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Exact density functionals for the exchange and correlation energies are approximated in practical
calculations for the ground-state electronic structure of a many-electron system. An important exact
constraint for the construction of approximations is to recover the correct non-relativistic large-Z
expansions for the corresponding energies of neutral atoms with atomic number Z and electron
number N = Z, which are correct to leading order (−0.221Z5/3 and −0.021Z lnZ respectively)
even in the lowest-rung or local density approximation. We find that hydrogenic densities lead to
Ex(N,Z) ≈ −0.354N2/3Z (as known before only for Z ≫ N ≫ 1) and Ec ≈ −0.02N lnN . These
asymptotic estimates are most correct for atomic ions with large N and Z ≫ N , but we find that
they are qualitatively and semi-quantitatively correct even for small N and for N ≈ Z. The large-N
asymptotic behavior of the energy is pre-figured in small-N atoms and atomic ions, supporting the
argument that widely-predictive approximate density functionals should be designed to recover the
correct asymptotics. It is shown that the exact Kohn-Sham correlation energy, when calculated from
the pure ground-state wavefunction, should have no contribution proportional to Z in the Z → ∞

limit for any fixed N .

I. INTRODUCTION

In this work, we will find closed-form formulas for the
exchange energy and correlation energy of an atom or
atomic ion with electron number N and proton number
Z. We will paint with a broad brush, seeking not the
most accurate formulas but the simplest and most un-
derstandable ones, from which we can draw conclusions
relevant to the construction of density functional approx-
imations for these energies.

In exact non-relativistic quantum chemistry [1], the
Hartree-Fock ground-state wavefunction is that single
Slater determinant that minimizes the expectation value
of the Hamiltonian. The quantum chemical correlation
energy is the difference between the true total energy
and the Hartree-Fock total energy. In exact Hohenberg-
Kohn-Sham density functional theory [2–6], the Kohn-
Sham ground-state wavefunction is that wavefunction
that yields the true ground-state electron density and
minimizes the expectation value of the kinetic energy [7],
i.e., it is the ground eigenstate of the Kohn-Sham effective
Hamiltonian. When that ground-state is degenerate, it
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can be a linear combination of a few Slater determinants,
chosen to connect adiabatically [7] to a given interacting
ground state. When it is a single Slater determinant,
the exact Kohn-Sham exchange and correlation energies
of atoms and atomic ions are numerically close to those
defined in quantum chemistry, and the quantum chem-
ical correlation energy is an upper bound to the exact
Kohn-Sham correlation energy [8]. Only for one-electron
densities do these two exact theories have exactly the
same Slater determinant, the same exchange energy (to
cancel the Hartree energy), and the same (zero) correla-
tion energy.

In Kohn-Sham theory, the exchange and correlation en-
ergies are functionals of the electron density. Approxima-
tions to these functionals are made for the sake of prac-
tical computation for real atoms, molecules, and solids.
The simplest such approximation is the local density ap-
proximation (LDA) [3]

ELDA

ν [n] =

∫

n(r)εunif

ν (n(r))dr (1)

where n(r) is the electron density, ν = x (exchange) or
c (correlation), and εunif

ν (n) is the corresponding energy
per electron in an electron gas of uniform density n(r).
(A spin-polarized system requires εunif

ν (n↑, n↓).) Higher-
rung functionals (e.g., Refs. 9 and 10) retain the correct
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uniform-gas limit while satisfying other exact constraints.
Although LDA is exact for a density that varies slowly

over space, its relevance to real atoms and molecules
is not obvious. Dirac [11] added LDA exchange to the
Thomas-Fermi model, and Schwinger [12] may have been
the first to realize that LDA exchange becomes rela-
tively exact for neutral atoms in the limit of large atomic
number. In this limit, the bulk of the density becomes
Thomas-Fermi like, with a locally-slow spatial variation
[13, 14], and the exact energies have large-Z asymptotic
expansions [15–18]

Ex(Z,Z) = −AxZ
5/3 +BxZ + ... (N = Z) (2)

