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-On the Three- Parameter Representatlon

of the Eguatlon of State

otto REdllCh

Inorganlc Materlals Research D1v151on, Lawrence
. Berkeley Laboratory, and Department of Chemical
Engineering, University of California, Berkeley, 94720

Abstract

Almost all small nonpolar molecules satlsfy the

theorem of correspondlng states; their P-V-T-relatlon is

: quite well represented by a two-parameter equatlon proposed

in 1949. A third individual parameter is known to be
required for long chains and polar molecules;‘ |

‘ The quallty of the three-parameter representatlon-

“has been examlned by means of an equatlon of state basea

. solely on the crltlcal constants. The equatlon is

'reasonably convenlent for pract1ca1 appllcatlons, 1nclud1ng :

the derivation of the fugacity coeff1c1ent.

Mean de\latlons for 13 w1dely dlfferent substances

. confirm a fa1r1y satlsfactory algebralcvrepresentatlon by
vthree ind1v1dual parameters. A few exceptlons, such as. water,’

-hydrogen and hellum, are well known.



1. Introduction

The practical interest in an equationtof State rests
: preponderantly_in the various thermodynamic properties that
,are’deriVed‘from it,'especialiy the fugacity coeffioient. it
has been pointed out long ago that we measure.almost always
the P-V-T-relations but actually need the fugacity coefficient.
For'this reasoh and also for convenient use,with computers an
adequate algebraic.representation is:desired;. |

| | ‘The problem seemed to be close tO‘its solution 25 years
ago when.a,siﬁple_equation of state was proposedl. ‘From the
beginning'itAﬁas manifest that the "old equation" ¢ould not
constitute a-really satisfactory solution because.it contained
only two'individuai parameters; thus it &as in accord'with the
theorem of corresponding states, which had been known to be
deficient. In fact, the old equatlon was surprlslngly
_satlsfactory for a large group of small, nonpolar molecules,
but it did not well representrlong chains and polar molecules.
Moreover, the work of Pitzer2 and his coworkers and of Riedel3
showed that three 1ndiv1dual parameters are necessary and
~suff1cient_for_a good representation of-all substances with
‘-the ekceptionIOf‘very feﬁ; sﬁch asbhydroéen,.helidm and water._
i'llt was obv1ous to hope that the reasonable 1ntroduct10n of a’
third parameter 1nto a sultable modlflcatlon of the old-
.equatlon woulq solve the problem. _Horvath's.rev1ew4,of the f
- oldhquation“contains-34'referenoes to attemptsvat improving

» its aeohracy ‘without too great a loss of simplieity and
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convenience. So far none of the results has been generally

adopted. Perhaps it may be concluded that we should search
more systematically for a new approach to this problem.
-Unquestionably the mostvdifficuit part is the repre—
fsentatiou of the critical point and its neighborhood. ;t
oocurred to us that the most promising wayfmight be to éatch
f the bull by its horns, i.e., to start byfcoustructing a
»three?parameter-equation with the‘oritical:compressibility

ratio as one parameter. The tw0»other;parameters are

determlned,'as before, by the crltlcal data. One

cannot expect, of course, that a reasonably 51mp1e equatlon

of this kind will result in suff1c1ent-accuracy._ But one

may hope to obtain a "main term" which‘reproduces'approxi—

mately the peculiarities of the problem. 'The remalnlng

discrepancies must then be eliminated as far as p0551b1e by

addltlonal terms. As a matter of course, these terms must

not contain any new individual parameters. -

-In the following Only the reduced temperature, pressure

»and volume w111 be 1ntroduced, they w111 be denoted by T, P

and V. The cr1t1ca1 temperature and pressure will not

explxc;tly appear and only the crltlcal compre551b111ty

factor wlll

'fpslnce most appliéations wi11‘he oarriedfout_by"

automatio computation, it will be convenieht to make'a |

-

‘concession to computer language in order to deal with the



_shdrtcomingnof‘ourVusUall1engﬁage, nemely;"the;iack_ef

suitabie symbeIS. 'we shail therefdre'write two (and

' occa51onally even three) capltal letters for a 51ngle

-quallty, e.g., ZC for the crltlcal compre551b111ty factor.

