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"MEASUREMENT OF ABSORPTION LINE PROFILES
WITH A FABRY-PEROT INTERFEROMETER"

Robert J. HullT§

Lawrence Radiation Laboratory and Physics Department
University of California, Berkeley, California
and »
Lee C. Bradley, III" "

"MIT Lincoln Laboratory, Lexington 73, Massachusetts
May 3, 1966 '

ABSTRACT

We have calculated the line profiles to be expected when a
Fabry—Perot-interferometer is used to measure absorptioﬁ lines.
We have shown that large errors may be introduced in the measurement
éfi the integfated absorption, _eve;l when an interferometer of h‘i:gh :
finesse is ﬁs'éd. vCurves énd Itables are given for finding the trﬁe
absorption Width and the true peak absorptién from the apparent
values observed under different operating conditions of the emission

light source and the interferometer. We show qualitatively that the

" distortions are partially due to the presence of-nonzero wings in the

instrument bandpass function. Finally, we show a Fourier series
expansion of the integral giving the transmittance of the Fabry-Perot

interferometer when absorbing atoms are present in the light path.
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INTRODUCTION
. A basic problem in cietermining the true shape of a line in the
absorption spectrum of agas is how to take into account the effects of
the instrument used in the measurement. In géneral, .instruments
tend to broaden the width while depressing the peak value of the ai)-
sorption coefficient. We calculated the extent of these Vef.fects when
they were caused by a Fabry-Perot interferometer. These calcula-
tions are similar Ito those performed by Kostkowski and ’Ba‘ss1 for
diffraction grating instruments whose instrument or slit functions
were assumed to be either Gaus sian or Lorentzian functions. More
r.ecently, Kyle' arlld, Greerf2 have extended the calculations of Kost.kowski
and Bass for Gauséian slit funétions to a wider jrange of condifvio._r,is‘.
A direct approach to measuring an absorption line profile is’
to use a spectrometer whose resolving power is sufficient to trace
out the ab‘s'orption line as a fuﬁct1011 of frequency, and then to calculate
the desired parameters from the experimentally observed emission
and absorption liné profiles. However, unless the spectrometer does
not change the frequency distribution of the input light, there is no
guarantee that the observed absorption line will bear any“resembblance ,

to the true line.

In the following discussion we shall show how the absorption
céefficient profile is affected by a Fabfy—Perot intérferometer, with
the effect shown as: a function of the finesse and resolving power of
the lattei;. The effects of varying the peak absorption and the ratio

of the emission line width from the light source to absorption line
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width are also calculated. Some experimental evidence for these
calculated effects is presented. In Appendix A, a simplfied repre-
‘senta.tion' of the transmittance of the. Fabry—Perot}rbrings home the
main conclusions of.this work with ve‘ry little mathematics. Appendixv

B contains a derivation of a séries expansion of the integral giving the

transmittance of the Fabry-Perot interferometer when absorbing atoms

- are present in the light beam; this series converges fairly rapidly
under some conditions and usually requires less computer time

than a direct evaluation of the integral.

CALCULATIONS

The advantages gained in using a Fabry-Perot interferometer
‘rather than a diffrabction—grating instrument are speéd and compactness.
for a given résolving powér. | The ultimate resolving p"ower' achievable
with a Fabry-Perot is usually greater than with other kinds of spec-
trometers. However, these advantages are partially offset by the
ﬁroblem of overlapping orders. Thus to use a Fabry-Perot inter-
ferometer for absorption line measurements, one must use a light
so-urce whose frequency spread corresponds to not more tha.n one free
spectral range of the i‘ntérferometer. In laboratory work (as op‘posed
to, say, astronomical or astrophysical work), the easiest Way t;)
“achieve such a spread is b'y‘using a light Asource that contains a strong'
enﬁs sion line at the wavelength of interes’_t, and eliminating other a
emission lines by means of interference filters. This 't:echnique}.was
used to measure the abso‘rption profiles of resonance lines of cesium
and ;*u’bidium With the purpose of determining the dénsity of atoms in

the absorbing cell, when a value of the relevant lifetime is assumed.

o
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1f the iﬁpuic light to_t“he absor_bing medium has a frequency distri-
bution given by f(;), then th;e light of frequency v transmittéd by the
medium is giveﬂ by - |
£(v) explw (v)]
where « T (v) is t:he true absorption coefficient. The effect of the in-

terferometer used to analyze this light can be expressed as the convolu-

“tion integraLl4 of the above expression with the instrument function g(v): .

