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CHAPTER 1

Introduction

This thesis investigates the long-time behavior of solutions to variable-coefficient semilinear

Schrodinger equations. A typical nonlinear Schrodinger equation (NLS) takes the form
1
i0pu = —§Au + Vu + plulPu, u(0,z) = ¢(x), (1.1)

where u : Ry x RY — C is a complex scalar field on spacetime with prescribed initial data ¢,
V(t,z) is a real-valued potential, and the nonlinear term p|u|Pu for fixed constants p and p
describes a self-interaction. Such equations arise when modeling Bose-Einstein condensates,
water waves, and the propagation of light in fiber optics. One recovers the linear Schrodinger

equation from quantum mechanics by setting p = 0.

To place our results in context, we first review the main features of the equation (1.1)) in

the case V' = 0, which was the first to be thoroughly analyzed.

1.1 Background

Most rigorous studies of NLS have considered equations of the form
1
10pu = —EAU + plulPu, u(0,-) = ¢ € H*(RY), (1.2)

where p > 0, u = +1, and H* = (1 — A)~*/2L?(R%) is the L? Sobolev space. The equation

is defocusing if p =1 and focusing if p = —1. There are two known conserved quantities
Ml :/ luf? da (13)
Rd
1 20
Eul= | =|Vu|*+ ——|u|"™ dx, 1.4
= [ IVuR + gt da (1.4)



called the mass and energy, respectively. Note, however, that these are only defined for
sufficiently regular initial data. For instance, functions merely in L? do not have finite

energy.

A major advantage of considering the constant-coefficient equation (|1.2)) is that its lin-
ear part (that is, its linearization at 0) is diagonalized by the Fourier transform and may be
profitably analyzed with technology from harmonic analysis, such as stationary phase asymp-
totics, Littlewood-Paley decompositions, and Fourier restriction estimates. These tools yield
detailed insights into the concentration and decay of linear solutions, basic stepping stones

to the nonlinear analysis.
Equation (1.2)) enjoys a large group of symmetries. It is clearly invariant under spacetime
translations uy, ., = u(t —to,  —xp). Also, the scaling uy = \=2Pu(A\~%t, \~1x) preserves the

class of solutions. For each p there is a corresponding scale-invariant homogeneous Sobolev

norm
lull e = 1(=2) % ull 2,

where s, = 4 — 2 denotes the critical regularity; indeed, we have [[ux(0)[ g = A*~*[|u(0)]| ;.

and

Mluy] = A Mlu], Eluy] = \2E"YE[u].

The problem is H*®-critical (resp. subcritical, supercritical) if u(0) € H® s = s. (resp.
§> Se, § < Se).

S. is the minimum regularity for which wellposedness is expected. When s > s., the
equation is locally wellposed; that is, for any initial data ¢ € H?, there is a unique
local-in-time solution which also depends continuously on ¢. Very little is known about the
case s < S., but heuristically one expects illposedness. We shall not discuss supercritical

problems in the sequel.

One crucial difference between the subcritical and critical problems is that the guaranteed

lifespan of local solutions depends merely on the norm of the initial data in the former but



also on the profile in the latter. This distinction has dramatic consequences for the long-
time analysis of solutions, particularly at conserved regularity. For example, for defocusing
H'-subcritical equations, mass and energy conservation imply a uniform bound in H*, which
when combined with the local theory immediately implies global existence and uniqueness of
solutions. For the H!-critical equation, however, the conservation laws provide no long-time
control as H* norm is by definition insensitive to the scaling of the equation. Thus, solutions
could conceivably concentrate at a point and cease to exist after finite time while remaining

bounded in H!.

Thanks in part to sophisticated techniques and insights from harmonic analysis, the last
twenty years have witnessed substantial progress toward understanding the solutions to NLS
at critical regularity. The strongest conclusions have been obtained for the mass-critical and

energy-critical equations

1
10pu = —§Au + u|u|%u, u(0) € L*(R%) (1.5)

1 4 .
10y = —§Au + plu|72u, w(0) € H'(R?), d > 3, (1.6)

where the conservation laws control the critical Sobolev norm. Broadly speaking, all solutions
are known to not only exist globally but also scatter, at least when @ = 1. The case p = —1,
where the solution carves out a potential well that exerts a self-focusing effect, is more subtle
due to the possibility of solitons or blowup. We will state these results more precisely in the

next chapter.

1.2 Variable-coefficient generalizations

In this thesis, we consider several variable-coefficient analogues of the mass-critical and
energy-critical NLS by introducing external potentials V' # 0 or non-Euclidean geometries.
Such modifications are quite natural since most real-world systems are not spatially homo-
geneous. Our aim is to generalize results concerning global wellposedness and asymptotic

behavior for the constant coefficient equations to the variable-coefficient setting.



A key property of all the equations we shall study is that although they lack scaling sym-
metry, highly concentrated solutions evolve approximately according to the corresponding
scaling-invariant equation (that is, equations or ) This claim is intuitively plau-
sible since the coefficients in the equation are nearly constant over very small length scales.
It can in fact be justified rigorously. As a consequence, the large-data theory for these equa-
tions faces the same difficulty as before in that the conservation laws by themselves provide

no control over the long-time behavior of solutions.

To study the long-time behavior of large-data solutions, we apply the Kenig-Merle concen-
tration compactness and rigidity strategy which will be described in some detail in Chapter 2|
While the general strategy has proved to be quite versatile, it is nontrivial to implement in
the absence of various symmetries. In particular, many existing arguments for both the
linear and nonlinear constant coefficient equations rely on the Fourier transform, which is
ill-adapted to nontranslation-invariant systems. To compensate for this and in particular to

prove the required profile decompositions, we need microlocal techniques.

Chapters [2| and [3] investigate global wellposedness for the energy-critical NLS in the
presence of external potentials. One can regard sufficiently small potentials as perturbations
to the constant-coefficient equation (1.6]), which is by now understood. But the potentials

we shall mainly consider are much too large for naive perturbative arguments.

We begin by studying the energy-critical quantum harmonic oscillator
. 1 1 2 _4 d
10 = <—§A + §|x| >u + plula2u, u(0) € B(RY),
where ¥ is a weighted version of H! adapted to the conserved energy
1 1 2
Bu) = /§|w2 gl luf? + (1= 2 Yl 25 e

As we shall see, highly concentrated solutions will evolve approximately according to equa-
tion(|1.6]), which is by now well understood. However, these are not the only kinds of solutions
one must account for when proving that arbitrary finite-energy initial data lead to globally

defined solutions. This chapter essentially follows the paper [Jaol6].



In Chapter [3| we generalize the results for the harmonic oscillator to a class of potentials
that obey similar estimates as the exact quadratic potential. Our main point is that the
results for the harmonic oscillator are in no way wedded to any algebraic miracles. Rather,

we ultimately exploit the fact that the bicharacteristics for the symbol
h(w,€) = 31€° + V(2)

are nearly straight lines in the relevant region of phase space.

In Chapter (4] we study the defocusing energy-critical NLS in three spatial dimen-
sions with the Laplacian A replaced by the Laplace-Beltrami operator A, for a Riemannian
metric ¢ on R®. We show that if ¢ is a sufficiently mild deformation of the Euclidean metric
(in a sense to be made precise later), then all finite-energy solutions not only exist globally
and also scatter to linear Euclidean solutions. This situation is considerably more delicate
compared to the case of an external potential because the equation is perturbed in the highest
order terms. Indeed, even small perturbations of the metric may cause the bicharacteristics
of the principal symbol h(x, &) = ¢/*(2)&;&; to converge at multiple points. At the level of
the Schrodinger equation, this refocusing manifests in the failure of a fundamental linear
decay estimate, and an important part of our analysis will be to prove a weakened form that

still suffices for our purposes.

The final part of the thesis investigates reverse Strichartz theorems in connection with
mass-critical NLS. Such inverse theorems are essential for studying how solutions concentrate
in the long-time large-data theory. In the Fuclidean setting, these have been obtained with
the aid of Fourier restriction estimates which are very much tied to spacetime translation-
invariance. In Chapter |5, we discuss an alternate approach to these inverse theorems in
one space dimension which generalizes to a class of Schrédinger operators that includes the

harmonic oscillator.



CHAPTER 2

The energy-critical quantum harmonic oscillator

2.1 Introduction

We study the initial value problem for the energy-critical nonlinear Schrodinger equation on

R?, d > 3, with a harmonic oscillator potential:

iOu = (—3A + 3|z[P)u+ plulzu, = =+1,
(2.1)
u(0) = ug € L(RY).

The equation is defocusing if p = 1 and focusing if © = —1. Solutions to this PDE conserve

energy, defined as

B(u(t)) = /R VO + Y@ + L2 ula()| 2] de = E@(©).  (22)

The term “energy-critical” refers to the fact that if we ignore the |x|? term in the equation
and the energy, the scaling

2

u(t, z) = u(t,z) = AT 2u(A72t, A ) (2.3)

preserves both the equation and the energy. We take initial data in the weighted Sobolev
space 3, which is the natural space of functions associated with the energy functional. This

space is equipped with the norm

IAIS = IV Az + e f 122 = 1 s+ 1122 gep ax) (2.4)

We will frequently employ the notation

_4
H=-1A+1z]?, F(2) = plz|7z



Definition. A (strong) solution to (2.1)) is a function u : I x RY — C that belongs to

C?(K;Y) for every compact interval K C I, and that satisfies the Duhamel formula

t
u(t) = e "y (0) — z/ e P (y(s))ds forall tel. (2.5)
0

2d_
The hypothesis on u implies that F(u) € C7,.Li* (I x R?). Consequently, the right side

loc

above is well-defined, at least as a weak integral of tempered distributions.

Equation (2.1)) and its variants
iOu=(—3A+V)u+ F(u), V==5z>, F(u)==%ulfu, p>0

have received considerable attention, especially in the energy-subcritical regime p < 4/(d—2).
The equation with a confining potential V' = |z|?/2 has been used to model Bose-Einstein
condensates in a trap (see [Zha00|, for example). Let us briefly review the mathematical

literature.

Carles [Car(02], [Car03] proved global wellposedness for a defocusing nonlinearity F'(u) =
|ulPu, p < 4/(d — 2) when the potential V(z) = |x|?/2 is either confining or repulsive,
and obtained various wellposedness and blowup results for a focusing nonlinearity F'(u) =
—|u/Pu. In [Car05], he also studied the case of an anisotropic harmonic oscillator with
V(z) =3,0;x3/2, 0; € {1,0,-1}.

There has also been interest in more general potentials. The paper [Oh89] proves
long-time existence in the presence of a focusing, mass-subcritical nonlinearity F'(u) =
—|ulPu, p < 4/d when V(z) is merely assumed to grow subquadratically (by which we
mean 0°V € L™ for all || > 2). More recently, Carles [Carll] considered time-dependent
subquadratic potentials V' (¢, x). Taking initial data in 3, he established global existence and
uniqueness when 4/d < p < 4/(d — 2) for the defocusing nonlinearity and 0 < p < 4/d in

the focusing case.

We are concerned with the energy-critical problem p = 4/(d — 2). While the critical

equation still admits a local theory, the duration of local existence obtained by the usual



fixed-point argument depends on the profile and not merely on the norm of the initial data uq.
Therefore, one cannot pass directly from local wellposedness to global wellposedness using
conservation laws as in the subcritical case. This issue is most evident if we temporarily

discard the potential and consider the equation
iOu = —1Au+ plulzu,  u(0) =u € H'(RY), d>3, (2.6)
which has the Hamiltonian
Ea(u) = / HVul* + u%QM% dz.

We shall refer to this equation in the sequel as the “potential-free”, “translation-invariant”,
or “scale-invariant” problem. Since the spacetime scaling preserves both the equation
and the H' norm of the initial data, the lifespan guaranteed by the local wellposedness the-
ory cannot depend merely on ||ug||z:. One cannot iterate the local existence argument to
obtain global existence because with each iteration the solution could conceivably become
more concentrated in space while remaining bounded in H'; the lifespans might therefore
shrink to zero too quickly to cover all of R. The scale invariance makes the analysis of
highly nontrivial.

We mention equation because the original equation increasingly resembles as
the initial data concentrates at a point; see sections and for more precise statements
concerning this limit. Hence, one would expect the essential difficulties in the energy-critical
NLS to also manifest themselves in the energy-critical harmonic oscillator. Understanding
the scale-invariant problem is therefore an important step toward understanding the har-
monic oscillator. The last fifteen years have witnessed intensive study of the former, and the

following conjecture has been verified in all but a few cases:

Conjecture 2.1.1. When p = 1, solutions to (2.6) exist globally and scatter. That is, for
any uy € HY(RY), there exists a unique global solution u : R x R* — C to [2.6) with

u(0) = up, and this solution satisfies a spacetime bound

Si(u) = /R/R lu(t, )| 5 do dt < C(Ea(us)) < oo. (2.7)



Moreover, there exist functions ur € H'(R®) such that

itA
2

lim ||u(t) — e 2 ug|l;n =0,

t—+oo
and the correspondences ug — ux(ug) are homeomorphisms of H*.

When pu = —1, one also has global wellposedness and scattering provided that
Ea(uo) < EA(W),  [[Vuolle < [VW]12,

where the ground state

solves the elliptic equation A + ]W\ﬁW =0.

Theorem 2.1.1. Conjecture holds for the defocusing equation. For the focusing equa-
tion, the conjecture holds for radial initial data when d > 3, and for all initial data when

d>5.

Proof. See [Bou99, [CKS08|, RV07, [Vis07] for the defocusing case and [KMO6, [KV10] for the

focusing case. O

One can formulate a similar conjecture for (2.1); however, as the linear propagator is

periodic in time, one only expects uniform local-in-time spacetime bounds.

Conjecture 2.1.2. When p = 1, equation (2.1)) is globally wellposed. That is, for each
ug € X there is a unique global solution u : R x R* — C with u(0) = ug. This solution obeys

the spacetime bound

Sitw)i= [ [ ot dear < 1) Juols (28)

for any compact interval I C R.

If w = —1, then the same is true provided also that

Eluo) < EAOW) and ||Vuo|z2 < |[VW |12



In [KVZ09], Killip-Visan-Zhang verified this conjecture for = 1 and spherically sym-
metric initial data. By adapting an argument of Bourgain-Tao for the equation without
potential , they proved that the defocusing problem is globally wellposed, and also
obtained scattering for the repulsive potential. We consider only the confining potential. In
this chapter, we remove the assumption of spherical symmetry for the defocusing harmonic
oscillator. In addition, we establish global wellposedness for the focusing problem under the

assumption that Conjecture holds for all dimensions.

Theorem 2.1.2. Assume that Conjecture holds. Then Conjecture holds.

By Theorem [2.1.1] this result is conditional only in the focusing situation for nonradial
data in dimensions 3 and 4. Moreover, in the focusing case we have essentially the same
blowup result as for the potential-free NLS with the same proof as in that case; see [KV10].

We recall the argument in Section [2.7]

Theorem 2.1.3 (Blowup). Suppose p = —1 and d > 3. If ug € ¥ satisfies E(ug) < Ea(W)
and ||Vuglla > ||[VW||2, then the solution to (2.1]) blows up in finite time.

Remark. By Lemma [2.7.1} E(ug) < Ea(W) implies that either ||Vugllzz < [[VW]|.2 or
HVUHLQ > HVWHLQ

Mathematically, the energy-critical NLS with quadratic potential has several interesting
properties. On one hand, it is a nontrivial variant of the potential-free equation. If the
quadratic potential is replaced by a weaker potential, the proof of global wellposedness can
sometimes ride on the coat tails of Theorem [2.1.1} For example, we show in Section [2.8] that
for smooth, bounded potentials with bounded derivative, one obtains global wellposedness
by treating the potential as a perturbation to . Further, the Avron-Herbst formula given
in [Carll] reduces the problem with a linear potential V(z) = Ez to (2.6). On the other
hand, the linear propagator e~ for the harmonic oscillator does admit an explicit formula.
In view of the preceding remarks, we believe that is the most accessible generalization
of which does not come for free.

10



Proof outline. The local theory for shows that global existence is equivalent to
the uniform a priori spacetime bound . To prove this bound for all solutions, we apply
the general strategy of induction on energy pioneered by Bourgain [Bou99] and refined over
the years by Colliander-Keel-Staffilani-Takaoka-Tao [CKS08|, Keraani [Ker06], Kenig-Merle

[KMOG], and others. These arguments proceed roughly as follows.

(1) Show that the failure of Theorem would imply the existence of a minimal-energy

counterexample.

(2) Show that the counterexample cannot actually exist.

By the local theory, uniform spacetime bounds hold for all solutions with sufficiently small
energy F(u). Assuming that Theorem fails, we obtain a positive threshold 0 < E. < oo
such that (2.8)) holds whenever E(u) < E. and fails when E(u) > E..

As the spacetime estimates of interest are local-in-time, it suffices to prevent the blowup of
spacetime norm on unit-length time intervals. This will be achieved by a Palais-Smale com-
pactness theorem (Proposition , from which one deduces that failure of Theorem m
would imply the existence of a solution u, with E(u.) = E., which blows up on a unit time
interval, and which also has an impossibly strong compactness property (namely, its orbit
{u.(t)} must be precompact in ¥). Put differently, we shall discover that the only scenario
where blowup could possibly occur is when the solution is highly concentrated at a point
and behaves like a solution to the potential-free equation ; but that equation is already

known to be wellposed.

This paradigm of recovering the potential-free NLS in certain limiting regimes has been
applied to various other equations. See [KKS12, [KSV12|IPS12, TP12, [KVZb| for adaptations
to gKdV, Klein-Gordon, and NLS in various domains and manifolds. While the particulars
are unique to each case, a common key step is to prove an appropriate compactness theorem
in the style of Proposition [2.6.1] As in the previous work, our proof of that proposition uses

three main ingredients.

11



The first prerequisite is a local wellposedness theory that gives local existence and unique-
ness as well as stability of solutions with respect to perturbations of the initial data or the
equation itself. In our case, local wellposedness will follow from familiar arguments employ-
—itH

ing the dispersive estimate satisfied by the linear propagator e , as well the fractional

product and chain rules for the operators H”, v > 0. We review the relevant results in

Section

We also need a linear profile decomposition for the Strichartz inequality
e I asn S I1EE |z (2.9
Lt,z_

Such a decomposition in the context of energy-critical Schrodinger equations was first proved
by Keraani [Ker0I] in the translation-invariant setting for the free particle Hamiltonian
H = —A, and quantifies the manner in which a sequence of functions f,, with |H'/2f,||
bounded may fail to produce a subsequence of e *¥ f, converging in the spacetime norm.
The defect of compactness arises in Keraani’s case from a noncompact group of symmetries
of the inequality , which includes spatial translations and scaling. In our setting, there
are no obvious symmetries of ; nonetheless, compactness can fail and in Section
we formulate a profile decomposition for (2.9) when H is the Hamiltonian of the harmonic

oscillator.

Finally, we need to study when the initial data is highly concentrated in space,
corresponding to a single profile in the linear profile decomposition just discussed. In Section
2.5, we show that blowup cannot occur in this regime. The basic idea is that while the
solution to remains highly localized in space, it can be well-approximated up to a

phase factor by the corresponding solution to the scale-invariant energy-critical NLS

(i0) + LA)u = +|u| 72w, (2.10)

By the time this approximation breaks down, the solution to the original equation will
have dispersed and can instead be approximated by a solution to the linear equation (i0; —

H)u = 0. We use as a black box the nontrivial fact (which is still a conjecture in a few cases)

12



that solutions to (2.6 obey global spacetime bounds. By stability theory, the spacetime
bounds for the approximations will be transferred to the solution for the original equation
and will therefore preclude blowup.

While this discussion considers the potential V (z) = $|z|?, the argument can be adapted

to a wider class of subquadratic potentials defined by the following hypotheses:

o OV € L™ for all k > 2.

o V(x) > d|z|?* for some § > 0.

Under these assumptions, Fujiwara [Fuj80] constructed a Fourier integral operator represen-
tation for the propagator, which can be used as a substitute for the Mehler formula (2.12)).
We focus on the harmonic oscillator because this concrete case already contains the main
ideas. In the second part of this chapter we describe the modifications required to treat the

more general case.

Acknowledgements

The author is indebted to his advisors Rowan Killip and Monica Visan for their helpful
discussions, particularly regarding the energy trapping arguments for the focusing case, as
well as their feedback on the manuscript. This work was supported in part by NSF grants
DMS-0838680 (RTG), DMS-1265868 (PI R. Killip), DMS-0901166, and DMS-1161396 (both
PI M. Visan).

13



2.2 Preliminaries

2.2.1 Notation and basic estimates

We write X <Y to mean X < CY for some constant C, and X ~ Y if both X <Y and

Y < X. If I C R is an interval, the mixed Lebesgue norms on I x R? are defined by

P ligrzeme = ( [([1seora) dt) = 1O szczmey,

The operator H = —1A + $|z|? is positive on L*(R?). Its associated heat kernel is given

by Mehler’s formula

etH (1, y) = oD@ +y?) , 0e (z,7), (2.11)
where
1 — cosht t
J(t) = —— = —— 4+ O(#? t—0.
() 2sinht 4jL (#) as

By analytic continuation, the associated one-parameter unitary group has the integral kernel

e o) = ———— / () ), (2.12)

(2misint)2

Comparing this to the well-known free propagator

ztA 1 M
1) = oy [ 7 10 (2.13)

we obtain the relation
‘33|2 isin2(t)A

e~ f — ) Calli) (2.14)

where

cost — 1 t 3
=—0=— t—0.
v(1) st i O’) as t—

Mehler’s formula immediately implies the local-in-time dispersive estimate
w . _d
le™™ fllzge < [ sint| 72| f|1. (2.15)

For d > 3, call a pair of exponents (g, ) admissible if ¢ > 2 and % + g = g. Write

10wy = I ez + W1,
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with all norms taken over the spacetime slab I x R?. By interpolation, this norm controls

the L] L norm for all other admissible pairs. Let
| Fllney = inf{HFlHLgflL;/1 + HF2]|L?/2L;§ : (qg, ) admissible, F = Fy + Fy},
where (q;,,77.) is the Holder dual to (gg, 7x).

Lemma 2.2.1 (Strichartz estimates). Let I be a compact time interval containing ty, and

let u: I x R* — C be a solution to the inhomogeneous Schrédinger equation
(10 — H)u = F.
Then there is a constant C = C(|I|), depending only on the length of the interval, such that
[ullsay < Cllutto)llze + [1Fllv)-

Proof. This follows from the dispersive estimate (2.15)), the unitarity of e=## on L?, and
general considerations; see [KT98]. By partitioning time into unit intervals, we see that the

constant C' grows at worst like |/ |% (which corresponds to the time exponent ¢ = 2). O

We use the fractional powers H” of the operator H, defined via the Borel functional
calculus, as a substitute for the usual derivative (—A)7. The former has the advantage of

commuting with the linear propagator e~ Trivially

IHE fllz2 ~ [(=A)2 fllze + 2] fllze ~ | f]ls-

Using complex interpolation, Killip, Visan, and Zhang extended this equivalence to other L”

norms and other powers of H.

Lemma 2.2.2 ([KVZ09, Lemma 2.7]). For 0 <~y <1 and 1< p < oo, one has
NH fllomay ~ | (=A) fll Loy + |||x|27f||LP(Rd)‘

As a consequence, H” inherits many properties of (—A)7, including Sobolev embedding:

15



Lemma 2.2.3 ([KVZ09, Lemma 2.8]). Suppose v € [0,1] and 1 < p < 2%, and define p* by

— 27. Then

||fHLP*(Rd) S/ ||H7f||LP(Rd)-
Similarly, the fractional chain and product rules carry over to the current setting:

Corollary 2.2.4 ([KVZ09 Proposition 2.10]). Let F(z) = |z|ﬁz For any 0 <~ < § and
1 <p<oo,

||H7F(u)||LP(Rd) S HF,(U)HLPO(Rd)HHWfHLpl(Rd)
for all po, p1 € (1,00) with p~* = py* + p;t.

Using Lemma and the Christ-Weinstein fractional product rule for (—A)7 (e.g.
[Tay00]), we obtain

Corollary 2.2.5. Fory € (0,1], r,pi, ¢ € (1,00) with r=' = p; '+ ¢;', i = 1,2, we have
IH(f)lr S NH fllpn lgllar + 11 lpe 1 H 9l g2

The exponent v = % is particularly relevant to us, and it will be convenient to use the

notation
1
HfHngg(Jde) = HHQfHLng(Idey
The superscript of ¥ is assumed to be 2 if omitted. We shall need the following refinement

of Fatou’s Lemma due to Brézis and Lieb:

Lemma 2.2.6 (Refined Fatou [BL83]). Fiz 1 < p < oo, and suppose f, is a sequence of

functions in LP(RY) such that sup,, || full, < oo and f, — f pointwise. Then
i [l = 1= 7P = 1517 do =0
n—o0 Rd
Finally, we record a Mikhlin-type spectral multiplier theorem.

Theorem 2.2.7 (Hebisch [Heb90]). If F' : R — C is a bounded function which obeys the

derivative estimates

O FN)| Sk A% forall 0<k<2+1,
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then the operator F(H), defined initially on L* via the Borel functional calculus, is bounded

on LP for all 1 < p < 0.

2.2.2 Littlewood-Paley theory

Using Theorem as a substitute for the Mikhlin multiplier theorem, we obtain a Littlewood-
Paley theory adapted to H by mimicking the classical development for Fourier multipliers.
We define Littlewood-Paley projections using both compactly supported bump functions and

also the heat kernel of H. The parabolic maximum principle implies that

tA _Jz—y?
2

(r,y) = Wé T (2.16)

0< e_tH(x,y) <e

Fix a smooth function ¢ supported in |[A\| < 2 with p(A) = 1 for [A| < 1, and let
P(A) = p(A) — p(2)). For each dyadic number N € 2%, which we will often refer to as

“frequency,” define

PZy = o(vH[N?), Py =¢(VH/N?),

~ _ 2 ~ _ 2 _ 2
PgN:eH/N’ PJI\?:eH/N _ p4H/N?

The associated operators PfN, PfN, etc. are defined in the usual manner.

Remark. As the spectrum of H is bounded away from 0, by choosing ¢ appropriately we

can arrange for P-; = 0; thus we will only consider frequencies N > 1.

Later on we shall need the classical Littlewood-Paley projectors

P2y = o/ =A/N?) Py =9(y/=A/N?), (2.17)

P2y = APV P = AN 28N (2.18)
The maximum principle implies the pointwise bound

[Py f ()] + [Py f(2)] S PEyIfI(@) + Pyl fl(2). (2.19)

To reduce clutter we usually suppress the superscripts H and A unless both types of
projectors arise in the same context. For the rest of this section, P<y and Py denote P2y

and P# respectively.
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Lemma 2.2.8 (Bernstein estimates). For f € C*(R%), 1 <p < q < oo, s > 0, one has

the Bernstein inequalities

[\]
\]
@)

1P<nfllp SIP<nfllp I1PNFllo S I PNl
| P<n fllp + |1 Px Fllp + 1 Pen Fllp + (|1 Pr fllp S 11l
- - d_d
|P<n fllg + 1PN fllg + |1 Penfllg + 1 Prfllg S N2~ £l

NPy fllp ~ [1H* Py fll,

[\
[\
—_

\V]
\]
w

— — — P —
) )
g NG}

N— N— S—— N— SN—

1Psnfllp S N7#HPon fll,.

~Y

In (2.22), the estimates for ]E’SNf and Py f also hold when p =1, q = oo. Further,

f=> Pxf=> Pxf (2.25)
N N

where the series converge in LP, 1 < p < oo. Finally, we have the square function estimate

1l ~ I 1P S22 (2.26)

N

Proof. The estimates ([2.20)) follow immediately from Theorem [2.2.7, To see ([2.21]), observe
that the functions ¢(1/-/N2), e~ /N* satisfy the hypotheses of Theorem uniformly in
N. Next use (2.16]) together with Young’s convolution inequality to get

~ ~ d_d
[P<nfllg + [[Pxfllg S Namr|lfll, for1<p<qg<oo. (2.27)

From (2.20) we obtain the rest of (2.22)). Now consider (2.23). Let ¢ be a fattened version of
v so that ¢ = 1 on the support of ¥. Put F(\) = A*¢(v/A). By Theorem the relation
¢ = 1), and the functional calculus,

INZ2H Py flly = | F(H/N*) Py flly S 1P Sl

The reverse inequality follows by considering F/(x) = A~*1h()\).

We turn to (2.25)). The equality holds in L? by the functional calculus and the fact that

the spectrum of H is bounded away from 0. For p # 2, choose ¢ and 0 < # < 1 so that

18



p ! =271 -0)+ ¢ '0. By (2.21), the partial sum operators

SNo,Ny = Z Py, S’N07N1: Z PN

No<N<N; No<N<N;

are bounded on every LP, 1 < p < oo, uniformly in Ny, N;. Thus by Holder’s inequality,
1f = Snovi fllp < I = Snomi FISPIS = Snomi fllo — 0 as Ng — 0, Ny — oo,

and similarly for the partial sums Sy, v, f. The estimate ([2.24) follows from (2.21), ([2.23),
and the decomposition Psyf = ,,on Puf-

To prove the square function estimate, run the usual Khintchine’s inequality argument

using Theorem in place of the Mikhlin multiplier theorem. O

2.2.3 Local smoothing

The following local smoothing lemma and its corollary will be needed when proving properties

of the nonlinear profile decomposition in Section [2.6
Lemma 2.2.9. Ifu=e¢ "¢ ¢ e N(RY), then
[ V@B e = 2) P ddt RO+ (Dl sz 1 2l e
1 JRa

with the constant independent of z € R and R > 0.

Proof. We recall the Morawetz identity. Let a be a sufficiently smooth function of x; then

for any u satisfying the linear equation idyu = (—1A + V)u, one has

) / Va - Im(uVu) dz = / a, Re(u;ig) dv — § / [ul*ajji, do

(2.28)
- %/\u|2Va -VVdx

We use this identity with a(z) = (R™'(z — 2)) and V = $|z[%, and compute

O e el ) B 0; ~ R7%(xy — 2) (o — )
4®) = R =y W@ = R [u%wx—a> Bz - =)

) 15R™*
Aral@) S~ — oy
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As A%aq < 0, the right side of (2.28) is bounded below by
R?/ Lz — )" [ywy? - \W vu\ dx - —/y A v da
>R / |Vu(z o —2))73
Integrating in time and applying Cauchy-Schwarz, we get

R~ // o — 2)) 7P| Vu(t, z) | dedt
Rd
<sup R~ /%W(t o)||Vu(t, z)| dx + 55 // || [u|? dedt

tel

S R+ D ullgerz | H' Pl ppore.

This completes the proof of the lemma. m

Corollary 2.2.10. Fiz ¢ € X(RY). Then for all T, R < 1, we have

\Y < TS(d2+2) R% 3\ —itH 1|5
IVe™ bl Lz (te—tol<T [o-mol<r) S loEle™™ Al s -
t,x

~

When d = 3, we also have

) 43
IVl g, 5 A AT

(|t—to|<T, |z—x0|<R) "

Proof. The proofs are fairly standard (see [Visl4] or [KVZh]); we present the details for the
second claim, which is slightly more involved. Let E the region {|t —to| < T, |z —x¢| < R}.

Norms which do not specify the region of integration are taken over the spacetime slab

{It —to] < T} x R3. By Holder,

1 2
—itH < —itH 4|3 —itH |3
IV 00,35y < IVl IV 1 g
By Holder and Strichartz,
—itH < —itH < 1
Ve ol 3, STHIVE 0] g 3 STHols, (2:29)

We now estimate ||Ve*“qu5||ng. Let N € 2N be a dyadic number to be chosen later, and

decompose

IVe™™ ol 2,y < Ve PLyoll 2 ) + Ve PIvll2 i
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For the low frequency piece, apply Holder and the Bernstein inequalities to obtain
IVe ™ PEdllsz, S T R3(Ve " PLydlly S TAREN|e ™ 6] 1o,
For the high-frequency piece, apply local smoothing and Bernstein:
Ve PH 6l S REIPAGILIE 0SS RENH6]ls.
Optimizing in N, we obtain
Ve 0], S THRE 0|11, 0113

Combining this estimate with (2.29)) yields the conclusion of the corollary. O]

2.3 Local theory

We record some standard results concerning local-wellposedness for ([2.1)). These are direct
analogues of the theory for the scale-invariant equation. By Lemma [2.2.3] and Corollaries
and [2.2.5 we can use essentially the same proofs as in that case. The reader should
consult [KV13] for those proofs.

Proposition 2.3.1 (Local wellposedness). Let ug € X(R?) and fir a compact time interval

0 € I C R. Then there exists a constant ny = no(d, |I|) such that whenever n < ny and

l )
||H26 ZtHUOH 2(d+2) 2d(d+2) < 7,

L, % L, P (IxRY)

there exists a unique solution u : I x RY — C to (2.1)) which satisfies the bounds

1 1 a+2
[H2ul| s 2a0en <2 and [[H2ullsa) S [luolls +ni=2.

L, 72 L, (IxRd)
Corollary 2.3.2 (Blowup criterion). Suppose u : (Tiin, Tinae) X RY — C is a mazimal
lifespan solution to (2.1)), and fix Ty < to < Thmaz- If Thnae < 00, then

||U|| 2(d+2) = OQ.
Lt,a{ni_Q ([tovaaz))

If Ty > —00, then

HUH 2(d+2) = OQ.
Lt,g72 ((Tmimto])
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Proposition 2.3.3 (Stability). Fizty € I C R an interval of unit length and let @ : I xR* —
C be an approximate solution to (2.1) in the sense that

o~ e A
0yt = Hu + |ula2a + e
for some function e. Assume that

lall sgn < L, || H? | < E, (2.30)

t,x

and that for some 0 < e < go(E, L) one has
_ 1
[a(to) — wolls + [[HZel|n) <, (2.31)

Then there exists a unique solution u : I x R? — C to [2.1)) with u(ty) = ug and which
further satisfies the estimates

li—ull asn + 1H? (@ — )|l sy < C(E, L) (2.32)
g

t,x

where 0 < ¢ =c¢(d) < 1 and C(FE, L) is a function which is nondecreasing in each variable.

2.4 Concentration compactness

The purpose of this section is to prove a linear profile decomposition for the Strichartz
inequality

le™™ fI| 2wz < O, ) f]ls-
=2 (IxR%)

t,x

Our decomposition resembles that of Keraani [KerOI] in the sense that each profile has
a characteristic length scale and location in spacetime. But since the space Y lacks both

translation and scaling symmetry, the precise definitions of our profiles are more complicated.

Keraani considered the analogous Strichartz estimate

[ S i ray-
L, 977 (RxR9)

Recall that in that situation, if f, is a bounded sequence in H' with nontrivial linear evo-

lution, then one has a decomposition f, = ¢,, + r, where ¢, = e*2G,¢, G, are certain
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unitary scaling and translation operators on H' (defined as in (2.33)), and ¢ is a weak limit
of G;le~# A f in H'. The “bubble” ¢, is nontrivial and decouples from the remainder r,, in
various norms. By applying this decomposition inductively to the remainder r,,, one obtains

the full collection of profiles constituting f,.

We follow the general presentation in [KV13| Visl4]. Let f,, € ¥ be a bounded sequence.
Using a variant of Keraani’s argument, we seek an H'-weak limit ¢ in terms of f, and write
fn = ¢n + 1, where ¢, is defined analogously as before by “moving the operators onto f,.”

However, two main issues arise.

The first is that while f, belong to ¥, an H'! weak limit of a sequence like G teitnH f,
need only belong to H*. Indeed, the H' isometries G ! will in general have unbounded norm
as operators on ¥ because of the |z|> weight. To define ¢,, we need to introduce spatial

cutoffs to obtain functions in .

Secondly, to establish the various orthogonality assertions one must understand how the
linear propagator e interacts with the H' symmetries of translation and scaling in certain
limits. This interaction is studied in Section [2.4.2] In particular, the convergence results

obtained there serve as a substitute for the scaling relation
. . d—2
eAG, = Gne’NTQLtA where G0 = Np? ¢(N,(- — x,)).

They can also be regarded as a precise form of the heuristic that as the initial data concen-
trates at a point zg, the potential V(x) = |z|*/2 can be regarded over short time intervals as
essentially equal to the constant potential V' (z); hence for short times the linear propagator

H

e~ can be approximated up to a phase factor by the free particle propagator. Section

addresses a nonlinear version of this statement.
2.4.1 An inverse Strichartz inequality

Unless indicated otherwise, 0 € I in this section will denote a fixed interval of length at most

1, and all spacetime norms will be taken over I x R%.

Suppose f, is a sequence of functions in ¥ with nontrivial linear evolution e *# f,,. The
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following refined Strichartz estimate shows that there must be a “frequency” N,, which makes

a nontrivial contribution to the evolution.

Proposition 2.4.1 (Refined Strichartz).

e 71 sgsn S IFIE™ sup lle™ Puf | i

d—2
tz Lt;v

Proof. Using the Littlewood-Paley theory, we may quote essentially verbatim the proof of
refined Strichartz for the free particle propagator ([Visl4] Lemma 3.1). Write fy for Pyf,
where Py = P# unless indicated otherwise. When d > 6, apply the square function estimate

(2.26)), Holder, Bernstein, and Strichartz to get

2(d+2)

—i i a2 i dt2
e~ 1| % e H(Zre Wi sy = [ [l ) doat
d—2 N
Z //|e_”H Z+3|e_itHfN|% dx dt

M<N
<y ||e*“HfMuz<d+2> el g e Fall e e ] st
M<N Ly Lyg? Ly

S Sup||€ | |d2(d+2) Z M?|le™™ frf]] ECoy 2 | fvll 2
Ltf’Q M<N

S SUP||€ N ]\/—’2||fM||L2HfN||L2

L,27% M<N

S Sup le” ”Hfzvlldz<d+2> WIIH”QfMIImIIHl/QfNHLg
L0 M<N

< sup ||6 ltHfN||d2(d+2) ”f“Z)
L

tcv

The cases d = 3,4, 5 are handled similarly with some minor modifications in the applications

of Holder’s inequality. O

The next proposition goes one step further and asserts that the sequence e~ f, with
nontrivial spacetime norm must in fact contain a bubble centered at some (t,,x,) with
spatial scale N7'. First we introduce some vocabulary and notation which are common to

concentration compactness arguments.
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Definition 2.4.1. A frame is a sequence (t,,z,, N,) € I x R x 2N conforming to one of

the following scenarios:

1. N,=1,t,=0, and z,, = 0.

2. N, = oo and N, !z,| = 7o € [0, 00).

The parameters t,, x,, N, will specify the temporal center, spatial center, and inverse
length scale of a function. The condition that |z,| < N, reflects the fact that we only
consider functions obeying some uniform bound in ¥, and such functions cannot be centered

arbitrarily far from the origin. We need to augment the frame {(¢,, z,, N,)} by an auxiliary

parameter N/, which corresponds to a sequence of spatial cutoffs adapted to the frame.

Definition 2.4.2. An augmented frame is a sequence (t,,2,, N, N') € I x R? x 2N x R

belonging to one of the following types:

1. N,=1,t,=0, z,=0, N, = 1.
2. N, = 00, N Yz, = 7o € [0,00), and either
(a) N/ =1ifr, >0, or

(b) Na/* < NI < Ny, NyYa|(X2) =0, and 22 — oo if 7o = 0.

