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SINGLE—PARTICLE STATES IN A SPHEROIDAL NUCLEAR POTENTIAL
Marvin Rich -
Radiation Laboratory
University of California

Berkeley, California

Ndvember 16, 1956
ABSTRACT

In order to provide an additional tool for the study of the
low-energy properties of highly nonspherical nuclei, a computation of
eigenstates has been made for. a particle moving in'a spheroidal

potential well under the influence of a strong spin-orbit interaction.

‘The nucleus has been regarded as a collection of independently moving

pafticles bound in the same potential we}l, in a mannerhsimilar to
that in the shell model., A simplified,nucleon Haﬁiltonian has been’
used. Particles Have béen treated as bound in an isotropic harmonic
oscillator pdtential to which three perﬁurbaﬁions havé_been apblied.
Theée consist of the spin—orbit interaction, a nonisotropic deformation
terﬁ, and a truncation term that acts to flatten the bottom of the |
pxehtial well. Approximate. solu£ions have been obtained by an éxact
diagonalization of those submatrlces of the perturbatlon Hamiltonian
that connect only harmonlc osc1llator states within the same maJor
oscillator shell. Eigenvalues and eigenfunction expansion coefficients
are presenﬁed in tabular form as functions of the deviation éf the
potential shape from spher1c1ty |

To 1llustrate the appllcablllty of the 31ngle-partlcle

eigenstates to nuclear systems, a study has been made of the ground-

state spins and magnetic moments of a large number of deformed nuclei.
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A close correlation is shown to exist in most instances between the

empiriéal data and the predicted spins and magnetic moments.

!
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~ I. INTRODUCTION
The‘past several years have seen a great improveﬁent in our
'knowledge aﬁd understanding of the low-energy properties of nuclei,»
largely through the'Successes of the :51rlell.mc>dell-’2 and theicollectiVe
nuclear model.B’h’s In its simplest formulation, the shell model treats
the nucleus as a system of noninteracting nucleons moving in a spher—.
iéally symmetric potential and under'the infiuence of-strong spin-orbit -
forces. The potential séen bj each particle isvassumed to bevan average

of the'specific interaction of that nucleon with each of the others,

and any residual interactions beyond the isotropic average are taken as

- negligible. With this simple picture it has been possible to account

for those discontinuities in various systematic properties of nuclei

associated with the so-called magicvnumbers, to understand much of the

. rather haphazard succession of ground-state spins of nuclei, and to give

better semiquantitative'descriptions of such processes as isomeric
transitiens and beta:decays.

Among the ndtabie gualitative and quantitative failures of the
shell'model have been its inability to account for the large and
‘predominantly positive quadrupole moments.and the rapid electric-
guadrupole transition55 oceurring iﬁ many of the heavier nucléi. The
colléctive‘nature of the large quédfupolé moments was first realized
by Townes et al. and by Rainwater,8 who proposed the explanation that,
because of their nonisotropiﬁ motion, hucleons beyond a closed
spherical configuration could cause a polafization of the nuclear core,

with the result that the nuclear mass distribution would become strongly
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nonspherical. Rainwater further proposed that the shell-medel treatments
be extended to include motion in nonsphericél potentials, in order to
obtain quadrupole-moment contributions from a ﬁajority of nucleon states.

3,9

However, it was A. Bohr”’’ who first struck at the essence of the‘tréuble
with the realiZatioh that becéuse the nucleons move in a potential'that
they themselves create, thefé are colléctive motions of the particles,
which in turn affect the potential seen by any one. With the formulation
- of these ideas into a theory, a partial return was made\tb the older
liquid-drop picture of the nucleus.lO In.the unified model as first
propbsed,3 the nucleus is treated as a core consisting of an irrota- -
tional, incompreésible fluid that can undergo surface oscillatiohs
(i.e., collective vibratioﬁs), plus a group of nuciedﬁs that lies beyénd
the core and moves in a potenﬁial detérminédvby the core shape. This
.inuqleon grbup is; therefore, dyﬁmmically coupled to thé core. The
degrees of freedom of the collective motions are treated as unrelated
to thosé of the particles. Theré is thus a neglect of the implicit
constraint condi£ions that‘arise from the facf that the COIleﬁtive modes

*..
1,12 45 s

are the result of correlated individual-particle motions.
consequence of the coupling between thé pérticle and coliective motions,
‘the angular momentum of the'individual particles is no longer a
conserved qu"c_im;i’t,y,5"’9 because the spherical symmétry of the potential.

in which they move has been destroyed. Rather there is now a sharing

and exchange of angular momentum between each particle and the core.

* . : .
* Because the particles in this model move in a nonspherical nonstatic

potential, a correlation has beeﬁ_introduced into their motion as

fegarded from the laboratory fixed coordinates,
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The outstanding achievements of this theory have been in déaling
with nuclei whose'neutron and proton nuhbers are far rémoved from the
magic numbers. This is the region of "strong coupling,"_where nuclear
cores can assumé stable spherbidal shapes of rather large eccentricities.
When the cqllective—model,Hamiltonian'is written in'tefms of variables
of the intrinsic coordinate system of.the spheroidal ﬁass distribution,
the oséillations altering the degree of eilipticity of these nuclei are
.found'to ﬁe of minqr importance in the»low;lying states, so that these
nuclei may be treated as a rotating elli?soidal mass and poﬁential
distribution, with the extra-core nucleons moving therein. Further,
as'thejrotational frequencies are, in.géneral, small compared with the
intrinsic nucleon frequencies, the rotational couplings of the nucleons
may be neglected and the system treated adiabatically, with the
particles coupled to the vibrations oﬁly ﬁhroughlthe fact that the
potential they "see" is now ellipsoidal. As was noted by Bohr,9 this
decomposition into independent vibrational, rotational, and particle
Imotions is in maﬁy ways reminiscent of the treatment of complex mole-
~cules. However, this is unlike the treatment of moleéules in that the
vibrational_componenf of motion is of least importance in the consid—
eration of the heévy deformed nuclei.

That. the nuclear mass distribution may be taken as spheroidal*
is evidenced by‘thevsimplicity'of tﬁe rotational spectré of excited

13 - '
states of the deformed nuclei. These rotational energies are of the

The suggestion has been made that some nuclel may prefer a pear-

14

shaped density distribution, though spheroidal distributions are

usually favdred°
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- form

E., = *ﬁz/z_} [1(14-1) _ 1,(To+ 1)] ,
where IO and I are the spins of the ground and excited states of

the nucleus, respectivély.+ The présenée of a single moment of inertia

-9» indicates that two of the three principal msments of inertia of the
mass distribution must be equal and the third very small, ﬁhereby
establishing the existence of an axis of symmetry in the nucleus.,
Further eﬁidence_comes from measﬁred branéhing ratioé for decays to
states within a single rotational Band.

It has long been known‘that deformation is intimaﬁely related

to the‘shell sﬂructure‘df the nucleus,;Eggnd that near closed.major
shells, no stable deformations are'predicted, whereas midway between
shell closures the opposite is ﬁrue. Furthermore, a hydfodynamical

core has been shown ﬁo be unrealistic by its prédiétidn‘of rotational
excitations Qf energies three té five times as great as are observed.
‘As an.alternative to the assumption of a hydrodynamical COre,vthe entire
‘nucleus can be treated as a qoilection of barticles ﬁoving in a.single
deformed potential.S’lg’lg’zo This is a return to the original

proposal by Rainwater, and it is this sort of model that is cohsidered

t This relation for the rotational energy holds for even-even nuclei
and for odd-A nuclei in which the last odd particle has an intrinsic
"z component of angular momentum other than one-half. In this latter

'evenﬁ, an additional term of form

2 I+1 o IgtE
._%a[('.l) T+8) - ()7 @+ ]

appears.
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in the investigation‘reported here. When the vibrational degreee of |
freedom are neglected, as mentioned above, the nucleus is treated as
a symmetric.top rotator ef,moment of inertia 9— , in whose spheroidal
rotating field the nucleons move,funaffected by eentripetal and
Coriolis forces. Fofvodd—A nuclei?,suchva system may be described by
avproductsstate'function' |

| I,M,K - I I |

3 \Ijk,.o.’ e —\}"5 [DM,KI‘ \yk,_n."'('l): %DM,-K‘. \Vk,—_o_:l s

whose eiact'form is the fesult of the symmetries attribﬁted to the
_nucieue.3 The functions 'DM,K s describingfthe ceilective roﬁations,e
_form §(2I +—1)—dimeneional representation of the rotation group and
are the well-known solutions of the wave equation for the symmetric
top,2l with total‘angular momeﬁtum I, 2'comp0nent M, and projectioh
along the'intrinsic‘z exie,bK. The quantity \P&’ is‘the B
antisymmetrized product wave function of the single-particle nucleon
states, which are coupled to give an intfinsic Z component of engular
‘momentum X . The index k summarizes the other perticle quentum |
. numbers describing'the etete,' As stated a50ve, partiele anguler
momentum is not conserved in this model, but, because of the_symmetry
ebout the intrihsic z axis, L 1is a constant of the motion for
each particle state. This type of model may be criticized'oﬁ many
grounds beyond the omission of certain interactions between particle
and collective motions. (These may not always be neglected with
impunity, as.is illustrated by'the necessity of including a direct
| particle-rotational coupling in the treatment of W183.22) The’

principal defects afe, of course, the replacement of the'strongly
] g . . . .
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correlative two-body intefactioné by a uniform potential well in which
the nucleons move indépendently of one another; and the treatment of -
parﬁicle and collective motioﬁs as separaté entities of unrelated origin,
with the result that there are several degrees of freedom beyond the
3A degrees of the true nuCleﬁs. However; it is not the object of this
‘ Qork fb investigate thesé matters, but, from the phenomenélogical
standpoint, to see what may be obtained on a simplified basis in spite
of them, Thé supcessful,application'of‘such models to mahyvnuclear
problems has established their ﬁérit, ‘

’The principal task to which this investigatién ié devoted is
the construction of a set of single-particle states in a spheroidal
potential that will be applicable to the nuclear model described above.
The potential that has been chosenjfor this purpose is vélocity—
'independent* and, as has been implied, possesseé equipotential
surfaces consisting of confocal ellipsoids having two equal sémiaxes°
The exact choice is like that made by Nilsson]i9 in a similar calculation,
but contains a number of essential diffefénces. A discussion of this .
potential and the sblution of the single-particle equation'ié preéented
in the followirg séction, where éome comparisons wiﬁh Nilsson'!s work
~are also made. Section III contains a more precise consideration of
the rotational model employed in this work, together with the
derivation of formulas to be used in the a?plications that”ére

presented in the final Sectien IV. There are a great number of

* -
"In keeping with the traditional way in which shell-model type
S ‘ 23,24

calculations are performed, velocity-dependent potentials

are not considered here,
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A appliéatioﬁs in which.the particle states may be employed, éovering é
wide range of complexiﬁy and varying from spin'assignments toithe
':calculation of gamma transition rates and betaédecay ft values.
Examples of several of‘the simpler of these have been consideréd and
are presented to display the applicability of the 'H/£;J1-»funqtion§
to the‘interpretation'of physical data and to assess the degree of -

success of the model. - o - .
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II. THE SINGLE-PARTICLE STATES
In attempting tp_devise.a model for the calculation of eigeﬁ—
states applicaﬁle to spheroidally‘deférméd nuclei, one must make a
compromise betweén a desire for'simplicity and a desire for a high.
degree of realism with respect to the choice of the collecti&e‘nuclear
_potential, ‘Asvis‘well known from shell-médel and optical—model

6,25,26 L '
the average single-particle nuclear potential

investigationé,
in heav& nuclel is'composed'of a wéll,_ V(?) , of relatively'constanﬁ
depth over most of the huciear volume, which drops off to zero in a
small fraction of the nuclear radius, plus a strong spin-orbit inter-
action term, U(T, T, $). The quanﬁities ¥, P, and ¥ are respéc*
tively‘the.position vector of a particle relative to the nﬁcléaf’
center of mass, the particle momentum operator, and the spin operator.
If the aésumptibns are made thét the nuclear mass disﬁribution follows
the averége'nuclear potential‘closely and that nuclear-mattef is

essentially incompressible, the condition that the shape of the

nucleus is spheroidal imposes the restriction that V 1is a spatial

function of O = V/D(xg-+-y2)-+-z2/D2 only. The nuclear
volume is then indépendent of the deformation parameter D, as
necessitated by the assumption of incompressibility, and the single-
particle Hamiltonian takes on the form
v 2 2 ' - — — —
H = -8 /" t+Vv(o)+Uu(T, D, 5), (I1-1)
p 27, : :
U ,
where // is the nucleon mass.
' The simplest soluble potential possessingHSOme of the

features required of V(O) is that of the anisotropic harmonic
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oscillator. This potential contains two unrealistic features. It.is
not sufficiently flat-bottomed and it représents an infinite well
~ rather than a finite one. As a result of both the rounded bottom and
~the infinite wélls,_thé zero-deformation ordering 6f the enefgy levels
dOes not correspond to the empirical_shell-model arrangement (minus .
the spin-orbit splitting), as ié hecessary to make the spheroidél
model consisﬂent:with the sphepical.model, The high angularémomentum
' sta£¢SYWithin each of the principai harmonic oscillator shells are‘,
fouﬁd to be too high with respect tp the states Cf'low angular momehtum’°
'Also,:the upperﬁost pariicle'states_within'é nucleus would be described
| by wavg,fuﬁctions-thét‘would bevmore_tightly bound thaﬁ is physically
éxpécted° On the othér hand, ﬁhe harmonic-oscillator sélutioné are
pérticularly tractabl@,'and because they comprise a complete set of
di§§rété states, their use in perturbation treatments is uncomplicated
by the necessity of‘inciu&ing cbnﬁinuum states, whichAoccur with
finite wells. A still mdre useful feature is that becgusekthe harmonic
oscillator fepresénts a diffuse infinite well, it does not fix the
nuclear;well depﬁh and radius'a priori; thus all results.may be applied
to any desired'ngcleus° This.is particularly imporﬁant because the
strohgly deformed nﬁélei, io which these results are most applicable,
cover a wide range of mass numbers.

Because of the advantages describéd above, the potential V(CT)

has been chosen as follows:

V(o) = M w2c52+vb(o)}'__ , - (1I1-2)
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where

1

| | 2 | 2 - o
V,(0) = -2H W 0-2"'-‘%”,“)2_ Oy (for O<;O'<O_o)?

. - S (11-3)
20 (tor OOy
Here W/ 1is the osciilatof frequéncy,.which is fixed when a nuclear_
_ radiﬁé is specified. The potential ;Vb(CI), which is dependent on the
single parameterv'cjo ,'has the effeét of raisiﬁg the low angular-
moméntum states relative to those of high angular momentum, as is
necessary to achieve the shell-model ievel ordering a£ zero deformation.
"It has thé further effect of removing some of the coupling to the
symmetry axis of V(O), since for o less than ‘C56 5 V(CT)"is
‘uniform and thus is.indiétinguishable from a spherical potential. In
this sense,'as in others, ﬁhe deviation from.sphericity isvprimarily a
surface effect.*‘ An estimate of the magnitude of fhis decoupling
property of Vb(CT) may be.gained.from the fact that in general it
reduces the deformation-dependent part of the matrix element §f V(Cf)
by amounts ranging from iO% t§_50%; thouéh.in some ins@ances it |
increases the offsdiagonal elements.

The potential described above is similar tovthat used By
Nilssonl9 in a recently published calculatibno The principal dif-
ference lies iﬁ that his rebfdering of the energy spectrum of the

oscillator was accomplished by the addition to the Hamiltonian of a

L , ' .
- The fact that the moments of inertia .of deformed nuclei are less

than the rigid-body moments indicates that not all the nucleons
take part in rotational excitationse It is primarily the nucleons

near the surface that appear to partake in the rotational motion.
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term of the form f(N)JT2 insﬁead of a ﬁefm_such as .Vb(CT),:iHere
f(N) is a numeriqal function of the oscillator shell number N, and“jr
is the orbital angular-momentum operator. It may be noted that
Nilssoﬁ's term dbeé not contgin the decoupling features of Vb(CT)-o
‘This fact has served as one of the motivations for undertaking the
study_présented here, as it is hopedithaﬁ this.difference and several -

others may result in a.somewhat more realistic set of eigenstates.

The spin-orbit interaction that has been used here is

T ,P 8 = -2 Afwdhs | s (II-4)
where A is an adjustable parameter and L and § are the orbital

) ' v
a particle, respectively. Some

and spin angular—momentum operators,for
comments are necessary with regard to this interaction. If the épin—
orbit energy consisted of a Thomas-like term. , as is often assumed,

we would have

U

-2gaissV V(o) xP

- 2 ghijd W Ds«lw2gﬁyw(%-'D)z s"kxp«aZg‘ﬁs“VVbx?°
. : D

Oh this basis, what has been donevin using only Eq. (II-4) is to neglect
the coupling between tHé'spin4orbit and-deformaﬁipn energies on the
ground that the deformation is small, to assume that guw = A 1is a
constant in order to avoid the necessity of specifying W/ Dbefore

" wave functions can bé calculated, and finally, to disregard the .Vb

* term; which does away with the spin-orbit interaction in the central.

region of the nucleus. This last omission may be in part justified
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qualitatively by noting that it causes the innermost-nucleons_to~ﬁsee"
too much spin-orbit interaction, but the same is true for the outer .

