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Abstract

In structural dynamics, direct integration algorithms are commonly used to solve the temporally
discretized differential equations of motion. Numerous research efforts focused on the stability
and accuracy of different integration algorithms for linear elastic structures. However,
investigations of those properties applied to nonlinear structures are relatively limited.
Systematic Lyapunov stability and accuracy analyses of several direct integration algorithms for
nonlinear structural dynamics are presented in this report. These integration algorithms include
the implicit methods of the Newmark family of integration algorithm and the TRBDF2 algorithm,
as well as the explicit methods of Operator-Splitting (OS) algorithms. Two versions of the OS
algorithms, using initial and tangent stiffness formulations, are investigated. The latter one is
shown to possess similar stability properties to the implicit Newmark integration. Some
arguments of stability regarding these direct integration algorithms from past studies are found to
be incomplete. An approach that enables performing the stability analysis numerically is
proposed. It transforms the stability analysis to a problem of convex optimization. In addition,
another systematic approach is proposed to investigate the Lyapunov stability of explicit
algorithms by means of the strictly positive real lemma. In this approach, the stability analysis is
equivalent to investigating the strictly positive realness of the transfer function for the formulated
system. Subsequently, Nyquist plot is used to determine the range of the system stiffness where
the explicit algorithm is stable in the sense of Lyapunov. This approach is finally considered for
the commonly used explicit Newmark integration algorithm applied to single degree of freedom
systems with softening or stiffening behavior. Besides the stability, accuracy of the above-
mentioned five integration algorithms is investigated using a geometrically nonlinear test
problem, where acceptable amounts of period elongation and amplitude decay were evident.
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Introduction

The structural response under dynamic loading is governed by the differential equations of
motion. In structural dynamics, direct integration algorithms are commonly used to solve these
equations of motion after they are temporally discretized. The used integration algorithms for
solving a structural dynamics problem are categorized into either implicit or explicit. An
integration algorithm is explicit when the responses of the next time step depend on the
responses of previous and current time steps only. On the other hand, implicit algorithms require
iterations because the responses of the next time step depend on the responses of previous,
current and also next time steps. Numerous implicit and explicit direct integration methods have
been developed, including the Newmark family of algorithms (Newmark 1959), the TRBDF2
algorithm (Bathe 2007), and the Operator-Splitting (OS) algorithms (Hughes et al. 1979).

Most of the research efforts for determining the robustness of direct integration
algorithms focused on the stability and accuracy for linear structures, e.g. Bathe and Wilson
1973. Studies related to the stability and accuracy of direct integration algorithms applied to
nonlinear dynamic analysis are relatively limited. For example, Hughes (1976) investigated the
stability of the Newmark algorithm with constant acceleration in nonlinear dynamics. Chen and
Ricles (2008) explored the stability of several direct integration algorithms by utilizing discrete
control theory.

In this report, two general classes of nonlinear response of structural systems, namely
stiffening and softening responses, are considered. The idealized backbone curves (force-
displacement relationship) of these two systems are illustrated in Fig. 1. Systematic Lyapunov
stability and accuracy analyses of several implicit and explicit direct integration algorithms for
these two nonlinear structural systems are presented. Some arguments of stability regarding these
direct integration algorithms from past studies are found to be incomplete and these findings are
discussed in this report. The report also investigates the OS algorithm that uses tangent stiffness
in the formulation, which has not been previously studied. It is shown that this algorithm
possesses similar stability properties to those of the implicit Newmark integration. An approach
that enables performing the stability analysis numerically is proposed. It transforms this analysis
to a problem of convex optimization. It is shown that the proposed approach is generally
applicable to direct integration algorithms for various nonlinear behaviors.

7y Stiffening

M

Softening

0 u

Fig. 1. Definition of Stiffening and softening systems.

In addition, another systematic approach is proposed to investigate the Lyapunov stability
of explicit algorithms for the same structural systems in Fig. 1 by means of the strictly positive
real lemma (Cains 1989). In this approach, a generic explicit algorithm is formulated for a
nonlinear structural system that has a structural response governed by a nonlinear function of the
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restoring force. Based on this formulation, the stability analysis is transformed to be equivalent
to pursuing the strictly positive realness of the transfer function for the formulated system. Using
this proposed approach, a sufficient condition in terms of the range of the stiffness in this study,
where the explicit algorithm is stable in the sense of Lyapunov, can be obtained using Nyquist
plot. Specifically, the maximum and minimum stiffness values for stable (in the sense of
Lyapunov) stiffening and softening systems, respectively, are determined. Finally, the stability
analysis of the explicit Newmark algorithm, as a commonly used method in structural dynamics,
using the proposed approach is applied to SDOF nonlinear stiffening or softening systems.
Besides the stability, the accuracy of the integration methods is examined using a geometrically
nonlinear problem, which has a closed-form exact solution.

