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ABSTRACT OF THE DISSERTATION

Fundamentals of Treating Interference as Noise
By
Chunhua Geng
Doctor of Philosophy in Electrical Engineering
University of California, Irvine, 2016

Professor Syed Jafar, Chair

Treating interference as noise (TIN) when it is sufficiently weak is one of the key principles
of interference management for wireless networks. This dissertation revisits the optimality
of TIN from an information theoretic perspective. It is shown that for K-user Gaussian
interference channels, TIN achieves all points in the capacity region to within a constant
gap, if for each user, the desired signal strength is no weaker than the sum of the strengths
of the strongest interference caused by the user and the strongest interference suffered by the
user (with all signal strengths measured in dB scale). We also extend the optimality of TIN to
more general settings, including interference networks with general message sets, compound
networks and MIMO interference channels, and characterize the secure capacity region within
a constant gap for the identified TIN-optimal interference channels with secrecy constraints.
Moreover, combining TIN with interference avoidance, we formulate a joint signal space and

signal level optimization problem and propose a baseline decomposition approach.



Chapter 1

Introduction

1.1 Capacity of Gaussian Wireless Networks

For information theorists, the channel capacity of Gaussian wireless networks is the holy
grail. For single-user point-to-point Gaussian channels, it is well known that the channel

capacity C' is characterized by [1,2]
C = Blog(1+ SNR) (1.1)

where B denotes the channel bandwidth and SNR stands for the signal-to-noise ratio.

For multiuser Gaussian networks, the capacity is in general open and only known for some
special cases. For instance, for the multiple access channel (MAC), where multiple transmit-
ters intend to communicate with a common receiver, the capacity region is known [1,2]. For
its reciprocal channel, the broadcast channel (BC), where one transmitter intends to send
independent messages to multiple receivers, if the channel state information at transmitters

(CSIT) is perfect, the capacity region is fully established as well [2,3]. These two channels are



widely used to model single cell uplink and downlink transmission, respectively, in cellular

networks.

For Gaussian channel models with both multiple transmitters and multiple receivers, such as
interference channels, the capacity is generally intractable. In Gaussian interference chan-
nels, each transmitter intends to deliver one independent message to its desired receiver.
However, due to the broadcast nature of the wireless medium, each receiver also overhears
the interfering signals from the other undesired transmitters. The interference channel can
be used to model multi-cell networks and device-to-device networks, which are the current

research frontier for the wireless community.

Although the exact capacity of Gaussian interference channels is still open in general, recent
years have seen remarkable progress in our understanding of its first order approximation
in the high SNR limit — degrees of freedom (DoF), which is spurred in part by exciting
breakthroughs such as the idea of interference alignment [4-6]. These advances provide
fascinating theoretical insights and show much promise under idealized conditions. The
connection to practical settings, however, still remains elusive. This is in part due to the
following two factors. First, because of the assumption of abundant CSIT, idealized studies
often get caught in the minutiae of channel realizations, e.g., irrational versus rational values,
which have little bearing in practice. Second, by focusing on the DoF of fully connected
networks, these studies ignore the most critical aspect of interference management in practice
— the differences of signal strengths due to path loss and fading (in short, network topology).
Indeed, the DoF metric treats every channel as essentially equally strong (i.e., every channel
is capable of carrying exactly one DoF'). So the desired signal has to actively avoid every
interferer, whereas in practice each user only needs to avoid a few significant interferers
and the rest are weak enough to be ignored safely. Therefore, by trivializing the network
topology, the DoF studies of fully connected networks make the problem much harder than

it needs to be. Non-trivial solutions to this harder problem invariably rely on much more



channel knowledge at transmitters than is available in practice. Thus, these two limiting

factors in fact re-enforce each other.

1.2 A Progressive Refinement Path for Capacity Char-

acterization

Recent research has shown that the following progressive refinement path is extremely helpful

for pursuing the capacity limit of Gaussian wireless networks:
DoF — GDoF — constant gap — exact capacity

In this path, DoF serves as the starting point. To characterize the DoF of Gaussian networks,
we fix the values of channel coefficients and the local noise power at receivers, let the total
transmit power approach infinity, and solve the capacity problem in the high SNR limit. As
mentioned before, this coarse DoF metric suffers from severe limitations, i.e., it essentially
treats all non-zero channels as equally strong (i.e., each link is capable of carrying exactly
one DoF) in the high SNR limit, and thus totally ignores the strength distinctions of various
signals, which are critical for interference management in practice. To avoid the pitfalls of
DoF, the next progressive refinement goal is a more general metric — generalized degrees of
freedom (GDoF'), which refines the picture by adopting a model that maintains the ratio of
signal strengths (in the dB scale) constant as the high SNR limit is approached. Therefore,
the GDoF framework allows us to explore the channel settings with both weak and strong
interference and offers insights into optimal schemes for those channels. It’s worthwhile
noting that unlike DoF', in the GDoF framework instead of fixing the channel realizations (i.e.,
the channel coefficients and noise variance are unchanged) and scaling the transmit power,

we in fact study a class of different channel realizations as SNR approaches infinity. The



reason these channels are studied together is because, when normalized by log(SNR), they all
have (approximately) the same capacity. Hence the GDoF characterization simultaneously
settles the capacity of all the channels in this class within a gap of o(log(SNR)). Further,
the GDoF characterization tends to be a stepping stone to capacity characterizations within
a constant gap, i.e., a gap that does not depend on channel realizations or SNR values. As

expected, our ultimate refinement goal is the exact capacity.

The state of affairs is exemplified by the evolution of the exact sum capacity of 2-user single-
input single-output (SISO) Gaussian interference channels in the so-called “noisy interference
regime” [7-9]. It is well known that the DoF of 2-user SISO Gaussian interference channel
is only equal to 1 [10], which can be trivially achieved via single-user transmission. In [11],
the authors fully characterize the GDoF region of 2-user interference channels and show that
a simple Han-Kobayashi scheme achieves the entire channel capacity region within 1 bit.
Remarkably, the authors also demonstrate that when the interference is sufficiently weak,
treating interference as noise is optimal from the GDoF perspective and the outer bounds
are derived from a non-trivial genie-aided argument. Motivated by [11], a noisy interference
regime is established in [7-9] where treating interference as noise achieves the exact sum

capacity of 2-user interference channels.

This dissertation will follow along this progressive refinement path. In the following chapters,
we will show how to characterize GDoF for certain Gaussian interference networks and how

to utilize the obtained insights to derive capacity characterizations within a constant gap.

1.3 Channel State Information at Transmitters

From the theoretical perspective, the capacity of Gaussian wireless networks is quite sensitive

to channel uncertainty at transmitters (even in the high SNR limit).! Take the K-user

IThroughout this dissertation, we assume that channel state information at receivers (CSIR) is perfect.
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interference channel as an example. If the CSIT is perfect, the sum DoF is characterized
as K/2 in [5], which is achievable via interference alignment. However, if the CSIT is only
available to finite precision, then the sum DoF collapses to 1 [12]. In recent years, we have
seen remarkable advances in understanding the capacity limits of Gaussian wireless networks
under the idealized assumption of abundant CSIT. While this reveals ingenious ways of
exploiting the finer aspects of CSIT, it remains difficult to translate the obtained results
into practice where CSIT is rarely abundant. Recognizing this challenge, recent research has
started exploring a variety of settings with relaxed CSIT assumptions, e.g., compound CSIT
[13-15], delayed CSIT [16,17], mixed CSIT [18,19], alternating CSIT [20], and CSIT with
finite precision [12,21]. Following this line of research, lots of clever schemes have emerged.
Nevertheless, much of the theoretical insights are still too fragile to be applied to practice
directly. Different from these studies, we take a complementary approach to address this
challenge. In this dissertation, we consider the practical interference management schemes
that are robust to channel uncertainty at transmitters (e.g., treating interference as noise)

and study when these simple schemes are optimal from an information theoretic perspective.

1.4 Practical Interference Management Principles for

Wireless Networks

Real-world wireless networks are mainly based upon two robust interference management
principles — 1) ignore interference that is sufficiently weak, and 2) avoid interference that
is not. In more technical terms, ignoring interference translates into treating it as noise, and
avoiding interference translates into multiple access schemes such as TDMA /FDMA /CDMA.
The intuitive appeal of these two principles lies in their robustness, and in particular, their

minimal CSIT requirements. Recent studies have explored the optimality of both principles.



1.4.1 Topological Interference Management (TIM)

The optimality of interference avoidance has been investigated most recently by [22], as the
topological interference management (TIM) problem. With CSIT limited to a coarse knowl-
edge of network topology (which links are stronger/weaker than the effective noise floor),
TIM is essentially an index coding problem [23]. TIM subsumes within itself the multi-
ple access schemes, e.g., TDMA/FDMA/CDMA, as trivial special cases, but is in general
much more capable than these conventional approaches. Remarkably, for the class of linear
schemes, which are found to be optimal in most cases studied so far, and within which TIM
is equivalent to the index coding problem, TIM is shown to be essentially an optimal alloca-
tion of signal vector spaces based on an interference alignment perspective [24]. Variants of
the TIM problem have also been investigated, including TIM under short coherent time [25],
TIM with alternating connectivity [26,27], TIM with multiple antennas [28], and TIM with

transmitter cooperation [29].

1.4.2 Treating Interference as Noise (TIN)

From a practical perspective, treating interference as noise (TIN) is attractive due to its low
complexity and robustness to channel uncertainty. TIN involves the use of only point-to-
point channel codes, which are quite practical and near-optimal to deal with unstructured
noise. Moreover, it only requires a coarse channel knowledge of the signal to interference
and noise ratio (SINR) at transmitters, thus the overhead associated with acquiring CSIT

is minimal.

From a theoretical perspective, the optimality of TIN is also discussed extensively in previous
work. As mentioned before, in [7-9], it is shown that in the noisy interference regime,
TIN achieves the exact sum capacity of Gaussian interference channels. Then, extensions

of the noisy interference regime are obtained for multiple-input multiple-output (MIMO)
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interference channels [30], parallel interference channels [31], and 2 x 2 X channels [32].
From the GDoF perspective, it has been shown that when the interference is sufficiently
weak, TIN is optimal for 2-user (asymmetric) interference channels [11] and K-user fully

symmetric interference channels [33].

1.5 Dissertation Outline

In the rest of this dissertation, we will revisit the optimality of TIN from an information
theoretic perspective. Different from the previous work mentioned in Section 1.4.2, in this
dissertation we mainly answer the question when TIN is optimal to achieve the channel
capacity within a constant gap for various Gaussian channel models, including K-user fully
asymmetric interference channels, M x N X channels, and compound networks. Note that
in this dissertation, unless stated otherwise, we consider SISO interference networks, where
all transmitters and receivers are equipped with one antenna. We discuss the MIMO case in

Section 2.4. The material in this dissertation is presented in part in [34-41].

In Chapter 2, for K-user fully asymmetric Gaussian interference channels, we identify a broad
condition under which TIN is optimal from the GDoF perspective and approaches the entire
channel capacity region within a constant gap. Specifically, the identified TIN-optimality
condition is “for each user the desired signal strength is no less than the sum of the strengths
of the strongest interference caused by this user and the strongest interference suffered by
this user (all values in dB scale)”. Next, we fully characterize the achievable GDoF region
via the TIN scheme (i.e., the TIN region) for interference channels with arbitrary channel
strength and establish its duality. Moreover, we extend the TIN-optimality result to MIMO
interference channels where all transmitters and receivers are equipped with the same number
of antennas. For MIMO channels where transmitters and receivers have different antenna

numbers, we demonstrate that there exist non-trivial parameter regimes where a simple



scheme of zero-forcing strong interference and treating the others as noise achieves the sum

GDoF value.

In Chapter 3, we extend the optimality of TIN to Gaussian interference networks with
general message sets. The main result is that for TIN-optimal interference channels identified
in Chapter 2, expanding the message set to include an independent message from each
transmitter to each receiver (i.e., the X message setting) does not increase the sum GDoF,
and operating the new channel as the original interference channel and treating interference
as noise is optimal for the sum capacity up to a constant gap. We also generalize the

optimality of TIN to X channels with arbitrary numbers of transmitters and receivers.

In Chapter 4, we generalize the optimality of TIN to Gaussian compound networks. First,
we show that for K-user compound Gaussian interference channels, if in each possible net-
work realization, the TIN-optimality condition of Chapter 2 is satisfied individually, then
TIN achieves the entire GDoF region of the whole compound setting. Next, we investigate
the power control problem for compound networks from the GDoF perspective. We demon-
strate that for an arbitrary compound interference channel, we can always find a non-trivial
counterpart regular interference channel, such that the two have the same TIN region, and
the GDoF-optimal power control problems for the two are equivalent. Note that the regular
interference channel has only one state for each receiver, which may be different from all
of the original states. Then, taking the advantage of the simplification of the compound
setting to the regular case, we develop GDoF-optimal power control schemes for compound

networks.

In Chapter 5, we investigate Gaussian interference channels with information theoretic se-
crecy constraints. We demonstrate that if the TIN-optimality condition identified in Chap-
ter 2 is satisfied, the secrecy constraints incur no penalty from the GDoF perspective, and
a scheme based on Gaussian signaling, cooperative jamming, and smart power splitting

achieves the whole secure capacity region within a constant gap.



In Chapter 6, by combining TIN with TIM, we formulate a joint optimization problem for
signal vector space and signal power level allocations, and identify a baseline solution based

on a decomposition approach.

In Chapter 7, we summarize this dissertation.

1.6 Notations and Abbreviations

Throughout this dissertation, R, denotes the set of non-negative real numbers. For any
positive integer Z, (Z) denotes the set {1,2,...,Z}, and for any real number a, (a)* and
max{0,a} are used interchangeably. For two vectors u and v, we say that u dominates v
if u > v, where > denotes componentwise inequality. For a matrix A, Tr(A) stands for
its trace, |A| denotes its determinant, span(A) represents the space spanned by the column
vectors of A, and CN(0, A) represents the distribution of a complex circularly symmetric
Gaussian random vector with zero mean and covariance matrix A. I, stands for an n x n
identity matrix. We also use I to denote an identity matrix if its size is clear from the

context. In addition, unless otherwise stated, all logarithms are to the base 2.

The table on the next page lists the abbreviations used in this dissertation.



DoF Degrees of Freedom

GDoF | Generalized Degrees of Freedom

SNR Signal to Noise Ratio

INR Interference to Noise Ratio

SINR | Signal to Interference and Noise Ratio
CSI Channel State Information

CSIT | Channel State Information at Transmitters
CSIR | Channel State Information at Receivers
SISO Single Input Single Output

SIMO | Single Input Multiple Output

MIMO | Multiple Input Multiple Output

MAC | Multiple Access Channel

BC Broadcast Channel

TIN Treating Interference as Noise

TIM Topological Interference Management
ZF Zero Forcing

Table 1.1: Table of abbreviations

10




Chapter 2

Optimality of TIN for Interference

Channels

It is well known (see, e.g., [7-9]) that in Gaussian interference channels the simple TIN
scheme is information theoretically optimal when the interference is sufficiently weak. Such
results are remarkable since they provide exact capacity characterizations, which are rare in
network information theory. However, the difficulty of pursuing the exact capacity metric
manifests itself through various limitations — the results are typically limited to sum channel
capacity (as opposed to the entire channel capacity region), power control is not involved
(all transmitters use all available power), and the regime where the exact optimality of TIN
is established tends to be rather small. In contrast, in this chapter, by pursuing approximate
capacity characterizations, we identify a broad regime where TIN (with power control) is

optimal from the GDoF perspective, and within a constant gap to the whole capacity region.

This chapter is organized as follows. In Section 2.1, we present the standard channel model
of K-user Gaussian interference channels and translate it into an equivalent form which is

more conducive for GDoF studies. In Section 2.2, for K-user fully asymmetric interference

11



channels, we identify a broad condition under which power control and TIN is optimal
from the GDoF perspective and approaches the entire channel capacity region within a
constant gap. We also fully characterize the achievable TIN region for interference channels
with arbitrary channel coefficients and establish its duality in Section 2.3. We extend the
optimality of TIN to MIMO interference channels in Section 2.4 and summarize this chapter

in Section 2.5.

2.1 Channel Model

Consider the following canonical model for general K-user Gaussian interference channels
K ~ ~
Yi(t) = Z hii Xi(t) + Zi(t), Vk € (K), (2.1)
i=1

where at each time index ¢, Y;(t) is the received signal of Receiver k, X;(t) is the transmitted
symbol of Transmitter i, hy; is the complex channel gain value between Transmitter ¢ and
Receiver k, and Z(t) ~ CN(0,1) is the additive white Gaussian noise (AWGN) at Receiver
k. All symbols are complex. Transmitter i € (K) is subject to the average power constraint

E[IXi()] < P

Next, we translate the standard channel model (2.1) into an equivalent normalized form that
is more conducive for GDoF studies. Define the SNR of user 7 and INR of Transmitter 7 at

Receiver k as follows.!

SNR; £ max(1, |hy|?P,), INRy 2 max(1, |hy|*P), i#k, ike (K). (2.2)

Tt is not difficult to verify that assigning a value of 1 to SNR and INR that are less than 1, or equivalently,
assigning a value of 0 to a;; that might otherwise be negative, is only a matter of convenience, and has no
impact on the GDoF or the constant gap result derived in this chapter (i.e., Theorem 2.1, 2.2 and 2.3). The
details are relegated to Appendix A.

12



Following [11], for the GDoF metric, we preserve the ratios of different signal strengths in
dB scale as all SNRs approach infinity. To this end, taking P > 1 as a nominal power value,

we define

i — ) ) k7 .71{; K; 2.
lOgP ’ e9% logP 23& ¢ €< > ( 3)

iy
implying that for each user i, SNR; = P®# and for any two distinct users ¢, k, INRy; = P,

Now according to (2.2) and (2.3), we represent the original channel model (2.1) in the

following form

Yi(t) = Z VPl X (t) + Zy(t), Yk € (K). (2.4)

In this equivalent channel model, X;(t) = X;(t)/+/P; is the transmit symbol of Transmitter
i, and the power constraint for each transmitter is normalized to unity (i.e., E[|X;(¢#)]?] < 1,
Vi € (K)). Indeed, the transmit power in the original channel model is absorbed into the
channel coefficients. /P and 6; are the magnitude and the phase, respectively, of the
channel between Transmitter i and Receiver k, Vi, k € (K). The exponent «y; is called the
channel strength level of the link between Transmitter ¢ and Receiver k. In the rest of this

chapter, unless otherwise stated, we will consider the equivalent channel model in (2.4).

2.1.1 Channel Capacity

In K-user interference channels, Transmitter ¢ intends to send message W, to Receiver i.
The messages W; are independent, Vi € (K). Denote the size of the message set of user i by
|W;|. For codewords spanning n channel uses, the rates R; = %,i € (K), are achievable

if the probability of error at all receivers can be made arbitrarily small as n approaches

infinity. The channel capacity region C is the closure of the set of all achievable rate tuples.
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Collecting the channel strength levels and phases in the sets

o = {aki}v 0 < {ekl}v \V/l, k€ <K>7 (25)

the capacity region C is in fact a function of «, 6, and P.

2.1.2 Generalized Degrees of Freedom (GDoF)

The GDoF region of K-user interference channels in (2.4) is defined as

DA {(dh...,dl() : d; = lim R; , Vi € (K), (Ry,..., Ri) EC}. (2.6)

In general, the channel capacity (GDoF) region of complex Gaussian interference channel
may depend on both the channel strength levels «, and the channel phases 6. Later our results
will show that when TIN is optimal from the GDoF perspective, the capacity (GDoF) inner
and outer bounds we derived in this chapter depend only on a. As such, our results hold

regardless of whether or not the channel phase information is available at transmitters.

Remark 2.1. As we mentioned before, it is notable that unlike DoF, the scaling with P in
the GDoF framework does not correspond to a scaling of transmit powers for a fixed channel
realization, because of the disparate power scaling exponents ;. Instead, each P value in
(2.4) defines a new channel. These channels are studied together, because when normalized by
log(P), they all have (approximately) the same capacity. Therefore, a GDoF characterization

simultaneously settles the capacity of all the channels in this class within a gap of o(log(P)).
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2.1.3 Channel Capacity within a Constant Gap

Following the same definitions in [11] and [42], an achievable rate region is said to be within
b (b > 0) bits of the capacity region if for any tuple (R, Ra, ..., Rx) on the boundary of the
achievable rate region, the tuple (R; + b, Ry + b, ..., R + b) is outside the channel capacity

region.

2.2 TIN-optimality Condition for Interference Chan-

nels

The main result of this chapter is the following theorem.

Theorem 2.1. In a K-user interference channel, if the following condition is satisfied
(6773 Z max{ozji} + max{aik}, Vi,j, ke <K>, (27)
jij#i k:k#i

then power control and TIN achieves the entire GDoF region. The GDoF region is the set

of all K-tuples (dy, ...,dg) satisfying

o

N
&
IN

NG
A
NE

i, Vi € (K) (2.8)

(aijij - Ckijilij), V(il,ig, 7Zm) S HK, VYm € {2,3, ...,K}, (29)

<
Il
-

<
Il
—

where Ik is the set of all possible cyclic sequences® of all subsets of (K) with cardinality no

less than 2, and the modulo-m arithmetic is implicitly used on user indices, e.g., iy, = 9.

In words, condition (2.7) can be stated as — for each user the desired signal strength is no

2Each cyclic sequence in I is essentially a cyclically ordered subset of user indices, without repetitions.

In Ik, there exist 2522 (ffl) (m — 1)! cyclic sequences.
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less than the sum of the strengths of the strongest interference caused by this user and the
strongest interference suffered by this user (all values in dB scale). Theorem 2.1 claims that
under this condition, for K-user fully asymmetric interference channels, TIN is optimal from
the GDoF perspective. For brevity, in the rest of this dissertation, we call the condition
(2.7) the TIN-optimality condition, and refer to interference channels satisfying this TIN-

optimality condition as TIN-optimal interference channels.

Remark 2.2. Note that both the TIN-optimality condition (2.7) and the GDoF region spec-
ified by (2.8)-(2.9) display a natural duality in the sense that they are both unchanged if the
roles of the transmitters and receivers are switched, i.e., if all a;; values are switched with o
values. In other words, for the same channel strengths, if we consider the reciprocal channel
(in the same sense as a BC being the reciprocal of a MAC), then under condition (2.7), TIN
1s optimal from the GDoF' perspective, and the GDoF region is the same as in the original

channel.

Remark 2.3. In [34], we conjecture that condition (2.7) is also necessary for TIN to be
GDoF-optimal for K-user interference channels except for a set of channel gain values of

measure zero.

TX1 2 Rx1
A .5
T o )
TXo 1 Rx»

1 Y Y

TX3 : RX3

Figure 2.1: A 3-user interference channel

Example 2.1. To help interpret the results in Theorem 2.1, we derive the GDoF region for

a 3-user interference channel where the TIN-optimality condition (2.7) is satisfied. Consider
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the 3-user channel in Fig. 2.1. In this channel, the value on each link denotes the channel
strength level. For the case of K =3, Il = {(1,2),(1,3),(2,3),(1,2,3),(1,3,2)}. According

to Theorem 2.1, the GDoF region is fully characterized by

dy +dy < 2.4
dy +ds < 1.5
di +dy + ds < 3.7

d1+d2+d3§2.5

which is achievable via power control and TIN.

2.2.1 Achievability Proof of Theorem 2.1

We proceed to prove the achievability of Theorem 2.1 through the following steps. First,
we introduce a polyhedral version of the TIN scheme called polyhedral TIN. We illustrate
that the achievable GDoF region by polyhedral TIN (i.e., the polyhedral TIN region) is
no larger than the achievable GDoF region by the original TIN scheme (i.e., the TIN re-
gion). In fact, later our results will show that under the TIN-optimality condition (2.7), the
polyhedral TIN region is the same as the TIN region. Next, we demonstrate that the poly-
hedral TIN region can be characterized by checking the existence of a potential function for
an induced fully-connected digraph, with vertexes representing the source-destination pairs

(i.e., transmitter-receiver pairs or user pairs) in the interference channel (with an additional
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“ground” vertex) and a specific length assignment to the edges of the digraph. Finally,
we derive the characterization of the polyhedral TIN region based on the potential theo-
rem in [43], which essentially conducts Fourier-Motzkin elimination for the power allocation

variables.

We start with the original TIN scheme. Assume that Transmitter ¢ € (K) uses a transmit
power of P". Due to the unit power constraint in the channel model of (2.4), we have r; < 0.

By treating all the incoming interference as noise, user ¢ achieves any rate R; such that

Poén‘-i-?”i
R, <log |1+ 2.10
i ( L+ ub aiﬁ”) 210

So the achievable GDoF value of user ¢ is given by

0 < d; < max{0, a;; + r; — max{0, mgﬁx(aij +r;)}} (2.11)
g

The TIN region, which is denoted by P*, is the set of all K-tuples (dy,ds, ..., dk) for which

there exist 7;’s, 1; <0, i € (K), such that (2.11) holds for all ¢ € (K).

Next, we introduce a polyhedral version of the TIN scheme, which is called polyhedral TIN.
Specifically, by requiring that a;; +7; — max{0, max;.;.;(c;; +7;)} is no less than 0 for each
i, we can ignoring the first max{0, ...} term in (2.11). With this modification, the obtained
polyhedral TIN region, which is denoted by P, is the set of all K-tuples (di,ds, ..., dk) for

which there exist r;’s, i € (K), such that

ri <0, Vi€ (K) (2.12)

0 S CZZ < Qi+ 1 — max{(), mix(oz” + Tj)}, Vi € <K> (213)
Jig#i

This region P is always a polyhedron (see Example 2.1), which is why the scheme is called

polyhedral TIN. The above modification actually puts more constraints on the power expo-
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nents 7;’s besides the constraints of r; < 0. It can only shrink the achievable GDoF region

of the TIN scheme. Thus in general we have P C P*.

