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Abstract:-

An approach to quantum mechanical reactive scattering in polyatomic
molecular systems is described. The formulation is.based on the feaction
path Hamiltonian of Miller, Handy, and Adams {J. Chem. Phys. 72, 99 (1980)].
Thé essential physical idea is that the reaction coordinate in even poly-
atomic systems may be coupled strongly to only a few (one or.tWo) of the
vibrational modes orthogonai to it, and rather weaklytcoupled to the
(perhaps many) remaining modes. This leads naturally to a ”system—bathﬁv
decomposition of the reaction process, and this papef shows how this is
carried through for the reaction path Hamiltonian. If only one transverse

mode. is included with the reaction coordinate to form the "'system'", for

C

.

example, then the overall model is\that of a collinear-like reaction,
whose dynamics are treated accurately, taking place in a (harmonic) "bath"

to which it 4is.weakly coupled.



I. Introduction.

Quantum mechanical reactive scattering for molecular systems
is a topic of obvious importance, for it provides the rigorous
theoretical description of chemical reactions, but the praéticalb
difficulties which hinder applications are substantial. The
usual complication of inelastic molecular collisions, i.e.; many
strongly coupled channels, is compounded by the additional
complexity of dealinngith a réarrangement scattering process.

The present status of the problem is that treatment of collinear
atom-diatom reactions, A + BC = AB + C, ié relatively routine, but
only a few calculations have been repprted for more cqmplex
reactions.

The purpose of this paper is to describe a practical framework
for apbfoaching the problem of quantum reactive scattering forv
three-dimensional poiyatomic systems. The approach utilizes the
reaction path Hamiltonian model for the polyatomic system, as
formulated by Miller, Handy, andbAdams,2 and it also exploits the
existing capability for carrying out collinear-like reactive
scattering calculations.

The“reactipn path description3 of a chemical reaction cHooses
the coordinates and momenta which characterize the system as a
reaction coordinate, the distance along the reaction path (usually.
taken as the steepest descent path in mass—ﬁeighted cartesian
coordinates through the transition state), and its cénjugate
momentum, plus local normal mode vibrations that are orthogonal

to it. The potential energy surface in this model is thus a



&

(mulfidimensioﬁal) harmonic valley about the reaction path.

"The form of the Hamiltonian in these variables obtained by

Miller, Handy, and Adams shows explicitly how couplings between

the various degrees of freedom enter and also how the quantities

characterizing them can be constructed from present quantum

chemistry computational methodology.

- The idea which we pursue in this paper is that for most
reagtions one expects the reactioﬁ coordinates‘to be strpngiz
coupled to only a fgy_of the transverse vibrational modes, and
weakly coupled to the possibly large.number of remaining modes.

The validity of this notion is simply that most chemical

reactions are local phenomena, so that the modes of the molecule
physicélly.close to the région of the bond;breaking‘and bond~making
will be strongly affected-(i‘e:, coupled) by the reaction, but
those_far from the region only weaklyvaffected, Thus

a "system-bath" decomposition of the process is natural: the reaction
coordinate.and the feﬁ.(maybe only.oné) strongly céupled modes afé.
thé "system", whose dynamics should be treated accurately, and

the remaining (many) wéakly coupled modes constitute the (harmonic)
bath that will be incorporated  perturbatively. |

System-bath models have applications to many phenomena in

' physiéal chemistry, and there are a variety of theoretical

methodologies for dealing with them. If the bath is harmonic and
the coupling between system and bath linear in the bath coordinates,
then the classical mechanical version of the treatment leads in

4
an elementary fashion to a generalized Langevin equation (GLE)



for the.''system" dynamics; this has been discussed previouslyZb

by one of us with respect to the reaction path Hamiltonian and

the specific form of the GLE given., Presently, however, we wish

to retain a fully quantum mechanical description. If a quantum

representation in terms of tetradic operators were used one could

proceed in a manner parallel to the classical GLE analysis,5 but

at the practical.level the tetradic formulation does not accomplish

any simplification unless-additional approximations are introduced.

