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On Connecting the Microscopic and Macroscopic Theories of
- Type II Superconductivity

Gene I. Rochlin
Department of Physics, University ovaalifdrnia,
'~ Inorganic Materials Research Division, .

Lawrence Berkeley Laboratory
Berkeley, California 94720

ABSTRACT

We pféSent é simplified derivation of apbrdximate
solutioné.for the magniﬁude of, and the relafioné between,
- the tﬁfée #riticai fields of a Type II supercqﬁduétorAdone in
the spirit of the Ginzbﬁrg—Landau'equatiops.  Tﬁe.appearance
of an>ﬁpexPected equatién restricting the freé.chdice of
macroscopicbparameters is shown to be a directvcbﬁéequence
of thé_“ééffectness" of Ginzburg-Landau theory; i.e;, its
derivability from the microscopic theory of Bardéen, Cooper,

and Schriéffer.
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~ INTRODUCTION

In most introductory courses dealing with superconductivity, the
behavior of Type II superconductors is discussed entirely within the
framework of the macroscopic semiphenomenological theory as developed
by Ginzburg and Landaul and later extended by Abrlkosovz, and Gor kov3'
(hereafter referred to collectively as (GLAG)) In undergraduate
survey courses, partlcularly, neither the microscOpic theory of Bardeen,
Cooper, and Schrieffer (BCS) nor the Gor'kov proof of the derivability of
thermacroscopic:parameters of Ginzburg and Landau!from microscopic
theory can heftreated in sufficient detail to adeduately bring out the
physical eduiyalence of the BCS and GLAG treatments.s_‘We have developed
. a particularly'simple method.for deriving'a set of.excellent approximations
to the exact:GLAG solutions for the relationShips_hetWeen the several -
" critical fields of Type II superconductors hy simple;physical arguments
which proceeds on the level of most introductory:solid statevphysics;
texts. In addition to deriving enpreSSions for thevupper.and lower
critical fields HCl and Hc2’ we'also_obtain a fundamental equation
relating the thermodynamic critical field H o and therefore the condensa-
tion energy,lto the two characteristlc lengths in the problem, the
coherence length £ and the penetration depth A, The apparently para—
doxical appearance of this 'new" fundamental equation is.clarified by
appealing to the microscopic (BCS) definitions-of~k and &, by which
means it is-duichly shown that the "new" equation.reduces to the BCS
equation forrthe condensation energy. - The re-introduction of the micro-
scopic theory at this unexpected point in an otherwise purely macroscopic
treatment is both elegant and satisfying, and serves well the purpose

of emphasizing the physical unity of the GLAG and BCS theories.
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" IYPE II SUPERCONDUCTORS: A SIMPLIFIED GLAG APPROACH

The GLAGhtheory was originally developed by'Ginaburg and Landau to
extend the macroscopic London7 theory to correctly;treat the behavior of
superconductors in a magnetic field. Although, as~diSCussed below, the
original theory accounted well for the retention of the perfect diamag-
netism of most elemental superconductors even in fieldslapproaching the
crltical field H o’ it remained for Abrikosov to show that their theory
also provided“an explanation for the behavior of Type II superconductors,
wh1ch retained their superconductiv1ty up to very high fields while
showing perfect diamagnetism only for quite small applied fields. The

- GLAG approach remains the favored way to treat the properties of Type II
superconductors.8 In‘this section we shall develop a.set of approxima-
tions to theienact GLAG sblutions by arguing from experimental observations
in the spirit,of their original derivation.

We begin with the usual definition of a Type I superconductor as
being a zero—dc—resistance material exhibiting perfect diamagnetism
(Meissner effect)? In the presence of an externallygapplied magnetic
field H, the internal nagnetic field B = H + 4ﬂM = O'everywhere eXcept
at the surface, where the field dies away exponentially’with a characteristic
length . ThlS behavior per51sts until H = H o’ the critical field,
at which: point the superconduct1v1ty vanishes, and. the field penetrates,
‘so that B =~ H’for H = Hc.. For 0 <HK Hc, the free energy density

ffs(H) of the.superconductor vill be raised above,its zero—field value

SZSO by the energy cost of excluding the external field.. Taking the
usual Londonvmodel of the Meissner effect, the perfect diamagnetism g

is considered to be a superposition on the external field of a precisely
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equal but’oppoeite magnetic field generated by the eolehoidal current
flowing within a penetration depth of’the surface-:iSince this field must
just cancelfthe homogeneous external field, its maghltude is H, and the
increased energy per unit volume of the sample associated w1th the
cancelling field is Just H /8ﬂ. Therefore, as a consequence of the
Meissner effect, the free energy density of the sample in an erternal
field H mustvbe