L

particles because the U(T , D, 3) term has not been set equal to zero
beyond the nﬁclear radius; Thus a small value for A gives all
'particles a more or less proper spin-orbit energy.-

The wave equation

HW = BN S (ars)

is not immediétely soluble. Approximate perturbation solutions have
therefore been obtained to first'order.'}For this purpose, the Hamiltonian

has been separated into an unperturbed term

, 2 2 2 2 .
Hy = -4 /204N ° + jHwW" (11-6)
and a perturbation term
H' = $4wW (D - Lr + %uuf“(_% - D)z +Vb('0~) -~ 228 Wl-s
o _ : D~ . ‘ '
(I1-7)
The ﬁnperturbed Hamiltonian has the well-known solution
[n 2, 5,0 = Ta (DY & D, e
En’l,j,nf.ﬁw(2n+£-2) . , (II-9)

Herév n represents the.numbgr:of‘radial nod;s of Rn,ﬁ s including
the node at infinity; AL and J the drbital and‘total angulér—

momentum quantum numbers, réspectively; and -0 Ithe projectiop of J
along the 2z axis. The parameter o is VM WA . The functions

. . 2
Rn‘i may be expressed in terms of Laguerre polynomials. Those
3 . .
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radial functions of interest in this calculation have been listed in
Appendix B. The angular functions - . may be written in terms
' B Aj’l::]rﬂ' : _
of the normalized spherical harmonics?’ Yy (8, ?), and the spin
=3 ' '
functions - as '
. /| ‘ | .
| = >y, s €y (5,05 m,3)X
qjﬂ,‘],ﬂ _ m=_£. ﬂ,m I:S m,_Q_'-%. 2,% ’ " s %,_21_

C
ot} L

(js-(i; m:”%)‘X

+ § , - (11-10)

W

i _
2

where the C's are the appropriate Cléﬁsch—Gordan goefficients.
Thebevaluation of matrix elements may bevcafried éut with
" particular ease in this represeﬁtation. The matrix elements of the
perturbation Hamiltonian have been'éalculated in Appendix A, The

resulting expression is

1 <n: ﬂ, J, .lH'l n'; E's Jts -Q.'>

B0 -1 &y § g, g b0 Bn,n'(2n+ E-D T “',”Q'] |

~- % g'z)lléj)j' gp_,-n_/ [In,lln',ﬂ_ E fRn’e(p)/o Rn|,£(/0)d/0] .
- ' | o .

- A Sn,n' 5;;,;;'(' 5’3,5' 5@,11’ [ﬁ ‘gj,-ﬂ% - (4+1) ng,ﬂ-%]

o l ' - |
F3E -0 &, S @y o) [« Ry gy o1
o 5 )- mz__l s : R 2 _s

Eq. (II-11) Cont.
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x»{g [T -2l 12 -]

Z, ﬁ'+2 (24-3)(2L+1)(2£- 1)%

2 2 | 5 | 2
+ 5, L+1) -m o L% -m 1
- laf'[(zzﬂ-l)’(zz +3) (2£-1)(2£+1) .

o+ S o ..[(l+2)2—m2]. [(£+1)2—m2]' }

5 -2
be (24 +1)(20+5)(2£+ 3)°

3 L] k3 . 1
* {gm,v_ﬂ_—%— ,Ca’%(‘]’ 3 m,z) Cl' 1([]', _Q.A, m,g)

-+ gm,.()_-{-lfﬁl(:]’n’ m,— 2) C[ 1(,] s ) 5 My— 2)} ,
'(11-11)"

where

= | _ |

<2 [
<Rn,l(ocl‘) \ 0(_ r l n! £|(OC I‘)> jRn,z(p),O Rn'sl'_(/o)d/o'
| | o | |
and
r € :
- b
In,‘e(‘_n"Z'v . - Rn,ﬂ.(/o)/o Rnl.’£|(/o)d/0

0
The right side of Eq. (Ii-ll) is independent of the parameter o ,
which specifies the nuclear radius; it is fixed when A , €,

and D are given. Furthermore, only states of the same - and of
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the.same parity are connected by H'. Therefore}the matrix‘elements
between states of adjacent oscillator—energy levels will all vapish,
because the parities,of degrierate oscillator states_afe always tHe
seme‘and'are'opposiﬂe to those of states of‘adjacent-energies. _Beeause
states of nonadjacent oseiliator'levels are well separated in energy{
their matrix eleﬁents do not contribute.greatly to the energy or wave
function of-a perturbed state. In the following, only metriX"elements
beﬁween states in the sameioscillater shell are considered as nonneg-
ligible. This amounts to making computatiens within the framework of
first—order'perﬁurbationvtheery.

| For want of a 5etter notation, the eigenstates of the total
Haﬁiltonian have been_labeled‘by the deformation-barameter 6 , Yo
be diScussed later, and the quantum numbers of the state to which it

reduces when all perturbations are turned off. Thus we have

\-Vn,l,,],_n_(g) _Q |r_1:£’ J;—n->

when we let H' go to zero.. Of these four iﬁdices, dnly“ 1 remains

a good quantum number of W for & # O, although £ still

3

The state \*/

 determines the parity in the usual way. o
: : ' n, £,3,n

can be expanded in terms of the eigenfunctions of the unperturbed

Hamiltonian that have the same parity and the same value of n HE

~\Vn, l>j:_(l( g) :. {n%,j'} dni’zx,j,,n(k,ﬂ) ln', L' jls-(_)—> s
L' = 4 (mod 2) |

(II-12)

"y ; .
The parity is even for £ even and odd for 4 odd.
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where k represents the indices ( n 4, J of
' { > } \Vn,[,,J,_{l
~Neglect of the contributions to hd from states of different oscillator

°

- shells 1mposes the restriction 2n' + 2‘ = 2n 4',£ on the summation.

This will be noted,-hereafter, by a prime attached to the summation

sign and to WY :

L~ ! ‘
n9£:j3-Q(g) o \V ,Z;J:Q(S) =

d ) k,) |n', g',3', ).
. n| !,' '_Q .9 3 > 3 >

tmihengy b 3

(11-13)
,"_ . ‘ - . )
For \+/ ' - to be an approximate eigenfunction of the total

. n,0,J,n .
Hamiltonian, we must have

N v X / ' . '
S gt 12 0)

Awlen+2-3)+E S
[ : _2) n,ﬂ,j,_o_J

x Z dntv,er’jl,ﬂ(k’-ﬂ-) In" Z',j',_()_>‘
{nv,ﬂv } .
The degenéracy of the oscillator functions leads to the result

!

. _‘ - fl 2 - s
o - 1’1912535-0-_ _ w( n+ £ %)\V g3,

. 'so that we obtain
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" a2, a) -
{.n':ZV:J'} ‘ :

AwE S ¢%Uvduﬂwgm|m;eujun>
.'{'n' :2':3'} : :

| | | (T1-1)
Multiplication of Eq. (II-14) on the left in turn by eaéh member of the

- degenerate set of states corresponding to n, £ ,'j,ji> results in

the usual secular equatiohs from which the expansion coefficients d
and.the perturbétion energies E' can be obtained. This set of

. ?

"equations is most conveniently written as

S dn,’l,,’j,,n<n,z,j,n| B[l 20,000 =B d, g
{nt, 07,57 - - o
- (II-15)

where the variéus indicss rangevéver ﬁhe Quantum numbers of ‘the
degenerate sét of states in question.

As was mentioned éarlier, in order that this model be .consistent
with the shell model, it must result in the same predic#igns as the
shell model when we have D = 1. In parbicular, it muist give the
empirical shell-model level ordering at §ero deformation. This can be
accomplished by a suitéble choice of the respective spin-orbit and

truncation parameters, A and £ . For this purpose, D = 1 level

diagrams were made for a wide selection of A 's and € 's. These
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were compared with the semiémpifical ofdering of neutron‘levelé* obtained
by_KlinkenbergBO as a best shell-model fit for the spins of odd-neutron.
nuclei.+ -It was>found that onlyrfor values of €. between<abbutj2,2
and 2.6 could the over-all featﬁrés of Kliﬁkenberg's diagram be
approximaﬁed. 'A single value of £ = 2.4 has been used in computations,
herein,'whiéh in»turn required a choice of A = 0.045. The Klinkenberg
level scheme aﬁd that obtained here with the above.choice of A and
| ¢ are shown in Fi.g_° 1. |

| The use of a Singie choice of A and € for all particle states
involves twé important_aésumptions. The first is that £he well "seen" by
any nucleon ié the same as that seen by any other, and the second is tﬁat"
it is‘meaningful to prescribe a single ordering of nucleon states in

which the lower ones remain unaltered by ﬁhe addition of more particles

'% The pfoton—level ordering is only slightly different from that of the

neutrons. The calculated eigenstates should thus apply about equally

well to odd-neutron and odd-proton nuclei.

+ Selection of the undeformed energy spectrum by comparison with that
given by Klinkenberg is not a completelyvjustifiable procedure. As
already stated, his arrangement of levels was proposed on the basis
of é study of spins and magnetic moments of odd-A nuclei and a .

correlation with shell-model assigmments for these quaﬁtities,- Such
a procedure ﬁas-no validity in.the region of strong deformation
where these'quanﬁities are felated to the single particle states in
a manner different from that used in the shell model. However, |
though the Klinkenberg level ordering might be expécted to be

unreliable bétween the highervclosed shélls, it should approximate

the level structure well near the major shell extremities.
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Klinkenberg ' Level scheme
level orderings used in these
computations

liza

Is————— I —_p s Iyp

Protons Neutrons o
' MU- 12526

Fig. 1. Comparison of the Klinkenberg level ordering for shell-
‘model states with the zero- deformatlon ordering employed in
‘the present calculation. '

(I would like to éxpres,s my appreciation to Dr. Klinkenberg for
permitting the reproduction of his level diagram in this report.)
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to a.nucleus{. Both theée assumptions are undoubtedly inaccurate, but
they are nonetheless retained in:§rder to avoid thevintrodﬁction df an
excessive number of arbitrary parameters. _

The.éolution of the secular Eg. (II-15) has been carried’ouﬁ at
several different deformations by an exact iterative procedure on thé
IBM-650 digital computor at the‘University of California Radiation
Laboratory at Livermore. Eigenstates have been obtained through the
eighth‘oscillétof shell. The deformations are listed in terms.of the
more customary parameter S = (b - a)/R ; where b is the symmetry
semiaxis of.the spheroidal nuclear ﬁass disﬁribution;  a is.the
semiaxis perpendicular to b , and R is-the average nuclear radius.

The qﬁaﬁtity § may be related to D as follows.

If the spheréidal surface bounding the nucleaf voiume is given
by 52 = D(x2—+ y2) 4; zZ/Dz, we then have a = p/ VD and b = pD.
Furthermore, for small deformations, the average nucleaf radius is

R = %. (2a +b). Thus we obtain

pD - p/ VD . 5072 - 1)
-31- [2p/ VD '+ D] 324
and | | o o | (I1-16)
2 _ 3425 | -
3-§

The nucleus is prolate for § > 0 and oblate for § << 0. The
values of . & at which solutions have been obtained are Slzj:O,l,
+0.2, and 0.4, States of the total Hamiltonian of plus and minus

) are degenerate, other quantum numbers being equal; and those
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of - N are related to the <+ )  states, given in Eq. (II-12),
by. _ .

v

L s - .
(§) =e > (0 (k, ) [n', 2158500y

n,0,3,=0 n',2',J! L2
| (052737 |

. (11- 17)

~ where A 1is an arbltrary phase factor. It has been necessary therefore

to solve only. the secular equation for states of positive _fL'; ‘Tables

% : - ,
The total Hamiltonian is invariant under the intrinsic coordinate

transformation z — -z, ¥y = -y. This is equivalent to letting -

6‘9”-—9 - - 11% and °
& F=> A XXy 2 Xy =X
The function obtained by making these substitutions in Eq. (II-12)
must, therefore, also be an eigenfunction of H. Such a transformation
_ affects only the /%%2 . (8, @, 8) functions. In particular,
. 2J2 . . ’

' Eq,f(II4lO) transforms to -

I\)]f—'

=

~’14,£stﬂ—>Z Y[ m(’rr ® ¢) {gm .ﬂ_. l 1(3:-0.: m:z)X%v

M=-§

+ . ‘ s Ny . 1 :
8m,'_ﬂ.+% Cz’%(J,ﬂ 5 m,z)X%_,%}

Employing the properties of the spherical harmonics end the Clebsch- -
29

Gordan_coefficients v
Tyl -6, B = (-0 y, (6, 9

-4 -3

CI,%(j,JI; m,s) = (-1) Cl,%(J,-Ji,; m,-g). -

gives the result
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m=~{

| L
’,J/l,j,.ﬂ.(e’ ¢3 s) ﬁZ (—l)z Y[,_m(es ¢)

| 3-0-% o
S (I T SRV o

+ S-_m,—_o_.+é-c'2,%(.j’,_»n; ﬁl,:‘%)x%s_% }

R, N
.: (-1) qjle,j,*_()_ (6,‘¢, s) o

Thus we obtain

| — 34 . o
o ( —>§ -1 4 . k n! '°v->

.\I/nszs.]:.ﬂ.(g)' . (-1) , ,_Q( :-Q-) l o4 ,J_ =)

- {n',Z':J'} ) : ’

-i8 -

= e o (S) ,

n,0,j,-a -

where the'phase'factor 3 may be chosen arbitrarily. The choice

of /7 1is discussed further in the following section.

of eigenvalues and eigenfunction coefficients, , are given

dnsz:js-{l

in Appendix B, together with a plot of energies Mw as a

Eng, 5,0
function of the defo;mation.A The eigenstates have been listed with the
assumption-that no crossing of lévels of the same 7!1; and’fromvthe
samé oscillator shell may occur. The possible cfossings, or lack
thereof, among states of like (L and parity coming from_different
oscillator sheils has been disregarded completely,‘ Subjeét to the

épproximations made in this paper, taking account of such croséings

would at most necessitate a trivial change in the labeliﬁg of some
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states, and would only comﬁlicéte the manner in which the wave-function
coefficiehts have been tabulated.

| A few remarks may be made régarding the deformed level structure
and the eigenfunctions. At deformations_of"v lél > -O,l, all
‘semblance of a shell stfucture has ﬁénished. It is this complex mixing
of.enefgy levels-that is the cause of the lafge*stable deformations.
This mixing also illustrates some of the difficultiés that would be

encountered in a finite-well perturbation calculation, in which one would

~ find many unbound zero-deformation statés coming down out of the continuum

to become bSund at‘some ‘ |3| :> 0. Furthermore it prevents the
'separation of the states of avﬁgcleus into.a definite unambiguous core
surrounded by a small number of extra-céfe particles in the region of
large distortion. This in turn tends to prevent such'investigations as
the testing of the strong—éoupling scheme for the assigrnment of nuclear
spins by the introduction of two-body forces between the extra-core
-particles. |

<In a combarison-of oﬁr level diagram with that by Nilsson, it
is found that the general features of both ére very similar. This is,
of céurse? to be eXpected, Some differences in the ordering of states
do bccur.aside f:om those which may be directly attributea to a differ-
ence of choice of the zero-deformation-grrangements in the two schemes.
A moré evident difference in the 1ower portion of the diégram is that
the states of our calculation have been less affected by the deformation
thén are Nilsson's. This is because of the nature of V,(0), which
has already been discussed. |

The wave functions obtained in this calculation'aré about

equally divided among those whose properties vary little with deformation
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‘and those whi¢hae2hibit répid changes because:of strong intéractions_
among the unperturbed stétes; The génefal structures of the energy
diagram and of the state functions aﬁpear to be rélétively-stable with
respect ﬂé small changes in the matrix elements; as'wés leafned in the
dourse_of corfecting several solutions ébtained with erronebﬁs matrix
coefficients. This perhaps further justifiés the oﬁission of matrix
elements between nonadjacént §scillator.shells_in the solution of the
~secular équation° | |

It is shown in Section IV that the single-particle states
constructed in the‘manner described above may be successfully applied
to the interprétation of many physical.properties of nuclei‘in the

regions of large deformation.
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| III. DERIVATION OF FORMULAS
A number of equations and ofher'relations are used'repeatedly-_
iﬁ the applications contained in the following seétién. .These-havé>all
appeéred previously in various“publiéations dealing with fhe properties

3,5,19,31

of nonsphérical nﬁclei. However, we considered it worth while
- to rederive theée expressions here instead of merely stating them in-
order_to clarify their origin aﬁd the nature of the'model that has been
employed iniﬁhis wo;fk° | |

In the éimplified nuclear,modei that is used in this inﬁestigation,
all collective modes of motion other than rotation have begn neglected.
The nucleué is assumed to consist of é rigidly rotating spheroidal
poﬁential in which the nﬁclear particles arebbouhd. The density |
distribution of the nucleons is assumed to be of the same shape as the
potential, and to have associated.with it a_set of moments of inertia
vfof the rofational mofion; produced in some unspeéified way. The
particle motion is furthér assumed to'be'independént and unaffected
by the rotational motion when viewed from the rotating'cobrdinate
system. The total Hamiltonian of this s&stem is most e&éily written
in terms of "intrinsic" coordinates referring to thé‘principal axes of
ﬁhe nuclear mass distributioﬁ,‘.if 7§. is the rotational angular-

—

momentum operator égd/ J the angular—mbmentum operator of the.particles'

in thekrotating-doordinate system, the total Hamiltonian for this

system is

| S 2 2 ‘R2 2 . . ' |
Hp = #_+4 [Fn o o LT (II1-1)
P t ot
, 291 292 93,

The term .ng will be‘defined-présently; The moments of inertia, 9’k’
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are related in the following manners:

. é};L - ‘9'2 % é} s é} 3 <l é}

Equation (III-1) may be rewritten in terms of the components of the
totalvangular?momentum operator I - R —F_EZ This resulﬁs'in the
expression

' 22 2 2 2r2 2 2
fHp = (B + A ) A (35 - 3y _|__’_ﬁ_[I-—I3_-j3:’
2% 283 2y - '

2 . C
- A '[?4_ J_'+‘I_J+] " (III-2)
2(}/ ‘ '
where I, = Il +-iI2 and T_ =.Il - 112 5 wiﬁh similar relations for
j+ and J_. Use has been made of the commutation relations
— —_— ¢
[ikf jzj = O for components of I .and 'jJ in the intrinsic

. . 9 22 !
coordinate system. The quantity H'p 4+ 4] refers only to the

. 2
particle motion and is set equal to the particle Hamiltonian Hp given

by Egs. (II-6) and (II-7). The form of Hp is such that it excludes
all effects of rotation on the intrinsic motion of the nucleons.

