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Abstract

In this thesis, we examine diffusion in ternary, agueous solutions of the nonionic
surfactant decaethylene glycol monododecyl ether (Ci2E10) and a hydrophobic solute, either
decane or limonene. In solution, the surfactant molecules self-assemble to form micelles swollen
by hydrophobic solutes, with essentially no free hydrophobic solute or surfactant monomer in
the surrounding solvent. The diffusive behavior of this system is very interesting in that
surfactant-solute interactions are strong, and result in a highly non-diagonal diffusivity matrix
[D], which depends in part on how strongly micelles grow with an increasing amount of
solubilizate along the diffusion pathway. This behavior is distinct from that of colloidal
dispersions comprised of polydisperse rigid hard particles, which are unable to reassemble on a
molecular level to lower the system free energy as they diffuse. The goal of this work is to present
experimental data and develop rigorous theoretical results that capture the influence of self-
assembly on the ternary diffusion coefficient matrix [D], and on the time and static correlation
functions that are commonly used to analyze light scattering data in these mixtures.

In Chapter 1, ternary diffusion coefficient matrices [D] and morphological parameters,
such as the micelle aggregation number, hydrodynamic radius, and hydration index, were
measured using the Taylor dispersion method and static and dynamic light scattering techniques,
respectively, for Ci2E10/decane/water solutions. The matrix [D] for this system was found to be
highly non-diagonal, and concentration dependent, over a broad domain of solute to surfactant
molar ratios, and micelle volume fractions up to ¢ = 0.25. Measurements for the average
micelle radius and aggregation number indicate a weak dependence on the micelle volume

fraction but a strong linear increase with the solute-to-surfactant molar ratio. Furthermore, a



theoretical model, based on Batchelor’s theory for gradient diffusion in dilute, polydisperse
mixtures of interacting spheres is developed and effectively used to predict [D] with no
adjustable parameters. In this model, a Poisson distribution of solute molecules among micelles
was assumed with a one-to-one correspondence between the number of solute to surfactant
molecules distinguishing each micelle species.

In Chapter 2, experimental data for the ternary diffusion coefficient matrices [D] are
presented for crowded ternary mixtures of CizE1o surfactant with either decane or limonene
solute. Our theoretical model for [D], which was introduced in Chapter 1, is simplified by
neglecting local polydispersity. Even though the model originates from dilute theory that
incorporates pairwise hydrodynamic and thermodynamic interactions, the theoretical results
were in surprisingly good agreement with experimental data for concentrated mixtures, with
volume fractions up to ¢ = 0.47. This agreement suggests that the effects of many-particle
hydrodynamic and thermodynamic interactions cancel, resulting in experimental and theoretical
predictions that are nearly linear over the entire range of concentration. In addition, the theory
predicts eigenvalues D_ and D, that correspond to long-time self and gradient diffusion
coefficients, respectively, for monodisperse spheres, in reasonable agreement with experimental
data.

The third and final chapter of this thesis involves the development of model equations for
the Rayleigh ratio and the mode amplitudes of the normalized electric field autocorrelation
function, which are commonly used to analyze time averaged and photon correlation
spectroscopy data, respectively. These theoretical results were derived using thermodynamic

fluctuation theory applied to crowded solute-containing micellar solutions and microemulsions



with negligible molecular species and polydispersity. This theory invokes nonequilibrium
thermodynamics and enforces local equilibrium between molecular solute, surfactant, and the
various micellar species, in order to support the influence of self-assembly on the light scattering
functions for the first time. We find that micelle growth effects along the diffusion path in these
mixtures, which were shown to drive strong multicomponent diffusion effects, expressed via the
ternary diffusivity matrix [D], do not affect the scattering functions in the limit of zero local
polydispersity. Hence, theoretical predictions for the Rayleigh ratio and the field autocorrelation
function for ternary mixtures of solute-containing, locally monodisperse micellar solutions are
identical to those developed for binary mixtures of monodisperse, colloidal hard spheres.
However, micelle growth effects are predicted to influence the thermodynamic driving forces
and eigenmodes for diffusion. In support of our theoretical results, measurements for the
Rayleigh ratio and the field autocorrelation function for ternary aqueous solutions of
decaethylene glycol monododecyl ether (Ci2E10) with either decane or limonene solute were
performed for several molar ratios and volume fractions up to ¢ = 0.25, and for binary mixtures
of CizEio/water up to ¢ = 0.5. Excellent agreement between our light scattering theory and
experimental data is achieved for low to moderate volume fractions (¢ < 0.3) and at higher
concentration when our volume fraction calculations are corrected to account for micelle

dehydration.
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Outline

In Chapter 1, ternary diffusion coefficient matrices [D] and morphological parameters,
such as the micelle aggregation number, hydrodynamic radius, and hydration index, are
presented as a function of either volume fraction or the solute to surfactant molar ratio for
Ci2E10/decane/water solutions. A theoretical model, based on Batchelor’s theory for gradient
diffusion in dilute, polydisperse mixtures of interacting spheres is developed. In this model, a
Poisson distribution of solute molecules among micelles was assumed with a one-to-one
correspondence between the number of solute to surfactant molecules distinguishing each
micelle species.

In Chapter 2, experimental data for the ternary diffusion coefficient matrices [D],
acquired using the Taylor dispersion method, are presented for crowded ternary mixtures of
C12E10 surfactant with either decane or limonene solute. Our theoretical model for [D], which
was introduced in Chapter 1, is simplified by neglecting local polydispersity.

Finally, in Chapter 3, model equations for the Rayleigh ratio and the normalized time
correlation function for the scattered electric field are derived using thermodynamic fluctuation
theory applied to crowded solute-containing micellar solutions and microemulsions with
negligible molecular species and polydispersity. In addition, measurements for the Rayleigh
ratio and the field autocorrelation function for ternary aqueous solutions of decaethylene
glycol monododecyl ether (C12E10) with either decane or limonene solute were performed for
several molar ratios and volume fractions up to ¢ = 0.25, and for binary mixtures of

C12E10/water up to ¢ = 0.5.



Chapter 1

Multicomponent Diffusion in Aqueous Solutions of Nonionic Micelles and Decane

solute (a)

surfactant (s) in micelle (M)

Reproduced with permission from N. P. Alexander, R. J. Phillips, S. R. Dungan, Multicomponent
Diffusion in Aqueous Solutions of Nonionic Micelles and Decane, Langmuir, 2019, 35 (42),

13595-13606. © 2019 American Chemical Society.
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Multicomponent Diffusion in Aqueous Solutions of Nonionic

Micelles and Decane

Nathan P. Alexander,” Ronald J. Phillips,” and Stephanie R. Dungan*"*

"Department of Chemical Engineering and *Department of Food Science and Technology, University of California at Davis, Davis,

California 95616 United States

ABSTRACT: Taylor dispersion and dynamic light scattering
techniques were used to measure the ternary diffusivity matrix [D]
and the micelle gradient diffusion coeflicient, respectively, in
crowded aqueous solutions of decaethylene glycol monododecyl
ether (C,,E,,) and decane. The results indicate that C,E,,

diffused down its own gradient with the micelle gradient diffusivity

while decane diffused down a decane gradient at a much slower
rate. Furthermore, strong diffusion coupling, comprising decane
diffusion down a surfactant gradient and surfactant diffusion up a
decane gradient, was also observed with cross diffusivities that
were on the order of or larger than the main diffusivities.
Measurements of the micelle aggregation number, hydration

solute (a) D., < Dgs = Dy

surfactant (s) in micelle (M)

index, and the hydrodynamic radius, obtained using both static and dynamic light scattering methods, indicate that decane-

containing micelles interacted as hard spheres and had radii and

aggregation numbers that increased linearly with the molar

ratio of solute to surfactant. A theoretical model, developed using Batchelor’s theory for gradient diffusion in a polydisperse
system of interacting hard spheres, was effectively used to predict [D] with no adjustable parameters. A comparison with the
theory indicates that decane diffused down its own gradient by micelle self-diffusion while surfactant diffused down a surfactant
gradient by micelle gradient diffusion. It is also shown that intermicellar interactions drove decane diffusion down a C,E;,
gradient by a volume exclusion effect while an increase in the micelle aggregation number and hydrodynamic radius with decane

was necessary to drive surfactant diffusion up a decane gradient.

Bl INTRODUCTION

Recently, diffusion in “crowded systems” and complex fluids
has attracted increasing attention, as new results have
challenged our understanding of diffusion at a very
fundamental level. Recent studies of multicomponent diffusion
in aqueous micellar solutions, for example, have shown that the
partitioning of hydrophobic solute, such as a drug or nutrient,
into the oily interior of the micelles strongly affects the rate of
diffusion of both the solute and the surfactant.™” In this work,
we examine the surprisingly strong and nonintuitive effects of
multicomponent interactions in ternary systems comprised of
water, nonionic surfactant, and hydrophobic solutes that are
nearly insoluble in water in the absence of micelle-forming
surfactants.

Interestingly, the diffusion of a hydrophobic solute in an
aqueous micellar solution occurs naturally in the human body
within the lumen of the small intestine. In that region,
hydrophobic solutes such as fats, drugs, and nutrients solubilize
within bile-salt micelles that diffuse through an aqueous
boundary layer, often described as an unstirred water layer
(UWL), to the membrane of the enterocytes (cells) that
constitute the lining of the intestinal wall. Research suggests
that, at least in vitro, the micelle-mediated diffusion of
hydrophobic solute across the UWL can be rate-limiting and
may control the rate of hydrophobic solute absorption during
digestion.”” Hence, a detailed understanding of multi-

v ACS Publications © 2019 American Chemical Society 13595

component diffusion in aqueous surfactant solutions may be
necessary to predict oral drug delivery rates and nutrient
bioavailability, especially if the drug or nutrient is very
hydrophobic.”

The hydrophobic core of micelles enables them to solubilize
(and thus transport) hydrophobic material and, in this way, act
as mobile nanocontainers for solute. Micelles generally raise
the effective solubility of hydrophobic solute in water and may
enable one to establish relatively large solute concentration
gradients that have the potential to enhance the rate of
hydrophobic solute diffusion. A simple theoretical model for
the diffusion of solute in a micellar solution would predict that
the effective solute gradient diffusion coefficient (D.g) is a
weighted average of the free molecular solute gradient diffusion
coefficient (D,) and the micelle gradient diffusion coefficient
(Dy). 012 According to this model, either solute molecules
can diffuse in water as free solute molecules or they can be
carried by solute-containing micelles. When the solute is very
hydrophilic, D, is predicted to be that of the free solute (D,);
that is, a hydrophilic solute is predicted to diffuse in a micellar
solution as if the micelles were not there. If the solute is very
hydrophobic and the solute transports exclusively within

Received: June 14, 2019
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Published: September 25, 2019

DOI: 10.1021/acs.langmuir.9b01823
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solute-containing micelles, then D4 would be predicted to be
equivalent to the micelle gradient diffusion coefficient Dy,
where the effect of solute on Dy has been neglected. Hence,
this framework, known as the pseudobinary model for
diffusion, predicts that the effective solute gradient diffusion
coefficient is bounded by the gradient diffusion coefficients of
the micelle and the free molecular solute:

Dy <Dg <D, (1)

However, in contrast to this prediction, our group has
previously measured effective solute gradient diffusion
coefficients in aqueous micellar solutions that fall outside of
these bounds.” The pseudobinary model, evidently, was
inadequate to describe diffusion in those multicomponent
systems.

Generally, multicomponent gradient diffusion in a ternary
solution can be described with either the Maxwell-Stefan
equations or the generalized form of Fick’s law, the latter being
given by the matrix equation

Ja ‘Daa ‘Das aca/ax
A D, Dy|[dC,/ox Q)

Equation 2 describes diffusion in one dimension (x) and
accommodates diffusion coupling between two components
denoted by the subscripts “a” and “s”. The third component,
typically the solvent, is excluded from eq 2 because the fluxes
of the three components are not independent.'> The main
terms in the diffusivity matrix (D,, and D) relate the flux
response of each component to its own concentration gradient,
while the cross terms (D, and D) relate the flux of one
component to a gradient in the other. The magnitude of the
cross terms reflect the strength of diffusion coupling; they can
be greater in magnitude than the main terms and are
sometimes negative.

Although the off-diagonal diffusivities D,, and Dy, are often
negligible in liquid solutions with weakly interacting
components,'* it has become increasingly clear that, in other
mixtures with strongly interacting components, they can be
significant. Non-negligible cross diffusivities have been
measured in a variety of aqueous surfactant solutions, including
systems with ionic surfactant and solute,"*>° nonionic or
zwitterionic surfactant and solute,” "’ and aqueous solutions
with mixed surfactants.'>~*!

Multicomponent gradient diffusion in aqueous surfactant
solutions with ionic components, where multicomponent
effects were driven largely by electrostatic coupling, have
received the most attention to date. Surprisingly, there have
been relatively few similar studies with nonionic or zwitterionic
components, and nearly all of those studies were confined to
dilute solutions, in which the surfactant and/or the solute were
abundantly present as dissolved molecular species.”” ">
Those nonionic or zwitterionic studies have shown that
diffusion coupling may occur in solutions with large quantities
of free molecular solute and/or surfactant monomer by two
independent mechanisms: (1) the solubilization of free solute
molecules into micelles can generate a large gradient in free
molecular solute, which can drive solute diffusion up the
surfactant gradient, and (2) the effect of solute on the
micellization free energy of a surfactant with a high critical
micelle concentration (CMC) can cause a large surfactant
monomer gradient, which can drive surfactant diffusion up (or
down) the solute gradient.

These mechanistic descriptions raise a set of interesting
questions. What if the solute is very hydrophobic (and strongly
partitions into the micelles) and the surfactant CMC is very
low, so that the concentrations of the molecular species are
negligible? Are diffusion coupling effects present? Is diffusion
pseudobinary in these strongly partitioning micellar solutions?
Indeed, only weak multicomponent effects have been observed
and mechanistically explained in dilute solutions of mixed
nonionic or zwitterionic surfactants with negligible molecular
species.'> However, a limited amount of existing data shows
strong multicomponent effects in crowded aqueous nonionic
surfactant solutions with very hydrophobic solutes,” caused by
mechanisms that remain unclear.

In the present study, we obtained new data on multi-
component diffusion in crowded aqueous nonionic surfactant
solutions with a very hydrophobic solute. The nonionic
surfactant was decaethylene glycol monododecyl ether
(C13E 1), and the hydrophobic solute was decane. The Taylor
dispersion method was used to measure the ternary diffusivity
matrix [D],”* and dynamic light scattering (DLS) was used to
measure the solute-containing micelle %radient diffusivities
Dpys. The theory developed by Batchelor”** for diffusion in a
polydisperse system of interacting spheres allowed us to
predict the diffusivity matrix [D] from measured values of the
surfactant aggregation number m, the hydration index ny, and
the decane-free infinite dilution diffusivity D°. The parameters
(m, ny, and D°) were acquired using both static and dynamic
light scattering techniques.

B MATERIALS AND METHODS

Materials. The surfactant decaethylene glycol monododecyl ether
(C1,E, lot #SLBT1187 with a hydroxyl value equal to 92.0 mg/g),
the solute decane, and HPLC grade toluene, used as a reference
standard for static light scattering measurements, were all purchased
from Sigma-Aldrich and used without modification. All micellar
solutions destined for the Taylor dispersion apparatus were prepared
with unfiltered deionized water, while micellar solutions prepared for
either static or dynamic light scattering measurements were mixed
using “Molecular Biology Reagent” water from Sigma-Aldrich that was
filtered through 0.1 um filters by the manufacturer. All solutions,
regardless of the measurement technique, were prepared by volume
with aliquots from 100 mL stock solutions and were allowed to
equilibrate overnight at room temperature. Nonideal changes in
volume upon mixing were neglected.

Light Scattering. Dynamic (DLS) and static (SLS) light
scattering measurements were performed with a Malvern Zetasizer
Nano ZS90 at a 90° scattering angle. The light source was a solid state
4 mW He—Ne laser that emitted vertically polarized light with a
wavelength of 633 nm. In order to ensure the removal of dust
particles, all surfactant solutions prepared for light scattering
measurements were filtered through 0.1 yum Whatman polycarbonate
filters (model WHAB800309), using an Avanti mini-extruder (model
610000), directly into quartz cuvettes topped with Teflon stoppers by
Starna (model 23-Q-10). Each 1 mL sample was then allowed to
equilibrate at 25 °C within the instrument for 10 min prior to
measurement. All DLS measurements generated intensity-weighted
size distributions with a single, narrow peak. Assuming a Gaussian
micelle size distribution, the method of cumulants was then used to fit
the DLS intensity autocorrelation functions. The cumulants analysis
yielded Z-average diffusion coefficients (Dprg) and polydispersity
indices (defined in this context as the square of the ratio of the
standard deviation over the mean of the Gaussian size distribution
curve), with the latter determined to be <0.1 for all samples.

SLS measurements yielded reduced scattering intensities K.c./Rgj,
where K; is the optical contrast constant, ¢, is the surfactant mass
concentration, and Rey = (Iy/I)(n,/ny)*Ry is the excess Rayleigh

DOI: 10.1021/acs.langmuir.9b01823
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ratio, calibrated with a pure toluene standard. The Rayleigh ratio for
pure toluene is given by Ry = 1.3522 X 107° cm™ at 25 °C. I, is the
residual scattering intensity, defined as the difference between the
scattering intensity of the solution and that of the pure solvent I,. I is
the scattering intensity of the toluene standard. n, is the solution
refractive index, and ny (equal to 1.496) is the refractive index of pure
toluene at 25 °C. K for vertically polarized light is given by
47n2(N,A*) 7! (dny/dc,)?, where N, is Avogadro’s number, A is the
wavelength of incident light, and dny/dc, is the independently
determined refractive index derivative of the solution with respect to
the surfactant mass concentration. (Note that the precise value of n,”
is not needed since the quantity n® in Ry, cancels with that in K.)
The diameters of the micelles in our solutions were 2 orders of
magnitude smaller than the wavelength of incident light, thus
satisfying the Rayleigh criteria, so that the scattered light intensity
was independent of the scattering angle with a form factor equal to
one.

Except where noted, all reported error bars for our scattering
measurements represent two standard deviations.

Taylor Dispersion. The ternary diffusivity matrices [D] were
measured using the Taylor dispersion method.”>?° Briefly, a peristaltic
metering pump (Gilson model Minipuls 3) delivered carrier solution,
which contained a specified concentration of solute and/or surfactant,
to a differential refractometer (Waters model 2414) through Teflon
capillary tubing (length L = 1990.8 cm, inner radius r = 0.0144 cm)
wound into a helical coil with radius R. = 11.3 cm. A 20 yL pulse with
either excess solute (AC, = S mM) or excess surfactant (AC, = §
mM) was rapidly injected into the laminar carrier stream upstream of
the coil, using a Rheodyne injection valve (model 7725). The
dispersion of solute and surfactant then broadened the pulse as it
moved downstream to generate a refractive index profile, which was
measured at the detector. The pulse residence times ty, set by the
pump flow rate, were chosen to be t; > 8000 s in order to minimize
distortion of the refractive index profiles caused by “secondary” flows,
introduced by the presence of the helical coil, and to reduce
continued broadening of the pulse as it slowly passed through the
measurement chamber of the refractometer.”” " All of the refractive
index profiles appeared symmetric, indicating that the error from
those effects was negligible. Measurements were made at room
temperature, which had day-to-day variation within 22—-24 °C.
Temperatures during each dispersion experiment were monitored and
were always constant within +0.2 °C. Measurements on the binary
C),E o/water system with the Taylor dispersion device gave a
Gaussian profile exhibiting a single mode, yielding a binary micelle
diffusion coefficient that was in good agreement with our dynamic
light scattering result.

The refractive index profiles were fit with the following ternary
Taylor dispersion model equa’tion‘m’31

tR
V(t) = Vo+ Vit + Voo " W exp

Dt - ) ]}

r’t

_12D_(t - tR)Z}

+(1—W)exp )
rt

®3)

Here, V, is the baseline voltage of the detector, V., is the signal
voltage when t = ty, and Vt captures linear drift in the signal voltage.
D_ and D, are the eigenvalues of [D].

2
D = (Daa + D<s) + (Daa - L)u) + 4D,D,

* 2 2 4)
b - @u+D) Dy —DJ +4DD,
- 2 2 (s)

In eq 3, W is a weighting factor, given by

W= (a + bal)\/D_—
(a+ba)yD_ + (1 —a- bal)\/ﬁ+ (6)

and
R,AC,
@G=—""—
"7 R,AC, + RAC, (7)
D, - D, - D,
g=— &=
D. - D_ (8)
D, + 2D, - D, - D,
b= . .
D, -D_ )

where R, = (dn,/0C,)¢, and R, = (dn,/dC,)c, are the respective
refractive index increments with either C; or C, held constant.

In order to acquire the four nonlinear fit parameters a, b, D_, and
D, of eq 3, two refractive index profiles with two different values of a,
were fit simultaneously, using nonlinear 1east-sq§uares regression
performed with Matlab’s “patternsearch” algorithm.”* One profile was
generated from a pulse with excess solute (; ~ 1) and another from a
pulse with excess surfactant (a; ~ 0). The fit parameters were then
used to evaluate [D] via

+a(1—u—h)(D7

Da=D- b - D) (10)
DM = &M(D, — D+)

R, b (11)
Dsa:&(a+b)(l—a—b)(D+_D_)

R, b (12)

a(l—a—-b)

D =D, + . (D, - D) (13)
Error bars for the resulting elements of [D] represent two standard
deviations.

Refractive Index Increments. All refractive index measurements
were performed with a differential refractometer at room temperature
(22—24 °C). In order to determine the refractive index derivatives
dn,/dc, that were used to evaluate SLS optical contrast constants, the
difference between the refractive index of the surfactant solutions n
and that of the solvent n, were measured from a dilution series
comprised of six different surfactant concentrations that ranged from
1 to 6 mM in increments of 1 mM, with the solute to surfactant molar
ratio held constant. The dn,/dc, derivatives were subsequently
determined from the slopes of the plots of n, — ny versus ¢, for the
following molar ratios: C,/C; = 0, 0.1, 0.2, and 0.3. Each plot was
reproduced in triplicate and was well fit with a linear function with an
intercept through zero. From this procedure, dn,/dc, values equal to
0.1314 + 0.0006, 0.133 + 0.004, 0.135 + 0.001, and 0.139 + 0.002
mL/g, respectively, were obtained.

The refractive index increments R, and R, used to evaluate the
Taylor dispersion cross diffusivities (D,, and D,,) were determined
using finite difference approximations where R, = (An,/AC,)¢, and
R, ~ (Any/AC,)c,. Here, Ang is the difference in the refractive index
between a reference surfactant solution with composition (C,, C,) and
another solution with a composition equal to either (C, + AC,, C,) or
(C, C, + AC,). The respective solute and surfactant concentration
differences were AC, = S mM and AC; = 4 mM. The R,/R ratios
obtained for solutions with C, = 200, 150, 100, or S0 mM, with C,/C;
= 0.1, were 0.19 = 0.05, 0.18 = 0.04, 0.16 + 0.04, and 0.150 = 0.003,
respectively. The error limits for these ratios, as well as for the
derivatives provided above, represent two standard deviations.

R, and R, were also determined by integrating the Taylor
dispersion refractive index profiles using R, = (Azr*L)/ (GACYV,tr)
and R, = (A7’L)/(G,ACV,ty). Here, A, and A, are the areas under
the respective Taylor dispersion profiles that were generated using an
injection pulse with either excess solute or excess surfactant. G, and G
are the corresponding detector gains, also known as detector
sensitivity settings, expressed in units of volt per yRIU (107
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refractive index units), and V,, is the injection pulse volume. Both
methods used to measure R, and R produced results that agreed
within error. However, the refractive index increments determined by
the finite difference method were more precise and thus were used to
calculate the cross diffusivities (D, and Dy,).

B RESULTS

Ternary Diffusivities. The ternary diffusivity matrix [D]
was measured at room temperature (22—24 °C) with the
Taylor dispersion method, using aqueous solutions of 200 mM
Cy,E, with various decane concentrations (Figure 1). [D] was

[D] (x107 cm?/s)

=== = I

Eo )] PSP T FETTE FETTE P P
0 10 20 30 40 50 60 70
Decane concentration, Ca (mM)

Figure 1. Ternary diffusion coefficients for aqueous 200 mM C,E,,
(s) + decane (a).

also measured in solutions with a constant molar ratio of solute
to surfactant equal to C,/C, = 0.1 for several surfactant
concentrations (Figure 2). Here, C, and C, are the molar
concentrations of solute and surfactant, respectively.

1.0

0.8 | Dyis D,
0.6 |- u
04+ p i
0.2}

0.0 L

[D] (x107® cm?/s)

-0.2

-0.4 |

o6l ittty
0 50 100 150 200 250

C12E10 concentration, Cs (mM)

Figure 2. Ternary diffusion coefficients for aqueous Cp,E;, (s) +
decane (a) with C,/C, = 0.1.

The measured diffusivities correspond to a volume-fixed
reference frame. Generally, gradient diffusion measurements
yield diffusivities relative to a fixed-laboratory reference frame,
which becomes identical to the volume-fixed reference frame
when nonideal changes in the volume of the solution are
negligible upon mixing.33 That condition is satisfied when
either the component molar volumes are constant with
composition or when the initial concentration differences,
established during the measurement, are made sufficiently
small.>® In this work, we have established small initial
concentration differences (5 mM) in either the solute or the
surfactant. Larger initial concentration differences (10 mM)
yielded the same results within error, indicating that the

measured diffusivities were constant in both time and space
during each experiment and corresponded to the volume-fixed
reference frame.

Ternary diffusion coefficients can be evaluated unambigu-
ously from Taylor dispersion refractive index profiles and eq 3
when the diffusivity matrix eigenvalues are distinct and differ
by more than 10—20%. However, when ternary diffusion is
pseudobinary and the eigenvalues are nearly equal, then
numerical ill-conditioning makes it difficult, if not impossible,
to evaluate the diffusivities from the Taylor dispersion
refractive index profiles.'** In this study, eigenvalues for the
C,E o/decane/water diffusivity matrix were found to be
distinct with a relative difference of 65—75% over the entire
decane concentration range. Hence, the elements of [D] for
this system could be unambiguously determined from
refractive index profiles using eqs 3—13.

Dynamic Light Scattering (DLS). Gradient diffusion
coeficients Dpg that relate micelle fluxes to micelle
concentration gradients were measured for binary and ternary
solutions of solute-containing micelles at 25 °C. The data were
obtained with dynamic light scattering in crowded aqueous
solutions of 200 mM C,E,, surfactant with decane at
concentrations that ranged from 0 to S0 mM in increments
of 10 mM (Figure 1). Dp ¢ was also measured in C,Eo/
decane/water solutions with constant molar ratios C,/C, (0,
0.05, 0.10, 0.15, 0.20, 0.25, or 0.30) with surfactant
concentrations that ranged from 20 to 200 mM (Figure 3).
The binary DLS diffusivities agreed with previous values
acquired by our group” via holographic interferometry.

L ——

62
DDLS (x10~°cm*/s)

05 1 1 1 1
0 50 100 150 200

C12E10 concentration, CS (mM)

Figure 3. DLS diffusivities with respect to C,E;, concentration with
C,/C, =0, 0.05, 0.10, 0.15, 0.20, 0.25, and 0.30 from DLS data.

Earlier research by other groups"*¥*° suggested that

diffusivity matrix eigenvalues were the only diffusivities that
could be acquired with a DLS apparatus, unless the cross terms
of the matrix were negligible. In those studies, independent salt
concentration fluctuations that dissipated by diffusion drove
coupled flows in either lysozyme® or SDS micelles' during
their respective DLS measurements. The resulting DLS
diffusivities from those measurements were influenced by
coupling phenomena and consequently produced a diffusivity
matrix eigenvalue that was significantly different from the
expected gradient diffusion coefficient.

In the current work, both C,,E,, surfactant and the decane
solute were bound exclusively within micelles. Hence,
independent surfactant or solute concentration fluctuations
were negligible relative to the dominant solute-containing
micelle concentration fluctuations, and thus did not drive
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substantial coupled flows that could have contributed to the
DLS measurements. Only solute-containing micelle concen-
tration fluctuations that dissipated by diffusion in accordance
with the solute-containing micelle gradient diffusion coeflicient
contributed to our light scattering results, as evidenced by the
excellent agreement between the DLS diffusivities and the
main surfactant diffusivities shown in Figures 1 and 2 for the
C,E o/ decane/water system.

Static Light Scattering (SLS). The Debye equation,
usually expressed as a function of the particle mass
concentration, enables one to determine the second osmotic
virial coefficient and the weight-averaged particle molecular
weight from measurements of the reduced scattering intensity.
However, in order to extract the aggregation number (m) from
a ternary C,E,o/decane/water solution (modeled here as a
multicomponent solution of polydisperse decane-containing
micelles in water), it is helpful to recast the Debye equation as
a function of the surfactant mass concentration c;:>’ >

K, 1

=S = —— 4 2B,

Rgy MW, (14)
Here, Kc,/Ry, is the reduced scattering intensity, where K| is
the optical contrast constant now defined using the refractive
index derivative of the solution with respect to surfactant mass
concentration dn/dc rather than with respect to the particle
mass concentration. Thus, MW in this equation is the weight-
averaged molecular weight of surfactant per micelle, and B; is
the second osmotic virial coefficient defined by a virial
expansion of osmotic pressure in powers of the surfactant
mass concentration. B is related to a more familiar form of the
second virial coefficient B¥, defined by a virial expansion in
powers of the micelle number density via B; = (N,B*/MW_),
where N, is Avogadro’s number.

