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Classical-Limit Quantization of Non-Separable Systems: Phase Space

. : _ "
Derivation and Its Equivalence to the Dynamical Quantum Condition

William H. Miller'
Inorganié Materials Research Division, Lewrence Berkeley Laboratory

and Department of Chemistry; University of California,
Berkeley, California 94720

ABSTRACT

On the basis of simple phase space argumenfs a classical-limit
quantization rule is derived for general non-separable systemé. Although
quite different in appearance, it is shown that this statistical quantum
condition isactually equivalent to a dynamical quantum condition obtained
previou;ly. This equivalence is seen to imply a direct relation between
the actiénvintegral.§ dg - E along the periodic trajectory whose energy

is E and the volume of phase space with energy less than or equal to E.
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I. INTRODUCTION

in a previous study of classical-limit eigenvalues for non-separable
systems the classical quantization condition was derived and applied to
several.simple systems.l The derivation followed the approach of Gutzwillerg,
and classical quantization was seen to be intiﬁately related‘td the periodic
trajectories of the multi-dimensional system. The Bohr-Sommerfeld quantum

condition for one~dimensional systems

(n-!-.‘%)v=fdx{2m[E-V(x)]/ﬁ2}%.v | W
is the one-dimensional case of the general resultl.

In this paper we derive a classical-limit quantum condition for
general non-separable systems from a complétely different point of view,
one based on classical phase épace arguments. It is shown, however, that
this statistical quantum condition is completely equivalent to the
dynamical quantum condition obtained beforel. Thié equivalence is quite
a remarkable feature when one realizes that the~§x§amical quantum conditionl
involves action integrals (i.e., line iﬁtegrals along classical trajectories)
évaluated along certain specific classical trajectories (the periodic
trajectories of the system), whereas the statistical quéntum condition to
be developed beldwvinvolves only phase space integrals. From a practical
point of view the equivalence of the two approaches is important since
one expects the statistical form of the quantum condition to be much
simpler to apply to complicated systems.

Section IT derives the statistical form of the quantum condition,
shows its canonical invariance, and carries out the momentum part of the

phase space integration. Section III discusses the connection with the
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dynamical form of the quantum condition; this is based on a classical;
limit approximation which is derived for the microcanonical den§ity natrix.
Section iV shows how constants of the motion other than the energy (e.g.,
totalvangﬁlar momentum and one of its components) can be accounted for in

a unified manner.
II. STATISTICAL QUANTIZATION

Consider a general non-separable system with N degrees of freedom.
If gzz(qi, Aps v+ qN) and p = ( Dy Doy +ees pN) are a set of
canonical variables (i.e., coordinates and momenta) for the system, then
the density of quantum states at any point (g, E) in phase space is the
constant value h_N, where h = 27 4 is Planck’s constant] this is standard
classical statistical mechanics.3 The total number n of quantum states
with an%enérgy lessvthan or equal to E is therefore

-N .

aw) - fun fop ofp-wap)] @)

where'H(q,p)is the classical Hamiltonian for the system, 6(x) is the

unit step-function

o(x) =1, if x>0

0, ifx<0 ,
dg = dql dq2 ces qu

~

»pE dpl dpe de s

-and the integration is over all phase space. For the present we assume

fhat there are no integral constants of the motion for the system other
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than the energy itself; Section IV shows the simple modification that
is required to remove this restriction. 4

If there are n(E) quantum states below E, however, then n(E) must
be the qﬁantum number for the eigenvalue whose energy is E; i.e., the
function n(E) defined in Equation (2) is the inverse function of the
classical-limit eigenvalue function E(n). When one allows n to take on
only integer values, therefore, Equation (2) is the desired classical
quantum g@ndipigp. |

It is quite simple to show that the form of Equation (2) is
invariant tq a canonicai transformation. If Q = (Ql’ Qo +oes QN) and

E = (Pl) P2,

knows that

ceoy PN) are any other set of canonical variables, then one

‘dg dp = dQ 4P

~

H(g,g) = H(%:E) )

so that Equation (2) has the same form regardless of the particular set
of canonical variables one chooses in order to carry out the calculation.
One may without restriction, therefore, take the variables to be

- the Cartesian coordinates and momenta of the system, so that the Hamil-

tonian is of the form. N
N
2 ,
H(g,p) = E p; / 2m, +V(q) . - (3) v
S odi=1 :

Because of the relatively simple way the momenta enter in the Hamiltonian
in Equation (3), the integral over them in Equation (2) can be performed.

