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Emittance Growth from the Thermalization of Space-Charge Nonunifor mities*

StevenM. Lund, JohnJ.BarnardandEdwardP. Lee
LawrenceLivermoreandBerkeley NationalLaboratorieslJniversityof California, USA

Abstract

Beamsinjected into a linear focusing channeltypically
have somedegreeof space-chaye nonuniformity. In gen-
eral, injectedparticledistributionswith systematicchage
nonuniformitiesare not equilibria of the focusingchannel
andlauncha broadspectrumof collective modes. These
modescanphase-mixandhave nonlinearwave-wave inter-
actionswhich, at high space-chayeintensitiesresultsin a
relaxationto a morethermal-like distribution characterized
by auniform densityprofile. Thisthermalizatiorcantrans-
fer self-field enegy from the initial space-chaye nonuni-
formity to thelocal particletemperaturetherebyincreasing
beamphasespacearea(emittancegrowth). In this paper
we employ a simplekinetic modelof a continuousfocus-
ing channelndbuild on previouswork thatappliedsystem
enegy andchageconsenration[1, 2] to quantifyemittance
growth associateavith the collective thermalizationof an
initial azimuthally symmetric,rms matchedbeamwith a
radialdensityprofile thatis hollowedor pealed. This emit-
tancegrowth is shavn to be surprisinglymodesteven for
high beamintensitieswith significantradialstructurein the
initial densityprofile.

1 INTRODUCTION

Experimentswith high-current,heary-ion injectors have
obsened significantspace-chaye nonuniformitiesemeg-
ing from the source. Sharpdensity peakson the radial
edgeof beamhave beenmeasuredbut the local incoher
ent thermalspreadof particle velocities(i.e., the particle
temperaturegicrosghebeamis anticipatedo befairly uni-
form sincethebeamis emittedfrom aconstantemperature
surface. Whensucha distribution is injectedinto a linear
transportchanneljt will befar from anequilibriumcondi-
tion (i.e., particlesout of local radial force balance)anda
broadspectrunmof collective modeswill belaunched.

The spatialaverageparticle temperaturedf a heavy ion
beamemeging from aninjector is typically measuredas
several timeswhat one would infer from the sourcether
maltemperaturé~ 0.1eV) andsubsequertteamenvelope
compressionswith T, ~ 20eV whereT, ~ [e2/(2R?)]&p.
On the other hand, the radial changein potentialenegy
from beamcenterto edgeis ¢A¢ ~ 2.25keV for a beam
with line-chagedensityA ~ 0.25uC/m(A¢ ~ \/(4wep)).
If evenasmallfractionof suchspace-chayeenengyisther
malizedduringcollective relaxation Jargetemperaturend
emittancancreasesanresult.

In this paperwe employ consenationconstraintgo bet-
ter estimateemittanceincreasedrom collective thermal-
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ization of normal mode perturbationsresultingfrom ini-
tial space-chaye nonuniformitiescharacteristiof intense
beaminjectors. Past studieshave employed analogous
techniguedo estimateemittanceincreasesesultingfrom
the thermalizationof initial rms mismatchesn the beam
ernvelopeandspace-chajenonuniformitiesassociatewvith
combiningmultiple beamsandotherprocesses|12, 3].

2 THEORETICAL MODEL

We analyzeaninfinitely long,unbunchedd/dz = 0) non-

relativistic beamcomposedf a singlespeciesf particles
of massm andchage ¢ propagatingwith constantaxial

kinetic enegy &. Continuousradial focusingis provided

by an externalforce thatis proportionalto the trans\erse
coordinatex, i.e., Fext = —25bk§0x, wherekgy = const
is the betatronwavenumberof particle oscillationsin the

appliedfocusingfield. For simplicity, we neglect particle

collisionsandcorrelationeffects,self-magnetidields, and

employ an electrostatianodelanddescribethe trans\erse
evolution of the beamas a function of axial propagation
distances in termsof a single-particledistribution function

