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The azimuthal or longitudinal coupling impedance, Zn' usually enters 

into the analysis of the stability of intense particle beams in circular 

machines as 

n 

where R is the beam major radius, En is the ac electric field amplitude, 

and In is the ac current at the nth harmonic of the beam revolution 

frequency. In a few machine types such as cyclotrons, betatrons, and the 

electron ring compressors, the beam-surrounding geometry is well approximated 

by conducting sideplates. The effect of the sideplates, or other similar 

conductors, is to suppress the electromagnetic radiation of the ring at the 

lowest few harmonics, that otherwise would be the major contributor to the 

coupling impedance of a relativistic ring, as well as to modify the self-field 

distribution and its minor contribution to the impedance. 

The subject of coupling impedance is closely related to electromagnetic 

radiation by a charge moving in a circular orbit.1 ,2 Starting with .Eq. 7 of 

Nodvick and Saxon,2 converted to MKSA units, the power Pn radiated at 

*Sponsored by Defense Advanced Research Projects Agency, ARPA Order No. 3718, 
Amend. 37, Contract Number N6092l-8l-LT-W003l. 
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J + £, (H ( 1) J + H ( 1) J ) I (1) n 2 n-1 n-1 n+l n+1 

where the argument of the Bessel functions is 

(. )2J1/2 J 1TR . 
2h ' 

the plate separation is 2h, the charge of the particle is e, and the radian 

frequency;s w. The power may be related to an impedance Zn as 

(2) 

For a o-function charge, In = 210 = We/1T; therefore 

+ a (1) + (1) "2 Hn_1 I n_1 Hn+1 I n+1 (3) 2 ( ) ! 
The results of evaluating this expression for a = 1 and several values 

of the ratio of beam radius to plate separation are shown in Fig. 1. Also 

shown is the free-space radiation asymptote, and the values predicted from the 

approximate formula for the peak of the impedance function, 

(
Zn) h 11 max= 300 R ohms, (4 ) 

2 



obtained in Ref. 3, for a beam situated between coaxial conducting cylinders. 

The close agreement of the approximate formula to the computed values is not 

surprosing for the present geometry in view of the results of Ref. 3, where 

the same approximation held for the essentially resonant geometry of a beam 

within a conducting cylinder as well as the nonresonant geometry of a beam 

outside of a conducting cylinder. 

The impedance values shown in Fig. 1 are for a beam of vanishingly small 

minor dimensions and a = 1. The effect of a approaching 1 is to increase 

the cutoff of the synchrotron radiation spectrum to higher harmonics 

3 (ncrit ~ y ), but, because Zn/n decreases with n at high harmonics, 

the detailed behavior there is not important for stability analyses. The 

effects of finite beam size, such as caused by the transverse and longitudinal 

emittances, are favorable for both the self-field and the radiation 

contributions to the impedance. The self-fields give a reactive term of the 

form 

(1. + £n ~) 4 a' (5) 

at low harmonics, where a is the beam minor radius. The radiation from the 

ring near the maximum of the Zn/n function for typical geometries of 

interest is largely due to the lowest axial harmonic, j = 1, and the peak 

occurs far enough above the cutoff for the radial wavelength to be comparable 

to the free-space wavelength. For an extended beam with a spatial current 
+ 

density J a factor 

~ ~ 

F :: f Jbeam . Emode dA 

I Emax 
(6) 
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enters in the way the beam drives a given mode and.in the way a mode drives 

the beam (which is completely analogous to the transit time factor in 

accelerating gaps), therefore the results of the impedance for a line beam 

should be multiplied by 

F 2 :: (s in *) 2 (S i n ~)2 
n 1Ta 21Tb 

2h ~ 

where a and b are the axial and radial minor radii of the beam. For an 

example of current interest, let a = b = 5 cm, h = 17.5 cm, R = 2m, nmax 
:: 60, and An = 2~R :: 21 cm, these factors give 0.41, or approximately a 

halving of the effective'coupling impedance. In addition to these extended 

(7) 

beam effects, the formulation of the stability criteria for such beams will be 

re-examined by members of the theory group. 

To make the infinite plane results applicable to a finite ring geometry, 

it is necessary to provide an rf absorber at the outer radius of the vacuum 

chamber. In the ERA compressor this consisted of a few centimeter deep layer 

of loosely woven absorptive cloth cut from 100 Q/O material. With such an 

absorber, the wave impedance does not differ greatly from the free space value 

and there are no abrupt geometric discontinuities, resulting in very broad 

band absorption of propagating waves. A termination other than an absorptive 

outer wall will lead to undesirable reflections of radiation, and higher peaks 

in the impedance curve. 
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APPENDIX 

The program PINIF calculates the sum 

S = L: [_H~lJ J + 1 a2(H(lJ J + H(lJ In+l )] j=1,3, ••• n 2 n-1 n-1 n+1 

where H(1) 
n is the Hankel function 

H~ 1) = In + i Y n 

The argument of the Bessel functions is 

[ 
2 2]1/2 

( n f3 ) - (j 1TR / H) 

and the summation is carried out for all odd j such that 

The program is set to calculate the sum for n = 1,2, ••• ,400 but seldom 

reaches n = 400 due to overflow in Yn• The output consists of the 

argument value for the largest j, the real part of S, the imaginary part 

of S, and the magnitude of S. This output is printed for each value of n. 

The program is stored as subset PINIF in PSS library COILS and may be 

accessed by the command 

6 



LIBCOPV,COILS,PINIF;PINIF. 

The values of the parameters BETA, R, and H may be changed, and the 

program may then be submitted to the 7600 computer. The output is disposed to 

the printer with the hold-out option, and it may then be claimed from a 

terminal. A listing of the program follows. 