The momentum integral
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Jﬁp = Jhpl Japg... JAPN

with the ranges of integration i1estricted to account for the step-function
integrand,
' N
2
< -
p,/2m; < E V(g) )
1=
is the form of a Dirichlet integral, and using standard integral f‘orm.ulas,+

-one obtains

Joo o[z - map)] - [ERICRBRCWIL

x r)N (1 + —l;i,—)'-’l [E - V(g)] e (4)

With Equation (4), therefore, the classical quantum condition in
Equation (2) becomes

n(®) = (fﬁ“-@)m "o 50 fag [o - via] =, (5)

~

where
/N

m = (ml.m2 ce mN)
Oné can quite readily verify'that Eéuation (5) reduces to the Bohr-
Sommerfeld condition [Equation (lﬂ for the case of one degree of
freedom (N = 1). | |
v.The quantum mmber function n(E) of Equations (2) and»(S) is the
microcanonical (fixed energy) version of the partition function Q(T) for

canonical (fixed temperature) systems. The relation between the two is:

o]

(1) = f dn exp[-E(n)/ki‘]= 7 dE n'(E) exp [-E/kT]';

(0] . o
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Q(T) is also given by Equation (2) with the replacement
r "
OIE - H(q,p)] - exp [-H(q,p)/kT
and by Equation (5) with thevreplacement

ra+ 7[5 v@]72 - 60V e [vig)a]

ITT. DYNAMICAL QUANTIZATION AND ITS EQUIVALENCE

TO STATISTICAL QUANTIZATION

First we re-derive, in a somewhat different manner, the classical |
quantization condition obtained previously;l not only is the derivation
below simpler and more physically transparent, but it also clears up the
2¢c ‘

inconsistencies in some of Gutzwiller's results.

Consider matrix elements of the fixed-energy projection operator
P(apr 9138) = < g |8(E-H)[q; > . (6)

this is the microcanonical density matrix. The delta function.operator is
conveniently expressed as the Fourier transorm of the propagator (time

evolution operator)

o0

S(E - H) = (Eﬂﬁ)_l.'y dt exp(iEt/A) exp(-iHt/#), v (7) .

-0

so that Eqﬁation_(6) becomes

o

Pap, 413E) = (2m)™t J dat exp(iBt/) < q,]exp(-iHt/A)|g, > . (8)

-00
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We seek the classical-limit approximation for the diagonal elements
of this density matrix, i.e., the classical-limit approximation for tie

particle density at fixed energy E. This is accomplished by using

Equation (8) with the classical-limit approximation for the propagator,5’2a
2
golem(-ame/m)g, > -3 [emn) aet(22), |
<d,|exp(-iHt qQ,> = [27714‘1 det(—g)
x exp[i¢(q2, ql;t)/ﬁ] - (9)

where the phase function ¢ is thévclassical action computed along the

classical trajectory that goes from 9 to 4y in time t,
. .
$(g,09,5t) = jd‘c' p-g - H(g,p) >
o)

and the summation in Equation (9) indicates a sum over all such trajectories

that go from a4 to 9 in time €.

~

Proceéding as in references 1 and 24, one evaluates the time integral

in Equation (8) by stationary phase. For the diagonal elements

1,24

(ql =q, = q) one argues as before that only periodic trajectories can

contribute, so that statlionary phase evaluation of the integral in

Equation (8) gives

9]

] 'Zﬂq) exp [1k(@()/A - wl/e)] .(10)

P(GE) = B(gp g13F)y Q E.E

The phase ®(E) in Equation (10) is the action integral
: T
B(E) = I dt pq E§ da'p (1)

0

‘where [q(t), p(t)] is the6 periodic trajectory with energy E, and T is
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its period. The sum in Eduation (10) ié a sum over all times t = kT,

k = 0, +1, *2, ... which are the points of stationary phase in the “i
integral over t in Equation (8); physically this corresponds to the fact .
that there are classical trajectories that go from gq back to g in time -
t =0, 1, £ 27, ... ", All the dependence on ¢ in Equation (10) is
contained in the function f(q) which will be discussed in detail below.
[In réference 1 it appears implicitly that the function f(g)may be dif-
ferent for different terms in the sum in Equation (10); this is not the
case. Since reference i made no use of the coordinate dependence, this
had no effect on the conclusions therein{] /The integer £ in Equation

(10) is a constant which is defined and discussed in reference 1.