The Debye plots for the C,,E;o/decane/water system in
Figure 4 show that Kic,/Ry, increased linearly over the entire

30 T T T T T T T T T T T

25

20

, (x107° mol/g)

15

9

s's

K.c/R,

10

[-J S R AR R
0.01 0.02 0.03 0.04

C,,E,, concentration, ¢_ (g/mL)

o

Figure 4. Reduced scattering intensities with respect to Cj,E,
concentration with C,/C, = 0, 0.1, 0.2, and 0.3 from SLS data.

surfactant concentration range for each molar ratio. This
behavior indicates that, with C,/C, held constant, the micelles
did not grow or change shape with increasing surfactant
concentration, thus validating our use of eq 14 to determine
MW.,

Micelle Structure at Infinite Dilution and Intermicellar
Interactions. Extrapolation of the DLS diffusion coeflicients in
Figure 3 to zero surfactant concentration yielded the diffusion
coefficient D° of a micellar solution in the infinite dilution limit

for each molar ratio. Assuming the micelles were spherical, the
micelle hydrodynamic radius Rp;g for each C,/C, was then

calculated with the Stokes—Einstein equation,

kT
Rpjg=——
DLS 6myD0 (15)

Here, k is Boltzmann’s constant, T is temperature, and 7 is the
solvent viscosity (0.89 mPa-s). In Figure S, Rp g is seen to
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Figure S. Aggregation numbers m from SLS data and eq 14,
hydrodynamic radii Rp g from DLS data and eq 15, and hydration
indices ny from eq 16 with respect to molar ratio C,/C, at infinite
dilution. Error bars indicate 95% confidence intervals.

increase with increasing C,/C,, indicating that C,,E,, micelles
grew with an increase in the average number of solubilized
decane molecules per micelle. We note that our solute-free
hydrodynamic radius (Rp g = 3.78 & 0.02 nm) is in reasonable
agreement with previously reported results for binary aqueous
Cy,E; solutions acquired by DLS (3.92 nm)*’ and holo-
graphic interferometry (3.1 nm)."!

Following a similar procedure, extrapolation of the reduced
scattering intensity in Figure 4 provided the molecular weight
of surfactant per micelle MW, at infinite dilution. The micelle
aggregation number m was calculated by dividing MW, by the
Cy,E o molecular weight (626.86 g/mol). As shown in Figure
S, m increased with increasing C,/C, indicating that an
increase in the micelle radius Ry g resulted from an increase in
both the number of decane molecules and the number of
C,E;o molecules per micelle. Similar trends acquired using
membrane osmometry were reported by Atwood et al.** for
aqueous solutions of Cetomacrogol 1000 (C,¢E,) with decane.
Furthermore, our solute-free aggregation number (m = 101 +
6) agrees reasonably well with the result from Nolan et al.*
(122 + 10) for 1 wt % solutions of aqueous C,E,
determined using a frequency domain fluorescence quenching
method.

The micelle hydration index ny, defined as the average
number of water molecules bound to each surfactant molecule
within the micelle, was estimated by calculating the difference
between the measured hydrated volume of a decane-containing

micelle (%”RDLS) and its empirically determined dry volume
4 )
g”'RDLs3 - mV, = ()V,

mv, (16)

ny =
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Here, V,, V,, and V,, are the respective molecular volumes of a
dry molecule of Cy,E;y (0.99 nm?), decane (0.32 nm?), and
water (0.03 nm?); m is the average micelle aggregation
number, and (i) = mC,/C; is the average number of solute
molecules per micelle. V, and V,, were calculated from the pure
liquid densities of decane and water, respectively, at 25 °C, and
V, was interpolated from density data acquired for a
homologous series of aqueous Cy,E,, surfactant solutions.**

Our results for ny are plotted in Figure 5 and show that ny
remained constant with increasing C,/C,, indicating that
decane, which is expected to solubilize within the hydrophobic
core of the micelle, did not alter the amount of hydration water
bound primarily within the micelle palisade layer. Our solute-
free value (ny = 42 + 4) agrees with Nilsson and Lindman®
who estimated the number of bound water molecules per EO
group to be 4.3, on the basis of NMR water self-diffusion
measurements with 10 wt % C,Eg at T = 25 °C.

To characterize the interactions between micelles, we
evaluated the slopes D, of the lines fit to plots of Dpy¢/D°
versus the total micelle volume fraction ¢, calculated using ¢ =
CV, + C\V, + nyV,C,. Here, V,, V, and V,, are the respective
molar volumes of the solute, surfactant, and water, which were
assumed to remain constant with composition. According to
theory by Batchelor,*® the gradient diffusivity of a dilute,
monodisperse system of hard spheres is predicted to increase
with ¢ via D = D°(1 + 1.45¢).

In Figure 6, the normalized diffusion coefficients Dp;¢/D°
are plotted as a function of ¢, superimposed with Batchelor’s
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Total micelle volume fraction, ¢

Figure 6. Normalized diffusion coefficients and diffusivity slopes
(inset) plotted as a function of micelle volume fraction and molar
ratio, respectively. Solid lines indicate theoretical predictions for a
monodisperse solution of hard spheres. Error bars indicate 95%
confidence intervals.

theoretical result (solid line). Additionally, the diffusivity
slopes D, are presented in the inset of Figure 6 with respect to
C,/C,. As shown, the Dp;s/D° results for each molar ratio
collapsed onto a line with a diffusivity slope D, that agreed
reasonably well with Batchelor’s theoretical prediction of 1.45,
indicating that decane-containing micelles behaved as hard
spheres regardless of the amount of decane solubilized within
micelles. Our solute-free diffusivity slope is consistent with
previously reported results for aqueous solutions of C},Eg by
Corti et al.*” and Buck et al.*® when the results of the latter are
corrected to account for micelle hydration water.

B DISCUSSION

Diffusion Behavior in Decane/C,,E;,/Water Mixtures.
Given the low solubility of decane (3.2 x 107 mM)*’ and the
low cme of C,E; (0.09 mM),* these two compounds diffuse
together exclusively as solute-containing micelles, and so one
might expect the main terms in the diffusivity matrix, D,, and
D, to be identical and equal to the micelle gradient diffusivity
Dy Indeed, this result is predicted if the solution is
monodisperse and if one imposes the constraint that decane
and surfactant concentration gradients are proportional
throughout the diffusion process and cannot occur independ-
ently. In this special case, one has effectively removed a degree
of freedom from the system, thereby reducing the ternary
system to a binary system. As a result, the pseudobinary model
for diffusion (satisfying the lower limit of eq 1) applies.SI
Generally, however, independent gradients in C, and C, can
occur within Cy,E,/decane/water mixtures, generating strong
multicomponent effects.

According to our data, the main C,E,, diffusivities Dy, and
Dpps were very similar over the entire decane concentration
range (Figure 1) and over the entire surfactant concentration
range (Figure 2) investigated in this study. Both D and Dp
decreased linearly with increasing decane concentration and
increased linearly with increasing C,E,, concentration. Those
trends provide strong evidence that C\,E , diffused down its
own concentration gradient in a ternary micellar solution with
the micelle gradient diffusion coeflicient.

In contrast, decane was observed to diffuse with a main
diffusivity D,, that fell outside of the bounds indicated by eq 1
and had a value that was four times lower than the expected
micelle gradient diffusion coefficient. Thus, compared with the
pseudobinary prediction, decane transport down its own
gradient was dramatically reduced, a phenomenon that has
not been observed in recent studies of diffusion in aqueous
micellar solutions with more hydrophilic solutes.”*° Further-
more, C,E|, diffused up the decane gradient, so that D, < 0,
and decane diffused down the C,E,, gradient, so that D,; > 0.
The magnitudes of both of the cross diffusivities were
significant: the decane cross diffusivity exceeded the decane
main diffusivity (D,, > D,,) above a decane concentration of 30
mM, and the surfactant cross diffusivity exceeded the main
decane diffusivity in magnitude (ID,| > D,,) over the entire
decane concentration range. Those results agree qualitatively
with results acquired previously by our group” via holographic
interferometry for aqueous micellar solutions with 200 mM
C),Eo and 30 mM heptane. Interestingly, Figure 1 shows that
those strong multicomponent coupling effects were found to
persist at low decane concentrations (C, = 2 mM), when there
was only &1 decane molecule per micelle.

For the results shown in Figure 2, we held the solute to
surfactant molar ratio constant at C,/C, = 0.1 and varied the
mixture composition by dilution with water, to investigate the
influence of intermicellar interactions on the diffusivity matrix
and to see if coupling effects were still present in dilute
solutions. Indeed, the multicomponent effects appear to
weaken with decreasing surfactant concentration. However,
these effects did not vanish but instead remained important in
solutions that were considered dilute (C, < 50 mM);
extrapolation back to infinite dilution suggests they may
persist at even lower concentrations. Those results indicate
that intermicellar interactions contributed substantially but
may not have been solely responsible for the strong
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multicomponent behavior observed in the C),E,y/decane/
water system. In addition, we note that, at a fixed value of the
molar ratio, both the component concentration gradients are
driven to zero in the infinite dilution limit. Hence, J, — 0 as C
— 0 without requiring that D, — 0. This argument is
analogous to the explanation for why, in a binary solution at
infinite dilution, the flux goes to zero even though the mutual
diffusion coefficient remains nonzero.

Diffusion Predictions for Polydisperse Colloidal
Mixtures. Development of Theory. In order to interpret
the results in Figures 1 and 2, we use theory from
Batchelor™>**

decane/water solutions as gradient diffusion in a polydisperse

to model transport in our ternary C,E,y/

system of interacting spheres. The system contains N different
sphere types that comprise various numbers of decane and
surfactant molecules. The flux of micelle species i, containing
m surfactant molecules and i solute molecules, is given by the
generalized form of Fick’s law, which accommodates micelle—
micelle diffusion coupling

N-1

-], =D,VC + Y. D,VC,
j=0
i (17)

The main micelle diffusivities D;; relate the flux of micelle
species i to its own concentration gradient while the micelle
cross diffusivities Dj; relate the flux of micelle species i to a
concentration gradient in a different micelle species j. The total
flux of solute J, and the total flux of surfactant J; are related to

the micelle species fluxes via

i=0 (18)

N-1
=2m
i=0

where the fluxes of molecular solute and surfactant monomer

(19)

have been neglected. In eq 19, m; represents the aggregation
number for micelles with i solutes. Substituting eq 17 into eqs
18 and 19 and applying the chain rule generates the following

expressions:

”ac = ac *
j#i (20)

and

N-1 N-1
_ i
- = m + Z Dy
i=0 a j=0 a
j#i
N-1 N-1
O IR e
i=0 G j=0

j#i (21)

Equations 20 and 21 are then compared with eq 2 to yield the
ternary diffusivities

N-1 ac N-1 ac
Daa = i Du_ + 131]_
& 1 Mac, &7,
j#i (22)
N-1 ac N-1 acj
Ijas = i Du_ + i 3
= aC, =0 aC;
j#i (23)
N-1 N-1
oC, aC.
D, = m)| D;—- + Z Dij_}
e ac, &,
j#i (24)
N-1 N-1
oC. aC;
Dss = m; Duil + z Dijil
” P aC, =0 aC,
j#i (29)

The multicomponent micelle diffusivities (D;; and D, ) in eqs
22-25 are evaluated using theory developed prev1ously by
Batchelor”>** for gradient diffusion in a dilute, polydisperse
system of spheres:

N-1
2.5
D, = DY|1 + 1454 — Zi
oo 1+ 0.164;
ki (26)

At

D; = D'\ 4,0 + 242+ —

i i Fif ij P
(i#) ij (27)
Here, D’ and ¢; are the infinite dilution diffusivity and volume
fraction of micelle species i. 4; = R/R; is the micelle size ratio,
where R; is the radius of a type j micelle and R, the radius for a
type i. Using eqs 22—27, one finds

N-1
D,= ), iD’ [1 +0.105¢) —

i=0

Ail 25¢, |ac
ac,

&1+ 0164

N-1 2
22 )ac,
D> [/1,.].3 +22, + —’3]—’
=0 1+ 2 )oC, (28)
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N-1
D, = ). iD [1 +0.105¢) —

i=0

3 2k ]aq
~ 110164 |oC,

2

= A7 oG
+¢iz /Ii,.3+2/1[j2+—’3 a—’
=0 1+ 4" JoC, (29)

N-1 N-1
2.5 ac,
D,= ), mD’ [1 +0.105¢ — I ]

' &1 40164, )ac,

j=0 1+ ij a (30)

N-1
25, ac,
D = Y mDM|1 +0.105¢ — Y 2
£ 1+ 0164, )oC,

=0
N-1 2

A aC,
+é A0+ 207 + # a—c’
L+ 457) 0k (1)
D can be evaluated from the solute-free infinite dilution
diffusivity D° using

DO = DO{ mo(V, + ny¥,,) }1/3
l iV, + m(V, + nyV,,) (32)
The ratio 4; is determined as
7+ m(7+ mg))"
v {iz +m(V, + nHVW)} (33)
and the volume fraction ¢; can be calculated from
¢, = CliV, + m(V, + nyV,)} (34)

Here, ¢, includes contributions from solubilized solute,
micellized surfactant, and hydration water.

According to Figure S, the weight-averaged aggregation
number, determined via SLS, varied linearly with C,/C,. This
result suggests that the aggregation number of an individual
micelle within the mixture depends on the number of solutes
within the aggregate. Consequently, m; in eqs 28—34 was set to
vary linearly with i within the distribution according to m; = i«
+ my. Here, my is the solute-free aggregation number and a is a
constant interpreted as the sensitivity of the aggregation
number to solubilizate. In order to determine the local micelle
species concentrations C,, the distribution of solubilized decane
within C},E;, micelles is assumed to obey a Poisson
distribution,>* modified to accommodate the linear increase
in aggregation number with solubilized decane:

C= L[ﬂ]e—w
ai) + my| i! (35)
with
N Cimy
<l> B Cs - aCa (36)

From eqs 35 and 36, micelle growth alters the Poisson
distribution by reducing the total number of micelles, thereby
increasing the distribution average number (i) of solute

molecules per micelle, relative to the average without growth.
This solubilization-induced shift in the Poisson distribution
toward larger aggregates not only modifies the micelle
concentration gradients that drive the diffusion of both the
solute and the surfactant, via the derivatives in the eqs 28—31,
but also affects the complex network of pairwise intermicellar
interactions (hydrodynamic and thermodynamic) between the
various micellar species through its effect on ¢, and ¢;. Growth
further affects [D] through D by increasing the Stokes
resistance to the Brownian motion of each micelle species.
Comparison with Experimental Data. The ternary
diffusivities for the C},E,y/decane/water system were theoret-
ically determined using eqs 28—36 with N = 200, V, = 1.949 x
107" mM™, V, = 5.968 x 107 mM™, V, = 1.802 x 107°
mM™, my, = 105, @ = 1.3, ny = 40, and D° = 0.648 x 107°
cm?/s, in accordance with our light scattering results. Here, 1y
is an average of the hydration indices presented in Figure 5,
while my and « are intercept and slope values, respectively,
acquired from a fit of a plot of m versus (i). Setting N to values
larger than 200 had no effect on the results. The theoretically
predicted ternary diffusivities are shown superimposed over
our Taylor results in Figure 7A,B. Overall, the theoretical
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Figure 7. Ternary diffusion coefficients for (A) aqueous 200 mM
Cy,E o (s) + decane (a) and (B) aqueous C,E, (s) + decane (a)
with C,/C, = 0.1. Solid and dashed lines indicate theoretically
determined main and cross diffusivities, respectively, calculated using
eqs 28—36.

calculations are in good agreement with the experimental
values, which is remarkable when one considers that this
theory is based on interacting hard spheres and contains no
adjustable parameters. The model captures the surprising
reduction in decane transport down its own gradient, and
correctly predicts large cross diffusivities—on the order of the
main terms—which indicate decane diffusion down a C,,E;,
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gradient (D,, > 0) and C,E,, diffusion up a decane gradient
(D, < 0), in agreement with the experimental data. In Figure
7A, D, is accurately predicted to increase with increasing
decane concentration with a magnitude that eventually
surpasses D,,, while Dy, is predicted to exceed D,, in magnitude
over the entire decane concentration range. In Figure 7B, the
theoretical results for both D, and Dy, increase with increasing
surfactant concentration in excellent agreement with the
experimental values.

The theory moderately overpredicts the magnitude of D,,,
and the discrepancy appears to worsen as the system becomes
more dilute (Figure 7B). In the limit of infinite dilution, the
experimentally determined main decane diffusivity D%, appears
to fall significantly below the theoretically predicted value,
indicating the presence of a significant nonideal effect that
persists when the solution is very dilute. This effect is not
captured by the model. On the other hand, excellent
agreement between the theoretical and experimentally
determined main terms is achieved when D,, and D are
normalized by their respective values at infinite dilution (DY,
and DY) and plotted as a function of the total micelle volume
fraction. These results, shown in Figure 8, indicate that our
diffusion model accurately captures the influence of
intermicellar interactions on both D,, and Dy,

L ——

D_/D°
ss ss

0.6

0.4

Normalized main diffusivities

(1)) I TP PP PN PP I
0.00 0.05 0.10 0.15 0.20 0.25 0.30

Total micelle volume fraction, ¢

Figure 8. Main solute D,, and main surfactant Dy diffusivities,
normalized with their respective values at infinite dilution, for aqueous
Ci,Eo (s) + decane (a) with C,/C, = 0.1. Solid lines indicate
normalized theoretical values calculated using eqs 28 and 31—36.

One possible explanation for the discrepancy between the
theoretical prediction and experimental values for D,, in Figure
7B is that nonideal mixing of decane and surfactant molecules
within micelles may cause the micelle distribution to deviate
significantly from a Poisson distribution, especially when the
micelles are heavily loaded with decane. The Poisson
distribution, derived assuming ideal mixing between solute
and surfactant within micelles, is considered valid when (i) <
m.»*> This condition may be expressed equivalently as C,/C;
< 1, a constraint we may not have satisfied in the theoretical
predictions plotted in Figure 7B where C,/C, = 0.1. Since
micelles remain loaded with solute at infinite dilution when
C,/C, is held constant, this nonideal effect may be expected to
persist even in very dilute micellar solutions. In support of this
hypothesis, we note that data from Smith et al.>* indicate that
intramicellar activity coeflicients for hexane in aqueous
solutions of the alkylphenol ethoxylated surfactant NP(EO),,
are significantly less than unity and decrease with increasing
hexane concentration. However, further investigation will be

required to verify this nonideality in aqueous solutions of
C,E o with decane, and to quantify its effect on the ternary
diffusivity matrix.

Exploring Effects of Micelle Growth and Intermicellar
Interactions. To gain further insight into the coupled nature of
this diffusion process, we vary the micelle sensitivity parameter
a in order to investigate the influence of micelle growth (in m;
and R;) with solute on [D]. In Figure 9, theoretical calculations
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Figure 9. (A) Main diffusivities and (B) cross diffusivities for aqueous
200 mM Cj,Eyo (s) + decane (a). Theoretically determined main
(solid curves) and cross diffusivities (dashed curves) were calculated
using eqs 28—36 with the micelle growth sensitivity set to either a =
0.8 or 1.3 or using eqs 37—40 with a = 0.

for [D] with a = 0, 0.8, and 1.3 are plotted with our Taylor
dispersion data. As shown in Figure 9A, the theory predicts a
moderate decrease in D,, with increasing a, indicating that
growth modestly supplements the already large reduction in
D,, that is predicted in the absence of growth when a = 0.
Furthermore, the theoretical values for both D, (Figure 9A)
and D,, (Figure 9B) are negligibly affected by changes in a.
The results indicate that growth is relatively unimportant when
estimating D,,, D, and D,

However, D,, (Figure 9B) decreases sharply in magnitude
with decreasing a and nearly vanishes when a = 0, indicating
that surfactant diffusion up a solute gradient (D, < 0) is almost
entirely regulated by mechanisms that involve a solubilization-
induced increase in the micelle aggregation number, m. An
increase in m significantly affects D, in three ways. (1) It
increases the micelle size via added volume of surfactant and
hydration water (the added volume of decane provides a
relatively small contribution) and thereby reduces the
Brownian motion of micelles in the region of high decane
concentration. As a result, relatively small, mobile micelles
diffuse toward the region of high decane concentration faster
than the larger, slower micelles diffuse away from this region,
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generating a net surfactant flux up the decane gradient.54 ()
An increase in m reduces the total micelle concentration in the
region of high decane concentration, generating a micelle
gradient that further drives surfactant up the decane gradient.
(3) An increase in m more heavily weights the flux
contributions of larger micelle species in the total net
surfactant flux, since each of these micelles contain and thus
transport more surfactant molecules. Effects 2 and 3 somewhat
offset each other, but they do not entirely cancel and seem to
provide a significant contribution to making D,, more negative
than effect 1 alone.

In order to reveal the underlying causes of the multi-
component effects that govern the diffusivities D, D,,, and D,
which are either negligibly or weakly influenced by micelle
growth, we use our model to take a closer look at diffusion in a
system of interacting micelles with the growth mechanisms
deactivated. Here, it is not enough to set a = 0 so that m; = m,.
One must also set V, = 0 to completely remove the effect of
solute on the micelle radius, necessitating 4; = 4 = 1, DY =D°
and ¢; = C{my(V, + nyV,,)} per eqs 32—34. In this case, the
solute effectively becomes a volume-less label in a solution of
monodisperse micelles, and eqs 28—31 are simplified:

N-1 ac
D, = D°(1 — 22¢) + 0.105D" ) ih—*
= 9C (37)
C &
D, = 3.5D°%—" + 0.105D° ) ih—"
C w  9C (38)
N-1
ac,
D, = 0.105D°m, Y. ¢h—"
- 9C (39)
(U 0 ~ acx
D, = D°(1 + 134¢) + 0.105D°m, Y. ¢h—
im0 9C (40)

The summation terms in eqs 37—40 are relatively small, of
order 0.1D% or less, indicating that, under this scenario, solute
primarily diffuses down its own gradient by micelle self-
diffusion, according to D,, & D°(1-2.2¢)). Surfactant, in turn,
diffuses down its own gradient by micelle gradient diffusion,
governed by D, ~ D°(1 + 1.34¢)). These two results differ only
slightly from Batchelor’s*”**** predictions for the long-time
self- and gradient diffusion coefficients, respectively, for a
monomodal suspension of colloidal hard spheres. These trends
are still observed when growth effects are included in the
model. Micelle gradient diffusion also generates a coupled flux
in solute down the surfactant gradient, according to D, ~
D3.5¢(C,/C,), via a volume-exclusion mechanism involving
both thermodynamic and hydrodynamic interactions between
pairs of micelles with different numbers of solute molecules.

We have also investigated effects of polydispersity on [D] by
sampling Gaussian distributions in lieu of the Poisson, which
enabled us to independently vary the standard deviation in the
micelle size distribution. Variations in polydispersity had
negligible effects on [D]. We believe that differential shifts in
average micelle properties between populations along the
concentration gradient of either solute or surfactant,”* together
with intermicellar interactions, mainly drive the multi-
component effects in [D], rather than the extent of
polydispersity within the local micelle population.

Role of Molecular Species. In this study, intermicellar
interactions greatly contributed to the striking multicompo-

nent effects observed in aqueous C,E,y/decane mixtures and
may be expected to influence diffusion in a large variety of
crowded micellar solutions. However, in aqueous solutions of
micelles and hydrophilic solutes, diffusion coupling phenom-
ena have been successfully predicted while neglecting
intermicellar interactions, even when the infinite dilution
assumption is severely tested.

In an effort to understand how infinite dilution theories can
quantitatively predict coupling phenomena in solutions with
dilute but finite concentrations, or in crowded systems, we
examine the limiting case where ¢; and ¢, — 0, so that the
effects of intermicellar interactions are neglected. Under these
conditions, eqs 28—31 become equivalent to those derived by
Leaist.>* These equations were extended in later work by the
same group,” to accommodate the diffusion of surfactant
monomer and free molecular solute:

oC N-1
2 = IJD_D + 2 11)10_‘
i« 5% (41)
ICp & . 00C
Das = DD—D + L io—x
o, S 9G (42)
ac & 090G
1)sa = Dmon — + Z rni])io_x
aC, = oC, (43)
ac & 09G
Dss = Dmon p— + z n’liDiO_x
aC, Py aC, (44)

Here, Dy, D,y Cp, and C,,,, are the molecular diffusivities
and concentrations of molecular solute and surfactant
monomer, respectively. This theory was shown to be effective
in capturing multicomponent diffusion effects in dilute
mixtures with abundant molecular solute and/or surfactant,
such as 10—20 mM SB12 zwitterionic solutions with butanol,
pentanol, or hexanol solute.

The summation terms in eqs 41—44 indicate contributions
to [D], stemming from micelle diffusion, that are on the order
of the DY or less. The terms involving molecular species, on the
other hand, can be much larger. In aqueous mixtures with
hydrophilic components, solubilization shifts the concentration
of molecules dissolved outside of micelles. This shift can drive
large free molecular gradients that are weighted by molecular
diffusivities, which themselves are usually an order of
magnitude larger than D{. For this reason, ternary diffusivities
are sometimes well predicted using eqs 41—44 because the
summation terms are negligible, allowing one to ignore
intermicellar interactions when estimating [D]. As a result,
the cross terms are often small relative to the main terms, and
D,, satisfies eq 1.>*

However, infinite dilution theories are likely insufficient in
solutions with negligible molecular species, even in dilute
solutions, when complex hydrodynamic and thermodynamic
colloidal interactions may significantly contribute to the
coupling phenomena. In this work, the diffusion of solute
down a surfactant gradient (D,, > 0) and the widening divide
between the solute and surfactant main diffusivities (Figure 8)
with increasing micelle volume fraction exemplify the
importance of intermicellar interactions on multicomponent
effects.
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B CONCLUSIONS

A theoretical model for gradient diffusion in nonionic
surfactant solutions with very hydrophobic solutes and
negligible molecular species has been developed, using the
theory of Batchelor”** that describes gradient diffusion in a
dilute polydisperse system of interacting spheres. For aqueous
solutions of C,E,, with decane, we have shown that solute
diffuses down its own gradient by micelle self-diffusion while
surfactant diffuses down a surfactant gradient by micelle
gradient diffusion. This result indicates that intermicellar
hydrodynamic interactions are largely responsible for dramat-
ically reducing the transport of solute down its own gradient.
However, there appears to be an additional contribution
lowering D,,, perhaps from intramicellar nonideal mixing,
which is currently unexplained and requires further inves-
tigation.

Measured cross-term diffusivities in this hydrophobic solute/
surfactant mixture were found to be comparable in magnitude
to the main terms. The comparison with theory allows us to
find that, in the absence of molecular species, surfactant
diffuses up a decane gradient via a micelle growth mechanism
whose magnitude depends on the sensitivity of the micelle size
and aggregation number to solute. Solute, on the other hand,
diffuses down a surfactant gradient by a volume exclusion
effect.
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Chapter 2

Multicomponent diffusion of interacting, nonionic micelles with hydrophobic solutes
Locally monodisperse micelles, VC, # 0 and V€, =0
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Reproduced from N. P. Alexander, R. J. Phillips, S. R. Dungan, Multicomponent diffusion of

interacting, nonionic micelles with hydrophobic solutes, Soft Matter, 2021, 17, 531-542, with
permission from the Royal Society of Chemistry.
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Ternary diffusion coefficient matrices [D] were measured using the Taylor dispersion method, for
crowded aqueous solutions of decaethylene glycol monododecyl ether (Ci2E;0) with either decane or
limonene solute. The matrix [D], for both systems, was found to be highly non-diagonal, and
concentration dependent, over a broad domain of solute to surfactant molar ratios and micelle volume
fractions. A recently developed theoretical model, based on Batchelor's theory for gradient diffusion in
dilute, polydisperse mixtures of interacting spheres, was simplified by neglecting local polydispersity, and
effectively used to predict [D] with no adjustable parameters. Even though the model originates from
dilute theory, the theoretical results were in surprisingly good agreement with experimental data for
concentrated mixtures, with volume fractions up to ¢ =~ 0.47. In addition, the theory predicts
eigenvalues D_ and D, that correspond to long-time self and gradient diffusion coefficients,

rsc.li/soft-matter-journal

1 Introduction

Solute-containing micelle and microemulsion solutions diffuse
in response to gradients in chemical potential of either solute
or surfactant. Since strong molecular interactions drive self-
assembly in these mixtures, the resulting fluxes of solute and
surfactant occur in the form of many different species, including
free molecular solute, surfactant monomer, dimers, trimers, etc.,
as well as a distribution of interacting colloidal aggregates with
various sizes and shapes. When viewed broadly as a ternary
mixture of solute (a), surfactant (s), and solvent, gradient diffusion
can be described using the ternary form of Fick’s law,

Ja Day Das VC,

: @

Js Dy Dy V(s

Here, the main diffusivities (D,, and D) relate the molar flux of
solute J, and surfactant Js to their own concentration gradients,
while the off-diagonal diffusivities (D,s and Dy,) relate the flux of
one component to a concentration gradient of the other.
The solvent is excluded from eqn (1) because fluxes of three
components in a ternary solution are not independent."