Example 2.2. Consider a 2-user interference channel with o;; = 1, Vi,j € {1,2}. In the

polyhedral TIN scheme, we require that

1+ 7 —max{0,1+r} >0,

1+ 7y —max{0,1+r} > 0.

Combining with the constraints of r; < 0, it is easy to verify that the valid power exponents
ri’s for polyhedral TIN satisfy r1 = ro and ri,r9 € [—1,0], and the polyhedral TIN region P is
a single point (0,0). While in the original TIN scheme, according to (2.11), the TIN region
P* is the union of two line segments, i.e., P* = {(dy,d2) : 0 < dy < 1,dy = 0} U{(dy,d>) :

dy = 0,0 < dy <1}. Therefore, in this example P C P*.

Remark 2.4. As we mentioned, later our results will show that when the TIN-optimality
condition (2.7) holds, compared with the original TIN scheme, polyhedral TIN incurs no loss.
In other words, when condition (2.7) is satisfied, the TIN region P* is same as the polyhedral
TIN region P.

Rewriting (2.12) and (2.13), we obtain that the polyhedral TIN region P is fully characterized

by the following linear inequalities

d; >0, Vi € (K) (2.14)

r; <0, Vi € (K) (2.15)

di <oy +r; & >d — oy, Vi e (K) (2.16)

di <oyi+ri— (qj+r) Sr—r; > a;+ (d —ag), Vi,j e (K),i#j. (2.17)

As we will show, by essentially a Fourier-Motzkin elimination of the power allocation vari-
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ables r;, i € (K), the region P is fully characterized by (2.8)-(2.9). In the following, we
complete this elimination by applying the potential theorem in [43]. Towards this end, for
an arbitrary K -user interference channel, we construct a fully-connected digraph D, = (V, )

called the potential graph, where ¥V and &£ are the sets of vertices and edges, respectively, and

V = {01, v, oy v, 1}
E=EUEUES

& ={(vi,vy) 14,5 € (K),i # j}
E ={(vi,u) :i € (K)}

E ={(u,v;) :i € (K)}

We assign a length [(e) to every edge e € £ as follows.

l('Ul',’Uj) = Oy — dz — Q5
l(vi,u) = ; — dl

l(u,v;) = 0.

Note that we denote by (a, b) the edge from vertex a to vertex b. As an example, the potential

graph D), for the 3-user interference channel in Example 2.1 is given in Fig. 2.2.

In the potential graph D, according to [43], a function p : V — R is called a potential if
for every two vertexes a,b € V such that (a,b) € &, l(a,b) > p(b) — p(a). One can find that
these inequalities only depend on the difference between potential function values. Therefore,
without loss of generality, if there exists a valid potential function for the potential graph D,,
we can make one vertex, say the vertex u, ground (i.e., let p(u) = 0). Also letting p(v;) = r;,

the potential function values should satisfy

Qy; — di — Qyj > 15 — Ty, Vi, j € (K),i#j (2.18)
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Figure 2.2: The potential graph D,, for the 3-user interference channel in Fig. 2.1

0>, Vi e (K). (2.20)

which exactly match (2.15)-(2.17). Therefore, for a K-user interference channel, a GDoF
tuple (di,da, ...,dg) € RE (i.e., the non-negative orthant of the K-dimensional Euclidean
space) is in the region P if and only if there exists a valid potential function for its potential

graph D,,.

Equipped with the above observation, we invoke the following theorem in [43] to complete

the characterization of the polyhedral TIN region P.

Potential Theorem (Theorem 8.2 of [43]): There exists a potential function for a digraph

D if and only if each directed circuit in D has non-negative length.

According to potential theorem, we conclude that (dy,ds, ...,dk) € Rf is in the polyhedral
TIN region P if and only if each directed circuit in D, has a non-negative length. Therefore,
it remains to interpret the conditions of non-negative length for the circuits in D,. We

categorize these circuits in the following three classes:
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e Circuits in the form of (u — v; — u), Vi € (K). For these circuits, we have

e Circuits in the form of (v;, — v, — ... = wv;,,), where iy = iy, V(i1,l2,...,0n) €
Mg, Vm € {2,3,..., K} (i.e., the circuits that do not include the ground vertex u).

For these circuits, the non-negative length condition yields

3
L
3
\

Z Qiji; — Qi) (2.22)

(viji; — di; — vijiz,) >0

.
Il
o

g

Msvm
MS I’

d;;

1 J

(aijij — Oéijflij> (223)
1

J

where in (a) we reorder the terms in the right hand side and use the fact that i,, = .

e Circuits in the form of (v — vy, — ... = v, — u), V(i1,d2,...,0n) € g, Vm €

{2,3, ..., K'}. For these circuits, we get

-1

3

(aijij - dij — aijij+1) + (aimim — dzm) >0 (224)

1

J

Since «;,;, > 0, we have o, — d;,, > i — d;, — ;. Therefore, given (2.23),

m

the conditions for this class of circuits are redundant.

Consequently, we end up with conditions (2.21) and (2.23). Adding the non-negativity
constraint on d; explictly, we obtain (2.8)-(2.9), which is in fact the polyhedral TIN region P
for interference channels with arbitrary channel strength levels. In other words, the region P
specified by (2.8)-(2.9) is always achievable through polyhedral TIN for interference channels

with arbitrary channel strength levels.
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2.2.2 Converse Proof of Theorem 2.1

To prove the converse, we first derive the following lemma.

Lemma 2.1. For K-user interference channels with channel input-output relationship in

(2.1), the capacity region is included in the set of rate tuples (Ry, R, ..., Rk) such that

R; <log(1 + |hy|*P), Vi€ (K) (2.25)
m m 8 hii 2P
ZR% < Zlog (1 " |hiﬂ'i+1|2pij+1 + | = ]| ; ) 7
j=1 j=1 L+ ‘hij—lij| By
V(il,ig,...,im) S HK, VYm € {2,3,...,K}, (226)

where the modulo-m arithmetic is implicitly used on user indices, e.q., i, = 9.

Proof of Lemma 2.1: The proof mainly follows [11,42]. First, each individual bound (2.25)
simply comes from the single user capacity bound. Next, consider the cycle bound (2.26). For
any cyclic sequence (i1, ig, ..., i) € g, we start with the fully connected K-user interference

channel with input-output relationship (2.1), and go through the following steps:
e Eliminate all users i € (K)\{i1, 2, ..., i, } and their desired messages;
e Remove all the interfering links but the links from Transmitter i; to Receiver i;_i,

Vi e (m).

We end up with the m-user cyclic interference channel depicted in Fig. 2.3. The above two
steps cannot hurt the rates of the remaining messages. Therefore, the sum rate of users
i € {i1,19,..., 1, } in the original K-user interference channel is upper bounded by that of the

remaining m-user cyclic interference channel. Define

S (8) = iy, Xy (8) + Ziy, (1), V5 € (m)

23



) )

TXq;l RX7;1
) )
—|_X:L2 RX¢2

) )

T X4 RXi,

Y Y

T X4, RX;,

Figure 2.3: The m-user cyclic interference channel

For Receiver i;, provide S{; through a genie. From Fano’s inequality, we have

n(RlJ - 6)
< I(Wi;; Y, 81
= h(Y,57) = MY, S5 [W5))

= h(S5;) + h(YI1SE) — h(S5[Wi) — h(YT[STE, Wi))

= h(S3) + h(YSE) — h(Zi ) = h(ST,,)

Tj+1

Taking the sum of n(R;, —¢) for all j € (m), we get

m

nZ(Rij —e) <

Jj=1 J

M

(n(vz1sz) = nz)]

1

> [V, ()8, () = h(Zi,(1))]

1 j=1

M:

t
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where the last inequality follows chain rule and the fact that dropping conditioning does not
reduce entropy. Finally, using the fact that the circularly symmetric Gaussian distribution
maximizes conditional differential entropy under a given covariance constraint, we obtain

the desired outer bound (2.26). |

Equipped with Lemma 2.1, we can proceed to complete the converse of Theorem 2.1 as

follows. The individual bounds in (2.8) follow directly from (2.25).

P—oo log P P—oo log P

= Oy, Vi € <K>

The cycle bounds in (2.9) follow from (2.26). For any cycle (i1, 42, ..., %) € Ik, we have

Zd'. = lim —Zj:l 1, < lim Zj:l log (1 + P+ 1+P“"j—1i1>
= Y P logP T Pooo log P

m m
- § :maX{O,aijin,aijij — Qi = § :(aijij — Qi i)
=1 =1

where the last equality holds due to the TIN-optimality condition (2.7). This completes the

converse proof of Theorem 2.1.

Remark 2.5. In fact, Theorem 2.1 indicates that when condition (2.7) is satisfied, the
GDoF region D 1is the polyhedral TIN region P. As a consequence, in this regime we have
D =P = P*. Recall that P s a convex polyhedron. This also means that when condition

(2.7) holds, time-sharing cannot help enlarge the achievable GDoF region via the TIN scheme.

2.2.3 Constant Gap Characterization

In this section, based on the insight obtained in the GDoF study, we derive a capacity
characterization within a constant gap for the TIN-optimal interference channels identified

in Theorem 2.1. The main result is given in the following theorem.
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Theorem 2.2. In a K-user interference channel, if condition (2.7) holds, then power control

and TIN achieves to within log(3K) bits of the entire capacity region at any finite SNR.

For the converse of Theorem 2.2, applying Lemma 2.1 to the equivalent channel model (2.4),

we obtain the following outer bounds.

R; <log(l+ P*), Vie (K) (2.27)
m m o Pty
; S;log<1+P JJ+1—|—1_|_PCM1J 11)
V(il,iQ, ,Zm) cllg, Vme {2,3, N K} (228)

Since P > 1, it follows that

R; <log(l+ P“*) < ay;log P + 1, Vi € (K), (2.29)
Xm: < Zm: 1+ PY%%i+1 4 & (2.30)
i - ‘= 14+ PY-14j
e o P%iiij
Z (1 P e ) (2.31)
n PYij-1ij —+ Paljzj+1+azj 1 | P%ijij
= 1 2.32
> o ( e~ ) (2.32)
m Palﬂj
< 1 .
Syt (2.33)
7j=1
= Z[(aijij — ;_yi;) log P +4log 3], (2.34)

for all cycles (iq, s, ...,0m) € g, Vm € {2,3,..., K}.

Next, consider the achievability of Theorem 2.2. Assume that the power allocated to Trans-

mitter ¢ € (K) is P™, where r; < 0. Through the TIN scheme, user i can achieve the
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rate

PTiJrau'
R; =1 1 . 2.35
TIN = log ( + S PTj"Faij) (2.35)

From the proof of Theorem 2.1, we know that under condition (2.7), if d;’s satisfy (2.8) and

(2.9), then there exist r;’s such that

Ty + oy — HIQX{O,TJ + Oéij} 2 di, VZ,] € <K>, (236)
VED
r <0, Vie (K. (2.37)
Therefore, we have
Pritai Pritou

R; =1 1 >1 2.38
TIN =108 ( Ry > Pwau) = 08 (PO I PT.7'+%) (2.38)

>1 pree =d;log P +1 ! 2
-~ 108 W = a; 10g + og E . ( 39)

In other words, when d,’s satisfy (2.8) and (2.9), the rates in (2.39) are always achievable by
TIN, Vi € (K). Thus it is not hard to get that the achievable rate region by TIN includes

the rate tuples (Ry N, R2TIN, ---, Rk TIN) satisfying

1
0 < R;riv < max {0, a;ilog P + log (E) }, Vi € (K), (2.40)
m m 1
;Rii,TIN < max {O, ; [(aiﬂ-j — j;_i;) log P+ log (?ﬂ } (2.41)

for all cycles (iy, s, ...,0,) € I, Vm € {2,3,..., K'}.

With both converse and achievability, to complete the proof of Theorem 2.2, we need to
show that each of the rate constraints in (2.40) and (2.41) is within log(3K) bits of its

corresponding outer bound in (2.29) and (2.34), i.e.,

or, <log(3K), Vie (K), (2.42)
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oy r, <mlog(3K), V(i1 ia, ...im) € Ik, ¥m € {2,3,..., K}, (2.43)

where o) denotes the difference between the achievable rate in (2.40) and (2.41) and its
corresponding outer bound in (2.29) and (2.34). For og,, Vi € (K), consider the following

two cases.

o oy log P+ log ( ) < 0: In this case, we obtain

1
K

or, = alog P+ 1 <log K +1 < log(3K).

e oy log P+ log (%) > (: In this case, we have
1
ORr, = {an» log P + 1} — {Om log P + log (E)} =1+log K < log(3K).

Similarly, for Oy Ry V(iy,i2, .y im) € g, YVm € {2,3, ..., K}, consider the following two

cases.

o> [(aijij — a;,_,;,) log P+ log (%)} < 0: In this case, we obtain

oy R = Z {(aiﬂj — i;_i;) log P +1log 3
1

<.
Il

< [log3+log K] = mlog(3K).

v

1

<
I

° ZT=1 (viji; — vi;_yi;) log P +log (%)} > 0: In this case, we have

oy Ry = Z [(aiﬂj — ay,_,4;) log P+ log 3]

e 1
- o — ;. s )]og P+ log [ —
Z |:(az]z‘7 az]_1zj) 0g + 0g (K):|
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= Z[log?) + log K] = mlog(3K).

j=1

Combining the above results together, we get (2.42) and (2.43) and complete the proof of
Theorem 2.2.

2.3 Achievable TIN Region for General Interference

Channels

Based on the characterization of the polyhedral TIN region P given in Section 2.2.1, it is
not hard to further characterize the TIN region P* for K-user interference channels with

arbitrary channel strength levels. The main result is stated in the following theorem.

Theorem 2.3. In a K-user interference channel, the TIN region P* is given by
P = J Ps, (2.44)
SC(K)
where Ps, S C (K), is defined as

PS = {(dl,dg, ...,dK) : dz = 07VZ S S,O S dj S Oéjj,\V/j S Sc,

Zdi]- < Z(Oéijz‘j — ;i) (i1, 02, .y i) € s},

and llge is the set of all possible cyclic sequences of all subsets of S¢ (i.e., the complement

of § in (K)) with cardinality no less than 2.

In words, the TIN region P* is the union of 2X polyhedral TIN regions Ps, each of which
corresponds to the case where the users in the set S are silent. Note that P, is actually

the polyhedral TIN region P. Except for the polyhedral TIN region P, all the other Pg
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have zero volume in R¥ since in each of them the users in S always have zero GDoF value.
Therefore, the TIN region P* is almost the same as the polyhedral TIN region P in the sense

that the measure of the difference of these two sets is zero in R¥.

2.3.1 Duality of Achievable TIN Region

From Remark 2.2, we have already known that for TIN-optimal interference channels iden-
tified in Theorem 2.1, the GDoF region (which is the polyhedral TIN region P) satisfies
duality. Theorem 2.3 demonstrates that for K-user interference channels with arbitrary
channel strengths, the TIN region P* satisfies duality as well. More specifically, for an arbi-
trary K-user interference channel and its reciprocal channel, where the roles of transmitters
and receivers are switched, they always have the same TIN region. This result is quite re-
markable from a theoretical perspective. In previous work, a similar duality relationship is
only established for the symmetric achievable rate [44]. Our result establishes that from the

GDoF perspective, the duality holds for the entire achievable TIN region.

2.3.2 Convexity of Achievable TIN Region

Recall that for TIN-optimal interference channels, the TIN region P* = P, which is always
convex without time-sharing. However, according to Theorem 2.3, the TIN region P* may
not be convex in general, and if time-sharing is allowed, the achievable region may become
substantially larger. In other words, Theorem 2.3 reveals that when the TIN-optimality
condition (2.7) is violated, time-sharing may help enlarge the achievable GDoF region of
TIN.

Example 2.3. Consider a 2-user interference channel with cy; = oy = 1, g = aig; = 0.6.

Clearly, this channel does not satisfy the TIN-optimality condition (2.7).
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First, if both the users are active, we have the polyhedral TIN region as follows.

Po = {(d1,ds) : dy > 0,ds > 0,d; +dy < 0.8},

which is in fact the region P. Next, consider the cases in which one user is made silent and

hence has a GDoF wvalue of 0, and the other user is active.

7){1} - {(d17d2) : dl = 0, 0 S d2 S 1}

Proy = {(d1,do) : dy =0, 0<d; <1}

We also have

73{1,2} = {<d17d2) dy =dy = 0}

Finally, according to Theorem 2.3, the TIN region P* is

P* =Py U Py UPpp UPpgy =Py UPpy UPp (2.45)

It is easy to verify that the region P* is not convex. Therefore, time-sharing can help enlarge

the TIN region for this 2-user interference channel.

2.4 Extension to MIMO Interference Channels

2.4.1 MIMO Channel Model

Consider K-user MIMO interference channels with M; and N; antennas at Transmitter ¢ and

Receiver i, respectively, Vi € (K). The channel input-output relationship is described by
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the following equation
K
Yi(t) = Y VPuH,X (1) + Zi(t), Vi€ (K) (2.46)
j=1

Here, over channel use ¢, X;(t) is the M; x 1 input signal vector of Transmitter j, Y;(¢) is the
N; x 1 received signal vector at Receiver 7, H;; is the constant N; x M; channel matrix between
Transmitter j and Receiver i, and the noise term Z;(t) ~ CN(0,Iy,). We assume that the
channel input signal X;(¢) satisfies the unit average power constraint. We also assume that
the entries of the channel matrix H;; are drawn from a continuous and unitarily invariant
distribution [45] to avoid degenerate channel conditions, and the Frobenius norm of H;; is
normalized to unity (i.e., ||H;;|| = 1). The channel strength from Transmitter j to Receiver
i is characterized by v/ P®is, where P > 1 is a nominal parameter and a;; € Ry. Following
the notation in the SISO case, we call «;; the channel strength level between Transmitter
7 and Receiver ¢. Similar to the SISO case, the codebooks, probability of error, achievable
rate tuples (Ry, ..., Ri), and the capacity region C are also defined in the standard Shannon

sense. Again, the GDoF region D is defined as

N oy At
DL {(dl, i) de= fim o k€ (KD, (R, Ri) € c} (2.47)

In the following sections of this chapter, we consider MIMO interference channel where all
transmitters are equipped with M antennas and all receivers are equipped with N antennas.
For notation brevity, we denote this channel as (M, N)X MIMO interference channel. Also,
for any K-user interference channel, the modulo-K arithmetic is implicitly used on user

indices.
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2.4.2 TIN-optimality Condition for MIMO Channels

In this section, we consider the K-user MIMO interference channels where all transmitters
and receivers are equipped with the same number of antennas M, i.e., the (M, M)% MIMO
interference channel. We establish the optimality of TIN for such MIMO channels in the

following theorem.

Theorem 2.4. In an (M, M)X MIMO interference channel, if the following condition is

satisfied
a;; > max{oj; } + max{a;}, Vi, j ke (K), (2.48)
gt kikAi

then power control and TIN achieves the whole GDoF region. The GDoF region is the set

of all K-tuples (dy,ds, ...,dy) satisfying

D di <MY (i, — i) V(i da, i) € M, Ym € {23, K} (2.50)
j=1 J=1
where the modulo-m arithmetic is implicitly used on user indices, e.q., i, = 9.

From Theorem 2.4, one can find that for TIN-optimal Gaussian interference channels identi-
fied in Theorem 2.1, its entire GDoF region scales uniformly with spatial dimensions almost
surely. In other words, for TIN-optimal interference channels, if the number of antennas at
each node is scaled by a common constant factor, then the whole GDoF region scales by the
same factor almost surely, and the TIN scheme remains optimal from the GDoF perspec-
tive. Remarkably, the spatial scale invariance of TIN-optimal interference channels holds
even if only coarse channel strength information (but no phase information) is available at

transmitters.
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Figure 2.4: An (M, N)X MIMO cyclic interference channel, where transmitters and receivers
are equipped with M and N antennas, respectively

In the following, we proceed to prove Theorem 2.4. First, consider the converse. Again, the
individual bound (2.49) comes from the single user capacity. To get the cycle bound (2.50),

we need the following lemma.

Lemma 2.2. In an (M, N)X MIMO cyclic interference channel as shown in Fig. 2.4 where

% < M < 2N, if the condition (2.48) is satisfied, then its sum GDoF is upper bounded by

g < NZkK:1 gy — (2N — M) Zszl Qp—1k, N <M
5 <

MK o —(2M = NYSE ap 1, M <N

Proof of Lemma 2.2: Note that for the partially connected channel given in Fig. 2.4, the

condition (2.48) is reduced to

Qg > Qg1 + ag_1, VEk € (K)
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Define

Sk(t) =V Pakflkak_Lka(t) + Zk_l(t), Vk € <K> (251)
Qi (t) = E(Xi ()X (1)), Vk € (K) (2.52)
I:Ik—l,k = vPOékfl,ka_lvk’ Vk € <K> (253)

For Receiver k € (K), provide Si(t) through a genie. From Fano’s inequality, we have

n(Ry —€) < I(Wi; Y7, SD)
= h(Y}, ) — h(Y}, Sp[Wi)
= h(SE) + h(YE[S) — h(SEIWk) — h(Y (S}, W)

= h(SP) + h(YP|SE) — h(Zy ) — h(SE,,)

According to the above inequalities, the sum rate Ry satisfies

] =

nRy —nKe < > [h(Y}[S}) — h(Z})]
k=1
<Y Y [R(YR(®)ISk(1) — h(Zk(2))] (2.54)

M:
] =

[W(YE(0)ISE (1) — h(Zi(t))]. (2.55)

w
Il
_
£
Il

1

where the last inequality follows from Lemma 1 in [46], and the superscript G denotes that
the corresponding inputs are independent X (t) ~ CN(0, Q,(t)), Vi € (K). In the following,

we omit the time index ¢ for notation brevity. We have

h(Y(|SY) = log |[meSygse (2.56)
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and

Syeise = BYSY(T) — B(YES{HE(SES] E(STYLT) (2.57)
=T+ P Hy gy Qe H y + PO H QuHY,
_ Pakwak_l,kakaHLl’k(I + Po‘k—lkak_LkaH,:,Lk)_1Hk—1,k:QkHLk (2.58)
=1+ Pa"’"‘"‘“Hk,kﬂQkHHL,kﬂ
+ Pakkain% - Q%I:I-ll;)—l,k(]: + I:Ik—l,kQkI:IJIL—Lk)_lI:Ik—LkQI%} Q%sz
=1+ Pa’“”““Hk,kHQkHHit,kH
+ Pa’“kakQé (I+ QEI:IITC—LkI:kaLkQ%)_lQI%HLk (2.59)

< T+ PossnHyy HE L+ PO (T4 Po-1eH | Hyy,)  HY, (2.60)

where (2.59) follows from the Woodbury identity, i.e.,
(A+BCD)'=A"'-A'B(C'+DA'B)"'DA™!

and (2.60) follows the proof of Lemma 1 in [46]. Next, based on similar argument used in

the proof of Theorem 1 in [45], when (2.48) is satisfied we obtain

[N(l/kk — (2N — M)ak—l,k] logP + 0(1), N <M< 2N
h(Y(ISE) <

[M(Oékk — Oék—l,k) —+ (N — M)Oék,k_;_l] logP + 0(1), % <M<N
(2.61)

Plugging (2.61) into (2.55), we complete the proof. [ |

Next, similar to the SISO case, for any cyclic sequence (i1, ia, ..., i,,) € [k, we start with the

fully connected K-user MIMO interference channel, and go through the following steps:

e Eliminate all the users i € (K)\{41, 2, ..., i, } and their desired messages;
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e Remove all the interfering links but the links from Transmitter i; to Receiver i;_i,

Vi e (m).

We obtain an m-user MIMO cyclic interference channel. The above operations cannot hurt
the rates of the remaining messages. Therefore, the sum GDoF of users i € {i1, 19, ...,7,,} in
the original K-user MIMO interference channel is upper bounded by that of the remaining
m-user MIMO cyclic interference channel. Applying Lemma 2.2 to the m-user MIMO cyclic

channel and letting M = N, we end up with the desired cycle bounds (2.50).

In the sequel, we proceed to present the achievability proof. At Transmitter k € (K), for

the channel input signal X;, ~ CN (0, Qy), let Qi = P]\Tf Iy, where rp, < 0. At receivers, by
treating all incoming interference as noise, user k € (K) achieves any rate Ry € R, such

that

K K

1 1
= log |I); + i Z Pa’”J’”HkiHLi — log [T + i Z P"‘“JF”HMHL + o(log P)
i=1 i=1,ik
According to [45,46], we get the achievable GDoF value dj, € R, of user k,

dp < M |max{0, ap; +r;} — max O,ai—l—ri] 2.62

b Le(lq{ b } ie(K)\{k}{ F } ( )

= Mmax< 0, + 7 — max {0, au +1; 2.63

{000 4n— mwe 0.0+ (2.63)

Then following the same achievability argument for the SISO case, we obtain that TIN
achieves the whole GDoF region that is specified by (2.49) and (2.50), and hence complete

the proof of Theorem 2.4.
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2.4.3 Optimality of Zero-forcing and TIN for MIMO Channels

In this section, we consider (M, N)¥ MIMO interference channels where M # N, and show
that in this case there exist non-trivial parameter regimes where a simple scheme of zero-
forcing strong interference and treating the others as noise achieves the sum GDoF. The

main result is the following theorem.

