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ABSTRACT OF THE DISSERTATION

Parameter Estimation in Differential Equation Based Models

by

Zhen Xiao

Doctor of Philosophy, Graduate Program in Applied Statistics
University of California, Riverside, August 2014
Dr. Xinping Cui, Chairperson

There is a long history for differential equations to be utilized to model dynamic pro-
cesses in many disciplines such as physics, engineering, computer science, Finance, Biology, etc..
Most original efforts have been devoted to simulating the dynamic process for given parame-
ters that characterize the differential equations. In recent years, more and more attention has
been given by scientists, especially statisticians who considered the problem inversely, that is,
using the experimental data to recover the values of parameters that specifically describe the
experimental process trajectory.

In this dissertation, we introduced a general Integro-ordinary differential equation
that describes a reaction diffusion process for the tip growth of pollen tubes and proposed a
constrained nonlinear mixed effects model for the dynamic response. Accordingly, we developed
two estimation procedures to estimate this model, Constrained Method of Moments (CMM) and
Constrained Restricted Maximum Likelihood (CREML). The advantages and disadvantages of
the two procedures were investigated. Simulation studies and a real data analysis demonstrated
that both estimation procedures could provide accurate estimates for the parameters.

As an extension, the parameter estimation for Integro-partial differential equation of

multiple dimension would also be discussed.
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Chapter 1

Introduction

1.1 Tip growth of pollen tube, a motivating example

Tip growth is an extreme form of polarized growth of living cells that results in
an elongated cylindrical cell morphology with a rounded tip where the growth activity
takes place. Tip growth occurs in many organisms such as fungi (hyphae) [32], neuron
axon (animal) [53] and plants (e.g. root hairs and pollen tube) [3,85]. One common
theme of tip growth is the formation of the polar cap on plasma membrane via polarized
Cdc42/Rho-family GTPase localization, determining the growing site and coordinating
multiple signaling events including cytoskeleton organization, vesicle trafficking (includ-
ing exocytosis) and ion dynamics [32,53,85]. Another related theme is the localized cell
surface extension via cell wall material renewal [17,25]. To understand the tip growth
mechanism, it’s crucial to study the coupling mechanism that links the two common
themes.

Pollen tube, which demonstrates the importance of tip growth for the plant
fertilization, provides us an ideal model to study the tip growth mechanism for the for-

mation of the polar cap and how the dynamics of the polar cap modulates tip growth.



Specifically, when a pollen tube receives a certain internal or external stimulus, it will
enter the first stage of ROP1 Rho GTPase polarity establishment, where through exocy-
tosis mediated positive feedback loop, exocytosis mediated negative feedback loop and
lateral diffusion of ROP1 GTPase on plasma membrane, active ROP1 GTPases polarity
can be established and maintained on the plasma membrane. Once maintained, the ac-
tive ROP1 triggers and regulates the exocytosis of a cell surface material called Pectin,
via which controls the cell wall mechanics and eventually determines the shape of pollen
tubes. Many previous theoretical biomechanical modeling attempts had been made to
simulate the tip growth of pollen tube [18,25,47]. These models focused more on the
cell wall mechanics and shape formation of pollen tubes. However, they found out at the
end of the first stage, the activated ROP1 GTPases on the membrane are not uniformly
distributed but rather appear in clusters, and these asymmetrically distributed ROP1
GTPases are the one that leads to a polarized growth of the cell, which results in an
elongated cylindrical cell morphology. Therefore, modeling the distribution of ROP1s
on the membrane is the key to understand the tip growth of pollen tube.

To understand the ROP1 GTPase polarity establishment, Yang et.al. proposed
a model based on two versatile functions of exocytosis. First, they hypothesized that
exocytosis participates positive feedback regulations of polarized ROP1 GTPase at tip
growing domain. The following evidence supports that exocytosis mediated postive

feedback of ROP1 GTPase

1. it has been observed that exocytosis is essential for pollen tube growth and renewal
of plasma membrane proteins [28,48|. Given that ROP1 and its activator complex
GEF/PRK2 is PM associated [1,7,27,39], it is believed that exocytosis is important

for activation of ROP1 at apex of pollen tubes.



2. it has been shown recently that active ROP1 locally direct exocytosis at pollen tube
tip region via control of F-actin dynamics [ref]|, thus forming a positive feedback

loop.

Second, they hypothesized that exocytosis participates negative feedback regulation of
polarized ROP1 GTPase cap. REN1 RopGAP is an important negative regulator of
ROP1 activity and the phenotype of RopGAP weak knock down mutant is greatly en-
hanced by further inhibition of F-actin dependent exocytosis [46], supporting the exis-
tence of an exocytosis mediated negative regulation.

Based on the two key functions of exocytosis, Yang et.al. proposed a Intrego-
Partial Differential Equation (IPDE) model (1.1), in which the redistribution of ROP1
GTPase is determined by the rates of four fundamental transport mechanisms includ-
ing (1) positive feedback regulation, i.e., recruitment of cytoplasmic molecules to the
location of the signaling molecules on the membrane with rate k,s ; (2) the negative
feedback regulation, i.e., random disassociation of signaling molecules from the mem-
brane with rate k,r; (3) lateral diffusion of molecules along the membrane with rate D;
(4) spontaneous association of cytoplasmic molecules to random locations on the mem-
brane with rate k,,. The spontaneous association is too weak to be considered, therefore

they assume that the first three processes together lead to ROP1 polarity formation.

OR(z, a . R(z,t)dz 2R(x,
TR = ey R, 1) (1 = L2008 — R, 1) + DERGD
where {z,t} € [~ Lo, Lo| x [0, ] (1.1)

R(~Lo,t) = R(Lo,t) = 0

In model (1.1), R(z,t) denotes the ROP1 intensity in position = on the membrane at
time ¢, and Ry, denotes the total free ROP1. Throughout this paper, R, D and o > 1
are assumed to be known constants. This model is similar as the PDE model described

in [4] except in their model spontaneous association is included and « is assumed to be 1,



and the integral of R(x,t) is considered as a unknown function of ¢ that doesn’t involve
R(z,t).
At static time tg, the ROP1 density won’t change with respect to time. That is,

%\t:to = 0. Let’s denote R(x,tg) as R(x), the IPDE model (1.1) then degenerates

to the following IDE model

[ fiday - e [~ Lo, Lo]

d’R
D%5 = knpR —kpp R(1 — jc”

(1.2)
R(—=Lo) = R(Lo) =0

Therefore, in order to recover the OP1 Rho GTPase polarity establishment and further
the tip growth, we have to establish the related statistical methodology based on the IDE
model (1.2) and estimate the parameter in the IDE model (1.2). This is the ultimate

goal of this dissertation work. In the next section, several types of DEs will be reviewed.

1.2 A review of Differential Equations

A differential equation is a mathematical equation relating some function of
one or more variables with its derivatives. It arises when a deterministic relation of
some continuously varying variables (modeled by functions) and their rates of change in
space and/or time (modeled by derivatives) is known or postulated. Such relations are
so general and commonly observed that differential equations play an important role in
disciplines including physics and engineering. Moreover, in recent years we have seen
a dramatic increase in using differential equations in disciplines such as biology, chem-
istry, economics and computer sciences particularly that is related to image processing.
Throughout this section, we are going to introduce several types of differential equations

that are widely used in practice.



1.2.1 Ordinary Differential Equation

An ordinary differential equation (ODE) is a differential equation in which the
dependent variable is a function of a single independent variable. Let u be a dependent
variable and x be an independent variable, so that u = u(z) is a function of . From now

on, we are going to use two distinct notations for differentiation. One is the Leibniz’s

: du d’u d"u : : ou 9%u : : :
notation (72, 53, , ) for one dimension case and (%7, 3.7, -+ ) for high dimension
case. The other is Newton’s and Lagrange’s notation (u/,u”, - - ,u(")) for one dimen-

sion case and (g, Upg, Ugy, - -+ ) or (Vz, Ax,---) for high dimension case. The general

definition of an ODE can be as follows.

Definition 1 Let F' be a given function of x, u and derivatives of u. Then an equation
of the form u(™ = F(z,u,u,--- ,u("_l)) is called an explicit ODE. On the other hand,

an equation of the form F(x,u,u’,- - ,un=1), u(")) = 0 is called an implicit ODE.

ODE can be further classified according to the order of an ODE, which is defined
to be the order of the highest derivative of the dependent variable with respect to the
independent variable appearing in the equation. For example, the equation 3—; =u’+ux

is a first-order ODE, and fl%‘ = 3—; +u? + z is a second-order ODE. An ODE is said to

be linear if F' can be written as a linear combination of the derivatives of u as follows,

[y

ul™ = i ai(2)u (z) + r(z)
i=0
where a;(x) and r(x) are continuous functions in z. Otherwise, the ODE is nonlinear.
The function r(z) that is called the source term leads to a further classification. When
r(x) = 0, the ODE is homogeneous. Consequently it has a zero solution u(x) = 0,

and its nonzero solution is called a complementary function, denoted by u.(x). When

r(x) # 0, the ODE is non homogeneous. A particular solution to the non homogeneous



ODE is denoted by uy(z). The general solution to the non homogeneous ODE is u(z) =
ue(x) + up().

The nt"-order ODE u(™ = F(z,u,u/, ...,u("_l)) can be expressed as a system
of n 1%-order ODEs. Defining a set of dependent variables u;(z) = u~Y(z) for i =

1,2,---,n, the n'*-order ODE can be transformed into the following

or in a vector form as follows

u(z) = F(z,u)

where u(x) = (u1(z), - ,up(2))? and F(x,u1, - ,un) = (u2,us, ..., F(x,u1, ..., up_1))

1.2.2 Partial Differential Equation

A partial differential equation (PDE) is a differential equation in which the
dependent variable is a function of multiple independent variables. The general definition

of a PDE can be as follows.

Definition 2 A PDE for the function u(z1, 2, ..., zy) is an equation of the form

ou ou 0%u 9%u

Fxl o« o o ;L' [ o« o o o o o o o o
(@1, 2, Ox1’ 0z, 0x10x1’ ' 0x10%’

) =0

The order is defined similarly to the case of ODE. If F'is a linear function of u
and it’s derivatives, then the PDE is linear. Otherwise, the PDE is nonlinear. Common

examples of linear PDEs include the heat equation

ou_ (0 o o\
ot “\ 0a2 oy 022)

7



the wave equation,

Laplace’s equation,

Poisson’s equation

) 8742 9.2 f(z,y,2)
Euler-Tricomi equation, etc..
Pu_Pu_
oz? oy

The second-order linear PDE in two independent variables that is of utmost

importance in practice has the following form

Lu] = Augzy + 2Bugy + Cuyy + Duy + Euy + Fu =G (1.3)

where the coefficients A, B, C, D, E, F and G are given functions that may depend
on z and y, and A% + B2 + C? > 0 over a region of the x — y plane. The operator
Lo[u] = Augy + 2Bugy + Cuy,y is called the principal part of L. It turns out that many
fundamental properties of the solution of (1.3) are determined by its principal part, and
more precisely, by the sign of the discriminant &7, of the PDE given by B? — AC. We

classify the equation according to the sign of dy.

Definition 3 FEquation (1.3) is said to be hyperbolic at a point (x,y) if ér(x,y) =
B(x,y)? — A(z,y)C(z,y) > 0. It is said to be parabolic at (x,y) if d(x,y) = 0, and
it is said to be elliptic at (x,y) if 5p(x,y) < 0. Let Q be a domain in R?, the equation
is hyperbolic (parabolic, elliptic) in S, if it is hyperbolic (parabolic, elliptic) at all points

(z,y) € Q.



It deserves to emphasis that when a transformation of coordinates (§,n) =
(&(z,y),n(z,y)) is such that the Jacobian J = &n, — {n, of the transformation does
not vanish at any point (z,y) in €, the type of a second-order linear PDE won’t change.
In the previous examples, it is easy to tell that the wave equation is hyperbolic, the
heat equation is parabolic and the Laplace equation is elliptic. When A, B, C are not
constant, it is possible that the PDE will not belong to any of the these categories but
rather be of mixed type. The simple example is the Euler-Tricomi equtaion, which is
elliptic in the region of x < 0, hyperbolic in the region of x > 0, and parabolic on the
line of = 0. If there are n independent variables x1, 9, - ,z,, a general linear PDE
of second order has the form

S 0%u
Llu] = ; ]; Aijm + lower order term = 0
The classification depends on the signature of the eigenvalues of the coefficient matrix of
A;;. When the eigenvalues are all positive or all negative, the PDE is elliptic. When the
eigenvalues are all positive or all negative except that one is zero, the PDE is parabolic.
When the eigenvalues are all postive except one is negative, or the eigenvalues are all

negative except one is positive, the PDE is hyperbolic. Otherwise, the PDE is ultrahy-

perbolic. A ultrahyperbolic example is

9%u ?u  O%u 0%u

Oz} 0x2 Oy} dy3

1.2.3 Other types of Differential Equation

In practice, there are many other types of differential equations that are widely
used, including Stochastic Differential Equation (SDE), Delayed Differential Equation

(DDE), Integro-Differential Equation (IDE).



A SDE is a differential equation in which at least one term is a stochastic
process so that its solution is also a stochastic process. The general form of a linear SDE
is

du(t)
dt

— Alt,u() + B(t, u(t))m;(tt)

where W (t) is a known stochastic process such as Brownian motion, Wiener process,
jump process etc.. SDEs were utilized to model diverse system such as fluctuating stock
price, physical system subject to thermal fluctuation and so on.

A DDE is a differential equation for a function of a single variable usually called
time, in which the derivative of the known function at a certain time is given in terms

of the values of the function at earlier times. A general form of a DDE is

du(t)
dt

= f(t,u(t),u(t — 7))

Examples of using DDE are the time related dynamic processes with delayed effects.
An IDE is a differential equation that involves not only the derivatives of the
dependent variable, but also the integral of the dependent variable. The equations (1.1)

and (1.2) in section 1.1 are all examples of IDE.

1.3 Application of Differential Equation

Differential equations are widely used to describe the dynamic processes in a
broad scientific fields such as physics, biology, chemistry, engineering, economics and

computer sciences. In this section, we are going to review some typical examples.

1.3.1 Differential Equation in Physics

A very simple but famous example of differential equation in physics is the

Newton’s second law of motion which describes the relationship between the position u

10



and the time ¢ of the object of constant mass m under the force F' for the motion of a
particle of constant mass m. In general, F' depends on the position u(t) of the particle
at time ¢, and so the unknown function z(¢) appears on both sides of the differential

equation, as is indicated in the notation F'(u(t)).

d*u(t)
m—a = F(u(t))

Another famous example is the heat equation which is used to model the dy-
namic change in the temperature function u(z,y,z) over time t. Where u(z,y,2) is a
function of location (z,y,z) that change over time as heat spreads throughout space.
The equation is
ou Pu  0%u  0%u

o o T o T o) =0

where « is a positive constant representing the rate of heat diffusion. Such equation
suggests that the maximum value of u(x,y, z) is either earlier in time in the region of
concern or on the edge of the region of concern.

The heat equation is of utmost importance in diverse areas. Firstly, it is a
typical parabolic partial differential equation in mathematics. Secondly, it is connected
to the Brownian motion by the Kolmogorov forward equation in probability theory.
Thirdly, it can be used to solve the Black-Scholes partial differential equation in financial
mathematics. Last, it can be generalized to the diffusion equation, which can be used to

study the chemical diffusion process in chemistry.

11



1.3.2 Differential Equation in Neurology

FitzHugh [33| and Nagumo et.al. [57| proposed a ODE based model to capture
the behavior of spike potentials in the giant axon of squid neurons

WO — (V- V2 4+ R) + u(t)

dR(t 1
dE) =—,(V—=8+7R)
The above ODE describe the reciprocal dependences between the voltage V' on
an exon membrane and an outward current R as time goes by. An extra variable u(t) is

included to represent some other external effects.

1.3.3 Differential Equation in Ecology

Differential equation is widely used to model the population growth process of
many organisms in population ecology. Based on the assumption that organisms have
Brownian random motion, the rate of which is invariant in time and space, Okubo [60]

proposed a diffusion model

ot ox?  Oy?

where, u(z,y, z) is the population density of organisms at spatial coordinates xz, y at
time ¢, and D is the diffusion coefficient that measures the dispersal rate when animals
disperse at any two-dimensional coordinates. Furthermore, incorporating the fact that
the external stimuli like the wind, sunshine, water etc. will guide the animal’s travelling
orientation, Helland et.al. [41| proposed a model by adding some terms of outside stimuli

effects into the diffusion model

Ou(zx,y,t) 0*u  0*u ou ou
DY _p( S D) —w s — wy—
ot (8&62 Toz)  Yror T oy

12



where w, and w, are the effect of the outside stimuli. Similarly, Skellam [71] proposed

a reaction diffusion model to study the expansion of muskrat in Europe

et _p (Pu P D
ot _D<8x2+8y2 —i—ru(l k:)

Where r is the intrinsic rate of growth of muskrat and k is the carrying capacity. More
complicated ODE models have been built in order to capture certain properties like

spatial correlation, multiple species competition etc., see [43]| for more details.

1.3.4 Differential Equation in Finance

Bernt Oksendal [59] introduced an optimal portfolio problem. Suppose that

one has two possible investments

1. A risky investment such as a stock investment, where the price function w;(t)

follows a SDE

duq (t) dW (t)
= (o —Ju(t 1.4
R e 10 (14)
where o and o are positive constants. dvgt(t) denotes a noise stochastic process.

2. A safe investment such as a bond investment, where the price function wus(t) follows
a ODE

d“;t(t) = Bus(t) (1.5)

where [ is a positive constant with 0 < 8 < a.

At time instant ¢, the person can place a portion p(t) of his total fortune X(¢) into
the risky investment, and therefore place the other portion (1 — p(¢))X (¢) into the safe
investment. Given an utility function U(t) and a terminal time 7', the problem is to
find the optimal portfolio p(¢) that maximizes the expected utility of the corresponding

terminal fortune X (7'), i.e., maxy e, E[(X (T)].