Furthermore, the fourth term of H,, which coupieé the rotational

T
motion to that of the particles, is assumed to be effective only
insofar as it has diagonal matfixﬂelements for solutions of the re-
mainder of the Hamiltonian, ieeeg_it contributes to the energy of ﬁhe
system only and‘hotbto a cpupling.between eigenstates of the firét
three terms of HT° (In the fdllowing discussions the Hamiltonianv HT
will bé treated as if this assumption were preciseo)

For the system described by the Hamiltonian Eq. (III-2), 33

and I3 are both constants of the motion. This is true for j3 because
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the particle potential is axially symmetric, and‘for I3 because the

mass distribution is symmetric about the intrinsic z axis and therefore

$9

behaves like a symmetric top rotator. The eigenfﬂnctions of Eq.

(III-2) are the products of the state vectors of its two basic parts,

2 =2 .
H_ and ;ﬁi I . Using the notation of Section I, we have

p 25 | |
H, \ng--ﬂ - Ep(k,ﬂ)xlfkgﬂ ,
J3 14€< n - -(1'\k£ FoRNE

and

The quaritity \+; 1); is the eigenfunction of the A-nucleon Hamiltonian,
'k, .

Hpc It is labled by the quantum number ), which is the net intrinsie

z component of angular momentum of all the particles, and by some set

of other guantum numbers that have been lumped into the index k. The

I . . -
DM gk are normalized functions of the Eulerian angles that describe
3 .

the position of the intrinsic rotating axes of the mass distribution with
*

respect to some space-fixed coordinate system. The term I represents

3*

See, for example; Principles of Mechanics by Synge and Griffith.

The expressiohs for the space-fixed coordinates in terms of those
of the body-fixed system are givén below. The space-fixed

coordinates are primed.

R . ety : .
x! = X [cos ﬁe cos 6, cos Y, - sin @ sin \Ve]
L5 .

+ ¥ [% cos §, cos O, sin ¥, - sin g, cos‘Yé]:4- z cos @, sin @
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<
!

- x[%in o cos 6, cos ¥, + cos . sin ‘Ve]r

+ v [m sin @, cos 6, sin Wy ~ cos B cos\KJ-+-z sin @, sin 6,

N
i

= - x sin 6, cosY, + y sin 6, sinV, + z cos 8¢ .

{

the total angular mbmentum of the system, and M and X are the g
components-of angular momentum along the space-fixed and»body—fixed axes,
I ‘ | ,
Both \Vksll and DM,K‘ are degenerate w;nh.respect to changes of sign
of any of the quantum numbers (L ; M, and K. The state functions for
} thebcomplete system have the form
I,M,K ' 1 T-1 I '

- l . m,. 2

Y = EMJQ-W%Q14—(1) Dy x Yeen | -

K, L1 V2
(ITI-3)

(The phase factor (wi)Im%, which appears between the two terms of the
combined wavebfunction, Eq. (III~3)9 is dependent on the value of the
arbitrary phase parameter 4 wﬁich is discussed in Section II, page 25.
In the présent considerations, 4 has been set equal to zero. However,
it should be noted that in the table of wave-function coéfficients of
Appendix B, some of the stétes are listed with/ A =T o) The
appearance of terms of both signs K and L in the above equation
stems from the invariance of the nuclear shape under various rotations
and reflections ofbthe intrinsic coordinate a,xesq3 Because there is
no'definite.orientatién of the nuclear mass distribution in space, no

physical significance can be attributed to a specification of this
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orientation. The wave function describing the complete system muét
therefore be invariant under such transformations as a rotation of 186O
ébout the nuclear éymmetry aXis, or a éimultaneous inversion of the
intrinsic y and 1z’ axes. These matters have been discﬁssed more
lfully by Bohr. Only the results of performing.the symmetry operations
described above are given. Thelfirst, i.e,, the 180° fotation about the'
symmeﬁry axis,'restric£s the value of (K -0) to evén integers,
O;Ii 2, X4, etc.. The second inverts the intrinsic gz axis but retains
thevrightnhanaedness‘of the internal coordinate system. As a
consequence, the quantum numbers K and ) change sign and appfopriate
phaée factors appear that restrict the wave functién to the specific ,
form given by Eq. (III—3)° Another important property of this model -
is that the rotational functigns DM}KI do not contribute to tbe ground%
state parity of ﬁhe system and therefore the parity is determined soiely
by that of the particleiane functions, \Yk,xl . |

Three quantities will be of interest for the applications of the
folldwing section,\‘They_ére the éxpecﬁation value of the total
Hamiltonian, the,quadfupole momeht; and the magnetic moment. .Relations

for these are derived below in the order mentionedn

A. Rotational Energy

The expectation value of thé total Hamilﬁonian is

Gy = (Fa™ |m Ha™) -

I 1 I-1 - ' T . I. .
% <DM,K, %sﬂhrlDM,K \Vk,a>+%(ml) 2<DM9'K- Yioalir | P o)

+itamswﬁh_ {ﬁrﬂ}’—>_fm,»11} .
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Inserting Hy, and writing Ep(kg_(l),_ = <\Vk3iﬂ; %Hpa \Vk;l:_()_> R

AN

gives

<HT> E,+ A 5 ( »,,[1)2 4 A '}ﬁz [I(I +1) - K m.ﬂ’?]

29,3 29

g I-3 2 I A | .
- E(Ol) -@” (:<D \V.9°ﬂ lI+Jf’+ I‘”J+ ‘DM.sK \ng-()-.>

+ "a term with {K;ﬂ} —> {'m;K, @_!2__2:]‘ o _ o (I1I-4)

Makihg use of the properties of I+= and I_, ioeo;
V(I + K)(T K'-l;l) ot :
N “M;K-1 ’

I p T
+ °M,K

VT - K(I+K+1) Dygy1

1

T
I Dyx
one obtains
1 . . I >
<D'M,~»K Yeon | i+ L3, } Dy Yen) =
(T+3 { i | N III-
( z) SKs% \nga,n_ | J, ! \nga c ( 5)
(The commutation rules for the components of I in the rotating, body-

55

rather than the usual

[IA 5 Iu] = 1 & uels

As a consequence, the roles of I, ard I_  are interchanged, I,

fixed system are.

-1 €, 4010

3}

becoming the lowering operatcr, and I_ the raising operator.,) .
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" The final term of Eq. (IiI-h), which has the signs of K aﬁd L) reversed
with respect to those of (III--S) the preceding‘term, can be shown to give
the I_'esult of.Eq° (III-5); thus it is only neceésafy to cons’ider. |

| <\Yk,_n l J_ | \l/k,_()_> in detail. For evenuéven nuclei K = O, .so
that Eq. (III-5) makes no contribution to the eriergy.,. In odd-A nuclei,
which are of primary intere.stnin ‘this im)‘estigation, all but the last -
odd hucleon are assumed to occupy the dege'neréte pérticle statés of

plus and minus _Q_ in pai.r's.' Only the last unpaired nucleon, whi»ch
f)artly o:ccupies a state of -i- )L and partly a state of -), can

- contribute to Eq. (I_II=~5>) . | The term’ \ng—ﬂ- ‘may £hefefore be thought

of ‘as referring only to the state of the unpaired particle of an odd-A
nucleus, By the use of Eq. (II-12) and (II-17), which give the expansions
of' \Vk,.n. and \}_/k',-_(). in terms of e‘i_genfuncti.ops'of '3“2 5
'<\|/k,__0_ ‘ 5 l Yk,.().> may b,e Writter} as

‘<;\|/k,-_.(l l-j_ li\yk,a> - |

1
J=z

' =1 d . d .
. T s~ (-1) n;4,Js0 n', 03,0
,{nsfsJ} {1’1 sﬁvng} '

X <ns£9js°”_()_ , j; l nsﬁsjs-().>

= 6

N - s 41 .
I).,% Z ( l) (J + z)d n,g,j,

{n, 2,3}  (I1I-6)
The quantity '

Nl

M
AkQ) = > D+ %)d2n

g (o@)  (TI17)
{ohey3}

Y03
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531

is called the decoupling éonstant, It is seen to arise from the

effect of the Coriolis force, iie., (I, j_+ I_ J,), on a particle in
a state having () = 3, and represents a measure of the destruction
of the coupling of the particle to the axis of nuclear symmetry.

‘'The expectration value of the total Hamiltonian may be written

in a final form of

2

: . |
'<?T> = B+ 48 (K é.fi)? + A [I(I +1) - K2 - 11?]
o ' 293 29 , :
Ii—l . |
+ (<1) % _flj (I+%)éﬂl°5 S a .
29, : 52 K,§

(I11-8)

The existing data on nuclear rotation speCtrav indicate that the term

2 2 '
A (K- Q) does not contribute to the cbserved low-lying

2193

rotational states. This indicates that 9 3 must be very small, and
that K = {1 for the low-energy rotations. Each particle configuration,
characterized by Yk o has associated with it a set of rotational

. . 2 ) .

statesof different spins I. If iO is the spin of the groimd ‘state

of a nucleus and I the spih of a state in the rotational band, the
excitation venergy of the latter is given by {

vErot, = _ﬁi [I(I.+ 1) - IO(IO+ 1)]
20 - |
; : : 1 i I 1 v
T oy S f-; a [0 ey - 0 Fary)

(III%9),
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For even-even or odd-A nucleon configurations with ()L £ %,
the energy is seen to be a minimum for .K =0 =1 If we have () = i
the ground—state spin depends on the. value of the decoupling constant EL

In this instance, the expectation value of the Hamiltonian is

3

<HT> '_: E, A [1(1+ 1)m%+(w1) (I+%2_ELJ

2§
’ The'yalue ef‘ I for whieh <§é> ‘.is a’minimum; i,éo, the ground-state
spin, is seen to be a funetion of a . By 1nsert1ng various values for
I into the bra_(:keted term [I(I +1) - +( 1) (I + 2)] R

and comparing the resulting guantities with oneeanother, we can obtain
the range of ,EL‘ fhat produces a particular'groundwstate spinf’l9

These ranges are:

Ground-State Spin Limits of @

- 12 1 ads
I . 32 4 Ca{a
1. s/ w{adls
I = 7/2 | 10 (a (-6
I = 9/2 . g {a '(12

B. Quadrupole Moment

The quadrupole moment, of a nucleus is the sum of the_contri—
butionsvte this moment from each of the eccupied proton staﬁeeg The
quadrupole operator in the spaeenfixed coordinate system, dencted by
primes, is}then | |

VA 2 2
Qp = Z 3z'" - )i . | (III-10)
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This may be rewritten in terms of the intrinsic particle coordinates

and functions of the Eulerian angles-to give

z o, -
. - 2 2 2 2
Q= [:3(x2 sin“®, cosz‘P; + 5 sin28e sin” Yo + 2”7 cos 8,)

i=1

2 L |
- 6(xy sin"g, s:.n\}; cos ¥, + xz sin 6y cos 6y cos Y,

] ' 2
- ¥z sin 8, cos &g sin\{/e) - r‘J .
. i
The spectroscopic quadrupole moment is the expectaﬁion value of Q for
t_hat state of the system with M - I. The expectation values of the
cross terms in Qop must vanish because of the axial sybmmetrybof the

charge distribution. For the same reascn we have

<\l/+n\Z 2|\|/+ﬂ> <V+ﬂli I\V+ Q)
' (I1I-11)

where \Vk a is the total pértiéle wave function. From these
3 : - .

relations and with a small amount of algebraic manipulation, the

quadrupole moment may be written in the form

O
i

Z. : .
: 2 ‘ 2 2 2 2 2
< _2— [3(%}{ sin298+ iy sin 8.+ z cos ee) -7 ] >
i=1 ' : 1 M=TI

Z

<( % 00326e 1) Z (32 -r )i>

i=1 . ‘ M::I

(III-12)



-39~

Inserting the state function (III-3) into Eq. (III-12) and noting'that

the two resulting expectation values for the respective functions
I ' '

. : I .
D’i,K _ \Vk, a and DI X '\lfk,_  are equal, we obtain
< I, K ‘ 5 ‘cos 9 % I,K W

where QO s the 1ntr1n51c quadrupole moment, of the nucleus, is given by

<Yk 0 | Z(Bz - ) I \I/k ﬂ> _ (I11-13)

i=l

The evaluation of the pr‘éjec‘oion factor
<DIK | ‘5_’°°5 O - |DIK>

can be most ea51ly accompllshed by use of the analy‘t.lc expression for
I 36
D_ .. ,3
I,K» .
(2I + 1) (21)'

81T F(I+K+1)|_'(I-x+1)

Drg =

1 [ o ]%— iIf, + iK Y,

o sawm L(1+K)
'x .[‘%(l‘— cos Ge)] L [%(l+ cos Ge)] B

By making some simple changes of variable and using thevdefinition. of

'

the beta function, one can obtain

DIK | 3 cose, - & | D1 x (21 + 1) (21)!
< > |_'(I+K+l)[_'(I-—K+l)

A
I-K I+K
f[éy-6y+l](l—y) y dy
0" S
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. i 2 . . )
2 3K - I(I+1) . - : (I1I-14)
(I +1)(21+ 3) ’ -
For nuclei other than those having a last odd particle in a'state of
0 = %, the ground state is always characterized by K = I. Therefore,
for these cases, the measured and intrinsic quadrupole moments in the

nuclear ground state are related by the equation

Q = _Ir-1 o . (I11-15)
S (T4 1)(21 + 3) '

This expressidn is consistent with the fact that nuclei of spin zero or
one-half can have no directly measurable electric quadrupole moment, .
For those nuclei with _() = K = 2 £ I, Eq. (III-14) must be used

without change in relating Qp to Q.

C. Magnetic Moment

The following discussion is restricted to the evaluation of the
magnetic moment of an odd-A nucleus., It is assumed that all pafticle
states are filled in pairs, so that only thé last odd nucleon contribﬁtes
direcﬁly to the nuclear magnetic moment. |

. In the present model, theAnuciear magnetic moment may be
separated into two parts° Thé firsﬁ-is the usual contribution of the
odd nucleon. The second is a collective céntribution coming from the
fotation of the total charge distribution. The magnetic~moment operator

may be written as

Hop = MK = (R + g, L + g s)k' (I11-16)
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where . gﬁ aﬁd gs are the orbital aﬁd spin gyromaghetic ratios of thé
odd nucleon, .i'. is the unitvveqtor in the space~fixed z directioﬁ,
and gR is the gyromagnetic réﬁio of . the cpliectively fotating charge
distribution. An estimate of the magnitude of gy . can be made by

- computing thé gyromagnetic ratio for a classical uniformly charged
'spheroid of effective moment of inertia 9, that is rotéting about

an axis perpendiculéf to the'axis of symmetry with é constant angular
‘velOCitj GJ . If we assume the mass distribution to be uniform and
.‘dist:ibuted over the éame volume V as is the chargé, the matter and

charge densities /}1 and O, for a nucleus of A particles, of ‘

. : %
which Z 1is the number of protons, are

- mA ~and ‘ :. Ze
fn = EA AR

The moment of inertia and the magnetic moment are respectively

.

| f /om(y2+ ) £(FaT
: v . ,

“and

U fﬁgu(X%—y)f(r)d’T ,

v 2 . :

where f(¥) is a factpr that can account for slippage in the motion.
For a rigid body f(¥) = 1. Because the angular veldcity is related

to the angular momentum 4R by

* ‘ ' o -
For odd-proton nuclei, Z should be replaced by Z - 1 since the

odd particle is being considered separétely. However, both 2
and A are large for the strongly deformed nuclei, so that this

correction can be neglected.
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W= AR
¥

a combination of the above relations gives

3

go= 2 & R .
: i 2m
The gyromagnetlc ratio gp is thus Z/A .
Because of the rapid precession of the magnetlc-moment vector
about the total angular momentum, and-the prece531on of the angular-
momentum.veétor about the k' axis, the measured magmetic mément may

be written as

. 753 S 78
ey T e (xR,
| e e D R
| (II1-17)
where Z?if is given by
M-I = g1 +(gy-g)IJ+ (g5-g) IE

In the following, the vector components are assumed to refer to the
‘principal axes of the nuclear density distribution. The evaluation:
of the various expectation values pfoceeds in the same manner as in

Part A of this section.

<3I>M_I <I Bt E LS +3 j+> M-I

I

, 11 - .
K L+ (.—124 2. {<DIK 'k, l I+J + 1 J |DI,-K \'{Q'I).>

+ <DI | IJ_ +1 a+ | DI,KI \I/k,_n'->}
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Here \YL

a refers to the state of the last particle only. These
S . : .

expectation values have already been evaluated and are given by Egs.