Theorem 2.5. In an (M, N)X MIMO interference channel where (K —1)M < N < KM,

if for any permutation (iq,1s,...,1x) € I, the following condition is satisfied,

i > Aijiggq + Qi 1455 V.] S <K> (264)

Qi m > Qs + Qi i s Vj e (K),Vm S {27 K= 1} (265)
then its sum GDoF wvalue is given by

K K
ds = MY e — (KM = N)> aii ., (2.66)

k=1 j=1
which 1s achievable via ZF and TIN.

Example 2.4. Consider the 3-user case of Theorem 2.5. Without loss of generality, let i, =
1, io = 2 and i3 = 3. The optimality conditions (2.64) and (2.65) become ay1 > g + oy,
Q13 > g + (o3, Qigp > Qipz + Qizg, Qo > (iag + (i3, Qg3 > iy + g, and aigp > iz + . A
S-user (1,2)3 SIMO channel satisfying the above conditions is depicted in Fig. 2.5. According
to Theorem 2.5, ZF and TIN achieves the sum GDoF value

dy = (o1 + qgp + ai3) — (g + a3 + azp) = 2.2

To obtain the above result, we first zero-force the stronger interference link (the red links
in Fig. 2.5) for each receiver, which leads to a SISO cyclic interference channel satisfying

the TIN-optimality condition (2.7). Then it is easy to verify that for the remaining cyclic
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channel the TIN scheme achieves the sum GDoF value 2.2.

1

Y A
R

T o7 X1
0.3
7o 1Y
TXo 0.8 RX»
0.
yo.9 YY
T3 '41.2 Rxs

Figure 2.5: A 3-user (1,2)% SIMO interference channel where ZF and TIN achieves the sum
GDoF

In the following, we proceed to prove Theorem 2.5. For the achievability, we invoke the

following lemma.

Lemma 2.3. In an (M, N)X MIMO cyclic interference channel as shown in Fig. 2.4 where
% < M < 2N, define k= 2 min{M, N} and k™ = max{M, N}. If the following condition
holds,

gk > Qg g1 + g1k, Yk € (K) (2.67)

then the GDoF region is characterized by

K K K
Z d < Kk~ Z i — (267 — KT) Z Q1 (2.69)
i=1 i=1 i=1
I4+s—1 I+s—1 l+s—1
dodi<n D =26 —rY) Y i, VIE(K) Vs e (K—1) (2.70)
i=l i=l i=1+1

which 1s achievable by ZF and TIN.

Proof of Lemma 2.3: The converse follows from the single-user capacity bound and Lemma
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2.2. For the achievability, it is easy to verify that the naive TIN scheme is not optimal any
more. Here first consider the case where § < M < N. Transmitter k € (K) sends out M
data streams sg1, ..., sp .y (intended for Receiver k) with linearly independent unit-norm
beamforming vectors vy 1, ..., Vi and associated power allocations %P’”’@J, - %PT’%M,
where 74, < 0, Vm € (M). The factor 1/M guarantees that the unit transmit power
constraint is satisfied. Set the power levels 7,1 = ... = rp vy = T and Ty N_p41 = ... =
e = Tk, Yk € (K). In the N dimensional space, Receiver k receives 2M > N data
streams. Receiver k first decodes the 2M — N desired data streams {sy n_ps+1,--s Skm}
by zero-forcing the 2(N — M) data streams {sj 1, ..., Se.v—n } and {Sg111, -, Sk+1,8—n ) and
treating the remaining 2A/ — N interfering data streams {sSxi1 N—ar41, -, Sk+1,0} s noise.
The ZF operation is possible since we have (2M — N) + 2(N — M) = N. The achievable

GDoF value d), of the 2M — N data streams {sgn—nr+1, ..., Sk} satisfies

0< d;C < (2M — N) max {0, Opr + T — max{O, Qg1+ Tk+1}}

After decoding the 2M — N desired data streams {sy n_prr41, ..., Sk, }, Receiver k subtracts
them from the received signal and then decodes the remaining desired N — M data streams
{Sk1, ., Se.n—m} by zero-forcing the M interfering data streams from Transmitter k + 1.

The achievable GDoF value of the data streams {sy.1, ..., Sy, v—n} satisfies

Adding d), and dj, together, we obtain the achievable GDoF value of user k. To complete
the achievability proof, we construct the potential graph for dj, and then apply the potential
theorem following Section 2.2.1. The details are omitted to avoid repetition. The achiev-
ability proof for N < M < 2N follows similarly. The only difference is that when M > N,

ZF precoding or beamforming at transmitters is needed. |
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To achieve the sum GDoF value in (2.66), Receiver i; first zero-forces the interfering links
from Transmitter ;,,, Ym € {2,3,..., K — 1}, leading to an (M, N — (K — 2)M)* MIMO
cyclic interference channel. For the remaining links, it is easy to verify that a;;; > @i, +
ai;_,i;- Applying Lemma 2.3 to the remaining cyclic channel, we complete the achievability

proof.

Next, consider the converse of Theorem 2.5, which is a a non-trivial generalization of [47].
Without loss of generality, assume that i; = j, Vj € (K). So the conditions in Theorem 2.5

become

ajj 2 a1+ Qg Vi€ (K) (2.71)

Qjjtm > Qi1+ Qg1 j4m, Vj € (K),Vm € {2, e K — 1} (272)

Let Sja =3 jcq VP H;;X; + Z;, where A is a subset of user indexes, i.e., A C (K). For

Receiver 1, provide S ky\ {2y through a genie. Start with Fano’s inequality.

n(Ry—€) < I(Wi; Y7, 82 en o)
= h(YT, S5 ey q23) — ROYT, S5 ey 23 W)
h(YT IS5 ey q23) + 7082 00 q23) = PAST a1y Sz, a0 (1,2))
h(YT IS5 ey 23) + 7S5 00 23) = POST aonqay) = POS, aep 0,23 ST o 1)

= h(YTIS5 (kep\q21) + (S5 e g23) — B(SY (i 1y) + 1 o(log P)

The last step holds due to N > (K — 1)M and oy 14m > @214m, Ym € {2,3, ..., K — 1} (see
(2.72)). For all the other Receivers i € {2,3,..., K}, provide S;;1 (k) fi4+1} through a genie

and conduct similar manipulations. Adding all the obtained terms together, we get

K
Z Ry — Ke) <Y [h(YPISP i girny) + 1 o(log P)] (2.73)
=1
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For each term in the right hand side of (2.73), we have

(Y S (e gi1y)

= h(Y?IS?H,l, e S?+1,i7 Szn—i—l,i—i—Q? e S?—s—l,K) +n o(log P) (2.74)
< nh(YﬂSﬁu, e SiG+1,ia SiG—;—l,i—i—Qv e Sgru{) +n o(log P) (2.75)
K
< n(]\/[ Z (i — aip1y) + [N — (K — 1)]\/[}041-,“1) log P + n o(log P) (2.76)
=LA+

where (2.74) holds since N > (K — 1)M and Receiver i + 1 has enough spatial space to
recover the signals from the other transmitters individually within bounded variance noise
distortion, (2.76) follows from the Woodbury matrix identity, the proof of Lemma 1 in [46],
the proof of Theorem 1 in [45], and the conditions (2.71)-(2.72). Combining all the above
results together, we establish the upper bound for the sum rate of all users, which leads to

the desired sum GDoF outer bound.

Remark 2.6. For (1, N)N*1 (N > 2) SIMO interference channels, in [48] it has been shown
that in the fully symmetric case, ZF and TIN is always suboptimal in terms of sum GDoF.
Interestingly, Theorem 2.5 illustrates that when the (1, N)N*1 (N > 2) SIMO interference
channel is asymmetric (i.e., (2.65) indicates that for each user some interfering link is much
weaker than others), under certain conditions ZF and TIN achieves the sum GDoF value.

This is also noted by [47] for the case of N =2 with cyclically symmetric channel parameters.

2.5 Summary

In this chapter, for K-user fully asymmetric interference channels, we identify a broad TIN-
optimality condition (2.7) under which power control and TIN achieves the entire GDoF
region and approaches the whole channel capacity region within a constant gap. In words,

the TIN-optimality condition is for each user, the desired signal strength is no weaker than
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the sum of the strengths of the strongest interference caused by the user and the strongest
interference suffered by the user (with all signal strengths measured in dB scale). To obtain
this result, the key is the GDoF characterization. Remarkably, the achievability (i.e., the
polyhedral TIN region) is obtained by essentially a Fourier-Motzkin elimination of the power
control variables (accomplished by applying the potential theorem in [43]). Note that this
approach is particularly useful because while the achievable rate regions of the TIN scheme
have been investigated for decades due to their obvious practical significance, the main com-
plication has been the coupling of achievable rates and the transmit powers, which requires
joint optimization over both. De-coupling the rate (GDoF) region from power allocation
variables allows direct rate optimizations, seemingly ignoring power control variables while
in fact automatically optimizing over those as well. Moreover, we fully characterize the
achievable TIN region for interference channels with arbitrary channel strengths and estab-
lish the duality of the TIN region as a byproduct. We also extend the optimality of TIN
to MIMO interference channels where all transmitters and receivers have the same number
of antennas. For MIMO networks where transmitters and receivers are with different an-
tenna numbers, we show that there exist non-trivial parameter regimes where ZF and TIN
achieves the sum GDoF value. Finally, note that due to the aforementioned Fourier-Motzkin
elimination of the power control variables in the achievability proof, it is still unclear how to
obtain the optimal power allocation for given GDoF tuples. This GDoF-based power control

problem will be discussed in Chapter 4 in details.
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Chapter 3

Optimality of TIN for General

Message Sets

In Chapter 2, we demonstrate the optimality of TIN for K-user Gaussian interference chan-
nels. In this chapter, we extend the result of Chapter 2 and explore the sum-rate optimality
of TIN when the message set is expanded to include an independent message from each
transmitter to each receiver, i.e., the X message setting [49,50]. Related previous works on
the X setting have primarily focused on the case with 2 transmitters and 2 receivers, i.e.,
2 x 2 X channels [32,51]. In [32], the authors characterize the sum GDoF for symmetric
X channels and identify sufficient conditions for TIN to achieve exact sum capacity in the
general asymmetric case. In [51], the authors characterize the capacity for asymmetric X
channels within a constant gap subject to an outage set. The main contribution of this chap-
ter is to show that, for the K-user TIN-optimal interference channels identified in Theorem
2.1, even if the message set is increased to the X message setting, operating as the original
interference channel and treating interference as noise at each receiver is still optimal for the
sum capacity up to a constant gap. We also extend the optimality result of TIN to general

X channels with arbitrary numbers of transmitters and receivers.
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Chapter 3 is organized as follows. In Section 3.1, we describe the system model for X
channels. In Section 3.2 and 3.3, we demonstrate the optimality of TIN for K x K' X channels
and general X channels with arbitrary numbers of transmitters and receivers, respectively.

We summarize this chapter in Section 3.4.

3.1 Channel Model

Consider the wireless channel with M transmitters and N receivers,
M ~
Yi(t) =Y hiiXi(t) + Z(t), Vk € (N) (3.1)
i=1

Similar to the K-user interference channel presented in Section 2.1, in (3.1) hy; is the com-
plex channel gain value from Transmitter i to Receiver k. X;(t), Yi(t) and Z,(t) are the
transmitted symbol of Transmitter ¢, the received signal of Receiver k, and the AWGN with
zero mean and unit variance seen by Receiver k, respectively, at each time index t. Again,

all the symbols are complex, and Transmitter ¢ € (M) is subject to the power constraint

E[IXi()P] < P

Following similar approaches in Section 2.1, we translate the original channel model (3.1) to

the following form,
M M
Yelt) =Y huX(t) + Zu(t) = Y VPose™Xi(t) + Zi(t), Yk e (N)  (3.2)
i=1 =1
Recall that X;(t) = X;(t)/+/P; is the normalized transmit symbol of Transmitter 7, subject

to the unit power constraint.

In the K-user interference channel where M = N = K, each transmitter intends to send

one independent message to its corresponding receiver. Because in this chapter we wish
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to prove the negative result that additional messages do not add to the sum GDoF in the
TIN-optimal network identified in Theorem 2.1, the strongest result corresponds to the case
where messages from every transmitter to every receiver are included. Therefore, we will only
consider the X channel setting in the following. In the general M x N X channel, Transmitter
1 intends to send message Wy; to Receiver k, and the M N messages are mutually independent,
Vi e (M),Vk € (N). The size of the message set {W};} is denoted by |Wy;|. For codewords
spanning n channel uses, the rates Ry; = % are achievable if the probability of error
of all messages can be made arbitrarily small simultaneously by choosing an appropriately

large n. The channel capacity region C is the closure of the set of all achievable rate tuples.

The sum channel capacity is defined as
M N
CZ],X émaX{ZZRM . (RH,R12,...,RNM) EC} (33)

1=1 k=1

The GDoF region of the X channel in (3.2) is given by

A . sz .
D2 {(dn,dlz, o) s = Jim S E (M), Wk € (N),

(Ri1, Ri2, ..., Rvwm) EC}; (3.4)

and its sum GDoF value is

M N
ds, x 2 max { S diit (dinydia, .o dyur) € D} (3.5)

i=1 k=1

3.2 TIN-optimality Condition for K x K X Channels

The main result of this section is the following theorem.
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Theorem 3.1. In a K-user interference channel, when the following condition s satisfied,
a;; > max{aj;} + max{ai}, Vi,j, k€ (K) (3.6)
g k:k£i

then even if the message set is increased to the X channel setting, operating the new channel
as the original interference channel and treating interference as noise at each receiver still
achieves the sum GDoF. Furthermore, the same scheme is also optimal for the sum channel

capacity up to a constant gap of no more than K log[K (K + 1)] bits.

The above theorem shows that for TIN-optimal interference channels identified in Theorem
2.1, expanding message set does not increase sum GDoF'. For this theorem, the achievability
argument follows directly from Chapter 2 because it is based only on operating the target
network as an interference channel and treating interference as noise. The main difficulty lies
in deriving tight information theoretical outer bounds. Recall that for interference channels,
the converse is based on reducing the channel to a cyclic network. Each such reduction
produces an outer bound and collectively these outer bounds suffice for the GDoF charac-
terization in the setting of interference channels. However, this is no longer true when the
message set is expanded. While one can similarly obtain outer bounds on the sum rates
of subsets of messages by considering all cyclic subnetworks, it is easy to verify that these

bounds do not suffice for our purpose.

Example 3.1. Consider the 3-user TIN-optimal interference channel in Example 2.1, where
each transmitter intends to send an independent message to its corresponding receiver. There
are 3 messages in this setting. It is not hard to verify that the sum GDoF value of this

interference channel is
dz,]c' = d1 + dg -+ d3 =2.5

For this channel, we expand the message set to the X channel setting as shown in Fig. 3.1,
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Figure 3.1: A 3 x 3 X channel with 9 messages

where each transmitter intends to send an independent message to each recewver. There are
totally 9 messages in this X channel. Theorem 3.1 claims that for this 3 x 3 X channel, the

sum GDoF value is still

3 3
dyx =) Y dy =25

i=1 k=1

which can be achieved by setting Wy, = ¢ (1 # k, Vi, k € {1,2,3}), sending only {W11, Waa, W33}

through the channel and treating interference as noise at each receiver.

3.2.1 Proof for the GDoF Result

To prove the GDoF results in Theorem 3.1, we go through the following two steps. First, we
show that when condition (3.6) is satisfied, for all individual and cycle bounds of the TIN-
optimal K-user interference channel (see Theorem 2.1), if each d; (Vi € (K)) is replaced
by d; = Z]K:1 d;j, these bounds still hold for its counterpart X channel. Next, based on
the first step, we prove that under condition (3.6), the K-user interference channel and its
counterpart X channel have the same sum GDoF. Therefore, according to Theorem 2.1, we

establish that power control and TIN achieves the sum GDoF of the K x K X channel when

condition (3.6) holds.
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Let’s start with the first step. For the individual bounds in the K-user TIN-optimal inter-

ference channel

in its counterpart X channel, the corresponding bound comes from the MAC consisting of

all transmitters and Receiver i,

K K
> Ry <log(1+ ) P (3.8)
j=1 i=1

According to the condition (3.6), in the GDoF sense we obtain

K
j=1

For any cycle bound in the interference channel
Z Z aZ]ij _aij_lij)7 V(il,iQ,...,im) e HK? vm E {2737"‘7K}7 (3]'0)

consider the subnetwork consisting of all transmitters and Receivers {i1, ia, ..., i,, }. Eliminate
all other receivers and their desired messages, which does not hurt the rates of the remaining
messages. For such a K x m X channel, define W £ {W, ;, }, W* = Wit Wiig, oo Wisirc 1

2 AWisirs Wigir s Wiri }, and We & W\Ws, where Vj € (m), Vk € (K), and S is any
subset of message indices. In words, the sets W, W;" , and VVT represent all the messages
delivered in this K x m X channel, all the messages intended to Receiver i;, and all the
messages coming from Transmitter ¢, respectively, and Wg is the complement of Ws in

W. For example, when j,k € {1,2} and & = {i1i1,41i2}, then Ws = {W;,;,, Wiys, } and

WS = {Wi,i,, Wisi, }. Modulo-m arithmetic is used on receiver indices, e.g., ip = %,,. Also
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define
Sij (t) = hij—1inij (t) + Zij—l(t)a Vj e <m> (311)

For Receiver iy, provide S7', Wy, \W;: through a genie. From Fano’s inequality, we have

n(z Rilik - 6)

k=1
< IOV Vil S5 Wai W) (3.12)
= IOV Y S5 Wi, \Wi) (3.13)
= T(W;; SEIWE, \WE) + T(W5 Y2 St e, \WE) (3.14)

= h(SE Wi \Wi) = h(SE IWii,) + h(YVTTSE Wi, \Wi) = hYTIST WE,) - (315)

1212 1212 115410 7 Vagig 117 " Vigig
< h(SEIWI\Wii,) = B(Z3) + h(Y1S8) — h(SE W]\ Wiy, ) (3.16)

1

where (3.13) follows because all messages are mutually independent, and in (3.16) we use

the fact that dropping conditioning does not reduce entropy.

Similarly, for Receivers i;, Vj € {2,3,...,m — 1}, provide S, Wy \W; through a genie.

Tj41t541

We get

j+1ij+1)

n(d R —€) < h(SEIWINWL) = h(Z7 ) + h(Y]1SE) = h(SE W), \W,

Gl Vi
k=1

(3.17)

. . . . " .
Finally, for Receiver i,,, we provide Si , Wy,

\W; through a genie and obtain

(Y R =€) < (ST IW \Wii,) = W(ZE )+ h(YISE) = MSEIW W) (3.18)

im
k=1
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Taking the sum of n(X:kK:1 R\, —€) for all j € (m), we have

Ms

m K
Z Z Rijiy, —

7=1 k=1

B(Y7IS) = B(Z2) (3.19)

1

<.
Il

D (Y5 ()15, (t) = h(Zi, (1))] (3.20)

1 j=1

M:

t

where (3.20) follows the chain rule and the fact that dropping conditioning does not reduce
entropy. Using the fact that the circularly symmetric complex Gaussian distribution max-
imizes conditional differential entropy for a given covariance constraint and the condition
(3.6), we can obtain the following desired outer bound in the GDoF sense after some simple

manipulations,

m

m K m
Czij = Z Z d Z(ai]‘i]‘ - Oéij_lz‘].) (321)
j=1

j=1 j=1 k=1

Now we proceed to the second step to prove that under condition (3.6), the K-user interfer-
ence channel and its counterpart K x K X channel have the same sum GDoF. According to
Theorem 2.1, for the K-user interference channel, under condition (3.6), to obtain its sum

GDoF value dx ¢, we need to solve the following linear programming (LP) problem

K
maxz d; (3.22)
=1
Z dij < (O{iﬂ'j — aij-lij)’ \V/(il, 19, .uny Zm) e Ik, VYm € {2, 3, ..., K} (324)
j=1 j=1

To get the sum GDoF of its counterpart X channel ds, x, we need to consider a similar
LP problem. For this LP problem with the objective function Zfil czi, from the first step,
we know that at least it needs to follow two similar constraints to (3.23) and (3.24), where

each d; is replaced by cil Thus we have ds ;¢ > dx x. Obviously, the sum GDoF of the
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K-user interference channel must be no larger than that of its counterpart X channel, i.e.,
ds ;o < dy x. Therefore, we establish that under condition (3.6), the K-user interference

channel and its counterpart X channel have the same sum GDoF and complete the proof.

3.2.2 Proof for the Constant Gap Result

Based on the insight obtained in the proof of the GDoF results, for TIN-optimal K x K X
channels, we can further characterize the sum channel capacity to within a constant gap of
no larger than K log[K (K + 1)] bits. The achievability is the same as that of Theorem 2.2.
By operating the K x K X channel as an interference channel, where Transmitter ¢ sends
one independent message W; to Receiver i (Vi € (K)), power control and TIN achieves the

rate tuples (Rl,TINa RQ’TIN, cees RK,TIN) satisfying

1
0 < R;riv < max {0,0zii log P + log(?)}, Vi e (K), (3.25)
m m 1
;RJ,TIN_max{o > e, ) log P+ ox( )1} (3.26)

for all cyclic sequences (i1, g, ..., i) € g, ¥Ym € {2,3,..., K}.

Next, consider the converse. Start with the individual bounds,

K K

Ri=) R <log(1+) P*) <log[(K +1)P™] (3.27)
P =1

= q;log P+ log(K + 1) (3.28)

For the cycle bounds, from (3.20) it is easy to obtain

S Ay <o [(K;i}
j=1 j=1
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m

= (e, — iy yi,) log P+ log(K +1)] (3.29)

j=1
for all cyclic sequences (i1, 2, ..., 1) € Uk, Ym € {2,3,..., K}.
Denote the difference between the achievable rate in (3.25) and the outer bound in (3.28) as

05, Compare (3.25) with (3.28). We have the following two cases.

e a;;log P +log(5) > 0: In this case, we obtain

1
0, = |aiilog P +log(K + 1)] — max {O, a;ilog P+ log(f)}

1
= |y log P+ log(K + 1)] — {aii log P + log(?)}

= log[K (K + 1)]

e a;;log P+ log(+) < 0: In this case, we get

1
0, = |aiilog P +log(K + 1)] — max {O, a;ilog P+ log(E)}

= ay;log P+ log(K + 1)
<log K +log(K + 1)

= log| K (K + 1)]

In both cases, we have
05 <log[K(K +1)], Vie (K) (3.30)

Similarly, denote the difference between the achievable rate in (3.26) and the outer bound

53



in (3.29) as dym &, - Comparing (3.26) with (3.29), we always have
J=1""j
Os~m f, S mlog[K(K +1)], V(i1,i2, ..., im) € Ik, ¥m € {2,3,..., K'} (3.31)

Therefore, we characterize the sum channel capacity to within a constant gap of no more

than K log[K (K + 1)] bits.

3.3 TIN-optimality Condition for General M x N X

Channels

While the K-user interference channel is naturally associated with a K x K X channel, the X
channel setting allows for unequal numbers of transmitters and receivers. One may wonder
whether a generalization of the TIN-optimality result is possible for M x N X channels

where M # N. The following theorem provides such a generalization.

Theorem 3.2. In an M x N X channel, if there exist two permutations IIT and I1% for the

transmatter and recewwer indices, respectively, such that
anrpr = miX{OCHRHT} + g}g}.{anRH{}a Vi € (k),Vj € (N),Vk € (M), (3.32)
vt J:JF 7o k# 3

where k = min{ M, N}, IIT (IIF) denotes the i-th element in the permutation of transmitters
(receivers) IIT (II%), then operating the channel as a k-user interference channel, where
Transmitter 111 intends to deliver an independent message to Receiver 111, Vi € (k), and

treating interference as noise at each receiver achieves the sum GDoF.

Example 3.2. In the 3-user TIN-optimal interference channel in Example 2.1, add another
transmitter (i.e., Transmitter 4) as depicted in Fig. 3.2. The value on each link denotes

its channel strength level. Consider the X message setting. In this 4 x 3 X channel, the
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Wit Wy Was

Wi W2 Was

Wiz Whs Was

Wia Was Wag

Figure 3.2: A 4 x 3 X channel with 12 messages

number of the messages increases to 12. It’s easy to verify that the condition (3.32) holds.
According to Theorem 3.2, for this X channel and its reciprocal channel, the TIN scheme

used in Example 3.1 is optimal to achieve the sum GDoF wvalue, which remains as 2.5.

3.3.1 Proof Sketch of Theorem 3.2

In this section, we sketch the proof for Theorem 3.2. Without loss of generality, we assume
that the two permutations IT7 and TI" satisfying the condition (3.32) are IT* = (M) and

[1% = (N). In other words, the following condition is satisfied,
Qg > mgﬁx{aﬁ} + inka#x{aik}, Vi e (k),Vj € (N),Vk € (M) (3.33)
YRE= ki

It is not hard to verify that when M > N, by defining d; = Zj\il d;; (Vi € (N)) and following
the same argument as in the proof of Theorem 3.1, we can complete the proof. Therefore,

in the following we only consider the case where Kk = M < N.

When k = M < N, the key step is to show that when (3.33) is satisfied, for each individual

bound and cycle bound in the M-user interference channel consisting of transmitters (M)
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and receivers (M), if each d; is replaced by d; = Z;V:l d;;, the resulting bounds still hold in
the M x N X channel. Then based on the same argument of Theorem 3.1, we can complete

the proof.