In this paper, therefore? we treat the system~bath coupling by

-straight-forward quantum mechanical perturbation ﬁheory, which

will be sufficient, of course, if the coupling is iﬁdeed weak;
Section II desc;ibes the system-bath decomposition of the

reaction path Hamiltonian, and the perturbative treatment of the

coupling between the two is described in Section III., This is

essentially a distorted wave approximation where the zeroth

order Hamiltonian that defines the distorted wavefunction is the

fully coupled 'system" Hamilfonian plus the uncoupled “bath",

I1f, for example, the "system" consists of the reaction coordinate

and only one trasverse vibrational mode, then it is equivalent

to a collinear atomediatom reaction, The solution of the zero®

order problem thus involves tlie accurate solution of 'this collinear-

like reactive scattering problem;band the coupling to the other

("béth") modes is then incorporate& perturbétively; The overall

picture is that of a collinear reaction taking place in a-(harmonic)

bath to which it is weakly coupled. It is useful to note that ﬁhe

th . . s
zero order version of the present approach is essentially
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equivalent to an approximation utilized ‘recently by

Bowman, et al.6 and found to give encourégingly good results,



II. System-Bath!Déccmposition of'the,ReaCtion‘Path:Hamiltonian\

For total angular momentum J=0 the reaction path Hamiltonian

of Miller, Handy and Adams is

1 & 2
3[95'k 21'}‘:-2 QP By (82
H(ps’s’{Pk’Qk}) = - 2 T
[1+ }_‘, QB 1<s>]
k=2
E 1 2 1 2
+ Vg(s) + kZ=,‘2 Gr +zaiah . (2.1)

where (s,ps) is the reaction coofdinate and its coﬁjugate momenta,
’and (Qk’Pk)’ k=2,..., F, the coordinates and momenta fqr normal
mode vibrations in the hyper-plane normal to the reaction path,
Bk’l(s) are curvature coupling elements. that cogple vibrational

mode k to the reaction coordinate (labeled here as mode 1), and

{8

k,k‘(s)} are coriolisflike,coupled elements that couple vibrational
modes k and k', 'F=3N-6, where N is the number of atoms of the
complete molecular system. More specifics of this Hamiltonian
and its applications are described elsewhere.’

The “system'" is chosen to be the reaction coordinate (mode k=1)
and vibrational modes k=2,...,f, and the “bath" consists of the

remaining.modes k=f+l,,..,F. Retaining only the lowest order

coupling terms between the system and the bath gives

(2.2a)

H(pg,s,{P ,Q 1) = Hy +H
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where
HO B Hsys + Hbéth v’ (2.2b)
with
£
1 2
. | 71Ps - . g'=2 QP rByr (8]
Hsys(‘ps,s,{Pk,Qk},k=2.,...,f) = f . . »
| [1+ Q.B, .(s)]
&, Kk,
+V(s>+{f;<51>2+iw(s)2<g2)' (2.2¢)
0 2 'k 2 %k k
, k=2 °
| | E o1 2 1 2 2
Hoaen (PoQ oo+, 0 = 30 G BT+ 59 ()7 Q5
, k=f+1 _ |
‘ (2.2d)-
f -
leg - k§,=2 QPrBiger )¢ g |
= 2 — - . —-
(1 + QB (s)]z k=2 k'=f+1 »
. ‘-_-,2 A k k,;l = ¥ I N PR .. F— . — S - -
£ 2
g - L, Wt @17 g
- 2 T QB 1(s) . (2.2e)
C k=f+1 ’

. | 3
{1+ Q,B, ,(s)]
kXZ B, 1 (917

One sees that Hs s is the ordinary.reaction path Hamiltdnian.for
the.f degrees of freedom that constitute tﬁe "systeﬁ".

