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,' ABSTRACT ~~

.The Problem of plasma. produc ion for ﬁmdamntal research is

. revieved briefly, .with em'ohas:c.s on shock waves.  For the cree.‘cion of -

very highly ionized gases in 'the la.bora.‘cozy, elec’cromagnetica;uy
driven shocks are required. If & ma@nemc field already exists in

the undisturbed rugion "chese shocks will in genexral noﬁ e é;asdynamic

l

in chaxacter bu the current-camying interface will usually coalesce

with the ionizmg "ront. The process has certain features in common

with dctonation waves, ana dii‘fers " from previously analyzed hydro-

' magnet’ic shocks in the fact that the electric field in the wndisturbed

: region'rieed not' vanish.' If the initial magnetic field has & longi-

tudinal“ componen‘c ‘che gas mus’c be pemit*ted o acq_uire a trensverse
velocity. A ‘ ) ’ ‘

In this paper the phenomenon is am.lyzed as a one-dimensional
slngle-"luid hydromgnetie problem, ncglecting dissipation behind

the wave. 2Zero conductivi vy is assumed for the region in i’ron‘c of

‘the wave 3 a:ad uhermodynamlc eq_ullibrium is required 'behind. 'The -
. problem is not determined unless an a2dditional condr‘c.ion is imposea.

- We hypothesize that the rarefaction wave remains a‘t':ta.chéd t0 the front.

In the limit of essentially complete ioniéa.tion behind the front, the
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'problem can be sblVed'ahalyﬁically as long as the transverse magnetic

field tnere remains small ccmpwred with the longltudinal field. In’

this case the front velocity, plasma density and temnernture, ‘and the

'electric fields - as nell as the szructure of the rarefacﬁion wave
" which must follow —= Can be expre sed as simple functiong of the

initial mgnetic field, the discharge current, the ionization energy,

and the initiel gas density. It is of particular interdst to note
that in this limit the compression is found %o be #ery'modest .

[pz ='p1(7'+ l)/yl,\and the'traiiihé'edgé'of‘the.rarefactidn vave

' propagates at half the speed of the front. It is élso QOGSible'to"

gencrate nonccmpressive ionizing waves, providcd tnat the magnetic

'ficld in ﬁh@ undisturbed region has a transverse compongnt that is

bcing appropriately reduced by uhe drlving current flowing in the

‘ionizing front.
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TYFRODUCTION: - PRODUCTION- OF RESL‘ARCH "PLASMAS

f’he efpg,m_.entalis‘t's :E’irgt problem in the study O.L high«_

' tempafqture pl&.,.ua. 15 the W ell—conurolled proauc‘cion of a highl,j

1onized gas .i.n “che :mborauory. It is 'brue, of cours e s that 'bne energy

_ actually inves‘ced in ioniza’c.ion at anJ given tinme need not be exces-

sive at a.ll.. Only a few Joule are qulte sufficient for 8 perfectly
pec’ca.ble res'aarch ;plaoma. me difficulties au‘ise a.lmost entirely

from ‘che fact “cha.t ene rgy is usuall.y lost to 'Lha surroundings, both

- by mdiative and by kine"tic cransport ;. a.‘i, a rate of a grea‘t mayy kiloe
) xrat’csf_ Tais power has to be supplied by an external enez_'gy squ:ajce ’
_ coupled. efficiently into the' Plasms, anci removed promptly f‘rom the
: vsumomding\surfaces to 'avoid'materi'al damage. Iﬁ is not surpx;ising,
.‘bhcrelore 5 ‘Lha‘c steady—state h.. h-1 uemporawre Plasma experimunts
| eithexr are limited %o fairly small volumes,hsucn as in high density :

are &mcharges,[ Iy or reg_u:.re very expensive and clmbersoma equipment

2] |

as f‘o¢ in tance in the magneticauy guided low—preusure ares
31

%Wcrk iugrformed under the auspices of 'thge U. S« :A‘t'.omic Energy Comission.

-
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T . o 5 ' | UCRL~9612
' : ' Revised

[

Portunately, a grcai number of moanlnuful eyperlments involve
?atner short time scales go that- tne Plasmas uoea do- not have to

exiat in a true szeady state.: Accordingly, much of uhe research in

'this field is belng carried oum with the help of tranaicntly producea
-high-tem@erature plasmas. It is not aifficult at all to supply elec-
 trical or chemical pover aﬁ a level of RNy megawat son a pulsed

‘tasis.  The everage heat load.on-exposed surfaces can’thus obviously

be controlled by choosing the duty cycle sufficlenuly small ”he

‘prcblem of the 1nstant&neous power delivered to the surrounding sur-

'faceu is uhen o concern in most eyterlmentu not so much becausa of

macerial aamage buL because of the resultinu contamination of the

plaomaa iﬂCu contaminat¢on by heavy atoms has a very pronounced

i ]

ef;ect on the radiatlve energy 1oss of & hot hy&rogen plasma, good

- nagﬁetzc ioolation 1s of psimary importance in eontrolled—fusion

recearch, even in prelim;nany e/pgfimants involving shor%-nulse opera-
tion. In much of %The general Plasma studies that can be carrled out
at moderatexy hlgh temperatures, howev;r, some concamlnation by wall
materlal can well be toler“ued. | | :

Clearly, che simplcs Wﬁy of producinv a transient highly

1onized gas*consist of :gassinb a l&rce eleC““ic-current pulue through

'a low density b&o) either beuween electrodes or as an inducea ring

current. If the currenﬁ ia sufficianzl; large, magn@tlc ccmpression '

-+ oceurs; this results in mechmnical hcating of the gas, in a&dinlon

o the onmic‘heating, and,also improves the magneuic isolation of the

plasmﬁ from the walls. Such dischargeu are commonly given noames e~

depuzding on the gecmeﬁ:y - such as z-pinch, Gup;nch, mirror compres—‘

I'd

sion, ete. Unfortunately, in_many cases the lonized gases generaﬁed
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» or heated in fhié-fashion'bacome very. irregul&r, eitﬁer becaﬁse they:
are hJﬁrovaneuically ungtable or because the large curvent density
causes tur%ulence by. exeiting plasma’ oscillamons.t Therefgre.such_
plasmas ar e usually no very sultable for fundamentaluresearch.i ﬁbré-
over, 1n experlments involvinu ‘the popular radial compression it is
often difficult to interprﬁt data qpunti atively even i1f no- lnstabil~
ities arise.. ”he complxcabion is caused by . the facz uhat the scate
of ‘the - plaama in this cage has an unuvoidable strong radial dcpeadeace.
This Ffeature, it should be noted, is aloo cnuracteristlc of the steady-~
' state discgarges.'

. Several altefnative meohoap of ransienuly creating a qul--
escent, highly ioni«ea gas SU&G@BA @hemaelves. “iratvof.all,_it should
be possible to operate'with a curre L low enoughvto avoid Strong'com-
pre"sion.; Un¢orthnauelJ, such. dischurges are still found to be unstable
except, peraps, for the so—called "har -co:e" confisuraoion.IS] The
latter sceus to,offer the best solution to date,»although it requires
a campléx.m&gné%ib fleld and uhexefore, in practice,. in rolves - rather
difficul% experimentation. :The other mostftbbvious way of supplying
:énerg& rapi@ly{to prodﬁce’é hiéhlygiénized gas without the interfer-
'ence‘by insﬁabilities does~ndt,!in.§rinéib&e,iméke use.of an electric.