Since it is a geometric series, one can readily show that

oo .
E exp(ikA) = 0O
==00

provided

A £ 27 x (integer) ;

if A =27 x (integer), however, the sum is «. More generally, one has

that
D ewlua) = D swer-n) S (12)
o | prs | '

so that Equation (10) becomes

P(g,E) = £(q) ia[dE)/h - I/ - n] | - (1)

n=0



where the sum is started at O since ®(E)/h - f/4 > -1. Each term in

Equation (10) thus contributes =qually to the particle density, and all

the multipievpasses over the periodic trajéctoryrenter simply to give
the delta function factor in Equation (13).
The formal quantum mechanical expression fbr the particle density
is
o0 . ’
Pgs) = Y l@PsE-5) (1)
n=0 ' '
where E are the eigenvalues and ¢n(g) the corresponding normalized
eigenfunctions for the system; i.e., the density for energy E has a
delta.fuﬁction singularity when E is equal to an eigenvalue En and is
zero otherwise. Tt is seen that the classical—limit approximation in
EQuatién (13) also has this property7, and that the classical-limit

eigenvalue relation is (as obtained previoﬁslyl)
®E) =h (n+ L/) | | (15)

n=0,1, ... ¢t i.e., the quantum number function n(E), the inverse

function of which the classical eigenvalue function E(n), is
S N
n,(E)= b "®(E) , (16)

where the subscript "d" signifies that this is the quantum number function

obtained by this dynamical derivation. In Equation (16) we have discarded

the fraction l/h and will not bother with it in further discussion.
With the definition in Equation (16), the classical-limit approxi-

mation for the particle density [ﬁquation (13)] may be written
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P(g,E)\ = £(q) zw_:ﬁ[nd(E) - n] : (17)

.n=0 : )

or since ‘ .
. ) (- ,
6[nd(E) n] B(E - E )/n,"(B) ,

this becomes

P(g,E) = [f(g)/nd'(E)] 3(E - E) - (18)
n= '
Comparing this classical-limit approximation in Equation (18) with the
formal quantum mechanical expression in Equation (14), one identifies
the classical-limit approxiMation for the square of the wavefunction for

eigenstate n,

9 (2)|% = £(a)/n, (B) - (19)

It is of considerable interest, therefore, to determine more
precisely the function f(E) appearing above, not only for its interpreta-
tion in terms of the wavefunction [Equation (19)] , but also because it
is eesential in making the connection between the dynamical quantum
condition derived in this section and the statistical quentum condition
derived in the previous section. | ' ' .
Since f(g} is the same for all terms in Equation (10), we may
determine it by considering any single term. In particular, we choose
to evaluate it for the term k = O; this term is the contribution to the
particle density from the "trajectory" that goes from q back to q in

zero time. To determine its contribution to the integral over t in
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Equation ( 8), it is easiest to return to Equation (8) itself; for in the

limit g, - q,, and small t, the classical-limit propagator in Equaticn (9)

~

can be cohstructed ekplicitly. Thus in this limit
Ly et/
so that

det \ pyja;, = (t/m) R

and also

#(3058,3%) = mfg, - a,]%/26 - V(s ;

the diagonal elements of the propagator in the limit of small t are

thus given by
N
<g|exp(-th/n)lg> = (2riht/m)” 2 . exp[-iV(S_)t/‘ﬁ] . (20)

The contribution to the diagonal elements of the density matrix from this
t = 0 trajectory, denoted by Po(ggE), is therefore

oo

P (g,E) = (evm)™" j . (oritt/m)” 3 exp {1[5 - v()]e/a} (21)

-00

If the path of the t-integral is distorted infinitesimally below the

real axis at t = O , then one can evaluate the following integral

by closing the path of integration in the upper half complex t-plane.

‘With the integral formule of Equation (22), Equation (21) becomes
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N/2 N
P (q,E) =<§%gé> P(g)_l [# - V(gig . - (e3)

.

Equation (23) is the contribution to the integral over t in

.

Equation (8) which is associated with the "zero-time trajectory"; since
this contribution is identified with the k =.0 term in Equation (10),
one sees that the sought-after function f(g) which appears in Equations
(10), (13), (17), (18), and (19) is precisely the function P of
Equation (23):

£(g) =P, (¢,E) - (2k)
This is a most important relation. Another important property of the
function Po is

n '(E) = jdq P (q,E) , . (25)
where nS(E) is the statistical quantum number function of Equation (5)
of the previous section; Equation (25) is eagily obtained by differentiat-
ing Equation (5) with respect to E and noting Equation (23).

With f(q) now determined to be Po(q,E) of Equation (23), one may
‘integrate Equation (19) over coordinate space. Since the wavefunctions
are normalized and in light of Equation (25), one obtains

— 1 1f
1 =n (E)/nd (E) |,
;ﬂ

or
ng(B) = ng(E) | (26)

to within & possible constant. This equality of the statistical and

dynamical quantum number functions is the desired connection; i.e., the
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two quantization conditions are identical.
In terms of the function Po(q,E) of Equation (23), the square of

the wavefunction for state n is
: 2
I ()" = P_(a,E)/ |da P (a,B) , - | (27)

with E = En-‘ For the one-dimensional case (N = 1) one can readily verify
that Equation (27) giVes the usual classical result.

