators depend on all the previous estimators, the estimation errors of the nuisance
parameters are cumulative. That is, the consistency rate of a nuisance estimator depends on

the sparsity levels of all the nuisance parameters up to the current one.

4.4.2 Results with correctly specified models

In Theorem 4.3, we have provided consistency results under model misspecifications.
In fact, if we have additional information that some of the nuisance models are correctly
specified, we are able to achieve better consistency results than Theorem 4.3.

Assuming correctly specified models, we control the gradients in Lemma 4.3 below
(approximately) by the usual rate O,(y/logd/N) or O,(/logd;/N). Note that, different
from Lemma 4.2, we can upper bound the gradients involving the estimated nuisance pa-
rameters. For instance, in part (a) of Lemma 4.3 below, we can control ||Vls(7,6*)||o and

the estimation error of 7 is ignorable as long as s, = O,(N/(log d; log d)).

Lemma 4.3. (a) Let p(-) = p*(:). Let the assumptions in part (a) of Theorem 4.3 hold.
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Then, as N — oo,

195536 = O, <<1+\/8«/10g]6\if110gd> \/mjid)

(b) Let v(-) = v*(-). Let the assumptions in part (b) of Theorem 4.3 hold. Then, as N — oo,

B (sylogdy + sslogd)logd \/logd
(o )

(c) Let v(-) = v*() and u(-) = p*(+). Let the assumptions in part (c) of Theorem 4.3 hold.

B (sylogdy + sslogd)log dy \/log dq
(o )

(d) Let p(-) = p*(+) and p(-) = p*(+). Let the assumptions in part (c) of Theorem 4.3 hold.

Hva@(ﬁ,& o)

Then, as N — oo,

|Vstu(5.8,0,8)

Then, as N — oo,

HVBZ4(§> 5*7 aa /6*) 00

=0 1+ \/<S’Y IOg dy + s5 logd+ Sa logd) logdl \/log dy
p N N .

(e) Let p(-) = p*(+), v(-) = v*(:), and p(-) = p*(-). Let the assumptions in part (c) of

Theorem 4.3 hold. Then, as N — oo,

=0, <<1+ \/57(13§d1)2) \/lofvdl) |

Then, with additional assumptions on the model correctness, we provide better con-

||Vﬁg4(:)\/7 5*7 a*v /6*)

sistency results for the moment targeted nuisance estimators than in Theorem 4.3.

Theorem 4.4. (a) Let p(-) = p*(-). Let the assumptions in part (b) of Theorem 4.3 hold.

Additionally, let s, = O(%). Then, as N — oo,

S s ss logd S, log d
nwwm=%< 3f>,w—wﬁw4% N>-
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(b) Let v(-) = v*(-). Let the assumptions in part (c) of Theorem 4.3 hold. Additionally, let

Sy = O(m) and s5 = O(ﬁ). Then, as N — oo,

~ . Sa logd - . log d
|m—anfd%( = >,|m—anf%aGa A,)

(c) Let v(-) = v*(-) and p(-) = p*(+). Let the assumptions in part (d) of Theorem 4.3 hold.

Additionally, let s, = O( ) and s5 = O(+-). Then, as N — oo,

(log d)

HB B, = (\/salogd—i-s@logdl)
~ A log d log d;
18-l =0 (,@Wg% s0/ 2 )

(d) Let p(-) = p*(-) and p(-) = p*(-). Let the assumptions in part (d) of Theorem 4.3 hold.

log d1 logd

Additionally, let 54 + S5 + So = O(m). Then, as N — oo,

||5 Bl = 0 (\/3510gd+3310gd1>
~ o log d log d;
18-l =0 (,QW%% )

(e) Let p(-) = p*(+), v(-) = v*(:), and u(-) = p*(-). Let the assumptions in part (d)

of Theorem 4.3 hold. Additionally, let s, = O( and s§ = O( Then, as

log d1 logd> logd )

HB\_B*H2_O <./555a10gd sBIOgd1>
=0, +4/ ,

~ A ssSe logd | (logd)? /log dy
Hﬁ /6 Hl - Op ( NlOgdl

Further, let s§sq = 0(-(102[0!)2)

N — o0,

. Then, as N — o0,
~ . sglog dy
\m—ﬁufﬂ%<vi%F—>'
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Remark 4.10 (Bounded covariates). If we further assume that ||Ss||. < C' < 00, then, the
following conditions can be omitted: s, = O(m) in case (a); sy = O(m) and

Ss = O(ﬁ) in cases (b), (c), and (e); sy + S5 + Sa = O(m) in case (d).

Remark 4.11 (Consistency of the nuisance estimators with correctly specified models). Here
we summarize the Uy convergence rates of the nuisance estimators when the corresponding

models are correctly specified:

o For the “first” nuisance estimator 7, as shown in case (a) of Theorem 4.3, we have

17 — Y ll2 = Op(y/$~10g di /N) no matter whether ©*(-) is correctly specified or not.

o When p*(-) is correctly specified, the convergence rate ofg depends only on ss as shown
in cases (a) of Theorem 4.4. This is different from part (b) of Theorem 4.3 and Remark

4.9, where p*(-) is possibly misspecified.

o When v*(:) is correctly specified, the convergence rate of & depends only on s as
shown in cases (b) of Theorem 4.4. This is different from part (c) of Theorem 4.3 and

Remark 4.9, where v*(+) is possibly misspecified.

e As for the convergence rate of B, apart from p*(-), it also depends on the correctness
of p*(+) and v*(-). If only one of p*(-) and v*(-) is correctly specified, as shown in cases
(c) and (d), the consistency rate of B depends on sg and also the nuisance paramter’s
sparsity level of the correct model among p*(-) and v*(). If both of p*(-) and v*(-) are
correctly specified, as in case (e), the consistency rate of[/‘i\ depends on sg and a product
sparsity sssa- When a product sparsity condition, ssSq = o(ﬁ), 1 assumed as in

(4.30) of Theorem 4.1, the product sparsity ssse can also be omitted.
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Remark 4.12 (Comparison of nuisance estimators’ consistency rates with [BJZ21]). We
compare the consistency rates of ¥, g, Q, ,@ with some 4y, 31, Qa, Bl, the nuisance parameters
proposed therein. Note that, it is only reasonable to do such comparisons when the target
nuisance parameters are the same. As discussed in Remarks 4.2 and 4.3, we have (a) v* = ~;
when 7(S1) = g(STAY); (b) 8* = & when p(S1) = g(ST8%); (c) a* = aF when v(S,) =

Tal; (d) B* = B; when v(Sy) = STa® and u(Sy) = STRC. Under each case of (a)-(d),
we can see that both our proposed nuisance estimator and the estimator proposed by [BJZ21]
converges to the true (and the same) nuisance parameter.

By Theorems 4.3 and 4.4, we can see that v, 5\, a reach the same consistency rates as
'71,31,6(1 shown in [BJZ21], under cases (a), (b), (c), respectively. As for the consistency
rates of,é and 31, we can see that they also have the same consistency rate under case (d).
However, if we further assume case (b) also happens simultaneously, i.e., p*(-), v*(-), and

w (+) are all correctly specified, we have HB — B2 = \/5"‘ bgd\/s" logd | /%2 1Ogdl) as

shown in Theorem 4.4. Whereas, By only satisfies HBI — B2 = Op(4/ = logd + \/sﬁ logdl

Since ss = o(N/logd), we can see that B\ outperforms Bl in the sence of {y-consistency
rates. Because of the better consistency rate we obtain, we require weaker sparsity conditions

to establish statistical inference for 01,1 as discussed in Remark 4.8.

4.5 Proof of the main results

4.5.1 Auxiliary lemmas

The following Lemmas will be useful in the proofs.
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Lemma 4.4 (Lemma S4.1 of [ZCB21]). Let (Xn)n>1 and (Yn)n>1 be sequences of random

variables in R. If E(|Xn|"|YN) = Op(1) for any r > 1, then Xy = O,(1).

Lemma 4.5 (Lemma S.2 of [BJZ21]). Let Assumptions 4.1 and 4.4 hold. Then, the small-
est eigenvalues of E(A1S1ST) and E(A;A3S,ST) are both lower bounded by some constant
Cn > 0. Additionally, |v'S1llyy < obIVlas 141" Sillyy < obIvla for all v € RY and
| A1 AovT'Ss |y, < o§lIVll2 for all v € R, with some constant o§ > 0.

Lemma 4.6 (Lemma D.1 (iv) and (vi) of [CLCL19]). Let X € R be a random vari-
able. If | X|ly, < o, then BE(X) < oy/7 and E(|X|™) < 20™(m/2)™2? ¥V m > 2. Let
{Xi}(n > 1) be random variables (possibly dependent) with maxy<;<y, || Xilly, < 0. Then

| maxi<j<n [ Xi|lg, < o(logn + 2)'/2.

Lemma 4.7 (Corollary 2.3 of [ DVDGVW10]). Let {X;}" ,(n > 1) be identically distributed,
then

E

! innio] < (2elogd — ) E[|IXil15]

=1

Lemma 4.8. Suppose that S' = (U;);c7 are independent and identically distributed (i.i.d.)
sub-Gaussian random vectors, i.e., ||[aTUl|y, < oullallz for all a € R with some constant
oy > 0. Additionally, suppose the smallest eigenvalue of E(UUT) is bounded bellow by some
constant Ay > 0. Let M = |J|. For any continuous function ¢ : R — (0,00), v € [0,1],
and n € R? satisfying E{|UTn|°} < C with some constants c,C' > 0, there exists constants

K1, kg, C1, o > 0, such that

log d
M

Py (M‘1 > (UL (0 +0A))(UTA) = w|Al5 — e

1A}, VAl < 1)
1€J

>1—cpexp(—caM). (4.44)
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Lemma 4.8 follows directly by repeating the proof of Lemma 4.5 of [ZCB21]; see also
for other slightly different versions in Proposition 2 of [NRWY10] and Theorem 9.36 and

Example 9.17 of [Wail9]. Note that, instead of (4.44), the lower bound in [ZCB21] is

log d
’11||AH2

o NAlllAlL,

with some constants ), k5, > 0. Here, by the fact that 2ab < a® + b?, we get

1og 1 log d
rillAl3 — A2l Al = &AL = VrlI A - \/—, a7 Al
K K42 log d K 2logcl
SN R TN R LN L N R LN
1 1

Lemma 4.9. Suppose (X;)™, are i.i.d. sub-Gaussian random vectors in R? and X is an

independent copy of X;. Let S C{1,...,d1} and s =|S|. Then, as m — oo,

o ({2

mt Y (XTA) - E{(XTA)%)

=1

sup
Ac{Age=0,|All2=1}

If we further assume that S C {1,...,d}. Then, as m — oo,

—1 - T 2 T 9 3
sup m g X; A= E{(X"A -0 ( ) .
AeC(53)N|All2=1 i:l( ) {( )°} ) -

Lemma 4.9 is an analog of Lemmas 15 and 16 of [BWZ19]. It can be shown by

repeating the proof of [BWZ19], with replacing X, X7 therein by E(XXT).