For the individual bounds, consider the degraded BC comprised of Transmitter ¢ € (M) and
all receivers, eliminating all the other transmitters and their associated messages. According
to (3.33), Receiver i is the strongest receiver, which can decode all the messages coming from

Transmitter ¢. Thus in the GDoF sense, we have

N
j=1

The challenge comes from recovering the cycle bounds in the X setting, i.e., after replacing
d; with d;, all the cycle bounds still hold. To help understand the main idea of the proof, in
the sequel we present an intuitive proof sketch for the following cycle bound in a 2 x 4 X

channel where (3.33) is satisfied,
Czl + CZQ S (Oén + &22) — (()é12 + 0421> (335)

An intuitive sketch of proof for the cycle bound (3.35): In the 2 x 4 X channel, assume that
31 > ay1 and ago > aszs. The proof for all the other cases follows similarly. Define the

message set W 2 {W,;}, Vi € {1,2}, Vk € {1,2,3,4}. Also define

Si(t) = hao1 X1 (t) + Zo(t)

Sa(t) = h1oXo(t) + Z1(t)
For Receiver 1, provide ST and W5; through a genie. From Fano’s inequality, we get
n(R11 + R12 — 6)
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< I(Whn, Wags 1", ST, Wan ) (3.36)
— [(Why, Wa; Y, S7 W) (3.37)
= h(Y1", 57 |War) — h(Y)", ST [War, Wiy, Wha) (3.38)
= h(ST|Wa1) + h(Y{"|ST, Wa1) — h(Y{"|[Way, Wiy, Wia) — h(ST|Y]", War, Wiy, Wia)  (3.39)
< h(S7[War) 4+ h(Y"[ST) — h(Y{"|War, Wiy, W)

— h(STIYY", War, Wiy, Wiz, Wiy, Wan) (3.40)
= h(ST[War) + h(Y{"|ST) — h(Y{"[War, Wiy, Wis)

— h(ST(YY", War, Wiy, Wiz, Way, Way, XT') (3.41)
= h(S7|[Wa1) + h(Y{"|ST) = h(Y{* [War, Wiy, Wia) — h(Z3) (3.42)

< B(STWar) + h(YTST) = h(Yy [ Wig1 a1y) — h(S51Wiz) = h(Z5) = n o(log(P))  (3.43)

where VNVE,)MI} denotes the complement of {Ws3, Wy} in VN\/, (3.37) holds since Wy is in-
dependent of Wi, and Wis, (3.40) follows that dropping conditioning (in the second term)
does not reduce entropy and adding conditioning (in the last term) does not increase en-
tropy, and (3.41) holds since we can reconstruct X7* from Wiy, Way, W3y and Wyy. The last
inequality in (3.43) is the key step of the proof. Intuitively, it is due to the fact that out of
the aq1log(P) bit levels of Y7 that are above the noise floor, Sy is contained in the lowest
a2 1og(P) bit levels of Yj, whereas only the top as; log(P) bit levels are seen by Receiver
3. Since a1 > aq9 + agy, these bit levels do not overlap, i.e., they can be recovered from
Y; within a bounded entropy gap. As shown later in Section 3.3.2 and 3.3.3, this argument

becomes evident in a deterministic approach.

The following proof is straightforward. Consider the degraded BC comprised of Transmitter

1 and Receiver 3 and 4. Since a3y > ay1, we obtain

n(Ra1 + Ray — €) <I(War, War; Y3'Wis1any) = h(Y3'Wis1ay) — h(Z5) (3.44)
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Adding (3.43) and (3.44) together, we have

n(Ry + Ris + Ry1 + Rat — 2€) < h(SPWar) + h(Y[ST) — h(SFWis) — n o(log(P))
(3.45)

Similarly, we have

n(Ror + Ry + R + Rup — 2€) < h(S2|[Wia) + (YL|S2) — h(S™[War) — n o(log(P))
(3.46)

Finally, combining (3.45) and (3.46) together, we establish the desired outer bound,

n(Ry — 4e) < h(Y["[ST) + h(Y5'[Sy) — 1 o(log(P))

= d; +dy < (11 + Qo) — (12 + agy)

In the sequel, in order to make the intuitive justification of the key step (3.43) rigorous, we
adopt a deterministic approach [32,51-56]. In Section 3.3.2, we first present a deterministic
channel model which is mainly inspired by the Avestimehr-Diggavi-Tse (ADT) linear deter-
ministic model and the truncated deterministic model in [53]. Next, we show that the sum
capacity of the original complex Gaussian X channel is upper bounded by the sum capacity
of this deterministic channel up to a constant gap. In Section 3.3.3, by upper bounding this
deterministic channel, we obtain the desired converse for the original Gaussian case. Such a
deterministic approach has been shown instrumental to provide approximate capacity char-
acterization for various Gaussian networks, e.g., 2-user interference channels [54], K-user

interference channels [55], and K x K x K interference networks [56].
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3.3.2 Deterministic Channel Model

In the original complex Gaussian M x N X channel, denote

Xi(t) = X (1) + j Xi (1)

hir, = V Poirel®® = Bl + jh],

The channel input-output relationship can be rewritten as

NE

Yi(t) =) hiXi(t) + Zi(t) (3.47)

k=1

p”q:

(X — B X (0) + (X + hEXLD)| + Z:(0), vie (N) (3.48)

£
Il

1

where E[|X;(¢)|*] < 1 and Z;(t) ~ CN(0,1). To facilitate the deterministic approach, by

scaling the output, we may set

E[|Xi(t)]] <2, Zi(t) ~ CN(0,2),

which does not affect the channel capacity of the Gaussian model (3.48).

In this dissertation, we consider the following deterministic model,

M
t) :Z [(Lsign(Xk hﬁczxkb — [sign(X}(t) thkZXkb
k=1
+ 7 (| sign (X (t thkZXkb + [sign(X(t) hﬁcZXkb ] ]7 Vi e (N)
(3.49)
where |z] is the truncation function which maps  to its integer part, mfi = |log|hE|],

ml = |log|hL|], the real and imaginary parts of the input signal X;(t) = XF(t) + j X/ (¢)

both satisfy the unit peak power constraint, and X (t) (X/,(¢)) is the b-th bit in the frac-
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tional part of | X/ (¢)| (|X],(t)]) in the binary expansion.! In the following, to distinguish
the deterministic model in (3.49) from others, we call it the truncated binary-expansion de-
terministic model. The following lemma shows that the sum capacity of the Gaussian X
channel in (3.48) is upper bounded by that of the truncated binary-expansion deterministic

model in (3.49) up to a constant gap.

Lemma 3.1. The sum capacity of the complex Gaussian M x N X channel is upper bounded
by the sum capacity of its corresponding truncated binary-expansion deterministic model up

to a constant gap.

Proof of Lemma 3.1: The proof mainly follows from [54]. We start with a general complex

Gaussian M x N X channel, and convert it to the corresponding truncated binary-expansion

deterministic channel step-by-step. In each step, we show that only a loss of constant bits
A

is introduced. For the sake of simplicity, define W¥ = {W;1, Wi, ..., Wipr}. The time index

t is suppressed if no confusion would be caused.

e Step 1: Average power constraint to peak power constraint. Recall that in the

original complex Gaussian channels, we scale the output and set
E[1Xi(1)["] <2, Zi(t) ~ CN(0,2)

For each input X; = X + jX!, we truncate both the real and imaginary parts to

satisfy the peak power constraint of 1. Define the part of input X/® that exceeds the

'We can write the real-valued signal |X/*| (| X{| < 1) in terms of its binary expansion as

oo
XF =Y XRob = 0.XR XEXE, .
b=1
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unit peak power constraint as

0
X' = | X[ =sign(X[) > Xx[j27
b=—0c0
and the remaining signal as
XE=XF_ XE —sign(XF) Z Xﬁ)Z*b

b=1

For the imaginary part of the input, we have the similar definitions for X with I

replacing R. So XF and X/ satisfy the unit peak power constraint. Also define

X, =X +5X] (3.50)

X, = X4 5x! (3.51)

Let Y; be the channel output at Receiver ¢ due to the truncated input X;, and Y; be

the difference between Y; and Y;. For Receiver i € (N), we have

LW YY) < TV YY) (3.52)
= T(W5Y!) + IOV YY) (3.53)

IOVE Y™ + H(Y™ (3.54)

TOVEY!) + ZH X7 (3.55)

< I(W}Y™) +n x constant (3.56)

where the last inequality follows from Lemma 6 in [54].

e Step 2: Truncate signals at noise level and remove noise. Recall |log |hE || = mf
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and [log |hL|] = m},. We have

M
YZZZ[ sign(X )RR ZXMZ — |sign(X1)n! Zxkbz a)

k=1
ml ml.;g

+j([sign(XPRE S X2 + [sign(XDRE S X127 (3.57)
b=1 b=1

Next, let &; be the difference between Y; and YZ-, ie.,

&g :Y; - Y;
M
b=m; k+1 b=m; k+1
+ frac(sign(X /) h% ZX — frac(sign(X}{)hZ, ZX ]

n j[sign(x,f)h{k Z XF270 4 sign(X[] )k Z Xiep2™

b:mfk-i-l b:mﬁc-’_l
. mg,
+ frac(sign(X ) hi, Z X,be_b) + frac(sign(X})h Z X;ib2_b)} } +Zi
b=1 b=1
M
_ Z X1 7, (3.58)
k=1

where frac(z) denotes the fractional part of x. Also note
> xR <oyl
b=mi+1
Similarly, we have

> X2t <

b:m{k—&—l

> XE2T <2

b=mfk+1
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B D X2t <2

b=mk +1
Finally, we obtain
WY
S TWY]e)) (3.59)
= IW5Y) + IV el |y (3.60)
= I(W5Y) + h(E V) = h(e] [V W) (3.61)
< TOVEY!) + h(e) — h(Z]) (3.62)
— IOWEY™) + I(XP, XD X0 e™) (3.63)
< I(W}Y™) + n x constant (3.64)

where the last inequality holds since Xl,Xg, e Xy — e forms a complex Gaussian

MAC with a finite SNR independent of P for each transmitter [54]. |

3.3.3 Cycle Bound Proof Based on a Deterministic Approach

Define m;; S [% log P |. Note that when a;; > oy; + au, Vi & {j, k}, since P > 1, we have

L log P > Qi £ o) o py (3.65)
=[S log P > [ log P) + | log P (3.66)
=my > m; + g Vi, gk, i ¢ {4, k} (3.67)

In the following, in order to convey the key ingredients of the deterministic approach, we

first consider the real Gaussian 2 x 4 X channel as an example, where the condition (3.33)
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is satisfied. For the 2 x 4 X channel, we intend to prove the following cycle bound

1
dl + d2 [(0411 + age) — (12 + CY21)}

N |

where the factor % is due to the fact that the Gaussian X channel is real-valued. Here still

assume that as; > ay; and ags > ago. As previously mentioned, the proof for all the other
cases follows similarly. Again, define w2 {Wki}, Vi € {1,2}, Vk € {1,2,3,4}.
Start with the corresponding truncated binary-expansion deterministic model. Define

m21

Sl(t> = LSlgIl X1 th Z X1 b (368)

mi2

SQ( ) = LSlgIl X2 ]’L12 ZXQI) (369)

Also define

m3i1

Xa1.s(t) = sign(X1 () > X4(t)27" (3.70)

The channel output at Receiver 1 can be written as

mi1 mi2

}A/l(t) :L81gn hll Zle LSlgIl X2 h12 ZXQ}, (371)
m31 mi1
=|sign(X;(t))hi Z Xyt + [sign(Xi(E)hin Y Xip(t)27°) + Sa(t) + Ci(t)
b=m3z1+1
(3.72)
= [ hnXars(t)] + [sign(Xa ()i Y Xip(£)27] + Sa(t) +Cu(t) (3.73)
. b=ms1+1
Yl,u(t) A ~~ J/
}A/l,l(t)

where Cy(t) may take a value from {—1,0,1}.
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For Receiver 1, we have

n(Ri + Rz —€)
< I(Why, Wi Y7 Y/f?l, Cp, S {Way) (3.74)

1,u»

= H(Y!,, Y], CF, Sy [Way) — H(YT,,

Y7, Gy, ST War, Wiy, W) (3.75)
= H(S}7[War) + H(Y],, Y7, CFIST, War) — H(Y,, Vi, CT|War, Wiy, W)
— H(SP|YY,, Yy, CF War, Wiy, W) (3.76)

< H(S|War) + H(YL, Y7, CF1ST) — H(YP,, YTy, CF, [War, Wit, Wia) (3.77)

where (3.77) follows that dropping conditioning does not reduce entropy. Now consider the

last term in (3.77).

H(YY,, YT, O [Way, Wiy, W) (3.78)
= H(Y",[Wa, Wiy, Wia) + H(Y], CR|YY,, War, Wiy, Wis) (3.79)
= H(X% g|War, Wiy, Wia) + H(YY,, CRYT,, War, Wiy, W) (3.80)
> H(X3 s Wisiay) + H(SYY, War, Wi, Wi) (3:81)
= H(%nwasml}) + H(Sy|Wh2) (3.82)

where (3.80) holds since the function f : X35 — }Aflu is bijective when my; > ma;, and
(3.82) follows that conditioning on the messages Wf31,41}7 the function f : X315 — Y; is
bijective. Note that the equations (3.78)-(3.82) correspond to the key step (3.43) in the

intuitive proof given in Section 3.3.1.

Plugging (3.82) into (3.77), we get

n(Ruy + Riz — ¢) < H(SP|War) + H(Y,, Y74, CPIST) — H(S5|Wiz) — H(Y3 Wiy a1y)

(3.83)
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Next, consider the degraded BC comprised of Transmitter 1 and Receiver 3 and 4. Since

ms > My, we have
n(R1 + Ruy — €) < T(Way, Wi V3" [ Weayany) = HYZ W) (3.84)
Combining (3.83) and (3.84), we obtain
n(Ri + Ria + Ryt + Ray — 2€) < H(SY|Way) + H(YT,, Y7, CF|ST) — H(S3[Wis)  (3.85)

Similarly, considering Receiver 2 and the degraded BC comprised of Transmitter 2 and

Receivers 3 and 4, we obtain

n(Ra1 + Ray + Rys + Rup — 2¢) < H(S5|Wha) + H(Y3', Yy, C3|Sy) — H(SP[Wa1)  (3.86)

Adding (3.85) and (3.86) together, the sum capacity of this deterministic 2 x 4 X channel

is upper bounded by

n(R;D — 46) S H(Yn

1ur

Vi, CLIST) + H (Y3, V31, C5155) (3.87)
< z [HF019:1(1) + HEL15:(0) + H(C (1)

+ H(Y2,u(t)[S5(1)) + H(Yau(t)[S2(1)) + H(Ca(t)) (3.88)

where the last inequality follows from the chain rule and the fact that dropping conditioning

does not reduce entropy.

For the term H (Y1, (t)|S1(t)) + H(Y1,(t)|S1(t)), we consider the following two cases.
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e Mo > mgap: In this case, we have

H(Y1.(0)|51(t)) + H(Y1,(t)]S1(t)) < 0+ (myy — myy) + constant (3.89)

= (mq1 — may) + constant (3.90)

where (3.89) follows that conditioning on Sy, out of the received signal Yu, both the
signals from Transmitter 1 and 2 have at most my; — mo; bit-levels, and the signs of
the signals and carry-overs due to the sum of two such signals can only induce a loss

of constant bits.

® M9 < mg: In this case, similarly we have

H(Y1,,(t)[S1(t) + H(Y1,(8)|S1(8)) < (mg1 — may) + (myy — my;) + constant  (3.91)

= (my; — mgy) + constant (3.92)
Due to symmetry, we always have
H (Yo, (t)|S2(t)) + H (Yo, (t)|S2(t)) < (mas — mas) + constant (3.93)
Therefore, we obtain
n(Ry,p — 4e) < zn:[(mn — Mma1) + (Mo — Mmyz) + constant)] (3.94)

t=1

According to Lemma 3.1, for the sum capacity of the original Gaussian X channel Ry g, we

have

RE,G < RE,D -+ constant (395)
< (mq1 — may) + (magg — mqs) + constant (3.96)

1
< 5[(0411 — ag1) + (o2 — aq2)] log P + constant (3.97)
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Finally, we obtain the following desired GDoF cycle bound and complete the proof via the

deterministic approach

dy + ds < 2(ans — an) + (a3 — o). (3.98)

DO |

Next, consider the general complexr Gaussian case. The proof is similar to the above example
in the real Gaussian case. To avoid repetition, we will focus on the differences. Without loss
of generality, assume that in the complex Gaussian case, we intend to prove the following

bound

m

Z J (aj; — aj-14) (3.99)

Jj=1 J:1

where m € {2,3,..., M} and modulo-m arithmetic is used on user indices. Consider the
m x N X subnetwork consisting of all the receivers and Transmitters i € (m), where all
other transmitters and their associated messages are eliminated. Define the message set
W 2 (W}, Vj € (m), Vk € (N). Also define W £ {W;}, Wi 2 {Wi1, Wia, ..., Wi}, and
Wjr & (Wis1j, Wansajs - Wi b, Vi, k € (m). Similarly, W& denotes W\Ws, where S is a

subset of message indices.

To simplify the proof, we construct the following channel as shown in Fig. 3.3, which upper

bounds the sum channel capacity of the above m x N complex Gaussian X channel:

e Step 1: Start with an m x m X channel with channel coefficients hy;, Vk,j € (m).

e Step 2: For Transmitter j € (m), create another N — m virtual receivers. The virtual
receiver with index kj, Vk € {m+1,m+2,..., N}, only connects to Transmitter j with
the channel coefficient hy; and desires the message Wy; from Transmitter j. Note that

after adding these virtual receivers, there are m x N messages in the network.
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> \irtual Receivers

Figure 3.3: The constructed channel upper-bounding the sum capacity of the m x N X
channel, where the red links are real-valued by rotating the phase of the received signal at
the corresponding receivers.

e Step 3: For Receiver k € (m), rotate its channel output by multiplying it with e/
to make the link from Transmitter k£ to Receiver k real-valued, which does not affect
the capacity of this channel. Similarly, for virtual receiver with index kj, j € (m),
k€ {m+1,m+2,..,N}, rotate its channel output by multiplying it with e=9%;
to make its only connected link real-valued, which again does not affect the channel
capacity. Therefore, without loss of generality, we assume that in Fig. 3.3, all the links

in red are real-valued.

e Step 4: Finally, assume that the input signal X;(¢) satisfies the power constraint
E[|X;(®))] < 2,Vj € (m), and the AWGN at all receivers are independent and with

zero mean and variance 2.
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According to Lemma 3.1, to obtain the desired cycle bound in (3.99), we consider the trun-
cated binary-expansion deterministic model of the constructed channel in Fig. 3.3. For

Receiver j € (m), the channel output can be written in the following matrix form,
_ mB
- [sign(X[H ()R] 32, ]i XS ()27
[sign(X] (£)hf 3, i Xip()27)

_ mE _ _ ml B

m [ [sign(XR(O)RE Y X (627 ] — [sign(KL(0)hh, Y XL, (627"
_ ml  _ ) _ mB _

Wi\ [sign(XE())hT, S0 X (0270 + [sin(X[ (0)hf % X[, (1)27)

(3.100)

For the virtual receiver with index kj, the channel output is

[sign(X(6)hff Yot XF(1)27)

Yiy(t) = , Vje(m), Vke {m+1,m+2,.. N}
[sign(X ()R S, kf Xip(t)27)
(3.101)
Next, for j € (m), define
: sign(X[(1)) oyl X ()2t
Si(t) = , (3.102)

max{m?

: \ j=1,3° J* »]} —
s1gn(Xf(t)) b=1 ' ' le,b(t>2 k

[sign(X7H(t)hit ;30 ﬁ“XJRb() "] — [sign(X()hj 1, 32, Jl”be() ]
[sign(XF()hLy ; Sy XB,(0270] + [sign(X ()RS 4, S X, ()27

(3.103)

where the modulo-m arithmetic is implicitly used on the user indices. We have the following

lemma.

Lemma 3.2. f: S,(t) — S;(t) is bijective.
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Proof of Lemma 3.2: For notation brevity, define

max{mj’  jmj_, ;}
Xp 2sign(XF (1)) > XE )2 (3.104)
b=1
max{m] 1.0 5_1,]}
X 2sign(X] (1)) > X427 (3.105)
b=1
mR;l j J 1.5
Sn# Lsign(XT ALy 32 K02 = e (K015 32 Xia(2™] - (3106)
b=1
S D
ml_| . mi iy
Sr 2 [sign(XF(1)hl_y X75(6)27°] + [sign(X] (¢))hf 27 (3.107)
b=1 b=1
5‘?1 S?Irg

Note that (X, X;) and (Sg, S;) can be regarded as the input and output of the deterministic

channel, respectively. Apparently, given one input (X R X 1), we can only produce one output

(§R7 5[)

Next, we proceed to prove the other direction by contradiction. Assume that there exist two
distinct inputs (X%, X7) and (X3, X7*) that can generate the same output, i.e., (S%, S7) =

(S%, S7*). In the following, without loss of generality, assume

R > Rl = mE > m] (3.108)

j—1,J j—1,5 j—1,3"

First, consider the case where sign(hj", ;) = sign(h}_, ;). For the term Sg, we have the

j—1,

following sub-cases.

o 5%, = 8% and S5, = Si,. In this case, for the term Sy, if |hit 5| > |hl ], since

v

(X%, X;) and (Xg, X7*) are different, we have Sj, = S7i and Sj, # S%, which
contradicts the assumption that (X%, X7) and (X3, X7*) generate the same output;

if [hff, | = |hf_, ;| since (X%, X7) and (X3, X7*) generate the same (Sg,S;), we
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have (X%, X7) = (X3, X*), which contradicts the assumption that (X%, X7) and

(X3, X7*) are different.

. 5/'}5371 > 5’}"{1 and S‘}}’z > S’E’:T In this case, for the term S;, we have 5’;1 > 5’}‘*1 and
5},2 > 5”}‘7*2, which contradicts the assumption that (X3, X7) and (X3, X7*) generate

the same output.

. 5‘}271 < 5'}*{:1 and S‘fm < S’}}’f? In this case, for the term S;, we have S’}‘J < 5’}‘*1 and
5},2 < 5”}‘7*2, which contradicts the assumption that (X3, X7) and (X3, X7*) generate
the same output.

) = —sign(h!

For the other case where sign(hf i1

i1 ), we can follow the same argument

above and obtain the same conclusion. [ |

Consider Receiver j € (m) again. Its channel output can be rewritten as

A V()
viiy=| (3.109)
Vi
R
sign(XE(1))AE S0 X R (4)2-b
_ |_ g ( 7] ( )) 77 :;Rl ],b() J (311())
Lsign(Xj(t))hfj >l X]{b(t)T”J
%Z(t)
_ mE _
[sign(X ()30, XT(1)27°)
" J Jj Lab= ;‘;jﬂ Jib (3.111)

_ mE _
[sign (X[ (0)hfs 32,20 n oy Xjp(t)27°]

— R
b—m].*].Jrl

_ mi - ml, o B
Ly [ O T K02 = e (S0 T 5027
. ml o g mh .

7\ Lsign(XRO)hL Y X2, (62| + [sign(KL(O)RE Yt XL, (627"

(3.112)
CR(t

+| ©) (3.113)
Ci(t)
C;(t)
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where the virtual receiver with index j*j is the strongest virtual receiver connected to Trans-

mitter j (i.e., |hj-;| = maxje(ms1,. v {|i|}), and CE(t) and (:”f(t) can both take values from

{—1,0,1}. Define

mR*j

X1 s(t) = sign(X[(1) Y - X[ ()27 (3.114)
b=1
mi

X1, (t) = sign(X/(t)) X7, ()27 (3.115)
b=1

V() = Viult) + Vrat) + G5(0) (3.116)
For Receiver 1, start from Fano’s inequality.

< IOy YT, Y1, CF, ST WS, \ W) (3.118)
= H(Y],, Y15, O, ST Ws\Wy) — H(Y{",, Y}, CF, ST |Ws,) (3.119)

H
H(STIWs,\WY) + H(YP, YT, CRLST, W\ W) — H(YY",, Y7, CTWs,)

— H(S}|Y,",, Y7, CT Wsy) (3.120)

< H(ST\W% Wai, ooy Wint) + H(fm

1w

VL CrIST) — HOY, VL CRWs,)  (3.121)

where the last inequality follows from the fact that dropping conditioning does not reduce

entropy. Proceed to consider the last term in (3.121),

H(Y/{}uv }A/lT,le CAY{L‘VV262>
= H(Y",|Ws,) + H(Y,, CY YT, Wsy) (3.122)
> H(Y]|Ws,) + H(S5 Y, W) (3.123)
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= H(X{ ', X1.06|Ws,) + H(Sy YT, Ws,) (3.124)

> H(Y{ IW\Wy) + H(S2Wia, Wi, ..., W) (3.125)

where (3.124) follows from Lemma 3.2, i.e., both functions f : Ylu — Xﬁl,s X )_(1[*173 and

f: 8, — S, are bijective.