In concluding this section we again note the guite dissimilar
origins of the‘two qugntum number functions nS(E) and nd(E). Equatioﬁ

(2) defines nS(E) as a rather straight-forward phase space integral,

which can be reduced to the configuration integral in Equation (5).

Equation (16), on the other hand, defines nd(E) in terms of the action

- integral of Equation (11); this action integral is evaluated along one

specifié trajectory, namely the periodic trajecﬁory with energy E. As

has been shown, however,.these two prescriptions give the same result
Equation (26) , implying the following relation between the action
integral over the périodic trajectory with ehefgy E and the vblume of

phase space with energy less than or equal to E:
-1 -N
h §dg-;3 =h jdgfdg Q[E - H(g,g)J s - (28)
C : . ’

the closed curve C over which the Iine integral is taken being the

periodic trajeétory with energy E.
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IV. CONSTANTS OF THE MOTION OTHER THAN THE ENERGY

A1l of the discussion so far has assumed fhat there were no constants
of the motion other than the energy itself; in this case n is the only
quantum number of the system, it being simply the "counting quantum number"
tﬁat orders the states in a sequence with increasing energy. If other
constants of the motion exist (e.g., total angular momentum and one of
its components), the function n(E) is still the total number of states
less than or equal to E — but this is not the most useful quantity in
this case. |

Consider, for example, the system which is one particle in thfee

dimensions in a spherically symmetric potential well, so that £ and m are

conserved quantities. Then the function n(E) is

n(E) = Z nz(E)'= E(u + 1) nz(E)" s
£=0

Z,m

where nZ(E) is the radial gquantum number; i.e., nz(E) is the number of

states, all of whose angular momentum is £, that lie below the value E.

In situations where such conserved quantities exist, one wishes to take

account of them and construct the "counting gquantum number" for each

subspace separately [such as nz(E)] , rather than the gross "counting
quantum number" n(E) which orders all eigenvalues irrespective of their
classification according the other "good quantum numbers".

Proceeding more generally, suppose there are L conserved guantities

P

P cee, PL; the quantities Pi are functions of the coordinates and

lJ 2)

momenta (g,p) and will typically be some kind of angular momentum. One

first carries out a canonical transformation to a new set of canonical
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' variables 9 and E such that the first L of the new momenta aré the con-

served quantities Pi themselves. If Pi = hki, i=1, ..., L are the
fixed values of the conserved quantities, then the number of states less

than or equal to E with these fixed values of the conserved quantities is

(N-L)

n(E,kl, ko) , k‘L) dQp 4 1 - ’ dQy

A N fdPL b1 JdPNG[E - H(g,é)] . (29)

The coordinates_Q,i , 1=1, «.., L conjugate to the conserved momenta Pi

do not appear in the Hamiltonian, and the fixed values of Pi appear only

as parameters in the Hamiltonian; i.e., Equation (29) is simply an example

- of the general Equation (2) for the reduced system of (N - L) degrees of

freedom. .
.o 8
Noting, however, that
de JdP P/‘h-k]=2’nﬁ=h,

for i = 1, ..., L, one may equlvalently write Equatlon (29) as

n(E, ks ,kL)—h de,J’dP S(P/‘ﬁ-k)
: X oo S(PL/h - k.L) G[E - H(g,g)] ,

J .
and if variables of integration are changed back to the original set of

of canonical variables (q,p), one obtains the final result

| ‘,n(_E, Ky eee, k) = h_NJd;g fdg S[Pl(g;g)/h - kl] |
L x . 6[?L§9ﬂg)/ﬁ - kL] G[E - H(gag)] . .(30)

The only modification of Equation (2), therefore, is that one inserts
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delta functions in the integrand of the phase space integral to insure
that only that region of phase space contributes for which the -conserved
quantifies have their speécified values. The inverse function of

n(E, Ky oees kL) gives En(kl, cee, kL), the eigenvalues of the system
as a function of the quantum numbers ki for the conserved momenta and
the "counting quantum number" n which orders the eigenvalues of each

subspace.
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The fact that the periodic trajectory is uniquely determined by

the energy (if there are no other constants of the motion) is
discﬁssed in reference 1.

The diagonal elements of the density matrix obtained in reference
2¢ do not vanish for E # E -

The variables (Qi’ Pi)’ i=1, ..., L are actually angle-action

variables, so that the limits of the Qi integral are O and 2m.
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