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PARTICLE PRODUCTION IN THE NUCLEAR FIREBALL MODEL*
J. I. Kapusta |
Nuclear Science Division
Lawrence Berkeley Laboratory

University of California
- Berkeley, California 94720

ABSTRACT
Thermal equilibrium among hadrons in a nuclear fireball is
assumed; Pion and nucleon total and differential cross sections are
calculated. The pion differential cross section shows structure due
to the deéay of resonances. For neutron rich projectile-target

combinations there is a net conversion of neutrons to protons.
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I. INTRODUCTION

In a recent papex"1 it‘was found that the gross features of the
protoﬁ inclusiVe-spectra in reiativistic heavy ion collisions could be
described by a nuclear fireball model. The model has three essential
 -ingredients: “geometry, to calculate the number of nucleons in- the
firebéll; kinematics, to calculate the velocity of the firebéll and
its excitation energy; and thermodynamics, to describé'the.decay of the
fireball. At 250 and 400 MeV/nucleon beam energy pions and réSonances
were not included in the fireball, and the nucleons were given a Maxwell
distribution. At 2100 MeV/nucleon two fireballs were assumed and an
effective temperature was calculated using the Hagedorn mass spectrum;2
However the fit to the data is questionzible.3 .‘

4 has shown that it may be possible to test the

A recent paper
ggometric_aspect of the nuclear fireball model by observing the
bremsgtrahiqng emitted in the collision. In this paper the implications
of the therﬁddynamic aspect of the model are more fully explored. Only

_the one-fireball model will be considered. The extension of the method

to two fireballs will be obvious.

IT. THERMODYNAMICS OF THB FIREBALL
In the nuclear fireball model the projectile and target nuclei
are taken to be uniform density spheres. For a given impact parameter
the fireball consists of those nucleons Whose extrapolated straight
line trajectories intersect the other nucleus. The baryon number and
charge of the fireball are thus determined by geometry. The mass and

velocity of the fireball are then determined uniquely by kinematics.
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We assumé that enoﬁgh interactions occur during the initial formation
and subsequent expansion of the fireball that thermal equilibrium
occurs among.all the hadrons consistent with the conservétiqn 1aws.
The assumptions made here are essentially the samevas those
in the work of Chapline, Johnson, Teller and Weiss.® However there are
three significant differences between their work and thisrone; The -
first is that they consider only central collisions,'whérgas_we shall
integrate over impact parameters to obtain cross sections.  The other
, differences will be pointed out as we go along. |
o As discﬁssed by Chaplihe et al., a prerequisite fdr the estéb-
: ”lishmgp; of a thermal hadrdnic system is that the mean free path £, t

of any particle be much less than the size R of the System. Zil %‘Z:Oijpj
_ v 3

where Gij is the cross section and pj the number density. Typically

o ~ 25-100 ﬁb for nucleon-nucleon and pion-nucléon scattering at these
energies.b Nuclear fireball_densities ﬁay exceed twice norﬁal nuclear
density (0.15 fm_s). ‘The condition R >> & leads to A1/3>>'0;S’% 2.0,
where A is the number of nucleons in the fireball. A 2 50 may suffice.
Thus the model will break down for peripheral collisions. To judge
the applicability of the model to a-given_projeCtile—target‘combination
we might evaluate A at the most_ﬁeavily weightedvimpact param.eter.1

A second point of departure from Chapline et al. is the choice
of the volume of the fireball when it decays. They choose it so that
the baryon density is twice normal nuclear density, independent of
the nhmber of mesons produced. However, Pomeranchuk® has observed -

that one should not choose a fireball volume independent of the number

of hadrons it contains and then expect to use noninteracting gas



00U 04803y 4 3

-3-

: formulae to describe them. If the hadron density is high thereIWill be
many interactions. As the system expands its density will decrease
and so will the number of interactions. Due to the short range nature
of the strong interactions one might expect that some critical density
- Pe will be reached after which most of the partlcles effectlvely cease

to interact. ThlS hadron density is expected to be of the order of

-1
(é-ﬁ mi ) . Of course the use of a critical density is only an

{3
approximation but it makes the problem much more tractable. For a
further discussion of this point see the review‘by Feinberg.7

In the sp1r1t of Hagedorn we w111 use nonlnteractlng gas
formulae to describe each hadron type which we expect to be a statis-
tically 51gn1f1cant component of the flreball when it decays Hagedorn s
mass spectrum is not d1rect1y applicable here because for instance,

the number of protons and neutrons will not in general be equal.

