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Lawrence Radiation Laboratory
University of California
' Berkeley, California 94720
v September 1969
The isotope and isotone shifts in the nﬁciear charée-radiusv
and the thickness’ of the‘neutron skin are calculated for nuclei
along beta étability by means of the Droplet Model.

A refinement of the Liéuid Drop Modele—éalledbthe "Droplét Model"--
has récently been f_ormulated..l This mddel is based on.a comprehensive inclu-.
sion of all effects which enter when the statistical treatment of average
nuclear propegties is extended. One of the consequencés of this approach is a
nuclear mass formula,which‘gives new insights into the relatioﬁships betweén
various nuclear properties. For example, it provides us with a means for cal-
culating both the isofbpe and isotone shifts in the nuclegr charge radius and
relating them to the existence and thickness of the neutron skin.

The Droplet Model is.bgsed on an expansioh of nuclear properties about
their Liquid Drop Model values in terms of the two small guantities € and §,
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where

- | -3 (o - .f’o,)/po . | (1)

m
Ii

(o, - 0,)/0 - | @

(o]
il



—o_ UCRL-18987

Here pn and pz are the neutron and proton particle number densities. The
gquantity p 1s the total density (the sum of pn and pz) and po represents
the density of standard nuclear matter. The quantity po is related to the

nuclear radius constant r by the expression

0
0g = Frr | (3)

If the average values of the quantities & and § over the central
3 ' —_ - -— ‘
region of the nucleus are specified by € and & then the radii of the spheres

corresponding to the proton and neutron density distributions are given by

/3 1/3
'RZ =T, ————tééi—j:— and Rn =1, — (k)
(1-3¢)(1-98) '

(1-3€)(1+5)
For a nucleus with N neutrons, Z protons and a total of A particles we

can define the quantity I by the expression
I = (N-2)/A , | (5)

and then the neutron skin thickness t (equal to Rﬁ - RZ) is given approxi-

mately by
_2. 1/3,. % B |
t = 3T %o A (1=8) . _ » ’(6)

The abovevrelations ére discussed in more detail in Sec. II of Ref. 1.
In order‘to calculate the charge radius RZ or the neutron skin thick-
ness t we must know the values of € and & as functions of N and Z.

The appropriate expressions, which are derived in Ref. 1, are

o]
I

: -1/3 =2 2 -L/3
= (-2a, A + L8+ 27 A7)k,

=
]

[T + (3c,/80)2% A77/31/11 + (9a/5)a72/3) | - (®)
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The various coefficients appearing in these expressions are listed below with
estimates of their values:

15.677 MeV, volume energy coefficient,

o1
‘a,. = 22.0 MeV, surface energy coefficient,
J = 35 MeV, syﬁmetry energy coefficient,
K = 300 MeV, compressibiiity.coefficient;
L = 99 'MeV, dehsity-symmetry coefficient, ' (9)1
M = 4.5 MeV, symmetry anharmonicity céefficient, |

Q = 25 MeV, effective surface stiffness,

c. = 0.7L45 MeV, Coulomb energy coefficient,

1
where e, = 3e2/5r and
. 1 0
ry = 1.16 fm, the nuclear radius constant.

The values given hére reproduce nuclear sizes better than the values gi#en in
Ref. 1, which were related to earlier adjustments éf parameters to nuclear
masses. Work is in progress toward determining the single set of parameters
best suited for predicting all average nuclear properties.

The coefficients in the list above, some of which may be unfamiliar,
are defined in the following way: The expansion_of the energy per particle e

of infinite nuclear matter in powers of € and 62 is written as

+ L (ke® - ones? v ws") L (10)
Similarly the expansion of the surface tension coefficient ¢ 1in powers of the

neutron skin thickness t is written as

hnrogvc =, + Qt/r)® . | | (11)
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To illustrate the nature of the results which one obtains using the

Droplet Model let us consider nuclei for which
I = 0.44a/(200 +4) . - (12)

This expression--due to Greeng——provides an'approximation to the valley of
beta stability.

Figure 1 is a plot of the neutron skin thickness t as a function of
ﬁhe particle number A for nuclei along beta stability. This curve was
obtained from Egs. (5), (6), (8), and (12). It shéws, for example, that in
thé mass region A = 209 the radius of the neutron distribution is_expected to
be, on the average, 0.3 fm larger than that of the proton distribution.