(III-5) and III-6). Therefore we have

§ . akaq)

K,3

~—s L _1
(FTy - 0 QT @b gy

W=

(ITI-18)

The final expectation 'value, : <S-I> M_T’ is similér to but
somewhat more complex than the preceding one: A v

<§T> M=I '.: ;<S:3IB * % Ls_+ 2 .I-'-S+>M__.I

= g {<Wk,n’ S3 | \Vk,_o.> '<\Vk,-n , 53 lwk;-ﬂ>}

13

| +Vg:%__ (I+%)&{%{<V£}hJ Qi'yﬁ;a>-

3

.
. \ {
o ’kﬁ~11//j

It may easily be shown that we have

therefore

Mo | 55 \I/k.n_> : :f,<\ﬁ<,-n |85 | Y- )

| <§T> MeI | K<\+{<_,-Q , 53 ' \Kc,n>

e L G S ER L o)
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The evaluation of the remaining matrix elements involves a straightforward

application of the expansion of the WVL'Jl functions as given by
Ty 1]
Eq. (II-12). One obtains
\I/ NoX , 33 l k,_()_ >
2 S 2 11
% ‘ _ d nt, g, 3 _Q.(k’-o-) C g ;(J :.f)_?_ﬂ_"z’:?é)
{n',[',j'} sk sl o 'z

. . _ .
-C l(j“ﬂ;ﬂ"'%, “'%)}
VANY : v N

.+ % Z - Z dn',l'sj';_O.(k’ﬂ‘)_dn',Z',j",__()_(k’ﬂ)
{n', 0,31 FES | S

. { a0 0D 0y 4 ns 0 A
. 3

cg,,%(j-' 050 3,-1) cf,’%(j",_a ;n+%,—_%) } -
where the Cf 1(3,11 ng__z) are the Clebsch-Gordan coefficients for
'the addition .of an angular momentum.of magnitude l to an angular
‘momentum of 1. By use of the explicit form of the Clebsch-Gordan
coefficients, this can be simplified to

<\Vk,_a,33|\|/k5n> = Z n

) .
{d (k,
A g 571‘“1'{ QTS

2
mdm,zi g - (k —Q)}

0, 0 3,006 g it (6.0).

Sf \A2w+1)-a d,

n', 0" 24 4+ 1

(III-19)
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Similarly

| o | o,
<xyk,._‘,ﬂl s I\Vk,ﬂ> : 5@3 n'y,l’ 2271411

© N

* -{,(“'_“L D g g, 3,300 2 0 e g geg 30 %)}

' - g I
- 2_511 % ZE:: (-1) V(g +1) dni’EI’ZLF%,%(k)%)
’ n',g1 o + 1 ' ,

e a(k, ) . - (III-20
. n’sl'sﬁ"%)%( ’ 2) ‘ (' )

When the various expectation values given above are:combined

to obtain tre magnetic- moment, three cases arise. These are:

| 2 - |
H o= g _I_+eg I 4 (8,-8)
_ « I41 ' I +1 2 I+1
X ) .
27+ 1 -nsﬂ9f+%sl .n’lsf"%sl

n,f

B R
-2 \/(22-!.—1) ~ AT

d‘  '1> d ' :
n,f 4351 "n,g, —l,I
I+ D _ .Z 2 n,f,0-3 }

(ITI-21)
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o o (., 1%
M= g I+ (g, - &) 1 {1+(-1) (21 + 1) a}
, : TR LI +1)

o ' 2 . .
+ (g, -g) 1 E 1 {d' 11
* P iarn mp ar+al mblEs

2 . _ ‘ v
-d nsﬂsf“%)% - A Z(£+l) d ﬂf‘l' ‘2‘ n,Q 2-2',%}'

&) g-lz (2I+ 1) § e {(“l)d n,f,0+%,%

+ (g
T Y T

+04° 0 0,0-bb 2 ﬂ(l + 1) dn;-g’f+%’%dn;g;f__21_,%} )
’(III—22)

N=K - I =3

_gt)g— ST {[l+(l) 2(2+1)]d WAL

n,{

o

EEEN 21] SRR u\/£(£+1 [1+( 1)*]

. dn,ﬂ,£+2,% dn,f 2_2,2}' e : (III-23) f
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In the event that the partlcle state of Case ¢ is of odd parlty, all ﬂ
values in the above sum are odd, and the magnetlc moment reduces to an

- especially simple forms

po= Fel-2)+ 1e0+2R) -1 (g - g)

) | 2. PR
* ; {d n,ﬂsﬁ"’%s'% +d n,f,ﬂ—%,%_}

Beéahse the —\F;' fuﬁctions are normalized, we have
2 2 L
o 4+ -
Z { d n,ﬂsﬂ+:21‘,_(1. _ d n,l‘sﬂ“%,ﬂ} =1
and

M = % g(1-a)+ 1 g+a)-1 ¢ (III-24)

- The magnetic moments of deforﬁed odd—parity nuclei with spins of % depend
on the form of the particle wave function only through the decoupllng
-constant. Since both the magnetic moment - 4/ = and the decoupling
constant @  are directly measurable quantities, Eq. (III—24)1can be
used as a rather sensitive check on the assumptions that‘have gone into

the célculationfof the magnetic moments.
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IV, APPLICATIONS TO DEFORMED NUCLEI

In this seétion, a number of simple applications éf the single-
particle states discussed above to nuclei in the region of large
~deformation are présentéd, No attempt has been made at'a thprough and
exhaustive sﬁudy'of these nuclei. Rather, a few nuclear properties
have'beenvselected, and an attempt made to understandvthese in terms
'of.the model-discussed~in the preceding sections. Comparisons between
the experimental and ﬁheoreﬁicalvvalues of_the quantities choSén for
consideration have been made for a large group of deformed nuclei.
This has been done in order to gauge the over-all degree of success of
the present calculations in describing ground-state properties of
deformeq nuclei.

The physical quantities that may be considered fall into two
categories. Thdse in the first group ére independent of the nuclear
radius, or} more specifically, independent of the radiél parts‘of the
functions in terms of.which the spheroidal eigenfunctions have‘been
expanded,v Examples of this type of quantity are the grbund—state spins
and parities, the magnetic momeﬁts, and the decbupling constants., All
these may bevobtained by use of the relative energy—levél ordering of
particle states 6r ijthe eigenfunctibn expansion coefficiénts only.
The secoﬁd category consists of all gxpectation values that‘are

dependent on the radial character of the particle wave funétions, and

a2

are thus functions of the as yet unspecified paréméter K = ‘4“%5 ,A

|

The quantity %< can be obtained for a given nucleus by computing

A ,
<r2> = 1 Z '<r2>. 5 and setting this equal to
B A i=1 i -

3/5 [102 X 10==13 Al/B] 2‘, Theffunction ‘<?2> is independent of

deformation for the approximate wave functions presented here.
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In the first part of this section an attempt is made‘to>correlate'
the ground-state spins I of about thirty odd~-A nuclei with orbitals
of the level-ordering diagram that have JﬁL = I. No differentiation
has been made between the level orderingsvof the neutrons and prctons
in thisfprocesso " Following ﬁhisg the.results of magnetic-moment
calculations for the above nuclei are presented and compériscn is made
with the observed values. Some comparisons have been made between
corresponding results from Nilséon“s and Gottfried's calcuiations aﬁd
thosé obtained here. Other nuclear propertiesg such aé.the nature of
the excitation spectrum and electricmdipole‘transitioh rates, have a
- bearing on the selection of the orbital assigned to a given ﬁucleusg
especially when it is neceSsary to distinguish between several particle
states that'appéar to fit the Spin and magnetiCMmomént data equally well,
The consideration of ail such properties has been neglected. There is
thus an appreciable amount of uncertainty and ambiguity in scme of the

orbital assignments and computations.,

A, Spins of 0dd-A Nuclei

The first and éimplest application that can be made with the
sﬁhéroidal orbitals is té attempt to correlate the observed spins of
Qdd=A nuclei in the region'of.strong deformation with the states of
the energy-level diagram. Each energy state of avspheroidal potential
will have a two-fold degeneracy corresponding to. orientations +.(L and
- () of the component of particle angular mémentum along the iﬁtrinsic
symmetry axis. In the strong-coupling approximationg which is assumed
valid for the nuclei to be considered here, these states are filled

pairwise by nuclecns of each type, insuring a cancellation of all L)L
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contributith'except from possible unpaired particles. The ground-state

9

spin of a deformed nucleus is in generai givén_by VI = ' %f; lilk
éxcept when this sum‘equalsvonemhalfab Even~even nuclei all ;ave_zéro
spin, whereas nucléi.of odd.maés numbers have spins equal to the () of
Ithe unpaired nucleon, provided _(AZ%. If () = %, a'collectivé
rotational state of the nucleus cduld become the nuclear ground state,
causing I to be possibiy gréater than one-half., This possibility. |
Vis neglected in the first considerations of spin assignments, Also
neglected is the possibility that.strong "paifing".forces may sometimes -
cause the unpaired particle to be other than the last, as épeéified by
the energy-level ordefing°

Spin assignments‘have been made by taking tge level_ordering as
iiterally asbpossibleo Investigation of nuclear‘spins entails the
assignment of approximate valuesAof the deformation parametér9 $ 5
to.theknuclei‘under consideratién (which is diséussed presently).
With & .chosen, a search of the energy-level scheme is made for
states of (L equal to the measured nﬁclear spin in the vicinity of
‘ this defofmation and ‘the oécupation_number correspondihg ﬁo that of
the last unﬁaired nﬁcleono The states lisﬁed are not alﬁays at ‘
exactly the prescribéd nucleon occupation’lével; they are spmétimes
Just above or just below it. This is not felt to be a serious defect
of the modél, fbr we are primarily interested in describing the
over-all systematics of the strongly deformed nuclei rather than the
characteristics of any one nuc1eus° ‘The avaiiability of a state of
the;proper L)  1in the correct region'of the level diagram indicates

that complete agreement of the sort desired could be obtéined by a

small change in the model potential or the a priori level ordering
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at - S - 0O , applicable to the nucleus .in questioh, without making an
appreciable change in the broad features of the level diagram or in
the orbital wave functions. A definite failure of the scheme is
“evident only whén no level of () = I can be found for the'odd,
‘nucleon, and even here the possibility that we havev Q) = % and
I > 4)_) must first be.investigated.- For a propér'assignmenﬁ of grbund—‘
state orbitals to ﬁhe last.unpairéd nucleoné, a comparison of the patterﬁ
.Qf partiéle excitations of the nucleus with that prediétedvby the level
diagram éhguld be made. However, this has not been done here.

| A more serlous.amblgulty occa51onaliy occurs when several states
of the same L)L fall in close proximity and seem to apply equally
well as contenders.for the odd;nﬁcleon state. In such cases some
other criterion must be uéed if.a particular orbital,is'to be sihgled
out as the correct one,

Two groups of ﬁuclei, those of the lanthanides énd_of the
actinides, have been considered. In eachﬁ'the odd-pfoton and odd-
neutron nuclei havé béeﬁ'listéd separately In most cases, assignments
of equlllbrlum deformation have been made by assuming the nuclei to
have a uniform charge dlstrlbutlon over a spher01dal region of average

radius R = l°2 x 10 -13 1/3

cm, and relatlng the 1ntr1ns1c quadrupole
moment QO obtained thereby to the spectroscopic value @, through

the equation

Q = 121 -1  q
(I+1) (21+3)
v ‘ i
With these approximations, for a spheroid of semiaxes ay = ay - p sz

and a, =P D represented by p2 = D(x24— y2) +-22/D2 and'chargef
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density f; Ze -, one obtains

17
. | 2m pD. o - 7 /D | | R
| /o 2 2
Q@ = ezh ag (gz -p)PLrdp
' e-10 0 —pD | ' _

2 =2
% zZ p° (D - 1/D)*10

Nh—‘

11}

Using the previous definition of Section II, i.e.,

: -1 : /o o
O R B L (Y T
' R 7.8

where R 22 % (2 a_ + 'az) , one gets

QO;—.; 7.10"2H R25(l+%5) .

W e

The further simplifying approximation has been_made that Ié I,AJ 0.3,
so that (1 + % $ ) can be replaced by 1.05 when we have & > 0
and by 0.95 when we have § <0, The final combination of all

quantities gives

(.1 aenety o BT Geé>o0

e I(21 - 1) \91.37 . (for § < 0)

This relation is of course invalid if I = 3. Optically measured
values for Q are used when available. In othef'case, values of Qb

obtained directly from E2 transition probabilities have been used.
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These are considered less reliable. Where no knowledge of ,Q or Qb is
had, levels of I = 15_ have been sought in the deformation range

0.1 :5" s jg 0.4. The computed values of & must not be taken too
seriously because the measured qﬁadrupole moments may be considerably

in error. & _

Tables A, B, C, and D given below list the following spin infor-
mation according‘to iSotope: The first three coluﬁns contain the experi-
mental valueé‘of' Q and I along with a number referring to the source
of the data,. References on magnetic-moment measurements are also given
here. Column four gives our computed value for $ .4 parenthesis
'abéut the number indicates that the deformatidn has been obtained by
using transition-rate data rather than optically measured quadrubole
moments. In columns five ana six, the spins énd orbital numbers of
states that couid qualify for the last unpaired nucleon are given. In
those instances where the state oécurs at thg exact occupation nﬁmber’
and near the listéd‘deformation, fhé state number has beeﬁ bracketed.

- Finally, in columns seven and eight the orbital number has been»rgpeated
if it is found to correspond to one of the state assignments that have.
been madé by use of the schemes of Niléson32’3? and Gottfried.zo A
lihe has been drawn through those locations in columns seven and eightv
where the nucleus in question has not been studied with the Nilsson or
Gottfried level orderings.

An examiﬁation.of the accompanying tablés shows that a state
- of the proper ) to give a nuclear spin of Iz (2 can‘invariably
be found in the desired region of the energy-level diagram. 1In many
cases more than one éuch state is available, S0 that’an immediate

unambiguous assignment of an orbital for the last odd nucleon is



Table A.

Qdd_Protons 150< A< 190
' ' Comparison Comparison
_ . _ o - Orbital with with
Nucleus 1 Qexp. ‘Iexp.’ Ref. $ ’ Ith¢ Numberf N;lsson Gottfried
6'-3Eu15_1 1.2 s/2 | 0.16 - s5/2 [ 25
G fas |52 0.32 5/2+ 26
o5 159 32 | 3 (0.36) | 3/2% 3/2- 28, 46
16 ) L
. g ~ 2] 7/2 39 0.18, (0.32) | 7/2+, 7/2- , 39 39
g7 12 | 40 (0.31) | /24, 3/2- | 35,
. 5.7 7/2 | 41, 42 | 048, (0.33) | 7/2%, 7/2- 2], 39 23 39
181 _ : L : '
73'1‘3.- 6.0 /2 42 Ouldy (0.26) | 7/2~, 7/2+ 39, 23 23 23
185 - '
s 2.8 5/2 | 42 10,27 5/2=, 5/2+ 42, 8%
187 | 5y /o ‘ : - /2-. ‘ /2. 12, %5
n5Re 2. 5/2 42 0.25, (0.20) | 5/2-, 5/2+ AL,_\zg\
191 ; O ' .
o N B2 2% 3/2+ Bel, 42 30 i
: 19 . : T
N TR BV LY 2 3/2+ B, e 30 48

#*
See. text for defiritions.

‘ t4 line has been drawn through those orbital numbers which have been
-regected on the ba51s of magnetic mompnt calculations, - :

_vg—



| Tébie B.
0dd_Keutron: 150¢ A< 190 ‘ _ Conllparison T
: : Orbital with . with
Nueleus | Q| T Ref, §* _ Ly, - | Numbert Nilscon . Gottlried
64&1155 ~1.1 sz | u ‘ 0.25 3/, 3/2 [7], 72 47-»‘ 47
. 4Gdtl57 ~1.0 | 3/2 | i 0.22 = 3/2%, 3/2- | [72], L7 s Cw
. eFJlél_ | 5/2 _‘ 50 5/2-, 5/2-, 5/2+ | 3], % €7 44
e@m s 50 _ 524, 5/= | K. [
6;Er167 ' | 2 | s large | 7/ %, 49, 63
.70%171 | 1/2' o 1 ' Ve, 1j2e 1 [55]’\,,9K 55
BVSEE IERN BTV DT ouz 5/2~ 5/2+ 75 P = R 43
72Hfl77 . sl e |, 9| =23, (22) | /2%, 7/2=, 7/2- 'Mél»\w C4L 41
72Hf1'79» s N 9/2 .48, 49 | . ,, ~‘.2 N 9/2_’ 9/?7* | \3&2 ’(6'9) 60 60"
74‘»:18.3 e | os 0.29) | 1/24, V2 I‘sql, [5_4] 5
'76051_87 ‘ 1/2 52 ) 1/24, i/?f 'M,'.[ﬁfg]_,\y\ ok
7%051$9 2.0 3/2 | 53, 51.. | /- 33 ‘3/24, 3/2+ [50], 72 : 50
"See text for definitions. tA line gas been drawn.ébrough those Orbital.nﬁmEers thch h;ve teen rejected on the

basis of magnetic moment calculaticns.