Mathematical Preliminaries

In this section, definitions, notations and the strictly positive real lemma are introduced. Here,
(.)T and (o) denote transpose and complex conjugate transpose, respectively. Denote

e<z>~[§ ﬂ <1>

C|D
as a state-space realization (Cains 1989) of a transfer function matrix G(z) expressed as follows:
G(z)=D+C(z-A)"B 2)

where z=e! is a complex variable with j=+-1 and 6€[0, 2z], A, B, C and D are real
constant matrices and | is the identity matrix with proper dimensions.

A square transfer function matrix G(z) is called strictly positive real (Kapila and Haddad
1996) if: (i) G(z) is asymptotically stable, which is stronger than Lyapunov stability as it
guarantees convergence to a specific value as “time” approaches infinity, and (i1)
G(ej‘g)+ G*(eje) is positive definite v &[0, 2z]. Condition (i) is equivalent to the condition
that the spectral radius of A must be less than 1, i.e. p(ﬂ)<1. The discrete-time strictly positive
real lemma (Cains 1989) is stated as follows:

G(z)~ [5 E} ®3)

min

The notation ~ denotes a minimal realization. The minimally realized transfer function matrix

is strictly positive real if and only if there exist matrices M, L and W with M positive
definite such that the following conditions are satisfied (Cains 1989):

M=AMA+LL (4a)



0=B'"MA-C+W'L (4b)
0-D+D' -B'MB-W'W (40)

The minimal realization is guaranteed by the observability, i.e. how well internal states of a
system can be inferred by knowledge of its external outputs, of (K,E) and the controllability, e.g.
stabilization of unstable systems by feedback, of (KE). In that regard the row ranks of the
following matrices should be n.

e
CA

Z,=| CA? (5a)
CA™

7, -[B AB A’B .. A"B] (5)

Accordingly, rank(Z,)=rank(Z,)=n, where n is the dimension of the square matrix A.

Integration Algorithms

The discretized equation of motion of a single degree of freedom (SDOF) system under an
external dynamic force excitation is expressed as follows:

rnl‘ji+1 + Cui+1 + fi+1 = pi+1 (6)

where m and c are the mass and viscous damping, and U, u f.., and p,, are the

acceleration, velocity, restoring force, and external force at the time step i+1, respectively. The
restoring force, f(u), is generally defined as a function of displacement, u .

i+1 !

Usually, single-step direct integration algorithms are defined by the following difference
equations:

Uig = U; +770(At)ui + Ul(At)ZUi +772(At)2 Uiy +775 (7)

Uiy =17,U; + 775(At)ui + ﬂe(At)Ui+1 +717; (8)

In general, Egs. (6)-(8) require an iterative solution, which forms the basis of implicit algorithms.
On the other hand, these algorithms become explicit when 7, = 0. Coefficients of the Newmark

integration family (Newmark 1959) and the explicit OS algorithms (Hughes et al. 1979) are
summarized in Table 1 where 7= m/(ﬂ(At)2)+ cy/(B(At))+k., and k., is defined below.

i+1



Table 1. Coefficients for the Newmark and the OS Integration Algorithms

Newmark oS Newmark 0s
o 1 1- o/ ((at)) N4 1 1-cy/(Bn(at))
m (1-28)2  (@-28)2—-cli-y)/(n(at)) s -y 1-y—cyli—y)/(sn(at))
17, B 0 e /4 0
7 0 (proa— Frva)/ m 0 7 (pros = Tra )/ (Bn(at))

For the Newmark family of integration algorithms, the parameters g and y define the variation
of accelerations over a time step, At. The values of these parameters considered in this report are
either (B3,7)=(1/4,1/2) , which represent constant average acceleration over At , or
(8,7)=(0,2/2) , which transform the integration to the explicit Newmark algorithm. On the

other hand, for the OS algorithms, f~i+1 is the restoring force corresponding to the predicted

displacement U, that is represented in an explicit form as follows:

i+1

(aty

0., =u +(At)u, +

[(1-2p)u;] ©)

Two versions of the OS algorithms are considered: (1) k;,, =k, for the OSinitial algorithm
with initial stiffness k,; (2) k;, :IZTH1 for the OStangent algorithm with tangent stiffness IZTM

evaluated at U, determined from Eq. (9). It is to be noted that the OSiniiai algorithm is

commonly used for hybrid simulations (Nakashima et al. 1990; Combescure and Pegon 1997)
because of the difficulties in obtaining the tangent stiffness matrices. On the other hand,
analytical simulations do not have such a limitation that prevents the use of the OStangent
algorithm. However, OStangent 2lgorithm was not previously investigated in the literature since the
OS algorithms were rarely used in pure analytical simulations. Liang et al. (2014) investigated
the suitability of the OStangent algorithm in nonlinear dynamic analyses of multi-degree of
freedom (MDOF) bridge systems.

In addition to the previously discussed implicit and explicit Newmark algorithms and the
OSinitial and OStangent algorithms, this study also considers the TRBDF2 algorithm (Bank et al.
1985; Bathe and Baig 2005; Bathe 2007) as an example of a composite multi-step integration
algorithm. The TRBDF2 algorithm interchanges the use of the implicit Newmark algorithm with
constant average acceleration and the use of the three point Euler backward scheme presented in
Egs. (10) and (11) in consecutive integration time steps.