There is a vast literature concerning theoretical and experimental
discussions of the possible existénce of a neutrén skin for neutron rich, heavy
nuclei. This literature ranges from the early épeculatiéns of Johnson and
Teller3 through the review of Wilkinsonhv(see also the references listed there)
to the mofe recent papers, one by Burhop'éﬁ;g}ss which discﬁsses the inter-
pretatiéﬁ of recent experiments with K mesons and aﬁother by Auerbach et al.
which determines the distribution of the excess neutrons from a study of iso-
baric analog resonances. To date both'theoreticél and experimental‘investiga—
tions have given a variety of results; Sometimes the neutron skin is said to
be large and other times it is éaid to be small orvzero. The neutrén-skin pre-
dicted in the present work is relatively small when compared Witﬁ the spatial
extent of the surface itself. In the mass region of A = 200 we find that the
neutron skin is only 0.3 fm thick as compared with the 2.4 fm thickness of the
diffuse surface region. However, 'this 0.3 fm neutron skin thickness is by no

means negligible when compared with the 1.0 fm skin thiékness that would result
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if the entire neutron exéess of these nuclei were in the surface (thus making
the neutron and proton bulk densities equal). It should be stressed that the
Droplet Model predicts the neutron skin thickness to be expected‘gn the

basis of statistical considerations aloﬁe. One expects that the skin thick-
ness of any particular ngcleus will also depend on the particular single
particlL states which arevoccupied.

The anomalous behavior of the isotope and isotone shifts in the nuclear

chafge radius is related to the existence of a neutron skin. The quantity

usually considered in these discussions is

e 2y s 2y
6<rz >/6(rz')standard

The gquantity G(rz2) is the change in the expectation value of 2 for the

proton distribution when a neutron or proton is added. In our case
. , _ .

& r 2y 2

2 ' '
, (N+1) - R, (N) . (14)

=3
= RZ

The quantity é(rze) is defined in exactly the same way except that

standard

one uses for RZ the standard expression

1/3

R, = 1.2 A fm .. - (15)

The quantity of interest (13) is_plotted in Fig. 2 as a function of the mass
number A. The dashed line in the lower part of the figure is the Droplet Model
predicﬁion for nuclei along getavstability for the case where AN.= 1. It is
seen ﬁo be almost cénstant at a value of about one half. The circles are.
experimental poinﬁs'referring to atomic isotope shifts from the compilation of
Brik and.Kopfermann7 and the triangles refer to experimental points given in

Elton's8 compilation of isotope shifts in mu-mesic atoms. The upper part of
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Fig. 2 is again a plot of the guantity (13) but this time for the case AZ = 1.
The dashed line which is approximately constant at a value of about one and one
half, is the Droplet Model prediction for nuclei along beta stability and the

9

. experimental points are from a review paper.bvauitmann. The expefimental

points show considerable scatter which is presumably due to single particle and
deformation effects. An extensive discussion of the microscopic origin of the
isotope and isotone shift anomalies is contained in a paper by Uher and SorensenlO
and a related work has‘recently appeared by Brueckner gE_g&,ll In a more de-
tailed treatment than the one given here the large values in the méss region  ' i
A &= 150 could probably be reduced by correcting for the deformatiqn of these

nuclei. The experimental points shown in the lower part of the figure (the

case AN = 1) have the average value O.67i0-52, where the *#0.52 is not a meas-

\,

ure of experimental uncertainty but of the spread in the actual.values. The '
~average of the predictions in this plot is 0.56. In the upper part of the
figure (the case AZ = 1) the averaée value of the experimental points is
1.66%0.92 and'the'avéragé ppedictéd value is 1.h41.

One of the most interesting aspects of treating‘iSotdpé shifts by , 1
means of the Droplet Model was the discovery that previous explanationsY’12 E
of this effect in terms of the nuclear compressiblity are probably incorrect. ' E
In fact, in the calculations shown here nuclear compressibility tends to
redﬁce the size bf the isotope shift anomaly rather than be the cause of it.
This is shown in Fig. 3 where the quantity (13) is plotted as a functidn.of A - o
fbr nuclei along beta stability. Both the cases AN =1 and AZ =1 are
shown, each.for three valueé of the compressibility K. As'can'be'éeen from the

dot-dashed lines in the figure a substantial isotope and isotone shift anomaly

exists even for incompressible (K =) nuclei. In fact, allowing finite
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values of the compressibility tends to_éécf;;sé the size of the anomaly. Thus,
as nuclel become softer the value of the Quantity (13) becomes more nearly
unity for nuclei along beta stability.

The actuél origin of the isotope shift anomaly and the role of com-
pressibility.in determining its size can be seen by analyzing the appropriate
Droplet Model equations: Equation (4) may be expanded in terms of € and §

to read

R SR R NE S o - e)

.where use has been made of the fact that

Z=%a(Q-1) . | (17)
Equation (6) may then be used to give

_. A3 L | |

R, =1y A7 (1+e) =5t . (18)-

This equation for RZ consists of two parts. The first part, T, Al/3 (1+E) ,

is simply the matter radius of the nucleus in question. The value of the €
which appears here may be calculaﬁed from Eq. (7). It represents the dilata-
tion of the nucleus under the influence of three specific effects which corre-

spond to the terms in the parenthesis of this equation (see Ref. 1). The first

1/3

term, ' -2a, A , describes the squeezing of the nucleus by the surface tension.