Table :C.
0dd.Proton: A> 220 .
. Comparison Comparison
. ) ) ; o » Crbital - with with'
Nucleus Qexp- Iexp. Ref. . S . 'Ith;* : Numbgrif Nilsson Gottfried
227 S . o
89Ac - =147 _3/2 55 0.2 3/2-, 3/2+ 48, 3
g1F2 ’ 3/2 42 3/2-, 3/2+ k7). 2 L1, 72
! | s 56 5/2-, 5/2-, 5/2+ M 13, [7€]
93 - r e Ul
_93Np239 1/2 57 1/2+4, 1/2= N, 52
Wtacl BRI BEY se | o1 | s/2, s/2v s/ | ) PR) 4 “
el VR 7 sg- | 0.3 | 5/2-, 5/24, 5/~| 2, R, 4 e

fA line has been drawn through those orbltal nunbers whlch have been'

# o .
See text for definitions,.
rejected on the basis’ of magnetlc moment calculations.

_99_



Table D,

-0dd Neuiron: A 220.
_ ) Comparison Comrarieson
: _ , . : . Orbital with with
Nucleus | Q I Ref, §{. ~ & Iy Mumbert Nilsson Gottfried
. exp. exp. . ) .
.92112 BN 12 |52 s s/ [ee], [, o]
23 : ) : . . » 1 e
It Rz 59 /e /20 | 5] ks G
239 . » L
P | V2 |56, €0 .1/2~,71/:2+ - el e2 :
%Pfuz‘l s/2° | 56 ' : 5/2+, 5/2- 62, 100
which have teen

rejected on the basis of magnetic moment calculations.

"See text for definitions. - TA line has been drawn through those ortital numbers

_Lg_
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impossible., This ambiguity of cﬁoice,becomeS'Qorsé as thé océupation
number of the odd'hucleon becomes lérger;'because enérgy 1evelé become
denserbin the upper portion of the level diagram,  This is considered
. to be # rathér serious deféct of the present model. What is chiefly
to be notedbis that a very high degree of co?relation exists between
 the spins of the deformed odd-A nuclei and the states of the energy-
level‘diagrgm obtained. in the present calculations. However, results
are not sufficiently‘cleérwcut to make reliable predictions of nuclear
spins possible. The orbital assignments are discuSSed further in the
.following section on magnetic moments . - |

A comparisonAbetween the present orbital aésignménts and
those made with the Nilsson or thtfriea.level orderings shows that
élthough therg are maﬁy caées of agreement, there are similarly_maﬁy
instances in which the assigned orbitals afe different, i.e., they
originate from states of different ‘angular momentum at zero deformaﬁiono
The origin of these differeﬁces liesbprimarily in ihe differences in
the § =0 level orderiﬂg chésen-by the varioué authors. The
disagreement is particularly evident in the odd-proton nuclei because
the level ordering in this parﬁicular work has been chosen to resemble
tﬁat of the neutron arrangement rather than that of phe proton arrange-
,ﬁent; This apparent léck of consistency among the various sphefoidal-
well caléulations is‘consideréd to be another defect of this type bf
model in general? but one which can be resolved Wheh éufficient
éomparisdns with experiments have been made according to the several

models.,
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B, Magnetic Moments of Odd-A Nuélei ,

The calculdtion of nuclear magnetic moments acts as a sdmewhat
more stringent test éf the gpplicability of the present moedel to deformed _
nuclei than does thé_assignment of spins. It sefvés further as a criterion
for rejecting some of the orbitals that have been selected as possible
states for the unpaired nucleon of odd-A nuclei. The ﬁagnetic moment s
éf é large number of spheroidal odd-A nuclei héveiﬁéeh measured, espécially
in the rare earth region; in a conéiderable number of cases, however, the
précision is ﬁot very'greatg Moments of those nuclei for which data are

available havevbeen_computed by.use of EQSQ (21) through (24) of Sectioﬁ
. 'III and the orﬁital éésignments of Part A of this seétion; The résults
of these caiculations have beén presented -in graphicél form in the
following pagéso Fdr each nucleus considered, a ?lot has been made of
theoretical magnetic momentsvpredicted by the assigned orbitals, as a
futhionvof the deformation, Exéept wheré specific knowledge to the
~ contrary was available, all nuclei have been considered tq be prolate
.énd'therefore moments for & > ¢ onlj have been given. . Orbitals yielding
magnetic moments that differ widely from the measured values,.br with
* improper decoupling constants, have been rejected énd exéluded»from the
graphs. Each plot contains horizontal linés showihg the mean obsérved
moment; and when sufficient space is'availableg,the,nearest Schmidt-line
and Dirac-line moments, The Dirac-line moment is equivalent tc the
Schmidt-line momént,Aexcept that the gyromagnetic ratios of ideal Dirac

nucleons are used in place of the observed values, iec,for the proton the

% 20 :
As was noted by Gottfried , because £  and J are no longer

good quantum numbers, the nearness of a magnetic moment to a given
Schmidt line no longer gives an indication of the parity of a
nucleus as.it does in the shell model.
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MAGNETIC MOMENTS: ¢;H0'*® ;Lu"®and ,3Ta"™

MAGNETIC MOMENTS: 75Re'**und 7sRe'™’

38 Schmidl Tne
. =i+ i
44L /—sme 39 36l | —————""State 25
4.0 Dirac line 34
jlv e State 42
3.6f 32F - Observed
_ Observed Ho'™ /
3ep Dirac fine 3.or
j=i- it »
2'8F Observed Lu™ 28k
24+ 2.6
) Observed To™ .
2.0 2.4
Schmidt tine
16F —_ i el B Y )
. -State 23 . oi 1.=I+’/z
. L . L - irac line
25 i 2 3 2 29 7z T K3
. H 3.
\MAGNETIC MOMENTS : 771r®.and 771'%3 _ MAGNETIC MOMENTS: 6:6d™ and 64647
4 Dirac Line
b
1.0+ .
21
8
0] Dirac line
6
-.2r
u —
B State 48 ° » : - Observed Gd®3
. aF Observed Gdis?
- \Sicne 72
2 —— Observed 6l . T State 47
Schmidt Line T
ok \ 1:/—#2
i TSt 30 -8r
_2f
| | | L -
| 2 3o .3 4 L L I
: ES o] 2 8 3 4

o s 3

w-1252



-62--

MAGNETIC MOMENTS: ¢¢Dy"® and ¢¢Dy'®®

'MAGNETIC MOMENT: (Er'S?

1.4} 1.6
el
positive
12t State.d4 1.4
1.0r 12
State 43 - sm:sﬂ'go
al (nagative) 1.0 g
. , - . Sllave" 6)3
- negative
I+ State 67 g
& tnegative) K:]
Observed Dy'**
4E Observed Dy'™ 6 .
| — Observed
2F .4
or 2
L L s " s N L
] .2 3 .4 0 - A 2 3 .4
3 . ]
MAGNETIC MOMENT: ~,.Yb'" MAGNETIC MOMENT: »o¥b'™
-4
-6 T State 67
Lok — Observed
-8 I
8l State 55 State 43
-L.0|
Schmidt fine
6 jel- v #
»® Observed -l2
&l
-14|
.2r
-6
o Dirac tine
-18
Schmidt Line
N " L ) L L L =tz
[ 2 .3 4 A .2 s 3 4 &
& M- 12529




MAGNETIC MOMENT: 5,Hf77

-63-
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MAGNETIC MOMENT: 4,U%%®
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Dirac gyromagnetic ratio is gp = 2, and for the neutron 8y = 0. All
moments -are given in nuclear magnetrons° The estimated deformations of
the various nuclei have been noted on the graphs as vertical lines

labeled with the symbol § .

In those cases in which only the absolute
magnitﬁde of the magnetic moment is known, the word "negative" or
hpositivg" beneath the state numbers indicates the signs of the moments
'arising from the orbitalé°

An exgminaﬁion of the.graphs shows.that for moét of the nuclei
considered, an.brbital.can be found in theYVicinity of the proper
deformation and odd-particle occupation nﬁmber that gives a magnetic
moment very closexto the observed vdlue, or at least substantially
better than the Schmidt—line moment.. There are too many examples here-
for individual comment on eachc' However, some remarks are necessary
concerning several of the nuclei, The orbital No. 25 has been assigned
to 63Eul5l° This is a state of positive parity, unlike the.Nilsson
or Gottfried assignments in which negative parity states have been
suggested. The predicted magnetic moment is seen to agree exceptionally
well with the éxﬁerimental moment. The great'difference between the |
magnetic moments of. 63E'ul53 and ‘63Eu15l is also exhibited by the
‘orbitals selected for these nuclei, although the computed 63Eu153
moment is somewhat smaller than is observed. For a number of nuclei,
.all assigned orbitals predict magnetic moments in very poor agreément

165 -

with the empirical values. This is pafticularly-true for 67Ho 5

. 8 .
Lul75, 70Ybl7l, 72Hfl87, 7AW1 3, and PuZL’l° The theoretical

7 9
moment of 9b{PuZLPl has not been shown. In the tungsten isotope, the
poor agreement can be attributed to the failure of the adiabatic

treatment of the particle motion as independent of the rotation.22
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~ The only orbital of ) = 9/2 that might reasonably be aséigned to

1 _ , : .
7oHE 79 is No. 38. However, this gives a magnetic moment of the wrong

sign and of a differentjmagnitudé from that obéerved° The next closest
_fl  - 9/2 state is No,>60, comihg ffom the 113/2 cpnfigufation;"
'.Althéugh it is quite far from thé cbrfect'particle occupation'nﬁmber, o
its ﬁagnetic moment has been-caigulaﬁed aﬁd fduﬁd to be }n betfer
agreément Qith the eﬁ?érimentél valﬁe° This tends to indicate the’
necessiﬁy for lowering the iiB/Z éﬁates'with respect~to the others
.in the’energy—levei diagram. .Another‘interestiﬁg nucleus is 93Np237}
. The measured moment is '16.0 :t 2,5‘;- The lafge'degfee‘of uncertéinty

of this value has been indicated on the graph by light diagonal lines.

Orbital No. 43 is the only'-;(l = 5/2 state attributable_to 93Np

that gives a magnetic moment of magnitude.éven”approaching the
requiredvvalue. quever, a state of O = %; No. 78; giving a
-.ground-state spin of FI = 5/2, is present ét the correct proton
ioccupatibn number for this nucleus; and its magneﬁic mément ﬁas been
foundvtd'lie within the experimentai errors of the éﬁpirical result.

237

“The sﬁggestion-that 93P might have an anomalous rotational

speétrum and ground~state_s§in was first made by John'd. RasmusSen;Bh
Unfortunately, recént_Coulomb—excitation siudies éf.this nucleus, by .
dJd. O..Newton,35 ipdicate that in spite of the‘beﬁter mégnetic moment |
resﬁiting froﬁ this assumption the odd protbn_of '93Np237'.isvnot iﬁ
'a.state of () = %. | |

.To Summarize the fesults of the spin éssignmehtsland the

magnetic-momeﬁt.calculations: it is felt that the agreement with
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the experimental data is sufficiently close in most cases to call the
present model.successful.. Whether it_has specific advantages over the
procedures of Nilsson or Gottfried cannotvbe said without a more

complete analysis of data relating to strongly deformed nuclei.
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APPENDIX A. MATRIX ELEMENTS OF THE PERTURBATION HAMILTONIAN
The matrix elements of the perturbation Hamiltonian
B = 3’0 - 1) +3ud” 2('1. - D) + 7, (0) 2i»ﬁwfo-§
= 2/»/ Wwr U= 2/,/ Z -Baz = b -
/

may be obtained in a simple and straightforward manner in terms of the
harmenic-oscillator wave functions - 'nsﬁ 9j911> described in

Section II. The four terms of H' are chsidefed individually belcw,.

a. Term H'y = -2XxAaw/s

The evaluation of the matrix element of H' may be accomplished

1
without actual reference to the form of the function n, ﬂgj,£1> by
noting that ! , S, and j are good quantum numbers for this state.

~ The totél angular-momentum operator for the particle state is j = 2 + S.

Squaring this gives

+ 2 [°S, Thus we have 2 Ls = -3 - ) -85

(o g |

1

=2 =2 I

-4 n;ﬁajsﬂ>'

AR W[IGHD - L2 +D) - 564D (w1, 0300 m 3,0,

Insertion of S = % -and evaluation for the two possible cases,

j= 4+ 4% and j = f - %, gives the final result

o ‘ “ . y |
<nvs 2y, 3ty ! I H 1 I Iy ﬁs J:)—n—> =

= - “_“’gngnﬂ SMH. 539:;? ‘gﬂsa” [Q‘gjsz% - gj;anJ °

<
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- ~ 2
b, Tem H'y = BUW(D- Dr

. ]
The matrix element of H 5 1is

<n‘9_£i9j_'s-ﬂ-u | Hyél nslsjsﬂ>

. Cw v _
Aw o (oc r)r R (ac r)r dr aQ
: ,Z: n', Lt //hty YARRL {Q_ 0300

) i
2hwa gllﬂguﬂ _()_/ PRl,dr 5

where the well~known orthoganality property of,the 1jh 0'11(6 @,s)
sJds

functions has been used. The radial functions may be written in terms

~of Laguerre polynomials as _
' g 22 - | v
' L g BT p+E 22
Rnsz((i P) = Nngkz.(oc. I"_) _e , Lnl (OC T’.) 5
whére - 3 ‘ _
2 27 (n«»l)” and w2 . Mwm

N =
T [r(n+ﬁ+1)]3

Furthermoré, the Laguerre functions obey the orthogonallty relations

/ﬂ’”% TP PR, e

g [ﬁn*f*l.)l

nelt o (-2

0

{+3/2 - £+3 + 1
//O e/” L1 2(,0) L v.;lg '%</°)d/° =

V[F<n+z+2>j m+f-3
n o (n - 1)! |
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, _ 22 . _ o . -
Substitution of L = L r in the radial integral of the H' o matrix

element and use of the above expression for Rn 2-( o« T) yieldsv
. : i ' 5
<n': 2':3'; af l H"Z I nﬁﬁpjsn—’>r

thw S 5§

N, , N
Lﬂq 3,3 %, n',2 n, 2

| s
- w
a3 . .
(s , - ,
- . - +3 o+
XJP e 7/»0 L (P Loy . (plap

= 2w ~5n,n? .gwtv g.jij cgﬂ_m(zn +£ 1)

'This computation is merely a proof of. the virial theorem for the harmonic

'6scillatora

'c.j Term H = g,uw (—Q—D)z

_ The matx:ix' element of .H-YB is
(n', 20,3000 | By | 0, 0,5,0)
2 1 _ 2 '
%fﬁu)oC'(—B-z'-mD) " £Y(oCr)r’ R (o(r‘)r’-,dr_

‘052'8 /y' L odJLL
ﬁq 53t _ 2, AFES
The integral over the ‘a‘ngular -coordinates can be carried 5ut by S
. inserting the expansién' for the /'é’f . functions given in

'Eq. (II-10):



o
- /%ujua' o8 © b1, 5,0 O

E ' g, o N 'q '2 A
Loy e v/[_Y'ﬂ' ,m cos © stm d_()_.

,1_
s 2

‘0 4
Nh—‘
—

+ g _()_“'*'1 Czq l(J 9-()- 3 mq9m§)x

D=

ol

29

x {g _()_g._ z 1(d9_Qs msz)x

)

Applying the orthogonality properties of the Spin functidns,)f1'+.
' 29—

I\)IH

+ g 2 291(39135 m9°§)?(% B
1 9
. Z
and the wellmknown recur81on relatlcns for the spherical harmonlcs, cne

finds, by a lengthy but stralghtforward calculation,

f%ﬂ'»a ' G%Z,JLQ me o -
¢ | -
DN {5m2 AT

0wy L+ GL- 3)(2£—1)2

2 2

+§, ,[(Hl) . ]
e DEEn T e cnean )

w,

Tew2)? - o] [+ - o)

(2+1)(2+ 5»)(2 +3)° - “Cont.

+ 4§

0,g-2
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* {gmgﬂ"%-czs%(j"{;; m’%)clﬂ,.%(jg's_a.g msl’lé)

+ Smaih CL%(J";_Q; mf%)cl_g;%(j“sn 5 rh,%_%) }

The implicit form_of‘the Clebéch@Gordan 'c:oeffic:‘i_en.’c,s‘9 ng%(j%4i glm;j:%);_

has beén retéipedo'iThe éxpliéit form for these‘may‘bg found in Appéndix.A

of'RéféfenpeIZQQ _ | _ » _ | |
Thezadiél integralé féll into two ciaSséss-oné with 4 - A

and the other with ) => £“ + 2, The‘first_of these has already been

evaluated_in~Part b of this appendix‘and-is given by

. 2 oo o b _ : . _
< f Rpiyg (€ 2)r Ry (€ r)dr = 5,19,19' [21'1 +4- %] .
0 . S _ . - . .

