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Understanding the processes governing the dissociation of excitons to free charge carriers in semiconductors
and insulators is of central importance for photovoltaic applications. Dyson’s S-matrix formalism provides
a framework for computing scattering rates between quasiparticle states derived from the same underlying
Hamiltonian, often reducing to familiar Fermi’s “golden rule” like expressions at first order. By presenting
a rigorous formalism for multichannel scattering, we extend this approach to describe scattering between
composite quasiparticles and, in particular, the process of exciton dissociation mediated by the electron-phonon
interaction. Subsequently, we derive rigorous expressions for the exciton dissociation rate, a key quantity of
interest in optoelectronic materials, which enforce correct energy conservation and may be readily used in
ab initio calculations. We apply our formalism to a three-dimensional model system to compare temperature-
dependent exciton rates obtained for different scattering channels.

DOI: 10.1103/PhysRevB.110.054307

I. INTRODUCTION

Ab initio calculations of the properties of quasiparticles
such as electrons, polarons, excitons, trions, biexcitons, and
more have proven to be a powerful means for understanding
and predicting spectroscopic phenomena in molecules and
materials [1–5]. In particular, understanding the dynamics
governing these quasiparticles is crucial in determining their
lifetimes and transport properties [6]. While scattering rates
and cross sections are routinely computed ab initio for a
variety of physical mechanisms (e.g., electron-phonon [6–9],
electron-electron [10], electron-defect [11]), formalisms and
workflows for computing interactions between multiparticle
states are less explored. The dissociation of composite quasi-
particles requires knowledge of potential scattering channels
beyond the “elastic” scattering as described by Fermi’s
“golden rule” (FGR). A representative example is phonon-
driven exciton dissociation, whereby an exciton scatters to a
free electron-hole pair by interaction with phonons.

Excitons are quasiparticles resulting from the attrac-
tive (screened) Coulomb potential experienced by excited
electron-hole pairs [2,12,13]. Exciton formation and disso-
ciation are of central importance for optoelectronic devices
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such as light-emitting diodes and solar cells, and are central
to the efficiency of photochemical reactions [14–21]. Exciton
dissociation to free charge carriers and radiative recombina-
tion can be induced by a strong applied electric field [22,23],
or, in the weak field regime, via exciton-phonon interactions
[20,24–26].

Early theoretical work on exciton-phonon interactions in
optoelectronic materials used model effective Hamiltonians to
understand temperature-dependent band renormalization and
scattering lifetimes between bound exciton states [27–36].
Recently, there have been several attempts to calculate
exciton-phonon interactions from first principles [24,37–42].
One of the earliest schemes was based on renormaliza-
tion and broadening of the band structure before solving
the Bethe-Salpeter equation (BSE) [37], neglecting the scat-
tering between finite-momentum bound exciton states [38].
More recent work derived formal FGR expressions for
exciton-exciton scattering from many-body perturbation the-
ory (MBPT), enforcing the energy, momentum, and spin
conservation [38,39,41–45]. However, since initial and final
states in this process are bound exciton states, this approach
does not describe explicit exciton dissociation. In addition,
previous work on scattering between different quasiparticle
states describes exciton-electron dissociation in semicon-
ductor quantum wells [46] and monolayer transition-metal
dichalcogenides [47,48]. These works assume the existence
of a FGR scattering channel for these processes despite the
fact that the initial and final states correspond to eigenstates
of different reference Hamiltonians.

Until recently [49,50], an ab initio description of phonon-
driven exciton scattering has been restricted to scattering
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between bound exciton states, not exciton dissociation to
free electron-hole pairs. This is usually accounted for within
the MBPT formalism which gives FGR-like expressions for
scattering rates between eigenstates of the same reference
Hamiltonian (i.e., the exciton Hamiltonian). The important
technological process of the dissociation of excitons to free
charge carriers is a case where the initial state (exciton) and
final state (free electron-hole pair) are no longer eigenstates of
the same reference Hamiltonian. The usual FGR expression
for the scattering rate, in principle, is applicable only if the
initial and final states are orthogonal and can be shown to be
eigenstates of the same reference Hamiltonian. The quantum
mechanical description of such multichannel scattering events
lies beyond the realm of single particle scattering theory and
requires the theory of rearrangement collisions [51–57]. In
this paper, we provide a general framework for quasiparticle
scattering, without restriction to elastic scattering, focusing
specifically on exciton dissociation to free electrons and holes
driven by phonons.

Rearrangement collisions have been studied in depth in
the context of nuclear collision events [51,53]. For example,
the scattering of a bound proton by an incident neutron can
result in several scattering events, including nucleon exchange
or ionization, as observed by experiment [53]. These events
are all examples of rearrangement collisions, or scattering be-
tween states of different reference Hamiltonians. Within rear-
rangement collision theory, the scattering between eigenstates
of Hamiltonians in different reduced Hilbert spaces is defined
by an extended S matrix and modified initial and final states
that are both eigenstates of the same unperturbed Hamiltonian
defined in a larger Hilbert space [51,53]. This procedure al-
lows one to treat scattering rigorously with the standard Dyson
S-matrix theory [58] and generate expressions for scattering
rates based on the generalized optical theorem [53].

Here, we apply the theory of rearrangement collisions to
describe exciton scattering processes. We derive modified
expressions for the final free charge carrier state to ensure
that it is an eigenstate of the initial exciton Hamiltonian
and orthogonal to the initial exciton state. This expression
allows us to define a common scattering operator, and to
further derive expressions for the rates of these processes.
The orthogonalization of the final free charge carrier state
with respect to the initial exciton state is a natural procedure
which makes no assumption of the character of the final state.
This procedure is distinct from, but similar in spirit to, the ap-
proach of Ref. [24] which introduces orthogonal plane waves
to describe the “continuum states” thereby avoiding “unphys-
ical overlaps” with the bound exciton states. However, our
orthogonalization procedure is more general and arises as a
consequence of the rearrangement collision theory formalism.
We show that the first Born approximation for the exciton–free
electron-hole pair dissociation process is well defined and
reduces to the expression given in Ref. [50]. We also derive
a modified expression for the exciton dissociation rate based
on the renormalization of the conduction and valence bands.

The paper is organized as follows. In Sec. II, we summarize
the relationship between MBPT and FGR for scattering rates
between exciton states. In Sec. III, we use rearrangement
collision theory to derive an expression for the phonon-driven
exciton dissociation rate. In Sec. IV, we apply our formalism

to calculate dissociation rates as a function of temperature for
a model system, based on the Fröhlich [59] and hydrogenic
exciton [60,61] approximations, and compare our approach
with expressions for exciton-exciton and free electron-hole –
free electron-hole scattering found in the literature. Finally,
we summarize our findings and provide outlook for future
work in Sec. V.

II. REVIEW OF FERMI’S “GOLDEN RULE”
AND SCATTERING BETWEEN EXCITON STATES

The interacting exciton-phonon Hamiltonian can be
written as

H = H IP
0 + Veh + Hph + Vep, (1)

where H IP
0 is the independent electron-hole pair Hamiltonian,

Veh is the electron-hole interaction, Hph describes the lattice
dynamics of the solid, and Vep is the electron-phonon in-
teraction. The electron-hole interaction, Veh, consists of an
attractive direct term and a repulsive exchange term [13].
The attractive direct interaction is the frequency dependent,
screened Coulomb interaction and is responsible for the for-
mation of bound excited states. The repulsive exchange term
is responsible for the exciton singlet-triplet splitting [13]. As
the electron-phonon interaction does not couple to the spin
degrees of freedom, it is spin diagonal and will therefore
not act to induce transitions between different exciton spin
states. Therefore, in what follows, we suppress spin indices
associated with excitonic or free electron-hole states.