In mény cases it may be reasonable to take the "bath"
fréqueﬁcies {wk(s)},k=f+l,...;F to be independent of the reaction

coordinate s, but one may not always wish to do_so;» If the



S-dependence of mode k is retained, then it induces an additional
coupling to the reaction coordinate. This is most easily seen.
in the classical version of the Haﬁiltonian if one transforms the
bath variables from cartesian coordiﬁates-and momenta to action
angle variables, (Pk,Qk) > (nk,qk) k=f=1,...,F. Thgn the bath

Hamiltonian becomes

F

({n, ,q, },k=f+1,...,F) =
Hbgch K’ U SIS

(n, + %«) tbk(.S)_ , (2.3a)

and there is the following additional term in Hi

f
- Kok'=2 QP B . (s) , (2.3b)"
£ . 2 Ko E+1 k" kkk
1+ ) Q8 ()]
k=2 ’
where (
_ T “"k@)
Bk,k(s) E EB;ZEY' e (2.3c)

: th . . . -

The zero order Hamiltonian .thus conserves the action variables .
{nk},k=f+15.‘.,F of the bath, i.e., the bath is vibrationally

. . s th
adiabatic in zero order

Rotation, i.e., non-zero values of the total angular momentum

J, can be incorporated in the present description by inciuding it
in the "bath"; i.e., it seems reasonable that in most cases

rotation will be weakly coupled to the reaction coordinate. (If



this is not the case, then rotation must be included in the
"system" and treated non-perturbatively, perhaps, e.g., via an

) an . - ry . n. ) ] '
infinite-order §udden approximatio .). To Hbath’ and thus to HO’
is added the rotational energy of the rigid asymmetric rotor

corresponding to the molecular geometry S=S and Qk=0’ k=2,...,F,
3

Eroﬁ(s)‘ ‘The lowest order rotation-vibration coupling terms can .

then be included in Hl”
Finally, all of the above equations have been written in terms
of the classical version of the reaction path Hamiltonian, but it

is well known how one constructs the corresponding quantum

mechanical Hamiltonian operators.

1 3
®
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III. ?erturbatiVe'Treatmenc'of‘systemeath Coupling}

A method to include thereffect of system-bath coupling within
quantum mechanical perturbation theory is, for é scattering problem,
standard‘distorted wave theoryt9 Thus tﬁe transmission amplitude

t (E) for reaction from initial quantum state n = {nk}, k=2,...,;F!
? . ~.

~ o~

of the reactants (i.e., the transverse vibrational modes at s = -®)
to final state n' of products (i\et; the transverse vibrational

modes at s = +°) with total energy E, is given by a perturbation

series

'tht?n(E) =’t§?2n(E) +bté%:n(E) + ... . (3.1)

The zeroth term in Eq. (3.1) is the transmission amplitude
resulting from thezeroth order Hamiltonian HO of Egs. (2.2)-(2.3),

(0).

and since the "bath" quantum numbers are conserved by H_., t v,
) - T
is diagonal in them.
To make the formulae more transparent we specialize now
to the case that the "system" consists of the reaction coordinate

plus just one transverse:vibrational mode, i.e., f=2 in Eq. (2.2).

The "“system'" is thus equivalent to a collinear atom-diatom

reaction, and the zeroth'order amplitude is of the.form -
n,n \S‘.' - . » i
(@D g = e T g, e, (3.2)
- 1o 2’72 33 FF
. ’ n3«-«.
The reduced amplitude tnt n. (E) is the result of a collinear~
2272

like.scattering-calculation with the vibrationally adiabatic bath
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serving only to modify the effective potential along the reaction

coordinate,
V(s = vy (s) + k; (nk O ) (3.3)

If the bath frequencies are -essentially constant, then the bath

adds a constant to the energy and the reduced amplitude has the

even simpler form

n,...n ' F .
3 F _ 2d R L1
taln, (E) = tatm, (E - 2;3 (n, +Pw) (3.4)

' 2 . . . . . ' ..
when t(,d) (E') is: the two~dimensional collinear-like transmission

nz,nz

" amplitude as a function of the collinear energy E'.