Ec(Z,Z) = −AcZ lnZ +BcZ + ... (N = Z). (3)

The leading coefficients (Ax = 0.221 hartree, Ac = 0.021
hartree) are known [17–19] to be those from the LDA
evaluated on the self-consistent Kohn-Sham (or Thomas-
Fermi) density for large N = Z, and corrections to LDA
(e.g., Refs. 9 and 10) can give higher-order coefficients.
Recent work [20–22] has shown that errors of even a few
percent in the uniform-density limit can seriously under-
mine the accuracy of approximate density functionals for
the equilibrium properties of atoms and small molecules.

There is evidence that satisfaction of Eqs. 2 and 3
can produce functionals that are notably accurate for
the atomization energies of molecules, without being fit-
ted to molecules. The Becke 1988 (B88 [23]) generalized
gradient approximation (GGA) for exchange, still widely
used in chemistry, was constructed to recover LDA in the
slowly-varying limit (recovering Ax of Eq. 2) and was
fitted only to the exchange energies of rare-gas atoms,
but was noted to be consistent with the leading asymp-
totic correction to LDA exchange. Elliott and Burke
[16] showed that this functional recovers a nearly-exact
(within 1.1%) value for Bx of Eq. 2. The Perdew-Burke-
Ernzerhof (PBE [9]) GGA, while it is more accurate than
B88 for solids, is less accurate for molecular atomization
energies and for Bx. But the acGGA [18] revision of
PBE, and the SCAN meta-GGA [10], both constructed
to satisfy Eqs. 2 and 3 (as well as other exact constraints)
without fitting to molecules, are both more accurate for
atomization energies than is PBE (and SCAN is remark-
ably more accurate).

II. 1/Z PERTURBATION EXPANSIONS

Somewhat related to the large-Z expansion of Eqs. 2
and 3 is the 1/Z perturbation expansion [24, 25] of the
total energy of an N -electron atomic ion

E(N,Z) = Z2

[

ε1(N) +
ε2(N)

Z
+ ...

]

, (4)

where the unperturbed problem is N non-interacting
electrons in the potential −Z/r and the perturbation is
the Coulomb repulsion among the electrons. Only a few
of the coefficients in Eq. 4 are known, and only for a few

small values of N . In the limit N ≪ Z, the leading terms
of Eq. 4 should be relatively accurate. Moreover, the first
term exactly describesN = 1. In the regimeN ≪ Z, Z is
large enough that the electron-nucleus attraction, −Z/r,
dominates electron-electron Coulomb repulsion, and the
latter is treated as a perturbation. The unperturbed
problem (i.e., the non-interacting system) has a hydro-
genic density that occupies the N scaled (Z3/2ψi,σ(Zr))
hydrogen-atom spin orbitals ψi,σ(r) of lowest energy.
Clearly, for Z ≫ N − 1, the −Z/r interaction of the
electron with the nucleus will dominate all other terms
in the Kohn-Sham one-electron potential. For Z = N ,
however, the exact Kohn-Sham potential will vary from
−Z/r (plus a positive constant from the Hartree and
exchange-correlation potentials) to −1/r as r increases
from 0 to ∞. Moreover, by the Hellmann-Feynman the-
orem, Z∂E(N,Z)/∂Z = 2Z2ε1(N) + Zε2(N) + ... is the
electron-nuclear attraction energy.