[ys(v) =S f(v') exp[-kpn(v))] glv-vi)dv' . ' - (1)

- 00

abs
In the absence of absorbing atoms, the output of the interferometer be-

comes

1,(v) = jp_w £(v1) glv - v)dv' . (2)

The apparent absorption coefficient KA is then calculated by

taking the natural logarithm of the ratio of the two outputs:

— (3)
L Lapst¥) |

It is trivial to show that if the instrument function g(v — vi) reduc‘es to
a delta function, &(v —‘v’v), one indeed recovers> the true absorption
coefficient. In practice there is no simple relatio‘nship between the
apparent and true profiles.

The Fabry-Perot has an instrument function given by the Airy

function:

gv) = , ' ;o (4)
14 AR
(1-R)?

.2
sin" TV

where R is the reflectivity of the interferometer plates, and v, the
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frequency, is mgasured inv units of one free spectral range. The free
specti'al range is equal to 1/2t, where t is the separation between the
plates. Avfigure of merit for the Fabry-Perot interferometer is the fi-

- -nesse N, which is defined as the ratio of the free spectral range to the
observed width Av at half-maximum of a monochromatic line broadened
only by the.instrument. For an ideal instrument with perfectly flat

plaites, finesse is determined by the reflectivity of the plates
Nz m~NR/(1-R) . (5)

In practié_e the instrumental width is always broader than this due to
‘imperfections in thé pl;te’s and the finite size of the detector. > Hence it
is necessary to measure the instrumental width and use Eq. (5) to define
an effective reflectivity for use in calculations. This procédure is not
justifiable if the imperfections in the plates seriously ché.nge the instru-

6

ment function. Inéidentally, to measure? the true instrument width it is
merely necessary to insert a narrow spacer (1 to 2 mm thick) tovbroade—n
the resolving limit of the Fabry-Perot. Then atomic emission lines be-
come essentially monochromatic for this degraded instrument: 'i‘he
finesse is not changed by this procedure unless the plates are misaligned.

In these‘ca‘lc-ulations, we evaluated integrals (1) and (2) numeriéélly,
.using the Airy function as the instrument function. From the calculated
values of Io(v) and Iabs(v)_ and using Eq. (3), we obtained what we call
apparent values for the various parameters describing the absorption
coefficient:- namely, the half-width Qps defined as half the width of the
apparent absorption coefficient at half its peak value; the intensity of ‘the ‘
‘ line, SA, which is‘ equal to the integral of the apparent absori)tion co-

K.Ape ak

efficient over the ‘line, and the peak value of the apparént abSorp—

tion coefficient. These parameters will be distorted by the instrument

W
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from their true values, which will be labeled with the subscript T. The
light source or input line shape has been chosen as either a Gaussian of

: : - ) .
half-width 0 Orasa rectangular pulse of constant intensity over one -
free spectral range and zero outside the range. This latter case might
be achieved in practice in eithet of two ways: by running an emission ‘
line source in such a manner as to produce self-absorbed lines with
relatively flat peaks, or by using a continuous light éource in conjunction
with a ménochromator whose resolving limit is equal to Vthe free spectral

range of the interferometer. The absorption lines are taken to be

Gaussians of the form

epv) = KBS exp - tn2(v/ap)?] . NG

We have fhen computed the deviationé of the apparent parameters from
the true ones, and how they depend on the following variables:
a) the finesse of the Fabry-Perot interferometer,
b) the- ratio of the emission line width to 'absorpti-;)n line width,
c) the peak‘ value of the absorption coefficient, KPreak s
d) the ratio of interferometer resolving limit to absorption line
half-width, Av/ap.
The integrals (1) and (2) were evaiuated by either of»two m'ethéds:

a) a Simpson's rule numerical integration or

b) the Fourier expansion as given in Appendix B.

The numerical computations were done on IBM computers.’ The Simpson's

rule method required approximately 30 seconds on an IBM 7094 to obtain . -
values of Ky at 26 points across a free spectral range. Enough Fourier
coefficients could be generated in 30 seconds on an IBM 1620 to calculate

both 15 and Iabs to the same degree of accuracy as the Simpson's rule
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method. Summing the two series required approximately an additional

3 seconds per point.