(1f, for example, the frequencies of the bath are approximated

by their constant values of the transition state, wk(O) = w,., k=3,...,;F,

then Eq. (3,4) leads to a very useful expression for the thermal

rate constant. The rate constant k(T) is given by

KD = @me) ™t R®)

where‘Qr is the partition function of the reactants and N(B) is

the Lapléce transform of .the cummulative reaction probability

N(E),

K(B) =f dE e“*Ey(E) | . k (3.5a)
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with

2 v
N(E) = ¥ ltn._’n(E)l . (3.5b)
n',n T
Utilizing Eq. (3.4), it is relatively straight-forward to show

that Eq. (3.5) gives N(B8) in terms of its two-dimensional

counterpart,

- ¥ -

N(B) = Q. ® F,,8 : (3.6)
where

N, (8) = f a e w8 ERD
with

- : 3 2 )

N, (EY) = ; [tar o EOI . (3.b)

nz,nz‘ 2?72

and where-Q*

bath.is the partition function of:the bath,»

S 1
s ﬁwk (,nk + 3)] . (3.7¢)

Tt

+ .
n3) oy ,n-F

If one adopts the language of transition state theory, then

Eq. (3.7) expresses the rate constant as
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KT . .
k(D) = €(D) Fo - , (3.8)
4 . .
¥, : - g o
where Q "is the complete partition function of the transition state
(bath plus system)

4 + % :

with the transmission coefficient k(T) given by

K(T) = EZd(B)/de‘x,<§%kT>fEVKZd(I) . (3.10)

The transmission coefficient of Eq. (3.10), however, 1is éeen to

be identical to the transmission coefficient for the two-dimensional
- collinear-like system. 1In zeroFh order,utherefore, and with the
éssumption of constant'frequencies; oﬁe-éees that the transmission
'coefficient for the complete system of F‘degrees of freedom is the
Same as that for the smaller system of f degrees of freedom, This
approximation has been utilized recently by Bownan, EEAEi; 0 with
quite good results;) |

To determine the first order term to the transmission amplitudes,

ti%) ofIEq. (3.1), requires. the zerothTorder'wavefunctions; the
’ ’ .

-

scattering eigenfunctions of HO’ fnt+n(s);' They are also diagonal
) ~ e

“ ' in the bath quantum numbers,

| 2 PP
£ (ey =g 3 F

' 1 : L , o (3.11)
S n M2 S b )
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n3'.‘-.nT

with the reduced function f_3 (s) being the result of the
)
two-dimensional collinear-like scattering calculation. The_

asymptotic boundary conditions for fn‘+n(s) are of the standard

~ ~

form,
ik s ~ik s
fL e s, —e = Oy (5 12a)
. 1/2 n"n 1/2 n?- n- ) .
nn K ~ '~ ko -
n _ n
ikn;s .
e o ' (0) v oo |
N S ‘
1/2 tnr’n(E) s S (3.12b)
k7, -~
n
0) . (0) are the zeroth order reflection apd transmission

where r and t
n',n n

-~ ~ ~ ~

amplitudes, and these translate in an elementary way into corresponding

boundary conditions on the two-dimensional~like scattering functions

o
35ee0g (1) . . _ . )
fné+n2 (s). L n(E) is then given by (with h = 1)

?
~ ~

* (1)

@) oy s e
tnv,n(E) 1 ‘; " ds fnnv*_n'(s) Hnnr’nn fnvu_n(s) »
~ ~ n ,n T~ ~ ~ ~ ~ ~
- . (3.13)
where Héﬁz n" is the matrix of"Hl in the.vibrationally adiabatic

~ -~

basis of the transverse vibrational states; itris still an
operator (multiplicative and differential) in the reaction
coordinate-degree of freedom, Since the translational scattering
functions are diagonal in the bath quantum numbers, Eq. (3.13)

simplifies to the following



' *
: n‘» n‘ — n e o T
1 . 3**YF 1 : 3t
tr(lt) (E) = -1 z ds fn@u_nr H(nt)itnr topup fn"'+n
~ e ng’ngr 2 2 2 T3ee Pypofighzes e %y

(3.14)