2

Since this term does not differentiate between the addition of neutrons

and protons it does not contribute to the isotope and isotone shift anomalies.

- The second term,.Lgﬂi»descfibes the dilatation of the nucleus caused by the

72 A')*/3

] 7, describes the dilatation due to

neutron excess. The last term, ¢

Coulomb repulsion. The earlier explanations of the isotope shift anomaly
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considered only this last'term and it is true that if this term dom}nated then
a finite compressibiiity would tend té increase the size of the isotope shift
anomaly. If the effects of the second and third terms canceled then the size
of the anomaly‘would be independent of the value of K. In the work presented
here we find that the second term in the parentheses is the most important and
consequently we have the interesting result shown in Fig. 3 that a finite
compressibility actually tends to reduce the size of the anomaly. Clearly the
origin of the isotope and isotone shift anomaly lies not in the first term of
Eq. (18) which gives the effect of finite compressibility but rafher in the
last term which simply represents the fact that the charge radius is smaller
than the matterbradius by half the thickness of the neutron skin. To see how
- the neutronlskin thickness gives rise to the isotope and isotone shift anomalies
we must examine the apﬁropriate Droplet Model eqﬁations. If we solve Eq. (8)

for the quantity (I-8) and substitute this into (6) we find that
t = rf (33/2)F - (e /4Q)2% 473 (29)

It can be seen from this equation that adding a neutron to a nucleus increases

§ and A which causes an increase in t and consequently a reduction in RZ.

Adding a proton has the opposite effect since this reduces ¢ and increases

h/3.

Z2 more than it increases A Thus,‘thevanomalous behavior of both the
isotope and isotone shifts ié ekplained by this one simple expression which
shows how fhe neutron skin thickness changes when a neutron or proton is added
to a nucleus.

In concluding it seems useful to point out that in so far.és ﬁhe isotope

and isotone shifts calculated here agree with the experimental'results they pro-

vide indirect support for the validity of the neutron skin thickness calculations
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plotted in Fig. 1. In addition, Ref. 1 contains a discussion of how the neutron
skin enters-into the‘determination of the binding energy of nuclei. Inaeed,

the existence of a neutron skin as calculated here is essential to the under-
standing of both‘the sign and magnitude of the coefficient of the term propor-
tional to I2A2/3 in the nuclear mass formula. The accumulating evidence in
support of the.results shown here makes more accurate experimental determination
of the neutron skin thickness itself more important than ever before. Such
experiments'should be carried out throughout the periodic table in order to

make it possible to.distinguish between shell effects and the average behavidr
which is predicted.

The author wishes to acknowledge the hospitality of the Niels Bohr

Institute in Copenhagen where most of this work was performed.
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FIGURE CAPTIONS
1. Neutron skin thickness t in fermi plotted as a function of the-mass
number A for nuclei along beta stability.
2. The ratio of the change in (rg) “to the chaﬁge expectéd from the
Liquid Drop Model is ploftéd against the mass number A. The ubper part

of the figure is for the case AZ =1 and the lower part is for the case

" AN = 1. In both cases experimental poinﬁs-are shown as well as dashed

Fig.

lines representing the predictions of the Droplet Model for nuclei along

_beta stability.

3. The ratio of the change in (ri) to the change expected from the
Liquid Drop Model is plotted against the mass number A for nuclei along
beta stability. Curves for AZ = 1 and AN = 1 are shown for three dif-

ferent values of the compressibility coefficient K.



- UCRL-18987

-11-

200

100

| | I

@) ®) ®) O @)
IWLIDJ Ul | SSBUYDIY} UI¥S UOJINa N

300

XBL699-3828

te!

. Fig. 1



UCRL-18987

-12-

|

-

1

|

T
T

1
200

[

S
100

Y} I |

R

-

9’

|

=7V 40}

2

—-—

‘pis

EDA

O

O

—

EDX:

} | _
|
|
" )
o+ @)
- wmf TR
| ¥
, |
e—— P .Il_TOLT,ﬁ" + -
A_AV..OH. .
L £ |m
e
- - __ Lon A
et
N e [
. _ 1 ®)
'p) N — @) —

=Ny 40y PRI R /ED G

XBL699- 3830

By

Fig. 2



_ 8<r§>/8 <r§> ;fandord

-13- UCR_LQ18987
I l T l n
a i NZ= oo !
St e— e e - T T T T T 300MeV
—_— T ——— e ——
-~ K=150 MeV

K=150 MeV

Fig. 3

| .
- 200

- 300

XBL699-3829



LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.




—_— -

T mettne —e——

TECHNICAL INFORMATION DIVISION
LAWRENCE RADIATION LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720