13



Chapter 2

Literature Review of Paramter

Estimation in ODE models

As discussed in Chapter 1, differential equations have been widely used to model
physical system, engineering phenomenon, economic dynamics, and biological processes.
Great effort has been made to simulating the results of output or state or dependent
variables for a given differential equation with given parameters, which is known as a
forward problem. However, little effort has been made to estimating the parameters in
a differential equation by using the measurements of the output or state or dependent
variables, which is known as an inverse problem. Especially for nonlinear ODE models
without closed form solutions, the parameter estimation problem is a virgin. Since 2008,
however, this parameter estimation problem began to receive attention from statistical
perspective and several statistical estimation procedures were proposed to solve it. In
this chapter, we are going to review those procedures and discuss their advantages and

disadvantages. Since a higher order ODE can be degenerated to a system of first order

14



ODEs, it does not lose generality to focus on the first order ODE as follows

2/ (t) = F(t,z(t),u(t),0)

z(0) = x (2.1)

z(t) = h(t,z(t),u(t), 0)

where, z(t) = (x1(t),- -+ ,xp(t))T is a vector of p state variables (or dependent variables)
with initial value xg. z(t) is the measurement or output vector, u(t) € R? is a known
input vector, and @ € © C RY is the parameter vector. F' is a vector field from R? to

RP, O is a subset of the ¢ dimensional Euclidean space. In most cases in practice where

x(t) can be observed directly, h(t, z(t),u(t),0) = x(t) and (2.1) can be simplified to be

' (t) = F(t,x(t),u(t),0)

(2.2)

z(0) = xo
The inverse problem is to estimate @ based on the observed data yi,y2, - , yn collected
at n distinct time instants t1,ta, - , t,, where y; = x(t;) + €(t;) and x(t) satisfies (2.2),

and {€(t;)}7_, follow a certain distribution.

In the following sections, we are going to review all the estimation approaches in
details. Those estimation approaches can be roughly divided into two groups, parametric
approaches including numerical nonlinear least square approach and numerical maximum
likelihood approach, and nonparametric approaches including smoothing approach, two

step approach and orthogonal condition approach.

2.1 Identifiability of ODE models

Before tackling the parameter estimation problem, we have to make sure the
ODE in model (2.1) or (2.2) has at least one solution, ideally an unique solution for

given parameters. This is known as an identifiability problem. Normally, solution to
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the identifiability problem will provide answers to the following questions. (1), Are the
parameters in the ODE models identifiable based on the experimental measurements of
dependent variables or their functions? (2), If not all parameters are identifiable, are
some of them identifiable? (3), How many measurements in total are necessary in order

to identify the parameters? In general, the concept of identifiability is defined as follows.

Definition 4 The dynamic system modeled by ODFEs (2.1) and (2.2) is identifiable if 0
in the ODEs can be uniquely determined by the measurable system output y(t) for any

admissible system input u(t). Otherwise, it is said to be unidentifiable.

Many other relevant concepts of identifiability were also proposed such as global
identifiability and local identifiability by Ljung and Glad [52], locally strongly identifia-
bility (or xg-identifiable) by Tunali and Tarn [74], and structurally identifiability by Xia

and Moog [84].

Definition 5 Globally identifiable: A system structure is said to be globally identifiable if
for any admissible input w(t) and any two parameter vectors 01 and Oy in the parameter

space ©, y(u, 01) = y(u, O2) holds if and only if 1 = 6.

Definition 6 Locally identifiable: A system structure is said to be locally identifiable
if for any 0 within an open neighborhood of some point 0% in the parameter space,

y(u,01) = y(u, 02) holds if and only if 61 = Os.

Definition 7 Locally strongly identifiable (or xo-identifiable): For an admissible input
function wu(t) in the studied time interval [to,T] and a given initial state Ty = x(to)
which is independent of @ and not a static point, if there exists an open set ©g C © such
that for any 61 # 0y € Oy, the solutions x(u, @) exist on [to,to+¢€] (0 < e <T —tgy) for
both 01 and 62, and y(u,01) # y(u, 02) on [to,to + €], the system structure is said to be

locally strongly identifiable.
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Definition 8 Structurally identifiable: denote Civ[to’T] to be the function space expanded
by all input functions on [to,T] which are differentiable up to the order N, and let M
denote an open set of initial values of the state vector. The system structure is said to
be structurally identifiable if there exist open and dense subsets M® C M, ©g C O, and
Uy C CQJLVHO’T} such that the system is locally strongly identifiable at @ given u for any

xo € MY 0 c O, andu € Uy.

The concept of structural identifiability was initially introduced by Bellman and
Astrom [10]. The structural identifiability problem for linear ODE has been well solved
by many techniques such as Laplace transformation method of Ballman and Astrom [10],
power series expansion method of Pohjanpalo [65], and similarity transformation method
of Walter and Lecourtier [81]. Some of these approaches have been extended by Vajda
[75], Chappel and Godfrey [21] to nonlinear ODE models. However, the extension only
works for a few simple nonlinear ODE models. For general nonlinear ODE models, the
identifiability problem can be solved by direct test method by Denis and Blanchard [24]
and Walter [80], differential algebra method by Ljung and Glad [52], and implicit function
theorem method of Xia and Moog [84]. A good review of these methods can be found in
Wu [56]. It should be pointed out that the identifiability problem will be simple when
we have the analytical solution whereas complicate when we don’t have the analytical
solution. In practice, when the parameter 6 is time varying or of high dimension, the
identifiability problem will be very difficult and several methods may have to be combined
to solve it.

Once the ODE models are identifiabile, we can formally tackle the parameter
estimation problem. In the next session, we are going to review the data fitting criteria

based which several parametric estimation approaches were proposed.
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2.2 Estimation (Data Fitting) Criteria

Suppose {€(t;)}?_, are independent distributed with mean zero and variance

covariance matrix J;, then the estimation criterion can be the error sum of squares

n n

C(6.Zily) =) e(t:) S Melts) = Y lyi — 2(t)]" i [ys — x(t:)] (2.3)

i=1 i=1

where X !'is the normalizing weight that rescales the observation ;.
Suppose {€(t;)}"_, are independent distributed from a distribution G(-), then

the estimation criterion can be the negative log likelihood

C(6,%]y) = ZlogG )10,%) ZlogG ()]0, ;) (2.4)

The estimation of the parameter 8 can be obtained by solving the following
ODE constrained minimization problem
6= argming y; C(0, ¥;|y)
o/ (t) = F(t,z(t), u(t), 0) (2.5)
s.t.
x(0) = x
If the error sum of squares (2.3) is used, the corresponding estimators are called least
square estimators. On the other hand, if the negative log likelihood (2.4) is used, the
corresponding estimators are called maximum likelihood estimators. When G(-) is a

normal distribution function, the two estimation criteria are the same. In the following,

we illustrate the use of these criteria through a simple example as follows.

Example 9 Suppose we have independent observations 2.95,6.84,20.65,54.57 for the
state variable x(t) at time instant 1,2,3,4 from a normal distribution with standard

deviation 1, where x(t) is such that

(2.6)



Provide an estimation of 6.

Solution 10 First, let us find the solution of (2.6)

2/ (t) = 0z(t)

da(t) _
il — gt

logz(t) = c1 + 0Ot
x(t) = cel
Since £(0) = ce® = ¢ = 1, the solution of (2.6) is x(t) = €. Then applying the least
square criterion, the estimation of 0 is
n
0 = argénin z:[yZ —a(t)] [y — =(t;)]
i=1
= argmin(2.95 — €%)? + (6.84 — €2%)% + (20.65 — %) + (54.57 — €39)?

0

= 1.00038

2.3 Numerical Approaches

In the subsection 2.2, the estimation criteria indicate that a general parameter

estimation procedure involves two steps.

1. Given a set of parameter values and an initial conditions, the ODE is solved for a

solution.

2. The solution given by the first step is plugged in (2.3) or (2.4) and minimizing

which will lead to the estimations.

If a closed form solution to (2.3) or (2.4) is available, the problem in step 2 is essentially
a standard nonlinear regression, which can be solved by many standard statistical tools.

However, in practice most of ODEs, especially with a nonlinear function F' do not have
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a closed form solution. In this case, numerical methods such as the Euler method,
the trapezoidal rule, the first order exponential integrator method, the Runge-Kutta
algorithm, the shooting methods have to be used to approximate the solution of the
ODEs. A good review of these methods can be found in the textbook of Gordon C.
Everstine [29]. Consequently, the two criteria (2.3) or (2.4) can be minimized for the
estimates of the unknown parameters 0. Specifically, let top < t1 < -+ < tpo1 =T
be a set of time instants on the interval [ty,T], h; = t; — tj—1 be the mesh size and

h = maxi<j<m—1 h;, the numerical solution of x(t) at (t1,--- ,t,—1) can be obtained by
Tjp1 =z + hj®(t, zj T, h) (2.7)

where the specific form of ® depends on the specific numerical method used.

The numerical approach was first proposed by mathematicians in 1970s in-
cluding Bard [9], Van Domselaar and Hemker [76], and Benson [11]. Xue et.al. [40]
established the asymptotical properties for the numerical estimates of using the nonlin-

ear least square criterion (2.3) as follows.

Theorem 11 Let’s assume

Al. 8 € ©, where © is a compact subset of RP with a finite diameter Rg

A2. Q={x(t,0) : t € (to,T),0 € O} is a closed and bounded conver subset of RP

A8. There exist two constants —oo < ¢1 < ¢g < 400 such that y(t,0).

A4. All partial derivatives of F with respect to t and x up to order p exist and are
continuous.

A5, The numerical method for solving ODFEs is of order p.

A6. For any 0 € ©, Ei[x(t,0 — x(t,00)])?> = 0 if and only if @ = 8.

2
A7. The first and second partial derivatives, awéte’e) and 88;3(22)

exist and are continous

and uniformly bounded for all t € (ty,T) and 6 € ©.
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A8. For the ODE numerical solution satisfies the same condition in A7.

A9. For random design points, t1,--- ,t, are i.i.d.. The joint density function of t and
y, f(t,y) is bounded for all t € (to,T) and y € (c1, c2).

A10. The true value of parameter 8, 8y is interior in ©.

Al11. 6 = argmin Ey|(y — &(t,0))T (y — &(t,0))] is interior in ©, where &(t,0) is the
numerical solution of x(t,0) and Ey is the expectation with respect to the joint probability
distribution of (t,y) at the true value 6.

: oz Oz -1 oz Oz ox Ox -1 . .
A12. The matrix Vi = [E(a—eo@)} E(TBOW) [E(BTOW)] is positive definite,

where E is expectation with respect to t.

2 bz

AL3. The matria V = [B(%2 22 1, |22y — &(1.0)| 22

o 11
G [E( oz a—m)] is posi-

6 06T
tive definite.

Under the above assumptions, We can conclude that

1. Under the assumptions Al — A10, if there ewist a X\ > 0 such that h = O(n™?),

then 0 converges to Oy almost surely.

2. Forh=0(n*) with0 < A < m where p is the order of the numerical method,

under assumptions A1 — A10 and A12, we have that \/n(6 — 6y) 4 N(0,V1).

3. For h=0(n"") with 0 < \ < ﬁ, under assumption Al — A9, A1l and A13,
p4)

min(p,4)

we have that \/n(8 —8) % N(0, V1) with ||6 — 8o = O(h™"2"") and |Vi — V4| =

)

min(p,4)
2

O(h

A detailed proof is given by Xue et.al. [40]. Though the numerical estimates are
proved to have a good asymptotic property, it has many drawbacks in practice. Firstly,
this approach is computationally prohibitive since it requires to solve the ODE numeri-
cally repeatedly for each update of parameters. Secondly, it has a strict requirement on

the step size for the appropriate convergence, which results in a much longer computing
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time. Moreover, the asymptotical variance of the numerical estimators has no closed
form which prevents their usage in further statistical inferences. Thirdly, the accuracy
of the numerical approximation in step 1 is questionable, especially when the depen-
dent vector cannot be observed continuously. Last, the minimization involved in this
approach is always problematic, where the conventional gradient based methods such
as Gauss-Newton method and quasi-Newton may fail to converge or converge to local
minima if the iteration starts from a badly chosen initial values. Moreover, Ascher [6]
pointed out this NLS approach can not deal with a case where the fundamental matrix
of the ODE (2.2) has exponentially increasing and decreasing modes or, more generally,
has non-trivial dichotomy.

An alternative solution is the embedding approach proposed by Bock [12]. How-
ever, Osborne [61] pointed out the embedding approach requires additional information
about the solution structure and suitable boundary conditions. Also, the embedding
approach has to choose an appropriate embedding which can be difficult if no prior in-
formation about the dynamical system is known, and sometimes the embedding may not
be available. Moreover, like the NLS approach, embedding approach requires the i.i.d.
assumption of data, which is too strong to be satisfied in real application since the data
in time series always depend on time t.

Gelman [35] proposed a Bayesian approach which avoids the problems of local
minima in the numerical approaches. The author modeled observations y; by a density
centered on the numerical solution, ®; = @(t;|@), for example, y; ~ N [x(t;]0),5?].
Then a posterior likelihood of @ given y; can be obtained based on the Bayesian equation.
And since the posterior likelihood has no closed form, MCMC techniques such as Gibbs

sampler or Metropolis-Hastings sampler or other sampler have to be used to estimate
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the parameter 8. However, the Bayesian approach also encounters other problems of the
numerical approaches.

In the aforementioned numerical methods, the initial values of the state vector
x(to) have to be known. Li [86] proposed a simultaneous approach in order to handle the
unknown initial condition x(tg). His approach breaks the ODE constraint in (2.5) into
a fixed number of equality constraints by transforming the ODE into some difference
equations, and moreover, it treats both the parameters @ and the state vector x(t;)
as unknown parameters. Specifically, it discretizes the ODE (2.2) into the following

difference equalities

i1 — @ = hiF (ti+;7u(ti+;>, 9”2“@) i=1,2, n—1

As a result, the ODE constrained minimization problem is converted into

minm(xy, -, Tp) = Z?:l[yi - wz‘]T[yz' — x4 (2.8)
st. xip1 —x; = hF <ti+%’u(ti+%)7 %,0) 1=1,2,--- ., n—1
Define
z = (w?amgv amz;ve)T

T+ Tit1
Ci(zi, ®i1,0) = xit1 — @i — i F <ti+;, u(tyy1), %, 9)

C(Z’ 0) = (Cl (mb T2, 0)7 ) Cnfl(mnflv Ln, 0))T
then the Langrangian function associated with (2.8) is
I(z,0,\) = m(z) + A\TC(z,0)

where A = (A1, -+, A,_1)7. Li developed a new algorithm that combines the the se-
quential quadratic programming (SQP) Gauss-Newton approximation and SQP Newton
approximation together to approximate the Hessian information of the Lagrangian func-

tion and finally solve the estimation problem. The contribution of Li’s approach is that
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it breaks the ODE into some pieces of difference equations. However, it also encounters
many problems in practice. First of all, the discretization of ODE will decrease the
accuracy of the estimates. Second, the discretization will bring in too many unknown
parameters and too many constraints on the least square minimization, which results in
numerous local minima and an intensive computation. When the sample size n gets big,
the two problems become very troublesome, since the number of parameters as well as

that of constraints increase linearly as n increases.

2.4 Smoothing Approaches

Ramsay et.al. [66] proposed an estimation approach to solve ODEs model (2.1)
or (2.2) which is based on a data smoothing technique along with a generalization of
profile estimation method.

On one hand, Ramsay expressed the j(j = 1,--- ,p) state variable z;(t) in

x(t) in terms of a basis function expansion

K
zj(t) = Zﬁjk%k(t) = B] ¢;(t) (2.9)
k=1

where the number K of basis functions are chosen so that we have the flexibility to
capture the variation in z;(¢) and its derivative 2’(¢), and B; stands for the only un-
known part of x;(t). The problem of obtaining x;(t) is then transformed into that of
estimating the coefficients B;. Let 8 = (B1,--- ,Bp)T be the vector of length K =
i Kj. Let @5 = (p; ()T, pj(t2)T, -, d;(tn)T)T be a N; by K; matrix, and let
® = Diag{®1,---,®p} be the N =>7% ;| N; by K matrix. Based on this notation, ()

can be expressed as

() = (1) (2.10)
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The expression (2.9) or (2.10) of x(¢) is then used to replace the state vector x(t) in the
estimation criteria (2.3) or (2.4) for minimization.

On the other hand, Ramsay expressed each equation in (2.2) as a differential
operator equation

dx;(t)
Lio(zj) = =%

_f](t7x7u70>:0 .7:177p

Therefore, the goodness of fit to (2.2) for any given estimating function x; can be mea-

sured under Euclidean norm by

PEN; (@) = | (Lyolas )Pl

to

or under other norm such as L' by
T
PEN () = [ [Ljo(e,(0)li
0
And the overall goodness of fit for any given estimating function & can be measured by
P
PEN(z,0,A) = Y _ \;PEN;(z) (2.11)
j=1

where the multipliers A\; > 0 are weights that control the relative emphasis on the data
fitting for each state variable. As a result, the ODE constraint is converted into a
penalty term that can be added into the estimation criteria (2.3) or (2.4), so that the
ODE constrained minimization problem (2.5) is converted to the following penalized
minimization problem (2.12) which includes three classes of parameters: (1) the system
structural parameters 60, %, (2) the coefficients 3 defining the basis functions and (3) the
tuning parameter A defining the weights in the penalty term.

0 = argmin J(0, %, B, A|ly) = argmin C(0, ¥;|y) + PEN(x, 0, \) (2.12)
ZBINCDN 6,%,8,2

Then, fixing the value of A, Ramsay proposed a profile approach to estimate

0, Y and 3 which works as follows. First, for any given value 6,3, we minimize (2.12) to
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get the estimation of 3 in terms of 8,3, say ,3(9, Y) . After that, we plug B(G, Y)) into
(2.3) or (2.4), by minimizing which we obtain the estimation of @ and . In general, the
first minimization in the profile approach will require numerical solvers, but in the least
square case and linear ODEs, Ramsay addressed that it is possible to express B(O, Y)
analytically. Moreover, Ramsay has also discussed the choice of the tuning parameter A,
and investigated the large sample behavior of the parameter estimates as A — oc.
Further, Cao and Xu [44] proposed a robust smoothing approach which ex-
tends Ramsay’s method to deal with outliers. In his approach, he defined a new residual
measurement f(r) = exp(—p(r)) rather than the square residual, where p(r) is a convex
function and symmetrical about zero, quadratic in the neighborhood of zero and increas-

ing at a rate slower than r2. Accordingly, the estimation criteria (2.3) and (2.12) will

be
p n
% t i) — T t i
(0, 5ily) = - 303 p(tellen) — ol (2.13)
k=1 i=1 i
J(6,%, 8, Ny) = argmin C*(0, X;|y) + PEN(x, 8, \) (2.14)

1y

The advantage of using the new residual measurement f(r) is that it will downweight the
extreme residuals in comparison with squared residuals. In practice, a common choice
of p(r) could be the family of Huber functions

72 if |r] <k

p(r) = (2.15)
2 iflr >k

2k|r| — K

Ramsay’s smoothing approach brings a new idea to convert the ODE constraint

into a penalty term so that the ODE constrained minimization problem is converted
into a penalized minimization problem. Moreover, this approach avoids numerically

solving the ODE and does not require to know the initial value of the state vector

x. However, this approach encounters several problems. First of all, this approach
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introduces numerical errors which reduce the accuracy of the estimates, since it cannot
compute the integration in the penalty analytically. Second, 3(0, ¥}) has no close form
and cannot be expressed analytically in the maximum likelihood case or nonlinear ODEs
case, which indicates the profile approach can only be helpful in the linear least square
case. Last, this approach does not provide a feasible way to choose the tuning parameter

A

2.5 Two step Approach

An alternative approach that also does not require to solve the ODE was called
“Two Step (TS) approach” proposed by Brunel [13|. Unlike the previous approaches that
estimate the parameter directly via a parametric constrained minimization or penalized
minimization process, the Two Step approach essentially divides the estimation problem
into a nonparametric estimation step and a least square minimization step as described

below

1. Consistent estimations of the state vector x(t) as well as its derivative @'(t), say

2(t) and @'(t) are obtained by fitting the observations with flexible methods.