The various components of the total energy also have
1/Z expansions. For example,

Ex(N,Z) = α1(N)Z + α2(N) + ... (5)

Ec(N,Z) = β1(N)Z + β2(N) + ... . (6)

The Kohn-Sham wavefunction was discussed in the sec-
ond paragraph of this article. Here the full Hamilto-
nian Ĥ is the sum of a hydrogenic part Ĥ0 and a weak
electron-electron perturbation V̂ee. In a quantum chemi-
cal calculation, β1(N) = 0 for those electron numbers N
(e.g.,N = 1, 2, 3, 7, 8, 9, 10, 11) for which the ground state

of Ĥ0 is either non-degenerate (N = 2, 10) or is with-
out degenerate configurations of the same multiplet sym-
metry, so that the Kohn-Sham wavefunction is a single
Slater determinant. These must also be electron numbers
for which β1(N) = 0 in exact Kohn-Sham theory, since
there is no qualitative difference between the Kohn-Sham
and Hartree-Fock wavefunctions. For N = 4, where the
degenerate configurations (1s)2(2s)2 and (1s)2(2p)2 can
both belong to the multiplet 1S, the Kohn-Sham wave-
function is a linear combination of Slater determinants,
differing significantly from the Hartree-Fock wavefunc-
tion. A different choice of Kohn-Sham representation
(using an ensemble ground-state density rather than a
pure ground-state wavefunction as in Appendix A) for
N = 4 and Z ≫ N , in which the 2s and 2p orbitals are
degenerate for Z > 23, is discussed in Ref. 26. Limiting
constant values for the correlation energy can arise [27]
because the hydrogenic density Z3fN(Zr) is uniformly
scaled to the high-density limit when Z → ∞ at fixed N ,
and this uniform-scaling behavior is built into the PBE
GGA [9] and the SCAN meta-GGA [10]. We argue in
Appendix A that, within the exact Kohn-Sham theory,
β1(N) = 0 regardless of degeneracies. Our proof does not
hold for the perturbation series of the quantum chemical
correlation energy, for which it is well-known that the
leading-order is Z0 for a non-degenerate ground state,
and Z1 for some degenerate ground states [28, 29]. The
exact Hartree-Fock and exact Kohn-Sham exchange en-
ergies have different uniform scaling behaviors [7], and
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TABLE I. The leading coefficients α1(N) and β2(N) (both
in hartree) in Eqs. 5 and 6, from Ref. 30, divided by the
displayed functions of electron number N .

N α1(N)/N2/3 β2(N)/(N lnN)
2 -0.3937 -0.0337
3 -0.3471 -0.0163
7 -0.3508 -0.0174
8 -0.3569 -0.0184
9 -0.3658 -0.0187
10 -0.3766 -0.0186
11 -0.3647 -0.0173

their wavefunctions differ substantially in the case of a
degenerate ground-state. Thus we can expect different
large-Z limits of their corresponding correlation energies.

The quantum chemical coefficients α1(N) and β2(N)
for small N are reported in Tables I and II of Ref. 30.
Our Table I shows that α1(N)/N2/3 and β2(N)/(N lnN)
are nearly independent of N (not noticed in Ref. 30),
suggesting that α1(N) ∼ N2/3, and β2(N) ∼ (N lnN).
Here, we use ∼ to denote the leading-order behavior of a
function. Thus, at least for N ≪ Z and for N such that
β1(N) = 0,

Ex(N,Z) ≈ −0.354N2/3Z (7)

Ec(N,Z) ≈ −0.02N lnN. (8)

The value −0.354 is the analytic large-Z limit of
α1(N)/N2/3, as explained around Eq. 10. The value
−0.02 is a roundoff of all the values of β2(N)/(N lnN)
for N > 2 from Table I, accounting for the larger un-
certainty in the numeric values of this coefficient. Now,
setting N = Z in Eqs. 7 and 8 leads to a result that
is qualitatively and semi-quantitatively like the leading
terms of Eqs. 2 and 3. In particular, Ex(Z,Z) ∼ Z5/3

and Ec(Z,Z) ∼ Z lnZ. The primary difference is in the
coefficient of Z5/3, in part because the density functional
for the exchange energy depends on the detailed shape of
the electron density (e.g. hydrogenic vs. self-consistent
neutral Thomas-Fermi) but not so for correlation in lead-
ing order. Appendix B presents a simple derivation of the
leading-order terms in the asymptotic series for the cor-
relation energy, and shows that they are identical for hy-
drogenic and self-consistent neutral Thomas-Fermi den-
sities.