The evaluation‘of tﬁe second radial inﬁegral with'_.ﬁ :._£¥-+ 2
ié someﬁhat more inveolved than thatléf'the first. Only a restficted
class df'these, with n? = ﬂ_}-lg is neQesSary fof the computations of
the investigation at haﬁdo Without explaining.here the details ofvthe

s . . ¥
integration, one finds

If one tries to evaluate_thisvintegral by use of the équations on

page 785 of Methods of Theoretical Phyéics,by Morse and Feshbach,

the result will appear with a minus sign. Thi$ is becauSe of a
different'chdice‘of‘the,phase relations among the Laguerre

polynomials from that used here.
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» ‘v<‘1:1',£',j'_,ﬂ_i' ’ ,H73 ’ n"z ’J,_Q_> : -

brwdy <0 6o (R0 |32 |5, ()

XZQ {M”’z\/ [(z-n *’m][f "“‘]

(22 +1)_(2l - 3)(2£.~ 1%

J"_‘Sz»,,e'[ [0y - m] [ 1

‘\ (2£+ 1)(2f+ 3) (2 - 1)(2z+ 1) |
o+ .‘gz-zuz [+2)? - o ]’[(l‘cl)z ey }
TV eerneessae+n®

. {gmsn -%. 6,305 m’%)ceﬂ-s%h'?ﬂ-’ ms)

. : ] N ml . ; ' o .‘1 .
+ émﬁn-l-% Cl.s%(Js,—a 5 Mg Z)Czns%(Jqs—(Ls m, E)}

l : 8
do TeI‘m H h - Vb( o ) .

| o220 2,2
The truncation function, Vb(O‘),v with O =\ D(x+y") +25D

may be separated into t,hx?‘ee parts,

V(o)

G% /jwz(rz - O_OZ) _ %/4 l,J2 1’2_(D _ l) _ %,U (4}2 22(_;5 _ D)
(for 0 SO <O

L0 B AR . (for O > o)
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" The seéond and third terms are identical to H' , and H' 3 over the

range O < O' O' o - In the evaluation of the matrix 'eleménts‘ of
h’ the approx:.matlon has been made that the boundlng surface O = O’
withln which 'V ( O ) is nonzero, may be taken as spherlcal instead
of spheroidal., This permits one to replace (o ) by

| 2, 2. o2 22

AU W - r02) ~EUWr(d-1) - 3Uwz (..}_5 - D).

V'b(I')
(for 0 < ro)
_ O ’ | - . . '. o | '(fOI" I"'>4T’O) 4'

~and gréatly" \sir’nplifiesA all integrations over theb truncation volume.
The approximation does ‘.not ait_er the matrix _elerﬁents sigr.lif:"L‘:cant.ly
because the déviations’ from sphericity c‘onsider"ed“here.' are small,
Except'for the rédial intégrals_, 'yvhi:'ch extend here’v ofrer the
finite interval 0 Lr < Ty the evaluation of f,he matrix elements
of ZH'LL is the sa>mejas for VHq . | o

5 _and' HYB, namely.,_

<n'52"93'9 n' I Hh, n’Z’Jg_(L>‘ “‘ - %’ﬁV(AJOC &aslﬂgj,j'ﬁ (Sl.Q..D_?

' 2 2 ' 2
xf anf;e(oc r)(r - Ty )Rnsl(ocvr)r’ dr
, _ v

B zhwoc (D - 1)5223 53 J'g_ﬂ 0!
xj (oc r)r R (o( r)dr
0 ' |

8w Gy - 0ty g g | o l Yrsia)

o - L o |
x[ ansﬂu(oc r)r .'Rnéz(dc r)dr .
0 ' ' ' ,
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If the substitﬁti_ons Pz r and _5-. - o« ry are made, one obtains
‘ ' . N
<n's£':j",_ﬂ.", H h.,'nsﬁsjs.—n—> =

_‘ —%'ﬁw 5‘292' éJsJ' 51}-3—“-' {_Invsz , hsf
. c

|

0

-‘%ﬁw(‘ﬁ-—l_)vg S,

Js 3

§

A £2,.07 IQ'ISQ I n, 4

a0 (Y |5 [ Yy o) ] e

STV f Bu,gi(P) P Bng(P)ap
' S T _ S

where
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'APPENDIX B. TABLES AND DIAGRAM

Tables I and II, respectively, contain thé'eigenvalues and

eigenfunctions of the particlé equation (II-5) deécriﬁed'iﬁ Section II.

. The dimensionless eigenvalues EAW are listed:in Table f by:their
arbitrary Orbitalinumbers for seven values of the deformation parameter: 
5 = O,:i’Ocl,Zi Q.é,fi;ochc ‘The'eigenfunctions are similarly listed

‘according to their ofbital'numbers, aﬁd the values of 0 correspbnding

~ to their states, Each orbital number corresponds to two degenerate

'statés; one of +.Q) and one of ‘%_(L, The expansion coeffiéients of
fhose harmoﬁic oscillaﬁor staﬁes that occqf in the spheroidal_wave
functioh are given in the rows‘of each eigenfﬁnction.tables,' The
osciilator_state function fn,,l,j,11> are giveh in the léft—hahd cdlumn°
The coefficients éré listed'for the seveﬁ values of & given above.

At | § = 0, the wave function reduces to its Unpertﬁrbed form.

The eigenfunction coefficients, P afe given for the

d_gs
_ n,bJ, _
two signs of {1 . Where both a plus and a minus sign appear before a
numerical'value, the upper sign corresponds to + () ~and the

lower to - . The relations-betweqn the expansions of the pairs

of degenerate state functions that have beerl used in preparing these

_ tables are:

\I/' = Z/ .'d ' ' (k‘ I i '. s |

: n,4,J,0 _ {n,‘ 7 J'} n',0',j', 0 y 1) |nty L', 9—O-> .3
. "..\ 5 9 »

: \V’". _

nsesjs“’_ﬂ_
42 gy R T
(-l) { ' Z'.:"} (*l) dn'..slisjisﬂ(k";l) n', ﬁ'sJ'S"_'_Q> °
n'se 534

(See Eq. (II-12) and (II-17) for a definition of terms.)
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This'corresponds to setting the phase factor Ve (discussed in Section Ii;
page .25 and Section]II, page 32 ) eqﬁal to zero when' j-% is an eveﬁ
integer, and equalrto T when_ 57%' is odd. Only the'eoefficiehts
_oorrespohding to o+ 0 'shouldfbe used in tﬁe apﬁlications'of

~ the formulas given in Section III.

Table III contains the explicit forms of the normalized radial
parts of the harmonic-oscillator wave functions, Eq. (II-8), used.ih'the

computations for this‘paper.

¢551¢ IV;shows deooupling constants which have been calculated
for those orbitals of N =4 which fall within the range of partlcle
occupatlon numbers appllcable to the strongly deformed nuclei These
’have been 1lsted in Table IV, accordlng to the orbital number of the
particle,state, for the three p951t;ve values of the deformation

parameter: § = 0.1, '0;2, and 0.4,

Table V gives the partlcle occupation number associated with
each orb1tal ‘as a function of the deformation. The left column lists |
the pumber of neutrons or protons present*in the hucleus. The orbital
 number and the value of L of the state present at each such
occupation level are giventfor‘the six values of S o, 1,-—-0 2,
and i;O.b,., | |

' Energy—Level Diagram A level dlagram of the dimensionless

eigenvalues, E/ﬁuJ » of the particle Hamiltonian, Eq. (II-6), (II-7),

is given in.Fig. 2, in this-appendix. The energies E/hu) s Plotted
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on an arbitrary scale, are shown as fundtions Of.fhe defo?mgtion
parameter‘ § . The energy levels are labeled by‘ﬁhe o?biﬁal numbérs
of the states followed by'tﬁe‘value of the intrinsic z p;pjection of
angular momenﬁum, Q. . The plus or minus sigﬁ after'e;ch Ly

indicates the parity of;ﬁhe‘orbital.
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;%m“mmmmm”p”mnwmmﬂ
u.2n89r

i

3,6368 |

he2s5T2
e

._h. 17& ?,

41330 |

4,1028

i
I
I

L7051 5

'_u.ssso E

B
|
|

I
L5708 |

L.S00L ?

L7817 |

5.2893

©5,3933

S 12

5.228Y

13

S.ih93

52019

5.1:600

51590

5.2100

5.1979

5,2005

SBLO

5.2135

5.2005

5,515

5.2093

s.sszé'i

15

5.7561

H :

545776

5.5348

16

51810

S.hdez

S;h1h0.§

SoLL58

5.4781

|
e
|

!

5.2239

5.5955

5.1657

5.5831

U N R

S.h912 _;

501L69

i» 5,2689 . -

S.69L1 |
57335 |

5.5236 .

17

15,2221

- 5,2307

5.2224 5

i

5.2005

Se 1653

i

5.121%

5.0330 |
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Table‘I(conty)

6.5196

g Stst;?\\3\§ | o=l ] -2 =l 0 - ;1’v 2 ols
| 18 | saes0 | s5760 I 5.5309' 185 | safs7 | ssas 5,518
19 ; ssa3 | s.si 5;);7_65 | 511158 "5.11'075'_ | 5;3%71 i s;3u9u 1
20 .6.1683 7618 | 5.6351 | 5.5808 '.5;6162 ' 5466u3 5.8029
21 | 5.6086 | 5.7168 | 5.7830 | 5.8559 | 5.9352 | 6.0207 | 6.2103
22| 5AN8 | 5.B255 | 5.8355 | S.ASSy | 5.8860 | 5.9255 | 6uoee7
23 6.0070 | 6,13 | 6,957 | 6.2609 | 6338 | 61162 | 6.6003
20, 5.7 | 5.8530 | 5650 | 5.8559 | 5.BM0 5.8376 | 5.507
25 6450Ll 643050 6.2681 642609 6.3303 6eLli38 647032
26 | eamn | emoh | 683 6.2k 6.:2655 | 6.:2921 | 6uBlL |
27 5.3578 | 5.8919 | 5,893 g 5.8559 | 58117 | 57628 | 5,630k
28 6.5913 | 6.3233 | 6,263 % 62609 | 6.5 | 62912 | 6239
29 61375 | 6u2083 | 6u2525 ? 6,222 | 6,975 | 6,26L9 | 6.1422
{ ,
30 7.0090 | 6.5770 | 6,528 | 69z | 65335 | 6.6433 | 6.R991
31 5.8388 | 5.9028 | 5.893L | 5.8559 | 5.7933 | 5.7123 | S.53%0 é
3 6.5485 | 6.3386 | 6.2910 | 6.0609 | 6.1958 | 6.1548 | 6.1505
33 6.1679 642006 |  6,2LA7 6;22h2> [ 6,1403 | 6,039 E_ 5.8900 g
3k 7.6521 68800 6.6168 6.LL92 6063147 649037 g




State

.

.83~

Table I (.cdnt. )

ol

s | 0 - o1 o2 ol
35 - T40939 | 6,5902 AR vé.bzoé 63882 6L1LB | 6.5397
3% 6.1928 | 6.3721 | 6,790 | 6.5946 | 6.7187 | 68516 | 7.1o
37 6.1839 | 6.5138 | 6.5LTL | 6,5946 | 646557 6.?295 609131
38 67702 | 6,896 | 6.9823 7,0896' 7,2082 | 7.3370 | 7.6238
3 6.h20L | 6,5690 | 6,5913 6.59&6‘  6.6000 | 646156 | 6,68L6
b0 _7;2682 7.0859 | 7.0708 | 7«?’856 7.208 |- 743624 747157
11 6,905k | 6.8702 | 6,930 | 7.089h | 7.127h | 7.1878 | 7.3529
b2 6:5769 | 6.6268 | 6.6226 | 6,596 | 6usslo | 6usilo | 6.1677
L3 7.3991 | 7.1358 | 7;0892 7.0896. | 7,168 | 7,1960 | 7,4173
L 6.8832 | 7.0618 | 7059 | 7.055k 7,033 7.0428 7;07;L»
L5 748720 | 7465 | 7.328 | 7.37uk | 7.5028 | 7.6562 8,005k
16 6.550L | 6.6535 | 6u6h23 | 65946 | Guseok | 6.i135 | 6.2773 |
L7 703213 | 7.153h | 7.1269 | 7.0896 | 7,017 | 7.037% | 7.1132
L8 6,9372 | 7.0049 | 7,07h2 | 7,059k | 6,9896 6.9083 68025
L9 8,502 747205 | 7.L8B3S ?.37Lh 74588 ?.6113 7.9762
50 749531 | 7.u110 | 7.2739 },2979 73540 | 7.2kl | 7.6362
51 f 6.4500 | 6,648 645946, i6.h989 6;3655 _ 6.0&68>
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Table I (cont.)

State =l -2 -1 0 2 2 | A

52 703 | 70787 | 7.1383 7.089 |  6.9992 ',6;§1h9 6.8060
53 7.076& 7.0626 | 7,0907 7,059 | 6.9196 | 6,7601 6.5775
5k 8.3003 | 7.6393 | 7..380 | 7.37Mh | 7.3231 | 7.35M8 | 7.50h2
55 109930 | 7.9z | 7.320 | 700919 | 7.2360‘ 7.2017 | 7.3577
%6 Coun169 | Buoks | 7.682 | 7.9 | 7.6638 | 7.7295 | 8.1329
57 68300 | 7.0968 | 7.2u62 | 7.i0t0 | 7.5789 | 7.7620 | 8.1629
58 7.1808 | 70263 7.3261 | 7.4070 Tesl9 | 7.6190 | 78927
59 7.50% | 727019 | 7.8390 7.9920 | B.1BS | A.36 - ( B.7328
60 7,520 | 7,339 | 7.3829 | 7.koto 7383 | 7840 | 7.6248
vél B.0L8 | 7.918 | 7.9539 | 7.9920 _8.6957 B.27lk | B.6928
62 7.6662 7,6599 | 70590 | 7.9029 8.0508 | 8.,1625 8.5208
63 7.2607 | 7.130 | 7.4252 | 7.h070 | 7.3802 | 7,388 | 7.3539
. B.0ROT | 7.8990 | 7.9953 | 7.9520 | B.0k09 | B.1550 | A.usiz
65  T7.721 7;85i2’ 7.8572 7.9029 7.9308 7.§u15 1 8.0382
66 8.8u0L | B.3152 f2276 | 8.3079 81760 8;6753.V 91142
&7 7;3308 : f.b623. 7.h55% | 7.lo70. “7;35h8 i,2596, 7,157
68 8,0108 | B.0165 | 7.9920 | 7.9467 81136

B.0970

7.9625
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Table I (cont.)

..... =k o2 =l o o1 o2 ol
69 | 77539 | 7.8298 | 7.9069 | 7.9029 | 7.879k | 7.8u05 | 7.7965
70| sams | asssz | 8,61 | Aere | omome | Ao | Rugass
71 BT7L | 8,23 | B.0ATe | BLLSS 842775 | 8,410 | 8.7093
72 73 | 70939 | 7768 | 700 | 7,308 | 7.3799 649568 ?
73 Bo10sk | 7.9997 | m.okt7 | 7.9920 7.R8R1 7.81L3 ‘7.79?58
70 7.R380° | 7.975k | 7,9560 | 79029 | 7eR160 79?1Qé . 7.1‘.,81¢8—'
75 9.32_76 RoSOPL | A.2961 | A.3079 82790 | R.3593 | 8.6 f
76 R7201 | A.3126 | A.o278 | ALSE .8.1523 81810 | L2967
us 9.8886 | A.8633 | .53 | Buros | Aose - 8.6602 '9.'06‘32 |
78 7.0k6 | 7.5075 | 7.18k0 %_.uom 7.28L7 | 71370 | 6.8377
79 Ba002 | A,0088 R,0386 | 7.9920 | 78366 | 7.6758 | 745026
RO 7.7319 | 7.9136 709675 | 709029 | 7,772k ToS9Th | T.2W17
AL '9.8960’ 6.5181 ; A7k | ROT9 | R.3E3Z | BLLSS6 R
82 Re69L6 | R.2588 E,R.mzs RJLSE | R,0Lk6 f 7.9778 | 7,9571
A3 | 10,079 9,1269 6759 Ro3706 | R, LR2S | Ro6616 | 9,C715 - '
8L . 9.2871 | R,5535 8.3&&0 R 42936 é‘ 5.1816 | BL.1RL8 2 8,333 2
B 7.508L | 79839 | .60 | ARl R,5000 | R,7321 9,2379
; |




State
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Table I (cont.)

a2

o1

ol =l 0 o2 _ .h‘
86 | 7.9hok | B.0689 | .6k | A.2RM | BI85 | B.STWE | B.9k11
87 8,295 | A.5775 | 87583 | 8.95ak | 9.1608 | 9.3081 | 9.898s
88 7.9438 8.1718 8.2312 | B8l | 8.3u39 | Bui250 | 8.6463
89 s;aséo. B.B03T | B.8615 |  B.956h | 9.0828 | 9.2Uk7 | 946890
90 a,h629 8.L81k 8,6ouh' CBSTTUT | BL9670 | 9.1653 | 945485
91 8.2695 Boezs | 8.2830 | B.281h | 8.2779 | 8.2877 | B.365h
92 9.0118 | 8.8135 8.9179 | 8.9%L | 9.0000 | 9.0866 | 913
93 8.5506 | 8,739 8.7196: Rkt | 88765 | R.9925 | 9.,2146 |
. ol 9,855 | 9.1318 9.1329 9,2697.]  9.i607 - 9467hk 10,1497
95 B.17h9 | 8.3232 | 8. 3223 8.281L | 8,2221 | 8,167k 8,1099
. 96 B.9722 | B.935 B.9627 | R.9%6k | B.9252 | B.9336 9.1297
97 Ro6056 | B.7180 | ‘8.7793 [ B.77M7 | 8,796k | 8.8331 BaBos
98 10.;018' 94350 | 9.2812 | 9.2697 | 9.3782 9.5556 | 10,039L
99 945765 | 90507 8.9950 | 9.118L | 9.2902 9.LL68 948149
200 | 8.2067 | 83697 | 83507 | B.28LL | B.7BL | B.0890 | 7.8772
101 9,0653 -.8.9269 89938 | 8.956 | 8616 | 87926 | 8,825
102 Ro6767 8.8323 87287 | 8.6927 | 9.5968

" 8,8785 .

8.77L7




R
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Table I (cont.)

