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Emittance Growth from the Thermalization of Space-Charge Nonuniformities
�

StevenM. Lund,JohnJ.Barnard,andEdwardP. Lee
LawrenceLivermoreandBerkeley NationalLaboratories,Universityof California,USA

Abstract

Beamsinjected into a linear focusing channeltypically
have somedegreeof space-chargenonuniformity. In gen-
eral, injectedparticledistributionswith systematiccharge
nonuniformitiesarenot equilibriaof the focusingchannel
and launcha broadspectrumof collective modes. These
modescanphase-mixandhavenonlinearwave-waveinter-
actionswhich,at high space-chargeintensities,resultsin a
relaxationto amorethermal-likedistributioncharacterized
by auniformdensityprofile. This thermalizationcantrans-
fer self-field energy from the initial space-chargenonuni-
formity to thelocalparticletemperature,therebyincreasing
beamphasespacearea(emittancegrowth). In this paper,
we employ a simplekinetic modelof a continuousfocus-
ing channelandbuild onpreviouswork thatappliedsystem
energy andchargeconservation[1, 2] to quantifyemittance
growth associatedwith the collective thermalizationof an
initial azimuthallysymmetric,rms matchedbeamwith a
radialdensityprofilethatis hollowedor peaked.Thisemit-
tancegrowth is shown to be surprisinglymodesteven for
highbeamintensitieswith significantradialstructurein the
initial densityprofile.

1 INTRODUCTION
Experimentswith high-current,heavy-ion injectors have
observed significantspace-chargenonuniformitiesemerg-
ing from the source. Sharpdensitypeakson the radial
edgeof beamhave beenmeasured,but the local incoher-
ent thermalspreadof particlevelocities(i.e., the particle
temperature)acrossthebeamis anticipatedto befairly uni-
form sincethebeamis emittedfrom aconstanttemperature
surface. Whensucha distribution is injectedinto a linear
transportchannel,it will befar from anequilibriumcondi-
tion (i.e., particlesout of local radial forcebalance),anda
broadspectrumof collectivemodeswill belaunched.

The spatialaverageparticletemperatureof a heavy ion
beamemerging from an injector is typically measuredas
several timeswhat onewould infer from the sourcether-
mal temperature( � ����� eV) andsubsequentbeamenvelope
compressions,with ��
	 ��� � eV where ��
	 �� ���	���� ������������� .
On the other hand, the radial changein potentialenergy
from beamcenterto edgeis  "!$#%�&� � ��' keV for a beam
with line-chargedensity()� �*� �+'-, C/m( !$#)��( ���/.�0 �213� ).
If evenasmallfractionof suchspace-chargeenergy is ther-
malizedduringcollectiverelaxation,largetemperatureand
emittanceincreasescanresult.

In thispaper, weemploy conservationconstraintsto bet-
ter estimateemittanceincreasesfrom collective thermal-4
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ization of normal modeperturbationsresultingfrom ini-
tial space-chargenonuniformitiescharacteristicof intense
beaminjectors. Past studieshave employed analogous
techniquesto estimateemittanceincreasesresultingfrom
the thermalizationof initial rms mismatchesin the beam
envelopeandspace-chargenonuniformitiesassociatedwith
combiningmultiple beamsandotherprocesses[1, 2, 3].

2 THEORETICAL MODEL
Weanalyzeaninfinitely long,unbunched( 5 � 57698 � ) non-
relativistic beamcomposedof a singlespeciesof particles
of mass: andcharge  propagatingwith constantaxial
kinetic energy ��� . Continuousradial focusingis provided
by an external force that is proportionalto the transverse
coordinate; , i.e., <>=�?A@�8CBD�-� �FE��G 1 ; , where E G 1 8 const
is the betatronwavenumberof particleoscillationsin the
appliedfocusingfield. For simplicity, we neglect particle
collisionsandcorrelationeffects,self-magneticfields,and
employ an electrostaticmodelanddescribethe transverse
evolution of the beamas a function of axial propagation
distanceH in termsof asingle-particledistributionfunctionI

that is a functionof H , andthetransverseposition ; and
angle ;KJL8NM+; � MOH of a singleparticle. This evolution is
describedby theVlasov equation[2],P 55
HRQ 57S5T; JVU 55T; B 57S5T; U 55T; J"W I � ;YXZ; J X2H[�\8 � X (1)

where S]8^;KJ � � � Q E �G 1 ;K� � � Q �  � �"� � �Z# is the single-
particleHamiltonianandtheself-fieldpotential # satisfies
thePoissonequation(CGSunitshereandhenceforth)_ � #`8aB .�0  \bcM �edfJ I (2)

subjectto the boundarycondition # �hg 8 gji �k8 �
at the

conductingpiperadius
g 8ml ;Vl�8 gAi 8 const.