The more important conclusion, which will be vali-
dated and applied in the rest of this article, is that the
large-N asymptotics of the exchange and correlation en-
ergies for Z ≫ N are discernible even for small N . A
corollary to this is that the large-N asymptotics can be
roughly estimated from the small-N energetics.

Conlon [31] showed that, in the limit Z = N → ∞,
the Hartree-Fock exchange energy for any Coulomb sys-
tem tends to the LDA exchange energy evaluated on
the self-consistent Thomas-Fermi density. Thus, there
is no inherent contradiction in the values of the ex-
change coefficient: hydrogenic densities are not the cor-

rect Z ≈ N → ∞ limits. The Thomas-Fermi approxima-
tion to the hydrogenic density, nTF

h
, is known analytically

(refer to Eq. B3 in Appendix B or Refs. 17, 32, and 33).
Evaluating the LDA on the Thomas-Fermi approxima-
tion for the hydrogenic density of a neutral atom yields,
for N = Z,

ELDA

x
[nTF

h
] =

(

2

3

)1/3
4

π2
Z5/3 ≈ −0.354Z5/3. (9)

For heavy positive ions, where N < Z → ∞, the LDA
exchange energy evaluated on the hydrogenic Thomas-
Fermi density tends to [32, 34], for N ≤ Z,

ELDA

x
[nTF

h
] = −0.354N2/3Z

[

1 +O

(

N

Z

)]

. (10)

A numeric estimate of this coefficient from Ref. 35 on a
neutral hydrogenic density of 2030 electrons agreed pre-
cisely with the analytic values of Eqs. 9 and 10.

The exact exchange energy for a given spin-unpolarized
density n(r) is expected to be bounded by the conjec-
tured tight lower bound [36, 37]

Ex[n] ≥ 1.174ELDA

x [n], (11)

satisfied for all spin-unpolarized densities by LDA and
SCAN [10], but not by PBE [9]. This bound holds rig-
orously for a spin-unpolarized two-electron density [36].
LDA is expected to be relatively less accurate for such
densities than for spin-unpolarized densities with N > 2,
and no violation of the conjectured bound is known. LDA
typically becomes relatively exact as more electrons are
packed into a given volume of space. We give an alterna-
tive derivation of the exactness of LDA in the large fixed
N and Z → ∞ limit in Appendix B, based on a scaling
argument.

Eq. 5 suggests that the leading correction BxZ of Eq.
2 arises in part from the two 1s electrons that are present
in any atom of large Z and for which the density never
becomes slowly-varying. This is analogous to the Scott
correction [38] to Thomas-Fermi theory. Within Thomas-
Fermi theory for atoms and ions, the majority of electrons
are within a distance Z−1/3 from the nucleus, whereas the
Scott correction applies [39] to electrons within a distance
Z−1. In the limit N = Z → ∞ and at distances short
compared to the Thomas-Fermi scale Z−1/3, the density
is approximately independent ofN , a Bohr-like atom [39].

In the limit 1 ≪ N ≪ Z, the Thomas-Fermi hydro-
genic density becomes slowly-varying on the scale of the
exchange energy, but not on the scale of the correlation
energy. This is demonstrated in Appendix B using scal-
ing arguments. The LDA is by definition exact for any
uniform density, thus the LDA exchange energy is exact
as Z → ∞ (where the density becomes high and locally
uniform). This argument cannot determine the exact-
ness of the LDA correlation energy, but suggests that
the convergence of the exact correlation energy to the
LDA in the limit 1 ≪ N ≪ Z is slower than for the ex-
change energy. It is known [19] from a direct semiclassical
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FIG. 1. The scaled exact exchange [23] (blue) and scaled
exact correlation energies [17] (orange) of the non-relativistic,
neutral rare gas series. The smooth curves are a guide for the
eye, and not intended to be extrapolative.

calculation that the LDA correlation energy is exact to
leading-order for heavy neutral atoms N = Z → ∞. At
next-to-leading order, the LDA coefficient is of the wrong
sign [17], motivating the need for gradient corrections for
real systems [40].