The exciton Hamiltonian is given by the sum of the
independent electron-hole contribution and the electron-
hole interaction in Eq. (1), Hex = H IP

0 + Veh. Written in the
electron-hole basis, within the quasiboson and Tamm-Dancoff
approximations (TDA), the clamped-ion BSE for a solid is
given in reciprocal space by [13,62]

(εck+Q − εvk )ASQ
vck

+
∑
v′c′k′

〈vckQ|Veh|v′c′k′Q〉ASQ
v′c′k′ = �SQASQ

vck, (2)

where εck+Q − εvk are the eigenvalues of H IP
0 and correspond

to the conduction (c) and valence (v) band single-particle
electronic states, respectively. We employ the TDA for sim-
plicity, although our derivation may be readily extended
beyond this approximation. The exciton eigenvalues are given
by �SQ, with ASQ

vck corresponding to the coefficients of the
exciton wave function with principle quantum number S and
center-of-mass momentum Q, as written in the free electron-
hole basis [62]:

�SQ(re, rh) =
∑
vck

ASQ
vckψck+Q(re)ψ∗

vk(rh), (3)

where ψnk(r) = eik·runk(r) denotes the single-particle
Bloch state and re/rh denote the electron/hole co-
ordinates, respectively. The exciton Bloch state in
real space is given by �SQ(re, rh) = 〈rerh|SQ〉, with
ψck+Q(re)ψ∗

vk(rh) = 〈rerh|vckQ〉. Within the harmonic and
adiabatic approximations, Hph can be written in second
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quantization as [3]

Hph =
∑
qν

ωqνa†
qνaqν, (4)

where ωqν are the normal mode frequencies of the solid and
a†

qν/aqν are the creation/annihilation operators corresponding
to a phonon of wave vector q and branch ν [63].

In the limit of a linear coupling, the first-order electron-
phonon interaction can be written in the exciton basis as [38]

Vep =
∑
S′SQ

qν

GS′Sν (Q, q)AqνO†
S′Q+qOSQ, (5)

where Aqν = aqν + a†
−qν is the phonon displacement operator

and O†
SQ/OSQ are the creation/annihilation operators for ex-

citons in the Bloch state |SQ〉. The matrix element is given by
GS′Sν (Q, q) = 〈S′Q + q|gqν |SQ〉 [38] and is explicitly writ-
ten in the free electron-hole basis as [38,39,41,64]

GS′Sν (Q, q) =
∑
vcc′k

(
AS′Q+q

vck

)∗
ASQ

vc′kgcc′ν (k + Q, q)

−
∑
vv′ck

(
AS′Q+q

vck

)∗
ASQ

v′ck+qgv′vν (k, q), (6)

where gmn,ν (k, q) = 〈mk + q|gqν |nk〉 is the electron-phonon
matrix element [3]. The phonon modes and frequencies are
usually obtained from density functional perturbation theory
(DFPT) by construction and subsequent diagonalization of
the dynamical matrix [3,65,66]. The electron-phonon matrix
elements may also be obtained from DFPT by computing the
change in the self-consistent potential due to the phonon mode
displacement [3,6,38,66].

Phonon-driven exciton-exciton scattering

To describe scattering between different exciton states we
must first define the reference Hamiltonian, the initial and
final exciton eigenstates, and the perturbation which induces
the scattering between these states. Here, we focus on the
physical single-phonon emission and absorption scattering
channels, whereby an exciton spontaneously emits/absorbs
a phonon and is scattered into a different final exciton state.
In the following, the wave-vector and spin dependence of all
quantities will be omitted and atomic units used throughout
for notational clarity. All expressions below can be general-
ized by reintroducing the wave vectors under conservation of
crystal momentum.

To describe exciton-exciton scattering, the Hamiltonian in
Eq. (1) is partitioned as follows:

H0 = Hph + H IP
0 + Veh (7a)

and

V0 = Vep, (7b)

where H0 is the reference Hamiltonian and V0 is the perturba-
tion that induces scattering. The eigenstates of the reference
Hamiltonian, H0, are exciton-phonon product states

H0|S, nν〉 = ES,ν
i |S, nν〉 (8)

with energies

ES,ν
i = �S + nνων, (9)

where nν denotes the number of phonons in mode ν. The
initial state is given by the product state of excitons in a bath of
phonons of mode, ν. The final exciton state after emission of
a phonon is an eigenstate of the same reference Hamiltonian,
but with eigenvalue ES′,ν

f = �S′ + (nν + 1)ων . The S matrix
for this process is written as

S f ,i = 〈ψ−
f |ψ+

i 〉 (10)

where |ψ±
i/ f 〉 are the initial/final scattering-state wave

functions based on the exciton-phonon product states
and constructed from the following Lippmann-Schwinger
equations [67]:

|ψ±
i 〉 = |S, nν〉 + G±(

ES,ν
i

)
Vep|S, nν〉 (11a)

and

|ψ±
f 〉 = |S′, nν + 1〉 + G±(

ES′,ν
f

)
Vep|S′, nν + 1〉, (11b)

with G±(E ) = (E − H ± iη)−1, where H is the full
Hamiltonian defined in Eq. (1). Importantly, the S matrix must
be unitary as it contains the transformation between complete
orthonormal sets [68]. The S matrix represents the probability
amplitude associated with the process of finding the system
in a final state induced by a perturbation on the initial state.
Equations (11a) and (11b) are geometric Dyson series for the
initial and final scattered states that include the effects of the
full perturbation Vep to infinite order. As a result, the initial and
final scattered states contain superpositions of states involving
multiple virtual excitations of the phonon quanta and exciton
states. We restrict our analysis to the physical process of
single-phonon emission/absorption due to the separability of
the different physical scattering processes that occur. How-
ever, the formalism presented here may in principle also be
extended to treat multiple-phonon scattering processes.

From Eqs. (11a) and (11b), the S matrix for the process
may be rewritten as

S f ,i = 〈S′, nν + 1|S (Vep)|S, nν〉, (12)

where S (Vep) is the scattering operator (in the interaction
picture)

S (Vep) = T
[

exp

(
−i

∫ ∞

−∞
dt Vep(t )

)]
, (13)

and T is the time-ordering operator. Expansion of the S matrix
in Eq. (12), within the Born approximation (see Appendix A),
gives the exciton-exciton scattering rate (for the emission
pathway):

γ em
S =

∣∣∣∣∣2π
∑
S′ν

δ(�S − �S′ − ων ) |GS′Sν |2
∣∣∣∣∣, (14)

where we have introduced the exciton-phonon matrix ele-
ment as GS′Sν = 〈S′|gν |S〉, with gν = 〈nν + 1|Vep|nν〉. This is
the expected FGR expression for scattering between exci-
ton states of the same reference Hamiltonian via interaction
with phonons. The scattering time is therefore τS = γ −1

S . The
inverse lifetime derived here from the Lippmann-Schwinger
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scattering formalism is identical to twice the imaginary part
of the first-order Fan-Migdal (FM) exciton-exciton-phonon
self-energy (denoted FMd) for phonon emission [38], namely,


FMd
SS (�S ) =

∑
S′ν

|GS′Sν |2
�S − �S′ − ων + iη

. (15)

Reinserting the wave-vector dependence of all quantities and
focusing only on zero momentum excitons, whose crystal
momentum we denote by �, leads to the expression for the
exciton emission scattering rate (xxFMd) as

γ em
xxFMd =

∣∣∣∣∣∣2π
∑
S′qν

δ(�S − �S′q − ωqν )
∣∣GS′Sν (�, q)

∣∣2

∣∣∣∣∣∣. (16)

One may perform a similar analysis for the absorption scat-
tering pathway whereby an exciton absorbs a phonon and is
scattered into another exciton state, yielding

γ abs
xxFMd =

∣∣∣∣∣∣2π
∑
S′qν

δ(�S − �S′q + ωqν ) |GS′Sν (�, q)|2
∣∣∣∣∣∣. (17)

Including the temperature dependence introduces the relevant
Bose-Einstein occupation factors and results in an expres-
sion identical with that derived from the finite temperature
Matsubara formalism [38–40].