U

i+l

= %(um —4u, +3u;, )/ At (10)

Uiy :%(uiﬂ —4; +3ui-l)/At (11)



In Bathe and Baig (2005) and Bathe (2007), every two consecutive steps in the above
formulation are considered as two sub-steps of one step, i.e. integration time steps i—1 and |
become integration time steps i and, i+0.5. Therefore, the integration time step in Egs. (7), (8),
(10) and (11) is At/2 instead of At. Bathe and Baig (2005) and Bathe (2007) used the TRBDF2

algorithm in structural dynamics to conserve energy and momentum at large deformations (not
necessarily involving material nonlinearity) where the implicit Newmark algorithm may fail to
do so and become unstable. Herein, it is considered because of its superior stability due to
numerical damping introduced by the Euler backward scheme.

Lyapunov Stability Analysis

For each direct integration algorithm, the relationship between the kinematic quantities at time
steps i+1 and i can be established as follows:

Xia =A% +L, (12)

where x, :[(At)zu'i (At)y, ui]T, A, and L, are the approximation operator and the loading

vector at the time step i, respectively. The loading vector, L, is generally independent of the
vector of kinematic quantities, x. Eq. (12) can be further extended as follows:

I NN

1
where HAJ. =AA, ;---A,A,. In order to investigate the stability of the system in Eq. (12), a
j=i
Lyapunov artificial energy function candidate v, (Franklin et al. 2015) at the time step i+1,
can be chosen as follows:
V., = X, MX (14)

i+1

where M is positive definite, i.e. M=M" =0 and 0 is the null matrix of the same dimension
as M. The system in Eq. (12) is stable if the Lyapunov function in Eq. (14) is bounded for
I > o0, Substituting Eq. (13) into Eq. (14) with some manipulations leads to the following:

V'“:XI(E[ATJ (HA Jxﬁii('—T(ﬁATJ (lnjAnijJ+LTiMLi+

I=1 m=1

(]jl[A jML +2(ZLT,(ﬁATDML + (15)

1=1 k=i

(T

i m=1\_ n=i



The loading vector, L, is generally a function of external force, p. Therefore, it is
bounded. Therefore, based on Eq. (15), the boundedness of the Lyapunov function v, , for i -

1
leads to the boundedness of HAJ. for i—> o . For linear behavior of structures, the
j=i

1

approximation operator, A, remains constant, thus HA ; becomes A' that can be decomposed
j=i

as follows:

A =VD'V*! (16)

where D and V are matrices of eigenvalues and eigenvectors of A , respectively. The
boundedness of A' for i —oo leads to the well-known stability criterion for linear systems,
namely the spectral radius of the approximation operator p(A) must be less than or equal to 1.0.

1
For nonlinear structures, HAJ. iIs more involved due to the continuous variation of the

j=i
approximation operator A, . Therefore, the stability of a nonlinear system cannot be solely
determined using the spectral radius of its approximation operator A, . However, the
investigation of the eigen properties of A, is still necessary in nonlinear problems. For small

values of At, the increment of restoring force can be approximated (Chopra 2006) as follows:

£ - f, =k

i+l

(ur,—u,) (17)

*

where (fiil,k{fm,u”l):(fiﬂ,kTM,uM) for the Newmark family of algorithms and

(fiil,k{fm,u;l): (f”l, kTM,JM) for the OS algorithms. It is to be noted that k, is the tangent

stiffness at the time step i+1, and other parameters are defined before. The tangent stiffness is
generally a function of the displacement, thus Eq. (12) represents a nonlinear system of equations.

With the approximation in Eq. (17), the approximation operator A, for the Newmark and the OS
algorithms is derived as follows:

1- 2 o} (At)° - 24w, (1-y )(At) B w; (At)
( 1+ 22w,y (At)+ Bt (ALY ) 1+ 2w, y(At)+ o (AtY
Y= g () - 24w, (L7 )At) yoop (At)’
. 2 - - J 8
A T T 7 e M v ey re v ey i B
pl-2 G (Mf ~200,0-7Nat) 1-25 | peR(ary
1+ 2w, y(At)+ pof (AtY 2 1+ 2w, y(At)+ pof (AtY

where ¢ =c/(2ma, ), ®f =k, /m . Coefficients w, and w, for the Newmark integration family
and the OS algorithms are listed in Table 2.



Table 2. Coefficients of approximation operators for the Newmark and the OS Integration Algorithms

Newmark OSinitial OStangent
COO a)THl a)T|+1 i+l
wy wT.+1 @y a)THl

where a)TZ1 = kTHl/m,cT)TZH1 = IZTHI /m . It is obvious that one of eigenvalues of A, in Eq. (18) is 1.