Lemma 4.10. Suppose (X;), are i.i.d. sub-Gaussian random vectors. Then, for any
(possibly random) A € R?, as m — oo,

sup m_l ZZI(XzTA)2 — O (1)
acrisoy M AT+ [[A]Z g

For any s,k > 0, define C(s, k) := {A € R : ||Al]; < kv/s|Allo} and K (s, k,1) :=

Cls,k)N{A €R?: ||A, = 1}. For any A € R, define

F(A) = 00,(7,8%, A) + Xs[| 6" + Ay + Vslo(7,8%) A — Xs]|67]1.
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The following Lemmas 4.11 and 4.13 are anologs of Lemma 9.21 and the proof of Theorem
9.19 of [Wail9], respectively. By Lemma 4.12, we can see that Aj € 5(55,]{30) with high

probability. Instead of the usual cone set C(S,k) = {|A € R? : ||Ase

1 < K||Ag|li}, we

work on another cone set C(s, k) (and K (s, k, 1)) defined above.

Lemma 4.11. Let Assumptions 4.1 and 4.4 hold, Ay =< 1/ lofvdl, As =< \/ logdl)

) For any t > 0, suppose that \s > 2054/ tHOgd Define

and s5 = o>

A; ={||[Vsla(v*,8")||loo < Ns/2}, (4.45)
logd; [||A
Ay = {|R1(A)| <oy ;fg ! (”\/%1 + ||A|]2) . VA € Rd} : (4.46)

logd

Avi= {005, 8) = [ AIE - o B IAI YA ERY Al < 1], (44D

where Ri(A) = {Vggg(’/)\/, %) — ngg('y*,é*)}TA and ¢ > 0 is some constant. Let 55 =

sylogdy o oo Then, on the event Ay N Ay As, for all A € [?(55, ko, 1), we have F(A) > 0,

logd

when N > Ny with some constant Ny > 0, and Ps_us, (A1 N Ag) > 1 —1t —2exp(—t).

Lemma 4.12. Let Assumptions 4.1 and 4.4 hold and s, = o(-25-). Define As = 5 — 68"

log dy )

Let \y < lofvdl, As < loﬁd. For any t > 0, suppose that \s > 205 %. Events Ay

and Ay are defined in (4.45) and (4.46). Then, on the event A; N Ay, when N > Ny,

= ex s~ logd
46055, 6%, As) + As]|As]lr < <8/\6\/_+4C\/ s ]\;g 1) | Asll2,

1As|ly <kov/ss]|Asl2,

~ log dy
log d

where Ny, ko and ¢ > 0 are some constants and S5 := + S5

Lemma 4.13. Let the assumptions in Lemma /.11 hold and also that Ag € 6(55, ko). Then,

on the event Ay N Ay N As, we have | Aglls < 1.
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Lemma 4.14. Suppose a,b,c,x € R, a >0, and b,c > 0. Let ax® —bx — c < 0. Then,

b \/E
< ——44/—.
a a

Lemma 4.15. Let the assumptions in part (a) of Theorem 4.3 hold. Let r > 0 be any

positive constant. Then, as N — 00,

IS5G =), =07 = 7'Ik) = O, (w%) ,
and
lexp(=817) — exp(=S{v") |, = [la7" (ST3) — g7 (ST,
=0<||%—7*||2>=0p< S”Ij}gdl). (1.49
Define

£, rz{w =l < Land [lg7H (1Y) 1 < O VY € {uy + (1 - w)F rw €0, ”}}'
(4.49)

Then, as N — oo,

Ps (&) =1—-o0(1).
On the event &, for any v’ € [1,12] and v € {wy* + (1 —w)7y : w € [0, 1]}, we also have

o STy < . [esp(-ST <C [lesp(SI) ., < O

with some constant C' > 0.

Lemma 4.16. Let r > 0 be any positive constant.
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(a) Let the assumptions in part (b) of Theorem 4.3 hold. Then, as N — oo,

B = B sylogd; + sslogd
0l <o, (fmteber)

|si@ -6

and

|exp(~S58) — exp(~816") r
< log d; + s5log d
=0 (8 -5].) =0, <\/ e ) (450)

(b) Let the assumptions in part (a) of Theorem 4.4 hold. Then, as N — oo,

EX b =0 (16 - &"l12) =0, (x/s‘“%l> 7

o= oS8 —o st

(8 — &%)

and

Hexp<—S§3> — exp(—S167)

Pyr

—~ . sslogd
:o(||5—5 ||2)=op( ‘5Ng ) (4.51)

Let either (a) or (b) holds. Let C' > 0 be some constant, define

= oS58 — g7 (steY)

&y 1= {||5 8|2 < 1 and ||g~"(S39) HRG <C,Vé e {wé* +(1-w)d:we [0,1]}}.
(4.52)

Then, as N — oo,
PS~,US5 (gg) =1- 0(1)
On the event &, for any v’ € [1,12] and & € {wé* + (1 —w)d : w € [0,1]}, we also have
lg™" 20|, < O lexp(=820)|,,,, < €. [lexp(S2 )], < €,
with some constant C' > 0.

Lemma 4.17. Let r > 0 be any positive constant.
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(a) Let the assumptions in part (¢) of Theorem 4.3 hold. Then, as N — oo,

R . sy logdy + sslogd + sq logd
=owa—amwﬂ%<J” : .

IS5 (& — a¥)

Pr

N

(b) Let the assumptions in part (b) of Theorem 4.4 hold. Then, as N — oo,

N . sqlogd
m—owa—amww%( - )

Let either (a) or (b) holds. For any vy € [0,1], let & = via* + (1 — vy)a. Define

IS5 (@ — o)

g£:=Y(1,1) — STa. Then, for any constant r > 0, ||g]|p, = O,(1).

Lemma 4.18. Let r > 0 be any positive constant.

(a) Let the assumptions in part (d) of Theorem 4.3 hold. Then, as N — oo,

B = o\ (54 + sg)logdy + (ss + sa) logd
m—OQW—ﬂM)—@(J‘Y N >-

|stB-8

(b) Let the assumptions in part (c¢) or part (d) or part (e) of Theorem 4.4 hold. Then, as

N — o0,

|stB -8

L =0 (1B -51)
Let either (a) or (b) holds, and let either (a) or (b) of 4.17 holds. For any vy,vs €
[0,1], let & = via* + (1 —v1)& and B = v,8" + (1 — v1)B. Define { := STa — STB. Then,

for any constant r > 0, ||5||pyr = 0,(1).
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4.5.2 Proof of the main theorems

Proof of Theorem 4.1. Recall the definition of the score function, (4.11). Observe that

As(Y — ST _
V., 0(W;n) = — Ajexp(—ST7) {% +Sjo— SlTﬁ} S1,
2

A1A2 exp(—SgtS) (Y — Sga) —
T SQa
9(S17)

AL [ A o
Ve (Win) =2 {1 4(S79) } >

Va0 (Win) ={1 - ﬁ}s

By the constructions in (4.12)-(4.15), we have

Vs(Win) = —

QT %
BV, u(Win)) = - |Arexn(-8Ty) { 20 28 star - st hs,

9(530%)
=0€ecRY, (4.53)
_ QT 5+ _ QT A%\ _
E{Vs)(W;n")} = —E {AlAzeXp( SQ;? W =S )52] —0eRY, (4.54)
9(S17%)
E{V @Z)(W'n*)}:E[ = {1—54—2}82}20611@ (4.55)
e 9(STv*) 9(S36%) ’ '
T 8] -oex
E{Vap(W;n")}=E|{1— S;| =0 e R, 4.56
Vauwin =5 [{1- g1, (4.56)
Note that,
K
01— 011 =N"1D"D D(Wiihig) — 01,
k=1 i€T},
K
=K' 0y {v(W Y(Win" )} + N~ Z¢Wz,n)—911
k=1 1€Ly i=1
N
= Z Y(Wisn®) — 611 + K™ ZAk1+Ak2)
i=1 k=1
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where

Apy=n""> {(Wiinix) — (Wisn")} — E{(W; ) — (W n°)},
€Ty
Ak,? =F {¢(W; ﬁ—k) - ¢(W; "7*)} .
Step 1 We demonstrate that

E{(W;n")} — 01, = 0.

Here, (4.57) can be shown under the Assumption 4.2:

BloWan)) - o = £ |{1- L iste - v
2t 1~ g e - Y00
Op|{1- 22 iste - uisoy
o -

where (i) holds by the tower rule, (ii) holds under the Assumption 4.2.

Step 2 We demonstrate that, for each £ <K and any § € R, as N — oo,
Akg = OP(N_I/Q).

Note that,

Apo=Dps+Dps+Dps+Dpe+ A7+ Aps+ Apo,
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where

Az =FE

Api=E
Aps=E
Ape=E
Apr=E
Aps = E

Apo=FE

:g<s?%k> {1 B gg((ssggg_:) } 5: (@i - a*)] |

{1- 280 s3],

W (o(8T) - A} ST(B - )]
:g(SIT%_j;(Sﬁ_k) (820 = 4} S5 (G - a*)] |
_g(Sle%_w {g<s§§_k> - 8T } = Sgo‘*}] /
;{g<s?%_k> ~ e 1Y - ste].

st e st 1700 -8t

By the tower rule, Ay 5 = 0 when 7(S;) = 7*(S;) := ¢(ST~*); Ars = 0 when p(-) = p*(-) :=

g(SzTé*); A7 =0when v(-) =v*(-) = SZTa*; Arg =0 when u(-) = p*(-) := STB*; Apo =0

since either p(-) = p*(-) or v(:) = v*(+). Hence,

Ao =Aps+ Dpa+ Dpsloge + Dpolprp + Dprlyspe + Ap gLy,

Now, we condition on the event & N &, where & and & are defined as (4.49) and (4.52),

respectively. By Lemmas 4.15 and 4.16, & N & occurs with probability 1 — o(1). Then, by

Lemmas 4.16 and 4.17,

Bl < o™ (T30 97 S50 |, o (5780 — 97 (8597)

P4

8T (@ s~ a)

P4

=0, (1184 = &l @ 1 = 772)
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Similarly, by Lemmas 4.15 and 4.18,

|Aga] < Hg_l(s?’?—k)”m g~ (STA-k) — g (ST7)

b |[ST B =89

P2

=0y (1% =7 1B = B1l2) -

In addition, recall (4.56), we have

vl =7 { Sy ~ s ) 0T - AT

< lg7(STA-1) — g1 (STY)|| p, [|ST(B_k — B)

P2 P2

=0, (14 = ' l121B4 = B°ll2)

by Lemmas 4.15 and 4.18. Recall (4.55), we have

|Agg| = ‘E <

< [l (8T5 )97 (818 4) — g (ST")g ™ (S15")

Ay {9(955*) - A2} B Ay {Q(Sg‘s*)_— Az}
g(ST5_1)g(ST6_,)  9(STy*)g(S56*)

S3 (G — 04*)) ‘

P2

[[82 (@ = @),

(Z) =~ * " * -~ *
20, (154 =7l + 184 = 8°l12) 1G5 = 7ll2)
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where (i) holds by Lemma 4.17 and also note that, using Lemmas 4.15 and 4.16, we have

lo7 (STA-1)g (856 1) — g7 (ST")g ! (SE ")

P2

< Hg (STA-+) {g—1<g2Tg_k) —9‘1(355*)}‘

P2

+[lg71(536%) {g (STA-+) — 97 (ST} s

+|[{o 870 — g7 STy} {97 (8580 — g (S5 }|

P2

< g (STA-0)[ py |9 (STA-4) = 97 (ST 4

/\

g7 STV |97 (8580) = 97818

=0, (15 =7l + 18— &°I12) .