III. CONCLUSIONS

Figure 1 shows that the exact exchange energies [23]
of the neutral rare-gas atoms divided by Z5/3 vary from
an almost-hydrogenic value at Z = 2 to a more Thomas-
Fermi-like value at Z = 54. The more compact hydro-
genic density has a more negative exchange energy for a
given Z = N . The exact correlation energies [17] divided
by Z lnZ in Fig. 1 show an almost constant value of
-0.014 from Z = 18 to 54. Interestingly, a much better
coefficient of Z lnZ for neutral atoms of large Z can be
found by approaching from the fixed N , large Z direc-
tion, as shown in Table I and Appendix B. For the se-
ries of neutral atoms, one needs to extrapolate carefully
[17, 18, 20] to much larger Z to approach the asymptotic
limit, but that limit is clearly pre-figured in the energies
of real atoms. This suggests that widely-predictive ap-
proximate functionals should be constrained to recover
the correct large-Z asymptotics. And, in fact, LDA [3],
PBE [9], SCAN [10], and acPBE [18] sequentially im-
prove [10, 18] the large-Z asymptotics. Functionals that
satisfy sufficient exact constraints, including but not lim-
ited to Eqs. 2 and 3 with correct coefficients, can be
predictive over the wide space of atoms, molecules, and
solids, without being fitted to any bonded system. While
that goal is not yet reached, the successes of SCAN [41–
46] suggest that it can be.

Moreover, in the non-relativistic Z → ∞ limit, the pe-
riodic table becomes perfectly periodic, with limiting first

ionization energies for each column that increase across
each row and for which the local density approximation
for exchange and correlation may become relatively exact
[47].

The explanations given here for the fundamental rel-
evance of the LDA and its generalizations to real atoms
and molecules were pioneered in work [13, 14, 17, 18]
which focuses on LDA’s correctness for neutral atoms,
molecules, and solids of large atomic number. They
constitute a third wave of such explanations. The first
wave focused on LDA’s satisfaction of exact constraints
on the exchange-correlation hole around an electron [48–
50]. The second wave, following Refs. 9 and 10, focused
on the fact that LDA inherits many (about nine) exact
constraints on the density functional for the exchange-
correlation energy from its appropriate norm, the uni-
form electron gas.

Our observation, that the large-N asymptotics of the
exchange-correlation energy are “writ small” in the ener-
gies of atoms and atomic ions of very small N , is a con-
tribution in support of this third wave of explanations.
This prefiguration in small-Z neutral atoms is known [15]
but not always emphasized [16, 23, 51]. (The reasonable
accuracy of LDA exchange for neutral atoms of small Z
is also shown, for example, in Fig. 3 of Ref. 51.) The
large-Z asymptotes by themselves are insufficient, since a
pseudopotential method can remove them without signif-
icantly changing the energetics of the valence electrons,
but Ref. 47 demonstrated its importance for energy dif-
ferences.

Recent work has shown that the Perdew-Zunger self-
interaction correction (PZ SIC), which makes any ap-
proximate density functional exact for non-overlapped
one-electron densities, introduces errors of as much as
6% in the large-Z or slowly-varying-density limit [20],
and that these errors can degrade the predicted equi-
librium properties of molecules. Carefully scaling down
the PZ SIC correction to zero in slowly-varying regions
yields much better results [21, 22]. The LYP correla-
tion functional is highly accurate for first and second row
molecules, but highly inaccurate for the uniform gas. To
be appropriate for both solids and molecules, a density
functional for exchange and correlation should recover
LDA in the uniform limit, and correct LDA for finite
systems. Beyond that, Ref. 18 demonstrated that small
modifications of the PBE functional (which in its origi-
nal form recovers LDA exactly in the appropriate limit,
and roughly predicts the next-order terms of the large-
Z expansion), to recover exactly the next-order terms in
Eqs. 2 and 3, moderately improve the PBE atomization
energies of molecules. In future work, we hope to test the
idea that recovery of the next-order terms in Eqs. 2 and
3 can be used more generally to improve approximate
density functionals.
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Appendix A: The 1/Z expansion of the exact