Plugging (3.125) into (3.121), we have

n() | Rij— €) <H(S?[War, Way, oo, Wit + H(YY,, Y7, CTIST)

j=1

— H(S2Wha, Was, oo, Wina) — HY, VW) (3.126)

Next, consider the BC comprised of Transmitter 1 and all its connected virtual receivers.
Since the virtual receiver with index 1*1 is the strongest one that is able to decode all the

messages from Transmitter 1 (to all the connected virtual receivers), we have

W\Wy) = H(Y[ W\W) (3.127)

N
n( Y Rjy—e) <IWis VT,

j=m+1

Adding (3.126) and (3.127) together, we obtain

m N
n(z le + Z le - 26)
j=1

j=m+1

< H(SY|War, Wat, oo, Weat) + H(YP,, YT, CTISE) — H(SH|Wia, Waa, oo, Wiia) — (3.128)
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Similarly, for k € {2,3,...,m — 1} we have

ZRijr Z Rj — 2¢)

j=m+1

. N, (3.129)
< H(Sk ’WUC? ) kal,ka Wk+1,k> s ka) + H<Yk7u7Yk,l7 Ck; ‘Sk;)

&n
— H(S; W ikgts oo Wea1, Waga kg1, Winkg1)

From Receiver m and the degraded BC comprised of Transmitter m and all its connected

virtual receivers, we obtain

ZRm]+ Z Rjy, — 2¢

j=m+1

< H(S2 Wi, Wom oo, Wop—1m) + H(Y ;2

m,u) ml’

C™|S™) — H(SMWay, Way..., Win1) (3.130)

Adding all the terms in (3.128), (3.129) and (3.130) together, we get

n(Rg.p — 2me) < i HY,, Y5, CrSh (3.131)
k=1
< i Y H (Y (t)|Sk () + H(Yis(8)|Sk(t) + H(Ci(1))] (3.132)
k=1 t=1
< ni [Q(mkk — Mg_1x) + constant] (3.133)
k=1
<n zm: [(akk — agp_1x)log P + constant] (3.134)

i
I

where (3.133) holds since my; — 1 < max{my,,my;} < my;. Finally, according to Lemma
3.1, we obtain the desired GDoF cycle bound (3.99) for the original complex Gaussian X

channel.
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3.4 Summary

In this chapter, we first show that for the K-user TIN-optimal interference channels identified
in Theorem 2.1, even if the message set is expanded to the X setting, operating as the
original interference channel and treating interference as noise at each receiver is still optimal
for the sum capacity up to a constant gap. Next, we extend the optimality of TIN to
general X channels with arbitrary numbers of transmitters and receivers. In both cases,
the achievability argument follows directly from Chapter 2 for the setting of interference
channels. The main challenge lies in deriving tight information theoretical outer bounds.
As illustrated in this chapter, to obtain desired outer bounds, the genie signal provided to
each receiver should be chosen more judiciously. Notably, to complete the generalization to
X channels where the number of receivers is larger than that of transmitters, due to the
added difficulty, we also resort to deterministic channel models [32, 51-54], where certain

combinatorial structure can be exploited to simplify the proof.
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Chapter 4

Optimality of TIN for Compound

Networks

In this chapter, we generalize the optimality of TIN to compound networks [13-15], where
each receiver is associated with a set of states (a receiver state is identified by the channel
realizations associated with that receiver). In the compound interference channel, the sets
of possible states for each receiver are globally known a-priori, however the transmitters are
unaware of the particular realization chosen from within these sets. Therefore, a reliable
coding scheme must guarantee vanishing error probability for each possible realization of
every receiver. Equivalently, the compound interference channel can be regarded as having
potentially multiple receivers for each message, which is known as the multiple groupcast
setting [24] and is of interest in its own right. Here of particular interest are compound inter-
ference channels where each possible network state individually satisfies the TIN-optimality
condition of Theorem 2.1. Is TIN still optimal for such a compound setting as a whole,
when all possible states are considered simultaneously? Moreover, the implications of the
compound setting on the achievable TIN region and GDoF-optimal power control are also

of interest and will be explored in this chapter as well.
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This chapter is organized as follows. The channel model for the compound interference
channel is presented in Section 4.1. In Section 4.2, we show that if each possible network
realization satisfies the TIN-optimality condition of Theorem 2.1, TIN achieves the entire
GDoF region of the compound setting. The TIN region is also fully characterized for general
compound interference channels in this section. In Section 4.3, we study the power control
problem for compound networks. We demonstrate that from the GDoF perspective, the
power control and TIN problems for compound and regular (where the network has only
one state) interference channels are equivalent. Remarkably, the regular counterpart might
be different from all the possible network realizations of the compound channel. Then by
taking advantage of the simplification of the compound setting to the regular case, we develop
several GDoF-based power control algorithms for compound networks. A summarization is

given in Section 4.4.

4.1 Channel Model

Consider K-user Gaussian compound interference channels. The channel coefficients associ-
ated with Receiver k € (K) are denoted as a vector (hg1, Aug, ..., hyx ), which is drawn from
a finite set L with cardinality Ly. Assume that the channel coefficients remain fixed during
the transmission. In addition, while the transmitters are unaware of the specific channel
realizations, knowledge of L is assumed to be globally available. Note that, as always, the
receivers are assumed to have perfect CSI. In this compound setting, reliable communica-
tions need to be guaranteed simultaneously for all possible channel realizations. At Receiver

k, the channel output in state [; is given by

v WX + ZM(), Yk e (K), VI, € (L) (4.1)

Mw

=1

78



where ﬁZf] is the channel gain value from Transmitter i to Receiver k, X;(t) and Z,Ef’“] (t)
are the transmitted symbol of Transmitter ¢ and the additive white circularly symmetric
Gaussian noise with zero mean and unit variance at Receiver k, respectively, in the t-th
channel use. Similar to previous chapters, all symbols are complex, and Transmitter i € (K)

is subject to the average power constraint E[|X;(¢)]?] < P,.

Again, to facilitate the GDoF studies, the standard channel model (4.1) is translated into

an equivalent normalized form following similar approaches in previous chapters. Define

ol 2 log(max{1, [’ [*P.})
log P

. Vi, k € (K), Vi, € (L) (4.2)

where P > 1 is a nominal power value. The original channel model (4.1) is then presented

in the following form,

K
Y[lk] Zh[lk Xz + Z[lk]( ) (43)

K

—Z VP X (1) + 2 (4), Wk e (K., € (Ly) (4.4)

where X;(t) is the normalized transmit symbol of Transmitter i, subject to the unit power

constraint (i.e., E[|X;(¢)]?] < 1).

In this K-user compound interference channel, Transmitter ¢ intends to deliver one indepen-
dent message W; to Receiver i, Vi € (K). The size of the message set {W;} is denoted by

log [W; . )
s Wil are achievable if all mes-

|W;|. For codewords spanning n channel uses, the rates R; =
sages can be decoded simultaneously with arbitrarily small error probability as n grows to
infinity regardless of the channel realizations. The channel capacity region C is the closure of

the set of all achievable rate tuples. The GDoF region of the K-user compound interference
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channel is given by

. R
D £ {<d17d27...,dK) : dk = Ph_rgo ngP7 Vk € <K>, (Rl,RQ, ,RK) c C} (45)

It is notable that the compound interference channel can be modeled in different ways. The

model used in this chapter assumes that each receiver has multiple possible states, i.e.,
(hits oo hii) € Ly, Yk € (K) (4.6)

Another way is to allow for all the channel coefficients hy; to be jointly taken from a finite

set L, i.e.,
(haty oo Pagey oo ity oo hie) € £ (4.7)

As illustrated in [15] (see Proposition 2 in [15]), since the receivers cannot cooperate with
each other, it turns out that the latter is equivalent to the model adopted in this chapter.
On the other hand, a less general model for the compound setting than the one adopted
here, is to assume that each channel coefficient ilij can take any value over its own set of
allowed values S;; independently of other channel coefficients. From the TIN perspective,
this model is rather trivial, since only a readily attainable “worst case” matters, where for

i =4, hij = min{|s;;| : 5;; € Si;}, and for i # j, hy; = max{|s;;| : s;; € Si;}.

4.2 TIN-optimality Condition for Compound Networks

In this section, we are mainly interested in the compound interference channel where each
possible state of the network individually satisfies the TIN-optimality condition of Theorem

2.1. The natural question is whether the simple TIN scheme is still optimal for such a
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compound setting when all possible states are considered simultaneously.

4.2.1 Challenge Posed by the Compound Setting

We start with an overview of what makes the optimality of TIN for compound networks
nontrivial. Denote by H the set of all the possible network realizations, P4 the set of all the
valid power allocations, and D(P, H) the achievable GDoF region through the TIN scheme

for the network realization H € ‘H with power allocation P € P,.

First, consider the achievability. Since in the TIN scheme the rate for each message is limited
by the minimum SINR across all states of the intended receiver, it is evident that for any
valid power allocation P € P4, NuexD(P, H) is achievable. Taking the union of achievable
rates over all the valid power allocations, we obtain the following inner bound on the GDoF

region.

Inner Bound = Upep, Nueyy D(P, H) (4.8)

Next, consider the converse. Since the compound network satisfies the TIN-optimality con-
dition of Theorem 2.1 in each possible state, accordingly for a given network state H € ‘H
its entire GDoF region can be expressed as Upep, D(P, H). Since the GDoF region for each
state is a natural outer bound for the GDoF region of the whole compound setting, by taking
the intersection of the GDoF regions of all possible network states, we get the following outer

bound on the GDoF region.

Outer Bound = MNHex UpepA D(P, H) (49)

Notice that while both the inner and outer bounds for the GDoF region involve union over

power allocations and intersection over network states, the inner bound is the union of
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intersections whereas the outer bound is the intersection of unions. In general, the right
hand side of (4.8) (i.e., a union of intersections) is no larger than that of (4.9) (i.e., an
intersection of unions), consistent with their roles as inner and outer bounds, respectively.!
So the main challenge in settling the optimality of TIN for compound interference channels

is to prove that the two are indeed identical in our context.

4.2.2 Polyhedral TIN for Compound Interference Channels

Similar to the regular setting in Chapter 2, polyhedral TIN plays a key role for help establish
the optimality of TIN in the compound channels. In the section, we generalize polyhedral

TIN to the compound setting.

In the K-user compound interference channel, assume that the power allocation of Trans-
mitter £ € (K) is P™, where 7, < 0. In the TIN scheme, the achievable rate of user k is
limited by the smallest SINR across all states possible for this user. So user k achieves any

rate Ry such that

[I]

P'f’k Pa
Ry < min {log (1 + i m) } Vk € (K) (4.10)
et L+, P

In the GDoF sense, we have

< dp < mi ] - Iy 1)t ke (K 4.11
0<dp < min {max{0, o) + i — (max{of +r;})7}, vk € (K) (4.11)

The TIN region P* is the set of all GDoF tuples (dy, ..., dk ) for which there exist r’s, 1, < 0,
Vk € (K), such that (4.11) holds for all k£ € (K).

Similar to Chapter 2, in the compound setting we also introduce polyhedral TIN, i.e., a

!Consider an example where P4 = {P1,P2}, H = {Hy,H,}, D(P1,Hy) = {1}, D(P1,H2) = {2},
D(P2,Hy) = {2}, and D(P2,Hs) = {1}. It is easy to check that the right hand sides of (4.8) and (4.9) are
¢ and {1, 2}, respectively, which are not equal to each other.
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polyhedral version of the TIN scheme. By requiring min, ¢(z,) {ag,’z] + 7 — (maxj;#k{ag;} +
7;})*} to be non-negative for all users, we can ignore the first max{0,.} term in (4.11) and

obtain

0<dy < min {afd 4 py — (max{a[ dr Y, Yk e (K) (4.12)
k(L)

According to (4.12), the polyhedral TIN region P in the compound setting includes all GDoF

tuples (dy, ..., di) for which there exist r;’s, k € (K), such that

re <0, Vk € <K>
dy, >0, Vk € (K)
d, < ol vy & > dy — ol Vk € (K), Vi € (L)

di, < oz%,’;] + 7, — (aLf} +rj) &g —r; > (oz%j] — a,[i,’;]) +dy, Vk,j € (K), k # j,Vl. € (L)

Similar to the regular setting, with the above modification we put more constraints on the
power exponents r; besides r; < 0, which can only shrink the achievable GDoF region of the

TIN scheme. In other words, we have P C P*.

4.2.3 Main Result

The following theorem settles the question on the optimality of TIN for compound interfer-

ence channels.

Theorem 4.1. In a K-user compound interference channel, if the following condition is

satisfied,

[l] > max{a }—{—max{a ]} Vi, j, k€ (K),Vl; € (L;),Vl; € (L) (4.13)
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then power control and TIN achieves the entire GDoF region, which s the intersection of
the GDoF regions of all the possible network realizations. Moreover, the GDoF region of the

compound channel is fully characterized by

0<d; <ald Vi € (K),Vl; € (L;) (4.14)

Sody < S —ap ) Vi ia, i) € T, Ym € 42,3, K}V, € (L) (4.15)

it 41
where the modulo-m arithmetic is implicitly used on user indices, e.g., iy, = 1g-

The proof of Theorem 4.1 is relegated to Section 4.2.4. Theorem 4.1 demonstrates that
if in each possible network realization the channel satisfies the TIN-optimality condition
of Theorem 2.1 individually, then TIN is, indeed, GDoF-optimal for the entire compound
setting. In the above theorem, setting L, = 1, Vk € (K), Theorem 2.1 is readily recovered
for regular interference channels. Similar to Theorem 2.1, (4.14) and (4.15) fully characterize
the polyhedral TIN region P of general compound interference channel (even if the condition
(4.13) is not satisifed), which is in fact the intersection of the polyhedral TIN regions for
all possible network states. In other words, for a general compound interference channel,
the intersection of the polyhedral TIN regions for all its potential network states is always

achievable via power control and TIN.

Based on the results in Theorem 4.1, we further obtain the TIN region P* for general K-
user compound interference channels. Similar to Theorem 2.3, we get that in general P* is
a union of 2% polyhedral TIN regions Ps, each of which corresponds to the case where the
users in S (any subset of (K)) are silent and thus removed from the network. Note that
for general compound interference channels, P, (i.e., the polyhedral TIN region for the case
where all users are active) is the same as the polyhedral TIN region P defined in Section
422, ie., P =P, When (4.13) is satisfied, the polyhedral TIN region P, subsumes all the
others and the TIN scheme is GDoF-optimal, i.e., D = P* = P.
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Remark 4.1. [t is not hard to generalize the result of Theorem 4.1 to the sum GDoF
optimality of TIN for M x N compound X channels following Chapter 3. In addition, based
on the bounding techniques given in Chapter 2 and 3, it is easy to show that under the same
condition (4.13), the TIN scheme is sufficient to achieve a constant gap to the capacity region

of K-user compound interference channels and the sum capacity of compound X channels.

4.2.4 Proof of Theorem 4.1

In the section, we present the proof of Theorem 4.1.

Start with the converse argument. Consider each possible network realization individually.
Since in each network realization, the channel satisfies the TIN-optimality condition identi-
fied in Theorem 2.1, it is easy to characterize its GDoF region. Taking the intersection of the

GDoF regions of all the possible network realizations, we obtain the desired outer bounds.

Next, consider the achievability argument. The proof is derived from a non-trivial argument
based on the potential theorem in [43], which builds upon the application of potential the-
orem in Chapter 2. We first generalize the potential graph D, defined in Chapter 2 to the
compound setting. For an arbitary K-user compound interference channel, we construct a
fully connected digraph D, = (V, &) with >, L + 1 vertices, where V and & are the sets of

vertices and edges, respectively, and

V={uu [J {v ..o

ke(K)

E=EUEUEUE,

& = {0, o4, Vk € (K), Vi, 1, € (L), s # 1,
& = {(vf, ]}, Vk,j € (K), k # j,Vl, € (L), Vl; € (L))
& = {(v, W)}, Vk € (K), Vi € (L)
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& = {(u, v}, Vk € (K), Vi, € (Ly)
We assign a length [(e) to each edge e € £ as follows.

10 oy = 0, Yk € (K), Vi, 1, € (L), lx # 1, (4.16)
Lo oy = (ot — a;g;u —dp,  Vk,jE(K),k# GV, € (L)Yl € (L) (4.17)
1w u) = o™ — q,, Vk € (K), VI, € (L) (4.18)

I(u,v*) =0, Vk € (K), Vi € (L) (4.19)

This complete digraph D, is the potential graph for the compound interference channel,
which is a generalization for the regular case. In the potential graph D, denote the length
of the shortest path from the vertex u to each vertex v,[cl] as lgast; Vk € (K). It is notable
that due to (4.16) the lengths of the shortest paths from u to ng] and Ul[j;“} (lg # 1) are

always the same. In addition, according to (4.19), lxas < 0, Vk € (K).

Figure 4.1: The potential graph D, for a 2-user compound interference channel with L, = 2
and Lo =1

Example 4.1. Consider a 2-user compound interference channel where Ly = 2 and Lo = 1.

Its potential graph D, = (V,E) is depicted in Fig. 4.1. It is comprised of Zizl Ly+1=4
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vertices, black edges &, green edges &, red edges Es and blue edges &, where

V= {vl ,vl ,v2 ,u}

E=EUEUEUE

& = {(w, o), w7, i)}

& = {(v, o), @, o), Wi, o), (@i, 0}
& = {(i",u), (v, u), (v3), u)}

1= {(u, i), (u, o), (u,v)}

The length l(e) for each edge e € £ is denoted in Fig. 4.1 as well.

Recall that for K-user compound interference channels, the polyhedral TIN region P is the

set of all GDoF tuples (dy,ds, ..., dg) for which there exist r;’s, k € (K), such that

dy, > 0, Vk € (K) (4.20)
re <0, Vk € (K) (4.21)
re > dy — ol Vk € (K), VI € (Ly) (4.22)
ri— 1y > (gt — altl) 4 di, W, j € (K),k # 3,V € (L) (4.23)

Setting
il = p Yk € (K), VL, € (L), (4.24)

it is easy to verify that the set of the above inequalities (4.20)-(4.23) is equivalent to the

following ones

dy >0, Vk € (K) (4.25)
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il <o, Vk € (K),Vl, € (L) (4.26)

plid i < g, Yk € (K), Vi, I, € (L), s # 1 (4.27)
ris >y — a4, Vk € (K),Vip € (L) (4.28)
it — el > (ot — o) 1 dy, Yk, j € (K) k # 4.V € (L), Y € (L) (4.29)

Therefore, the polyhedral TIN region P is also fully specified by (4.25)-(4.29). In other
words, a GDoF tuple (dy,ds, ...,dk) € ]Rf is in the polyhedral TIN region P if and only if
there exists r,[fk], ke (K), Iy € (L), such that (4.26)-(4.29) hold.

Now consider the potential graph D, for the K-user compound interference channel. Similar
to the regular case, without loss of generality, if there exists a valid potential function for the
potential graph D,,, we can make the vertex u ground (i.e., p(u) = 0). Then let p(vg’“]) = T,[jk},
Vk € (K), Vi, € (Lg). It is not hard to verify that the potential function values should satisfy
the inequalities (4.26) - (4.29). Therefore, in a K-user compound interference channel,
a GDoF tuple (dy,dy, ...,dx) € RE is in the region P if and only if there exists a valid
potential function for its potential graph D,. Again, based on the potential theorem in [43],
we conclude that a GDoF tuple (dy,ds, ..., dx) € Rf is in the region P if and only if the
length of each directed circuit in D, is non-negative. We categorize all the directed circuits
of D, into the following three classes:

[I%]

e Circuits in the form of (v — v,* — u). For these circuits, the non-negative length

condition yields
™l g, >0ed, <ol (4.30)

. Ii li ; . . o .
e Circuits in the form (UZ[OO} — vl[ll] — = vllfnm]), where ig = iy, and (i, 42, ..., %m) €
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[Tx. For these circuits, the non-negative length condition indicates

o~y [t:.] - ] i)
Z(Oéijfj T Qi T di;) 2 0 <:>Zdij' < Z(O‘i;‘gj - aia";ﬁl) (4.31)
j=1 j=1 j=1
e All the other circuits. For these remaining circuits, it is not hard to check that given
(4.30) and (4.31), the inequalities derived from the non-negative length condition are

all redundant.

Consequently, we end up with (4.30)-(4.31). Explicitly adding the non-negative constraint
on d; in (4.30)-(4.31), we obtain the polyhedral TIN region P, which is fully characterized
by (4.14)-(4.15) and turns out to be the intersection of the polyhedral TIN regions for all
the possible network realizations. Clearly, under condition (4.13), the polyhedral TIN region
P is matched with the derived outer bounds. Therefore, we complete the proof of Theorem

4.1.

4.3 GDoF-based Power Control for Compound Net-

works

Previous results in this dissertation have shown that under certain conditions, power control
and TIN is optimal from the GDoF perspective for various channel settings, e.g., regular
interference channels, X channels, and compound networks. However, the optimal power
control solution, i.e., the optimal power exponent r; at each transmitter for the target GDoF
tuple, is not given explicitly due to the procedure of Fourier-Motzlin elimination (which is
accomplished via the application of potential theorem). In this section, we will explore the
power control problem from the GDoF perspective for general compound channels (note

that the regular channel is only a special case of the compound setting). Compared with
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the regular setting, the compound setting in fact adds another layer of complexity on the
optimal power allocation problem, since it is not clear a-priori where the bottlenecks lie. To
identify the bottlenecks, simplify the compound network setting as much as possible, and to
allocate power optimally to achieve any desired GDoF objective function are the goals that

we pursue in this section.

4.3.1 Previous Work on Power Control

Transmit power control is of paramount importance for the TIN scheme. There is abundant
literature on the optimization of transmit power allocations. In [57,58], Zander considers
the carrier-to-interference (C/I) balancing problem and intends to maximize the minimal
achievable C/I ratios of all users with the minimized overall power consumption. For a given
feasible SINR target, distributed power control algorithms are proposed in [59-61] to obtain
the optimal power allocation. In particular, there is much interest in joint SINR (or rate)
assignment (e.g., for sum-rate maximization) and power control problem, studied recently in
[62-65]. This joint optimization problem is quite challenging because: 1) although subclasses
solvable in polynomial time are identified, it is non-convex and NP-hard in general [64] (one
standard approach to deal with this issue is using high SINR approximations to formulate
a convex optimization problem [63]); 2) the feasible SINR region is highly coupled with
power allocations across all users in the network. There are several studies attempting to
derive the entire feasible SINR (or rate) region [66-68], and it is well-known that the feasible
SINR region is log-convex [69].? So far the sum-rate maximization problem is only solved
in 2-user asymmetric interference channels [70,71] and K-user fully symmetric interference

channels [72]. For the general K-user asymmetric setting, various algorithms based on

%It is notable that the feasible SINR region studied in [69] corresponds to the case where all users in
the network are active and thus attain strictly positive SINRs. In the GDoF framework, this feasible SINR
region in the log scale essentially corresponds to the polyhedral TIN region P, which is also always convex.
However, as shown in Chapter 2, in general the TIN region P* is not convex without time-sharing, if we
allow certain users in the network to be silent.
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geometric programming, game theory, etc. (see [73,74] and references therein), are developed.

Within the GDoF framework, most relevant are the results of Chapter 2 for fully asymmetric
K-user interference channels, where the entire TIN (GDoF) region is fully characterized. A
remarkable advantage of this GDoF approach is that using (essentially) Fourier-Motzkin
Elimination, the transmit power allocation variables are entirely eliminated and thus the
feasible GDoF' region characterization and power control problem are decoupled. Therefore,
a closed-form feasible GDoF region depending only upon the effective channel gains (i.e., the
channel strength level ) is derived, with which the optimal GDoF assignment under a given
objective function (e.g., to maximize the achievable sum GDoF) is relatively easy to solve.
The only problem left is power control, i.e., how to allocate transmit powers (efficiently, since

multiple solutions may be possible in general) to achieve the target GDoF tuples.

4.3.2 Preliminaries on GDoF Based Power Control

From the GDoF perspective, we refer to the power exponent vector (ri,rs,...,7x) as the
transmit power allocation. Also notice that without loss of generality, for the GDoF-based
power control problem we will only consider the GDoF tuples (dy, ds, ..., dx) where d; > 0,
Vi € (K). Apparently, if for certain user ¢ the target GDoF value d; = 0, we only need
to set r; = —oo and then remove this user ¢ from the network without affecting others.
Therefore, in the following, we only deal with the polyhedral TIN scheme, as the polyhedral
TIN region P includes all the GDoF tuples we are interested in. And implicitly we only need
to consider a subset of the valid power allocations for the polyhedral TIN scheme, i.e., the
power exponent vectors which guarantee the right hand side of (4.12) to be positive for all

users.

For the GDoF-based power control problem, we are primarily interested in the globally

optimal power allocation, in which to achieve the target GDoF tuple none of the users can
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lower their transmit powers. The desired globally optimal solution should be locally optimal
at first, in the sense that no single user can unilaterally lower its own transmit power and
still achieve its target GDoF value.® Note that for one GDoF tuple, while there may exist
multiple locally optimal power allocations in general, there is only one globally optimal power

control solution, which is also the unique Pareto optimal solution as shown in [37].

4.3.3 Equivalence of Compound and Regular Interference Chan-

nels

In this section, we show how to simplify the GDoF-based power control problem for general
compound interference channels. Denote the K-user compound interference channel defined
in (4.4) as ZC¢. Based on ZCq, we construct a counterpart K-user regular interference

channel ZC g with the following input-output relationship
Z VP X, (1) + Zi(t), Vk € (K), (4.32)

where?

g = llél<1I1 {oz[l’“]} VEk € (K) (4.33)
ay; = lm1Ln {Oz[k]} mm {akk - agf]} Vk,j € (K),j #k, (4.34)
kE(LK)

3For example, in a 3-user interference channel, with the power allocation (r},rj,r3), through the TIN
scheme we obtain a GDoF tuple (d},d3,d;), where df > 0 for ¢ € {1,2,3}. Then the power allocation
(ry,r3,73) is locally optimal for the tuple (df,ds,d%). Using the terminology of game theory, each locally
optimal power allocation refers to a Nash equilibrium.