With some 74, lies between v* and 4_, some 5 lies between &* and g_k, we have

A, Ay B Ay .
9(STA-1) | g(STs_,) 9(STo%)
(id)

A1 A QT _T} S
< |E exp(—S;8%)eS 6, — 6"
ey o108} (4= 0

B { A1 Az exp( ST expl-STB)SI G0 - 38 (7 — 1)}

+’E{ (’éfi) xp(—sgg)g{sg(gk—mﬂ

@
1A 2| E

S3(0_k — &%)

exp(~879)|| lllle.s

D) ~ ~ *
< Jlew(=8iM)ll,, ps 151 G- =7l g

_ _~ 2
3(0_ — &%)

P38

+lg7 ST [ex0(-ST)| el

(w) * *
Op (174 =7 218 — &> + 18 — &°I3)

where (i) holds since either p(-) = p*(+) or v(-) = v*(+); (ii) holds by Taylor’s theorem; (iii)

holds by (4.54) and Holder’s inequality; (iv) holds by Lemmas 4.15 and 4.16. Similarly, by
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Taylor’s theorem, with some 4, lies between v* and 4_j, we have

|Arsl < |E [Avexp(=STy"){Y(1,1) = S{B}ST(F-r — 77|

+@L%mm—$%ny<> STBH{ST(A-r — 7"}

As(Y — STo* _
{fhexp( S?v*){ 2(9(8553) )+SQT * 83 s ST(A, — v H

2 ‘

+ )E [Al exp(—ST7,)(e + ) {Sr{ﬁfk - 7*)} }

(i7)

< 0+ Hexp 172 Hp4 ||€+C||P4 ||ST _7*) ;4

(zzz

Op (I7-% —~*113) +
where (i) holds since either p(-) = p*(-) or v(:) = v*(-); (ii) holds by (4.53) and Holder’s
inequality; (iii) holds by Lemma 4.15.

To sum up, we have

Dea = Oy (Aot =7 [alBk — Bl + =i — & allGs — 77

+ Lozpr Op (17— = ' ll2ll@— = 77ll2)
+ L Op (5o = 218 = 8l + 18- — & 3)
+ Lt Op (H%fk - ’7*“3) :

Define

_ | sy log dy S sslogd /s,ylogd /5510gd1
¥ N y 1 - N .

By Theorems 4.3 and 4.4,

¥k ="Ml = Op (ry) ,
||5—k - 5*||2 = ||5—k - 5*||2]1p=p* + ||5—k - 5*H210#p* = Op (7"6 + Tv]lpsﬁp*) )

1@k =7 ll2 = |k = Y llalvmre + [0k =7 M2 hustse = Op (ry + (g +76) L)
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Additionally, note that either p(-) = p*(-) or v(-) = v*(+) (or both) holds. By Theorems 4.3

and 4.4, we have

Hﬁ—k - IB*H2 = ||5—k: - ﬁ*‘|21p=p*,v=1/*7u=u* + Hﬁ—k - ﬁ*Hﬂp:p*w#V*,u:u*
+ 18k = B2 Yoo w=r e + 1B — B |2 Lo

=0, (rg+rslysp +ralpsp + (T4 + 15 +70)Luzy) .
Therefore, we have

Ao = Oy (ry{rg + 16l +ralpzp + (1y + 76 +7a) Ly })
+ Op (15 + 79 L pp) (ry + (7 +76) Lot
+ 1,200 (1 {1y + (ry +76) Lyt })
+ Do Op ((ry + 75 + 73T ppr) (15 + 7y Lppr)) + Ly Op (T'Zv)
< Op (ry7g + 146 v + 7yTalprpr + 1y (ry + 76 + 7o) Lyuzys)
+ Op (ro7y + 1oy Ly pe +16(ry +76)Lyspe)
+ Lyt Op (1) + Ly Op (o + 76) 75) + Ly Op (12)
= Op(ryrg +7575) + Lpzp Op(ryra) + Lz Op(ryrs + )
+ Tyt Op(15 + 775 + 1470
where (i) holds since 1,.,-1,.,» = 0 that either p(-) = p*(-) or v(-) = v*(-) (or both) holds.

Note that when all the nuisance models are correctly specified,

/S~sglogd \/SsSq log d

T4Tg + 16Ty =

and (a) when p(-) # p*(-),

V/8ySalogdilogd

< o(N2)

ToTy =
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b) when v(-) # 1*(-),

V/sslog d(sylog dy + sslog d)

N = 0(N71/2)7

2
TTs + 75 =

c) when pu(-) 7 p*(-),

log d log d logd + sq logd
r3+r7r5+r7ra: \/57 og dy(sylog 1]\‘;'86 0g @ + Sq l0g ):O<N_1/2)‘

Hence, we conclude that

Ak,Q = O(N_1/2).

Step 3 We demonstrate that, for each kK < K and any # € R, as N — o0,
AkJ = OP(Nil/Q).

By construction, we have

ESk (Ak,l) — O

By Taylor’s theorem, with some 7 = (37,87, &7, B7)7 lies between n* and 7)_p,

B (A}) = n ' E [{v(W; ) — v(W;n")}]
= 207 E [{(W;77) — (W 0)} Vo (W )T (Gg — 1°)]

< 207 {||(W;7) - 8T8

po + [V(Wsn") = S{ B

Note that, with probability 1,

| (W;n*) — 878°

pa < ¢ HIClps + 7 lellpe = O(1).

Define

359

o} [Vt (W) s = ),



Condition on the event & N &. By Lemmas 4.17 and 4.18, we also have

[&(W37) - S78°

P2

<lg ST pa||2]|,, + 97 ST g |97 (S58)]|, IElLn + [STB -8

P2
=0, (1+118=82) = 0, (1+11B- = B'l12) = O,(1).
In addition,
[V (W) (5 = 17)]|
< [V W) Gi =)y + | Vst (Wi ) (64— 87|

P2

[Vt (W3 i) (@ = )|, + [ Vo (Wi i) (B — 8)

P2

Here, by Lemma 4.15,

“V’Yw(wa 'F’/)T(:)\/—k - 7*) Hp}g
< exp(-ST3) | { |7 8], 1800 + 2], } 1Tt =7
= 0, (k= ']l

Similarly, for the second term, by Lemmas 4.16 and 4.17,

|Vsu (Wi a7 (3. - 57)

P2

ST(8_) — &)

< Hgfl(SlTS’)Hpﬁ exp(—ggg)Hpﬁ Ha‘au

P12

=0y (18— ") -
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For the third term, by Lemma 4.17,

||va¢(wv ’;i)T(a—k - a*) Hpjg
< o S g {1 + g (s23)| } IS5 (@ & — @)

P,6

= Op ([la— — a|2).
Lastly, by Lemma 4.18,

|Vov(wiin (B - )

P2

< {1+l ST} ||ST B - 8

=0 ( 8. - B )
PA p “ k H2
Therefore, we have

|V (W ) (7 — )

P2

=0, (A4 ="l + 184 = &l + G ic— & ll2 + 1B — B]1)

It follows that

Es, (A}) = n ' E [{$(W; ) — (Win)}]

= N0, (A4 =7l + 18- = 8o + @k — s + 1Bi — BI1) . (459)

By Lemma 4.4,

Ay1 =0, (N*W 13-k =~ llo + 105 — 8%l + |G_x — @} + |B-s —ﬂ*Hz)

= 0,(N~1/%),
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Step 4 We show that, as N — oo,

N
o NTVEY Cp(Wisnt) — 611 — N(0,1). (4.60)

=1

By Lyapunov’s central limit theorem, it suffices to show that, for some ¢ > 2,
o 'E{|v(W;n*) — 614"} < C, (4.61)

with some constant C' > (. Note that

o =E[{Y(1,1) =01}’ + E (Hl N (s/; *)}{STB - 1)}} 2)

E[{Y(1,1) - 01,}] 2 F (Y (1, 1) = 011}7] /2 + E[{u(S1) — 01.1}7]/2

(#1)
> oy /2+ co(1 — co) ' E[Ar exp(—S{y"){u(S1) — 61,1}%]/2,

=

where (i) holds since E [{Y(1,1) — 611}*] = E[{Y(1,1) — u(S1)}?] + E [{1s(S1) — 611 }?]; (i)
holds since exp(ST~*) > ¢o(1 — ¢p) ™' under Assumption 4.1, E[{Y (1,1) — 6, 1}]*> > ¢y under
Assumption 4.4, and A; < 1. Based on the construction of 8* as in (4.15), and since either

p*(+) or v*(-) is correctly specified, we have

B* = arg mm E [z‘h exp(=S1v) {¥(S2) — SF{B}Q}

BeRd
2
= oxg uin, B [rexp(=STy) {u(S:) - ST
which implies
[Al exp(— {u SlTﬂ*} Sl} =0¢ecR™.
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Under Assumptions 4.1 and 4.4, it follows that

E[Ayexp(—=STy*){u(S1) — 61,1}

—~

2 BA) exp(~STy"){u(S1) — STEY] + E[A; exp(—STy){ST 8" — 01,}
> E[A; exp(~STy"){STB" — 0.,}%] = E[n(S)) exp(~STy"){ST8" — 01.1)?)
> coley — DESTB — 011 > (1~ co)eunll B3

where (i) holds since

E[Ay exp(~STy"){u(S1) — STBHSTB" — 61,1}

= B[A; exp(~STy){u(S1) — STA7}ST{B" — O1e,}] = 0.

Therefore, we have
o > ¢y /2 + cocminl||B7]3/2.
Additionally, for any r > 0,
[ (W:n®) = 014 p,

Ay
g(ST~*)

< V0D = bl + | {1 bistor - vy

Pr

< S18llps + llellpr + IClpr + 1011] + (1 + 57 e + Cllp,

Pr

+co (T4 ") el p

(4) *
=o(B 2+ 1).
where (i) holds by |611| = |E(STB*)| < ||STB*||p1. Therefore,

o =|[B*2+1,
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and

W’ * _9 . t
o 'E {|¢(W,T]*) _ 0171|t} _ { ||77ZJ( n ) 171||P, }

o
1812 +1 )
o 12+ cunlBTE2) ~ OV
and (4.61) follows.
Step 5 Finally, we prove that, as N — oo,
o2 = a*{1+0,(1)}. (4.63)
Note that
& 2 1813 +1
Es {N_l ;¢(Wi; n) — 91,1} =N"'o* = TQ
By Lemma 4.4,
N
Nt W;:n*)— 6,1 =0 <w)
lzl¢( n ) 1,1 D \/N
By (4.59), (4.61), (4.62), and Lemma S4.4 of [ZCB21], we have (4.63) holds. ]
Proof of Theorem 4.2. Theorem 4.2 follows directly from Theorem 4.1. [

Proof of Lemma 4.1. We show that, with high probability, the RSC property holds for each

of the loss functions. By Taylor’s theorem, with some vy, v, € (0, 1),

561(’7 A) ZAlzeXp{ S (7 +le)}(S{zA)27
1€1y
305(7, 8%, A )7 AvAsig ! (STA) exp{—S3,(6" + 128)}(SLA)?,  (4.64)
i€Ls
003(3. 0,07 A) = M~y Ay Asg™ (STA) exp(—S3,0)(S5,A)?, (4.65)
1€Le
004(,8,6, 8, A) = M"Y Ay exp(—STA)(STA) (4.66)
i€lg
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Part 1 Let U = A;S,, §' = (A1Su)icz,, ¢(u) = exp(—u), v = vy, and n = ~*. Under
Assumption 4.1, [UTn| < |ST~*| < C with some constant C' > 0. By Lemmas 4.5 and 4.8,

we have (4.40) holds.