Kohn-Sham correlation energy starts at order Z0

Consider the Hamiltonian Ĥ = Ĥ0 + V̂ee, where Ĥ0 =
T̂+V̂ext. Here, T̂ is the kinetic energy operator, V̂ext is the
external potential or Coulomb attraction to the nuclei,
and V̂ee is the electron-electron Coulomb repulsion.

The exact Kohn-Sham correlation energy is defined as
[7]

Ec = 〈Ψn|(T̂ + V̂ee)|Ψn〉 − 〈Φn|(T̂ + V̂ee)|Φn〉. (A1)

Here Ψn, the ground-state wavefunction, minimizes the
expectation value of Ĥ and defines the ground-state den-
sity n(r), while Φn, the exact Kohn-Sham wavefunction,
is that ground eigenstate of the non-interacting or Kohn-
Sham Hamiltonian ĤKS (a linear combination of at most
a few Slater determinants) that yields the same ground-
state density n(r). Consequently,

Ec = 〈Ψn|Ĥ |Ψn〉 − 〈Φn|Ĥ |Φn〉. (A2)

Now write Φn = Ψn+δΨ, and expand everything (includ-

ing the ground state density n(r)) in powers of V̂ee via

degenerate perturbation theory. As V̂ee → 0, Φn tends to
the right linear combination of degenerate ground states
of Ĥ0, and δΨ tends to zero like V̂ee. Since Ψn mini-
mizes the expectation value of Ĥ, the leading term of
the correlation energy is of order (δΨ)2 or V̂ 2

ee
. In the

1/Z expansion of Eq. 4, this is a contribution of order
Z2(1/Z)2 = Z0.

Note that the exact Kohn-Sham exchange energy [7]

〈Φn|V̂ee|Φn〉 −UH[n], where UH[n] is the Hartree electro-
static energy, can also differ substantially from its quan-
tum chemical counterpart, the Hartree-Fock exchange en-
ergy.

Therefore, in the perturbation series for the total en-
ergy, the term linear in Z (known precisely from quantum
chemical calculations [28]) must appear in other compo-
nents of the Kohn-Sham expansion (e.g., the exact Kohn-
Sham exchange energy or exact Hartree potential).

In the standard degenerate or non-degenerate pertur-
bation expansion of Eqs. 4-6, the density changes along
with the coupling constant α that multiplies V̂ee. A differ-
ent perturbation expansion, in which the density is fixed
at its physical or α = 1 value, was proposed by Görling
and Levy (GL). In non-degenerate GL perturbation the-
ory, the coefficient of the leading or α2 contribution to
the correlation energy is given by Eq. 4 of Ref. 52.

Appendix B: Hydrogenic Ions with 1 ≪ N ≪ Z

In the heavy ion limit, withN fixed to a large value and
Z → ∞, noninteracting Thomas-Fermi theory becomes
relatively exact [25, 33]. One can show that the density
of non-interacting Thomas-Fermi theory is given by

n(r) =
1

3π2
[2(µ− vext(r))]

3/2
Θ(µ− vext(r)) (B1)

where the chemical potential µ is a Lagrange multiplier
determined by

∫

n(r)d3r = N , and Θ is a step function
defining the turning surface. Let

ν = N/Z (B2)

be the degree of ionization such that 0 < ν ≤ 1. We do
not consider the case N > Z, as it has been found that
N ≤ Z + 1 for real atoms [53]. In the spherical case,
one can rewrite the non-interacting Thomas-Fermi den-
sity in terms of the dimensionless variable x = r/rc, with
rc the turning surface radius. For hydrogenic densities,
vext(r) = −Z/r, and thus rc = −Z/µ (NB: µ < 0 in this
case as vext(r) < 0 for all r). Constraining the density
to integrate to N determines rc = (18N2)1/3/Z, allowing
the density to be rewritten as [17, 39]

n(x) =
Z2

ν

2

9π2
(1/x− 1)3/2Θ(1− x). (B3)