4In this chapter, for a compound interference channel, we denote the channel strength level of its regular
counterpart by &;; to highlight the corresponding relationship between these two. In the context where this
corresponding relationship is not our focus, we still denote the channel strength level of regular interference
channels by a;; for brevity.
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0r; can take any value (note that the channel phases do not affect the power control results),

and Z.,(t) ~ CN(0,1). We can rewrite (4.34) as follows

Qg — Ay = min>{a£f;;] —a"N Yk je(K),j#k (4.35)

le€({Lg J

Denote agz] —oz%;} as the power level “gain” of user k against user j under state l, k, j € (K).

From (4.33) and (4.35), one can find that for general K-user compound interference channels,
in its regular counterpart, the channel strength level of the direct link for user k is equal
to that of the weakest direct link among all states of user k in the compound channel, and
the power level gain of user k against user j (i.e., dur — Q) is equal to the minimal power
level gain of user k against user j among all states of user £ in the compound setting. It
is notable that in general for user k£ of the original compound channel, the state with the
weakest direct link and the state with the minimal power level gain of user k against user
j are not the same. As a consequence, the regular interference channel ZCg is a non-trivial

mixture of states of the compound channel ZC¢.

The following theorem establishes that for a K-user compound interference channel ZC and

its regular counterpart ZCg, the GDoF-based power control problems are equivalent.

Theorem 4.2. The K-user compound interference channel ZCo and its counterpart K -user
reqular interference channel ZC i have the same TIN region P* and the same polyhedral TIN
region P. Moreover, for any feasible GDoF tuple in P, ICc and ZCgr have the same set of

locally optimal power allocations.

Example 4.2. In Fig. 4.2, we show a 3-user compound interference channel (Receiver 1
has two possible states) and its counterpart 3-user reqular interference channel, where the
values on each link denotes the channel strength level. According to Theorem 4.2, not only
the two channels in Fig. 4.2 have the same TIN region, but also solving the GDoF-based

power control problem for one is equivalent to solving the problem for the other. Note that in
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Figure 4.2: A 3-user compound interference channel and its regular counterpart

Fig. 4.2, the reqular channel is different from either of the two possible network realizations

for the compound channel.

We first prove that ZC» and ZCg have the same TIN region and the same polyhedral TIN
region. In fact, there are several ways to complete the proof. First, we give an explanation
based on potential graph. From the potential graph D, of ZC¢, we can construct another

complete digraph D, = {V, €} with K + 1 vertices, where

1_) == {?71,’172, ...,’UK,U,}

E=EUEUE

& = {(v, v;)}, Vk,je (K)k#]
Ey = {(vp,u)}, VEk € (K)

Es = {(u, o)}, VEk € (K)

The length I(€) of each edge € € £ is assigned as follows,

Uow,05) = min fog — 't —di, Yk, j € (K) ki # j
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(T, u) = lm(m {akk]} dp, Vk € (K)

I(u, 5,) = 0, vk € (K)

It is easy to verify that D, is the potential graph of ZCg. It is also not hard to check that

U] 1 -

the length of the shortest path from the vertex v;* to the vertex v;”" in D, is equal to that

of the shortest path from o, to v; in D,, Vk,j € (K), j # k. Similarly, the length of the
shortest path from u (or va]) to v,[cl’“} (or u) in D, is equal to that of the shortest path from
u (or ¥) to vy (or u) in D, Vk € (K). Denote the polyhedral TIN regions of ZCc and ZCr
as Pc and Pg, respectively. In ZCq, for any GDoF tuple (df,ds,...,d}) € Pc, according
to the proof of Theorem 4.1, we have known that in the potential graph D,, there exists
no circuit with a negative length. Then it is easy to check that for ZCg, when the target
GDoF tuple is (d,d;, ..., d}), all the circuits in D, have non-negative lengths as well. Thus,
(di,d3, ...,d}) € Pgr and Po C Pg. Similarly, we have Pr C Pc. Therefore, we establish
that ZCo and ZCk have the same polyhedral TIN region. Further, it is not hard to argue

that they also have the same TIN region.

The second approach is more straightforward. To prove ZC» and ZCp have the same TIN
region, we only need to show that with the same power allocation r* = (r},75,...,7%) in ZCc
and ZCg, we obtain the same GDoF tuple. In the compound channel ZC¢, when the power

allocation is (r,r3, ..., ), we have

df = min {agf + i — (maxfay! + 771t} (4.36)
=i, fout! =m0+ ) (4.37)
:lkrgan {akk + 7 — max{a +7“J,O}} (4.38)
=} +z:£<1Ln){ak —r?ax{a[lk]—l—r;,()}} (4.39)
=i+ min {op +min{-agl 15,0} (4.40)

95



Uk ] 1 1
=i+ min {minfay) — o) =1, ot} (1.41)

For user k € (K) in ZCc, the achievable GDoF value is

dp = lHl<1[r,l { max{0, oz[ - (max{ak’“] +r;})7}H} (4.42)
kE(LK)
= max{0, d} } (4.43)
¢ Y [t
= max {0 T+ lk%(ank {I]I;lllgl{akg — gy =T g }}} (4.44)

In its regular counterpart ZCg, with the same power allocation (7§, 73, ...,75%), we obtain

dif = ae + 1 — (r?jg{@kj +rih)7 (4.45)
= Qpr + 15 — I;l;?g({@kj + 75,0} (4.46)
= Oy, + 17, + Ijxgil{—@kj —r},0} (4.47)
=i+ %ilel{@kk — Oy — 7, O} (4.48)
=7} —f—I]Il;él]Iﬁl{lIél(l]i {als] — a,[jj] i}, lkmgi {al® }} (4.49)
=7+ min { lkr&lLr}c {aped — ¥ — % i1y (4.50)
=7+ lkrgg& { IJI;IIICI{Oé[ ¢l oz,f;] [l’“]}} (4.51)

For user k € (K) in ZCg, the achievable GDoF value is

dy, = max{0,d!'} (4.52)

[ (Lk] [
= max {0 T+ lkr&ﬁ {rjr;lil{ak,’: — Qg =T g }}} (4.53)

Comparing (4.44) with (4.53), we establish that ZCo and ZCg have the same TIN region.

Based on the above proof, we can further prove that ZC and ZCr have the same poly-
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hedral TIN region. Again, denote by Pr and Pg the polyhedral TIN regions of ZCx and
ICpg, respectively. Also denote by S¢ and Sgi the sets of all valid power allocations for the
polyhedral TIN scheme of ZC» and ZCg, respectively. In ZCo, with any power allocation
r* = (5,75, ...,7%) € Sc, the obtained GDoF value of user k € (K) is dl. in (4.41) and
di > 0. And the obtained GDoF tuple is d = {d!, d}, ...,d'.} € Po. According to (4.41) and
(4.51), in ZC g with the same power allocation r*, for user k € (K) the obtained GDoF value
is dLT = d,i > 0. Thus in ZCpg, r* € Sg and d € Pg. So we obtain that Po C Pg. Similarly,

we can argue that Pr C Po. Therefore, Po = Pg.

Finally, through contradictions we can prove that for any feasible GDoF tuple in the polyhe-
dral TIN region P, ZC- and ZC g have the same set of locally optimal power allocations. For
any feasible GDoF tuple d € P, denote by L+ and L the sets of locally optimal solutions
of ZCs and ZCg, respectively. We assume that Lo # Lg. Then we have a power allocation
r such that r € Lo and r & Ly (orr € Lo and r € L), which clearly contradicts the fact
that with the same power allocation, ZC~ and ZC g obtain the same GDoF tuple. Therefore,

we complete the proof of Theorem 4.2.

Remark 4.2. It should be noted that the compound channel and its reqular counterpart are
only equivalent in terms of the achievability of the TIN scheme. It is not hard to verify that if
the compound interference channel ZC o satisfies the condition (4.13), its reqular counterpart
ICpg is a TIN-optimal interference channel. However, the converse is not true. In [37], we
have shown that for a compound interference channel, even if its reqular counterpart satis-
fies the TIN-optimality condition of Theorem 2.1, there may exist other achievable schemes

outperforming the TIN scheme in the original compound setting.
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4.3.4 Properties of Potential Graph

In this section, we explore some properties of the potential graph, which will help us develop

efficient GDoF-based power control algorithms. We present a useful lemma first.

Lemma 4.1. In a K-user compound interference channel, for any achievable GDoF tuple
(di,da, ...,dk) in the polyhedral TIN region P, using (I1.ast, l2.dst, - lic.ast) in the potential
graph D, as the transmit power allocation and treating interference as noise at each receiver,
we obtain a GDoF tuple (dl,dz, ,azK) € P, which dominates (dy,ds, ...,dk), i.e., dy > dy,
Vk e (K).

Proof of Lemma 4.1: In a K-user compound interference channel, start with any achievable
GDoF tuple (dy,ds, ...,dk) € P. According to the proof of Theorem 4.1, for all the achievable
GDoF tuples in P, there exist valid potential functions in the potential graph D,, and all
the directed circuits in D, have non-negative lengths. It is easy to verify that if in D, each
directed circuit has a non-negative length, the length of the shortest path starting from the
ground vertex u to each vertex in D, is a valid potential function. Specifically, we have a

valid potential function
pM) = lyaw <0, Vk € (K), VI, € (Ly), (4.54)
and
p(u) = 0. (4.55)

According to the definition of potential function (i.e., for any edge (a,b) € &, l(a,b) >
p(b) — p(a)), from (4.17), (4.18), (4.54) and (4.55) we have

di < o) + I as — (a,[j;?] +ljast), Vk,j € (K), k # j,Vli € (L), (4.56)
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dy, < ol 4 1 g Vk € (K), Vi € (L) (4.57)
Due to (4.56) and (4.57), we obtain

dy < min {alt 41 4 - (max{akj +Laa Dt} Yk e (K) (4.58)

Using (l1,ast, l2,dsts -, Lx,ast) @s the transmit power allocation, which satisfies the unit power
constraint for each user according to (4.54), in the TIN scheme the achievable GDoF value

of user k € (K) is given by

dy, = lIél(lLIl {maX{O Ozk Iy li.ast — (max{ak’“] + liase )T }} (4.59)
k k
> o ds R R 4.60
i {048+ e = (el + b))} (1.60)
> d, (4.61)
So we complete the proof. [ |

As discussed before, to get the shortest path results in the potential graph D, of the original
K-user compound channel ZCr, we only need to deal with a corresponding single-source
shortest path problem in D, (i.e., the potential graph of the regular counterpart ZCx). This
problem can be solved efficiently via the classical Bellman-Ford algorithm with complexity
O(K?). Tt is also well known that Bellman-Ford algorithm can detect the negative-length
circuits in a digraph with arbitrary-length edges [43]. Recall that for a K-user compound
interference channel, when the target GDoF tuple is out of the polyhedral TIN region P
(i.e., it is not achievable via the polyhedral TIN scheme), there exist negative-length circuits
in D, and D,. Therefore, Bellman-Ford algorithm can also serve as the feasibility test for
the target GDoF tuples. Correspondingly, in the conventional SINR-based power control

algorithms for regular interference channels, the feasibility of SINR targets can be checked
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through centralized computations based on non-negative matrix theory [61]. How to test the

feasibility in a distributed fashion is still open.

To optimize the system performance, we are primarily interested in the Pareto optimal GDoF
tuples in the feasible GDoF region. If a GDoF tuple (dy, ds, ..., dk) is Pareto optimal for the
polyhedral TIN region P, it indicates that in P there does not exist another distinct tuple
(cil, dy, ..., OZK) such that dj, > dy, Vk € (K). Therefore, based on Theorem 4.2 and Lemma

4.1, we obtain the following theorem straightforwardly.

Theorem 4.3. In a K-user compound interference channel ZCc, for any Pareto optimal
GDoF tuple in its polyhedral TIN region P, (I1 ast: l2.asts ---» Lic.ast) in the potential graph Dp

of its reqular counterpart ZCr s a locally optimal transmit power allocation.

Since in a K-user compound interference channel where condition (4.13) holds, its GDoF

region is exactly the polyhedral TIN region P, we have the following corollary.

Corollary 4.1. In a K-user compound interference channel ZC¢, if the condition (4.153)
is satisfied, for any Pareto optimal GDoF tuple in its GDoF region, (l1 dst,l2.dst,---» Lic.dst)
in the potential graph D,, of its reqular counterpart ZCg is a locally optimal transmit power

allocation.

4.3.5 Fixed-point Power Control Algorithm

In the following, we will demonstrate how to obtain the optimal power allocation for an ar-
bitrary achievable GDoF tuple in the polyhedral TIN region P. It is notable that there exist
remarkable differences between the power control problems for target rate tuples and GDoF
tuples. For an achievable rate tuple, there only exists a unique locally optimal transmit
power vector, which is the globally optimal power control solution naturally. However, as

mentioned before, for one feasible GDoF' tuple, in general there are multiple locally optimal
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power allocations. It is also well known that for any feasible target rate tuple, a celebrated
synchronous fixed-point power control algorithm developed by Foschini and Miljanic [59]
provides the globally optimal power allocation. In this section, we will show that for an
achievable GDoF tuple, through a similar GDoF-based synchronous fixed-point power con-
trol (GSFPC) algorithm, we obtain a locally optimal solution, which is not globally optimal
in general. The GSFPC algorithm for general K-user compound interference channels is

specified as follows.?

Algorithm 1 GDoF-based synchronous fixed-point power control (GSFPC)

1) Initialize: set 174(0) = Il 45 for k € (K);
2) Update:

1) =d, — mi ] _ el 4 e ke (K 4.62
ri(n +1) = dy l}f&ﬁ){akk (glj%{akj +ri(n) )", (K) (4.62)

where n indexes discrete time slots.

The following theorem demonstrates the convergence of the GSFPC algorithm.

Theorem 4.4. In a K-user compound interference channel, for any achievable GDoF tuple
in its polyhedral TIN region P, the GSFPC algorithm converges to a locally optimal transmit
power allocation. Further, if there are multiple locally optimal power allocations r* satisfying
r* < (U1 asts lodsts - Lk.ast), denote by Ry the set of all such locally optimal solutions. Then,
r**, the locally optimal power allocation obtained from the GSFPC algorithm, satisfies r** >
r*, Vr* € R;.

For conventional SINR-based fixed-point power control algorithms, the convergence is usually
proved through the framework of standard interference function developed in [60], which

turns out to be inapplicable to the GDoF setting. To proceed with the proof of Theorem

5Note that to solve the power control problem for compound channels, according to Theorem 4.2, we can
also apply the GSFPC algorithm to its regular counterpart.
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4.4, define r(n) = (r1(n),r2(n),...,rx(n)), and rewrite (4.62) in the vector form

r(n+1) = f(r(n)) (4.63)

where f : RE — R is the update function in the GSFPC algorithm.

We first demonstrate the convergence of the GSFPC algorithm. To this end, we go through

the following three steps:

e First, we show that {r(n)}22, is a decreasing sequence through induction. Due to

(4.58), we have

dy, < o ds el 1 g )T 4.64

o < min fagl) + b — (maxfays’ + L)} (4.64)

Slpast > di, — min {a[’“] (max{a[’“] - lj7dst})+} (4.65)
lkE<Lk J:J

&71(0) 2dk—lm<iLn>{a,f,’; (max{ak +r; (00D} (4.66)
kE(LE

Writing the above inequality in the vector form, we get

r(0) > f(x(0)) = x(1) (4.67)

Next, assume r(k) < r(k —1). Since f is an increasing function, we obtain

r(k+1) = f(r(k) < f(r(k —1)) = r(k) (4.68)

Therefore, the sequence {r(n)}5°, is decreasing.

e Second, we prove that there exists a fixed point r* = (17,73, ...,75%) < r(0) such that
r* = f(r*). It is not hard to verify that the following conditions are satisfied: (i) f is a

continuous increasing function, since the maximum/minimum of continuous functions
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is still continuous; (ii) According to (4.67), the set S, = {r : r > f(r)} is not empty;
(iii) The set S, is bounded from below (i.e., for each power allocation T € S,, its i-th
entry 7; is bounded away from negative infinity). Therefore, according to the fixed
point theorem in [75] (Proposition 6 in [75]), we establish that for r(0) € S, there

exists a r* <r(0) such that r* = f(r*).

e Finally, we illustrate that the sequence {r(n)}>2, is bounded by induction. From the

second step, we have known that r(0) > r*. Next, assume r(k) > r*. We have

r(k+1) = f(x(k) > (") = 1" (4.69)

Therefore, the sequence {r(n)}>, is bounded from below by r*.

According to the above steps, we have known that the sequence {r(n)}>, is decreasing and
bounded, thus convergent. As a fixed-point algorithm is able to estimate a fixed point if and
only if {r(n)}>, converges, and clearly the obtained fixed point solution is a locally optimal
power allocation for the target GDoF tuple, we complete the proof for the convergence of

the GSFPC algorithm.

It is also not hard to prove that the locally optimal power allocation yielded by the GSFPC
algorithm, i.e., r**, satisfies r** > r*, Vr* € R;. Let r* be any locally optimal power allocation
satisfying r* < r(0). In the proof above, we have known that {r(n)}>°, is bounded from

below by r*. Therefore, we establish that r** = lim,,_,,, r(n) > r*, Vr* € R,.

4.3.6 GDoF-optimal Power Control Algorithm

In this section, we show how to obtain the globally optimal power allocations for all the

feasible GDoF tuples in the polyhedral TIN region P. We start with a motivating example.
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—1.2 —0.7 —0.5

—04 <= —04 <= —04 <«
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—0.7 —0.7 —0.5
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Figure 4.3: The transmit power updates for a 3-user interference channel

Example 4.3. Consider the 3-user interference channel in Fig. 4.53. In this channel, we in-
tend to achieve the GDoF tuple (dy,ds,ds) = (0.5,0.6,0.7). Start with the initial power
allocation given by the shortest path result in the potential graph (r1(0),72(0),75(0)) =
(—0.1,0,—0.1). It is easy to find that if all users reduce their transmit powers by the same

amount below a threshold A(0), we still achieve an acceptable GDoF tuple,® where
A(0) = min {r;(0) + i — d;} = 0.4, i€ {1,2,3}

Thus in the first update, each user lowers its transmit power by 0.4. The resulting transmit
power allocation becomes (r1(1),72(1),75(1)) = (=0.5,-0.4,—0.5), and the achicved GDoF
tuple is (1,0.6,0.9). At this point, user 2 cannot reduce its transmit power further while
maintaining the desired GDoF value 0.6 (if ro < —0.4, then ro+ a9y < 0.6). The consequence
1s that in the following updates, Transmitter 2 exerts fixed interference levels to Receiver 1 and
3, whose strengths are max{0, a2 +12(1))} = 0 and max{0, ass + r2(1)} = 0.1, respectively.
In addition, it is easy to check that the resulting power allocation after the first update is not

the desired globally optimal power allocation. So we proceed the transmit power updates. In

6In the GDoF-based power control problem, if for each user the achievable GDoF value is no less than
the target value, then this GDoF tuple is referred to as an acceptable GDoF tuple.
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the second update, the other two users (i.e., user 1 and 3) can further reduce their transmit
power simultaneously by the same amount below a threshold A(1) to obtain an acceptable

GDoF tuple, where
A(1) = min {r;(1) + a;; — d; — max{0, azs +72(1))}} = 0.2, i€ {1,3}

After the second update, by keeping the transmit power of user 2 as —0.4 and reducing the
transmit powers of user 1 and 3 by 0.2, we obtain the power allocation (r1(2),72(2),r3(2)) =
(—0.7,—0.4,—0.7) and its corresponding achieved GDoF tuple (1,0.6,0.7). Now user 3 can-
not further reduce its transmit power while maintaining the desired GDoF value 0.7. Thus
in the following update, Transmitter 3 exerts a fixed interference level to Receiver 1 with
strength max{0, a3 + r3(2)} = 0.3. To obtain an acceptable GDoF tuple, at this point only

user 1 can further lower its transmit power by an amount below the threshold
A2) =7r(2) + o —dy —max{0,; +7j(2))} =05, je€{2,3}

Finally, we get the power allocation (r1(3),72(3),73(3)) = (=1.2,—0.4,—0.7), which is in

fact the globally optimal power allocation for the target GDoF tuple (0.5,0.6,0.7).

For K-user interference channels, to obtain the globally optimal power allocation for an
achievable GDoF tuple (dy,ds, ...,dx) € P, we develop an iterative algorithm with at most
K updates, which is called GDoF-based globally-optimal power control (GGPC) algorithm

and specified at the top of next page.

In the GGPC algorithm, we can use Bellman-Ford algorithm to calculate the lengths of the
shortest paths l; 4 (¢ € (K)) in the initialize phase, which also serves as the feasibility test
for the target GDoF tuple. For the feasible GDoF tuple, we repeat the update phases until
7 = ¢ to obtain its globally optimal power control solution. Starting from the initial power

allocation, in each update the GGPC algorithm reduces the transmit powers of certain users
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Algorithm 2 GDoF-based globally-optimal power control (GGPC)
1) Initialize: set Z = (K), M = ¢, and r;(0) = l; 4 for i € (K);

2) Update:
A(n) = min {m(n) + oy —d; — mix{o, Qim, + Tm(n)}}, ie€eZ,meM (4.70)
N = arg min {n(n) + oy —d; — mix{o, Qim, + T’m(n)}}, i€Z,meM (4.71)
ri(n+1) =r;(n) — A(n), el (4.72)
rm(n+1) = rp(n), me M (4.73)
I=T\N,M=MUN (4.74)

where n indexes discrete time slots. The update phase terminates when Z = ¢.

to their limits (these users also achieve the target GDoF value exactly after the update) and
still guarantees to achieve an acceptable GDoF tuple. Then these users hold their powers
fixed, which in turn exert fixed interference levels for the remaining users participating in the
following updates. These fixed interference levels will limit how much power can be further
reduced by the remaining users. The optimality of the GGPC algorithm is illustrated in the

following theorem.

Theorem 4.5. In a K-user interference channel, for any achievable GDoF' tuple in its
polyhedral TIN region P, the GGPC algorithm yields the globally optimal transmit power

allocation.

The proof of Theorem 4.5 is relegated to Appendix B. Combining Theorem 4.2 with Theorem

4.5, we get the following corollary on compound interference channels.

Corollary 4.2. In a K-user compound interference channel ZC¢, for any achievable GDoF
tuple in its polyhedral TIN region P, applying the GGPC algorithm to its reqular counterpart

ICr yrelds the globally optimal transmit power allocation for both ZCc and ZCg.
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4.4 Summary

In this chapter, we first generalize the optimality of TIN to compound interference channels.
We demonstrate that for a K-user compound Gaussian interference channel, if in each pos-
sible network state, the channel satisfies the TIN-optimality condition identified in Theorem
2.1, then its GDoF region is the intersection of the GDoF regions of all possible network
states, which is achievable via the TIN scheme. We also fully characterize the TIN region for
compound interference channels with arbitrary channel strengths. Next, the power control
problem is investigated from the GDoF perspective for compound networks. Notably, we
show that to solve the GDoF-based power control problem for a K-user compound interfer-
ence channel with arbitrary number of states for each receiver, we only need to construct
its nontrivial counterpart K-user regular interference channel, and solve the power control
problem in this new channel. Finally, for general K-user compound interference channels, we
develop several power control algorithms to obtain the optimal transmit power allocations

for feasible GDoF tuples.

Note that combining the TIN region characterization with GDoF-based power control al-
gorithms, we also solve the joint GDoF assignment and power control problem for general
K-user compound interference channels. For channels where power control and TIN is op-
timal from the GDoF perspective, this approach provides a constant gap guarantee for the
information-theoretically optimal result (e.g., the sum capacity at any finite SNR). As a
byproduct, it provides an alternative perspective to deal with the challenging joint rate as-
signment and power control problem as well. In [37,76], some numerical results indicate
that this GDoF-based approach may attain close performance to its sophisticated SINR-
based counterpart in the finite SNR setting. This line of research is still in its infancy, and
substantial efforts are needed to evaluate the performance of GDoF-based power control

schemes for general network settings with finite SNR, values.
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Chapter 5

TIN-optimal Interference Channels

with Confidential Messages

In this chapter, we study Gaussian networks with information theoretical secrecy constraints.
A canonical model is the Gaussian wiretap channel [77,78], where the secure capacity has
been characterized as the difference between the capacities of the main and the wiretap
channels, implying that there exists a capacity penalty for ensuring the secrecy. In multi-
user settings (e.g., interference channels), since the exact capacity is in general intractable
even without secrecy constraints, much of the recent progress has come from the pursuit of
capacity approximations along the progressive refinement path presented in Chapter 1 (i.e.,
starting with the coarse DoF metric, this approach progressively targets finer metrics in the
form of GDoF, capacity within a constant gap, and ultimately the exact capacity). For

K-user interference channels with confidential messages, the secure sum DoF value has been

established in [79,80] as KQ(II;__II). Compared with the conventional setting without secrecy
constraints (where the sum DoF value is %), there is a DoF penalty as expected. Following
the progressive refinement approach, the next goals are GDoF and constant gap character-

izations. In this chapter, we will mainly consider the TIN-optimal Gaussian interference

108



channels (identified in Theorem 2.1) with secrecy constraints.

This chapter is organized as follows. The system model of Gaussian interference channels
with confidential messages is described in Section 5.1. In Section 5.2, we show the main result
of this chapter, i.e., for TIN-optimal interference channels identified in Theorem 2.1, secrecy
constraints on unintended messages incur no GDoF penalty, which also leads to a secure
capacity region characterization within a constant gap. In Section 5.3, we consider interfer-
ence channels with both confidential messages and external eavesdroppers. We summarize

this chapter in Section 5.4.