Part 2 Now we treat 4 as fixed (or conditional on) and suppose that || —~*||2 < 1. Note

that ¢ ' (u) = 1+ exp(—u) and S = (ST,S2)7. Hence,

007,87, A) = (2M) ™" Y Ay Ay exp{—S5,(6" + 124)}(S;A)

i€ls

+(2M)7NY T Ay Ay exp{—ST(8" + ¥ + 128)}(STA)?,

i€ls
where ¥ = (37,0,...,0)7 € R Let U = A, 458, S’ = (A1;42:8%)icz;, ¢(u) = exp(—u),
v = vy, and n = §*. Note that, under Assumption 4.1, we have |UTn| < [ST§*| < C with

some constant C' > 0. By Lemmas 4.5 and 4.8, we have

(2M)™1> " Ay Ay exp{—S3,(8" + 12A)}(S5,A)°
i€Ls
, logd

> kA2 —
> k|| All “2M

IA[T, V[AllL <1, (4.67)

with probability Ps, at least 1 — ¢} exp(—c5,M) and some constants x}, k), cj, ¢y > 0.

Similarly, let U = A; 43S, S’ = (A1;42S0:)iczy, d(u) = exp(—u), v = vy, and n =
8* +4. On the event || —~*|l2 < 1, under Assumptions 4.1 and 4.4, we have E{|U”n|} <
E(|ST~v*]) + E(|ST6*|) + E{|ST (R —~*)|} < C with some constant C' > 0. By Lemmas 4.5
and 4.8, we have

(QM)_I Z Ah‘AQZ‘ exp{—Sg;((‘}* + ’5/ + UQA)}(S;;A)2

€L
, logd

> WAL - 52 AIR, VAl <1, (469)
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with probability Fs, at least 1 — ¢} exp(—c,M). Hence, (4.41) follows from (4.67) and (4.68).

Part 3 We treat both § and & as fixed (or conditional on) and suppose that [|§ —~*[|2 < 1,
|6 — &*||]» < 1. Note that
003(3.8,07, A) = M~y " Ay Ay exp(—S3,8)(SLA)?
i€Ta

i€Ta
Let U = A1 4,8, S = (A1;42S2)iez,,, d(u) = exp(—u), v = 0,and n = 8. Here, E(JUTy)|) <
E(|ST6%|) + E{|ST(6 — 6*)|} < C with some constant C' > 0. By Lemmas 4.5 and 4.8, we

have

, logd
* M

MY AyAsi exp(—S58)(S5A)° = # Al - # AL, YIAl <1, (4.70)

i€Ta
with probability Ps_ at least 1 — ¢} exp(—c4M).

Similarly, let U = A;A4,S, S’ = (A1;42S%)iez,, ¢(u) = exp(—u), v = 0, and n =
8+4. Then, E(|U”n|) < E(STv") + E(/S]6°) + E{IST (A —v")[} + E{|S§ (6 —&")} < C

with some constant C' > 0. By Lemmas 4.5 and 4.8, we have

, logd

MUY 7 Avs exp{ =S58+ 9)}(S5A)* 2 m AL} — wy—

1€ e

1AL, VIAl <1, (4.71)

with probability Ps, at least 1 — ¢} exp(—c,M). Note that, the function §¢y (7, 3, a* A)is
based on a weighted squared loss, and hence the lower bounds in (4.70) and (4.71) can be
extended to any A € R?. For any A’ € R?, we let A = A’/||A’||y. Then, ||Alls = 1. The
lower bounds in (4.70) and (4.71) hold if we multiply the LHS and RHS by a factor || A/||3.

Therefore, (4.43) holds by combining the lower bounds with (4.69) .
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Part 4 Lastly, treat 4 as fixed (or conditional on) and suppose that [|[§ — ~4*[|s < 1.

Let U = A8, §' = (A;;S1i)icz,, ¢(u) = exp(—u), v = 0, and n = 7. Here, E{|UTq|} <
E(|ST~*)+ E{|ST(7 —v*)|} < C with some constant C' > 0. Then, (4.42) holds by Lemmas
4.5 and 4.8. Here, similarly as in part 3, the lower bound can be extended to any A € R,

since 60y (7, 5 ,a, 3%, A) is also constructed based on a weighted squared loss. m

Proof of Lemma 4.2. Now, we control the gradients of the loss functions.

Part 1 Note that

Volbi(v) =M {1 - Aug ' (ST7")}Su.

€Ty

By the construction of 4*, we have
E[{1—Aig " (ST7")}S:1] =0 e R™.

Also, for each 1 < j < dy, [{1 — A1~ (ST~*)}STe;| < (1+¢;")|STe;| and hence, by Lemma

D.1 (ii) of [CLCL19],
11— Ay (ST )38 T eyl < (14 M) STes s, < (1465 )os.

et 0, 1= + ¢y )os. By Lemma D.2 o , Tor eac <7 <d;and any t > 0,
Let 0 := v/8(1 + ¢y )os. By L D.2 of [CLCL19], f h1<j<d; and 0

— t+logd
Ps, (\V7£1(7 )'ej| > 0y %) < 2exp(—t —logdy).

It follows that,

/) * t+1 d il _ i t+1 d
i <||V—y€1(7 Mo > 07@) <25, (’v‘)’gl('y )'ej| > 07@)
j=1

< 2dy exp(—t — log dy) = 2 exp(—t).
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Part 2 Note that

VJQ(’Y*,(S* =M~ ZAMQ 1 11’7 {1_A22.g (S%;(S*)}S%-

i€Ls

By the construction of 6*, we have
E[Aig (STy){1 — A297'(S]6%)}S,] =0 € R™.
Under Assumption 4.1, we have
[Arg™ (ST {1 — A2g7'(8,07)}S5e)| < ' (1+¢5)[Sz e,
for each 1 < j < d. By Lemma D.1 (i) and (ii),
[A1g™ (STY){L — A2g™'(S207)}S; ejlly, < (co” + c5)lISze;llge < (g™ + ¢ )os.

Let 05 := v/8(cg2 + ¢y ')og. By Lemma D.2 of [CLCL19], for each 1 < j < d and any ¢ > 0,

_ t+logd
Py, (\Va@(v*,é*fej\ > 05y ) < 2exp(—t — logd).
It follows that,
d
= e ek t+logd - t+logd
Ss (HVJ&(’Y 09|, > o5\ 3/ ) < lesg (}V(;Eg 0% e;| > o5 i
J:

< 2dexp(—t —logd) = 2 exp(—t).

Part 3 Note that

Vals(v*, 8% %) = —2M ")~ Ay Asig™" (STiy") exp(—S5,6")e:Sui.

1€la

By the construction of a*, we have

E{—2A,A597"(S{v") exp(—S}6*)eS,} = 0 € R™.
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Under Assumption 4.1, we have
| — 24,4297 (ST") exp(—S50")eS5e;] < 2¢5 ' (c5 ' — 1)[eS5 ¢4,
for each 1 < j < d. By Lemma D.1 (i), (ii), and (v),

| = 2A1 4297 (STY") exp(—S3 87)eS; ey,
< 2¢5"(cg" = Dllell.lISz esllv, < 2657 (5" — 1)oeos.
Let
O 1= 2¢5 (cgt — 1)0.0s.

By Lemmas D.1 (iv) and D.4 of [CLCL19], for each 1 < j < d and any t > 0,

- t+logd t+logd
Ps., (\Vaez»,(v*,é*,a*)Tejbaa (2\/ +]\;g + +j\;g )) < 2exp(—t —logd).

It follows that,

t+logd t-+logd
2
oo>‘7a<\/7+ M ))
B t+logd t-+logd
i (e 20

< 2dexp(—t —log d) = 2 exp(—t).

Part 4 Note that

Valy(v*, 8%, a*,8") = —2M ! Z Avexp(—=STv*) {G + Azg ' (S5:6%)e:} Sui.

i€lg

By the construction of 3*, we have

E [=2A; exp(—S{v") {¢ + Ayg7'(S]6%)e} Si] = 0 € R™.
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Under Assumption 4.1, we have | — 24; exp(—ST~v*) {¢ + Ayg7'(ST6%)e} STe;| < 2(cp" —
D)([¢] + c5te])|STej| for each 1 < j < d. By Lemma D.1 (i), (ii), and (v),
| = 241 exp(=STy") {¢ + A2g7'(Sy6%)} Sielly,

<2(co" = 1)(II¢llz + co ' llellua)IS1€5llvy < 2(cg" = 1)(0¢ + 50 )os.

Let o5 := 2(cy' — 1)(0¢ + ¢5'0.)os. By Lemmas D.1 (iv) and D.4 of [CLCL19], for each

1<j<d; and any t > 0,

— « ox « « t+10gd1 t+10gd1
Pgﬁ (}Vﬁ€4(’)’ ,5 , X ,,3 )Tej| >0p <2\/ Vi + Vi ))

< 2exp(—t —logd,).

It follows that,

(. 6% o, " {+logd, it +logd
Ps, (vaem,a o, )| > o (2\/7+ log 1))
dy
7 (mk S% k2% t+logd t+logd
s (IWm 0%, o, ) ey > o (2\/7+ in 1))

j=1

< 2d;y exp(—t — logdy) = 2exp(—t).

Proof of Theorem 4.3. We proof the consistency rates of the nuisance parameter estimators

when the models are possibly misspecified.