The distribution of particles of type 1 in momentum space is:

a®N.  (2S.+1)V \/p2+m2 e B -
i_ i ex 1 i).4 _ )
3 3 p T -
dp (2m) .
(28;*1)V T 2\ L
+—.(2')'3 - exp \ —qg—/]exp T‘ﬁT- - | ()
. T ’

- The arrow indicates the classical limit. Here S, is the spin, miékO

is the mass and Wy the chemical potential. V is the volume of the
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fireball at the instant of decay and * refers to fermion/boson. We

use h=c=k= 1. The total number of particles of type 1 is8

| (ZS +1)V m T n+l . mm; \ , P
N = — E GL (-%)Kz(l —'Ti) ' 2)
TT .
(s il / “ib_mi ' Y '
> (ZS +1)V( )exp (._T_) . | s 2"

The average energy Ei,»ipcluding rest mass, of a particle of type i isg:

- : 3 n+l '
L (ZSi+1)V my T () e (nmi -
NiE; = — X e (*T—) 5 ‘T‘)

(3)

*-Ni(mi*g-’”; o | (3'):
the Kn are Bessel functions.
The statement of thermal equ111br1um 1mp11es certain relations
among the chemical potentlals For instance, p+n <> n+n e implies

that‘ Mot = up "W -

Chapline et al. do not consider chemical potentials.

For a given impact parameter we can calculate the mass M, charge
Q and baryon number B of the fireball. The unknown quantities which.
are to be determined are the proton and neutron chemical potentials,

the temperature and the volume at the critical density. They are found
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by solving the equations for the conservation of energy, charge and

baryon number, and the constraint that the number density be p c

M= NE , | 4)
T |
Q=X NG , | : (5)
1
B =2 NB | o . (6)
1 . . ) .

Strange particle production will not.b,e considered in this paper buf
it is clear how to include it.
III. DEPENDENCE ON THE CRITICAL DENSITY

To examine the dependence on the value chosen for the critical
density consider -for simplicity the collision of two identical nuclei,
with a proton/neutron ratio of one, in the (M. Assume that only pion
creation is si_gni_‘ficant. Then up = U, T ouy and um;= Moo= Hoo = 0.
To solve eqs. (4) - (7) for N> T and V it is Convenient' to eliminate
V by dividing (4) by (6) and (5) by (6). Noting that N, = NEER

and"NTr;=Nﬂo'= Nﬂ_ =1y the equation for Q/B is an identity. In the

30T
classical approximation Hy can be eliminated from the remaining pair

of equations to give an equatibn for T:
' 3/2
.pC(M/B—mN-%T) = 3(m, T/2m) / exp(-m_/T)

« QUB-m*m) . - | 8)
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We fihd that if Pe ™ 0 then T > 0 and Nn/NN > OW/B-—mN)/mﬂ. This means
that if fhe system (fireball) expands indefinitely'while still in thermal
equilibrium all the energy not tied up in nucléon‘masses will be con-
vertedvto pions. At the other eXtreme if P T then T -+ %—GM/B-—mN)
and Nn/NN > O;A This means that all the excitation energy is converted
to nucleon thermal motion.

Figufe 1 displays the temperature, as a fuﬁction of the
critical density at several beam energies, from a compufef ébiﬁtion
- of the exact equations including relativity and fermion/boson statistics.
Figure 2 shows.the corresponding pion/nucleon ratio, wﬁicﬁ is also equal
to the ratio of the.singlq—particle inclusive cross sectioﬁs. l(Con— |
tributions from evaporation of target and projectile spectatoripieces,
- if any, are neglected.) 'Note that the temperature increases and the
number of pions decreases as the critical density is increased. As
‘the beam energy increases the dependence of T and N /Ny on o, becomes
stronger. This is expected because if the beam energy was low enough
no pidns would be created and the temperature would be independent of
- the critical density.
-'Aiso shown‘in the figures are the values of the density for

nuclear matter, normal nuclei and pionic clusters.9

We would expect
that 004 § p_(fn™>) £ 0.12. The value p_=0.05 fm > will be used in

the remainder of the paper.
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IV. INCLUSION OF RESONANCES
| After the pion the next significant_cbmponeﬁf of the fireball
should be the A(1232). To examine its influence consider again the
example of the preceding section. In addition to fhe chemical pdten-