:Multlpllcatlon w1ll be 1nd1cated by a dot when necessary to

avoid amblgulty. |
The ch01ce of zC as ‘the thlrd parameter 1s not serlously

dlfferent from the use of Pltzer s acentrlc factor wh s;nce

_‘there ex1sts‘a.fa1rly good relatlon

2C = 0.291 - 0.082w w

AbetweenftheftWO quantities.

‘The prinary-baSiS'Of observed'data'was given by:PitZer's

_ tables, supplemented by Lu and coworkers5 for the rednced

'temperetures 0.5 to 0.8. An array of 288 data was prepared

according to'the schedule:

‘Crltlcal

"Reduced Teﬁperatures | Reduced BreSSures Compresqlblllty Factors
0.5 0.2 ©0.291
0.6 0.4 . 0.250
0.7 0.6 o o
0.8 0.8
0.9 1.0
1.0 1.2
1.1 1.6
1.2 2.0
1.6 3.0
2.0 5.0
3.0 7.0
4,0

9.0



'It will be seen that the "dlfflcult".crltlcal reglon 1s most
closely covered thls should be taken 1nto account in Judglng

;the magn;tude of.dev1at10ns.‘
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2. The Main Term

For the development of the maln term Zv of thehh

| compre551b111ty factor, one w111 of course follow the general
guidelines that have been useful for the old equation. In-
otherIWOrds, ohe concludes'fromIWegscheider‘s discussion6
dthat only a cublc equatlon w1th a reduced llmltlng volume B .
is acceptable._ Thus the search for the term can start from

an equatlon of the van der.Waals type. The (reduced)

- relation
P-ZCt = I - ‘fQQ ST (2)

v -B . Ve + F.V+G

' containing:a'function',QQ' of the temperature'and the constants
"B,F and G is'general-euOUgh to serve as a starting point..

In the critical,conditions

zc = —L - - o @)
o l-B 1+F+6G6 |
o - Ll . eexn.
(1-B)F  (L+F#%*G)
° = ' 3 " (5)

- we have written Q for the value of the functlon 0 at
_the cr1t1cal temperature. The condltlons (3), (4),(5) are

- satlsfled if the constants conform with the relatlons
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F = 1/2C - 3 + B | | (e
6 = B(3-2B-1/20) +2cL - B (1)
e = -zca-m1°. (8)

This’leaues.only the value B of the limiting volume
open. In the old equatlon we had chosen the value 0 26,
wh1ch is a fa1r average of 1nd1v1dua1 values (Kuenen7 quotes'
values between 0.242 and 0-282). The satlsfactory behav10r
of the old equatlon at very high pressures is a consequence
of the choxce of the value of B.

Unfortunately the value 0.26 aid not glve good results.
in the equatlon (2). A serles_of systematic tests led to |
the value o _ - |
| B - o-_afsz N O
i“whlch is slgniflcantly hlgher. But the d1fference 1s '
.vexpected to be harmful only at extreme pressures. | .
For the representatlon of the temperature functlon QQ

,and other functlons, we introduce a number of abbrev1atlons.

The symbols

AT =1, if T<1 (10)
7 m=oLifT31 1)
AP =1, if P'g 1 (2
AP = 0, if P >1 k eI

help in a concise notation. We write
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TS = T ; T =1-TS _ (14)
AU = 0.291 - zC . C Cas)
With the auxiliary function
QW = 1 - 0.26TD + 1.60TD? = AV-TD(13.7 + 1.60TD°)
| “ + 16.0-AT-AU-TDZ  (16)

the best representatibn‘turned out to‘he"

0 =Wl - zc2 - Bds/zc . AN

. Introducing relatiens-(s) td*(17)'in£o-(2), we ebtain:
a”reduced equation-ef state which.cohtains’(in additioh to B
”the cr1t1ca1 temperature and pressure) only the 51ngle
1nd1v1dua1 parameter ZC.