RESULTS

The parameter least distorted by an instrument, as éhown in the'.
calculations -of.Kostkowski and Bass1, is. the integrated absorption co-‘
efficient (line inténéity), Table I gives some representativevfigures
for the r:'a.tio_of the apparent t;> true values of the integral als a function’
of thé i.np'ut émission line width and the resolv'ihg power of the Fabry- -
Perot, for a finesse of 25° The apparent line intensi'ty varies from 0.9
to 27 times the true intensity, with the value depending on ‘;h.e'conditions. N
of operatio.n. Similar resu_lts are obtained when K%eak'is all(‘)wec-i{ to va.ryf.
Thus KostkowsKi and Bass'svgeneral‘conclusion that the integrated line
intensity i‘s':-.c':onserved to a good. a.pproxirna.’cion,l is not at all valid for the
Fabry-Perot interferometer.

This result can be ultimately traced to the shape of the:Airy function
“in regions far‘from the peéke For a slit function that is either_r_C.raus.:siia.‘r.l
or Lorentzian (as used by Kostkowski and Bass), the transmittahce of_thé
instrument ‘eVVen'tually reaches vanishingly small limiting values far from
the central maximum. However, the transmittance of an ideal Fabry-

Perot does not drop to zero even for a reasonably good instrument. The
‘ratio .of peak to minimum transmission is (1 + R)vz/(i - R)ZW The faét ‘tha.t .
this ratio is finite has the effect of producing transmission of light far
from the l'i.ne center. The appareht (computed) absorption coefficient

(KA) is plotted in Fig, 1 for a finesse of 50 aﬁ.d a ratio of instrurdent width

to absorption width of Av/o.T = 0.438, and a ratio of 2.0 for the emission_

width to absorption width. For comparison we have plotted to the same

L
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scale the "true' absorption coefficient (KT) as a function of frequency.

The wing in the transmittance of the Fabry-Perot has produced a tail

in the apparent absorption coefficient. Thus, even for this particularly

good interferometer, the area under k has been exaggerated approxi-

mately 3 timeéa This effect probably would not be observed 1n practice

for a Fabry-Perot of finesse 50 and moderate absorption (K?Feakz 1).

For the case considered, the difference between the transmitted inten-

sities with and without absorption ét the center of the pat.’_ce rn amounts

to only 0.07% of the peak intensity. This small difference would undoubt-

edly be lost in noise in an experimental situation but does show up in the
v e_vssentially noise-free computer calculation. |

However, this type of behavior has been (?bserved3 in the labora-

tory when the finesse was as high as 30 and the KPreak was approximately

2.0. Figure 2 is the recorded spectrum taken of the cesium D1 line with
an interferometer of finesse 12 and) an 8-mm spacer. The free spectral
raﬁgé for this instrument is 0.625 cm~1, just about double the hyperfine
splitting in-the ground stéte of Cs. Each unresolved component is double
due to the hf splitting of the excited state in this transition. The small
dip in the center of Fig. 2 is the zero of light intensity. A mechanical
shutter allowed l;ight to alternately pass through and by p‘a_s‘s the absorbihg
cell; thus the ac sfigna.l is a measure of the-‘amount of absorption. The
absorption between peaks is a real effect and is not due to imﬁroper

normalization of the light intensity in the two beams. In the absence of

"

ab.sorbing‘ atoms, the two light paths were adjusted to produce no observa-
ble difference in the fringes when the shutter flips back and fo__rfh bétv{/een'
‘the two beams. The presence of absorbed light in the wings gives risé to
the tail Vin the apparent absorption coefficient as it appears in ‘the.c'al.culateld

profile of Fig. 1.
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Similar behavior has also been observed in strontium experiments
by Winocur and Pyle. T The absorption of light in the 5251/2 - 52P1/2
transition of Sr 1I, occﬁrring at 4216 A, was monitored in a beam of
strontium ions by a Fabry-Perot with N = 12, In these ve‘xperim'ents
there can be no question of false signals due to experimental technique,
because only a single light path was used, the absorption.being'tﬁrned
on and off éither by interrupting the ion beam with a mechanical chopper or by
pulsing the high voltage that produced the ions.

| W_e tried to deduce the true absorption line intensity by measuring
“the area under KA out to the dip in its profile and out to where th¢ dif—
ferenée between fhé intensities transmitted by the Fabry;léérot with ana
without absorption was less than 1% of the peak intensity. .Th_e' latter
-criterion was chosen since absorption signals of this magnitude tended
to bé masked by noise in the experiments. 3 Neither method gave con-
sistent estimates of the line intensity, and no correctioﬁ factors were
céiculated.