We may perform the same analysis for the free electron-
hole to free electron-hole scattering channel (Veh = 0) by
partitioning the Hamiltonian into a free electron-hole-phonon
reference and an electron-phonon perturbation. In this case,
the eigenstates of the reference Hamiltonian are now the free
electron-hole-pair-phonon product states |vc, nν〉, with eigen-
values E vc,ν = (εc − εv ) + nνων . Focusing on the single-
phonon emission channel and following the same steps as
defined previously for scattering between bound exciton states
(see Appendix A), we can directly write the FGR inverse
lifetime as

γ em
vc =

∣∣∣∣∣∣2π
∑
v′c′,ν

δ[(εc − εv ) − (εc′ − εv′ ) − ων]|Gv′c′,vc,ν |2
∣∣∣∣∣∣,

(18)

where we have taken the first Born approximation and defined
the electron-hole-phonon vertex as Gv′c′,vc,ν = 〈v′c′|gν |vc〉.
The electron-hole-phonon vertex can be expanded in terms
of the electron and hole phonon vertices as Gv′c′,vc,ν =
gc′cνδv′v − gvv′νδc′c [69]. Inserting this relation into Eq. (18)
while rotating into the exciton basis [37] and reintroducing
the wave-vector dependence of all quantities yields

γ em
UE = 2π

∑
vcc1νkq

∣∣AS
vckgcc1ν (k, q)

∣∣2
δ(εck − εc1k+q − ωqν )

+ 2π
∑

vcv1νkq

∣∣AS
vckgv1vν (k, q)

∣∣2
δ(εv1k+q − εvk − ωqν ),

(19)

where we have neglected the cross terms, which is expected
to be an excellent approximation. Interestingly, as noted in
Ref. [38], this expression yields a nonzero lifetime of the ex-
citon state at zero temperature, the consequences of which are

explored in Sec. IV. We shall refer to this lifetime expression
as the uncorrelated exciton (UE) approximation, in line with
the nomenclature of Ref. [38].

The above expression, derived separately in Refs. [37,38],
is equivalent to twice the imaginary part of the diagonal
independent electron-hole-pair-phonon self-energy (IEHPP)
evaluated at the noninteracting electron-hole pair energy,
εck − εvk [38]. The uncorrelated exciton-self-energy is written
as [38]


UE
SS (εc − εv ) =

∑
vc

∣∣AS
vc

∣∣2[
�FM

cc (εc) − �FM
vv (εv )

]
, (20)

where �FM
cc (ω) and �FM

vv (ω) are the usual Fan-Migdal
electron-phonon self-energies for the conduction and va-
lence bands [3,38]. An analogous expression can also be
derived for the phonon absorption pathway by modify-
ing the delta functions above and will be discussed in
Sec. IV. Equation (19) results from a picture of the exci-
ton scattering rate originating solely from the broadening of
the underlying single-particle states via the electron-phonon
interaction [37,38].

III. REARRANGEMENT COLLISION THEORY
FOR EXCITON DISSOCIATION IN SOLIDS

Below, we first outline the partitionings of the Hamiltonian
in Eq. (1), and then we introduce our modified initial and final
states, using rearrangement collision theory, to derive exciton
to free charge carrier dissociation rates.

A. Partitioning the exciton-phonon Hamiltonian

We start with the same partitioning as in Eq. (7), and
the initial scattering-state wave function is given by |ψ+

1i 〉 =
|S, nν〉 + G+(ES,ν

i )Vep|S, nν〉, with scattering potential, Vep.
We want to describe the process of exciton scattering to a
final state corresponding to a free electron-hole pair. The final
state is now an eigenstate of a different reference Hamiltonian
corresponding to the following partitioning:

H (0)
f = Hph + H IP

0 , (21a)

with ostensibly

Vf = Veh + Vep, (21b)

mediating the scattering. Here, the electron-hole interaction
enters via the final scattering operator, Vf . The Lippmann-
Schwinger scattered final state is given by

|ψ−
2 f 〉 = |vc, nν + 1〉 + G−(

E vc,ν
f

)
Vf |vc, nν + 1〉. (22)

The extended S matrix for a rearrangement collision process
is defined in the usual way, but allowing for the differ-
ent scattering channels [53], S2 f ,1i = 〈ψ−

2 f |ψ+
1i 〉, where the

indices 2/1 indicate the different Hamiltonian partitionings
defining the different scattering channels. In regular S-matrix
theory, the S matrix is defined as in Eq. (10) with a sin-
gle interaction common to both scattering channels. This
means that no ambiguity arises when expanding the S matrix
and taking the Born approximation. However, the extended
S matrix must also obey the constraint of unitarity, as it
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represents the probability amplitude for a collision occur-
ring in channel 1 to be produced in channel 2. A naive
expansion of a general matrix element of the extended S
matrix according to the conventional S-matrix theory would
give [53,68]

S2 f ,1i = −2π iδ
(
E vc,ν

f − ES,ν
i

)〈vc, n′
ν |Vep + Veh|ψ+

1i 〉
= −2π iδ

(
E vc,ν

f − ES,ν
i

)〈ψ+
2 f |Vep|S, nν〉, (23)

where the first equality stems from evolving the initial state
and projecting onto the final state while the second equality
is obtained by evolving the final state and then projecting
onto the initial state. This definition of the S matrix is neither
unitary nor unique, and upon application of the Born approx-
imation would give rise to the following ambiguity:

〈vc, n′
ν |Vep + Veh|S, nν〉 �= 〈vc, n′

ν |Vep|S, nν〉. (24)

This is known as the “prior-post” discrepancy issue
[51–57,68] and arises due to the fact that the S matrix for
this process is not well defined. We address this problem by
extending the FGR treatment to rearrangement collisions.

B. Modifying initial and final states
and the generalized optical theorem

From Eqs. (11a) and (22), we see that the common
scattering operator between all channels is given by the
electron-phonon interaction Vep, while the electron-hole in-
teraction Veh prevents us from defining a common scattering
operator connecting initial and final states. Following the
standard rearrangement collision theory strategy (as shown in
Ref. [53]), we modify the free electron-hole state such that
it is defined with respect to the same initial partitioning and
scattering operator.

From Eq. (7), we may write the Green’s function as a
Dyson series [52,53,55]:

G±(E ) = G±
0 (E ) + G±(E )VepG±

0 (E ), (25)

where G±
0 (E ) = (E − H0 ± iη)−1 is the reference Green’s

function corresponding to the reference Hamiltonian in
Eq. (7). Using Eq. (25), we write the final state of Eq. (22)
as

|ψ−
2 f 〉 = |χ−

2 f 〉 + G−(
E vc,ν

f

)
Vep|χ−

2 f 〉, (26)

where we have defined the renormalized electron-hole state as
(see Appendix B for details)

|χ−
2 f 〉 = |vc, nν + 1〉 + G−

0

(
E vc,ν

f

)
Veh|vc, nν + 1〉. (27)

The electron-hole interaction has thus been absorbed into the
renormalized state |χ−

2 f 〉, which is now an eigenstate of the
same initial reference Hamiltonian, H0. One may think of
this state as an orthogonalized free electron-hole pair (or-
thogonalized with respect to the bound exciton states), a
more rigorous alternative to the orthogonal plane waves in-
troduced in Ref. [24] to describe the continuum states, since
our procedure results from an exact treatment of the quantum
mechanical scattering. With this modified state, we may ex-
press the final scattered state to be evolved from the common
Vep interaction as [53]

|ψ−
2 f 〉 = U (Vep; 0,∞)|χ−

2 f 〉. (28)

This relation allows us to write the expression for the general-
ized S matrix above as

S2 f ,1i = 〈χ−
2 f |U (Vep; ∞, 0)U (Vep; 0,−∞)|S, nν〉

= 〈χ−
2 f |S (Vep)|S, nν〉, (29)

where we have used the relation S (Vep) =
U (Vep; ∞, 0)U (Vep; 0,−∞).