The comparlson of thls equatlon (Main Term) w1th >the
old equatlon by means of two sets of 144 polnts from the
tables of Pltzer and of Lu is shown in Table 1. The old
equatlon (R and K) furnishes for small, non-polar molecules
(ZC~=>O.291)5a representatien that is uearly the best'one
‘can expect. Actually only the isotherms for T = 0. 5 and _,.
0.6 show serlous dlscrepahc1es; if we restrict the teméeraét
‘ture range to 0}7-4.0, the'root of‘the‘meah square deviation"
‘drops from 0.0132 to o.od97.- But the old'equatieh'fails-fOr-
lessb"normal"isubstancesvas shown fer'thererample-with
zc =‘oh250. | | o

The ma1n term 1s better for thls case, but st111 by

j:no means satlsfactory._ Addltlonal terms are‘requlred to RS

vreduce the dev1atlons.
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Téble>l.':Deviations in 2

zc Makimum Deviation ' ~ Mean Deviation

" R and K - Main Term Final R and K Main Term Final

0.291  0.066 ~ 0.071°  0.030  0.013 = 0.022
0.250  0.381 0.350 ~  0.044  0.102  0.058

0.011
0.011
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3. Additional Terms

_A plotlof'the-deviations from the main term reveals
a,pieture“of such capriciousness that-mevhave not evenrtried.
tobtake accouht of them by means of a single,‘comprehensive
function; Instead, a number of additional functions was
devised, each of which covered only part of the T -p range.

This method has some advantages. -The‘addltlonal terms

can bevsimple, well-behaving funetions, which can be fairiy
easily’eOnStructed.and'adjusted._'If'anvimprovement is later
found to be desirable, ant:amendment can be easily_introduced.

The Selection of the proper'fuhction for each‘partiai
‘range‘by the COmputer.dOes not present any'serious difficulty.
Moreover, non-automatic computation is by nokmeahs impossible.
Often'oniy a_Small range of the 1ndependent variables need
be coVered; one can- then restrict the number of additional
functions-ahd also dispense with the computer., In this case,
" one evades solving the cublc equatlon (2) by plottlng P as
a functlon of Z at given T |

o ‘The various ranges are 1ndioated'ih'Table-2 A
"dlstlnctlon must be made at subcr1t1ca1 temperatures between

‘gas and 11qu1d the computer recognlzes the phase by the |
_magnltude of the solutlon Z of the main term (hlgher or
10wer than iC) _ Some auxlllary functions are deflned in
Taole-Bl 1n whlch the symbols (10) to (15) are used. Wlth  v'
all these abbrev1atlons, the addltlonal terms are glven 1n'

v Table 4 The main term z is converted.to the»flnal value

ZF by additiohtof.the terms given.
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The additional functions have been ¢hoéen such that
their first‘derivatives with respect to temperature and
'pressure‘aré continuous (except for some breaks at T = 1.0
and 1.6). No attempt, however, has been made’to.avoid
‘discontinuity in the Seéond derivatives.

Neither the calculation of the fugacity coefficient
nor that of the‘firsﬁ derivatives presents any difficulties.
But numerical differentiatibn may be taken into consideratibh

as a more convenient method for obtaining the derivatives.
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Table 2.  Ranges for the Additional Terms

Ran‘ge‘ ' ‘T | P Z | State
A - T<1.0  <1.0 >2¢  Gas
B T<1.0 . <c  Liquid
c l.o<rel.lz <4.0 |
D 1.12<T<1.6
E 1.6<T<4.0  <1.0
F

1.6<T<4.0 1.0<P<4.0
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" Table 3. Auxiliary Functions