- The depression of the peak value of the absorption coefficient w»a.s'.

reguiar. Hence correction factors were calculated for this parameter

as aifunctic-)n of finesse, emission line widﬁh, and instrumental width, A
typicé,i set'of computed data for a finesse of 25, plotted in Fig. 3, shows
how the ratio KA/KT depends on the peak value of kg over the extremesr
“of instrumentql widths and emission line widths used i_n the calculations; |
The corriection factors to be applied to KA then vary from about 1.1 to-
5.0. The curves plotted in Fig. 3 are not particularly useful for generat-
ing c:orreqtions since the; observablebin an experiment, Kieak’ is _r>10t"
Cgiven cx:plic,i.tly.. We have least-squares fitted the data from which these

curves were plotted to” a polynomial of second degree in K‘E,);'d as follows:

%
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erak

A k K2

Sea = & PURTT el T (7)
KT .

 Values of a, b, and c are given in Table II for a finesse of 25. By using

. these tabulated values and Eq. (7), one can generate curves in which

peak

erak is plotted versus Kp s for use invreducing other data, The

A
region of validity of Eq. (7) is:
<  Jbpeak _
0 s Kep < 3.0

. peak .

Over this range, values of KT calculated from the parameters in.
Table II and Eq. (7) differ by less than 1% from the correct values.
. ’ peak . .

We estimated the effect on KA of varying the finesse of the
interferometer about a mean value of 25. For these calculations, the
spacing t between the Fabry-Perot plates was maintained chstaht
while the finesse was varied from 22 to 28. This corresponds foughly
to the experimental situation in which a given spacer is used in the etalon,
buf detuning occurs during the measurements, degrading the instrument.
When the finesse changes by the £12.0% given above, the corrections to
~ be applied to KpAeék vary by only ¥ 5%.

If, however, Av/aT is held fixed while the finesse is varied be-
tween 15 and 40, the correction factors then show a maximum spread of
o:ﬂy’ +1.4% about their values for a finesse of 25. We conclude that Av/aT
. ‘becomes tH‘e significant pararﬁeter, at least over a finesse range from
15 to 40. There_:is one precaution, however: For the low-finesse high-

resoiutioh case (N =15, Av/a = 0.438), o{/ex;lapping orders have begun to '

T
be a problem. The consistent results quoted above break down, and sepa-

rate corrections must be applied. These-corrections are nottabulated, ‘since

they depend strongly on the amount of overlap.
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S

The corrections derived from Table II inay be used over a finesse
range of = 15 to 40 and for 0.875 < Av/aT < 4;38. thé corrections in
this table for Av/aT = 0.438 apply only to a finesse of 25. The usefulness
of the factors a, b, and ¢ may be extended by graphical interpolétionﬁ
By means of the data in the table, for. example, a ma;r be ploftea versus
E used as a parameter or, alternatively, a versus ap
may be plotted with Av/o.T as a parameter, and similarly for b and c.
In this connection it is useful to remember that a=1 and b=c=0, for

Av/aT:0 or for a.. = 0. Hence a wide range of experimental conditions

E
may be accommodated.

The ratio of apparent half-width to true half-width of the absorp- ;
tion line has been plotted in Flg 4 as a function of Av/a'T, again for an
. . _ peak _ . .
instrument of finesse 25 and when K = 0.3. The apparent width is
very'sensitix}é to the instrumental and emission-line widths. This
result is in qualitative agreement with the work of Kostkowski and Bass.
If a reasonable assumption can be made for the absorption width to be
expected in an actual experiment, as can be done for rnany‘ laboratory
situations, these curves may be used to cross check one's knoWledge of
the instr_ﬁmental parameters.