For the Newmark and OS algorithms with (3,7)=(1/4,1/2), the other two eigenvalues are
obtained as follows:

B l—ga)o2 (At)2 + %a)f (At)2 + At\/a)fgz + %a)ngAt(a)f - a)oz)+ (At)2 (9(051 ~100 &} + a)f)— ;

A
b 1+ w, AL+ wf (At
(19)
On the other hand, for the explicit Newmark algorithm, i.e. (5,7)=(0,1/2),
1-S i (At) £ALlS? +50f (At) -}
}\‘112 — 2 a)T.+1( ) \/ é’ 4 a)Tm( ) a)Tm (20)

1+ w, JAL

The conditions for p(A,)<1 are summarized in Table 3 for the case of zero viscous
damping (¢ =0), which is the most critical case for the stability analysis of direct integration

algorithms. In Table 3, T, =27z/w; =27z /m/k; and (8,y)=(1/4,1/2) are used for implicit
Newmark, OSinitial and OStangent and thereafter in this report.

Table 3. Conditions for p(Ai )g 1

Integration Algorithms Limits
Implicit Newmark kr, =0
Explicit Newmark AT, <1z

OSinitial 0< IZTH1 <k,
OStangent ky 20

The conditions in Table 3 are not stability criteria of the listed direct integration
algorithms used in nonlinear systems. Some past studies, however, determined the stability of
direct integration algorithms based solely on the spectral radius. Combescure and Pegon (1997)
claimed that the OSinitia algorithm is unconditionally stable as long as the tangent stiffness is
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smaller than or equal to the initial stiffness, i.e. they directly applied the stability criterion for
linear structures to nonlinear ones. Chen and Ricles (2008) demonstrated that the Newmark
method with constant average acceleration and explicit Newmak method have the stability limits
listed in Table 3. They investigated such stability using discrete control theory. However, the
method presented in their paper is only applicable to linear time-invariant systems (Franklin et al.
2015). This is equivalent to investigating the conditions of the spectral radius for the
approximation operator A, and that is the reason why the results they obtained are the same as
those expressed by Egs. (19) and (20). Accordingly, these published arguments of stability, i.e.
those by Combescure and Pegon (1997) and Chen and Ricles (2008), are incomplete as they are
not, in general, applicable to nonlinear problems. Another noteworthy observation is that the
approximation operator of the explicit OStangent algorithm is the same as that of the implicit
Newmark algorithm with o replaced by @ , refer to Table 2. This indicates that they

possess similar stability properties, as indicated in Table 3.
Different from the integration algorithms above, the TRBDF2 is a multi-step algorithm

with numerical damping introduced by the Euler backward scheme. Its approximation operator
in Eqg. (22) is obtained for the case of zero viscous damping (¢ =0) by similar linearization

approximation for the tangent stiffness as before and given as follows:

kTM = (fi+l — fiios )/(um - ui+0.5) = (fi+0.5 - f )/(ui+0.5 - ui) (21)
o so (a0 o (a0 -907 (a0 :
A=gl9-wer, () 9-fer (at) 0 (22)
sraon, @ 9-gef (a0 [of (4t +o)lof, (atF +1)

where B:(wTZM (At)? +9)(%a)$i+1 (At)? +1). Thus, besides the one obvious eigenvalue of 1, the
other two are as follows:

T 16 a)TM( ) (9 .+1( ) —a)TZM(At)Z
oo, (8" + Zof (At) +9

A, = (23)

It can be shown that for k; >0, magnitudes of the eigenvalues in Eq. (23) are always
less than 1 because of introduced numerical damping. It is to be noted that for the case of zero
viscous damping (& =0), eigenvalues in Egs. (19), (20) and (23) are imaginary, which implies
vibration.

1
As previously discussed, a system is stable if its HAJ. is bounded for i —»o0. This is
j=i
equivalent to investigating the system in Eq. (12) with the loading vector L =0, i.e.

Xin = AX (24)



A, can be rewritten non-dimensionally, e.g. in the implicit Newmark algorithm:

1-2alu— 82 of (At)’
1+ 27iu+ '’ 62 1’ _1+27r§y+7r 5o’
A~ 1 1+ 2n¢u— s’ u° (25)
' l+27z§y+7r25,+1/1 1+ 2niu+ w82 u°
> 1+ 278u
1+27z§,u+7r25.+1/1 1+ 22+ n’62 1’

where 8, =, [@, u=AYT, T, =27/0,=27/m/k, . Therefore, A, is a function of &,,

Similar to Eq. (14), the Lyapunov function candidate V.
follows:

at the time step i+1 can be selected as

i+1

Vo, =X, M. X

i+1

(26)

i+1

where the positive definite matrix M, , = M/, is a function of &,,,. A sufficient condition for the

i+1 i+1°

system and thus the direct integration algorithm to be stable is as follows:

AV =V - 1Y
_X|+1M|+1X|+1 rXiTMiXi
xT(ATM, LA, -t M, )x, @)
=X P._,x <0

i+1

where 1, €(0,1] controls the rate of convergence, i.e. the smaller the r , the faster the
convergence. Eq. (27) leads to the negative semi-definiteness of P. ., i.e. P, <=0.

i+l i+1

Numerical Stability Analysis

In this section, a numerical approach is presented to enable investigating the stability discussed
in the previous section. This approach is based on transforming the stability analysis to a
problem of convex optimization, which is applicable to direct integration algorithms applied to
nonlinear problems. For a direct integration algorithm, M. , can be expressed as:

Y a0, 29)

where a; and ®(d,,,); are the j-th constant coefficient and base function, respectively, and N
is the total number of base functions. One example set of base functions is given in the Appendix.