-0.5

TL = (T-1)/0.12; T3 = (T-1.12)/0.48; TK = (1-T 03)2
PL = ((1-P)/(1-0.85P))3; Pk = (1-p™H)3
GA = 0.128 - 0.226TD + AU(1.44 + 4.3TD)
GB = -(0.0518 + 6.61AU) (1 - T)3
GC = 0.128 + 1.44AU
'GD = 0.081 % 0.98AU
GE = =-0.0085 - 0.382AU
GF ~0.070 - 1.85AU
GG -0.029 + 0.22AU
CGH = 0.200 + 1.20AU + (3.38 - 80.8AU)TK +_(-9.5v+;262.0AU)TK2
GJ = 0.071 - 9.74AU + (-2.62 + 262.0AU)TK + (8.65 - 803.0AU)TK
HL = AP-GC-P-PL o | R
(For P<1.38) HM = GD(1.38 - P)P " * ~

. (For P>1.38) HM = GE(1 - 1.38/P) (26.4/P - 290.0AU/P - 1)

HU

(1 - AP) (GF-PK + GG.PK?)
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'Téble 4, Additional Terms »

Region  Additional Term (ZF - Z) .
a GA'PL |
B GB-P.
c (1 + 4TL(1 - TL)][HL(1 - T0) 2 + mM.TL?)
D [1 + 4T3(1 - T3] [EM(L - ™) 2 + nu-12]
E 0.0 o |

GH-PK + GJ-PK>
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4. Computing-.

. For the solution of a_cubic'equation‘avSHARE—program,'

VIETA (A,Y,MTYPE), has been convenient. It solves the equation

AW -¥} +a@)v2 4 a@).y +AM4) =0  (18)

accordlng to Cardan s procedure and furnlshes three'
'valuesvfor X and one of the values -1, 0, 1 for MTYPE in'r
dicating the case of three real'rootS)‘the3oaSe of two roots
’equal, and the casevof a"reai root Y(l) and a complervroot;
The program has been‘modified in theﬂoase'of three'real_roots-
by ordering the solutions'aCCOrding‘to magnitude;{ o

The old equatlon as well as relatlon (2) furnlshes
solutlons for both the gaseous and the’ llquld phases in a.
range in which’ one of the two phases is metastable. .The.
' stablllty determination requlres the calculatlon of the
fugac1ty coeff1c1ent. In the modlfled VIETA—program Y(l)
'represents the result for the gaseous phase and Y (3) for
'the llquld phase 1f three real roots are found. |

Table 5 shows thevessentlal stepslof the computern
| prograh used. The individual parameterv.zcr.must be intro—
duced at the_start:oflthe "substance cyc1e", the (reduoed)3
temperature for the section "T- functlons R and the pressure
for the sectlon "R and K" in whlch the-results of the old
‘equatlon are computed for a comparlson. The.suhroutine;
'VIETA is used in thls sectlon for the computatlon of the com-

press;blllty factor ZK and, if two phases are 1nd1cated, of
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A‘ Table 5: Essehtiai-Cqmputing1Steps.

Al1)=140
B ."\. ")? .

L€ SUSSTANCE .CYCLE . _» .. . Ll

ZR=1.072C

.C. T FUNCTIONS

36

40

39

5= 1.oxsaRrir)

.ITD=140~ TS et L. - ._...,,.A . ,,a_ _...:. . .'_...-_ e --_.. _ oo _'.‘_ . ‘

F=2R-3.0+B

.G=B%¥(3,0-2.0%8- ZR)+ZC*(1 0-B)*#3

NU=1,0- ZC*(I 0-3)
OW=1e0-026%TD+1+,60%TN*TD- AU*TD*(I3.7 +173.2%TD)
IF (TelLTeleO) QW=QW+16. O*AU*TD**?