If noparticlesarelost in thebeamevolution,theVlasov-
Poissonsystempossessesglobalconstraintscorresponding
to theconservationof systemcharge( ( ) andscaledenergy
( n ) perunit axial length,( 8  \boM �ed bcM ��dfJ I 8�pjq+r*sut�Xn 8 ��\v ; J �[w Q E �G 1�xv ; �3w Q  �-� � (zy 8{peq�r*sZt � (3)

Here, y | } M�� d l _ #~l � �����"0 � is the self-field en-
ergy of the beam per unit axial length and v/� w |� } M�� d } M+� d J � I � ��� } M+� d } M�� d J I � is a transversestatis-
tical averageof � overthebeamdistribution

I
. Notethat n

includesbothparticlekineticenergyandthefield energyof
theappliedandself-fields.Theseconservationlaws follow
directly from Eqs.(1)-(2)andprovidepowerful constraints
on thenonlinearevolutionof thesystem.



Moment descriptionsof the beamprovide a simplified
understandingof beamtransport.For anazimuthallysym-
metricbeam( 5 � 5T�98 � ), a statisticalmeasureof thebeam
edgeradius � | � v d � wF�F� � is employed. Notethat � is the
edgeradiusof a beamwith uniformly distributed space-
charge. Any axisymmetricsolutionto theVlasov-Possion
systemwill beconsistentwith thermsenvelopeequation[1]M��e�MOH � Q E �G 1 ��Ba�� B ���	��� 8 �$� (4)

Here, � 8� "( � ����8 constis the self-field perveanceand� 	 8 .  v d � w v d J � w B v dfd J w �j� �F� � is an edgemeasureof the
rms d -emittanceof thebeamandis astatisticalmeasureof
thebeamareain d - d J phase-space(i.e.,beamquality). For
generaldistributions,� 	 is notconstantandevolvesaccord-
ing to thefull Vlasov-Poissonsystem.

3 NONUNIFORM DENSITY PROFILE
Weexamineanbeamwith anazimuthallysymmetricradial
densityprofile ��8 } M�� d J I givenby� �hg �V8x� � 1�� � B ���
����L��Z�"�

i-� X ��� g � g � ,� X g ��� g � g i . (5)

Here,
g � is the physicaledge-radiusof the beam, � 1 8� �/g 8 � � is theon-axis(

g 8 � ) beamdensity, and � and�
are“hollowing” [

��� � �m� , ��8m� �hg 8 g � � � � �/g 8 � � ,� � �
] and radial steepeningparametersassociatedwith

thedensitynonuniformity. Thisdensityprofileis illustrated
in Fig. 1 for thesteepeningindex �¡8�� andhollowing fac-
tors �¢8 �

(uniform), �¢8 � � � (hollowed), and �¢8£�
(peaked).Thehollowing parameter� hasrange

�$� � � �
for an on-axishollowed beamand

�¤�£� � � � �
for an

on-axispeaked beam. The limit �¦¥ �
correspondsto a

uniform densitybeamand �KX � � �¡¥ �
correspondto hol-

lowedandpeakedbeamswith thedensityapproachingzero
on-axisandat the beamedge(

g 8 g � ), respectively. For
largesteepeningindex �¨§ �

, thedensitygradientwill be
significantonly neartheradialedgeof thebeam(

g$©ag � ),
andthedensityis uniform for �k8 � regardlessof � .
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Figure1: Uniform, hollowed,andpeakeddensityprofiles.