2. An estimation criterion can be defined by plugging #(¢) and #'(¢) into the ODE

and then taking the difference between the two sides of the ODE

R} ,(0) = ||l2'(t) — F(t,(t), u(t), 0) (2.16)

where || f(t)]lqw = (fto t)|%w(t dt) is a measure on L4(w) for any function f(t)
on [to,T] w.r.t. the weight function w(t), which is continuous and positive on
[to, T]. Moreover, ¢ = 2 and equation weight function w(t;) = 2 will lead to the

standard nonlinear least square criterion of L? norm.
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3. The TS estimators are such that the estimation criterion (2.16) is minimized.

6 = argmin R} ,(0) (2.17)
0

The principle of the TS estimators is motivated by the fact that it is rather easy to
construct consistent estimators of «(t) and @’ (t) based on the observed data than solving
them directly from the ODE. This approach was initialized by Varah [77] who suggested
to use the least square splines in the first step. Other smoothing techniques were also
suggested such as cubic splines by Madar [55], local polynomial regression by S. Ellner [15]
and Wu [83]. or neural networks by E.O. Voit [78].

Brunel [13] established the asymptotic properties for the TS estimators when
using least square splines in the first step, where he proved that under certain conditions,
the TS estimators will be y/n consistent and asymptotically normal. Besides, Wu [22]
established the large sample properties for the TS estimators when using local polyno-
mial regression in the first step. With the asymptotic distribution, the interval estimates
for @ can be obtained and statistical inference can be further conducted. The TS ap-
proach provides new direction for ODE modeling since it is conceptually straightforward
and doesn’t require to know the solution to the ODE as well as the initial conditions.
However, it has its own problem. First of all, the performance of TS approach heavily
depends on the goodness of the nonparametric estimates @(t) and &'(¢). However, in
practice it’s very hard to obtain such good estimates when the data are of small size or of
bad local quality. In other words, the T'S approach is very sensitive to the local behavior
of the experimental data. The accuracy of TS estimator will be reduced dramatically
with small change of data. Second, the TS estimator achieves the optimal y/n consis-
tency only if the weight function w(t) in the second step satisfies certain constraints.

With a bad w(t), the TS estimator may converge much slower. Therefore, the choice of
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weight function is crucial. However, in practice there is no principle that guides how to
choose it.
Motivated by a viral dynamics model for infectious disease, Chen and Wu [22]
studied the following ODE models characterized by time-varying parameters
' (t) = F(t,z(t),0(t))

(2.18)
xz(0) = x

He extended the TS approach to estimate the time-varying parameters as follows
1. A local polynomial regression is utilized to estimate the state vector x(t) as well
as its derivative @'(t), say @(t) and @'(t). Specifically, the state vector can be

approximated around a studied point t*

(ti — )42V (1)
Al

wr(t) ~ ap(t?) + (4 — )z ) + -+ — 20, Bra(t) (2.19)
xﬁgt*)

v=0,...,A and z;;m = [1,(t; — t*),..., (L — )],

where 0y ) =
and A is the order of the local polynomial. Then, the estimation &4(t*) =
[Bro(t), ..., Baot)|T and & (t*) = [Br.1(t*),...,Ba1(t*)]" can be obtained by

minimizing the locally weighted least square criterion,

Z (ye(t:) — 2] 4Br,a(t7)* Kp, (t: — t*) (2.20)

p n
k=1 1=0

with respect to 8’s. Here K}, (-) = K(-/hy)/hy is a re-scaling function based on a

kernel function K(-) with bandwidth hj > 0.

2. A local linear method is used to approximate the parameter vector 6(¢) around ¢*
On(ti) = ano(t) + ana () (1 — %) h=1,-- g (2.21)

3. Then, the parameter (¢) at time instant t*, O(t*) = (61(t*), - ,0,(t*))T can be

estimated via minimizing the locally weighted least square criterion

DD @alts) = fu(@aty), (In © 2] )e(t))* Ko (t; — )

p n
k=

1:=0
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where ® denotes the Kronecker product, I,,, denotes an m-dimensional identity
matrix, and a(t*) = (aof (t*), -+, al (t*)T with oy(t*) = (a;o(t*), a1 ().
Kp(+) is a kernel function with b being a properly selected bandwidth. Then, the

A~

local estimator of @(t*) is O(t*) = (d1,0(t*), -+, @g0(t*))T.

Chen and Wu [22] also established the asymptotical results for the proposed
estimators and obtained closed form asymptotical biases and variances under certain

conditions, where the bandwidth selection was suggested by the asymptotical results.

2.6 Orthogonal Condition Approach

To overcome the drawback of TS approach, Brunel [14] proposed an alternative
approach called “Orthogonal Condition” (OC) approach. On one hand, the OC approach
preserves all the advantages of the TS approach. On the other hand, it can not only avoid
the choice of the weight function w(t) but also achieve the \/n consistency. The most
markable feature of the OC approach is the usage of orthogonal condition to characterize
the solution of the ODE. The way of the characterization is so general that it does not
impose any constraints into the estimation process. In this section, we review this
approach in detail and demonstrated its usage in our own pollen tube growth example.
However, it can be simply extended into other linear or nonlinear differential equations.
Recall that the ODE (1.2) in the pollen tube growth example is

Rd
DEE — ks R~y RO(1— L2804 e [y, L)

R(—=Lo) = R(Lo) =0

The OC estimation approach involves three main stages as follows.
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2.6.1 OC Estimation Procedure

Stage I: nonparametric estimation of the state variable and its derivatives
In stage I, a nonparametric model is fitted to estimate the state variable R(x)
as well as its derivatives R'(x) and R”(x). In this dissertation, regression spline linear
model is used in order to obtain closed form bias and variance estimates. Further, B-
spline basis functions is used. Specifically, a set of [ = k + m B-spline basis functions of
order m, denoted by By(x) = (Bi(z), Ba(x),--- , By(x))7T, is firstly created with a proper
chosen set of knots {tg,t1,--- ,tx+1 = T} that partitions [tg, T]. These basises are then
used to fit the data Y = (y(z1),y(22), -+ ,y(z,))T to a simple linear regression model

as follows

y(z1) Bi(x1) Ba(wy) --- Bi(x1) c1 €1

y(z2) Bi(x2) Ba(w2) --- Bi(xg) ) €2
= +

y(zn) Bi(zn) Ba(zn) :  Bi(zn) cl €n

that is, Y = B,,«;c + €, where € is the vector of measurement error with mean 0 and

variance matrix o2I,,x,,. Hence,the estimated coefficients based on this model are
- T 1T
c= (BnXanXl) BnXlY

And the estimated state variable as well as its i*" order derivative are

1

fori =0,1,2, R (z) = B (z)"e = B ()T (BL, Buxi)  BL,Y (2.22)

where B (2) = (B}"(2), By (@), . B ()"
We now recall the asymptotic properties of the estimator R® () derived by S.

Zhou and Douglas A. Wolfe [87]:
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Condition 12 (Condition on the Knots)

h; h
i+l —1l=0(1) and —— <d;
ming<j<k+1 h;

max
1<j<k | hj

where hy = t; —t;_1 is the mesh size, h = maxi<j<g+1 hj, o(1) = 0 as k = 0, and dy is

a pre-determined constant.

Condition 13 (Condition on design points)

sup |Qn(z) — Q(z)| = o(7)

rzeX
where Qn () is the empirical distribution function for the design points {x;}7_; and Q(z)
is the corresponding distribution with density q(x). Furthermore, if {x; };L:l and q(z) are
such that

Tj+1 1
forj=1,2,---,n, / q(z)dr = —
- n

J

then (12) holds z‘f% — 0.
Theorem 14 Under Conditions (12) and (13), if R € C™[0,1] with m > 2 and £ — 0,

and suppose € is the vector of measurement error with mean 0 and variance matriz

021,y p, then

RO (z) — RO (z) — by(x)

- 4 N(0,1)
Var(R® (x))
where the bias s
b»(x)—g(m)(x)hyfk_li '(:U—tj) i< @<t —0 2
i (m—z) m—i hj+1 ) J j+15J yee ey Yy

with Bp,—i(+) being a Bernoulli polynomial,
and the variance is

o2
n

Var(RY) = — Bl ;G (0) (DY) Byisy + o(h™*~'n7")
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with
b 78
Glg) = / Bty BT, _pa(z)d

and By, 1—i) consisting of basis functions of order m — i.

Based on Theorem 14, the bias of R (z) is O(h™ %) and the variance is

O(h%%ln_l). As a result, the optimal mesh size hp = O(n2m1+1) gives rise to the
A Ay (m—1)

minimum square error MSE(R® (z)) = b?(z) + Var(R® (z)) = O(n22m+1 ). Therefore,

under the conditions (12) and (13), and suppose h = hgp, the nonparamtric estimates

can achieve their optimal y/n convergence and thus are \/n consistent when m — oc.

Stage II: Construction of Orthogonal Conditions

In stage II, we construct orthogonal conditions to characterize the fidelity of

N

estimates R(z) to the IDE. Notice that R(x) can be uniquely identified by the condition

that for any integrable function ¢(z) where x € [a, b],

fx Rdx

R )e(x)dz =0

b d2R b

we define a weak solution of the IDE by relaxing the above requirement only upon the

following set of functions.

Condition 15 Let (¢z)e>1 be a sequence of functions that are second continuously dif-

ferentiable where x € [a,b] and satisfy the boundary conditions pe(a) = pe(b) = 0 and

/

wy(a) = ¢y(b) = 0. The space spanned by (p¢)e>1 is denoted by F.

Statement 2.1(a) A weak solution of the IDE is a function R(x) such that for any
function ¢y(z) in Condition (15),

fx Rdx

z)dr =0
R ))pe(x)

b d2R b
/DdeQOg(.Z')dx—i-/ (—knfR—l—kprl'Q(l—
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Thanks to the nice boundary property of ¢;(x), the first term vanishes when we integrate

f; D%cpg(x)dx by parts, that is,

a

b b b
/ RY(2)pe()dx = R'(B)pu(b) — R (a)pu(a) — / R/ (z)gh(x)dz = — / R (z)p)(x)dz
b b
— —(RO)¢L(B) — Rla)gh(a)) + / R(a) gl () = / R(a) gl (x)dx

As a result, we have an equivalent statement as follows.

Statement 2.1(b) A weak solution of the ODE is a function R(x) such that for any
function () in Condition (15),

[, Rdx

z)dr =0
£ ()

b b
/ DRQDZ(:E)CZIL‘—I—/ (knfR — k‘prl'Q(l

—

Denote § = (kng, kpr)T, we then define a condition es(R, 0) for each @y(x) as follows

b b
co(RB) = [ DRG(x)dr + / (ing B — by R2(1 —
a

a

IR Rdz
Rtotal

))pe(x)dx

— —

And we call the conditions e; (R, ) and e (R, ) are orthogonal with each other, if oy ()
and @o(x) are orthogonal functions, that is, ff v1(z)pa(x)dr = 0. Obviously, a reason-

—

able estimate of § will minimize e,(R, 6) for (Pr)e>1-

Stage III: least square optimization

In stage III, we choose sufficient orthogonal conditions to identify the estimate
of §. Recall in stage II, it’s possible to obtain an infinite number of conditions. In such
a case, there will be far more conditions than parameters so that the parameters will be
over identified. One possible way to solve this problem is to use a set of sufficient good
conditions instead of all the conditions for parameter identification. In this paper, we
used a fixed number L (L > 2) conditions, where the magnitude of L is related to the

statistical property of the final OC estimators. By “good”, we mean all the conditions
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should be orthogonal with each other, that is, they are constructed from a number of
orthogonal functions (¢g(z))%_,. For the second order DE, B-spline basis functions are a
good choice for (¢,(x))L, since they are nearly orthogonal. Other basis functions, such

as polynomial basis, sine basis can also be used as (p¢(z))%_; in many other DEs.

— —

Let ez (R,0) be the vector of L orthogonal conditions (es(R,6))%,, where L

is sufficiently large, then the orthogonal condition (OC) estimate of 0 is defined by

—

minimizing a least square criterion @y, 1,(6) as follows

~
= —

~ 2
0101, = argmin Q1. (0) = argmin |ler (%,
0 [

—

)

(2.23)

As mentioned above, we only use a portion of an infinite number of conditions
to estimate 5, which may cause a loss of certain information. Nevertheless, we expect
the OC estimate can also minimize all the orthogonal conditions, which gives rise to the
next condition.

2 Lo
, where ex(R,0)

—

Condition 16 6_?;17L is also a global minimizer of Qn(0) = He;(f?, )

—

is the vector consisting of all the infinite orthogonal conditions (eg(f{,ﬁ))?il.

2.6.2 Asymptotic Properties of OC estimators

In this section we derive the asymptotical representation for the OC estimator

—

0,1, and linked its asymptotic property with that of R(l’) through the orthogonal con-
dition vector ey, (R, 5) We further derive the closed form for the asymptotical variance

of 9_'”, 1 when using B-spline regression linear model in the first stage. The asymptotic

property provides guidance of choosing the best L in stage III.
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Asymptotical Representation
Denote 6* to be the true value of #. Then the linearizaiton of Qn, L(é} gives rise

to an asymptotical representation of the OC estimator, 6?_;1 1., as follows:

Opr — 0 = —Mjer(R,0%) + 0,(1) (2.24)

(R, *)TJ§L(R7 )]s (R, _'*)T, and J; , = 2oL the jacobian

* — -
where M} = [J L T

matrix of er, (R, 6*) with respected to 6*.

Proof. Recall er(R,0) = (e1(R,0),ea(R,0),--- ,er(R,0)T. The OC estimator 5n,L is

defined by minimizing Qi, L(g) as follows:

>

—

On,L = arg mein Q2 .(0)

By tylor expansion, linearizing Qi’ L(g) around 6* yields

) LdQ2,(0) . .
2 2 * n,L %
200) = QL) + =y (0 6)
1~ o d2Q2 (0 . L2
+§(9_ ) d§d§T |9_§*(‘9_9 )+0( 0 — )

A~

A o 2 D 0% —
where H, 1(R,0%) = 9erf67) ig the hessian matrix of er(R,0%) with respected to

d0+8[6*]T
- ) L . dQ2 L (9) _
0*. Therefore, to achieve the first order optimality, we require 5T | g—g- = 0, and

d?Q2 | (0)

gt 0, which is equivalent to the next condition

Condition 17 The L orthogonal conditions are such that Hn’L(R, 5*)T6L = 0 and

Jn,L(R, 5*) is of full rank around g*.
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Under condition (17), the derivative on both sides of the above equation with

respected to g at 9_;17 1, yields,

-, -,

0=2J,0(R,0")Ter +2x 5 % 2 Jn.r(R,0%)T T,

Therefore,

This completes the proof. m
The asymptotical representation of the OC estimator provides an insight of its

asymtotics, which will be studied in the following two subsections.

Asymptotical Consistency and Normality

From subsection 4.1, én, L can be asymptotically represented by:

>

ni = 0" — Mier(R,06%) + 0p(1)

—

Thus, the asymptotics of ém 1, is related to the behavior of e L(R, *), which is a contin-
wous function of the estimate R. By delta method, 9n 1 will be asymptotical normal.

Such results were proven under an appropriate condition by Brunel [14].

Asymptotical Variance and Interval Estimate

In this subsection we describe in detail about the steps of computing the asymp-
totical variance of é;L 1, and further use it to construct interval estimates. We start the
description by considering the problem of computing the variance of eL(R, 5*) Since
er(R,6%) is a function of R, the variance of er(#,6*) can be obtained by multivariate

delta method as follows.
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For any functions fi(x) and fa(z), denote < f1(z), fa(x) > to be f; fi(z)

Then, e, (R, 6%) is

where

\

e1(R,0%) =< DR", ¢y > — < k) ;R — k2, R¥2(1 —

Dy

61(R7 *)

)

!

€9 (R

er (R, 6%)

es(R.0%) =< DR,y > — < ki, R — ki R12(1 —

which is equal to

,

\

Recall in stage I of the OC estimation procedure, R(z)

cis

er(R,6%)

e1(R,0%) =< R, Dy —

=< IA%, Dy']

Var(

and the variance of R(z) is

k:fgpl >+ < Rl 2,k';f( —

b —knpo2 >+ < RY2 B (1 -

er(R.0%) =< DR", o1 > — < ki R — k;,RV2(1 —

k’*f@2>+<R12, * (

pf

2(B£><1Bn><l)71

Var(R(z)) = o?B(z)T (BY,;B,y) ' B(x)

/. Rdx

Riotal >7 801 >
S B

Ryiotal )7 902 >
[, Rdx

Rtotal )7 ()OL >
fz Rdx

Rtotul )SD >
S R

Rtot ! )902 >

J, Rdz Rdx
Rtotal )SOL >

fa(x)dx.