Recent studies on multicomponent diffusion in nonionic
micellar solutions>® and water-in-oil microemulsions™® indicate
strong multicomponent effects, including enhanced surfactant
and suppressed solute diffusion down their respective gradients,

“ Department of Chemical Engineering, University of California at Davis, Davis, CA
95616, USA. E-mail: srdungan@ucdavis.edu

? Department of Food Science and Technology, University of California at Davis,
Davis, CA 95616, USA
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respectively, for monodisperse spheres, in reasonable agreement with experimental data.

surfactant diffusion up a solute gradient (Ds, < 0), and solute

diffusion down a surfactant gradient (D,s > 0). Both cross
diffusion effects (Ds, < 0 and D, > 0) were shown capable of
establishing buoyancy driven convection (known more generally
as double diffusive convection) at the interface between two
initially stable ternary microemulsions.” Furthermore, suppressed

solute diffusion may play a role in limiting the oral absorption

rates of hydrophobic drugs, nutrients, and fats when delivered

using surfactants to enhance their aqueous solubility.*”

Significant progress has been made toward understanding
multicomponent effects in mixtures with nonionic surfactants
and solutes.>*®? Leaist et al.** developed a theoretical model
for multicomponent diffusion in very dilute solutions with
negligible intermicellar interactions. According to this theory,
multicomponent effects are driven by solubilization-induced
gradients in free molecular solute and surfactant monomer and by
counter diffusion of non-interacting micelles with size-dependent
Stokes-Einstein mobilities.® This model was shown to be effective
in predicting [D] in dilute zwitterionic solutions with relatively
hydrophilic alcohols.® However, at higher concentrations and in
dilute solutions with negligible molecular species, micellar and
microemulsion solutions resemble colloidal dispersions, and the
influence of particle interactions on [D] is expected to play a
larger role.

In a series of influential papers,'*"® Batchelor developed a
theory for gradient diffusion in dilute colloidal hard-sphere
suspensions, which rigorously accounts for the influence of two-
sphere thermodynamic and hydrodynamic interactions (HI). The
latter, which are characterized by velocity disturbances transmitted
through the viscous liquid between Brownian particles, decay so

Soft Matter, 2021,17, 531-542 | 531
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slowly with interparticle separation distance that they are rarely
negligible in colloidal dispersions.'® However, until recently,” HI
have been neglected in models that describe multicomponent
diffusion in surfactant solutions.

The exception is a recent theoretical model by Alexander et al.,”
developed for nonionic surfactant solutions with negligible mole-
cular species, based on the theory of Batchelor for gradient diffusion
in dilute, polydisperse hard-sphere suspensions."'> Hence, this
model rigorously accounts for pairwise hydrodynamic and thermo-
dynamic intermicellar interactions, and it successfully predicted [D]
in Cy,E;¢/decane/water mixtures with no adjustable parameters, up
to volume fractions near ¢ = 0.25.2

In the present study, we further test the model of Alexander
et al.> with new experimental data for aqueous solutions with
C12E o micelles and either limonene or decane solutes, at
concentrations that approach a micellar solution phase boundary,
marking the emergence of a liquid crystalline phase. In addition,
we simplify our theoretical equations by neglecting local size
polydispersity in an effort to make the theory more tractable,
and thereby gain physical insight.

2 Materials and methods
2.1 Materials

Nonionic surfactant decaethylene glycol monododecyl ether
(C12Eq0, lot #SLBT1187 or #0000057654, each with a hydroxyl
value equal to 92.0 mg g~ '), and hydrophobic solutes decane
and limonene, were all purchased from Sigma-Aldrich and used
without modification. Unfiltered, de-ionized water was used to
prepare all stock micellar solutions. All mixtures were prepared
by volume with aliquots from 100 mL stock solutions, and were
allowed to equilibrate overnight at room temperature. Non-
ideal changes in volume upon mixing were neglected.

2.2 Taylor dispersion

Ternary diffusion coefficient matrices [D] were acquired by the
Taylor dispersion method,"”*® using an apparatus and experi-
mental procedure described previously.” Data analysis was
performed by fitting measured refractive index profiles with
the following Taylor dispersion model equation:"**°

f 12D_(1 — 1r)*
V()= Vo+ Vit + Vmax,/TR{Wexp —ﬁ}

2t
2
12D (1 — 1)
2t ’

Here, V, is the baseline voltage of the detector, V;,,a is the signal
voltage when ¢ = tz, and V;t captures linear drift in the signal
voltage. D_ and D, are the eigenvalues of [D]:

&)
+ (1 —W)exp

(Dzm + Dss) \/(Ddd - DSS)2 + 4Dasta
2 2

D_= 3)

(Daa + Dss) + \/(Dua - Dss>2 JF 4Dastu

D. =
+ 2 2

4
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In eqn (2), W is a weighting factor, given by

W (a+ boy)\/D_ 5)
(a+ boy)v/D_+ (1 —a—boy)/D+
and

RaACu
= =4 6
"7 RAC, + RAC, (©)

RLI
D+ - Dss - *Das

a=—0— ?)

D, —D_

Dss + &Das - Duu - &Dsa

p=— R Ry ®)

D, —-D_

The parameters R, = (0n/0C,)c, and R, = (0n/dC)c, are the
refractive index increments with either C or C, held constant,
respectively.

In order to acquire the four non-linear fit parameters a, b,
D_, and D, of eqn (2), two refractive index profiles with two
different values for o; were fit simultaneously, using non-linear
least squares regression performed with Matlab’s “pattern-
search” algorithm.?’ One profile was generated from a pulse
with excess solute (2; ~ 1) and another from a pulse with
excess surfactant (o¢; & 0). The fit parameters were then used to
evaluate [D] via

pu=n + == ©)
Dy :%M([)f _D+) (10)
R, (a+b)(1—a—b)
D, = E 7[) (DJr - D,) (11)
o=+ py

The ratios R,/R in eqn (10) and (11) were evaluated by integrating
the refractive index profiles according to R,/Rs & A,Gs/AsG,. Here,
A, and A, are the areas under the dispersion profiles with o; &~ 1
and «; X 0, respectively, and G, and G are the corresponding
detector gain settings. Error bars for the resulting elements of [D]
represent two standard deviations.

3 Results

3.1 Ternary diffusivities and eigenvalues

The Taylor dispersion method was used to measure the ternary
diffusion coefficient matrix [D] at constant temperature 7 =
23.0 + 0.3 °C and pressure for aqueous Cj,E;¢/limonene and
C,2E;¢/decane mixtures. In Fig. 1, [D] and eigenvalues D_ and
D, are shown for aqueous solutions of 200 mM C;,E;, with
limonene concentrations C, in the range 0 < C, < 100 mM.
The coefficients that comprise [D] were also measured in
Ci,E o/limonene (Fig. 2) and Cy,E;¢/decane (Fig. 3) solutions

This journal is © The Royal Society of Chemistry 2021
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Fig. 1 Ternary diffusion coefficients and eigenvalues for aqueous
200 mM Cy;Eqq (s) + limonene (a) for C,/Cs = 0.01, 0.1, 0.2, 0.3, and 0.5.
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Fig. 2 Ternary diffusion coefficients and eigenvalues for aqueous
Ci,E1p (s) + limonene (a) with C,/Cs = 0.1.

that were diluted with water while maintaining a constant
molar ratio of solute to surfactant equal to C,/Cs = 0.1.

The critical micelle concentration of C1,E1, (0.09 mM)>** and
the aqueous solubilities of limonene (0.10 mM)** and decane
(3.2 x 107* mM)** are small compared with the surfactant
(Cs = 20 mM) and solute (C, > 2 mM) concentrations used in
this study. Hence, aqueous C;,E;¢/limonene and C;,E;/decane
mixtures diffused almost exclusively as solute-containing
micelles while surfactant monomer and molecular solute fluxes
contributed negligibly to [D].

Theoretical results for gradient diffusion of colloidal hard
spheres by Batchelor'*™'® were derived relative to a volume-fixed

This journal is © The Royal Society of Chemistry 2021

17

View Article Online

Paper
12 -""I'"'I""I""I""I""I""I""I'-
1.0} - Dy |
NE 08l 2, D ]
g . -— --..!:-_:!___- + —-
‘?8 06 - zg -
x 04 e y .
S 02 "—'—'—t'::.-g_-!__ 0, |
© i F e R
E gof mom-E RO ]
Q’l L D D A
L _02 | as aa_
— i D . - . e i
2 -04 | D@- @- @ @- -@ % .
sa
_06 -.“-I..-.I-.-.I.---I...-I----I-.-.I.-.-I.-

0 50 100 150 200 250 300 350 400
C12E10 concentration, Cs (mM)

Fig. 3 Ternary diffusion coefficients and eigenvalues for aqueous Cy,E;o
(s) + decane (a) with C,/Cs = 0.1.

reference frame, defined such that the net flux of material volume
is zero. Diffusion measurements are generally performed relative
to a fixed-laboratory reference frame. However, the lab frame
approximates the volume-fixed frame when non-ideal changes in
the volume of the solution are negligible upon mixing.>* That
condition is satisfied when either the component molar volumes
are constant with composition or when the initial concentration
differences, established during the measurement, are made
sufficiently small.>® In this work, we have established small initial
concentration differences (5 mM) in either the solute or the
surfactant in an effort to minimize non-ideal changes in volume
upon mixing. As a result, [D] correspond to the volume-fixed
reference frame.

4 Discussion
4.1 Ternary diffusion in C,,E;¢/solute/water mixtures

As shown in Fig. 1-3, the diffusion coefficient matrices [D],
measured via the Taylor dispersion method for both C;,E;¢/
limonene/water and C,E;/decane/water mixtures, are qualitatively
similar. Both systems exhibit strong diffusion coupling, including
solute diffusion down a surfactant gradient (D,s > 0)
and surfactant diffusion up a solute gradient (D5, < 0). Inter-
estingly, the cross diffusivity Ds, for both limonene (Fig. 2) and
decane (Fig. 3) is insensitive to surfactant concentration
and extrapolates to a nonzero value in the limit as C; — 0,
indicating that this strong coupling effect is weakly influenced
by intermicellar interactions. In contrast, the main solute D,,
and surfactant Dy diffusivities (Fig. 2 and 3), strongly diverge
with increasing Cy and are similar to the slow D_ and fast
D, eigenvalues, respectively, with (D,, < D_) and (Dgs > D,) for
all mixtures. In Fig. 3, D,, (and D_) fall to near zero with
increasing Cs, indicating solute diffusion down its own gradient

Soft Matter, 2021,17, 531-542 | 533
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is nearly arrested at the highest surfactant concentration,
Cs = 350 mM.

4.2 Development of theory

In this section, we further develop a theoretical model introduced
in our earlier work,> which is based on Batchelor’s'*"® theory for
gradient diffusion in polydisperse colloidal mixtures, to describe
gradient diffusion in solutions of solute-containing micelles with
negligible molecular species. Here, micellar solutions are modeled
as polydisperse, colloidal dispersions containing N different
particle types, self-assembled from various numbers of solute
and surfactant molecules. The molar flux J; of micelle type 7
containing n; solutes and m; surfactants is defined relative to a
volume-fixed reference frame and given by the generalized form
of Fick’s law,

N
—Ji =Y DyVC;. (13)

J=1

The main micelle diffusivities D;; relate the flux of each micelle
species i to its own molar concentration gradient VC;, whereas
the micelle cross diffusivities D;(j # 7), which accommodate
micelle-micelle diffusion coupling, relate the flux of a micelle
species i to a concentration gradient in a different micelle
species j.

The diffusivities D; are evaluated using Batchelor’s theory
for gradient diffusion of polydisperse colloidal particle
mixtures,**

D! &
Dy =" Bid;
i =T ki

5 On i <L o

/Li‘3 <_k> + A[‘3¢/ el
pa "\9) . 1*¢; TN L
(14)

Here, as applied to our system, DY, By, and ¢; are the infinite

dilution diffusivity, bulk mobility coefficient, and volume frac-
N
tion of micelle species i. ¢ = > ¢; is the total micelle volume

i=1

fraction, u is the chemical potential of micelle species k, and

1/3
Aij = (#) is a ratio of characteristic lengths, where V; and V;
1

are the volumes for a type j and 7 micelle, respectively.
Neglecting flux contributions from singly dissolved solute

and surfactant molecules, the net flux of solute J, and surfac-

tant J; are calculated via weighted sums of the micelle

species fluxes

N

Ja = Z"i-/i (15)
i=1
N

JS = Zm,’.f,'. (16)
i=1

To derive the diffusivity matrix [D], one can expand eqn (13)
with the chain rule and combine the result with eqn (1) and
(14)-(16),
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(17)

i s, o aG;
+ e () 4%
ayy3 i P TS . ac,

N
23 O
By A | 5~
= A b;

(18)

(19)

(20)

Eqn (17)-(20) define [D] for a polydisperse solution of
micelles with arbitrary shapes, sizes, interaction potentials,
and volume fractions. However, for suspensions of arbitrary
concentration, the task of evaluating [D] using this result is
formidable.

For dilute mixtures (¢ « 1), By and (Ou/0¢;),,r, which are
generally functions of the species volume fractions (¢4, ¢a,. . .,
¢n) and size ratios A;, may each be approximated with a series
truncated to O(¢). The series approximations combine with
eqn (14) to yield,"

N
Dy =D 1+(ﬁ+5)¢i+ZKi/k¢k (21)
ot
0 1+/11'/' 3 1
Dy = Di¢; ﬁu< ) > + K o (22)
(i) ’

Here, the second osmotic virial coefficients f8;; and bulk mobi-
lity coefficients K’ and K" depend on the interaction potential
between pairs of particles and provide corrections to infinitely
dilute particle thermodynamic driving forces and mobilities,
respectively. The coefficients f = ; and S = K;/ + K;{' account for
interactions between identical particles of the same species.
Using eqn (21) and (22) in lieu of eqn (14), one may derive a
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theoretical result for [D] for dilute mixtures of polydisperse
micelles with arbitrary shapes, sizes, and pair interactions:

N
Dy = Z” DO{ <1 + ZKt/kd)k)

(23)
1 + )’] " aC]
( Kii>aca}
“ - Zn DO{ <1 + Z lkd)k)ac
(24)
N 1 + ;,, 2 \9C;
3 </5,, K Jod
N
0
Dsa = ;miDi { (1 + Z k¢k> ac,
(25)
+ ZV: b (L s k) 26
i = ij 2 ij aC,
N N
De= Y m,-D?{ <1 +> K{kqbk)%
i=1 k=1 9¢,
(26)

EO )

In order to calculate [D] using eqn (23)-(26), the coefficients f,
Ky, and K/, as well as the micelle distribution function, must
be known. For mixtures of particles that interact as hard
spheres, the virial coefficients are given by,*®

ﬂy:8

Relations from Batchelor'®
mobility coefficients,

(27)

provide estimates for the bulk

-2.5
U
S o= 2
k1 40.164 (28)
and
K! = BT (22 + 325 +1) (29)
T8 v v ’

which are accurate to within 5% of numerical calculations for
1

—<J; <8.

§ =" =

Previously,” eqn (21)-(29) were successfully used to predict
[D] for C;,E;¢/decane/water mixtures. In that study, the dis-
tribution of micelle species was assumed to obey a Poisson
distribution with a mean, variance, and higher moments
dependent on the average number of solubilizate molecules
per micelle 72 = C,/Cgin, where i is the average micelle aggrega-
tion number and the overbar indicates local number averages.
As a result, the moments of the Poisson varied locally with
composition along solute and/or surfactant concentration
gradients.
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However, our previous dynamic light scattering results
indicate that decane-containing C;,E;, micelles in water are
narrowly polydisperse with a small relative standard deviation
or < 0.1.% Hence, in this work, local polydispersity and the
higher moments are neglected, and the micelle distribution is
defined using a Kronecker delta with a composition dependent
mean:

G o
Cs — wheni=7
Ci=—bp=qM (30
m
0 wheni#i*

Here, i* designates a micelle type with 7 solutes, m surfactants,
radius R;», and a local concentration equal to Cy/. Using the
delta distribution C; = Cs/md;~, eqn (23)—-(26) may be simplified
to (see Appendix A)

go 14K M<¢, ) (31)

Das _ Ca " C«’l
s-c{orxeen(sa) e

Dsa Cs Ca

() e

DSS Cd
D_fl /3+S)(b+M<¢ Cs). (34)

. G ..
The function M <¢7€> is given by

Ca 81 i "

M(0.) =) - K 69)

where ¢, = C,N,V, is the solute volume fraction, N, is Avoga-
dro’s number, V, is the molecular volume of the solute, and the
parameter y is evaluated according to

3 d(K" - K')
=(p+K +3K" ) - {—+—1 . 36
o) L
D!, is calculated using the Stokes-Einstein equation
kgT
0 B
0 _ . 37
" = SR (37)
the volume fraction ¢ is determined using
C,4
b= Nasnks?, (59)

and the aggregation number can be evaluated using a micelle
volume balance with 7 = C,/C¢m,

inRiw’
i = C3— (39)
*V + Vs +nuVy
Cs

Here, Vg, V,, and V,, are the respective molecular volumes of a
dry molecule of C;,E,o, solute, and water, and the hydration
index ny is the number of bound water molecules per surfactant
molecule.
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Note, according to eqn (B.1) in Appendix B, the derivative
Jln R;*
dln C,
solute volume fraction ¢, can be rewritten using eqn (38) and

is a univariate function of C,/Cs. Furthermore, the

. C, V.
(39) toyield ¢, = é c 2

————————— | ¢. Thus, the function
idVel + Vs+nuly
Cs

M (q&,%), defined by eqn (35), is dependent on C,/Cs and ¢.
S

The parameters ny and R;« are experimentally accessible as
functions of C,/Cs via light scattering measurements extra-
polated to infinite dilution, while data at higher concentrations
indicates the particle interaction potential. For solutions
of micelles that interact as hard spheres, f = 8 and exact
calculations by Batchelor'*"> provide K’ = —2.10, K" = —4.45,
S=K +K'=-6.55,and y = 1.25 (see Appendix A). The remaining
parameters are determined using eqn (37)-(39). As a result, the
model defined by eqn (31)-(39) has no adjustable parameters.

Theoretical predictions for the eigenvalues of [D] may be
determined using eqn (3), (4), and (31)-(34),

(40)

(41)

Remarkably, eqn (40) and (41) indicate that D_ and D, corre-
spond to self and gradient diffusion coefficients, respectively,
for colloidal suspensions of monodisperse spheres, even though
strong multicomponent diffusion effects may cause [D] to be
highly non-diagonal.

4.3 Label and tracer limits for [D]

It is insightful to examine [D] for the special case in which a
solute behaves as a volume-less label in a solution of equally
sized micelles with ¢, = 0, 7 = mg, Ri» = Ry, and DY. = D” where
Mo, Ro, and D° are the solute-free micelle aggregation number,
radius, and infinite dilution diffusivity, respectively. Here,
micelles containing various numbers of solute labels diffuse
with an average size and aggregation number that do not vary

. C,
along solute or surfactant gradients. As a result, M (gb, F‘) =0,

and eqn (31)—(34) simplify to

%“(;‘ =1+K¢ (42)
A AR (43)
Dgu =0 (44)

DSS
o0 =1 +(B+S)¢p. (45)

In this case, solute diffuses down its own gradient at a rate
determined by the micelle self diffusion coefficient, according
to eqn (42), and surfactant diffuses down a surfactant gradient
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according to the micelle gradient diffusion coefficient, given by
eqn (45). Furthermore, solute is carried within micelles down a
surfactant gradient according to eqn (43), while Dy, is predicted
to equal zero. Eqn (42)-(45) describe ‘baseline’ multicompo-
nent effects, common to ternary mixtures with any hydrophobic
solute. Comparison of eqn (31)—(34) with eqn (42)-(45) indicate
that the unique properties of a particular solute (i.e. its size,
polarity, etc.) may affect [D] through the function M (gb,%)
S
and the Stokes-Einstein diffusivity D). Per eqn (35)-(37),
solubilizate alters the microstructure of a solution through

M(@%‘:) and D? by shifting the average micelle size R,
which it may accomplish by occupying volume and by changing
the average micelle aggregation number.

Some appreciation for the implications of eqn (42)-(45) can
be gained by considering their predictions in different physical
conditions. In the limit of infinite dilution, there are no off-
diagonal elements of [D], and both of the diagonal terms D,,
and Dy equal the solute-free Stokes-Einstein diffusivity D°.
Hence, in the absence of micelle-micelle interactions, solute
and surfactant fluxes are both proportional to gradients in their
own concentrations, and independent of the other. Next, consider
a case where there is no gradient in surfactant concentration, but
there is a gradient in solute concentration. The role of solute is
only to label the micelles. The solute flux, therefore, must be
governed by the self diffusion coefficient that describes the ran-
dom walk of identical micelles in the absence of any imposed
gradient in micelle concentration. That coefficient is given by
eqn (42). By contrast, if solute and surfactant gradients are
imposed with the molar ratio C,/C; held fixed, so that every micelle
along the gradient has the same amount of solute with the same
radius and aggregation number, then clearly the solute (and
surfactant) flux is governed by the gradient diffusion coefficient
of the micelles. Indeed, using eqn (1) and (42)-(45) (or, more
generally, using eqn (31)-(34)), and the constraint V(C,/C) = 0, one
can show that [D] degenerates to the micelle gradient diffusion
coefficient according to [D] = D*{1 + (8 + S)¢}{I], where [1] is the
identity matrix. Absent any such constraints, even in a solution
with no gradient in solute concentration, micelle-micelle interac-
tions can yield a gradient in solute chemical potential that drives a
solute flux.

We now examine [D] for a different special case in which solute
retains its identity but is present in trace amounts, corresponding
to the limit C,/Cs — 0. In this limit, M ((b%) — 0 and

S

DY — DY so that eqn (31)-(34) become (see Appendix B)

lz)'; 1K (46)

D=0 (47)

o)+ 6K (e as)
Ds +(B+S)¢. (49)

DO
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Here, a, may be interpreted as a micelle growth rate, indicating
how strongly the average micelle radius varies with the molar
ratio C,/Cs (see eqn (A.21)). Eqn (46) and (49) indicate that
solute and surfactant diffuse down their respective gradients
according to self and gradient diffusion coefficients of mono-
disperse spheres, which is the same behaviour predicted by
eqn (42) and (45) when solute was assumed to behave as a label.
Furthermore, solutes with larger growth rates a; drive stronger
uphill surfactant fluxes (Ds, < 0) per eqn (48) and surfactant
gradients do not drive solute fluxes per eqn (47) when micelles
carry only trace amounts of solute.

4.4 Comparison with experimental data

Theoretical predictions for [D] for aqueous C;,E;(/decane and
C12E;o/limonene mixtures were calculated using eqn (31)-(39)
with V, = 0.32 nm™® (decane) or 0.26 nm > (limonene),
Ve=0.99 nm >, V,, =0.03 nm >, f =8, K' = —2.10, K’ = —4.45,
S=K' +K'=—-6.55,and y = 1.25. The remaining parameters, ny
and R;-, were evaluated in accordance with our light scattering

S C, .
results,> which indicate ny = 40 and R; = alE'JrRo with a
S

solute-free micelle radius R, = 3.78 nm and growth rate
a, = 2.42 nm (decane) or 1.56 nm (limonene). The growth rate
for limonene was determined from currently unpublished
dynamic light scattering data, following the same procedure
used to acquire the decane value.” In Fig. 4A and B, theoretical
results and experimental data for [D] are plotted as a function of
C,/Cs and ¢ for concentrated solutions of C;,E; micelles with
either limonene (Fig. 4A) or decane (Fig. 4B), respectively.

Overall, the theoretical results are in good agreement with
the experimental values over the entire volume fraction and
molar ratio domains, which is surprising given that the model
is based on Batchelor’s theory for dilute particle mixtures, and has
no adjustable parameters. As shown, the model captures cross
diffusion coupling, including solute diffusion down a surfactant
gradient (D,s > 0) and surfactant diffusion up a solute gradient
(Dsa < 0). Furthermore, in Fig. 4B, enhanced surfactant (D) and
suppressed solute (D,,) diffusion down their respective gradients
with increasing ¢ are also accurately predicted.

As noted by others,?””*® Batchelor’s dilute theory for gradient
diffusion in monodisperse hard sphere dispersions agrees well
with numerical results®*? for concentrated particle mixtures up to
¢ =~ 0.4, suggesting a near cancellation of higher order, many-
body hydrodynamic and thermodynamic virial contributions.
Similarly, as shown in Fig. 4B, linear variation in the measured
values for [D] with respect to ¢ may also suggest a significant
cancellation of these higher order terms, thereby extending the
domain over which our dilute multicomponent theory, defined by
eqn (31)-(39), provides accurate results.

Eqn (31)-(34) were derived assuming locally monodisperse,
spherical micelles that may vary in R;» and m with C,/Cs but not
with ¢ (see Appendix A, eqn (A.21) and (A.22)). Hence, good
agreement between our theoretical and experimental values for
[D] for mixtures comprising C;,E;, micelles with either decane or
limonene solute provides evidence that, to a good approximation,
these micelles behave as hard spheres that do not significantly

This journal is © The Royal Society of Chemistry 2021
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Fig. 4 Ternary diffusion coefficients for (A) aqueous 200 mM Cy,Eq (s) +

limonene (a) and (B) aqueous CyzE1p (s) + decane (a) with C,/Cs = 0.1
Theoretical predictions for [D], shown as solid and dashed lines, were
calculated using eqn (31)—(39).

change in size or shape with respect to surfactant concentration,
while holding the molar ratio constant, over the entire volume
fraction and molar ratio domain explored in this study. This
result is consistent with literature>*°” on the morphological
behaviour of micelles formed with C,,E;, or related C;,E,
surfactants, at least over a portion of the micellar solution
region of their respective phase diagrams. Furthermore, the
large size of C;,E;¢’s headgroup suggests that it should form
spherical micellar aggregates over a significant temperature-
composition domain.***

At temperatures sufficiently far below the cloud point curve,
hard-sphere behaviour and a weak dependence of micelle size
with respect to surfactant concentration have been reported for
mixtures of Cj,E¢/water,®® Cj,Eg/water,>*>® C,,Eq/water,’
C12E;o/decane/water,”> and C,,Es/decane/water.*®*” The latter
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system is particularly interesting, since light scattering and
cryo-TEM data for C,,Es/water indicate the presence of worm-
like micelles that grow and form branched micellar networks
with increasing surfactant concentration for dilute mixtures
at temperatures as low as 8 °C.*° However, when loaded to
capacity with decane at significantly higher temperature
(23.5 °C), decane-containing Cq,Es; micelles are reported to
behave as nearly ¢-independent, monodisperse hard spheres
over a large volume fraction domain.*®*” Hence, it is plausible
that hard sphere theory could be applicable to ternary mixtures
comprising a variety of nonionic surfactants and hydrophobic
solutes, especially for nonionic surfactants with large head-
groups relative to their hydrocarbon tails,>>*' or when heavily
loaded with solute.

Predictions for [D] in the solute tracer limit (eqn (46)-(49))
indicate that [D] varies with solute type mainly through Dy, at
low molar ratios. Hence, in order to compare [D] for different
solutes, experimental values for Dg, versus Cs for aqueous
Cy,Eq¢/decane and Cy,E;¢/limonene mixtures with C,/Cs = 0.1
are presented in Fig. 5, superimposed over theoretical predic-
tions (solid and dashed lines). As shown, D, values for C;,E;,
micelles with decane are greater in magnitude relative to those
with limonene, suggesting that solutes with stronger growth
rates a; drive stronger uphill surfactant fluxes.

According to solubilization theory,***" micelle growth rates
vary with the size and polarity of the solubilizate. Solubilization
increases the interfacial area and alters the composition of the
micelle core, both of which affect the core-shell interfacial energy
of the micelle, driving changes in the aggregation number
that affect micelle size. Small solubilizates with relatively high
polarities, such as limonene, inflict a smaller interfacial energy

00 _'"'I""I""I""I""I'"'I""I""_
01L N
@2 02 D @ ¢ i
NE L @ ]
o _'""?‘ D Gt s LT
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Fig. 5 Cross diffusion coefficients Ds, for aqueous C;,E;o/decane (closed
circles) and CizE o/limonene (open circles) with C,/Cs = 0.1. Theoretical
predictions for D, were calculated using egn (33) and (35)-(38) and are
indicated by solid and dashed lines for mixtures with decane and limonene,
respectively.
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Fig. 6 Normalized eigenvalues for agueous CyzEq (s) + decane (a) with
C./Cs = 0.1. Monodisperse hard sphere theory by Batchelor™™** and
Brady*? are shown as solid and dashed lines, respectively. Error bars
indicate 95% confidence intervals.

penalty when solubilized, driving a smaller increase in the
aggregation number, relative to larger, less polar solutes, such
as decane. As a result, C;,E;, micelles with limonene are expected
to have a smaller growth rate and weaker cross diffusion coupling
than those with decane, which is supported by the data shown in
Fig. 5, and is consistent with predictions for D, in the tracer limit
according to eqn (48).

In Fig. 6, measurements for the eigenvalues D_ and D, for
C,,E ¢/decane/water mixtures with C,/Cs = 0.1 are normalized
with their respective values at infinite dilution (D® and D?) and
plotted as a function of ¢. The experimental data are super-
imposed over dilute theory by Batchelor'®*™® (solid lines) for
gradient and long-time self diffusion of monodisperse hard
spheres. In addition, theory by Brady"* (dashed line), for long-
time self diffusion in concentrated monodisperse hard-sphere
suspensions, is also shown. Here, Batchelor’s dilute theory is
expected to be more accurate for ¢ « 1, while the theory by
Brady provides an approximate result over the entire concen-
tration domain up to the random close packing fraction for
hard spheres (¢ & 0.63). As shown, the normalized eigenvalues
D_/D° and D,/Df diverge with increasing ¢, with slopes over the
entire range of volume fractions equal to —1.9 £ 0.2 and 2.7 +
0.1, respectively. These values are in reasonable agreement with
predictions by Batchelor'*™ for long-time self (—2.10) and
gradient (1.45) diffusion of monodisperse hard spheres, sup-
porting our theoretical predictions given by eqn (40) and (41).