The beamline-charge density( ( ) andrms edge-radius
( � ) arerelatedto theparametersin Eq. (5) by(k8´bcM � d �µ8 0  [� 1 g ��·¶ � �7� Q ���� � Q ���F�~¸��8�� v d � w �Z� � 8m¹ � � Q �+� � �T� Q . �� � Q . � � �T� Q ��� g � (6)

Using theseexpressions,the Poissonequation(2) canbe
solvedfor thepotential# correspondingto thedensitypro-
file (5) andusedto calculatetheself-fieldenergy y asy 8�( � P �� �7� Q ��� � ¶ � � Q �+�u�3�*�. Q � � � Bº�T�u�� Q � Q.f� � Q �+�Z� � � B»�f�� Q . ¸9Qo¼ r»½ ¹ � � Q ��� � �T� Q . �� � Q . � � �T� Q �+� g i�¿¾�À � (7)

It is convenientto definean averagephaseadvancepa-
rameterÁ for the densityprofile (5) in termsof an enve-
lope matched( ��JÂ8 � 8C��J J ), rms equivalentbeamwith
uniform density( �»8 � ) andthe sameperveance( � ) and
emittance( � 	 ) asthe (possiblymismatched)beamwith a
nonuniformdensityprofile ( � Ã8 �

). Denotingthe phase
advanceperunit axial lengthof transverseparticleoscilla-
tions in the matchedequivalentbeamin the presenceand
absenceof space-chargeby Á and Á 1 , we adapta normal-

izedspace-chargeparameterÁ � Á 1 |�Ä E �G 1 B � � � � � E G 1 .
Thelimits Á � Á 1 ¥ �

and Á � Á 1 ¥ �
correspondto a cold,

space-charge dominatedbeamanda warm, kinetic domi-
natedbeam,respectively. Note that this measureapplies
only in anequivalentbeamsense.In general,distributionsI

consistentwith the densityprofile (5) will not be equi-
libria ( M � MOH¨Ã8 � ) of the transportchannelandwill evolve
leaving Á ill defined.

4 EMITTANCE GROWTH
We consideran initial beamdistribution

I
with a density

profilegivenby Eq.(5) andanarbitrary “momentum”dis-
tributionin ;KJ . Suchaninitial distributionis not,in general,
an equilibrium of the focusingchannelanda spectrumof
collective modeswill be launched(dependingon the full
initial phase-spacestructureof

I
). Thesemodeswill phase-

mix, have nonlinearwave-wave interactions,etc., driving
relaxationprocessesthathave beenobservedin PIC simu-
lationsto causethe beamspace-chargedistribution to be-
comemoreuniform for the caseof high beamintensities.
The conservationconstraints(3) areemployed to connect
theparametersof an initial (subscriptÅ ), nonuniformden-
sity beamwith �¢Ã8 �

with thoseof a final (subscript
I

),
azimuthally symmetricand rms envelopematchedbeam
( ��JÆ�8 � 8¤��J JÆ ) with uniformdensity( �·8 � ).

Employing Eqs. (4)-(7), conservation of charge ( (fÇk8( Æ | ( ) andsystemenergy ( n Ç 8&n Æ ) canbe combined
into ansingleequationof constraintexpressibleas� � Æ � ��Ç��Z�ÈB �� B � Á Ç � Á*13� � Q � � � B»�f�e . Q � Q ��É Q �T�Z���� � Q ��� � � Q . � � � Q �7�f� �B ¼ rº½ ¹ � � Q �+� � �T� Q . �� � Q . � � �T� Q ��� � Æ��Ç+¾ 8 � ��" "( � � Ç � JÇ � J (8)

Here, � and� arethehollowing factorandindex of theini-
tial densityprofile, Á Ç � Á*1 is the initial space-chargeinten-
sity, and  � � ��� �" "(T��� � ��ÇÊ� JÇ � J is a parameterthat measures
the initial envelopemismatchof thebeam.This nonlinear
constraintequationcanbesolvednumericallyfor fixed � ,� , Á*Ç � Á 1 and  � � ��� �" "(T��� � ��ÇÊ� JÇ � J to determinethe ratio of



final to initial rmsradiusof thebeam( � Æ � �LÇ ). Employing
theenvelopeequation(4), theratio of final to initial beam
emittanceis expressibleas� 	 Æ� 	 Ç 8 � Æ��Ç ¹ � � Æ � � Ç � � BË � B � Á Ç � Á�1-� � �� ÁfÇ � Á 1 � � Bº� J JÇ ��� E �G 1 ��Ç�� � (9)

Eqs.(8) and(9) allow analysisof emittancegrowth from
thethermalizationof initial space-chargenonuniformities.