?(u) ? H IR (1)

811

N

per‘unit volume; Since B = . H in the normal state, the free energy density,
ﬁﬁf of the sample when normal is nearly independent*of~H. At the critical
. field H, aftransition to the normal state occura;'therefore
Fow) =F =F +H /8, or |
,780 B S @
 The quantitypHc2/8ﬂ, theh, measures the condehsatlon'ehergy; i.e., the
free energy\denaity difference between the superconducting amd normal
states in Zero'applied field.
Type II. superconductors, although having the same fundamental
mechan1sm for superconductiv1ty, behave somewhat differently in a
magnetic f1eld: B =0 for all H < Hcl’ the lower_critlcal field, and.
only here is the Meissner effect complete. For H > H c2’ the upper
critical field (which may be several orders of magnitude larger than
H ), the sample is normal. However, for H . < H < H

cl c2’?

though the sample is superconducting; the Meissner-effect is lncomplete.

B # 0 even
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The great power of the GLAG treatment df.this case liés.first in the

< H < HC the flux penetrates in'thé form of quantized

1 2

idea that>fof HC
flux 1ines'bf ﬁbrtices, and second in the éeparéﬁion”of ali superconduc-
tors into T?pé Ivor Tyﬁe II‘according to the single'péraﬁeter K E,A/E
where A.isvtﬁe ﬁagnetic field penetration debth an& ésis'the_cohérénce
length, firsf used by Pippardlo tobintfoduce long fﬁnge, nonélocal‘
effects into-ﬁhe strictly local London theory. The:parameter K.‘
was in fact one:of the géals.of ﬁhe Ginzburg—Landéu theory, originally
derived to'ﬁrbvide avposiﬁive surface energy té pré&éht the forﬁation
of a normal—supefconductihg boundary when a magnetic field is applied.
The necéssity fér,this is madé apparent by considering Eqs. (1) and (2)
énd the defiﬁition of A.

‘Cleariy'tﬁe supérconductor can lower its free éﬁg;gy by allowihg
the field £o penetrate via é ﬁhin sheet of hormaljﬁﬁgée whbsefthi;kness
is d < A, bThe E6s£ in condensation energy is oﬁly (ﬁ¢2/8ﬂ) X A per unit
aréa; wﬁile-tﬁé‘gain in energy due to field penetraﬁion ié';(Hz/Sﬂ)lx 2X.
If the lengtﬁ of the superconducting block is L, aﬁd‘nvshéets of'normal

phase enter,'ﬁhe free energy per unit area can be approximated by

2
‘y H ' 2 - v
) _S(H) XL = SOX L + n(81T X d - o X 2}),‘ N ' (3)

For d/x < 1;-the free energy is minimized by-maximizipg n (within the
restrictions of\thebboundary>conditions) even for_mddéfaté vaiues of H;
this implies a reduced or even a vanishing Meissner effect. As this
effect was demonstrably an experimental fact for mépy superconductors,

 Ginzburg and Landau sought a solution containing a positive interface
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enérgvahi¢h made fhé perfectly diamégnetic-statéiétébie against the
formation q} sﬁcﬁ normal intrusions; They did sdwgy‘defining the
cohereﬁceileﬁgth, £, as the range of fhe supetconddéting interactiqn}

i.e., the ﬁinimum distaﬁce over ﬁhich sﬁperconduCti&ity éouid 5e destroyed.
Therefore, the minimum thickness of a nofmal sheef.wguid'be'g; and Eq. (3)

becomes

2
' ' : H : 2 o
F i x L=d XL aaGEx £ -y S @an

_ SO (8;
and for § >  2X thé'Mei;sner solution (n = 0, B - bj_qlearlyihas the
lowest energy for gll H < Hc. An exact_GLAG'calculatidn shows that
for «k < l}yf the sﬁperconductdr will be Typé I.aﬁd:have a complete
Meissnefeffégt{for all H < Héywhile for < > l//E thé¥e is some range
“of field over‘which it 1s favorable for the fieldrtovpenetraté and the
vsuperconduct§; is Type II. |