*“eht at ell: & oimple gagdynamic ghock, if. strong enough, should
serve Ju“t a8 well.

| GASDYNAMIC SHOCK WAVES.
"Tha princiﬁal advantage éf dﬁoék heaﬁing:for thé"iroduction'

- of very high tempyratures, and hence for th; creazion of a hzghly

ionized gas, lies in the well knowﬁ bﬂbiliuy of gasdyngmig shocks.
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“the electronS‘whlch presumably govern uh@ icniﬁation»rate.
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;T%us, it & plane sﬁeady gasdynamic shoeck, strong enough to y*eld: -

rapxdly & high deﬁree of ionization, can be generaocd in the laborg-

vuoqy, ﬁhe problem OL contyrolled xﬂksmu pﬁodu~tion for baulc rcscurch
" is golved. The mgthod is partmculurly att%acﬁmve.because the shock
speed ié gaslly measurad. ”he deteﬁm_uatlon of any other pertincx

'xx@;nxiy'of uhe tﬁasma vehind the uhOCR should thcn ‘at once enwble !

-us to varlfy whather the gas ther re is near the equ¢librium staue or

not. (sce, hovever, Re fs. 117 and [12])

Scraigntforward c leulations of the eqplllbrium degree o«-

| -ioni?auion, gemperauure, denuity, ete. as functlons of the shock Mach

numLer, and of the conditiong in ﬁhe undisturbed gas, reveal that .
eytraéely strong shochs are feq“ired for the producuion of a high_y
1onized gas. In room~tempera LU 1ow-donsity hydfoben, ror instance,
the shock Macﬁ nuribar has 40 .be at.leasﬁ about SO'ifjthe ionization=z’

15 %o be ess entially compleuv.[ ];’Thqre wag also reagon to feer thatl

' vthewionization might-be‘conSiderably:retardea in the case of gasdynamic-

" shock heaulng because of the poor heat btraunsfer rrcm the molecules to

17, 8] 1,

- ghould be pointed out that this is just the reverse. of ohmic: heating,

whpre the energy is introduced by an elec»ric field ana hence vhere .

‘the electron temperature and the degree of ionization are leading the

'_gas as 'a mholea’FExperimentallyit is found, however;'tha% strong

ionizing shbcks have rather sharp frdnté.-:“his 1is probably.cauéed'
by re iat*on-lnduced preioniaation ana excitation ahead of uhe shock
[91 , and perhaps al o] by elcctron dig zon{l } f leisi) the ho'
reg;on 5@4Lnd-: In L&Cﬁ, the uranuport of energy into the xcgion ahead

of the chock h&o bnen held “GSpOﬂalble for aiscrepancies between

P T - U P S SO PR I - N A ket e ehaih kil e
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t

_ observed elecvvon Lempera'care ana that predicted fram the Rankine-

a ) ﬁu\éomot shock rebtions ie ‘i:he undisturbed gao vere in equilibrium

11, 12]

,‘I'he wost. convenien’c and genemliy sat f’ac’cory way of produc-

ing vshoc ced gases utilizes a, convenmonal ohOCk tube with a gas 8t .

151

high pressu:c‘e as the .ai‘lve‘u It 1 readily shown, ‘however, Zhat

“very high shock strengths can ozﬁly e reached by this techunique if

the sound speed in the driving gas 3.:3 -considérably higher than in
the gas to be shocked. It is 'nécessary,’ 'iiherefora 5 that the driving

gas itself 'be hea ed to very high ‘Lemgxra’cmes it a ssrongly ionizi

'snock is to be dm.ven in"co a gas of. .‘Low moleculay Veich - The high

.

' temmm*;m‘es and pressuces mquired in che ur:.vmg sect:.on way be

genemtcd by & com’m.s‘t:.on process or, of course, ..u{;a'nn by a ‘powerml

elect: "ico.l ﬂiscmrge D‘L] In ‘these latter cu.ses the shocg; cu‘ue may

-~ be fega.:dcd merely as a &evice to improve the quallty of o fraction -
| of the heated -gas Tor which the energy iss.dra}mjfrom a-elec‘trical "

‘ sm:ply.

Iu :’Ls nct neces..a;ry that the shock be a*':»_ven 'by an exp,.nd.mu

'high- prassure ga Amr ;mee'ze trable lﬂberface cha, cen e}:ert 8 high

pregsure end. 18 free to move mp*dly intc the region bo be compresoed
will serve the puroose.: Obviouuly, m.g.Ld m@chanlcul pismovm axre. nob
practlca.l Buh since the gas is g;oing ‘o 'be ionized by the shock,
o.nd hcnce 'mll elcc ufically conduc:uing, an elec’cromagnetic ‘motor"

force can '.be ex erted on- the &as da.rectly.. This priuveiple forms the

basis of the ‘electromgnetic shock “bube in which “the high pressﬁre gas

is, replaced. by a strbng mgnetic f:ield,f'a'nc‘i *he’ interface between v

. drivm and driven gas 18 replaced by a laJer of current«carryint,




 .10- | . UCRL-9812
: Revised

.shcck driven by 'a..mfme‘tic field. Expverimentally this situation.is
' already o,ﬂpro./im'ced in the so-called "ccm.cam shock tube ai
the "f"«tu S "[ 5 } in which %he go.s :’Ls ba’c.h heamc. abimpuly ’by ﬂzer- :

' ful ciect ﬁemcv.mcnt pulce end pvcp,llea either by iw om mgae ic

f20 3

fielcl a.lonw or with fthe'hal“p of en aad":‘ nal fic?d so "h,,c iv: v

18 driven into an expansion chamber attached to the aischarge vessel.

Tnese 'shocks slo‘w down ,’ ‘howeve:c, Tnecausé in & ey they are ‘blast; waves,
end the ma*fne L:Lc pre@sum dcc:reamuﬂ_with dis tancca f‘ro.:z 'Lhe initial dis-

charge chm.nnel. Gthez' pa:m:lculc,,rl‘; a"b'{:'wactive me'bhods mlae use 6f ..