tials already mentioned there are

Mpt+ = Hp+ = HpO T My Ty (9)
and sd

Ngw =N, =Nuw=N_ = LN e

At A+ AO A- T FTA T ‘ 2D

Again eliminate V by dividing (4) by (6) and (5) by (6). . The équation
~involving Q/B is an identity. The remaining équatiohs-must'be solved
numericaiiy.v -

| Figure 3 shows the tempefature as-a‘function of béam energy
bothIWith énd without the delta. Including the A lowers the.temperature
by 5 MeV or iéss. Figure 4 shows the ratios of the numberiof’pions
and deltas to the baryon number of the.fireball. Tﬁése'réinQ are
independent of impact parameter. Whén the fireball reacheé cfitical,
déhsity we expect the particles to effectively cease to interact, and
so the deltas decay into pioné plus nucleons. The humber of observgd

A
is also the ratio of the single particle inclusive cross sections,

pions 1is thus N +N,. The ratio of this number to the baryon number

On/ON. ‘Note that this ratio is practically the same whether or not
the delta is included. A measurement of o should not be expected to
yield much information about the fireball other than the critical

density. (oN is determined solely by geometry in this model.)



g

To calculate the contribution of the deltas to the pion and
nucleon differential cross sections it is helpful to make use of the
Lorentz invariance of Ed3__Ni/dp3 , where E = 2 +m§ . In the rest

frame of the delta it is:

&N, | S(E-E)
E-—=(p) = T (11)

dp 0
Here i refers to pion or nucleon, E, is its energy in this frame and
p, its mamentum. Go to the rest frame of the fireball and integrate

over all deltas:

N P
>N, o fd%

E — (p)
| & | 4ﬂP° PA

a(E?_-EO)de T aw
dp- ' : :

where E' = ‘(EAE - EA . f))/mA The result of the integration is:

33 el f o -

.d¥N. Vm, T » s+l -nx
E—l (§) = = (Z G " mol)

dp TP, VD=l n '

(13)
u _ X_
+ T;A.ln(1+e-x)_> ,
X

+

Ty = —7 (BB * bRg) - 4y - } a4)
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In pfactice only the first one ;r two térﬁs in the series are
significant. - The contribution of the delfas to the number density in
momentum space‘is to be contrasted’with the thermél confribution,
Bq. (1). o

To ‘compute the differential cross sections mote that for the
identical projectile — target combinations we have been considering
the only dependence on the impact parameter b in éqs. (1) and (13)

is through V. A convenient relationship is:

_ " | : .
= 11+ . . o
e = 52| B) o s
The dependeﬁce on b is shown explicitly. Integrating over impact
| o100 o
. parameters gives: o
R - N o o
2mb V(b)db = 2mR* 2 {1+ 1} . : - (16)
] pc B . -

o

A is the mass number of the projectile (=target) nucleus and R
is its radius. 4TrR2 is the total reaction Cross section in this

model.

To illustrate the behavior Fig. 5 is a plot of the Lorentz

3

invariant differential cross section E d30/dp for pions and nucleons

in the CM for the reaction 4OCa4-40

Ca at 1050 MeV/nucleon beam energy.
We take R=4 fm. The calculation was done includin_g nucleons and pions in

one case, and nucleons, pions and deltas in the other. Inclusion of the delta
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affecfs the nucleon spectrum very little. However it does change the
shape of the pion spectrum by introducing.a hump centered near 150 MeV
pion kinetic energy. Thisveffecf is caused by the decay of the deltas
which contribute a signifitant number of observed piené. If one
believed that all observed pione came from the decay of resonancee
then the pion curve would drop to zero at. zero kinetic energy. Thus
experimenfal obServetibn of7just the'genéral shépe of the pion spectrum
should be sufficient to decide upon the origin of the observed pions.11
If the pion spectrum was Vefy anisotropic in the (M then this model of

pion production would be ruled out of course.

V. NEUTRONVTO PROTON CONVERSION'

’_An*interesting question is whether or not thermal equilibrium
of the fireball will change the observed ratio of.protons to neutrons.
Does op/dn = 46/73Ifor 238U‘;+238U independent of beam energy? To
answer this question consider the collision of two equél mass nuclei
but with an arbitrary proton/neutron ratio. (Target and projectile
could have different charge also.) As discussed in the last section
it does not matter_much whether or not we include the delta if we are
onlyvinteresfed in the'number of observed pions and nucleons. For
simplicity neglect the delta. | ] |

The quantities which need to be determined are T, V, u_ and

p
- Now:
s = Hp "My
Mo =0 , ‘ - | R R . | | a7
Hpo T lin‘llp ‘
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Itiis.convenient to divide (4)‘by (6) and (5) by (6) to eliminate V.