We can powfde;ive‘Hcl in the standard12 manngr;f'As is well known,
‘the flux'wiil-enter in'thé form of "vortices" 6r flux iines (properly

flux tubes)'.-‘.'Since'Hc is the minimum field fbr.the breakdown of the-

1
Meissner effect, it must be just energetically favorable at H = HCl for
the first line to enter. For such a flux line, wé,apﬁrbximate the field
distribution by a cylindrical tube of radius A. The decrease ing;gﬁ per
unit length of line due to the penetration of this:fiux is, from Eq. (1),
2 -
_ H 2 ' .
Fyag =~ 87 ST - ‘(4)

Similérly»we approximate the normal core accompanyipg this flux by a

cylinder of radius &. From Eq. (2), the free energy cost per unit length
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of producinthhis normal core in the vortex is

__ w2 |
Foore =& * "6 )

The total energy of the line per unit length is then -

R 1 .22 .22 |
Fumve < Foore * Fuac Y3 W & - HAD. (6)
For FlINE <0 the vortex is stable. The threshold field-for“stability
ié, by definition,\Hci, so that we have
H . .
~§. - < .
Ba®3H. =% : I N

-For Hé ‘< H < ch, the sample is in the vortex statej as H is increased,

1
. more and more flux enters in the form of vortices. One of the most
important resulps of the GLAG theory is that each flux line is identical
to the first;-énd that the flux enters by the creation of more and more

of such identical vortices in the superconductor. We now introduce the

Abrikosov condition that the flux in the flux line is quantized and

equal to @of %ﬁ'. The identity of vortices reduces to the statement
- that all flux lines contain one quantum of flux @o}v_By our previous

"~ assumption, the field in the vortex is = Hcl’ while its area is ~ ﬂkz;

therefore

¢o v » :
Hcl ¥ o (8
mA v
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c2’v3 écH, although zero dc

As we aﬁproach the uppef critical field H
resistance peréists until ch is reached. Within odftSimple_model we
can say thét,the superconductivity will vanish_atiﬁhe:field wheré the
flux lines;aré,packed so cloéely that the normalvcéfes sfarc-to oyerlap,
and.there is no longer aﬁy continuous sﬁperconducfigg path thréugh the
material. Let'ﬁs éxamine Qné of the normal cbres;inithis céée. The core
;Ihas cross-éeétional area WEZ. Aé the area of the'flu£ tube is ﬂkz, the
selected cdfgLWill have‘a flug contribution from every tube whose center
lies within é;&istance A. The number of tubes witﬁin A is>just the
vpacking fa;ésr“PF ~ (ﬂAZ/NEZ)begour initial aséumpfibn, while the core

intercepts a'fréctional flux ¢ = @o (ﬂEz/ﬂkz) of eachwof these tubes.

The totél flux through the core is then PF X ¢ (ﬂk?/ﬂEz) X Qo(ﬂéz/ﬂlz)

=_®o, and the field in the core is therefore B @6/ﬂ€2. Since B ® H at

ch, the field is nearly homogeneous throughout aﬁd,itherefore,

H,~—5. (9)

EQUATIONS RELATING THE CRITICAL FIELDS
We may_hpw obtain the equatidns which relate the'several eritical

fields by using the definition of K; kK = A/E. We méy'usé Eq. (7) to

rewrite Eq. (9)-in terms of K as
~ 2 -
H,~«k" H o (10)

Taking this equation together with Eq. (7),
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. HC
Hcl - 7?

>
we obtain the geometrical mean field rule

o120 L -
(HH )™ " =~ H_. | o (11)

We still have;ﬁot adequately defined H_ 1in this case, for in the vortex

state H ‘<2Hv< H there is no observable effect‘ét H = (H ,H )1/2.
- el c2 . C T e cl c2

Therefore, we take a thermodynamic definition of Hc as being a measure

of the condensation energy density, that is
2
H .
c -9 T
- 8T '5{1 9;0 '

where Hc is an'the thermodynamic critical field.  From the usual thermo-

;

_ , 13 : ,
dynamic considerationms, the magnetic contribution to the free energy

' densityiis‘givéh by

H 1 c2 o

So far_we hé§e merély performed a simple derivatién of the relation-
ship betweep ;hé several critical fields for a larée K superconductor.
Equations (8)‘ahd (9) are not surprising; the firStkié a consequence
of the frée enérgy consideration for penetration of;tﬁe first fluxoid,
and the second foliows from the geometry of the Qoftex state and the
9 However, substituting Eqs. (8) épd.(Q) into Eq. (11)

we obtain
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H o~ —2 o (13)