7 
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P INIF, 1,100,1700) O. XXXXXX, BRADY 

F~00R(5) 

FT N,+, L =L IS T, ROU'n • 
MA THL r 9. 
LINK,X,L=.IST,PF. 
OISPOSE,n~El=p~, P~=1F,HO,R=(F~0~R 51. 
ex IT. 
D!J 9. 
COPY,1AYFILE,Lnr. 
or SPOS E, LIS T= PR, ; O. i{= r FL O~R 5y. 
EX IT. 
DU M P, ~ , L =. I ST. 
009. 
COPY,) AYFILE, L ISf. 
DIS~O'>E,LIST=PR,;'O. R=CFLOQR 51. 

PRO:;RAM pr~ IF <INPUT.QUTP'JT,TAPEU 

• T~IS P~OG~A~ eA.CULaTES THE PART OF FO~MULA 7 CO~TAINED 
- r~ CUR.Y 3RAC~ETS FROM THE ~APER ·SUPPRES~ION OF 
- CJ~ERENT ~AOI~TrON 9Y ~L~cr~ONS IN A SYNC~ROT~O~· BY JOHN S. 
- N01VIC< AND DAVID S. SAX'JN :)UBLISHED I~ P-iYIS:AL REVIEW VOLU~E 
- 9:', NU'1BER 1. I-4 THIS ~ROGRAM THE CIST~NC:: OF SEPAf\ATION IS CALLED H 
- I~:;TEAD OF A. T;E CALCULl\TIJN IS DONE FOR ~ = 1 •••• ,1.00. 
• T"4IS PROGRAM IS STORED AS SUBSET PINIF IN PSS LISRAR'f COILS. 

DIMENSION '( B , 
REA. JAY(3' 
CO/'PLf.( S,"A~(3) 

CAL~ DATE(~) b WFITE(:,120) L 
PI = ~ • • A C OS ( O. , 
H=. 3 5 
R=Z. 
BET~=1. 
9ET5Q=9ET~" .~ 

A1=~ I ·~/H 
A3=BETAIlH 
WRITE(l,tJa, a::TA,R,H 
DO .0 N=l,r.Cl 
JMAi=A3·FL~Ar(N' 
!F(Z"-(JMAX/2'. ~Q.J"'AX' J'1AJC:JI'1AX-l 
IF(JMAX.GT.OI GO TO 1~ 
WRITE(1,11J) ~ 

GO TO 40 
10 S=C!1PLX(O •• O.) 

00 3 J J = 1 , J M~ X , 2 
AR G= SQR T ( (3 ET A -F LO A r (N) p.- 2- (A 1 ... FL 04 T (J ) )." 2) 
NO~) = N-1 
CAL.~ BESYN(A~G,NORO,3,Y) 

A L P~ 4 = F L 04 r ('lOR 0' 
CAL. L BE SJ ( Il R; , A L PH A, 3 , JAY, N Z) 

00 ZO I=1,3 
HAN ( ! ) = C MP ~ 1)( ( JAY (! ) ,Y ( Il ) 
A2=.5·9ETS~ 
IF([ .EQ.2' A~=-l. 
S=S.A2"JAY( n ·/iAN( It 

20 CONr I NUE 
3~ CONT INUE 

P=REAL(Sl 
AIS=AIHAG(~ ) 
SMA; = SQ ~ T P • ~ 2 • A ! S ." 2 , 
WRITE(1.11J) N,ARG,o,4IS.SMAG,J~AX 

40 CONT INUE 
9 



10 
STOO 

lao FORMATC· 3ET~ =·,F6.3/· R :·,F6.3/· ~ ~·,F6 •. 3// 
~3X,1~N,~X.~H~~G(JMA~),3(,~~REAL.8X,4HI~~G,3X,~HMAG,6X,~HJ~AX/) 

110 FORMAT(I5,lP~l2.~.3E12.~,IS) 

120 FOR~~T(28X.Al0//l 
EN·D 

5~5555555.5555555;5.555555555.5555555S5.55555;555.5~555~555.5555SS5~5.555555555 
555555555.55555;55;.55;555555.5555555~5.55555S555.5;5555555.555555555.555555555 



5~5555555.55~5S5555.555555555.5555555~5.S55555555.555555555.55555~5~5.55555555 
555555555.555555555.555555555.;55555555.555~55555.535555555~5555555?5.555S55~5 
555555555.555555;55.55S555555.555555555.555555555.5~5555555.555555555.55555555 

555555555.555555555.555555555.555555555.555555555.555555555.555555555.55555555 
l 2 3 + 3 ~ 7 

1; 0.76; !t P~GES~ 13ft PRINT LI~ES; °RI:'HE~ 12, E1) 
B ILL ~ 0 A ~ D WRITEU?S SUSSET ~KYNEWS WAS lAST CHANGED OEC 1ft 

DCCUMENT~TION WAS L.AST CHANGED OCTOBER 26 - SE~ 
T~E HA~OBOOK SUBSET CHANGES FO~ DETAILS. 

APR 16 RENT-A-TERHINALS 
ONE VISTl~ SATELLITE CRT AND JNE TI 1ft5 (SPECIAL OI1PERl. E'J 80'(U~ OCE2!9) 

APR 1 It .. EW II AX Cl.ASS 
AN ~ HOU~ VAX ~HE~ CLASS WILL BE GIV'=N DJRING THE SECOf\O HalF CF APRIL. 
STA!(.r ING ON APRIL, ZO. TI) •. EGISTE"'. CALL LrSA L)~G.X Sgft7 

11 
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