Now that we have a well-defined S matrix in terms of the
electron-phonon interaction, we may simplify the expression
further to give (see Appendix C for details)

S2 f ,1i = −2π i δ
(
E vc,ν

f − ES,ν
i

)〈χ−
2 f |Vep|ψ+

1i 〉. (30)

From the identity that the rate of transition from the initial ex-
citon state to the final renormalized electron-hole pair, w2 f ,1i,
is given by [56,57,67]

w2 f ,1i = ∂

∂t
|〈χ−

2 f |U (Vep; t,−∞)|S, nν〉|2, (31)

it may be shown [53,67] that this rate reduces to (Appendix D)

γS = 2π

∣∣∣∑
vcν

δ
(
E vc,ν

f − ES,ν
i

) |〈χ−
2 f |Vep|ψ+

1i 〉|2
∣∣∣, (32)

where we have identified the exciton dissociation rate as equal
to the sum over all final states of the rate of transition from
an exciton state to the final free electron-hole pair states,
| ∑2 f w2 f ,1i| ≡ γS [70,71].

C. Phonon-driven exciton dissociation

Equation (32) contains the exact scattered states |ψ+
1i 〉 and

|χ−
2 f 〉 which enter via the inner product 〈χ−

2 f |Vep|ψ+
1i 〉. To

generate an approximate expression to first order for the scat-
tering rate, we employ the first Born approximation for this
matrix element, which may be expanded using the modified
Lippmann-Schwinger equation for the final state:

〈χ−
2 f |Vep|ψ+

1i 〉 = 〈vc, nν + 1|Vep|ψ+
1i 〉

+ 〈vc, nν + 1|VehG+
0

(
E vc,ν

f

)
Vep|ψ+

1i 〉, (33)

where we have used the definition 〈χ−
2 f | = 〈vc, nν + 1| +

〈vc, nν + 1|VehG+
0 (E vc,ν

f ). From the energy conservation con-

dition above [Eq. (30)], we replace E vc,ν
f with ES,ν

i , and using
the definition of |ψ+

1i 〉, we rearrange Eq. (33) as

〈χ−
2 f |Vep|ψ+

1i 〉 = 〈vc, nν + 1|Vep + Veh|ψ+
1i 〉

− 〈vc, nν + 1|Veh|S, nν〉. (34)

Taking the first Born approximation, |ψ+
1i 〉 ≈ |S, nν〉, we get

〈χ−
2 f |Vep|ψ+

1i 〉 ≈ 〈vc, nν + 1|Vep|S, nν〉. (35)

Remarkably, here we see that the correct first Born approx-
imate expression for the scattering rate only includes the
electron-phonon interaction. Identifying the electron-phonon
coupling vertex, gν (as in Sec. II A), the initial and final
energies, we find the expression for the rate (within the Born
approximation), namely,

γ em
S = 2π

∣∣∣∣∣
∑
vcν

δ(�S − (εc − εv ) − ων ) |〈vc|gν |S〉|2
∣∣∣∣∣. (36)
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This expression is the correct Born approximation for the
exciton dissociation rate and here we have fully justified
its use, avoiding the prior-post discrepancy issue outlined in
Sec. III A. The scattering matrix element within the Born

approximation contains different contributions, which can be
seen by resolving the identity of exciton states, 〈vc|gν |S〉 =∑

v2c2
AS

v2c2
[gcc2νδvv2 − gv2vνδcc2 ], and expanding the square

modulus:

γ em
S =

∣∣∣∣∣∣ 2π
∑

vc,c′c1ν

AS∗
vc gcc1νg∗

c′c1ν
AS

vc′δ(�S − (εc1 − εv ) − ων ) + 2π
∑

vc,v′v1ν

AS∗
vc gv1vνg∗

v1v′νAS
v′cδ(�S − (εc − εv1 ) − ων )

−2π
∑

vc,v′c′,ν

AS∗
vc gcc′νg∗

vv′νAS
v′c′

[
δ(�S − (εc − εv′ ) − ων ) + δ(�S − (εc′ − εv ) − ων )

]
∣∣∣∣∣∣. (37)

These terms can be represented by the Feynman diagrams
displayed in Fig. 1. Similar steps can be applied for the
absorption channel to obtain γ abs

S = 2π | ∑vcν δ[�S − (εc −
εv ) + ων] |〈vc|gν |S〉|2|.

The first two terms of Eq. (37) originate from the FM
electron-phonon self-energy expressed in the exciton basis.
Within the weak coupling regime, we refer to electron and
hole polarons as the quasiparticle solutions of the FM self-
energy [70]. The imaginary parts of the electron-phonon and
hole-phonon FM self-energy in the free electron-hole basis (at
zero temperature) are given by [3,38,70]

Im�FM
cc′ (ω)δvv′ = π

∑
c1ν

gcc1νg∗
c′c1ν

δvv′δ(ω − εc1 − ων ) (38a)

and

Im�FM
vv′ (ω)δcc′ = π

∑
v1ν

gv′v1νg∗
vv1ν

δcc′δ(ω − εv1 + ων ). (38b)

Transforming these quantities to the exciton basis and taking
their linear combination, we can relate the lifetime of the
electron- and hole-polaron states due to the electron-phonon
and hole-phonon interactions (for the emission channel)
as

γ em
ehFMd = 2

∣∣∣∣∣∣
∑

vc,v′c′
AS∗

vc Im�FM
cc′ (�S + εv )δvv′AS

v′c′

+
∑

vc,v′c′
AS∗

vc Im�FM
vv′ (−(�S − εc))δcc′AS

v′c′

∣∣∣∣∣∣. (39)

We have introduced the notation ehFMd to indicate this
dissociation pathway. Therefore, the expression for the in-
verse lifetime for exciton scattering to free electron-hole pairs
becomes

γ em
S =

∣∣∣∣∣∣γ
em
ehFMd − 2π

∑
vc,v′c′ν

AS∗
vc gcc′νg∗

vv′νAS
v′c′

[
δ(�S − (εc − εv′ ) − ων ) + δ(�S − (εc′ − εv ) − ων )

]
∣∣∣∣∣∣. (40)

From this expression we may identify two approximate regimes. First, if we assume that the polaron renormalization introduced
by the Fan-Migdal self-energy results in (infinitely) long lived electron/hole-polaron quasiparticle states, we may simplify
the exciton-phonon inverse lifetime in Eq. (40) by neglecting the imaginary part of the FM self-energy. This would give the
expression

γ em
xeh = 2π

∣∣∣∣∣∣
∑

vc,v′c′,ν

AS∗
vc gcc′νg∗

vv′νAS
v′c′

[
δ(�S − (εc − εv′ ) − ων ) + δ(�S − (εc′ − εv ) − ων )

]
∣∣∣∣∣∣, (41)

FIG. 1. Diagrams for the exciton dissociation rate within the first
Born approximation. The first two diagrams correspond to the Fan-
Migdal self-energy, while the last two diagrams are referred to as
phonon exchange diagrams.

where the notation “xeh” indicates the explicit rate of exciton
dissociation to free electron-hole pairs. In this picture, the
phonon exchange timescale is much faster than the individual
electron and hole scattering lifetimes. Second, we may also
make the approximation in which we neglect the phonon
exchange term such that the correlated motion of the electron
and hole is not influenced by the phonon field. This corre-
sponds to a picture where the electron and hole scattering
lifetimes are much faster than the phonon exchange timescale.
This results in a modified form of the lifetime expression for
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TABLE I. Summary of the different scattering channels presented in this paper, their associated exciton-phonon self-energy kernels, and
physical interpretation. xxFMd indicates the exciton-exciton scattering rate; xeh stands for the explicit exciton dissociation rate; ehFMd is the
dissociation rate due to the broadening of the uncorrelated electron and hole states; and UE is the uncorrelated exciton approximation where
the exciton is treated as an independent electron-hole pair.