(a) By Lemmas 4.1 and 4.2, as well as Corollary 9.20 of [Wail9], we have

~ . S~ log dy N . log d;
1y -~ Hg:Op(\/”T), 17 =~ =0, <87 |
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(b) By Lemma 4.11, Ps_s; (A1 N Ag) > 1 —t — 2exp(—t), where A; and A; are defined
in (4.45) and (4.46), respectively. By Lemma 4.12, condition on A; N Ay, we have As =
6 — 8" € Cl5s,ko) = {A € R? : Al < ko/55[|All2}, where 55 = (/10 4 55 and
ko > 0 is a constant. Additionally, by Lemma 4.13, we also have ||As|l. < 1. By (a),
we have Fs ({[|[7¥ —~*[]2 £ 1}) = 1 —o(1). Then, by (4.41) in Lemma 4.1, Ps us,(As) >

1—0(1) — crexp(—caM) = 1 — o(1), where Aj is defined in (4.47). Now, also condition on

Ajs. Then, we have, for large enough N,

/s~ logd @ A
<2)\5\/§+C z ]Vg 1) HA5||2 > 5‘82(776 7A5)+Z§||A5H1

(@) log d As

> Kl Asll3 — AsllT+ =2 A

2 f1l|Aslly = w2 = [ Aslli + [ Aslh
(idi) 55 log d () Ky

> (11— rak 25 Al 2 Al

where (i) holds by Lemma 4.12; (ii) holds by the construction of A3 and also that ||Aslls < 1;

(i) holds since As € C(5s, ko) and 25| Aglls > 0; (iv) holds for large enough N, since

5 log d "
seod — 0BG 4 55084 — (1), Therefore, condition on A; N Ay N As,

AXs/Ss  2¢ [sylogdy \/s log d; + sglogd
Aslls < e 2]
143l < o mV TN 0 N ’

and since Ag € C(5s, ko), it follows that

_ (log dq)? log d
1As]l1 < kov/35[|Aslla = O (87“ Nlogd +ss\[ |-

Therefore, we conclude that

S, s~ logdy + sslogd
||6—6||2=op<w T )

- (log dy)? log d
d— 6% =0 = — .
19=2"lh p(‘s”’\/ Nlogd VN
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(c) For any t > 0, with some A\, =< \/%, As = 1/ loﬁd and A\, =< loﬁd, define

Ay ={||[Vals(v*, 6, a)||so < Aa/2}, (4.72)

log d

As _{553(7,5 o', A) = ml| Al - ket AR, VAeRd} (4.73)

Let Ao > 204 (2 % + %) with some ¢t > 0. By Lemma 4.2, we have Ps_(Ay) >
1 —2exp(—t). Let A = & — «*. Similar to the proof of Lemma 4.12 for obtaining (4.96),
we have, on the event Ay,

2503(,8, ", A) + Aa||All1 < 4Xal|As. |1 + 2|Ral. (4.74)
where

L _ T
By = {Vals(3.8,0") = Valy(v',8" @)} A
—2M 3" Az { g7 (STA) exp(=S5D) — g7 (STy") exp(~S10")) f eiSEA.
i€Ta

By the fact that 2ab < $a® + 207,

1 _ o
|R2| S 5563(7767a*aA) + 2R3a

where

exp(— S;é) exp( ST6*) ’ g(ST~y)
fis = Z( oS gt ) S13)

exp(— S
By (a) and (b) of Theorem 4.3, we have Ps_us,({||7 =2 < 1, 16 — &%l < 1}) =1 —o(1).

€T,

Note that

— o~

— N — 2
exp(—S38)  exp(—S%67) 9(ST7) 2
exp(—S39)

Foallis] =8 ( SR 45T

P _ 2
exp(—518)  exp(~516)
9(S17) 9(817*)
(s7 log d; + sslog d)

(811’7)
exp(—SZQFié) P

lellzg

P,6

QOP

N
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where (i) holds by Lemma D.1 (iv) of [CLCL19], as well as the fact that

exp(—S78)  exp(—S74%)
9(ST7) 9(STv7)

P6

< o7 ($T") {exp(=S73) — exp(-S767) }

HP,G

+ [lexp(=856%) {g7" (=ST7) — g (=STv)} || g

+ Hexp<—S§§) — exp(—ST6%)

—1 _ST/\ 1 _ST *
P,12Hg (=S17) —g9 (=S177)

P12
logd log d
~0, (\/87 081 7508 ) (4.75)
N
using Lemmas 4.15 and 4.16. Hence,
log d log d
Ry =0, (57 %8 1]:; %5 08 ) . (4.76)

Recall (4.74), we have
505(3,8, 0%, A) + Aa||AlL < 4Aal|As, |1 + 2Rs.
Note that ||As, |1 < v/SallAs.|l2 < v/SallAll2. Hence,
005(3,8, 0%, A) + Aal|Alls < 4hay/SallAllz + 2Rs.

Recall (4.65), we have §05(3, 8, a*, A) > 0. Then,

2R
NSV (@)

Then, by Lemma 4.1, Ps_issus.(As) > 1 —o0(1) — ciexp(—coM) = 1 — o(1), where As is
defined in (4.73). Now, condition on A4 N As, for large enough N,

log d

I (i)

Dav/sallAlla+2Rs > 663(7,0, 0% A) > rml|Allz — ro— = All}
(i) logd 4R2
2 Al 20, (1658l + 45)

(i

) K log d
> AN - 8k B3

M2,
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where (i) holds by ||All; > 0; (ii) holds by the construction of As; (iii) holds by (4.77) and
the fact that (a+b)% < 2a2 + 2b% (iv) holds for large enough N, since *=%2¢ = o(1). Hence,

on the event A, N As, for large enough NV,

, logd

I{1||A||§ - 8)‘01 V SaHAHQ - 16%2R3W

—4R3 <0.

It follows from Lemma 4.14 that

1Al < 8 8Aay/Sa \/16R2r<5210gd 4R3

M N2 K1

0) sqlogd sy logd; + sslogd \/svlogd1+3510gd
_Op(\/ N N * N

sylogd; + sslogd + sqlogd
= Op N

where (i) holds by Aay/Sa < 1/229%2¢ and (4.76). Recall (4.77), we have

B | (log dy)? /logd log d
1AL =0, (sA, Nlog d s\ Fsa\ |-

(d) For any ¢ > 0, with some A\, = \/%, As < 4/ 101%](17 Aa X \/% and A\g < 4/ 101%](17

define

-/46 = {vall('y*, (5*, OL*, ,6*)

< g/2), (4.78)

log dy

Ari={001(3.8.8.6" 8) 2 | A - kB AR, vA e RS | (4.79)

Let \g > 204 (2\/ tHJ(\)fdl + t+1§fdl> with some ¢ > 0. By Lemma 4.2, we have
Ps_(Ag) > 1—2exp(—t). Let A = ,é\—,B* Similar to the proof of Lemma 4.12 for obtaining

(4.96), we have, on the event Ag,

-~

2604(,0, @, 8%, A) + Agl|All1 < 4Xg||As, |l + 2| Ryl. (4.80)
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where

_ ~ _ T
R, = {vﬁé4(~7, 3.a,0) - V,3€4(7*,5*,a*,,3*)} A

Amaz—saa)>
9(S%;6)

=M~ Z Ah{exp( Sh’y) (Sgl& — Siﬂ* +

IGIB

— exp(—=S{7") (S;a — ST+ 22 g(sg;(sf) )}SﬂA.

By the fact that 2ab < Sa? + 207,

1o~
’R4‘ < 5564(7757(}7/3*7A> + 2R5a

where
o Ay(Y; - SE&)
=M~ {exp( S17) (Sﬁa —SLB + ——=
zez.[: 117) 9(S%:6)
_ Ay(Y; — Sga*) ’
— exp(—ST~ (STZ»OKk — 818" + =
( 1 ) 2 1 g(sg;é*>
Note that
1
E =F|— 2
55 1%5) pr(—S{‘y\) (Q1+ Q2+ Q3) 1
where

. A T~ .
Q1 = exp(~ST) (1 B ) ST(a - a),

9(S39)
Q2 = {exp Sf’)’) — exp(— }C,
o fen(-813) exp(—sm
“= B{ g(s7e)  o(STe) }

By (a) and (b) of Theorem 4.3, we have Ps_us, ({||7 =2 < 1, ||S_ 0% < 1}) =1-0(1).

Then by Holder’s inequality,

Es,[Rs) <

1 9
—— |Q1]lpa + [|Q2llpa + || Q3] p4)
exp(—S{7) P2 (
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and

IS5 (@ — a)

1@1llpa < ||eXp(_S{:)\/)HP,12 P2

(i) (\/swlogdl—ksalogd—l—salogd)
= OP s

N

(1) S logd
s < o573 ST s 2 0, 258,
exp(—=S39)  exp(=S3v7)

: Jelns & 0, (/28 E s oed
9(ST9) 9(516%) |, N ’

where (i) and (ii) hold by Lemmas 4.15, 4.16, 4.17 and Lemma 4.6; (iii) holds analogously

1Qslpa <

as in (4.75). Hence,

Ry = O, <371ogd1 + sslogd + sq logd>

- (4.81)

Recall (4.80), we have
007,68, 87, ) + Ml| Al < 4| Ay |1 + 285,
Note that [[Ag,ll1 < (/58][Assll2 < /58]l All2. Hence,
601(7,8,8, 8%, A) + Mgl Ally < 4As /55l Ay 11 + 2| Rs).
Recall (4.66), we have 64,4(7, 5. a, B, A) > 0. Then,

2R3

Al < 4y/58] Al + = (4.82)

Then, by Lemma 4.1, Ps ussusg (A7) > 1 —o(1) — crexp(—caM) = 1 — o(1), where Ay is
defined in (4.79). The remaining parts of the proof can be shown analogously as (c) of

Theorem 4.3. Now, condition on Ag N A7, for large enough N,

log d 4R
1A < W_ \/161%%2*””20gl E

1M)\2 K1

sylogd; + sslogd + sqlogd + sglogd,
=0, N .
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Recall (4.82), we have

log dy (log d)? (log d)? log dy
Al = —o1 BS= R TS = R
1AL OP(S’V\/ N T\ Nlogd, "%\ Nlogd, TPV TN

Proof of Lemma 4.3. By Lemma 4.2, we have

[Vsta(v",87)

log d

(o] :Op N ) )
log d

o] :Op N ) )

Hvﬁll(’y*?é*v C\C*,B*) o

IVals(v, 6, o)

(a) Let p(-) = p*(:). Note that
Vsla(7,6%) = Vsla(y",87) = MY~ W,
1€Ls

where
Wé,i = Au{g‘l(SlTﬁ) -
Let W; be an indepenent copy of W ;. Then, by the tower rule,
E(W5)=0¢€ R

By Corollary 2.3 of Lemma 4.7, we have

B, HM ZWM

€Ly

< M~ (2elogd — ¢) E(|Ws||2,)

< (L+c )M '(2elogd — ) E {\g (ST9) — g7 (STv)|" IS

_ 2
< (1+c¢" )M ' (2elogd —e)||g~(STA) — 97" (STv")

0 0, (S7 log d; (log d)* > |

N2
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where (i) holds by Lemma 4.15 and Lemma 4.6. By Lemma 4.4,

/. \/s~logdylogd
Hv(sﬁz(ﬁ,(s ) — Vslo(~* ,5* = H ZW‘“ =0, ( Sy Ojgv 11og ) .
i€ls

Together with (4.83), we have

= ek log d; log d logd
HV‘%Q(V’&)HOOZOP((l—F\/&Y ogN1 og )\/0]%[ )

The remaining parts of the proof can be shown analogously as in (a).