Associated to an augmented frame (t,, z,, N,, N}) is a family of scaling and translation

operators

(Gud)(@) = Na? p(No( — 3,))

. a2 (2.33)
(Guf)(t,x) = No? f(NF(t —t0), No(z — 2,)),
as well as spatial cutoff operators
, for frames of type ie. N, =1),
56— ¢ ype|l|l ( ) (2.34)
x(§#)¢, for frames of type[2 (i.e. N, — o0),
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where x is a smooth compactly supported function equal to 1 on the ball {|z| < 1}. An easy

computation yields the following mapping properties:

lim S, = I strongly in H'and in X,
n—oo

(2.35)

limsup |G, [|z-x < oo.
n—oo

For future reference, we record a technical lemma that, as a special case, asserts that the
> norm is controlled almost entirely by the H' norm for functions concentrating near the

origin.

Lemma 2.4.2 (Approximation). Let (q,r) be an admissible pair of exponents with2 < r < d,

and let F = {(tn, pn, Nn, N))} be an augmented frame of type 2.
1. Suppose F is of type[2d in Definition[2.4.3. Then for {f,} C LIH:" (R x R%), we have
1imn811p 1GSn fullosy S limnsup 1 foll o e
2. Suppose F is of type |24 and f, € LIHL"(R x R?). Then
lin sup 1GnSn fullgsy S lim sup [ fnll Lo sz
Here HY(R?) and H'"(RY) denote the Sobolev spaces equipped with the norms

1z = K [zr@ay, 1 e = VI ll2r o)

Proof. By time translation invariance we may assume t, = 0. By Lemma [2.2.2] it suffices
to separately bound HVénSnanLgL; and || |$|én5nanLgL;- Using a change of variables, the

admissibility of (¢, ), Holder, and Sobolev embedding (hence the restriction r < d), we have
~ d—2
IVGSufullizns = IVINa? ful N2, N — 2))X(N (& = 2) 21
SNV )@ o) pory, + %an(t?x)“Lng(RX{MNx—Z})

SV full gy
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To estimate |||2|GpS, fall oz, We distinguish the two cases. Consider first the case where

fn € LIHY". Using the bound |z,| < N, and a change of variables, we obtain

~ d
1121GaSnfullgrr S Nit | fa(Ngt, Nu(z — @) ler S W fullger S Mfall o

Next, consider the case where f, are merely assumed to lie in L{H!". For each ¢, we

apply Holder and Sobolev embedding to get

~ dr_g_,
2GS folly, = NoF / 20 + N2l | fu (N2, 2) [ da

N.

dr _
SNF Nl NGy ] [ IR e

2l 2%
&—d —-r T r —2r T
S Nad T Nl (R0 + (N2 IV Fu(NZDI
By the hypotheses on the parameter N/, in Definition the expression inside the brackets

goes to 0 as n — oo. After integrating in ¢t and changing variables, we conclude
H’m‘GnSnanL?L; N CannHL;?H;’T
where ¢, = 0o(1) as n — oo. This completes the proof of the lemma. O

Proposition 2.4.3 (Inverse Strichartz). Let I be a compact interval containing 0 of length

at most 1, and suppose f, is a sequence of functions in L(R?) satisfying
0<e<le”™ full 2wz Slfalls < A < oo
L, 2% (IxR9)
Then, after passing to a subsequence, there exists an augmented frame
F = {(tn7 L, Nm N;L)}
and a sequence of functions ¢, € 3 such that one of the following holds:

1. Fis of type (i.e. N, =1) and ¢, = ¢ where ¢ € X is a weak limit of f, in X.

2. Fis of type@ either t, = 0 or N2t, — +o00, and ¢, = """ G, S,$ where ¢ € H'(R?)
is a weak limit of G;le™ "1 f, in H'. Moreover, if F is of type then ¢ also belongs
to L*(RY).
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The functions ¢,, have the following properties:

d(d+2)
hmlnf lonlls 2 A(5) (2.36)
N T P (2.37)
T 1l = Lo — 6l = ol = 0. 2.39)

Proof. Our plan is as follows. First we identify the parameters t,, x,,, N,, which define the

location of the bubble ¢,, and its characteristic size, and dispose of the case where N, = 1.

The case where N,, — oo is more involved. First we define the profile ¢,, and verify the
assertions and . Passing to a subsequence, we may assume that the sequence
N?t,, converges in [—oo, co|. If the limit is infinite, decoupling in the L72 norm will
also follow. If instead NZt, has a finite limit, we show that in fact the time parameter t,
can actually be redefined to be identically zero after making a negligible correction to the
profile ¢, and verify that the modified profile (with ¢,, = 0 now) satisfies property
in addition to and . We shall see along the way that in this regime of short
time scales and initial data concentrated near the origin, the potential may be essentially

regarded as constant.

By Proposition 2.4.1] there exist frequencies N,, such that

”PNne—itanH 2(j+22) Z Ed+2A_7

t,x

The comparison of Littlewood-Paley projectors (2.20]) implies

| Py, e f, | 20+2) > AT

t,x

—-H/N? _ e—4H/N2

where Py = e denote the projections based on the heat kernel. By Holder,

Strichartz, and Bernstein,

d+2 d—

e T AT S|Py, full awen S ||Py,e ) g 1Py, e *“anHLoo
L, 2 L

a2~ 2
< (N A) P By foll

tac
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Therefore, there exist (t,,z,) € I x R? such that

d(d+2)

e By, fu(wa)| 2 Na® A5 (2.39)

The parameters t,,, x,, N, will determine the center and width of a bubble.

We observe first that the boundedness of f,, in ¥ limits how far the bubble can live from

the spatial origin.

Lemma 2.4.4. We have

|xn| S CA,EN

Proof. Put g, = |e"! f,|. By the kernel bound ([2.19)),

a=2 d+2)

an A(%) < ‘P € Zthf (xn)‘ S P<Nngn(xn> + P<N /29n<xn)

Thus one of the terms on the right side is at least half as large as the left side, and it suffices

to consider the case when

d(d+2)

P2y, gu(wa) 2 Na® A(5)

since the argument with N, replaced by N, /2 differs only cosmetically. Informally, IBSANH In

mm

is essentially constant over length scales of order N !, so if it is large at a point z,, then it

is large on the ball |z — x,,| < N, '. More precisely, when |r — z,,| < N, ! we have
~ Nd _Nalyl?
P2y 0nle) = 22 [ gua =yl ay
Nd _N%\y+$—93n|2
- :- /gn(xn - y)e ® dy

-1 N¢ _Nal? lo—d
>e "% gn(Tn —y)e” 2 dy=-e 2" PNgn(:En)

d—2 d(d+2)
8

On the other hand, the mapping properties of the heat kernel imply that

12y, j29nlls S (14 N)A.

Thus,

d(d+2)
AZ <Nn/2gn||2 2 ”xP<Nn/29n||L2 (Jz—zn| <Ny 1) 2 |n| Nn N = A) s,

which yields the claim. O
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Case 1. Suppose the N,, have a bounded subsequence, so that (passing to a subsequence)
N, = N,. The z,’s stay bounded by Lemma [2.4.4] so after passing to a subsequence we
may assume T, — To.. We may also assume t,, — t,, since the interval [ is compact. The
functions f,, are bounded in ¥, hence (after passing to a subsequence) converge weakly in 3

to some ¢.

To see that ¢ is nontrivial in 3, we have
(¢, €T Py 6, ) = lim(f,, e Py _d,.)
= lim [e_it"H]Swan(xn) + (fn, (eitOOH - eith)pNoo(sxn>
n—oo

+ <fn7 eitOOHPNn (5%0 - 5:Jcn)>]

Using the heat kernel bounds (2.19) and the fact that, by the compactness of the embedding
¥ C L2, the sequence f, converges to ¢ in L2, one verifies easily that the second and third

terms on the right side vanish. So

. ~ . . ~ d=2 q4(d+2) , (d—2)(d+4)
(0, "= Py 0, )| = lim |em ™ Py fu(w,)| 2 Nod &7 8 :

On the other hand, by Holder and ({2.19)),

(¢, " Py duec)] < lle™ ™| 20 | PG| 2

Ld-2 d+2
d—2
S Idlle N
Therefore
d(d+2) . (d—2)(d+4)
lolls2e 5 A & .
Set

¢nE¢7

and define the augmented frame (¢, z,, N,, N}) = (0,0,1,1). The decoupling in ¥ (2.38))
can be proved as in Case 2 below, and we refer the reader to the argument detailed there. It
remains to establish decoupling in L2, As the embedding ¥ C L? is compact, the sequence

fn, which converges weakly to ¢ € X, converges to ¢ strongly in L?. After passing to a
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subsequence we obtain convergence pointwise a.e. The decoupling (2.37) now follows from
Lemma [2.2.6, This completes the case where N,, have a bounded subsequence.

Case 2. Now we address the case where N,, — oco. The main nuisance is that the weak
limits ¢ will usually be merely in H 1(R%), not in ¥, so defining the profiles ¢,, will require

spatial cutoffs.

As the functions Ny, (722 (¢=itaH f (N1 . +a,) are bounded in H'(R?), the sequence
has a weak subsequential limit

_d—2

N, 2 (e HE NN da,) — ¢ in HY(RY). (2.40)
By Lemma [2.4.4] after passing to a further subsequence we may assume

lim N 'z, =70 <00 and lim N2t, =t € [~00, 00]. (2.41)

n—o0 n—oo

It will be necessary to distinguish the cases r,, > 0 and r, = 0, corresponding to whether
the frame {(t,,z,, N,)} is type 28 or 2D} respectively.

Lemma 2.4.5. Ifro, > 0, the function ¢ defined in ([2.40) also belongs to L?.

Proof. By (2.40) and the Rellich-Kondrashov compactness theorem, for each R > 1 we have
_d—2
No 7 (e7Hf) (Nt +a,) — ¢ in L*({J2] < R}).

By a change of variables,

-2 - —itn
No % (e L) (N )l 2ai<ry = Nalle™ ™ full t2(aenj<anzt

< llwe™ 1 fll 2

whenever |x,| > N"% and RN, ! < ¢ so we have uniformly in R > 1 that

a—2

limsup [[No > (e £) (N - )l zaqai<my S sup lle”™ fulls S 1.
Therefore [|¢|| 12 = limp_o0 || D] L2(21<r) S 1. -

Remark. The claim fails if 7o, = 0. Indeed, if ¢ € H'(R%)\L?*(RY), then f, = Néd_z)/z(b(Nn-)X(-)
are bounded in ¥, and N{(d_z)/zfn(N,jl-) = ¢(-)x(N; 1) converges strongly in H' to ¢.

31



Next we prove that ¢ is nontrivial in H*.

d(d+2)
Lemma 2.4.6. ||¢|; = A (%) i

~Y

Proof. From ([2.19) and ({2.39)),

d—2 d(d+2)

No? A(5) 5 S Pay e fal (@) + Py, pole™ " ful (an),

so one of the terms on the right is at least half the left side. Suppose first that

d(d+2)

P2yl fol(ea) 2 NaT A (%)
Put ¢ = [f’ééo = ¢24,. Since 1) is Schwartz,
[l 0) ezl < N6l < Nl
On the other hand, as the absolute values N, = le7itnH £ (N1 . +1,) converge weakly in

' to |¢],

(191, 9) 2 = T (No 2 e 8 [N +0), 6)

B ) d(d+2)
=lim PZy e fl(2n) 2 A () F
from which the claim follows. Similarly if
N . a2 d(d+2)
PSANn/z‘e_Zthfn‘(afn) 2N A(S) ¢,
d-2 d(d+2)
then we obtain ||l ~ [¢(2)[l;n 2 Na” A(5) ° =

Having extracted a nontrivial bubble ¢, we are ready to define the ¢,,. The basic idea is
to undo the operations applied to f, in the definition (2.40)) of ¢. However, we need to first

apply a spatial cutoff to embed ¢ in 2.

With the frame {(¢,,z,, N,,)} defined according to (2.39), form the augmented frame
{(tn, Tn, N, N|)} with the cutoff parameter N/ chosen according to the second case in Def-
inition . Let G,,, S, be the H' isometries and spatial cutoff operators associated to
{(tn, Tpn, No, NJ)}. Set

d—2

bn = €1 GS = €1 [N (N (- — 2))X(NL(- — )] (2.42)

n
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Let us check that ¢, satisfies the various properties asserted in the proposition.

d(d+2)

Lemma 2.4.7. A(5) ° Sliminf, .« [[¢nlls < limsup,_, [|énlls S 1.

Proof. By the definition of the ¥ norm and a change of variables,

[fnlls = [[GnSullz = [1Sne]l -

Lemma [2.4.6] and the remarks following Definition together imply the lower bound

d(d+2)

liminf ||¢,|s = A (%) ’

The upper bound follows immediately from the case (q,7) = (00,2) in Lemma O

Next we verify the decoupling assertion (2.38). By the Pythagorean theorem,

anH% — | fn — (anQE - ”(an% = 2Re(fn — On, On)x)
=2 Re<6_it"an — GnSnd, G Spd)s
= 2Re(wy,, G;,S,0)s.

where w,, = e~ f, — G, S,¢. By definition,
(Wny GpSn®)s = (Wn, GpSn@) i1 + (W, ©GLSpd) 2.

From ([2.35)) and the definition ([2.40)) of ¢, it follows that
Glw, — 0 weakly in H' as n — oo.
Hence
. . _ . —1 . o . —1 . .
Tim (wp, GpSn@) g = i (G wp, Sug) gn = lim (G wn, @) g = 0.
We turn to the second component of the inner product. Fix R > 0, and estimate
[{xw,, G, Spo) 2|
</ 0G0 o + | 210,125, 0]
{lz—2n|<RN; '} {lz—@n|>RN; '}

= (I) + (1I)
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Use a change of variable and the bound |z,| < N,, to obtain

~Y

(I)</ |G tw,||plde — 0 as n— oco.
|z|<R
Next, apply Cauchy-Schwartz and the upper bound of Lemma to see that

(I1)? 5/ |G, S, 0| da
{lz—zn|>RN; 1}

SN o0+ N o) P
Rzl S
S W+ N2 ) [ o) de
R< 2| S 37

Suppose that the frame {(¢,,x,, N,)} is of type [2a] so that lim, N, !|z,| > 0. By Lemma
and dominated convergence, the right side above is bounded by

/ |p(z)|*dr — 0 as R — oo,
R<|z]

uniformly in n. If instead {(¢,,2,, N,)} is of type [2b] use Holder to see that the right side
is bounded by

(N2 leal(3)* + (V)TN s,

By Sobolev embedding and the construction of the parameter N/ in Definition [2.4.2] the

above vanishes as n — 0o. In either case, we obtain

lim limsup(/7) = 0.

R—0oo pnoeco

Combining the two estimates and choosing R arbitrarily large, we conclude as required
that
lim |(zwy,, G, Sn¢) 12| = 0.

n—oo

To close this subsection, we verify the L2 decoupling property ([2.37) when N?2t,, — 4oc.
Assume first that the ¢ appearing in the definition (2.42)) of ¢,, has compact support. By
the dispersive estimate (2.15)) and a change of variables,

T (16l a0, < [l 1Gadl za, < (N2ltal) 6, g, = 0.
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The claimed decoupling follows immediately.

For general ¢ in H' or H' (depending on whether lim,, N, |z, | is positive or zero), select
Y° € CF converging to ¢ in the appropriate norm as € — 0. Then for all n large enough,
we have
I9nll, 2o, < €7 GoSul = w11, + ™ Gt

and decoupling follows from Lemmas [2.2.3] and [2.4.2] and the special case just proved. O]

2.4.2 Convergence of linear propagators

To complete the proof of Proposition we need a more detailed understanding of how the
linear propagator e~ interacts with the H'-symmetries G,, associated to a frame in certain
limits. This section is inspired by the discussion surrounding [KSV12, Lemma 5.2], which
proves analogous results relating the linear propagators of the 2D Schrodinger equation and

the complexified Klein-Gordon equation —iv, + (V)v = 0.

Definition 2.4.3. We say two frames F' = {(t}, 2}, N)} and F? = {(¢3,22, N?)} (where

the superscripts are indices, not exponents) are equivalent if

Ny s Ry € (0,00), N2 —2)) = 200 € R%, (N)2(t: —2) >t € R

N_%
The frames are orthogonal should any of the above statements fail. Note that replacing

the N! in the second and third expressions above by N? yields an equivalent definition of

orthogonality.

Remark. If 7! and F? are equivalent, it follows from the above definition that they must
be of the same type in Definition 2.4.1] and that lim,(N})™!|z}| and lim, (N?)~t|22| are

either both zero or both positive.

The following lemma and its corollary make precise the heuristic that when acting on

functions concentrated at a point, e " can be approximated for small ¢ by regarding the

|z|?/2 potential as essentially constant on the support of the initial data; thus one obtains a

fit|xo|2/2eitA/2

modulated free particle propagator e , Where x; is the spatial center of the data.
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Lemma 2.4.8 (Strong convergence). Suppose

'FM = (tiL\/[7xn7 Mn)? ‘FN (tNaynaNn)

n
are equivalent frames. Define

] My, I 24 M N .
Roo = nh—>nolo N, too — nll—>nc>10 Mn(tn - tn )7 Too = nh_)lgo Mn(yn - In)»

Too = li7rlnM;1\:cn\ = li7rlnM;1\yn|.

Let GM G be the scaling and translation operators attached to the frames FM and FN

respectively. Then (e ZtNHGN) 1 fthHGM

erator Uy, defined by

converges strongly as operators on Y to the op-

'Ltoo('roo)2 itooA

RQ[

U =€

|(Roo * +To0)-

Proof. If M,, = 1, then by the definition of a frame we must have FM = F¥ = {(1,0,0)}, so
the claim is trivial. Thus we may assume that M, — oo. Put ¢, = tM — . Using Mehler’s

formula (2.14)), we write

<e—thHGN) 1 —thHGM¢( ) (GN) 1 —zthGM¢( )

— (%)%em(tnnyﬁml

n

£E|2 iI\/In sin(tp)A
€

7 n)|Tn ’;1'2 n
B [ 0 ) M 1 My, — ).

where

v(t) ===l = L4 o).

2sint

Observe that

oo (Too)?

e tmlentMa 2 gy o=y g
Indeed,
1.|2

7 n)|Tn n n)|Tn — v n n2-772 rjlxn‘x
[V [ePElent Mg — gzl , — || (et M2 Tend ) g

S (M2 + 2M; ' 2,) || 12 + || (7 Wl 420 ena]l _ 1y g

St M2 |26 12 + [t M M| 2 + [|(€7EM " E2M sl _ 1y,
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As n — oo, the first two terms vanish because ||z¢||2 + [|¢]l2 < ||¢]ls, while the third term

vanishes by dominated convergence. Dominated convergence also implies that
. —1 2 . 2
||a[emlentMualg _ pirvtlenlgl)| 5 5 0 as n — oco.

On the other hand, since

tOO<TOO)2

Ata) oo = —Mitalpieal o O(M ) - — ==

it follows that

. — 1too (Too 2
e tmlent Mty o= S=G=E gy g

. iM2 sin(tn)A itoo A .
as claimed. As e z — e 2 strongly, we obtain
iM2sin(tn)A ¢ MoL2 itoo(roo)?  iteoA .
ez [eNIlent M) o= T 0TS g in
and the conclusion quickly follows. m

Corollary 2.4.9. Let {(tM z,, M,, M)} and {(tY,y,, N,, N!)} be equivalent frames, and

SM SN be the associated spatial cutoff operators. Then

lim [Je” @ HGM My — o= HGN SN 6l = 0 (2.43)
n—oo

and
lim [Je” @ HGM Mg — o= TGN SN g||s = 0 (2.44)
n—oo

whenever ¢ € H' if the frames conform to case|2d and ¢ € H' if they conform to case in
Definition[2.4.3.

Proof. As before, the result is immediate if M,, = 1 since all operators in sight are trivial.

Thus we may assume M, — oo. Suppose first that ¢ € C>°. Using the unitarity of e ##

on Y, the operator bounds (2.35)), and the fact that SM¢ = ¢ for all n sufficiently large, we
write the left side of (2.43) as

|GN[(GN) et =DHGM s SNT_ g
SGN)Lem it —tDHGM 6 GNTT_ 6|5

S UGN e —DHGM g _ U olls + |(1 = SV Use|ls
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which goes to zero by Lemma and dominated convergence. This proves (2.43) under
the additional hypothesis that ¢ € C2°.

We now remove this crutch and take ¢ € H' or H* depending on whether the frames are
of type [28] or 2] in Definition [2.4.2] respectively. For each € > 0, choose ¢° € C2° such that
|l — &%l < € or ||¢ — ¢l 41 < €, respectively. Then

lem 1G5 G — e HGYS N Unctlls < [l H GRS (6 — ) e
+[le MG S 6 — e G SN U s + [l PG SN Unc(d — )5
In the limit as n — oo, the middle term vanishes and we are left with a quantity at most a

constant times

lim sup |G Sy (6 — ¢) || + limsup |G S5 Uso (6 — )|

n—oo n—oo
Applying Lemma and using the mapping properties of Uy, on H! and H', we see that
limsup [|e T GM Mg — W HGN SN _|ls < e
n—oo
for every e > 0. This proves the claim (2.43)). Similar considerations deal with the second
claim ((2.44)). O]

Lemma 2.4.10. Suppose the frames {(tM,z,, M,)} and {(tY,y,, N,)} are equivalent. Put
tp, =tM — N Then for f,g € X we have

(G e MG f, gy = (f (GR) T e G g) g + Ru(f, 9),
where [Ra(f, 9)| < Clta| G flIsIGR glls-
Remark. It follows from Lemma 24§ that
lm (GY) e G f,g) s = Tim (1, () MG g) 1

for fixed f,g € 3. The content of this lemma lies in the quantitative error bound.
Proof. We have
(G e ™ HGN fL g = (f, (G G g) i + Ru(f, 9)
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where R, (f,g) = ([V,e "™ HGM f VGNg) 12 — (VGM f, [V, e 7|GN g) 2. The claim follows

from Cauchy-Schwartz and the commutator estimate
IV, e 52 = O(1),
which is a consequence of the standard identities

i e M — i cost — xsint

ety — ;7 gint + x cost.

Next we prove a converse to Lemma [2.4.8

Lemma 2.4.11 (Weak convergence). Assume the frames FM = {(tM x,, M,)} and FN =

{(tN  yn, N,)} are orthogonal. Then for any f € %,
(et HGNYy e~ HGM £ 0 weakly in H'.
Proof. Put t,, = t™ — ¥ and suppose that |M?>t,| — oco. Then
(G Gy fIl 20, — 0

for f € C° by a change of variables and the dispersive estimate, thus for general f € ¥
by a density argument. Therefore (GN)~le ™ HGM f converges weakly in H' to 0. Now
consider the case where M?*t, — t,, € R. The orthogonality of M and FV implies that
either N 1M, converges to 0 or oo, or M,|z, — y,| diverges as n — oco. In either case, one
verifies easily that (GY)~"'GM converge to zero weakly as operators on H'. By Lemma [2.4.8]
(GNYtemitn HGM f — (GN)1GM(GM)~le=tnHGM f converges to zero weakly in H'. O

Corollary 2.4.12. Let {(t¥, z,, M,,, M!)} and {(tY, y,, N,,, N!)} be orthogonal with corre-
sponding operators GM . SM and GN, SN. Then

(e HGN) et HGMGM v jn  H!
whenever ¢ € HY if FM is of type |2d and ¢ € H' if FM is of type .
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Proof. If ¢ € C=°, then SM¢ = ¢ for all large n, and the claim follows from Lemma [2.4.11}
The case of general ¢ in H* or H' then follows from an approximation argument similar to

the one used to prove Corollary [2.4.9, O]

2.4.3 End of proof of inverse Strichartz

We return to the proof of Proposition[2.4.3| Thus far, we have identified a frame {(¢,,, x,, N,,, N}) }

and an associated profile ¢,, such that the sequence N?t, has a limit in [—o00, 00] as n — oo.

The ¢,, were shown to satisfy properties (2.36]), (2.37), and (2.38)) if either (¢,,x,, N,) =
(0,0,1) or N,, = oo and N?2t, — +o0o. Thus, it remains to prove that if N, — oo and N2t,

remains bounded, then we may modify the frame so that ¢, is identically zero and find a
profile ¢,, corresponding to this new frame which satisfies all the properties asserted in the

proposition. The following lemma will therefore complete the proof of the proposition.

Lemma 2.4.13. Let f, € ¥ satisfy the hypotheses of Proposition[2.4.3 Suppose {(t,, zn, Ny, N},)}
s an augmented frame with N, — oo and Ngtn — teo € R as n — oo. Then there is a
profile ¢}, = G,S,¢' associated to the frame {(0,z,, N,,, N},)} such that properties (2.36),
, and hold with ¢!, in place of ¢y,.

Proof. Let ¢, = e G, S, ¢ be the profile defined by (2.42). We have already seen that ¢,
satisfies properties (2.36) and (2.38)), and that

Q= H-w- lim,,_,o G te it fn-
As the sequence G 'f, is bounded in H', it has a weak subsequential limit
¢ = H'-w-lim,, 00 G fin.
For any ¢ € C2°, apply Lemma with f = G, te™®H f, to see that

(@, 0) = T (G fu ) = lim (GGGt e T £ 45)

llm <G —itnH fnaG 1 _Zthan/})Hl - <¢7 Uooz/)>H17

n—o0
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where Uy, = s-lim,,_, G5, 'e "G, is the strong operator limit guaranteed by Lemma[2.4.8|

As U, is unitary on H', we have the relation ¢ = Usd'.

Put ¢/, = G, S,¢’. By Corollary
én — S lls = e Gt — GuS UL dlls = 0 as n — oo.

Hence ¢/, inherits property (2.36)) from ¢,,. The same proof as for ¢,, shows that ¥ decoupling
(2.38) holds as well. It remains to verify the last decoupling property (2.37). As G, 'fn.
converges weakly in H' to ¢/, by Rellich-Kondrashov and a diagonalization argument we

may assume after passing to a subsequence that G !f, converges to ¢ almost everywhere

on RY. By the Lemma [2.2.6] the fact that lim,, . ||GpS,¢' — Gn¢/HdQ—j2 = 0, and a change

of variables,

d,

i (1552~ 17— enl 2 - ||¢;||iﬂ
= Jim (16 1%~ 1651, 1% — 101
=0.
0
Remark. As lim,,_, ||¢, — ¢)|ls = 0, we see by Sobolev embedding that the decoupling

([2.37)) also holds for the original profile ¢,, = e’"*@G,,S, ¢ with nonzero time parameter ¢,.

2.4.4 Linear profile decomposition

As before, I will denote a fixed interval containing 0 of length at most 1, and all spacetime

norms are taken over I x R% unless indicated otherwise.

Proposition 2.4.14. Let f,, be a bounded sequence in 3. After passing to a subsequence,
there exists J* € {0,1,...} U {oo} such that for each finite 1 < j < J*, there exist an
augmented frame F = {(tJ, x3, N, (N7))} and a function ¢’ with the following properties.

n»“n’

o Either t =0 or (N7)?(tJ) — +oo as n — oo.
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o ¢ belongsto X, H', or H' depending on whether Fi is of type or|2b, respectively.

For each finite J < J*, we have a decomposition

J J
£, = Z et Qi Gl g1 4 ) = Zgbﬁl + 7 (2.45)
=1

=1
where GJ, S7 are the H'-isometry and spatial cutoff operators associated to F7. This de-

composition has the following properties:

(GI)temitatlyd Ny for all J < J*, (2.46)
J
sup Tim |IfallE = D7 6A1% = i3] = 0 (2:47)
J n—oo ~,
2d
] Jijda—2 | _
sup lim \an Z 6317 2, =17 2 | =0, (2:48)
Whenever j # k, the frames {(tJ, x5 NJ)} and {(t% x% NF)} are orthogonal:
. j k . . . .
lim {0 + T8+ NANGJt, — th] 4/ NANF|a), — 2| = oo. (2.49)
Finally, we have
hm lim sup ||e” /|| 2 =0, (2.50)

J— n—00
t,x

Remark. One can also show a posteriori using (2.49) and (2.50) the fact, which we will
neither prove nor use, that

2( d 2 2)
SUP hm ||6 thfn 2(d+2) Z ||e_ltH¢] || 2(d+2> - ||6 o JH 2(d+2)
Ltz

The argument uses similar ideas as in the proofs of [KerOl][Lemma 2.7] or Lemma we

omit the details.

Proof. Proceed inductively using Proposition [2.4.3l Let r® = f,. Assume that we have a
decomposition up to level J > 0 obeying properties (2.46)) through (2.48)). After passing to

a subsequence, define

—iln

Ay =lim|rl|ls and ey =lim|e ™ )| 2wz .
n n d—2

t,x
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If e; = 0, stop and set J* = J. Otherwise apply Proposition to the sequence 77 to

obtain a frame (¢, 27! N/ (N/*1)) and functions
J+1 -~ frl JH+1 _ it T H T+ @I+ g T+
G e B, gt = TG g I

which satisfy the conclusions of Proposition [2.4.3. In particular ¢7*! is the H' weak limit
of the sequence (GJH)~te=#2  Hyd et p/+L = ¢/ — ¢/+1 By the induction hypothesis,

(2.47) and ([2.48)) are satisfied with J replaced by J + 1. Also,

(Gi—kl)—le—it%_"lHri-i-l _ [(GiH)—le—iti“HT;{ o ¢J+1] +(1— S;LI+1)¢J+1.

As n — oo, the first term goes to zero weakly in H' while the second term goes to zero
strongly. Thus (2.46) holds at level J 4+ 1 as well. After passing to a subsequence, we may
define

Ay =lim|[r/ s and ey = lim ||e " r It 26+2)
n n -2
t,x

If e;.1 = 0, stop and set J* = J + 1. Otherwise continue the induction. If the algorithm
never terminates, set J* = oo. From ([2.47) and ([2.48)), the parameters A; and e satisfy the
inequality

d(d+2)
4

Ajp < AJL-C(5)

.
If limsup;_, j« €7 = €0 > 0, then as A; are decreasing there would exist infinitely many J’s
so that

d(d+2)
1

Ajp S AJL-C()

B

which implies that lim;_,;« A; = 0. But this contradicts the Strichartz inequality which

dictates that limsup;_, ;. Ay 2 limsup,_, ;. €5 = &o. We conclude that

lim ¢; = 0.
J—=J*

Thus (2.50) holds.

It remains to prove the assertion (2.49)). Suppose otherwise, and let j < k be the first

two indices for which 7 and F* are equivalent. Thus F* and F* are orthogonal for all
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j < £ < k. By the construction of the profiles, we have
il = G SIG 4 IGESEGR 4 N S GESE G 1 ok,
j<t<k

therefore

(eit%HGib)—l,r,j—l — (eit%HGZL)_l€it%HGzLSZ¢j + (ezt%HG%)—lezthHGfLquﬁk

+ Z (eit%HGzL)fleithHGiSfL(be + (ez’tﬁ;HGZL)qu
j<t<k
As n — oo, the left side converges to ¢/ weakly in H'. On the right side, we apply Corol-
lary [2.4.9|to see that the first and second terms converge in H' to ¢/ and Ulk¢* respectively,
for some isomorphism UZ* of H'. By Corollary , each of the terms in the summation

converges to zero weakly in H'. Taking for granted the claim that
(eit%HGfl)_lrﬁ — 0 weakly in H', (2.51)

it follows that
¢ = ¢’ + UL,
so ¢* = 0, which contradicts the nontriviality of ¢*. Therefore, the proof of the proposition

will be complete upon verifying the weak limit (2.51)). As that sequence is bounded in H?,
it suffices to check that

(e HGJ) Lk ) g — 0 for any ¢ € C°(RY).

Write (e HGI)"1pk = (etHGI )1 (e HGF) (e HGR)~1rk  and use Lemma [2.4.10| and the

weak limit (2.46]) to see that
lim <( it HGJ) 1 k >H1 — lim <( itk HGk> 1 k (eitﬁHGl;:L)—l(eit%HG%)w>Hl

n7 n’
n—oo n—oo

= lim ((Gh)"Le ik (U3) 1)

n—oo

=0.
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2.5 The case of concentrated initial data

The next step in the proof of Theorem is to establish wellposedness when the initial
data consists of a highly concentrated “bubble”. The picture to keep in mind is that of
a single profile ¢/ in Proposition as n — 0o. In the next section we combine this
special case with the profile decomposition to treat general initial data. Although we state
the following result as a conditional one to permit a unified exposition, by Theorem [2.1.1

the result is unconditionally true in most cases.

Proposition 2.5.1. Let I = [—1,1]. Assume that Conjecture holds. Suppose
F = {(tn7 T, Nna N:q)}

is an augmented frame with t, € I and N,, — oo, such that either t, = 0 or N?2t, — +o0o;
that is, F s type or|2W in Definition|2.4.4. Let G, Gn, and S, be the associated operators
defined in and . Suppose ¢ belongs to H' or H* depending on whether F is type
or|2W respectively. Then, for n sufficiently large, there is a unique solution u, : I xR? — C
to the defocusing equation (2.1), p = 1, with initial data

u,(0) = "G, S, 0.
This solution satisfies a spacetime bound
limsup Sy (un) < C(E(un)).

n—oo

Suppose in addition that {(qx, )} is any finite collection of admissible pairs with 2 < ry, < d.
Then for each € > 0 there exists ¢° € C°(R x R?) such that

n—o0

. ~ itNg 2 en|? .
lim Supz ”un - Gn[e 2 (G ]HL?’“E;’“(]de) <E€. (2'52>
k

Assuming also that ||V |2 < [[VW ||z and Ex(¢) < Ea(W), we have the same conclu-

sion as above for the focusing equation (2.1)), u = —1.
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The proof proceeds in several steps. First we construct an approximate solution on I in
the sense of Proposition m Roughly speaking, when N,, is large and t = O(NN,?), solutions
to are well-approximated up to a phase factor by solutions to the energy-critical NLS
with no potential, which by Conjecture [2.1.1] exist globally and scatter. In the long-time
regime N, 2 << [¢t| <1, the solution to has dispersed and resembles a linear evolution
e~ ¢ By patching these approximations together, we obtain an approximate solution over
the entire time interval I with arbitrarily small error as N,, becomes large. It then follows
by Proposition that for n large, admits a solution on I with controlled spacetime
bound. The last claim about approximating the solution by functions in C°(R x R¢) will

follow essentially from our construction of the approximate solutions.

We shall need a commutator estimate. In the sequel, P<y, Py will denote the standard

Littlewood-Paley projectors based on —A.
Lemma 2.5.2. Let v be a global solution to

(10 + 3A)v = F(v), v(0) € HY(RY)
where F(z) = j:\z]d%%z Then on any compact time interval 1,

lim [|[P<yF(v) — F(Peyv)| =0
N—o00

Lin’%(lde)
Proof. Recall [TVZ0T7, Lemma 3.11] that as a consequence of the spacetime bound (2.7)), Vv

is finite in all Strichartz norms:
[Vollsw)y < C([[v(0)]| 1) < o0 (2.53)

It suffices to show separately that

lim ||P<NF(U) — F(P<NU)” 2d = U, (254)
n—o00 - = LfL;Hz
lim |V[P<xF(v) — F(Peyv)]| | 20 = 0. (2.55)
n—00 L?Lz+2
Write
IV[P<nF(v) — F<P§N”)]”L2Ld% < ||VP>NF(U)||L2L112Td2
= = (2.56)
+IVIF() = F(P<yo)lll | 2a-

d+2
L2L4*
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As P.y =1— P<y and

4
IVE@) |, 22 S S0l S IVOl aasay zagen) < C([[0(0)] ),

d 2
d—2 d—2 d?+
ttz Lt’w L, L,

dominated convergence implies that
lim ||VP-nE(v)|| 22 =0.
N—o0 L

To treat the second term on the right side of (2.56|), observe first that with F(z) = |z|ﬁz,

|Fo(2) = Fu(w)| + |Fo(z) — Fo(w)| < |z — w|(|2| = + w]#2), 3<d<5

|z—w|ﬁ, d > 6.

Combining this with the pointwise bound

IVIF(v) = F(P<yv)]| < (|F:(v) = Fo(Panv)| + [Fz(v) — F=(P<yv)]) Vol
+ ([F=(Panv)| + [F=(P<yv))[V Py,

Holder, and dominated convergence, when d > 6 we have

IVIEW) = F(P<yollll 24

a+2
22

S [1Pnof72 2|Vv||| 24+ | Pewv] a2 2IVP>NU|||

d
& (2.57)
S HP>NU‘ 2(d+2 ||VU” a(d+2) 2d(d+2) T ||UHd2<d+2> ||P>NVU|| 2d+2) 24(d+2)

I, d-2 L, d—2 de2+4 I, 42 L, —d—-2 L, d2+4

t,x

t,x

—0as N — oo.

If 3 < d <5, the first term in the second line of (2.57)) is replaced by

6—d
12wl (jo] 2 + | Payo] Q)IWIII

6—d
< ||P>NUHL5§—+22) ”U||Zz(dd_+22> HVUHLQ(dj;)L%iLQ)
) t,x t

d
d
Ly

which goes to 0 by dominated convergence. This establishes (2.55]). The proof of (2.54))is

similar. Write

d+2
L2L¢

[P<nF(v) = F(P<nv)|| | 20 < ||PoanF)|| 0 20 + [|F(v) — F(P<nv)|| | 2a .
L2rd+? L2Ld+?

47



By Holder, Bernstein, and the chain rule,

d+2 ™

1P PO, 0 SN0 R (V0] sy aagen = ON)
L2L4+ L, d 2 L -2 4214

Using Bernstein, Holder, and Sobolev embedding, and the pointwise bound
|[F(v) = F(Panv)| S |Panol(jo]72 + | Payo|2),
we obtain

IF(w) = PPl , < [[(jo]™= + | Penv|2) Py

L&z L2Ld+2

Sh (HVUHL‘X’LQ + +HVU||LooL2)||VP>NUHL$°L3-

As v € COH(I x R%), the orbit {v(t)}ses is compact in H'(R?). The Riesz characterization

of L? compactness therefore implies that the right side goes to 0 as N — co. O

Now suppose that ¢, = e**"(G,S,¢ as in the statement of Proposition . If p =
—1, assume also that [|¢]|;n < ||[W]lg, E(¢) < Ea(W). We first construct functions o,
which obey all of the conditions of the Proposition [2.3.3] except possibly the hypothesis in
about matching initial data. A slight modification of the v, will then yield genuine

approximate solutions.

If t, = 0, let v be the solution to the potential-free problem (2.6 provided by Conjec-
ture with v(0) = ¢. If N2t,, — oo, let v be the solution to which scatters in H'
to e%qﬁ as t — Foo. Note the reversal of signs.

Put
N, = (N3, (2.58)
let T" > 0 denote a large constant to be chosen later, and define

it|ap |2

e 2GS Peg, ] (t + 1) t| < TN;?
Ty (1) = e~ i=TNHGT (T N =2) TN2<t<?2 (2.59)
e HTNOHGT(-TN?)  —2<t < ~TN;™
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The awkward time translation by ¢, is needed to undo the time translation built into the
operator G,; see 2.33). We shall suppress the superscript 7" unless the role of that parameter

needs to be emphasized. Introducing the notation

~ d—2
U (t, ) = [Gpv](t + tn, 7) = N * v(N2t, Ny(o — 2,)),
Xn(7) = X(Np (2 — 22)),
where y is the function used to define the spatial cutoff operator .S, in (2.34)), and using the
identity Gnx = xnGn, we can also write the top expression in ([2.59) as
~ _M 92
p(t) =€ "2 XnP< 1 N, U [t| < TN~
As discussed previously, during the initial time window ¥, is essentially a modulated
solution to ([2.6) with cutoffs applied in both space, to place the solution in C;%,, and

frequency, to enable taking an extra derivative in the error analysis below.