Scattering Ab initio scattering rate (phonon absorption) Self-energy kernel Physical interpretation

xxFMd
[Eq. (16)]

2π
∑

S′ν |GS′Sν |2NB(ων )δ(�S − �S′ + ων ) 
FMd
SS (�S )[Eq. (15)] Scattering between

exciton states
xeh [Eq. (51)] 2π

∑
vc

v′c′ν
AS∗

vc gcc′νg∗
vv′νAS

v′c′ NB(ων )δ(�S − (εc − εv′ ) + ων )+
2π

∑
vc

v′c′ν
AS∗

vc gcc′νg∗
vv′νAS

v′c′ NB(ων )δ(�S − (εc′ − εv ) + ων )

Kph
SS (�S ) [Eq. (50)] Dissociation of a bound

exciton to continuum
electron-hole states

ehFMd
[Eq. (43)]

2π
∑

vcc′ν
∣∣AS

vcgcc′ν
∣∣2

NB(ων )δ(�S − (εc′ − εv ) + ων )+
2π

∑
vcv′ν

∣∣AS
vcgv′vν

∣∣2
NB(ων )δ(�S − (εc − εv′ ) + ων )


UE
SS (�S )[Eq. (44)] Uncorrelated dissociation

to continuum
electron-hole pairs

UE[Eq. (19)] 2π
∑

vcc′ν
∣∣AS

vcgcc′ν
∣∣2

NB(ων )δ(εc − εc′ + ων )+
2π

∑
vcv′ν

∣∣AS
vcgvv′ν

∣∣2
NB(ων )δ(εv′ − εv + ων )


UE
SS (εc − εv ) [Eq. (20)] Scattering between

uncorrelated electron-hole
pairs

the independent electron-hole pair from Sec. II A:

γ em
ehFMd = 2

∣∣∣∣
∑
vcc′

AS∗
vc Im�FM

cc′ (�S + εv )AS
vc′

+
∑
vcv′

AS∗
vc Im�FM

vv′ (−(�S − εc))AS
v′c

∣∣∣∣. (42)

Furthermore, by taking a diagonal approximation, we can
write the scattering rate as

γ em
ehFMd =

∣∣∣∣ 2π
∑
vcc1ν

∣∣AS
vcgcc1ν

∣∣2
δ(�S − (εc1 − εv ) − ων )

+ 2π
∑
vcv1ν

∣∣AS
vcgv1vν

∣∣2
δ(�S − (εc − εv1 ) − ων )

∣∣∣∣,
(43)

a modified form of the lifetime obtained from the IEHPP
self-energy evaluated at the exciton energy as opposed to the
independent electron-hole pair energy. The self-energy corre-
sponding to the uncorrelated exciton dissociation rate may be
explicitly written as


UE
SS (�S ) =

∑
vc

∣∣AS
vc

∣∣2[
�FM

cc (�S + εv ) − �FM
vv (−(�S − εc))

]
.

(44)

In the noninteracting limit where �S ≈ εc − εv , Eq. (44) re-
duces to the UE approximation of Eq. (20). In Sec. III D we
will show how Eq. (41) naturally emerges from a different
partitioning of the Hamiltonian and represents the explicit
exciton dissociation lifetime.

To the best of our knowledge, Eqs. (41) and (43) have
not been reported thus far. In particular, Eq. (43) describes
the scenario in which phonons strongly alter the character
of the excited electron or hole states. Previous work by Stri-
nati on the broadening of excitons due to the electron-hole
Coulomb interaction identified similar contributions resulting
from either the exciton or underlying band structure [72]. The
scattering rates derived thus far are summarized in Table I.

D. Exciton-polaron to free electron-hole-polaron pair scattering

Following the derivation for the dissociation rate of ex-
citons to free electron-hole pairs, it is possible to extend
this analysis further to exciton-polaron dissociation into
free electron-hole-polaron pairs. In this case, the reference
Hamiltonians are all Hermitian, with real eigenvalues and
orthogonal eigenstates. In the description of exciton polarons,
the effect of the electron-phonon interaction is explicitly in-
cluded in the independent electron-hole pair Hamiltonian,
H IP

0 . This corresponds to the picture of polaronic band
renormalization [3,73], which can be seen by writing the
electron-phonon interaction in the free electron-hole pair ba-
sis, Ṽep, as

Ṽep = Velp + Vhp + Vel−hp (45)

where Velp represents the “electron”-phonon interaction, Vhp

represents the “hole”-phonon interaction, and Vel−hp repre-
sents the combined “electron-hole”-phonon interaction. Here,
one may think of the electron-phonon and hole-phonon in-
teractions as resulting in the polaronic renormalization of
the electronic bands [3,73,74] that is now absorbed by H IP

0 .
The combined electron-hole-phonon interaction represents
the coupled electron and hole motion due to the phonon field.
Therefore, we define the initial exciton state to be constructed
from the renormalized polaron bands (forming an exciton
polaron) and write the initial partitioning as

H0 = Hph + H̃ IP
0 + Veh, (46a)

with the scattering potential

V0 = Vel−hp. (46b)

Here, H̃ IP
0 = H IP

0 + Velp + Vhp explicitly includes the ef-
fects of polaronic band renormalization on the single-particle
electronic states. The exciton-polaron eigenstate and energy
solutions are given by |S̃〉 and �̃S , respectively. Our final state
will correspond to the free electron-hole-polaron state arising
from the partitioning

Hf = Hph + H̃ IP
0 (47a)
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and

Vf = Vel−hp + Veh, (47b)

with eigenstate and energy solutions, |ṽc〉 and (ε̃c − ε̃v ), re-
spectively. Following exactly the same arguments as those
outlined in Sec. III C, the electron-hole interaction may
be absorbed into the modified final state. The resulting
first Born approximation for the rate of exciton-polaron
dissociation to free electron-hole-polaron pairs via phonon
absorption/emission is written as

γS = 2π

∣∣∣∣
∑
vcν

δ(�̃S − (ε̃c − ε̃v ) ± ων ) |〈ṽc|V el−hp
ν |S̃〉|2

∣∣∣∣,
(48)

where V el−hp
ν = 〈nν + 1|Vel−hp|nν〉. Equation (48) contains the

explicit phonon-driven dissociation rate of an exciton polaron
into its composite electron-hole-polaron pair.

At this point, we can exactly recover the expression in
Ref. [50] for the exciton dissociation lifetime by neglect-
ing the effects of the polaronic renormalization of the band
structure due to the electron-phonon and hole-phonon interac-
tions. Depending on the nature of the interference between
the electron and hole polarons, their renormalized effects
may cancel each other out within this regime. As a first
approximation, previous work partially neglects the effects
of this band renormalization entirely [29,49,50]. Taking this
approximation here, the expression for the scattering rate
becomes

γS = 2π

∣∣∣∣
∑
vcν

δ(�S − (εc − εv ) ± ων ) |〈vc|V el−hp
ν |S〉|2

∣∣∣∣,
(49)

where the wave functions and energies are replaced by the
exciton and free electron-hole counterparts. Expanding the
electron-hole-phonon interaction, V el-hp

ν , within the first Born
approximation gives twice the imaginary part of the first-order
phonon exchange term (named Kph

SS in Refs. [49,50]) in the
exciton basis evaluated at the exciton energy, namely,

Kph
SS (�S ) = −

∑
vc,v′c′ν

AS∗
vc gcc′νg∗

vv′νAS
v′c′

[
1

�S − (εc − εv′ ) − ων + iη
+ 1

�S − (εc′ − εv ) − ων + iη

]
. (50)

This is exactly the expression obtained in Sec. III C by ignoring the effects of the Fan-Migdal renormalization of the band
structure [Eq. (41)], i.e., assuming single-particle electron and hole states of infinite lifetime. Reinserting the wave-vector
dependence of all quantities, we obtain

γxeh = 2π

∣∣∣∣∣∣∣
∑
vck

v′c′k′ν

AS∗
vckgcc′ν (k′, q)g∗

vv′ν (k′, q)AS
v′c′k′

[
δ(�S − (εck − εv′k′ ) − ωqν ) + δ(�S − (εc′k′ − εvk ) − ωqν )

]
∣∣∣∣∣∣∣
, (51)

where k = k′ + q due to conservation of crystal momentum.
The expression for phonon absorption is trivially found by
flipping the sign of the phonon frequency above. From this
expression, we can identify the lifetime of exciton disso-
ciation to free electron-hole pairs as due to the combined
“electron-hole”-phonon interaction corresponding to the first-
order exchange diagrams (Fig. 1), which are responsible for
the correlated motion of the electron and hole in the pres-
ence of the phonon field [49,50]. This derivation demonstrates
that the dissociation rate of an exciton polaron to a free
electron-hole-polaron pair (the physical process that occurs
in real materials) must result from the phonon exchange term
where the single-particle broadenings are neglected. There-
fore, Eq. (51) represents the explicit phonon-driven exciton
dissociation lifetime.