Attempts to fit Gaussian curves to the computed (apparent) profiles '

~
proved fairly satisfactory for the narrow instrument widths (Av/o.T = 0.438
and 0.875). We used a simple two-parameter fit, matching the "fitted"
. o . peak L :

Gaussian to the apparent profile at KA and at the 1/e point. - This

procedure producéd a curve which agreed with the apparent profile to
. . o

bétter than 5% at all intermediate points for Av/aT = 0.875, and to better

than 2% for Av/aT =0.438, An example of the apparent, fitted, and true

profiles is plotted in Fig. 5. This process could be considered a
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quantitative approximation to what one might try to do by eye--i.e.,

v

draw a ¢urve through the observed points, exteﬁding it smoothly to zero,

while neglecting the ''tail." From the fitted Gaussians one can calculate

a line intensity S._. and a width a_. The ratios of these quantities to

¥ ¥
the'true values are tabulated in Tables III and IV. Vah._les of aF/aT

given here agree with those plotted in Fig. 4, but are tabulated for a
range of peak absorptions. Graphs uséful to other workers can be ob-
tained from the data given here.

One calculation was performed with a Voigt profile in absor'ptio_rf
and a constant-intensity emission source.. Our case covrrespom’is to
K?reak: 0.3, Av/aT =0.438, N=25, and a=0.7, where a, the natural
damping ratio, is defined by Mitchell and Zemansky. 8 The apparent
profile is plotted in Fig. 6 along with the apparent absorption line ob-
served when a‘ Géussian input is used under the same condi’.ci‘ons. The
purpose of this calculation was to ascertain if a Fabry—Pe.rot could be
used to disting‘uish between the various kinds of absorption lines that
might ‘be observed in practice. From Fig. 6, we deduce that very careful

experimental technique, when combined with a data analysis similar to

that performed by Kuhn and Vaughan9 on emission lines, could prove

~fruitful for simple absorption lines. However, a largev éignaléto—nois_e'

ratio would be necessary, especially in the wiﬁgs of the line.

APPLICATIONS
In order for one to use the results of this paper for a quantitative

reduction of experimental data, considerable information concerning

instrumental and absorption line parameters must be known in advance.

The instrument width may be measured by using a narrow spacer and a.

3
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" Narrow até)mic emission line as described above. An estimate of thé

" half-width of the absorption line rﬁay oftenvbe made from the physical
circumstances of the experiment. The width of the emission line can be
measured ﬁsing the Fabry-Perot interferometer and applying corrections
such as those published by Minkowski and Bruckio or by Krebs and

~and Sauer. = Thus values for Av/aT and O’E/QT may be established.

- Should the values of the ratios Av/aT and aE/aT not lie on one of
the.calculated curves, simple linear interpolation bet\;véen the adjacent
cﬁrves prddﬁées results of reasonable accuracy. This procedure has
been. checked and féund to produce results within a few percent of the
true valués when tfles-é ‘ra.tios lie near one of the cuﬂ-rves. For higher
.accuracy, '.grapvhical interpolation may- be used, as discﬁés'ed earlier.

- From the assumed vaiues of ar and thebcorrected value of
erak’ the line intensity can be calculated for a Gaussian line, i.e.,
the 'shap.e to which our Forrections apply. The plot of O'A/QT may be used
to roughly cross-check one's assumptions on either instrument width
‘or absorption line width; but the curves are so steep that much reliance
should not be placed on values deduced from this curve (Fig. 4). |

Finally we should like to restate the assumptions under which the
- corrections deduced above are valid. First, the instrument function is. -
taken to be a pure Airy function. The extent to which this assumption is
valid in a particulér case may be learned frorﬁ Jacquinot's review’
afticle, > which summarizes the perturbations inherent in real Fabry-

Perot interferometers. (See reference 3). Second, the absorption line

~is assumed to be Gaussian. This is often a good assumption, as Mitchell

and Zré'rnatnsky8 show that the natural damping ratio a for some important -

resonance lines is small compared to one (2 =0 means a pure Gaussian
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line shape). We assume that the emission line may be approximated by,
a Gaussian line shape. This is probably not a very good assumption,

since only under very special circumstances  ~ would one expect an

: . . . eak
emission line to be pure Gaussian. However, the corrections to Ki

é.re not very sehsitive to the emission width. Hence this profile ought
to give reasonable results and is simple to handle"in computations.
Another very important assumption which has not been emphasized

in these calculations is that there is only a éingle emission line and a
single absorption line, centered on the emission line, present within

bhe free spectral range of the combination of Fabry-Perot interferometer
and predispersing bahelement (interference filter, spécfrdmeter, eftc. ).