5 Conclusions

Interactions between nonionic micelles in concentrated aqueous
C,E;/decane and Cy,E,¢/limonene mixtures are shown to strongly
affect the ternary diffusion coefficient matrices [D] for both systems.
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Hence, theoretical predictions for [D] that do not account for both
thermodynamic and hydrodynamic intermicellar interactions may
be misleading. A theoretical model developed previously, based on
the rigorous theory by Bachelor for dilute, polydisperse colloidal
hard spheres, was simplified by neglecting local size polydispersity,
and was effectively used to predict [D] for both micellar systems
with no adjustable parameters. Furthermore, the theoretical
predictions are surprisingly accurate far beyond the dilute
regime, up to concentrations approaching a phase boundary.
Lastly, despite strong multicomponent diffusion effects, the fast
D, and slow D_ eigenvalues of [D] for aqueous C;,E;c/decane
mixtures correspond to gradient and self diffusion coefficients
for monodisperse hard sphere dispersions.
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Appendix A: derivation of [D] for dilute
mixtures of spherical micelles with
negligible polydispersity

In this section, we provide a detailed derivation of D,, in
eqn (31), starting from eqn (23). Eqn (32)-(34) may be derived

by an analogous approach, yielding the complete matrix [D].
We begin with eqn (23),

N ) N , 6C,
Doy = > mDIS (14> Kjpdyy 9c
i=1 k=1
i) )9S
C, [

In eqn (A.1), C; and ¢; = C;N,V; are the only functions of C, and
Cs, permitting rearrangement to the following amenable form,

(A1)

+¢; 2\: (/L,(

DM:;D(”DC (‘*Z . )

A,
- ”) +K5}C/-

For micelle distributions that are monomodal and narrow,
reasonable approximations for the species concentrations Cj,
and volume fractions ¢;, can be defined using a Kronecker delta
distribution function (see eqn (30)), so that C; = Cy/md;- and
¢; = Cs/MNAV0;+. According to this definition, C; is nonzero
only when the index i = i*, which denotes a micelle type
representative of the distribution mean and characterized as
having 7 solutes, 7 surfactants, radius R;-, and concentration

(A2)

+ZnD° 'ai Z{ﬁ,,(
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Cs/m, all of which are functions of composition (C, and Cy).
Inserting the Kronecker distribution into eqn (A.2) yields,

N 3("@?%51?) N C
Dy = Z —Qa~ <l + ; K{knT;NA Vkéki*>

+ZnD G N Vs -2 (a.3)

0C,
N
Z ﬁ,,( +11/> +K[_’/_’ %57-,-‘ .
=) m

Using the sifting property, which selects the micelle type i*
from a set of N different micelle types, with equations ¢ = Cy/
MNAV;» and C, = 7i/mCs, the summations over k and j in eqn (A.3)
are evaluated to give

N 0( iD,O%‘SM )
Dy, = 1+ K,
aa ; aca ( ¢)
+inD°C‘N von Ly (L)' g \C
- TR B R ) i (T [

(A.4)

The product rule is used to rearrange the first summation in
eqn (A.4),

N 0 (”iD?%511'>
m ,
> T(l + Kj- )

i=1

_ N aJ ) OC ) ()Cs . ()(K,/,»‘Q/))
,Z{OC‘A{n,D, O (1+ ,,*(f))}fn,D,Eé,,*TCﬂ .

i=1

(A.5)

The i summation on the right side of eqn (A.5) is
evaluated using the sifting property, ¢ = Cs/MNAV;», and C, =
/inCs,

y a<n,.D?—fo‘,-,-*>
S k)
=1 a (A.6)
) (K} d)
=—{CD(1+K..d)} — CaDL{ =220
s {Cuoh (14 K} - b {1
Here, K+’ is a constant and the derivatives in eqn (A.6) are
expanded to provide,

N 8(”1‘ ,-55:1*>
——e (1 +Kj¢)
2 (A7)

_9(C.DY) , o, (OKL.
- TC(,(] + Ki*f*‘f’) - CﬂDi*d’(aCa )[:[_‘~
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Differentiating the Stokes-Einstein equation, D;. = , one
61 R
can show,
a(C,D) o/ dlnR:
Aaze) _pof1— A8
0C, ! < dln Ca> (a-8)
Combining eqn (A.7) and (A.8) yields,
C
N 8(”,’[)?;;(5”‘*)
!
,Z:I: aca (1 Ku* ¢)
dln R 0K
=D0J(1— — ) (1 + K. u :
i {( 8lnCa>( K d) - /<6lnCa>, }
(A.9)

Now, focusing on the second summation on the right side of

eqn (A.4), the derivative can be evaluated,
al 1+ 2 C
an) NAVibir g {{[3( * A > K,’,ﬁ} }

m
—inDOgN Vioy & éﬁ (14 4i)? Oy
= - i i}‘l_1 AVi u‘n_1 g ii* ii* acd

n 1+ 2\ (0B i oK.

2 0C, 0C,

N C, 1+ A a [C
pO=—S Sl B " " et}
+Z:ln’Dl mNAVl‘Su {ﬁn < B > Ku }8Ca<ﬁ1> s

(A.10)

and the sum over i is performed using the sifting property, ¢ =
Cs/mMNV;», and C, = i/mCs:

N i
ZnDOCSNAV(S,,« {{ﬁ( + i

. (B + KL
=3 () H{PPetED)
. a i=i*
m 0

_ Cs
C,0C, ’
. . . ) , R;
The size ratio for spheres is defined as ;- = " Hence,
i
Ol
9C,

Furthermore, since C, and C; are independent variables,

+ (Ber + K )

81n R
oC,

(A.12)
m 0

_ oy
C0C, \m )
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Combining eqn (A.11)-(A.13), one finds,

N
ZnD(’CSNAVé,, {{/3 (1 o ) K,’/*}C;}
omR. [0y + KL
_ no i i
_Di*d){ ﬂ1 ‘*6lnC +{ }l:l*

dIn C,
)(')lnm
r9In C,

Eqn (A.4), (A.9), and (A.14) combine to yield

Du 3\ \0mR.
oo = KO- { <K7§ﬁ>‘7’}a1nca

a(ﬂii* + Kl/l/" Kt(t“’) " E)lnﬁz
+¢{ 91 Cy },.:,.‘_WK Jomc,?

(A.15)

(A.14)

(ﬁl 1”

In eqn (A.15), redundant subscripts on the interaction
coefficients have been removed. If the hydration index ny is
constant with composition, differentiation of eqn (39) provides,

dln R ﬂ

Olnm 3
omc, ¢

dlnC,

(A.16)

where ¢, = C,N,V, is the solute volume fraction. Furthermore, if
the interaction potential between pairs of micelles is, at most, a
single variable function of the interparticle separation distance,
then we may write,

8(ﬁii‘ + Kji — Kz{i*) _ JdK" - K') i
e dz oGS,

aInC,
(A17)

Finally, eqn (A.12) and (A.15)-(A.17) combine, after some
rearrangement, to produce,

D aa

C,

— 1y — ~a
o= 1+ K¢ M(q&, Cg), (A.18)

. Ca\ . .
where the function M <¢>, F) is given by,
Cy dln R ”
M(0.8) ) - K (a29)
and

_ 3 ! " d(KU - K/)

= (2ﬁ + K +3K o . (A.20)

In order to determine the remaining elements of [D] in

C, .
terms of M <¢>, F“) , we note that R;» and /7 are thermodynamic

S

state functions of a ternary solution. According to the Gibbs
phase rule, these functions depend on four independent,
intensive variables, which we choose to be T, p, C,/Cs and ¢.
Our light scattering results® at constant T'and p indicate R; and
m vary strongly with C,/C, but are weak functions of ¢. Hence,
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to a good approximation, we may write expressions for R;» and
m at constant T'and p as a power series in C,/Cs,

00 Ca k
Ry = Ry + ; a (E) (A.21)
m=m +§:bv<9>k (A.22)
’ k=1 ‘ G/ .

Differentiating eqn (A.21) and (A.22) with respect to C, and C,
one finds,

R  9lnR;
dlnC,  dlnG, (4.23)
dlnm _ Olnm (A.24)

dlnC, 0lnCy

Eqn (A.23) and (A.24) may be used in derivations similar to that
described above for D,, to find

ﬁ;j - %{ (B+K")p+M (q&%) } (A-25)
Dsa CS Ca
Da_ S <¢a> (A.26)
S8 Cﬂ
DR (B S)p M (d»g) (427)

In Table 1, exact numerical calculations by Batchelor'>'?

for the mobility coefficients K;/ and K;/' are provided for
Zi = 0.9, 1.0, and 1.1. These numerical results were used to
calculate the central difference approximation for the derivative,

d(K" — K') ) .
{T};:] = —4.70, in eqn (A.20). Thus, for micelles that
interact as identically sized (4 = 1) hard spheres, f = 8,
K' =-2.10,K" = —4.45,5S =K + K’ = —6.55, and y = 1.25.

Appendix B: the solute tracer limit
for [D]

Differentiation of eqn (A.21) provides

0 C. k
kay (=2
dln Ry ,; e <C>

= : B.1
dln Ca =] Ca k ( )
Ro+ > ar| =
k=1 Cs
Table 1 Mobility coefficients calculated by Batchelor*?*®
z Ky Ky’
0.9 —2.13 —4.02
1.0 —2.10 —4.45
1.1 —2.06 —4.89
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Eqn (B.1) is divided by C,/Cs to yield
00 Cr, k—1
kar [ =2
CsOln Ry« _a1+/§2 aA<CS> (B.2)
C,0InC, % N\ )
Ro+ > ax <F>
k=1 s
Furthermore, we note that
G = N ST . (B.3)
Cd¢ ng+I/S+nHVW
Cb
. dln R« Cs Oln R+ a
A d t B.1)-(B.3 — — d
ccording to eqn (B.1)-(B.3), o C, — 0, C. 9InC, — Ry an
Cs ¢, V,
C—Sl% — m in the limit as C,/Cs—0. Hence,
eqn (31)-(35) and (B.1)-(B.3) combine to give
Dy,
D‘O“ =1+K'¢ (B.4)
Dys =0 (B.5)
Da . . n(_ Vo
o=t K (e )e @)
D,
D—jj: 1+ (B+S)é. (B.7)
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Light Scattering Correlation Functions for Mixtures of Interacting,
Nonionic Micelles with Hydrophobic Solutes using
Thermodynamic Fluctuation Theory

Nathan P. Alexander,? Ronald J. Phillips,® and Stephanie R. Dungan*?

Model equations for the Rayleigh ratio and the mode amplitudes of the normalized time correlation function for the
scattered electric field are derived using thermodynamic fluctuation theory for crowded solute-containing micellar solutions
and microemulsions with negligible molecular species and polydispersity. This theory invokes nonequilibrium
thermodynamics and enforces local equilibrium between molecular solute, surfactant, and the various micellar species, in
order to elucidate the influence of self-assembly on the light scattering functions for the first time. We find that micelle
growth effects along the diffusion path in these mixtures, which were previously shown to drive strong multicomponent
diffusion effects, expressed via the ternary diffusivity matrix [D], do not affect the scattering functions in the limit of zero
local polydispersity. Hence, theoretical predictions for the Rayleigh ratio and the field correlation function for ternary
mixtures of solute-containing, locally monodisperse micellar solutions are identical to those developed for binary mixtures
of monodisperse, colloidal hard spheres. However, micelle growth effects are predicted to influence the thermodynamic
driving forces and eigenmodes for diffusion. In support of our theoretical results, measurements for the Rayleigh ratio and
the field correlation function for ternary aqueous solutions of decaethylene glycol monododecyl ether (C12E10) with either
decane or limonene solute were performed for several molar ratios and volume fractions up to ¢ ~ 0.25, and for binary
mixtures of Ci:Ei0/water up to ¢ = 0.5. Excellent agreement between our light scattering theory and experimental data is
achieved for low to moderate volume fractions (¢ < 0.3), and at higher concentration when our volume fraction calculations

are corrected to account for micelle dehydration.

1 Introduction

According to the Onsager regression hypothesis,®
microscopic fluctuations in the thermodynamic variables of a
multicomponent fluid, such as temperature, pressure, and the
species concentrations, relax by the same transport equations
that govern the relaxation of macroscopic gradients. For small
departures from equilibrium, the independent diffusive fluxes
for n — 1 components in an n-component liquid mixture, at
constant temperature and pressure, may be described by the
generalized form of Fick’s law:

Ji = =DyV(;
fori,j =1,2,...,n—1. (@Y)

Here, D;; is an element of the diffusivity matrix [D] that relates the
flux J; of component i to a concentration gradient V'C; in component
j. Since concentration fluctuations also cause an irradiated
mixture to scatter light, the same multicomponent diffusion
phenomena observed during a macro gradient experiment,
such as the Taylor dispersion?= or interferometric methods,>%

2 Department of Chemical Engineering, University of California at Davis, Davis, CA
95616 USA. Email: srdungan@ucdavis.edu

b Department of Food Science and Technology, University of California at Davis,
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are expected to influence the correlation functions used to
model light scattering data acquired via photon correlation and
time averaged spectroscopy.

Recent studies on multicomponent diffusion in nonionic
micellar solutions>”8 and water-in-oil microemulsions®1°
indicate strong multicomponent effects, including strong uphill
diffusion, driven by solubilization-induced micelle growth that
drives surfactant up a solute gradient. However, these effects
appear to be absent in measurements of the field
autocorrelation function and the Rayleigh ratio, which,
surprisingly, conform to theory for binary mixtures of colloidal
hard spheres.”1112 The main goal of this article is to present a
rigorous derivation for the field correlation function and the
Rayleigh ratio for ternary surfactants solutions with
hydrophobic solutes in the limit of local monodispersity. This
derivation supports the observation that multicomponent
diffusion phenomena, which strongly affect the diffusivity
matrix, negligibly affect the light scattering functions for
aqueous mixtures of nonionic micelles and hydrophobic
solutes.

Theoretical results'3-17 for the field correlation function and
the Rayleigh ratio for polydisperse mixtures of rigid, colloidal
hard spheres have been derived, mainly to examine the
influence of optical and size polydispersity on the intensity of
scattered light. Some of these models were later extended to
apply to ternary mixtures of solute-containing micelles,
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modelled as immutable, colloidal spheres with a core-shell
morphology.181® However, self-assembled surfactant solutions
differ fundamentally from dispersions comprised of discrete,
rigid particles, since micelles may grow and change shape as
they diffuse, re-equilibrating locally to variations in
temperature, pressure, and composition along the diffusion
path. Hence, one may wonder if light scattering theory
developed for distributions of discrete colloidal scatterers with
fixed shapes and sizes, which does not account for the effects
of self-assembly during light scattering measurements, is
applicable to multicomponent surfactant solutions.

In order to capture the influence of self-assembly on light
scattered from solute-containing micelles, thermodynamic
fluctuation theory2°-24 is used here to derive the field
correlation function and the Rayleigh ratio for aqueous mixtures
of nonionic surfactants and hydrophobic solutes. Per this
framework, surfactant solutions are modelled as a continuous
medium comprised of solute (a), surfactant (s), and solvent (w)
that self-assemble on a time scale much faster than that of
diffusion, thereby satisfying the local equilibrium assumption of
irreversible thermodynamics.2> Here, local equilibrium is
enforced by the Gibbs-Duhem equation, which provides
equilibrium relations between the chemical potentials of free
solute, surfactant monomer, and various micelle species. Thus,
chemical potential gradients in solute and surfactant are related
to gradients in the micelle species chemical potentials, which
drive diffusive transport governed by rigorous theory by
Batchelor?6-226  for polydisperse colloidal hard sphere
dispersions. At the continuum level, the resulting diffusion of
solute and surfactant relax fluctuations in the composition-
dependent, local dielectric constant of the solution, which
determines the intensity of scattered light.

In the following sections we introduce equilibrium data that
establishes strong micellar growth with respect to composition
for aqueous, mixtures of Ci2E10 micelles with limonene. Next,
thermodynamic fluctuation theory is reviewed and applied to
derive both the Rayleigh ratio and the field correlation function
for ternary mixtures. Thermodynamic derivatives for the solute
and surfactant are then derived for ternary micellar solutions,
followed by derivations for the scattering functions for a variety
of limiting special cases. This work concludes with a comparison
and validation of our locally monodisperse theory, in which local
polydispersity is neglected but micelle growth effects are
retained, with our experimental data.

2 Materials and Methods

2.1 Materials

Nonionic surfactant decaethylene glycol monododecyl
ether (Ci2Ei0, lot #SLBT1187 or #0000057654 each with a
hydroxyl value equal to 92.0 mg/g), the hydrophobic solutes
decane and limonene, and HPLC grade toluene (used as a
reference standard for static light scattering measurements),
were all purchased from Sigma-Aldrich and used without
modification. “Molecular Biology Reagent” water from Sigma-
Aldrich (filtered through 0.1 um filters by the manufacturer)

was used to mix solutions for light scattering measurements. All
mixtures were prepared by volume with aliquots from 100 mL
stock solutions and were allowed to equilibrate overnight at
room temperature. Non-ideal changes in volume upon mixing
were neglected.

2.2 Light Scattering

Dynamic  (DLS) (SLS) light scattering
measurements were performed using either a Malvern
Zetasizer Nano ZS90 or Malvern Ultra at a 90° scattering angle.
The light source was a solid state 4 mW He-Ne laser that emitted
vertically polarized light with a wavelength of 633 nm. To ensure
the removal of dust particles, all surfactant solutions prepared
for light scattering measurements were filtered through 0.1 um
Whatman polycarbonate filters (model WHA800309), using an
Avanti mini-extruder (model 610000), directly into quartz
cuvettes topped with Teflon stoppers by Starna (model 23-Q-
10). Each 1mL sample was then allowed to equilibrate at 25 °C
within the instrument for several minutes prior to
measurement. For each DLS measurement, monomodal or
nearly monomodal decay of the field autocorrelation function
was observed for all samples. Hence, the method of cumulants
was used to acquire diffusion coefficients (Dp.s) and
polydispersity indices.

SLS measurements yielded excess Rayleigh ratios Ry, at
scattering angle 0, calculated using?®

N\ (1 (0)
Re :(E) Rr oy - @

Here, ny(= 1.496), Ry (= 1.3522 x 10~5cm™1), and (I+(0))
are the refractive index, Rayleigh ratio, and time averaged
scattering intensity, respectively, of the reference standard
toluene at 25 °C. (I,(0)) is the residual scattering intensity,
defined as the difference between the scattering intensity of
the solution and that of the pure solvent, and n is the solution
refractive index, which was assumed to vary linearly according
to n=(dn/dcg)cs +ng. The refractive index derivatives
dn/dcs; were independently measured using a differential
refractometer (Waters model 2414) at room temperature (23.0
+ 0.3 °C) by varying the surfactant mass concentration cg, and
no = 1.33 is the refractive index of pure water at 25 °C.

To evaluate the derivatives dn/dcs, the solution refractive
index n was measured relative to the solvent ny from a dilution
series of six different surfactant concentrations that ranged
from 1-6 mM in increments of 1 mM, with the solute to

and  static

surfactant molar ratio C,/Cs held constant. For the limonene
system, dn/dc, values were then determined from the slopes
of the plots of (n — ng) versus ¢, for the following molar ratios:
C./Cs = 0, 0.1, 0.2, 0.3, and 0.5. Each plot was reproduced in
triplicate and was well fit with a linear function with anintercept
through zero. This procedure yielded values for dn/dc, equal
to 0.1314 + 0.0006, 0.133 + 0.001, 0.1372 + 0.0007, 0.140 *
0.001 and 0.1491 + 0.0005 mL/g, respectively. Derivatives
dn/dcg used for the decane system were obtained from an
earlier study.”

Except where noted, all reported error bars for our
scattering measurements represent two standard deviations.
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3 Results

3.1 Dynamic light scattering (DLS)

Diffusion coefficients for ternary

Dpps
Ci2E10/limonene/water mixtures are shown in Fig. 1 with
constant molar ratios C,/Cs = 0, 0.10, 0.20, 0.30, or 0.50, and
surfactant concentrations that ranged from 20 mM to 400 mM.
The Dp;s values reported here, and in previous work for
Ci2E10/decane/water mixtures,” were acquired using the
method of cumulants. The latter were shown consistent with
the theory of Batchelor for gradient diffusion of monodisperse
hard spheres.2¢

3.2 Static light scattering (SLS)

In Fig. 2A, reduced scattering intensities K cs /Ry, for dilute,
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Fig. 1 DLS diffusion coefficients for aqueous Ci:E10 (s) + limonene (a) for
C,/Cs=0, 0.10, 0.20, 0.30, and 0.50 plotted versus surfactant
concentration over 0 mM < C; < 50 mM (A) and for concentrated mixtures
with C,/Cs = 0, 0.10, 0.20, 0.30, 0.36, and 0.50 up to C; = 400 mM (B).

aqueous CizEjo(s)/limonene(a) mixtures are plotted versus
surfactant mass concentration c¢; with constant molar ratios
C,/Cs=0,0.1, 0.2, 0.3, and 0.5. As shown, Kscs/Rq
increased linearly for each molar ratio. This behavior indicates
that, with constant C,/Cs, the micelles did not grow or change
shape with increasing surfactant concentration, thus validating
extrapolation of the data to determine MW as presented
below. In Fig. 2B, Rg values for concentrated Cy2Eq0/water, and
for Ci2E10/limonene/water and Ci;E10/decane/water solutions
with constant molar ratios equal to C,/Cs = 0.2, are plotted
against the molar surfactant concentration Cs. The Rqy values
were calculated using eqgn (2), for which no assumptions were
made regarding the shape, size distribution, hydration, or
interparticle interactions.
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Fig. 2 (A) Reduced scattering intensities with respect to CiEio (s)
concentration with C,/C; =0, 0.10, 0.20, 0.30, and 0.50 for dilute
C12E10/limonene/water mixtures and (B) Rayleigh ratios for concentrated
Ca2E10/water (white), and Ci2Ei0/decane/water  (black) and
CizE10/limonene/water (orange) mixtures with C,/Cs = 0.2.
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3.3 Micelle structure at infinite dilution

DLS diffusion coefficients (Fig. 1) and reduced scattering
intensities (Fig. 2A) were extrapolated to zero surfactant
concentration to determine the diffusion coefficient D3, s and
the molecular weight of surfactant per micelle MW at infinite
dilution for each molar ratio C,/Cs. Assuming the micelles were
spherical, the micelle hydrodynamic radius R for each C,/Cs
was calculated using the Stokes-Einstein equation,

kgT

— (3)
67T71D3Ls

Rprs =
Here, kp is Boltzmann’s constant, T is temperature, and 7 is the
solvent viscosity (0.89 mPa:-s at 25 °C). The micelle aggregation
number m was calculated by dividing MW by the molecular
weight of Ci2Eip (626.86 g/mol). Using the experimentally
determined values for Rp;s and m, the micelle hydration
indices ny, defined as the average number of water molecules
bound to each surfactant molecule within the micelle, were
estimated by calculating the difference between the measured
hydrated volume of a solute-containing micelle (4/3 nRp.s%)
and its empirically determined dry volume (mV; + nl,):

4/31Rps” — MV — A,
ny = — . (4)
mV,,
Here, V;, V,, and 1}, are the respective molecular volumes of a
dry molecule of Ci2E19 (0.99 nm3), limonene (0.27 nm3), and
water (0.03 nm3), and @ = m C,/Cs is the average number of
solute molecules per micelle. V, and ¥}, were calculated from
the pure liquid densities of limonene and water, respectively, at
25 °C and V; was interpolated from density data acquired for a
homologous series of aqueous Ci,En surfactant solutions.3°

In Fig. 3, RpLs, M, and ny for aqueous Cy;Eio/limonene
solutions are plotted versus C,/Cs. As shown, Rp;s and 7 both
increased with increasing C,/Cs, indicating that Ci2E10 micelles
grew via the added volume of both limonene and hydrated
C12E10 surfactant. The trend in Rp; s with limonene
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Fig. 3 Aggregation numbers m from SLS data, hydrodynamic radii R, s from
DLS data, and hydration indices ny with respect to molar ratio C,/C; for
aqueous Ci2E10(s) + limonene (a) at infinite dilution. Error bars indicate 95%
confidence intervals.

concentration is consistent with results by others for aqueous
solutions of CigE1o/limonene via DLS.3! Furthermore, ny
remained approximately constant, indicating that limonene,
which is expected to solubilize within the hydrophobic core of
the micelles, had little effect on the PEG/water composition
within the micelle shell. Similar results were observed
previously by us for aqueous CiyEip/decane mixtures.”
Furthermore, our solute-free aggregation number (m, =
103 =+ 7), hydrodynamic radius (Rp;s = 3.76 + 0.02 nm), and
hydration index (ny =41+ 5), agree with our previous
results.” Using ny = 40 in accordance with Fig. 3, one finds that
the volume mnyl,, occupied by hydration water within each
C12E10 micelle is significant, accounting for roughly half of the
total volume per micelle. Furthermore, the micelle growth rate
a, =156 nm for limonene-containing micelles was
determined from the slope of the plot of Rpyg versus C,/Cs.

4 Theory

4.1 Development of light scattering correlation functions for
ternary mixtures

4.1.1 Thermodynamic fluctuation theory

Following Berne and Pecora,?° a liquid mixture within the
sample cuvette of a light scattering apparatus is modelled as a
composite thermodynamic system, where a subsystem A,
representing the illuminated region of the solution with
scattering volume V, exists within a much larger bath B,
representing the remaining liquid of the sample. Mass and
energy may exchange between subsystems A and B, but the
total composite system is assumed isolated overall. The
probability for a particular fluctuation in A is given by the master
formula for thermodynamic fluctuation theory

P(6x) = Qo Yexp (i—sz) . 5)

Here, Q, is a normalization constant, §x is a fluctuation in a
vector of thermodynamic variables, and P(8x) is the fluctuation
probability.

The total entropy fluctuation §S of a ternary mixture
comprising the composite thermodynamic system is given by

3

1

85r = — 5= <5T5s — 5poV + Z 6yi6Ni) . 6)
i=1

In eqn (6), S is entropy, y; are the species chemical potentials,
and N; is the number of moles of species i in subsystem A.
During a typical light scattering experiment, the scattering
volume is fixed (8V =0). Furthermore, temperature
fluctuations, and thereby thermo-diffusion coupling effects, are
neglected in this study, so that T = 0 and eqn (6) becomes

3
1
8Sr = —ﬁ<z 5#1'51\’;') . @)
=
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Itis desirable to re-express eqn (7) in terms of concentration
fluctuations, and to eliminate the contributions from the
solvent. Using the constant volume constraint and the Gibbs-
Duhem equation, one can show (see Appendix A)

3
Z SuoN; =V
i=1

where the superscript T indicates the transpose of the molar
concentration vector C. The elements of the matrix [G] are given

by
o O,
Gik = ( ) C] <—
9Ck 1 9Ck DT Cizke
forik =12, ©)]

2
Z Gu8C,8C, = VSCT-[G]-5C,  (8)
k=1

-

1l
-

L

_ op V;
= (ack) Y

PT.Cisk bi

2

T, unV.Cizk

and the chemical potentials are defined as

oF 9
by = (_ - (—g) fori k=12,
aN, N

(10)

>T,Mn,V,Nk=i

where F and g are the extensive McMillan-Mayer and Gibbs
free energies, respectively. For the remainder of this article, we
will abbreviate the subscripts T, uy,V,Nix; and p, T, Ng,; as
T,u, and p, T, respectively.

In order to decouple the concentration fluctuations in eqn
(8), a modal matrix [P] for the diffusion coefficient matrix [D],
which is constructed with column vectors equal to the eigenvectors
for [D], is used to diagonalize [G] via (see Appendix B)

[G] = [PI"[GI[P] , @an

satisfying the Onsager symmetry relation,! where the matrix [P] is

D
1 ( 12 )
Dy —Dyy
s
Dy,

and the eigenvalues of the diffusivity matrix are

given by

Pll

Py1 Pp

[ 1
- Lo
[ |

_ (D1 + D) (D11 = D33)? + 4D12Dy;

_ > 2 (13)
and
D1 +D Dy — Dy5)2% + 4D,D
N =( 11 zz)+\/( 11— Dy3) 12021 14)
2 2
Eqn (5), and (7)—(11) yield
2
-1 4 A on?
P(5x) = 0y texpl— —— Zaiaq . (15)
20T \ L
=

Here, G; are the diagonal elements of [ﬁ] and C; are elements of
the transformed concentration vector [C], defined via [C] =
[P]- [C] Using eqn (15), ensemble averages of the square of the
local, decoupled concentration fluctuations are determined to
be (see Appendix C)

2 kgT
8¢l =",
(6C) Ve,

(16)

Eqn (16) is used to derive both the field correlation function and
the Rayleigh ratio for ternary micellar solutions in the following
sections.