f thatis afunctionof s, andthetrans\ersepositionx and

anglex’ = dx/ds of a single particle. This evolution is

describedy the Vlasov equation[2,

0 OH o0 OH 0 ,
{%J’_@'a_x_a'@}f(xaxas)_oa 1)
where H = x2/2 + k3x*/2 + (¢/2&)¢ is the single-
particleHamiltonianandthe self-field potential¢ satisfies
the Poissorequation(CGSunitshereandhenceforth)
V3¢ = —4mq / d*x’ )
subjectto the boundarycondition¢(r = r,) = 0 atthe
conductingpiperadiusr = |x| = r, = const.
If noparticlesarelostin thebeamevolution,theVlasov-
Poissorsystempossesseglobal constraintsorresponding

to theconsenrationof systemchage (\) andscaledenegy
(U) perunit axial length,

A= /d2 /dzsc' f = const,
— 50 2
U = 2( 2y + 5 (x >+25b)\W const. (3)
Here, W = [d?z |V¢|?/(8n) is the self-field en-

ergy of the beam per unit axial length and (¢§) =
([dz [ & f)]([d*z [d®z" f)is atrans\ersestatis-
tical averageof ¢ overthebeamdistribution f. NotethatU
includesbothparticlekineticenegy andthefield enegy of
theappliedandself-fields. Theseconserationlaws follow
directly from Eqgs.(1)-(2) andprovide powerful constraints
onthenonlinearevolution of the system.



Moment descriptionsof the beamprovide a simplified
understandingf beamtransport.For an azimuthallysym-
metricbeam(9/06 = 0), a statisticalmeasuref thebeam
edgeradiusR = 2(z2)'/? is employed. Notethat R is the
edgeradius of a beamwith uniformly distributed space-
chage. Any axisymmetricsolutionto the Vlasov-Possion

systemwill beconsistentvith thermservelopeequation[]
d’R 9 Q &

Here,Q = g)\/&, = constis the self-field pereanceand
€z = A[(x?)(z"?) — (zz')?]'/? is anedgemeasureof the
rmsz-emittanceof thebeamandis a statisticalmeasuref
thebeamareain z-z' phase-spacg.e., beamquality). For
generalistributions,e, is notconstanaindevolvesaccord-
ing to thefull Vlasov-Poissorsystem.

3 NONUNIFORM DENSITY PROFILE

We examineanbeamwith anazimuthallysymmetricradial
densityprofilen = [d?2’ f givenby

1-h T P
n(r) = nO[I_T(E)]’ Osrsm,
0, ry <1 < Trp.

Here, ry is the physicaledge-radiusof the beam,ng =
n(r = 0) is theon-axis(r = 0) beamdensity andh andp
are“hollowing” [0 < h < oo, h = n(r = rp)/n(r = 0),
p > 0] andradial steepeningarametersssociatedvith
thedensitynonuniformity Thisdensityprofileisillustrated
in Fig. 1 for thesteepeningndex p = 2 andhollowing fac-
torsh = 1 (uniform), h = 1/2 (hollowed),andh = 2
(pealed). Thehollowing parameteh hasranged < h < 1
for an on-axishollowed beamand0 < 1/h < 1 for an
on-axispealed beam. Thelimit » — 1 correspond$o a
uniform densitybeamandh, 1/h — 0 correspondo hol-
lowedandpealedbeamswith thedensityapproachingero
on-axisandat the beamedge(r = r;), respectiely. For
large steepeningndex p > 1, thedensitygradientwill be
significantonly neartheradial edgeof the beam(r ~ ),
andthedensityis uniformfor h = 1 regardlesof p.
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Figurel: Uniform, hollowed,andpealeddensityprofiles.