If $ € H', use Lemma [2.4.2and the fact that [0l e s < C /@]l 1) (energy conservation)

to deduce
limsup |[n]| o, (g <2y < CUISN ),

therefore
lmsup ||| gos, (-2,2)) < C([|]] g1)- (2.60)

From (12.7), (2.60)), and Strichartz, we obtain

|0 || 2d42) < C(||¢ll ) for n large. (2.61)

t,x ([72’2}XRd)

Due to mass conservation, a similar bound holds when ¢ € H!. Now let
e, = (10, — H)0,, — F(0y,).
We show that

lim limsup || HZ e, || n(_22) = 0, (2.62)
T—o0

n—oo
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so that by taking 7" large enough the ©,, will satisfy the second error condition in (2.31] for

all n sufficiently large.

First we deal with the time interval |t| < TN, 2.

. . 1
Lemma 2.5.3. limy_, . limsup,, . ||H2 en||N(‘t|§TN;2) =0.

Proof. When —T'N2 <t < TN, 2 compute

n

it]wn|2 42
|2 )® — |]? 1
+ 9 (P NnUN)Xn + §(P<N;L Un) AXn + (VP n, V) + VXl
it|lxn 2
=" (0) + (0) + (©) + (d)],

and estimate each term separately in the dual Strichartz space N({|t| < TN, 2}). Write

a2

(@) = XnPegyn, F'(0n) — Xn > F(P<gy v, Un)
= Xn[PgN,’LNnF(Un) - F(PSMLNHUHH + Xn(1 = XP)F(PQV;N”UH)
= (a') + (a").

By the Leibniz rule and a change of variables,

IV@)Il

L2LIF2 (1t|<TN2)

< IVIPg, F(v) = F(Pegyo)lll | 2, (2.63)

LILGT2 (Jt|<T)

+ 1P<siyn, F (0n) = F(Pegy n, vn) IV X0

LZLd+2(\t|<TN )
By Lemma [2.5.2] the first term disappears in the limit as n — oo. That lemma also applies

to the second term after a change of variables to give

L2Ld+2 (|t|<TN7?)

<N/ P / FU’R F P o UTZ 24
S Nl P, Ftn) (P on) 2218 (<)
S NP F(0) = F(Peg,v)l| 2 —0asn — o.

= T LRLIT (<)

20



Therefore

lim [[V(a)]

n—00 L2L

= 0.

7d
72 (|t|<TN?)

By changing variables, using the bound |z,| < N, and referring to Lemma once more,
xr (I, _2d < Nn P N F Un - F P T/ /UTL _2d
Mel(@),,, 2, S Nall Py F0) = P Paymol g

S 1Py F(v) = F(Pogy o)l L 2 — 0 as n — o0.
LiLs™= (Jt|<T)

It follows from Lemma 2.2.2] that

lim ||H2(d)|| 2 = 0.

n—+00 LZLIT2 (H<TNR?)

To estimate (a”), we use the Leibniz rule, a change of variables, Hélder, Sobolev embedding,

the bound ([2.53]), and dominated convergence to obtain

VvV (d" P v, | T2V P U
IV >HL2L‘“' I, v <Nl HL2Ld+2(|t\<TN;,|ac wn|~(N}) 1)
N &3
+ N_Z”PSNT’LN,LUnHL?OL;_dQ
4 !
SVl 2(d+2) 2d<d+2>||P<z\/'U| 2(d+2) +O(%)
L, 7% L, P L, 57 (H<T, fol~2p) "
n
_4 N/
CE@)Ps gl 2w + vl 2w )72 + O(F*)
L, &2 L, 37 (U< elz 3)
= o(1) + O(32).
Similarly,
X (a" 2d_ F v 2(d+2)
Mol g ~ PPl 2 g
d+2
S (1P gyl 2w + vl 2wea )a=2
>N ¢ LdelQ(\tIST) L, %2 LdeQ(\t|<T\w|~ 7)
=o(1).
Therefore
lim HH ()] | 2 0
N—oo LELET? (JH<TNR?)



as well. This completes the analysis for (a).
For (b), note that on the support of the function we have ||z, |* — |z|?| = |z, — ||z, + 2| ~
N, (N!)~1. Thus by Holder and Sobolev embedding,
Hv(b)HLng(mgTN; ) ~ N, HVP<N’ NnUnHL1L2(\t|<TN )

+ Nall Pegy v, nll L2 e1<0vz?, jo—anm(v)-1)
5 (N;LNn)_1||an||L§oL% —0 as n — oo.

Using Holder and Sobolev embedding, we have
Ng

\Hx’(b)HLng(ugTN;?) ~ N_;LHPgNT’LNnvn"L%L%(|t\§TNn_2,|m—zn|§(N;b)*1)

(NA)72||VURHL§°L§7 limy, 00 N7:1|xn| =0

||Un||L§°L§ = O(N_1>7 hmn—>oo Nn_l|xn| > 07

which vanishes as n — oo in either case. Thus ||H1/2(b)||Lt1L% — 0. The term (c) is dealt
with similarly. Finally, to estimate (d), apply Holder, Bernstein, and the definition ([2.58)) of

the frequency cutoffs N to obtain
IVl s 2 guervisy S NalllVIP Pegy i, vnllnize + 11V Pegy i, val (IVEX0) 12y 22
1
S [(%)2 + <x ) } Vol peerz — 0.
Using Holder in time, we get
‘|’$|<d)|’L}L2(|t|<TN;2) ~ N ’VWHL‘X’LQ — 0.

This completes the proof of the lemma. O

Next, we estimate the error over the time intervals [—2, TN, %] and [T'N, 2, 2].

Lemma 2.5.4. limy_,, limsup,, ., HH%GHHN([—2,TN;2]U[TN;2,2}) = 0.

Proof. We consider just the forward time interval as the other interval is treated similarly.

Since 01 solves the linear equation, the error e, is just the nonlinear term:

en = (10, — H)oL — F(3)) = —F (7).

n n
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By the chain rule (Corollary [2.2.4]) and Strichartz,

< ||sz||d2<d+2> 15, (TN, ?)ls:-
L, &% (TNz%2)

t,x

1
||H26n||N([TN;2,2]

'L'TNn \zn \

By definition ¢ (TN, ?) = G5 wPer (TN, 2 —t,), so Lemma [2.4.2 implies that

limsup |55 (TN, 2)||s < 1] ey e S |n| =0,
o lolgems limnsoo Ny tan] > 0

is bounded in either case. Using Strichartz and interpolation, it suffices to show

hm limsup ||o2] 24 =0.
T—oo pnooo L§'9L572 ([TNJQQ])

As we are assuming Conjecture [2.1.1] there exists v, € H' so that

itA
T Jot) — ¢ sy =0

if v(0) € H! the same limit holds with respect to the H' norm. Then one also has

lim limsup || Pz v(t) — e%voo“]lll =0,
=00 p oo “

(with the obvious modification if v(0) € H') and Lemma implies that

zTN,;Q\zn\Q LTA
2

hm limsup ||7, (TN, ?) — GnSn(e 2 vy)|ls = 0.
T—o0 nooo
An application of Strichartz and Corollary yields
Un(t) = e TN G (TN 2)]
. _ i n_ an|? i
= ¢ Ht=TNn 2)H[e 0 el GoSpe'® Uso] + €rTOr

= e ™M[@Q,, 8,0, + error

where limy_, limsup,,_, . ||error||s, = 0 uniformly in ¢. By Sobolev embedding,

hm lim sup ||, || 2d
—00  poo L LE72 (TN 2,2))
= lim limsup |le " [G,S,vs0) | 2d .
T—0 pooo L Lg (TN %,2))

A standard density argument using the dispersive estimate for e *# shows that the last limit

1S zero. ]
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Lemmas [2.5.3| and [2.5.4] together establish (2.62)).

Lemma 2.5.5 (Matching initial data). Let u,(0) = e*G,S,¢ as in Proposition [2.5.1]
Then

lim limsup ||7] (—t,) — u,(0)||s = 0.
T—o0 no oo

Proof. If t,, = 0, then by definition ¢} (0) = G,,S,P<n; ¢, so Lemma and the definition
(2.58) of the frequency parameter N/ imply

IESY 1, limy e N Yaz,| >0
lim [|2°(0) — u,(0)||g < lim 1P v &l . |2, | L

n—00 n—+00 ||P>N,’L¢||H1, 1imn_>oo Nn—l|xn| -0
Next we consider the case Nﬁtn — 00; the case Nﬁtn — —oo works similarly. Arguing as

in the previous lemma and recalling that in this case, the solution v was chosen to scatter

backward in time to e%& for n large we have

ol (—t,) = "G, S, ¢] + error

n

where limy_, . limsup,,_, . ||error||s, — 0. The claim follows. O

For each fixed T" > 0, set

al(t) = ol (t —tn), (2.64)

n

which is defined for ¢ € [—1,1]. Then for a fixed large value of 7', this is an approximate
solution for all n sufficiently large in the sense of Proposition Indeed, by and
(2-61), al satisfy the hypotheses with E, L = C(||¢|| 7). Lemmas [2.5.3} [2.5.4} [2.5.5]
Sobolev embedding, and Strichartz show that for any € > 0, there exists 7" > 0 so that @

satisfies the hypotheses (2.31)) for all large n. Invoking Proposition we obtain the first

claim of Proposition [2.5.1] concerning the existence of solutions.

The remaining assertion of Proposition [2.5.1| regarding approximation by smooth func-

tions will follow from the next lemma. Recall the notation
1
[ fllzasr = [[H2 fllLars -
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Lemma 2.5.6. Fiz finitely many admissible (qx,ry) with 2 <1y < d. For every e > 0, there
exists a smooth function ¢° € C(R x RY) such that for all k

. . 5 ~ o _itNg %jen|?
lim sup lim sup [0 — Gule™ 2 %] (t + ) | v (o)) < €

T—o00 n—00

Proof. We continue using the notation defined at the beginning. Let

it|zn 2~
e FT G St 1), [t S TN
@l = e_i(t—TN,;?)H[w (TN;3)], t>TN,?
TN T (TN, 2)], t < —TN,?

This is essentially 91 in ([2.59) without the frequency cutoffs. We see first that 9! can be
well-approximated by w! in spacetime:

- T T

lim sup ||Un - wy, ||Lfk22k([—2,2}) =0,

e (2.65)

sup lim sup ||@2 ||qu2”<([ 2,2) < O©-
T>0 n—oo

Indeed by dominated convergence,
||V( <N’ U)Hquer(RXRd) —0asn— o0,

thus ([2.65) follows from Lemma and the Strichartz inequality for e ##.

A consequence of the dispersive estimate is that most of the spacetime norm of w! is

concentrated in the time interval |t] < TN, 2:

Thrgohm_}sup||wn||quZrk([ 9, TN; 2o, 2 2)) = - (2.66)

To see this, it suffices by symmetry to consider the forward interval. Recall that v scatters

forward in H! (and in H' if v(0) € H') to some €' vo. By Lemma m,

(T A
2 uh)|lx = 0.

lim limsup ||(GnS,v(TN;2 +t,) — GnSy(e

T—00 psco
By Strichartz,

TNy 2lanl?
lim limsuplle” 2 @
T—00 poo

—i(t—TN; >)H LA

T [GnSn(e 2 voo)] || Low sk (2,2 = O

— €
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By Corollary and Strichartz, for each 7' > 0 we have

) , 2
zI;A UOO)] B ezT(T;o) eiZtH[GnS’rLUOO]HLZkZ;k =0.

lim e~ TN (G 8, (e
n—oo

For each € > 0, choose v5, € C2° such that ||v, — v5 || 71 < €. By the dispersive estimate,

, 1
le™ [Grvslllor v a2z ST % M05ll
x

Combining the above with Strichartz and Lemma [2.4.2, we get

_1
lim sup ||wg||Lfk2§k([TN;2,2]) So(1) 464 O (T %) as T — 0.

n—o0

Taking T" — oo, we find

. . ~T
lim sup lim sup [|@y, || Lo sk (a2 g S €
T—o0 n—00

for any £ > 0, thereby establishing (12.66)).

Choose ¢° € C®°(R x R?) such that 3, ||lv — V|| o i < €. By combining Lemma

H.
with (2.65) and (2.66), we get

. . ~ _i ‘In\Q jod
Jim Timsup [[5, (¢, 7) — e~ 5 G (4 )| e o S &

—0  p—oo

This completes the proof of the lemma, hence Proposition [2.5.1} O]

Remark. From the proof it is clear that that the proposition also holds if the interval

I = [—1,1] is replaced by any smaller interval.

2.6 Palais-Smale and the proof of Theorem [2.1.2

In this section we prove a Palais-Smale-type compactness property for sequences of blowing

up solutions to ([2.1). This will quickly lead to Theorem [2.1.2]

For a maximal solution u to (2.1]), define
Si(u) = sup{S;(u) : I is an open interval with < 1},

o6



where we set Sr(u) = oo if u is not defined on I. All solutions in this section are assumed

to be maximal. Set
Ay(E) = sup{S.(u) : u solves 2.1), p = +1, E(u) = E}
Ap(E) = sup{S.(u) : u solves (2.1), p = =1, E(u) = E,
IVu(0)[|2 < IVW][L2}.

Finally, define
Eq= {E : Ad(E) < OO}, (c/'f = {E : Af(E) < OO}
By the local theory, Theorem is equivalent to the assertions

(C:d = [0,00), (‘:f = [O, EA(W))

Suppose Theorem failed. By the small data theory, &;, &; are nonempty and
open, and the failure of Theorem [2.1.2] implies the existence of a critical energy E. > 0,
with E. < Ex(W) in the focusing case, such that Ay(E), Af(E) = oo for E > E, and
Ai(E), Af(E) < oo forall £ < E,.

Define the spaces

30
10 5\ 11 11 3 —
1 Lt,mﬂLtZ%1<[_§7§] xR )a d=3
X = 2(d+2) 2(d+2)  2(d+2)

Lt7;l._2 m Lt d Egj d ([_%7 %] >< Rd)7 d Z 4.

When d = 3, also define
) . 1010
Y'=X'"NL2 S ([-3, 3] xR?).

Remark. The case d = 3 is singled out for technical reasons. Our choice of Strichartz

norm LfEiO/ Mg guided by the fact that % < 3, which is needed for Sobolev embedding.

In higher dimensions the symmetric Strichartz norm suffices since @ < d for all d > 4.

This distinction necessitates a separate but essentially parallel treatment of various estimates

when d = 3.
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Proposition 2.6.1 (Palais-Smale). Assume Conjecture holds. Suppose that w,, : (t, —

%, tn + %) x R? — C is a sequence of solutions with

nh—{{.lo E(u,) = E., nh_)Holo S(tn_%7tn](un) = nh_)rﬁlo S[tn,tnﬁ—%)(un) = 00.

In the focusing case, assume also that E. < Ex(W) and ||Vu,(t,)|lr2 < ||[VW||r2. Then

there exists a subsequence such that u,(t,) converges in 3.

Let us first see how this would imply the main theorem.

Proof of Theorem[2.1.9, Suppose the theorem failed. In the defocusing case, there exist
E. € (0,00) and a sequence of solutions w, with E(u,) — FE., S(_%jo](un) — 00, and
Sho, 1 y(un) — o0. The same is true in the focusing case except E is restricted to the interval
(0, EA(W)) and limsup,, |un(0)||z2 < [[W/|z. By Proposition 2.6.1] after passing to a

subsequence u,(0) converges in ¥ to some ¢. Then F(¢) = lim,, F(u,(0)) = E..

Let too ¢ (—Trmins Trnaz) — C be the maximal lifespan solution to (2.1)) with u..(0) = ¢.
By comparing u with the u, and applying Proposition , we see that S([Oé)(uoo) =
5(7%’0](%0) =00. S0 —1/2 < —Thin < Thae < 1/2. But Proposition implies that the
orbit {ue(t) : t € (=Thnin, Tmaz)} is precompact in %, thus there is a sequence of times ¢,
increasing to T4, such that u.(t,) converges in ¥ to some 1. Taking a local solution with

initial data equal to v, we can then invoke Proposition to extend u., to some larger

interval (—Thin, Tinae + 1), contradicting the maximality of . O

Proof of Proposition [2.6.1. By replacing u,(t) with u,(t +t,), we may assume t,, = 0. Note
that by energy conservation and Corollary this time translation does not change the

hypotheses of the focusing case.

Observe (referring to the discussion in Section [2.7|for the focusing case) that the sequence
u,(0) is bounded in 3. Applying Proposition [2.4.14] after passing to a subsequence we have

a decomposition

J

J
un(0) = > "G, S, +w] = ¢+ w))
j=1

J=1
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with the properties stated in that proposition. In particular, the remainder has asymptoti-
cally trivial linear evolution:

Jl'i)rgl* lim sup ||e” " w?|| 2042 (2.67)

n—oo
t,x

and the energies asymptotically decouple:
J
sup lim |E(u,) — Y E(¢}) — E(w))| = 0. (2.68)

n—00
J =1

Observe that liminf, F(¢)) > 0. This is obvious in the defocusing case. In the focusing
case, ([2.47) and the discussion in Section imply that

suplimsup [|¢7[|s: < [lunlls < [VW]lz2,
J n

so the claim follows from Lemma [2.7.1] Therefore, there are two possibilities.
Case 1: sup, limsup,,_,, E(¢)}) = E..

By combining (2.68)) with the fact that the profiles ¢/ are nontrivial in 3, it follows that
J*=1and

Un(o) = GitTLHCTYnSnQS + Wp, lim ||,wn||E = 0.
n—00

We argue that N,, =1 (thus z,, = 0 and ¢, = 0). Suppose N,, — 0.

Proposition implies that for all large n, there exists a unique solution w,, on [—%, %]

with u,(0) = ¢"™"G,9,¢ and limsup,_,., S

(Proposition [2.3.3)),

y(un) < C(E.). By perturbation theory

11
272

lim sup S[,%é](un) < C(E.),

n—oo

which is a contradiction. Therefore, N,, = 1, #£ =0, zJ =0, and
u,(0) = ¢ + w,

for some ¢ € ¥. This is the desired conclusion.

Case 2: sup; limsup,,_, . E(¢}) < E, — 26 for some § > 0.
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[ ey <Sps B(1)2.
Lt,;i_2 [7%7%

By standard arguments (c.f. [TVZ07, Lemma 3.11}), this implies the seemingly stronger
bound

il Seos B()* (2.69)
In the case d = 3, we also have ||v[|y1 < E(¢7)z. Put
J
ul = Z vl 4 eyt (2.70)
=1
J

We claim that for sufficiently large J and n, u;, is an approximate solution in the sense of

Proposition m To prove this claim, we check that u’ has the following three properties:

(i) Timy e limsup,, o [[47(0) — 12 (0)]5 = 0.

(i) limsup,,_,. Hun|| 2at2) <k, 1 uniformly in J.
((=7.T])

(iii) limy_, s« limsup,_, ., ||H2 enlln

There is nothing to check for part (i) as u(0) = u,(0) by construction. The verification

of (ii) relies on the asymptotic decoupling of the nonlinear profiles vJ, which we record in

n’

the following two lemmas.

Lemma 2.6.2 (Orthogonality). Suppose that two frames F? = (t,, z3, N), F* = (t* % NF)

n n ) n’

are orthogonal, and let éiw éﬁ be the associated spacetime scaling and translation operators

as defined in (2.33)). Then for all 7, ¥* in C®(R x R?),

II(GJW)(GW“)H a3 + [[(GIw7)V (kak)H 42 +|H$\(GJW)(G'“¢'“)II a2

tz tz tz

(G G| agz + (VG (TN sz 0

as n — co. When d = 3, we also have

i+ (VG (VG

2 (G (Gt . — 0.

j
1
t z
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Proof. The arguments for each term are similar, and we only supply the details for the second

term. Suppose N¥(NJ)~' — co. By the chain rule, a change of variables, and Hélder,

(G V(G| azz = 97V (G) T GRd®|| sz
d-1 a1

t,x t,x

< 17Xl 22 [VYF|| 2tapar,
Lt,ii2 Lt,acd

where Y, is the characteristic function of the support of V(G9)~'G*4*. As the support of
X~ has measure shrinking to zero, we have
lim [/ xa 22 = 0.
n—oo Lt7;172
A similar argument deals with the case where NJ(N¥)~! — oco. Therefore, we may suppose
that
Nk

N No € (0,00).

Make the same change of variables as before, and compute
V(G GhE (1 w) = (5)5 (VR Rt + (N9 (8, — th), N + N (ad, — 2b)].
The decoupling statement implies that
(N2 (8, = th) + Nylaf, — ap| — oo.
Therefore, the supports of ¢/ and V(G%)~'G*4* are disjoint for large n. O

Lemma 2.6.3 (Decoupling of nonlinear profiles). Let v! be the nonlinear solutions defined
above. Then when d > 4,

lononll agem + oAVl g2 + llleloionll o

t,x t,x t,x

NV s + ol ook 2uzn =0

t,x t,x

as n — 0o. When d = 3, the same statement holds with the last two expressions replaced by

[TV, 15 + lalodofl, 4 =0
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Proof. We spell out the details for the ||v? |x\vk|] a2 term. Consider first the case d > 4.

tz

As 2 < (d+2 < d, by Proposition [2.5.1| we can approximate v! in X1 by test functions

_it—th)|a}|?
2

hGat?, W € CPR X RY),  d(t) =
By Holder and a change of variables,

i lalonll a2 < (0] — CZL@%W)IQI\UZHL%
t,x

-wm@ww—é@wwiﬂwmwwwwum

t;c

< 61 = 4G s okl

+ IIWII i || (v — Gl + (Gl (Grv®))|

t:t

ﬁ
d—1

t x
By first choosing v/, then 1*, then invoking the previous lemma, we obtain for any & > 0

that

lim sup ||v? |z]vF| w2 <e.
n—00 Lf;l

When d = 3, we also approximate v in X1 (which is possible because the exponent % in

the definition of X! is less than 3), and estimate

j k
||v;|x|vn||L§

< [I(vf — A G |y ) + 121G (o, — G| . + ||| G Gyt ub

< |I(vi, = G GR7) o llvpllys

1 [l grpllon — Gl + 1(GRD)|2l(Gru®)]l g

t,x

which, just as above, can be made arbitrarily small as n — oo. Similar approximation

arguments deal with the other terms. O

Let us verify Claim (ii) above. In fact we shall show that

lim sup ||UT{HX1([—%,%]) Sg.s 1 uniformly in J. (2.71)
n—oo
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First, observe that

J J
= //’ZU%—F(E H ] 52 drdt S S( Zv S(e " w?).
j=1 J=1

By the properties of the LPD, lim;_, - limsup,, .. S(e"*Hw’) = 0. Recalling (2.69)), write

L?% < Z||vn||22<d+2> D ol asg)
tz

=1 te Lyg j#k

where the last line used Lemma|2.6.3, As energy decoupling implies lim sup,,_, . Z}]:1 E(¢)) <

E., we obtain lim;_, ;« limsup,,_,. S(u)) <p. 5 1.

By mimicking this argument one also obtains

lim sup (|| Vu!|| 22 + |||l 2(d+2)> <g.s 1 uniformly in J.

n—oo fac t:c

Property (ii) is therefore verified in the case d > 4. The case d = 3 is dealt with similarly.

Remark. The above argument shows that for each J and each n > 0, there exists J' < J

such that

hm 18up | Z v) ||X1

j=J

<.

_1ay
27 2
It remains to check property (iii) above, namely, that

hm lim sup || H'?el|| v N(-L.1p) =0 (2.72)

n—oo

Let F(z) = |z|$z and decompose
€ = [Z F(v)) - F(Z vl + [F(uy — e Hwy) = F(uy)] = (a) + (0)- (2.73)

Consider (a) first. Suppose d > 6. Using the chain rule VF(u) = F,(u)Vu + Fx(u)Vu and

the estimates

[Fo(2)] + | Fx(2)] = O(|2|72), |F.(2) = F.(w)| + |Fx(2) = Fx(w)| = O(|z — w|72),
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we compute

J 4
Al £ lh|7= V.

=1 k#j

By Hoélder, Lemma and the induction hypothesis (2.69)),

—6
1V (a || sgn <ZZ|||vk||Vv]|||dd+2||Vv‘“|| tasn = 04(1)

j=1 k#j Li o

as n — 0o0. When 3 < d < 5, we have instead

|<ZZ|vk||Vv ‘ZU

J 6—d
J=1 k#j k=1

) .

+ |l |72),

thus

V()] gea S (D ||d2<d+2>)ZZH|v’“||w I 422 = 0s(1).

tx J=1 x J=L1 k#j

Similarly, writing

\<Z]|vf|d : —|Zv’wd |otl £ 305 et

J=1 k#j
we have
|z(a | 20452) ZZH!!L’\’U Hd2<d+2) l|]vg,v Hdgw = 0y(1).
A k#j =
When 3 < d <5,
J d
A g A
(@1 S 32D lalklo> ek ™ + 0l )
=1 k#j k=1
hence also

lzl(a)] 22 = 04(1).
L d+4

t,x

Summing up,

|HY2(q )|| e S V()| agen + 2(a)l] agsn = os(1).
[ 7, dFa

t z t,x t,x
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Next we estimate (b), restricting temporarily to dimensions d > 4. When d > 6, write

(b) = F(uy — e wy) — F(uy)

n n

= (ju) — w2 — fu)|79)

n o, — (e ")) |72

>R

1

J

:O( —itH J|d2 —th J)|uJ|d 5

IIM&

and apply Holder’s inequality:

@] agan S e~ Jum n zmv [
o (2.74)

+ |||x|uJ||d2(d+2) |||l'|€ itH JHd itH J||d

L

20d+2) le”
t, z L

2(d+2)

b‘

tz tx

When d = 4,5,

ng . (efth J)luJ|d 5

]~

(b) = (e w)O(u)|52 + Ju) — e~ ]| 2)

j=1
thus
H|x|(b)HLj§i%2)
itH , J J = itH ,  J =
S e w “ 2d+2) |||:L‘|Z H 2d+2) ([Juy, ||d2(d+2) + e w ||d2(d+2))
Lyo? L,d? L7
itH , J =4
+ e wpll awsn lougll s llunll e,
tz LtJ, L d 2

Using ([2.71)), Strichartz, and the decay property (2.67)), we get

}ngl* lim sup |||x|(b)||nglr4z) = 0.

n—oo
t,x

It remains to bound V(b). By the chain rule,

J
Z \47A

J=1

+ [l |72 | Ve )

V() < e w] |72 |

= (V) + (v").
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The first term (b') can be handled in the manner of (2.74) above. To deal with ("), fix a

small parameter n > 0, and use the above remark to obtain J' = J'(n) < J such that

J
1> villzs <.

j=J

By the subadditivity of z |zlﬁ (which is true up to a constant when d = 4,5) and Holder,

J
IO s = 11D vd + e |7 Ve ]| awsn
L d+4 - L d+4
t,x j:1 t,x
_itH . J| T2 1/2 —itH . J Ay = 1/2 —itH. J
S e wn || “ s |1H e w;, || 2(d42) + | ZU%H e [|1H [2e”! wy, || 2d42)
Lt,achQ Lo j=J' Lt,z72 Liw
Tl T = ) CH T
+Cr Y Ve | ol Ve ™ ) | 7.2,
j=1 Ly,? Lt

' 2(d+2)
By Strichartz and the decay of e w/ in L, 37 , the first term goes to 0 as J — 0o, n — oo.

By Strichartz and the definition of J’, the second term is bounded by
4
072 [|wy ||

which can be made arbitrarily small since lim sup,,_, . ||w?||s is bounded uniformly in .J. To

finish, we check that for each fixed j

lim limsup ||[v!|Ve ™ w!| w2 = 0. (2.75)
J—=J* d—1

n— 00 tw

For any € > 0, there exist ¢/ € C*(R x R) such that if
o= e_i(t—t@\wz;\?
then
limsup [0, = hGAY7|| s <e,
n—+00 La? (=5:3)
Note that G717 is supported on the set

{lt =t S (V)72 o — g S (V7)™
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Thus for all n sufficiently large,

[v7 Ve w;|| 4
t,x

< v} -

GV agsp IV ]| sagn + |G Ve ]| g
t,z t,x

Sk e+ (GR)Ve u gus.
t,x

By Holder, noting that % < 2 whenever d > 4

(Ve gl gy S (VDT IV ] g .
Lz L (= th | S(NR) =2 Ja—ah | S(N7) 1)
S NalIVe™ ™ willzs o jsoviy-2ja-ahis v

Corollary [2.2.10| implies

HvJVe it JH d%gc‘:—'—Cg,Ec

- 1
efth JH 3 aas2) -

(
d—2
t,x

Sending n — oo, then J — J*, then ¢ — 0 establishes (2.75]), and with it, Property (iii)
When d = 3, we estimate (b) in

tac

~

5 30
(2.73)) instead in the L} L dual Strichartz norm. Write

(b) _ (6—thwJ> (lu |3+|u —itH J3 Z —th J)|u |
7j=1
and apply Holder’s inequality:
O I e I e P L
(2.76)
+ ™ willgo (lunlizgo + le™w;l1Zp0) HHZZU it

Using (2.67) and (2.71]), we have

lim li = 0.

Jim Timsup [||z[(b)]] 5 39 =0

5
3711
% poo L3L}

It remains to bound V(b). By the chain rule,

J
V() =0 ((!u;{ — eitHyy |4 |Ui\4)VZv,ﬂ> 4l || Ve itH )

= (0) + ().
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The first term (b') can be treated in the manner of H|x\(b)]|L% 8 above. We now concern
t x
ourselves with (0”). Fix a small parameter n > 0, and use the above remark to obtain
J'=J'(n) < J such that
J
1> vl <.
=7

Thus by the triangle inequality and Holder,

J
15,38 = 11 vl + e ™| (e w J)||Lngg
t =
< ||€ itH J||L10 ||H26 itH JHLOLH
J
Y STl g+ Co SIS
j=J t bz ) t bz
i 1
S el LBy
J J
1D vl lIVe il g0+ Cor 3 Mg *Ve ™l ¢ o
pay? t L — i
By Strichartz and the decay of e *"w; in L{9, the first term goes to 0 as J — oo, n — oo.

By Strichartz and the definition of J’, the second term is bounded by
i lwp s

which can be made arbitrarily small since lim sup,, ., ||w?||s is bounded uniformly in J. To

finish, we show that for each fixed j

lim limsup ||[v[*Ve “w!|| 5 5 = 0.
J—=J*

L3It
n—o0 L; Lac

By Holder,

llonl* Ve ™ w5 g9 < [l ln Ve will s s,
Lt L2 LP Ly

so by (2.69) it suffices to show

| B

lim limsup ||v] Ve~ =0. (2.77)

5
e
J=J* o +° Lo
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For any € > 0, there exists 1/ € C®°(R x R?) and functions ¢ (t), |¢}| = 1 such that

n—oo

limsup [[v} — ¢, GL7 || o -1y <&,

Note that CNJZZ@/)J is supported on the set

{It=tl S (V)72 o — 2l S (V)™

Thus for all n sufficiently large,

||vJVe ith J|| 10L7§

T

< v} = G o Ve ] B T +1GL Ve | LB
Z‘

Se. e+ (Gl Ve |

L3 L,

From the definition of the operators GJ . we have

(Gl ) Ve ™ wyll] s 15 S N [Ve ]|
+ z

L L (-t | S(ND) 2 Ja—ad |S(NE) 1)
Corollary [2.2.10] implies

(AT

. 1 8
By et Celle™™ w70 lwy 15

Sending n — oo, then J — J*, then ¢ — 0 establishes (2.77)), and with it, Property (iii)
This completes the treatment of the case d = 3

By perturbation theory, limsup,,_,.. S—rr) < C(

) < 00, contrary to the Palais-Smale
hypothesis. This rules out Case 2 and completes the proof of Proposition [2.6.1

]

2.7 Proof of Theorem [2.1.3

We begin by recalling some facts about the ground state

22\ _d=2
W(a) = (1+ 7255) € H'(RY)

This function satisfies the elliptic equation
AW + Wz W = 0.
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It is well-known (c.f. Aubin [Aub76] and Talenti [Tal76]) that the functions witnessing the

sharp constant in the Sobolev inequality

I, 22y oy < CallV S llz2may,

(R%)
are precisely those of the form f(x) = oW (B(z — 29)), a« € C, B> 0, zy € R

For the reader’s convenience, we reiterate the definitions of the energy associated to the

focusing energy-critical NLS with and without potential:
Pt = [ 49 - (1= i s,
Rd
E(u) = Ex(u) + %quH%z

Lemma 2.7.1 (Energy trapping [KMO0G]). Suppose Ea(u) < (1 —6g)Ea(W) .

o FEither ||Vul|rz < [|[VW| |2 or ||Vul[rz > [[VW]| 2.
o If||Vullrz < ||[VW]| 2, then there exists 6y > 0 depending on &y such that
IValle < (1— 8|V
and Ea(u) > 0.
o If||Vullzz > ||[VW/| 12 then there exists 03 > 0 depending on &y such that

IVullgz = (14 0) VW[ L2,

2d
and §||Vul|3, — HUI a < —60EA(W).
Now suppose E(u) < Ex(W) and ||Vul|zz < ||VW]|z2. The energy inequality can be
written as
2d

lull%: + (1 - )(||W||i lull 2 ) < IVWIIZ.
Ld—

Ld—

By the variational characterization of W, the difference of norms on the left side is nonneg-
ative; therefore

ulls < VW[ 2.

Combining the above with conservation of energy and a continuity argument, we obtain
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Corollary 2.7.2. Suppose u: I x R? — C is a solution to the focusing equation (2.1]) with
E(u) < (1 —30)Ea(W). Then there exist 61,09 > 0, depending on dy, such that

o If[[u(0)]l < W, then

sup [[u(t)|ls < (1 =0) W[z and  E(u) > 0.

tel
o Ifl[u(O)llgn = [Wlign, then
inf [[u(t)s = (1+0) Wiz and 5[[Vull; = [lu| Z;@ < =0 Ea(W).
Proof of Theorem[2.1.3 Let u be the maximal solution to with

u(0) = ug, E(ug) < EA(W), [[Vugla > [[VIW|.

Let f(t) = [qalz|*|u(t,x)]?dz. It can be shown [Caz03] that f is C* on the interval of

existence and
70 = [ 19t 0 = 2futt,2)|# = 3laPlutt, o)
By the corollary, f” is bounded above by some fixed C' < 0. Therefore
C 2
flt) <A+ Bt + St

for some constants A and B. It follows that u has a finite lifespan in both time directions. [

2.8 Bounded linear potentials
In this section we show using a perturbative argument that
i = (—3A + V)u+ [u|72u, u(0) = uy € H'(RY) (2.78)
is globally wellposed whenever V' is a real-valued function with
Vinaa 1= [V [[ze + [[VV][ L= < c0.
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This equation defines the Hamiltonian flow of the energy functional
E(u(t)) = / UVt )P + Via(t,2) + S2Ju % dr = E@(0)).  (2.79)
Rd
Solutions to ([2.78)) also conserve mass:

M(u(t)) = /R ult, ) dr = M(u(0).

It will be convenient to assume V' is positive and bounded away from 0. This hypothesis
allows us to bound the H' norm of u purely in terms of E instead of both E and M,
and causes no loss of generality because for sign-indefinite V' we could simply consider the

conserved quantity £ 4+ C'M for some positive constant C'.

Theorem 2.8.1. For any uo € H'(RY), [2.78) has a unique global solution u € CP,, . HL(R x

loc

RY). Further, u obeys the spacetime bounds
Si(u) < Clluollmr, 111)
for any compact interval I C R.

The proof follows the strategy pioneered by [TVZ0T7] and treats the term Vu as a per-
turbation to ([2.6]), which is globally wellposed. Thus Duhamel’s formula reads

u(t) = e%u(to) — z'/o e%ﬂu(sﬂﬁu(s) + Vu(s)|ds. (2.80)

We record mostly without proof some standard results in the local theory of (2.78).

Introduce the notation

HUHX(I) = HVUH 2(d+2) 2d(d+2) .
L, 42 L, 4+ (IxR%)

Lemma 2.8.2 (Local wellposedness). Fiz ug € H'(R?), and suppose Ty > 0 is such that

itA

e upl| x-mm) <N < Mo

where ng = no(d) is a fized parameter. Then there exists a positive
Tl = Tl(HuOHHla/rI) Vmax)
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such that [2.78) has a unique (strong) solution v € CYHM([-Ty,Ti] x RY). Further, if
(=Tonins Tinaz) ts the mazimal lifespan of u, then ||Vul|siy < oo for every compact interval

I C (=Tomin, Tinaz), where || - ||s(ry is the Strichartz norm defined in Section m

Proof sketch. Run the usual contraction mapping argument using the Strichartz estimates

to show that

i t i(t—s
T()(t) = T ug — i / T Ju(s) |72 u(s) + Vu(s)]de
0
has a fixed point in a suitable function space. Estimate the terms involving V' in the L] L?

dual Strichartz norm and choose the parameter 77 to make those terms sufficiently small

after using Holder in time. O]

Lemma 2.8.3 (Blowup criterion). Let u : (Tp, T1) x R? — C be a solution to ([2.78) with

|l x ((70,10)) < 00

If Ty > —o0 or T} < oo, then u can be extended to a solution on a larger time interval.

Our argument uses the stability theory for the energy-critical NLS (12.6)).

Lemma 2.8.4 (Stability [TV05)]). Let @ : I xR* — C be an approzimate solution to equation
(2.6) in the sense that

it = —LAu+ |70+ e
for some function e. Assume that

lall sy <L, [ Vullirrz < . (2:81)

t,x

and that for some 0 < e < eo(E, L),
Hﬁ(to) - Uo”H1 + ||V€||N([) <e, (2.82)

where ||-|| n(r) was defined in Sectionm. Then there exists a unique solutionu : [IxR* — C
to (2.6) with u(ty) = wy which further satisfies the estimates
||’L~L — UH 2(dd+22) + ||V(ﬂ - U)HS(I) S O(E, L)€c (283)
Lt,x7

where 0 < c=c(d) < 1 and C(E, L) is a function which is nondecreasing in each variable.
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Proof of Theorem [2.8.1. It suffices to show that for T sufficiently small depending only on
E = E(uy), the solution u to (2.78)) on [0, 7] satisfies an a priori estimate

[ullx oy < C(E). (2.84)

From Lemma [2.8.3] and energy conservation, it will follow that u is a global solution with

the desired spacetime bound.

By Theorem [2.1.1] the equation

(10 + 1 A)w = [w|T 2w,  w(0) = u(0).

has a unique global solution w € Cg Hl(R x R?) with the spacetime bound (2.7). Fix a

loc™ "z
small parameter n > 0 to be determined shortly, and partition [0, 00) into J(FE,n) intervals
Ij = [tj,tj+1) so that
[wllxr) < n- (2.85)

For some J' < J, we then have

J'—1

0.7 = | J (0,71 1;).

Jj=0

We make two preliminary estimates. By Holder in time,
WVullvay + IVVu)llvay S CvTllulliemia) < e (2.86)
for any ¢ provided that T'=T(E,V,¢) is sufficiently small. Further, observe that

i(t—t;)A

le™ = w(t;)lxay < 2n (2.87)

for n sufficiently small depending only on d. Indeed, from the Duhamel formula

i(t—t;)A bt s
wt) = F () i [ T (ul ) ),
tj
Strichartz, and the chain rule, it follows that
i(t—t;)A

4
le™= " wt)lxay < lwlxay + el Vvl |z

a2
)
<n+callwli s,

a+2

<n+cqgni-2.
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Choosing 7 sufficiently small relative to ¢4 yields (2.87)).