4.1.2 Normalized time correlation function g (q, t) for the
scattered electric field

The intensity of scattered light measured at the detector of
a light scattering apparatus at time t and scattering vector q is
given by a time correlation function of the scattered electric
field20

ING TS
1(q,0) = (E*(q,0)E(q,0)) = 1755 (8¢7(q,0)5e(q, ) . (17)

Here, Iy is the incident light intensity, kf is the magnitude of the
propagation vector of scattered light, L is the distance from the
scattering volume to the detector, E(q,t) is the magnitude of
the scattered electric field in reciprocal space, the asterisk
indicates a complex conjugate, and £(q, t) is a spatial Fourier
transform of the local dielectric constant, averaged over the
scattering volume,
1 s i
e(q,t) =y d3ze'%e(z,t) , (18)
where z is a position vector. Eqn (17) for the scattered light
intensity is normalized to define the field correlation function
(E*(q,0)E(q,t)) _(5e*(q,0)5e(q,t))

[€Y) = =
9@ =G 0m (I6eq, 01

19)

For a non-magnetic, non-absorbing liquid, the dielectric
constant is related to the solution refractive index via n = Ve
and the fluctuation §e(q, t) is expanded using the chain rule at

constant temperature and pressure,

2
de(q,t) = ZnZ (:—2)

i=1 T

8Ci(q,t) . (20)

According to the Onsager regression hypothesis,! the
concentration fluctuations 8C; in eqn (20) decay by the same

that the
concentration gradients. Hence, the diagonalized, Fourier

equations govern relaxation of macroscopic
transformed version of Fick’s law governs the relaxation of §C;

via

35Ci(q. 1) _

ot —-q*D;6C;(q,t) ,

@D
where D; are elements of the diagonalized diffusivity matrix
given by [ﬁ] = [P]~*[D][P], and are equal to the eigenvalues of
[D]. Egn (21) is solved to acquire the transformed concentration
fluctuations in reciprocal space

8Ci(q,t) = 6C;(q,0exp(—q*Dit) . (22)
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Combining eqgn (16), (19), (20), and (22), and designating
components 1 and 2 as solute (a) and hydrated surfactant (s),
respectively, one finds (see Appendix C)

)exp( q*D_t) +( )exp( q?D,t),(23)

B
[€)) -
gtqt) (1 T

where the mode amplitude ratio B equals

()

Eqn (23) indicates that concentration fluctuations in a ternary

(24)

mixture at constant temperature and pressure decay via two
diffusional relaxation modes, governed by the eigenvalues of
the diffusivity matrix (cf. eqn (13) and (14)),

_ (Daa + Dss) _ \/(Daa - Dss)2 +4DgsDsq

_ = 25
2 > (25)
and
(Daa + Dss) \/(Daa - Dss)2 + 4Dasta
= + . (26)
2 2
In egn (24), the transformed refractive index derivatives
R; —(6n/6C)pTC are
Ra = PaaRq + PsaRs 27)
and
Ry = PjgRy + PRy, (28)

where the measurable refractive index increments R; =
(6n/6Ci)p,T,Cj=i are given by (see Appendix D)

Re =T, (an) + 1 { on } (29)
and
_ /on Vis Co/Cs( On
Ry = Vns (57) —{—} 30)
6¢ P.T.Ca/Cs (¢ - ¢a) a(Ca/Cs) pT.¢
Here, V., =V, +nyV, is the hydrated surfactant molar

volume, ¢ is the micelle volume fraction, and ¢, = C,V, is the
solute volume fraction. The matrix [P] is given by eqn (12),

[ 1 (L)]
[Pua Pas] — | D+ - Daa I (31)
Pa P I(D_—Daa) A
\"g, I
and the elements of [G] are determined using
Ga = GaaPaa® + 2GasPaaPsa + GssPa® (32)
and
Ao 2 2
GS - GuaPas + ZGasPasPss + GSSIJSS ’ (33)
6

where Gg,, Gus, and G are calculated via eqn (9) and Py, Py,
Psq, and Py are given in eqn (31).

4.1.3 Rayleigh ratio

Assuming ergodicity, the time-average scattered light
intensity recorded during a static light scattering (SLS)
measurement is approximately equal to the static correlation
function of the scattered electric field, which is given by eqn (17)
witht = 0:

ING'7S
I(q) = (E"(q,0)E(q,0)) =

W(&S (q,0)8¢(q,0)) . (34)

Combining eqn (16), (20), and (34), and setting €2 = n* and

ks ~ 2mn /Ay, where A, is the wavelength of incident light, one
can write (see Appendix C)
kgT
R, < 2

The Rayleigh ratio is defined as Roq = 1(q)L?/(I,V). Hence,

IV 4m?n?
(@) =%
(@ =1 P

) (1+8). (35)

(36)

Evaluation of Rgq thus requires knowledge of the chemical
potential derivatives, refractive index increments, and the
ternary diffusion coefficient matrix.

4.2 Chemical potential derivatives for nonionic micellar solutions
with hydrophobic solutes

Thermodynamic equilibrium relations for an n-component
micellar solution with N different micelles types, comprised of
solute (a), hydrated surfactant (s), and solvent (n), are given by
(see Appendix E)

Nyflq + Myfls = My

fork=01,.,N—1. 37

In eqn (37), my is the micelle aggregation number for the
micelle type k, n; is the corresponding number of solutes per
micelle, and ug, ps, and pg are chemical potentials for the
solute, surfactant, and micelle species k, respectively, and are
defined per eqn (10). Differentiation of eqn (37) with respect to
either C, or C, at constant V, T and u,,, followed by expansion
of the micelle chemical potential derivatives using the chain
rule, yields

Opq
m(5¢2) o
and

Ollg
™ \3¢

ST Topn

N-1

Ay <6uk) (351')
— (38)
G, = 2Ge), (e

N-1
dus Oy G
+my ( ) O( )Tu <a_c:> (39)

Here, contributions from free molecular solute and surfactant
monomer to the thermodynamic derivatives, and thereby on
the driving forces for the diffusion of solute and surfactant, have

j=
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been neglected. Hence, the summations in eqn (38) and (39)
index over N micelle species, rather than n—1 mixture
components. In addition, we assume a 1:1 correspondence
between the number of solute and surfactant molecules for
each micelle type. Thus, k = 0 corresponds to the only solute-
free micelle species considered in this model, comprised of
no = 0 solute molecules and m, surfactant monomers. Hence,
for k = 0, eqn (38) and (39) become

N-1

g Ao a¢;
™\ac,). T ac; ac,
T, j=0 T/ Toun a

(40)

and

N-1

£\ac;), , \ac

J= n

ou
Mo (acs) = @1
S7 T

Furthermore, multiplication by Cj of eqn (38) and (39) and
summation over all micelle types provides the result

g s on
(), +Ge),, ~ () @2
“\ac, T *\ac, T aC, T
and
(o Ops oll
aGo), +oGe), ~Ga), . @
“\ac, T s\ac, Tt aCs T

where the osmotic pressure derivatives are given by (see Appendix

F)
ol B N-1N-1 o a;
Ge) = G\ac; ) \ae, 4
@ Tn k=0 j=0 T/ T a
and
N-1N-1
an B Qe ac;
(5c) =2 2. (ﬁ) (E - Us)
T/ T s

ST T, pn k=0 j=0

The micelle chemical potential derivatives at constant T and
Un are generally written as a sum of ideal and nonideal
terms,13.27

+ Ayj, (46)

! <"L) _ O
. - 1/2

NykgT 6CJ T (Cij)
where the non-ideal mixing contribution A;; captures the

influence of interparticle interactions between micelles of
various types. The following symmetry relation for [G] (see

Appendix A)
(fwa) _ (aus)
9Cs T,un 9Ca Tun '

enforces equality between mixed partial derivatives of the total
McMillan-Mayer free energy of the mixture with respect to solute
and surfactant concentration.32 Eqn (40)—(43), (46), and (47)
combine to provide the elements Gy, = (dp;/90Ci)r,y, Of the

(47)

chemical potential derivative matrix [G]

aln
CalGaq = (E) — CsGsq (48)
@7 T,pn
N-1
NukgT\ | 1 0lnC, Z acC;
Ggs = Gsq = ( mo ) C_aalnCa + 4 AOI a—ca ’ (49)
and
all
CsGss = (ﬁ) — CqGsq - (50)
S”Tun

Eqn (48)—(50) define chemical potential derivatives for
polydisperse mixtures of spherical particles with arbitrary
interaction potentials and concentrations. In egn (49), the
solute-free micelle concentration derivative aInCy/dInC,
accounts for variations in the solute-free micelle mixing entropy
with respect to the local solute concentration C,. For instance,
as C, increases, the micelle distribution shifts toward micelles
that contain more solutes, causing Cy, and thereby the solute-
free micelle mixing entropy, to decrease. In addition, Ay;
captures the influence of inter-micellar interactions between
solute-free and various type j micelles.

4.3 Scattering functions g(l) (q,7) and Ry and the Onsager
matrix [L] for locally monodisperse, nonionic micellar solutions
with hydrophobic solutes

We now examine the scattering functions described by eqn
(23) and (36) for the special case in which local micelle
polydispersity is neglected. In this scenario, the micelle
distribution is modelled using a Kronecker delta function with a
composition dependent mean

C
C o Q=i
c =%56w — {171 wheni=i } ) (51)

0 wheni #i*

*

where i* designates a micelle type with m solutes, m
surfactants, radius R;-, and a local concentration equal to Cs /.
Such a delta distribution is consistent with thermodynamic
theory for self-assembly of surfactant and hydrophobic
solutes.33 As shown in our previous work,® the corresponding
ternary diffusion coefficient matrix [D] for locally monodisperse

micellar solutions comprising nonionic surfactants and
hydrophobic solutes was determined to be
aa ’ Ca
—0:1+K¢—M(¢,F), (52)
i s
S (»2)
— == +K"p+M(p,—); , 53
50 = {6+ K9+ M (4. (53)
Dsa CS ( Cll)
=——M|¢,—) , 54
il (e 49
and
D C
ij=1+(ﬁ+s)¢>+M(¢.—“), (55)
D Cs
where the function M (¢, C,/Cs) is given by
7
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C, dlnR;- "
M(6F) =T A+ 1)~ B Kb, (56)
and the parameter y is evaluated according to
3 d(K" —K'
)(:(—/?+K’+3K”)— O
2 dA 11

Here, Diq is the solute-containing micelle diffusivity at infinite
dilution, B is the 2" osmotic virial coefficient, and K’, K"/, and
S =K' + K" are bulk mobility coefficients. Eqn (52)—(67) were
derived using dilute theory by Batchelor for polydisperse hard
sphere suspensions.26-28

In our earlier work,? dilute multicomponent theory was
shown to be effective at predicting [D] for concentrated
mixtures of nonionic micelles and hydrophobic solutes. Hence,
eqgn (52)—(55) are used here to estimate the scattering functions
for concentrated mixtures. The corresponding eigenvalues of
[D] are given by

D
—==1+K'¢ (58)
D?

and

D
D—§=1+(ﬁ+s)¢.

(59)
indicating that the (—) and (+) eigenmodes for diffusion
correspond to long-time self and gradient diffusion of
monodisperse hard spheres, respectively. We note that this
result is exact and supports arguments by Pusey for bimodal
decay of the field correlation function, corresponding to self
and gradient diffusion in narrowly polydisperse particle
dispersions.’* Eqn (31), (52)—(55), (58) and (59) combine to
produce the following modal matrix for [D],

Pua P ! Ca/Cs
[Pl =[] = co/caM(@,CasC) - (60)
O B +EN$ +M($,Ca/C)

In order to determine the elements of the matrix [G] in the
limit of zero local polydispersity, we start by evaluating the
solute-free micelle concentration derivative dlnC,/dInC,,
shown in eqgn (49). Consider a Gaussian micelle distribution
function given by

1 /n; — )2
o2 (") |
C; = TS—O- (61)

m
where o2 is the distribution variance. Differentiating eqn (61)
with respect to solute concentration C, for i = 0 yields

alnCy (ﬁ)z (1 N
dlnC, ~ o
where we have used 1 = m C, /Cs and Cyor = Cg/ M is the total

micelle concentration. In the limit as the variance approaches
zero, eqgn (61) becomes

AnCyor
alnC, ’

6lnr?1) (62)

alnC,

J%TUE oV2m TR ©3)
and eqn (62) yields
LY (6
Hence, per eqn (49) and (64),
};Toasa - (65)

and, per eqn (48)—(50) and (65), the elements [G] are infinite.
However, as shown in Appendix G, the scattering functions in
this limit are finite.

Using eqgn (23), (24), (27)—(30), (36), (48)—(50), and (60) one
may determine the mode amplitude ratio (see Appendix G),

B=0, (66)
and thereby the field correlation function
9P (q,0) = exp{~q*DR[1 + (B + )]t} , (67)

which indicates monomodal decay via gradient diffusion. In
addition, the Rayleigh ratio is determined to be (see Appendix
G)

_4n’n? (0n)2

dloZ(¢)]
90 = T 7% Vi-¢ {7

-1
dé } -

P.T.Ca/Cs

where, V;- is the volume of a type i* micelle and Z(¢) is the
compressibility factor. The latter is given accurately by the
Carnahan-Starling equation3*

n 1+ g+ P2 —¢?
CeocNakpT — (1 —¢)3

Remarkably, eqn (67) and (68) correspond to theoretical
predictions for binary mixtures of monodisperse hard spheres.
These results indicate that multicomponent diffusion effects,
such as uphill diffusion (Ds, < 0), which strongly affect the
diffusivity matrix [D] per eqn (52)—(55) via the function
M(¢p,C,/Cs), have no effect on the scattering functions
g™ (g,t) and Ry in the limit of negligible local polydispersity.
These results provide theoretical support for earlier
investigations by others,111229 who have used eqgn (67)—(69)
without a priori justification, to successfully model light
scattering data from Cy,Es/decane/water solutions.

The Onsager coefficient matrix [L] is related to [D] and [G] via
[D] = [L][G]. Hence, the matrix [G] can be inverted to yield
expressions for the Onsager coefficients

Z(p) = (69)

Laa = (DaaGss — DasGsa) /161 (70)

Las = (DasGaa = DaaGas)/1Gl , (71)

Lsa = (DsqGss = DssGsa)/1Gl (72)
and

Lss = (DssGaa — DsaGas)/1GI , (73)
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where |G| is the determinant of the chemical potential
derivative matrix [G]. Using eqn (48)—(50), (52)—(55), and (70)—
(73), one can derive the Onsager coefficients for dilute (¢p < 1)
mixtures of nonionic micelles with hydrophobic solutes (see
Appendix H) to find

D
Laa = Ceot (N ! T) (1+59) , )
0
Lgs = Lsq = MMCo¢ (N k T) (1 + S¢) (75)
and
0
Lgs = mz(:tot (N Xk T) (1+59) . (76)

Per eqn (75), the Onsager reciprocal relations are satisfied.
Furthermore, the determinant |L| = LgqLgs — LasLsqa =0,
which indicates that the Onsager matrix [L] is singular, and thus
not invertible, in the locally monodisperse limit as the micelle
distribution variance approaches zero (62 — 0). This result is
consistent with the [G] matrix given by eqn (48)—(50) and (65),
whose elements approach infinity in this limit.

4.4 Limiting results for ¢ — 0, C, — 0, and in the label limit
4.4.1 gW(q,t) and Ry for locally monodisperse micelles at
infinite dilution ¢ — 0

In the limit of infinite dilution, ¢ — 0 and the diffusivity
matrix [D] for locally monodisperse micellar solutions, given by
eqgn (52)—(57), reduces to

D.a dInR;-
=1-—FX 77
DY dlnC, a7
% = &alnRi‘ (78)
D Cs dlnC, '
Dsa _ _ G5 OlnR;: (79)
D2~ C,alnC, ’
and
Dy dlnR;
—=1 80
D? + alnC, (80)

Per eqn (58) and (59), the corresponding eigenvalues become
identical and equal to the Stokes-Einstein diffusivity

D_=D,=D). (81)

Egn (23) and (81) combine to yield the expected result for the
field correlation function at infinite dilution

gV (q.t) = exp(—q?DYt) , (82)

which indicates monomodal decay according to the solute-
containing micelle Stokes-Einstein diffusivity. Furthermore,
using eqn (68) with the relation ¢ = V;-cs(N,/MW;) in the limit
as ¢ — 0, for which Z(¢) — 1, one finds

Kcg 1

= 83
Rey MWL’ (83)

where c; is the surfactant mass concentration, MW is the
molecular weight of surfactant per micelle, N, is Avogadro’s
number, and KS:4n2n2/(NA/104) (an/acs)f,_ma/cs is the
optical contrast constant. The results given by eqn (82) and (83)
indicate that micelle growth effects, which are responsible for
significant multicomponent diffusion effects per eqn (77)-(80),
do not affect the scattering functions at infinite dilution,
enabling one to acquire estimates for average morphological
parameters for solute-containing micelles, such as
hydrodynamic radii R;~ and aggregations numbers m with
respect to composition C,/Cs.

4.4.2 Tracer limit C, — 0 for [G], gV (q, t), and Rq,

In this section, we evaluate the scattering functions and the
chemical potential derivative matrix for the special case in
which solute is present in vanishingly small amounts,
corresponding to the tracer limit, C, = 0. In this scenario, the
derivative Gy , given by eqn (49), is finite. Hence, the matrix [G]
can be evaluated given expressions for the osmotic pressure
and the micelle chemical potential derivatives. Here, we use
theoretical results by Vrij'33> for polydisperse hard sphere
mixtures in the Percus-Yevick approximation for the osmotic
pressure

3&,°
—$3)3

11 6{ o 3§16,

NpkgT 1- 53) (1-¢3)2 * a } 4

and the particle chemical potential derivatives

;<%> Oy
NykgT \ 0C; T (C,(C,-)l/z

+ (1”56@ {d +d;* + di*d;n,
+ 3did;[di (1 + dyenn) (1 + d;%ny)
+d;(1+dnz) (1 + di®m)]
+9di2d; 1, (1 + din) (1 + djny) }

(85)
where dj, is the diameter of a type k particle,
3
=1 3 (86)
and
N- & N-1
s —
v=g27 ¢id" ™. (87)
i=0 i=0

Using eqn (48)—(50) and (84)—(87), the chemical potential
derivatives [G] for locally monodisperse micelles in the tracer
limit are given by (see Appendix I)

Ca Gaa
NakgT

=1, (88)
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Cslas _ CsGsa __, 3a (1+¢+9%)
NakgT ~ NakgT moRy (1 —¢)3
Vo (1+2¢)? (89)
moVys (1 —¢)* ’
and
CsG 1 (1+2¢)?
SHYSSs — ( ¢) . (90)

NaksT ~ my (1—$)*

Here, a; is the micelle growth rate, which indicates how
strongly the average micelle radius varies with the solute to
surfactant molar ratio C,/Cs, V, is the molecular volume of the
solute, and Vi3 = Vi +nyl,, is the molecular volume of a
hydrated surfactant monomer, where ny is the hydration index,
and V,, and Vj; are the molecular volumes for the solvent and a
dry surfactant molecule, respectively. Per eqn (88), when only
trace amounts of solute are present, the chemical potential of
the solute varies with respect to solute concentration via ideal
mixing within the micellar solution. Eqn (90), on the other hand,
describes variations in the surfactant chemical potential with
respect to surfactant concentration resulting from the non-ideal
mixing of interacting, monodisperse, solute-free micelles.
Interestingly, the cross terms, given by eqn (89), describe
variations in chemical potential that are affected by a term
proportional to the micelle growth rate a; and the molecular
volume of the solute V. These non-ideal contributions capture
the influence of self-assembly on micellar solution
thermodynamics and are not included in thermodynamic
models derived for rigid particle dispersions.

In order to view the relative importance of the micellar
growth contributions on the cross terms of the [G] matrix,
theoretical predictions for [G] in the tracer limit for aqueous
Ci2E10/decane mixtures were calculated using egn (88)—(90)
with V; = 0.32 nm3, V; = 0.99 nm3, I}, = 0.03 nm3, my = 103,
ny =40, a; = 2.4226 nm, and Ry = 3.76 nm, consistent with
our light scattering data shown in Fig. 3. The results are plotted
versus volume fraction ¢ in Fig. 4. As shown, the main solute
chemical potential derivative G,, is independent of volume
fraction, indicating that trace amounts of solute mix ideally
within micelles, even in crowded mixtures. In contrast, the
surfactant main term Gy increases strongly with increasing
volume fraction, resulting from the interactions between
monodisperse solute-free micelles. Interestingly, the cross
terms Gg,; and Gy, are shown to become more negative with
increasing volume fraction, illustrating the influence of micelle
growth effects on the matrix [G].

The tracer limit described in this section is a special case of
the locally monodisperse limit discussed in section 4.5. Hence,
the scattering functions are determined via eqn (67) and (68),
in the limit as C, — 0, to yield the field correlation function

9P (g, 1) = exp{—q*D°[1 + (B + S)¢lt} , (91)

and the Rayleigh ratio

_4mtn? (611)2

d[¢z(e)]) ™"
Rgo = T 7% Voo {7} , (92)
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Fig. 4 Theoretical predictions for the normalized chemical potential
derivatives [G], calculated using eqn (88)—(90) and plotted with respect to
volume fraction for aqueous Ci:E10(s) + decane (a) in the tracer limit as C, —
0.

which is not restricted to the Percus-Yevick result for interacting
hard spheres.

4.4.3 Label limit for [G], g (q,t), Roo, and [L]

We now examine the scattering functions described by eqn
(23) and (36) for various finite solute concentrations, for the
special case in which the solute behaves as a volume-less label.
In this scenario, solute-containing micelles are identically sized
(dx = do = d), but optically polydisperse. Hence, eqn (85)
simplifies to

1 (ﬂ) _ % +£{(1+2¢)2
NaksT\IG ) (cc) Vol (=9

—1} . (93)

where V) is the solute-free micelle volume. Using eqn (48)—(50),
(84), (87), and (93), the solute and surfactant chemical potential
derivatives reduce to (see Appendix J)

NakgT 8InC,

Gaa = =503, 64
NukpT 3InC,
Gas - Gsa - r—lcs alnCa ’ (95)
and
= NykpT ((1+2¢)*  9lnG, 96)
BT meCs | (=)t dInC,) -

where Cj is the solute-free micelle concentration. Note, in this
development it was not necessary to specify a particular micelle
distribution function C;, and, unlike our results presented in
sections 4.3 and 4.4.2 for locally monodisperse micelles or in the
tracer limit, respectively, the derivatives dlnCy/dInC, for the
label limit are finite.
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Fig. 5 Theoretical predictions in the label limit for the normalized chemical
potential derivatives [G], calculated using eqn (94)-(96) and plotted with
respect to volume fraction for aqueous Ci:Eio(s) micelles with Poisson
distributed solute labels and molar ratio C,/C, = 0.2.

Theoretical predictions for [G] in the label limit for aqueous
mixtures of label-containing Ci2E1p micelles were calculated
using eqn (94)—(96) with V; = 0 nm3, V; = 0.99 nm3, I, = 0.03
nm3, my = 103, and ny = 40, consistent with Fig. 3, with
C,/Cs = 0.2. In addition, a Poisson distribution was assumed,
so that dlnC,/dInC,
volume fraction ¢ in Fig. 5.

For the Poisson distribution considered here, G, in the label
limit is identical to that of the tracer limit, consistent with ideal
mixing of solute labels within this hypothetical micellar solution.
However, as shown in Fig. 5, the normalized cross terms of [G] are
absent any effects from micelle growth, as expected, and thus
do not vary with respect to volume fraction, as they do for the
tracer limit.

In previous work by our group,”8 the ternary diffusion
coefficient matrix [D] for the label case was determined to be

= —7n, and the results are plotted versus

[;—0 =1+K'¢, ©7)
Das Ca
F=C—(5+K”)¢ ) (98)
D, =0, 99)
and
DSS
= =1+B+5¢ . (100)

D

Here, D is the solute-free micelle infinite dilution diffusivity, 8
is the 2" osmotic virial coefficient, and K, K"/, and S = K’ +
K" are bulk mobility coefficients. The corresponding
eigenvalues of [D] are given by

D_ ’
—=1+K'¢

5 (101)

and

DO =1+ @B+ . (102)

D

Egn (31) and (97)—(102) combine to produce the modal matrix
for the label case,

_ c,/c
P]_[0 ot S] . (103)
Eqn (24), (27)—(30), (36), (94)—(96), and (103), are then used to
determine the Rayleigh ratio for the label limit (see AppendixJ):

0n) a-¢¢

R90= /104 (64’) N o‘i’m(l“'Bu)

(104)
where the mode amplitude ratio B;; for the label limit is given
by

(Ca/C)?* (1 +2¢)?
(= 0InCy/dInC,) 1 — )+

~ {[an/a(ca/cs)]p,r.¢}z
O WICEYEY S

(105)

Per egn (105), the mode amplitude ratio for the label limit is
generally nonzero. Hence, decay of the field correlation
function, given by eqn (23), is bimodal, corresponding to the
eigenvalue diffusivities given by eqn (101) and (102).

Furthermore, since micelle growth effects are deactivated in
the label limit, so that micelles with different numbers of solute
molecules are uniform in size, one can compare B;; in eqn (105)
with theory by Pusey et al.l*15 for colloidal dispersions
comprised of rigid spheres that are equal in size but optically
polydisperse. In their theory, optical polydispersity is captured
via variations in scattering power f; between the different
particle species and the solvent. In the following discussion, we
relate this approach to our own, for which optical polydispersity
is captured using measurable derivatives for the refractive index
of the solution, given by [0n/d(C./Co)]lpre and
(On/0d)pr.corc,-

Theory by Pusey et al.#15 for the mode amplitude ratio in
the Percus-Yevick approximation is given by

(=72 +29)?
BP = ( fZ >W ) (106)
where
N-1 N-1
f= lel/ G, (107)
i=0 i=0
and
N-— N-1
2= Z / Y (108)
=0 i=0
11
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are number averages of the particle scattering power f;. Unlike eqn
(105), which captures the influence of particle scattering power via
measurable refractive index derivatives of the mixture, eqn (106)—
(108) require additional information pertaining to the particle
microstructure. Yan and Clarke!8 suggested the following core-shell
model for the scattering amplitude f; of water-in-oil microemulsion
droplets of volume V;

fi x (np,i - nsolv)Vi . (109)

where ng,,, is the refractive index of the solvent and n,,; is the
volume-average refractive index for an i-type particle, given by

Neore Vcore,i + nshellehell,i
v, .

Npi = (110)
Here, Nn.ore and ngpep; are the refractive indices of the particle
core and shell, respectively, and Vi ore; and Vgpey,; are the
corresponding volumes.

Egn (110) can be modified to apply to mixtures of solute-
containing micelles by replacing the constant n.,,. with a core
refractive index n.,,e,; that varies with the number of solutes
per micelle. In the label limit, V; = V, for all i and eqn (107) and
(109) combine to provide

o (fip = nsorw)Vo » (111)

where 7, is the number average particle refractive index. At the
optical matching point, the average particle refractive index
equals that of the solvent 7, = 1,0y, so that f =0 per egn
(111). Furthermore, fluctuations in the total micelle
concentration (volume fraction) at constant solute to surfactant
molar ratio at the optical matching point do not generate
variations in the overall refractive index of the solution, so that
(0n/0¢)p1c./c, = 0. Hence, eqn (105) and eqn (106)—(108)
yield

By, — © and Bp > o , (112)
and eqn (23), (101), and (112) give
9W(q,0) = exp[—¢*D°(1 + K'¢)t]. (113)

Egn (113) indicates that both theories for the mode amplitude ratio
predict decay of g(l)(q, t) corresponding to long-time self
diffusion of monodisperse hard spheres at the optical matching
point. In this case, the number average refractive index of the
particles is equal to that of the solvent, so that fluctuations in the
overall particle concentration do not scatter light. However,
variations in scattering power may still exist between the different
particle species. Hence, particle exchange events may still weakly
scatter light at the optical matching point via self diffusion. On the
other hand, one can remove the self mode for light scattering via
particle exchange by assuming a delta distribution, corresponding to
a single particle type i*, for which — dIlnC,/dInCq — oo, f = fix,
fZ=f-% and (fZ—f2)/f>=0, so that eqn (105)-(108)
provide

B =Bp=0. (114)

12

Per eqn (23), (102), and (114), the field correlation function is then
given by

9DV (q,t) = exp{—q*D°[1 + (B + S)p]t} . 115)

This result indicates that decay of g(¥(gq,t) occurs via gradient
diffusion of monodisperse hard spheres in the limit of negligible local
polydispersity. Thus, in these two limits, the predictions of Yan and
Clark and eqgn (105) agree.

The Onsager matrix for the dilute, label limit is acquired
using eqgn (70)—(73) and (94)—(100) (see Appendix J)

Laq = M%Crot D 1+s¢+& (116)
aa ot \ NokgT (= 0InC,y/3InCy) | ’
DO
Las = Lsqg = nmoCrot (m) (1+S9¢), 117)
and
DO
Lss = mosz[ (W) (1 + S¢) . (118)

Per egn (116), the main Onsager coefficient L,,, which is
related to the mobility of the solute when it is acted on a by a
steady thermodynamic driving force, depends on the micelle
distribution function through the derivative dinC,/dInC,, and,
per eqn (117), the Onsager reciprocal relations are satisfied.