. goax ial elmc: v ue arran@;emems :m 'much uhe current 3. ”‘o*’cmd +0 paes

Lrom ‘uhe inner to the ouuer elﬂc‘cfodc 3 mi r).g, & \:i"m ne contuc*b
as the disch&rge :m driven _b:y' 1%::3 oW HONC uie ~.f:!.e17d 'em-ftz:y ftmm *bhe‘
input end. A~ nmnbc:f of successfnl p,am guau have ’b en, dc.vslowaa

[21,

a.lcng 'th@o@ 1.113@5 ] - The yflncipal ’*me,tion m Y p;asma ga:n :r.s

wimply the accelerutiov ancl ejection of ood;\r .of :gjtasma Esmlly no

- attenpt is made. in these experimnts uO [,wramee 1, hat a f‘ini“ce ‘reglon

of uwniform test gas exia‘cs between. the ,shock‘frcn‘qamvi:h‘e currente,

- caiwing interface« In Tac , the aauhc is not aware of any .clem"

mrmen*c&l evi«ience for a size a;y' plwely g&séy"m:mie }pla,ne ShOClx.

driven_ ’by. ws' and no“cicea’bly 'c’le’;ach,ed from - a magneblcally propelled

s

curren‘o .Timerfacew 0T course ,vioniz:'ing. shocks in certain regions of

i’iach nudber m&y ‘be uccompanie& by cormaresmon ratios of more than 10

or even 15,[ } that ‘che ‘cheor%lc@l uration of uniform -flow .

becones ra‘bher 'shoﬁiindee&- A% hl,_,lwer Mach nmabe:«:s the ccr pression

Nt

decreases agein; bub it has ~.be€_:n pointed oub ‘i:ha‘t the cooling and

boundery-layer growth rate incresses so rapidly with ineveasing shock

Bogoe iy e s Y L e e
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o HYDRGMAGNETIC_IONZZING.FROKTS

In the analysis oF marneticullj drivnn‘shoch phenomens it is
usually assuned that the elect?ic field in ﬁhe undlsturbed reglon .
is zero.i This ‘essunption is of course fully Ju stified ifnthé'éﬁtire '
medium is ¢ alrea&y'iOniZed end has an appreciable conducfi%iﬁy:"A'
very conpleﬁe treatm@nt of this situation for ideal nonreacting

gases hms Leen given by B&zer and Erlcson.{,a] If the region ahead
of the.sﬁock is nct conducuing; the electrxc fiela‘there Will only
ba nebligible it the magnetic "piston®. has nerligible re51stiv1ty, -
is ess cntially 1mmnnetrablc to the gag, and moves into a region .
of zero magnetic ‘field. . This situstion is approﬁimated in most mag-

(151 [e1, 227

neticelly driven ghoch tubes, in certain accelerators,

and also in the familiar dynamictpinch’éféect}

':In:réali%y;.howéver, a hydfdmégﬁétié:interféce frequenﬁiy“"”
involves somne flow of gus across mMNneLic ficlde so tna+ the
| electrzc fxe}ds canmot always_be neglectedg ”hio is partlculnrly
- true if é'm&gnetic;fiéldAalféédy'exf%fs'ahead of the interface.A.En“'
such a eituation if‘ié cleariy‘iﬁppésibleiforla hydromagnetic piston
éé afivé‘a:burély ga§ dyhami6.sh6ck?into %he'céld'gaé'strong enough
4 90 proeuce any ionization. ﬁhe"eleétric*field‘causéslcurrénﬁs o -
- flow throughout the ionized r»gion, changlng ha“charaétef'ofifhe—
flowr entlrely In effect, the drivzng field of che interface spreads
-all the way to the ahock_xront, 80 that *hﬁ entizre Thenomenoa alvays
tahes on scme charactoristics éf‘a‘Eydromagnetic shqck. Ve shall
use the ternm hydromarnetic iom.zinu wave. 1T theif;ow behind the
wave is steady or ;f the re61891v1ty is negligible, the electric

- f£ield must be negligible in the frame of the mediuwm ﬁheré. Abhead
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- of the wave, hcwaver, the electric field in the frame of the wme-

: ionized s is, n genbral, finlte.

"his fact has interestlnu coréequbnce 5we will éemén—_
str te uhﬂt the phenomenon has certain Loabures 1n COémOH'WIth a -
detonation wave, al hough the reactions in the ges (dlaﬁOC;&C*Oﬂ..

” and 1onization) are endo»hermic Tuthcr.thun exo hermic‘ Th@ |
reason here ia.éhaﬁ.electromasnetié energy from the drivino powef
supply 13 relea ed in the front, and some of it may be conaiaered
es caﬁinu the place of che liberaued cnmmlcal erergy. Horeovaf,
 ‘jqu as in combusblon 5ronts, the rate ig not unlquely dCterml ed
'by the conservauion 1aws alon s;nce, in conuraﬁlstlpction to the
usual hydfomagnctic snocks, in the cage of our LOﬂiZlﬂu veve, the .
electrlc flela éhead of ﬁhe front is nOu ﬂAT@CBlJ llnked to %the
shock Veloci* . While some co1elusionu are perfectly general, e
restrict our aiscu031on in thl» papur to sltuaﬁlons vhcve magnetic
‘fiela ex1uts ahcad of the vave. Mbreover, we focus our attention
on C&oCS vhere the field i not pérallél to bha plane of u‘e ioniz-
E 1ng ”ront. It is certalnly poss;ble to dovzse expe*imenus in. uhe
_labor tory in vhich a hydromaonetlc drlver is constxwincd to movevﬁ
1n a direction with a ccmponcnt parullel to a mwgnetlc fie‘d ist-
';ing ah°ad of 1t,{?7] and in some ererimenta the prc tlon ia :‘
ezgcﬁly alo uh@ Qacnetic fich ahead of 1* [25] we w;ll gﬂow.ﬁhat
such an ionlzlno wave L&J provlde & uniqﬁe and very u@eful vay of -
_ éroducing a mgﬂnetlzed uniform plasma if Curiuin fequlrbments are R

ful”illed.- In fact, this latter aopnct has motivated uhe present

invegtlg tlon. | v;'. 5 '~" .'1 “4 S ;_
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. OHE MOIEL

Tn this paper we resxrict ourselves to the analySﬁs of a
- gimpllfled one—dimcnsional moaelo- iaeigeom-%fy is best explained<
with the help‘ of Fig«.' 1. The gas is coﬁsidéwed *i;o"beu(éonx”.:?..né& bew -
-tveen Two infini te conductinu planeg, hoth paraLlel ©o thn XZ p&ane.
The initial magnetic field iz also parallel %o the Xz nlane, uhm
applied electfic fleld is always yalwllal to the y ﬂ"ig, and echy-
- thing is ussumua mo 2 ¢ndcpanﬁen of both the y- and A cooralnates.
;Thiénﬁeaﬁ ve are 1ookinu aﬁ plane wave motion and are cnqosing'éur
:_#;ébordiﬁate along the dir ction of prapaguchL, Itualso'impliésv
uh&t the. viucous draﬂ at the flow bOLanfLGS as vell es any varia-
'tisn of the elecﬁrical conductivicy that might appear in the
nelghborhood of the ourfaccs aro teling ignored.

: The gao aﬁeaé of the wave is, of ccurse, asgu;ed }o'be at
fest;fin eqnlllbrium; and nonconducting. ¥ ”"heVmo:e, we.assum~"
7“ﬁbét;ﬁmme i&tely behind ¢ ‘hé shock‘"he gas is mvain in thermodyn&mic
eqpillbrium, 80 tha” it obeys an equaﬁlon of sta té and 56 that 1ts
relevant paysical prapcrtieo such as composmtion, elecbrlcal eon-

o ductlvity, ctc can be compuoed From equxlzbr;um CORSI&GT&UlOJu.