One may include the temperature dependence of all scat-
tering lifetimes derived via the Bose-Einstein occupation
factors for the phonons, since excitation energies are much
larger than the phonon frequencies [38,41,50]. The emission
channel acquires the term NB(ωqν ) + 1, while the absorption
term acquires NB(ωqν ), where NB(ωqν ) = (eβωqν − 1)−1 is the
Bose-Einstein occupation factor and β = 1

kBT is the inverse
temperature.

IV. APPLICATION TO A MODEL SYSTEM

We demonstrate the applicability of our formalism by cal-
culating the exciton dissociation rate for a model system based
on the hydrogenic model for excitons and Fröhlich model for
electron-phonon interactions in the same spirit as Ref. [49].
This general model for exciton scattering rates is based on
several characteristic material parameters such as the longi-
tudinal optical (LO) phonon frequency, ωLO, and the exciton
binding energy, EB.

A. Hydrogenic excitons, Fröhlich interaction,
and model expressions

Excitons in many three-dimensional polar semiconductors
can be modeled accurately within the hydrogenic (Wannier-
Mott) approximation [49,50], whereby the lowest energy (1s)
state leads to the following analytic expression for the exciton

coefficients Ak = (2a0 )
3
2

π
· 1

(1+a2
0|k|2 )2 , where a0 =

√
1

2EBμ
is the

exciton Bohr radius, with EB = Eg − �1s the exciton binding
energy for the 1s state and μ = memh

me+mh
the exciton reduced

mass, and where me is the conduction band effective mass and
mh the valence band effective mass.
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The Fröhlich interaction is a result of the coupling between
the LO phonon mode and the electronic degrees of freedom
[59], with the expression for the real space operator given

by gF
q (r) = i

|q|
√

2πωLO
NV ( 1

ε∞
− 1

ε0
)eiq·r [49,50,59], where V is

the unit cell volume, N is the number of unit cells, ε∞/0 are
the high/low frequency dielectric constants, and ωLO is the
frequency of the dispersionless LO phonon responsible for the
Fröhlich interaction.

Assuming parabolic conduction and valence bands and
explicitly extending our results to finite temperature, we can
write model expressions for the scattering rates of the 1s
exciton state for the different scattering channels derived.
The exciton dissociation rate [Eq. (51)] may be simplified
by noting that the energy conservation enforced by the delta
functions is satisfied only if ωLO > EB for our model system
[50]. Additionally, the exciton scattering rate at zero tem-
perature for the 1s state will be exactly zero as the exciton
cannot scatter into a lower energy state via phonon emission
(unless via an indirect band gap pathway, not discussed here).
The only nonzero contribution to the exciton dissociation rate
will result from the phonon absorption scattering channel,
namely,

γxeh(T ) = 2π
∑
kq

A∗
k+q

∣∣gF
q

∣∣2
AkNB(ωLO)

×
[
δ

(
EB + |k + q|2

2me
+ |k|2

2mh
− ωLO

)

+ δ

(
EB + |k|2

2me
+ |k + q|2

2mh
− ωLO

)]
, (52)

where NB(ωLO) = (eβωLO − 1)−1 is the Bose-Einstein occupa-
tion factor for the LO mode.

The model expression for the approximate scattering chan-
nel where the phonon exchange term is neglected and exciton
dissociation is based on a single-particle broadening as in
Eq. (43) gives

γehFMd(T ) = 2π
∑
kq

|Ak|2
∣∣gF

q

∣∣2
NB(ωLO)

×
[
δ

(
EB + |k + q|2

2me
+ |k|2

2mh
− ωLO

)

+ δ

(
EB + |k|2

2me
+ |k + q|2

2mh
− ωLO

)]
. (53)

The related uncorrelated exciton approximation, derived in
Eq. (19), takes the form

γUE(T ) = 2π
∑
kq±

|Ak|2
∣∣gF

q

∣∣2
(

NB(ωLO) + 1

2
± 1

2

)

×
[
δ

( |k|2
2me

− |k + q|2
2me

∓ ωLO

)

+ δ

( |k|2
2mh

− |k + q|2
2mh

∓ ωLO

)]
, (54)

where the ± notation indicates the sum over both emission and
absorption channels. We include both absorption and emission
channels as the UE approximation does not account for the

exciton binding energy, meaning that the energy conservation
condition for the emission channel is also satisfied at all
temperatures. As a result, this expression clearly implies a
nonzero rate at zero temperature.

The phonon mediated exciton-exciton scattering rate for
this model system may be derived by making the further
parabolic approximation for the exciton bands. The emission
linewidth will be exactly zero at zero temperature as the low-
est exciton state cannot scatter into a lower energy exciton
state via phonon emission. Therefore, the only contribution to
the scattering rate will be as a result of the phonon absorption
term. Including the temperature dependence of the absorption
channel gives the model expression

γxxFMd(T ) = 2π
∑

q

|GSS (�, q)|2NB(ωLO)δ

( |q|2
2M

− ωLO

)

+ 2π

N∑
S′=2

∑
q

|GS′S (�, q)|2NB(ωLO)

× δ

([
1 − 1

S′2

]
EB + |q|2

2M
− ωLO

)
, (55)

where M = me + mh is the exciton mass and N is the number
of exciton bands included in the calculation. The exciton-
phonon matrix element for our model system is given by the
expression [40]

GS′S (�, q) =
∑

k

(
AS′∗

k+αeq − AS′∗
k+q−αeq

)
gF

q AS
k, (56)

where αe = me
M is the weight of the electron coordinate rela-

tive to the center of mass of the exciton [27,28,75]. For the
exciton-exciton scattering, we restrict ourselves to scattering
between the 1s, 2s, 2p, and 3s exciton states in this paper, to
limit computational effort.

B. Results and discussion

Numerical evaluation of the lifetimes for our model system
introduced in Sec. IV A requires the knowledge of several
material parameters such as the LO phonon frequency and
exciton binding energy. The energy conservation condition in
the model lifetime expressions for exciton dissociation means
they will only become appreciable if the exciton binding en-
ergy is less than the LO phonon frequency of the material,
EB < ωLO. GaN is one such material that satisfies this crite-
rion [76], and in our calculations we use parameters calculated
in Ref. [50] as follows: EB = 65 meV, ωLO = 87 meV, ε∞ =
5.9, ε0 = 10.8, me = 0.152, and mh = 1.013.

We numerically approximate the delta functions appearing
in all rate expressions by making use of the Kramers-
Kronig relation [63,70], δ(x) = 1

π
Im limη→0+ 1

x−iη , where η

is a small constant used to numerically resolve the cross-
ing between an exciton that has absorbed a phonon and
the resulting free electron-hole pair formed. We employ the
same setup as in Ref. [77], using the patched sampling tech-
nique, which is necessary for converging the exciton binding
energy [77]. We employ �-centered patches, with a cutoff
coordinate of 0.07 or greater (in crystal coordinates), drawn
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FIG. 2. Exciton dissociation lifetime, γxeh, for GaN model. Main
panel: Variation of the inverse lifetime. Inset: Variation of the
lifetime.

from a fine grid of 100 × 100 × 100 [50]. We find that
broadenings in the range 0.1–2 meV are required to resolve
the crossing and for our model scattering rate to be well
converged.