4.5 Method of cumulants

The method of cumulants, which is often used to analyze
dynamic light scattering data, is based on a general description
of g(l) (q,T) for polydisperse solutions, expressed as a sum or
integral of exponentials:3¢

=)

90(q,0) = f G(r)errar,
0

(119)

where T is a measurement time interval or time delay. Here, the
integral defines a raw moment-generating function for the
decay rate distribution G(I'), where I' is a continuous decay
rate variable. The logarithm of the integral in eqn (119) defines
a cumulant generating function, which can be shown via a
Taylor expansion of e~''" around I't = 0 to yield the following:
ln{g(l)(q, D}=-Tt+ %12 4o (120)
Ineqn (120), T and Kk, are the first and second cumulants of
G(I"), respectively. At infinite dilution, G(I') for narrowly
disperse hard sphere mixtures is monomodal with a mean I’ =
q?D, and variance Kk, =T2—T2, defined via T™ =
foooG(F) I'™dr. The parameter D, is the z-average diffusion
coefficient, and the normalized second cumulant Kz/f‘z is used
to provide an estimate for particle size polydispersity. However,
at finite concentrations, G (I") does not closely approximate the
particle size distribution in general. This can be seen by merging
eqgn (23) with eqn (119). The resulting decay rate distribution
for concentrated hard sphere dispersions,
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6r) = (HLB) S(r—r)+ (HLB) s(r-r), (121
is bimodal even if the particle size distribution is monomodal. In
eqn (121), Iy = g?D, and I = q?D_ are the respective fast
and slow mode decay rates. For concentrated solutions, the
corresponding first and second cumulants of G(I') can be
directly related to parameters Dp.s, and k,/I'? that are
routinely obtained when the method of cumulants analysis is
applied to DLS measurements:

F (Dy+BD_
DDL5=?_( 158 ). (122)
and
Kk, (D.—D_ )2
rz- <D+ +BD_ (123)

Per eqn (122), the cumulant diffusivity Dp;s is a mode
amplitude weighted average of eigenvalue diffusivities. Hence,
D, is acquired via the cumulants analysis only when the slow
mode amplitude is small relative to that of the fast mode, i.e.,
when B < 1. Furthermore, the normalized second cumulant
K, /T'? depends strongly on the difference D, — D_, which
increases with increasing ¢ for hard-sphere dispersions. Thus,
K, /T'? for concentrated solutions does not solely depend on the
variance of the particle size and refractive index distributions, in
contrast to the case at infinite dilution.

5 Discussion

5.1 Eigenmodes for diffusion

As discussed in previous sections, the field correlation
function for a ternary mixture at constant temperature and
pressure is bimodal, and decays according to the eigenvalues of
the ternary diffusivity matrix. In this section, we identify the
underlying  transport  processes (diffusional modes)
corresponding to the eigenvalues, and the independent, linear
combinations of solute and surfactant concentration
fluctuations that activate them during a typical dynamic light
scattering measurement. Here, transport equations governing
the light scattering diffusional modes are derived in terms of
macroscopic concentration gradients. However, invoking the
Onsager regression hypothesis, the results presented here also
govern the relaxation of local, microscopic concentration
fluctuations. Following the analysis of Toor,3” and invoking the
Onsager regression hypothesis,! the modal matrix, given by eqn
(31), is used to diagonalize [D]

D 0
= _[P-
el =[5, | (124)
and decouple the ternary form of Fick’s law, to provide
7] _[p- ojy[vce
N [i+] B [ 0 D+] [VCJ . (125)

Eqn (125) describes two independent, uncoupled fluctuation
modes of diffusion corresponding to the eigenvalues D_ and

D..The mode fluxes j_ and J, are related to the fluxes of solute
Ja and surfactant Jg via

J-| - eyt [ﬂ
+ sl
and the corresponding gradients VC_ and VC, are linear

combinations of solute and surfactant concentration gradients,
given by

(126)

ve. v,

= [
VCJ [Pl VCs
Eqn (52)—(55), (60), and (124)-(137) combine to provide
expressions for J_ and f, for locally monodisperse micellar
solutions (see Appendix K) given by

127)

C
J_ M) .
B M RN I ¥y (m‘csn_)
C,
A~ M ¢‘_a
= VCC(;_ =41 +% Vin (i—:) ) (128)
and
e s ) (]a _/s)
CD,  CD,  |B+KG(\CD,  CoD,
ve Co | omm M(‘l"%) C,
== (2) ame —garag (@) - 4z

These fluxes are given in terms of gradients in composition,
Vin(C,/Cs) =VC,/Cq—VCs/Cs, and in the total micelle
concentration Vin(Cs/m), corresponding to exchange (—) and
collective, compression-dilation (+) fluctuation modes similar
to those described by others141518.22 for polydisperse colloidal
mixtures.

According to eqn (128), the (—) mode is activated by
gradients in composition and describes the relative flux of
solute and surfactant via interdiffusion.3® The (4+) mode, on the
other hand, is driven by gradients in both composition and in
the total micelle concentration per eqn (129), the former
perhaps accounting for the growth-induced generation of total
micelle concentration and mobility gradients that occur via
changes in the aggregation and average micelle radius,
respectively, with variations in the molar ratio along the
diffusion path. In general, it seems that neither of the
diffusional modes, described by eqgn (128) and (129), can be
identified as binary gradient or long-time self diffusion of rigid
monodisperse spheres, as both modes are influenced by micelle
growth effects via the functions M (¢, C,/Cs) and dlnm/dInC,.
This is the case, even though these modes relax according to
eigenvalues that are identical to binary self and gradient
diffusivities according to eqn (58) and (59).
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There are, however, special cases for which these diffusional
modes have a relatively clear interpretation. For instance, when
the (—) mode is deactivated by restricting gradients in
composition, via the constraint V(C,/Cs) =0, then only
gradients in the total micelle concentration are allowed. As a
result, eqn (59), (128), and (129) reduce to the following

e poasgrsiaw ().

7_1_

e ks

m m

(130)

Egqn (130) describes monomodal diffusion of solute and
surfactant via the (+) mode, occurring by gradient diffusionin a
binary mixture of monodisperse, solute-containing micelles.

In the tracer limit as C, — 0, eqn (128) and (129) reduce to
(see Appendix K)

—J-=-Ja=D_V(, 131
and
e _Js {ﬂm_ﬁ}/_a
my my  (Ro (B + K”)qb” Vhs) mo
ST e

As indicated by eqn (131), the (—) mode in the tracer limit is
activated only by gradients in the solute concentration, which
relax according to the micelle self diffusion coefficient D_.
Notably, this mode is independent of the identity (i. e., physical
properties) of the solute. However, the (+) mode, given by eqn
(132), is affected by the solute identity and describes micelle
gradient diffusion according to the term D,V (Cs/m,), modified
with a contribution from solubilization-induced micelle growth,
driven by gradients in solute concentration, via the term
proportional to the micelle growth rate a;.

Finally, consider the locally monodisperse label scenario. In
this case, the effects of micelle growth are removed, so that
M(¢p,C,/Cs) = dlnm/dInC, = 0, and eqn (128) and (129)

become
_1;_; = (E-L)=owm (g—) (133)
and
_Tfn_+0= —7{1—50=D+V(%) (134)

Here, in the label limit, the (=) and (+) modes describe pure
interdiffusion3® and micelle gradient diffusion, respectively,
which are absent any micelle growth effects. Similar diffusional
modes have been derived for systems of bidisperse colloidal
spheres that are identical in size and differ only in labelling.14:38

5.2 Driving forces for diffusion in the tracer and label limits

Within the framework of nonequilibrium
thermodynamics,3® the fluxes of solute (a) and surfactant (s) in
a ternary mixture are linearly related to thermodynamic driving
forces through a matrix of Onsager coefficients

14

]a] [Laa Las] [Xa]

= . 135
7 Il | % (135)
If Jo and Jg are molar diffusive fluxes defined relative to a
volume-fixed reference frame, then the conjugate,
independent driving forces for diffusion can be expanded in
terms of concentration gradients (see Appendix L)

(Xa)T,[,tn] _ (Vﬂa)T,yn] _ [Gaa
B Gsa

Gas] [VCa
Lo = (@ ] (136)

Gss | LVCs

Here, (Xg) 1,4, and (Xs)r,,, are the driving forces for diffusion
of the solute and surfactant, respectively, relative to a volume-
fixed reference frame and the solvent is force-free according to
(Xn)T,;Ln = _(V#n)T,un =0.

In the tracer limit, eqn (88)—(90) combine with eqn (136) to
provide

Co(X,
ﬁ =-rc, , 137)
and
Cs(X)ry, 3a; (1+¢+¢3?) V., (1+2¢)? ve
NykpT meRy (1—¢)°  molus (L—§)*| ©
14 2¢)?
- %mm (138)

Eqn (137) describes a purely entropic thermodynamic driving
force for the diffusion of solute in the tracer limit, identical to
that predicted for solute diffusion in a dilute, binary mixture of
solute and solvent. Furthermore, per eqn (137), surfactant
gradients do not impose a driving force on the solute in the
tracer limit, consistent with our previous results8 for [D] in the
tracer limit, which indicates that surfactant gradients do not
drive coupled solute fluxes in the tracer limit (Dgs = 0).
However, the driving force acting on the surfactant in the tracer
limit, given by eqn (138), is more complicated. The second term
on the right-hand side of eqn (138) is an expected contribution
to the surfactant thermodynamic force, indicating surfactant
diffusion driven by gradients in the total micelle concentration,
enhanced by a factor that accounts for the influence of
intermicellar interactions. The second term on the right-hand
side of eqn (138) indicates that solute gradients also impose a
driving force on the surfactant in a direction that points up the
solute gradient. This contribution is enhanced by a term
proportional to the micelle growth rate a; and is reduced by a
term proportional to the molecular volume of the solute V.
Again, this result is consistent with our previous predictions® for
[D] in the tracer limit, which indicate uphill surfactant diffusion
in response to a solute gradient in the tracer limit.

For the label case, eqn (94)—(96), and (136) combine to yield

AXrs  OlnCy  (Co
—F = Vin (—) 139
NaksT — 0lnC,  \Cj (139)
and
mO(Xs)T,un dinC, Cq (1 + 2¢)?
TNpkpT - olnC, ™ (c_) T =gy il - (140)
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Per eqgn (139), solute label diffusion is driven exclusively by
gradients in composition, per the so-called “exchange” or “self”
or “interdiffusion” mode, which is purely entropic and depends
on the distribution of solute within micelles via dlnC,/dInC,.
On the other hand, both gradients in composition and total
micelle concentration contribute to the driving force on the
surfactant within micelles according to eqn (140). The former
contribution is interesting because, according to eqn (99),
solute gradients do not drive coupled fluxes of surfactant in the
label limit corresponding to Dy, = 0. However, per eqn (140),
solute gradients do impose a driving force contribution on the
surfactant, via the composition gradient.

In order to understand this paradox, one may calculate the
surfactant flux, Js = Lsq X, + LssXs, by combining eqn (117),
(118), (135), (139), and (140) to find

0

Js = moCot <ﬁ) 1+ S¢)[ﬁ(Xa)T,ﬂ" + mO(Xs)T,M"] . (141)
Now, consider a solute gradient in the absence of a surfactant
gradient, so that VC; = 0. Due to its label nature, a solute
gradient has no ability to generate a total micelle concentration
gradient in this scenario, since VinC;,; = VInCs = 0. Hence,

eqn (139) and (140) reduce to

ﬁ(Xa)T,un = _n'lo(Xs)T,u,l ’ (142)

and, per eqn (141) and (142), J¢ = 0. Physically, in the label
limit, solute gradients (which entail composition gradients at
uniform surfactant concentration) impose entropic forces on
both the surfactant and the solute within micelles that are equal
and opposite, producing a net zero force on micelles. Hence,
composition gradients VIn(C,/Cs) do not generate a net
surfactant flux in the label limit, and act only to mix solute via
the random motion of identically sized micelles in the absence
of an overall micelle concentration gradient.

5.3 Multimodal analysis of g¥(q, )

In Fig. 6, the logarithm of the field autocorrelation function
ln{g(l)(q, T)} is plotted as a function of the time delay t for
Ci2E10/water binary mixtures, and ternary mixtures of either
Ci2Eio/decane/water or CizEio/limonene/water with C; =
200mM and C,/Cs = 0.2. Similarly, in Fig. 7, plots of
ln{g(l)(q,r)} versus T are provided for binary Cj Eio/water
mixtures with Cs = 20, 200, and 400 mM. As shown in Fig. 6A
and 7A, the data for dilute to moderately concentrated micellar
solutions are linear with respect to time, indicating nearly
monomodal decay of g (g, ) up to ¢ = 0.25. However, as
shown in Fig. 7A, the profile is nonlinear when C; = 400mM,
corresponding to ¢ = 0.53. Similar results have been observed
by others in concentrated ternary Ci>Es/decane/water!! and
binary Ci,Es/water systems.3°

The nonlinearity in ln{g(l)(q,t)} versus T in Fig. 7A for
concentrated mixtures of solute-free micelles could indicate the
emergence of the self mode, resulting from optical and size
polydispersity between micelles with various aggregation
numbers. As discussed by Pusey et al.,'* N decay modes for
g(l)(q,r) are predicted for narrowly polydisperse colloidal

mixtures with N different particle species, corresponding the
eigenvalues of the N X N particle diffusivity matrix. However,
since the various exchange modes between different particle
species cannot be resolved experimentally when the particle
distribution is narrow, only two decay modes for g(l)(q,‘r),
corresponding to long-time self and gradient diffusion, are
prominent. As a result, the working model equation for DLS in a
narrowly polydisperse colloidal mixture is identical to eqn (23),
(58), and (59). Since D, is enhanced with increasing ¢, the
gradient term 1/(1 + B) exp(—q?D,) in eqn (23) at high ¢
decays quickly, revealing the slowly decaying self term
B/(1+ B) exp(—q?D_1) when t > 1/(q?D,.). For some
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Fig. 6. Logarithm of the normalized field autocorrelation function g(l)(q,r)
plotted as a function of time delay t over 80 ps (A) and 1000 ps (B) for
C1:E10/water (open), C12E10/decane/water (black), and Ci:E10/limonene/water
(orange) mixtures with Cs = 200mM, and C,/C; = 0.2 for ternary mixtures.
The solid lines in (A) provide a guide for the eye, and error bars have been
omitted for clarity.
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Fig. 7. The logarithm of the normalized field autocorrelation function
g(l)(q, 7) is plotted as a function of the time delay 7 over 65 us (A) and 1000
us (B) for binary C1:E10 (s)/water mixtures with C; = 20, 200, and 400 mM.
The solid lines in (A) provide a guide for the eye, and error bars have been
omitted for clarity.

systems, such as ternary water—in—oil microemulsions of
AOT/water/octane,*® two decay modes (slopes) are distinctin a
plot of ln{g(l)(q, T)} versus T, which enables a robust fit using
eqgn (23). However, as shown in Fig. 6B and 7B, two modes are
not evident for the Cy,E;0/water system, even when ¢ = 0.53.
Measurement noise appears to overtake the signal before the
self mode can establish itself, preventing access to the long—
time self diffusivity predicted by eqn (58). Hence, in this study,
we found our data could be more robustly analyzed using the
method of cumulants (eqn (120)), in lieu of a multiexponential
fit, even at high concentrations.
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5.4 Diffusion coefficients measured by DLS for
Ci12E10/solute/water mixtures

In this section, DLS diffusivities, acquired using the method
of cumulants for ternary, nonionic micellar solutions with
hydrophobic solutes, are compared with theory for gradient
diffusion in dilute and concentrated monodisperse colloidal
dispersions. As discussed in section 4.5, the mode amplitude
ratio B = 0 for locally monodisperse micellar solutions, so that
eqgn (59), (66), and (122) combine to provide the following

Dps = DY{1+ (B + )¢} (143)

Eqn (143) indicates that DLS measurements, analyzed via the
method of cumulants, are predicted to yield micelle gradient
hard
dispersions, the gradient diffusion coefficient D, can be

diffusion coefficients. For concentrated sphere

expressed via the following form of the generalized Stokes-
Einstein equation,2641,42

D K(¢) ou

2 KD g ()

D% = 5700, ) 06y, 4

Here, S'(0,¢) is the ideal static structure factor in the low
wavevector limit and K(¢) = (U)/U° is the sedimentation
coefficient for randomly dispersed particles. K (¢) is defined as
the ratio of the ensemble averaged sedimentation velocity (U)
of a particle dispersion, moving in response to a uniform force
field, divided by the velocity U° of a single, isolated particle.
Rigorous theoretical results for K(¢), applicable to dilute
mixtures of colloidal hard spheres, have been derived
accounting for pairwise*® and three-body** hydrodynamic
interactions. For concentrated hard sphere dispersions,
numerical simulations that include many-body hydrodynamic
interactions have also been performed to determine K(¢)
using either Stokesian dynamics*> or the lattice Boltzmann
method.*®

In Fig. 8A,

Dp.s/D3.s are plotted versus ¢ for CiEio/water, and for

normalized gradient diffusion coefficients

Cy2E10/limonene/water, and Cy2E10/limonene/decane’ mixtures
with C,/Cs = 0.2. The experimental values are compared with
dilute theory by Batchelor2é (solid line), i.e., using eqn (59), (66),
and (122) with 8 + S = 1.45, for monodisperse hard sphere
dispersions. In addition, Dp,s/DJ.s values are plotted as a
function of ¢ in Fig. 8B for binary Ci.Eio/water mixtures up
to¢ = 0.53, superimposed with
concentrated monodisperse hard sphere suspensions. Micelle

numerical results for

volume fractions were calculated using

¢ = CaVa + CS(VS + nHVw) , (145)

where the molar volumes for the solute (a) and water (w) are
given by V, = MW, /p, and V,, = MW,,/p,,, respectively, with
MW,, MW,,, pq, and p,, indicating the respective molecular
The dry CizE10
surfactant molar volume was interpolated from density data for

weights and pure component densities.
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Fig. 8. (A) Normalized diffusion coefficients for Ci,Eio/water (open circles),
C12E10/decane/water” (black circles), and Ci:Eio/limonene/water (orange
circles) with C,/Cs = 0.2 as a function of volume fraction, superimposed with
theoretical predictions by Bachelor? for dilute, monodisperse hard-sphere
dispersions (solid line). (B) Normalized diffusion coefficients for concentrated
C12E10/water mixtures (open circles) with numerical simulation results for
crowded hard sphere dispersions calculated using Stokesian Dynamics*
(squares) and the Lattice Boltzmann method*® (triangles). Error bars indicate
95% confidence intervals.

a homologous series of CiEm surfactants.3® Molar volume
calculations for decane, limonene, dry Ci,E10 surfactant, and
water  yield V,=1.949x10"*mM~!, V,=1.622x
10~*mM~t, 7, =5.968x%x10"*mM~1, and ¥, = 1.802 x
107> mM ™1, respectively. In addition, the conversion factor
6.022 x 10~* (nm3/molecule)/mM was used in this work to
convert between molecular and molar volume.

Numerical calculations were performed using the Carnahan-
Starling equation3* for the ideal static structure factor in eqn

(144), and results for K(¢) were determined from numerical
simulations via either Stokesian dynamics* (squares) or the
lattice Boltzmann method method?® (triangles). As shown in Fig.
8, solute-free, decane-containing, and limonene-containing
C12E10 micelles diffused as hard spheres in accordance with the
most rigorous theoretical results available for gradient diffusion
in dilute and concentrated colloidal hard sphere dispersions.
Furthermore, as noted by others,*647 Batchelor’s dilute theory?®
provides an D./D° for
concentrated monodisperse hard sphere dispersions up to ¢ =

excellent approximation for

0.4, indicating a near cancellation of higher order, many body
hydrodynamic and thermodynamic virial contributions.

5.5 Rayleigh ratios for C1,E;o/solute/water mixtures

Neglecting local micelle polydispersity, theoretical
predictions for the Rayleigh ratio for binary Ci2Eio/water and
ternary Cy;Eq0/solute/water mixtures were calculated using eqn
(68) and (69) with V3 = 2.19nm=3, V; = 0.32nm=3 (decane) or
0.26nm3 (limonene), and 4, = 633nm. The refractive indices
were determined via n = (dn/90¢)pr.c,/c. P + No With ng =
133 and (n/9¢)pr.c,/c, = 0.063, 0.064, and 0.065 for
solute-free, decane and limonene containing micelles,
respectively. Average micelle volumes were calculated from DLS
data using V;» =4/3 nRDL53, where hydrodynamic radii for
solute-free, decane, and limonene-containing micelles are given
by Rprs = 3.75 nm, 4.25 nm, and 4.04 nm, respectively.

In Fig. 9, Rgy results for CiEio/water (open circles),
(black),

(orange) mixtures are compared with these theoretical

C12E10/decane/water and CizEie/limonene/water

T
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Fig. 9. Rayleigh ratios plotted versus ¢ for Ci2Eio/water (open circles) and
Ci2E10/decane/water (black) and CizEio/limonene/water (orange) mixtures
with C,/Cs = 0.2. Theoretical predictions calculated using eqn (68) and (69)
for binary and ternary solutions are shown as solid curves. Error bars indicate
two standard deviations.
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predictions derived using thermodynamic fluctuation theory
(solid lines) as a function of ¢p. As shown, the experimental data
for both binary and ternary mixtures is in excellent agreement
with theoretical predictions up to ¢ = 0.3, indicating that C12E10
micelles interacted as hard spheres, regardless of the presence
of decane or limonene solubilizate. These results are consistent
with those reported for similar systems, including C1,Es/water48
and Ci2Es/decane/water.11

5.6 Effect of crowding on micelle hydration

As shown in Fig. 10, eqn (68) and (69) appear to
underestimate Rqq for binary aqueous Ci,Eip mixtures when
¢ > 0.3, to an extent that increases with increasing ¢. To
explain this effect, we note that micelle dehydration has been
observed in aqueous Cy,Es solutions at high concentrations ¢ >
0.3 using NMR,* and in dilute aqueous CsEs solutions at high
pressures up to 310 MPa via SANS.>? These results indicate that,
unlike hard spheres, hydrated micelles tend to relax the system
free energy by reducing their size, and thus the volume fraction
of the mixture, via dehydration. In order to capture the
influence of dehydration on our theoretical predictions for the
Rayleigh ratio, we use thermodynamic fluctuation theory to
derive Rqq for a binary mixture of hydrated surfactant (s) and
water with a concentration dependent hydration index ny =
ny (T, p, Cs) (see Appendix M)

(7).
4m?n? ac Csmy (d[CsZ(P) "
Rog = T[:l S/pT jvmo{ [ ;C(d’)]} ) (146)
Ao 14+ C27 (671,.,) A s
s 'w\3C, o

In eqn (146), the refractive index increment is given by
G), -G, ) G
daCs Tp aC any DTG aCs oT ’

S p Ty
and, using eqgn (69) for the Carnahan-Starling compressibility

(147)

factor, we have

dlCZ($)] _ (1 +2)° — ¢3(4 = ¢)

ac; -9
oo (O (44 4¢ — 2¢7)
(G g 04

s’ p,T

Per eqgn (145)—(148), micelle dehydration affects the Rayleigh
ratio in several ways via terms involving the hydration index
derivative (E)nH/OCS)T,p. According to Nilsson et al.*® the
hydration index for Ci;Es micelles decreases linearly with
surfactant concentration with a slope approximately equal to
(0ny/0Cs)rp = —1/20mM~" when ¢ > 0.3. Furthermore,
ny is expected to remain unchanged with ¢ at lower
concentrations, suggesting one may use egn (68) and (69) with
constant ny to predict Ry for ¢ < 0.3.

Using eqn (145)—(148) with 7; = 5.968 x 10~* mM~1, 7}, =
1.802 X 1075 mM ™, (0n/0Cs)rp = (On/0C) 1, =

18

(1/km)

90

R

0.2
Volume fraction, ¢

03 04

Fig. 10. Rayleigh ratios for binary, aqueous CizE10 solutions plotted versus the
micelle volume fraction. Values for ¢ > 0.3 were calculated assuming linear
dehydration according to n, =50 — C;/20, where C; has (mM) units.
Theoretical predictions indicated by the solid curves were calculated using
either eqn (68) and (69) (black curve) or eqn (145)—(148) (blue curve).

824 x 107> mM~1, (0ny/0C)rp =—1/20 mM~™, my=
103, and ny = 50 — Cs/20, in accordance with refractive index
data by us and NMR data by Nilsson et al.,*° theoretical
predictions for Rayleigh ratios and volume fractions for binary
aqueous Ci,E0 solutions were re-calculated and plotted against
the new values for ¢ > 0.3 in Fig. 10. As shown, good
agreement is achieved, indicating dehydration is a likely
explanation for the discrepancy in Rgq between our data for
binary Ci;Eipo/water mixtures and monodisperse hard sphere
theory. In addition, we note that dehydration does not
significantly affect the slope of the normalized solute-free DLS
diffusivities shown in Fig. 8B, since values for ¢ and D°
corrected for dehydration are reduced and enhanced,
respectively, causing the DLS data points above ¢ > 0.3 in Fig.
8A to shift left and down.

6 Conclusions

The self-assembled nature of aqueous micellar solutions
comprised of nonionic surfactants and hydrophobic solutes may
drive strong micelle growth as these molecules reassemble in
response to variations in composition, thereby distinguishing
these mixtures from rigid particle dispersions. These effects
were previously demonstrated to have a strong effect on the
ternary diffusivity matrix [D], via the microstructure function
M (¢, Co/Cs). In this work, however, micelle growth effects are
shown to have no influence on the either the Rayleigh ratio or
the field correlation function in the limit of zero local micelle
polydispersity. These results suggest that light scattering
theory, developed for monodisperse, colloidal hard sphere
dispersions, applies to narrowly polydisperse, ternary solutions
comprised of solute-containing micelles. Furthermore, rigorous
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theoretical results in the tracer limit for the thermodynamic
derivatives, eigenmodes, and the driving forces for diffusion,
display the influence of micelle growth/self-assembly effects
and show that the diffusional transport processes, which occur
during light scattering measurements, are different from those
of binary, monodisperse colloidal dispersions comprised of rigid
spheres.
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Appendix A: Derivation for the total entropy
fluctuation S and symmetry relation for [G]

In this section the total entropy fluctuation S, given by
eqn (7)—(9), is derived for an n-component mixture at constant
temperature and volume using either the Gibbs thermodynamic
framework at constant pressure, corresponding to typical
experimental conditions, or, equivalently, the McMillan-Mayer
framework at constant solvent chemical potential, which
defines the chemical potential fluctuations of a mixture with a
force-free solvent. We begin with eqn (7)

n n-1
—2T6S, = Z Su6N; = Z SN, + SN, . (A1)
i=1 i=1

According to the Gibbs framework, the total fluctuation
differential of the extensive Gibbs free energy is given by

n-1
89 = —S8T + Vép + Z WN + N, (A.2)
i=1
and the chemical potentials are defined as
Y
L= (== i=12,..,n A.
Wi (BNL-) fori=12,..,n (A.3)

DT N
and N; is the number of moles of component i. Furthermore,
using the constant volume constraint, we have

(4.6)

where V; is the molar volume of species i, which is assumed to

be constant. Solving for the fluctuation 6N, in eqn (A.6)
provides
n-1 —
Vi
SN, = —zrazvi . (4.7
iV,
i=1
Eqn (A.1), (A.5), and (A.7), combine to yield
n n-1 V
z Su6N; = Z <5,1i - _—‘sun) SN; . (4.8)
i=1 i=1 Vo

Now, using the Gibbs-Duhem relation at constant temperature,
pressure, and volume, we have

n n-1
Zl\ljéyj=21\lj§uj+Nn5un=0 . (A.9)
j=1 j=1
Solving for the solvent fluctuation &y, in eqn (A.9) provides

n-1

PRI SLAL nic"s
Hn = VN, Hj = .1Cn Hj o
= =

(4.10)

Egn (A.8) and (A.10) combine with the solvent volume fraction

CpV, =1 — ¢ to provide
n n-1 ]7 n-1
i=1 1 j=1

i=

At constant temperature and pressure, the species chemical
potentials u; = w;(T,p,Cy,...,Ch_1) are expanded via the

chain rule
n-1
u:
oSl . am
k=1 K’ DTNk
and eqgn (A.11) and (A.12) combine to give
n-1n-1
—2T6Sr = VZ Gy 6C;6Cy, (A.13)
i=1 k=1
where
— n-1
oy V; ou;
a-(G) ool
kDT ,Ciak ¢j:1 K/ prCisk
fori,k=12,.,n—1. (A.14)

Now, using the McMillan-Mayer framework, we will first
show that [G] is symmetric, followed by a derivation for the
total entropy fluctuation §S7. The extensive McMillan-Mayer
free energy for an n-component mixture is given by a Legendre

transform of the Helmholtz free energy A(V, T, Ny, ..., N,,).5152
F(WV,T,Ny,...,Np_q,f1y) = A(V,T,Ny,...,Ny) — Npji,,, (A.15)
and the total fluctuation differential of F is given by
n-1
(4.16)

8F = —S8T — péV + Z 16N — NoStin
i=1

l

where the chemical potential of component i at constant
volume is defined according to

_(oF
Hi = 5_M

At constant volume, temperature, and solvent chemical
potential, mixed partial derivatives of the McMillan-Mayer free
energy are given by

fori=12,.,n—1. (A.17)

)T,ﬂan,Nk:i
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( 92F > _( 0%F )
dNON; T, lnV,Chi ON;ON Topin,V Chi

fori,k=12,.,n—1. (A.18)
Multiplying eqn (A.18) through and by constant volume V yields

( 92F > _ ( 9%F )
0CkON) 1 v \OCON 1y,

fori,k=12,..,.n—1, (A4.19)
and eqn (A.17) and (A.19) combine to provide
oy (O
(ack)T,umV,CM B (ac,-)Tluwvyckgi
fori,k=12,..,n—1. (A.20)

Furthermore, at constant V, T, and u,, eqn (A.1) reduces to

n-1
_2T8S, = Z Su;6N; (4.21)
=1
and the species chemical potentials u; = p; (T, ttn, Cr, ..., Crneq)
are expanded via the chain rule
n-1
Ot
Su; = Z (a—’c“) 5C, . (4.22)
k=1 KTV Crewi
Eqgn (A.21) and (A.22) combine to give
n-1n-1
_ o
—2T6Sr =V ac 6C, 6C; . (A.23)
i=1 k=1 k2T un V e

Finally, combination of eqn (A.13), (A.14), and (A.23) yield

— n—-1
oy o Vi Ou;
G = (3¢ =3¢ Ly G\ac
k K DT, Cin ¢j=1 k) DT.Cinte

(A.25)

T, unV,Cri

fori,k=12,..,n—1.