The equation involving Q/B is no longer an identity. Figure 6 shows

the result of a computer solution to the equations at’e beam energy

of 1050 Mth The proton/neutron ratio is 1erger after thermalization
than it was before. Also the number of‘positive pions isvless'than

the number of neutral pions which in turn ie less.than thernumber of
negatlve plons This phenomenon can be understood 1n the fbllow1ng way.
If one didn' t worry about charge conservatlon the assumption of thermal—
ization would require that N /N -‘1 and N /N +-—1 ’ However charge _
is conserved and so both equalities cannot be satlsfled sunultaneously
(unless the 1n1t1a1 proton/neutron ratlo 15 one) There is a cempromlse
by making each ratio as close to one as p0551b1e Using (17] in the
tlassical»approximation (2') we see that N +/N no/N - Np/Nn

: This relation will not be true when fermlon/boson statlstlcs are used..
As the beam energy increases the number of pions will increase and SO
the proton/neutron ratio wiil increase.r | |

This neutron to proton conversion also has implications for
the production of 1light nuclei such as hydrogen and helium isotopes.

Several modelslz’ls’14

‘have been suggested to account for their
existence. All of the models use the distribution of protons and |
neutrons in momentum space as input. A neutron to proton converéien
will certainly affect their.calculations. For example the ratio
3He/>H should increase with beam energy.
VI. CONCLUSION

In this paper we made the assumptions:. (1) that all hadrons

are in thermal equilibrium in a nuclear fireball model; (2) that all

strong interactions can be turned off when the hadron number density
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reaches some critical value; and (3) that noninteracting gas formulae
can be applied‘at this critical density. From these assumptions we are
able to‘calculate the total and differential cross sections for all
observed particles. :The only parameter in the model is the critical
density at which the strong interactions are turned off, and it§ expected
value Qaries by a factor of three. |
" Up to several GeV’beam energy_the most important contribUtioﬁs»
to the fireball are the pions, nucleons and deltas. Tﬁe nucleon cross
sections are independent, and the pion cross sections nearly independéﬁt,'
of the inclusion or exclusion of the délta. The slope of,thé nucleon
differential cross section is made slightly steeper by fhe'in;lusion ~
of the‘delta, whereas the shape of the pion.differeﬁtial créss section
is changed significantly. For neutron rich projectile-target combinations
fherevis a net conversion of neutrons to protons and a larger number of
négativé thaﬁ positive pions. This conversion will affect the felative
abundance of:véfiousrisotopes of light nuclei.
A serious approximation in the modelvis that-the:trénsition
from thermal equilibrium to a freely expénding’System of particles is
made instantaneously. For long-lived particles this is not too much
of a problem but for short-lived particles it may be. For instance,
the doubling time of the fireball volume is the same érder of magnitude
as the lifetime of the A(1232). | |
The possibility of a transparency between target and projectile
at higher energy leading to two fireballs was not considered, although
it is clear how to include it. Transparenéy éffectsvthe kinematics, not

the thermodynamics of the model. Finally when making a detailed
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comparison with experiment for the spectra of nucleons and light nuclei
it may be necessary to take account of the evaporation of the target

and spectator pieces. Also the spectra'of‘nuclebns from the fireball

need to be corrected for depletion due to the production of light nuclei.
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FIGURE CAPTIONS

Fig. 1. Température'of thé fireball as a function of critical density
for the collision'of.eqUal mass nuclei.

Fig. 2.. Pioﬁwto‘nucieon ratio of the fireball as a function of critiéal
density for the quiision of equal mass nuclei.

Fig; 3.:-iﬁfluence of the A(1232) on the temperature of the fireball as
a fuhction of beam enéfgy for_thé collision of equal mass nuclei.

Fig. 4.v'Inf1uencé of the A(1232) on the pion to baryon ratio in the

~ fireball and'on the bbserved pion to nucleon cross seétions, as a

function of beam energy for‘fhe collision of euqgal mass nﬁclei.

Fig.IS. Influence of the;A(lZSZj on the pion and nucleon differential

40ca + 40ca at 1050 Mev.

cross sections for the reaction " Ca+
Fig. 6. .Observed charged and néutral'particle ratios as a function
of the initial proton to neutron ratio of the projectile-target

’system, for the collision of equal mass nuclei at 1050 MeV.
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