= B(t)"¢, where the variance of



Now denote ay(x) £ D@y — ky, ror and by(z) £ K, ¢pe. Rewrite eo(R,0) as

fx Rdz
Rtotal

fx Rdaz) -
Rtotal

_ / R(e)ar(z)dz + / RY2 ()b () d (1 - Rl / R(m)dw)

total

ee(R,6°) =< R, D@ — kypp0 > + < R'2 k(1 Joe >

=< R,ai(x) > + < R"?,by(z)(1

Since R(z) = B(t)T¢,

er(R,0°) 2 fu(e) = ( / B(:C)Tag(x)dx> e+ / (B(z)"¢e)2by(x)da <1 i / B(:c)Téd:c>

total

Then, the derivative fj(¢) = %JZ is

&) = / B(z)as(z)dz + / 1.2 % (B(2)7¢)"2B (2)by(z)dz ((1 L / B(:U)Tédm))

" Riotal
+ [B@ e 2 @) ((— Ly B(;C)dx)

total

= /B(m)ag(x)dx + / 1.2 x R(z)*?B(z)be(z)dx ((1 - Rl /R(z)d@)

total
Rtiml ( / Rl'2(:6)bzz(9:)da:> / B(x)de

By univariate delta method, the variance of e;(R, 8%) = fy(¢) is

Var(eo(R,0%)) = (fi(&)Var(@)(f;(¢))" (2.25)
Further, Let
1(¢)
L df »(€)
f(e) = ael = ’
fr(e)

By multivariate delta method, the variance of er, (R, 5*) is

Var(er(R,6%)) = (f(&)Var(e)(f(e))T (2.26)
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In the next step, we compute the variance of 6:1 - Based on the asymptotical

representation §n7L =0 — MzeL(R, 5*) + 0,(1), the asymptotical variance of 5n7L is
Var(f,1) = MjVar(er(R,6°)M;" (2.27)

Finally, let’s construct an interval estimate for . As mentioned above, 9_;L L is
asymptotical normally distributed with mean 0* and variance Var(ﬁjh r). Therefore, a

100(1 — a)% confidence interval for 6 will be

foranyi=1,2, C.1.(0;,1 —a) =

0; & zg (Var(én’L)) é]

(23

Notice that 6* in Var(gn,L) is unknown, thus in practice é;LL will be used to obtain an

useable interval estimates. Therefore, the final interval estimate will be

—

for any i = 1,2, C.I1.(6;,1 —a) = |6; + zg (Var(é'nyL)>

1
2

(2.28)

i
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Chapter 3

Literature Review of Mixed Effects

Model

In the pollen tube example introduced in Chapter 1, the experimental data
are observed upon multiple positions of multiple pollen tubes. Such data is known as
“repeated measures data” in Statistics. The multiple measurements per pollen tube
generally result in the correlated errors that are not negligible. Mixed effects model that
allows a wide variety of error correlation pattern to be modeled provides a general and
flexible estimation approach in this situation. Later in Chapter 4, we will see that our
ODE model will eventually be transformed into a constrained nonlinear mixed effects
model. In this section, we are going to review mixed effects model and the relevant

estimation approaches.
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3.1 Linear Mixed Effects Model

A general form of linear mixed effect model can be written under the individual

level as follows
Yij =Bo + B1Xij1 + - + BpXijp
+bi1Zij1 + -+ bigZijq + €ij
bik. ~N (0, gix), Cov(bk, by.) = grnr

€ij NN(O, Tijj), COU(eij, Eij’) = Tijj’

where
e Y;; is the response variable for the 4t observation (j = 1,---,n;) on the it" of m
subjects.
e (1, --,Bp are the fixed effect coefficients, which are identical for all subjects.
Xij1,- -, Xijp are the corresponding design matrices.
® bi1,--- ,bi, are the random effect coefficients for the ith subject that are assumed
to follow a multivariate normal distribution. Z;;i,--- , Z;j, are the corresponding

design matrices.
® ¢;; is the error for the observation in ith subject, which is assumed to follow a
multivariate normal distribution, and uncorrelated with the random effect b;’s.

Alternatively but equivalently, the linear mixed model can be written in the matrix form

under the subject level as follows
Y, =X+ Zb; +¢€ (3.1)
b; ~Ny(0,G)

€ ~Np, (0, R;)
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where

Y, = (Y, - ,Ymi)T is response vector for the observations in the ith subject with

variance V; = var(Y;) = R; + ZZ-GZiT.

B= (B, - ,5p)T is the p x 1 vector of the fixed effects. X is the n; x p coefficient
matrix for the fixed effects for observation in the it" subject. The (ki, k2)"" element

of Xl is Xik;1k2~

b, = (b1, ,biq)T is the ¢ x 1 vector of the random effects associated with the
ith subject. Z; is the n; x ¢ coefficient matrix associated with b;. The (ki, k3)™

element of Z; is X, -

€; is the error for the observation in the i*” subject, which is assumed to follow a

multivariate normal distribution, and uncorrelated with the random effect b;’s.

G is the covariance matrix for the random effects, and R is the covariance matrix

for the error.

Let Y = (}flT’.” ’Yg)T’ X = (X’irv ’XT,ZI;,)T7 b = (b{, 7b¥;1)T7 Z =

diag{Z, -+, Zm} and € = (eI',--- €L )T, the linear mixed model can be further written

rEm

in a matrix form under the population level as follows

Y =XB+Zb+e€ (3.2)
b ~N,(0,%)

€ ~N,(0,R)

where ¥ = diag{G,--- ,G} and R = diag{R1, -, Rn}, and the variance of Y is V =

Cov(Y)=2ZXZ" + R

43



Common approaches to estimate the linear mixed effects model (3.2) include
Maximum Likelihood (ML) method, REstricted Maximum Likelihood (REML) method

and Expectation-Maximization (EM) algorithm.

3.1.1 Maximum Likelihood method

In the Maximum Likelihood (ML) method, the fixed effect B and variance
components ¥ and R are estimated simultaneously by maximizing the log likelihood
function of model (3.2)

1

I = glog(27r) - %\V! —5(Y - X8)"V (Y - XB) (3.3)

Therefore, the estimations are solutions to

oL 1., 1

_ = - —1 o . Tyr—1\ __
ov = 5V (VY = XB)(Y - XB)TVT =0
8L__ “1/v Ty,—1y _
95~ XV Y -xp)Tv =0

or equivalently,

V=(Y-XB)(Y-XB37
B= X"V 1x)'xTv-ly

(3 in this equation is called the best linear unbiased estimate (BLUE) of 3. The random
effects vector b can be predicted by the best linear unbiased predictor (BLUP)

A~

b=GZ"V (Y - X73)

Henderson [42] overcame the difficulty of solving the inverse of V' in the ML

approach by proposing the mixed model equation (3.4)

~

XTR1X XTR1z ¢} XTRy

ZTR'X ZTR'Z+G! b ZTRYy
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which only requires to solve the inverse of G and R. Further, he proved that the solution
to these mixed model equations are exactly the BLUE for 3 and BLUP for b. Indeed,
the inverse of R and G is easier to obtain than the inverse of V' so that less iterations

are needed to numerically solving (3.4) for B and b.

3.1.2 Restricted Maximum Likelihood method

Patterson and Thompson [62] proposed a REstricted Maximum Likelihood
(REML) approach to estimate the model (3.2). After appropriate linear transforma-

tions, the data are divided into two parts, with distinct log likelihood I; and 5.

1 1
i = = Slog(2m) = Slogl ATV A| - S(ATY)T(ATV A) 1 ATY (3:5)
1 1 1
=_ glog(%r) — 5log|V| ~ 5zogyxif’v—lm - 5YT(v—l —vaIx(xTv1x)' xTvhy

1 1
Iy = — glog(Qﬂ) — 5log|B"VB| - S(BTY — BXB)" (B"VB)™'(BY — BXp)

1 1
= - glog(27r) - 5zog|XTV—1X| —5(TY - xp)v-ix(xTv-1x)"'xTv-Y(v - Xp)
where [ is the log likelihood of the transformed data ATY with A = I - X (XTX)~1XxT
and Iy is the log likelihood of the transformed data BTY with B = XTV~!. The

estimates of the variance component V is such that [; is maximized, and the BLUE of

B3 is such that ls is maximized. Therefore,

gg =2(XTM*XB-XTMTY) =0

where M = VI X(XTV1X)" ! XTV~1 As a result,
B=(XTmx)'xTv-ly
= (XTVIX(XTVIX)T' XTI X) T XTVIX(XTV O IX) T X TV Ty

= (xX"v'x)"'xTv 'y
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3.1.3 Expectation-Maximization algorithm

Lindstorm and Bates [50| applied the Expectation-Maximization (EM) algo-
rithm to estimate the model (3.2) by treating the random effects b as missing values.
Let @ = {3, G, R} be the parameter vector. The Expectation (E) step creates a @ func-
tion as the expectation of the log likelihood with respect to b evaluated at the current
estimates of the parameters @ and the observed data Y. The Maximization (M) step
computes the parameters by maximizing the ) function defined on the E step and uses
them to update the parameters for the next E step. The estimates of @ will be obtained
after a desired number of iterations between E step and M step. In this subsection, we
are going to review the EM algorithm in detail. For simplicity, the error variance are
assumed to be R = ¢ and the number of observations on all the subjects are assumed
same, ¢.€., ] =+ = Ny = N.

Instead of the likelihood of Y, the EM algorithm focuses on the joint likelihood

of the observable data Y and the missing values b (sometimes called latent variables)
L= [ L(¥ilbi: B.0%) (b ©) (3.6)
i=1
where
vt = (=) (o) " eap {~ e = X0~ 26" (¥~ X, - 20
Vor o? 202
1

q
_1 1 _
L(b; G) = (m> |G| é63?]?{—§b;pr lbi}

Therefore, the joint log likelihood is

I =logL = (logL(Y;|b;B,07)) + logL(b;; G) = Y (I + l2)
i=1 =1
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where

2

zlzconst—%log( ZY X8 — Zib)T(Y; — Xi3 — Zib;)

ly = const — %log|G| ~3 ZZI b! G~ 1b;

E-Step
At the E step, the @ function is defined as the expectation of | with respect to b given
Y and current estimates of 0, say 6y. That is, Q(0|Y;6y) = E(l) = E(l;)+ E(l2). Since

b; and Y; are jointly normally distributed with mean and variance

b; 0 b; G GzT
E = and Var =
Then
I GzIv! b; b, — GZI'V, Y — X,B)
0 I Y, - X3 Y; — Xi)

is normally distributed with

0 G+GzZI'vi'z,G o
mean and variance

0 0 Vi

As aresult, b; — GZiTVfl(YZ- — X,;3) and Y; — X;3 are mutually independent. Therefore,

the conditional expectation and conditional variance of b; given Y; and 6y are

b, = E(b;|Yi;0) = GoZI'Vy L (Y; — Xi680)

Si = var(bi|Y;;60) = Go — GoZ{ Vy ' Z,Go
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Therefore,

m

_ mn, o oy _ 1 5 BTV — X BV
E(ly) =const — —~log(0®) — 5 5 ;E[(m — X8 Z:b)T(Yi — XiB — Zibi)|Yi; 0]
mn 9 1 & )
=const — 7log(0 ) — By ;TT(U&T(Y" — X8 —Z;b;|Y;;0y))
1 m
503 2(B(Y: = Xif — Zibi| Y;: 00))" (B(Y; — Xif — Zibi| Yi: 60))
=1
1 m
=const — log ~ 5,2 Z r(Zvar(b;|Y;; 00)ZT)
1
sy > (Y — XiB — Z:E(bi|Y;; 60))" (Y — Xi3 — ZiE(bi|Y;; 60))
i=1

1 A . R
=const — mlog(aQ) -— Z[TT(ZiSiZ?) +(Y; — X,8 - Z:b)T(Y; — Xi3 — Z;b))]
2 202 —
and
mn 1 & _
E(lz) =const — = ~log|G| — 5 z; E(bI'G1b;|Y;; 6)

1 m
=const — %ZOQKJ\ ~3 Z E(Tr(b] G™'b;)|Y;; 60)

1 m
=const — %ZOQ‘G‘ -3 ; E(TT(G_lbib;TF)’Yz‘; 0o)

mn 1 & _
=const — —~log|G| — 5 > Tr(G ' E(bib] |Yi; 60))

i=1
mn 1 & T
=const — —~log|G| = 5 ¥ _[Tr(G™" (var(bi|Yi; 60) + E(bi|Yi; 60)" B (bs|Yi; 60)))
i=1
mn 1 — 1,4 spa
=const — 7109|G\ —5 ZZ;[TT(G (Si + b; b;))]

Therefore, the @ function Q(0|Y;0¢) = E(l) = E(l1) + E(l2) is

Q)Y 6y) =const — % M Tr(2:5,2]) + (Y — XiB — Z:6:)" (Vi — Xif3 — Z;b;)]
g
=1
omng oy LSS ao1s BT
5 log(0?) — < -log|G| - 3 ;[TT(G (Si +b/b))]

M-Step
At M step, the @) function is maximized over € in order to update the estimate of 6.
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To estimate 3, one have to solve the derivative of () with respect to 3. Therefore,

B 20

&> (Y- XiB-Zib) X, =0
i=1

e (Y- zZb) X, =8"> XX,
i=1 1=1

ep"=> (Yi-zb)" X:()_X]X,)"!

i=1 i=1

& B= (i XX Em:XiT(Yz‘ - Ziby)
=1 =1

To estimate G, one have to solve the derivative of () with respect to G. Therefore,

oQ mn 4 1~ 0 1,8 aTs

50 5 G 2;:1 8G[ r(G~(S; + b; b;))]
M NN TG —
= 2G 25 (=G (S;i+b;b)G7)=0

To estimate o2, one have to solve the derivative of Q with respect to o2. Therefore,

oQ mn 1 " . . .
902 = 202 T 3072 M TH(ZSiZE) + (Y — XiB — Zib)" (Y — XiB — Zib)] = 0
1=1

52— SN Tr(2:52Z]) + (Y — XiB — Zib)" (Vi — Xi3 — Zib;)]

At the end of M step, 6 = {,é, G, 62} is used to update 6y in the next E step

so that the EM algorithm can iterate between the two steps until the convergency of 6.
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3.2 Nonlinear Mixed Effects Model

A general form of nonlinear mixed effects model is

Y, =f(XiB, Z;b;) + €; (3.7)
bi NN(I(Oa G)

where f is a real-valued nonlinear function of the fix factors B and the random factors
b;.

The literature on the estimation of nonlinear mixed effects models is very ex-
tensive. The important references include Sheiner and Beal [67-69], Lindstrom and
Bates [49], Al-Zaid [2]|, Lu and Meeker [54] and Walker [79]. Specifically, Sheiner and
Beal [67-69] proposed a NONMEM approach which first linearizes f with Taylor approx-
imation at the current estimates of the fixed effects and zero of the random effects, and
then fits the resulting linearized mixed effects model by maximum likelihood approach.
Lindstrom and Bates [49] proposed a more accurate approximation to f with Taylor
expansion at the current estimates of the fixed effects and current predictors of random
effects, and they used Newton’s method to maximize the restricted likelihood associ-
ated with the linearized mixed effects model. Al-Zaid [2] modified the Lindstrom and
Bates’ approach by suggesting EM algorithm instead of Newton’s method to estimate
the linearized mixed effects model. Moreover, Lu and Meeker [54] proposed a two-stage
estimation approach which is essentially a method of moments approach. Walker 79|
utilized the EM algorithm to estimate the nonlinear mixed effects model directly, where
he applied Monte Carlo simulation to evaluate the integrals involved in the E-step. In

the following subsections, we are going to review some of these procedures in detail.

o0



3.2.1 Lu and Meeker’s approach
Lu and Meeker [54] proposed the method of moments (MM) approach to esti-

mate the nonlinear mixed effects model (3.7) as follows

1. For each subject ¢, obtain the estimates Bz and b; by minimizing the least square

Ai,i)i = arg min ) Yi'- )(Z ,Zzbz 2
{61, bi} g{ﬁ,bi};( j — F(XiB. Ziby)

2. Estimate the fixed effects 8 by

ZB

3. Estimate o2 by
o ey ity (Vi — f(X,B, Z;b;))?
g =
> imy i —m(p+q)
4. Let
= 1 o of (X8, Zibi)]T {3f(Xi,3,Zibi)] ‘
b=—> b and T, = [
m i=1 a('B’ bl)T 6(/87 bl)T ﬁ:B,bi:i)i
Then, estimate G by
m B . B - 6-72%1471

where A; is the lower right (¢ x ¢) submatrix of T;

5. Noticed G is not always positive definite, Amermiya [5| suggested a modification

of G for the estimate of G

. G
G =
é+ if G is not positive definite
where G4 = EV FE’, in which ¥ is a diagonal matrix whose diagonal elements

if @ is positive definite

U;; = max(1;,0) where v; is the eigenvalue of G, and F is a ¢ X ¢ matrix whose

columns is the eigenvector e; associated with ;

Z'th
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Luke and Meeker [54] also established the asymptotic properties for the MM
approach, where the estimators were proven to be consistent and asymptotically normally
distributed. However, Al-Zaid [2] addressed that in practice when the sample size is
small, the MM approach performs badly. And even when the sample size is fairly large,

the MM approach is still not very accurate.

3.2.2 Lindstrom and Bates’ approach

Lindstrom and Bates [49] proposed an iterative two step approach to fit the

nonlinear mixed effects model (3.7) which essentially works as follows

1. Given current estimates (,B(t),bit)) for (8,b;) and let X;; = (Xij1, Xijp)? and

Zij = (Zij1, Zijq)T, use Taylor expansion to linearize f(XZ:gB, Zg;bi)

F(XEB, zEb) = f(X3;89, Zijbz('t))

of of
+ %‘ﬁ:gu),bi:bgt) (8- B") + Tbi’ﬁ:l@(t),bi:bgt)(bi - bgt))

As a result, the original data Y;; = f(X%B, Z%bi) + €;; can be expressed in terms
of Yzj as

. Of of

i = %’ﬁ=,@(t>,bi=b§t’ (B) + gb; la=p0 bi=p (b0) (38)

* t 0, 2] t
where, Y3 = Yij = (X380, Zibl") + 81500, 08" + Tli’ﬁ=ﬁ<t>,bi=b§“b§ )'
Therefore, the original nonlinear mixed effects model (3.7) becomes a linear mixed

effects model (LMM).
2. Fit the LMM (3.8) and update (3®),b{") by the BLUE of 8 and the BLUP of b.

3. Iterate the above two steps until convergence.

To fit the LMM (3.8), Lindstrom and Bates applied the Newton’s method to conduct

the maximization of the restricted likelihood of Y;7. On the other hand, Al-Zaid 2]
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suggested to use EM algorithm, since via simulation he observed that by using EM
algorithm one can obtain more accurate estimates. Since Bate’s approach is an iterative
approach, the choice of initial values is crucial. Al-Zaid [2| suggested the estimates of the
MM approach to be the initial values. A necessary convergence criterion can be defined
as the differences between the current estimates and the previous estimates being less
than some prespecified cutoff. The asymptotic properties of the estimators based on this

approach were discussed very briefly by Lindstrom and Bates.