_Q0=ZR*TS*)W¥QU=*3 e e e e e

GA=0.128- Oe 276*TD+AU*(1 44+4.3*TD)

IF (TeGTel.0) GO TO 38

GB=-(040518+6. 61*AU)*(1;G T)**B

.GN TN 39 . _
._IF (TeGTeleh) GO TO 40 } . -
. GC=0e128+1.44%AY . e e e e e e

GD=NN810+0.98%Al _ ' )
GE=-0.0085-0.382*AU

GF=-0.070~-1.85*AU

GG=-0.029+0.22*AU

TL=(T-1.0) /0.12 ‘

TJ—(T 1. 12)/0 48

GO TO 39

TK=TD**2

GH=<0+200+1e 7O*AU+(3 38- 80 8*AU)#TK+{~F, 5+262.0*AU)*TK**2
GJ=0.071-9, 74*AU*(—2 66+262.0*AU)*TK+(8 65- 803 O*AU)*TK**Z
CONTINYE

" C R AND X

33

_A(7)'—100

AX = 0.4278*P*TS/(T*T)

BX=NeNBELE6T*P/T . , . |
A(3)=4K=-3K*(1.0+3K) ' S A
Al4)=—AK#*3K | o - R
CALL VIETA(A,YoMT) | - S

ZK=Y (1)

ZK)1L =0eN : S :
IfF (MTeGTe—~-1) GO TO 133
KL=y (3)

CONT INUE
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C MAIN TERM
pPp=7R/D
A(2)=F-83-TxPD
A(3)=6-8B*F+PDx (N0~ F}T)

A(4)=~G%B3-PPx*(B*QQ+G*T)
CALL VIETA(A,YsMT)
2=2C#P=Y(1)/T
ZL=0.0 . .
IF (MT, GT.—l) GD T0O 34
IF (Y(3)eLEe0s0) GO TO 34
2L=2CxP#Y(3) /T :
_34 CONTINUE

ﬁmC”ADDITIONALNIERMS e e e e e e “
PK=(10-1.0/P)%%3 : o Th
- PL=0 .
IF (PelLTele0) PL=PE({(1. ,0- P)/(l 0- o.as*p))**a ,
CIF. (T-140) 41242943 . S e i
42 IF (P.GE+1.0) ZF=2 o . L
o JE (PalTela0) ZF=ZH4GAR*PL . o e
TGN TH 49 _ o o - _
v @) IF (PeGEeleD) GO TO &4 .
 IF (ZeLTe2C) GO o 44 ' o S
... ZF=Z+GA®PL _ S A .
GO TO 49 = ' N , - o -
e G4 ZF=24GB#P e i e e s o e -
| GO TO 49 | o S E -
43 IF (TeGTele6). Go*ro 86 el R
HL=0.0 S o ; ) o
_IF (D.LT 1.0} . HL —CC"’DL o ‘ e ,‘,__,___.,N__._.,___'_._, e _ L
. ,  HM=(0.081+0.98%AU) ¥( 1438~ P)*P ' ' ‘
et 1F (PeGTele 38)“HM:*LO 0085+0. 382*AUL*(1 0-1. 38/P)*((?6 4= 299 0%AU)
2/P140) : , o .
CHUENGO ww«m@wwwgﬁwéw;m“.
"1F (PeGTele0) HU"(GF+GG*PK)*9K : : L
CIF (TeGTelel2) GO TO 45 -
ZF=2+(1e0+be O*TL*(I n- TL))*(HL*(I 0- TL’**2+HM*TL**2) .
e GO TO B9 i, e e e 2o . S SO U
45 ZF=7+(1eN+4. G*TJ*(I n- TJ))*(HV*(I n- TJ)**2+HU*TJ**2) B -
Y 1o i o RO 2 U
46 CONTINUE - - _ o |
. 2ZF=2 . S L
S [F (PeGTelen) ZF= Z+(GH+GJ*PK)*P< IR
9 CONTINUE . oL
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‘.zKL for the liéuid.‘ In the sectionv?Maiﬁviérm" the solutions
: Y(l) and'Y(3)>fﬁrnish thé reduced volumes, from which the
corﬁesponding>compressibility factors Z and ZL  are éomputéd.
Thevfinél results 2ZF and ZFL are obtéined by
addition of the appiopriate additional terms to Z. and ZL.
.'Thé‘program can be ldoped for pressure ihside a

temperaﬁu:e-loop inside a substance-loop.
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As indicated in Table 1, the mean deviationjOf'the
finalvresﬁlts'is-reduced to 0. Oll.