Take ¢ < nin (2.86]) (taking 7" small) and apply the Duhamel formula (2.80)), Strichartz,
Holder, and (2.87)) to obtain

itA

' u(0) g + callull oy T ClVull g ro)

lellx oy < |
+2
<2+ cdHuHX (1) + OV lull e mracao)

d+2

< 377 + Cd“uHX Io
By a continuity argument,
[ullx(m) < 4n. (2.88)

Choose ¢ sufficiently small in (2.86) so that the smallness condition ([2.82)) is satisfied, and
invoke Lemma with ||u(0) — w(0)]| 5 = 0 to find that

IV (u = w)l[s0) < C(E)e". (2.89)

On the interval Iy, use (2.87)), (2.89), and the usual estimates to obtain

i(t—t1)A d+2
lullxy < e ult)llxa) + callull g,y + CvTlull g macny

2

da+2
< C(B)e + 20+ cllull g,y + 0,

where the C'(E) in the last line has absorbed the Strichartz constant c; this redefinition of
C(FE) will cause no trouble because the number of times it will occur depends only on E, d,

and V. By taking ¢ sufficiently small relative to n and using continuity, we see that
[ullx () < 4n.
As before, taking T sufficiently small yields

IV(V) |l o,y < &

i(t— tl)

le [u(ty) = w(t)l|x ) < C(E)
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for any ¢ < ¢¢(E, L). Therefore by Lemma [2.8.4]

IV (u = w)l[s) < C(E)e".

The parameters n, e, T are chosen so that each depends only on the preceding parameters
and on the fixed quantities d, F, V. After iterating at most J' times and summing the bounds

over 0 < j < .J"—1, we conclude that for T" sufficiently small depending on E and V/,
|l x o) < 4J'n < C(E).

This establishes the bound ([2.84)). O
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CHAPTER 3

Extensions to more general potentials

3.1 Introduction
In this chapter, we describe the modifications to extend the results for the harmonic oscillator
to a broader class of potentials. Consider the equation
iu=(—3A+V)u+ ,u|u|ﬁu, p= =1,
(3.1)
u(0) = uy € L(RY),
whose flow preserves the energy

2d

E(u(t)) = /Rd 3IVu®)* + Viu®)* + p(l = Dlu®)| > dv = E(u(0)).

The equation is defocusing if 4 = 1 and focusing if u = —1. We consider the following three

assumptions on V:
(V1) V = V/(x) is smooth and nonnegative.
(V2) For each k > 2 there exists a constant My > 0 such that

sup |V (z)| + sup |0*V (z)| < M;, for all k> 2.

|z <1 z€R4

(V3) V(z) > d|z|? for some 6 > 0.
These hypotheses on V' ensure that

Olal* < V() < (1+z*)
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for some constant 6 > 0. Therefore X is the energy space, and is also the form domain
Q(H) = D(H"?) for the positive operator H = —1A + V. It will sometimes be more

convenient to work with the equivalent norm

e = 1H2fllze = (IVFIIZ2 + V2 F1172)'72,

because it is preserved by the propagator e~#.

As before, the term “energy-critical” refers to the fact that if one ignores the potential

V' in the equation, the equation

(10, + LA)u = plul=u,  u(0) € H'(RY)

, o (3.2)
Ea(u) :/ LVl + (1 — 2)[ul 5 de

Rd

is invariant under the scaling u — w*(t,z) = A" w(A~2t,A\"'z). Roughly speaking, if
a solution u to (3.1) is concentrated in a width A neighborhood of some point zy, where
A < 1, it sees the potential V' as approximately equal to V(xg) and behaves for [t] < O()\?)
as a solution to the equation (3.2). The asymptotic behavior for the constant coefficient
problem (3.2)) was summarized in Theorem m This result will be a basic stepping stone

to understanding the behavior of concentrated solutions to the variable-coefficient problem.

Corresponding to Conjecture [2.1.2] we have

Conjecture 3.1.1. When pu = 1, equation (3.1)) is globally wellposed. That is, for each
ug € Q(H) there is a unique global solution u : R x RY — C with u(0) = ug. This solution

obeys the spacetime bound

2(d+2)
Si(u) ::/I/Rd u(t, 2)) 2 dz dt < C(|I, uols) (3.3)

for any compact interval I C R.

If w = —1, then the same is true provided also that

E(up) < EA(W) and [|[Vug|lrz < ||VW]| 2.

The restriction on the kinetic energy focusing case is necessary, for as in the case of the

harmonic oscillator, we have:
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Theorem 3.1.1. If p = —1, E(ug) < Ea(W), and ||Vuo| 2 < ||VW||L2, then the solution

to

To prove this one need only make notational changes to the discussion in Section [2.8]

and we refer the reader to there for details.

Just as with Theorem [2.1.2) by Theorem however, it is actually unconditional

except in the focusing case for nonradial data in dimensions d = 3 and 4.

Theorem 3.1.2. Assume Conjecture (2.1.1. Then Conjecture holds.

Besides the literature surveyed in Chapter 2] this result also has a predecessor in the work
of Carles [Carll], who considered a large class of subquadratic potentials for the energy-
subcritical problem

iOu = (—3A + V)u+ plulPu, p < 7.

Taking initial data in X, he established global wellposedness in the defocusing case when
4/d < p < 4/(d—2) and in the focusing case when 0 < p < 4/d. Carles did not require that
V' be bounded from below, and also allowed V' = V(¢,z) to depend on time. Prior to that
work, Oh [Oh89] had shown large data global existence in the focusing case when p < 4/d
and the potential is time-independent and subquadratic. We consider a more restricted class
of potentials but focus on the subtleties of the critical exponent p = 4/(d — 2) described in

the introduction of the previous chapter.

To prove Theorem (3.1)) we apply the induction on energy paradigm and closely follow
the arguments for the harmonic oscillator, save for one key difference. In constructing
the linear profile decomposition it was essential to compare the Schrodinger flows for the
harmonic oscillator and the free particle on concentrated initial data. We exploited the

classical formula for the fundamental solution:

1 i (12+y2

(g, y) = ErrenaEeT™ cost=zy)  (Mehler’s Formula [Fol89]). (3.4)

e

No such explicit formula is available for more general potentials. Instead we appeal to more

robust techinques from microlocal analysis.
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Fujiwara showed [Fuj79, [Fuj80] that for a general class of subquadratic potentials, the

unitary propagator e~*# can be represented for small ¢ as an oscillatory integral operator

efitHf(a:) — W /d k(t,x, y)eis(t,x,y)f(y) dy,
R/

where for small ¢ the integral kernel is close to that of the free propagator e’s. In fact,
Fujiwara considered time-dependent potentials. Using this representation, we are able to
obtain suitable replacements for the arguments in Chapter [2| that relied on the precise form
of Mehler’s formula. A key step is to prove that in the relevant region of phase space, the
bicharacteristics for the symbol h(z, &) = $|¢|*+ V (z) are well-approximated over short time

intervals by those of h(z,&) = $|¢|*.

Chapter outline

In Section we set our notation and review some basic estimates regarding equation (3.1)).
We also recall Fujiwara’s construction of the propagator as a Fourier integral operator and
collect some relevant background concerning such operators. Section |3.3| states some stan-
dard (but essential) local theory. Section discusses the linear profile decomposition men-
tioned above, focusing on how to modify the arguments that previously invoked Mehler’s

formula.

The scaling limit analysis of Section [3.5 and the compactness arguments of Section 3.6
parallel the ones given in Chapter 2l As will be the case throughout the chapter, we describe

mainly the required adjustments and refer to the previous chapter for the rest of the details.
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3.2 Preliminaries

3.2.1 Notation and basic estimates

We write X <Y to mean X < CY for some constant C'. Similarly X ~ Y means X <Y

and Y < X. Denote by LP(R%) the Banach space of functions f : R? — C with finite norm

£l o (re) = (/Rd If]”dx)p

Sometimes we use the more compact notation || f|l,. If I € R? is an interval, the mixed

Lebesgue norms on I x R? are defined by

17 zpzzmey = ( [([ seora) dt) = 1O lsgrasmny.

where one regards f(t) = f(t,-) as a function from I to L"(R%).

Throughout the chapter we shall use the capital letters D and X to denote the operators
f— —i0f and f — xf, respectively.
Introduce the following function spaces
B.(R") = {f € C*(R") : D'f € L™ for all £ > k},
B(R") = By(R")

The notation B(RYxR?) goes back to Schwartz [Sch66] and is equivalent to the more modern
notation 5§, where in general S¥;(R? x R?) denotes the smooth symbols on R x R{ such
that

DiDgp(w, )] < Cople)m IR

for all multiindices o and 3. Note, however, that in general B does not coincide with any
k
Spse

We recall Fujiwara’s construction of the propagator for H. The symbol

h(g,x) = 3l¢1* + V()
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defines the Hamiltonian flow
i=Veh, &=-V,h
(2(0),£(0)) = (y,n).

(3.5)

The integral curves (z(t), £(t)) are the bicharacteristics for h. Suppose that V' is subquadratic
in the sense in the sense of hypothesis Then the vector field (—V h, V¢h) is Lipschitz,
hence complete, so z and & are well-defined functions z(t,y,n), £(t,y,n) of t and the initial
data.

Proposition 3.2.1 ([Fuj79, Proposition 1.7]). Let V' be a potential such that

sup |V ()| + sup |0V (z)| < oo for all k > 2,
|z|<1 rzeR4

and put H(&, ) = 3|€|*+ V (z). Then the map (y,n) — (z,y) obeys the derivative estimates
& = I+talt,y,n), &=t +0(ty,n)

for some matriz-valued a,b € B(R] x RY).

Further, there exists &y such that whenever 0 # |t| < &, for pairs x,y € R there is a

unique trajectory (x(7),£(7)) such that x(0) =y and x(t) = z.

Remark. To get the second statement from the first, one invokes the Hadamard global
inverse function theorem to see that (y,n) — (x,y) is a diffeomorphism for 0 # ¢ sufficiently

small.

According to this result, when |t| < dy and ¢ # 0 one can define the action

S(t.a) = [ FEOF = Vi) i (3.

where (z(7),£(7)) is the unique bicharacteristic with z(0) = y and z(t) = «.

Theorem 3.2.2 (Fundamental solution [Fuj79, [Fuj80]). Let V' be subquadratic as in the

previous proposition. Then there exists 6g > 0 such that:
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e The action S(t,x,y) is well-defined by (3.6|) for all 0 < |t| < 0y and satisfies
S(t,x,y) = B3 + tw(t, o, y),

2t

where the term w(t,-,-) belongs to By uniformly for |t| < . That is, there exist

constants Cy, such that
|Dlx€7yw(t7 x,y)\ < Ck(l —+ ‘513" + ’y|>max(27k,0)
for all k.

o Forall 0 < |t| < & and all f € C=(RY) we have
() = g [ P alt ) )

where
1D; la(t, - -) = Yl maxrg) = Ok(t?)  for all k> 0.
The above integral representation immediately yields a dispersive estimate:

Corollary 3.2.3 (Dispersive estimate). For |t| < g, we have
i _d
le™™ Flloo S L1721 fI1-
- T 2 d_d
We call a pair (q,r) admissible if ¢ > 2 and s+i=3. Define the norm

HUHS(I) = Hu”LgL;?QTd?(Ide) + HUHL;;OLg(Ide)-

By interpolation, this norm controls [[ul|zs;, for all admissible pairs (g,7). Define

HF”N(I) = inf{“Flqu/lLT./l + HFQ’ . (qk,rk) admissible, F = Fl + FQ}

! !
‘ 92 172
L.2L,

where (g, 77,) denotes the Holder dual of (gx, k).

Lemma 3.2.4 (Strichartz [KT98|). Let I be a compact time interval containing to, and let

u: I xR*— C be a solution to the inhomogeneous Schridinger equation
Then there is a constant C', depending only on the length of the interval I, such that

ullsay < Clluollzz + [|1Fllv)-
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Proof. This follows from [KT98§| as a consequence of two ingredients: the dispersive estimate

of the previous corollary, and the unitarity of e~ on L?(R?). O

As V is nonnegative, we have access to the spectral multipler theorem of Hebisch [Heb90]:

Theorem 3.2.5. If F' : (0,00) — C is a bounded function which obeys the derivative esti-
mates

" FN)| Sk A% forall 0<k<2+1,
then the operator F(H), defined initially on L* by the Borel functional calculus, is bounded

from LP to LP for all 1 < p < oo.

The following equivalence of Sobolev norms was first proven for the quadratic potential by
Killip-Visan-Zhang [KVZ09, Lemma 2.7]. We adapt their result to the potentials considered

here.

Proposition 3.2.6 (Equivalence of norms). For any 1 < p < oo and s € [0,1], we have

H? fllp ~p.s 1(=2)Fllp + V£l

for all Schwartz functions f.

The proof uses the following fact, which is classical when V' is quadratic; we verify it at

the end for the sake of completeness.

Lemma 3.2.7. Let H = —iA +V where V satisfies the hypotheses (V1) through |(V3),

Then the smooth vectors for H are precisely the Schwartz functions:

D(H>) = (| D(H") = S(RY).

n>0

Proof of Proposition|3.2.0. We show first that
I(=A)Fllp + IV fllp Sp |1 Hfll, forall fe S(RY). (3.7)

As f = H*H*f and H*f € S(R%) by Lemma m, it suffices to prove

I(=A)H= flly + IVHfll, Sp Ifll, forall  f e SR). (3-8)
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By hypothesis, there is some § > 0 such that V(z) > §|z|>. Killip-Visan-Zhang [KVZ09)
showed that

IVoHs* Fllo Sp 1f1ls

where Hs = —%A + d]z|?>. On the other hand, the parabolic maximium principle implies
0<e(z,y) < e (x,y)
Combining this with the identity
H™(2,y) = w5 /OOO ez, y)tedt,
we obtain the kernel inequality
0<H™(x,y) < H5>(x,y)
In particular, V°H~® and V*H; ® have nonnegative integral kernels. We may therefore bound
IVCH fllp < IVCH[fllp < IVCHS® [l Sp L 1l

This yields half of (3.8). Specializing to the case s = 1 and writing —A = 2(H — V), we
obtain

(=) E fllp Sp 1115 (3.9)

Using Theorem [3.2.5and the Stein-Weiss interpolation theorem applied to the analytic family
(—A)*H~*, we obtain (3.7) and (3.8)) for all p € (1,00) and s € [0, 1].

Dualizing those estimates yields
[H (A fllp + 1H 2V fllp Sps 1£1lp - forall p e (1,00), s € [0,1]
Writing H*f = H* 'Hf = $H (= A)'"*(=A)* f + H'VI=*V* f, we have
I fllp Sp.s 1(=2)Fllp + [V £l forall p e (1,00), s €[0,1].

This completes the proof of the proposition modulo the lemma. n
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Proof of Lemma[3.2.7. The inclusion S(R?) C D(H®) is clear. To prove the opposite in-

clusion, we show by an induction argument the equivalent assertion that

D(H*) C ({u:2°0%u € L? for all [a| + |B| < k}. (3.10)

k>0
We have the following identities:
Hoju = 0;Hu — (0;V)u (3.11)
Hmu = mHu — 3(Am)u — Vm - Vu
Define for each n > 1 the following statements:
Pi(n) = “m:D(H"') — D(H" ") for all m € B”
Py(n) = “0; : D(H") — D(H""')”
Py(n) = “0;V : D(H™) — D(H"™')".
As D(H) C D(HY?) = {u : ||Vul|z2 + ||7u||z2 < oo}, these hold for n = 1.

Assume that they hold for some n. For u € D(H™) and m € B, use and the
statements P;(n), Py(n) to see that H(mu) € D(H"™'), so mu € D(H") and P(n + 1)
holds since m was chosen arbitrarily in B. Similar reasoning shows that P,(n) and Ps(n)
imply P2(n + 1), and that P;(n), Py(n), Ps3(n) yield Ps(n + 1). Hence, by induction these

statements hold for all n > 1.

Next, apply in the special case s = 1, p = 2 to see that
V:D(H) — D(H") = L*.
Suppose u € D(H™) and n > 2. We have
H(Vu)=VHu—(AV)u—VV - Vu.

By induction, VHu € D(H"?), while P;(n), Py(n), and P3(n — 1) imply that the second
and third terms also belong to D(H"?). Thus Vu € D(H"!)

Summing up, we find that

V :D(H") — D(H" ') for all n > 1.
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Together with the coercivity hypothesis|(V3)} these mapping properties yield the claim (3.10)).
]

By the equivalence of norms, H” inherits many properties of the fractional derivative

(—A)?, including Sobolev embedding:

Lemma 3.2.8 ([KVZ09, Lemma 2.8]). Suppose v € [0,1] and 1 < p < %, and define p* by

— 27. Then

1

1
p* p
||fHLP*(Rd) 5 ||H7f||LP(Rd)-

Similarly, the fractional chain and product rules carry over to the present setting:

Corollary 3.2.9 ([KVZ09, Proposition 2.10]). Let F(z) = \z|ﬁz For any 0 <~ < 5 and
1 <p<oo,

1" F ()| poray S [1F (@)l oo gy | H fl| 221 (e

for all py,p1 € (1,00) with p~t = pal +pi .

Using Proposition and the Christ-Weinstein fractional product rule for (—A)" (e.g.
[Tay00]), we obtain

Corollary 3.2.10. For v € (0,1], r,p;,q; € (1,00) with v~ =p; ' + ¢, i = 1,2, we have

Y (FNr S AH Fllpallgllar + 1 lp[1H gllg,

3.2.2 Microlocal technology

We recall some properties of Fourier integral operators tailored to the Schrodinger equation.

The operators we shall use were developed by Fujiwara [Fuj75] and Asada-Fujiwara [AETS].

x

Definition 3.2.1. Call ¢ € By(R% x RZ) a phase function satisfies the nondegeneracy
condition

gjnyf | det D2, ¢(2,y)| > 0. (3.12)
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Given a phase ¢(z, y) and an amplitude a(z,y) € B(R$ x R{), define for each A # 0 the

integral operator )
A2 ,
AF@) = (5) [ e ate) fdy (3.13

211

Remark. Asada and Fujiwara studied Fourier integral operators in the more general form

m—+n

A 2 .
o (gm) L a0 o) vt

where a(z,0,y) € B(R} x Ry’ x R}) and the phase ¢ satisfies the nondegeneracy condition

Dgy(b D?}O(b

D6 Dig¢

The integral operator A(\) considered above corresponds to the case m = 0.

det

The operator A()) is bounded on L2. More precisely, Fujiwara proved:

Theorem 3.2.11 (Fujiwara [Fuj75]). [|A(N)||z222 < Cllal|c2an

Let ¢ be a phase function. By the global inverse function theorem, the maps
xi(,y) = (y,=0,0) and  xa(z,y) = (2,0:9)
are diffeomorphisms of R? x R%. It follows that the relation
(Y, =0y0) = (2, y) = (2, 0:9)
defines a diffeomorphism
X =xz20x;": R} x R! = RY x R,

which is in fact symplectic (or “canonical”) in the sense that d A dz = dn A dy. The map

X(y,m) = (x(y,n),&(y,n)) is the canonical transformation generated by the phase function
o(z,y).

For a smooth symbol p € Bi(R% x R§ x RY) and A # 0, let Op(p,\) denote the the

(semiclassical) pseudodifferential operator

0pip i) = () [ e vt 0.0) 0 doo

These operators obey the following Egorov-type relation:
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Theorem 3.2.12 ([AF78, Theorem 6.1]). Let ¢(z,y) be a phase function, a(z,y) € B(R x
RY), be an amplitude, and A(N) the corresponding Fourier integral operator. Let x : R?*? —
R2? be the canonical transformation generated by ¢. Let p(x,0,y), q(x,0,y) € By (R x R4 x
RY) be such that

a(y,m,y) = (@, & )| 2.6)=x(wm)
Then

Op(Ap, A)A(A) — A(A) Op(Ag, A) = R(A),

for some Fourier integral operator R(\) with phase function ¢. The operator norm of R(\)
satisfies

IR 222 S A lalloar(pllar + alli.ar)

for some positive integer M, where

[ fllrs = sup [|D*f|lree.
r<k<s

3.3 Local Theory

We record some standard local-wellposedness results for . These are direct translations
of the theory for the scale-invariant equation (3.2). By Lemma and Corollaries m
and [3.2.10] essentially the same proofs as in that case will work here. We refer the reader to
[KV13] for those proofs.

Proposition 3.3.1 (Local wellposedness). Let uy € X(R?) and fir a compact time interval

0 €I C R. Then there exists a constant ng = no(d, |I|) such that whenever n < ny and

1 .
HH§€7”HUOH 2(d+2) 2d(d+2) <,

L, 72 L, (IxRd)

there exists a unique solution u : I x RY — C to (2.1)) which satisfies the bounds

1 1 d+2
[HZul| sais 2agr2) <2n and |Hz2ullsg) < lluolls +n+>.
L, %2 L, ¥+ (IxR9) ~
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Corollary 3.3.2 (Blowup criterion). Suppose u : (Tyin, Thnae) X R — C is a mazimal

lifespan solution to (2.1)), and fix Tyin < to < Tmaz- If Tinae < 00, then

||U|| 2(d+2) = OQ.
Lt,g_Q ([tOvaaz))

If Ty > —00, then

ull 212 = 0.
Lt,:(ci72 ((TmthO])

Proposition 3.3.3 (Stability). Fizty € I C R an interval of unit length and let @ : [ xR* —
C be an approximate solution to (2.1) in the sense that

i0,ti = Hu % ||721 + e
for some function e. Assume that

~ 1
[all 2wen < L, [[H2ull ez < E, (3.14)

t,x

and that for some 0 < e < ego(E, L) one has
| HY i(to) = wo)llze + [ HEell vy < e, (3.15)

Then there exists a unique solution u : I x R? — C to [2.1)) with u(ty) = ug and which

further satisfies the estimates

@ = ull swsn) + | H? (@ = )]sy S C(E, L)e® (3.16)
L —2

t,x

where 0 < ¢ =¢(d) < 1 and C(E, L) is a function which is nondecreasing in each variable.

3.4 Concentration compactness

Let 0 € I be a compact interval so that |I| < dy, where dy is the constant in Theorem |3.2.2|
As is now standard in the analysis of energy-critical equations, the induction on energy

argument relies on a linear profile decomposition for the Strichartz inequality

el agsn SIS
X

t,x

90



In the previous chapter, we obtained such a decomposition when H = —%A + %]a:|2 Let
us highlight the main modification required to adapt that proof to the present setting. One
of the key steps in both proofs is to compare the linear evolutions of a spatially localized
initial state under the propagators e~ and e's with and without a potential, respectively
(see Proposition below). For the harmonic oscillator we relied on the Mehler formula
to decompose

_itH .isin(t)A

e =my(X)e' 2 my(X)

cost—1

02—1)2?). While this factorization clearly manifests the relation be-

where my(x) = exp(i(
tween the two propagators, it is not available for the more general potentials considered here.

Instead we work directly with the Fourier integral representation from Theorem ([3.2.2)).

The rest of the proof for the harmonic oscillator can be imported after essentially nota-
tional changes. We shall state the main definitions and lemmas to indicate the general flow

but refer to the previous chapter for the details.

Definition 3.4.1. A frame is a sequence (t,,r,, N,) € I x R? x 2N conforming to one of

the following scenarios:

1. N,o=1,t,=0, and z,, = 0.
2. N, — oo and N 'V (z,)"/? = 1y € [0,00).

Remark. The quantity N, 'V (z,)"/? is the analog of the ratio N, !|z,| that was considered
in Section 2.4.7]

These parameters will specify the temporal center, spatial center, and (inverse) length
scale of a function. The hypothesis that V grows essentially quadratically ensures that
|z,| < N,, which reflects the fact that we only consider functions obeying some uniform
bound in Q(H), and such functions cannot be centered arbitrarily far from the origin. We
need to augment the frame {(¢,, z,, N,)} with an auxiliary parameter N/, which corresponds

to a sequence of spatial cutoffs adapted to the frame.
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Definition 3.4.2. An augmented frame is a sequence (t,, ., N,, N') € I x R? x 2N x R

belonging to one of the following types:

1. Ny=1,t,=0, 2, =0, N, = 1.
2. N, = o0, N;'W(x,)/? = ry €]0,00), and either
(a) N, =1ifro >0, or
(b) Na’? < Nj < Npyy Ny W () 2(5) = 0, and {3 — 00 if 7o = 0,

The frame {(t,, x,, N,)} is the underlying frame.

Given an augmented frame (t,, x,, Ny, IV),), we define scaling and translation operators

on functions of space and of spacetime by

(Gud) (@) = Na® ¢(No(z — )

. a2 (3.17)
(Gnf)(t,2) = N2 f(N2(t —t,), No(x — 2,,)).
We also define spatial cutoff operators S,, by
, for frames of type ie. N, =1),
6= ¢ ype [l ( ) (3.18)

X(R2)¢, for frames of type[2[ (i.e. N, — 00),

where x is a smooth compactly supported function equal to 1 on the ball {|z| < 1}. An easy

computation yields the following mapping properties of these operators:

lim S, = I strongly in H'and in Q(H),
n—oo

(3.19)
limsup (|G| g(r)—qa) < oo

n—o0

The following technical lemma is the counterpart of Lemma and is proved in the

same manner (in particular we use the equivalence of norms furnished by Proposition |3.2.6]).

Lemma 3.4.1 (Approximation). Let (q,7) be an admissible pair of exponents with2 < r < d,
and let F = {(t,, Tn, Np, N} )} be an augmented frame of type 2.

92



1. Suppose F is of type[2d in Definition[3.4.3. Then for {f,} C L{H:" (R x R%), we have

lim sSup ||H1/2én5’nfn||L‘ng S lim sSup ||fn||LgH;*T'
2. Suppose F is of type |28 and f, € L'H> (R x R%). Then
lim sup HHl/zénSnanLgL; < lim sup ”anLgH;,r.

Here HY" (R®) and H"(R?) denote the inhomogeneous and homogeneous L Sobolev spaces,

respectively, equipped with the norms

[l = KV ey, (g = VIl ma).-

Proposition 3.4.2 (Inverse Strichartz). Let I be a compact interval containing 0 of length

at most &y, and suppose f, is a sequence of functions in Q(H) satisfying

0<e< el agin  SIHYfllr < A<ox.
—? (IxRA4)

t,z

Then, after passing to a subsequence, there exists an augmented frame
F = {(tn> Tn, Nm quz)}
and a sequence of functions ¢, € Q(H) such that one of the following holds:

1. F is of type[] (i.e. N, =1) and ¢, = ¢ where ¢ € Q(H) is a weak limit of f, in
Q(H).

2. F is of type@ either t, = 0 or N2t, — +o0, and ¢, = "G, S, $ where ¢ € H'(R?)
is a weak limit of G e~ f, in H'. Moreover, if F is of type then ¢ also belongs
to L*(R%).

The functions ¢, have the following properties:

d(d+2)
liminf |H'%¢, |2 2 A(5) ° (3.20)
. _2d_ 2d_ _2d_
Hm ([ full“ 50 — 1o — &nll " 20 — l@nll"2a =0. (3.21)
n—00 d—2 [d—2 [, d—2
Jin Y2 full 72 = 1HY?(fo = ¢u)ll72 = 1H |72 = 0 (3.22)
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Proof. We recall that the proof of the analogous result in Section [2.4.1] used the following

ingredients:

e Littlewood-Paley theory adapted to the operator H = —%A + %|x|27 which relied on
Theorem [3.2.5

e A refined Strichartz inequality, proved using the Littlewood-Paley theory.

e A comparison of the linear propagators for the Hamiltonians of the free particle and
the harmonic oscillator when acting on concentrated initial data. This was the only

part of the proof that invoked the exact form of Mehler’s formula (3.4]).

The reader will easily verify that adapting the first two to our situation requires little
more than replacing all instances of |x|?/2 in the proofs with V. In the following section,
we supply the details for the third. Given suitable replacements for these three ingredients,
the rest of the proof carries over without difficulty, and we refer the reader to the previous

chapter for the details. n

Proposition 3.4.3 (Linear profile decomposition). Let 0 € I be an interval with |I| < &y,
and let f, be a bounded sequence in Q(H). After passing to a subsequence, there exists
J*€{0,1,... y U{oo} such that for each finite 1 < j < J*, there exist an augmented frame
Fi=A{(t), 23, N2 (N))} and a function ¢/ with the following properties.

e FEither t! =0 or (NJ)(t)) — 400 as n — oco.
o ¢ belongs to Q(H), H', or H' depending on whether F7 is of type 07’

respectively.

For each finite J < J*, we have a decomposition

J .
fo=Y e HGISIG 40, (3.23)

=1
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where GJ., SI are the H'-isometry and spatial cutoff operators associated to F7. Writing ¢

for e“%HG{;Sngsz, this decomposition has the following properties:

(G)) ety T B for all J < 7, (3.24)
sup lim )||H1/2fn||L2 - Z 1200122 — | HY?ry|[22| = 0, (3.25)
7=1
2d

sup lim ‘||fn Z IW ||7"J”Z§T«g —0. (3.26)

Whenever j # k, the frames {(tJ, x5 NJ)} and {(t% x% NF)} are orthogonal:
Tim 8+ 8 NINFH — th] + / NINE|] — k] = oo. (3.27)

Finally, we have

11r51 11msup||e inyJ) 2 =0, (3.28)

— 00 t,z

Proof. The argument is similar to the one for Proposition [2.4.14. One inductively applies
inverse Strichartz to extract the frames F7 and profiles ¢/. To prove the decoupling asser-
tion (3.27)), one uses the convergence lemmas discussed in the next section, which completely

parallel the ones used in Section [2.4.2] O

3.4.1 Convergence of linear propagators

The main purpose of this section is to prove Proposition [3.4.4 which together with its
corollary can be regarded as a comparison of the linear evolutions e~ ¢ and e%gb for ¢

concentrated at a point.

While the proposition is simply a translation of Lemma [2.4.8] its proof is more involved

and requires a closer study of the bicharacteristics.

Definition 3.4.3. Two frames F!' = {(t!, z} N} and F? = {(t2,22, N?)} (where the

superscripts are indices, not exponents) are equivalent if

Ny R €(0,00), NMa? —2l) = 200 € RY (ND2(E —£2) >t € R.
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They are orthogonal if any of the above statements fails. Note that replacing the N! in the

second and third expressions above by N? yields an equivalent definition of orthogonality.
Two augmented frames are said to be equivalent if their underlying frames are equivalent.

Proposition 3.4.4 (Strong convergence). Suppose FM = (tM x,, M,) and FYN = (t y,, N,,)

are equivalent frames. Define

Ry = lim 2 too = lim MZ(tM — ¢,

n—o0

Too = lim M, (yp — ), Too =lim MH*IV(acn)lm;

(The last limit exists by the definition of a frame.) Let GM GY be the scaling and trans-

lation operators associated with the frames F™ and FN respectively. Then the sequence

(e‘”NHGN) ! _”MHGM converges strongly as bounded operators on Y to the operator Uy,

defined by

s 2 M itoo A
Usep = e )" R 27 (753

J(Roo - +%oo)-

Proof. Write

(e—thHGN) 1 —thHGM (GN) 1G%<G7J}L4)—1e—itnf1@7]\f
where t,, = tM —tN . As (GN)7I1GM converges strongly to the operator f R:?Qf(Roowono),
it suffices to show that

2 itocA

(GM)LemitnHGM _y oitoo(rec)? o 155 (3.29)

We proceed in two steps. Recall from Theorem that the phase in the Fourier integral

—itH

formula for e is the classical action and has the form

S(t,x,y) = B3t tw(t,x,y), w(t,,) € Ba.

First we extract the lowest order term from the remainder. This additional information will
reveal the limit of the sequence once everything has been expressed in terms of oscillatory

integrals. Convergence will then follow from the theory in Section [3.2.2]

The leading terms of the action are obtained by replacing the classical trajectories with
straight lines in the integral (3.6). Proceeding in the spirit of Fujiwara [Fuj79], we have the

following lemma.
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Lemma 3.4.5. Let H(&,x) = 3|¢]* + V(x) with V' subquadratic, and let S(t,x,y) be the
action (which is well-defined for all x and y so long as |t| < &g where &y is the constant in

Theorem m Then

|z —yf ' z—y 3 2 2
S(ta,y) = S50 = [ Vig+ (S)m) dr+ O (£ + [af? + y)).
0

Proof. Start by rewriting the ODE system ({3.5)) in integral form:

£ty =1 — / 0,V (x(0)) db,
0 (3.30)

o) =y + /Otg(f) dr =y + tn — /Ot(t — )0,V (x(8)) db.

As 0,V grows at most linearly, Gronwall’s inequality implies that for all initial data (y,n).
z(8)] < C(1 4yl + [tn]).

Fix a time ¢t > 0 and positions =,y € RY. By Proposition , there is a unique initial
momentum 1 = n(t,x,y) such that the bicharacteristic (z(7),£(7)) satisfies x(0) = y and
z(t) = .

Referring to the definition of the action, we estimate the error from replacing the
true trajectory x(t) by the straight line path from y to z. Rearranging the above expression
for x(t), we have

r—y 1

s /0 t(t—@)axV(a:(H))dG. (3.31)

7’]:

For 7 between 0 and t,

t
T —y
o) < ol + [ e+ € [ o= o1+ lao)) as

hence |z(7)| < C(1 + |z| + |y|). The preceding computations reveal that

or) =y = (27D < 5 [le=oovwoplao+ [ e ooy o)l ao

t
<Ot + 7)1 + |z| + |y]).

By the fundamental theorem of calculus,

/0 V(z(r) = V(y+7(52)|dr < O/O (rt +72)(1 + |2| + |y|)%dr .

< CH (1 + || + [y])*.
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Next, by combining the first line of (3.30)) with (3.31]), we find that

gry=""+ % /Ot(t —0)8,V (x(0)) df — / 9,V (x(0)) do.

0

It is easy to see that second and third terms are bounded by O(¢(1 + |x| + |y|)). Therefore,

[ slempar =S 228 e 0o, o) a

t Jo
_x;y/(] /OTﬁxv(x(G))dédT—l—O(tg’(lJr!93|+\?JD2)

|z —y|?

=5 TOE+ 2]+ [y])*).

Combining this with (3.32]) establishes the lemma. O

By Theorem and a change of variable,

(GMYLemtnHGM f(z) = (ﬁ) ’ /R e ea, (2,y) f(y) dy, (3.33)

27

where
)‘n = (Mstn)_l
an(z,y) = alty, v + M, @, 2, + M, 'y)
On(z,y) = Yo — y|? + X, taw(ty, wn + M, 2,2, + M y)

= ¢O(ZB7 y) + Agltnwn(l’a y)

Theorem and Lemma imply the following estimates:

tn
town (2,y) = — / V(wn + M,y + 5L7) dr + Oty (|zal” + M, 2|2 + M2 yl))
0

= —1,V(2,) + O(M;2(1 + |22+ |y[?)),
| D ywn(@,y)| < M (U fan + M| + [ + M yl), k=1 (334
x,ywn z,y

1D [an(z,y) — 1) Sp M2 forall k> 0.

We need the following adaptation of [Fuj79, Proposition 4.15].
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Lemma 3.4.6. The operators (GM)~ e ™ HGM are uniformly bounded on 3.

Proof. We appeal to Theorem [3.2.12] Let x,, : (y,—0y¢n) — (z,0,¢,) be the canonical

relation generated by the phase function ¢,. In terms of the variables y and 7,

X (Y1) = (Y +1,0) + X, 0 (0ywn, Oty + Oywn) (2 (tn, y, ), y)

= (y+n,n)+ (ri.y,n), r20(y,n)).

First we show that

IDGH e G flle S NI f s (3.35)
Put p(x,0,y) = 0 and ¢,(z,0,y) = 0 + ro,(y,8). By construction,
P(@, & )@ =xn(wm) = (Y, 1,Y)-
By the representation (3.33]) and Theorem [3.2.12]

(GM) 1 7zthGM Op()\np’)\ )(GM) 1 fzthGM ( )
3.36
= (G e ™G Op(Angn, An) + Ru(An).

n

In light of the estimates (3.34)) and Theorem [3.2.11} it suffices to obtain a uniform bound

|| Op(/\TLQna /\n)||2—>L2 5 1

By definition
Op(Angn, An) f(2) = D f + Op(Anrom, An).

By the fundamental theorem of calculus, and Proposition m
AT24 (Y, M) = tn(Opwn + Oywy) (tn, z(ts, 0,0),0)
+ t,y /01(8§ywn)(tn, x(tn, sy, sn), sy)g—z + (8§wn)(z€n, x(tn, sy, sn), sy) ds
+tun /01(8§ywn)(tn, x(tn, sy, sn), sy)g—g ds

= o+ Yry,(y,m) + 013, (v ),
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where [c,| < M, ? and ||D¥rj ||~ < M4, ||D¥r3 || S M, 6 for all k. Thus
Op(/\nTQ,na )\n) = Cn] + Op(yr%,n(y7 77)’ )\n) + Op(nrg,n<y7 77)’ )\n)
=l + Op<7ﬂ%,n7 An) X + Op(Ale?‘im An)D + Op()‘;1<Dyr§,n)a An)-
The Calderén-Vaillancourt theorem [CVT1] now implies
1OD(Anr2m, An) fllze © M2 fllze + MHIX fllze + MID Nl S M2 f s
Altogether we obtain ((3.35]).