In the limit Z ≫ N − 1, a hydrogenic density built
up from Z-scaled hydrogen-atom orbitals obeying the
hydrogen-atom aufbau principle becomes relatively ex-
act. With the additional condition N ≫ 1, Eq. B3 be-
comes relatively exact almost everywhere, so it usefully
imitates a hydrogenic density with N ≫ 1. Here, “al-
most everywhere” means a region excluding electrons in
the density tail or very near the nucleus, but including all
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of the electrons in the order of limits in which Z → ∞ is
followed by N → ∞. As we lack a simple, closed-form ex-
pression [39] for a hydrogenic density constructed from
hydrogen-atom orbitals in the large N limit, the non-
interacting Thomas-Fermi density is needed to derive the
asymptotic properties of hydrogenic densities.

From the scaling of n(x) with Z and ν, we see that the
Wigner-Seitz radius rs(r) = [4πn(r)/3]−1/3 scales like

rs(x) =
ν1/3

Z2/3

3π1/3

2
(1/x− 1)−1/2Θ(1− x). (B4)

In the heavy ion limit, as N < Z with Z → ∞, rs tends
to zero (the “high-density limit”) except near x = 1. In
the heavy neutral atom limit, N = Z → ∞, rs → 0 as
well. Note also that rc → 0 as Z → ∞, implying that
the density localizes near the origin in this limit.

The LDA is exact for any uniform electron density, and
is relatively exact for any slowly-varying electron den-
sity. We say that a density is slowly-varying when its
dimensionless gradients are less than order one. For ex-
change, the appropriate dimensionless density-gradient
is s(r), defined on the scale of the Fermi wavevector

kF (r) = [3π2n(r)]1/3,

s(r) =
|∇n(r)|

2(3π2)1/3n(r)4/3
, (B5)

and for correlation, the appropriate density-gradient is
t(r), defined on the scale of the Thomas-Fermi screening

wavevector ks =
√

4kF /π,

t(r) =

(

3π2

16

)1/3
φ(ζ)s(r)

rs(r)1/2
. (B6)

Here, φ(ζ) is a function of the spin-polarization ζ defined
in Ref. 9. We know that the density is effectively spin-
unpolarized in the limit of large N , for which φ(ζ = 0) =
1 and can be ignored throughout. The LDA exchange
(correlation) energy will be relatively exact in the heavy
atom limit if 0 < s(r) ≪ 1 (0 < t(r) ≪ 1), and will
be exact if s(r) → 0 (t(r) → 0) as Z → ∞. These
are presumptively sufficient conditions to determine the
exactness of the LDA; the LDA may still be relatively
exact even if they are violated.

From Eq. B3,

|∇n(x)| =
Z7/3

ν5/3
4

184/3π2

[

3

2x2
(1/x− 1)1/2Θ(1− x) + (1/x− 1)3/2δ(1− x)

]

; (B7)

the delta function is irrelevant, as x approaches 1 from below, thus the dimensionless gradients scale as

s(x) = Z−1/3ν−1/3

(

3

16

)2/3

x−2(1/x− 1)−3/2Θ(1− x) (B8)

t(x) = ν−1/2 1

8

(

3π

2

)1/2

x−2(1/x− 1)−5/4Θ(1− x). (B9)

Both s and t are divergent as x → 0 and x → 1. How-
ever, for 0 < x < 1, s(x) → 0 as Z → ∞ in both the
heavy ion and neutral atom limits, thus the LDA ex-
change energy becomes relatively exact as Z → ∞. This
constitutes a simple argument for the exactness of the
LDA exchange energy as found by Refs. 31 and 34. But,
in the neutral atom limit, t(x) ∼ O(1), not characteristic
of a slowly-varying density. As the condition 0 ≤ t≪ 1 is
only sufficient, our scaling argument cannot determine if
the LDA correlation energy is exact in the heavy neutral
atom and heavy ion limits.