At zero temperature and for all broadening parameters, the
dissociation rate obtained is exactly zero as there are no lower
lying states for the exciton to scatter into by phonon emission
(Fig. 2). Therefore, at zero temperature, the 1s exciton of GaN
has an infinite lifetime. However, as the temperature increases,
the phonon absorption channel becomes increasingly present.
This is seen in Fig. 2, where the dissociation rate and lifetime
of the 1s exciton state are plotted as a function of temperature
for different broadening values. For the range of broadening
parameters plotted (0.1–2 meV), we find that the difference
between the dissociation rates obtained over the temperature
range never varies by more than 1 meV. It is clear from Fig. 2
that the dissociation rate of the exciton is stable with respect
to changes in the broadening parameter at all temperatures
shown. We find that the lifetimes are well converged for an
η broadening of 0.5 meV.

In the inset of Fig. 2, we show the exponential lifetime of
the exciton state as a function of temperature for the exciton
dissociation channel. At temperatures greater than 0 K, the
exciton state acquires a finite lifetime as a result of phonon ab-
sorption. The lifetimes obtained are more stable with respect
to changes in η as the temperature increases due to the inverse
relationship between the rate and the lifetime. At 300 K, we
obtain exciton dissociation lifetimes of 131–146 fs from our
model.

Figure 3 shows the model scattering rate of the 1s exciton
for GaN parameters for the different scattering channels as
described in Table I. As stated in Sec. II A, the UE approxima-
tion results in an unphysical broadening at zero temperature
and gives the fastest scattering rates for the lowest energy
exciton. The modified form for the independent electron-hole
pair dissociation rate (ehFMd), derived in Eq. (53), is in
stark contrast with the UE approximation. Clearly, the ehFMd
scattering rate vanishes at zero temperature and only begins

FIG. 3. Scattering rate of the 1s exciton state for the GaN model
(EB = 65 meV, ωLO = 87 meV) for the different channels outlined in
Table I.

to become appreciable at temperatures around 200 K. This
is because the ehFMd rate accounts for exciton dissociation
resulting from the single-particle picture of electron-phonon
coupling, thereby reducing the lifetime at low temperature
compared to the UE approximation result. Intuitively, the
ehFMd lifetime accounts for the fact that at low temperature
there are insufficient phonons to dissociate the exciton. How-
ever, as the temperature increases, the number of phonons
increases and the exciton binding energy can be overcome to
result in a nonzero dissociation rate.

The same analysis applies for the phonon exchange
dissociation rate (xeh). At low temperatures the phonon con-
centration is not large enough and so the exciton binding
energy cannot be overcome. As the temperature increases, the
increased concentration of LO phonons leads to rapid absorp-
tion by the excitons, resulting in ultrafast dissociation to free
electron-hole pairs as the exciton binding energy is undone.
The phonon exchange rate shown here for the parameters
corresponding to GaN is in good agreement with that obtained
from the fully ab initio calculation reported in Ref. [50].

In Fig. 3, we also plot the exciton-exciton scattering rate
obtained with the hydrogenic exciton approximation. This
calculation includes the scattering from zero momentum 1s to
finite momentum 1s, 2s, 2p, and 3s exciton states. The xxFMd
scattering rate is dominated by 1s-1s and 1s-2s scattering,
while the 1s-2p and 1s-3s contributions are much smaller. We
see a similar scattering rate between the 1s and 2s exciton
states relative to the terms describing exciton dissociation to
free electron-hole pairs. From Eq. (55), the energy conserva-
tion condition for the 1s-2s scattering requires ωLO > 3

4 EB.
However, the intra- and interband exciton scattering is also
strongly dependent on the nature of the exciton-phonon matrix
element which differs substantially from that of the Fröhlich
vertex. This can be seen in Fig. 4 where we plot the 1s-1s and
1s-2s exciton-phonon matrix elements as a function of q, il-
lustrating nonmonotonic dependence on q. As can be seen, the
matrix elements vanish for q = 0 and increase linearly with q
for qao < 1 [75]. In the very large wave-vector regime, the
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FIG. 4. Plot of the model expressions for the 1s-1s and 1s-2s
exciton-phonon matrix elements, |G1s1s(q)|2 and |G1s2s(q)|2.

matrix elements decay as 1
q5 . Importantly the exciton-phonon

vertex vanishes when me = mh due to the cancellation of the
effects of the electric field, induced by the electron-hole in-
teraction, on the electron and hole [27]. The resulting balance
between the exciton-phonon vertex, large density of exciton
states, and energy conservation conditions for 1s-1s and 1s-
2s scattering results in a significant rate of exciton-exciton
scattering for our model GaN system.

As can be seen in Fig. 3, the model exciton-exciton
scattering and dissociation rates calculated are very similar.
This highlights the importance of accounting for exciton
dissociation as well as intra- and interband exciton scattering,
particularly when the effective masses of a material are
similar, for in this case the exciton dissociation rate dominates
over the exciton-exciton scattering which decreases to zero.

V. CONCLUSIONS AND OUTLOOK

In summary, using rearrangement collision theory for
exciton-phonon scattering processes, we provide a unified
description of scattering between exciton states and exciton
dissociation into free charge carriers. This general frame-
work represents an extension of FGR to compute scattering
rates between different quasiparticles (eigenstates of dif-
ferent reference Hamiltonians) that reduces to the usual
FGR and MBPT results when these eigenstates are of the
same Hamiltonian.

From our analysis, we derive two limiting expressions
for the rate of phonon-driven exciton dissociation. The first
is based on the approximation that the effects of polaron
renormalization result in well-defined quasiparticle states with
infinite lifetime. In this case, the exciton dissociation rate is
based solely on the phonon exchange between conduction and
valence band states [50]. This is the explicit correlation of the
electron-hole pair due to interaction with the phonon field.
The second limiting case occurs whenever the electron or hole
band character changes significantly due to the interaction
with phonons. This takes place on the “single-particle” level

and hence dominates over the correlated phonon exchange
between the valence and conduction bands. Importantly,
both expressions provide a physically meaningful descrip-
tion of exciton dissociation, enforcing the correct energy
conservation.

We demonstrated all approaches for a model system based
on the hydrogenic exciton and Fröhlich approximations to
calculate ultrafast temperature-dependent exciton scattering
rates for the various scattering channels. Using this model
system, we compared different exciton scattering rates from
the literature as well as with our recent fully ab initio imple-
mentation presented in Ref. [50]. Table I provides a summary
of the rate expressions derived in this paper.

In polar semiconductors, with electron and hole effec-
tive masses with significantly different values, we expect the
exciton-exciton scattering channel to be the dominant path-
way for materials where the exciton binding energy is much
greater than the LO phonon frequency. This is because ab-
sorption of phonons can result in ultrafast scattering to a large
density of exciton states within the band gap. However, in
materials for which the exciton binding energy is actually
lower than the LO phonon frequency we expect the exciton
dissociation pathway to significantly increase as absorption of
phonons takes the exciton to the continuum free charge carrier
states. In general, we find that it is necessary to describe
both effects due to exciton dissociation and exciton-exciton
scattering for a complete picture. Depending on the nature
of the “electron”-phonon and “hole”-phonon interactions in
a material, the exciton dissociation lifetime may be gov-
erned either by a single-particle broadening or a combined
“electron-hole”-phonon interaction. However, irrespective of
the relative timescale of these processes, our expressions cor-
rectly describe phonon mediated exciton dissociation to free
charge carriers, a key quantity of interest in optoelectronic
devices.