3.2.3 Walker’s approach

Walker |79] utilized the EM algorithm to fit a general nonlinear random effects
model, where he proved that the estimates in the M step have analytical forms and the Q)
function in the E step can be evaluated by Monte Carlo integration. In this subsection,
we are going to review it in detail.

Consider a general nonlinear random effects model

Y, =f(Xi,b;) + € (3.9)
b; ~N, (b, G)

€ Nan (07 (72[%1)

where f(X;,b;) = (f(Xi1,b:), -+, f(Xin;, b:))T is a known n; x 1 vector. When b; =
A;b+ m; with A; a known design matrix and n; i.i.d. ~ N (0, G), the nonlinear random
effects model (3.9) will become the nonlinear mixed effects model (3.7).

Like in linear mixed effects model, the EM algorithm in nonlinear mixed effects
model works in two steps alternatively. Let @ = (b, G, 0?)”. In the E step, the Q function

at the current estimates 6y is

Q(60]60) = E[I(Y, b;0)|Y, 6]
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where
(Y, b;0) =const — Z%“log(a% - # é IY; — (X, b:)|
- ;fjan )G (b~ b) — T oglc
i=1
In the M step, the estimates 6 is such that
Q(0|60) > Q(0)6,) for all O € O
where € is the feasible region of 8. Or equivalently,
0

£5Q0100)lp_ = 0 (3.10)

The solutions to (3.10) have analytical forms

=1
) 1 &
6% = = Y _ E{|lYi — f(X:,0)|°|Y, 60}
Zi:l n; i=1

Introducing the notation b; = E(b;|Y, 8¢), ©; = var(b;|Y,00), f; = E(f(b;)|Y,60) and

U, = var(f(b;)|Y,0), then

G= ;fj«bi —b)(bi —b)" +6,}

Q>

1 - -
= zTnE {IY; — fill* + tr(:)}
1=1""

Therefore, in order to obtain the values of Ei, G and 62, the quantities b;, ©;, f; and ¥,
have to be evaluated at each iterations. Walker suggested to use Monte Carlo simulation
technique. Specifically, to obtain b; = E(b;|Y, 6y) = [ bip(b;|Yi, 80)db;, where

p(l/”bla QO)p(bz|00>
bi }fi’ 0 =
oY, &) J p(Yil|bi, 80)p(bi|6o)db;
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and then,

b — J bip(Yi|bi, 80)p(bidb;|6o)
" [ p(Yilbs, 80)p(bi]60)db;

Therefore, by Monte Carlo simulation b; is

I_)i _ lT:1 blp(Y;|bl, 90)
S, p(Yi[bl, 6)

where b',--- b7 is i.i.d generated from N(bg, Go). ©;, fi and ¥; are obtained by

O, — ZlT:1 b (b)Tp(Y;|b!, 03) BT
S p(Yilb! of) ,
fi= S L F, X)p(Yilb', o3)
S L p(Yilbl, 03)
I B X)F(b. X\ To(Y: b, o2 -
:Zl=1f( ) Z)f( ) ’L) p( Z’ 700)_f.fT
Y p(Yi[bl, 0d) i

v,

Once l;, @, &2 are obtained, they can be used to update éo in the next E step. Walker
also discussed the time of computation for this method via simulations. More details

about the simulation results can be found in his paper.

3.3 Constrained Mixed Effects Model

In many practical settings, the fixed effect B in linear mixed effects model (3.2)
or nonlinear mixed effects model (3.7) or the nonlinear random effects model (3.9) may
have to satisfy certain constraints. These constraints typically reflect the prior knowledge
about the values of 3 that people have. For example, if the response variable is known
to be increasing with one explanatory variable by fixing the other, then the regression
coefficient of the fixed effect associated with that particular variable must be positive.

Formally, the constraints can be written as ¢(8) = (c1(8),---,c(B)) > 0.
When ¢(8) = AB, the constraints are linear. Otherwise, the constraints are nonlinear.

The constraints are inequality constraints unless the sign ‘>’ doesn’t hold at all.
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Accordingly, the estimation procedure for the constrained mixed effects models
has to incorporate the constraints. In essence, we have to maximize the likelihood (3.3) in
ML approach or restricted likelihood (3.5) in the REML approach or the joint likelihood
(3.6) in EM algorithm under the constraints. Literature for the constrained linear mixed
effects model includes Shin [70], Edward [26], Peddada [63], Pilla [64], Fang [31], Cai [16]
and Rosen [23]. However, all these references are only applicable to linear mixed model
with linear constraints. To the best of our knowledge, the estimation problem of linear
mixed effects model with nonlinear constraints and nonlinear mixed effects model with
linear /nonlinear constraints haven’t been solved yet. In the next chapter, we will discuss

this problem with a particular example and propose several approaches accordingly.
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Chapter 4

A Constrained Mixed Effects Model
based on Differential Equation for
Cell Polarity Signaling in Tip

Growth of Pollen Tube

In chapter 2, we reviewed all the existing estimation approaches that can be
utilized to estimate the parameters in ordinary differential equations. All these methods
can be applied to the parameter estimation problem in the example of tip growth of
pollen tube introduced in chapter 1. Nevertheless, after exploration of the ordinary
differential equation relevant to this particular example, we in this chapter will propose
several new estimation methods which are based on constrained maximum likelihood or
constrained maximum restricted likelihood. Such methods will be demonstrated to have
better performances than the existing methods via simulation studies and real pollen tube

data analysis. Specially, we will first establish the results for the existence and uniqueness
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of solution to IDE (1.2) and derive the solution over an admissible parameter space. As
a result, the IDE model for multiple pollen tubes can be reparametrized into a nonlinear
mixed effects model with linear constraints whose estimation problem was discussed in
chapter 3. Then, we will propose a new method by extending REML estimation approach
to embrace the constraints. Alternatively, we will modify the Method of Moments (MM)
approach of Lu and Meeker [54] by minimizing the moment criterion under constraints.

This chapter is organized as follows. In section 4.1, we give sufficient and neces-
sary conditions for existence and uniqueness of a positive solution to the IDE model, and
derive a tractable generic expression for solutions of the IDE. In section 4.2, we intro-
duce the IDE based nonlinear statistical model with linear constraint for a single subject
and the adapted Constrained Nonlinear Least Square (CNLS) estimation procedure. In
section 4.3, we will extend the Two Step estimation approach and Orthogonal Condition
estimation approach to fit the IDE model nonparametrically. In section 4.4, we extend
the statistical IDE model to multiple subjects as a nonlinear mixed effects model (with
linear constraints). We propose two estimators in this setting: the Constrained Method
of Moments (CMM) and Constrained REML(CREML). The asymptotic properties of
these estimators are also discussed in their own sections. We examine the performance
of the proposed estimation procedures through simulation studies in section 4.5 as well
as real pollen tube data analysis in section 4.6. We summarize this chapter in section

4.7.

o8



4.1 Existence and Uniqueness of Solution for Second Order

Semilinear Integro Differential Equation

In this section, we first introduce the semilinear elliptic equation (4.1) and prove

in Proposition 1 that it has an unique solution og(z).

~2u=—u+u® x€[-cc
(4.1)
We then link it to the semlinear elliptic equation (4.2) and prove in Proposition 2 that

the equation (4.2) has an unique solution Ry (x).

—Dﬁgu = —k:nfu + )\’kpfua WS [—Lo, Lo]
(4.2)
u(—Lo) =u(Lg) =0
Proposition 18 For all ¢ € (0,00]|, there exists an unique position solution oo(z) to

(4.1) with Dirichlet conditions on [—c,c|. Moreover, oo(x) is positive, even and increas-

ing at [—c,0] and decreasing at [0, c].

Proposition 19 For all X' > 0, there exists an unique positive solution Ry (x) to (4.2)

with Dirichlet conditions on Q = [—Lg, Lo|, where Ly > 0 can be +oo . Moreover, if

oo(x) is the unique positive solution to (4.1) defined on Q' = [—Lm/ k%f, Lo/ ka] , then

Ry (x) = <ZZ)\'> e oo( %x) = Ry ,(z) = Aog(px). (4.3)

Where X\ = (%)\/)ﬁ, and p = \/]%f.

It is easy to see that if there exists an unique positive solution Ry/(z) to equation
(4.2) such that X' =1 — W , then Ry (z) is also a solution to equation (1.2). In

the following, Theorem 20 provides a sufficient condition under which certain solutions

to equation (4.2) can also be solutions to equation (1.2), Theorem 21 provides necessary
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conditions that all the solutions to equation (1.2) must also be solutions to equation

(4.2).

Theorem 20 Let o be the positive solution to (4.1) defined on Q) = [—Lm/ k%f, Lo/ kl")f] .
Consider the family of function Ry ,(x) = Aoo( k%fac) as defined in (4.3), for the dis-

criminant function

]i'nf 1 a—1 Rtot
A(kn 7k 7D7Rt0t700) = - \/7 (44)
e kpp o lloolly

1. If Aknys, kpf, D, Rior, 00) > 0, then there is no solution to (1.2) that can be found

in the family of function Ry ,(x).

2. If Mknys, kps, D, Rior, 00) = 0, then there is one solution to (1.2) that can be found

in the family of function Ry ,(z).

3. If AMkns, kps, D, Rior,00) < 0, then there are two solutions to (1.2) that can be

found in the family of function Ry ,(x).

Proof. Recall from equation (4.3), Ry (x) = Ry ,(x) = Aog(4/ k%fx) is a solu-

tion to (4.2), where oy is the positive solution to (4.1) defined on Q' = [—Lm/ k%f, Lo/ kan} :

Ry (z) is also a solution to (1.2) if

k
X:”fAl—a:< >
hs R 4
where
Lo
By, = Ry u(7)dx
—Lg
A nlLo
S / oo(y)dy
H —uLo
D
= A/ 57— ool
Eny 1
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.k _
Denote g(\) = # - x4 R}M A%, /% llool|;, then

g(N) = A2 (—(a — 1)+ 72/ llooly A). The root A of g'(A) is A = 21 /Knt Fuey

D [looll; "
And g(\) is decreasing in [0, A] and increasing in [\, +oc]. Notice that g(0) = iz;
limy o g = 400, and
o) = Fnp (o=l [Eny Rt ||ao\|1 o =1 [kuy Rig
‘ ko a VD ool ¢ Riot D |looll;

_ M _ l a—1 k Rtot
kpp o\ o VD ool
1. When g(A.) > 0, g(A) > 0, no solution to (1.2) can be found from the family of

solutions to (4.2).

2. When g(Ac) =0, g(A) > 0 for A # X, therefore one solution Ry, ,(x) to (1.2) can

be found from the family of solutions to (4.2).

3. When g(A.) < 0, there exist A\; € [0,\] and A2 € [A;, 00] such that g(A;) = 0
and g(A2) = 0, therefore two solutions Ry, ,(z) and Ry, ,(x) to (1.2) can be found

from the family of solutions to (4.2).

Theorem 21 Any solution to (1.2) can be written in the form Ry ,(v) = Aog(px).

Proof. To prove Theorem 21, it’s only necessary to show that for any solution

R of (1.2) on [—Ly, Lo], there exist A\, u > 0 such that og(z) = %R(%) is a solution to

(4.1) on [—Lo/p, Lo/p]. Denote A =}, fi = u we have

oo (T \ - QT 200 (z ) . . _ _
8535 ) = Auaﬁfj’;)) and 68:22( ) = = \i? (];() ). oo(x) is a solution to (4) on [—Lof, Lofi]
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if and only if

820'0 (x)
0z

= —oo(z) + of (x)
—MNi*R(iz) = —AR(fix) + \*R*(jix)

_ ol = Lo
—5\/]2knfR(Mx) +5\ﬂ2kpr (/L:L') (1_ —Lg R(i)dl’

o) 5 o ) = —AR(fx) + \*R*(px)

= —R(jgz) + \* ' R*(fiz)

_ o/ — L
—p? Fing Rl i) + B2 by R (i) (1 Joz, Blw)de
D D Rtot

when i =, /%, A can be obtained by solving the following equality:

Lo

k 7 R(x)dx _

2Pl pe(pa) [ 1— 1307() = X" 1R*(az)

knf Rtot
for which

L
A= [for 1o B(@)d ) o
knf Ryt

|

Remark 22 Theorem 20 and Theorem 21 provide a way to obtain the solution R(x) of

(1.2) as following when the values of (kny and kyy) are given

1. Solve the semilinear elliptic equation (4.1) on ' = [—LO\/ k%f,Lo\/ kg]
2. Compute |log||; and the discriminant function A(kyn ¢, kps, D, Riot, 00)

3. If A kg, kps, D, Riot, 00) = 0, find the positive roots X* of g(\) and compute the
solution Ry« (x) = N oo(4/ k%fx)

4. If Mknys, kpp, D, Rior, 00) = 0, find the positive roots A} and A5 of g(N), and com-

pute the solutions Ry: ,(z) = Moo k%fx) and Ry;..(z) = A300( k”ﬁfx)

In practice, when there exist two solutions, we should choose the one that is closer to the

experimental data.

62



Remark 23 For A > 0, the solution Ry ,(x) to (1.2) is a positive and even function.
Moreover, it increases at [—Lo,0] and decreases at [0, Lo|, and the mazimum Ry ,(0) =
maxgeq Ry () > X. The proof is provided in the Appendiz. It will be shown later in

section 4.6 that the ROP data reflect the above qualitative properties.

Remark 24 From Theorem 20, we see that the solution of (1.2) is parametrized by

and X. Hence, (1.2) is not over parametrized by kny and k.

4.2 Single subject and constrained nonlinear fixed effects

model

Suppose for a single subject, an observation of ROP1 intensity in position X
(X is randomly selected from known distribution F'(x)) on the membrane at static time
is denoted by

Y; = R(Xj;k'nf,k‘pf) + € i=12-- n. (4.5)

where R(X;-) is the solution of (1.2) and €; are 7id from a certain distribution f with
mean 0 and variance o2, As shown in Theorem 20 and Theorem 21 of section 4.1, R(X; )
exists if and only if the discriminant function A(-) is non-positive. Therefore, the above

IDE based model is subject to the constraint

ke - kn, Rio _
Mg Fprs D Riors 00) = T = 5 (S50 B ity ) ™ < 0

« « -

k‘nf >0 (4'6>

kpf >0
Theorem 25 The above constrained nonlinear model can be reparametrized into the

following model

Yj = Aoo(nX;) + €. (4.7)
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with p and A subject to the constraint

(

A* (1, \) = piRuot — Alloolly > 0

u>0

A>0
where p = 1/ k%f and X\ is the root of g(\) defined in section 4.1. The choice of X is

guided in Remark 22.

Based on the observations {yj};?zl at positions {z; }?:1 in the biological experiment,
we propose a nonparametric estimation procedure called Constrained Nonlinear Least

Square (CNLS) as follows
1. Compute o¢(z) from DE (4.1)

2. Estimate p and A by minimizing least squares
(A, 1) = argmin Y (y; — Aoo(pa;))?

under the constraint
A (pu,A) >0
w>0

A>0

3. Convert i and A to l%nf and l%pf

]%nf = Dﬂz

~ DAQ
Bo,—__ Dp?
PP s A%ool
ARtot

< 2
4. Estimate 0% by 62 = 1 3" (yj - )\ao([wj))
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In the first step of CNLS, the solution of o involves a boundary value problem in an
ordinary differential equation, which can be solved by many methods including shoot-
ing method [72], [73], mono-implicit Runge-Kutta (MIRK) method [19] and collocation
method [8] in R package “bvpSolve”. The optimization in the second step is subject to
one linear constraint and two box constraints. When there is no constraint, the opti-
mization can be tackled by many gradient based methods such as the Newton method,
the BFGS method, the Gauss-Newton method, etc. which require the objective func-
tion to be differentiable. On the other hand, the simplex method of Nelder, J. A. and
Mead, R. [58] that directly searches the optimum allows the objective function to be not
differentiable. To apply simplex method, we first incorporate the constraints into the

objective function by defining

> = (Y — Aoo(pxi))? if A*(u,A) >0 and g > 0 and A > 0

flu,A) =

+0o0 0.W.

For the general Nonlinear Least Square (NLS) estimator, the asymptotic properties
has been established by Jennrich in 1969 [45]. For the general Constrained NLS (CNLS)
estimator, the asymptotic properties has been established by Wang in 1996 [82]. Below
we present the asymptotic property of the CNLS estimator proposed in this paper. The

proof is provided in the Appendix.

Theorem 26 Denote @ = (u, \)’ to be the parameter, 8y to be the true value of the
parameter, and 6., to be the CNLS estimator with n sample points. Let R(X;0) =
Aoo(pX), then

(6, —00) S oK 22

where Z ~ N(0,13) is a bivariate normal vector, K = Ex[VoR(X;00)VoR(X;60)7],
and VoR(X;60y) is the gradient vector of R(X; 0) with respect to 0 at @ = 0y. Moreover,
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&2 proposed in the above procedure is a consistent estimator of o2, therefore by slutsky’s
Theorem
6, — 0

A~

g

4.3 Single subject and nonparametric estimation approaches

As we discussed in section 4.2, the problem is to estimate the parameters ky,

and kpy in IDE model (1.2)

DEE = kg R — kypRO(1— 45°7) @ € [~ Lo, Lo

R(~Lo) = R(L) = 0
under the constraint (4.6) based on the observations of {Y;}7_; in model (4.5). In
this section, we pretend we don’t know the form of the solution R(x) and apply the
TS estimation approach and OC estimation approach to estimate the two parameters
nonparametrically.

Recall that both TS approach and OC approach firstly obtain the estimates of
the response variable in model (1.2) as well as its derivatives by fitting a nonparametric
model to the data {Y;}7_;. The estimates are denoted to be R(z) and R"(z) respectively,
which are then used to develop the parameter estimation criteria (2.16) or (2.23) in the

least square sense as follows

for TS approach criterion,
Lo Rdx

Rgz,w(knfa kpf) = HDR”@) - knflf2 + kpra(l - %)Hq,w

for OC approach criterion,

—

= “ 2
Qn,L(0) = HeL(Rv )H
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where e L(R, ) was defined in section 2. By minimizing the criteria over the parameters,
l;:n ¢ and l%pf are obtained.