This scaling analysis, applied to the self-consistent
Thomas-Fermi density of a neutral atom, shows that
s ∼ Z−1/3, but t ∼ O(1) as Z → ∞. As noted in Ref.
13, LDA still seems to get the correct leading term in
Eq. 3, although PBE (which employs t) preserves the

correct leading term and improves the next term in Eq.
3. Ref. 13 also shows that s is already rather small in
the closed-shell atoms Kr and Rn.

The coefficient of the leading-order terms in Eq. 3 can
be determined by the scaling properties of a given den-
sity. Moreover, the scaling behavior of the density is suf-
ficient to determine if the LDA exchange and correlation
energies are separately exact in the high-density limit. In
the high-density spin-unpolarized limit, the LDA corre-
lation energy density tends to εLDA

c = c0 ln rs−c1, where
c0 = (1 − ln 2)/π2 ≈ 0.0310907 and c1 ≈ 0.046644 are
known from many-body perturbation theory [54]. Con-
sider a family of densities n(r/rc) that can be written as a
function of the dimensionless position variable r/rc, with
rc the turning-surface radius defined by µ = vext(rc).
The density may be expressed in powers of the nuclear
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charge Z, the ionization degree 0 < ν = N/Z ≤ 1, and a
position-dependent function f(r/rc),

n(r/rc) = Zανβf(r/rc) (B10)

with α ≥ 0 and β real numbers. The high-density ex-
pansion of the LDA correlation energy evaluated on this
family of densities yields an asymptotic series of the form

ELDA

c = −
c0
3
N [α lnZ + β ln ν]−KLDAN. (B11)

KLDA is a constant dependent upon f(r/rc). For a self-
consistent Thomas-Fermi density (α = 2 and β = 0) in
the neutral limit (ν = 1), this series yields the coefficient
Ac = −2c0/3 = −0.020727 in Eq. 3. It was shown in Eq.
B3 that the non-interacting Thomas-Fermi hydrogenic
density satisfies this scaling behavior with α = 2 and
β = −1, thus its leading order asymptotic series of Eq.
3 is identical to that of the self-consistent Thomas-Fermi
density in the neutral limit.

A concern might come to mind: Eq. B11 has explicit Z
dependence, but the perturbation series of Eq. 6 suggests
that the exact correlation energy should not depend upon
Z, when there are no emerging degeneracies. Recasting
Eq. B11 as

ELDA

c = −
c0α

3
N lnN −

[c0
3
(β − α) ln ν +KLDA

]

N

(B12)
allows for a more direct comparison with Eq. 6. The
dominant or N lnN term in Eq. B12 is consistent with
the numeric results of Table I. The next or N term is
known to be incorrect even for the neutral case. The LDA
correction applies at best only to the limit Z → ∞ with
N/Z fixed, and not to the limit Z → ∞ with N fixed.
There exists an exact K that is not recovered accurately
by the LDA.

Note that the scaling behavior shared by hydrogenic
and self-consistent Thomas-Fermi densities, both derived
from potentials that depend linearly upon Z, is not
universal. For an isotropic harmonic oscillator poten-
tial vext(r) = kr2/2, where k > 0, the non-interacting
Thomas-Fermi density is [55]

n(r/rc) = k3/4N1/2 24
1/2

3π2
[1− (r/rc)

2]3/2Θ(1− r/rc), rc =

(

24N

k3/2

)1/6

(B13)

which yields a coefficient −5c0/12 of the N lnN term of
Eq. B12, when k = Z in the “neutral” limit (ν = 1). As a
harmonic oscillator potential with linear dependence on
Z is a mathematical artifice, no physical interpretation

can be ascribed to the neutral limit. Setting k = Z4

would recover a 1/Z expansion for the total energy of
the same form as Eq. 4.
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