10



With the range of &, and &, given, e.g. &,,8,, [a,b], points can be sampled within this

i+1
range, e.g. sampling n+1 points in [a,b] with interval As=(b—a)/n. This yields (n+1y
possible pairs of (5i,5i+1). Accordingly, the stability analysis becomes a problem of convex

optimization that seeks the determination of the coefficients «; by minimizing their norm for the

selected base functions @(d;,,); where j:1— N, subjected to the following conditions on the

i+1

(n+1)* possible pairs of (5,,5,,,):

5,5, €lab], As=(b—a)/n

i+1
N N
AiT M A — M, = A, (6i+1)T£ aj®(5i+l)jJAi (011) — rtzajq)(é‘i)j <=0 (29)
=1 j=1
N N
M; = Zajq)(5i)j -0, My, = Zaj®(5i+l)j ~0
=1 j=1
Optionally, with knowledge about the variation of &, ,,
e.g.
possible pairs of (5,6

i+1

the range of |5,,,

—&;| can be specified,

8., — 8| <&, where ¢ is a constant that is not necessarily small. This leads to fewer
) that require less computational effort.

The problem of convex optimization can be solved numerically by CVX, a package for
specifying and solving convex programs (CVX Research Inc. 2011). An example for the implicit
Newmark algorithm is conducted based on the following conditions:

¢ =0.05 x=0.05/(27)

a=09 b=10 n=20 (30)
A6=0.005 £=0.05 r,=1.0

Same set of base functions as in the Appendix is used. The coefficients «;, j:1—12, obtained

1/2
L . (& 2
by minimizing the 2-norm of «, i.e. mln[Z‘aj‘ , are as follows:
j=1

a,=1.90x10"°, a,=246x10"7, a,=170x10", a, =-2.25x10",
a; =-270x10", o, =-460x10", a,=176x10"°, @, =1.05x10"°,  (31)
a, =6.00x10™", a,, =-3.35x10", a,, =4.30x10™"°, a, =-2.00x107"

The set of «; in Eq. (31) from many determined sets has the minimum 2-norm explaining the
listed small values of ;. The existence of such set of «; implies that the implicit Newmark

algorithm is stable for the conditions in Eq. (30). Accordingly, if more points are sampled, e.g.
41 points for Ao =0.0025, then more computational effort is required accompanied with more
accurate stability analysis.

11



The proposed approach in this section can be applied to investigating the stability of other
direct integration algorithms, including the other four methods considered in this report. Also,
various nonlinear problems, including stiffening (;,, >1) and softening (J,,, <1) behaviors in
Fig. 1, can be taken into account. Accordingly, the proposed approach is generally applicable to
direct integration algorithms as long as they can be expressed as given by Eq. (24).

Explicit Integration Algorithms

Another systematic approach is proposed in the subsequent sections to investigate the Lyapunov
stability of explicit algorithms by means of the strictly positive real lemma. Single-step explicit
direct integration algorithms considered in this approach are defined by the following difference
equations:

U,y = U; + &, (AU, + i (AL G,

(32a)

Uy, = U, + &, (AL)U; +ac,(At)i (32b)

i+l
For example, k=[x, & &, &;]=[1 1/2 1/2 1/2] leads to the explicit Newmark
algorithm (Newmark 1959). The restoring force, f(u), is here defined as a function of

displacement, u, and restricted to the following range (to be determined in this approach
according to the proposed Lyapunov stability analysis):

Kyinl® < f (U)u <Ky, u° (33)

f“ fn

RMMH = k;u \

\ j

0 ~u 0 u

a) Stiffening system b) Softening system

Fig. 2. Schematic illustrations of two structural systems with sector-bounded memoryless restoring forces.

Fig. 2 shows the schematic illustrations for stiffening (Fig. 2a) and softening (Fig. 2b) systems
with memoryless restoring forces bounded in the sector between k,,.u and k,,..u. As mentioned

before, the maximum, k,,,, and minimum, Kk, , stiffness values for stable (in the sense of
Lyapunov) stiffening and softening systems, respectively, are to be determined.

12



Nonlinear Structural Systems

Stiffening Systems

For the explicit direct integration algorithm formulated by Egs. (6) and (32), the relationship
between the kinematic quantities at time steps i+1 and i can be established as follows:

Xi =A% —B,f.,+Dp,, (34)

where x; = [(At)"'l‘ji (At)u, ui]T, A, B, and D are as follows:

—ck,/E -c/E 0
A=|k,—-Cik,k;/E 1-cx,/E O (35a)

K, K, 1
B,=D=[(At))E (At)x,/E O (35b)

where E:m/(At)+c;<3. The external force, p, is generally independent of the kinematic
quantities, X, and does not affect the Lyapunov stability of the direct integration algorithms as
discussed before. Therefore, p,,, is set to zero in Eq. (34) and thereafter in this report.