This means ve are 1im¢ ing ouraelves to den»itiEQ hibn enough to

ensure suLficiently rapid eqpllihratlon rates. _We need not make any
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assumptions concerning the shock structure in this case other than
requiring that the shock thickness is finite and constant. The exact
mechanism of ionization is not under discussion here. The require-
ment of equilibrium behind the front implies that the current there is
zero if the flow is steady. This means that the electric field musf'

be zero in the frame of the moving gas behind the front, even if the

gas has finite resistivity there. Therefore, the shock relations are -

(28]

always automatically independent of the conductivity.
It is not imme_diately obvio’ué that a steady wave should pro-
pagate in a shéck—tube experiment in 'Which,. for instance, the cur-
rent input is kept:consta.nt. Since shocks é,re usually compressive, .I
the front rhu‘st ordinarily be followed by an,éﬁcpansion wave with its

nonsteady flow, uniess a suitable additional piston is provided. How-

ever, it has been shown that in the limit of negligi‘ble dissipation,

i.e., isentfopic Lcondition;s behind the shock front, the flow there can
be described as a ‘'centered rarefactioﬁ wave".[29] This means
that, in this approximation at least, the entire flow paittérn spreads
at a uniform rafe a.;ld draws coﬁstant total cu‘rrent,' S0 that.a steady
shock canvindee‘d be driven ahead of it.- Accordingl.y, we shall treat
the problem in two steps. First we shail discuss the shock relations
under the as sumptionsl of steady fiow. He';:e we shall have to inciude
the effects of dissociation and ionization. Then we shall iook at the
expansion wave, assuming negligible resistivity, J viscosity, and

thermal conductivity. Finally we must combine the two regions to

describe the entire phenomenon. The model is depicted schemat-

ically in Fig. 2. The situation and the analyses here are very sim-

jlar to those 'ti-_eated by Kemp ‘and_ Petschek, bo]the only difference
Pl ;

being that the latter assume complete dissociation and ionization

ahead of the wave, while we require negligible electrical conductivity.
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Our model will not be applicable to extremely strong shocks, where
the emitted radiation ionizes the gas at large distances from the

front.

SHOCK RELATIONS

In accordance with Fig. 2, we distinguish quantities in the
regions R, and R, ahéad of and be‘lnind the shock by the subsripts
l and 2, respectively. Since we assume the shock‘to be steady, it’
is most convenient to start out by describing the flow in a frame of
reference in which the front is stationary (see Fig. 3a). The basic
equations are then independent of time and, in our one-dimensional -
problem may be immediately integrated to give the familiar sym-
metric jump conditions connecting the quantities in region. R1 and -
RZ' It is easily shown that these relafions do not depend e};cplicitly
on any of the irreversible processes occuring in the transition as
long as ‘no eﬁergy is lost by radiation;v i.e., they are true 'c.onser-‘
vation laws. If we denote the w}elociti.es in thié frame of reference
b"y small letters ;1 ke (ul, 0, 0) é.nd'?z = _(u,z, o, wé)', \yhéré b"ul.'and w,
will be considered negative as indicate& in Fig. 3a, the c»ons-erv'atio.n
laws are: |

for the mass,

P1Y1 = P4, | o : | e

for the _x.-momentum, -
2 W 2 2 L2 -

Prup tRp Yz Hyp Fepuy TRyt H, te)
for the z-momentum, "

- wHH T euww, - pH H 5 (3)
for the energy, o

# : .
plulh1 + Est h, + ESHZZ . - {4)

1 T PR,
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" . Here we have expressed the total eﬁthalpy per unit mass as

ce s YR, L2, o '
h e0+y—l‘p_+2uf W, - (5)

. Equation (4) is m‘os.t easily derived from the complete energy

. [31]

equation as given by Pai. However, we have retained the sym-
bol Es for the electric field as measured in this frame of refer-

ence because the quantities in region R, are not directly related

“to ES. It should also be noted that only in this frame do we have

"E ,=E = ES-;‘ in any other frame moving along the x-direction,

sl “Ts2
there will be a difference between . E1 and EZ (unless I-IZl = HzZ’

of co‘urse‘). Furthermore we have expressed the internal eﬁergy

‘per unit mass of the gas by two terms: e = ey + p/[(y-l)p] . This

means that we areé agsuming we can describe the plasma as a pol-
ytropic ideal gas with an additional 'frozen-in" internal energy eg,

as for instance stored in dissociation and ionization. The reason

for this idealization will become clear later on. In general, of

]

course, both Y and e, will be functions of p and p, depending
on the composition to be determined from equilibrium consider-
ations.

In addition, we need the field equations for the magnetic and

electric quantities. These are

;—;xl = sz = H_ . (6)

v

[ Eq. (6)—was already used in the derivation of (Z), (3), and (4).]

and

(B o o (p, sz - wz H) (7)

‘which follows from the assumed con'ductivity in i'egion R,. If

region. R1 were also conducting, we would obtain an additional

relation, i,e.
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- (8)

E = .pu-’l‘Hzl'

With ey = 0 and YZ = Y the system (1) to (8) is identical with the
as]vl26] [32]

~one studied breviéusly and derived very elegantly by List.

Since we have to abandon Eq. (8)‘in our problem, the set is
incomplete. In other words, Eq. (1) through (7) are ingufficient to
A . ‘ detérmine the quantities in- R‘

if those in ‘R, are given.. We can

2 1
use these eqﬁatiOns, however, to derive a relationship "bétween any
two unknown quantities iﬁ terms of the given data.. We shall then
require an additional argurheln.t or an additional given datum té ciose
i the s'ef and make the problem’'a determined one. In this sense the

E situation is very,simﬂa.r to thelproblem of.cqmbustion waveé. Ac-
: tually, in. the;,case of an electrically driven shock tube it is more

3 . : appropriate to consider the current, i.e. HzZ’ as independent and
o Uy, the shock velo.city as a dependent Variable.

It is i_.nstructive and in fact algebraically economical, to

; : - express the set (1) to (7) in the 1abo‘rator‘y frame of reference be-

fore we proceed to reduce these relations to a single équation.< As

indicated in Fig. 3¢, we accomplish this by substituting uy = - U,
uz = (U-VZ)"’WZ = WZ, El = ES + NUHZl, and EZ = ES’ + HUHZZ .
The shock relations can then be written in the form &
p1U = pz(U"VZ)s ) ' (9)
. : 2 2 '
PiUV, = PP G (H - H ), | (10)
-plUwzszx(sz_Hzl)" | . ' U

1 2 1 2

1 1 RO 2 2
piUle eyt vyt 5w ') + 5o (H ,-H

z'l) =p2V2+E2HzZ'_E1Hzl’
and o - (12}

CE,=E#uUH ,-H ) = wv,H, - w,H ). o (13)