The interfe rorr.let'er is sensitive, to light at all frequencies within its
passband, and not merely to light Wh‘ose frequency lies near the trans-
mission peak of the instrument function. Serious errors ﬁay result,
for example, if one were to apply these computations directly to ab-
~sorption within, say, a hyperfine structure pattern. 3 The reason for

this behavior will be made clear in Appendix A. This limitation to single
emission and absorption lines may be modified if a number of simple

lines overlap to such an extent that they appear as Single lines even under

‘infinite resolving power.

SUMMARY
Absorption line profiles observed with a Fabry-Perot interferom-
eter are badly dis‘;ortéd from their true values. The Fabry-Pewrot does
not conserve line intensity. Corrections to the peak value of the apparent
a’r;sivorption coefficient show a predictable, smooth variation under different
conditions of illumination, instrumental finesse¢ and width, and different

peak absorptions. Hence under appropriate experimental conditions the
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true value of the peak absorption coefficient may be determined to an
accuracy of 10% or better. The parameters in Table II reproduce our

calculations to better than 1% under the conditions specified.
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APPENDICES

A. Importance of the Wing in the Fabry-Perot Transmittance

Our main conclusions concerning the nonconservation of absorp-
tion line intensity by a Fabry-Perot interferometer and the depressions
of the peak value of the absorption coefficient may be deduced from a
simple picture of what the Fabry-Perot does to the input light. For this
discussion we shé.ll approximate the emission and absorption lines as
rectangular fu.nc,tions of frequency. We take the emission line of con-
stant intensity and of width 2.5 times the width of the aBSOrption line and
zero elsewhere. The absorption line,/ also rectangular, is centered on
the emission line.” The Airy function is approximated by ;a central
rectahgular_ peak of half the width of the absorption line. The wings
of this instrument function are taken to be of constant intensity, oﬁem
tenth the int,ensity of the main peak. We shall not worry about the
problem of overlapping orders and as sume no other lines (emission or
abrsorption) within the bandpass of this instrument.

The convolution integral is eQﬁivalent to placin‘é the instrument
function over the input spectrum, multiplying the two point-by-point, and
ihfégrating the resulting product function. This is a very simple préceduré
for the funcfions as we have chosen them. In order to be specific we have .
plotted the émission aﬁd absorption spectra and the instrument function
in Fig. 7 to a frequency scale in which the emission line width is 10 units;
the absorption widfh is 4 units, and the width of the central peak of the
instrument function is 2 units. The emission line has a height of 2.0-
units. The absorption coeffici_ent is KT(V) = K%’eak: 0,2_88. for 4<v< 6 and
is zero elsewhere. For this value, the center of the emission line in the

input light is removed to a height of 1.5.. The height of the instrument
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function is 1.0. In the first position of Fig. 7, the instrument with such
a function would record an intensity without a.bsor'ption proportional to
5.6 and with absorption an intensity of 4.5. Thus Kieak: 0.219 compared O
to the true value 0.288. It is‘important to notice that in the absence of the ,
wings in the instrument function, the situation is such that Kieak: K%eak: “
the depression of the observed peak value of k comes solely from the
wings (for this.special case). Moving the instrument function to position
2, vwe find that there Wouid be a difference between the intensities re- ‘
corded with and without absorbing atoms, even though there is no ab-
sorption at this frequency in the true spectrum. Finally, even with the
-instrument function moved outside the emission line there would be a
difference recorded with and without absorption. The differenc¢ be -
‘tween cases 2 and 3 is that in position 2, the absorption signal ié riding
on top of the large signal produced by the emission line. Hence in an
| actual experimental situation, the observed absorption tends to zero
towards the wings of the emission line, but may reappear mor.e strdng'ly
when no longer masked by the strong signal from the emission line.‘ | For
this, casel; and I, = in position 2 are 5.6 and 5.4, giving . KA:'0.0345;
and in poéition 3, the intensities are 2.0 and 1.8 for KA® 0.104. This
agrees qualitatively with the behavior. of’ Kop- shown iﬁ'Fig. 1.