Appendix B: Diagonalization of [G]

In this section, the modal matrix [P] for the diffusivity matrix
[D] is shown to diagonalize the chemical potential derivative
matrix [G] via

[€] = [PI"[GI[P] . (8.1

To begin, note that for a ternary mixture, the matrix [ﬁ] is
diagonal if

Gas = Gsa =0. (8.2)
Furthermore, [G] is symmetric,32 so that
Gas = Gsq - (8.3)

Combining eqn (B.1)—(B.3) provides

20

GaaPaaPas + GGS(P(Z(IRSS + PasPsa) + GssPsaPss = 0 - (34)
Eqgn (B.4) and (31) combine to yield

GaaDasz + Gas(D+ +D_— ZDaa)Das
+ Gss{DyD_ — Dgg(Dy + D) + Dgg’} =0 .

(B.5)
The following relations for the trace
Dy 4+ D_ =Dgq + Dy . (B.6)
and the determinant
D.D_ = DgsDaq — DgsDsq- (B.7)
of [D] are then combined with eqgn (B.5) to give
Daalias + Dsalss = GaaDas + GasDss » (B.8)

which is the Onsager Reciprocal relation.32 Hence, eqn (B.2) is
satisfied and [G] is diagonal.

Appendix C: Derivation for B and Ry for a
multicomponent mixture at constant
temperature and pressure

In this section, we begin with eqn (15), generalized for an n-
component mixture at constant temperature and pressure

n—-1
%4 A oA
P(5x) = 0y exp|— —— Z Gsc2 | 1
2kpT \ L
=
Using the product rule for exponents, we can write
P(6x) = Py(8C,)P,(6C,) -+ Ppe1(8Cnv),
.2)
where,
V aca2
P(8C;) = 0,1 "agTOC) (€.3)

Egn (C.2) and (C.3) indicate that the decoupled concentration
fluctuations §C; are statistically uncorrelated with a fluctuation
probability Pi((Sfi) that obeys a Gaussian distribution. The
constants (2; are determined via integration of the fluctuation
probability over all possible fluctuations,

o

n=Gc)= [ a (56)e 7T

o .
_ (2mkgT\2
“\vé )
Using eqgn (C.3), the mean square fluctuation in concentration is
given by

Gi8¢%)

(c.4)
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8¢y = f d(5¢)56,2P,(5¢)

—00
©

—ot f d (56,)5¢;2TRaT0C)

—o0

1
_ -t (ZkeT\? keT
=0 (2B e
VGi VGL

(€.5)
and eqgn (C.4) and (C.5) combine to yield
2. kgT
6C )Y =— . C.6
(8C;7) 7 (c.6)

In order to determine the field correlation function, given by
egn (19), we expand the total fluctuation of the local dielectric
constant £ = &(T,p, €y, Cy,...Cq ), expressed here as function
of thermodynamic variables, using the chain rule

n-1

[i] .
5£(q,t)=z<a—;_) 8C(q.0)
2\ac),

=1

€.n

where, Sfi(q, t) is the Fourier transform of the decoupled local
concentration fluctuation §C;(z, t), given by

~ 1 ) N
5Cat) =3 f B32e975C,(z,t) . .8)

The time correlation function for fluctuations in ¢ is given by

(6e7(q,0)6e(q, 1))

n-1n-1

a R N
—ZZ( ) (E) (5¢;(q,005C;(q,0)) -
Tp

per eqn (C.2), the concentration fluctuations 6fl-(q, t) are
statistically uncorrelated, so that

(€7 (q,0)5C;(q,0)) = (5C (q,0)6C;(q, )5y ,

(€.9)

(€.10)

where §;; is the Kronecker delta. Eqn (C.9), (C.10), and (22) combine
to yield

(68 (q. 0)6e(q, )}
2
= Z ( ) (6C;(q,0)8C;(q,0))exp(—q?D;t) .
l Tp
Setting t = 0 and using eqn (C.8) with (C.11), we can write
(6C;(q,0)5C;(q,0))
1 . N 1 . A
= f @7 e71750,(2,0), f 43z e976C,(z,0))

2
_ <<Hd3zaéi(z,0)) )

= (8¢,

(€.11)

(€.12)

and eqgn (C.6), (C.11), and (C.12) combine to provide

S /0e\2 kyT

3 B

5¢7(q,0)8¢(q, t =Z ‘ k

(6e7(q,0)6e(q, 1)) _ (%)T Ve
i=1 p4

(€.13)

For a non-magnetic, non-absorbing material, the solution refractive
index is related to the dielectric constant via € = n?, so that eqn
(C.13) becomes

(5e*(q,0)8e(q, t)) = 4n? ZR e exp( ¢?D;it) , (C.14)

where the refractive index increments are given by R; =
(6n/66i)7_p. Egn (19) and (C.14) combine to yield the field
correlation function for a n-component mixture at constant
temperature and pressure

(6e7(q,0)5¢(q, 1))

(1 =
9@ = 5 or

- ni!exp(_qzﬁit)l. (c.15)

2
i=1 | n-1 & ﬂl
(%= (R> &)

For a ternary mixture (n = 3), eqn (C.15) reduces to

- 1
—n2
Fem(-0mi) + (5

B ~
9gP(q,t) = (1 " B) exp(—q®D,t),
(c.16)

where the mode amplitude ratio equals

v (§)

In order determine the Rayleigh ratio Rgy for an n-component
mixture at constant temperature and pressure, we combine eqn
(34) and (C.14) and set t = 0, €% = n*, and k; ~ 2mn/4, to

(€.17)

provide
I(q)L2 4mPn? &
90 = R; (c.18)
i=1 Gy
For a ternary mixture (n = 3), we have
an?n? _ 5 (kgT
Rog = —5— R, (L) (1+B) (€.19)
10 GZ

Appendix D: Refractive index increments

The solution refractive index for a ternary, single phase
mixture can be defined as a function of four independent,
intensive variables n =n(T,p,C,, Cs) = n(T,p,Cq/Cs,P).3
Thus, at constant temperature T and pressure p, which are the
typical conditions under which measurements are performed,
the total differential of the solution refractive index is given by

d (an) dc, +(a") dc,
n=(—
3Ca) e, aC,) e OO
bt (@G
a(ca/cs) pT.d CS a¢ D.T.Ca/Cs '
0.1)

Total differentials for the solute to surfactant molar ratio and
the volume fraction are given by
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d(i—:) —édCa—%d(Is (D.2)
and
d¢ = V,dCy + VsdC; . (D.3)
Combining eqgn (D.1)—(D.3) yields,
el b, o0
@/ prcarce Cs\O(Cal/C)yr
and
_ /on Vs Ca/C. on
Ry = Vg (%)pm/cs - ﬁ{m}pw . 0.5

Appendix E: Local equilibrium relations for
multicomponent micellar solutions

Consider an n-component mixture comprised of free water,
free molecular solute, hydrated surfactant monomer, and a
distribution of N different micelle types, comprised of various
numbers of solute and hydrated surfactant molecules. During a
typical light scattering measurement, fluctuations in the
concentrations of the mixture components occur and then relax
by diffusion. As diffusion occurs, it is assumed the local
equilibrium is achieved on a time scale much faster than that of
diffusion. Hence, one may define the total free energy minimum
for a mixture within a fixed, local control volume (sometimes
described as material point) at constant temperature T and
pressure p. The re-equilibration process via self-assembly
occurs very quickly, therefore, the system may be considered
isolated (no mass or energy transfer into or out of the material
point) on the time scale of equilibration. Hence, the total molar
Gibbs free energy differential at constant volume, temperature
and pressure, is given by

N-1

dg = :uadca,free + usdCnon + UndCp + Z udCy =0, (E.1)
k=0

where Cq free; Cmon, Cn, and Cy are molar concentrations for
free solute, hydrated surfactant, solvent, and micelles of type k,
respectively.

For an incompressible fluid at constant volume, we have

N-1
VodCo free + VinsCmon + VadC + Z 7dCo=0. (E2)
k=0

Here, V, is the partial molar volume of the solvent. Solving eqn
(E.2) for dC,, yields,

I7a Vhs

Vi
an = _V_ndca'free _V_ndcmon - ﬁde =0. (E3)

The total concentrations of solute (a) and surfactant (s) are
conserved, so that

22

N-1
dCq = dCqpree + z e dCy = 0 (E.4)
k=0
and
N-1
dC, = dCon + Z MedCy =0 . (E.5)
k=0
Combining eqgn (E.1) and (E.3)—(E.5) yields
Hie = Nictta = Mictts = Ve = mVg — myc Vs (E.6)

Since the molar volume of a micelle type k is given by V, =
n V, + my Vs, eqn (E.6) yields
Hie = Nilg + Myclds
fork=01,..,N—1. (E.7)

In egn (E.7) the chemical potentials are not uniquely defined,
and may be expressed, for instance, according to

( dg ) < oF > ( A )
e =5 =\7c = (5 :
9Cy pTCizk 9Cy T,unV.C. 9C

TV,Cizk
where F and A are the extensive McMillan-Mayer and
Helmholtz free energies, respectively.

(E.8)

i#k

Appendix F: Osmotic pressure derivatives

Mixtures of nonionic surfactants and hydrophobic solutes
can be modelled as either ternary, single phase mixtures
comprised of solute, surfactant, and solvent, or as n-component
mixtures of free molecular solute, monomer surfactant, and a
distribution of aggregates, containing various numbers of solute
and surfactant molecules. Hence, the osmotic pressure of these
mixtures can be defined as a function of either four or n + 1
independent, intensive variables according to II=
(T, py, Cq, Cs) = I (T, up, Cy,Cs,...,Cph_1). Using the chain
rule, the gradient in the osmotic pressure can be expanded at
constant T, u,

wim = (617) Ve, + (617) Ve
T.un — aCa T a aCs _— s -+

(F.D

Egn (F.1) and the Gibbs-Duhem equation at constant T, u,, (cf.
eqn (L.8)) combine to yield

n-1

(an) vC +<an> 7= (i)
o)y, @ NaC),, T L N

=

(F.2)

Similarly, the micelle species chemical potentials can also be
expressed as a function of either four or n + 1 independent,
intensive variables, according to ;= p;(T, Uy, Cq, Cs) =
Ui (T, iy, C1, Cy, ..., Cp_q) and the gradients in u; can also be
expanded using the chain rule at constant T, u,,

_ (% o
O~ (52), o G, e @
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Combination of egn (F.1)—(F.3) and expansion using the chain
rule provides

Calrp, £ =1 Tin N ¢
and
( ) —-1n-1 (allk) (acj) (F.S)
Clrp 2 15=1 /1 9Cs

In this work, the concentrations of free molecular solute and
surfactant monomer are vanishingly small, so that eqn (F.4) and
(F.5) reduce to summations over N micellar species

N-1N-1
I a ac;
(o) =Y >a(3) (&) o
@ Tpn k=0 j=0 I/ T a
and
(an) _”21”’16 iy ac -
C/yy, £, 7\ g 7 \OCs :

Appendix G: Derivation of B and Rg for locally
monodisperse micelles

In this section, the mode amplitude ratio B, and the Rayleigh
ratio Rgy, are derived in the limit as the local micelle
polydispersity approaches zero. First, eqn (31)—(33) and (48)—
(50) combine to produce the elements of the diagonalized
chemical potential derivative matrix [G]

. an Co. (00 C, 2
Coly = (—) +-—P, (—) — CsGeq (—Psa - 1)
T T.in

ac, ¢. s \ac, C,
@1
and
cb=(00)  +en (o) —cacm(ﬁPag—l)z
¢/, " Ca o, C.
©.2)

In the limit as the local micelle polydispersity approaches zero,
Gsq = —, so that eqn (24), (60), (65), (G.1) and (G.2) combine
to yield the ratio

B=0, (6.3)

and eqn (23), (59), and (G.3) provide the field correlation
function

9P (q,7) = exp{—g?DR[1 + (B + )]t} . 6.9

Now, turning our focus toward the Rayleigh ratio, a general
form for the osmotic pressure in a mixture of monodisperse
micelles is given by

= CeotZ($) 6.5)

n
N, k T
Differentiating eqn (G.5) with respect to either C, or C; and
combining the results with eqn (60) and (G.2) yields

€265 = Cqy (an) Cs (6”)
s Calry, s/ r
0zZ(¢)  9Z(¢)
- C‘“N’*kBT{ alnC, = dInC;
0InCioy  0InCyy
+Z(¢)(BlnCa + alnCs ) (c.6)

Differentiation of the total micelle concentration C;,; = Cs/m
provides

alnC, dlnm
tot - (G. 7)
alnC, dlnC,
and
0InCyo¢ dlnm
alnC;, ~ alnC, (c.8)

As argued in our previous work,2 if the aggregation number is a
univariate function of the solute to surfactant molar ratio C, /Cs
at constant temperature and pressure, then the aggregation
number derivatives are related via

dlnim dlnm
=— (G.9)
dlnCs alnC,
Hence, eqn (G.7)—(G.9) combine to give
0lnCyoe  0InCypy
dlnC, ' dlnC, L. (6.10)

Furthermore, the compressibility factor derivatives in eqn (G.6)
can be expanded using the chain rule, so that

0zZ(¢)  0Z(¢p) _  dZ(¢) (dlng  ding
dlnC, ~ dlnC; ~ * d¢ (amca 6lnCS)

6.11D)

Differentiation of the volume fraction ¢ = C,V, + C;V},; with
respect to C, gives

g _ ¢a
nc, "¢ (G.12)
Now, differentiating with respect to Cs and using CVj,s = ¢p —
¢q, we have
dlng ba
achs_l_E' (G.13)
Hence, eqn (G.12) and (G.13) combine to provide
dlng  dlng
dlnC, ' dlnCs (614
Egn (G.6), (G.10), and (G.14) combine to produce
C5%G dz 4
SO a2@) o dez@]
CotNakpT d¢ ¢
23

50



The diagonalized refractive index increment R; is evaluated
using eqgn (28)—(30) and (60)

-2

Finally, eqn (36), (G.3), (G.15), (G.16), and ¢ = N4 Cs/mg V;-
yield

. (G.16)
p.T.Ca/Cs

Rgo = (G.17)

4m%n? (9n\> d[¢Z(¢)]}_1
A (a(p)p,T,Ca/Cs W¢{ d¢

Appendix H: Derivation of the Onsager matrix [L]
for locally monodisperse micelles

The main Onsager coefficient Ly, in eqn (74) is derived in this
appendix. Egn (75) and (76) can be derived using a similar
approach to provide the complete Onsager matrix [L]. We
begin by evaluating the determinant of the chemical potential
derivative matrix [G] using eqn (48)—(50)

C.C.I6] = (617) (017)
ac, Ton aCs Toin
“afe () e (2

ac, ac

a’ T,un ST, pn

j. (H.1)

Eqgn (48)—(50), (72) and (G.1) combine in the limit as the local
micelle polydispersity approaches zero, so that G5, —» —0 , to
produce

Cy2Dgq + CoCsDys

Lag = (H.2)
all ol
Ca (W) + (30 )
Per eqn (G.6) and (G.15)

an an dlpZ()]
Ca (m)mn +G (acs)w = CMNA"BT{T - @-3)

Eqgn (H.2) and (H.3) combine with C, = nCy,; to give

_ 2Ceot Cs dlpz(e)) "

Laa - NAkBT (Daa + C_aDas> {T (H- 4’)

For dilute mixtures (¢ < 1), the compressibility factor
derivative for monodisperse hard spheres reduces to

dlgz(@)]
9

Where f is the 2" osmotic virial coefficient. Using eqn (52)—
(55), (H.4), and (H.5) we have

} ~1-B¢p (H.5)

0

D;-
Laa = 1%Ceot <N X T) 1+59) .

This approach may be used to derive the remaining Onsager
coefficients, applicable to dilute mixtures:

(H.6)
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DO
Lgs = Lsqg = iMCyo¢ (NATLT> 1 +S¢) (H.7)
B

and
0

NikgT (H.8)

Ly = TTlZCtot( ) (1+59).

Appendix I: Derivation for [G] in the tracer limit

In this section, we provide a detailed derivation for [G] in
the tracer limit, given by eqn (88)—(90). We begin with eqn (49)

N-1
NyksT ac
Gsa = ( me ) * JZ; Aoj <aca

The derivation in this section is simplified by introducing the
following function

1 dlnC,
Co0InC,

1.1

Agj = (1 - P)Ay;, 1.2)
so that egn (I.1) can be rewritten as
N-1
mo(l - ¢)Gsa _ (1 - ¢) alnCO = 6CJ
- + Y Ay(52) @
NykgT C, dlnC, L aC,

The summation in eqn (1.3) is then rearranged, using the
product rule, to the following more amenable form:
N-1 N-1

> (52) st D000 ) 2o (5

Jj=0 j=0 =0

(1.4)

For micelle distributions that are monomodal and narrow, the
micelle distribution function can be reasonable approximated
using a Kronecker delta distribution function C; = Cy0: 6
According to this definition, C; is nonzero only when the index
j =j*, which denotes a micelle type representative of the
distribution mean and characterized as having n solutes, m
surfactants, radius R]-*, and concentration Cy,¢, all of which are
functions of composition (C,/Cs). Inserting the Kronecker
distribution into eqn (1.4) yields,

N-1 aC 6 N-1
x J
ZO Ao <E> o Z; Ceorj; Ao
J= J=
N-1 -~
04
=) Cotjjr ( . C‘”) (1.5)
=0

Using the sifting property, which selects a micelle type j* from
a set of N different micelle types, the summations on the right-
hand side of eqn (1.5) are evaluated to give

(52)=a

The derivative 8(Cro¢Agj+)/dC, in eqn (1.6) can be expanded
with the product rule to provide

N-1

ZA

j=0

0As;
ac, (Ceotoj) = Ceot ( 3C ’) . e
a ]'=j'
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N-1 -
. (0C; ~ 0C a4 04
) i\ oot 0j* 0j
jZOAOJ (aCa) AOJ 9C, " Ctoti 9Cq (3Ca >j:j’} 7

In order to determine the first term on the right-hand side of
eqn (1.7) we start by combining eqn (46), (85), and (I.2) with k =
0 to give

Aoy = %{d(ﬁ +d;® +do*d;*n,
+ 3dod;[do(1 + don2) (1 + d;?ny)
+d;(1+ dinz) (1 + do’ny)]
+9do°d;*n, (1 + donz)(1
+dm,)} -

where d, and d; are the respective diameters of a solute-free

(1.8)

and a type j particle,

&y
1—¢ '

v = 1.9)

and

(1.10)

N-1
= Z ¢ d" .
=

Using the Kronecker distribution, so that C; = Cy,. 0+ and ¢p; =
CtotN4V;8;i+, eqn (1.8)—(1.10) combine to yield

el [
gyt
]
<><>“”
eyl 2l
o)

With the aid of Mathematica (see Supplementary Information
section A), eqn (1.12) simplifies to

Aoj o 3% 301+¢-2¢%)  (1+29)?
%(103_}L +(1_¢)+ (1-¢)3 +(1_¢)3 ’
(1.13)

where 1 = dj*/do is a micelle size ratio. Multiplying eqn (1.13)
by 273 provides

Ao N 3171 N 3A172(1 + ¢ — 2¢%)  173(1 + 2¢)?
%d,ﬁ 1-¢ (1-¢) 1-¢)
(1.14)

Furthermore, using eqn (G.7) from Appendix G and eqn (A.16)
from Appendix A in our previous work,8 we find

dInCyo¢
olnC, ~ ¢

_ & B dlnR;

TnC. (1.15)

Eqn (1.14), (1.15), and ¢ = Cyot Ny /6 dj«3 combine to provide
the first term on the right-hand side of eqn (1.7),

o 0C, 1 370 31721 + ¢ — 2¢2)
°f’a—ca_c_a{ At a-¢9
A173(1 + 2)2 dlnR;-
S (kg ) 00

Now, focusing on the second term of eqn (1.7), differentiation
of eqgn (1.11) and (1.13) with respect to solute concentration C,
is accomplished via symbolic computation performed using
Mathematica (see Supplementary Information, section B) to

provide
c 94y, 94;
ot ac,  \ac, -
1 A2 -3¢ +¢°
e e
Ca (1 - ¢)
121+ 6¢ — 647 — ¢%)
a0
A2 + dlnR;~
D2 +4) - -
(1-¢)3 alnC,
where we have wused dInR;:/dInC, = dlnd;-/dInC,.

Combination of eqgn (1.3), (1.7), (1.16), and (1.17), again via
symbolic computation using Mathematica (see Supplementary
Information, section C), yield

m0(1 - ¢)G5a _ 1 alnco ¢a
NikgT -9 C,0lnC, +4Q, ¢)_
B, )= 2Ry (1.18)
9 C, dlnC, '
where
: B 371 3121+ ¢ — 292  A73(1 +2¢)?
AR @) =1+ a-¢7 a-¢7
(1.19)
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and

2722+ ¢) 131 +¢ +¢3)
1-¢) 1-¢)?

B(A,¢) =3¢ {/1—1 + } (1.20)
To evaluate the solute-free micelle derivative in eqn (1.18),
consider the Poisson distribution, given by

Cs ™ _
C; = %Sn—i!exp(—n) .

(1.21)
where 71, the average number of solutes per micelle, is equal to
the distribution variance. The Poisson distribution, which is
derived assuming ideal mixing between solute and surfactant
within micelles, and is considered valid when 7 «< m,%455 is
useful here because the Poisson variance approaches zero n —
0 in the tracer limit as C, — 0, causing eqn (1.21) to approach a
Kronecker delta function

G
lim —

-0

Cq mn_l-! .22)

Cs
exp(—n) = —d; -
P( ) m 0
Hence, in the tracer limit, the Poisson distribution becomes
consistent with the delta distribution applied earlier in this
derivation to evaluate the summation given by eqgn (1.4).

Differentiation of eqn (1.22) for i = 0 yields

alnC,
alnC,

=1—(ﬁ+1)(1+alﬂ).

ainc, (1.23)

Combining eqn (1.23) with eqn (A.16) from Appendix A in our
previous work,® we have

dlnCy
dlnC, ~

(1.24)

1—(ﬁ+1)<1+3alnRj*—ﬁ>.

alnC, ¢

Eqgn (1.18) and (1.24) combine to provide

my(1— ¢)Gsq _ n - A-p)@+ D] g
T s e [
- _ 1 dlnR;-
—[B(A,¢) +3(1 - )+ 1)] T, 9ne,
(1.25)

In the limit as C, — 0, for whichA —» 1,7 - 0,1/C, > my/Cs,
1/C, (8InR;-/0InCy) > a1/ (RoCs), d = CsVps, and ¢g/Cq —
V,, with the aid of Mathematica (see Supplemental Information,
section D), eqn (1.19), (1.20), and (1.25) simplify to

(1+2¢)? 3a; 1+¢+¢?)

T mlps =) mgR, (1—¢)?

CsGsq Va

NykgT —

(1.26)

In order to determine the remaining elements of the matrix [G],
defined by eqn (48) and (50), one must evaluate the osmotic
pressure derivatives (911/3C,)r,, and (8M1/9Cs)Ty,.
Imposing the delta distribution C; = Cto.0;j+ on eqn (84)
provides the Percus-Yevick result for monodisperse hard
spheres
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1 A+¢+¢?H)

NaksT — ot (1= g)7 {.27)

Differentiation of eqn (1.27) with respect to C, provides (see
Supplementary Information, section E)

(an/aca)T,un _ Ceot (1—¢*) dinCyy;
NakgT  — Cp (1 —¢)* 0InC,

2+ ¢)?
1-¢)*

alng
alnC,

(1.28)

Using eqn (1.28), (G.12), and (1.15) with C;,; = Cs/ , we have

(an/acu)T,yn _ Cs/Ca
NaksT  mp(1— p)* {(1 + 2004
~3p(1- 9% T (1.29)
alnC, )’ '

The osmotic pressure derivative with respect to surfactant
concentration Cs is similarly derived, using eqn (G.10) and
(G.14),

01/3C)rp, _ 1
NakgT  — mp(1— ¢)* {(1 +2¢)%(¢ — pa)
+ 31— 99 T (1.30)
olnC, ) * :
In the tracer limit, as (6lnRj~/alnCu) -0,

1/Co (8InR;-/3InCy) = a1/ (RoCs), ¢g = 0, ¢a/Co = Vo, and
¢ — C;Vs, eqn (1.29) and (1.30) reduce to

©On/0C)ry, _ Vo (1+2¢)* 3a; (1-¢% (1.31)
NpkgT - mths (1-9¢)* meRy (1 —)*’ '
and
(an/aCS)T,un _ (1 + 2¢)2
NaksT  mo(l— )" (-32)

Finally, eqn (48), (50), (1.26), (1.31), and (1.32) yield [G] in the
tracer limit, with elements given by

CaGllS
— =1, 1.33
NykpT ( )
CsGas _ CsGsa =—1- 3(11 (1 + ¢ + ¢2)
NakgT  NpkgpT meRy (1 —¢)3
V., (1+2¢)?
a ﬂ (1.35)

moVp, (L—¢)* ~
and

CsGss 1 (1+2¢)?