By setting p(x,0,y) =z, q(z,0,y) =y + 0 + r1.,(y,n) and making a similar analysis as
above, we obtain
1X (G e G i S 1 f s
This concludes the proof of the lemma. n

2tn

iMptnA itoo .
Now we verify the limit (3.29)). As e SRl strongly, it suffices to show that

)2 iM2tnA

(Gﬁ/l)flefithGr]yf - efitoo(roo eff

converges to 0 for all f € ¥. By Lemma [3.4.6) we may assume f € C:°. The above difference

may be written as
d . d . . 5
(22)° / e la, — 1 f(y) dy + (32)° / [ n — im0 £ (y) dy
= Anf + an

Using Theorem [3.2.11} the estimates ([3.34]), and arguing as in the proof of Lemma|3.4.6, one
sees that [ A, flls < M| flls-

It remains to bound B, f. By hypothesis f is supported in some ball B(0, R), and the
estimates (3.34) show that the integral kernel of B,, converges to 0 in C7%. It follows that

|zB,, f| and |V B, f| converge to 0 locally uniformly. On the other hand, integration by parts

reveals that for all n sufficiently large,
2B f| + [V B f] S ||

for any N > 0 and for all |z| > 4R. Hence ||B,f|ls — 0 by dominated convergence. This

completes the proof of the proposition. O
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In the remainder of this section we collect other lemmata regarding equivalent and or-
thogonal frames. They can be proved in much the same manner as their counterparts in

Section [2.4.2]

Corollary 3.4.7. Let {(tM x,, M,, M)} and {tY,y,, N., N')} be equivalent augmented

frames. Let SM_ SN be the associated spatial cutoff operators. Then

lim |[en HGMSM gy — o= HGN N sl =0 (3.37)
n—oo

and
lim et HGM M gy _ o=t HGN T SN gl — (3.38)

whenever ¢ € H' if the frames conform to case|2d and ¢ € H" if they conform to case mn
Definition[3.4.3

Proof. Run an approximation argument using Lemma|3.4.1}in the manner of Corollary[2.4.9,
m

The following “approximate adjoint” identity is the analogue of Lemma [2.4.10

Lemma 3.4.8. Suppose the frames {(tM z,, M,)} and {(tY,y,, N,)} are equivalent. Put

t, =tM — N Then for f,g € ¥ we have
(G e MG fog) i = (f.(GR) T e G g) i + Ra(f, ),
where |Ry(f, 9)] < Cltal |GY flI£IGR g5
Proof. The proof of Lemma [3.4.6| yields the following commutator estimate:
1D, e™ |52 = O(2).
We have
(D(GY) e MG f, D)2 = (Df, D(G) " "G g)12 + Ru(f. 9)

where R, (f,g) = ([D,e ™ H|GM f DGNg)p> — (DGMf.[D, e H|GN g) ;2. The claim then

follows from Cauchy-Schwarz and the above estimate. O
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The next lemma is a converse to Proposition [3.4.4]

Lemma 3.4.9 (Weak convergence). Assume the frames FM = {(t¥, z,, M,)} and FN =

{(tN yn, N,)} are orthogonal. Then, for any f € 2,
(e7t HGN Yy Le= ™ HGM £ 0 weakly in  H'.
Proof. Put t,, = t™ — ¥ and suppose that |M?>t,| — oco. Then

(G e G F) g =0

Ld-2

for f € C2° by a change of variables and the dispersive estimate, thus for general f € X
by a density argument. Therefore (GY) le=HGM f converges weakly in H' to 0. We
consider next the case where M?>t, — t,, € R. The orthogonality of F* and FV implies
that either N, 'M,, converges to 0 or oo, or M, |z, — y,| diverges as n — oo. In either case,
one verifies easily that (GY)™1GM converges to zero weakly as operators on H'. Applying
Proposition [3.4.4] we see that (GY)le it AGM f = (GN)TLGM(GM)~Le=tnHGM f converges

to zero weakly in H'. O

Corollary 3.4.10. Let {(t™ x,, M,,, M')} and {(tY,y,, N, N!)} be augmented frames such
that {(tM, z,, M)} and {(tY,y,, N,)} are orthogonal. Let GM  SM and GY SN be the

n

associated operators. Then
(e—itﬁ’HGN)—le—itﬂ/’HGMSMgb 0 in H
whenever ¢ € H' if FM is of type and ¢ € H' if FM is of type .

Proof. If ¢ € C°, then SM¢ = ¢ for all large n, and the claim follows from Lemma m
The case of general ¢ in H* or H' then follows from an approximation argument similar to

the one used in the proof of Corollary [3.4.7] O
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3.5 The case of concentrated initial data

With the main complications behind us, we sketch the rest of the global wellposedness
argument in the remaining two sections. The next step is to rule out blowup for equation (3.1))

when the initial data is highly concentrated in space.

Proposition 3.5.1. Let I = [—6¢/2,60/2|, where &y is the constant in Theorem . As-
sume that Conjecture holds. Let

F = {(tnyxn7NnaN7,1)}

be an augmented frame with t, € I and N, — oo, such that either t, =0 or Ngtn — +o0;
that is, F s type or|2 in Definition . Let G, Gy, and S, be the associated operators
as defined in and . Suppose ¢ belongs to H' or H! depending on whether
F is type or [2Y respectively. Then, for n sufficiently large, there is a unique solution
u, : I x R — C to the defocusing equation (3.1)), p = 1, with initial data

u,(0) = "G, S, 0.
This solution satisfies a spacetime bound

limsup S7(u,) < C(E(uy,)).

n—o0

Suppose in addition that {(qx, )} is any finite collection of admissible pairs with 2 < rj, < d.
Then for each € > 0 there exists 1° € C®(R x RY) such that

limsup > (| H2(uy, — Gole ™™V EYN) | i g pay < € (3.39)
k

n—oo

Assuming also that ||V ¢||r2 < ||VW /|2 and Ea(¢) < E(W), we have the same conclu-

sion as above for the focusing equation (3.1), u = —1.

Proof sketch. We only give a rough idea as one can proceed just as in Proposition 2.5 and
replace every instance of |z,|?/2 wih V(z,). The idea is to show that for n large enough, one

can fashion a sufficiently accurate approximate solution #, in the sense of Proposition |3.3.3|
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such that S;(,) are bounded. This bound will then be transferred to the exact solution u,

by the stability theory.

While u,, remains highly concentrated (over time scales on the order of N, ?), it will be
approximated by a modified solution to the scale-invariant equation (3.2]) (whose solutions
admit global spacetime bounds). By the time this approximation breaks down, the solution

u, will be so dispersed that it evolves essentially linearly.

If ¢, = 0, let v be the global solution to (3.2)) furnished by Conjecture with v(0) = ¢.
If N2t, — 400, let v be the (unique) solution to (3.2) which scatters in H! to ¢ ¢ as
t — Foo. Note the reversal of signs. By standard arguments, if ¢ € H! the scattering also

occurs with respect to the H! norm.

The approximate solution is obtained as follows. Let G,, S, be the frame operators as

defined in (3.17)) and (3.18)), and define for each n a smooth frequency cutoff
~ ~ 1
Pog, = o(=A/(R))?), )= (3)3,
where ¢ : R — R denotes a smooth function equal to 1 on the ball B(0, 1) and supported
in B(0,1.1). Fix a large 7" > 0, and define

efitV(xn)é'n[SnPSN;lU] (t+t,) It| < TNJQ
T, (t) = e~ it=TNI Y HGT (T N=2), TN2<t<4 - (3.40)
67i(t+TN';2)H/ﬁ;':[;(—TNE2)7 _50 S t S _TN;2

Inside the “window of concentration”, 9! is essentially a modulated solution to (3.2)) with
cutoffs applied in both space, to place the solution in C}¥,, and frequency, to enable taking
an extra derivative in the error analysis for the stability theory. The time translation by ¢,

is needed to undo the time translation built into the operator G,,; see (13.17)).

Essentially the same computations as in Section [2.5] yield the estimate

lim sup | H/257 | e (-6, 00) + ||?7f||L2(ddj22>([ R S Clellars Nlella),
n —00,00/ X

t,x

depending on whether ¢ belongs to H' or merely H'. One also sees that

jlggo limsup ||HY?[(i0, — H)(L) — F(#1)] | N ((=60.50)) = 0,
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where F(z) = /vc|z]d%22 is the nonlinearity.
Tim Timsup [[HY2[5 (~,) — 1, (0)] 12 = 0.
— 00 n

n

Then for some fixed large T and all large n, i, (t, x) := 0L (t—t,, x) is an approximate solution
on the time interval [—dy/2,d0/2] in the sense of Proposition [3.3.3] Thus one obtains the
first part of Proposition |3.5.1l The last claim regarding approximation by smooth functions

is proven by applying Lemma to the functions 7 in the manner of Lemma O

3.6 A compactness property for blowup sequences

In this section we state a Palais-Smale compactness property for sequences of blowing up

solutions to (3.1)). This will quickly lead to the proof of Theorem m

Let 9y be the constant in Theorem m For a maximal solution u to (3.1)), define
Sy(u) = sup{Sr(u) : I is an open interval with |I| < dy/2},

where we set S7(u) = oo if u is not defined on I. All solutions in this section are assumed

to be maximal. Set

Ay(E) = sup{Si(u) : u solves (2.1)), u = +1, E(u) = E}
Af(E) = sup{S.(u) : usolves (2.1), p = —1, E(u) = E,
IVu(0)]| 2 < [VW][L2}.
Finally, define
Eq = {E : Ad<E) < OO}, gf = {E : Af(E) < OO},
By the local theory, Theorem [3.1.2]is equivalent to the assertions

(c:d = [0,00), gf = [O, EA(W>)

Suppose Theorem failed. By the small data theory, &;, & are nonempty and

open, and the failure of Theorem [3.1.2] implies the existence of a critical energy E. > 0,

105



with £, < EA(W) in the focusing case such that Ay(E), Af(E) = oo for £ > E, and
Ai(E), Af(F) < oo for all E < E.. We have the following compactness property.

Proposition 3.6.1 (Palais-Smale). Assume Conjecture holds. Suppose that
Uy, - (tn—éo,tn+(50) X Rd — C
s a sequence of solutions with

7L11—>IIC}O E(un) = EC7 ’I’L11—>IIt)10 S(tn—50,tn](un) = nh_>nc}o S[tnytn“l‘éo)(un) = OO,

where &y is the constant in Theorem [3.2.4. In the focusing case, assume also that E. <
EA(W) and ||Vu,(t,)||z2 < |[VW| 2. Then there exists a subsequence such that w,(t,)

converges in Q(H).

Proof. We refer to the presentation following Proposition [2.6.1} The proof uses a local

smoothing estimate for the propagator e "  which can be obtained just as in Corol-
lary [2.2.10 In the focusing case, one also uses energy trapping arguments (see Section [2.7))

to see that the hypotheses are in fact equivalent to || H?u,(t,)||2 < [|[VW]|| . O

Proof of Theorem[3.1.7 Suppose the theorem failed, and let E. be as above. Then, after
applying suitable time translations, there is a sequence of solutions u,, with F(u,) — E. and
S(=60/4,60/4) (Un) — 00. Choose t,, such that S_s,/a4,)(tn) = %S(_50/4750/4)(un). By Proposi-
tion after passing to a subsequence we have ||u(t,) — ¢||s — 0 for some ¢ € 3. Then
E(¢) = lim,, E(u,(t,)) = E..

Let v : (=Tin, Tmae) — C be the maximum-lifespan solution to (3.1) with v(0) = ¢.
By comparing v(f, ) with the solutions w, (¢ + ¢,,x) and applying Proposition [3.3.3] we
see that Ss,/2)(v) = S(=s/2,0)(v) = 00. Thus —0p/2 < —Thnin < Tiae < 0o/2. But the
orbit {v(t) }ee(~Tyin,Tmas) 15 @ Precompact subset of ¥, by Proposition , so there is some
sequence of times t,, increasing to Ty, such that v(t,) converges in ¥ to some . By
considering a local solution with initial data v and invoking stability theory, we see that v
can actually be extended to some larger interval (=T nin, Trmae + 1), in contradiction to the

maximality of v. m
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CHAPTER 4

Energy-critical NLS on perturbations of R?

4.1 Introduction

Let g be a smooth Riemannian metric on R3. We consider the large-data Cauchy problem

for the nonlinear Schrédinger equation
(10, + Ag)u = F(u), u(0,z) = uo(z) € H', (4.1)

where F'(u) = |u|*u is a defocusing quintic power-type nonlinearity, and A, is the Laplace-

Beltrami operator. More precise assumptions on g shall be prescribed shortly.

This equation admits a conserved energy

1 . — 1
B(w = [ o™ 0udu+ gl dy (1.2
R3 2 6

where dg = +/|g|dx is the Riemannian measure. One recovers the scale-invariant energy-
critical NLS discussed earlier by taking the standard Euclidean metric ¢ = §. As discussed

in previous chapters, all solutions to that equation scatter.

Although the exact scaling symmetry is lost for general g, it reemerges at small length
scales in the sense that solutions concentrated at a point xg resemble, for short times, so-
lutions to the scale-invariant equation with the constant metric g(zp). In addition, for any
¢ € H', putting ¢ = A~/2¢(A~1.), the Sobolev norm ||¢y |41 is essentially independent of
A for small X\. Therefore, boundedness of solutions in norm is necessary (and guaranteed by

energy conservation) but not sufficient to deduce global existence.

Unlike when introducing a potential, even mild deviations of ¢ from the flat metric cannot

be regarded as perturbations to the Euclidean equation. Indeed, disturbing the highest order
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terms can destroy fundamental smoothing and decay estimates for the linear equation. This

breakdown can be traced to the geometry of the geodesic flow.

For a general metric g, some geodesics may remain in a compact set for all time, and the
linear local smoothing estimate L? — L?H, 110/02 is known to fail in such cases [Doi96]. Also, on
a curved background, multiple geodesics emanating from a point may converge at another
point. Linear solutions exhibit weaker decay amid such refocusing; in particular, as observed

in [HTWOG], the Euclidean dispersive estimate

HeitA||L1(Rd)—>L°°(Rd) < R

necessarily fails whenever the metric admits conjugate pairs. In general one can only re-
cover a frequency-localized version which holds at most for times inversely proportional to
frequency [BGTO04]; the time window stops the flow well before refocusing of geodesics can
occur. For comparison, the Schrodinger operators considered earlier in this thesis do admit
the analogous dispersive bound at least for small ¢, with the valid time interval improving

the milder the potential; see Theorem [3.2.2]

While trapping does not occur if g is close to flat, arbitrarily small perturbations of
the flat metric may cause rays to refocus. Therefore, to draw interesting conclusions about
equation (4.1) one must proceed without assuming the dispersive estimate. This constraint

has substantial implications for both the linear and nonlinear analysis.

The standard abstract approach to linear Strichartz estimates combines the dispersive
estimate with a TT* argument [KT98|]. This method was used to deduce local-in-time esti-
mates in the previous chapter, but is not directly applicable in geometries with unfavorable
dispersion. Nonetheless, lossless Strichartz inequalities have been obtained in such settings,
starting with the influential work of Staffilani and Tataru [ST02] and generalized substan-
tially since [RTO7, HTWOG, Tat08), BT08, MMTO§|. The basic strategy in these papers is to
exploit microlocal versions of the dispersive estimate through suitable parametrices and to
control the errors using local smoothing, which holds in greater generality compared to the

dispersive estimate.
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Linear pointwise decay also plays a key role in the study of nonlinear solutions, in partic-
ular, when trying to control highly concentrated profiles that arise as potential obstructions
to global existence. Such an analysis occurred in Section for the harmonic oscillator, and

we briefly recall the main idea here.

Suppose u, is a sequence of solutions to the defocusing harmonic oscillator on R? with
initial data wu,(0) = A;l/QqS()\;l-) for some A, — 0 and some compactly supported ¢. For
short times (more precisely, when [t| < T'A2 for any T' > 0), the harmonic oscillator solution
u, is perceives the potential as essentially constant and is well-approximated by the solution
U, to the Euclidean energy-critical equation with the same initial data. Hence, u, is well-

behaved for ¢ < O(A\?) since the same is true of the Euclidean solution.

For t > TA2, the dispersive estimate for the harmonic oscillator the scattering of Eu-
clidean solutions ensure that for large T and small \,,, the nonlinearity |u,|*u, is a negligible
perturbation of the linear harmonic oscillator. That is, for such ¢, u, evolves essentially
according to the linear flow applied to u(T'A\?), which is perfectly well behaved. Thus, linear
decay allows one to control concentrated nonlinear solutions for times when the Euclidean

approximation no longer holds.

We investigate the situation where g coincides with the flat metric outside the unit ball
and all geodesics escape to infinity. This is the simplest nontrivial generalization of the
Euclidean metric and is a natural counterpart to the scenario considered recently by Killip,
Visan, and Zhang [KVZb], who proved scattering for the analogue of equation in the
exterior of a hard convex obstacle, where the geodesics are straight lines that reflect off the

obstacle. We prove

Theorem 4.1.1. Let g be a smooth, nontrapping metric R® which coincides with the Eu-
clidean metric outside the unit ball. For any uy € H', there is a unique global solution
to (4.1). Moreover, there exists € > 0 such that if ||g — 6||cs < € then the solutions obey

global spacetime bounds
[ullLpo mxre) < C(E(uo)).
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The smallness assumption for scattering is probably artificial, but we do not see at this

time how to dispense with it.

We use the Kenig-Merle concentration compactness and rigidity method, following in
particular the mold of [KVZb]. Assuming that the scattering fails, we show that there must
exist a global-in-time blowup solution u. with minimal energy among all counterexamples to
the theorem. In view of this minimality, u. is also shown to be almost-periodic in the sense
that u(t) is trapped in some compact subset of H'. However, under the smallness assumption
on the metric, a Morawetz inequality will imply that solutions to equation can never
be almost-periodic. Without the smalless assumption, the question of suitable Morawetz
estimates remains open at this time, and the argument merely yields global wellposedness

with L'°L° hounds on unit time intervals.

The heart of the matter is how to overcome the reduced linear dispersion, which is the
main obstacle to analyzing the linear and nonlinear profile decompositions. In Section [4.4]
we prove a weak analogue of the usual dispersive estimate which nonetheless suffices for our
purposes. This can be regarded as a long-time variant of the Burq-Gerard-Tzvetkov disper-
sion estimate [BGTO04] in which we track the microlocalized Schrodinger flow on timescales

that permit refocusing.

Several recent works have exploited analogous weak dispersion estimates to study energy-
critical NLS in non-Euclidean geometries, although the decay manifests for different reasons.
En route to showing global wellposedness for the quintic NLS on T3, Ionescu and Pau-
sader introduce an “extinction lemma” [[P12, Lemma 4.2] to control concentrated nonlinear
profiles at times beyond the “Euclidean window”. Afterwards, Pausader, Tzvetkov, and
Wang [PTW14] obtained the analogous result on S3, also relying crucially on an extinction
lemma. The arguments there take advantage of the special structure of the underlying man-
ifold, using for instance Fourier analysis on the torus (which, when combined with number
theoretic arguments, yield good bounds on the Schrédinger propagator) or the concentration

properties of spherical harmonics.

In a different vein, Killip-Visan-Zhang also obtained an extinction lemma in the exterior
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of a convex obstacle. To analyze the linear evolution of a profile concentrating near the
obstacle, they construct a gaussian wavepacket parametrix and carefully study how the
wavepackets reflect off the obstacle. The essential geometric fact in their favor is that any

two rays diverge after reflecting off the obstacle.

When the hard obstacle is replaced by a lens, refracted rays can certainly refocus. How-
ever, one can recover some dispersion by a different mechanism. Due to the uncertainty prin-
ciple, a solution which is initially highly concentrated in space must be widely distributed
in momentum (frequency). Thus, it will spread out along geodesics as the slower parts lag
behindﬂ. We make this heuristic precise in Section by using a wavepacket parametrix

and studying the geodesic flow.

Outline of chapter. In Section we collect some technical points concerning Sobolev
spaces and some linear theory. From the linear estimates it is a standard matter to obtain

the perturbative theory, and we merely state the main results.

Sections [4.3| and lie at the core of our argument. In Section |4.3| we study linear
solutions in various situations where the variation in the metric is intuitively negligible (for
instance, when considering initial data supported far from the origin), and show that they
behave essentially like Euclidean solutions. The most interesting case is of course when the
solution starts concentrated near the origin, where it experiences nontrivial interaction with
the curvature. To completely analyze this situation, we need the extinction lemma which is

the subject of Section 4.4}

With those considerations out of the way, we can then construct the linear profile de-
composition in Sections We also show in Section [4.6] that highly concentrated nonlinear
profiles are well-behaved; here the extinction lemma and the existing scattering result for

the Euclidean quintic equation both play a critical role.

In Section [4.7, we use a nonlinear profile decomposition and induction on energy to

reduce Theorem to considering almost-periodic minimal-energy counterexamples. This

IThis is an observation of D. Tataru.
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will already imply global wellposedness. Some care is needed to control the interaction

between linear and nonlinear profiles; see the discussion preceding Lemma [4.7.6]

Finally, in Section .8 we prove scattering under the smallness assumption via a Bourgain-

Morawetz inequality.
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and stochastic PDE.

4.2 Preliminaries

4.2.1 Sobolev spaces

The energy space H' is defined as the completion of test functions C5°(R?) with respect to

the quadratic form

fully = [ ldufdgo) = [ ouiudg(a)
R3 R3

We want to compare this with the usual Euclidean Sobolev norm. As |dul, is pointwise

comparable to the Euclidean gradient |du| and 4/|g| is bounded above and below, clearly

lull g1 ~ [1(=26)"2ull 22y = Il 1 5

where H'(8) is the Euclidean homogeneous Sobolev space. To distinguish the two norms
we denote the first by H'(g). Thus the spaces H'(g) and H'(8) are equal as sets and have
equivalent inner products. In particular, the H'(g) < L® Sobolev embedding holds. When
the distinction is irrelevant (as it usually is), we write H'(R?) or just H'. The advantage of

H'(g) is that A, is self-adjoint with respect to the inner product.

For 1 < p < oo, define the homogeneous Sobolev spaces H'?(§) and H'(g) as the
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completion of C§® under the norms
el rraisy = 1(=26)2ullzo,  Null o = [1(=A9)ulls. (4.3)

As noted in the introduction, these two definitions coincide when p = 2. Less trivially, these

norms are equivalent for all 1 < p < oco. This is a consequence of the following boundedness

—-1/2

result for the Riesz transform d(—A,) on asymptotically Euclidean manifolds.

Proposition 4.2.1 ([CCHO6, Remark 5.2]). Let (M, g) be a Riemannian manifold such that
for some R > 0, M\ B(0, R) is Euclidean. Then the Riesz transform d(—A,)~Y? is bounded
from LP(M) to LP(M;T*M) for all 1 < p < co.

By a well-known duality argument (see for example [CD03, Section 2.1]), this implies the

reverse inequality whose proof we give for completeness:

Corollary 4.2.2.
||<_Ag)1/2u||Lp <p ldullrr, Yu e C5°, 1 <p < 0.
Proof. By duality, it suffices to show
[((=29) 2w, 0)| < lldul ol |0]] 1o
Then

((=29)"2u,0) = (u, (=28)'0) = (u, (=A)(=Ay)?v)
= (du, d(=Ag)™"v) < lldull o]0l -

Note that while the intermediate manipulations are justified for v spectrally localized away

from 0 and oo, we may then pass to general v € LP using (4.6). H

Noting also that
ldflle = ld(=2g) "2 (=29) 2 flle S N(=2g) 2 f 20,

we summarize the previous two estimates in the following
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Corollary 4.2.3 (Equivalence of Sobolev norms). For all 1 < p < oo and f € C§°,
1(=26)2ull o ~p 1df o ~p (=2g)"?ull 1.

The geometric H! norm, defined by the metric Laplacian, is better adapted to the equa-
tion as it is conserved by the linear flow. On the other hand, the Euclidean H! is analytically
more convenient. The corollary allows us to pass freely between the two and exploit the best
properties of each. In particular, the Euclidean H! norm is controlled by the energy for both
linear and nonlinear solutions, while the geometric H* norm obeys Leibniz and chain rule

estimates:
Corollary 4.2.4.

I(=29) 2E@)ll, S IE (w)llgll(—29)ull,
whenever p~t = ¢! + 171,

In particular, we have

(=20 2 (ul W)l 2y s S lullzaopioll(=29) 2] g 29

4.2.2 Strichartz estimates

Local-in-time Strichartz estimates without loss for compact nontrapping metric perturba-
tions were first established by Staffilani and Tataru [ST02]. As later observed, their argument
can be combined with the global local smoothing estimate of Rodnianski and Tao to deduce
global-in-time Strichartz estimates [RT07]. As mentioned in the introduction, these results

have since been extended to long-range metrics.

Proposition 4.2.5. [[ST02, [RT07]] For any function u: I x R®> — C,
lull e r2nrzre S [[u(0)[|z2 + [|(i0 + Ag)ullpap2 4 ropors

In particular, by Sobolev embedding and Corollary [{.2.5,

lullzrozio S I1(=A9)2ul o 30 S Nu(O)ll 0 + 1V (0 + Ag)ull i g2y p2 1675

LlULT3
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In the sequel we adopt the notation

Z(I) = L°L(I x R?), N(I) = (LLL? + L2L8)(I x R?).

4.2.3 Some harmonic analysis

In this section we set up a Littlewood-Paley theory, which will underlie the linear profile
decomposition. We use the heat semigroup and follow essentially standard arguments that

combine a suitable spectral multiplier theorem with heat kernel bounds.

Gaussian heat kernel bounds for A, are classical. We quote a result of Aronson, who in
fact considered uniformly elliptic operators on Euclidean space; see the book [Gri09] for a

comprehensive survey.

Theorem 4.2.6 ([Aro67]). There exist a constant ¢ > 0 such that

3 _dgw)®
emg(;v,y) <t ze T @

where dy(x,y) is the Riemannian distance between x and y.

In view of this bound, we have access to a very general spectral multiplier theorem. For

simplicity we state just the special case that we shall need.

Theorem 4.2.7 ([TOS02, Theorem 3.1)). For any F satisfying the homogeneous symbol
estimates

INGEP(N)| < C for all 0 < & < [%1 +1,

the operator F(—A,) maps L' — L and LP — LP for all 1 < p < 0.

For a dyadic number N € 2%, define Littlewood-Paley projections in terms of the heat

kernel

Py = Da/N? Py = Da/N? 10 /N?

Later on (see Lemma [4.7.6)), we also introduce Littlewood-Paley projections P<y and Py

using compactly supported spectral multipliers.
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We have the Bernstein estimates

Proposition 4.2.8.

| Penlzrorr <2, 1< p < oo, (4.4)
~ d_d
| P<nllzp—pe <eNv a, 1 <p<gq<oo. (4.5)
f=)_Pyf inI? 1<p<oo. (4.6)
N

Also, for all 1 < p < o0, the following square function estimate holds

1(=2)% fllze ~y

oIV (P o1 e (4.7)

whenever 2k > s.

Proof. By the pointwise bound (4.2.6)) on the heat kernel,

|29 1y poe < et ™32, (4.8)
By duality,
e llmimze = e oz = #5042, o < et 72,
Since [ e'®¢(z,y)dg(y) = [ €®9(z,y)dg(z) = 1, we have

||€tAg||LP—>LP <1, 1<p< oo

The claims (4.4)) and (4.5) follow from interpolating these estimates.

The convergence in (4.6) follows from the functional calculus when p = 2. On the other
hand, Theorem ensures boundedness in L? for all 1 < p < co. By interpolation, one

gets convergence for all such p.

Finally, the square function estimate follows the standard argument using random
signs and the multiplier theorem 4.2.7, The lower bound on £ ensures that the symbol for
(Py)* (which is not quite compactly supported) vanishes at the origin to higher order than
the symbol for (—A,)*?; see [KVZa] for details. O
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4.2.4 Local wellposedness

We summarize some standard results concerning the local existence, uniqueness, and stability
of solutions. These are proved by the usual contraction mapping and bootstrap arguments for
the Euclidean NLS (see [KV13] and the references therein). As remarked in the introduction,
these arguments apply equally well in dimensions 3 < d < 6. When d > 6, however, the
stability theorem is proved in the Euclidean setting using exotic Strichartz estimates [TV05),
KV13]. These are derived using the Euclidean dispersive estimate, which is unavailable to

us.

Proposition 4.2.9. There exists ¢g > 0 such that for any uy € H*, and for any interval

I >0 such that

[(~A) 2w <e<e

30
L1OLT3 (IxR3)

there is a unique solution to (4.1) on I with w(0,x) = ug, which also satisfies
||(—Ag)1/2u|| 30 < 2e. (4.9)
In particular, solutions with sufficiently small energy are global and scatter.

Proof. Run contraction mapping on the space X defined by the conditions

(=29 2ull 10,38 <26, 1(=2g)Pull e < uoll 0 + e

L1OLT3

equipped with the metric p(u,v) = |[(=A,)Y2(u — v)|| . For each v € X, let Z(u) be

30
101,13

the solution to the linear equation
(10 + AT (u) = |ul*u

We check that for e sufficiently small, the map u + Z(u) is a contraction on X. By the

Duhamel formula, Strichartz, the Leibniz rule, and Sobolev embedding,

(=29 PZ(u)l] 10, 3

o3 S (=0g) e Baugl| o se + el (=Ag) 2 (Jul*u)|

LlOLTg

jel

LQLg

<e+ CH(—Ag)lﬂuHimL% < e+ c(2)°,
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1(=29) L (w)l| ooz < [(=A)?upll 12 + c(2¢)°
Thus Z maps X into itself.
For u,v € X, the difference Z(u) — Z(v) solves the equation with right hand side
[ul*u = [o[*v = (Jul* +@v(ul® + [v]*)) (u = v) +0*(Jul® + [v]*) (@ - D).
Hence, applying the Leibniz rule and Sobolev embedding repeatedly,

(=29 [Z(w) = Z()]] 10, 2

SI=29)2 (= o)1, 1 (I(=29) 2ull] s + 1(=29)20]17 0

LYOLT3 L10L13
< (20) ' 1(=2g) 2 (w = V)]l 10, 39
O
Proposition 4.2.10. Let u solve the perturbed equation
(i0; + Ayt = @'a + e, (4.10)

and let 0 € I be an interval such that

lallzay < L, [[Vi]|perz < E.
Then there ezists eo(E, L) such that if € < gy and

1a(0) = uol[ g + I Vel < e,
there is a unique solution u to (4.1)) on I with u(0) = ug, with

lu — i@l 2y + |V (u — @)|| pogonere < C(E, L)e
”vu||L2L6ﬂL°°L2(I><R3) S C(E, L)
4.3 Convergence of propagators

Theorem 4.3.1. Let (\,,x,) be a sequence of length scales and spatial centers conforming

to one of the following scenarios:
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(a) N\, — 00.
(b) |z,| — oo.

(¢c) T, = Too, Ap — 0.

Let A := §7%0;0 in the first two cases and A := ¢g"%(2.,)0;0) in the third. Then for any
—2

. _d=2
¢ € HY, writing ¢, = A\n ® ¢(522), we have

x
An

lim [[e®9¢, — ¢, || oors = 0.
n—oo

In cases (a), (b), the convergence actually occurs in L°H'.

Proof. By approximation in H', we may assume that ¢ is Schwartz.

Suppose first that A\, — oo. By the Strichartz inequality the equivalence of Sobolev

norms, and the Leibniz rule,

6296, — || e po < (—Ag)1/2(Ag — A | o

N HXveim@LHL%G/5 + ||XV2€itA¢n”L2L6/5 + ||Xv36im¢nHL2L6/5

where x(z) is the characteristic function of the unit ball. By Holder and the Euclidean

dispersive estimate,
. . 1
IXVe 2l papors = AolIX(An )€™l p2pors S Aa (€2l peroe S A2 (101t

The terms involving two or more derivatives enjoy even better decay since \,, — oo.

Assume now that |z,| — 00, A, = Ag € (0,00). By the Duhamel formula and Sobolev

embedding,
€290, — €21z S 1Ay = A)e™ bullpire S 1€V bullpirz + [Ixe™ V200 L1 12,
where y is a bump function supported on the unit ball. For any fixed T" > 0, decompose

Ixe" Vol < Ixn€ @l rraqucry) + Ixn€™ @l 12>y,
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where x,, = x(- + ). The first term vanishes as n — co because the orbit {e"2¢} ;<1 is
compact in L?. We use Holder’s inequality and the dispersive estimate to bound the second

term by

; 1
12| 1o (qegsy S T2 |0 11

As T may be chosen arbitrarily large, we conclude that lim, . [ xe**V,||1i1z2 = 0, and

similar considerations estimate the term | xe®*V?2¢,||p12. Finally, we have

€29 ¢, — "2y poors < |-+ 1 Zoe p2ll - 1 2o o

and the uniform norms may be estimated via Sobolev embedding;:
€29l oo roe S II(L = Ag)e™ 1| ooz S (1= Ag)gnlle S 1.

Consider now the scenario where |z,| — oo and A, — 0. We may assume that ¢ is
compactly supported. Let x be a smooth function such that x(z) = 1 when |z| > 11/10 and

x(x) =0 for |z| < 1. First we show
Tim (1= ), 10 = . (411)

The function e’ ¢, solves the equation

(10, + D) (xe™dn) = [x, Ale™ .
Thus, by Sobolev embedding and the Duhamel formula,

11 =)™ bnll e S IV X Ale™ dnl o112

The right side has the form

182V bnl| 122 + |82V 2P | 1 2

where [ is a bump function localizing to the unit ball. We focus on the potentially more

dangerous second term. Fix T" > 0 large, and split

X" AV20n| 112 < [|Be™ V2| iraq<rany) + 1862V bull L2t an)) -
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By Holder in time and a change of variable, the first term may be written as

18(2n + X ) V2P| oo L2 <rar ')

which goes to zero as n — oo by approximate finite speed of propagation or, more precisely,

by the Fraunhofer formula
. A~ xT 2
lim || f — (2t) 73 f(Z)e i |2 = 0.
t—o0
By the dispersive estimate,
. A 1 1 1
18e“>V2 | 2 qesrany S €™ V2 bullnireqesranyy S A (TXa) 28]l S T75.
Hence, choosing T' arbitrarily large,
lim ||Be"*V2¢y 1112 = 0,
n—oo

establishing (4.11]).

Since A = A, on the support of the cutoff x, we also have
(i0; + Ag) (xe"2n) = [x, Al oy,
so by the Duhamel formula, Sobolev embedding, and the equivalence of H' Sobolev norms,
e = xe @ nlss = | [ 08,0 dslmre S 15,2 e
SV Ale™ e

which was just estimated.

Finally, consider the last case where the profile ¢,, is concentrating at a point. For T" > 0,

split
€296, — € nllroors < |-+ llpoersazrazy + I+ - e ro(e>razy)- (4.12)

For the short time contribution, let y be a bump function centered at the origin, fix 0 < 6 < 1,

and define

Xn:X( \ >7 Un:etAan-

n
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Then

(10 + A)(xnvn) = [A; Xnlvn = 2(VooXn, VUn)oo + (Axn)Un,
where the inner product on the right is respect to the metric g(x ), hence

(1 = Xn)vnllzeroq<razy S 11 = xa)vall g + IVIA, Xalvnll 2y <razy
S o(1) + TAnl|9] 12
Further, writing (i0; + A) = (i0; + A,;) + (A — A,), we obtain by the Duhamel formula and
Sobolev embedding
€729 3, = Xne™™ Pl oo ro(a<razyy S L = xa)dull g + IVIA, XnJvall 12 (g <z y)
+IV(Ag = A)Onvn) 2 2o <razy)-

The first two terms were estimated before. Writing out A, — A explicitly and using the

Leibniz rule, we see that the worst contributions to the last term are quantities of the form

19 = 9(zo))Xa Vo0l iz (<razyy S TAN (120 = Too| + X)€" VP9 Lo 12,
which is acceptable.

The long time contribution to (4.12) is bounded by

€29 G| oo Loqr>azy) + 1€ dnll Lo o>z ),

which are dealt with respectively by the extinction lemma in the next section and the usual

dispersive estimate

€2 dull oo o qrsmazy) S T 0] poss.
O
The proof of the last case yields the following corollary, which asserts that on short time
intervals, the convergence in Case (c) of the theorem occurs in the energy norm as well.

Corollary 4.3.2. Let (\,,x,) be a sequence such that x, — xo and A\, — 0. Then for any

T>0

: it A itA
nh_)nolo "¢y, — €' ¢n||L°°H1([—T>\$L,T>\$L]><R3) = 0.
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4.4 An extinction lemma

The purpose of this section is to prove a long-time weak dispersion estimate for linear pro-
files concentrating within a bounded distance of the origin, which arise in the last case of
Theorem 4.3.1, For profiles with width h, we want to establish decay for times ¢t > Th?
as h — 0 and T" — oo. The analysis naturally splits into two cases, when ¢t < O(h) and
t > h. We use semiclassical techniques for short times, while for longer times we invoke
the global geometry to see that the solution is essentially Euclidean. Our tools consist of
the frequency-localized dispersion estimate of Burq-Gerard-Tzvetkov [BGT04], a wavepacket
parametrix, and a non-concentration estimate for the geodesic flow.

Proposition 4.4.1. Let d > 3, and suppose x;, — 29 € R? as h — 0. For any ¢ € H*,

a—2

denoting ¢, = h™ 2 ¢(h™Y(- — 1)), we have

lim lim sup ||e"®9
T—00 h_}gp I gbhHLwL%(([ThZ,oo)XRd)

Proof. We begin with several reductions. After a translation we may assume that zy = 0.

Letting p = |g|7 be the square root of the Riemannian density, we have ¢/ = p=Le=itAy

where the conjugated operator
A=p(—A)p = —0;g" 0 +V
is self-adjoint on L?(dx) and V is a compactly supported potential. Thus

24+ ||e_itA(,0 - ,0($h))¢h||

||€itAg¢h||LOOL% S ||€_itAP¢h||L% S P(ﬂﬁh)||€_i]tA€Z5h||LOOLm Lo 7%
< Hefz'tA¢hHLde% +o0(1) as h — 0,
and it suffices to show
Th_rgo li?j(l)lp HeiitA(ZﬁhHLOOLdL—dZ([Th2,oo)><Rd) =0. (4.13)
Further, we shall assume that ¢ is Schwartz and that
supp ¢ C {e < |¢] <1} (4.14)
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for some € > 0; the rescaled initial data ¢y, are therefore frequency-localized to {h~te < |¢] <
hle 1.

By the semiclassical dispersion estimate of Burq-Gerard-Tzvetkov [BGT04, Lemma A3|
(see also [KT05, Proposition 4.7]), there exists ¢ > 0 such that

le™An SITR M nll, 20, =Tl pa, -

LeoL T ([Th2,ch] xR4)

Hence, it remains to prove the long-time extinction

. —itA _
flbl—% le d)hHLooLd%([ch,oo)de) =0 (4.15)

Wavepacket decomposition

We begin by recalling the FBI transform and its basic properties. See for example [ST02]

and the references therein. For each h > 0 and (zo, &), define

h d _3d,3d ify—z0) _ (y—z0)?

Q’D(fo’ﬁo)(y) =2"2m ahte » e o

which is a Gaussian wavepacket localized in phase space to the box
{(@.8) ¢ lo — ol < h'72, Jg—h™'&] < h7Y2).

The FBI transform at scale h is an isometry T}, : L?(R?%) — L?(R¢ x R?) defined by

_3d i&(z—y) <ac )? izn _ (e=m)? 4
Thf(x,f):wg‘x,g),ﬁ—cdh 3d/e e m fy)dy = cghT / e~ fh) dn.

From the adjoint formula T F(y) = [ 4(, ¢ (y) F(x,€) dzdg, one obtains, for each f € L*(R?)

and h > 0, a decomposition

f=ﬁnf=/w@@ﬂwawma

into wavepackets of spatial width h'/2. Such a decomposition is useful for studying semi-
classical Schrodinger dynamics as the Schrodinger evolution of each wavepacket @DZEO €0) will

remain coherent and behave essentially as a classical particle on time scales of order h.
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Returning to our problem, write

b = /w?x,S)Th(bh(l.? §) dzdg.
We may restrict attention to just the wavepackets from the region

B={(,8) : lx —a| <h°, 5 <E<Y

for any 0 < L. Indeed, if |z — x| > h? then

: _ T—x —y2
N / e H (1) dy

S,hl‘id/ +h1—54d/
yl<le—zy]/4 > |z /4

< p1-8digq _=on)’ 1-34, N -N
Sy hi T e e T + T b o —

SMN M|z — 2N

~

for any M, N > 0. Similarly,

1_3d

et W% %, [¢] < /10
(T (2, 6)| S W% / e |g(n)| dn < e e
hi*=%e en, |€| > 10/¢

In view of these bounds, we decompose
on = TilgTuon + Ty (1 — 15)Thon = fo + f7
where by the triangle inequality we obtain, for any k& > 0,

1% 212 S / (B 4 W3 | ") Tagn(x, €)| dadé = O(h™).

Bec

By Sobolev embedding, it therefore suffices to show

: —itA 41 _
llg% le fh”LwL%((ch,oo)xRS) =0

(4.16)

(4.17)

(4.18)

To prove this, we fix a large 7' > 0 and consider separately the time intervals [ch, Th]

and [Th,c0). On semiclassical time scales, the quantum evolution of wavepackets is modeled
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by the geodesic flow. More precisely, if 1%675) is a typical wavepacket, then for |t| < Th its
Schrodinger evolution e_“Awf‘x ¢ Will have width Crh'/? and travel along the geodesic starting

at x with initial momentum h~!¢ (that is, with velocity h=1g?&,).