It is obvious that one of the eigenvalues of A is 1 that fails to satisfy the first condition (i)
of the strictly positive realness of the transfer function. Therefore, Eq. (34) (after setting p;,, =0)
is further manipulated as follows:

X1 = AX; — kMinBlCXi + kMinBlCXi -B, fi+l
= (A - kMinBlc)Xi - Bl(f - kMinCXi)

i+1

= (A =Ky, B,C)X — B, (. — Kyl (36)
=A_ X, —B,f,
where
C=[ x 1] (37a)
U, =Cx (37b)
Aa = A—KyiB,C (37c)
fo=f., —KyU., (37d)

13



Softening Systems

For softening systems, similar to Eq. (34), with B, =—B, and also setting p,,,=0 , as
mentioned above:

X1 = AXi + Bz fi+l
= Axi + kMaxBZCXi - kMaxBZCXi + Bz fi+1
= (A + kMaxBZC)Xi - BZ(kMaxCXi - fi+l) (38)
= (A + kMaxBZC)Xi - Bz(kMaxum - fi+l)
= AeZXi - Bz fez
where
A, =A+k,,B,C (39)

fez = kMaqul —f (39b)

i+1

Accordingly, both stiffening and softening systems can be expressed in Eq. (40) with coefficients
A.,B, and f, summarized in Table 4.

Xiy = Ae X — Be fe (40)

Table 4. Coefficients for stiffening and softening systems

Stiffening Systems Softening Systems

Ag =A-KkyinB,C Agr = A+KyaB,C
B, B, B,

f = fiia = KminCX; for =KuaxCXi = fisg

Lyapunov Stability Analysis of Explicit Algorithms

Based on Egs. (33), (37d) and (39b), f,, expressed as a function of u.,,, has the following range

0< f, (U, ) U, <ku? (41)

i+1

where k =K,,., —Kui,- INn order to investigate the stability of the system in Eq. (40), similar to Egs.
(14) and (26), a Lyapunov artificial energy function candidate v,,, (Franklin et al. 2015) at the
time step i+1 can be chosen as follows:

Vi+1 = XT MXi+1 (42)

i+1
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where M is positive definite, i.e. M=M" =0 and 0 is the null matrix of the same dimensions
as M. A sufficient condition for the system, and thus the explicit direct integration algorithm, to
be stable is as follows:

T T
Avm =Vip—V; = Xi+1MXi+l =X MXi

:(Aexi _Be fe)TM(AeXi _Be fe)_XiTMX (43)
= x] (ATMA, ~Mx, —2fTBIMA x, + fTBIMB, f, <0

e

Note that f' = f . Multiplying Eq. (41) by fe/ui+1,|ui+1|>0, which is always positive, and
rearranging, one obtains:

fe(fe - kui+1): fe(fe B k('\’xi)S 0 (44)
Eq. (43) becomes

AV,

i+1

<AV, =X (ATMA, —M)x, -2 BIMA,x, + fTBIMB, f, — 2, (f, —kCx;)

=x (ATMA, —M)x, + £ (BIMB, —2)f, —2f] (BTMA, —kC)x, (45)

where AV... can be further transformed as follows:

i+1

AV, =AV , + X' L'Lx, — x] L LX,
=X/ (ATMA, -M +LTL)x, - (46)
[t7(2-BIMB, )f, - 217 (kC-BIMA, )x, + xT L Lx]

where L is a 3x3 matrix. A sufficient condition for AV, , <0 and thus Av. . <0 is as follows:

i i1
M=AIMA_ +L"L (47a)
0=B/MA_ -kC+W'L (47Db)
0=1+1"-BMB, -W'W (47c)

where W is a 3x1 vector. With Eqgs. (47), Eq. (45) becomes

<AV, =X 0x, — (FTWTWF, —2fTWTLx, + xTL'Lx;)
=—(WF, —Lx, ) (Wf, —Lx,)<0

AV

i+1

(48)

Therefore, the Lyapunov stability of the explicit integration algorithm depends solely on the
existence of M, L and W such that Eqs. (47) are satisfied. Recall the strictly positive real
lemma presented before, i.e. Egs. (4), the comparison between Eqgs. (4) and (47) gives
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A=A, B=B, C=kC, D=1 M=M, L=L, W=W (49)

e’ e’

Accordingly, the stability analysis reduces to seeking k such that the transfer function G(z) in
Eq. (50) is strictly positive real.

G(z)=1+kC(1z-A,) B, (50)

To be strictly positive real, the first condition (i) requires that A, must be asymptotically stable.
It is noted that A, can be expressed non-dimensionally for the SDOF governed by Egs. (6), (32a)
and (32b) as follows:

[+ (/O )F /O /F o —(m/$)/F
A, =| K, _[Kz +(7Tﬂ/é/)’(1]’(3/|: 1_[14‘(71'/1/4/)’(0]773/': _(”ﬂ/é/)Ks/F (51)

K, K, 1
where
F =1/(4ml )+, (52)

The second condition (ii) for this case where the dimension of G(z) in Eq. (50) is 1 becomes
equivalent to the following:

Re[G(z)]>0 (53)
which leads to
Re[H(2)]> -1/k (54)
where

H(z)=C(lz-A,)"B (55)

e

The Nyquist plot (Franklin et al. 2015) can be used to plot H(ew) V Oe [0, 27r]. From this plot,
the minimum value of Re[H(z)] that is corresponding to the —1/k can be obtained.