Going beyond the Born approximation to systematically
include localization effects resulting from the change in the
exciton and conduction/valence band wave functions due to
interaction with phonons is not straightforward [78]. Potential
future directions for including these localization effects in
the calculation of exciton scattering rates and band structure
renormalization will require a better understanding of polaron
interference effects [29]. We hope that this paper will provide
a foundation for future treatments of general quasiparticle
scattering processes in a diverse range of materials.
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APPENDIX A: xxFMd SCATTERING RATE

Inserting Eq. (13) into Eq. (12), the S matrix for the
exciton-exciton scattering channel can be expanded as [67]

S f ,i = 〈S′, nν + 1|S, nν〉 − 2π iδ
(
ES′,ν

f − ES,ν
i

)

× 〈S′, nν + 1|Vep

∞∑
n=0

[
G+(

ES,ν
i

)
Vep

]n|S, nν〉. (A1)

Using the orthogonality of the exciton states and the definition
of |ψ+

i 〉 [67] as

|ψ+
i 〉 =

∞∑
n=0

[
G+(

ES,ν
i

)
Vep

]n|S, nν〉 (A2)

the Dyson S matrix simplifies to

S f ,i = −2π i δ
(
ES′,ν

f − ES,ν
i

)〈S′, nν + 1|Vep|ψ+
i 〉. (A3)

We may also expand the S matrix to the left using the fact that
it is unitary to get [53,68]

S f ,i = −2π iδ
(
ES,ν

i − ES′,ν
f

)〈S′, nν + 1|Vep|ψ+
i 〉

= −2π iδ
(
ES,ν

i − ES′,ν
f

)〈S, nν |Vep|ψ−
f 〉∗, (A4)

as 〈S′, nν + 1|Vep|ψ+
i 〉 = 〈S, nν |Vep|ψ−

f 〉∗. From the
optical theorem, using the Born approximation
〈S′, nν + 1|Vep|ψ+

i 〉 ≈ 〈S′, nν + 1|Vep|S, nν〉, and summing
over all phonon modes and final excited states S′, we find the
FGR expression

γS =
∣∣∣∣∣2π

∑
S′ν

δ(�S − �S′ − ων ) |GS′Sν |2
∣∣∣∣∣, (A5)

where GS′Sν is the exciton-phonon vertex.

APPENDIX B: MODIFICATION OF THE FINAL STATE

From the initial partitioning of the Hamiltonian as
H = H0 + Vep, we may write the Green’s function as a Dyson
series [52,53,55]:

G±(E ) = G±
0 (E ) + G±(E )VepG±

0 (E ) (B1)

where G±
0 (E ) = (E − H0 ± iη)−1 is the reference Green’s

function corresponding to the reference Hamiltonian. Resolv-
ing this identity into the Lippmann-Schwinger equation for
the final scattered state

|ψ−
2 f 〉 = |vc, nν + 1〉 + G−(

E vc,ν
f

)
[Veh + Vep]|vc, nν + 1〉,

(B2)

we arrive at

|ψ−
2 f 〉 = |vc, nν + 1〉 + G−(

E vc,ν
f

)
Vep|vc, nν + 1〉 + G−(

E vc,ν
f

)
Veh|vc, nν + 1〉

= |vc, nν + 1〉 + G−(
E vc,ν

f

)
Vep|vc, nν + 1〉 + [

G−
0

(
E vc,ν

f

) + G−(
E vc,ν

f

)
VepG−

0

(
E vc,ν

f

)]
Veh|vc, nν + 1〉

= [|vc, nν〉 + G−
0

(
E vc,ν

f

)
Veh|vc, nν + 1〉] + G−(

E vc,ν
f

)
Vep

[|vc, nν + 1〉 + G−
0

(
E vc,ν

f

)
Veh|vc, nν + 1〉]. (B3)

By this convenient rearrangement, we can define the renor-
malized electron-hole pair state as

|χ−
2 f 〉 = |vc, nν〉 + G−

0

(
E vc,ν

f

)
Veh|vc, nν + 1〉. (B4)

With this modification, we can write the Lippmann-Schwinger
equation for the final scattered state in a convenient form:

|ψ−
2 f 〉 = |χ−

2 f 〉 + G−(
E vc,ν

f

)
Vep|χ−

2 f 〉. (B5)

APPENDIX C: EXPANSION
OF THE GENERALIZED S MATRIX

The modification of the final free electron-hole pair states
makes it possible to define a unique S matrix as the states
|S, nν〉 and |χ−

2 f 〉 can be adiabatically connected (via the Gell-
Mann and Low theorem [80]) by the same interaction, Vep.
This generalized S matrix is given by

S2 f ;1i = 〈χ−
2 f |S (Vep)|S, nν〉. (C1)

The S matrix can be expanded analogously as

S2 f ;1i = 〈χ−
2 f |S, nν〉 − 2π iδ

(
E vc,ν

f − ES,ν
i

)

× 〈χ−
2 f |Vep

∞∑
n=0

[
G+(

ES,ν
i

)
Vep

]n|S, nν〉. (C2)

The initial and final states, |ψ (±)
2 f 〉 and |ψ (±)

1i 〉, are orthogonal
to each other as

〈ψ (±)
2 f |ψ (±)

1i 〉 = 〈χ±
2 f |U (Vep; ∓∞, 0)U (Vep; 0,∓∞)|S, nν〉

= 〈χ (±)
2 f |S, nν〉 = 0. (C3)

Here, we have used the identity U (t0, t0) = 1. This relation
holds as the modified states |χ (±)

2 f 〉 are eigenstates of the same
reference Hamiltonian, H0 (with different eigenvalues), and so
are orthogonal to |S, nν〉. Using the orthogonality of the states
and the definition of |ψ+

1i 〉 gives [67]

S2 f ;1i = −2π i δ
(
E vc,ν

f − ES,ν
i

)〈χ−
2 f |Vep|ψ+

1i 〉. (C4)

APPENDIX D: GENERALIZED OPTICAL THEOREM

Performing the derivative in Eq. (31), we find

w2 f ,1i = i〈χ−
2 f |Vep(t )U (t )|S, nν〉〈S, nν |U (t )|χ−

2 f 〉
− i〈χ−

2 f |Vep(t )U (t )|S, nν〉∗〈S, nν |U (t )|χ−
2 f 〉∗ (D1)

where U (t ) ≡ U (Vep; t,−∞) and ∗ denotes complex conjuga-
tion. Using the identity U (t ) = 1 − i

∫ t
−∞ dt ′Vep(t ′)U (t ′), we
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expand this expression to give

w2 f ,1i =
∫ t

−∞
dt ′〈χ−

2 f |Vepei(Evc,ν
f −H0 )tU (t )|S, nν〉

× 〈S, nν |Vepei(ES,ν
i −H0 )t ′

U (t ′)|χ−
2 f 〉

+
∫ t

−∞
dt ′〈χ−

2 f |Vepei(Evc,ν
f −H0 )tU (t )|S, nν〉∗

× 〈S, nν |Vepei(ES,ν
i −H0 )t ′

U (t ′)|χ−
2 f 〉

∗
. (D2)

From the Lippmann-Schwinger equations, we have [67]

e−iH0tU (t )|S, nν〉 = e−iES,ν
i t |ψ+

1i 〉 (D3a)

and
e−iH0tU (t )|χ−

2 f 〉 = e−iEvc,ν
f t |ψ−

2 f 〉, (D3b)

reducing to

w2 f ,1i = |〈χ−
2 f |Vep|ψ+

1i 〉|2
∫ t

−∞
dt ′

× [
ei(Evc,ν

f −ES,ν
i )(t−t ′ ) + e−i(Evc,ν

f −ES,ν
i )(t−t ′ )]

= 2πδ
(
E vc,ν

f − ES,ν
i

)|〈χ−
2 f |Vep|ψ+

1i 〉|2. (D4)

We obtain our final expression for the exciton dissociation rate
by summing over all final free electron-hole and phonon states
2 f ≡ (vcν):

γS =
∣∣∣ ∑

2 f

w2 f ,1i

∣∣∣

= 2π

∣∣∣∣
∑
vcν

δ
(
E vc,ν

f − ES,ν
i

) |〈χ−
2 f |Vep|ψ+

1i 〉|2
∣∣∣∣. (D5)
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