If T is sufficiently large, then by the nontrapping assumption on the metric, all the
wavepackets e*iThAw?x@ with (x,£) € B will have exited the curved region (this is why it
is convenient to assume that ¢ is frequency-localized away from 0), and for ¢ > Th the
solution e*“’%ﬁ?m) will radiate to infinity while dispersing essentially as a Euclidean free
particle. The decay for e~#4 f} will then be a consequence of the dispersive properties of the

Euclidean propagator e®“r3.

It will be notationally convenient in the sequel to rescale time semiclassically, that is,
replace t by th, so that each wavepacket %Z)@g) travels at speed O(1) under the propagator

e~ A The desired estimate then becomes

. —ithA pl
Ilgr(l) lle fh||LooL%((c,oo)xR3) N

Frequency-localization

We show next that the operator A may be replaced, up to acceptable errors, by a frequency-
localized version. This will let us bring to bear the results of Koch and Tataru |[KT05]

concerning the evolution of wavepackets at fixed frequency.

Choose frequency cutoffs x; € C°(R®\ {0}) such that

{€:e<|é] <} <x1 < X2 < X3

that is, x1(€) = 1 on the annulus ¢ < |{] < &' and x; = 1 near the support of x;_;. Set
A(h) = h*A, let a = ¢g"&;€; be the principal symbol of A, and define the operator

A(R) = (xsa)" (X, hD) = (2rh) /

Rd

(T 6) sl d

. ’

We check that the propagator e’zmh(h), which preserves L2, is also bounded on H' when

restricted to frequency h™.
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Lemma 4.4.2.

_itA(h)

le™ " xa(hD)[ g < ex(l + 1)

itA (h)

Proof. Let up, = e~ #  x1(hD) be the solution to the evolution equation

[hD; + A'(h)|u, = 0,up,(0) = x1(hD)g.
Differentiating this equation, we obtain

[hDy + A'(h)|(hD)uy, = [hD, A'(h)]uy,.
By pseudodifferential calculus, ||[hD, A'(h)]||L2—12 < ch, so

t
[P Dun(t)]| 2 < [[hDun(0)]| 22 + h_l/ I[nD, A'(h)]un(s)]| > ds
0

< [|hDun(0) |2 + cft[[[x1(hD) | 12

< (1 + [t IIhDx1 (D) || 2.

Lemma 4.4.3. For each T > 0 and for all [t| < T,

_itA(h) _itA'(h)
h

—¢€ " )Xl(hD)HHl_}I‘p < CTh‘t|

I(e

Proof. Write

_itA(h) _itA(h) _itA(h) _itA(h) _itA(h) _itA(h)
h h h h h h

e —e = (e —e )+ (e —e :

where

2
A(h) = a¥(X,hD) = —h0;¢°% ), — hz(ajakgjk)’

By the Duhamel formula,

_itA(h) __itA(h)

t
tA(R) 1 ) B
e 40— Mol <h [ 700" 4 Ve
0

isA

B
n @2 ds < chlt]||@]| L2
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it A(h) __itA(h)

Introducing the frequency-localization, we claim that the linear evolutionse™ »  ande™ " #

essentially preserve frequency-support in the sense that

_itA(h)

|(1 = x2(hD))e” 7 x1(hD)| p2sme < CN,ahN

and similarly with A replaced by A. To see this, choose ¥1(\) such that y;(€) < xi([€2) <
x2(€). By semiclassical functional calculus (see [BGT04]),

111 = X2 (AR (hD)l| 2 ie < Cngh™,

whence

itA(h) _itA(R)

111 = xa(hD)]e™» X1 (AD)|[ g2 < I[1 = x2(RD)X1(A(R))e™m xu(hD)l|z2e + Cnoh™

S CN,JhN~

itA(h)

The same proof goes through for the propagator e~ = . Thus

__itA(h) _itA(h) __itA(h) _A(n)

ID(e"»" — e m )xa(hD)gllzz < h7H|(e™ 7 —e” m )xa(hD)¢| 2 + O(h™)

S [thlIx2 (hRD)R™ @]l 12 < [t|hl[ D]z

Now we prove

_itA(h) _itA(h)
R

— e (D) | < chlt].

I(e

it A(h)

n x1(hD)¢ solves the equation [hDy+ A’ (h)|up = rp,

For each ¢ € H*, the function u, = e~

where
rn = [(xs — 1)a]* (X, hD)x2(hD)uy + [(x3 — 1)a]* (X, hD)(1 = x2(hD))up.

As the symbols (y3 — 1)a and y» have disjoint supports, the first term on the left is
O(h*) in any Sobolev norm. The frequency localization of u; implies that the second term
is similarly negligible. By the Duhamel formula and Lemma , forany T'> 0 and |t| < T
we have

_itA/(h) itA(h)

t
e —em " )xa(hD)gll g < CT/ I ()1l g1 ds < exn[tR™ 6l
0
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Returning to the decomposition (4.17) and recalling that ¢, = x1(hD)op, we have

11 = X1 (D)) full i = O(R™),

By the previous lemma and Sobolev embedding, (4.18]) will follow from the claims

itA (h)

i le” f"”LOOLd 2 ((eT)xRY) 0 (4.19)
i(t—T)A(h) zTA (h)
llzlil(lj le=" 7 e fh|| co £ (T o)X ER) 0. (4.20)

Evolution of a wavepacket

For each (z,&) € B C T*RY, let t — (2!, &) denote the bicharacteristic starting at (z, ).

Proposition 4.4.4 (Short-time). Let @ZJ&O ¢) be a Gaussian wavepacket.

Then

- .
itA'(h) T —1 i
T U e (@) = h‘%dv(a:o, .t =17 0)eﬁ[fé(x_xﬁ)‘*‘%t@o{o)]?

where y(t, g, &) = fg(ﬁag —a)(xf, &) ds, and v(xg, o, t,-) is Schwartz uniformly in (xo, &)

and locally uniformly in t.

Proof. This was proved in [KT05] when h = 1. We reduce to that case by a change of

variable.

For fixed (xg, &), let u be the solution to
[hDy + A'(h)]u = 0, u(0) = ¢, )

and define the profile v by

- ¢ i [et t
u(t,z) = h’%dv<t, xhl/fo>ez[io(w*zo)ﬂ(t,wo,ﬁo)]_

Then v solves the equation [D; + (a” Ay )" (6 X, D)o =0, = v(0) = 1/)(1070), where

) (2, €) = 7 alt, P2z 2l B2 4 €) — V2 ag(ah, €8) — W Pwa, (2, €5) — alxh, €8)).

As a?zmgo) vanishes to second order at (0,0) and satisfies |8§8§ a?x07£0)| < ¢qp for all |a|+|8] >

2, the claim follows from Lemma below. O
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The following lemma was the key step in the proof of [KT05, Proposition 4.3]

Lemma 4.4.5. Let a(t,-,-) be a time-dependent symbol which vanishes to second order at
(0,0) and satisfies lag‘ﬁfa\ < ¢op whenever |a|+|B| > 2, and S(t,s) be the solution operator

for the evolution equation
[D; + a”(t, X, D)]u = 0.
Then S(t,s) : S(RY) — S(R?) locally uniformly in t — s.

By the nontrapping hypothesis (G2), there exists T'= O(e™') such that for each (z,¢) €
B, |a'] > 10 for all ¢t > T.
Proposition 4.4.6 (Long-time). For each (z0,&) € B and t > T, we have a decomposition

_i(t=T)A(h) _ iTA'(h) h
h

€ Wiagg) = V1t 2,

(&

where

!x—x6|>—N

oFu,(t,z)] < C h—%—kt—dﬂ@
|0%01 (L, )| < Cr.y g oy

and ||ve||gr = O(h™) for all k.

Proof. 1t suffices to verify the following two assertions:

i(o _iTA'(h) _8d_ g, — |z — x|\ N
Ohe DA @] < Gk (14 h1/2|tT) (4.21)
—i(t— i(t— _iTA(h)
[(e7 TR — DI =Tt el < Crnh™. (4.22)

For ¢ Schwartz, by a stationary phase argument we have

() < Cl) (5

Indeed, let x be a smoothed characteristic function of the unit ball, and partition

¢1(z) = /ei@“f'Q)x(f _ %)&(5) de + /ei<f“'52>[l - x(£ - %)]é(é) dg.
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Integrating by parts in &, the second term is bounded, for any N > 0, by [t~V (%) ~. By
the stationary phase expansion, the first term equals

ilz|2 A

\—d/2 el x —d_
(2mit) 26" gb<2t>+t SIR(E w),

-N

[R(t,2)] < ell(1+ D) (& = 35 )0O)llez < On(5)

By the previous proposition and standard identities for the Euclidean propagator,

. 7 . t
i(t—T)hA — LA MR g _3d iret(p atyi~(tzo, i(t—T)hA T — Ty
DA ph ) = B enléblaab)taltao ol it=1) \Il(xovfo)(W)’

where W, ¢ is Schwartz uniformly in (z¢, &), and we have used the fact that (zf, &) =
(xf + 20t —T)L, &) for all t > T. This settles (4.21)) for £ = 0. When k > 0, we note that

differentiating the above equation brings down at worst a factor of |h™1&| < ce™*h™1.

To prove ([4.22)), we note first that e~4 is uniformly bounded on each Sobolev space H*.
Indeed, for a sufficiently large C' > 0 the operators (1—A)*(C+ A)~" and (C+A)*(1—A)~*

are pseudodifferential operators of order 0, which implies that
ull e = 111 = 2)*ul| 2 ~ [[(C + A)2ul| 2.

Using the Duhamel formula, triangle inequality, and the above pointwise estimates, we can

therefore bound the left side of (4.22)) by

[o@) 2 . ’ o0
/ 3 DT T gl < OnhY / 6792 dt < Cnh™.
T m=0 T

The geodesic flow and short-time extinction

By Proposition on bounded time intervals each wavepacket may be regarded essentially
as a particle moving under the geodesic flow. We will obtain the short-time decay by
showing that not too many wavepackets pile up near any point at any time. Heuristically,
by the uncertainty principle the wavepackets have a broad distribution of initial momenta,

and slower wavepackets will lag behind faster ones along each geodesic.
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To make this rigorous, we need to study the bicharacteristics for the symbol a = ¢/*(z)&;&;..

Let (z,€) = (2'(z, &), (2, €)) be the flow on T*R? induced by the ODE

7= ag = 2908 (2°,) = (2,);
ft = —Qyp = _(gt)*<azg>(xt)ft

The curve t — x'(x,€) is the geodesic starting at x with tangent vector ¢g®&,, and for
fixed y the mapping n — x'(y,n) is the exponential map with basepoint y (although the
exponential map is technically defined on the tangent space). A standard fact from geometry

is the identity

wt(x, &) = x' (x,18), (4.23)

which follows from the observation that s — (2 (x, &), t£"(x,€)) is the bicharacteristic with

initial data (z,t).

Lemma 4.4.7. Let g be a nontrapping metric on R Then, for all x,z € R® with |z| < 1

and all 0 <r <1,
m({§ € R?: [a!(,€) — 2| <r}) < caer,

where m denotes Lebesque measure on Rg, and the constant c, . is locally uniformly bounded

i x and z. If also g is Fuclidean outside a compact set, then
m({€ € RY: |2 (2,€) — 2| <7}) S o1+ [2))T7 0

The basic idea is that the preimage of a small ball under the exponential map will always
be thin in the radial direction, though not necessarily in the other directions. This is a
consequence of the fact that the exponential map always has nontrivial radial derivative.
Note that for z near z, the above bound can be improved to O(r?) as the map & +— z!(z,€)

is a diffeomorphism for £ near 0.

Proof. Fix x and z. For each £ we have

ol (@, 6+ ) =2 (2,6) + (Fex" ) +7(C), Ir(Q) = O(CP).
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Differentiating the scaling relation in ¢, we have
Ocr' (2,6)€ = @' (2,8) = g(a')€ (2,€)
which implies that
€10z’ (2, )] = €' - (Oea’)€ = 29(x" )M (1) (€ 2 I€"P*.
Using also the fact that ¢/%(z)€;& is conserved along the flow, it follows that
|Ocat (, €)&] = clé].

Thus, if (p is such that that [r(¢)| < §[¢| for |(] < (o, then

SICl <l (2,64 ¢) — ' (2, )] < 2]

for all ¢ parallel to £ with length at most (.

Let S, . denote the set on the left side in the lemma; the nontrapping hypothesis implies

that S, . is compact. By the preceding considerations, the intersection of each ray t —

% with S, , has measure O(r). The first inequality now follows by integrating in polar

coordinates.

Under the additional hypothesis that ¢ is flat outside a compact set, observe that for
each x there exists R > 0 such that
sup |z (2, &) — R < 2t < |£i|nf1 |2 (x,€)| + R, (4.24)
[€lg=1 9=

where |§|§ = ¢%(2)&;&.. Indeed, for T sufficiently large and t > T,
o'(x,€) = 2" (2,€) + 2(t = T)§" (2, ),

and €7 = [€7], = |£°]y = [¢ly = 1. Set 7 = supj,_ [27 (2, )] to get
2t —T| —r <|a'(z,&)| <21t = T| +r.

Therefore, S, , is contained in an annulus {|z| — R, < |¢] < |2| + R, }, which is covered by

c(1+ |2])%1rt=4 cones of width r. Arguing as before, we obtain the improved bound. [
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We are now ready to establish the short-time extinction (4.19)). We have

_itA'(h) _itA/(h)
le™ " fﬁ($)|§/|6 h ¢?w0,§0)(x)||Th¢h(x0,§O>|dxod§0~
B

itA (h)

By Proposition [4.4.4] each e~ w(zo ¢,y concentrates in a radius h'/2 ball at 2t(x, &), s

the integral is O(h™) for all |z| > Te™'.

For |z| < Te™!, modulo O(h*>) we may restrict the integral to the region

{(33'0,60) c B: ‘33'%.1’0,50) — .ZC‘ < ha}

for any a < % By Holder and the rapid decay of ¢y,

y2 aTz
Thon(z0,&0)| < ho (/ e~ dy) W< it

ly|<h'—

for any ¢ > 0. Combining this with Proposition and the definition (4.16|) of B,

_itA/(h) _d._3d o o—d(1—
/ e TR e (@) | Tadn (o, &) daod€y < RI1H™ % ¥ pe = plredi=o),
B

As 6 and o may be chosen arbitrarily close to =, it follows that

itA’(h) d

e fl(a)] SohitEE

for any € > 0. Therefore

ztA(h) 1—2 2 _ 1
le™ 7 fall e, < e Al e T i Se W i,

Remark. When g is the Euclidean metric, the exponential map is a diffeomorphism, so the

bound in Proposition is O(r?). Consequently,

_itA’(n) _d o _
/ e A ()] Tan (o, &) duodéy < WA= pa0re) <, pi=s
B

for any € > 0, and we find that

ztA

le” th| b

recovering modulo arbitrarily small losses the O(h) decay rate predicted by the Ltz [

dispersive estimate for the Euclidean propagator e®®. The epsilon loss can be avoided if,
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instead of truncating crudely in phase space (4.16]), we account for the contribution from
each dyadic annulus {2¢71h1/2 < |z| < 2Fh'/2} using the rapid decay of each wavepacket on

the h'/? scale. We omit the details.

Remark. Rather than exhibiting decay in L%, one can adapt these arguments to get

L' — L bounds.

Long-time extinction

To prove (4.20)), use Proposition (4.4.6) to write

_i(t=T)A(h) _ iTA'(h)
R

e * f;% :/U?xo,go)(t)Th%(ﬂfo,fo) d$0d§0+/T?xo,go)(t)Th%(mo,fo) dod&o,
B B

e

where

|z — xp
h1/2|t|

_8d, -N o
|v($07§0)(t7$)| < Cyh™ |t| d/2<1 + ) ) HT(?Co,io)HHl = O(h )

The second integral is clearly negligible in L>LS.

To estimate the first integral, we proceed as in the short-time estimate, interpolating
between L? and L™ to exhibit decay in LS. For fixed z, modulo O(h*) we may restrict the

integral to the region
B’ = {(z0,&) € B |'(x0,&) — 2| < h*(1+ [t])}

for any o < 3. As 2" = a7 +2(t — T)&" when ¢ > T, for each (x¢,&) € B with ||, = 1,
the ray r — (z9,7&) intersects the above set in an interval of width O(h®). The region B’

therefore has measure at most O(h®h®), and we obtain
/ [0 0 (6 2) | T (0, o) | dirodiy < ec'= 5™ Tt 4/2R40%e = preocdO=0y =42,
B/

Hence, recalling that @ may be chosen arbitrarily close to %, for any € > 0 we have

_i(t=T)A(h) _ iTA'(h)
h (&

Ie W fU e <TI0 3222020 < potpie,

This completes the proof of Proposition O
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4.5 Linear profile decomposition

The profile decomposition will follow from repeated application of the following inverse

Strichartz theorem.

Proposition 4.5.1. Let {f,} C H' be a sequence such that || fu| ;1 < A and ||€®9 f|| oo s >
e. Then there exist a function ¢ € H' and parameters t,, x,, A, such that after passing to

a subsequence,

lim G le™ % — ¢ in H'(g), (4.25)

n—oo

where Gp¢ = )\,:%gb('_“’""). Setting ¢, = e B9 G ¢, we have

An
lim inf [|¢n | 1) 2 ETATE (4.26)
im ||l — [1fn — €720 Grdllf — 72 Gug|l7n = 0. (4.27)
lim [| fullzs = 1 = énllze = léallze =0 (4.28)

Finally, the t, may be chosen so that either t, =0 or )\;Qtn — 00.

Proof. The proof has the same structure as in the previous chapters, we give a complete

exposition as some of the technical details are different.

We have the following inverse Sobolev lemma:
Lemma 4.5.2. If ||fl|;n < A and ||€*9 f||Loors > ¢, then there exist t, x, N, such that
(By)2et ) ()] 2 Niet At (4.20)
Proof sketch. A Littlewood-Paley theory argument yields the usual Besov refinement of
Sobolev embedding (see [GMO97])
e fll oo S ||f||§-,1 |(By)2e™ £
Then one interpolates L L% between L>*L? and L>L>, using the elementary inequality
1(Px)> Flla S N7HIPwfll g

which follows from the corresponding pointwise inequality of symbols. O
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Select (t,,rn, N,) according to this lemma, and set A, = N,!. After passing to a
subsequence, we may assume \, — Ao, € [0,00] and x,, — 2, € RYU{c0}. We may extract

a weak limit
GletBaf, —~ ¢ in H'(g).
As H'(g) and H'(6) have equivalent norms, their duals may be identified; hence the weak
limit also holds in H'(5).
Define ¢,, = e~ 289G, 0.

We verify that this profile has positive energy. From Theorem and the facts that
dy(z,y) ~ |z —yl|, dg = /|g| dx ~ dz, there exist constants ¢y, co > 0 such that

1 .
NZeiA—i < cleg/e‘”Nﬁ'“‘y'QIe”"Agfnl(y)dy-
Thus
9 5 —|y|? =11 itn A
ce1A71 < | e WG e | (y) dy.

As G lenBaf, —~ ¢ in H', |G e f,| — |¢| in H'. Indeed, by the Rellich-Kondrashov

theorem, the sequences G, le"®s and |G, tei"29| converge to their H! weak limits in L2 .

Taking n — oo in the above inequality and bounding e~ /" in H~! by its L% norm, we

get

5

24 < / e 61 dy < el < 0l

The claim ([.26) follows from the equivalence of H'(8) and H'(g).

To prove the decoupling (4.27)), write

||fn||§{1 - ||fn - e_itnAanQbH%]l - ||€_itnAg¢||H1 = 2Re<eitnAgfn - Gn¢7 Gnqb)Hl

= 2Re(G, €% fry — 6, 0) iy

where g, (z) = g(x, + \x).
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To see that the right side goes to 0, we consider two cases. If A\, < oo, then by Arzela-
Ascoli, after passing to a subsequence the metrics g, converge boundedly and locally uni-
formly to some metric go. If on the other hand A, = oo, then g, converges weakly to the

Euclidean metric as g,(x) = § outside the shrinking balls |z — z,,| < ;L.

To streamline the presentation, in the sequel we let g., denote the locally uniform limit

in the first case and g, = ¢ in the second case.

When A\, < oo, then

(Gl o = 6, 0) gy = (G €2 fr = 6, 0) i gy + 0(1) = 0

by dominated convergence.

If Ao = 00, writing

(du, dv),, dg, — / Vu - Vudz,

lz—zn| <AL

<U,'U>H1(gn) :/VUWdﬂf‘i‘/

lz—zn| <A

we have

(Gl fr = 0,0) i1 gy = (G €29 fro = 6, 8) s + 0(1),

which vanishes since G, le?n®a f, — ¢ — 0in H'(6).

We show next that if ¢,\,? is bounded, then after modifying the profile ¢ slightly we

may arrange for ¢, = 0.

Suppose that t,\;? — t. By Theorem and its corollary, we have
b= DG = G2 4 1yl = o(1).

Define the modified profile ¢ = e~#=2 ¢, = G,¢. Clearly (&.26) holds with ¢, in place of
¢n. We claim that

G o — ¢ in H'(g). (4.30)
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Suppose A\, is bounded above. Passing to a subsequence, the metrics g, converge locally

uniformly to some metric go.. Then as

(G fy — et D)o [, — Gre t=2p, Gn)) (g +0(1)
dtnda G o, eitnAan¢>H1(g) +o(1)

)=
=
= (G e fo = 6, GG g, + 0(1)
=
-

S

Gl 80 fo = 6, ") g,y + (1)
G;1ez‘tnAgfn — ¢, eit“’A?ﬁ)Hl(goo) +o(1)

= o(1),

we have for all ¢ € H*

(Gl o — €20, ) i g, = (1)

which implies weak convergence in H* (g) since the norms defined by g, and g are equivalent.

If instead A\, — o0, then as before
(G fu— €786 ) o) = (G fo — €786, 0 o+ (1) = 0.

Having verified the weak limit (4.30)), the same argument as before establishes the de-
coupling of kinetic energies (4.27)).
To establish the asymptotic additivity of nonlinear energy (4.28), we use the refined

Fatou lemma of Brezis and Lieb:

Lemma 4.5.3 ([BL83]). Suppose f,, € LP(u) converge a.e. to some f € LP(u) andsup,, || fullzr <

0o. Then

| i =1 = 1P =157 du 0.

Proof sketch. Partition R? into B and B¢, where B is a large ball that captures essentially

all of the L? norm of f. The integral over B converges to 0 by Egorov’s theorem. Over B¢,
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f is essentially negligible and the terms |f, |’ and |f, — f|? nearly cancel:

J.

[ful? =1 fo = 1P = [fIP

dMSC/ |f|<|fn|p—1+|fn—f|p—1>du+/ PP du
Be Be
< el ooyl + 1 = F1k) + 1 F s

]

Assume t, = 0. Then ¢, = G,¢ and G,'f, converges weakly in H' to ¢. By
Rellich-Kondrashov and a diagonalization argument, after passing to a subsequence we have

G, ' f, — ¢ pointwise a.e. By a change of variable, the left side of (4.28)) is bounded by

JliG s =162l = o = 167 dga < [ dow+ [ dign gl

where we write d|g, — goo| for the density |\/|gn| — \/|goo|| dz. The first term vanishes by the
Brezis-Lieb lemma, while to deal with the second integral we note that [ |¢|®d|g, — goo| — 0

and argue as in the proof of that lemma.

Suppose t, A2 — oo ( the case t,\;? — —oc is similar). Different arguments are required

depending on the behavior of the parameters, but in each case we conclude that
lim ||¢,||zs =0,
n—oo

which clearly implies ((4.28)).

If A\oo = 00 or x,, = 00, then by Theorem {4.3.1| we have
(bn = eiitnAGngb + T, ||7,7L||L6 = 0(1)7

and the decay in L° follows from the dispersive estimate for the Euclidean propagator.

If 0 < Ao < 00 and 7o, € R3, then G,¢ — ¢, and we appeal to Lemma below to
find ¢ € H' such that

: WwAg 4 AT
Jim [e59' = %G 55— 0.
We bound by the triangle inequality

e Ggl| o < (|29 (Gugp = &)l| 1o + [[€P7¢" — 2| s + |2l o
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and use the dispersive estimate and Sobolev embedding.

For the remaining case where Ao, = 0 and 2z, € R?, we invoke the extinction lemma.

Lemma 4.5.4 (Linear asymptotic completeness). The limits lim,_, 1o, e~ #25eBs exist strongly

in H'.
Proof. Suppose first that ¢ € C§°. By the Duhamel formula,
t
e*'itAeitAg¢ — ¢ + Z/ efisA(Ag o A)eiSAg¢ dS,
0

and we need to show that
¢

lim [ e %A, — A)e™9¢ds

t—o00 0

exists in H'. We use (the dual of) the endpoint Strichartz estimate e®s : L2 — L2LS. For

t, < ty, we have

to
/ e—z’sA(Ag . A)eisAg ds

t1

S ||XV€itAg¢||L2L6/5 + ||Xv2€img¢||L2L6/5 + ||XvseimgﬁbHL%ﬁ/5

itA
= SIV(A, = A)e® 9| 1216/5 (11 12)

for some bump function y. Using Holder, the equivalence of Sobolev spaces, and the

Strichartz inequality, each term is bounded by

Xl vz (1 = D)2 296 2 po e, o) S (1= Ag)* 22960 2151, 1)) S N|6]] 13-
As t1,ty — 00, the left side goes to 0. Thus

lim efztAg eltAg(b
t—00

exists in H' for any ¢ € C5°.

For general ¢ € H', select for each ¢ > 0 some ¢, € C° with ||¢ — @]z < e. Whrite

W(t) — e—itA5 eitAg7

W(t)p = W(t)op: + W(t)(¢ — o).
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As W(t) are bounded on H' uniformly in ¢, we have for all t; < t,

W (t2)¢ = W(t)oll i < (W (t2)Pe — W (k1) el + ce;

so W (t)¢ also converges in H'. O
Definition 4.5.1. Two frames (AL ¢} x1) and (\2,t2,22) are orthogonal if
R el 2 B
+ o0y + = 00

P VY VN Y Y

They are equivalent if

1 tl _ t2 :L.I _ 12
"% Ao € (0,00), =" cR, “2—" 5 1 € R’
z AL Az T

Lemma 4.5.5. If frames (ALt} z1) and (A2, 2, \2) are orthogonal, then

no tny> T
—it2 —
(6 ity AgGQ) 1 —it} AgGl

1 717& AgGl

converges in weak H' to zero. If they are equivalent, then (e —itnAg G?)~ converges

strongly to some injective Uy : H' - H'.

Proof. Assume the frames are orthogonal, and put t,, = t2—t!. Suppose first that [(AL)~%¢,| —
co. By passing to a subsequence, we may assume A — Al € [0,00] and z} — 2! €

R? U {oo}. Then
1(G2)teltata)Ba Gl gl 16 — 0 for each ¢ € H'.

Indeed, if A}, € (0,00) and 2l € R? this follows from by Lemma and the Euclidean
dispersive estimate. For all other configurations of A\l and z_ , we appeal to Theorem m
to see that

||6 (t2 —tn)AqG1¢ i ei(t%—ti)G}@eitAngLfs 0.

where A is, up to a linear change of variable, the Euclidean Laplacian. The decay in L°

therefore follows from the Euclidean dispersive estimate.
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As (G?)~tell (£ ~tn)Ag G ¢ forms a bounded sequence in H', to determine its weak limit it

suffices to test against compactly supported functions. For ¢ € C§°, we have
(Go) et 2a Gl g, ) 1| < [|(Ga) 7 e T GG | o | ]| os — O,

Assume now that (AL)72(¢2 — ¢}) — ¢, € R. This implies that

An , An o T — g
NN e (4.31)

Mo VAN
As before, we may assume that AL, — AL € [0,00] and z} — 7., € R* U {o0}.

If A\l € (0,00) and zl, € R?, then it must be the case that
1
lim — A € {0,000},

n—00 /\2

Since the functions f, := it —tn) A Gl ¢ form a precompact subset of H', the sequences V f,

and &f,(€) are tight in L2. Tt follows that
(GRG0, 0) 5y = (TG0, GRb) ) — 0.

From the equivalence of H'(5) and H'(g) we conclude weak convergence to zero in H'(g).

For all other configurations of the limiting parameters A\l and x! , we appeal to Theo-

rem [£.3.1] and Corollary [£.3.2] to see that

[oop)

[(GR) et G — (GR) e RG] 0,
where A is the Euclidean Laplacian modulo a linear change of variable. Thus
(Go) 1RGO, ) a5y = ((GR) T GRe™ 2, 0) g g) + 0(1),

and under the assumption (£.31)), the operator (G2)~'G. converges in weak H' to zero.

Now suppose the frames are equivalent. This implies that (AL)™2(¢2 —¢}) =t € R. If
AL € (0,00) and z!, € R?, then ¢, — (A\) 7% € R, A2 = A2 € (0,00), 22 — 22 € R?,
and (G2)~lellta=t)As Gl converges strongly to (G2) 'e~2sGL ¢ where GZ_ is the scaling
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and translation operator corresponding to (M, 27 ). For all other values of A\l and z!_, we

appeal to Theorem to see that
(Gi)flei(t%fﬂl)AgG}] - GooeitooA

where G, is the scaling and translation operator associated to the parameters (A, vV AooToo)s

and
1 1_ .2
Ao = lim —=, 2z, = lim u
In both cases the limiting operator is clearly invertible. O
This completes the proof of Proposition 4.5.1}] O

We are now ready to give the linear profile decomposition.

Proposition 4.5.6. Let f,, be a bounded sequence in H. After passing to a subsequence,

there exist J* € {1,2,...} U{oo}, profiles ¢/, and parameters (N, tJ 23 such that for each

n'n’'n

finite J we have a decomposition

J
—it Ay v i 1 T
fo= e MGl @T 41,

j=1

where GIp(x) = (M)~ 2¢(=22), satisfying the following properties:

Xa
(G —~ 0 in H. (4.32)
lim lim sup ||€"2977|| poo s = 0. (4.33)
J=J* pooo
J
E(f,) = Z E(¢))+ E(r]) 4+ o(1) as n — oo. (4.34)
j=1
NN gl — a2k -tk :
)\—ﬁ—k)\—%-k‘ ] |—>oof07"allj7ék. (4.35)

m M,k

Moreover, the times tJ may be chosen for each j so that either t/, = 0 or lim,, o (N,) 7], —

+00.
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Proof. We iteratively apply Proposition to construct the profiles. Let 70 = f,,. Passing

to a subsequence, we may assume the existence of the limits

itA

Ay = lim |7z, €7 = lim [|€®97)|| 1oops.
n—oo n—o0

If e; = 0 then stop and set J* = J. Otherwise, apply Proposition to the sequence r;

JH1 41\ JH
LN D N

to obtain a set of parameters (t;, and a profile

¢t = w-lim(G7H) Loitn AT Pt = QI (4.36)

Set rJ™1 = — G171 and continue the procedure replacing J by J + 1.

If £/ never equals zero, then set J* = co. In this case, the kinetic energy decoupling (4.27)),
the lower bound (4.26]) imply

A2 < A2 (1 - (2L
J+1 > J[ C(AJ)}

which in view of the Sobolev embedding ¢; < cA; compels ¢; — 0 as J — oo.
It remains to verify the decoupling of parameters.

Suppose (4.35)) failed. Choose j < k with k& minimal such that the frames (M, ¢/, x7)

n’»'n’

and (Af ¢% 2F) are not orthogonal. After passing to a subsequence, we may arrange for the

n»’n’

frames (M, 7, 27), (AE t4 2%) to be equivalent when ¢ = k and orthogonal for j < ¢ < k.

n)» ‘nd n’ n7

By construction,

i—1 —itl Ay G 1j —ith Ag ~k 1k —tA 0 .0
riTt=e "G ) f e 9G¢+E S GlL

J<t<k

hence

(Gj) 1 ith Agrj R (efit?lAngl)flefitﬁAgGZ(bk_|_ Z (efit%AgG{l)flefitf;Anglgbé.

j<t<k

By Lemma [4.5.5, Us = lim,,_,o0 (e "29GI )~ 1e=#n 2 G ig an invertible operator on H?,

and we obtain
¢ﬁ ::¢j_%lﬁw¢k'

Thus ¢* = 0, contrary to the nontriviality of the profile guaranteed by (4.26)). O
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4.6 FEuclidean nonlinear profiles

Proposition 4.6.1. Let (\,,t,,x,) be a frame such that A\, — A € [0,00], T,, = T €
R3U{oo}, and either t, =0 or A\ *t,, — +oo. Assume that the limiting parameters conform

to one of the following scenarios:
(i) Moo = 00.
(i1) Too = 00.

(i) Too € R?, Ao = 0.

Then, for n sufficiently large, there exists a unique global solution w, to the equation (4.1)

with u,(0) = e~ %G, ¢ and which also has finite global Strichartz norm

V| < C(E(un(0))).

30
LOLT3 (RxR3) —

Moreover, for any e > 0 there exists 1° € C°(R x R?) such that

limsup ||V [u, — Gnt® (A 2(t = t)] | <e.

30
10 3
n LOL T3 (RxR3)

In particular, by Sobolev embedding the spacetime bound and approximation statement hold

in Z = LYLY as well.

Proof. The proof is analogous to that of Proposition for the harmonic oscillator. In
each regime, for n large one expects the solution to the variable-coefficient equation (4.1)) to

resemble a solution to a constant coefficient NLS
(10 + A)u = F(u)

where A is the Laplacian for a limiting geometry. In the first two cases, the limiting geometry
is the standard one on R?, while in the last case the geometry is given by the constant metric
9(Zs). We use solutions to the constant coefficient NLS to build good approximate solutions
to . As the former obey good spacetime bounds, we deduce by stability theory that the

same is true of the true solutions to (4.1)).
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Let goo = g(7o) in the last case and g, = ¢ in all other cases, and denote by A the

associated Laplacian.

If t, = 0, let v be the global scattering solution to the constant coefficient defocusing
NLS

(10, + A)v = F(v) (4.37)

with v(0) = ¢. If \?t,, — 400, let v instead be the unique solution to the above equation

such that

- A
Jim_[[o(t) = "2 1 = 0

In all cases, the Euclidean solution enjoys the global in time spacetime bounds
V|| z2Lenpere < C(E(¢)) < 0. (4.38)

See [TVZ07, Lemma 3.11].

Fix a small parameter 0 < # < 1, and let xy be a smooth bump function equal to 1 on

the unit ball. Define spatial and Fourier space cutoffs x,, and P, as follows.

If \, = 0 and z, — 7, € R?, let d, = |z, — 7| and define

V(g —x
Xn:X<<dn+)‘n> ( n)

) ): P = X0l + ) /°D).

If A, — 0 and |z,,| = oo, let

T — Ty
xn=x("g5")s Po= (D)

If A\, = A € (0,00) and d,, = |z,,| = 00, set

T — T,

1/2

Xn:X<

If \,, = o0, set

T — T,
Xn = X<W> P, = x(\/°D).

n
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There is of course some latitude in the choice of exponents. Define the rescaled Euclidean

solutions

v (t) = )\;1/21}()\;216, )\;1(- —xy,)) = Gnv()\ft).

For T' > 0 to be chosen later, set

Xn L n, t] < TA2
U = eTXIR0g, (TA2),  t>TA2
TN Aoy (=T A2), t < —TA2

In the next two lemmas we prepare to invoke Proposition 4.2.10|
Lemma 4.6.2.

im limsup ||V[(i0; + Ag)tn, — F(y)]||n — 0.

1
T—o0 pooco

Lemma 4.6.3.

L <N it —
i lin up [ (—tn) = €720 Gudll g = 0

Proof of Lemma[{.06.3. In view of the definition of @,, we estimate separately the contribu-
tions on {|t| < TA2} and {|t| > TA\2}.
The Euclidean window. When [¢t| < T2, write
(10, + Ag)ty, — F(iy,)
= XnPn (10 + A) v, + (Ag — A)xnPovn + [10, + A, X0 Polvn, — F(xn Prvn)
= (Ay — A)xnPrvn + [A, X0 Po|vn + Xn P F (v5) — F (X0 Povn)

= (a) + (b) + ().
Consider first the scenario where A\, = 0 and z., € R?. We have

HV(AQ — A)XnPnUnHLlLQ
< H(gjk - gjk(xoo))vajaerlpnvn||L1L2 + H(@gjk)ajak‘XnPnUNHLle

+ |’v9jkrgrlbgaanann|’L1L2

148



By Holder in time and the definition of the cutoffs, the first term is bounded by

An _ _
(g ) (XA O )™ s < T + ) ol s = 0

Similarly, the second and third terms are at most
(T/\i))%l(% + dn)_1/6||vn||L<>OH1 <TA(An + dN)_1/6HU”LOOH1 — 0.

Hence (a) is acceptable.

Next, we have by Holder and Sobolev embedding

||V[A7 X’rlpn]vn”LlL2 S ||V<AXn)ann||L1L2 + ”V(vXna vP?’LU7L>||L1L2

ST+ dn) 3| V0| ez + T(dn + An)5 || V0| oo 2.

Thus (b) is also acceptable.

To bound the nonlinear commutator (c), write
Estimate

||V(1 - XnPn)F(Un)||L2L6/5
<V = xa)F(wa)ll 2o + 1(VXn) (1 = Pa) F(0n) | z210/5

+ (1= Xn) (1 = Po)VE(0n)][ 265
By a change of variable, the last term is at most
11 = Pa)VE (o)l 2o (—raz mazpy = (1 = Po)VF ()| p2pors -z
where P, = x((An + dy,)s D), which goes to zero by the estimate

IVE@)l 2o S llLopoll Vol L, 1 < C(E(9))

LIOL 13

and dominated convergence.
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By Holder and Sobolev embedding, the first two terms are bounded by
(A + d) A (TN Va6 S T2 (A + d) 3| V0| ooz — 0
Also, as

F(Un> - F(annvn) - Fz 1- 9 XnP Uy, + Qvn) de

1

+ ( 1 — xXnFr) Fx( 0)Xn Prvy + 0vy,) dO,

C\c\

we obtain by the Leibniz rule, Holder, Sobolev embedding, and the LP continuity of the

Littlewood-Paley projections

IVIF(vn) = F(XnPrvn)]ll

LQLg
< IV = X o)l o i 0l Er0500 + 1L = P a0z a0 VX Pt 39
SVl 1901 = %P3

where B, = x((An 4 d,,)5D) and x,, = x((An 4 dy,)z). By dominated convergence, this also

vanishes as n — oo.

Now we consider the case where A\, — oo, and estimate the errors (a), (b), and (c) as

before.

Since A, — A = (g% — §7%)9,0), — gjkl“%am, we have

3
HV<A9 - A)XnPnUnHL2L6/5 < Z ")Zvanann’|L2L6/5

j=1
where y is a spatial cutoff. As the v, are being rescaled to low frequencies, the terms with

the fewest derivatives applied to v, are least favorable. Estimate

||>~(vXnPnUn||L2L6/5 < ‘|>~C<vXn>PnUn||L2L6/5 + H)NCVPnUnHBLG/f’
_4
<A (TA2)3 XN, 13 ([ Pavnllorso + [[X]| ¢ [V Pavnl| 2z

_8
S TN 5 [Joll rogao + An 2|V s,

150



which is acceptable by (4.38]). Also,

||V[A, XnPn]Un||L1L2 < HV(AXH)PnUnHLIL2 + ||v<vXna anUn>||L1L2

S VX)) Pavallzize + [[(V2Xn) V Pavnll iz + [[(V X)) V2P| 11 2
_4 _4 _5

< (A D ATN) VP | eorz + Xn 2 (TA2) M0 ¢ ||V Povn || oo 12

Y

_2 _1
ST + )| Vol|poere.
Finally, the same argument as above yields

IV X0 o (0n) — F(annvn)]HLzL% — 0.