However in order for the IDE (1.2) to have a solution, the parameters must
satisfy the constraint (4.6). As a result, the minimization in TS or OC approach must
be conducted under such a constraint. Furthermore, from Remark 23 we know that R(x)
is a positive and even function which is increasing at [—Lg, 0] and decreasing at [0, Ly).
Therefore, we need to impose several constraints onto the nonparametric model involved
in the T'S or OC approach so that the estimates R(:L‘), R”(:E) can preserve the nice shape.
This is very helpful and highly recommended in practice because the constraints on the
shape can help correct the potentially bad local behavior of the nonparametric model,
especially when the data is of bad local quality. As a result, the estimates R(z), R (x)
and further l;:nf, l%pf will be robust against the local behavior of the data. From these
two points of view, the new estimation approaches is called constrained TS approach
and constrained OC approach.

There is one problem has not been solved yet, i.e., how to impose the constraints
onto the nonparametric model in order for R(m)to keep the proper shape. Recall that
in the nonparametric model introduced in section 2.6, we first created a set of B-spline
basis functions Bj(z) = (Bi(x), Ba(x),--- , Bj(x))T and then used these B-spline basis
functions to run a regression against the response {Yj}’;:l, based on which the estimates
R(z) = & By (x) + é2Ba(x) + -+ & By(x) and R'(x) = & B, (x) + éa By () + - - -+ & By (x)
are obtained. Now suppose we purposely create a symmetrical set of B-spline basis

functions by choosing a symmetrical set of knots and further control the regression
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coefficients c1, - - - , ¢, to be symmetrically positive. That is, if [ is even, we let

Bl(;(}) = Bl(—.%') Cl1 = Z 0

By(x) = Bi_1(—x) ca=¢-1>0

and if [ is odd, we let

Bi(z) = B)(—x) cr=¢>0

By(z) = Bi-1(—x) ca=¢-1>0

Bia(z) =B (—z) cio1 =cu1 >0
2

Then, the resulting estimate R(l‘) will be positive and symmetrical about the origin.

Therefore, in the first step of our constrained approaches, we have to estimate the fol-

lowing model under constraints (4.8) or (4.9)

y(z1) Bi(z1) Ba(z1) -+ Bi(a1) c
y(@2) [ | Bilz2) Ba(w2) - Bifz) &)
y(xn) Bi(zy) Ba(xn) :  Bi(xn) cl

or equivalently in a vector form,

€1

€2

€n

The fit to such a constrained linear model can be naturally transformed into a constrained

least square minimization problem which can be solved by the simplex method in section

4.2 or by the dual method of Goldfarb and Idnani [37,38| in R packages “quadprog”.
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4.4 Multiple subjects and constrained nonlinear random ef-

fect model

Suppose for multiple subjects, ROP1 intensity observed for subject ¢ at position
X;; on the membrane at static time can be described by

YEjZRZ‘(Xij)-i-Gij 1=1,2,--- m;3=1,2,--- ;ny (4.10)

where 7 indexes the subject, and j indexes the position. ¢;; are iid from a certain
distribution f with mean 0 and variance o?. R;(z) is the solution of IDE (1.2) for the

ith subject. Following section 4.3, we have

Eng, (4.11)

We further assume that

I
~ NID D> (4.12)

As a result, 0 measures within subject variation and ¥ measures between subject vari-
ation. As mentioned before, the paramters are subject to three constraints. This is a
nonlinear mixed model with parameters subject to linear inequality constraints.
Denote 6; = (115, \;)T and @ = (u, A\)T, with the experimental data {yw}iﬁd;ln
and {x;;}'=77=" we first extend the CNLS procedure and propose a new estimation

i=1,5=1

procedure called Constrained Method of Moment (CMM), which works as follows:

1. Compute og(z) from equation (4.1)

2. For each subject i, estimate 0; by minimizing least squares

k3

g
0y = argmind_ (0~ NG
J:
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under the constraint
A*(60;) >0and 6; >0

3. Estimate 6 by 8 = ==1—

n; Q N 2
. . i1 25y (yig—Nioo (i
4. Estimate o2 by 62 = Liz1 2 1<m”n__2 (Aizsy))
i=1""

) A 6,—6)(0,—6
5. Estimate ¥ by X = Z?il (W)l%

and R; = (R(%;1;0;), R(1:2;6;), -+ , R(zin;;0;))
6. Modify the estimator of 3 by
$ if 3 is positive definite
S, if ¥ is not positive definite
where fl+ = QV.,(Q', in which ¥, is a diagonal matrix whose diagonal elements

U;; = max(1;,0) where 1; is the eigenvalue of X, and Q is a 2 X 2 matrix whose

it" columns is the eigenvector g; associated with 1);.
7. Convert 6 to l%nf and l%pf

This procedure is motivated by the Method of Moment (MM) proposed by Lu and
Meeker [54] in attempt to fit a general nonlinear mixed model. Our contribution is to
extend it to constrained case by adding a constraint in the second step. The CMM
procedure is a natural extension of the CNLS procedure, because 6 is estimated by the

average of 8; of CNLS procedure.

The asymptotic property of the MM estimator was discussed by Lu and Meeker [54].
Here, we extend to the case of constraint and show through the following theorem that the
proposed CMM estimators also have good asymptotic properties. The proof is provided

in the Appendix.
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Theorem 27 Assume that

1.

the sample size from each subjects are equal, i.e., n1 =ng =---=nym =n

2. both n and m tend to +oco

Then, we have the following large sample properties for 0

~

5o
1=
e}

2. VymS"2(0 — 0) 5 Z, where Z ~ N(0,I), and $ = ¥ + 02Fg[(nk;)™}] with
K; =

Ex[Vg,R(X;6;)Vg,R(X; 0,)7].

Moreover, if 62 is a consistent estimator of o2, then

~

e

S

M

E—%(é —0) LN Z, where S—% + 62Eg[(nkK;)™1].

If €;; are iid normal, we can convert the nonlinear mixed model to a linear mixed model

by Taylor expansion, and thereafter propose an alterative procedure called Constrained

Restricted Maximum Likelihood method (CREML), which works as follows:

1.

Given current Best Linear Unbiased Predictors (BLUP) (ﬂgt), 5\1@) for (ui, Ai), use

Taylor expansion to express R;(u;, Ai;z) as

K3 K3

Ri(ps. i)~ R A0 ) + 51 o= )+ G0, o (= A)

As a result, the original expression of data y;; = R;(ui, \i, zij) + € can be re-

written as

OR;

OR;
O | a0+ IV MCRY (4.13)

k
Yij =

where, yj; = gy — Ri(i” A ) + 3151, om! + G, oA And owr

original model becomes a Constrained Linear Mixed Effect Model (CLMM).
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2. Fit the CLMM (4.13) under the constraint of A*(u, A\) > 0, > 0 and A > 0. Such
a constraint at the population level can be easily embranced by the existing LMM

fitting techniques.

3. Update (ﬂgt),j\gt)) by the Best Linear Unbiased Predictors (BLUP) based on the
Best Linear Unbiased Estiamtes (BLUE) (1, A, 2, 62) of the CLMM (4.13) obtained

from step 2.
4. Tterate the above three steps until convergence.

This procedure is motivated by the iterative procedure of Lindstrom and Bates [49]. Our
contribution is to extend it to constrained case by adding a constraint on Step 2 and to

OB

use a simple way to update (f; it)) in the iteration process.

The convergence behavior of the CREML procedure depends on the starting value.
With a bad starting value, a bad approximation will occur at the second step, so that the
resulting CLMM will be hard to fit. The singularity of the variance convariance matrix
will imply such a problem. On the other hand, with a good starting value the procedure
converges quite fast. A good choice of starting value could be the estimates obtained
from the CMM procedure. The convergence rule can be set as the difference of estimates
in current step from that in previous step being smaller than a prespecified positive
threshold. The model in step 2 is a CLMM. When there is no constraint, the model can
be fitted by many existing approaches such as Maximum Likelihood (ML), Restricted
Maximum Likelihood (REML) and Expectation-Maximization (EM) algorithm. In this
paper, we consider REML and extend it to fit the model with constraint. Note that the
likelihood in the first step of REML only involves in the variance component parameters

¥ and o2, therefore their estimates won’t be affected by the constraint. On the other
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hand, the likelihood in the second step of REML involves the population parameters
uand A. So their estimates should be obtained by maximizing the reduced likelihood
under the constraint. And this constrained optimization problem was discussed in the

previous section of single subject case.

It deserves to point out the CMM procedure controls the constraints at the individual
level whereas the CREML procedure controls at the population level. Since constraints
satisfied at the individual level will be automatically satisfied at the population level, the
former is more strict than the latter. In many cases of real world application especially
when the number of subjects, m is large, constraint at the population level is enough

and more desirable.

4.5 Simulation study

In this section, simulation studies were conducted for the single subject case and
the multiple subject case respectively. All the estimation procedures were implemented
in R. From the proof of Remark 23, we know og(z) is an positive and even function that
achieves its maximum at 0. Further, we know og(z) is ~ & when |z| = 5 and ~ 0 when
|z| > 15. Therefore, when p = 1, R(x) = Aog(px) is ~ 0 when |z| > 15. Therefore, in
the simulation the data of R(z) when p = 1 were generated from |z| < 15. The values
of a, D and Ry, used in the simulations were set to be 1.2, 0.1 and 797 respectively,

which were obtained empirically from real data.

4.5.1 Single subject

The first simulation example is presented below to evaluate the performance

of the CNLS procedure. The data were generated based on Remark 22, where the true
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values used for the simulation were k,y = 0.1, kpy = 0.1125, 0 = 4,8,16. Therefore,
u=1and X\ = 34.1883. For different o, we generated 10000 data sets of size n = 301,
and applied the CNLS procedure on each of them. Estimates of the parameters k,
and k,y were obtained for each of the 10000 data sets, based on which the relative bias,
standard deviation and mean square error (MSE) were computed. From Table 4.1, we
could see the CNLS procedure works quite well and it’s quite robust against noise when

the size of data is fairly large.

kny ks

o bias sd MSE bias sd MSE
74 %107 [ 0.0028 | 7.8 x107° | 7.9 x 10~° | 0.0023 | 5.2 x 1076
8 [1.2x107*]0.0057 | 3.2x107° | 22 x107* | 0.0047 | 2.2 x 107>
16 | 7.7x107* | 0.0114 | 1.3 x 10~* 0.0008 0.0093 | 8.7 x 107

W

Table 4.1: The estimates of the CNLS procedure for single subject data set

The second simulation example is presented below to compare the performance
of the CNLS procedure and the constrained OC procedure. Specifically, we impose the
constraints on OC procedure in three different ways: constraints of positiveness only
(¢; > 0), constraints of symmetry only (¢; = ¢;—;) or constraints of both (¢; = ¢;—; > 0).
The parameter setting and data generation process are same as that in the first simulation
example. The results are shown in Table 4.2, 4.3 and 4.4. From these tables, we can see
that the CNLS procedure outperforms the OC procedure with or without constraints,

and adding constraints improves the OC procedure a lot.
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Fong kpg
oc=4 bias sd MSE bias sd MSE
CNLS | 7.4x107° [0.0028 | 7.8 x10° %[ 7.9x107° [ 0.0023 | 5.2 x 107
oC 3.0x 1072 [ 0.0058 | 4.3 x107° | —3.2 x 1072 | 0.0063 | 5.0 x 10~°
OCT | =33 x107°[0.0038 | 1.5x10°° | 9.7x10~% [0.0031 | 1.1 x 10~
OC? | =83 x107%[0.0046 | 2.2 x 107° | 88 x10~* | 0.0047 | 2.3 x 10~°
oC? | 39x107* [0.0039 | 1.5x107° | 1.1x10~3 |0.0031 | 1.1 x 10~°
Table 4.2: The estimates for single subject data set based on procedures of CNLS,

OC without constraint, OC! with positiveness constraints only, OC? with symmetry

constraint only and OC? with both constraints when o = 4

Ky kpg
o= bias sd MSE bias sd MSE
CNLS | 1.2x107% [0.0057 [ 32x10° | 22x10°% [0.0047 [ 2.2 x107°
OC [ —-15x102]0.0178 [ 5.5 x 107* [ =1.6 x 1073 | 0.0199 | 6.6 x 10~*
OCT | =1.4x1073]0.0073 | 5.6 x 10°° | 6.9 x 10~% | 0.0062 | 3.9 x 10~
0C? | —=6.5x1073 | 0014 | 23x107*| —6.9x 1073 | 0.015 | 2.7 x 1074
OC3 | 23x107% [0.0075 [ 5.6 x 107° | 1.2x 1073 | 0.0061 | 3.9 x 10~°
Table 4.3: The estimates for single subject data set based on procedures of CNLS,

OC without constraint, OC! with positiveness constraints only, OC? with symmetry
constraints only and OC? with both constraints when o = 8

4.5.2 Multiple subject

The aim of the simulation study in this subsection is to evaluate and compare
the performance of the CMM procedure and the CREML procedure. The data for each
of m subjects were generated based on Remark 22 after the assocaited (u;, A;) were
simulated from the normal distribution (4.12). The true values of parameters used for
the simulation were p = 1, A = 34.1883, 0, = 0.6, 0y = 0.2 and 0 = 4. We generated
3000 data sets and fit each of them with both procedures to obtain the estimates of u,
A, 04, o) and 0. The relative bias, standard deviation and MSE for these estimates

were computed. We assumed m = 10 and considered different n by simulating data at
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Fing Fpg

oc=16 bias sd MSE bias sd MSE

CNLS | 7.7x107% [0.0114 [ 1.3 x 1071 0.0008 0.0093 | 8.7 x 10—°
OC | —46x1072]0.0350 [ 3.4x 1072 | —4.9x 1072 | 0.0393 | 4.0 x 103
OCt [ —47%x1073]0.0131 | 1.9x107* | —1.3x107* [ 0.0114 | 1.3 x 107*
0C? | —25x1072[0.0325 | 1.6 x 1072 | —2.5x 1072 | 0.0359 | 1.9 x 10~
0C? | —1.8x1073]0.0140 | 20x 107* | 1.3x 1073 | 0.0117 | 1.4 x 107*

Table 4.4: The estimates for single subject data set based on procedures of CNLS,
OC without constraint, OC! with positiveness constraints only, OC? with symmetry
constraints only and OC? with both constraints when o = 16

i A 6, & &
bias | 0.0052 | 0.0109 | -0.0101 | -0.0688 | -0.0046
CMM | sd | 0.0617 | 0.2711 | 0.0451 | 0.2081 | 0.1294
MSE | 0.0038 | 0.0736 | 0.0021 | 0.0936 | 0.0168
bias | 0.00712 | 0.0079 | -0.0228 | -0.1432 | -0.0008
CREML | sd | 0.0610 | 0.2698 | 0.0412 | 0.3035 | 0.1267
MSE | 0.0038 | 0.0728 | 0.0022 | 0.1126 | 0.0160

Table 4.5: Comparison of the estimation procedures in Case 1 where x is equally spaced
between —5 and 5 with increament 0.2 and m = 10, n = 51

different z. In case 1, z = (=5,—4.8,---,—-0.2,0,0.2,--- ,4.8,5) and n = 51. Whereas
in case 2, x = (—5,—1,—-0.2,0.2,1,5) and n = 6.

From Table 4.5, we can see that when n is large, the estimates of pu, A, oy,
oy and o are about the same for the CMM procedure and the CREML procedure. It
indicates that both procedures perform equally well when the sample size is large. When
n is small, Table 4.6 shows a slightly better performance of the CREML procedure than
the CMM procedure. Similar results were also observed by Munther Al-Zaid (2001)
[2]. Furthermore, CMM sometimes can produce non-positive definite estimates for the
variance components if data are taken from inappropriate x. As a result, the estimates
will be much worse than that of the CREML procedure. In Table 4.7 where o, = 0.6

and no data were taken from —1 < x < 1, ~ 150 out of 3000 simulations had the above
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i A £y b &

bias | 0.0158 | 0.0394 | 0.0103 | 0.0281 | 0.0126

CMM | sd | 0.0715 | 0.4809 | 0.0795 | 0.6271 | 0.6231
MSE | 0.0054 | 0.2328 | 0.0064 | 0.3940 | 0.3884
bias | -0.0050 | -0.0167 | -0.0333 | -0.1806 | -0.0796

CREML | sd | 0.0641 | 0.4554 | 0.0496 | 0.5013 | 0.4086
MSE | 0.0041 | 0.2077 | 0.0036 | 0.2839 | 0.1733

Table 4.6: Comparison of the estimation
(=5,—-1,-0.2,0.2,1,5) and m = 10, n =6

procedures in Case 2 where =z

i X 6, | 6 &

bias | 0.245 | -0.146 | 0.762 | 0.122 | -0.024

CMM | sd | 0.146 | 2.974 | 2.796 | 0.797 | 0.449
MSE | 0.082 | 8.868 | 8.400 | 0.650 | 0.202

bias | 0.224 | -0.062 | -0.205 | -0.060 | -0.100

CREML | sd | 0.140 | 0.657 | 0.101 | 0.713 | 0.420
MSE | 0.070 | 0.436 | 0.052 | 0.512 | 0.186

Table 4.7: Comparison of the estimation

(=5,-3,-1,1,3,5) and m =10, n = 6

procedures in Case 3 where =z

issue. This is because when n is small, \i can be 0 and [1; can be very large, which make

T; in the CMM procedure non-invertible.

4.6 Pollen tube data study

The real data of ROP1 intensities R(x) were collected from 12 pollen tubes of

Arabidopsis. For each pollen tube, data were taken from one of its oblique planes at

positions every 0.1205 pum from —10 pm to 10 um. Therefore, m = 12 and n = 173. Each
data point consists of two items, the position x and the associated observed intensity

value y(x). The ROP1 intensities in different pollen tubes are believed to have identical

distributions. Therefore, it was necessary to first normalize the raw data. In this paper,

quantile normalization method was utilized. Furthermore, the data were standardized

into a fixed range by regression based method described below. Outliers contained in
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the data sets were removed before estimation procedures were executed. The values for
D, Ry, and « used in the study were 0.2, 30 and 1.2, respectively.

We first pooled the data sets together and fit the CNLS procedure described in
section 4.2 and the constrained OC procedure described in section 4.3. We also fit these
three procedures to each individual data set. We then fit the CMM procedure described
in section 4.4 and the CREML procedure described in section 4.5. In a summary, the

data analysis were executed in the following steps:

1. Use quantile normalization method to normalize the ROP1 intensities of different

tubes, and remove possible outliers

2. Pool the data sets together and fit the pooled data nonparametrically to obtain

R(x), and set the background noise to be the smallest value of ]%(ar)
3. Subtract the background noise from R(x) and all the data points

4. Standardize R(:U) to range from 0 to 1. All the data points would be standardized

accordingly.