~which éppéar$>to be a totally "new" equation resfriéfing the allowed
vaiués of A énd‘§ by connecting them via the condgnsétion energy. Thus
of the threevpéfameters ﬂc, A and & (or Hcl,ch,Hc$ §n1y two can be
chosen independehtiy;  Howé&er, at no point in the preceding derivation
was such a restriction explicitly imposéd; nor doeévﬁﬁere appeaf‘to be
any reasoh fdrvdbing so. The quéstion then bécbméé?  what physicé have
we overiookea;’i.é., what have we been_impliciﬁly éSspming about tﬁe
natﬁ;e of fhe éuberconductihg state which, if staééd, will supply us with
a physical.ﬁﬁdérstanding of the naturé and.origiﬁ_offﬁq. (13)? It is

" at this point that one appeals to a "higher authorify"} the BCS micfo—

scopic theory of superconductivity.

AN APPEAL TO MICROSCOPIC THEORY

In the BCSIpairing model of sﬁperconductivit&, tﬂe suﬁercondﬁéting

. charge carriéf; are taken to be electron pairs'bound'tbgéther by a pair-
ing énergy A_?er electron. The superconductivity:a:isgs from the binding
of electrons“within ~ A of the Fermi energy into ﬁairs, resulting in an
energy gap Eg_vaA for the cfeation of excitationsJWHich would damp the
supercurrent. _Téking N(0) to be the density of eleétrpns of one spin‘

at the Fermi energy, the number density of paired electrons is ~ N(0)A.
The pairing eﬁergy per electron is =~ A, so that the pairing results in

a lowering of the energy density of the superconductiﬁg state below that
of the normal state by an amountFG E =~ N(O)Az. By our previous definition

 of the thermodyﬁamic critical field Hc (c.f. Eq. (12)) this must just be
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SE = 37 G¥ ‘-_———-so that we obtain '

== (o>A T ae
‘Let us compare this with Eq (13) for'ﬁ . We takeithe penetration depth'
to be just the London penetration depth A =(mc /4n q ) According

. to the pairing model n will be just half the number of conduction elec—f

trons, while q is twice the electronic charge, s0 that
| P_..[;'e?szN(O),“Z~

‘where vF is the velocity of an electron at the Fermi energy. &, on the

A_other hand arises directly from the pairing theory and the uncertainty

'_f (15)

principle, and must be independently derived.
Using a free—electron model we define EF = pF /2m, where pF is the

'Amomentum of an electron at the Fermi energy E As a paired electron

F*

'must be localized to within an energy A of EF’ it will have a maximum

- momentum Sp given by A ~ p_Sp/m ~ v ép, or 8p =~ A/v From the uncertainty
. P P

principle, the minimum range 6r for the pairing interaction must then

be ér ~ h/5p hv /A Recalling our original definition of the coherence
length we identify Gr with E by noting that . Gr will be the characteristic
length for the superconducting behavior to decay at an interface. Thus
we obtain ‘ | s

E =~ 3 . | S (16)
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Substltuting Eqs. (15) and (16) for A and E into our macroscopically

derived relatlon for H o . (13), glves us

: 2 ' 2
Hc o CI)o ~ N(O)A?

3, 2,2 3
8m ALE

an

which should be eompared with the purely.microscopie-expression‘given by

‘Eq. (14).

SUMMARY AND CONCLUSION

The parader of the surprisiug aspearanee of'Eé;,(13) in.tﬁe macro-
scopic trearmeng which restricts our ability to chbose Hc, k'aud.i
independeurig ean'be resoived only.bv an appeal rdrmieroscepic theory."A
We conclude,_rherefore,'rhat the phvsics which wasdeverlooked in.our
derivation'ofbﬁq. (13) was the correct microseopic-rheory of the super;_

. : o .