The remaining cases Ao, < 00, |2,| = 00 are dealt with similarly.

The long-time contribution. When ¢ > T\2,

IV1(i8, + Ag)an — F(@n)lll 2165 S Nnl|Zro 10z ooy | (—29) 24

30 .
n||L10LT3

The last norm on the right is bounded by Strichartz and energy conservation. To estimate
the L' norm, let v, € H! be the forward scattering state for the Euclidean solution v,

defined by
: _itA o
Tim [Jo(t) — o g1 = 0.
and write vy, = G,v,. Then

U (t) = TTADRay P oo, (TA2)
= " (vy,) 4 TR TN () — TR (o)
+ TR (0, By — D)o (TA) + 708 [, (TAZ) — T8 (v,)],

and we see that if T is sufficiently large, each term becomes acceptably small for n large.

Indeed, by interpolating Theorem [4.3.1] or Proposition with a Strichartz estimate,

Jim lim {|e* %000 [| opro(rag 00 = 0.

The remaining terms are also acceptable due to Strichartz, Theorem [£.3.1) dominated con-

vergence, and the definition of the scattering state v,. O
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Proof of Lemmal[{.6.3. If t,, = 0 then there is nothing to prove. So suppose \,?t, — oo.
Recall that by definition,

lim_[Jo(t) — 6] ;1 = 0.

t——

Referring to the definition of u,, for n large enough

_ . . 2 . ; 2
un(_tn) e ztnAgezT)\nAanPn,Un( T)\i) e ztnAgezT)\nAanv( T) n
. . 2 . 2
e itnAg ezT)\nAge iTA; Ay Gn¢ r

= e BG4 1,
where, by Theorem and Corollary in each line

hm limsup ||ry, || g1 = 0.
—X  p—oo

[]

By the preceding lemmas, for T' large enough and n large, the function @, (t — t,,x) is a
good approximate solution to (4.1)) in the sense of Proposition 4.2.10, Thus for any € > 0

and all n sufficiently large, there is a unique global solution u, to (4.1]) with

< C(E(un(0))).

HunHZ(R + HVU"HLW B (RxR3) =

Finally, for any € > 0 there exists ¢ € C*°(RxR?) such that ||V (v—1*) 10, 20 rms) < E-

In view of the definition of u, and the fact that, as proved above,

hm lim sup ||tn || z((—7x2,722)) = 0,
00 n—oo

another application of Proposition [4.2.10] yields

71irr;o liinﬁsogp ||Vun|\L10L%([_T)\%7T)\%]CxR3) =0.
Therefore
-2
11—r>%o llin_}SOlip ||V[ ane(/\n t)] ||L10 %(RXR3) 5 &
as required. =
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4.7 Nonlinear profile decomposition

In this section, we show that failure of Theorem (4.1.1)) would imply the existence of an
“almost-periodic” solution in the sense that it remains in a precompact subset of H!. This
will already preclude finite time blowup and hence prove the global existence part of the theo-
rem. In the next section, we rule out almost-periodic solutions under a smallness assumption

on the metric and obtain global spacetime bounds in that setting.

Although we have worked mainly with the Z = L'°L!% norm, in the sequel we shall also

need the stronger norm
Y = LAY,
Let

A(E) : sup{||ul| zw) : E(u) < E, usolves (1.1))}
E.=sup{E : A(E) < oco}.

N(E) :sup{||ullzi) : ] £ 1, E(u) < E, u solves(4.1])}

E! =sup{F : N'(F) < cc}.

The small data theory implies that E., E. > 0. Global existence (resp. scattering) would

follow if we show that E! < oo (resp. E. < 00).

Proposition 4.7.1. Suppose E. < oo. Let u, be a sequence of solutions to (4.1)) with
E(u,) — E, such that for some sequence of times ty, ||t || z((—oo,tn)) — 00 and |[tn || z((tn,00)) —

oo. Then some subsequence of u(t,) converges in H'.

The method of proof yields an analogous statement for global existence:

Proposition 4.7.2. Suppose E!. < 0o, and fiz any 6 > 0. Let u,, be a sequence of solutions
to (4.1) with E(uy,) — E, such that for some sequence of times ty, ||un| z((t,—st,)) — 00 and

tnl| Z((tn tnts)) = 00. Then some subsequence of u(t,) converges in H'.
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We prove the global-in-time proposition; as the reader may verify, a nearly identical

argument yields the local-in-time version.

Proof of Prop. [{.7.1] By translating in time, we may assume without loss that ¢,, = 0. After
passing to a subsequence, we obtain a decomposition
J .
= e GG 4 ) (4.39)
j=1
into asymptotically independent profiles with the properties described in Proposition 4.5.6|

In particular,

n

M-

lim {Emn(())) -

n—o0

(e ™2 Gh61) = Bor)| =0, (4.40)

1

J

lim limsup ||e”2977|| Lo s = 0. (4.41)
J—=J*

n—oo

Lemma 4.7.3. There exists j such that limsup,,_, E(e*“%Angbgbj) =

This will be proved below using a nonlinear profile decomposition. For the moment, we
assume the result and observe how it yields the proposition. By the lemma, u,(0) takes the

form
un(0) = e BG4+ 1),

where ||r,||z;: — 0 and G, is associated to some frame (\,,x,). After passing to a subse-
quence, we may assume that A, € Ao € [0,00], T, = oo € R*U {00}, and A %t, — to €
R U {£o0}.

We claim that A, € (0,00), 7o € R?, and t,, = 0, which would clearly imply that
u,(0) converges in H'. If either of the first two statements failed, Proposition would
imply that limsup,,_,. ||un|zm) < 00, contrary to the assumptions u,. Thus Ay € (0, 00)
and 7, € R3. If t, — oo, then, writing G for the operator associated to the parameters

(Asos Too ), We have by the Strichartz estimate

1(=Ay)" 220w, (0)] g2 Gogl| +o(1) = 0,

L1OLT8 ((—00,0)xR3) <l(=A LWOLTS (—00,—tn) xR3)
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which implies by the small data theory that limy, . ||tn|lz(-x,0 = 00, contrary to the

hypothesis that u,, blows up forwards and backwards in time. O

Corollary 4.7.4. If E. < oo, then there exists a global solution u. to (4.1) with E(u.) =
E. and ||ullz((—0) = [¢]|z(j0,00)) = 00. Moreover, u is almost-periodic in the sense that

{uc(t) : t € R} is precompact in H*.

Proof. Let u, be a sequence of solutions with E(u,) — E. and ||u,||z — oo. Choose t,
such that ||t ||(—sesn] = [|tnllitnee)- By the previous proposition, there exists ¢ € H' such
that after passing to a subsequence, u,(t,) — ¢ in H'. Let u, be the maximal solution
with u.(0) = 0. Proposition and the stability theory imply that u,. is global and blows
up forwards and backwards in time. Another application of the previous proposition yields

precompactness of the orbit {u(t) : t € R} in H'. O

An immediate consequence of Proposition and the stability theory is that the equa-
tion (4.1)) is globally wellposed.

Corollary 4.7.5. Under the hypotheses of Theorem solutions of (4.1) are global in

time.

Proof. If E! < oo, then there exists a sequence of solutions w, with E(u,) — E. and
HunHZ((fé?O)), HUHHZ((O,%)) — 00. By Proposition (1.7.2, some subsequence of un,(0) converges
to some ¢ € H'. Let u. : (T_,T,) x R® — C be the maximal-lifespan solution with

uc(0) = ¢. By the Proposition [4.2.10} u, has infinite Z-norm on (—3%,0) and (0, 1), so the

interval of definition for u, is contained in ( —%, %) As in the previous corollary, the solution
curve u.(t) is precompact in H ! so along some sequence of times t, — 7T, the functions
ue(t,) converge to some ¢, in H'. But then we may use a local solution u, with u,(0) = ¢,
and the stability theory to continue u, to a larger time interval (=7, 7. + 0), contradicting

its maximality. O

We prove Proposition [£.7.1] in the remainder of this section. While the overall argument

is quite standard, involving a nonlinear profile decomposition, some remarks are warranted
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concerning how to control the interaction between nonlinear profiles and the linear evolution
of the remainder in the decomposition. This is normally accomplished using local smooth-
ing, which prevent high-frequency linear solutions from lingering in a confined region. In

Euclidean space, the local smoothing estimate takes the form

Ve || L2mfai<ry) S B[] 12

However, most existing local smoothing estimates on manifolds work at a fixed spatial scale,
and since the metric is not scale-invariant, it is not obvious how the constants depend on

the size of the physical localization.
The following lemma is analogous to Lemma 7.1 of Tonescu-Pausader concerning NLS on

the torus [IP12], although the proof there is quite different due to trapping.

Let x(A) be a smooth function on the real line equal to 1 when A < 1 and vanishing when

A > 1.2, and define the spectral multipliers P<y = x(1/—A,;/N). By Theorem m, these
satisfy the Littlewood-Paley estimates of Proposition except when p = 1 or p = oo
(which will not be needed).

Lemma 4.7.6. For any R,N,T >0, B> 1, and (ty,79) € R x R3,
Ve Py pn || 22(jt—to)<Tv-2, jo—sol<rn-1) < CBTY2N 7| 4.

Proof. By invariance under time translation, we may take t5 = 0. We adapt the standard
proof of local smoothing on Euclidean space via a Morawetz multiplier but need to deal with
error terms arising from the background curvature. These will be controlled by a separate

local smoothing estimate adapted to the metric.

Let a(z) = (z). We compute (all derivatives are partial derivatives)

da = %, 0*a = (x) P, + (z) 7' Py,
3 15
Aa> o A2 = — =2
“ = Ty
0¥ a) < —%
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where P, and Py = [ — P, are the radial and tangential projections, respectively.

Now write D = d+1" for the Levi-Civita covariant derivative, where I" are the Christoffel

symbols for the metric g; by our assumptions on g, I' is supported in the unit ball.

If u is a solution to the equation

(10 + Ag)u = plul*u, pu € R,
define the Morawetz action

Mo = | a@lult.)f dg

R3

Then as in the Euclidean setting, we have

O M(t) = QIm/ﬂDaaDau dg,
and the Morawetz identity

4
OPM = 4Re/(Diﬁa)DaﬂDﬁudg - /(A?]a)|u|2 dg + ?M /(Aga)|u|6dg. (4.42)

We apply this identity with 1 = 0 and u = €?9 P, gy ¢; later on we will use this when
p=1. For N >0 and zo € R?, let an 4, (z) = a(N(z — xp)). We compute

Day ., = N(da) (N(x - 3:0)>

D2 40Nz, = N*(9a0pa) (N(:U - .ZEO)) — NT.50,a (N(:L’ - :Uo)).
Then

AECLN#EO = gaﬂ(@aﬁg - Fgﬁau)ga,ﬂ/(ﬁa/aﬁf — FZ/Blap/)CLNJO

= N4gaﬁg°‘l’8/(8a058a/051a) (N(.Z' — .170)) + (N3P3a + N2P2a + NlPla) (N(Qf — .CE())),

where P is a differential operator of order k£ with coefficients supported in the unit ball;

hence

‘Pka(N(x - x0)> ’ < ¢, 1{‘x|§1}(x)<N(x - x0)>1_k.
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Inserting these bounds into the Morawetz identity and integrating in time over the interval

t| < TN—2, we obtain
|t]
/ /| PCCS 20)) [Vl dzdt < N1 / / L2 oy (6, 2) (Val? + |uf?) dadt
{<TN-

+ N //ll S |u|? dﬂit+N_1||U||LWL2||U||LOOH1.
{<TN-

By the unitarity of the propagator and the spectral localization of u, we have

[ull o e l[ell oo S (BN) "M@l 3.
Also, by Holder in time, the second term on the right may be bounded by

Tlfullie 2 S T(BN)*[1]5:-

Finally, the first term on the right is controlled by the following scale-1 local smoothing
estimate of Rodnianski and Tao [RT07]
. % -3 5
() 277V e 06| 2rars) + [12) 72 ull2mxrs) So 1917172, 0 > 0,
who strengthened an earlier local-in-time version by Doi [D0i96]. Summing up, we obtain
HVUH%2({\t|§TN*2,\x—zo\SRN*l}) S BTN T(BN) ) |ollF

O

Proof of Lemma[{.7.3. Assuming that the claim fails, the asymptotic additivity of energy
implies the existence of some § > 0 such that limsup,, ,., E(e""29Gi /) < E, — § for all j.
We shall deduce that

limsup [[u, || zr) < C(Ee, d) < oo, (4.43)

n—oo

which contradicts the hypotheses on wu,,.

For each j < J, let u/ be the maximal-lifespan nonlinear solution with u? (0) = e~*2s GJ ¢
by the definition of E,, for all n sufficiently large we have ||u, || z®) < C, hence ||u),|ly®) < C".
Define

J
~J j itDg,.J
U, = E Uy, + e 791
j=1
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The bound (4.43]) will be a consequence of Proposition |4.2.10] and the following three asser-

tions:
1. limsup,_, ;. limsup,_, . [|@]|ly®) < C(E,.,d) < cc.
2. limy_, s« limsup,,_,. [|un(0) — @ (0)|| ;» = 0.
3. limy,p+ imsup,_, [[V[(i0: + Ay)@;) — F(@)])]||nw) = 0, where F(z) = |z[*z.

Proof of claim . As the Strichartz estimate and the hypothesis of bounded energy

imply that the remainder e?*“sr7 is bounded in Y, it suffices to show that

Q.

J—=J* n—00

J
lim sup lim sup H Z ul <
= Y(R)

For each J, we have

S} = | vy
=1 =1

By Lemma (4.7.7)), the cross-terms vanish as n — oo. By the asymptotic additivity of energy,

J
ruts S LNV + e SN T 5. (440
‘]:

1o
J#k

there is some Jy such that limsup,,_, . |[Vu/(0)| 12 is smaller than the small-data threshold
in Proposition for all j > Jy. In view of the small-data estimate (4.9)), for any J > Jy

we have

J
2 4
. < Cy(E.) + limsup _ZJ E) <Cj(E.) + E..

n—oo

For future reference, we observe this also proves that for any € > 0, there exists J'(¢, E.)

with
limsupH Z ulll <. (4.45)
nooo Lyiges Y
for all J.
Lemma 4.7.7. For all j # k,
T b oszs + [Vl + (VT =
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Proof of Lemma[{.7.7]. The argument is well-known, and we will just illustrate it by estimat-
ing the middle term. By Proposition |4.6.1], for each ¢ > 0 there exist ¥7, ¥* € C°(R x R?)
such that

IV, () = o ()72 = ) o g + IV i (8) = GRad™ () 2 (= )]l o, 39 < €

LlOLﬁ LIOLﬁ

for all n sufficiently large. Letting v/, v* denote the compactly supported approximations,

n’

we have by Holder

30

laf, (V)] 5, 18 < My = v llpopo [ Vagll o g9 + ooz |V (uy = op)l] o, 20

LS8 — L1013 n
i,k

+ ||U£zvvn||L5L%'
The last term vanishes due to the pairwise orthogonality of the frames (M, #/ xJ7) and

(AE tF 2k). Thus

nr'nrrn

limsup ||u! Vu?| . 15 < C(E, )

L5L%
n—oo
for any ¢ > 0. 0

Claim ([2)) is immediate.

Proof of Claim . Write

(0,-+ A, () = 3 Flul) - F(i )
j=1 Jj=1
J J
+ F(JZ1 u%) - F(JZ1 ul, + e”Agr;f),

and expand

J J J J
P ) =30 P = 3w (k) = Dl
J=1 J=1 J=1 Jj=1 Jj=1
J J
=S ([ wl| )
Jj=1 j=1

J

:ZJ: (ugugfolaz(iuﬁ—eug) dQ—I—uflu_ﬁ/ole(;ufl—Hufl) dQ),
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where G(z) = |z|*. By the Leibniz rule, Holder, and Lemma [4.7.7,

HF(ﬁ "> ZFU] 2L8 —ZZ“V OIG'<€iu —Quj)

i=1 i= 1J¢k

<o S T s (HZ

=1 j#k

3 3

10,10 ”unHLloLlo)

— 0 asn — oo.

Similarly, write
J J
F(Z w, + e”Agri> - F(Z ui) <‘Z ul + e”Agr
j=1 j=1
. A 4
+ ’Z% + etBapt| e
j=1

= (I) + (I1).

>

itAg, . J
r
n

>zuf

First consider (I). As before, writing G(z) = |z|*, we have by the Leibniz rule, Holder,

and Sobolev embedding

HV(I a8 < HV (e'BarT) / G’(Zu] + et J)Zu{1
j
—I—H g JV/ G’ Zu]—irGe”A J)iu
-1
< V(e itA, ) )Zuj ’

+ e o llpopo([Vupll, g + V210 a).

LQLg

LQLg

.

o Gt Y

llza0p10

30 ||6

27,8 LOL13 107,10

J

J

2t
j=1

1=

By (4.41)) and interpolation, lim;_, ;- limsup,,_,., ||e*®77| 1010 = 0; therefore, all but the

first term are acceptable.

To deal with the first term, we recall that for any e, there exists by (4.45)) a threshold
J'(¢) such that for all n large,

[

L10L10
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With e fixed but arbitrary, this implies that

. 4
[V (e ar)) |

J
U’n

p r2L8
J/

<y Z ||(1Lf1)4V(2“tA97"]||L2L5 +etEV2,
=1

It therefore remains to show that

lim sup lim sup || (u?))* Ve 2or? | < e for each j < J". (4.46)

J—=J* n—00 " LQL% ~
Select ¢7 € C5°(R x R?) so that [|u/ —v! ||y < e, where v/ = GI7((M))72(t—t1)). Then

we may replace v/ by v/ in the above sum since for all n sufficiently large, since

() Ve 2orll e < ellud, = vl ([l [0 + 070 0) [ Ve 2or |

L2L3 - LlOL%

< C(E,)e.

Let x7 denote the characteristic function of supp(v?). Putting N7 = (M)™!, we estimate
using Holder, Littlewood-Paley theory, and Lemma

1) Ve Sorll e S (NI Ve S Peprill oy g + (VD) xn€ ™ Py g illl oy g

S (N) Ve P_pirillpeers + Njllxn€ ™ P gyarillor2

5 BH@itAgr;{HLooLG + Bil/Q.

As the remainder vanishes in L>*L°® and B is arbitrary, it follows that

itAy JH =0

11151 limsup || (v))* Ve 2or) 1218

n—00

Altogether, we obtain (4.46)), hence (I) is acceptable.

The contribution of (I7) is estimated similarly. By the Leibniz rule,

||V(I‘[)HL2L5 ~Y HeZtAgTT{(ui)gvuJ”L2L5 + ||( )4V€2tAngHL2L*'

itAg J

r;, while the second term is

The first term is acceptable due to the undifferentiated e
handled is above. This completes the proof of Claim [3] and therefore finishes the proof of
Lemma asserting the existence of a critical profile. Consequently, Proposition is

proved. O

162



4.8 Scattering for small metric perturbations

In this final section we prove scattering for metrics g with ||g—dl||cs < e for some e depending
on the diameter of supp(g — ). If the curvature is sufficiently mild, we can adapt the
one-particle Bourgain-Morawetz inequality [Bou99] for the Euclidean nonlinear Schrédinger
equation to preclude the existence of almost-periodic solutions, which, when combined with

Corollary [4.7.4] yields scattering.

Proposition 4.8.1. There exists € > 0 such that if |g — 0||lcs < €, then for any solution u
to the nonlinear equation (4.1) and any time interval I,

Jul® 1/2
— dxdt < c|I|"*E(u).
IJ|z|<|1|1/? (z)

Proof. Let a = (x) as in the proof of Lemma and write ap = a(z)x(5) where x is a

smooth cutoff equal to 1 on the ball |x| < 1 and supported in |z| < 2. Then

2 1 _
dar = O(1), Aag = (@ + W) Ljai<ry + O(R ™ Ljoory)

15
()7

Let D = d+ 1T denote the covariant derivative, where I' is supported in the unit ball and

Par = Pal(z<ry + O(R  Luery), A’ap = ——=1{ui<ry + O(R*1japeny)-

IC|lc2 = O(e). It follows that if ¢ is sufficiently small, the above formulas continue to hold
with the partial derivatives replaced by the covariant derivative D and A by the metric Lapla-
cian A,. Applying the Morawetz identity (4.42)) with action M (t) = [ ar(z)|u(t, z)|* dg, we
obtain |0;M| < ¢R||Vul||3, and

6
/ Jul® dr < O}M + cR™ / lu? dr + cR_l/ IVul? + |u|® dx
|z|<R <5U> |z|~R |z|~R

< O?’M + cRE(u).

Setting R = |I|'/? and integrating in time, we obtain

6
// Mdyz:alt < sup 2|0, M| + ¢|I|R E(u) < |I|V2E(u).
|z|<|1)1/2 (x) t
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By Corollary if there is a finite energy solution to (4.1]) that failed to scatter, then
there exists a nonzero almost-periodic solution wu.., i.e. which remains in a precompact subset

of H!.

Corollary 4.8.2. If ||g—0]||cs < ¢, the equation (4.1)) does not admit nonzero almost-periodic

solutions. Hence, all finite-energy solutions to (4.1) scatter.
Proof. Suppose 0 # u.. is almost-periodic. Then there exists n > 0 and a radius R such that

|ue(t)|| Lo (ge|<ry) = 1 for all t.

For if not, there would exist radii R, — oo and times ¢,, such that |[uc(t,)| 16({jz1<r.}) — O
By compactness, it follows that some subsequence of u.(t,) converges in H! to 0. But this

yields the contradiction that E(u.) = 0.

We now apply Proposition on time intervals I with |I|'/2 > R, and deduce

6
77’I|Rlé// [ dxdt§|[\1/2E(uc).
IJ|z|<|I|1/? (z)

But this yields a contradiction for I sufficiently large. ]
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CHAPTER 5

Mass-critical inverse Strichartz theorems

5.1 Introduction

5.1.1 Background

In this final chapter, we prove inverse Strichartz theorems for several Schrodinger equations
at L? regularity. The classical Strichartz estimate states that if u(t) = e%u(()) solves the

linear Schrodinger equation
. 1 2/pd
i0pu = —§Au, u(0,-) € L*(R%),

then
ul| 2wz < Cl[u(0)]| 2(ra)- (5.1)
L,.7 (RxR9)

t,x

Inverse theorems for this inequality characterize the initial data that give rise to solutions
with nontrivial spacetime norm, and underpin the large-data theory for critical nonlinear
Schrodinger equations. They reveal how blowup solutions concentrate by identifying char-
acteristic length scales and other properties associated to symmetries or approximate sym-

metries of the equation.

Let us first recall these theorems in the context of the constant-coefficient energy-critical

NLS in three space dimensions
1 )
10y = —§Au + |ul*u, u(0) € H'(R?).

From Sobolev embedding and the L? inequality (5.1]) when d = 3, linear solutions satisfy the
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H' Strichartz estimate

itA

e 2 u(o)HLloLlo(RxR?’) 5 ||vu(0)||L2(R3). (52)

According to the perturbative theory [CW90, if the linear evolution of «(0) has spacetime
norm less than some threshold € > 0, then the nonlinear solution initialized at u(0) exists
for all time and scatters. To prove scattering for arbitrary initial data, one must therefore
consider solutions u where the left hand side of exceeds the threshold €. Using a reverse
Strichartz theorem, one then deduces that «(0) must concentrate a significant fraction of its
energy in some spacetime “bubble”, with a definite width \g and center (¢, o), determining
when and where the concentration occurs. The time parameter ty corresponds to the fact
that the inequality is invariant under pullback u(0) — e’#u(O) by the linear flow. As
the equation is invariant under scaling and translation, this already constitutes a significant
finding.

By organizing this structural information into profile decompositions and imposing a
minimal-energy hypothesis, one is led to consider “minimal” blowup solutions w(¢) which
for each ¢ concentrate essentially all of their energy in a “bubble” with width A(¢) and
position z(t). This forms the basis of the Bourgain-Kenig-Merle concentration compactness
and rigidity paradigm.

Similar considerations apply for the mass-critical NLS
: 1 4 2(Rd
10 = —§Au + |uldu, u(0) € L7(R?), (5.3)

but with a twist due to Galilei invariance; if u satisfies the constant-coefficient mass-critical

equation, then for each &

is also a solution with the same mass (L?*-norm) and with Fourier transform shifted by
frequency &;. Note that while the Galilei boost also preserves the class of solutions to the
energy-critical NLS, the energy grows with |£y|. Thus, assuming finite energy eliminates this

degree of freedom by effectively forcing solutions to be centered at frequency 0.
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Due to Galilei invariance, a reverse theorem for the L? Strichartz inequality is
much more subtle compared to the energy-critical situation since it must locate a significant
frequency & in addition to a length Ao, time ty, and position zo. When inverting the H!
inequality , one can use Littlewood-Paley theory to separate the contributions from each
dyadic length scale. This argument does not work when the frequency center is also one of
the parameters to be determined, as concentration could occur anywhere in frequency space,
not just in annuli about the origin. One needs to exploit orthogonality not merely in space

but in spacetime.

The existing proofs of L? inverse Strichartz theorems [CKO07, MVV99, MV98, BV07] do
this with the aid of Fourier restriction estimates, viewing solutions to the constant-coefficient
Schrodinger equation as the spacetime Fourier transform of measures on the characteristic
paraboloid 7 + ]£[* = 0. See also the exposition in [KVI3]. These inverse theorems play
a foundational role in the proofs of large-data scattering for equation [TVZ08, Dodal,
Dodbl, [Dod12].

Although variable-coefficient equations generally lack scaling or translation-invariance,
they may still not have a preferred length scale or location in spacetime. For example, we
saw for the energy-critical harmonic oscillator that solutions with large norm may concentrate
in arbitrarily small regions of space. In these cases, the broken symmetries stand in the way
of classical tools for extracting the essential properties of blowup solutions, in particular the

Fourier transform.

The loss of symmetries becomes particularly problematic when one considers mass-critical

equations, such as the harmonic oscillator
1 d
. 4
10y = (_QA + Zw?x?)u + uldu, u(0) € L*(RY). (5.4)
j=1

Although the equation lacks a global scaling symmetry, highly concentrated solutions nonethe-
less accumulate spacetime norm on the same timescales as for the constant-coefficient mass-
critical equation. As noted in Lemma below, the problem also admits a more compli-

cated analogue of translation and Galilei symmetry. This is connected to the well-known
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fact that u solves equation (5.3) if and only if its Lens transform

x _ilz[*tant
tant, —)e 2.

1
Lult, @) = (cos t)d/2u< cost

solves equation (5.4) with w; = 1.
While the Lens transform may be inverted to deduce that equation ([5.4)) is globally well-

posed when w; = L this connection with equation (5.3)) disappears if the w; are not all equal.

:5’

Studying the equation in greater generality therefore requires a more robust line of attack,
such as the concentration-compactness and rigidity paradigm. To implement that strategy
one needs appropriate inverse L? Strichartz estimates. This is no small matter since the
Fourier-analytic techniques underpinning the proofs of the constant-coefficient theorems—
most notably, Fourier restriction theory—are incompatible with variable-coefficient equa-

tions.

We present an alternate approach to these inverse estimates in one space dimension. By
eschewing Fourier analysis for physical space arguments, we can uniformly treat a family of

Schrodinger operators that includes the free particle and the harmonic oscillator.

5.1.2 The setup

Consider a (possibly time-dependent) Schrodinger operator on the real line
H(t) = —%ai +V(t,z),
where the potential conforms to the following hypotheses:
e For each k > 2, there exists there exists My < oo so that
IVt 2) | e ge o<y + 105V (E )| gs, + 1050V (¢, )|, < M. (5.5)
e There exists some ¢ > 0 so that
()02 V | + [(x) 2020,V | € Lgs,. (5.6)

This implies by the fundamental theorem of calculus that the second derivative 02V (¢, x)

converges as © — Foo0. Here and in the sequel we write (x) := (1 + |z|?)/2.
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In particular, the potentials V=0 and V = %xz both fall into this class.

The first set of conditions on the space derivatives of V' are quite natural in view of
classical Fourier integral operator constructions, from which one can deduce dispersive and
Strichartz estimates; see Theorem We also assume the conditions on 0;V to have
control of the time regularity of solutions. In contrast, the decay hypothesis on the 92V is

technical; see the discussion surrounding Lemma below.

The unitary propagator U(t,s) for such Hamiltonians is known to obey Strichartz esti-

mates at least locally in time:

|U(t, S)fHng(fo) Srllfllezey (5.7)

for any compact interval I and any fixed s € R; see Corollary [5.2.4, Note that U(t,s) =
e~'t=9)H is a one-parameter group if one assumes that V = V(z) is time-independent, but

our methods do not require this assumption.

Our main result is an inverse form of this inequality which asserts that if the left side is
nontrivial relative to the right side, then the initial data must concentrate somewhere. Such
concentration will be detected by probing the solution with suitably scaled, translated, and

modulated test functions.

For A > 0 and (z¢,&) € T*R = R, x R, define the scaling and phase space translation

operators
Saf(z) = AV (W), w(wo, &) f(z) = @080 f (1 — z4).

Throughout this chapter, let ¢ denote a real, even Schwartz function ¢ € S(R) with ||¢||z2 =
(2m)~1/2, Tts phase space translate 7(zg, &) is localized in space near o and in frequency

near &.

Theorem 5.1.1. There exists § > 0 such that if 0 < & < ||U(t,0)f || o1 17xm) and || fllz2 <
A, then
sup (7 ()53, U(t,0) f)r2my| > Ce(5)”

2€T*R, 0<A<1, |¢|<1/2

for some constant C' depending on the seminorms in (5.5 and (5.6)).
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In Section [5.5] we use this to construct a linear profile decomposition via standard ar-

guments. It will follow essentially from repeatedly applying the following corollary. For

simplicity we state it assuming the potential is time-independent (so that U(t,0) = e~ ).

Corollary 5.1.2. Let {f,} C L*(R) be a sequence such that 0 < ¢ < ||€*itan||Lgx( _114R)

272

and ||fllzz < A for some constants A,e > 0. Then, after passing to a subsequence, there

exist a sequence of parameters
{Mnytny zn) e € (0,1] x [—1/2,1/2]) x T*R

and a function 0 # ¢ € L? such that,

Sylm(z) e f —~ ¢ in L7
Illee 2 e(5)° (5.8)
Further,
1falls = (1 fn = €7 (2) S0, 8115 = [[e™ 7 (2,) S, 0ll5 — 0. (5.9)

Proof. By Theorem m, there exist (A, tn, 2,) such that [(w(2,)Sx, ¢, e ™ )] = e(5)".

1

As the sequence Sy 'm(z,)"te7H f, is bounded in L?, it has a weak subsequential limit

¢ € L. Passing to this subsequence, we have
611> > 16, 6)] = i [(, 83 m(z0) e 0 £)] 2 e(5)”
To obtain , write the left side as
2Re((f, — e Hr(2,)S, 0, e n(2,),¢) = 2 Re((S;nlﬂ(zn)’le’””an — ¢, 0)) =0,
by the definition of ¢. O

The restriction to a compact time interval in the above statements is dictated by the

generality of our hypotheses. For a generic subquadratic potential, the Lf,m norm of a solution

170



need not be finite on R; x R,. For example, solutions to the harmonic oscillator V' = 22 are
periodic in time. However, the conclusions may be strengthened in some cases. In particular,

our methods specialize to the case V = 0 to yield

Theorem 5.1.3. If0 <e < |

itA
67f||ng(RxR) S fllze = A, then

sup  [(m(2)Sa,eE )] 2 e(5)°

2€T*R, A>0, teR

This yields the analogue of Corollary [5.1.2] which can be upgraded to a linear profile
decomposition for the 1d free particle as in the proof of Proposition [5.5.2 Such a profile

decomposition was obtained originally by Carles-Keraani [CK07] using different methods.

5.1.3 Ideas of proof

Let us first make a few reductions. We shall assume in the sequel that the initial data f is
Schwartz. This assumption will justify certain applications of Fubini’s theorem and may be
removed a posteriori by an approximation argument. Further, we prove the theorem with the
time interval [—1, 2] replaced by [—do, 8], where dy is to be chosen later (in Theorem

according to the seminorms M} of the potential. Indeed, the interval [—%, %] can then be

tiled by subintervals of length dq.

With these preliminary remarks out of the way, let us describe the main ideas of the proof
of Theorem [5.1.1] We want to locate the parameters describing a bubble of concentration in
the initial data. The relevant parameters in our setting are length scale \g, spatial center x,
frequency center &y, and a time parameter ¢y describing when the concentration occurs. Each
of those parameters is associated with a noncompact symmetry or approximate symmetry

of the Strichartz inequality. For instance, when V =0 or V = %xz, both sides of (5.7)) are

preserved by translations f +— f(- —x¢) and modulations f + ') f of the initial data (see

Lemma below).

The existing approaches to inverse Strichartz inequalities for the free particle can be very

roughly summarized as follows. First, one uses Fourier analysis to isolate a scale \g and
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frequency center &,. For example, Carles-Keraani prove in their Proposition 2.1 that for

some 1 < p < 2,

ito? 11,2 1/3
€% Pl ry Sp (590 12 fllvcn) 1 .

where J ranges over all intervals and f is the Fourier transform of f. Then one uses a
separate argument to determine zy and t3. This strategy ultimately relies on the fact that

the propagator for the free particle is diagonalized by the Fourier transform.

General Schrodinger operators do not enjoy that luxury as the momenta of particles
may vary with time and in a position-dependent manner. Thus it is natural to consider the
position and frequency parameters together. To this end, we use a wavepacket decomposition
as a partial substitute for the Fourier transform. Unlike the Fourier transform, however, the
wavepacket transform requires that one first choose a length scale. This is not so easy
because the Strichartz inequality which we are trying to invert has no intrinsic length
scale; the rescaling

F=e X280, 0< a1

preserves both sides of the inequality exactly V' = 0 and at least approximately for sub-

quadratic V such as the harmonic oscillator V' = |z|?.

The key ingredient that gets us started is a refinement of the Strichartz inequality in the
time variable due to Killip-Visan. Using a direct physical space argument, which we describe
in Section , they show that if u(¢,z) is a solution with nontrivial Lgm norm, then there
exists a time interval J such that u is large in L{,(J x R) for some ¢ < 6. Unlike the Lf
norm, the L{ , norm of the solution has a preferred length scale directly related to the width
of J. Having obtained a significant time ¢y and width Ay, we then use an interpolation and
rescaling argument to reduce matters to a refined L2 — Lﬁz estimate. This is then proved
using a wavepacket decomposition, integration by parts, and study of the Hamilton flow,

revealing the parameters xy and &, simultaneously.

This chapter is structured as follows. Section[5.2]collects some preliminary definitions and

lemmas. The heart of the argument is presented in Sections [5.3] and Finally, Section [5.5
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discusses the linear profile decomposition.

As the identification of a time interval works in any number of spatial dimensions, Sec-
tions andare written for a general subquadratic Schrodinger operator on R¢. However,
our subsequent reduction to L* relies on d = 1. A naive attempt to extend our argument to
higher dimensions would have us to prove a refined LP estimate for some 2 < p < 4, but our

techniques currently exploit the fact that 4 is an even integer.
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5.2 Preliminaries

5.2.1 Wavepackets

We briefly recall the (continuous) wavepacket decomposition; see for instance [Fol89]. Fix
a real, even Schwartz function ¢ € S(R?) with ||¢||;2 = (27)~%%. For f € L?*(R%) and
z=(r,§) € T*"R? = RY x R, define
Tf() = [ I — ) 1) dy = (.0
R

By taking the Fourier transform in the x variable, we get

fﬂvmfw—/ e — €)f(y) dy = D(n — €)f(n).

Rd
Thus T maps S(RY) — S(R?x RY) and is an isometry L2(R%) — L?(T*R?). The hypothesis

that 1 is even implies the adjoint formula

TR0 = [ ) d:
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and the inversion formula

f = T*Tf = <f, wz>L2(Rd)¢z dz.

T*Rd
5.2.2 Bicharacteristics

We collect here some relevant properties of the classical phase space flow for a subquadratic

potential.

Let V(t,z) satisfy 0"V (t,-) € L>®°(RY) for all k > 2, uniformly in ¢, and let ®(¢,s)
denote the (time-dependent) Hamiltonian flow on T*R? generated by the symbol h(t, z,£) =
+|€|? + V (¢, z). Note that this is well-defined for all s and ¢ since the Hamilton vector field
£0; — (0,V)0 is globally Lipschitz. For z = (,¢), write 2' = (2%(z2),&'(2)) = ®(¢,0)(2) for

the bicharacteristic starting at z.

Fix 2,z € T*R?. We obtain by integrating the vector field
t
= ol ==t 4 (= 5)(§ — ) — [ (t=D@V(raf) ~ AV (r.aD) dr

t

G- =& [ OV(rap) - oV(raD)dr

As |0,V (7, 2]) — 0.V (1, 27)| < |02V || < | — 27|, we have for [t — s| < 1
o = 41 < (1 — 23] + ¢ = sligs — €V,
66— & — (6 — DI < (It — slleg — a1l + |t — sPIgs — DOV el VI,
o — 2t — (0 — ) — (6 = 5)(6 — DI < (1t — 5Pl — 3] + |t — 5Pl — &G1)e 1o

In the sequel, we always assume that |t — s| < 1, and all implicit constants will depend on
02V or finitely many higher derivatives. We also remark that this time restriction may be

dropped if 9V = 0. The preceding computations immediately yield the following dynamical

consequences:

Lemma 5.2.1. Assume the preceding setup.

e There exists 6 > 0, depending on ||0?V ||, such that |t — s| < § implies
1

oo — a1 = (@5 = 27) = (t = $)(& = &) < 5 (126 — il + 1t = slI&5 — &))-
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Hence if |25 — 25| < r and C > 2, then |z — 2i| > Cr for 25 < |t —s| < 4.
1€6 &7

Informally, two particles colliding with sufficiently large relative velocity will interact

only once during a length 6 time interval.

o If|zg—xi| <, then

. 2Cr —
& — & — (& — &)l < mm<5, M)ornagvnmenamu
0 1

for all t such that |z — x| < Cr. That is, the relative velocity of two particles remains

essentially constant during an interaction.

The following technical lemma will be used in Section [5.4.2]

Lemma 5.2.2. There exists a constant C > 0 so that if Q, = (0,n) + [-1,1]** and r > 1,
then

U D(t,0)7H(2h +7Q,) C B(to,0)7 (2l + CrQ,).

|t—to|<min(|n|~*,1)

In other words, if the bicharacteristic 2! starting at z € T*R? passes through the cube
24 + rQ, in phase space during some time window |t — to] < |n|™!, then it must also pass

through the twice-larger cube z° + 2rQ), at time .

Proof. If 2 € 2§ + rQ,, then (5.2.2) and |t — s| < min(|p|~*, 1) imply that

2" — @] S |27 = g] + min([n| =, D(Inl +7) S,

6" =& — (&° = &)| < rmin(|n| 7, 1).