(b) Let v(-) = v*(:). Note that
VQES(;)\/u 8\, a*) - vag_ii('.y*u 6*7 a*) = Mil Z Wa,i7
i€lx

where
Wa, = —241;42:{g " (S17) exp(~S3:0) — g (STi7") exp(—S5,6") }eiSai.
Let W, be an indepenent copy of W ;. Then, by the tower rule,
E(W,)=0¢cR%

By Lemma 4.7, we have

g

1€l

< M~ (2elogd — ¢) E(||Wall3.)

exp(—S18)  exp(~SIo*)|

<2M*(2elogd — €)E ?[IS: 1%,

9(8T7)  g(STy)
) _ exp(—=S76%) ~ 5
< 2M~*(2elogd — e exXp( 2 el Solleo
( ) g(S{'Y) ( ) P6|| ||P,6|||| 2” HP,6
® o ((s7 log d; + ss logd)(logd)Q)
- p N2 )
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where (i) holds by Lemma 4.6 and (4.75). By Lemma 4.4,

v/ S~ log d; log d
_Op< SWOA?VlOg).

Hvaz@,(fy, 3, ") — Vils(~*, 8, a*)

oo

Together with (4.84), we have

(sylogdy + sslogd)logd \/logd
= 1 .
0 O (( +\/ N N

(c) Letv()=v*(:) and u(-) = u*(-). Note that

Hva@,(a,& o)

Vsli(3.8, 07, 8%) = Vali(v*, 8% o, B°) = M"Y (Wg1i + W),

icTg

where

W1 i=— 24y {exp(—S{;¥) — exp(—ST,7") }&iSus,

Wi, = — 241, Az {exp(—ST7) g7 (SE8) — exp(—STy*)g 1 (ST.0") }e:Su.

Let Wg; and Wgs be indepenent copies of Wg;; and Wpg,, respectively. Then, by the
tower rule,

E(Wg,) = E(Wgy) =0 € R™.

By Lemma 4.7, we have

2
’ Y Waa < M~ (2elogdy — €) E(||[Wpg,ll2)

ZGIﬁ 00
<AM ' 2elogdy — ) { lexp(~ST7) — exp(STy")[* 1Sl |

_ ~ 2 2
< AM*(2elogd; — e) |Jexp(—STq) — exp(ST~*) [Stlloo]l g

® 5 s~ log dy(log dy)?
20, e :
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where (i) holds by Lemma 4.15 and Lemma 4.6. Similarly, we also have

2
M7 Wl | < M7 2elogds — ) E(|Wpall)

i€1lg o

2
exp(=S{5) _ exp(=Si~)
9(S79) 9(836%)

<4M~*(2elogd, — e)E [ISul1%,

TS T A% 2
exp(—S17) _ eXP(__S1')’ )
9(S795) 9(S37)

M (54 logd; + sslogd)(logdy)?
20, e ’

<4M~*(2elogd;, — e)

2
elE6lllIStlloo] [
Pg

where (i) holds by Lemma 4.6, and analogously as in (4.75),

sylogd; + sslogd
=0, N :

exp(-ST)  exp(~ST°)
g(S74) 9(S36%)

Hence, it follows that

ESB {Hvﬁgﬁl(;y\azi a*aﬁ*) - vaz4(7*7 6*)a*718*)

(84 logd; + sslogd)(logdy)?
~0, N2 |

J

By Lemma 4.4,

HV;;&(’?, 3, o, 3%) — Valy(v*, 6, a*, B%)

\/S+log dy + sslog dlog d;
-0, = .

Together with (4.85), we have

(sylogdy + sslogd)logd; \/log dq
= 1 .
O (( " \/ N N

(d) Let p(-) = p*(-) and pu(-) = p*(-). Note that

|Vstu(3.8.0,8)

Vsli(5,6%,6,8°) — Vali(v*, 8% o, B°) = MY (Wgsi + Waay),

iEIB
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where

A2i ol /~
W i = —2A i S = S5, —a S i)
8.3, 1 eXp( lz’y){ g(S%;(S*>} 21(a o ) 1
Agi
Wga,ii= —2A1i{exp(—S£"y) exp(— SiV*)} {%51 + Cz} S (4.86)
9(83,0%)

Let Wg 3 and Wg,4 be independent copies of Wg 3, and Wg 4, respectively. Then,

by the tower rule,

E(Wg3) = E(Wg,) =0 € R™.

By Lemma 4.7, we have

2
HM > Wi < M~ (2elogds — €) E(|Wgs|%,)

lEZB oo

<AM ' (2elogd; — €)(1+ ;") E {exp(STF) {SE (@ — )} S1]12.}

_ _ 2 ET,~ 112
<4M 7 (2elogdy — €)(1+ ;") ||lexp(ST) |, (IS5 (@ — @) || 6 HS1lloo 76

I

i) (54 logd; + sslogd + sq logd)(log dy)?
0, - ,

—~

where (i) holds by Lemmas 4.15, 4.17 and Lemma 4.6. Similarly, we also have

2
M7y Way, < M~ (2elogdy — €) E(||[Wg.ll2)

ZEI@ s

< A (2elogds — o) B [{exp(STF) — exp(STv)} (ca'el + I¢1)° i1

< 8M~'(2elogdy — €) ||exp(ST7) — exp(ST HP,6

— 2
(el +1ISHEs) 1Sl

i log d; (log d; )?
0., (sbettos) e
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where (i) holds by Lemmas 4.15 and Lemma 4.6. Hence, it follows that

Es, {||v524(fy, 5., ") — Valu(v",6", o, B7) io}

(sylogdy + sslogd + s logd)(log dy)?
=0, e :

By Lemma 4.4,

“v:@Z‘l(P/)\I?&*?a’B*) _vﬁz4(7*76*7a*7/6*) (o e}
_o <\/3710gd1+5510gd—|—salogdlogd1)
=0, _

N

Together with (4.85), we have

IVsta(3,6°%, &, )],

_0 1+\/(s.ﬂogdl+5510gd+salogd)logd1 \/logdl
- N N )

(e) Let p(-) =p*(), v(-) =v*(-), and p(-) = p(-). Note that

Vali(3,8% @, 87) = Valy(v", 8" a", 7)) = M7 Yy Wga,,

i€1g

where Wg 4, is defined in (4.86). By (4.87) and Lemma 4.4,

\/ 5~ log dy logd
w=@<gwiwgﬁ.

|Vals(7, 6", a*, B%) — Vgla(v*, 8", a*, B%)

Together with (4.85), we have

HV,BE4(;Y\7 6*a av /3*)

=0, ((1 - \/57(1(;\%(11)2) \/lo]gvd1> |

Proof of Theorem 4.4. We show the consistency rate of the nuisance estimators under cor-

rectly specified models.

382



(a) Let p(-) = p*(-). Then, by Lemma 4.3, when s, = O(m),

— o ex log d
vl -0, ({51).

By Lemma 4.1, we have (4.41) when || — v*|l2 < 1. In addition, by Lemma 4.15, we also

have Ps_([[¥ —v*[|2 £ 1) =1 —o(1). By Corollary 9.20 of [Wail9], we have

S~ sslogd . log d
||5—5H2—0p< N ) ||5—5H1—0p<86 ~ |

(b) Let v(-) = v*(-). Then, by Lemma 4.3, when s, = O(m) and ss = O(ﬁ),

[eunind.el], -0, (1%5)

By Lemma 4.1, we have (4.43) when || —47|]2 < 1 and [|§ — 6*||; < 1. In addition, by

Lemmas 4.15 and 4.16, we also have Ps_us, (|7 —*[l2 < 1N 16 — 8%, < 1) =1—o(1). By

Corollary 9.20 of [Wail9], we have

N . Sq logd N . log d
||a—a||2=0p( = ) ||a—a||1:0p<sa N>.

(¢) Let v(-) = v*(-) and u(S;) = STB. Then, by Lemma 4.3, when s, = O(ﬁ) and

1
w:op( Ojgvd1>.

That is, for any ¢ > 0, there exists some A3 =< \/%, such that & := {||Vzl4(7, g, o, 3) ] <

_ N
S8 = O(logdl logd)’

Hvﬁg4(;)’\> ga a*7 /8*)

A3} holds with probability at least 1 — ¢. Condition on the event &, and choose some

Ag > 2)3. By the construction of 3, we have

04(7,8,& B) + M|l Bl < 147, 0,&, 8*) + A B*|r.
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Let A=a—a*and S={j€{l,...,di}: B # 0}. Note that,

)
™)
|

<
2
>
)
@
|
4
)
=
2
>
)
@
3
>

5574(%7 ga aa IB*? A) = 4(’/)\/7 3
Hence,

504(7,8,a, 8, A) + Al Bll, < —Vsli(3,8,a, 8 A + Agl|B*|h

<||Volu(7.5.0%.8)

N AL+ 218711 + [ Rs| < AgllAll1/2 4+ Agl|B7[]1 + | Rel,
where
IO N T
Rg = {v564(7,5,a,/3*) _ V5€4(7,5,a*,,8*)} A.

Note that [[8*[[y = [|Bsl: < [1Bslly + [[Aslly, 18l = [1Bslly + 1Bse [l = 1Bsllr + [[Ase

and [[Ally = [|As]ly + [[Ase

1. Hence, we have

2604(7,68, @, 8%, A) + \g|| A

1 < 3Ag[lAsll + 2[Rl

Observe that

A\ a1/~
‘Re" = [2M~* Z Ay GXP(—SE'AY) {1 - 7;/\ } S;(a - a*)S{iA
i€Zg 9(52;9)

< 554(?7 (/5\7 &7 /6*7 A)
- 2

+ R?a

where §04(7, 3, a, B A) =M1 Ziefg Ay exp(—ST7)(ST;A)? and

2
- Ag; ST [~ .
Ry :=2M™* E exp(—ST7) {1— p 2 } {S}i(a—a )}2

iEIﬁ

It follows that

1,

504(7,8, 0, 8%, A) + Al Ase|ly < 3Mg||As]l1 + 2R (4.88)
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Condition on |5 — 4*|l2 < 1, where by Lemma 4.15, || — ~4*[]2 < 1 holds with

probability 1 — o(1). Also, condition on the event that

log d;

504(7,8,&, B, A) > k|| A2 - '{27||A||37 (4.89)

which, by Lemma 4.1, holds with probability 1 — o(1). Since 5!74(3,3,64,,8*,A) > 0, by

(4.88), we have
AL < 4] Aslli +2X5' Ry (4.90)
Note that [[As|li < (/58]|Asll2 < /38]|A|l2. Together with (4.88) and (4.89),

3\av/35]| All2 + 2Rr > 3Xg|| As|li + 2R, > 604(7, 8, &, B, A)

10g d1

log d
SIALR = mll Al = o=

M

> k|| AlZ — ks (4]l As] + 225 Ry)?

log d _
> kil Al — dro = (41AsT+ A5 RY)
log d; _ K1 4kq log dy
2 sl A~ s (15l A 05 ) = AN - S
when M > 32kysglogd; /K. By Lemma 4.14,
63, /S SkeR2log d 4R
1Al < "\/_/3+\/ o 08 L 20 (4.91)
K1 Iil)\ﬁM K1

Now, we upper bound the term R;. Observe that

2
_ A T~ .
Es,(R;) = 2E exp(—sﬁ){l—g(gig)} {ST(a—a"}
2
A 2
< 2||exp(=S{A)| s |1 - —==|| [IS5(@—a)];
P a5, e

2
< 2 [lexp(~ST4)] {1 + g7 (s19)| } I85@—a)]7,

P6
(i) Sa logd
2on ()
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where (i) holds by Lemmas 4.15, 4.16, and 4.17. By Lemma 4.4,

S logd
R7:<z,( <Ng ).