Now the effect of a second emission line elsewhere in the pass
band of this instrument may be understood. When the instrument function:
ié centered on the emission line at the absorption frequency, the wings of »
the function are .‘sensitive to the second emission line. This sensitivity has |
- the effect‘of adding aconstant intensity to the signal recorded with and

without absorption, thus producing a further depression of Kpe



-17- UCRL-16262 -

Some special situations similar to those described above have
_beéen humerically computed for Gaussian emission and absorption lines
and Airy functions. The recorded spectra were found to be extremely
sensitive to the location of any 'extra'' emission lines. The closer the
' o . . : peak
extra emission line was to the absorption line, the more was Ka

depressed. These calculations were done for very specific cases, and

the results will not be reproduced here.

‘B. Fourier Expansion of the Absorption Integral

The convolution integral of Eq.. (1) may be found explicitly as a
double sum. We used this sum in evaluating some df_ the .i.ntegrals, but
of course this formulation does not apply to the constant-intensity case ~
or the Voigt préfiles in absorption.‘ We use the well-known facti?’"
that the Fourier transform of the convolutioh"intggral of two functions
.is just the prodﬁct of thev individual Fourier transforms of the functions.

The Fourier transform G(y) of the Airy function g(v) has been given by

Krebs and Sa.ue:r;i'1 it may be written as

: - L
Gly) = 2w 11 +I1{a 2 R |0l 5(y + 27n) .

n= -0

(The Fourier transform of a periodic function is a '""row of delta functions. ')
. . v -

i

In order to find the Fourier transform of the absorbed intensity ;{{}‘abs(y),
we write
2, 2
. | Ao 202 -x /Y
o a‘_bs(y) = (Zﬂ)—i/z ‘S dx elxye'x /ﬁ e‘Ke
- 00
’ 0
. C 2,2 O (-)™ 2, 2
= (Z'rr)"i/a S‘dx Y e ¥ /B Z e @ -mx"/y
m=0 ™
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2 Y ()™ py BAYAyY/ampt iyt
IR v , |

m:O
Here, B and y are the 1/e widths of the emission and absorption lines.
The Fourier transform of the convolution intégral (1) is then mérely
(2.17)1/2 times the product of these two sums, and ‘the invers‘e. tfansform».

can be found readily. The result is

_im1/2(1-R) E (-x)™
I, (x)=(m) By -
abs (1+R) » !(mBZ+Y2)172.

o0

z R | n,l(cos 2 ™nx) eXP[-("nﬁY)Z/(Y’meZ)]'-

n= -

This expreés_ion réduces to that fouﬂd by Krebs and Sauér for ._the< in-
teﬁsity transmitted by a Fabry-Perot in the absence of absorption, by
‘tak'ing oniy the m =0 term in the sum over m: This procedure is equ>iv-
alent to setting the exponential absorptioﬁ te;m in Eq. (1>)7 equal to 1.
Under some conditions this serieis will converge rapidly.

The t‘echnique used above may be applied to aﬁy line éhaﬁe for
which the Fourier ;transform can be found.' For insfance-, it zleg’ifds ‘tc_) a
very simple derivation of the formula found by Ballik14 for an emission
Voigt profilé, since the Fourier transform of this profileris simply
(2)—1/»2 exp(-a |yl —y2/4), Unfortunately there appears to be no simplé.
expression for the Voigt profile iﬁ absorption, although the Lorentz

profile in absorption can be treated fairly readily.
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‘Table I. The ratio SA/ST of the apparent to true line intensities for

various operating conditions. Finesse is 25. The true value KpTeak

is 0.3. The app.arent line intensity SpA includes the contribution

_‘frdm the tail.