The beamline-chage density (A) andrms edge-radius
(R) arerelatedto the parameterin Eq. (5) by

A= /d2:c n = mqnor; [Eﬁi—;;{]

(p+ 2)(ph+4)r
p+)ph+2) "

R =2(z*/? = (6)

Using theseexpressionsthe Poissonequation(2) can be
solvedfor the potentialg correspondingo the densitypro-
file (5) andusedto calculatethe self-fieldenegy W as

e 1 (p+2)%h2  2(1—h)?
w=Ax {(ph+2)2 4 p+2
4(p +2)h(1 - h) (p+2)(ph +4)1p

p+4 ]Hn (p+4)(ph+2) R } (")

It is corvenientto definean averagephaseadvancepa-
rametero for the densityprofile (5) in termsof an erve-
lope matched(R' = 0 = R''), rms equivalentbeamwith
uniform density(h = 1) andthe samepereance()) and
emittance(e,) asthe (possiblymismatchedbeamwith a
nonuniformdensityprofile (b # 1). Denotingthe phase
adwvanceper unit axial lengthof trans\erseparticleoscilla-
tionsin the matchedequivalentbeamin the presenceand
absencef space-chayeby ¢ andog, we adapta normal-

izedspace-chareparametet /o = , /kf30 — Q/R?/kgo.

Thelimits o /o9 — 0 ando /o9 — 1 correspondo acold,
space-chaye dominatedbeamanda warm, kinetic domi-
natedbeam,respectiely. Note that this measureapplies
only in anequivalentbeamsenselIn generaldistributions
f consistenwith the densityprofile (5) will not be equi-
libria (d/ds # 0) of thetransportchannelandwill evolve
leaving o ill defined.

4 EMITTANCE GROWTH

We consideran initial beamdistribution f with a density
profile givenby Eq. (5) andanarbitrary “momentum”dis-
tributionin x’. Suchaninitial distributionis not,in general,
an equilibrium of the focusingchannelanda spectrumof
collective modeswill be launched(dependingon the full
initial phase-spacgtructureof f). Thesemodeswill phase-
miX, have nonlinearwave-wave interactions,etc., driving
relaxationprocessethathave beenobsenedin PIC simu-
lationsto causethe beamspace-chaye distribution to be-
comemore uniform for the caseof high beamintensities.
The conseration constrainty3) areemployed to connect
the parametersf aninitial (subscript), nonuniformden-
sity beamwith A # 0 with thoseof a final (subscriptf),
azimuthally symmetricand rms ervelope matchedbeam
(R} = 0= RY) with uniform density(h = 1).

Employing Egs. (4)-(7), conseration of chage (A\; =
Ay = A) andsystemenegy (U; = Uy) canbe combined
into ansingleequationof constrainexpressibleas

(Rf/Ri)> =1  p(1—h)[4+p+ (3+p)h]
1—(0i/00)? = (p+2)(p+4)(2+ph)?
(P+2)ph+4) By | _ &

prDPhr D) B | 2gn L)

—In (8)

Here,h andp arethehollowing factorandindex of theini-
tial densityprofile, o; /oy is theinitial space-chaeinten-
sity, and [€,/(2¢g)\)](R; R;)' is a parametethat measures
theinitial ervelopemismatchof the beam. This nonlinear
constraintequationcanbe solved numericallyfor fixed h,
p, 0i/oo and[&,/(2g)\)](R;R;)' to determinethe ratio of



final to initial rmsradiusof thebeam(R¢/R;). Employing
the ernvelopeequation(4), the ratio of final to initial beam
emittances expressibleas

&f _ Ry [(Ry/Ri)> —[1 - (0i/00)’] )
R\ (0i/00)® — R} /(k3,R:)