It is noteworthy that if f(u) in Eq. (33) is strictly within the following range:
Kyinl? < F(U)U < Kyyat? (56)
Egs. (41), (44) and (48) become

0< fu _, <ku?

e+l i+l

(57a)
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f(f, —ku,,)=f.(f —kCx,)<0 (57b)

[

Av., <AV, , <0 (57c)

i+1 i+1

Therefore, the explicit direct integration algorithm is asymptotically stable in this case, i.e.
F (U € (KygU?, KyU? ), refer to Fig. 2.

Numerical Example for the Stability Analysis

In this section, the explicit Newmark algorithm, ie. wx=[ 1/2 1/2 1/2], is used to

demonstrate the approach proposed in the previous sections based on the following numerical
conditions:

m=1 ¢ =005 u=001 k =1 (58)

For convenience, all units in this section are omitted. Based on Eq. (58), A,, C and p(AE) are
as follows:

~0.0051 —0.0102 -0.0039
A, =| 04975 09949 —0.0020 (59a)
05000  1.0000  1.0000

C=[0.5000 1.0000 1.0000] (59b)
p(A,)=0.9969 (59¢)

p(Ae)<1 implies that A, is asymptotically stable and thus the first condition of the strictly
positive realness of G(z) in Eq. (50) is satisfied.

Stiffening Systems

For stiffening systems, B, =B, is as follows:

B, =[0.0039 0.0020 Of (60)

The row ranks of the following matrices:

C
Z, =|CA, (61a)
CA’
ZZ :[Be AeBe AsBe] (61b)
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are equal to 3, i.e. rank(Z,)=rank(Z,)=3. Therefore, (A,,C) is observable and (A,,B,) is
controllable, and thus it is a minimal realization.

The Nyquist plot of H(z) in eq. (55) corresponding to A, C and B, in Egs. (59) and
(60) is shown in Fig. 3, where min{Re[H(z)]}:—4.7642 is obtained. Based on Eq. (54), one
obtains:

~1/k <min{Re[H(2)]} (62a)
k <—1/min{Re[H (z)]}=0.2099 (62b)

Accordingly, for stiffening systems, the explicit Newmark algorithm is stable in the sense of
Lyapunov in the range that f/ue [kl K, + k) = [1,1.2099), |u| > 0 for the numerical conditions in
Egs. (58).

15

Imaginary Axis

-15
-6
Real Axis

Fig. 3. Nyquist plot of H(z) for a stiffening system.

Softening Systems

For softening systems, B, =B, is as follows:

B, =-[0.0039 0.0020 Of (63)

Fig. 4 shows the Nyquist plot of H(z) in Eq. (55) corresponding to A, C and B, in Egs. (59)
and (63). Similar to Egs. (62), with min{Re[H(z)]}=-5.2586 obtained from Fig. 4, one obtains:

k <—1/min{Re[H(z)]}=0.1902 (64)

Therefore, for softening systems, the explicit Newmark algorithm is stable in the sense of
Lyapunov in the range that f/ue (k| -k, k] = (0.8098, 1], |u| >0 for the numerical conditions in
Egs. (58).
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Fig. 4. Nyquist plot of H(z) for a softening system.

The proposed approach can be applied to investigate the stability of other explicit direct
integration algorithms. It is also noted that neither k,,,, nor k., is necessarily equal to k, for
the stiffening or the softening systems, respectively. These stiffness values can be any other
values of stiffness along the loading path. Therefore, various nonlinear systems, besides strictly
stiffening and softening systems, can be treated using the proposed stability analysis approach.
Accordingly, this proposed approach is generally applicable to explicit direct integration
algorithms for various nonlinear systems.

Accuracy Analysis

The accuracy of the numerical integration algorithms depends on several factors, e.g. the loading,
the time-step size, and the physical parameters of the system. In order to develop an
understanding of this accuracy, a nonlinear test problem with an available closed-form exact
solution is analyzed in this section.

Consider a simple pendulum (Fig. 5) of length |, forming a time-dependent angle &(t)

with the vertical axis and undergoing time-dependent angular acceleration (t). The governing
equation, initial conditions, exact solution, and period of vibration are summarized in Table 5
where g is the gravitational acceleration, n=K(r)—it, K, =49/l , K(r) is the complete
elliptical integral of the first kind, and sn(n;r) is the Jacobi elliptic function (Abramowitz and
Stegun 1972).