We numericallysolve Eqs. (8) and (9) to plot (Fig. 2)
the growth in rms beamradius ( � Æ � �LÇ ) and emittance
( � 	 Æ � � 	 Ç ) due to the relaxationof an initial rms matched
beam( ��JÇ 8 � 8Ì��J JÇ ) with nonuniform hollowed and
peaked densityprofiles to a final uniform, matchedpro-
file. Final to initial beamratiosareshown for hollowing
index of �o8Í� andareplottedversesthe “hollowing fac-
tors” � (hollow initial density)and

� � � (peakedinitial den-
sity) for families of ÁfÇ � Á 1 ranging from Á*Ç � Á 1 ¥ �

toÁ Ç � Á�1k¥ �
. Growthsarelarger for the initially hollowed

profile thanthe peaked profile andincreasewith stronger
space-charge (smaller Á*Ç � Á 1 ). However, the changein
rms radius( � Æ � �LÇ ) is small in all cases,even for strong
space-chargewith stronghollowing ( �»¥ �

) andpeaking
(
� � �¦¥ �

) parameters.Moreover, the increasesin beam
emittance( � 	 Æ � � 	 Ç ) aresurprisinglymodest(factorof 2and
less)for intensebeamparameterswith Á*Ç � Á 1 � �*�Î�

and
greater. At fixed Á Ç � Á*1 and increasingsteepingfactor � ,
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Figure2: Ratio of final to initial rms beamsize( � Æ � � Ç )
andemittance( � 	 Æ � � 	 Ç ) verses� (a, hollowed beam)and� � � (b, peakedbeam).

similarmodestgrowth factorsareseenfor hollowedbeams
for all but themostextremehollowing factors( �·� �*�Î� and
less),andasexpected,muchlessgrowth is seenfor peaked
beams(closerto uniform).

5 DISCUSSION
Themodestemittancegrowth at high beamintensitiescan
be understoodas generalbeyond the specificmodel em-
ployed. Evenfor significantincreasesin emittance� 	 , the
rms matchedbeamsizeis given to a goodapproximation
by the envelopeequation(4) with the emittanceterm ne-
glected. In this case, � ©ÝÜ � � E G 1 8 constduring the
beam evolution and hence � Æ © �LÇ . Employing the
methodof Lagrangemultipliers, the free electrostaticen-
ergy of thesystemat fixedrmsradius( � ) andline-charge

( ( ) canbe expressedas Þ£8 y B } M�� d � , � g � Q , � �u�with , �Aß � 8 const.Takingvariationsà"# subjectto thePois-
sonequation(2), oneobtainsto arbitraryorderin à"# ,à-Þa8´bcM ��d �  "#kB¿, � ; � B�, � �Zà[� Q bcM �ed l _ à"#~l ��"0 �

(10)

Thus,constrainedextremaof Þ satisfy  "#á8â, � ;K� Q , � ,correspondingto auniformdensitybeamcenteredon-axis.
Variationsabout this extremumsatisfy à-Þäã �

and are
secondorderin à"# . Thus,theavailableelectrostaticenergy
for thermalizationinducedemittanceincreaseis modestfor
any smoothdensityprofile. This canbe demonstratedfor
ourspecificexampleusingequation(7) to plot !�Þ¢8 y Ç By Æ with � Ç 8%� Æ verses� and

� � � for �k8���X � (Fig. 3).
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It hasbeenshown that thermsbeamsizeandemittance
undergoverysmalldecreasesonrelaxationfrom auniform
densitybeamto thermalequilibriumover thefull rangeofÁ*Ç � Á 1 ( é�ê�rë � 	 Æ � � 	 Çh� © ��� ì�í at Á*Ç � Á 1 © �*� . ' )[4]. Thusif
oneviewstherelaxationasamulti-stepprocedureusingthe
conservationconstraintsto connectthe initial nonuniform
profile to a uniform profile andthena thermalprofile, any
emittancegrowth will beexperiencedin thefirst step.This
result togetherwith the variationalargumentabove show
that theemittancegrowth resultspresentedshouldberela-
tively insensitive to theform of thefinal distribution.

Finally, caveatsshouldbegivenfor validity of thetheory.
First, themodelassumesno generationof halo in thefinal
stateandthattheinitial nonuniformbeamcanbeperfectly
rmsenvelopematched.Initial mismatchescanleadto halo
productionandprovidealargesourceof freeenergywhich,
if thermalized,canleadto significantemittancegrowth[1].
Also,althoughthevelocityspacedistributionis arbitraryin
the presenttheory, choicesthatprojectontobroaderspec-
trumsof modeswill morerapidly phasemix andthermal-
ize. Smallappliednonlinearfieldstendto enhancethis re-
laxationrate. Initial simulationresultsin a full AG lattice
are consistentwith modelpredictionspresentedhereand
will bepresentedin futurework.
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