‘Table 6 summarizes the deviations for 1375ubstanees‘
("Mean Dev1at10n is the root of the average dev1at10n square).

It is very difficult to furnish a "trueﬁ'pieture.of thev.
‘quallty of an equatlon of state. There are extended ranges in
whlch any reasonable equatlon leads to very small errors. _On'
the other hand, the accuracy of the best equation cannot be.
high near the critical point since here_ dZ/dP is 1nf1n1te.
 fThe cheice ef Z as a function of P may'be questioned for |
5ﬁdging the deviations; percentage deviations wduld.furnish
a somewhat different piCture. But the main diffieultyiliee
in. the unbiased" selectionFOf observed data; a constant
1nterval in P, for 1nstance, certalnly would not lead to-a o
: true plcture. -Thef"max1mum deviations" in ‘Table 6_occurred;7 '
B fer the.final eéuation alnost alwaysihear the critiCal pqint..

| | The results for the final equation arevbelieved'to}

vindicate the limits of'accﬁracy for a thtée-parameter relation._
Most of the dev1atlons in the last column of Table 6 are not
vmuch larger than the mean dev1at10n 0. Oll for the tables of »_e
Pitzer and of-Lu.' The differences can be interpreted as' |
:_‘illuetrating the efficieney ofvthe three-parameter'represenf o
tatien.ﬂ | | . - ”
'_Reélaeing the‘critical cpmpressibility.factor by“the 3

. acentric factor does not, in general, appreciably change the
ntric factor ot , pr y chang



Substance ": - . {4

Methanee'\

""Pen_tane8

Nonane® 254

Decané8 3

_vPropyleheg- o .2736
8

l-ﬁutené
.1Benzené8
| 10

~ Xenon® . .2926

'Oxygen;l' ‘ » .2921
Hydrogen Sulfidés- .2833
' 8

Carbon Diogide. o .2745

12

: Sﬁlfur Didxidé
.13 '

'Ammonia

- 0.2881
L2745

.2473

.279
274

.2697
.2425

Table 6. Examples of'Déviations,

Temperature

fro

1.63

Y

2.68
1.09
0.86
0.83
1.57

1.51
0.91
1.98

2.09
1.19
1.68
1.22
"‘1.43'

Pressure

10.40

1012
- 9.04

9,81

1.80 -
8.50
 7.00
7.02
2.46
7.66

9.35

'3.86
0.97

No.
Points.” R and K

ig:j

51

"428 |
,_l21>'

55

514.
20
.

.25

29

19

23

of

Maximum Deviations

Mean Deviations

o}oés'b
.099
,259‘ o
.374

.058

.056
,087

.009

.035

.066 -

Final '

R and K

Final

0.025

.027

.049

- .068

. .063.
.'-;040
©o.e18
Lo
020
',o;a
046
. 047
L040

0.012
©o.1s

.182
.025
L026

~.051

© .018
o028

.031
5;026

.027 -

- .006

0.015

.012

.015

026
. 016

.017.

. .008

.030

.016

. 010

L0148
.015
o .023

~07-
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. =21- ,
‘deviations. foﬁly:fof amménig the mean de&iétioh”is redu¢ed-g |
from 0.023 to 0.015 if thé"aCentfic‘factof (corresponding |
~to‘a:fictitious Qélue ZC =x6;2707) is intrOduced.; 

' It doeé.not appear_td be likely that a fdurth parameter
wouldvrésult“in a considerable improveménﬁ.;

Reiatiqns contaiﬁing‘more than thfée paraméters‘are in

general overdetermined. rhey‘may be very useful in‘repreéen_
tihg data Within a limited range of prervation. Beyond

this_range great caution is advisable;l4._
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This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its' use would not infringe privately owned rights.
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