NaaT ~my (L= $)F (:36)

Appendix J: Derivation of [G], Rgg, By, and [L]
for the label limit
In this section, the micelle potential derivative matrix [G],

the Rayleigh ratio Rgg, and the mode amplitude ratioo By, are
derived for the label limit, where solute behaves as a volume-
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less label in a mixture of equally sized micelles with ¢, = 0,
m =mg, and Rj- = Ry, where my and R, are the solute-free
micelle aggregation number and radius, respectively. Starting
with our derivation for [G], we begin with eqn (49)

MoGas  MoGsq 1 0IC, o (0G
= _— +ZA01- ). g
NukgT  NpokgT C,0InC, £ 4 aC,
=
Egn (J.1) is combined with eqn (93) and 9C.,:/0C, = 0 to

provide,

myGsg, 1 0InGy
NykgT — Co0lnC, *

U.2)

The osmotic pressure derivatives are determined using eqn
(44), (45), (93), and 3Cy: /9C, = 0, yielding

an
(O_Ca)mn =0 0.3)
and
@1/0C)r,,  (1+2¢)
NakgT — ~ me(1—@)* U4

Eqn (48)—(50), (J.2)—(J.4), and ¢, = 0 combine to generate[G]
in the label limit, equal to

NakgT dInC,
Gaa = = Ac, olnC, ' U.5)
. NikgTdInG,
Gas = Gsa = =50~ 5inc, U.6)
and
. = NaksT (1+2¢)2 alnC, 0.7
57T meCs | (1 —¢)*  dInC,) ’ :

Derivations for Rgo and By for labelled micelles are similar
that those in Appendix G. We begin by combining eqn (G.1) and

(G.2) with (103), (I.2)—-(1.4), and ¢, =0, to yield the
diagonalized elements of [G] in the label limit
Co.G, __GsomnG, 0.8)
NikgT _ C,0InC,
and
C,G, 14 2¢)?
sUs ( ¢) 7.9)

NykpT - mo(1—¢)* °

The diagonalized refractive index increments are evaluated
using eqn (27)—(30), (103), and V, = 0 to give

~ 1 on
fa= c_s{a(ca/cs)}p_T,¢ 010

and

R, = ?(Z—g) .11

p.T.Ca/Cs

Eqn (24), (36), (J.8)—(J.11), and ¢ = N4 C;/my Vy combine to
yield the Rayleigh ratio

a-¢*

R 4 nz(an)z Voo
T 0t N0 e e (L 20)2

(1+By), (.12)

Where Vj is the volume of a solute-free micelle and the mode
amplitude ratio is given by

_ {[an/a<ca/cs>]p.r.¢}z
T eon/a)prc, e,

(Ca/Cs)*  (1+2¢)?
(=0InCy/dInCy) (1 — )t~

¢.13)

In order to derive the Onsager coefficient matrix [L], we start
by evaluating the determinant of [G] using eqn (H.1), (J.3), (J.4),
(J.6), and nCs; = myC,

_ (NakgT\? 1 0InCo\ (1 + 26)?
161 ‘( nCs ) (' 6lnCa) 1-¢)* U.14)
Eqgn (70) and (94)—(100) combine to provide
o DO a-¢)¢
Lag = 1*Crot (m) {[1 + B+ 5)¢]m
1+K'¢p
= alnCo/alnCa)} U.15)
For dilute mixtures (¢ «< 1),
1-¢)*
so that
a-¢)* _
[1+(ﬂ+s)¢]m~l+5¢. (].17)
Eqgn (J.15) and (J.17) combine to yeild
. D° 1+K'¢p
Laa = 7*Ceor <NAkBT) [1 +S50+ Tame, /alnCa)] U.19)

Similar arguments are mode to derive the remaining Onsager
Coefficients:

DO
Las = LSll = ﬁmOCtDt (m) (1 + S¢) (]20)
and
2 DO
Lgs = my*Ciot <m) 1+ S(I)) . J.21)

Appendix K: Derivation of eigenmode transport
equations for locally monodisperse micellar
solutions and in the tracer limit

We begin by evaluating the inverse of the modal matrix [P],
using eqgn (60)
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1 ~Ca/C] 4
[P]_l = - Cs/CaM(¢' Ca/Cs) 1 m ) (K. 1)
(B+K"$+M($,Ca/Cs)
where the determinant is given by
IP| = B+K")¢ K.2)

B+K"¢+M($,Ca/C5)

The mode fluxes are determined using eqn (126), (K.1), and (K.2)

r( L M@, Ca/Cs )) G ( M(¢,Ca/cs)>1
m ' @+KDe ) G\ BHKY |[”
J [ Cs M(,Co/Cs) <1+M(¢,Ca/Cs)) J sl
C (,B +K")¢p B+K"p
(K.3)
which provides
J- [, M@.C/CO (Ja s
- [” Grine e c) o
and
J+ _ M Ja L)
C [ B+ED$ ] -5
Combining egn (127), (K.1), and (K.2) provides the mode
gradients
(HM(cp,ca/cs)) Ca (1 M, Ca/Cs ))
v G+kD$ ) "\ BHEDS ]
ve| | CM(@,Ca/CY) ( L M@Ca/C )) vel
Ca (B+K"MP B+K"¢
(K.6)
Per eqn (K.6), the (—) mode gradient is given by
ve_ M(p,Co/Cs)] VC, VCs
. ‘[ G (o)«
where
VG, VCs\ C,
Eem®. o
Egn (K.7) and (K.8) combine
ve_ M($,Ca/Cs)
e[S e

Similarly, per egn (K.6) and (K.8), the (+) mode gradient is given

Vl()

The surfactant concentration gradient can be recast in terms of
total micelle and composition gradients. The natural logarithm

Ve, [M($,Ca/Cy)
N N EY O

(K.10)
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of the total micelle concentration gradient is evaluated using
the product rule

C. rim
Vin (é) =VinC; — — (K.11)
m
Since m = m(C,, Cs), the aggregation number gradient can be
expanded using the chain rule to provide

vim dlnm VC, alnm VCs K.12)
m ~ dlnC, C, alnc Cs ’
Egn (A.24) from Appendix A of our previous work® provides the
following relation between aggregation number partial
derivatives
dlnm  dlnm K.13)
dlnC, ~  dlnC, :
Egn (K.8) and (K.11)—(K.13) combine to yield
PinC, = vl ( ) LU (C“) (K.14)
s =V amc, "\c,)’ :

and eqn (K.10) and (K.14) give

ve Co\  (dlnm  M(p,Co/Cs)
cs+ =Vin ( )+{01nc B+K"N¢ }W ( ) - (K15

Hence, eqn (125), (K.4), (K.5), (K.9), and (K.15) combine to yield
the following diffusional mode transport equations for locally
monodisperse micelles

J M(9.20)

Jo s
B M RN (O P (m‘csu_)
C
N M ¢'_¢1
=VC—(;_= 1+% Vln(i,—‘:) , (K16)
and
e ) u(o) (]a ~ Js)
CD. CD. |(B+KM¢(\C.D, €D,

c
ve, ¢\ | omm M(‘P'c_‘:)
()

Cq
7)Y \ame, GE)e vin(g) - K.17)

Cs

Now, multiply eqn (K.16) by C, and take the limit as C, — 0, for
which for which M (¢, C,/Cs) = 0, to provide the transport
equation that describes the (—) mode in the tracer limit

—j_=—J,=D_VC, (K.18)

In order to determine the (+) mode transport equation, we
note that 1/C, (9InR;-/8InC,) - a1/ (RoCs), = CsVps, and
¢a/Cq = V, inthe tracer limitas C, — 0. Hence, using eqn (56),
we have
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1 M($,C/C) _ 10IR- (L+xp) 1 ¢,
Co B+KNG ~ CoolnCa B+KND Co ¢
a; (14 x¢) Va

-—_ 77 4
CSRO (;8 + K”)¢ Cths

(K.19)

and, per eqgn (A.16) from Appendix A of previous work,®

1 ¢q

Ca ¢

Therefore, eqn (K.17), (K.19), and (K.20) combine to produce

1 dlnm _ 3 dlnRy
C,0InC, ~ C, dInC,

3a, Va
ROCS Cths '

(K.20)

Lk {ﬂ a+x¢) _ﬁ}f_a

mg my (Ro(B+K")p Vis)myg

_ Cs ay (3(B+K")¢ — (1+ x¢)
_D+V(m—0)+D+R—0{ TN }Vca. (K.21)

Appendix L: Chemical potential derivatives and
driving forces for diffusion

The driving force for diffusion of component i in an n-
component, single phase, incompressible mixture may be
written as

X, =-Vu; , (L. 1)

where the chemical potential y; of species i is a function of n +
1 other independent, intensive variables U =
ui(T,p,C1,Co,y..., Cnq) = Wi(T, 1y, C1, Cpy ..., C_1),® and p,
is the chemical potential of the solvent. Using the chain rule, one can
expand eqn (L.1) according to

o o

X, =—(=—) vr-(=— — (v L.2
i (6T )p,C 14 (ap)T'C VP (Vﬂt)p,T ( )

or, equivalently,

Op ou
X;=—(=—= T—(=— — (T : L.

i (aT)Mn,CV (6#11)1‘,(; V/'ln (VﬂL)T,yn ( 3)
In egn (L.2) and (L.3), the subscript € =[Cy,Cs,...,Cph_1]

indicates the vector of component concentrations is held fixed.
For an incompressible mixture, one can show

6ui) _
puad) =V (L.4)
(6p e '
and by using a chain rule expansion we have
(aﬂi) _ (Op:/9p)7,c =5 _ (L.5)
Oun/re  Oun/0P)rc W

Eqgn (L.2)—(L.5) combine to produce

ou; _
Xi==(G7) 7T -T7p = Fudps

o V;
=—\== VT —=Vu, — (Vy; . (L.6
(aT)” c Vn Hn ( Hl)T,Mn ( )

At constant T, u,, eqn (L.6) provides

(Vﬂi)p,T = (Vﬂi)T,un - Vi(vp)T,un ’ (L- 7)

and according to the Gibbs-Duhem equation at constant T, u,,
the total pressure gradient in the mixture is given by

n-1
ODrp, = Oy, = Y GO, - (L.B)
j=1

J

Per McMillan-Mayer solution theory,1351 eqn (L.8) describes a
total pressure gradient within a multicomponent mixture that is
separated from pure solvent by a semi-permeable membrane,
which is permeable to only the solvent. The total pressure p of
the mixture is equal to the osmotic pressure I1, plus the
pressure of the pure solvent p,,, which is held constant with .
Hence (Vp)r,, = [V(pw + MD]r ., = (VID71,,. Ean (L.7) and
(L.8) combine to give

n-1
~Ohdpr = ~dra, + 7 Y G(T1), (1.9
Jj=1
Now, using eqn (L.6), hold T, p constant, so that
Vi
_(V#i)T,,un = _(Vﬂi)p,T + V(Vﬂn)p,T . (L. 10)
n
Per the Gibbs-Duhem eqn at constant T, p
n-1 CJ
(Vitn)pr = — Z C—n(V‘uj)p’T . €.11)
=1

Combine eqn (L.10) and (L.11) with the solvent volume fraction
C,V,, =1 — ¢ tofind

— n-1
7,
~Wdry, = ~Widpr — 75 Yo, @12
Jj=1

According to the chain rule, we have

n-1
au;
Wudpr = Y (5e) VG (L.13)
k=1 ko pr
and
n-1
au;
Vudry, = Z (a—C’) Ve, . (L.14)
k=1 K T
Combine eqn (L.9), (L.13), and (L.14), so that
n-1
au; oy, _ au;
Ge) =Ge) -nyalse) - e
k’pr k2T pn =1 L28 aT™

Now, combine eqn (L.12)—(L.14) to provide the elements of [G]

= n-1
um(f), ~(2) 53 ()
ik = \3,~ =\3,~ _ j\ 3~

0Ce)ry,  \0C,,  1-¢ 4y 7\0C),

fori,k=12,.,n—1.

(L.16)
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Egn (L.15) and (L.16) combine to yield

»T

fori,k=12,.,n—1. (L.17)

Following DeGroot and Mazur,5¢ the rate of entropy
produced irreversibly by diffusion in an isothermal, non-
reacting, multicomponent mixture with no externally applied
forces is defined by

n
To = —Z]? “(Pudpr 20 . (L.18)
i=1
Here, the molar species flux of component i is given by
]ia = Ci(vi - va) ) (L 19)
and is defined relative to an arbitrary reference velocity
n
vt = Z a;v; , (L.20)
i=1

where v; and a; are the respective velocity and normalized
weighting factor for species i.

The forces —(V;),r and fluxes J# in eqn (L.18) are not
independent, since the flux and chemical potential gradient of
the solvent, denoted by the subscript n, can be eliminated using
the Gibbs-Duhem equation

n—-1
Cx
Phdpr = = . 2 (T (L.21)
k=1 ™
and the following relation between the fluxes
n-1 C
a
a=-Y 2 (L.22)
L¥n
=Tl

Eqn (L.18), (L.21), and (L.22) combine to provide the rate of
entropy production in terms of independent driving forces and

fluxes
n-1
TU=—Z]§1-X§’. (L.23)
i=1
where
n—-1
XE == A8 Tdpr (L.24)
k=1
and
a; Cy
A% =8, + —— | L.2
ik = ik +an ¢, (L.25)

The independent fluxes and driving forces, described by eqgn
(L.19), (L.20), (L.24) and (L.25), are linked via the normalized
reference velocity weighting factor a; and are therefore often
referred to as conjugate pairs.
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By setting the weighing factor equal to the species volume
fraction a; = ¢;, one can define the following mean volume

reference velocity,
n
v= z oiv;
i=1

which is equal to zero for an incompressible mixture relative to
a fixed-volume reference frame. Eqn (L.19), (L.24), and (L.25)
combine with a; = ¢; and v® = v = 0 to provide the driving
force,

(L.26)

n-1

CiV;
Xi== ) 8w+ 22t ) Ty (L.27)
CnVn
k=1
and conjugate diffusive flux
Ji=Cv;, (L.28)

defined relative to a volume-fixed reference frame, which
closely approximates the fixed-laboratory frame in which
experimental data is acquired. Eqn (L.27) combines with C,,V, =
1 — ¢ to provide

— n-1
V.
Xi=-Vu)pr — 1 _l¢ z Ce(Vi)pr L.29)
k=1

which is identical to the result provided by Batchelor> (cf. eqn
(4.1) of his work). Finally, eqn (L.12) and (L.29) combine to yield

X;=—Wudrp, » (L.30)

which describes the driving force for the diffusion of species i in
a multicomponent liquid, relative to a reference frame in which
the net flux of material volume is zero, and the solvent is force-
free according to

X, = _(V/"n)T,un =0. (L.31)

The summation in eqn (L.29) accounts for a contribution to
the driving force that acts on component i caused by solvent
backflow, which inevitably occurs when a solute gradient is
established in an incompressible mixture at constant
temperature and pressure in a constant volume diffusion cell.
Interestingly, when the same diffusion process is described
using the McMillan-Mayer framework, the driving force on
component i is given by eqn (L.30) and the solvent backflow
contribution is accounted for via an osmotic pressure gradient.
One may imagine a 1-dimensional diffusion cell, separated by a
semipermeable membrane (permeable only to the solvent)
oriented parallel to the flux direction along the diffusion
pathway. In this scenario, the membrane separates the
multicomponent mixture at each local point from pure solvent,
thereby maintaining a constant solvent chemical potential at
each point along the diffusion path, so that the solvent is force-
free. Here, solvent passes through the membrane into the
diffusion cell from the pure solvent reservoir and raises the
osmotic pressure locally in proportion with the local solute
concentration, thereby enhancing the thermodynamic driving
force on component i via a gradient in osmotic pressure, rather
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than by backflow of solvent at constant pressure. We note that
the McMillan Mayer framework is useful here because of the
simplicity of eqn (L.30) as compared with (L.29).

Appendix M: Derivation of Rq for binary
mixtures of monodisperse micelles with
crowding-induced dehydration

In this section, we derive the Rayleigh ratio for a binary
mixture of hydrated surfactant (s) and water (w) with a
concentration dependent hydration index ny = ny(T,p, Cs)
and a constant aggregation number mq. For this system, the
total entropy fluctuation at constant temperature T and
scattering volume V is given by

1
65y = —ﬁ((?uWJNW + 8us8Ng) M. 1)
where pu,, and u; are the chemical potentials for water and
hydrated surfactant and N,,, and N are the respective numbers

of moles in the scattering volume V. Imposing constant volume,
we have

8V = 8[V,N,, + (V; + ng¥,)Ng] = 0 . (M.2)

Solving eqn (M.2) for the fluctuation in the number of moles of
water provides

(Vs + nHVW)

6N, = —Ngény — —
Vv

6N . (M.3)
At constant temperature, pressure, and volume, the total

fluctuation differential in the hydration index is given by

V iony ony
Sny = V(aNS)p,T 8N = (acs)w 8Cs ¢.4)
and egn (M.3) and (M.4) combine to yield
(] Vi +ny¥,
8N, = -V {(;S( n”) (S_ﬂ}acs , (M.5)
aCs oT Vi

which indicates that hydrated surfactant displaces free water at
constant volume and also adds to N,, via the transfer of bound
water from hydrated surfactant to bulk water via dehydration.

Now, using the Gibbs-Duhem relation at constant
temperature, pressure, and volume, and solving for the free
water fluctuation u,, in eqn (M.6) provides

V N, C
Sé‘ﬂs:_c_s
w

Sy, = —=— Sus . M.6
b ==y N, Hs (M.6)
The total fluctuation differential in hydrated surfactant
chemical potential at constant temperature, pressure, and

volume is given by

Vo a
=) on=(2) s

dNg T dCs o7

M.7)

and egn (M.6) and (M.7) combine

Spyw =

Cs (aﬂs (M.8)

-= 5Cs .
Cy acs)p_T s

Now, combine egn (M.1), (M.5), and (M.8) with ¢ = C;(V; +
nyVy) and 1 — ¢ = C,,V,, to provide

v 1 dug 25 (6nH> 2
To2r (1 —¢) (6(55)” [1 G dCs or 8™, (M.9)

8Sr
Egn (L.17) reduces for a binary mixture to provide
(=3)Ge) =)
1—-¢/\0Cs oT aC; T ’
and eqn (M.9) and (M.10) yield

V rous 25 (Ony
o5 = _ﬁ(acs)m [1 e (a—cs)w

(M.10)

]5652 . (M.1D)

The master formula for fluctuation theory provides the
probability for a fluctuation §C; in the scattering volume V

VvV (Ous — (0n, 2
P(5C,) = ﬂ—1e{‘z‘kgr(a_cs)r,uw[HCSZVW(B_S),,,T]SCS } (M.12)
s ) .

and is integrated over all possible fluctuations to determine the
normalization constant

- (91,
1+CSZVW(_acI:) .,
P,

@ V_ (dus
0 =(5Cs) = f d(6C5)e{_W(6_‘é)ww “52}

N =

( )
_ 4 2mkyT $
T, (om 25 anH)

LV (acz)mw [1 + G20, (acs , J

Using egn (M.12) and (M.13), the mean square fluctuation in
the surfactant concentration is given by

) (M.13)

(8C%) = f d (6C5)8Cs2P(8Cs)

v V(s €27, (2 ]ac 2}
=0t f d(5Cs)5nge{ ZkBT(aCs)Tvuw e Vw(acs)prT *

B kT
- a”s 2yy anH '
v (a—cs)T,uw [1 G (acs),ﬂ

In order determine the Rayleigh ratio, we will need the
fluctuation in the dielectric constant
e[T,p, Cs,ny (T, p, Cs)], which is expanded in reciprocal space at
constant temperature and pressure to provide

(M.14)

&=

se(q, ) = (;Ti)pm Sn(q,©) + (E) . 5C.(qt) , (M.15)

0Cs/ prn

In egn (M.15), §Cs(q,0) is the Fourier transform of the local
surfactant concentration fluctuation §Cs(z, 0), given by

1 . N
§Cs(q,0) =Vfd3ze“”6€i(z,0) . (M.16)
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Egn (M.4) and (M.15) combine to yield

Se(a,t) = (65)
#a8=1a¢ ong ac,

S pTing p.T.Cs

4 9
+( E) ( nH)p’T 8Cs(q,t) ,(M.17)

Using egn (M.17), the ensemble averaged time correlation
function for fluctuations in € is given by

de de ony

(87(q,0)8e(q, 0)) = |(=—= (X il
€'(q,0)d¢(q (3Cs)p,r,n,, (an,,)pm(acs)m
x(5C5(q,0)8Cs(q, 1)) . (M.18)

Now, setting t =0 and using eqn (M.18), the mean square
fluctuation in surfactant concentration is given by

(5%(% 0)8C,(q,0)) )
= (Vfd3ze‘i‘”6Cs(z, O)vJ'd3z el125C(z,0))

2
- <(% f Bz6C,(z, 0)) )

=(6C57). (M.19)

Egn (M.14), (M.18) and (M.19) combine with t = 0 to provide

(8e*(q,0)6e(q, 1)) ,
de de on
wr|(Fe) G (58
B dCs T (6nH)pTC aCs oT
= L . (M. 20)

a#s 2y7 anH
v (acs)mw [1 G (acs)m

The Rayleigh ratio Ry at constant temperature and pressure is
determined by combining egn (34) and (N.20) and €2 = n*, and
ks ~ 2mn /A, to provide

()1, * ), 52,
1(q)L? _47T2712 aCs Ty ony PT.Cs aCs T
N

Rgo =

o ksT
V(aus)
GIoy

The surfactant chemical potential derivative (6;45/6CS)T#W is

determined using (F.7), reduced for a binary mixture

(@) =22
9Cs/ ., Cs\OCs/p ’

and a general form for the osmotic pressure in a mixture of

(M.22)

monodisperse micelles

i
7 = CrotZ(P) .

NkgT (M.23)

where Z(¢) is the compressibility factor. Eqn (M.21)—(M.23)
and C;,; = Cs/m, combine to yield

32

6_n)2
_dnn? (acs ™ Csmy {d[CSZ(tp)]}_l (1.24)
20 Ao* 25 (Ong Ny dcs T
1+ (5 ) .
b,

where, according to the chain rule,

(), =G, ), G, - @2
Furthermore, using eqn (69), we have
dlG:Z(@)] _ A+ 2¢)* =34 =)
dCs 1-¢)* i
o (Zré”) % (M.26)

s’pT

A check for the results given by eqn (M.24)—(M.26) is provided
by removing dehydration, so that (dny/dCs),r = 0 and the
hydrated surfactant molar volume V,; = 7, + ny¥,, is constant.
As a result, using ¢ = CsVys and moVys /Ny = Vy, eqn (M.24)
reduces to

Rgo =

2 -1
4m2n? (6n {d[d}Z((b)]} ' w.27)

— (=) we{———=
2o* 0¢)T,p L do
which is consistent with Rgy or a binary mixture of

monodisperse hard spheres.
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Supplementary Information: Mathematica Code used for Chapter 3
Derivations.
Section A

The goal of section A is to simplify eqn (1.12) in Appendix
l.

d
Aoy _(@)Z 1 +3(@>[“(ﬁ‘ )¢]
Za* \do) (A-®) "\d) (-2

es(L) [+ |(3) - 1]}

do ((11 — ¢)?
0 -—
b

(1.12)

Clear["Global™ x"]
(xEqn (I.12) from Appendix Ix) (xNote,
A@jstarVe =(1/Ve)A@jx , where V@ = pi/6+de"3x)

. 3 3 di[Ca
A@jstarve = (dj[ca]] — () (1+ ( -1] ¢[Ca]] "
de 1-¢[Ca] (1-¢[Ca])? dj[ca]
3 ()’ do_):  (Ha) otcas de
(1+[( - ] —1]¢[Ca]]+ (1+( - —1)¢[Ca]];
(1-¢[ca])? dj[ca] (1-¢[ca1)’® dj[ca]
Simplify[A@jstarve]
1

(-3 dedj[Cal® (-1+¢[Cal)?+
de* (-1+¢(ca])’

dj[caj? (—1+¢[Ca])3—d03 <1+2¢[Ca])2+3d02dj[Ca] (-1-9¢[ca] +2¢[Ca}2>)

Section B

The goal of section B is to evaluate the second term on the right hand side of eqn (I

),
_ ~ aCtot aAO}‘ alio}
) _ AO}.. _aCa + CtOt a_Ca - aCa j=j. . (1. 7)

N
via differentiation of eqn (1.11)

0j
Zo 9C,
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u
oy 1@ 1))
= (d_o) T a-e) 2
o[ (8ol (8) - 1]
3 (d?) -9y
, 2
el -
dy . (1-¢)? N
Yo _ - _
oG
(1.11)
and (1.13)
ﬂ 3 322 321+ ¢ —2¢2) (1+2¢)?

T | A-®)  d-¢@  a-9r"

(1.13)

1 A2 -3¢+ ¢?)

Ca{1+ (1_(1))3

2721+ 6¢ — 6¢% — ¢°)

A73¢( ¢ _)zd))3 al

. d) 2+¢ nRj:
=gy }3 ok (1.17)

Clear["Global x"]
(xEqn (I.11) from Appendix Ix) (xNote, A@jVe =(1/V0)A0j ,» where VO = pi/6xd0~3x)
cs 1+ ((=4-)?-1) srcag
d 3 N
AQVO = (_J] . ((d][ca]) )
1-¢[Ca]

+

3 (4 .
("0) (1+( .da —1]¢[Ca]) (1+(( .dJ ] —1]¢[Ca]]+
(1-¢[ca])? dj[Ca] dj[Ca]
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3(i)(“{(‘1_9)2_1]¢[ca])(1+[ dj —1)¢[Ca]]+

(1-¢[ca])? dj[cCa] dj[Ca]

s2
PR gcal [1( de _1]¢[ca]](1+[ _1]¢[ca]);
dexdj[Ca] (1-¢[ca])’ dj[ca] dj[Ca]

(«Differentiate eqn (I.11) and print the result, i.e. Evaluate B2 = (1/V0){acaA0j}*)
B2 = Simplify[d.,A0jV0O];
(*Now, using the printed result from the previous line,
replace dj in printed result with dj[Ca],
in order to acquire (1/V0){6caA0j}_j=j*. Then, Store result in B3 below *)
B3 = Simplify| 1 dj[Ca]
de?dj[ca]® (-1+¢[Ca])’
(-9dj[ca] (-2dedj[Ca] (de+dj[Ca]) + (do* +3dedj[Ca] +dj[Ca]?) dj[Ca]l)
¢[Ca]®dj’[Ca] +3 (4de*dj[Ca]*-4dedj[Ca] (de+dj[Ca]) dj[Ca] +
(de* + 3dedj[Ca] +dj[Cal?) dj[Cal?) ¢[Ca]l®dj [Ca] +dj[Ca]
(de*dj[ca]?+3dedj[Ca] (do+dj[Ca]) dj[Ca] +3 (do”+3dedj[Ca] +dj[Ca]?) dj[Ca]?)
¢’'[Ca] +$[Ca] (-3 (de*dj[Ca]®>+2dedj[Ca] (d@+dj[Ca]) dj[Ca] +
(de® +3dedj[Ca] +dj[Cal?) dj[Ca]?) dj’[Ca] + 2dj[Ca] (5d@*dj[Ca]®+
6dedj[Ca] (de+dj[Ca]) dj[Ca] - 3 (d@*+3dedj[Ca] +dj[Cal?) dj[Ca]?) ¢'[Ca]l) +
#[Cal?® ((-9de*dj[ca]l®+9 (de* +3dedj[Ca] +dj[Cal?) dj[Ca]?) dj [Ca] +
dj[Ca] (16de*dj[Ca]’-15dedj[Ca] (de+dj[Ca]) dj[Ca] +
3 (de® +3dedj[ca] +dj[Cal?) dj[Ca]l?) ¢'[Ca]l))];

(xEqn (I.13) from Appendix Ix) (xNote,
Agjstarve =(1/Ve)A@jx , where VO = pi/6xde~3x)

3 (d] Ca

dj[Ca]]3+ 1 de ) (1+( _1] ¢[Ca])+
de 1-¢[Ca] (1-¢[ca])? dj[ca]

do
(1+( —1)¢[Ca]];
dj[Ca]

A@jstarve = (

3 () o (g ercal

2
—2 (1+ [(—_da ) —1] ¢[Ca]] + "
(1-¢[ca]) dj[Ca] (1-¢Ilca])

(+Differntiate eqn (I.13), i.e. Evaluate Bl = (1/V0)dc.AQj* *)
Bl = Simplify[ 8.,A@jstarVve];

(*Now, finally, evaluate the second term on the right hand side of egn (I.7),

i.e. (1/V0)*{0caA0]*-{0caA@ )} _J=j*}+)

Simplify[B1l - B3]

7((3 (—dj[Ca]3 (-1+¢[Ca])?+de®¢[Ca] (2+¢[Cal)?+dedj[Cal? (2-3¢[Cal +[Cal’) -

de?dj[Ca] (-1-6¢(Ca] +6¢[Ca}2+¢[Ca}3)) dj’[Ca])/(de3 dj[ca] (—1+¢[Ca})3))

Section C

The goal of section C is to combine egn
(1.7)
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N-1 - -
- aCj o 9Ceot aAOJ" aAOi
Z AO] (a_c‘a) — AO}‘ _66a + Ctot aCa - aCa . . (1. 7)
j=0 J=]
with eqn (1.16)
- 9Cot _ 1{1 N 3171 . 3172(1 + ¢ — 292
79c, T C, 1-9¢) (1-¢)3

2731 + 2¢)? 3 dInR;-
(1-¢)3 }( @Y aInC,

). (I.16)

and eqn (1.17)

C 0A~0}-~_ 0/101
“lace \aca/, .

_i{1+1‘1(2-3¢+¢3)

Ca (1-¢)?
2721+ 6¢ — 6¢% — ¢°)
e
A2 + @) dInR;-
FIrSE } 3inC, (-17)
to determine eqn (1.18)
my(1 — ¢)Gs, _ 1 dinCy Pa
TNl 1-¢) C. 3Inc, + A(ﬂ,d’)c—a
B, ¢) = 2 1.18
~BA D) e (1.18)
where

33770 3272(1+ ¢ —29%) A1+ 2¢)?

2 G R ¢ P L Py
(1.19)

and

- B A2+ ¢) A1+ 9+ 92

B(A,¢)—3¢>{/11+ G et acer } (1.20)
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Clear["Global™ x"]

(+Here, we combine the radii derivative term of eqn (I.16) with eqn (I.17)+)

(» The Radii derivative term from eqn (I.16)

multiplied by Ca and divided by dlnRj*/dlnCa is given byx)

321 312 (1+¢-2¢2) A‘3(1+2¢)2]
+ + ;
(1-9) (1-94)° (1-94)°
(» Eqn (I.17) multiplied by Ca and divided by dlnRj+/dlnCa yeilds x)
At (2-3¢+¢%) A2 (1+60-6¢%-¢?) A'3¢(2+¢)2]
+ + H
(1-9)° (1-9)° (1-9)°

(» The radii derivative expressions of eqn (I.16) and (I.17) combine to provide x)
B = Simplify[Expand[Simplify[A2 + A]]]

(* Note that the term (—2+¢+¢2) in the printed result factors into —(1—¢)(2+¢)*)

A= -3¢{1+

A2=3¢ |1+

3¢ (1+/\2 (-1+¢)2+¢+¢2_/\(_2+¢+¢2))

23 (—1+¢>)2

Section D
The goal of section D is to reduce the expressions within the square brackets of eqn
(1.25)
mo(1 — ¢)Gsq _ n = A=)+ 1| dq
—NT -(1 _¢)C—a+ A4, ) +T C.
B(1,¢) +3(1 i+ 1)) o
= [B.®) +30 - 9+ Dl
(1.25)
where
- _ 3171 3172(1+ ¢ — 292 2173(1 +2¢)?
AAD =+ G ™ a=er T a-e?
(1.19)
and
. A22+¢) 231 +9+9¢%)
— -1
B, ¢) = 34){/1 R Cps I ey C } (1.20)

for the tracer limit, in whichA=1and n=0.
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Clear["Global™ *"]
(xFor =1, eqn (I.19) becomesx)

3 +3(1+¢-2¢2)+(1+z¢)2.

-6 (1-6) (1-9)"

(xFor =1, eqn(I.20) becomesx)

2+¢ (L+o+¢7)).

16 (1-9)’

(*For A=1 and n=0, the square bracket expressions in eqgn (I.25) are givn byx)
_¢]

Simplify[B+3 (1-¢) ]

A=1+

B=3¢ |1+

- 1
Simplify[A +

(1+20)?
(-1+0)%¢

3 (1+¢+09¢?)
(-1+0)?

Section E

The goal of section E is differntiate eqn (1.27)

n (1+¢+ 0%

NAkBT = Ltot (1 _ d))g (127)

with respect to solute concentration Ca

Clear["Global™ "]

(1+¢[ca] +¢[Cal?) )
(1-¢1ca])’

pi[Ca] = Ctot[Ca]

Simplify[dcapi[Cal]

- (-1+9¢[Ca]?) Ctot’[Ca] + Ctot[Ca] (2+¢[Ca})2¢’[Ca]

(-1+9¢[cal)?
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