5.1 Channel Model

Consider K-user complex Gaussian interference channels with confidential messages. The
channel input-output relationship is the same as that of the interference channel (2.4) in

Chapter 2, i.e.,

Y, (t) = Z V Periel®i X(t) + Zy(t), Vk € (K) (5.1)

Recall that in the K-user interference channel, Transmitter ¢ intends to send an independent
message W; to Receiver i, Vi € (K). For user ¢, the size of the message set is denoted
by |[W;|, and the rate of message W; is defined as R; = %, where n is the number of
channel uses. Receiver ¢ decodes its desired message as W; based on the channel output.
In the conventional setting without secrecy constraints (or confidential messages), the rate
tuple (Ry, Rs, ..., Ri) is achievable if for any € > 0, there exist n-length codes such that the

decoding error probabilities at all the receivers are no larger than ¢, i.e.,

max Pr(W; # WZ) <e (5.2)
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For interference channels with confidential messages, the difference is that each message W;
is also required to be kept secret against its unintended receivers. Define WX & {W,, : Vk €

(K)\{i}}. The information theoretic secrecy constraint is given by
HWEY?) = HOWS) — ne, Vie (K) (5.3)

Essentially, secrecy requires that the channel output Y is almost independent of WX. In
this setting, a secure rate tuple (Rj, RS, ..., R%;) is achievable if there exist n-length codes
such that both the secrecy constraint (5.3) and the decodability constraint (5.2) are satisfied.

The secure channel capacity region C* is the closure of the set of all achievable secure rate

tuples and the secure GDoF region D? is defined as

S

s A s 18 S oI5 18 Rz . s s s s
Ds A {(dl,dz, i) = Jim s Vi (K), (R R, i) € C } (5.4)

5.2 Results on TIN-optimal Interference Channels

To obtain the main result of this chapter, we first present a useful lemma, where an achievable
secure GDoF region is identified for Gaussian interference channels with arbitrary channel

strengths.

Lemma 5.1. In a general K-user Gaussian interference channel, all the GDoF tuples in

the polyhedral TIN region P are achievable under the secrecy constraint (5.3).

Proof of Lemma 5.1: To complete the proof, we need to invoke the following theorem.

Theorem 5.1. (Theorem 2 of [80]) In K -user interference channels with confidential mes-

110



sages and one external eavesdropper, the following rate region is achievable!

R > 1V ) —  max  I(Vi;Y5|VE), Vie (K 5.5
PZIVEY) - max T(VEYGIVE), Vie (K) (5.5)

where VE £ {V; :Vj € (K)\{i}}. The auziliary random variables V; are mutually indepen-

dent, and for each i, we have the following Markov chain V; — X; — (Y1,Y2, ..., Yk).

Consider any GDoF tuple (dy,ds, ..., dk) in the polyhedral TIN region P. According to the
power control schemes in Chapter 4, we can obtain its optimal power allocation (11,79, ..., "),

where r; < 0,7 € (K). Recall that for (dy,ds, ...,dx) € P, we have
d; = az + r; — max{0, mgﬁx(aij +r;)} & r —d; + a;; = max{0, mgﬁx(aij +7rj)} (5.6)
D7 J:jFe

In the following, we show how to obtain the same GDoF tuple (di,ds, ....,dx) under the

secrecy constraint (5.3). Let X; = V; + J;, Vi € (K), where V; ~ CN(0, 5*) is the message-

pPri—d;
2

carrying signal, J; ~ CN (0, ) is the random jamming signal, and V;, J; are independent,

Vi € (K). Note that with the above power allocations, each user satisfies the unit power

constraint. The received signal of user k is given by
K
Yi =Y VPowel (Vi + J;) + Zy, Vk € (K) (5.7)
i=1

Consider the first term in the right hand side of (5.5).

I(Vi;Y;) = h(Y;) — h(Yi|V}) (5.8)
1 pritouy
= log (1 + - e p— r__d_m__) (5.9)
1+§Zj7&ipj ”+5ij3 I
1 prito;
> 1 2 5.10
08 (PO + Zj;éi Pritai 4 %Pri—drﬂlii) ( )

n Theorem 5.1, Y, denotes the output of the external eavesdropper (see equation (5.24)). In the case
where we only consider the confidential messages, we simply remove the eavesdropper and ignore this term.
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%PriJraii
> 1 5.11
= 108 (PridiJraii + (K _ 1)P7'i*di+01ii + %Pmdﬂran’) ( )

Pritaii
=1 A2
o8 <(2K + 1)Pﬂ'di+an> (5.12)
= d;log P — log(2K + 1) (5.13)

where (5.10) follows P > 1 and d; > 0, ¢ € (K), and (5.11) holds due to (5.6).

Next, consider the second term in the right hand side of (5.5), i.e., the secrecy penalty.

I(Vi Y5 |VE) = h(Y;|VE) = h(Y;|VA, Va, ..., Vi) (5.14)
lPTi+Oéji

_ 2

= log (1 + T % 5 PdeHajk) (5.15)

1 pritaj;
S log (1 + W) S 1 (516)
where i, j € (K), i # j, and (5.16) follows (5.6).

Finally, plugging (5.13) and (5.16) into (5.5), we obtain

RS >d;log P —log2(2K + 1), Vi € (K) (5.17)
d;log P —log2(2K + 1
Lo > fim Bl0e P loe2@K 1)
P—oo log P

which implies that (dy,ds, ..., dk) is still achievable under the secrecy constraint (5.3). W

To achieve the polyhedral TIN region P under the secrecy constraint (5.3), in the above proof
of Lemma 5.1, we adopt a Gaussian-based Cooperative Jamming (GCJ) scheme, where each
user splits its transmit signal into two parts: the first part carries the desired message
based on a Gaussian codebook, and the second part is a randomly generated Gaussian
jamming signal helping reduce the information leakage at each receiver. For each user, the
power allocation of these two parts is derived from the GDoF-optimal power control solution

presented in Chapter 4. Note that the GCJ scheme is a generalization of the Artificial Noise
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scheme for 2-user Gaussian interference channels [81].

Based on Lemma 5.1, we get the main result of this chapter.

Theorem 5.2. In a K-user Gaussian interference channel with confidential messages, if
the TIN-optimality condition (2.7) is satisfied, then the secure GDoF region is equal to the
polyhedral TIN region P and the GCJ scheme achieves the entire secure capacity region to

within a constant gap of no larger than log[6(2K + 1)] bits per user.

According to Theorem 5.2, when condition (2.7) holds, for K-user interference channels,
D =P =D, i.e., the secrecy constraint (5.3) does not introduce GDoF penalty. For The-
orem 5.2, in terms of GDoF, the converse follows trivially from Theorem 2.1 since adding a
confidentiality constraint cannot help, and the achievability follows from Lemma 5.1 directly.
Here we give some intuitive explanations to help interpret this result. Viewed in terms of
signal strength levels in the log scale, recall that in the TIN scheme without secrecy con-
straints, for each user the achievable GDoF' value is the amount by which the desired signal
strength exceeds the interference strength, i.e., the desired signal levels that are seen above
the interference floor. Let’s call these the useful signal levels for brevity. The desired signal
levels that are received above the noise floor but below the interference floor are not useful
for communicating the desired message and are therefore left unused in the TIN scheme.
This allows receivers to decode and subtract the desired signal and then cleanly observe
the remaining interference levels that are received above the noise floor, thus compromising
confidentiality. When the secrecy constraints are enforced, the essential difference is that
now in the GCJ scheme each transmitter jams all the signal levels below the useful levels,
which were previously unused, by sending random noise at all these levels, thus raising the
noise floor at its desired receiver to match the interference floor. Therefore, all interfering
signals are hidden by the jamming noise. Further, notice that because the jamming noise
levels are always below the signal levels, and the signal levels are already below the useful

levels of all undesired receivers, the jamming signal does not hurt undesired receivers. Thus,

113



the secrecy constraints are incorporated into the TIN scheme with no GDoF penalty.

Based on the insight obtained from the GDoF study, we are also able to show that the
GCJ scheme achieves the entire secure capacity region to within a constant gap for the
TIN-optimal interference channels with confidential messages. For the converse, apply the
outer bounds in Theorem 2.2 for TIN-optimal interference channels without any secrecy

constraints.

ZRZ < Z [(Oéijij — ,_yi;) log P+ log 3]
j=1 j=1
V(irsia, oyim) € g, ¥m € {2,3, .., K} (5.19)

Next, consider the achievability. For any GDoF tuple (dy,ds, ..., dk) in the polyhedral TIN
region P, we have known that under the secrecy constraint (5.3), the rate in (5.17) is always
achievable. Then it is easy to verify that the achievable secure rate region includes the tuples

(R, RS, ..., R3) € R} satisfying

R < (ayilog P —log2(2K +1))* Vi € (K) (5.20)
mo m +
Z Rfj S (Z(aijij — aijflij) IOgP — mlog 2(2K + 1))
j=1 j=1
V(’il,’ig,...,im) ellg, Vme {2,3,,K} (521)

Comparing (5.18), (5.19) with (5.20), (5.21), it is not hard to get that

UZ}-’LlRfj §m10g6(2K—|—1), V(il,iQ,...,im) € llg,Vm € {2,3,...,K}, (523)
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where o) denotes the difference between the achievable rate in (5.20) and (5.21) and its
corresponding outer bound in (5.18) and (5.19). Therefore, we complete the proof of Theorem

5.2.

Remark 5.1. Based on Lemma 5.1, the result of no GDoF penalty under the confidentiality
constraints can be extended to a class of partially connected TIN-optimal interference chan-

nels identified in [76]. Also the results in Theorem 5.2 can be generalized to TIN-optimal
K x K X channels directly.?

Remark 5.2. Note that for the networks where TIN achieves the exact capacity, in general
there is a non-zero capacity penalty for ensuring secrecy. In [82], the authors have shown
that for the many-to-one interference channel, in the noisy interference regime where TIN
is exactly capacity optimal [7-9], the sum rate upper bound under secrecy constraints is less

than the sum rate achieved by the TIN scheme (without secrecy constraints) in some cases.

5.3 Extension to Channels with External Eavesdrop-

pers

In this section, we mainly investigate the performance of the GCJ scheme in K-user Gaussian
interference channels with confidential messages and an external eavesdropper. The channel

output of the eavesdropper is denoted by
K
Yo(t) =Y VPoored™i X(t) + Zo(t) (5.24)
i=1

where Zy(t) ~ CN(0,1) is the noise term at the eavesdropper. In this channel, besides

the secrecy constraint (5.3), we also require that all messages are kept secret against the

?In the K x K X message setting, the secrecy constraint is given by H(W/*¥|y») > H(WS*K) -
ne, Vi € (K), where W% 2 W, . vj € (K)\{i},Vk € (K)}. Recall that W}y is the message from
Transmitter k& to Receiver j.
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eavesdropper, i.e.,
H(Wl, W27 ceny WK|YE)N) Z H(Wl, W27 ceny WK) — Nne (525)

The main result of this section is the following theorem.

Theorem 5.3. In a K-user Gaussian interference channel, assume that for the GDoF tuple
(dy,ds, ...,dg) € P, the optimal power allocation of the TIN scheme is (ri,rs,...,rx). For
the same interference channel with both confidential messages and an external eavesdropper,

define
i* = argmax{r; + ap; }, (5.26)

then the secure GDoF tuple (dy, ..., di«_1,0,di«y1, ..., d) is achievable through the GCJ scheme.
In other words, for the GCJ scheme, the GDoF loss due to the external eavesdropper is at

most the achievable secure GDoF wvalue of one user i*.

In the following, we proceed to prove Theorem 5.3. To ensure secrecy against the added

external eavesdropper, we still use the GCJ scheme. For user ¢*, let it only generate a

Pri*
2

random jamming signal, i.e., X;« = J;«, where J;x ~ CN/(0, ). For user i # i*, still let

) and J; ~ CN(0, Prgdi ). Next, we invoke Theorem 5.1 to

X; = Vi+J;, where V; ~ CN(0, £

2
derive the achievable secure GDoF tuple. For user ¢*, obviously its achievable secure GDoF

value is 0. For the other users i # ¢*, following the proof of Lemma 5.1, it is not hard to get

I(Vi;Y;) > dilog P — olog P), Vi € ()i # i", (5.27)

I(Vi; V3| VE) < o(log P), Vi, j € (K),i # j,i # " (5.28)

According to the secrecy constraint (5.25), we also need to consider the secrecy penalty
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induced by the eavesdropper. For user i # ¢*, we obtain

I(Vi Yo[VE) = h(Yo|VE) — h(Y| VA, Va, ..., Vi) (5.29)
1 pritao:
= log (1 T T prtag 2+ S Prk_dk+aok) (5.30)
lpn—O—aOi
< log (1 + ;P#) <log(l+1)=1 (5.31)

Combining (5.27), (5.28) and (5.31) together, we establish that the secure GDoF value d; is

still achievable for user ¢ # ¢*, which completes the proof of Theorem 5.3.

Remark 5.3. [t is notable that the GDoF loss introduced by the external eavesdropper is
unavoidable in the worst-case where, e.g., the eavesdropper sees the same (or better) channel
conditions as one of the users. Similarly, with k < K eavesdroppers, the worst case would
result in the penalty of GDoF of k users. However, the argument given in Theorem 5.3
demonstrates that for the GCJ scheme, the penalty due to k eavesdroppers is never more

than loss of achievable GDoF values for k users.

5.4 Summary

In this chapter, we characterize the secure GDoF region for TIN-optimal interference chan-
nels identified in Theorem 2.1. We demonstrate that for such channels, if we impose a
confidentiality constraint on the messages such that they are required to remain secure
against unintended receivers, the GDoF region is unchanged. We also prove that for such
TIN-optimal interference channels, a GCJ scheme with smart power splitting between mes-
sage signals and jamming signals achieves the entire secure capacity region within a constant
gap. Finally, we discuss the performance of the GCJ scheme for interference channels with
both confidential messages and external eavesdroppers. It should be noted that for Gaussian

interference channels with secrecy constraints, in general the GCJ scheme is not optimal
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from the GDoF perspective, and the interference alignment principle can help improve the

performance in certain channel parameter regimes [80, 83].
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Chapter 6

Multilevel Topological Interference

Management

As mentioned in Chapter 1, existing wireless networks are mainly based upon two robust
interference management principles — 1) ignoring interference that is sufficiently weak, and 2)
avoiding interference that is not. These two principles — avoiding versus ignoring interference
— which are mapped to TIM and TIN, respectively, naturally correspond to interference
management in terms of signal vector spaces and signal power levels. Essentially, TIM uses
the interference alignment perspective to optimally allocate signal vector subspaces among
the strong interferers. On the other hand, TIN optimally allocates signal levels among
users by setting the transmit power level at each transmitter and the noise floor level at
each receiver. While interference management approaches based on signal spaces and signal
levels have each been extensively studied in a variety of settings, combining the two has still
been a challenge, especially when the schemes involved are rather fragile because of their
extreme sensitivity to the precise channel realizations. However, due to the minimal channel
knowledge requirements in the TIM and TIN settings, a robust combination of these two

is promising. In this chapter, we will explore how to associate the robust TIM and TIN
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principles together within a multilevel topological interference management framework.

Chapter 6 is organized as follows. In Section 6.1, we briefly introduce the background. The
joint TIM-TIN problem is formulated in Section 6.2. A baseline decomposition approach is

presented in Section 6.3. Section 6.4 summarizes this chapter.

6.1 Background

As discussed in Chapter 1, although recent years have seen a rapid progress in the capacity
characterization of Gaussian wireless networks, most of current studies are limited by two
factors: the idealized assumption of precise CSIT and the DoF metric. In short, in practice
the precise CSIT is rarely available, and DoF ignores the diverse channel strengths (or
network topology). Evidently, in order to avoid these pitfalls, we should shift our focus
away from optimal ways of exploiting precise CSI, and toward optimal ways of exploiting
a coarse knowledge of interference network topology. This line of thought motivates robust
models of interference networks where only a coarse knowledge of channel strength levels is
available to transmitters and no channel phase knowledge is assumed. This is the multilevel
topological interference management framework. It is a generalization of the elementary TIM
framework introduced in [22], where transmitters can only distinguish between channels that
are connected (strong) and disconnected (weak). In this multilevel setting, because of the
minimal CSIT requirements for TIM and TIN, a robust combination of these two presents
itself. Associating TIM with signal vector space allocations and TIN with signal power level
allocations within the multilevel TIM framework, we refer to the joint allocation of signal

vector spaces and signal power levels as the TIM-TIN problem.

TIM-TIN Problem: With only a coarse channel strength knowledge available at transmit-

ters, we intend to carefully allocate not only the directions of beamforming vectors (i.e.,
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signal vector spaces) but also the transmit powers (i.e., signal power levels) to each of those
beamforming vectors. The necessity of a joint TIM-TIN perspective is evident as follows.
In the vector space allocation schemes used in DoF studies, the signal space containing
the interference is entirely zero-forced. This is typically fine for linear DoF studies because
all signals are essentially equally strong (i.e., every substream carries exactly one DoF), so
any desired signal projected into the interference space always achieves a DoF value of 0.
However, in the GDoF framework we account for the difference in signal strengths. The
signal vector space dimensions occupied by interference may not be fully occupied in terms
of power levels when the interference is weak. Thus, non-zero GDoF values can be achieved
by desired signals projected into the same dimensions as occupied by the interference, if the
interference is weaker than the desired signal. It is this aspect that we intend to exploit in

the multilevel TIM framework.

6.2 Problem Formulation

In this section, we formulate the joint TIM-TIN problem. Consider general K-user interfer-

ence channels presented in (2.4), i.e.,
K
Yi(t) =Y VP X(t) + Zu(t), Vk € (K).
i=1

Suppose that over n channel uses, user k € (K') sends out by, independent scalar data streams,
each of which carries one symbol s;; and is transmitted along the n x 1 beamforming vector
Vi1, I € (bg). The symbols si; come from independent Gaussian codebooks, each with zero

mean and unit power, and the beamforming vectors vy ; are scaled to have unit norm. Over
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n channel uses, the output of Receiver k is an n x 1 vector

K b
Vi =Y Y VP Priv, s + 7

i=1 [=1

(6.1)

where z;, is the n x 1 AWGN vector at Receiver k, and P" is the power allocated to the

[-th data stream of user i. Note that ;; < 0 due to the power constraint.! At Receiver k,

the covariance matrix of the desired signal is give by
by
D __ T T+
Q= E :(Vk,lvk,l>P RTTE
=1
The covariance matrix of the interference from Transmitter ¢ # k is
b;
T3, +ag;
Qi = E (Vle )Pk
=1
Thus the covariance matrix of the net interference-plus-noise is

N+I Z ka + I
i#k

(6.2)

(6.4)

For user k € (K), given the beamforming vectors and power allocation for each data stream,

as in the TIM-TIN problem the receivers do not attempt to decode the interference, the

achievable rate per channel use is

R, = ﬁj(sk,la Sk,25 ++0s Sk,bk;yk)
1
== [h(yk) — M(Yk|Sk1, Sk2s oo Sk7bk)i|

- {log‘QmLQN“‘ log]QN“\}

(6.5)
(6.6)

(6.7)

'Rigorously speaking, with multiple b; data streams at Transmitter 7, to satisfy the unit power constraint,
we may assume the power allocated to each data stream as 1 PT t, where r;; < 0. Note that the constant

1/b; does not affect the GDoF results. Thus in this chapter We ignore 1/b; for simplicity.
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and the achievable GDoF value d, is

n_ welora| sl
dr = lim = lim
PooologP Pooo nlog P

(6.8)

Next, we proceed to simplify the achievable GDoF result (6.8) into a more intuitive form.
Consider a term of the type log [I+ P v,v] + P®vyvl + .+ Prmv, vl | where v;, i € (m)
are n X 1 beamforming vectors. Without loss of generality, assume k1 > ko > ... > K,,, > 0.
Consider the beamforming vectors one by one. For vy, relabel it as vy(;) and correspondingly
its associated power exponent s as k). For v, if it falls into span(vn(l)), remove it and
then proceed to vs; otherwise, relabel it as vyyo) and correspondingly its associated power
exponent sy as k(2). Repeat this operation for each beamforming vector. Specifically, for v;,
if it falls into span (v, Vi), ---» Vi) ), which is the span of all previous linearly independent
vectors obtained from {v1, vy, ..., v;_1}, remove it and then proceed to v;,1; otherwise, relabel
it as vi4+1) and correspondingly its associated power exponent k; as kKpq41). Finally, we
end up with v < n linearly independent beamforming vectors Vii = {vm), Vi) ---» Viiy) }
and their associated power exponents Pr = {kuq), fu), .-, fri(y) }- Based on the above

definitions, we present the following lemma.

Lemma 6.1. Suppose v;, i € (m) are n X 1 vectors, and k1 > Ky > ... > Ky, > 0, then

ol
log [T+ P*vyivi 4 Poevyvl + .+ P”mevjn‘ =k log P+ o(log(P)) (6.9)
=1

Proof of Lemma 6.1: Let x; ~ CN(0, P*) be independent Gaussian variables. Denote by
z the n X 1 zero mean unit variance circularly symmetric Gaussian vector. When m > =,

denote the vectors v; € Vi as vy, j € (m — ). We have

log ‘I + Poivivi + PRvyvl 4 4 Py, vl
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m

h( S v + z) + o(log(P)) (6.10)

i=1
o m—y
= h( D vioene + Y Vg amwg) + Z) + o(log(P)) (6.11)
=1 7j=1
Y
= h( " Vi +2) + ollog(P) (6.12)
=1

.,
= log|T+ > Pt vh, | + o(log(P)) (6.13)

=1

where (6.12) follows from the facts that viy(;), Vj € (m—7), is a linear combination of the vec-
tors in Vi, and the term > """ vip () (j) becomes insignificant when P approaches infinity.
More specifically, as P — oo, for the term v;(z;+x;+...4+2%) (i < j < ... < k), only the sym-
bol z; with the dominant power exponent k; matters, implying that for the vector v; we can
ignore all the other independent symbols with equal or smaller power exponents in the limit
of P — 0o. Next, we follow the proof of Lemma 1 in [48]. Define Vi = (Vi) Vi) - Vi) |

with size n x 7, and the diagonal matrix Py £ diag[P"n® Prue) . Prio] with size v x 7.

We have
N
log [T+ Z P K”“”)VH(i)VII(i)
i=1
—log [T + VHPHVH (6.14)
—log [T + V}[VHPH‘ (6.15)
—log |Pp| + log ’Pﬁl + V}[VH‘ (6.16)
i1
= knglog P+ O(1). (6.17)
i=1
Plugging (6.17) into (6.13), we complete the proof. |

Applying Lemma 6.1 to (6.8), the TIM-TIN problem is simplified into a form where the

dependence on the assigned vector spaces and power levels is explicit.
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To help further understand the encoding/decoding scheme, according to the chain rule for

the mutual information, we rewrite the achievable rate of user k in (6.5) as follows.

by
1
Ry = - Zl I(ski:YilSkas s Skiz1) (6.18)

From the right hand side of (6.18), we obtain the achievable GDoF value for each data stream

Sk,i, 1.€.,

ISk Yk|Skas oy Ski1)

dp;, = li 6.19

ki el nlog P ( )

— lim h(Yk|3k,1>-'-73k,i71) - h(Yklsk,la-'-73k,i7173k,i) (6.20)
P—o0 nlog P

Applying Lemma 6.1 to (6.20) and summing up the achievable GDoF value for each data
stream dy;, i € (bg), we obtain the same result dj as applying Lemma 6.1 to (6.8). In-
terestingly, (6.18)-(6.20) indicate that dj can be obtained through successive interference
cancellation. Specifically, we first decode s;; from the received signal at Receiver £k, whose
achievable rate is given by I(sy1;yx). Then according to (6.20), we obtain the achievable
GDoF value dj, ;. After decoding sy, 1, Receiver k can subtract it from the received signal and
proceed to decode sy 2, whose achievable rate is equal to I(sg2; ¥k|Sk1). Similarly, according
to (6.20), we obtain dy 5. We repeat this decode-and-subtract procedure to get the achievable

GDoF values of all desired data streams for user k£, which lead to the final result dj.

Example 6.1. Consider a 3-user interference channel. Over 2 channel uses, Transmitter
1, 2, and 3 send 2, 2, and 1 data streams, respectively, to their desired receivers. Assume
that given the beamforming vectors, the transmitted power allocation of each symbol and the
channel strength level for each link, the received signal at Receiver 1 is given in Fig. 6.1,

where Vo1 and vs i are aligned along one direction. The length of the vector denotes the
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Figure 6.1: The received signal at Receiver 1, where the length of the vector represents the
received power of the carried symbol.

received power of the carried symbol. We have

Tt > 1T+ >3+ Qg3 > 11+ Qg > oo+ Qg > 0.

Define
log |QP + QN+ log |QN !
d, = lim —2 QP+ Q| d' = lim log Q.| (6.21)
P—oo IOgP P—oo lOgP
Applying Lemma 6.1 to the above two terms, we get
dll =711+ o+ e+ o, d/ll =731+ Q13+ 722 + Qp2 (6'22)
So the achievable GDoF value of user 1 is
dy—di 1
dy = % = 5[(7“1,1 +an + 19+ arn) — (131 + oas 4+ ra0 + o)) (6.23)

We can obtain the same GDoF result through successive interference cancellation. To decode

51,1, we first zero-force the strongest interference s 2 and then treat all the other interference
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as noise. The achievable GDoF value of data stream sy, 1is

(r11 + a1n —max{rs1 + ai3,721 + Q12,722 + 12})

dig = 5

(6.24)

1
= 5(7”1,1 + o1 — 131 — i) (6.25)

After recovering sy 1, we subtract it off from the received signal and then decode sy 5. Stmi-
larly, in this step we first zero-force the strongest interference s31 (and the aligned interfer-
ing data stream soy simultaneously) and then treat all the other interference as noise. The

achievable GDoF value of data stream sy is
1
dyo = 5(7‘1,2 + Qg —To2 — Q1) (6.26)
Adding (6.25) and (6.26) together, the achievable GDoF value for user 1 is
1
d1 = 5[(7”171 + a1 + 1,2 + 0611) - (7’3,1 + a3 + T22 + 0412)] (627>

which is the same as (6.23). Note that the achievable GDoF value does not depend on the
decoding order, i.e., if we take a reverse decoding order for s and sy 2, we still achieve the

same GDoF value for user 1 through successive interference cancellation.