5. Fit the CNLS procedure and constrained OC procedure to the pooled data sets

and the individual data set respectively
6. Fit the CMM procedure and the CREML procedure to the data sets

Figure 4.1 and Figure 4.2 display the scatter plot of data of 12 tubes w/o normalization.
Figure 4.3 displays the scatter plot of pooled data w/o outliers after normalization.
Figure 4.4 displays the fitted curve }?(x) based on pooled dataset after background noise
deduction and further after standardization. Table 4.8 displays the estimates of k,; and

k,¢ for the CNLS procedure, OC procedure with constraints and without constraints.
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Table 4.9 displays the estimates of (i, A, 3, o) as well as that of (ky¢, kyy) for the CMM

procedure and the CREML procedure.

In Table 4.8, estimates of k,; and k,; based on CNLS from individual tube and
pooled tubes are pretty close to each other. This is because that the sample size of
each individual is sufficiently large (n = 175). This also indicates that the variation
between tubes is not too large for the CNLS procedure to handle. On the other hand,
estimates of k,y and k,; based on OC procedure vary among different tubes, especially
when the constraints on the shape of R(x) are not imposed. This is what we expect
since the OC procedure depends more heavily on the data quality in comparison to the
CNLS procedure. Nevertheless, when pooling the data together, both two procedures
provide similar estimates which indicates that pooling the data can help recover the
shape of R(x). Especially for the OC procedure, pooling the data will greatly improve
the local quality of the data so that the estimates are more accurate and closer to that
of CNLS procedure. In Table 4.9, estimates of all parameters are close between the
CMM procedure and the CREML procedure. This is also because the data size is large
enough (m = 12,n = 175). The estimates of k, s and k, ¢ are consistent among the three
procedures. Moreover, there is a large positive correlation among g and A, which can be
explained by the fact that the positive feedback process and negative feedback process
in the first stage of tip growth process has an intrinsic connection since the strength of
them both depend on the intensities of active ROP1 on the plasmic membrane. The
standard deviation of the parameters 1 and A are smaller in the CREML procedure than

in the CMM procedure, which implies the CREML procedure provides more accuracy.
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Fony kips
CNLS| OC | OC® | CNLS| OC | OC?
Tube 1 | 0.1866 | 0.1920 | 0.2328 | 0.2925 | 0.2975 | 0.3602
Tube 2 | 0.2278 | 0.5411 | 0.2963 | 0.3337 | 0.9001 | 0.4335
Tube 4 | 0.1814 | 0.1523 | 0.1532 | 0.2854 | 0.2399 | 0.2425
Tube 5 | 0.2205 | 0.1638 | 0.2573 | 0.3265 | 0.2526 | 0.3801
Tube 6 | 0.1788 | 0.1552 | 0.1278 | 0.2748 | 0.2526 | 0.2077
Tube 7 | 0.1892 | 0.2114 | 0.1622 | 0.2925 | 0.3263 | 0.2498
Tube 8 | 0.1917 | 0.1975 | 0.2085 | 0.2977 | 0.3022 | 0.3204
Tube 9 | 0.2121 | 0.1780 | 0.1969 | 0.3188 | 0.2719 | 0.2978
Tubel0 | 0.1976 | 0.2019 | 0.2094 | 0.3053 | 0.3071 | 0.3218
Tubell | 0.1939 | 0.1787 | 0.1804 | 0.3011 | 0.2692 | 0.2715
Tubel4 | 0.1694 | 0.1748 | 0.2331 | 0.2766 | 0.2812 | 0.3702
Tubel5 | 0.1809 | 0.1399 | 0.1474 | 0.2810 | 0.2230 | 0.2333
pooled | 0.1930 | 0.1872 | 0.1940 | 0.2979 | 0.2867 | 0.2969

Table 4.8: Estiamtes of k,, 5 and ks of CNLS procedure, OC procedure without constraint
and OC3 procedure with both constraints. And D = 0.2, Ryr = 30 and o = 1.2.

4.7 Summary

In this chapter, we have studied the parameter estimation problem for a partic-
ular example of tip growth of pollen tubes. We proposed a constrained nonlinear model
with one estimation procedure, CNLS to fit single pollen tube data set and a constrained
nonlinear mixed effect model with two estimation procedures, CMM and CREML to fit
multiple pollen tubes data sets. We also proposed a Constrained OC approach by im-
posing two different types of constraints on the original OC approach. We evaluated
the performance of all the estimation procedures via simulations and a pollen tube data
analysis, and found out that in single pollen tube case, the CNLS approach outperforms
the Constrained OC approach which outperforms the original OC approach without any
constraint, especially when the data have a bad local quality. In multiple pollen tubes
case, the CMM approach and CREML approach perform equally well when the sample
size is sufficiently large, whereas CREML outperforms CMM when the sample size is

small. We used a simple strategy to incorporate the constraint into the objective func-
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tion before applying the simplex method to solve the constrained optimization problem
in the estimation procedures, which works quite well. Other optimization methods such
as dual method of Goldfarb and Idnani [37,38] can be utilized. It deserves to mention
that the simplex method after the modification we did can also tackle the constrained op-
timization problem with a nonlinear constraints, which could also be solved by methods

such as Sequential Quadratic Programming (SQP).
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Figure 4.1: The figure is the scatterplot of the ROP1 intensities from 12 tubes of ara-

bidopsis before normalization.

CMM | CREML
i [ 0.9708 | 0.9648
A | 0.6477 | 0.6487
&, | 0.0789 | 0.0709
7y | 0.0393 | 0.0258
p | 0737 | 0.838
& | 0.2064 | 0.2267
knp | 0.1942 | 0.1862
kpr | 0.2987 | 0.2873

Table 4.9: Estimations of u, A, ¥ and o of CMM and CREML procedures with D = 0.2,

Rtot =30 and o = 1.2.
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Figure 4.2: The figure is the scatterplot of the ROP1 intensities from 12 tubes of ara-
bidopsis after normalization.
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Chapter 5

Parameter Estimation in PDE

models

In chapter 4, we have studied the parameter estimation problem in the example
of tip growth of pollen tube based on the observed ROP1 density at static time, R(x),

which is a solution to ODE (1.2)

DEE — kR — kypRO(1— L2890y e [y, 1)

R(—=Lo) = R(Lo) =0
Specifically, we proved the ODE (1.2) has a solution R(z) = Aog(pz) under the con-
straints of A*(knf,kpf) < 0, kny > 0 and kpy > 0. As a result, the ODE model was
transformed into a Constrained Nonlinear Model for single pollen tube and a Constrained
Nonlinear Mixed Effects Model for multiple pollen tubes based on which k,; and ks

were estimated.
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In recent years, with more advanced technology and more sophisticated equip-
ments, the ROP density R(z,t) to the PDE (1.1) can be measured over time ¢.

_ Jy Bzt)dx
Riot

i a 2R(x,
8Rét7t) = pr(SU,t) (1 ) — knfR(x,t) + Dd]d{T(Qt)

where {z,t} € [—Lo, Lo] x [0, 00] (5.1)

R(—Lo,t) = R(Lo,t) = 0

R(z,0) = f(z)

As a result, one might want to consider the estimation problem based on the PDE (1.1)
model rather than the ODE (1.2). Indeed, it deserves to study such a PDE model since
with more observations, more accurate estimates for &,y and k,; can be obtained. In
this chapter, we are going to focus on the PDE model and study the corresponding

estimation problem.

5.1 Numerical solution to PDE (1.1)

Before devoting efforts to finding the solution to the PDE (1.1), one thing has
to be made sure is that the PDE (1.1) has solutions, which is known as the identifiability
problem introduced in section 2.1 of chapter 2. The identifiability problem in a general
PDE was discussed by Avner Friedman [34]. Regarding to the PDE (1.1), we have

established the following results.

1. for any k,; and k,¢, the PDE (1.1) has a local solution at [0,¢*], where t* will

depend on the values of k,,; and k.

2. for some kyf and k¢, the PDE (1.1) may have a global solution at [0, 7], where T

denotes the static time.

However, until now we are not able to identify
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1. the feasible set of k,; and k,; analytically that can provide a global solution to

the PDE (1.1) at [0, 7]
2. the analytical form of the solution to the PDE (1.1)

Since there is no closed form solution available so far, a numerical solution to
the PDE (1.1) for given values of k,; and k,¢ will be needed. In general, numerical
methods for solving PDE were discussed in the book of Gordon C. Everstine [30]. As

introduced in section 1.2.2 of chapter 1, the second-order PDE (1.3)

Atge + 2Bugy + Cuyy + Dug + Euy + Fu =G

can be divided into three main types Parabolic, Elliptic, and Hyperbolic, depending on
the sign of the discriminant B? — AC. For different types of PDE, Gordon C. Everstine
suggested different numerical methods. By checking the discriminant, the PDE (1.1)
belongs to the Parabolic type. Therefore according to the suggestion of Gordon C. Ever-
stine, the appropriate numerical methods include the Explicit Finite Difference Method
and the Crank-Nicolson Implicit Method. In the following, we are going to apply them

to the PDE (1.1).

Explicit Finite Difference Method

Suppose the PDE (1.1) has a solution at [0,T],let 0 =tp < t1 < -+ <tp,—1 =T
be a set of time instants on the interval [0,7] with mesh size At; = tj41 —t;. Let
—Lop=x9p <z < -+ <xp,—1 = Lo be a set of positions on the interval [—Lg, Ly] with

mesh size Az; = x;41 — ;. Let R;j be the numerical approximation to R(z;, t;). 8R{§f’t)

is approximated with the forward finite difference

OR(z,t)  Rijq1— Rij

ot At;
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d°R

and djj; is approximated with the central finite difference

dz? (Ax;)?

and ffzo R(z,t)dx is approximated with the numerical integration
Lo na
R(a:, t)d$ = Z R,-,iji

—Lo i=1

The finite difference approximation to the PDE (1.1) is then

Rij1 — Rij >0t RijAx Riy1; —2Rij + Ri—1
_— = k . 1 = T k:n i D > > 5
Atj PfRz,]( Riot ) fR J T (Axi)Q
Therefore, the PDE (1.1) becomes
o 2. IijAi Riv1j = 2Rij+ Rioaj
Ri7j+1 = RZ‘J‘ + Atj <kpri,j(1 — T) — knme' +D (ACUZ)2

This method is referred to as an explicit method since based on the above formula one
unknown value R; ;41 at later time can be found directly in terms of the known values
{Ri;}izil_, at earlier time.
Crank-Nicolson Implicit Method

The key for the Crank-Nicolson Implicit method is to write the finite difference
equation at a mid-level in time it 1. The finite difference = derivative at time it 1 is

computed as the average of the central difference x derivatives at time t; and ¢;41.

d’R B l(Ri'H,j — 2Ri’j + Rz‘—l,j

Riy1j11 —2R; 41 + Ri—l,j—H)
d:(}2 2 (A:L’Z)2

(A.%'Z')2

+

And the finite difference ¢ derivative at position z; is computed in the same way as in

the Explicit Finite Difference Method.

8R({E, t) R@j_;,_l — Rm’

ot At;
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As a result, the PDE (1.1) is numerically approximated by

Rijt1—R

M kRO (1~ == — kngRi;
Atj pf ’LJ( Rtot ) f 5]
D (Rit1; —2Rij + Ri—1 n Rij1j41 —2R; j1 + Ri—q1 41
2 (Az;)2 (Az;)?

After putting all 7 + 1 terms in the above equation on the left hand side, we get

Rijy1 D (Riy1j+1 —2Rij1 + Ri1 i
Atj 2 (AJ,‘Z)Q

R; ; Zﬂ_ml R; iji D

= k d(1—== Y R+ —

At + prw( o ) R+ 5

Ri+1,j — 2R7;7j + Rz‘—l,j
(AJJl)Q

This formula is called the Crank-Nicolson equation.

The Crank-Nicolson scheme starts at the bottom of ¢y with 5 = 0 and move up
to t; with j = 1. Then the right side of the Crank-Nicolson equation is known, whereas
the left side of the Crank-Nicolson equation is unknown. To solve for R(z,tj41), one write
the Crank-Nicolson equation for all the positions ¢ = 1,2, ,n, and therefore obtain
n, equations in a row. Then the implicit algorithm can be used to solve these equations
simultaneously. Notice that the coefficient matrix of the Crank-Nicolson equation is a
tridiagonal matrix and remains the same step by step, it is suggested to compute and
save the LU factors of the coefficient matrix so that we don’t have to repeat it at each
new time step, and thereafter speed up the computation. This speedup is very significant
when the PDE is of high dimension in which the coefficient matrix is not tridiagonal any
more.

In this dissertation, we have implemented the Explicit Finite Difference Method
in R software to solve for R(x,t) and confirmed that for some k, and k,f, such as
kny = 0.1 and k,r = 0.1125, the PDE (1.1) has a global solution of R(z,t), whereas

for many other k, 5 and k,¢, R(x,t) only exists at the first couple of numeration steps.
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Further, based on the numerical solution, we have identified the feasible region shown in

figure 5.1 in which the PDE (1.1) has a global solution at [0, T].

© - D
(M
w_
@_
o)
o]
< D
N_
o - ¢
[ [ [ [
0 1 2 3 4 5
aa

the box is the region where global solution to PDE exist

Figure 5.1: The figure whose x-axis represents k,; and y-axis represents kj,; shows a
polygon surrounded by the lines in which the PDE (1.1) has a global solution at [0, 7).

5.2 Parameter Estimation in PDE model

Suppose the observation of ROP1 density R(z,t) at position X; € [—Lg, L]

and time T} € [0, T for single pollen tube can be written as

where R(z,t) is a solution to the PDE (1.1), and ¢;; is independently identically dis-

tributed from a distribution F with common mean 0 and variance o2. To estimate the
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PDE model for l%n 5 and l;:pf, a natural approach can be proposed based on the idea of

least square minimization which works as follows.

1. for given values of k, 5 and k¢, use the methods described in section 5.1 to numer-
ically solve the PDE (1.1) for R(x,t) at [0,T]. Notice that such a solution may not

exist.

2. define an estimation criterion Qn, n, (knf, kps) to be the sum of squared differences
between R(z,t) and y(z,t) at all positions and time instants. If R(x,t) does not

exist, then set the sum of squared differences to be +oo

S (Yig — R(X3, Ty ke kpf))? if R(x,t) exists at |0,T]

Qnac,nt =
+o0 if R(x,t) does not exist at |0, T

3. minimize the estimation criterion @y, ,, to obtain l;:n ¢ and l%pf

The estimation approach involves a two dimensional minimization problem which gener-
ally can be solved by many optimization methods such as the simplex method of Nelder
and Mead [58] described in section 4.

If Qn, n, is a convex function of k,; and k,; over the feasible region, the mini-
mization process will eventually reach to the true solution. Otherwise, the minimization
process will probably converge to a wrong place or won’t converge at all. Therefore, it’s
helpful to check the shape of @, », before conducting the minimization process. In our
simulation study, we first set k,; = 0.3 and k,y = 1 and solved the PDE for R(z,t).
The data of R(z,t) were then generated by adding an i.i.d. N(0,02 = 1) noise. Based
on these simulated data, we first fixed k,y = 0.3 and changed ks so that Qy, n, is a
function of kj,r. Such a function is shown in figure 5.2. Likewise, we fixed k,; = 1 and
changed k, ¢ so that ), », is a function of k, . Such a function is shown in figure 5.3.

From these two figures, it’s clear to see that when fixing k, ¢ or kyr, Qn,n, is a convex
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function of the other variable, which indicates that the minimization over one variable
will have a good convergence behavior. Indeed, this was observed in the following simula-
tion results. However, it was also observed that the minimization over both two variables

simultaneously would converge to a wrong place with an inappropriate initial value.

1. fixing k,; = 0.3 and treating Q),,, », as a function of ks, the estimation procedure

will converge to 1 starting at 5.

2. fixing Kk, = 1 and treating @, », as a function of ks, the estimation procedure

will converge to 0.3 starting at 1.

3. treating the target function as a function of both k,; and k,;, the estimation
procedure will converge to (0.3,1) starting at (0.2,0.2) or (2,6) or (3,5). On the
other hand, the procedure will converge to wrong places if starting at (5,6) or (4,7)

or (3,7) or (2,7).

fixed knf=0.3, true kpf=1

o
~
© o
<
= <
2
~ o
f o QOOOOOO
s, 000
Y (] OOO
9] el 00°
@ 00°
g 5 o 50°
s < o
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[0) o o
E o o°
oS o
o~ o°
® o
= F - o o
5 % 0
\ o
7 o
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g %00
3 T T T T T
1 2 3 4 5

the value of kpf

Figure 5.2: The figure shows that @y, ,, is a convex function of k,f in (0,5).
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fixed kpf=1, true knf=0.3
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Figure 5.3: The figure shows that @, », is a convex function of ks in (0,1).

In order to overcome the challenge of convergency due to the bad choice of
initial value, we considered to conduct the minimization process with multiple initial

values. And accordingly, we proposed the following minimization strategy

1. partition the feasible region into multiple lattices and for each lattice, randomly

choose a point in it to be an initial value

2. conduct the minimization process with all the initial values chosen in step 1

3. identify the initial value that presents the smallest value of @y, n,. The corre-

sponding minimization solutions are the estimates we look for.

In our simulation, it was observed that this strategy successfully provided the right

solution.
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5.3 Future Work

So far, we specified the estimation problem for PDE models, and accordingly
proposed an estimation procedure in the sense of least square minimization. We further
found out that the minimization problem in the proposed estimation procedure often
encounters a challenge of convergency. Without good initial values, the minimization
process will either converge to a wrong place or won’t converge at all. To overcome this
challenge, we developed a new way to conduct the minimization process by starting it
from multiple initial values simultaneously. The simulation studies showed that the new
optimization strategy works well. However, there are many work left in order to solve
the estimation problem completely.

First of all, more mathematical efforts should be devoted to finding the ana-
lytical solution to the PDE (1.1), or finding an accurate approximated solution, if the
analytical solution does not exist. This is crucial since our estimation criterion greatly
depends on the solution so that if the solution is not accurate enough, the criterion will
lead to bad estimations for k,; and k.