By (4.91) and Ag < /%% we have

B |sglogd;  sqlogd |salogd) \/sa logd + sglog d;
By (4.90),
_ log d; (log d)?
|Al < 45514l + 235 Ry = O, (sm/T o Vioad )

(d) Let p(-) = p*(-) and u(-) = p*(-). Then, by Lemma 4.3, when s, = o),

(logd1)?
log d;

That is, for any ¢ > 0, there exists some \; < lo*}gvdl, such that

Togd)

and Sa = O(logdl log d

_ N
S8 = O(logdl logd)’

HVBZ4($7 6*7 aa /6*)

Er:={[IVpls(3, 0", &, 8)|lo < M}

holds with probability at least 1 —¢. Condition on the event &, and choose some Ag > 2\,4.

Similarly as in part (c), we obtain

2604(7,8, @, 8%, A) + \g|| A

1 < 3Xsl|Aslli + 2| Rsl,

where
75 S Ao * D[ K% * T
By = [{V604(3.8.8.8) - Vslu(3.5".8,87) } A'

= [2M " Ay exp(-ST3) {971 (S58) — g1 (SEo) pESTA
iEIﬁ
< 554(:7\/? 3\7 a? /6*7 A)
- 2

+ Ry.
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Here, &; := Y;(1,1) — Sk a,

001(7,8,6, 8", A) =M Ay exp(—STA)(STA)%,

€7
o _ 2
Ry :=2M " Z Agiexp(—ST7) {g_l(S%;(S) - g_l(sgé*)} &
1€l

Observe that
T -1/QT§ —1aT sy |2 22
Bep(a) = 26 | Ay oxp(-S1) {57/ (518) - 471 (816")} ¢
<2 [lexp(~S13)]| ., |l97(833) — g7 (S15")
) ss logd
ton ()

where (i) holds by Lemmas 4.15, 4.16, and 4.17. By Lemma 4.4,

sslog d
Rgzop<“Ng )

2 2
G

Repeat the same procedure as in part (c), we have

6A3./5 SkoR2logd 4R
Al < =22 4 [ZEE B 20
K1 /ﬁ?l)\ﬁM K1
1AL < 4y/56]All2 + 205" Ry,

with probability at least 1 — ¢ — o(1). Hence,

salogd+s log d
|Al2 =0, W =

(log d)? log d;
All; =0
|| Hl p ( Nlogd1 +Sﬁ N )
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(e) Let p(-) = p*(-), v(-) = v*(-), and p(-) = p*(-). Then, by Lemma 4.3, when s, =

_ N _ N
0((logd1)2)’ 86 = 0(logd1 logd>’ and sq = 0(logd1 logd>’

log d;
O N )

) (= S* * 1 d
|Vsts(3.8%.6. 8|, = 0y [ |/ = ) ,

|Vstu(3.3.0,8)

0 (S S* * * 1 d
Hv,@£4(775 , & 7/3 )”oo = OP O]g\] 1> .

Define
a: = vﬁ!l(%? 8\’ a*7 /8*) + vﬂé4<:)\lv 6*7 a> /8*) - Vﬁ&l(’/)\’, 6*7 a*v /6*)
Then, [|al|o = O,(1/ 5% ). Hence, for any ¢ > 0, there exists some A5 < |/ 6% such that

Es = {]|alloc < A5} holds with probability at least 1 — ¢. Condition on the event &, and

choose some Ag > 2X5. Similarly as in parts (c) and (d), we obtain
2604(7,8, &, 8", A) + gl Ase |l < 3\g||Asly + 2| Ruol,
where

SO T
Ry = {vggm,é, &, 3" — a} A
s o~ T
= {Volu(7.5.6.8) - Vali(3.6,a0, 8"} A
- {Vﬁ24<’/)\’, 6*7a7/6*) - Vﬁlzl(ﬁaé*?a*ug*)}TA

=201 Ay g exp(~STA) {gfl(sgﬁ) - gfl(sg.a*)} ST (& — a*)STA.

1€l

By Young’s inequality for products,

554(;7\7 3\7 avlg*7 A)
2

| Rio| < + Ry,
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where 664(7,6 a, B A) =M1 Z,ezﬁ Ay exp(— Slz’)’)(S{iA)z and

Ry :=2M"~ ZAQz exp(—ST.4) {g—l(S;QS) ~1(ST.6") } {Sl(a }2.

lGI,@

Observe that

sy () = 28 [ Az exp(—8{3) {57 (818) — 47 (816")} ' {ST(@ - o)}

2

< 2 [lexp(~ST)||,, |9~ (578) — 9 (55")

0 s65a(log d)?

2
IST(@ - o
o, I83 @)

where (i) holds by Lemmas 4.15, 4.16, and 4.17. By Lemma 4.4,

2
Ry = O, <85sa(logd) ) |

N2

Repeat the same procedure as in parts (c¢) and (d), we have

6A3./S SkolR?, log d 4R
||A”2§ B B+\/ 2 ll2 g 1+ 11’
K1 Hl)\ﬁM K1

|A]l < 4y/5a[lAll2 + 225" Ru,

with probability at least 1 — ¢ — o(1). Hence,

1A, = (,/853,1 logd /53 logd1>
N S6Sa logd (log d)? logd1
! Nlogd; T

4.5.3 Proof of auxiliary lemmas

Proof of Lemma 4.10. We prove the lemma by considering two cases separately.
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(a) If d <m. Choose S ={1,...,d}. Since X is a sub-Gaussian vector, we have

||§F21E{(XTB>2} = 0(1). (4.92)

For any A € R%, by triangle inequality, we have

1 T A2 2 —1 T a2
m X, A < ||AJ5 sup m X; B
;( )" < A Sup ;( )

m

m™ Y (XI'8)* — E{(X"B)’}

i=1

(4)
< A3 | sup E{(X"B)’}+ sup
1B]l2=1 1B]l2=1

|

It follows that

sup m~! 221 (XZTA)Q
AcR?/{0} A3

m

m™ > (X]B)’ - E{(X"B)’}

=1

|

< | sup E{(X"B)’} + sup
18]2=1 18]l2=1

By Lemma 4.9 and (4.92), we have, as m — oo,

IS (XTA)? i
sup m 2121(2 7 ) — Op <1 + i) g Op(l)
Ackd) {0} A3

where (i) holds since d < m. Hence,

—1 m XTA 2 —1 m XTA 2
sup m_1 Zz:21( 7 ) < sup m 21:1(2 ] ) — Op(1>
AcRd/{0} T [A[IF+ A3 AcR?/{0} A3

(b) If m > d. Choose any set S C {1,...,d} such that s := |S| < m. For any A € R%,

define A = (AL, AZ)T € R? such that
As=s"AL(1,....)T €R®, Ag =Ag € R*.

Then,

[Ase 1< Al = llAs]s-

1= [[Age
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Hence, A € C(S,3) := {A € R?: |Age|l; < 3||Ag]1}. In addition, since (A — A)g. =0 €

R~ we also have A — A € C(S,3). Therefore, by the fact that (a + b)? < 2a® + 2b2, we

have

m m . m . 9
m S (XTAR < 2m S (XTA) 4 2m 7! {XiT(A - A)}
=1 =1 i=1

2(IAE+IA-A)  sw m Y (X BY
BeC(S,3)N||Bll2=1 i=1

Now, we observe that

IALZ = [ Asl3 + 1As]l = s AL} + [[Asel3,

A = A3 = [|As — As|; < 2| Asl + 2[[As]3 = 257 |A[]] + 2] As]f5.
Hence, we have

m Y (XTAP <2(3sYAIF+21A3)  sup o om 'Y (XTB)?, VA ER
=1 BeC(S,3)N|1Bll2=1 i=1

since |A[2 + |A — A2 < 3s7L|A|2 + 2||A|]2. It follows that

m Y " (XTA)? i
sup — 21_21( i ) 5 < m -1 Z XT,B
acrd/qoy 657 A[[F + 4[| A3 BeC(s Bzt —

By Lemma 4.9 and (4.92), as m — oo,

m

sup — =
acre/fop SIA[T+ A2

—1xm T AN2
m Zi:1(X7;A) —Op(l—i- 3>'

Besides, note that s < m and hence 1+ \/s/m . It follows that

sup m_ 2 (X AF O,(1)
acrisor MHIA[T + (A g
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Proof of Lemma 4.11. Note that
F(A) :=805(7, 8%, A) + As]|6* + Al + Vsla(F,8)" A — As| 6|1
=605(7,8%, A) + \s||0" + Al + Valo (v, 6") A + Ri(A) — Ns]|6% |1, (4.93)
where
Ri(A) : = {Vsl3(7,8%) — Vazz(W*,d*)}TA

=M Z A {9 S17) G } {1 — Azig™ Sgi(s*)} SyA.

i€ls

Let \s > 205 t+]1\‘}gd with some ¢ > 0. By Lemma 4.2, we have Ps,(A;) > 1 — 2exp(—t).

On the event A;, we have |[Vsla(v*, 6*)TA] < Xs[|A[1/2. Note that [|6*[|; = [|65,]1 <

105, + Ass i+ Asslln, [AllL = [[Ass 1+ | Asglly, and 16"+ Ally = (|65, + Ayl +[[ Ass L

Recall (4.93), it follows that

2F(A) > 2005(7,8%, A) + As]| A

1= 3Xs[| Ayl — 2[R (A)].
Hence,
2F(A) > 2005(3,8", A) + Xsl| Ally — AXs | A ls — 2| R (A)]. (4.94)

Under the overlap condition in Assumption 4.1 and since |A;| < 1,

[Ra(A)] < ( 1+Co ZAM {9 S17) (ST )}S%;A
i€ls
(1) ,
< (L+eh) MY {g 1 (STA) — g {(STy)}Y, [M1) (SEA)2,
€Ly i€ls

where (i) holds by the Cauchy—Schwarz inequality. It follows that

- |Ri(A)]
p
acrd/o} [|All1/VN + ||All
M=ty T (S;F«AV
<(T+cgh) [MY {g71(STA) — g (ST} sup o= A,
’ EZZS ' ! acriop NHIANT + A3
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since (||A||1/\/N—|— |A]]2)* > N71A|? + ||A||3. Note that

M3 {gY(STA) - g U8t}

i€Ls
() S~ log dy
o (o1).

where (i) holds by Lemma 4.15. By Lemma 4.4,

[{g (S19) -9~ (va*)}ﬂ

log d
M~ 2{971 Slﬁ 11')’ } =0, (%)

i€ls

Besides, by Lemma 4.10, we also have

sup M7 S ez, (S5 A)° = 0,(1)
acrisfoy N7HIA[T+ A3 8

Hence,

|R1(A)| o 3’7 log dl
sup = Op \/ T N .
acrisio) |AlL/VN + || A N

That is, with any ¢ > 0, there exists some constant ¢ > 0, such that Ps g;(A2) > 1 —t.
Hence,

Ps uss (A1 NA) > 1 =1t —2exp(—t).