5.2.3 The Schrodinger propagator

In this section we collect some basic facts regarding the quantum propagator for subquadratic

potentials.
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Theorem 5.2.3 (Fujiwara [Fuj79, [Fuj80]). Let V(t,x) satisfy
My = |03V (t, @) |z + [V (t,2) | e nge gy < 00

for all k > 2. There exists a constant 6y > 0 such that for all 0 < |t — s| < 0 the propagator
Ul(t,s) for H=—3A+V(t,x) has Schwartz kernel

Ut s)(a.y) = (

1 2 .
—_— t z (t7s7x7y)

where for each m > 0 there is a constant ~,, > 0 such that

||a’(t757$7y) - 1HCm(Rngg) < Vm’t - S|2'

Moreover
|z —y|?

S(t,s,z,y) = 2= s)

+ (t —s)r(t,s, x,y),
with
|0.7] + |0yr| < C(Ma)(1 + 2] + |yl),

and for each multindexr o with || > 2, the quantity
Co = ||a;x,y7ﬂ(t’ S, ')”LOO

is finite. The map U(t,s) : S(RY) — S(RY) is a topological isomorphism, and all implicit

constants depend on finitely many seminorms Mj,.

Definition 5.2.1. A pair of exponents (g, r) is (Schrodinger)-admissible if (¢, 7, d) # (2, 00, 2),

2 d _ d
2§q§oo,anda+;—§

Corollary 5.2.4 (Dispersive and Strichartz estimates). If V' satisfies the hypotheses of the

previous theorem, then U(t,s) admits the fized-time bounds
UL, )| 1y ety rooray S [t — s|742

whenever |t — s| < dg. For any compact time interval I and any admissible exponents (q,r),
WU, ) fllLarixrey Stllfll2may-
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Proof. Tt follows from the general machinery of Keel-Tao [KT98], the above pointwise bound
for U(t, s), and the unitarity of U(t,s) on L? that for any fixed s,

1O, ) fll gy qe-si<soyxrey S 1f 122

If I = [T, T}] is a general time interval, partition it into subintervals [¢;_1,%;] of length at

most dy. For each such subinterval we can write U(t,s) = U(¢t,t;_1)U(tj_1,s), so

U ) fll gty b1 xra) S WU G2, 8) f [z = 1 2

The corollary follows from summing over the subintervals. O]

Recall that solutions to the free particle equation i0,u = —%Au, u(0) = ¢ transform

according to the following rule with respect to phase space translations of the initial data:

itA

2 ¢)(x — w0 — t&H). (5.10)

itA

e (20, &) () = =00t

Physically, 7(zo,&o)¢ represents the state of a quantum particle with position zy and mo-

mentum &. The above relation states that the time evolution of m(zg, &)@ in the absence of

a potential oscillates in space and time at frequency &, and —%|§0|2, respectively, and tracks

the classical trajectory t — xg + t&o.

In the presence of a potential, the time evolution of such modified initial data admits a

more complicated but structurally similar description:
Lemma 5.2.5. If U(t, s) is the propagator for H = —%A + V(t,x), then

Ut s)m(20)p(x) = ele—bIes 12 ISPV drl gy o)z — )
= elteD (U (t, 5)p(x),

where
t
alt.s2) = [ HIGP = Virap)dr

is the classical action, U (t, s) is the propagator for H*® = —1A + V=(t, z),
Vo(tx) =Vt ag +2) = V(t,25) — 20,V (t,25) = (z, Q)
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where
1
Ot 7) :/ (1= 0)32V (¢, 2 + O) db),
0
and zh = (2§, &) is the trajectory of zo under the Hamiltonian flow of the symbol h = 1[€|* +

V(t,z). The propagator U*(t,s) is continuous on S(R?) uniformly in 2o and |t — s| < &.

Proof. The formula for U(t, s)m(z§)¢ is verified by direct computation. To obtain the last
statement, we notice that ||0*V || = |08V 1~ for k > 2, and appeal to the last part of
Theorem [£.2.3 O

Remarks. e This reduces to when V' = 0 and also yields analogous relations when
V' is a polynomial of degree at most 2. When V' = Ex is the potential for a constant
electric field, we recover the well-known Avron-Herbst formula by setting zg = 0 (hence
V# =0). For V. => ; wjxj2 we get the “phase space translation” symmetry mentioned

in the introduction.

e Direct computation shows that the above identity extends to semilinear equations of

the form

1
10 = (—§A + V)u + |ulPu.
That is, if u is the solution with w(0) = m(z)v, then
u(t) = €5 O Ta(zfu (1)
where u,, solves
: 1 .
104U, = (_QA + VAV gy + |z [Pz, us(0) = 1,
with the potential V*0 defined as above.

e One can combine this lemma with a wavepacket decomposition to represent a solution

U(t,0)f as a sum of wavepackets

U(t7 O)f = <f7 wzo>U<t7 O) (¢ZO) dan

z0€T*RA
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where the oscillation of each wavepacket U(t,0)(1),,) is largely captured in the phase

t
1
@=ah)ss+ | Sl - Viragar

Our arguments will make essential use of this information. Analogous wavepacket
representations have been constructed by Koch and Tataru [KT05, Theorem 4.3] for a

broad class of pseudodifferential operators.

5.3 Locating a length scale

In this section we present an unpublished argument of Killip-Visan that identifies both a
characteristic length and a temporal center for our sought-after bubble of concentration.
Recall that the usual TT* proof of the nonendpoint Strichartz inequality combines the dis-
persive estimate with the Hardy-Littlewood-Sobolev inequality in time. By using instead
an inverse HLS inequality, one can locate a time interval on which the solution is large in a

non-admissible spacetime norm.

Proposition 5.3.1. Let (q,7) be admissible with 2 < g < oo, and suppose u = U(t,0)f
solves

iu = (—3A+V)u, u(0) = f € L*(RY)

with || fll 2mey = 1 and |[ul| Lapr (—s,.6]xre) = €, where g is the constant from Theorem .

Then there is a time interval J C [—do, &) such that

+ 4(q+2)

1
il g5y 2 705

Remark. That this estimate singles out a special length is easiest to see when V' = 0.
For A > 0, let fy = A™%2f(A7!) be a rescaling of some fixed f € L?, and let uy(t,z) =
A2 (A2, A" 1z) = €% (fy) be their linear evolutions (here u := u;). Both sides of the
Strichartz inequality

lurllzgry S [fxlle2

remain constant as \ varies.
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We claim (supposing for example that J = [0, 1] in the lemma)
Hu)\HLg_lL;([OJ]XRd) —0asA—0

Indeed, as ||ul|popr mxrey S || fllz2 < 0o, for each n > 0 there exists T' > 0 so that (suppress-

ing the region of integration in x) |lul|ze 1y (> < 7. Then

lurllza=r o,y = Nall o= g o pemy + 1uall g1y oz
1
< (N*T) @D lull Loy ooy + lluall Loy ey
< (XT3 ful| oy + 7,
which yields the claim. Thus, a lower bound on ||u, || 191 L7 ((o,1]) 18 incompatible with concen-

tration of the solution at arbitrarily small scales. Similar considerations preclude A — oco.

To prove the proposition we shall use the following inverse Hardy-Littlewood-Sobolev
inequality. For 0 < s < d, denote by I;f(z) = (|D|~*f)(z) = ¢sa fRd T Y dy the fractional

integration operator.

Lemma 5.3.2 (Inverse HLS). For 1 <p <oo and 0 < s < d/p,

s(d—ps)

—i—s(’as1 d(ds)
L 1 P C o
szps

where the sup 1s taken over all balls.

Proof. We use a variant of the usual proof of the HLS inequality due to Hedberg [Hed72];
see also [Ste93, §VIIL.4.2]. Let

5 = sup |B|i1/ F) dy < [1f]lr-
B B

For r; < ry to be fixed shortly, decompose the integral as

’y| |y\<r1 T1<|y|<7"2 iz

d— S—
SriMf(x) + or5r, z + 7y p”fHLP’
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where M f is the Hardy-Littlewood maximal function and Holder was used to estimate the

second and third integrals. Choosing r; and ry to equate the terms, we find that

(:_f)dfs _ HJ;IIp’ Ty = (Mi)g(lllg\\p)d_s

~

which yields the pointwise bound

ps s(p= 1)

L(f) < 0% MR £

The conclusion follows. O]

Proof of Proposition [5.3.1 Define the map T : L2 — LIL" by Tf(t) = U(t,0)f, which by
Corollary [5.2.4]is continuous. By duality, e < [Jul| sz, implies e < [|T%¢]|zz, where

1
|u\7“—1 lu()IZ;

@7 Nl ,,

T*gb:/U(O,s)qS(s) ds

By the dispersive estimate of Corollary [5.2.4]

o=

satisfies ||| =1, and

!
q !
LY Ly

LS TT ) = (0. TT 0 = [ 60U )0(s) dndsar £ [ % dsdt,

where G(t) = [[¢(?)[|,». Writing the last term as HISGH%%, where s = 5 — % = & — 3, and

1
2
appealing to the previous lemma with p = ¢/, we can bound the above by

)
)

a'(

(Sng\’”qHGHLlu)l (

.n\‘,_.
l\.’)\ =

n\‘H
S

a(g—2)
(Sup ‘J| 1/qHUHLqLT HUHLQ ILT(JXR)) Ha-D)a+2),

Upon rearranging, we get

__ 1 (1+ 4(q+2))
Sl}p | J| D ”UHLg*lL;(JxR) Z e a@
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5.4 A refined L* estimate

5.4.1 Reduction to L*

Now we specialize to the one-dimensional setting d = 1, and apply Proposition to the

Strichartz pair

wn=(B22)

determined by the conditions % + % = % and g —1=r.

Corollary 5.4.1. With (q,r) as above, choose

D=
|
Q=

<0 <1.

=
|
Q=

Suppose
e=[[U(t,0)fllzs . (—sob01xm) S [[fll22 = A.

Then there exists a time interval J such that

4(q+2) )

1 e\ laqdat
”U(t’o)fHLg’ng(JxR) > AlJ|a@D <Z)9 a(a=2)/

Proof. Let (qo,r0) be any Strichartz pair with 4 < ¢ < 6. Then with

we have
e < U 0) g, < NUE0)F Il 01U 0) 75, S AU 0)f N7,
The claim now follows from the previous lemma. O]
Let J = [to — A%, to + A?] be the interval from the above corollary, and set
u(t,z) = NV 2u\(A 2 (t — to), A\ L),
where uy solves
10Uy = (—%8:% + Vy)uy =0, up(0,2) = Al/Qu(to, AT).
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and V) (¢, z) = N2V (to+ A\2t, Az) also satisfies the hypotheses (5.5)) and (5.6]) for all 0 < A < 1.
By the corollary and a change of variables,

4(q+2
) %(1+ qEZ*Q; )

HUAHLg;l([—m}xR) 2 Al

As 4 < ¢g—1 < 6, Theorem will follow by interpolating between the L2 — Lf,
Strichartz estimate and the following refined L? — L{, estimate. Recall that ¢ is the test

function fixed in the introduction.

Proposition 5.4.2. Let V' be a potential satisfying the hypotheses (5.5)) and (5.6). Then
there ezists g > 0 (depending on the seminorms in (5.5))) so that if n(t) is a bump function

vanishing when |t| > 0y then

1OV (&, 0) Il nieyazary S [1LF1I2~7 sup [, )17

for some absolute constant 0 < 5 < 1.

5.4.2 Proof of Proposition [5.4.2

We fix the potential V' and drop the subscript V' from the propagator. Assuming the setup

of the proposition, we decompose f into wavepackets f = fT*R< f, ), dz, and expand the

L* norm:
4
1U(t, O)ingw < /(T*R)4 K (21, 22, 23, 24) Jl_[l (f, ¢ZJ>| dzydzodzzdzy,
where
K = [{U(t,0) (4=, )U(, 0)(40z), U(E, 0) (40 )U (8, 0) (¥02)) 12 (mt) vy |- (5.11)

There is no difficulty with interchanging the order of integration as f was assumed to be

Schwartz.

Proposition 5.4.3. For some 0 < 0 < 1 the kernel
K (21, 22, 23, 24) max({z; — 23)°, (25 — 24)?)

is bounded as a map on L*(T*R x T*R).
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We defer the proof for the moment and observe how this proposition implies the previous

one. Writing a, = |(f,.)|, we have
1/2 1/2
U, 0)fl7: < (/ a? a’ (2 — z)7% ledZQ> (/ a’ a? d23dz4>
(TR TRr2
1/2
S ([ b (o= ) ¥ dead)
( *R)Q

By Young’s inequality, the convolution kernel k(z1, 22) = (21 — 29) 2’ is bounded from L? to

LY for some p € (1,2), and the integral on the right is bounded by

2/p /
(/ a’® dz) < Hf||4L/2p sup a/?’.
T*R z
This yields the desired estimate

1 1 1
212

U 0)flles S NFN72 ™ supa””.
Thus it remains to prove Proposition [5.4.3] By Lemma [5.2.5

U(t,0)(v,)(x) = €U (t, 0)¥(z — ),

where
t
1 T T
o(t.a) = (= )6+ [ SIETE = Vira)dr

and Uj is the propagator for H; = —192 4 V;(t, z), where
1
Vi(t,z) = x2/ (1 — )2V (t, 2} + sx) ds, (5.12)
0
and the envelopes Uj(t,0)i(x — x) concentrate along the classical trajectories ¢ +— x%:
|8§Uj(t70)¢(x—x§)| SkN (x—xé)‘N. (5.13)
The kernel K thus admits the crude bound
4
K@) S [Tl =)™ nerdodt S max((es - 22, = 22)
j=1
and Proposition [5.4.3| will follow from
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Proposition 5.4.4. For § > 0 sufficiently small the kernel K'~° is bounded on L*(T*R x
T*R).

Proof. We partition the 4-particle phase space (T*R)* according to the degree of interaction

between the particles. Define

Ey={Z€ (T*R)* : mi LT <1
o={7€ (T"R) ‘gggrggzlwk rp| <1}

E,={Z¢c (T*R)*: 2" < min max |2}, — z%,| < 2™}, m > 1,
[t|<d0 kK’

and decompose

K=Kl +» Klg, =Ko+ Y K.

m>1 m2>1

Then
K7 =K"+) K,

m>1

Heuristically, the K term corresponds to the 4-tuples of wavepackets that all collide at some

time ¢ € [—dg,dp]. Due to the rapid decay in (5.13), this will be the dominant term. We
shall show that for any N > 0,

1Kl esre Sy 27, (5.14)
which immediately implies the proposition upon summing in m. In turn, this will be a
consequence of the following pointwise bound:

Lemma 5.4.5. For each m and Z € E,,, let t(Z) be a time wilnessing the minimum in the

definition of E,,. Then for any Ny, Ny > 0,

|Km(5)| §N1,N2 27le

(@7 +67 - - 14169 - 671 +167 - &7
Z Z 2 20 Fi 2 z 2 2)
1+ |69 — ) 416 — P (69 — D)2 — (6D — )]

X min(

This will be proved below. For the moment, let us use it to deduce (5.14)). By Schur’s

test, it will suffice to show that

/Km(zl, 29, 23, 24) 0 dzydzg + /Km(zl, %9, 73, 24) 0 dzgdzy Sy 27™N. (5.15)
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We estimate just the first integral as the second is handled similarly.

Fix (23, z4) in the image of the projection E,, C (T*R)* — T*R., X T*R,,, and let
E(23,24) = {(21, 22) € (T*R)? : (21, 20, 23, 21) € B}

Choose t; minimizing |25 — ' |; the definition of E,, implies that |z — 2| < 2™.

Suppose (z1, 22) € Ey(23,24). By Lemma [5.2.1] any “collision time” #(zy, 29, 23, z4) must

belong to the interval
. 2m
I = {t € [=do, 0] : |t —t1] S mln(l, ﬁ>},
&' — &4

and for such t,
. - 22m
€ — € (& — &)l S min(27, ).
&' — &4

The contribution of each (z1,23) € FE,,(23,24) to the integral (5.15) will depend on their
relative momenta at the collision time. We now organize E,, (21, 22) accordingly.

Write Q¢ = (0,&) + [—1,1]* € T*R, and denote by ®(¢,s) the classical propagator for
the Hamiltonian

1
= SIEP +V(t, ).

Using the shorthand z* = ®(¢,0)(z), define for puy, us

2L+ 2 2t 4 2
Zyoe = | J(@(t,0) @ ®(t,0)) (%—1—2’”Qm)x(32 4+2mQM>,

tel
where ®(¢,0) @ ®(t,0)(z1, 22) = (24, 24) is the product flow on T*R x T*R.. These correspond
to the wavepackets (z1, z2) with momenta (u1, p2) relative to the wavepackets (z3, z4) at the
time of interaction. We have
237 Z4 U H1,12
H1,12€Z

Lemma 5.4.6. |7, ,,| < 2*"max(|u1l, |ua])|I|, where | - | on the left denotes Lebesgue

measure on (T*R)?.
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Proof. Without loss assume |p;| > |u2|. Partition the interval I into subintervals of width

|| 71, For each ¢ in the partition, Lemma implies that

t t t’ t/
U @0 (% + 2mQM) Co(t,0)! (M + szQm>

- :
(%5t 2 1 Z§I+ZZ
) 0" (T + 2mQu2> co(t,0) (T + szQm),
e
hence
-1 Zé + Zfl m Zé + Zfl m
U @eoeero) (2574270 ) x (57 +27Q.)

jt—t/| <]y |-
t/ t/ t’ t’
C (®(1,0) @ B(F,0))" (% +C2"Q) % (% +C2"Q,,).

By Liouville’s theorem, the right side has measure O(2%") in (T*R)?. The claim follows by

summing over the partition. O

For each (z1, 22) € Enn(23,24) N Zy, 4y, suppose ¢ in [ is such that 2} € @ +2"Q,,;. As

o G +&
éjz 32 4

+ u; + o@2m), j=1,2,
the second assertion of Lemma [5.2.1 implies that

§7+67 67 -6 =+ + 00"

&(z) _ g(Z) = 1 — p2 +O(27),
hence by Lemma [5.4.5

|Km| SJN 2—3mN

Xmin( (1 + pip + O(2m)) N 1+ |y — po| + |65 — &'+ O(2™) )
U [l = piol + 165" = €81+ 0™ (11 — )2 — (€5 — €)% + O(22m)°
-N . t1 ¢t
<n 2(57N)mmin< (p1 + pa) M ’1+|u1 po| + €5 42!>
L | — po] + 163 — &4 |(/L1—/L2)2—(§3—f4)2}

Applying Lemma [5.4.6] writing max(|p1], |p2]) < |1 + po| + |1 — p2|, and absorbing
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|t + p2| into the factor (uy + po) ™V

/Km(21,22723724)1_6d21d22 < Z /Km(zl,ZQ,23,24)1_512H1,#2(2’1722)ledzz

Y

p1,u2€Z
< Y 2_mNmin< (pr + p2) ™™ L+ | — o + 165" — fﬁ|>1—51+|u1—u2|
~ t t11? 2 t t1]°
= L+ [ — po] + |63 — &' |(,u1 — p2)? — (& — 54)2| L+ & — &

When |11 — 12| < 1, we choose the term in the minimum to see that the sum is of size 27,

Hence we may restrict attention to the terms where |p; — po| > 1.

When [y — pa| > 2|€5 — €7}, the above expression is bounded by

1 1-5
Z 27N min((ul + o), 2) S 27
H1,u2€Z “'U’l_’u2|+1|

Otherwise, one has the bound

N A (R 1 1-0 —mN
Z 2 m1n<1+| — 1|’ ty ty 2) Sn 2 ’
P b2l | = pe| — 165 — €7

p1,u2€Z

Therefore
/Km(Zh 29,23, 24) 0dzdzy Sy 27,
and the same considerations apply with the roles of (21, 22) and (z3, z4) reversed. The esti-

mate (5.14) now follows from Schur’s test. Modulo Lemma [5.4.5 this completes the proof
of Proposition [5.4.4] O

5.4.3 Proof of Lemma [5.4.5|

Note that from (5.13)) and the definition of E,, one immediately gets the cheap bound
|Kin(2)] Sw 27

However one can often do better by exploiting how the wavepackets oscillate in space and
time. As the argument is essentially the same for all m, we shall for simplicity take m = 0

in the sequel.

Suppose that ¢(Z) = 0. By Lemma [5.2.5]

Ko(9) = | / e [Tt 000w — o) ey,
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4 _
where 0 = (+,+, —, =), [[;2, ¢; = 126324, and

o= Zaj [(m — z3)6 + /0 %lfﬂQ —V(t,z}) dT].
J

To save space we abbreviate U;(t,0) as U;.

Let 1 = 0y + Zzz1 0, be a partition of unity such that 6y is supported in the unit ball
and 6, is supported in the annulus {27! < |z| < 2°*1}. Also choose x € C5° equal to 1 on

|z| < 8. Further decompose K, < ZZKg, where

Kg: ‘/ e’ H Uith(xz — 25)0;, (¢ — 2%) n(t)dxdt

Fix E_: and write ¢* = max/;. By Lemma m, the integrand is nonzero only in the
spacetime region

{(t,2) « 1t] S min(1, mde—g), o — o] S 21, (5.16)

? max |£;—&k|
and for all £ subject to the above restriction we have
22Z*

t_pt <ot et el <min(2f ——
|.ZC xklr\/ ) |§j é.]lelrl( 7max|§j_€k|

J

). (5.17)

We estimate K| g using integration by parts. The relevant derivatives of the phase function

are

0,0 => o;¢l, 9} =0,
J
-0, P = Z o;h(t, ) + Z oj(x — 25)0,V (L, x5).
J J

Integrating by parts repeatedly in z yields, for any N > 0,

KL <y / et ¢h— g — &N |oN TT Uph(e — ), (2 — at) | n(t)ddt

27N+ - & — &)Y
1+ & — &+ &5 — &4

where we have used ((5.17) to replace & + € — &8 — &8 with & + & — & — & + O(2Y).

(5.18)

~N

One can also use other vector fields besides 0,. A naive choice might be J;, but better

decay can be obtained by accounting for the bulk motion of the wavepackets in addition to
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the phase. If one pretends that the envelope Uj(z — %) & " ¢(x —x}) is simply transported

along the classical trajectory, then

(00 + &0 Up(a — 2))“ &7 = (=& + §)¢/ (x — 25) = 0.
In view of this heuristic, we introduce a vector field adapted to the average bicharacteristic
for the four wavepackets. This will be most effective when the wavepackets all follow nearby
bicharacteristics; when they are far apart in phase space, we can exploit the strong spatial

localization and the fact that two wavepackets widely separated in momentum will interact

only for a short time.

Define

»-lkIH

7-iTH i

;ZF—FE]'» £§:§+§]

8

The variables (Ejﬁj) describe the bicharacteristic for the jth wavepacket relative to the

average (zf,£%). We have
225*

d *
Sttt ety — _ in(9F
57 =€ = Otmax g = &) = 0|6 — &+ min(2”, )
d 1
& = 428331/(75@2) 0,V (t, ")
(5.19)
1 1
=Z§:m¢—mp 02V (t, (1 — )z} + 0x},) df)]
L 0
=0(2")
Note that
max |zt ~ max |z} — 2f|, max|€f| ~ max |¢! — & (5.20)
j gk Y j J gk Y

Consider the operator

D = 0, + £0,.
Then
_DQZZgjh( —|—ZO'] x—a:)(?V(ta:) ftf]
1 _
=3 Z o, €612 + Z o (V(t,25) + (x — 25) 9,V (¢, 25)].
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This is more transparent when expressed in the relative variables 7; and Ej. Each term in
the second sum can be written as

V(t, o' + 3t5) + (x — 2})0,V (t, 2" + a;)

= V(t,xt + 2t;) — V(t,2%) — 2,0,V (t, 27)

+ V(t,at) + 280,V (t,2%) + (x — 2})0,V (t, x7)

+ (@ — 2)(0:V (t, 2! + 2¥5) — 9,V (t,27))

=VZ(t,2%) + V(t,2") + (z — 22)0,VZ(5%)) + (x — %) 0, V (L, 2Y),

where
— —_— —_— —_— 1 JR—
V(t,x) =V(t,at +x) — V(t,at) — 20,V (t,2t) = 332/ (1 —8)02V (¢, 2t + sx)ds. (5.21)
0
The terms without the subscript j cancel upon summing, and we obtain
L= E P Z(p L
— D =) 056517+ ) os[Vt2%) + (z — 2§)0:VE (7)), (5.22)

Thus, the contribution to D® from V' depends essentially only on the relative displacements

zl — xf; by (6.16), (5.17), and (5.20)), the second sum is at most O(2%").
Note also that
(€)% = (&))" +0(2*"),
as can be seen via , the fundamental theorem of calculus, and the time restriction

(5.16)). It follows that if
> (C - 2% (5.23)

‘Z gj (Ej)2
J
for some large constant C' > 0, then on the support of the integrand

D8] 2 [ 0,60 = 5| € + 8 ~ G+ EP + @ B~ & -
j (5.24)

)

2 16— & — 16 — &P

where the last inequality follows from the fact that & + &, 4+ &; +&, = 0.
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The second derivative of the phase is
— 1
_D2Q):Zaj§tj(128m‘/(t,xk — 9,V (t,x}) —l—Zajx—x VEOZV (¢, 2)

+§tZoJ8Vtx —i—Zajat (:U—:c)at(?V( )]
= S0Vt .05 S
k

+ > o5V (tal) + (& = 25)00,V (8, 2] + & Y 0,0,V (t, 7)) + (x — )V (¢, aF)].

We rewrite the last two sums as before to obtain
— 1
2F
—DCD_Zijtj(ZzaxV(t,xk — 0,V (t,x5) —l—ZaJx—x )ELOZV (¢, 2t)

+ 3 g l@V () + (2 — 2400V )t 77,)] (5.25)
+ 8 o0V (%) + (v — ) 0. (. V )P (L, 275)],
where
(OV)(t,z) = 2* /1(1 — 8)020,V (t, 2 + sx) ds

1

OVt 7) = a2 / (1= )0V (¢, + sz) ds.

0

Assume that - holds. Write e'® 7 D‘W - De'® and integrate by parts to get

K< \/ i® DCD oy L1 Uvte = 2o, (e =) (t)drdt|

+‘/ D<I>
‘/ @DCI)
‘/ @chp

+ ‘/ D<I> DQHUJ¢ 25)00,(z — xh) (t)dxdt‘

=1+11+1I1.

(= 2y, (x — 2t) 7 (t)d:cdt(

(x — )0y, (x — 2ty (t)dxdt‘

i — x5)0y, (x — x%) n( da:dt’

Note that after the first integration by parts, we only repeat the procedure for the second

term. The point of this is to avoid higher derivatives of ®, which may be unacceptably large

due to factors of £°.
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Consider first the contribution from I. Write I < I, + I, + I.., where 1, I, I. correspond
respectively to the first, second, and third lines in the expression (5.25]) for D?*®.

In view of (|5.13|) (5.17), (5.19), and ((5.24)), we have
273,161 H xt
< —L; N

22°(1 +Z |§ \ 96Ny —
t)dxd
TG - &) - /H 2£ ) e

< Q—E*N_<£1+62_53_€4>+‘51_62’4"53—64" 1
- (61— &)2 - (& — &)2° 1+ 16— &+ [& — &'

where we have observed that

Zrar~ Zw )2 (6 4+ 6P+ — Gl + G+ & + (& — &)

Sl&+8& =& — &l + 16 — & +186 — &l
Similarly,
* t
I, < % 1:[ Q’Zij<$ ;@%) n(t)dxdt
=N 1
(€ -&r— (-2l 1+la-al+la-al
To estimate I., use the decay hypothesis |03V] < (x) 717 to obtain

22[* ft t

0,02 /th“xt 15d$)H2” (52 ) nit)dedt

Q—t*N o B
S L (yt t \—1l—¢
S -G - (& &) /0 Z /| BT 7)1 atds,

The integral on the right is estimated in the following technical lemma.

<

~

Lemma 5.4.7.
/ / €| (2t + sat,) 71 dtds = 02397,
[t|<do

Proof. It will be convenient to replace the average bicharacteristic (xf, £¢) with the ray (Z, Et)

starting from the average initial data. We claim that
77—+ [ - T =002")
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during the relevant ¢, for Hamilton’s equations imply that

-7 = — / t—T( Z@VTa:k axV(T,ET))dT
:_/Ot@—f)(i Z(ﬂ+F—zf)/la§wr,f+s(x;—f))ds) dr

k

and we can invoke Gronwall. Similar considerations yield the bound for |€¢ — Et] As also

xt; = 0(2"), we are reduced to showing
/ €@ = dt = O(1). (5.26)
[t|<do

Integrating the ODE
t t

T=C, 4¢=-9,V(,7),

&=

yields the estimates
T -7 — (t—s)E| < Clt—sPP(L+ 2] + [(t — 5)E])
€ — & < Clt — 5|1+ [7°] + |(t = $)E))

for some constant C' depending on sup, |0,V (¢,0)|. By subdividing the time interval [—dy, do]
if necessary, we may assume in (5.26) that (1 + C)[t| < 1/10.

Consider separately the cases |Z| < |£| and |Z| > |€|. When |Z| < |€],
— _t —
20¢] > €] > [¢] - 751+ 21¢]) > 5[]

(assuming as we may that |£| > 1), the bound (5.26)) follows from the change of variables
y =" If [z] > [¢], then [Z| > 1|z, |§t| < 2|z|, which also yields the desired bound. O

Returning to /., we conclude that

] < 2—Z*N
CN (6 — &) — (& — €2
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Overall

(G +&—&—&)
(& — &2)% — (& — &)?)*

I<I,+L+I.5Sy27"Y

For 11, we have
D[Ujip(x — })] = —iH;Uyp(x — x}) — €,0,Up(a — ) (5.27)

and estimating as in /,

1+, 1] ID*®| 17 _en asg
1S e ar e e/ [pap 12 (Sgn ) ndodt

<y 26*N(<§1 +6o -G-8 +HG &l +16 - |> (& +6—&—&)
~ (& — &) — (& — &4)? (& —&)% — (& — &a)?*

It remains to consider /1. The derivatives can distribute in various ways:

|

III§W</\D2 U1 Hsz/Jx—x Hezk 2t )| dudt

+ / D[U(x — 2)| D[Uap( — 3)] H Upp(x — af) H s, (z — f)n| dadt
7=3 k=1 (5.28)

—l—/DHUJw x—a: DHnga:—:ck n‘da:dt

+/HU]¢ v —a DQH% rh)n| ddt ).

where the first two terms represent sums over the appropriate permutations of indices.

We focus on the terms involving double derivatives of U; as the other terms can be dealt

with as in the estimate for 7. From (5.27)),

D*[Ujp(x — x3)] = —i0,Vj(t, o — a)Up(ax — ﬁ) + (H;)*Uyip(x — )
+ 2i€8,0, H;Ujp(x Zavwk — 0,V (t,2"))9,Ujtb(z — )

+ (65205050 (w — ).
(5.29)
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Recalling from ([5.12)) that
1 1
oV(t,x) =x [gt/ (1-— s)@i’V(m§- + sx)ds +/ (1-— 3)@83V(t,x§- + sz) ds],
0 0

it follows that

/

1
sz [[ [ 160 vaieat + st - o)) ds
0
1 x —at
+ / 0,02V (t, x + s(x — 2)) ds] H Q%JNX(T']) ndxdt
0 :

J

4 4
OVi(t,x — ) Uph(x — oY) H Uip(x — ) H O, (x — )| n(t)dxdt
j=2 k=1

—0*N
277,

where the terms involving 92V are handled as in I. above. Also, from (5.13) and (5.17)),

4

/‘ 51 V22U (7 — o HU]@/J T — H@Zk ‘ t)dzdt

N 25N(+mw
1416 — &f + |6 — &4
The intermediate terms in ([5.29)) and the other terms in the the expansion ({5.28)) yield similar

upper bounds. We conclude overall that

117

. 1 1+, 1¢0)?
< *N J 1>
o <’(§1 — &) — (& —&)P " (61— &) — (& — &) 1+ & — &l + 16— f4\)>
< 274*1\7( 1 n (& +8 — & —&)° + (16 — &l + 16— &l)? )
~ (6 =& = (G —&°P |l -k — & &l 1+ 16 — &l + & — &)

en(G+ & — & — &)+ & — &l + 16 — &l
|(&1 = &2)% — (&3 — &)?? '

Note also that in each of the integrals I, I, and 111 we may integrate by parts in x to

<2

obtain arbitrarily many factors of |& + & — & — &|™'. All instances of (&, + & — & — &) in
the above estimates may therefore be replaced by 1
Combining I, I1, and I11, we obtain under the hypothesis (5.23])

7 _eon 146 — &)+ |6 — &
|KZ|§ 2€N _
N TP S L
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In general,

i N L+ |& — & + 63 —
G S 27 min (1, & fﬂ L ii) (5.30)
(61— &)2 = (& — &)?
Combining this with ([5.18]),
7 _p* . _ 1 + - + -
Kol Sy, 270 m1n<<§1 +&—&— &), 61 =&l e — &l ) (5.31)

(& — &)2 — (& — &)

for any Ny, Ny > 0. Lemma now follows from summing in 7, at least when () = 0.

For general £(Z), use Lemma to write

U(t,0)¢., = U(t, t()U(H(2),0)(4,) = U(t,1(2))e @001 (VU= (1(2), 0)

. ()
_ eza(t,O,zj)W<Z§)Uz; (t, t(g))¢t(2),ja

where
Uiz, = U (1(2), 0)¢

is bounded in S(R) uniformly in z; and ¢(Z), and where we have used the additivity of the

action
a(t,s, z°) + a(s,0,2) = a(t, 0, 2).

The argument then proceeds analogously as before.

5.5 An L? Linear Profile Decomposition

In this discussion we assume for simplicity that V' = V(x) is time-independent and satisfies
hypotheses (5.5) and (5.6). The propagator is then a one-parameter unitary group e .

Let &g be the constant from Theorem |5.2.3, so that the dispersive estimate

le ™ | iy rom) S |12

holds for all |t| < dy. All spacetime norms in this section will be taken over the time interval

[—d0, 6o)-
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Given a bounded sequence { f,,},, C L?, we can apply Corollary inductively to obtain
a full profile decomposition. But first we introduce some systematic (and standard) notation

and terminology.

e A frame is a sequence {(\,,tn, 2z,)} C (0,1] x [—dp, do] X T*R. .

e Two frames (M, 7 2) and (A, ¢k 2%) are orthogonal if

PYAND L

oo 07 )1 — 2]+ L ()% = 2Dl + s ()% = 2))] = o0

Here sy (z,&) = (A "1x, A) is a (volume-preserving) rescaling of phase space, and ¢ — 2!

is the bicharacteristic starting at z.

e Two frames (N, 7, 27) and (\F tE 2*) are equivalent if the following limits exist as

n»“nr ~n n’»'n’~n

n — o0:

Y L

n

k
n

!/

53 ()5 = 28) o 20, sy ()00 — 20) — 2L

If two frames are not orthogonal, then they are equivalent after passing to a subse-

quence.

Lemma 5.5.1. Let IV = (Mt 27) and TF = (\E t5 2F) be two frames, and denote by

n'¥nr “n n»“nr~n
n=m(2)S, g =m(2)8
Gp =7(2)S,  Gn = T(25) Sk
the associated symmetry operators on L?.

(a) If TV and T'* are equivalent, then after passing to a subsequence
ithH k\—1 il H j

(" gy) e gl

converges strongly in L2.
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(b) If T9 and T* are orthogonal, then
("t gkyTlettatl gl ap) — 0
for all ¢, ¢ in L2.

Proof. Write t, =% — /. Then by Lemma [5.2.5 and the identity 7(z)Sx = Sxm(sx(2)),
(gF)ytemitnH gl — S/\_,;W(—ZS)Q_H"HW(Z%)SAZL
= 0 G sy () = Z)UT (M), 0)
= €ianSn7TnUn7

where U7 (t, 5) is the propagator for the Hamiltonian with potential (A )2V ()24, N ).

(a) Equivalence of the frames implies that S,,, m,, and U, all converge strongly, while the

phase e’ is bounded.

(b) By continuity, it suffices to prove the claim with ¢ and ¢ Schwartz. Suppose first that
both (M)~2t, and (A\¥)~2t, diverge to infinity. Assuming without loss that A > \F/

the dispersive estimate yields
(e gi0, )] S 1tal 20 2020191l < Mltal 2 llglh 190l — 0.

Suppose now that (M )~2t, stays bounded; if sup,, |(A¥)7%t,| < oo, the same following
considerations apply after taking adjoints. By Lemma[5.2.5] the operators U,, are uni-
formly continuous on S(R.), so for fixed Schwartz ¢ the sequence {U,,¢},, is precompact
in L2. If (AF)=IN — {0, 00}, then 7,15 1¢ converges weakly to zero as it becomes
increasingly concentrated or dispersed. If on the other hand (AF)~'M — A\ € (0, 00),
then also (AF)=2t, — ¢/, and inequivalence implies that, after interchanging j and k

if necessary,

s ((28)" "% = 28)] = oo,

Hence m, — 0 weakly on L?, and
((gn) " g, ) = (" muUnd, S 00) — 0
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since S 1 converges strongly and {U,¢}, is precompact.

O

Proposition 5.5.2. Suppose {f,} C L*(R) is bounded. Then, after passing to a subse-
quence, there exist J* € {0,1,...,} U {oo}, functions ¢ € L*(R), mutually orthogonal
frames T9 = {(N, ] 29)}, and for every finite J < J* a sequence 1, which obey the follow-

mg properties:

For each finite J < J*,

J J
. . . . .
fa= D n(:) Sy o+l =3 e giel 4.
j=1 j=1

J
T [Ifull3 =D gl — Ilril5 =0 (5.32)
j=1
(g)) e ™ ) 0 as n — oo, (5.33)
lim limsup ||e /|| = 0. (5.34)
J=J* oo bz

Proof. Let 0 = f,, and define inductively

£ zlimsupHe’“Hr;{HL? . Ay =limsup ||r]]| e,
n— 00 o n— 00
where the lim sup for the A is evaluated along a subsequence that realizes the limsup for

g7. After passing to a subsequence in n, the limsups may be replaced by genuine limits. If

ey > 0, apply Corollary to obtain a frame I'/*1 = {(\J*1 /41 2JH1)1 “and a profile

n

= lim,, g/ 7.

¢J+1
where the limit is taken in the L? sense. Set

J+1 _ . J Wl T H 41 J+1
rn =1, —et g T

Continue either until limsup,, ., [[e”**7;/[;s = 0 (in which case set J* = J) or forever
(J* = o0). The decoupling (5.32) of L? norms follows from applying the corresponding
assertion ([5.9) in Corollary at each step of the construction.
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To see (5.34) in the case that J* = oo, note that by L? decoupling and the lower
bound ([5.8)) for the L? norm of each profile,

Afiy S A = Ce5ATY = A5(1 - O3 A7),

which, together with the Strichartz estimate ¢; < A; and the boundedness of f, in L?,

implies that lim;_,,, ;5 = 0.

To prove the mutual inequivalence of frames, suppose on the contrary that two frames
are equivalent (after possibly passing to a subsequence). Choose k& minimal so that IV and
I'* are equivalent for some j < k. By definition,

= g M ghgt Y eyl
j<t<k

SO

_ Z%—k . S —’L% s ._ _ ie—k _ —ik
(gh) et g [(gh) e Il — ) = gF Y (gh) el gl gl 4 (gh) etttk
j<t<k

Taking n — oo, recalling the definition of ¢/, and invoking the previous Lemma, we deduce

that ¢* = 0. But each ¢* is nonzero by construction. O
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