J
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- Equation (12) is the interesting one. It states that the work
done on. a unit volume of the undisturbed gas, including the energy
change in the magnetic field, has to be provided by both a piston

moviﬁg with the gas velocity v, and the negative divergence of the

2
Poynting vector in the tube. It is the divergence of the Poynting
vector which, at least in part, takes. the place of the ichemical.energy
released in a combusti-on wave. T‘rie piston, of which either p, or
vé may be spe_c'ified as the additional datum mentioned before, is

necessary to ensure the assumed steady flow.. We shall show, how-

ever, that here as in the case of detonation waves, the flow is only

. completely determined by such a piston if its speed exceeds a cer-

[32]

'tain minimum. If no such piston is provided or if the piston is
too slow, a regidn of nonsteady flow in the manner of a ra.‘refactio‘n
wave appears between it and the propagating shock front, and the
quantity PV, in Eq. {12} is not determined'by' the physical p‘_iston‘
but by the dynamics of the éxpansion wave, ' |

- The system of Eq. (9) to (13) must still be suppiemented by

a set of equations which determine

e me 4+ L 2 (14)
2 - %0 E:sz : | ‘ '

as a function of P, and Po This regquires numerical means, and for
hydrogen it.has esse‘ntia.llvy been done already. [54] The general
soiution_of the problem, then, alsd requires numerical means and
the discussion of the complete treatmeﬁt will be the subject of a
subsequent paper. In the analysis discussed here we shall simply
consgider both 5 and Y, as given ﬁ;ced quantities. The latter is, in
fact, a valid approximation if the gaé is hot enough to be ‘prac'tically

. I . .
fully dissociated and fully ionized. In this case, we simply have

'eg = Ze, + ey the total energy of ionization and dissociation per unit

£
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mass, and yi = 5/3. For hyd‘rogen,l the approximation is‘godd if ,
for instance, P, is lessthanl a.tmos and pz/p2 is greater than

5><10 m"- /sec .

- SIMPLIFIED SOLUTION

In the fol].dwing treatment, we shall consider Vo the
x-component of the flow velocity behind the front, as an independent

variable. We shall use Eq. (9) to (14) to eﬁcpress U, W Py Py

EZ and hence also E1 as functions of Pys Pys Yl’ Hx’ Hzl’ and of

Héz, Y, € as well as of v Physically, this means that we are

2"

specifying the conditions in the undisturbed gas, and the current but

 not the electric field. If we eliminate in Eq. {12) the quantities Wy

Py Py Ezha.nd.E1 with the help of Eqs. (9), {(10), (11) and (13), we

obtain a relation of the fourth degree which is cubic in U and

quadratic in v,.. We could solve this for v

2 . 2 and study the behavic;r

" of vZ(U) However, . it tnrns out to be algebraically much more

convenient to introduce a set of new d1mensxon1ess var1ab1es whxch

, 51mp11fy the expressmns considerably and permxt a much more

“direct inspection of the character of the solutions.

‘Let us define the following new variables:

MHEHL-H 4O 9

X = _1___2;2. ~
p(AH)

Y= 5 : L : v
W AH)™

: p Uw

7= 1
#(AH)

. ,, 5 (15)

7= —P - o

p{AH)

vy r e e s

et oot ot <t et 3t i P parna w4 Tgeg whzt

e

[,
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c = P1%0

= ——
p( AH)
s HX B . ‘

(s Ry : ’ T - (15)
AH . ' . : . lcontinued
H.+H ‘

- zl z
p i , |

~ We are not interested in the case AH = 0 because this is the

:-ordinary gas dynba,mic shock. The parameter P can have any

value in principle. p = 1 implies Hzl =0, B= - 1 means Hz2= 0

21 In analogy to t_he'nbmenc'.lature

introduced for ordinary hydfomagnétic shocks,'[2-9~].w_e shall“c:a,ll.
these cases magnetic 'switch-on'', ”‘swi:tchv-ofi‘v'-. and "'transverse'
ionizing fronts, respectively. . With the above substitutions, the
solution takes oh the form:

(v +1)X +(yz-1 B+ZYZIII)X+(YZ-1)0.

Y = — Z(Yz ) ‘. (16)

e | (17)

‘n2=x-{3/2+1'11’- _ Lo - 19)
E,° ' E o+ HBx

. 2 = . 1 + 1= ._—..____-__2'__. ; . (20)

: A.lthough"‘t"his form is still implicit éinc'e--..‘}.( contains the dependent

vanable U, many features of the solutmns are easily demonstrated.

. When . El' €, and Y-V, are all set equal to zero, these equatwns
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are again reduced, of course, to the ones investigated by Bazer and -

[

26] In particular, it is readily shown that in such a case

X cannot be negative if the entropy is not supposed to diminish
across the shock. Also, 1t is easily seen that under those circum-

stances X can only be zero if g =0, | and then we have Y = 0,2,»‘ and .

IEnl

None of these mferences can .be drawn from Eqs, (16) to(ZO)I

if E1 is allowed to d1£fer from zero. Th1s is the first important
conclusion.

" We shall now po{nt out some of the general featufes of Eq.

: (16:.), which is plotted'for various a in Fig_. 4. Of course we are

only” interested in the region Y < q._z +1/2(1+B) X so that. El‘ never _

vanishes.
- (a) Equation ('1_6) de.scribes hyperbolas in the X-Y plane. The

asymptotes are:

| X = 1/2(1+5'Y2) ‘(‘Yz’]:)e."" Yl'l Hl _ . (;1&)
and » | |
Y = 1/2 (v, +1) X+1/4 (v, - D)(14B-y,) - 1/2(¥5 - D e
: Y- - y - : ] p
AR ¥ Q‘;‘.T" 1 | - .

i.e. they do not depend on the parameter a.

(b) When X 1is very large compared to az, €, and Yy, We have
y2+l

> X. Thls is the ordinary gas dynamic strong shock. We

should expect this property because it is clear that the p1ston in -

; Eq (12) is domg practxcally all the work in this case.

(c) The curves Y (X) have minima. The m1n1ma have as loci

the straight line s

N

= (D) X 3 1/2(0poyy) + vy (22)

s+ e s s

oy T

T e b e ey
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V.These are seén to be independent of both a and €. The fact
that the Y (X) have minima means that for each set of given con- |
** - ditions Py Py AH, etc. the re.sulting rel#tion U(VZ) has a mini-
mum. Again, this feature is reminiscent of the behavior of det-
onation waves. However, the analogy should not be stretched too
| far. One might, for instance, be tempted to ‘identify the mirﬁmum_
‘J‘Vit_h the familiar Chapman-Jouquet 'po-'mt in the tﬁeory of gaseous
detonations ..[35} |
The analysis of gaseous combustion Qaves showsvthat'at the
point of rﬁinimurri propagation speed, the flow velocity of the gas
behind the front relative to the front is always éxactly sonic, i.e.,
at that point the rarefaction wave follows the front immed‘iatwgly.
Mor.eov“er, the éntropy«behind the fr'o'nt is a minimum when com-

- pared to values of entropy on other points along the U(v,) curve.