Now, condition on A; N A,, we have

o sylogdy (||A]L
2F(A) 2 27,8, A) + Al Al — Dl gy - 209/ T HED (120 ae).

With some \s =< lof,d, since d; < d and s, = o(N), we have \/ﬂ@—gdl = o()\s). Hence,

with some Ny > 0, when N > N, we have 4cy/ 57}35611 < \s. It follows that

S+ log dq

AF(A) > 4005(3, 0%, A) + As[| Ally = 85| Ayl — 4e A2
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Note that ||Ags|li < /5sl|Assll2 < /5s]|All2. Hence,

o logd
AF(A) > 4605(7, 8%, A) + Ns|| A, — (8/\5\/_+4q/87 ]ng 1) NS (4.95)

For any A € [N((E(;,ko, 1), we have

- log d
AF(A) > 4005(7, 8%, A) + s Al — (8%\/5“0@) ’

on the event A; N Ay and when N > N,. Here, on the event A3, we have

1og d Sslogd

M Y

60>(F,8%, A) > k1| A5 — k2 [Nk Z L

where (i) holds since A € K (8s, ko, 1). Therefore, condition on the event A; N Ay N As,

logd logd
F(A) > hy — gkt 2080 SRS 2y — S| T 2 w2,

. . . log d
when N > N; with some constant N; > 0, since Saﬁgd = 28 4 Séjl\c/}gd = 0(1), As+\/55 =

1/—S5ﬁgd = o(1), and \/—SWI%gdl =o(1). n

Proof of Lemma 4.12. Based on the construction of 5 , we have
02(3,8) + sll8]11 < 65, 8%) + s 1671
By definition (4.38), we have 65(3, 8%, As) = 05(3,8) — 1o(3,8%) — Vslo(¥, 6% Ag. 1t
follows that
F(As) = 60(3, 8", As) + As|8]l1 + Vsla(F, 87" As — As | 6|1

= 0lo(7, 8%, As) + s/ + Asll1 + Vela(v*, 6%) As + Ri(As) — \s]|671 <0,
where

Ri(As) = {Vsla(7,6%) — Vagz(’Y*,(S*)}T A

=M~ Z Alz {g 117 ( 17,7 } {]‘ - AQZg Sg;(s*)} S%;A

i€ls

394



Repeat the same procedure in the proof of Lemma 4.12 for obtaining (4.94) and (4.95).

Then, condition on A;, we have
0> 2F(Ag) > 2605(7, 8%, As) + Nsl|Aslli — 405 As.s5 0 — 2| Ri(As)]. (4.96)

Condition on A; N Ay, we further have

ek s~ logd
0> 4F(As) > 400s(5, 0%, As) + Xs||As|l1 — (8)\5\/54—40 WTgl> | As|2-

Hence,

S s~ logd
160(7,8%, D) + Aol As 1 < <8A5¢5+4c\/ Tg) 1Al

Recall (4.64), we have 6/5(5, 8%, As) > 0. Therefore, with some \s = loﬁd, there exists

some constant ky > 0, such that

s logd
851 < Foy [ZE sl sl = Fov/ss 1 Asll

on A; N Ay and when N > Nj. n

Proof of Lemma 4.13. We prove by contradiction. Suppose that |[Ag]l; > 1. Let A =

As/||Asll2. Then, ||Alls = 1. When As € C(Ss, ko), we have

1Al = || Asll1/]|Asll2 < kov/5s = kov/5s|| All.

That is, A € C(5s, ko), and hence A € K(5s,ko,1). Let u = ||Ag|/;". Then, 0 < u < 1.
Note that F(-) is a convex function. Hence, when N > Ny,

~ , (i4)

F(A) = F(ulgs + (1 — u)0) < uF(Ag) + (1 — ) F(0) 2 uF(Ag) < 0,

where (i) holds since F(0) = 0 by construction of F(-); (ii) holds by the construction of 8.

However, by Lemma 4.11, F(A) > 0. Thus, we conclude that ||As|ls < 1. ]
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Proof of Lemma 4.14.

. < b—i—\/b2+4ac< b+\/b_2+\/4ac_ b
- 2a - 2a T

ISH e}

Proof of Lemma 4.15. Let X the support of S;. Under Assumption 4.1, for all S; € X', there

exists some constant ¢ > 0 such that

exp(ST7*) < ¢, exp(—=Siv*) <g '(ST¥) <

N . s~ log dy
157 = *[l2 = O, (\/7T> :

Since S; is a sub-Gaussian random vector under Assumption 4.4, by Theorem 2.6 of [Wail9],

~ . s~ logd
P,r:O(||7_7||2):OP< 7N 1)'

By Theorem 4.3,

IST(F —~)

Additionally, note that s, = o(log%). It follows that

oI5 =1l < 1) = 1 = o(1).

For any v € {wvy* + (1 —w)5 : w € [0,1]}, we have

g~ (STv) — g7 ' (ST~")

py = llexp(=877") [exp {=S{(v =)} = 1],

<cllexp{-S{(v—=7} -1,

By Taylor’s Thorem, for any S; € X', with some v € (0, 1),

lexp {=ST(v =)} — 1] =exp {-vST (v =¥} [ST (v = 7")

< [t+exp{-ST(v—=9)}] |ST(v—")
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Condition on the event || —~*||s < 1. Note that y—v* = (1—w)(y —v*) and 1 —w € [0, 1],

we have

g~ (STv) — g7 (ST~")

Pr

<c||[1+exp{=ST(y =)} ST(v—~")

Pyr

<c|[st(v =) p,
+ellexp {=ST(v =) }Hlpo, ST (Y =)

— 07 -7l =0, (w#) (4.97)

using Assumption 4.4 and Theorem 2.6 of [Wail9]. It follows that,

g7 ST p, < g7 (ST p, +O (A =7"Il2) < C,

with some constant C' > 0, since ¥ —~*|s < 1. Therefore, we conclude that Ps (&) =
1 — o(1). Moreover, by the fact that exp(—u) = g7 *(u) — 1 < g7 '(u) and | X||p,r < || X||p12

for any X € R and 1 <’ <12, we have

L9 (ST, < C. [lexp(=ST7)]|,,. < C.

Moreoever, we have (4.48), since 4 € {wvy*+ (1 —w)y :w € [0,1]}, Ps (&) = 1 —o(1), and

(4.97) holds. Besides, note that

lexp(ST) = exp(STY )| ,0 < ¢ [lexp{ST(y =)} = 1] ,
<c [lleXp{SlT(’Y Y Mlp, + 1} = 0(1),

since S; is sub-Gaussian and ||y —~*||2 < 1. Therefore,

Jexp(ST . < flesp(ST)

o+ |[exp(STY) — exp(S{y7) |,

<c+0(1) =0(1).
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Proof of Lemma 4.16. Let S the support of Sy. Under Assumption 4.1, there exists some

constant ¢ > 0, such that, for all S, € S,

exp(SE6*) <e¢, exp(—SIé*) < g ' (SIé") <e

(a) By Theorem 4.3,

S e sylogd; + sslogd
u6—6m=w%<J” = ):%a»

By Assumption 4.4 and Theorem 2.6 of [Wail9],

_ ~ . B sylogd; + sslogd
Pm—oow—ang—m%(J ~ -

|si@ o

(b) By Theorem 4.4,

S ss logd
|6 — 6|2 :Op< N > = op(1).

Similarly, by Assumption 4.4 and Theorem 2.6 of [Wail9],

-, ~0(s-1) - ()

The remaining proof is an analog of the proof of Lemma 4.15. Let either (a) or (b)

ST(8 — &%)

holds. Then, we have ||§ — 8%, = 0p(1). Hence,
Psus; (|8 = 87[|> < 1) = 1 = o(1).
For any 6 € {wé* + (1 — w)d :w e [0, 1]}, we have

l97'(S20) — g7'(S;07)

py = |[exp(=S38%) [exp { =S5 (6 — &%)} — 1]|,,,

< cllexp{-S3(6 — &)} — 1|,
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By Taylor’s Thorem, for any Sy € S, with some v € (0,1),

lexp {—S3 (6 —6")} — 1| = exp {—vS3 (6 — 6")} [S] (6 — &%)

< [L+exp{-S5(6 —8)}]|ST(6 — &%)

Condition on the event ||g—6*]|2 < 1. Note that § —d* = (1 —w)(g—é*) and 1 —w € [0, 1],

we have

lg71(S28) — g7'(S,07)

Pyr

<cl[[1+exp{-S(6 —6%)}]S](6 — &)

Pyr

<c|si(6 o)

Pr

+¢lexp {=85(8 = 0) } |, [|S2 (8 = &7)

P2r

=0 (/I8 -8"[12) = 0. (498)
using Assumption 4.4 and Theorem 2.6 of [Wail9]. It follows that,

lg™ (S20)][, < llg™(8267)|p, + O(1) < C,

with some constant C' > 0. Therefore, we conclude that Ps_ s, (€2) = 1 — o(1). Moreover,
by the fact that exp(—u) = ¢ ' (u) — 1 < ¢7'(u) and || X | p,» < || X||p12 for any X € R and

1 <7 <12, we have

197" (850)||p,, <C,  [lexp(~S56 <C.

)HP,T’
Moreoever, we have (4.50) and (4.51), since 5e {wé* + (1 — w)g: w e [0,1]}, P nss(&2) =

1 —o(1), and (4.98) holds. Besides, note that

|exp(S; ) — exp(S387)

Py’ <c Hexp{S;F((S - 5*)} o 1HP,T'/

< c|llexp{ST(6 = 6}, + 1] =0,
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since Sy is sub-Gaussian and ||§ — §*||y < 1. Therefore,

Hexp(SQTJ)HPW, < Hexp(ggé*) po Hexp(Sgé) — exp(ST5%) P

<c+0(1) = 0(1).

Proof of Lemma 4.17. The upper bounds for ||ST(a — a*)| p, follow directly by Theorems
4.3, 4.4, Theorem 2.6 of [Wail9], and the sub-Gaussianity of S, assumed in Assumption
4.4. Let either (a) or (b) holds. Then, we have ||[SI(a — a*)||p, = 0,(1). Note that,

~ A~

a— o =(1—uv)(a— a*). Therefore,

[Ell s < llellpy + 1182 (6 — el s = llellpr + (1 = v1)lIS3 (& — @) [y

= O(1) + 0,(1) = O,(1).

sT(B - B%)

Proof of Lemma 4.18. The upper bounds for

. follow directly by Theorems
4.3, 4.4, Theorem 2.6 of [Wail9], and the sub-Gaussianity of S; assumed in Assumption 4.4.
Let either (a) or (b) of Lemma 4.18 holds, and let either (a) or (b) of 4.17 holds. Then,
we have ||SlT(B— B)|lpr = 0,(1) and ||ST(a — a*)||p, = 0,(1). Note that, & — a* =

(1—v)(@&—a*) and 8 — B* = (1 — v3)(B — B%). Therefore,

I < IClpr + 1IST(B = B) s + 1S5 (& — )|,
= [[¢llew + (1= 0)IST(B = B) s + (1 = w2)lIS5 (@ — )|

= O(1) + 0,(1) = O,(1).
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