“E
Av/aT 1.5 ar 2.0 ar 3.0 ap Constant
0.438. 2.03 1.46 1.14 . 0.977

4,38 27.3 . 21.5 14,6 - 0.908
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Table II. Paramters to be used in Eq. (7) for generating correction

peak
A

25, but apply with only a very small error to instruments with finesse

factors to k . These values have been obtained for a finesse of

between 15 and 40. -

AV/GT ap o a b : -
. 5 7 . v ‘ _r\. 0.0
1{ 1.5 o 0.902 0.012 0.008
- 2.0 ay 0.885 -0.015 -0.043
0.438 _ o ,
- 3.0a; 0.860 -0.019 . -0.022
\ constant 0.824 -0.025 -0.039
; L5ag 0.834 -0,023  -0.013"
i B - A
: | 2.0aq 0.806 -0.031 -0,019
0.875 ‘3 : ' o
| 3.0a 0.770 © 20.039 -0.032
|
*  constant 0.691 -0.061 -0.068 .
{ 1.5a, 0.743 -0.043  -0.019
2,04y ©0.697 | 0,057 -0.029
1,75 : : -
L 3.0 a, 0.642 -0.074 -0.046
constant 0.514 -0,120 -0.,107
[ t5ag 0.629 -0.074 -0.029
}
_ ; 2.0 a 0,554 -0,101 . -0.044
‘ T
4.38 ¢ ,
| 3.0aq 0.467 -0.133 -0.071
{ constant 0.275 -0.243 . -0.196

E W
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Table III. Values of the ratio of the true absorption width to the width

of the fitted Gaussian, aT/aF, and of the ratio of the integﬁfal of the
fitte.d Gaussian to the integral of the true line, SF/ST" These are
tabulated‘ f‘or_ Av/a‘ = 0.438 and N = 25, 'put tie ratios are the same
to within 4% for finésses between 15 and 40, except when overlap is

a problem (low fineség, large aT/aE, as for W = 15, aT/o.E = 3.0).

Kgfak
0.3 1.0 . 3.0 .
.aE/aT » aT/aF SF/ST aT/aF 'SF/ST <1T/aF SF’/ST
constant 0.884 0.922  0.887  0.877  0.855  0.741
3.0 0.866 0.985  0.875 0.946  0.865  0.827
2.0, 0.843 1.04  0.856 1.01 0.864  0.900

1.5 - 0.807 - 1.1 0.826 1.07  .0.85%1 . 0.968
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Table IV. Values of the ratio of the true absorption width-to the width
of the fitted Gaussian, aT/aF, and of the ratio of the integral of the

fitted Gaussian to the integral of the true line, S These are

/
F’ ST'
tabulated for Av/aT = 0.875 and N = 25, with approximately the same

degree of accuracy as the values in Table III.

»Kgfak
0.3 | 1.0 3.0
op/ar ap/ap Sp/Sy ep/ep  Sg/Sp ep/ep Sg/Sp
constant  0.788 0.857  0.793 0.788  0.765  0.612
3.0 0.752 1,04 ~ 0.768 - 0.943  0.772  0.774
2.0 0.707 1.13  0.730 1.05  0.753  0.885

1.5 ~ 0.626 1.32 0.664 1.21 0.713 1.04
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FIGURE LEGENDS

1. The true and apparent absorption coefficients when the
Fabry-Perot has a finesse of 50 and Av/aT = 0.438. The
abscissae are in frequency units of one free spectral range.
The circles indicate the points for which the integréls were
evaluated.

2. Experimentally observed absorption in the cesium D,
line (\ = 8944 j&) when the Fabry-Perot has a finesse of 50
and a 8-mm spacer. KEach broad peak is actually double

due to f;he small hyperfine splitting in the 62P1/2~'state. The_
dip in the record near the center of the pattern is the zero of

light intensity.

. 3. Maximum excursions in the ratio Kieak/KpTeak. Values

of this ratio lie on smooth curves inside these extremes when -
AV/CLT equals 0.875 or 1.75 and for other emission widths.

4, The ratio aA/AT versus the instrument parameter Av/aT

peak
T

aA/aT are very large for Av/aT = 4,38,

when « = 0.3. The curves rise so steeply that values of
5. These curves show.the agreement between the fitted
Gaussian K and the apparent profile Ko The true profile

T

K is shown for comparison. For these curves the Qpérating’
conditions are A.v/o,T = 0,438, N = 25, and aE/aT = 2.0,

6. The apparent Voigt and Gauséian profilés computed

peak

_ with Av/a, = 0.438, N = 25, « = 0.3 and constant intensity

T

- emissipn source.
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Fig. 7. A schematic representation of three stages in the

development of an absorption spectrum. Details are .

discussed in Appendix A.
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i This report was prepared as an account of Government

sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

_ As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.