2
. The analogous conditions are genérally not -fulfilled for the prop-
: v agation speedé Ym of our hydromagnetically driven ionizing

fronts. However, in the special case P = - 1, the magnetic switch-

off wave, we can show that the analogy is almost complete. This

_is the second important conclusion.
The proof is elementary. We merely have to express the

relative velocity u

2 % - (U-vz) in terms of our new variables:

2 -
oou | | o

R £ | L o (23)
KAH)" ‘ ' '

Substitution from Eqs..v(l‘)) and (22) yields for the relative gas

{ . speed at the minimum of U

(d) =(U-vg)®= L |ypt 1/2(14p)y- D (AH )2 e
2'm © 2! T, 2Pt 1/2 (1+f)(y-1 - ?
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The propagation speed, Cys along the x direction for small disturb- -

ances.in the plasma in region RZ is given by the relation[js]
5,1 w,p
ElEmt 4wty - chls 22?2, (25)
2 Py X z2 2 P p, X 2 :

(w? = 22%= <l

2 'm Py - 2’
Likewise, it can be readily shown that the change of entropy per
unit mass ds = 1/T [ de + pd 1/p] taken along the curve Y(X) at
the point where dY =0 is given by |

2 4dx ‘ ’
‘-'-’Y"p (26)

o e
(Tod8p)m =zp7 (14) (H 5 -H, )

which, of course, is again zero for B = - 1. We shall therefore
cail this point in this special case the C-J {Chapman-Jouguet) point
aﬁd the mode of operation of the ioniziﬁg front at this point the C-J-
iorﬁzing process. ‘

This result is not too surprising since here tl;e Ama‘gnetiic
field has nb transverse component behind the front so that the gas
flow in the x direction ‘is purely acoustic. The energy per unit
mass stored in the transverse magnefic field in i'egion R-i,
y.szl/Zpl, might bé eXpectea to be the e};act equivalent of the
»availabie combustion energy for detonation waves. This is not
correct, hc;_‘_:)vever° Additioﬁal ener‘\gy must be supplied from t_he
external circuit if a switch-off wave is to propagate. This con-
dition may be cbnnectea with the fact that the entropy produced in-

a switch-off ionizing wave can be shown to be a maximum at the

C-J point ratfer than a minimum.
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In the theory of simple gaséous detonation, it is usually
argued that the C-J process must occur whenever there is no pis- . .
ton added that moves with a speed vy > (vz)m, the gas flow veloc-
ity in the x direction corresponding to the C-J point‘[33] The
‘same can Be defnonsti'atedvhbere. It is easily verified that, in th.e-
case of B = -1, \ye have ‘szé> pZ(U-v_Z)Z for v2>(v2)m. This
~ means that any farefaction wave existing‘behind the shock will catch - !

2

up with and weaken the shock, re’ducing both U and v, either until :
equals (v,) , which- s
. _ :

the flow behind the front is uniform, or until v,y

ever is reached first. In that case, therefore, the situation

v, < (VZ is never obtained. Besides, situations with v2< (Vé)

2 )m m

are believed to be unstable, because they involve supersonic flow
normal to the front on both sides of.the_a shock.

As a result, we can use Eq. (22) for = - 1 to express the
additional condition for the C-J process. Hence we can eliminate

either Y or X from Eq. (16} so that the problem of the switch-off

g

‘wave is completely determined. However, in order to extend the
solution to the general case - - » <B< +w, we shall postulate here
that the relevant physical condition determining the mode of oper-

“ation according to the arguments in the previous paragraph is

U-v = c. (27)

2 2’

where c, is given by the smallest positive root of Eq. (25). This

2

means region R

e et o et AR S e e S memy i sy vy oy

,in Fig. 2 is assumed to be always shrunk tozero

length. . P ‘ : ' . - i

N
TS

Equation (27) can;bé combined with Eq. (25) and rewritten

with the help of our new variables (15) to read

(Y-X)[<JL2+,1/4(1+§)2 - Y+X| = I, (a®-Y+X). - (28)
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"Because of Eq. (19) and after some rearrangement, we finally

obtain our general subsidiary equation: |

(1+8)2(Y-X) = 4y

LXK Yoy, B/24y, T ) oLx-v). o (29)

The solution of the simultaneous equations (16) and (29) is algebra-
icailly rather cumbersome unless B'= - 1or a=0. However, we
note that for

o?>> (1487, | 6o

We can use as a good approximation

Y=(y2+ 1)X-y25/2+y2 'Hl . , (31)
A plot of Eq. (31) is also included in the example on Fig. 4. For
B = -1, both Egs. (29) and (31) are identical with Eq. (22), and
then Eq. (31) is valid for all a >0. Certainly for experimehts in

which Hx >>Hz and Hx >>Hz2’ Eq. (31) is adequate. We may,

1

moreover, always neglect Hl, because we will certainly need

' I'Il'< <1 in ionizing hydfomagnetic waves; I'Il was only carried in

our equations for completeness sake. The subscript of Y, may
then also be dropped. If we now use Eq. {31) to eliminate - X ffom
Eq. (16) we obtain the solution for the wave speed |

Y = (a+B%) /2.5, - | (32)
where |

A= (yY-1a®+ BY B+ yiip)
and '

B = (y*-1) e + X(y-1-p).

- The terms é'ontaining f in this expression are only strictly -

justified for (lji-ﬁ)z << 1 because of condition (30).

DO

e A o g 1 7, e T
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For A >>B2, i.e. l'LHxAH>>pIeO'; we find .
Ul B H AH NYE-1 L ' S - (33)
py X . | .-
For B2 > A, on the other hand, we have
Us pHx'l/_\H. |
(34)

p1'\/2e0

In Fig. 5, we show a plot of Y as a function of a for g = - 1,

- Y= 5/3_a.n'd a Variety of values for € according to Eq. (32).

The other .quantities of interest- and E2 —are

Y2r P2y P2

‘most easily expressed in terms of U, the wave speed, by using

- Eq. (31), (18), (19), and (20)...111 these, too, we shall ignore Py

everywhere and drop the subscript of yz'. From Eq. (31), we

obtain immediately

= _U BY . '
2= o7 M+ 5%) | (35)
and, using Eq. (18), '
Py = pp (L4 1/ (1 -7t 36

According to Eq. (19), p, is given by

2 |
_hY (- £ (37)
P =31 2y’ _ _

This determines also the temperature behind the front as

P, Ul B 2 N
(RT)ZTQ RO U e

Finally, the electric field in the region -R2 is determined from

Eq. (20) to be

’E2=_T]§__H¥%ﬂf¥3)_ (1+5Y)] (39)
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SPECIFIC CON CLUSIONS

From the set of relations (32) to {39) a number of conclu-
sions concerning these hydromagnetic ionizing fronts may be drawn
ifnrhediately. First of all, it is easily demonstrated with the help -

of Eq. (16) that «°>Y > 1 if both a°

>>_(1+(3)2 angd uz > 1 are ful-
filled.. Equations {32) to {39) therefore show that under these cir--

~cumstances Vs Pys Pyo and E, do not depend.strongly on (.