State -2 -1 0 a1 2 |

103 10,1419 §.3653 9.2473 9;56§7_ .;952875 943929 | 9,723l
104 9.5392 : 9.2108 9.1505 ?.1184 i 9.i6§6 | 9,2La1. 9.h620 |
105 10,6955 | 9,738 | 9.k606 | k33 | 9,6150 | 9;8309" 10,3152
106 8,307 | B398 B.3652 | .6l _8€1u76 .98 | 7.8225
107 1940597 | .ol : 90135 8.9%L | 88127 86706 a.sé7§ |

- 108 “8,7029 8.8736 88627 | BT | Al 8;57uq ’ 8.3386
109 'io.;529 9.4736 | 9.3136 9.5697_ ‘_9.1952 '_'9;2;89 | 9ui202
110 9.6049 | 9.1913 | 9.16k9 | 9.1i8h 9,0332 vg.osao  ’9.1153'
wm | e 10,0669 | 96456 933l | 9.60k5 f'9l§31; SRUSTI
112 10,7115 §.70oo . 9,&210 '9fh101 ' '9.ﬁb36' ‘9.5896 9.937L
113 8.3u28 | 813 | B.378L ‘a.za;Lf* 81323 | 7,956 77;6196-
L 9.1218 9.6oai §.o3ho. 89564 | ;8;79h§j, 8;6906 ‘_8.330? i |
s Bu7h62 | Buski2 | 8.8790 '8.77)47_ "b.6L67 -8,h§;i~ | B.1355
116 10;1761‘ ' 9.4837 9;3837' 5.2657 | s.107 '-.9.03h6" 31_9;08;0 € -
n7 9.6223 | 9.2572- | 9.2068 | 9.8k | 8.._9_9“00 | 8.8578 ‘ ‘.8.7370'

18 11,2800 | 10,0674 | 9.6382 | 933 | 9.&5021: 9.5?oz'f§ 9.9133
119 10,7397 9,7516 9.4799 | 9.i101 | 9.3016 9.3242 945211
120 11,9295 | 10,4312 | 9.8681 7025 | 9,9261

90551

10,135k |




-Tabie IT. Eigenfunctions.
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2, Nneiip
§ =l ] :-02 - =1 ol 2 . ol
1ho, %2 1 1 1 1 1 1
29'_ L =} 3p
5‘ -_ -0)4 i "’02' -el .1 -¢'2 . .h .
100, 34,2 30 1 1 1 1 -1 1
3. 02 =212
8 °oh '02 ] “'1 -1 02; ’o’-& '
Pl 34,2520 9731 | 49953 9990 09993 | 49975 05922
P, b ] 802306 | 2 50969 | 2 ,0ub2 3 40376 | T L0705 | T .12L9
h' ﬂ = 3 1/2
§ wol -2 o | o o2 ot
40, 34, E %) 702306 | % .0969 | T l0Lk2 2,076 | 2.0705 | & .12k9
b Y2247 9953 | 09990 49993 9975 | .9922
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‘Table II (cont.)

Sa AL w5/
g -Ql‘ -.'2 -01 0 01 .? : O)-‘
2, %% 1 | 1 | 1. 1 1 1 1
6. @ NI j/z
S . A .‘;oh . "02. ' “'01 ' O . ‘_01 - 02 eh )
1,2, %,T%)  .9566 29939 29988 1 09993 | 9976 09930 |
1,2, %, 2 %28 2013 | 2,107 | 2.,0085 | o T .0372 | 3 .0698 | % 1180
7. -. . -n- .m : 1/2
§ | weh | -2 | =2 | 0 a .2 A
6%, AN T 213 | 30107 | 3.0M85 | 0 2 .0372 | 2,069 | 2.1180
LL2,%,2%) o566 | w9939 | w9988 | 1 09993 | L9976 | - 49930




Table II (cont.)

-90-

8, N =%1/2
g : U.h -g?. -ol 01 ' .? _.h
[,2,%,T400 7900 | W930h | w9832 J9891 |- L9670 09218
.. e yN A o -
12,0, 4,240 . 5951 | = o36L9 | - .1823 kL2 2Ls8 1 L3616
9, L2 w23/2
g -.).; -.2 "01 ) % 01 02 °," .
. - . : . SR, i.{
: |':7~;5ﬁ;‘}1> ¥ 42938 + 01230 T o0L38 | 340103 13,0608 | 3 1601
62,%, B 7608 | 909 .9'_723‘ , 29656 | L8771 o703k
12,0, 7,251 5 ;5786 | T.397h | T 62296 | | tasor LEozen |2 915
o i i - . !
10, L =21p
g v.-oh -.2 -.1 .1 .2= | o,h
1,2, %, ) .5382 #3452 1770 - JUIB6 | - G2UTh | = 43521 |
V1,2, %2 %0 & .6320 | 2 ouk6 | 2,233 T 02584 | 3 U757 | % 46969
12,0, Ya Ry .5517 | dleo | L9560 9548 | | o3
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Table II (cont.)

n, 0 <% 7/2

§. | =k -2 el I S T S SR

43, %,t %) - 1 1 |1 1 1 [ 1 1

12, LL e t5/

S- . . _‘h -o? - N _.l 0 : .1_ N .eé . ch
L3, Ve, T o935 | o9923 | 49986 1 09992 | 09976 |- o993L
[1,3,%,2 %7 o3560 | 2,238 | £,0522 | 0  [3,093 |7T.0698 | F.11.8

13, L) =t gp

§ | =k | -2 | -2 o | a 2 | b
1,3,7%, L %3 23560 | 34238 | T.0522 | 0 | f.0393 | %0698 | £,
1,3 %,%,%) 938 09923 | 49986 1 9992 | L9976 I 0993k

. . R | . . 1
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Table II (cont.)

I L) =
g . -.,J_. -l ! -l - 0 » - .1 . °? . oh
1,3,%,T%7] 6786 28366 -1 #9773 1| L9906 o97U7 09Uk
11,3,%,1 %73 1236 | .08 | 2 0177 |- @ 70609 | T .0R37 | 3 L1524
12,0, % %A e 7200 | - M62 | w211 O 230 | L2072 028146
_1s, L) = 23/2
g -k w2 | ea o 1 2 o
11,37%, %573 03989 | 50762 | 3.069 | o 2.0379 | 301267 | % .208L
11,3, %, %) 7657 | w9130 6801 1 1 L8336 | 556k .3850
12,1, %, S %) T o506 | T.3679 | 32009 | O 15510 | 28212 | %951
6, . =23
$ <l -2 -1 B D i | o? ol
11,3, 7, %) .6167 o276 #2001 0 | =o1310 | = 01840 | = 021166
[1,3,%,2%71 2 06312 | 2 uor6 | 2.2500 | 0 | T.5508 | %8267 | 3 09102
NN IR O3 |1 82u3 | W5317 | 3326
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Table II (cont.)

17, N =2t1/2

$ ot - -1 0 ol o2 olt
(1,3, %, t 4| o7u76 | ~.9120 | - 9756 1 9766 9236 .8229

A3, %A S 022 | 2029 | 2 0093 | 0 | 3.0208 | 3.0509 | 3 .1202

12,1, %147 - 5522 | - 3879 | - 26k | © 2122 | Lol | 5258
(2,1, '/;,t'/J! Te3US 1 .1303 | T3k 0 2 ,0278 |3 L,0839 | 3 .1783
18, N o=t

S ‘oh =02 -ol o T el Y4 Ob
113, 7, AN 36T | 2 2007 | 1 L0ub9 0 T .0370 | T 1308 | 3 .2822
11,3, %) 47 7582 .3089 o8979 1 9386 | LB6L6 §75L8
12,1, %, %22 760 | 2 5098 | Z.2935.| 0 $.2873 | I w759 | 2 .5863
12,0, %, t s 2519 |- L0057 | <32k | 0 | e 1873 | +.09k2 | - L0826
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Table II (cont.)

19, 0 «21/2
§ | =k -2 “l 0 o1 .2 © ok
1,3, 72, £ 67| 0800 | 1,318 | .2060 0 = o209 | = 435317 = JL755
Hl, 3,%.,5 40| 3 .5300 | 3 .952 | 3 .48 0 T 02236 | 3 LhO3h “ zsm:
V2,0, %, %) 1083 816 oR70 . 1 09920 7222 ohl51 ;
, ‘ P g : SRR S
2,1, %, 4712 6906 | 17wl L Gu76k , o 343002 ¢ 3370 T oligel f
20, LL - I 1l/2v.
. 10 o Wi ~t ° A e ]
L3, Vet R T L2751 : JA53L | T L0607 0 T 0317 % .o7éh LT #1305 !
, , o ,
I3, ath) 3656 Ji3lih J2U8 0 ;,'21618 - 2295 | - 42870 |
‘ | . ,
12,1, %, T%)| T 6758 1 3 5616 | T JIREB 0 * o6 |2 3389 |2 262
RENN » _-5,77”_8> 46973 162 |1 23% ,8906. 08479
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Table IT (cont. )

g -oh. : "02 : "'01 0. o ‘ 01 | 2 ’ oh .
SR TN A7 NS SR B | | 1 1 1 1 1
22, - AL =i/
$ SR =e? =l 0 o1 o2 ol
4, %, %7l o9173 9917 | .9986 | 1 45993 9977 991
L4, 7%, %473 63981 | 3 .128L | 3 .0525 0 ‘20380 | 20672 | 2 ,1082
e i} _
23, AL =t7/2
§ | - -2 -1 0 1 2 | A
Fig#, Y2, 570 3 3981 | 3 .1284 | 7.0525 | o0 20380 | ¢ ,0672 | %1082
VG4, % T A7) 9173 $9917 #9986 1 ©.9993 9977 02901




Table II (cont.)

2ka {2 =25/7

S = ' -2 ‘-61 ‘ 0 . ol 02. oh.
14, %, £ % <6369 .8867 <9807 I (9928 | 9908 | 9589

Vet BT .0m0 |05 | t.oese | 0 | 30u2 |5.081 | 3.8

| 2,2, %,t5%] - 47651 - 622 - .193'3 -0 L1111 | #1757 2h21
25, LA : /2

S| - -2 -1 0 B N 2 .h.
b4 Y, t% 71 F 4565 | 3,203 | 3 .0838} 0 340809 |7 01399 | 3 41989
} I,“f’;’/&,t %2 . L7533 #9061 " #9570 1 0,4358 03217 #2583
12,2, %,5 %] 3 4735 | T .3710 | 3 .2777 0 T .896L | 2,936 | 2 .945k
26, L2 ot/

S | - =k -2 -1 | © - 2 oy
“) H‘) 7/7-::%) 06213 1153 . 01767 - 0 . _‘ - 00880 - 01362 " 02022" .
1,4 Ya, T %) 2 ,6508 | % 4229 | % ,2885 o | % .8‘98‘9 |23 | % #9547
12,2,%,t%) oL36k | JRosk | 9ul0 |- 1| Wy | 3036 | 2183
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Table II (cont.)

27, 0 =t3p
S "oh “c? -01 0 01 .? .h
Vi, Vet %)) 0696k | 90uS | L9705 1 | 9819 | ~9Li68 8823
b4, %, %7 - 1680 | 2 .ol16 | o020 o T <0368 | 7..0813 .| 7 .1583
12,2, %, TN = 05630 | = 0L099 | - 02218 0 1 1850 308 11318
| 12,2, %, 2% 7 Qa1 | 3 .102 | 3,025k 0 7.018 |3.0659 | 3 ,1060
28, _ L1 =23/
s | -k -2 | -a o | a | . oA
} ', "f"’ 7/1,t 3/:.7 : oh733 : 03,-136 : 00118 - 0 : ‘.102‘9 : .?206 : 03378 L
e 7ty W99 | w581 | u8se2 | 1 | a7iee | 536 | uk36e
- ,
2,2, % %) - sh32 | 2 ,7605 | T 0808 0 2 .6920 | %8146 | I .82L8
)z,z,’/x,f% 23110 JA87h | - Jl361 0. + 20LUTT |~ 40296 | - .11).,&




29‘

N =t
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- Table II (count.):

1366

i+
.
s
O
N
Y-

) %, 2 %7) et | .02 $2173 aste - 22310 B .3;9;ié
'i)*'73f1317 T |3 6339 | T L0664 e | T .7986 _; .8329 %
- A - I S I
12,2, %, %7 ' o118k 6L7 #9259 '.68L2  211506 2612 i
liiz,?z,t%}. 7026 E .7306 | s 23017 | 3 2375 ;:“.3?5‘; ~;1691i
- 30, Ee S 1_5/2 |
. L
§ 1 b -2 ol a 2
;;J+, ’/;,’I%) + 23287 - | 3 632 |3 .oSLz T 0176 |3 \‘,ou.os ; ..-.07_.241;,
! f;ff,’/z,ff/1> L5308 5727 1 L33 - .’2’fo'oo P - ?62h - ’;978
J z,i,sg,fag7 +‘;éoh6' 3 .h759 # ;29hé 2 . ;£i;;;;;_“

’7") 2‘ 372;i34>

-11903

OL72

oSL7L

#9701
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‘Table II (contf)

3, FONES Y.
PR Cle | -1 é S R R S B
1w, Y, TAY 62l 8840 | .97v01‘ ! - 9714 _.9611" | 27529
: “)lf-)'.’/,_)"-"..l/.;:? 3 1150 t 3 .0087 | & .0055 o :..0160' T WOL71 ;"',1_91‘3
lz,iv,‘v/a,f."/a) = ST | - lh295 | - L2379 o 22336 | 099 45708
Iz,‘z,é/z',t_'/zy $ a8 | %.029 | 3 .0022 o ' : .clbé' : L0612 :'..1763
|3,'0,"/z‘,t’./;'1>_ 836 _.18‘28“ ' ‘._oL_75 _ 9‘ v'l.o3'77v 1 .1159' ..'2146'6
.'32,- N et )
S - -2 ) 0 S TR P | b
(14, %% 'A} 3.4720 | 7.2930 | 7 .1306 | 0 3 . 6892 : ".25.95 |7 ;1;330
L4 7, TR 628 | .é%?h | eT960 BT " «Bligk 6132 ‘.,57.86
12,2, %41 3 253 | 1 Jis6o "_: .b7.62. | o‘.‘_ & 36 |t 603 : .5&881
_[z,"z,s'/z,rm . .2.0148’ - 2173 | - 3022 o | 83| 2080 .09305_' |
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| [ 1, 3, 16D 2 .Wé & ,0R31 | 7 ,0098 o T o0Li3 oo | 2 .3502'
. 141, f/z,fVJ + 2162 | - ..1581; - .0595 | 0 | +.0288 | + 0771 | - ou79
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. Table II (;‘Qnto), :
115, _EL =t1/2
| 1 e t | -
sl o=b | -2 ol oo 2 .2 A4
17 %, b L39S é-_ .3074 o -39 | - hos6 | - 3779 %f.
'flfz‘3é.tﬁi7 T.2552 | % {1515"‘1 ;o;8u..'_ 0 l'; ;0333 : 1600 :';3;;;f?
[ 2,8, ", t o2} = +2219 [.'368_8 " .8229 1 ] .éShB ' 5373 0—3;;
iz, 5, @a,t)£>'i Ji232 | 2196l f' b4 0013 0 :;10333 3 743 | ds72
13,3,7%, 240 = 0391 | = 5702 - A58 : 0 CJd2l | .5566 23561 |
}-313,37a,t;4) 3 .50LS ';..2399. T +01L0 0 i_.0283_: T.2651 3 .h305_3
%, ta) o8 | ses | s | o | oawme | os| w6
Lt vt 2 o | 2 ame | £ 0% 1.0 ;'.0235 .05 | 3 a2 |
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Tablé IT (comt.)

116, =212
s -l -2 -1 o JA o2 o

[1,7, "’A,t wolt .68 | 2 .20u8 | 2 ,0238 0 t.o17h | %1168 2 .2698
lh‘%’§4,154>‘ .L9§3  st | Lamo o | - ;3h29v -'.u217 - 37
]2;;53'7&}t}g) 3 fhzo9 :.i .h?hh,- Lk ’o. 7 W1156 | 5 .38 :'.5113
12,5 %% 1508 .a&“ S0 | 1| .ewe | o] 2830
13, é,%,ﬁﬁ) Tz |t s | 1 .2986 0 : .30k : J126 |2 1853 |
13{3,54;1;Z>'- A2z | - 060 | - 5920 0 ,5531' W78 | .3673
[4,0,% 2|3 316 | T .u601 | 2 .o?_7h 0 Y0295 | % 3251 -‘:_.m;*
(4 1) Y2, 2 7 - 153 \v - 00U | + 3773 o | +asms | s .0 - .00
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‘Table II (cont.)

117, ) V-QV = 31/2°

L7, '%,9:'/17 L2995 | L2161 | 0900 "0 o .o  .1909  .3283
1,7,%., 47| % 5066 | 3 .5_019 7 L0857 o o |ty | i .5150
[2,6 V2 Th a5 | 03632 | k217 0 " | =.hoo7 | - L850 - 3902
2,5, 9/;,t'/1> .50 | 2.0k | 3 .ohéo 0 T 1250 _:’ JA117 | 2 ,0137
(3,3, %% - Ji229 | = L0682 | 6288 ST 7065 | '.2031 - 21942
[3,3,%,2%7) 2 2w |2 3396 | 2 a7l 0 T .2206 .| 3 .uz?o 3 L623
4,1, 3%, P |+ L0960 | = .2660 | - 5163 | 0l ‘.b723 671 2573
NETANZR S .u69§ s .60 | T +3348 | o. T8 | o3 ;'3560 - ,3'909’
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; 118, L2 =21/
Sloca | oce | oaa a1 .2 o
1,7, %t '/17; tame | t.om |t .on00 | 3 0059 : L0237 | 3 J0628
107 %t ._27911-' .'2202"': s | .',.o8'93 52 | 41933
12,5, et ) lil'v_.334oo_ s | .ost s | a2 2179
| ]i,;,%,t%) i9BS | L5168 “:_._usu_sl - .uouo'. - Wi509 | - Ji515
13,3, ’/;,t %7 % 862 | & uon |2 ..3»186 '. E 2567 7 T 370 3 ;LSh:e
[3,3, %24 Jilos ._1178,7"} - 5051 | 0T | s | e
la 1, %, 47 2 23120 * a8 1: e | : .618:1; 15858 % 5292
Ty fithr L0517 __ .'0?‘06:. | - o, | 20903 | 40501 | = ,0110.
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‘Table II (cont.)