€xi

Egs.(8) and (9) allow analysisof emittancegrowth from
the thermalizatiorof initial space-chayenonuniformities.
We numericallysolve Egs. (8) and (9) to plot (Fig. 2)
the growth in rms beamradius (Ry/R;) and emittance
(€27/€2i) dueto the relaxationof aninitial rms matched
beam(R; = 0 = R}) with nonuniform hollowed and
pealed density profiles to a final uniform, matchedpro-
file. Final to initial beamratiosare shovn for hollowing
index of p = 2 andareplottedverseghe “hollowing fac-
tors” h (hollow initial density)and1/h (pealedinitial den-
sity) for families of o;/0¢ rangingfrom o;/o9 — 0 to
o;/oo — 1. Growthsarelargerfor theinitially hollowed
profile thanthe pealed profile andincreasewith stronger
space-chaye (smallero; /o). However, the changein
rmsradius(Ry/R;) is smallin all casesgvenfor strong
space-chaye with stronghollowing (h — 0) andpeaking
(1/h — 0) parameters Moreover, the increasesn beam
emittancee, s /€,;) aresurprisinglymodesifactorof 2 and
less)for intensebeamparametersvith o; /o9 ~ 0.1 and
greater At fixed o;/0(¢ andincreasingsteepingfactor p,
a) p= 2, Hollaved ON-AXIs b)
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Figure 2: Ratio of final to initial rms beamsize (Ry/R;)
andemittance(e, s /€,;) versesh (a, hollowed beam)and
1/h (b, pealedbeam).

similar modestgrowth factorsareseerfor hollowedbeams
for all but themostextremehollowing factors(h ~ 0.1 and
less),andasexpectedmuchlessgrowth is seenfor pealed
beamgcloserto uniform).

5 DISCUSSION

The modestemittancegrowth at high beamintensitiescan
be understoodas generalbeyond the specificmodel em-
ployed. Evenfor significantincreasesn emittancee,, the
rms matchedbeamsizeis givento a good approximation
by the ervelopeequation(4) with the emittanceterm ne-
glected. In this case,R ~ /Q/kgo =constduring the
beamevolution and hence Ry ~ R;. Employing the
methodof Lagrangemultipliers, the free electrostaticen-
ergy of the systemat fixed rmsradius(R) andline-chage

(\) canbe expressedas F = W — [d?z (u1r? + p2)n
with 14 » =const.Takingvariationsi¢ subjectto the Pois-
sonequation(2), oneobtainsto arbitraryorderin ¢,

2
oF = /d2m (qp — x> — pa)dn + /d% @. (10)

8

Thus, constrainedextremaof F satisfyqp = puix? + po,
correspondingo a uniform densitybeamcenteredn-axis.
Variationsaboutthis extremumsatisfy §F' > 0 and are
secondrderin §¢. Thus,theavailableelectrostatienegy
for thermalizatiorinducedemittanceancreases modesfor
arny smoothdensityprofile. This canbe demonstratedor
ourspecificexampleusingequation7)toplot AF = W;—
Wy with R; = Ry versesh and1/h for p = 2,8 (Fig. 3).
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Figure3: Freeenepgy verseshollowing factorsh and1/h.

It hasbeenshown thatthe rmsbeamsizeandemittance
undegovery smalldecrease®onrelaxationfrom auniform
densitybeamto thermalequilibriumover the full rangeof
oi/oo (Min[ez ¢ /€z] ~ 0.97 ato; /o ~ 0.45)[4]. Thusif
oneviewstherelaxationasamulti-stepprocedureisingthe
conseration constraintdo connectthe initial nonuniform
profile to a uniform profile andthenathermalprofile, ary
emittancegrowth will be experiencedn thefirst step.This
resulttogetherwith the variationalargumentabove show
thatthe emittancegrowth resultspresentedghouldberela-
tively insensite to theform of thefinal distribution.

Finally, caveatsshouldbegivenfor validity of thetheory.
First, the modelassumeso generatiorof haloin thefinal
stateandthattheinitial nonuniformbeamcanbe perfectly
rmsenvelopematched.nitial mismatcheganleadto halo
productionandprovidealargesourceof freeenegy which,
if thermalizedcanleadto significantemittancegrowth[1].
Also, althoughthevelocity spacedistributionis arbitraryin
the presentheory choicesthat projectonto broaderspec-
trumsof modeswill morerapidly phasemix andthermal-
ize. Smallappliednonlinearfieldstendto enhancehis re-
laxationrate. Initial simulationresultsin afull AG lattice
are consistentwith model predictionspresentechereand
will bepresentedn futurework.
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