6.3 A Baseline Decomposition Approach

In general, the TIM-TIN problem remains open. In this section, we present a baseline de-
composition approach. It is based on a decomposition of the network into two components,
which can be solved separately and then combined to produce an achievable GDoF region for
the original network. Specifically, given an arbitrary interference network, in the decompo-

sition approach, two copies of the network are created, which are called the TIM component
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and the TIN component. The desired links are copied in both networks. However, each
interfering link is mapped to either the TIM component or the TIN component (but not

both). Note that for one network, different TIM-TIN decompositions are possible.

Figure 6.2: A 5-user interference channel

Example 6.2. Consider the 5-user interference channel in Fig. 6.2, where the channel
strength level of solid black and red links is 1 and the channel strength level of dashed blue
links is 0.5. Fig. 6.3 shows one possible decomposition of this channel into a TIN component
and a TIM component, where the blue (weak) interference links are mapped to the TIN

component and the red (strong) ones to the TIM component.

The purpose of the decomposition approach is to simplify the TIM-TIN problem by solving
the TIM and TIN components separately. First, consider the TIM component only. We
assume that all the non-zero links that are mapped to the TIM component are equally
strong (even if they are not) and find a linear TIM solution to obtain the GDoF tuple
(d1, 117, doT1M,s -, i, 7iM), Which identifies the fraction of the interference-free signal space
that is available to each user. Next, consider the TIN component only. Suppose that

through appropriate power control, the GDoF tuple (d; tin, d2, 11N, -, dx,11n) 1S achievable
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Figure 6.3: One possible decomposition for the interference channel in Fig. 6.2

via the TIN scheme, which identifies the fraction of the available signal power level to each
user. It turns out that the product of the two fractions for each user, i.e., the GDoF tuple
(dyrin X di v, damin X do iy -, digmin X dieriv) is achievable in the original network,
which identifies the net signal dimensions available to each user. Finally, the convex hull of
all similarly achieved GDoF tuples corresponding to different decompositions is achievable

through time-sharing.

Figure 6.4: The achievable scheme to achieve the symmetric GDoF value 0.3 for the inter-
ference channel in Fig. 6.2
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To help understand the decomposition approach, we proceed to revisit Example 6.2. In the
TIM component of Fig. 6.3, according to [22], it is not hard to verify that a symmetric
GDoF value 0.5 is achievable. In the TIN component of Fig. 6.3, where the TIN optimality
condition of Theorem 2.1 is satisfied, according to Theorem 2.1, a symmetric GDoF value 0.6
is achievable. Therefore, in the original network, a symmetric GDoF value 0.6 x 0.5 = 0.3 is
achievable through the decomposition approach. Specifically, the achievable scheme is given
explicitly in Fig. 6.4. It uses 2 dimensional space (i.e., 2 channel uses) and 4 beamforming
vectors, where any two of them are linearly independent. Each user sends out one data
stream, and the data streams carrying the messages W5 and W are aligned along the same
vector. From the GDoF perspective, the transmit power r; for user ¢ is selected as r; = 0,
ro = —0.1, r3 = —0.2, r, = —0.3 and r5 = —0.4. It is not hard to verify that every user

achieves a GDoF value of 0.3:

e Receiver 1 first zero-forces the interference from Transmitter 4. Then, in the remaining
signal dimension, it treats the interference from Transmitter 2 as noise. Thus the

achievable GDoF value for user 1 is (1 —0.4)/2 = 0.3.

e Receiver 2 first zero-forces the interference from Transmitter 1 and then treats the
interference from Transmitter 3 and 5 as noise, which achieves (0.9 — 0.3)/2 = 0.3

GDoF.

o Receiver 3 first zero-forces the interference from Transmitter 2 and 5 and then treats

the interference from Transmitter 4 as noise, which achieves (0.8 —0.2)/2 = 0.3 GDoF-.

e Receiver 4 first zero-forces the interference from Transmitter 1 and then treats the

interference from Transmitter 5 as noise, which achieves (0.7 — 0.1)/2 = 0.3 GDoF.

e Receiver 5 only needs to zero-force the interference from Transmitter 4 to achieve

0.6/2 = 0.3 GDoF.
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Note that in the achievable scheme given in Fig. 6.4, the transmit power allocation policy
comes from the power control solution (which achieves the symmetric GDoF value 0.6) for
the TIN component in Fig. 6.3, and the alignment relationship for the beamforming vectors
comes from the TIM solution (which achieves the symmetric GDoF value 0.5) for the TIM

component in Fig. 6.3.

TX1 — RXl
-,
-,
PR
v .-~ Y
-,
Tx2 RxX»>

/ rd
/ ///
Y.,.- )
7
TX5 RX5
TIM Component TIN Component

Figure 6.5: Another possible decomposition for the interference channel in Fig. 6.2

Finally, recall that the decomposition approach is quite flexible, i.e., any interfering link can
be mapped into either TIM or TIN components. In general, one would expect that to obtain
a “good” achievable GDoF region, the TIM component should contain all the “strong”
interfering links and the TIN component should contain all the “weak” interfering links.
This is, however, not always the case. Consider the 5-user interference channel in Example
6.2 again. It is not difficult to verify that if the interfering link between Transmitter 3 and
Receiver 2 (note that for this link as3 = 0.5) is moved from the TIN component to the
TIM component as shown in Fig. 6.5, then the new TIN and TIM component achieve a

symmetric GDoF value of 2/3 and 1/2, respectively. Therefore, the achievable symmetric
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GDoF value via the decomposition approach can be improved to 1/3. As shown in Fig. 6.6,
the corresponding achievable scheme uses a 2-dimensional vector space and 3 beamforming
vectors, any two of which are linearly independent. Each user sends out one data stream.
The beamforming vectors carrying the messages W, and Wj are aligned along one direction,
and the beamforming vectors carrying W5 and W5 are aligned along another direction. The

transmit powers are r, =13 =0, ry =74 = —1/6, and r5 = —1/3.

W3

A
|
|
|
|
|
|

Figure 6.6: The achievable scheme to achieve the symmetric GDoF value 1/3 for the inter-
ference channel in Fig. 6.2

6.4 Summary

In this chapter, under the assumption that only a coarse knowledge of channel strengths
and no knowledge of channel phases is available to transmitters, we formulate a joint signal
vector space and signal power level optimization problem (i.e., the TIM-TIN problem). This
problem is still open in general. In the first step of solving this problem, our focus here
is not on optimality, but rather on simplicity and robustness. In particular, we propose a
natural baseline decomposition approach to address this joint optimization problem, which
decomposes a network into TIN and TIM components, allocates the signal power levels to
each user in the TIN component, allocates signal vector space dimensions to each user in

the TIM component, and guarantees that the product of the two is an achievable number of
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signal dimensions available to each user in the original network.
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Chapter 7

Conclusion

In this dissertation, we mainly demonstrate the optimality of TIN for various Gaussian
interference networks from an information theoretic perspective. The contributions are sum-

marized as follows:

e In Chapter 2, for K-user Gaussian interference channels we identify a broad condition
under which TIN is optimal from the GDoF perspective and within a constant gap to
the exact capacity region. In words, this TIN-optimality condition is “for each user
the desired signal strength is no less than the sum of the strengths of the strongest
interference from this user and the strongest interference to this user (all values in dB
scale)”. Moreover, for K-user Gaussian interference channels with arbitrary channel
strengths, we fully characterize the achievable GDoF region via the TIN scheme (i.e.,

the TIN region) and establish its duality as a byproduct.

e In Chapter 2, we also extend the optimality of TIN to MIMO interference channels
where all transmitters and receivers are equipped with the same number of antennas.
For MIMO channels with different transmit and receive antenna numbers, we show

that there exist non-trivial parameter regimes where a simple scheme of zero-forcing
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strong interference and treating the others as noise achieves the sum GDoF value.

In Chapter 3, we show that for TIN-optimal interference channels identified in The-
orem 2.1, expanding the message set to include an independent message from each
transmitter to each receiver does not increase sum GDoF, and that operating the new
channel as the original interference channel and treating interference as noise is optimal
for the sum capacity up to a constant gap. We also extend the sum GDoF optimality

of TIN to general X channels with arbitrary numbers of transmitters and receivers.

In Chapter 4, we prove that for K-user compound Gaussian interference channels, if
in each possible network realization, the TIN-optimality condition of Theorem 2.1 is
satisfied individually, then TIN achieves the entire GDoF region of the whole com-
pound setting, which is the intersection of the GDoF regions of all possible network

realizations.

In Chapter 4, we also show that in terms of GDoF, the power control and TIN problems
for compound and regular interference channels are equivalent. Remarkably, the equiv-
alent regular counterpart may be different from all the possible network realizations of
the compound channel. In addition, we develop several power control algorithms from

the GDoF perspective for compound networks.

In Chapter 5, we demonstrate that for Gaussian interference channels with confidential
messages, if the TIN-optimality condition identified in Theorem 2.1 is satisfied, the
secrecy constraints incur no penalty from the GDoF perspective, and that a scheme
based on Gaussian signaling, cooperative jamming, and smart power splitting achieves

the entire secure capacity region within a constant gap.

In Chapter 6, combining TIM with TIN, we formulate a joint signal vector space
and signal power level optimization problem and propose a baseline decomposition

approach.
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An interesting future direction is to determine both sufficient and necessary conditions for
the optimality of TIN. It is noteworthy that in previous work, from both exact capacity and
GDoF perspectives, the existing TIN-optimality results are primarily in the form of sufficient
conditions. In most cases, the necessity of these optimality conditions remains undetermined.
In [7-9], for 2-user interference channels, it is shown that when the interference strength is
below certain threshold, TIN achieves the exact sum capacity, but the optimal interference
threshold is still open. For K-user interference channels, it is conjectured that the TIN-
optimality condition identified in Theorem 2.1 is also necessary for TIN to be optimal for
the whole GDoF region except for a set of channel gain values with measure zero [34]. For X
channels and compound interference channels, we have shown that the identified conditions

in this dissertation is only sufficient but not necessary for the optimality of TIN [36,37].

Another research direction is to apply the theoretical insights obtained in this dissertation to
real-world wireless network design. Our work has motived several scheduling and power con-
trol algorithms for heterogeneous networks. In [84], inspired by the TIN-optimality condition
of Theorem 2.1, Naderializadeh and Avestimehr proposed a distributed scheduling algorithm
called ITLinQ for device-to-device networks. The numerical results in [84] show that ITLinQ
significantly outperforms other state-of-the-art scheduling schemes (e.g., FlashLinQ [85]) in
some practical settings. Similarly, motived by the TIN-optimality condition, in [86] Ad-
hikary, Dhillon, and Caire developed an interference coordination scheme for heterogeneous
cellular networks. In terms of power control, besides our work presented in Chapter 4, Yi
and Caire designed several power control schemes by reformulating the TIN problem from a
combinatorial perspective, and also studied the joint scheduling and power control problem
in [76]. This line of research is still in its infancy. It is interesting from both theoretical and

practical points of view.
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Appendix A

Replacing Qg < 0 with Qg = 0

For exposition simplicity, in this appendix we refer to the channel with potentially negative
a;; (1,5 € (K)) as the original channel, and the channel with all negative o;; replaced by
0 as the modified channel. To prove the claim that replacing «;; < 0 with «o;; = 0 does
not impact the GDoF or the constant gap results in Chapter 2, we go through the following

steps:

e First, we establish that the capacity region of the original channel is within a constant
gap to that of the modified channel, which indeed illustrates that the two channels

have the same GDoF region. The proof requires two directions, namely
Coriginal g Cmodiﬁed + constant,
and

Ciodified € Coriginal + constant.

In the following, for clarity denote by &;; the channel strength level of the link between
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Transmitter j and Receiver ¢ in the original channel, Vi, j € (K). The channel input-

output relationship for the original channel is then described by
K
Yi(t) =Y VP X(t) + Zi(t), Vk € (K),
i=1

where Z(t) ~ CN(0,1) and some ay; might be negative. Define a;; £ a5, Vi, j € (K).

The received signal of user k € (K) in the modified channel is

Yilt) = 3 VPome ™ Xi(t) + Zi(t)
_ Z \ /Pé‘;:iejokiXi(t) + Zk(t)
=D X + Y VP wmIMX (1) + Zi (1),

where Z,(t) ~ CN(0,1) is independent of Z(t), N is the set of transmitter indices
whose link to Receiver k is with negative channel strength level in the original channel
(i.e., Nk = {Z S <K> DO < O})
First, we prove Coriginal € Cmodified + constant. Define W 2 (W1, Wy, ..., Wk}, and let
Yi(t) = Va(t) = Ya(t) = Y (VP — e/ Xi(t) + Zi(t) — Zi(t).

iENG

Then, we have

I(Wi; ¥)

< I(Wi; Y, Y7

= I(Wy; Y1) + I(Wi Y2 |50

= I(Wii; Y1) + h(Y V) — RV Y3, W)

(@) . .
< I(Wis Vi) + h(Yy) = h(YI Y W)
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= I(Wi; Y1) + h(Y") — W(Z} — ZP W, Z)

L 1wy + S ML) - 2

t=1
(c)
< I(Wi; Y) + nlogre(K + 2)] — nlog(me)

= I(Wis Y7) + nlog(K +2),

where step (a) follows the facts that dropping conditioning does not reduce entropy
(for the second term) and adding conditioning does not increase entropy (for the third
term), step (b) follows the chain rule and the fact that dropping conditioning does
not reduce entropy, and step (c¢) holds since |[N,| < K and Gaussian distribution
maximizes differential entropy under a given variance constraint. This implies that

Coriginal - Cmodiﬁed + constant.

Similarly, we can prove the other direction, i.e., Codified € Coriginal +constant, as follows.

I(Wi Y

< I(Wi Y7, 00

= I(Wy; V) + I(Wy; YY)

= I(Wi; Vi) + RV V) — h(YR Y, Wh)
< I(Wis Vi) + h(Y) = h(Y Y, W)

= [(Wi: Y") + h(Y") — h(Z} — Z2IW, Z7)

< T(Wis Vi) + D h(Ya(t)) = h(Z})

t=1

< I(Wi; Vi) + nlog(K +2).

e Next, we prove that the original and modified channels always have the same TIN
region P*. To this end, we only need to show that with the same transmit power

vector (P™, P, ..., P"™%) user i € (K) in both channels achieves the same GDoF value
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through the TIN scheme. In the modified channel, through the TIN scheme, the rate

achieved by user 7 is

PaiiJrTi
Ri = 1 1 )
0g + 1 + Zj#i Poijtr;

and the achievable GDoF by user ¢ through TIN equals

d; = max{0, a;; + r; — max{0, mgﬁx(aij +7r)}} (A1)
B

Now consider the original channel. Similarly, the achievable rate of user ¢ is

_ Piitri
R, =1 1 — )
0g + 1 + Zj#i Paijtr;

In the original channel, denote the set of user indices whose direct link is with negative
channel strength level as . For all the users ¢ € U, it is easy to verify that the
achievable GDoF' through TIN is

while for the users i ¢ U, we have
d; = max{0, @; + r; — max{0, mgéx(@ij +7r)}}
JijFi
9 max{0, a;; + r; — max{0, max(a; +r;)}}
JigF#e (A?))

© max{0, @}, + r; — max{0, m%éx(dzg +7;)}}
VB E)

= max{0, ay; + r; — max{0, g{lja;ii((&ij +7;)}

where step (d) follows from the fact that aj; = a;; for users ¢ ¢ U, and step (e) holds

since when a;; < 0, we have a;; +7; < 0, &; +r; <0, and replacing the former with
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the latter does not impact the final result.

Combining (A.2) and (A.3), we obtain that for user i € (K)

d; = max{0, c;; + r; — max{0, max(cy; +r;)}}

Ji#

(A.4)

Comparing (A.1) with (A.4), we establish that the original and modified channels have

the same TIN region P*.

e Finally, we demonstrate that in the original channel, if the following condition holds

oy = max{aji} + max{aj), Vi€ (K)

Jij#i

TIN achieves the capacity region to within log(3K) bits.

(A.5)

Start with the converse. For the original channel, when condition (A.5) is satisfied,

based on Lemma 2.1, we have

R; < log(1 + P%i) < log(l + P%) < &} log P+ 1 = ay;log P + 1, Vi € (K)

IA

A\

NE

NE

<.

.

I I INNgE &MS

—_

_ PYijij
14 PRt 4 ——
( + 777 + 1 + Paijlij)
G P it
ijij41 -
1 + P 777 + 1 + Paij—lij>

at
PO+ Po‘ijlij>

at,
1+ Pttt + P i >

1 4+ P%jij+1 4

P ij—1%j
~+ o =+
Paij,lij +P°‘Zjlj+1+aij,1ij —l—PaiJ'iJ'

—
Po‘z’j,lij
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m &;rvij
<> log <3P ) (A.12)

af .
j=1 P -1
=> l(a),, —a ;)log P +log3 (A.13)
j=1
— Z[(aiﬂ'iﬂ' — aj;_i;) log P +1log 3], (A.14)
j=1

for all cycles (i1, da, ..., im) € g, Vm € {2,3, ..., K'}. Comparing (2.29) and (2.34) with
(A.6) and (A.14), we find that the modified and original channels have the same outer

bounds.

Next, consider the achievability. For the modified channel, denote the achievable rate
region through TIN under condition (2.7) as Rrin. In the modified channel, for any rate
tuple Ry = (R1, Ry, ..., Ri) € Rrin, we have a corresponding transmit power vector
Priy = (P, P2, ..., P"¢). Denote by Pty the set of the transmit power vectors for
all the rate tuples in Rrn. In the original channel, applying the same set of transmit
power vectors Priy for transmitters and treating interference as noise at each receiver,
we obtain an achievable TIN region Ry such that (i) any user k ¢ U achieves a
rate no less than that in the modified channel when the same transmit power vector
is utilized, as for that user the interfering links in the original channel are no stronger
than those in the modified channel, which indicates that for users k ¢ U the constant
gap cannot increase in the original channel; (ii) the constant gap for any user k € U is
at most 1 bit, since according to (A.6) the achievable rate of that user is upper bounded
by 1 bit. Therefore, combining with the constant gap result for the modified channel
(see Theorem 2.2), we show that for the original channel, when condition (A.5) holds,

TIN achieves to within log(3K) bits of the entire capacity region.

Combining the above steps, we establish that assigning a value of 0 to negative channel
strength levels (in the original channel) does not impact the GDoF or the constant gap

results in Chapter 2 (i.e., Theorem 2.1, 2.2 and 2.3).
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Appendix B

Proof of Theorem 4.5

We prove Theorem 4.5 through contradiction. For clarity, we first explain how the GGPC
algorithm works in details. Recall that in the initialize step, we obtain the initial power
allocation r;(0) = l; 4o, Vi € (K). According to Lemma 4.1, with this initial power allo-
cation, the achievable GDoF tuple (d;(0), d2(0), ...dx(0)) dominates the target GDoF tuple
(dy,ds, ...,dr). Also notice that at this point, the effective noise floor at each receiver is 0.

Then in the first update of the GGPC algorithm, each transmitter reduces its power by
A(0) = min{r;(0) + oy — di}, (B.1)

which is no less than 0, as 7;(0) + «a;; > d;(0) > d;, Vi € (K). Without loss of generality,

assume
argmin{r;(0) + a; — d;} =1 (B.2)
After the first update, the transmit power of user 1 is

ri(1) =r1(0) = A(0) = dy — an (B.3)
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With the updated power allocation, user 1 achieves the following GDoF value

di(1) =max {0,71(0) — A(0) + a1 — r?jfi{o,rj(O) — A(0) + agj}}

=max {0,71(0) — [r1(0) + a1 — di] + o1 }
=max{0,d; }

=d;
where (B.5) follows from (B.1), (B.2) and the argument below

d,(0) > d;

=71(0) + an — max{0,7;(0) + o} > dy
=71(0) + an — di > max{0,75(0) + ;)
=A(0) 2 max{0,7;(0) + 01}

=A(0) > Iljﬂgc{rj(o) + oy}

= max{0,7;(0) — A(0) + oz} =0
J

(B.8)

(B.9)
(B.10)
(B.11)
(B.12)

(B.13)

From (B.13), we find that after the first update, at Receiver 1 the interference from others is

all below the effective noise floor 0, and Transmitter 1 cannot further lower its power in (B.3)

due to the effective noise floor. In other words, user 1 cannot further reduce its transmit

power while maintaining the target GDoF' value, since it “hits” the effective noise floor.

For other users j # 1, after the first power allocation update the achievable GDoF value is

dj(1) = max {O,rj(O) — A(0) + ay; — rg%x{o, ri(0) — A(0) + Oéji}}

Consider the following two cases.
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e max;;{r;(0) — A(0) + a;;} <0: In this case, from (B.14), we obtain

d;j(1) =max {0,7;(0) — A(0) + a; }
=max {0,7;(0) + aj; — min{r;(0) + ai; — di}}
>max {0,7;(0) + aj; — [r;(0) + ay; — dj]}
— max{0,d;}

e max;;{r;(0) — A(0) + a;;} > 0: In this case, from (B.14), we get

d;(1) = max {O,T’j(O) — A(0) + aj; — nilzx{n(O) — A(0) + Oéjz'}}
= max {0,7;(0) + a;; — Iril%x{n(o) + it}
= max {0, r;(0) + a;j — r?zx{(), ri(0) + O‘ji}}

= max{0,d;(0)}

Combining the above two cases together, we demonstrate that after the first update, user
j # 1 still achieves an GDoF value which dominates the target one. To summarize, after the
first update of transmit power allocations, user 1 obtains the exact target GDoF value d; and
achieves its transmit power limit due to the effective noise floor, and (d;(1), ds(1), ..., dx (1))

dominates the target GDoF tuple.

We proceed the transmit power updates. In the second update, according to the GGPC
algorithm, the transmit power of user 1 is fixed and the transmit powers of others are

updated. It is notable that in the following updates the fixed power of user 1 exerts a
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constant interference level to other users. Therefore, the effective noise floor at Receiver
J # 1 becomes max{0, oj; + r1(1)}. Also note that in the sequel updates, user j # 1 can
only reduce its transmit power, so the achieved GDoF value of user 1 remains as d;. Next, we
only need to repeat the argument of the first update for the following updates till the powers
of all users are fixed by the GGPC algorithm. More specifically, in each update, transmit
powers of some users are reduced to the limits for achieving the target GDoF values, since
they “hit” their own effective noise floor, which is determined by the users whose transmit
powers are fixed in the previous updates. And after each update, we always obtain an

acceptable GDoF tuple dominating the target one.

Equipped with the above observations, now we proceed to prove Theorem 4.5 by contra-
diction. Assume that for a target GDoF tuple (dy,ds,...,d;), the power control solution

*

r* = (ri,r5,...,r5) yielded by the GGPC algorithm is not globally optimal. So there exists
another power allocation rf = (TI, Tg, e T}{) that also achieves the target GDoF tuple, and
there is at least one iy € (K) such that rZTO < rj. For the GGPC algorithm, in the update
step determining the final power allocation r} for user i € (K'), denote by U; the set of users

whose transmit powers have been fixed already. For instance, if r} is determined in the first

update, then U; = ¢.

Assume that r} is limited by user i; € U;,. In other words, after the previous updates, among
all users in the set U;,, user i; € U;, with transmit power 7, yields the strongest interference
level to user i, which is larger than 0.! Apparently, if after the previous updates, the
strongest interference level from the users in U;, to user 7¢ is no larger than 0, then according
to the GGPC algorithm, r; = di, — s, In this case, r} cannot be reduced further while
maintaining the desired GDoF value d;,, which contradicts that 7“30 < 1} still achieves d,.
As r; can be reduced without affecting the achievable GDoF value d;,, the transmit power

of user i, should also be reduced in order to lower the interference level to user ig. Thus, we

'Tf there are multiple users yielding the same strongest interference level to user 4o, we can pick up user
i1 as any one of them to proceed the proof.
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T

have r; < r; . Then apply the same argument to user 4;. Similarly, we will obtain a user

19 € U;, such that 7’32 < r;,. Repeat the same argument. More specifically, for user ,_,

we have known that rjn_l < r; . Then among all the users in the set f;, ,, there exists a

n—17

user i, € U, , yielding the strongest interference level to user 4,1, which is larger than 0.
Since r;  can be reduced without affecting the achievable GDoF value d;,_,, the transmit

power of user i,, should also be reduced in order to lower the interference level to user i,,_;.

T

Hence we have r; < r; . Assume that for user i,,, it final power allocation is determined

in the first update and holds fixed afterwards. Finally, we obtain rl < r; . Recall that in

the GGPC algorithm, after the first update, r; = d;, — @, , which cannot be reduced

further while maintaining the target GDoF value. We end up with a contradiction that

ri < r;  still achieves the target GDoF value for user i,,. Therefore, we complete the proof

m

of Theorem 4.5 and establish that the GGPC algorithm indeed yields the globally optimal

transmit power allocation for any feasible GDoF tuple in the polyhedral TIN region.
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