119, Q=22
R N K 2 .

1,7, "%, A7) J28k2 21135 0237 - .01h7 - ...0583_ - :114_22
11,7, fB/,,r'/,_?; Jaro | e .3?10_ |3 .2193 : .1149}5 : .2519 : .u0
12,5, %t Z?é JL87L 3470 ~ahbly | _ >.1067 +2390 3731
2,5, Y.t A2} 5 bOLS ':'v'.h86_3‘ e ..5332 2 .lges R T <21e;
. l3,3;’/z,¢ ‘/1? | 2766 hS?é ‘ -.h13_i - J3862 |- .b79é - 596

)3,3.,5/”%54? «1Lk9 3 .;1521' : - ;0012 : 3.2818  e ,.1'592 | % W1230

Jd b %, T h7 .2633 .dooé | .‘3_1'31;' '.5208. ” o309k 1001

[y ] 2,2 42| 2 Wh21) | 25068 | 2 612 7.h725 | 3 .L809 | 3 .mzé‘
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Table II (cont.)

120, | ._(2- t1/2
S| -l w2 | ea a1 2 A

1,7,'%, f7| 5 0552 : 085 |3 _;oous T 0016 3 20063 T L0167
11,7, %t ) .ié79 | .ée_lu 085 - 0207 | - .0u09 | - +0605
l2,5," %7 3 .173_8 : .0_929' :_.03_59 - ,0159 | % ,0386 | 2 ,0716
12,5 Yt U2 .327§ : ,é.75$v ; .218 .i287 1781 2082
13,3, 2.t 5| 3 J722 | 3 .291;6 13 21789 T .6961 : ._i523, = 2076
l3}3,f/z,t%? 5126 ';5219 «5770 - 1130 _"-‘.'huee' - .Ll66
Vo, 1, %, T 47| 7 J50k2 | 3 .5555 | v:’.h6_'88 3 3300 * 3722 | £ 018
Vo, 1y 7, E0Y 328 | LL9o8 | ..59112'- 837 7792 ";37;
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Radial comporento of the 1sotroplc hurmonlc oq01*lauor

deE funculons.

Ri,l(cr) =

'———-—‘Q.

2. (2 14'3/ !

1 . . '
' 2£+3 _ P
22 Sﬁ:&l...___ -(ar‘z' é_%a2r2

W

(4 l) 2 :] [2(01')-“(2£+3)] (ar) 501"

s
R, ,(or) ={§§ Lotz

22+ 5) .J [4ery* - 4(2£45) '_'(_d,r)?‘._ + (20+5) (2£+2)]

N 1 2.2 .
. (ar)l e‘?ﬁ-r

)t .22‘+

+6(2097) (25) (or)* = (2097) (2445) (2043 ]

"__l2_2‘
.« (or)t T



Table IV. Decoupling Constants. ; 

. Orbital
Number

31
32

33

34
35
.

52

53

5,
55
56

78
79
80

8

g2

83
24
113
114
115

§ =.1

448817
“—2.4208
,+1;51o7

212
j-.?soo

5791

203904

BN}

1.4123 .

~1.0920 -

1.1320

6.2486

| o218
| - 42423
a5
l.e880
14665

-1.7710

-7.8305

6.6070

—1.0111.

1,169,

—7.4679

4, .2262

5026
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Tabtle V. Ene"'ﬁ Level Ordering. N
scupatior|$ -l -2 -1 2 2 e
——1 - - ; ' : '
1 1/2+ |1 1/2+ 11 1/2+ 1 12+ | 1 1/as 1 1/2+
3 o S - — :
2 3/2- 2 3/2- 2 3/2- || 3 1/2- 30 12— | 2 e
4. : , .
3 1/2- 3 1/2- | -3 . 1/2- 2 3/2+ 2 3/2~ 2 3/2-
7 . : N _
- 4 Y= ) 4 V2= | & V2= Y 4 V2= | 4 /- | 4 1/2-
8 . : o ‘
9 S . : :
g  1/2+ 5 5/2+ 5 5/2+ 8 . 1/2+ g8  1/2+ g 1/2+
10 : sh C S
11 : S -
5 5/2+ 6 3/2+ 6 3/2+ 6 . 3/2+ | & 3/2+ 6 3/2+
12
13 : . _ ,
6 3/2+ 8 = 1/2+ g 1/2+ 5  5/2+ 5 .5/24 5 5/2+
1z . . . S
10 .1/2+ |10 ~1/2+ | 10 - 1/2+ |{10 " 1/2+ | 10 1/2+f 10 1/2+
16 o '
17 : , - 1 . ' _
7 3/2+ 7 3/2+ 7 - 3/24 9. 1/2+ 9 . 1/2+ 9 - 1/2+
18 , .
19 o SRR I " ' 1 - o
9  1/2+ 9  1/2s 9  1/2+ 7 . 3/2+ 1 7. 3/2+ 7 3/2+
20 ' , :
, 1 7/ 1 7/z— | 7/2- |17 Ve | 17 1fe= | 17 1/2-
22 .- . - .
23 . o : E . .
: L 3/ |12 s/2- |12 5/2- |[u 0 3/2- | U 3/~ | 1 3/2-
2 ‘ : ,
25 o o N , _ :
17 1/2- } 'y 3/2= | 14 3/2- (12 . 5/2- ) 120 c5/a- | 12 5/2-
26 ) : _ .
27 ' _ . S
12 5/2- 17 1/2- |17 y2-f{1x 7/ (11 7/2- |19 1/2-
28 ' , - N
29 o _ . ‘ : ’ .
20 13 5/2- | 16 3/2= |16 3/2- |19 /2 | 19 /2= | 11 7/2-




Table V (cont.)

occppation] & )
RoskBa e —ed, - -1 1 2
‘ N _ - } 1 2 oL
12 16 3/2— 12 s/z- 13 1/2-- (]| 16 3/~ g 1/2~ i€ 1/a-
.‘3'3‘ ‘ . :
34 19 .1/2— i 1/2- 13 5/,-— g 1/;- it 3/ 16 3/2-
35. c
y 21 »-9/2¢‘ i’ 1/2- e 1/2- 15 3/2- 15 3/2- 31 1/2+
N 2 5/2+ | 15 3/e- | 15 -3/ || 13 s/~ |13 5/2= | 21 3/2+
. 15 3/2- |- + T 1/2- 3
40 15 J/A 2 9/2f 20 /2= || 20 1/2- | 20 1/2- | 13 s/2-
Al - . , . :
i & 1/2- | 20 .1/2- 21 9/2+ 31 1/2+ 31 - 1/2+ 15 3/2-
43 , : .
“ 22 /2« 22 7/2+ 22 7/2+ | 27 2/2+ | 27 3/2+ 20 1/2-
6 310 1/2+ | 24 5/2+ 2% 5/2+ | = 5/2+ . 24 5/24 2 - 5/zs
47 : ' . T ' '
e 21 3f2+ | 2 3/2v | 27 3/2¢ 22 7/24 22 /2« 33 1/2+
49 _ . N , ' .
-50- 2, 7/2+ | 31 1/2+ | 21 1/2+ || 21 9/2+ 21 9/2+ 2 7/2+°
51 _ ; , 11 .
2 | 29 3/2+ 26 _5/2_+ | 26 s/2+ .|| 33 12+ | 33 1/2 51 1/2-
5t 33 12+ | .?3 . 7/2+ 23 »’7/24 T332 1/2+ | 32 12+ | 29 3/2+
55 S C g -
s 20 1/2- 33 1/2+ | 33 1/2+ |} 29 3/e+ 29 3/2+ 32 1/2+
57 _ : - : '
: ' / e || oa- ' ' /-
5 26 5/2+ | 29 3z« | 29 3/2+ || 28 3/2+.| 28 3/2- 21 9/2+
59 _ - o . :
o 36 11/2- 25 .5_/2+ 1 28 3/2s 26 ;5/2_+ 26 5/2+ 16 32~
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Table V (cont.)

oGeppationld - T -2 -1 g .2 o
61 ‘ - . ]
39 7/2- 28 3/2+ 25 5/2+ 25 5/z+ 51 1/2- 26 - 5/2+
62 : : ; , ! : . v
€3 I : L
51 1/2- 32 1/2+ | .32 1/2+ 22 7/2+ L€ 3/2— | 28 - 3/2«
64, ‘ S ‘
65 - _ '
37 9/2- 36 11/2- 35  1/2+ 35 1/2+ | 35 1/2. 42 5/2—
66 ‘ ' g :
€7 C - ' o
25 5/2+ 37. 9/2- | 0 3/2+ 51 1/2- 23 /24 35 1/2+
68 '
69 : : S
32 1/2+ 39 7/2- 36 11/2— || 34 1/2+ 25 5/2+ 53 ' 1/2-
70 } =
L6 3/2~ 30 3/2+ 37 - 9/2— || 46 z/z- L2 5/2- 23 7/2+
72 . : R . : . . . : X .
73 e L : :
L2 5/2- | 35 1/2+ | 39 w/e- || 30 3/2+ 39 7/2- 39 /2
74 - . , L
75 g - - : : ‘ y i
28 3/2+ L2 5/2- | 3L 1/2+ 42 5/2= 3 1/2s 25 5/2+
76 : ' ‘ : o
77 g o o : :
38 9/2- 51 1/2- | 42 - 5/2— || 39 7/2- | 30 3/2+ 28 3/2-
7E : -
79 , : S : |
57 13/2+ | 46 3/2- | 46 3/ || 37 - 9/2- 37 9/2- 52 1/2-
80 _ : : o
L 5/= ) L1 /2~ 51 1/2- 36 11/2- 53 1/2- 78 - 1/2+
e3 . : , . - ,
0 7/2= | 34 /24 | 41 7/2- 55 . 1/2- [ 36 11/2- | 30 - 3/2+
2L _ v e R
g5 o . ’ " ' ’ . '
. 48 3/2- | 38 9/2- 38.-9/2— (| 48 3/2-| 48 3/2= | 3L 1/2+.
8 _ : .
: 30 3/2+ 48 3/2- Lh - 5/2- 52 . 1/2- 52 Y/~ | 37 - 9/2-
88 ' : : )
% 53 1/2- | 53 1/2- 240 7/2- L7 3/2= |- 47 3/2- 72 3/2+




-150-

Table V. (cont. )

gt | - -z . 1 2 i
91N :
v 35 1/2+ L 5/~ 48 3/2— L . 5/2- L 5/2= | 4 s/2-
92 . ‘ : :
93 . : . ‘ . :
60 9/2+ | A0 7/2- '} 43 5/2— || 43 5/2- | 78 1/2+ 47 3/2-
9L, R } o ,
95 . . _ -
58 11/2+ 57 13/2+ 53 1/2- L1 /2= 720 3/24 36 11/2~
5¢ o : o
: €3 7/2+ L3 5/2— | 47 32~ || 40 /2~ 1. 7/2~ €7 5/2+
92 ' :
L0 7/ | 47T 3/2- 52 1/2~ 38 9/2- L3 5/2- 80 1/2+
100 ‘ ‘
101 _ 1
L7 32~ 52 1/2- 57 13/2+ |} 55 1/2- | 55 1/2- AL /2~
102 | _ ' _
103 ' ' , :
67 5/2+ |. 58 11/2+ 50 3/2- 78 1/2+ €7 5/2+ €3 1/2+
104 ' . : . .
105 ‘ : _ :
52 1/2- 60~ 9/2+ | 45 . 5/2- 72 3/2+ | 38 9/2- 55 1/~ -
106 : : ST : B
107 : N
L3 5/2- 50 3/2- 56 11/2+ 5, 1/2- 5, 1/2- L3 5/2—
108 : .
109 ' o : : o
78 1/2+ 63  7/2+ 55  1/2- 67  5/2+ | .62 7/2+ 7L 3/20
110 I ' v ) '
111 ) ' R
72 3/2+ L5 5/2- 60 - 9/2+ (] 50 3/2- L0 7/2- | 79 1/2+
112 . : v : . : a .
113 ‘ , ‘ . ' ,
59 11/2+ 67 5/2+ 63 7/2+ ([ 63 7/2+ | 50 3/2- | 54 1/2-
114 N , , : _ ,
15 - . - R -
sb 85 15/2~ 55 1/2- 54 1/2—- 1] 60 . 9/2+ 60  9/2+ | 113 1/2-
1 . » _ LR I ,
117 o
3, 1/2+ | .72 3/2+ | 67 .5/2+ L9 3/2- | 80 1/2+ 38 9/2~ -
118 Lo ' ‘ ' . _
119

120 62 9/2+ | 78 1/2+ 72 3/24 L5 5/2— 49 3/2- 60 9/2+
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TableA v (cont; )

%ﬁ%@?“"“lgl -l - Co=l a2 Y ' <
' 65 /24 |54 1f2- L9 3/2- || s& 11/2+ 58 11/2+ 50 3/2~
1z2 o : . o _ :
123 . ' :
80  1/2+ 62 9/2+ | -8 . 1/2+ 56 1/2~ L5 . 5/2- 4L /2=
124 : _ T
€9 5/29 59 7/24 5¢  1/2- 57 13/2+ 79 1/2+ 1C6 . 53/2-
126 S - _ .
127 : , ' .
7 3/2+ ) 49 3/2- 62 - 9/2+ 80  1/2+ 7L 3/24 73 3/24
128 T ' , _ . '
129 | v v .
L5 5/2- 69 - 5/2+ | -59. 7/2+ T 3/2+ 56 1/2- 69 5/24
130 : : .
121 ‘ ' o AR _ : N
- 86 13/2- 65 7/2+ 65 7/z+ |72 1/2+ | 57 13/2+) 10C 5/2-
132 ' h , :
133 _ - - : o
.88 11/2- 85 15/2- 69 s5/2+ || €5 . 5/2+ 73 3/2+ 58 11/2+
134 : .
135 : _ . - ' ' :
50 3/2- €, 7/2+ 61 9/2+ || 73 3/2+ 69 5/2+ g2 . 1/2+
126 - .
137 v
55  1/2- g0 1/2+ 7L 3/2+ €5 7/2+ 65 /24 L9 3/2-
138 = :
139 _ : - , ‘ ‘ . | .
€1 9/2-. €1 9/2+ 80. 1/2+ 68 5/2+ 113 1/2- 45 5/2-
1/C . : : ,
141 . o C
b . 5/2+ 7L 3/2+ 6o - 7/2+ || €4 7/2+ te - 5/a2+ €5 7/2-
142 _ :
13 - , , _ T
' 79 1/2+ 73 3/2+ 68 5/24 82 1/2+ .| 82 1/2+ 95  7/2~
144, » .
145 , : . )
91  9/2- 79 1/2+ 79 1/2+ (| 62  9/2+ 106 3/2~ €2 5/2+
146 1 : ' .
95 7/2- €8 5/2+ |73 3/2+ 61. 9/2+-| 100 5/2- [ 56 1/2-
1€ A . . :
149 : - ‘ .
15 6, 7/2+ | 86 13/2- | 85 15/2— || 113 1/2- | 64 7/2+ | 115 1/2-
[




S -152-

' Table V (cont.)

jon |® - 1 : T B - . H S
RoakaR"ie" - -z ] -1 S .2 v
151 ‘ - , - - .
73 3/2+| 56 1/2- 71 5/2+ 106 3/2- €2 9/2+ 57 13/2+
152 ' . _ .
153 | ' o o ,
87 13/2- gg 11/2- 86 13/2-" || 7¢ 3/2+ 76 3/24 76 - 3/24
154 - ‘ . ' S
155 o _ o o L T
: 100 s5/2-= | 71 s/2+ | 82 1/2+ || 59 7/2+| 95 7/2- 11, 1/2-
156 : S _ B : ,
157 . - S
54 1/2~ gz 1/2+ 66 7/2+ 100 5/2- 8, 1/2+ 8L 1/2+.
158 , . , AR _
’ 159, ' ' g U v
106 3/2- 91 9/2— 76 3/2+ || 84 1/2+ 61 . .9/2+ 108 3/2-
160 . o : : :
161 ' B S :
: 13 1/2- 76 3/2+ | gg 11/2- 95  7/2- 91 . 9/2= -} 91 . 9/2=
162 _ 11 ' . i
1€3 A | . ,
90 131/2- 66 7/2+ 9L . 9/2— || 71 5/2+-| 59 7/2+ | €2 9/2-+
16h ' : T




102 %~
|07 32—

64 7>+
62 Y2+
9l 9%~

14 =108 3=

84 V2t
76 32t

57 13+
56 /2~
68 54+
65 72+
45 5/p-

4 /2=

2 32—
Z%\‘ 3 -

Vet

=
-4 =3 -2 = )

6l Yot (| 5+
75 3+ 88 Ii/» -

S 12~
95 7»-

82 I/o+
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