One could in principle proceed to construct higher order
distorted wave contributions, but a simpler {(though approximate)
way to take these effects into account is to unitarize the first
order‘approximation via some ad hoc procedure, for example, the

. 11 X . . .
exponential DWBA model. It is the composite matrix of reflection

and transmission amplitudes in this case that is unitary,

r £
< IS
U = , (3.15)
t Y '
£ R

where r = {r_, } and t = {t_,
© n',n ~ n

n} are the reflection and transmission
’

2

~ ~ ~ -~

amplitudes as discussed above. S and E aré the reflection and
transmission amplitudes corresponding té the‘reverse feaction,
i.e., beginning at s = +m; (E is the transpose of g, both of
which arevin-general rectangular matrices; g and f are square

matrices.) The exponential unitarization procedure expands U

perturbatively,

U=0U. +U | . 3,16
¢ a0 =1 ’ (3.16)

~ and then determines the first two terms via Eq. (3,15):

(s)
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(0)

kel
2

(3.17a),

0N
L}

(0) ~(0)

F

1)

nH

nc
1l

(3.17b)

1 =)

et
14

Equation (3.16) - is assumed to be the first two terms of the
'powers series of an exponential, which is then resumed symmetrically

to give,

1/2,  1/2
Y

U = Ul/Z‘exp(U?l/ZQU - L

=0 Yo U1'Y% . (3.18)

With U, and U, known via Eq. (3.17) from the zeroth and first order
distorted wave results, Eq. (3.18) is used to determine U, and then
Eq. (3,15) gives the unitarized transmission and reflection:(i.e.,

reactive and non-reactive) amplitudes.
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IV. Concluding Remarks.

One can, in principle, improve results given by the approach
we have presented in one of two ways, namely, to treat the coupling
between "system" and "bath" to higher order in perturbation theory,
‘or to retain a first Qrder perturbative treatment of the coupling
and to include more of the‘transverse vibrational modes in the
"system'". There are practical limitations, however, in proceeding
too far along either of these avenues. If one aftempts to
include more tharn one or two traﬁsverse vibrational modes with the
reaction coordinate to form the "system", it will nof generally be

th order problem itself accurately.

practical to solve the zero
Conversely, if One‘must go beyond first order perturbative»theory
in a distorted wave calculaﬁion, then the perturbative approach is
usually not the best way to attéck the problem,

OQur view, therefore, is that the approach we have described

will be useful if indeed only one or. two transverse modes are

-strongly ééuéled't;ithe réééfion cqordinafé, agd.togeﬁher with it
défine the "system", while the coupling to the remaining transverse
modes (the 'bath") can be treated by first order perturbative

" theory. An encouraging note iﬁ this regard is that for.the

three~dimensional H + H, reaction qumanggE'al.6 obtain quite

2
reasonable results already at the zeroth order level of this
apprdach with only one transverse mode included in the "'system",
i.e., the bending vibrations and fotation make up the "bathﬁ. |
Finally, we note that sometimes it may not be most convenient

to solve the collinear-like reactive scattering problem for the

"system" in the reaction path coordinates (S,Qz)'(for example, if
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the curvature coupling B2 l(s) is very large). If such is the
case, one can transform the collinear-like Hamiltonian Hs?s of
Eq. (2.2¢) (with £f=2) to cartesian form,

2 2
(px +p.y )

N =

H ys(pS’S’PZ’O‘Z) > HS ) =

s L

+ V(X’Y) ’ . (4'1)
where V(x,y) is given by
VoY) =V (e) + 3 ue)? [eex (07 + ey (N, 42

where xo(s) and yo(s):are given by

s -
xy(s) = J[ ds' sin 6(s") (4.3a)
0

S

‘[ dst! cos 8(s) ' (4.3b)
0

Yo (s)

with

6(s) (4.4)

1
c?“‘\
o
@
o
¢
[oy
~
0
N’
-

and where s is determined as a function of x and y by the equation

siﬁe(s) (x—xo(s)) + cosB(s) (y*yo(s)) =:0 . (4.5)
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