conducting_srare. Altheugh GLAG theory appears quite.satisfying as a’
- purely macroscoﬁic, thermodynamic, semiphenomenolegieal approach to super%
conductlvity it must, if it is a correct theory, be equivalent to, and
.therefore derlvable from, the microscopic BCS theory From this poiut of
view, the equivalence of Eq. (13) and Eq. (14) gives us the connection
between the microscopic and macroscopic theories as expressed in Eq. (17)
A ds a normalized measure of the density of conduction electron states
at the Fermi'energy but is essentially a macroscopic‘uarameter governing ‘
the penetratibn of the macrescopic uagnetic field.zagfz is-a‘normaliaed
measure ef tﬁe square of the energy gap and is an,ehtirely microscopic
parameter governing the range over which the supereonductivity can be
destroyed *fheir appropriately normalized'product gives'the bondensation

energy correctly since the gap enters twice in the . BCS model--once for
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counting thevnumber of paired electrons and once for the binding energy
of the pair. The appearance of their product in Eq (17) is what 1nforms
us that the apparently purely macroscopic derivation of Eq. (13) is an
illusion. quuation (13) in fact expresses the_fundamental connection
between the_nicroscopic and macroscopic theories_endrthus the.equivalence
of the BCSiand:GLAG.approaches. | |
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‘APPENDlX

‘In.theipreceding derivation we*have triedbtofbefconsistent'in our
approach to the rough physical approximations. One can, of course,
buse more accurate values or estimates of H , £y or the BCS pairing
energy, This will shift the coefficients of Eqs. (14) and (17) about
somewhat but 1t is extremely difficult to make the values differ by
‘much more'than the factor of 3 we obtain, and quiteISimple tovmanipulatev
the approximations to improve the comparison. Wefhave-obviously made
vno such attempt at convergence.‘ It may also be (correctly') pointed
out. that in.a straightforward derivation of the GLAG. equations following
the original second—order phase transition method of Ginzburg and Landau,
| the parameter K is actually defined by the equation K = 2/5 eHCA /hc‘,l 4,0
which 1is the exact formula corresponding to Eq.v(l3). In fact, as the
Ginzburg?Landau equation for the free energy is.expanded in‘terms'of
only two parameters, it follows necessarily that only ‘two of the quan—
tities Hc, A,g-can be chosen independently. This explanation is physically
far'from satisfactory unlessGorFkov'sndcroscopic derivation'of the
éinzburg—Landauiparameters in terms of the BCS theory“is also invoked.
Although thefproof of the equivalence of the two theories then becomes
satisfactory, the connection between the macroscopic derivation of
Eq. (13) and the microscopic “theory is thereby rendered somevhat more
remote than-is'necessary;, It is far more elegantiand’satisfying to derive

the connection_directly.



10.

11.

-15- = - LBL-2202
' REFERENCES
v. L.’Gianurg and L. D. Landau, Zh. Eksperim. i Teor. Fiz. 20,

1064 (1050) A complete English translation is given in Men of

Physics: L D. Landau (Vol I), edited by D terrHaar (Pergamon

Press;fNew York, 1965).

_A. A. Abrikosov, Soviet Phys. JETP 5, 1174 (1957).

L. P. “Cor'kov, Soviet Phys. JETP 9, 1364 (1959); 10, 998 (1960).

An excellent review of the GLAG theory of Type II superconductors

is given by A. L. Fetter and P, C. Hohenberg: in Superconductivity

(Vol II), edited by R. D. Parks (Marcel Dekker, New York, 1969).

J Bardeen, L. N Cooper, and J. ‘R. Schrieffer Phys Rev. 108, 1175

.(1957).

For example, see the review article by N. R Werthamer in Super-

conductivi;y, (Vol I); Parks (ed.)

F. London,_Superfluids, (Vol. I) (Dover, Neinork, 1960).

F. London»and H. London, Physica 23 341 (1935);'Proc. Roy. Soc.
(London) Al49, 71 (1935).
The experimental properties of Type II superconductors are concisely

discussed in the article by B. Serin in Superconductivi_y, (Vol II),

Parks (ed,)

W. Meissner and R. Ochsenfeld, Naturwiss. 21, 787 (1933).

A. B. Pippard Proc. Roy. Soc. (London) A203' 210 (1950).

Strictly speaking, Ginzburg-Landau is a local theory, which reduces
to London theory for k = 0. Only later was K identified with the

Pippard model by the assumption of Kk = A/E.



12.

13.

-16- R LBL-2202

For example, see C. Kittel, Introduction to‘Soiid State Physics,
fourthled; (Wiley, New York, 1971), chapterfIZ,?

Kittel, ibid. Our notation differs slightly."



LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.




TECHNICAL INFORMATION DIVISION
LAWRENCE BERKELEY LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720