Secondly, from our empirical experience, the minimization process for PDE
models is more often to encounter the problem of convergency in comparison with the
ODE model case. This problem becomes severe when the parameter dimension is high.
The new optimization strategy we developed can solve this problem in principle. How-
ever, it is computationally intensive since the optimization process must be repeatedly
conducted with multiple initial values. Therefore, a computationally easier optimization
strategy should be discovered.

Thirdly, statistical efforts can be put to comparing the numerical methods with

other nonparametric methods such as TS or OC methods in terms of their estimation
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performances. This work can help identify the merits and shortcomings for each estima-
tion methods, so that we can determine whether it deserves to focus on our numerical
method or it is better to use the nonparametric methods. Besides, the large sample
properties should also be established for all the methods.

Last, when the ROP1 density can be observed on multiple pollen tubes and the
tube to tube variation is nonnegligible, then a PDE based mixed effects model should
be formulated to incorporate such a variation, and statistical efforts can be devoted to

estimating the mixed effects model.
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Chapter 6

Appendix

6.1 Proof of Proposition 18

Based on the classical theory of differential equation, there are potentially two
solutions to the semilinear elliptical equation (4.1). As the function u = 0 is a solution,
there is at most one non-null solution. Therefore, we have to show there exist a non-null
solution o to (4.1), and further oy > 0 on [—c, c].

The existence of a positive solution to the semilinear elliptic equation —9%u =
f(u) is discussed thoroughly in [51]. In our case, f(u) = u® — w is such that f(0) =0,
f'(0) = =1 < 0, and is superlinear!’ because @ — o0o. From theorem 1.1 in [51],
we obtain the existence (and then uniqueness) of a positive function o¢ in C? ([—c, c])
satisfying (4.1). Furthermore, when ¢ = oo, the existence and uniqueness of solution of

4.1) is also true by theorem 1.1.3 in [20], where ug = (%L a1 uarantees that all the
y 2 g

conditions are satisfied in that theorem.

Mf \; is the first eigenvalue of the operator (—A) = —0%22 on Q = [—¢,¢], then f is superlinear if
_ (7k

limf(u)u~' > A1. In this case, it is known that the eigenvalues are A 5)2 ,k=1,... with eigen
+oo

functions ¢k (u) = sin (2% (u + ¢)). In our case, we have

2c ng',u) = ua_l -1
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From [36], we know that op is a positive and even function that increases at

[—¢, 0] and decreases at [0, ¢].

6.2 Proof of Proposition 19

We consider a family of transformed solutions Ry ,(x) = Aoo(ux) where A, u >
0, and o is the solution to (4.2) for ¢ = plLg. We have 0,R), = Audyoo(pux) and

IRy = M2d%0¢(px). From (4.2) , we get
—O2R, = N (08 () — o)
_ )\1—@#2R</J\ZM _ HQRA,M
Therefore, R, satisfies the equation —DQ%R)\,M + DNQR,\,M = D)\l_o‘,qui“. Since
o kng, kpr, D >0, we can take p = \/@ and A = <I§Z)\’)11a, then
—DO2Ry, + kng Ry = Nkpp Ry

Therefore, Ry, is the unique positive solution to (4.2) .

6.3 Proof of Remark 23

From Proposition 18, we know that og is a positive and even function that
increases at [—c,0] and decreases at [0,c|]. Therfore, R) ,(x) = Aog(px) has the same

[0}

properties. Moreover from the proof of proposition 18, we have defined f(z) = 2 — z,

that satisfies f(1) = 0, and f(z) > 0 for > 1. By theorem 3.1 of [51], maxog > 1 .

Therefore, max Ry ,(z) = A x maxog > .

6.4 Proof of Theorem 25

First, let’s prove the following Lemma.
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Lemma 28 for any p > 0 and A > 0, the function h(p,\) = ¥ — )\a% -

1 (a—l Riotpt

a—1
1s always non-positive.
o\ a Haoul> y P

Proof. For any fixed p > 0, h is a function of \. And

o) P
= (@ = 1)A*2 —axr T =
0 (a ) “ Rt
Therefore, f'”é()\k) =0 when A =\, = ocT—l f;gfl;: Then, we have
h(Ae) = Aol o ”0'0H1 B l <a -1 Rtotﬁt)al »
c c “ Rty @ a ”00H1
1 —1 o a—1
ho) = —— (am) 0
a a Ha-0||1

h(400) = —00 < 0

Notice that h()) is a continuous function of A\, we conclude that ~(\) < 0 based on the
above equations. Therefore, Lemma 28 holds. m
In order to prove Theorem 25, we need to show the constraints in model 4.5 are

equivalent to that in model 4.7. On one hand, if constraints in model 4.5 are satisfied,

then g(\) = % — ety Rims A%, /% lool|; has at least one solution. As a result,

o

n - 1 yal
Hj =l T A% lloolly > 0, and 1 > 0 and A > 0. Therfore, A*(y,A) > 0. On

the other hand, if constraints in model 4.7 are satisfied, we can convert pu and X to

kny and kyy by solving k,r = Dp? and IZ”—]{ =\t~ R}ﬁ)\ai llooll;- The solution of
P (o)

knp and kpy is such that k,f > 0, kp,r > 0 and by Lemma (1), A(kny, kps, D, Riot, 00) =

@ D oolly

Riotpp  «

kny 1 (a—l Enf Riot )a—l —yo-1l_)a llooll;, 1 (a—l Riotp

a—1
= is always non-positive.
kg a ||oo||1) y p

6.5 Proof of Theorem 26

First, let’s prove the following Lemmas.

Lemma 29 Denote A = (aij)2x2 to be a 2 x 2 symmetrical matriz. Suppose all the four

elements, ai1, a12, as1, aze, are bounded in [—B, B] for some B > 0, then A < 2BI5.
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Proof. For any given vector X = (X1, X5)7,

XTAX = an X? + 2a12X1 X2 + age X3
< BX? 4+ BX2 + 2|a12X1 Xo|
< BX} + BX3 + 2lan|(5(X7 + X3)
< 2BX} +2BX}

=2BXTX
Therefore, A < 2BI5 and Lemma 29 holds. m

Lemma 30 Let R(X;0) = Aoo(uX) with @ = (u, \)T, then K = Ex[VoR(X;00)VeR(X;60)"]
is a positive definite matriz, where VoR(X;0y) is the gradient vector of R(X;60) with

respect to @ at @ = 0.

Proof. Since A, u, and o¢(X) are positive, the diagonal elements in the matrix

- Ex\X?05(0X)?]  Ex[MXoo(uoX)og(p0X))]
K = EX [VQR(X, eo)VQR(JJ; 90) ] =

Ex[XoXoo(uoX)oh(poX)] Ex[o0(p0X)?]

are both positive, which indicates the sum of the eigenvalues of K is greater than 0.
Therefore, to prove the positive definiteness of K, we only need to show that the product

of the two eigenvalues of K, i.e., the determinant of K is positive. That is,
Ex[A§X %05 (10X)*| Exoo(poX)?] > (Ex[MoXao(uoX)op(p0X)])”

Indeed, since X is a random variable with distribution F'(x), by the Cauchy-Schwarz

inequality,
+o00
(ExPaXon(uoX)ob(uoX)) = (| MXaao(uoe) (o) dP ()
+o0 +o0
< [ Ouechiuon)PaF@) [ (oulon) PdF (o)

= ExD3X20)(10X)? Ex[oo(10X)?)
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The equality holds if and only if the two functions Aozo(,(pox) and og(pox) are linearly

dependent. However, since the Wronskian of such two functions,

Xozo(pox) oo(pox)

Aotozog(por) + Xodo(pox)  pooh(pox)

= Xopozah(poz)? — Moo (poz)[mozol (o) + oo(poz)]

is not always zero over x € [—00, +00], the two functions are linear independent. There-
fore, the equality won’t be achieved, which completes our proof. m

Following Theorem 1-6 of Wang (1996) [82], we can derive the asymptotic
property of the proposed CNLS estimator. First, we need to verify that the following

conditions are satisfied in our constrained model.
1. €1,€9,...,€, are iid with E(¢;) = 0 and Var(e;) =1

2. R(X;;0),i=1,...,n, are differentiable in € and there is a neighborhood W of 6

such that for @ in W it holds that
R(X;;0) = R(X;;600) + VoR(Xy;60)" (6 — 60) +1:(0)([|0 — 6o]*)

And r;(0) satisfies

n

.1 2
nh_{go - eri (0) < 0
1=

uniformly in W.

1

Jm - Z; VoR(Xi;00)VeR(Xi;00)" = K
1=

exists and K is a positive definite matrix.

4. The inequality constraints g;, ¢ = 1,...,p; and the equality constraints h;, j =

p+1,...,q, are all continuously differentiable in W.
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5. Let I ={i:g;(6g) =0,i=1,...,p}, then the vectors Vgg;(0p), i € I; Vth(ao),

j=p-+1,...,q are linearly independent.

6. For each value of £ ~ N(0, K), the minimization of

min, 2z'Kz—2z'¢
s.t. Vggj(BO)Tz <0 1€l
Vohj(80)'z=0 j=p+1,....q

has an unique solution at B(M) = {z : ||z|| < M} for any large M.

Based on the assumptions of our constrained model, Condition 1 is true for
02 = 1. For Conditions 2, since 0¢(X) is differentiable in X, R(X;;0) = Xoo(uX;) is

differentiable in 8. By Taylor expansion,

1
R(X:;0) = R(Xi;00)+VoR(X;; BO)T(0—00)+§(O—OO)TA(;R(Xi; 00)(0—6y)+o(]|6—60|?)

where

Mo Xio((poXi)
VoR(Xi;00) =
oo(poX;)
MoXZo§(noXs) Xiog(noXs)
AQR(XZ‘; 00) =
Xio4(poXi) 0

It’s easy to check that both the functions X?¢((X) and Xoo(X) are bounded. So there
exists a constant B > 0 such that all the elements in AgR(X;;6p) are within [—B, B].

By Lemma 29 , we have AgR(X;;600) < 2BIs. As a result,

1

1
5(9 —00)TAgR(X;;00)(0 —6p) +0(]|0 — 6o||?) < =(8 —00)T2BI,(0 — 0y) = B||6 — ||

O |
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Therefore, 7;(6) < B and limy, 00 + Y1, r?(8) < B? < 0o holds in the whole parameter

i=1"4
space.

AoXiog(poXi)
For Condition 3, we can compute Vg R(X;;0p) =

oo(poXs)

. Ao X7 o (10 Xi)? Ao Xioo(oXi)op (1o Xi)
VQR(XZ'; OO)VQR(Xi; 90) =

XoXioo(poXi)og(roXi) o0(poX;)?
1 o - 7 i1 X7 oh (ko Xi)? LS AoXioo(poXi)oh (o X:;)
~> VeRVeR' =
=1 Ly AoXioo (o Xi)op (1o Xi) LS o0(poX;)?

It’s easy to check that all the functions X?0((X)?, Xoo(X)op(X) and oo(X)? are

bounded. By Kolmogorov’s Strong Law of Large Numbers (SLLN),

1 - T a.s. Ex[AgXQG()(HUX)Q] EX[)\OXUO(MOX)O'{)(,U,()X)]
~ > VoRVeRT “5 K =

i=1 Ex[XoXoo(poX)ogy(10X)] Ex [UO(MOX)Q]
That is,

n

1
lim —  VoR(Xi;00)VoR(Xi;00)" = K = Ex[VoR(X;60)VeR(X;6))"]
=1

By Lemma 30 , we know that K is positive definite.
In our model, there are none equality constraint and three inequality constraints

as follows

llooll1

0) = -\t 2 <
gl( ) :UJRtot
92(0) = —p <0
93(0) = —A <0

Therefore, p = ¢ = 3, I = {i : gi(6g) = 0,i = 1,...,p} = 0. Obviously, the three

constraint functions are all continuously differentiable in € in the whole parameter space,
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so Condition 4 holds. Since I is an empty set and there is no equality constraints with
hj in our model, Condition 5 holds for sure and the minimization problem in Condition
6 in our case is
min 2Kz —22'¢

which for any value of £, has an unique solution 2 = K~!¢ at B(M) for any large
M > ||K~g].

So far we have proved all the conditions hold when o2 = 1, so we follow Theorem
6 of Wang (1996) [82] and reach our Theorem 26. In fact, we can prove that Theorem
26 holds generally for any known o2 > 0. As we can see in [82], 02 = 1 is such that
ns Y1 VoR(X;;00)€; 4 N(0,K). More generally, based on Theorem 4 and 5 of
Jennrich (1969) [45], ne i1 VeR(Xi;60)€; LN N(0,0%K) for any 0% > 0. As a result,
F,(€i, z) will converge in distribution to 2z’ Kz — 2z'¢ where &€ now is a random vector
of N(0,0%2K). The rest of the proof are all same except now & ~ N(0,02K) instead of
N(0, K). Further, we observed that Theorem 1-6 of Wang (1996) [82] does not necessarily
require o2 to be known. They still holds even if ¢ is unknown based on Theorem 1-5
of Jennrich (1969) [45].

Next, we are going to prove the consistency of 62. Before it, let’s prove the

following lemma

Lemma 31 The estimator 0 is such that

1o N 2
3 (R(Xi:6,) - R(X::60)) B0

:Li (R(Xi; 0,) — R(X;; 90)) € 0
=1
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Proof. By Taylor expansion of R(X;0) in the neighborhood of 8y, we have
R(X;6) = R(X;60) + VoR(X;6)" (6 — 60) + o([|60 — 60l])

As proved earlier, \/ﬁ(én —0)h) L oK"2Z. Asa result, 0, % 0,. Therefore,

% inl (R(XZ-; 0,) — R(X: 90))2

= (R(Xi;6n) — R(X;; 90))T[% Y VoR(Xi;00)VoR(Xi; 00)"(R(Xi; 0,) — R(X;; 60))

i=1
+0(||6 — 6o]|*)

and

1 — A

- ; (R(Xz‘, 0,) — R(X; 90)) €

. 1 &
= (R(X:;6,) — R(X; 90))Tﬁ > " VeR(Xi;60)ei + o([|6 — 6ol|)
=1

It has been proved that lim, .. % o1 VoR(X;;00)VeR(X;; 00)" = K is a positive

definite matrix. Therefore,

7z< (Xi;0,) R(Xi;Oo))Q

— (R(X;36,) — R(Xy;60))" K(R(Xi;0,) — R(X;360)) 5 0

By Theorem 4 of Jennrich 1969 [45], 2 3% | VoR(X;; 60)e; 2 0. Therefore,
s, (R(Xi; 0,) — R(X;; 00)> €; 2 0, which completes the proof of lemma 31. m

With lemma 31, let’s prove the consistency of 62. In the CNLS procedure,

n

5= 23 (Yi- R(X::6,)

i=1

fz( (X;:00) + € — R(Xi;én)>2

2

it Z ( (i;6,) (Xl,00)>2 - Zzn: (R(Xi;én) — R(Xi; 90)) € + % ‘ €



~ 2
By lemma 31, 1 321, (R(Xi;0,) = R(Xi:80)) 5 0 and
2y (R(Xi;én) —R(Xi;00)> ¢ % 0. And by SLLN, 13" &2 % o2 Therefore,

' =1 "1

A D,
525 o2,

6.6 Proof of Theorem 27

Let 0; = (ui, \i)’, @ = (u,A). By Theorem 26, we can easily conclude that
for large n; = n, the estimators 0; in step 2 has the following asymptotic distribution,
conditional on 6;,

Vi(6; — ;) 5 MV N (0,02(K;) ")
where K; = Ex[Vg,R(X;0;)Ve,R(X;6;)T]. Furthermore, {6; :i=1,--- ,m} are mu-
tually independent since they were estimated from sample of different subjects.

From above, the conditional asymptotic mean and variance for 01 are as follows.

E.(6;|6;) = 0,

Vard6;0;) = o?(nk;) ™"

Then taking the variability of the random effects 8; into account, the unconditional

asymptotic mean and variance 8; are as follows:

E(6;) = Eg|E.(6,]0;)] = Eo(6;) = 6
Var(0;) = Varg|E.(65]6;)] + Eg|Var.(6;]6;)]
= Varg|6;] + Eg[Var.(6:|6;)]
=Y + 0?Ep[(nK;) ™Y

=
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Since {6; : i = 1,--- ,m} are i.i.d and R(X;-) is smooth, Eg[o?(nK;)~!] are same
for all the subject. In other words, Eglo?(nK;)~!] is independent on i. Therefore,
{6; :i=1,---,m} are i.i.d. with common mean and variance.

Note that in the above equations, Eg(-) is referred to taking expectation with
respected to @ at the population level, and E.(+|0;) is referred to taking expectation with
respected to € at the individual level. Same rule was applied in the variance calculation.

The CMM estimators, i and A in step 3 can be expressed in a vector form as

follows
1 m
0=— Z 6;
=1
Notice that {6; : i = 1,--- ,m} are i.i.d. with common mean 6 and variance ¥, then

when m goes to oo, by SLLN we have 6 % 6. Furthermore, by Central Limit Theorem
(CLT) we have /m(0 — 0) % $2 Z with Z ~ N(0, ).

The CMM estimator of X, Y in step 5 is

. 1 & . A s 1
S ;- ;— T 24 -1
m—1;(0 6)(6; — ) am; :
, oR; 1T TOR;
with T = aaT] [agT] lo.o,

R = (R(Xi1:6;), R(Xi2; ), -+ , R(Xin,; 0:))"

One one hand, since {0; : i =1,--- ,m} are i.i.d. with common mean @ and variance X,

by SLLN we have
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On the other hand, T; is such that

B(T™) = BolET16,)] = Ee[m([aR’}T o reigz.) )

06T | o6
-1
» OR; 1" [aRﬂ
E __ 7
e qae? } 067
-1

067 067

2 Eo[(nEx|Ve,R(X;6,)Vo,R(X;60,)T]) "] = Ep[(nK;) "]

The first “5” in the above equation holds since 6; 5 6;. The second “5” holds by SLLN
of X. Therefore, {T;1 :i=1,---,m} are i.i.d. r.v's with the same mean, by SLLN we

have

1 m
=T 5 El(nK;) ™
m =1

In addition, it’s assumed that o2 B 52, Therefore, by slutsky’s Theorem, IJELES yR

02E9[(nKZ~)_1] = .
Let ¥ = 3 + 62Eg[(nK;)~!], then based on the asymptotical result of 3, we
know that 3 % 5. We also have the asymptotical result of 6, \/m(6 — ) 4 %37, By

slutsky’s Theorem, we have \/mi—%(é —0) 4 z. Therefore, the Theorem 27 holds.
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