2
Also, it is seen that in this case the difference between conditions
(22) and (31) is negligible. In other words, if the longitudinal
magnetic field Hx is much stronger than both Hzl and HzZ’ Eqgs.
(32 thfough (39) can be expected to describe the phenomenon rather
‘well, even if the postulate (27) is not the correct one. This is the
third important conclu‘sion. |
Furthermore, ceftain interesting features pertaining to the
extreme case mentioned above are w'orth pointing out. \:\, Equation
‘(3_6) in thié limit states that pz/go1 is remarkablfihse_nsitive to
changes in the independent variables, the value being‘sﬁrpr.isingl'y
'loQ. For exampies, for vy _=. 5/3, we have pz/p1 = 1.6. |
Substitution for U from Eq. (32) in Eq. (39) shows that

2
{34) applies, and we have

- E, varies only éloxﬁly with AH. In fact, for FHXAH << P10 Eq.

E, = pH N Zeg | (40)

which is independent of the current and gas density. It resembles
~ the findings by Alfvén[56] and 'Fahleson,[y{'] although the exper-
ime.nts‘described by them did not appéar tq involve distinct fronts
producing full ioiization, as _assumed. in our model.  Equation {34)

when combined with Eq. (11) can also be written

e s e

g s e, o mer i T

+ et e g+ e o A



"29- N NS eV dd s

Revised -

2 o
wh = 2eq. (41)

Actually, when Eq. {34) applies, the temperature TZ is often too
low to justify the original assumption of complete ionization. '
- In Fig. 6, Eq. {39) for the case of B =+ 1 is plotted in a-

nondimensional form, i.e., expressing the quantity EZ/}LHXP\/ Zeo,

as a function of AHNW B/ Y for various values of HXrJ p./(pleo),

P1%0
The solid curves are fair approxim.atipns also for B # 1 provided
that (l+f5)2 << aZ. The predictions of Eqgs. {32) through {39) may
be comparéd with the experimental findings of Wilcox et al. in
which § =+ l.[zzh] Although their geometry is not one-dimensional
but cylindrical, their observations agree fairly well with some of
the ma.jo:r conclusions arrived at here {(uniform propégation speed
of a distinct iront, voi_tage regulaﬁons, etc., )[ 58] More extensivé :
comparison between theory and expei‘imerit is planned for fthe. near
future. |

il

While the magnetic "switch-on' wave is of particular

interest to the experimentalist bec"ause of the simplicify in instru-
mentation, the '"switch-off"' wave is more attractive f‘rom the
analytical point of view. in addition to the close correspondence to
bgaseous detonation waveé, in the "switch;off“ case, we note that
both Egs. (16) and (20) beco.me. simplified. In particular, it is

interesting to see that, for = - 1,. E_ has a maximum at the C-J

2
point. This is in agreement with the fact that the entropy produced
is a ma}cimum for the C-J ionizing process. Moreover, we recall
that for 8= -1, Egs. (32) through (39) are e\xact, the only restric—
tion being a>0.

Finally we shall investigate under what condit_ions vZI can be
zero, i.e. p,= py- As pointed out before, Egs:. {16} through (20)

&
do not restrict X to values greater than zero if f is permitted to

take on values less than zero. In our model of a closed input end of
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the tube, v, can never be negative. . If conditions in the front call
for v, <0, a precompression shock is set up, viblating the assump-

tion of gas at rest in region R If the precvompx"e’ssion shock is

1=
strong enough to ionize the gas, the front will change its character
such that v, is greater than zero. Ina very similar manner, de-
flagrations are changed into detonatiohs in the case of clq_sed gas-
combustion-tubes.: Therefore, we may set X = 0 in both Eqs. (16)
and {(29) and obtain two simu"it_aneous equations in Y, B8, and a:

v o= (Y-l)az . (42)
0"~ 2(y-1)e + y-1-p

{(14B)° ¥, 22(2Y ) + By) (o - Y. (43)

We use the symbol > to allow values <, >U in Eq. (27). If we
eliminate YO between Egs. (42) and {43), we find the minimum
condition for -‘B as a function of a and € that makes v, = 0
possible. We shall not do this heré, ‘because it is lengthy and:.not
particularly instructive. However, we may aiso ask what can be
the maximum a fobr which a switch-off wave, B = - 1, does not yet

bring about a compression. This means that, after imposing

B+ 1=01in Eqgs. {(42) and (43), we solve for a. The result is

«

ot <y [€‘+§‘;(—\{T}'{—D‘JB . | (44)

We may, of course, express this relation as a condition for the

minimum admissible value of Hz if Hx’ eqr P and y are all

1

given:

2 2
> 7 LrD - e (43)
vy .

HZ
z

1
ES

The'propagafion speed of the front is then given directly by Eq. (42).
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The transverse velocity becomes independent of HX:
2 Y i 2
w, = 2ey ¥ Iy H (46)
The expression for the pressure is simply
p, = 1/2 uH:, . (4
2 S

which imposes a required minimum on HZ'. to ensure adequate

i

ionization. The electric fields are

EZ T IJ'W.ZH_X ' (48)
and
2
E. =B, (1- 29 .
1 2 2
wH
x

The situation is pa'rticulafly simple for pH}Z{ > ypey- In that case,

i

Eq. {45) reduces to

. . 1
Hzl/hx'> Y

N 2{y-1) = 0.7 L (49)

for y=5/3. Moreover, both U and the impedance _EZ/Hzl
become independent of current (the minus sign refers to the fact

that, for B <0, E is negative if HZ

 is positive):

ula by - - o (50)
Yp x '

~ T
E, = yE, oy hELH (51)
'while
vp
I I (52)
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It is felt that such a switch-off jionizing wave would be a very
suitable means of generating a uniform magnetized plasma. bAfter |
the plasma is formed, the resulting transverse motion is ‘easily'
arrested by shorting out’ EZ through a suitable resistor so that a
simple Alfve’n—wave- relaxation will take pla-ce without disturbing the
state of the gas. It would be interesting to tryv to realize this
situation experimentally and to test the various conclusions arrived
at in this analysis. -

For v, >0, however, the front must be followed by a rare-

faction wave. A brief discussion of this phenomenon is presented

in the next section.

THE RAREFACTION WAVE _
As pointed out before, in the analysis of the noﬁsteady flow
behind the front, we shall have to assume isentropic motion. Other-
| wise the analysis would become very complicated. -This problem
_ , [29,30,35] . .
has already been treated by several authors; and, in the main, .
we shall merely summarize the results. If we assume plane
motion, we can eliminate the time and space differentials in the
basic equations of magnetohydrodynamics by the formal operator

(351

substitution

3 3 - | |

As a result, we obtain the so-called ''characteristic equatioﬁs” for
the motioiﬁl, which for our geometry take the following form cor-
responding to éhe conservation laws:

Mass
cdp = pd'\} (54)
x-momentum P

cpdv = az dp+pHZdHZ {55)
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z-momentum
cpdw = -pH_dH (56}
Energy
"D p—Y -= constant, , - {57)

Here we have written ag for the speed of crdinary sound:

dp _ Yp _ .2 ' |
& T e T % ' 28

.The field equations are:

H = constant {59)
x .
cdH = H dv-H dw , - {60)
Z 7z x _
E = pvE - whx)o _ .{61)

 Some authors have used the term ""'simple magnetosonic Waves.“ for:
this case. 9] The fact that the substiitution {53) indeed eliminates
both independent variables from the.equations implies that the
‘dependent variables are all constant for given ‘'phases'" .