Fig. 5. Schematic of the nonlinear pendulum in a general deformed state.
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Table 5. Nonlinear pendulum

Governing equation 0 + (g/l )sin =0
Initial conditions 0(0)=0,,0(0)=0
Exact solution (Beléndez et al. 2007) H(t) — 2arcsin {sin (60/2)sn(n; r)} r —sin? (90/2)
Period T =4K(r)/,
8 T T T 8 T T T
initial Sinitial
61 —— O3 angent / 61 OS angent
—8— Explicit Newmark % —8— Explicit Newmark
4f—— Implicit Newmark / ,,,,,, 4N —— Implicit Newmark
~oTRBDF2 | | A~ - " -=--TRBDF2

Percentage period elongation
Percentage amplitude decay
N

: -4
0 002 004 006 008 01 012 0.14 0 002 004 006 0.08 01 012 0.14
At/ T At/ T

Fig. 6. Period elongation and amplitude decay for the pendulum problem with 6, =010z .

8 11 13 13 8 T T T
IS Sinitial = Sintial
pras] L (8] H|
g 6 tangent / % 6 OStangent
g 4 —8— Explicit Newmark . ) 4 —8B— Explicit Newmark
© “[] —e—Implicit Newmark — T8 4 —— Implicit Newmark
3 | ----TRBDF2 /?/ = || TRBDF2
5 2 o T S E—
o ’ c | LT
> el o] O R R
g 8 O L2 i & & @ @
c c
g -2 S -2
o )
0 002 004 006 008 01 012 0.14 0 002 004 006 008 0.1 012 0.14
At/T AtlT

Fig. 7. Period elongation and amplitude decay for the pendulum problem with 6, =0507 .

Figs. 6 and 7 present the period elongation and the amplitude decay of the investigated
integration algorithms for 6, =010z and 6, =0507, respectively. The period is shortened using

explicit Newmark (Chopra 2006), and elongated by the other algorithms. It is observed that
OStangent and implicit Newmark present similar period elongations. The TRBDF2 has the smallest
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period change while it is about twice computationally expensive compared to the other
algorithms. Considering roughly the same computational efforts, e.g. At/T =0.08 for TRBDF2
and At/T =0.04 for the others, the accuracy becomes comparable. Moreover, the accuracy of all
algorithms is indifferent for the integration time steps required for accuracy, i.e. At/T <0.01
(Bathe 2006). All algorithms do not result in any significant amplitude decay except TRBDF2,
which presents some amplitude decay due to introduced numerical damping. Up to At/T =0.1,
period elongation (< £3%) and amplitude decay (< 1%) are acceptable.

Summary and Conclusions

Systematic Lyapunov stability and accuracy analyses of five direct integration algorithms
(implicit and explicit Newmark, OSinitial, OStangent, and TRBDF2) for two types of nonlinear
SDOF structural systems (stiffening and non-degrading softening), have been presented. An
integration algorithm is stable if its Lyapunov artificial energy function is bounded. The general

1
condition that the boundedness of HA]. for i —>oo is derived from the boundedness of the
J=1
Lyapunov function. For linear structures, the stability criterion is that the spectral radius of the
approximation operator is less than or equal to 1.0, which is applied to nonlinear structures by
some researchers. It should be emphasized that the stability limit for linear structures, however,
does not automatically hold for nonlinear structures. Therefore, some well-known stability limits
of direct integration algorithms, e.g. OS algorithm with initial stiffness (OSinitial), are incomplete.
An approach is proposed to perform the stability analysis numerically. This approach transforms
the stability analysis to the solution of a convex optimization problem. The proposed approach is
generally applicable to direct integration algorithms for nonlinear problems.

In addition, another systematic approach to investigate the Lyapunov stability of explicit
direct integration algorithms has been presented. The generic explicit algorithm is formulated for
a nonlinear system represented by a general nonlinear restoring force in terms of the
displacement, u . In this approach, the restoring force is a memoryless nonlinear function

bounded in the sector between k,,.u and k.U where k,, and k,,, are lower and upper

bounds on the SDOF stiffness. Based on this formulation, the proposed approach transforms the
stability analysis to investigating the strictly positive realness of the transfer function for the
formulated system. Nyquist plot is used to obtain a sufficient condition, i.e. the range of the
restoring force, that the explicit algorithm is stable in the sense of Lyapunov. Furthermore, the
explicit algorithm is asymptotically stable if the restoring force is strictly within the range given
by Eq. (56). The proposed approach is demonstrated by a numerical example that investigates the
Lyapunov stability of the explicit Newmark algorithm and this illustrated by a numerical
example of a SDOF. In conclusion, the proposed approach is shown to be applicable for
investigating the stability of the explicit direct integration algorithms used to determine the
dynamical response of a variety of nonlinear structural systems.

A geometrically nonlinear pendulum problem with a closed-form exact solution is used to
investigate the accuracy of the considered five integration algorithms. The period is shortened by
explicit Newmark and elongated by the other algorithms. The OStangent and implicit Newmark
present similar period elongations. The more computationally expensive TRBDF2 has the
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smallest period change. All algorithms present no amplitude decay except the TRBDF2
undergoes some amplitude decay due to the introduced numerical damping. Finally, observed
period elongation (< £3%) and amplitude decay (< 1%) values are practically acceptable.
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Appendix: Base Functions Used for Numerical Stability Analysis
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