X, © X -{ctv)t. In our particular case of the rarefaction wave, ail

0
phases coincide at, say, x = 0 for t = 0, so that we may set Xy = 0
for all variables. Such z phenomenon is called a centered wave.

It means that the coordinate of a constant condition, a “phasé”, is
given by  x = (c+v)t. Inspection of the character of hydromagnetic
waves shows that the quantity ¢ here in the case of a rarefaction
'wave is given by the smallest positive root of Eq. {25). In line with
our earlier treatment, we shall describe the wave in the laboratory
frame of reference,.

The simultaneous solution of Eq. {54) to (60) is complicated |

only because of the complex nature of the condition {(25). The set is

easily reduced to two simultaneous equations. In order to obtain
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c_explicit answers, howeve"r', numerical means have to be used
eventually. This has already been done rather completely by Kemp
and Petschek,bo] and therefore shail riot be repeated here. We |
shall only demonstréte the almost obvious fact that, fdr lar.ge ratios
HXvV/HZ, the filow can be approximated by fhe familiar acoustic
solution, in which case an analytic treatment is possible. These

solutions will be exact for the switch—off' case, where HzZ =0. . -

Liet us suppose that, in an actual experiment where such a
wave is propagated, the input current is given and constant in time.

" According to our model, this determines Hz Equations (54} to

4"
{60) then indicate that at any point x moving with constant velocity

x/t, H,_ is constant. Particularly at a point moving immediately -

behind the front, x = Ut, the transverse field is given by HzZ and

also is constant in time. Since we already know the relationship

between U and Hz from our shock analysis, it is easier to pre-

2

tend that sz is given, so that we may compute U, Vs Wsy Pos

Pyo etc. in order to apply them as béundary conditions for the
solution of Eq. (54) to (60). The only other condition we know is

that at x = 0, either v=v, =0 or p= Py = 0. {In our acoustic

4

approximation, of course, we will never find p = 0). Integration of

our equations then will determine H_,, w,, Py, py, etc. This | ‘

approach is a standard technique for treating raréfavction waves.
Using Eq. (58) and drbpping'the subscript 2 which only

reférs to i‘egion RZ’ we can write Eq. {25) in the form

— =1+ — (1- 5 ) R (62)
e H - rH ,
prd - b d

' P X o o '
For the slow-wave root where we limit ourselves to cases

pc2 << pHi, we may therefore also approximate
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c‘2 = g = Y2 {63)
5 P
and .
3 2 2 sz (64}
s ~ ¢ T
"x

as long as we have HZ << HX (a>1).
For Eq. (54}, we obtain in that case the well-known acoustic
solution using Eq. {57} to eliminate p:

c=c, + -21—(y—1) (v—vz).b' : : (65)

If the expansion wave is attached to the shock as postulated in Eq.

(27), we therefore find

I ‘
| c = U —.~2—(\‘+1)v2+‘7(y-1)v. ‘ v(66)
For Cyo where v = Vg = 0 with Eq. {35), we have
- -1 _By | | | A

In other words the tail of the expa'nsion wave moves at roughly 1n.a,lf
the speed of the front. ‘ ) »

- The density Py is obta'méd from Eqgs. {27), {35), (57),vvar.;d (63)
using Eq. {67}):

o)

+1, {y+1 - 13 | '
g v (G PN =z RO, (68)

vl 2/(y-1) _
Y7 ~ 2 T

“where the},_va_lue of Py was substituted from Eq. (36)

For vy = 5/3, this yields = 0.8 Py

Py
Therefére it appears that the expansion >produced by a
‘hydromagnetic ionizing Wave is very mild if Hz is muchv less than
Hx and about half the. 1éngth of the generated plaéma is uniform and.
without longitudinal motion.
.Pressu.re- and temperature in :egion R4 may also bg imme-

‘diately computed from Eqgs. (57) and {(68). The results are
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- 2yM2-1) | 42 (y+1)/(y-1)
o 4
Pe " P2\ T2y ® Iy 2y |
and ' ' ‘

' 2 2 .
, - yt1,” . U~
(RT)4 (RT)Z (’2—‘;{'——) = ;1—\,- (70)

where the values of P, 'and (RT)‘2 are substituted from Eqgs. {37)
and (38). .
Finally Qe wish to calculate H 4 and . E, (or w4') in this
approximation. Using Eqs (54), (55), (63), and (64), we find
WHY dH =-H dp

so that we have

W
u

B (o - L :
24 ©Hy, exp L‘I 5 (P, p4)] | : - (71)

i
i

Q

H

1+ P fp -
B2 {1 t—== (P, P4)}, :
' X : ‘

- Similarly, we deduce from Eqgs. (56) and (60} the approximate

solution “
W% w. - HzZ
47 Y27 H. V2
X .
so that we have
E"4= - p,w4Hx= EZ' ' : .(72-)
F‘okr large Hx/Hzél’v the net impedance of the shock tube, which

-1

we may ekpress as E4 (Hz4-Hzl) , is then essentially computed

from Eq. (39), where U must be evaluated from Eq. (32). That

"is, the expansion wave does not contribute appreciably to the elec- 7

trical behavior.. This is fd_rtunaté in retrospect, since large current
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den51t1es at fm1te conductxwty in regmn R would certainly con-

3
' fhct v1olent1y w1th the. assumptmn of 1sentrop1c flow there.. We
v'.‘conclude that the ma_]or dev1at10n from this 1dea11zed model w111 be

o caused by the finite y1s¢os;ty of the plasr_na, _wh1ch‘mugt defm;tely :

caﬁse con’svideraLblbev dissipation. It is therefdre,éssential that the
cha-nne.elv in which su‘ch“a piasma_is generated is-‘not-too n_ar‘réw in
the direction of the electric field.

This diséussidn'may sufﬁc’é to qutiine the prinéipal features

.of hydrdmagnetic ‘iovnizing waves apd of the plasma which can be

generated by fhem. It i.s felt that a more.precise andlysis is not
warranted at this point Becauée of the drastic simplifying a.ssum.p'-
tions that had to bé_ madé at the ou;t'se‘t. The bmain problems that

- still need to be in\}estigated most urgently‘r ceénter on the ionizing

mechanism itself, which is active in‘thelpropagati'ng front anvd

‘whichVCc;ntrolls the shock structure and governs thc; apprbacﬁ to the

1

" equilibrium assumed in this paper.
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FIGURES

Idealized experiment with plane hydromagnetic ionizing

waves.

_ Model for analysis of hydromagnetic ionizing waves. -
. Schematic for shock conditions. Note that in this example

" the current is in the +y direction so that the velocity

w, is negative (- z direction).

Plot of Y(X), Eq. (16), for various values of uz_. This
- includes plots of Egqs. (21) and (31).
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